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Dynamics of spherical bubbles
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Chapter 1

Introduction

1.1 Introduction the to dynamics of single spherical

bubble

In common engineering applications such as turbomachinery and hydraulic systems cav-
itation occurs as sheet cavitation or bubble swarm resulting in a limited applicability of
the research achievements on a single spherical bubble, see e.g. Chan 1988, Escaler et al.
2003, 2006. For a long time the numerical results obtained from single bubble simulations
were used only to understand the mechanism of cavitation damaging by estimating the
maximum temperature and pressure during the bubble motion. Recently, however, there
are various special applications in which the spherical assumption for a single bubble is
valid. Most of the results in this thesis intend to aid the rapidly developing ultrasonic
technology; for some applications see Section 1.3. Before I proceed with the specifications,
the physics of a single spherical bubble have to be presented in order to understand the
background of the applications better.
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Figure 1.1: Free oscillations of a spherical gas/vapour bubble in water.

A typical radius-time curve can be seen in Fig. 1.1. of a freely oscillating gas/vapour
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CHAPTER 1. INTRODUCTION 3

bubble in water around its equilibrium radius. The wall velocity of an initially large
bubble can accelerate to extreme high values due to the inertia of the liquid domain
(in the case of Fig. 1.1. 730m/s) resulting in a minimum bubble size many orders of
magnitude smaller than the original one. This process often referred to as collapse phase.
At the minimum bubble radius the estimated pressure and temperature can be as high
as ∼ 1000 bar and ∼ 8000K, respectively (Brennen 1995). These values can be upper
estimates for the maximum temperature and pressure assuming that any deviation from
the spherical case can diffuse the focus of the collapse and reduce the maximum pressure
and temperature that might result.

Due to the extreme high temperatures during the collapse phase, chemical reactions
can take place yielding various reaction products, which are the keen interest of the so
called sonochemistry. The recent numerical investigations revealed that via endothermic
reactions H ′, H2, O

′, O2, OH ′, HO′

2, H2O2 are generated, see Storey and Szeri 2000,
Kanthale et al. 2008. These molecules can react with the material of the turbomachinery
further accelerating the erosion process.

Moreover, in cavitation experiments neutron emission near 2.5 million electron volts
was observed indicating the possibility of deuterium-deuterium fusion in deuterated ace-
tone, see Taleyarkhan et al. 2002, Lahey et al. 2007. The hydrodynamic shock simulation
of Taleyarkhan et al. 2002 revealed that in the highly compressed bubble interior the
temperature can reach 106 to 107 Kelvin as required for nuclear fusion, supporting the
observed experimental data. One day these researches may provide a useful and safe
energy source for mankind.

1.2 The physics of bubble

Let us consider a spherical bubble in an infinite domain of liquid (e.g. a vapour bubble in
water), see Fig. 1.2. In order to obtain the bubble radius R(t), the conservation equations
of mass, momentum and energy must be solved both in the bubble interior and in the liquid
domain meaning at least six partial differential equations. In addition, the interior always
contains a certain amount of non-condensable gas, even for a cavitation bubble, because
it can be developed in disturbances of the liquid called nuclei sites which are usually small
air bubbles. Therefore, in general, one has to specify further as many diffusion equations
as the number of the components of the gas mixture for the two domains assuming that
the gas can dissolve to the liquid. Solving this partial differential equation system one
obtain the radial velocity u, pressure p, temperature T and concentration ci fields, for
notations see again Fig. 1.2.

These conservation equations are connected via suitable boundary conditions which
are essentially important to the bubble dynamics as they describe the mass, heat and
momentum transfer between the two phases. The precise description of the boundary
conditions may become very difficult, see Cercignani 2000 and Fujikawa 2009, because of



CHAPTER 1. INTRODUCTION 4

R(t)

r

p (r,t)b

T (r,t)b

u(r,t)

p(r,t)

T(r,t)

p (t)
∞

T (t)
∞

liquid

vapour/gas
mixture

far from
bubble

interface

u (r,t)b

transport process

c (r,t)i

c (r,t)b,i

c (t)i,∞

fluid dyn.
(liquid)

fluid dyn.
(vap./gas)

gas molecular
dinamics

molecular
dynamics

non-equilibrium region

Figure 1.2: Spherical bubble in an infinite domain of liquid.

the non-equilibrium thermodynamics near the bubble interface which means that detailed
information of molecular phenomena is required. However, recent studies have made
significant progress by molecular dynamics simulations (Frezzotti et al. 2003, Gilde et al.
2009) still the determination of the so called condensation/evaporation coefficients are
very difficult (the computed values varied within three orders of magnitude). Without
reliable coefficients the description of exact boundary conditions remains open forever.

As the temperature increases during the bubble motion, the simplified equation of state
such as the ideal gas law or linearly compressible liquid model can be very inaccurate.
If the temperature approaches or crosses the critical point a multiparameter equation
of states must be applied, such as the Haar–Gallagher–Kell model for water (Haar et
al. 1988), to compute the material properties of the substances, a detailed overview of
such equation of states can be found in Span 2000. Moreover, if dissociations take place
(sonochemistry), due to the extreme high values of the temperature, the application of
chemical kinetics is necessary.

1.2.1 Simplified bubble models

Naturally, the complete description of the bubble motion is needed only if the bubble
collapses very violently or if the examined physical phenomena are demanded. With
reasonable assumptions the bubble model can be significantly simplified.

If the liquid is incompressible or linearly compressible, then the equation of motion can
be integrated from the bubble wall to infinity. Assuming homogeneous temperature field
and preventing the diffusion of the gas to the liquid, a so called Rayleigh–Plesset-type
bubble model can be derived. These simplest models are second order ordinary differen-
tial equations. The first incompressible model was derived by Rayleigh 1917 which was
extended by Plesset 1949 resulting in the classical Rayleigh–Plesset equation. Modifying
this equation, it is possible to incorporate the effect of liquid compressibility. There are
various models that are all accurate to the first or linear order in the Mach number Ṙ/c,
where Ṙ is the bubble wall velocity and c is the sound speed in the liquid. For the details
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of these models see Gilmore 1952, Keller and Kolodner 1956, Keller and Miksis 1980 and
Prosperetti 1993.

If phase changes occur during the bubble motion, consideration of heat transfer in
the liquid domain is recommended due to the intensive heat transfer via evaporation and
condensation processes. It is especially important if the ambient properties (temperature
and pressure) are close to the tension curve as the partial pressure of the vapour is
comparable to the partial pressure of the non-condensable gas. This is the case for instance
in thermally controlled growth of a bubble in superheated liquid, see Plesset and Zwick
1952, Dalle Donne and Ferranti 1975 or if the ambient pressure is reduced near to the
vapour pressure or below (Dassie and Reali 1996; Hao and Prosperetti 1999).

The spatially homogeneous bubble interior means that a polytropic state of change
must be specified to describe the gas behaviour. In spite of the simplicity of this treatment
the polytropic approximation may have many difficulties. First of all, the exponent varies
between 1 and the ratio of specific heats γ and a proper choice is available only for small-
amplitude linear oscillations (Prosperetti 1976). Moreover, there is no energy dissipation
associated with the heating and cooling of the gas content. If a more precise model
is required or the pressure and temperature fields possess inhomogeneities, the physical
description of the bubble interior has to be improved. There is a large body of literature
dealing with the modelling of the physical processes of the bubble interior keeping the
mathematical formulation as simple as possible. The most relevant papers on this topic
are Prosperetti et al. 1988, Kamath and Prosperetti 1989, Dassie and Reali 1996, Hao
and Prosperetti 1999, Akhatov et al. 2001, Kim et al. 2006, 2007.

One of the most precise bubble model was published by Storey and Szeri 2000 solving
the complete hydro- and thermodynamic equation system in the bubble. Moreover, the
Soave–Redlich–Kwong equation of state for the gas content including the chemical kinetics
was considered, too.

1.2.2 Applied bubble models

All the three models applied in this thesis assume spatially uniform temperature and
pressure fields in the bubble. The non-condensable gas content behaves like an ideal gas
and constitutes ideal mixture with the vapour phase. The dissolution of the gas to the
liquid domain and the reaction kinetics are not modelled.

Extending the general assumptions with incompressible liquid, polytropic state of
change with exponent n of the gas and uniform liquid temperature, the classical Rayleigh–
Plesset equation (RP) can be derived, given by (1.1), see for example Brennen 1995,

3

2
Ṙ2 +RR̈ =

1

ρ

(

pV − p∞(t) + pgo

(
Ro

R

)3n

− 4µ
Ṙ

R
− 2σ

R

)

, (1.1)

where R = R(t) is the bubble radius at time t, the material properties of the liquid are
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the density ρ and kinematic viscosity ν, the surface tension is σ and the vapour pressure is
pV . p∞(t) is the pressure far from the bubble that can be in general an arbitrary function.
In this thesis I am interested in mostly the response of the bubble under harmonically
varying pressure field, that is,

p(t) = P∞ + pA sin(ωt), (1.2)

where P∞ is the ambient pressure. Observe that the pressure amplitude pA and angular
frequency ω are the two main control parameters of a device of the previously mentioned
ultrasonic technology. The reference pressure and bubble radius corresponding to the
polytropic state of change are pgo and Ro, respectively. The dots stand for time derivatives.

The RP equation can be modified in order to take into account the liquid compress-
ibility. From the various models the Keller–Miksis equation (KM) was used:

(

1− Ṙ

3c

)

3

2
Ṙ2 +

(

1− Ṙ

c

)

RR̈ +

(
4ν

c
R̈

)

=

1

ρ

[(

1 +
Ṙ

c

)

(pV − p∞(t)) +

(

1 + (1− 3n)
Ṙ

c

)

pgo

(
Ro

R

)3n

− 4µ
Ṙ

R
− 2σ

R

]

. (1.3)

Only one new parameter appeared in the equation, namely, the sound speed in the liquid c.
If the sound speed c is infinite, that is, the liquid is incompressible then the KM equation
(1.3) turns into the classical RP equation (1.1). The majority of the differences between
the two models (highlighted by brackets) are functions of the Mach number M = Ṙ/c.

The third model keeps the RP equation but is extended with the equation of energy
in the liquid domain to describe the condensation and the evaporation processes better.
This model will be referred to as RPH (Rayleigh–Plesset with heat transfer). The heat
diffusion equation in spherical coordinate system is

∂T

∂t
+ Ṙ

(
R

r

)2
∂T

∂r
=

α

r2
∂

∂r

(

r2
∂T

∂r

)

, (1.4)

where α is the thermal diffusivity of the liquid. The domain extends from the bubble
radius R(t) to infinity. Far away from the bubble the temperature is defined as constant
and equal to the ambient temperature T (∞, t) = T∞. The energy balance at the interface
connects the mass rate of production of vapour and the rate of increase of the bubble
volume, that is,

Ṙ =
λ

ρV L

∂T

∂r

∣
∣
∣
r=R(t)

, (1.5)

where λ, ρV and L are the heat conductivity, vapour density and latent heat. As the
temperature at the bubble wall is given by (1.4) and the temperature inside the bubble is
approximated with the bubble wall temperature, the polytropic relation of the gas content
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is no longer relevant and the third term of the right hand side in the RP equation has to
be slightly modified to

pgo
Tb

To

(
Ro

R

)3

, (1.6)

where Tb = T (R, t) and To are the temperature inside the bubble and the reference
temperature, respectively. Throughout the chapters of this part the reference temperature
will be choosen to be the ambient temperature (To = T∞).

1.3 Applications in ultrasonic technology

In the last decade the ultrasonic technology has began to develop rapidly. The main aim
of these applications is to enhance the mass, heat and momentum transfer between the
various phases by taking the advantage of the extreme conditions of the collapse of a cav-
itation bubble. These are the very high pressure and temperature or the induced shock
wave. Thus, the cavitation damage is not necessarily to be avoided. The engineering ap-
plications are mainly related to the food industry and material chemistry (sonochemistry).
Some of these are discussed in the following.

The extraction of organic compounds can be enhanced by generating cavitation bub-
bles with high power ultrasound. The collapsing bubbles improve the penetration depth
of the solvent into the cellular material and thus improve the mass transfer between the
interfaces, see Vinatoru 2001, Knorr 2003, Li et al. 2004

During the collapse of cavitation bubbles shock waves were generated causing very
efficient mixing of two immiscible liquid. Canselier et al. 2002 and Freitas et al. 2006
reported the production of fine, highly stable emulsions.

The alteration of the viscosity of many food systems such as tomato puree is also
possible with ultrasound since cavitation causes shear stress that decreases the viscosity
of thixotropic fluids. With high enough energy the alteration becomes permanent by
reducing the molecular weight of the substances. An example for viscosity reduction was
published by Seshadri et al. 2003.

A promising technology in food preservation is the ultrasonic pasteurization. At mod-
erate temperature (50oC degree of Celsius) the membrane of the bacterial organisms
weakens enough to become less resistant to cavitational damaging. With this novel inno-
vation Knorr et al. 2004 could successfully reduce the E. coli in liquid whole egg.

The extreme conditions at the bubble collapse (very high pressure and temperature)
are the driving effects of chemical reactions in various organic/inorganic solutions. The
research for new polymers attracts great interest recently in polymer industry. A number
of studies reported that high intensity ultrasound reduces the molecular weight of a poly-
mer in solution by reducing the chain length via shock waves emitted by bubble collapses,
see e.g. Konaganti and Madras 2010. Using two kinds of polymers in a common solvent,
the macromolecular fragments with free radicals leads to formation of new copolymers.
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As heterogeneous catalysis often required rare and expensive metals, it can be very
useful to activating less reactive, but much cheaper metals. Recent investigations revealed
that the ultrasonic radiation can increase the catalytic processes by increasing the effective
surface area. This phenomenon is also due to the cavitation-induced shock waves. A
comparison between conventional and ultrasound-mediated heterogeneous catalysis was
performed by Disselkamp et al. 2004.

1.4 Aims of the thesis

The above-mentioned applications lead us to investigate a spherical bubble under har-
monically varying pressure field discussed in Chapter 2. Although the computations were
performed with water at specific ambient pressure and temperature using the RP equa-
tion, the results are qualitatively the same for other substances, ambient properties and
models due to the structural stability of the bubble oscillation. We shall see that because
of the nonlinear nature of the models various stable oscillations may coexist. The different
kinds of solutions have different properties, for instance, the strength of the shock wave
during the bubble motion, if it exists at all. Therefore, the existence of these different
stable solutions was determined in the exciting pressure amplitude - angular frequency
parameter plane. This parametric map can aid the employment of the ultrasonic technol-
ogy because the two main adjustment possibilities of the devices are the intensity (related
to the pressure amplitude) and the frequency.

For the evaporation and condensation processes the required and released heat comes
from and conducted towards the liquid domain. If this effect becomes significant then the
partial differential equation of the heat transfer in the liquid domain has to be coupled
to the RP equation. In Chapter 3. we examined the influence of this kind of energy
transport by comparing the results of the RP equation and the RPH model with each
other via free and forced (excited) oscillations. In the forced case we shall demonstrate
the above mentioned structural stability, which means that the results obtained from the
different models are qualitatively similar.

In the last chapter a novel bubble measurement technique is used developed at Hoch-
schule Emden/Leer, University of Applied Sciences. This method can resolve the very
different time scales of the bubble oscillations as the sampling rate can reach even one
million per second. Due to some technical difficulties with water our measurements could
be performed only in glycerol. With this efficient method the different bubble models
could be validated by comparing the measurements and the numerical simulations.



Chapter 2

Periodic solutions of the

Rayleigh–Plesset equation

2.1 Introduction

The rapidly spreading ultrasonic technology motivated me to investigate a spherical bub-
ble under harmonically varying pressure field by applying high amplitude and high fre-
quency sound field to the liquid domain, see Leighton 1997. I also noted that although
the computations were performed with water at specific ambient pressure and temper-
ature employing the simplest and still widely used bubble model, the Rayleigh–Plesset
equation, the results are qualitatively the same for other substances and models due to
the structural stability of the bubble oscillation. The nonlinear nature of the models
results in the existence of various kinds of stable oscillations simultaneously. As the dif-
ferent kinds of oscillations has different properties, it is important to know the evolution
of each solution under parameter variations. Therefore, I intend to find the period 1, 2
and 3 solutions (meaning that the period of the solution is 1, 2 and 3 times the period of
the excitation) in the parameter space of the excitation angular frequency and pressure
amplitude providing parametric maps of the global dynamics for experiments.

Due to the time-varying pressure field, equilibrium points do not exist, consequently,
the simplest structure in the system is the periodic solution, whose period Tp is an integer
multiple of the period of the excitation To, that is, Tp = kTo, k = 1, 2, · · · . Under pa-
rameter variations these orbits can change their stability via bifurcations, such as period
doubling, saddle-node/fold or torus bifurcations. The simplest way to obtain information
about the existing solutions and bifurcation curves is to integrate the system forward in
time using a simple initial value problem (IVP) solver, meanwhile, continuously monitor-
ing the possible convergence to a stable periodic/chaotic solution (attractor). One severe
drawback of this method is that unstable structures cannot be computed, which are essen-
tially important in the understanding of the dynamics, for instance to locate the basins of

9



CHAPTER 2. PERIODIC SOLUTIONS 10

attractions. We shall see, that treating the problem as a boundary value problem (BVP)
unstable solutions can be easily found, in addition, they can be traced under parameter
variations with a suitable continuation technique including the detection of bifurcation
points.

The first attempt to compute both stable and unstable periodic solutions was re-
ported by Prosperetti 1974, 1975, who used different averaging methods. Francescutto
and Nabergoj 1983 gave analytical results for resonance curves, for moderate amplitudes,
with the help of perturbation theory. Although the previously mentioned well-developed
BVP algorithms have great advantages, the majority of the recent papers use the sim-
ple IVP technique to study the bubble behaviour via bifurcation diagrams, see Akhatov
and Konovalova 2005, Behnia et al. 2008, 2009a,b, Kafiabad and Sadeghy 2010, hence
often miss the unstable structures. The first use of continuation techniques for a similar
bubble dynamics problem was reported by Parlitz et al. 1990 who computed bifurcation
points in the pressure amplitude - excitation frequency plane. Another example of such
computation can be found also in Brujan 2009.

In order to exploit the benefits of the different solvers, the IVP and BVP methods were
combined during the investigation. For gaining a rough global picture about the coexisting
attractors of the system, numerous IVP computations were performed in a wide range of
the control parameters. Initiating the BVP solver from these results, we shall see that
complete bifurcation curves of periodic orbits can be obtained under parameter variation
including the unstable solutions and the detection of bifurcation points as well.

Beside the theoretical studies, numerous experiments were also performed to vali-
date the assumptions of the numerical models. The first experimental investigation was
performed by Esche 1952, who observed a subharmonic component in the spectrum of
the response of the bubble under harmonic forcing. Moreover, the presence of this half-
frequency component suggested that the dynamics undergoes a period doubling bifurca-
tion, which is usually followed by a Feigenbaum period doubling cascade. Such period
doubling route to chaos was observed experimentally by Lauterborn and Cramer 1981 up
to f0/8, where f0 is the excitation frequency, Holt et al. 1994 obtained period 1, 2 and
period 4 attractors emerging also from a period doubling sequence.

Except a few cases (e.g. Chang and Chen 1986, Hao and Prosperetti 1999) the major-
ity of the literature performs numerical studies applying atmospheric or higher ambient
pressure. In many applications, however, the ambient properties may plays significant role
in the technological processes, for instance, in heterogeneous catalysis or in ultrasonic pas-
teurization. Therefore, we intend to analyse the qualitative behaviour of a gas/vapour
bubble at very low ambient pressure (slightly below the vapour pressure). In this case the
system is not strictly dissipative, that is, the bubble can grow infinitely for sufficiently
high pressure amplitudes and/or starting from large initial bubble radii, consequently, the
stable bubble motion is not guaranteed.

Due to the coexisting stable solutions at given parameter values it is important to
know what the probability to obtain a certain type of solution in a randomly initiated
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system is. Thus, the basins of attraction of the found stable solutions were examined
for moderate pressure amplitudes. As these domains are enclosed by the so-called stable
invariant manifolds of saddle-type solutions, the unstable structures obtained by the BVP
solver play a significant role in the global dynamics of the bubble motion.

The domain of attraction can be computed up to the transversal intersection of the
manifolds. Due to the intersection the domains has fractal basin boundary, hence, these
basins can be computed only up to this point. Because the computation of the manifolds
are very resource demanding, it would be very convenient and useful to predict some-
how the parameter value at which the intersection takes place. In the last section we
will predict this parameter value with Melnikov’s small parameter perturbation method
(Guckenheimer and Holmes 1983).

2.2 Mathematical modelling

Let us describe again briefly the applied bubble model, the RP equation, which has the
following form (see equation (1.1)):

3

2
Ṙ2 +RR̈ =

1

ρ

(

pV − p∞(t) + pgo

(
Ro

R

)3n

− 4µ
Ṙ

R
− 2σ

R

)

, (2.1)

where R = R(t) is the bubble radius at time t, p∞(t) is the pressure far from the bubble,
which consists of now a static and a periodic component:

p∞(t) = P∞ + pA sin(ωt), (2.2)

where pA is the pressure amplitude and ω is the angular excitation frequency. The material
properties of the water and water vapour were computed by means of the Haar–Gallagher–
Kell equation of state (see Haar et al. 1988) at temperature T∞ = 30 oC (assumed to be
constant): the liquid density is ρ = 995.61 kg/m3, the dynamic viscosity is µ = 7.973 ·
10−4Ns/m2, the surface tension is σ = 0.0712N/m and the vapour pressure is pV =
4242.7 Pa. In the bubble interior the gas content obeys the ideal gas law and the change
of state is assumed to be polytropic with an exponent n = 1 (isothermal change of state)
so that Melnikov’s method can be applied. The initial pressure pgo of the gas and the
initial radius Ro determine the mass of the gas within the bubble: m = 4pgoR

3
oπ/3<T∞,

where < is the specific gas constant.

2.2.1 The unexcited system

In order to understand better the behaviour of the harmonically excited system and to
introduce important notations we have to discuss some basic concepts without excitation.
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In this case the equilibrium radius RE of the bubble can be obtained from the following
algebraic equation:

0 = pV − P∞ + pgo

(
Ro

RE

)3n

− 2σ

RE

. (2.3)

The equilibrium radius depends only on the tension pV −P∞ for a given mass of gas, that
is, if pgo and Ro are fixed. A typical equilibrium radius curve contains a turning point
(see Fig. 2.1.), which was first found by Blake 1949 and later Noltingk and Neppiras 1950
and is often referred to as Blake critical threshold. At the critical point the derivative of
the tension with respect to the equilibrium radius is

d(pV − P∞)

dRE

∣
∣
∣
∣
Rc

= 3npgo
R3n

o

R3n+1
c

− 2σ

R2
c

= 0. (2.4)

If the initial bubble radius Ro is chosen to be the critical radius Rc then, according to
equation (2.4), the initial gas pressure obeys the following relation: pgo = 2σ/3nRc. In
this case merely the critical radius determines the amount of gas inside the bubble. In
our computations the critical radius was Rc = 0.1mm, which is the upper bound of the
typical nucleus size (Brennen 1995).
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Figure 2.1: The equilibrium radius RE curve as a function of the tension pV − P∞ for a
given amount of non-condensable gas. The thin vertical line denotes the applied
tension on the system. Rs

E, R
u
E and Rc are the stable, unstable and critical radii,

respectively.

It is clearly seen that Fig. 2.1 can be divided into three parts according to the applied
tension. If the tension is negative, between zero and the critical value or greater than the
critical value then there are one, two or zero equilibrium points, respectively (for details
see Feng and Leal 1997). As we are interested in the second case we set the tension to
pV − P∞ = (pV − P∞)c/2 = 474.7 Pa, marked by a solid vertical line in Fig. 2.1, from
which the static pressure is P∞ = 3768Pa. The stable and unstable equilibrium points
are denoted by Rs

E and Ru
E , respectively.

The RP equation being a second order differential equation, one has to specify at
least two initial conditions, namely, the initial radius R and bubble wall velocity Ṙ. It is
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very common in the literature to represent the solutions in the so-called phase space (R,
Ṙ) plane rather than in the time domain. Although the explicit time dependence is not
perceptible, it provides information about the global long term behaviour of the system,
see Fig. 2.2. In this figure the equilibrium points are denoted by black dots. The red
lines are the so called separatrices of the unstable saddle type point Ru

E , which enclose
the basin of attraction of the stable focus Rs

E . Initiating the system inside or outside this
area the solution will approach to Rs

E (black solid curve) or exhibit infinite growth (black
dashed curve), respectively. We shall see, that the excited system has qualitatively the
same behaviour in the Poincaré map introduced later.
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Figure 2.2: Trajectories in the two dimensional phase space (R, Ṙ). The dots denote the stable
Rs

E and unstable Ru
E equilibrium points. The red curves are the separatrices of the

saddle-type point Ru
E , which enclose the domain of attraction of the stable focus

Rs
E. The black solid and dashed curves are examples of a stable motion and an

infinite bubble growth, respectively.

The physical interpretation of the existence of two equilibrium points of the unexcited
system is rather simple. The surface tension acting at the interface tries to contract
the bubble as much as possible. This influence is the greater the smaller the bubble
and inversely proportional to the bubble radius. Consequently, the surface tension can
stabilize the bubble motion as long as the bubble radius remains at a moderate level
during the oscillation.

2.2.2 Dimensionless equation of the excited system

Introducing the dimensionless bubble radius y1 = R/Rc, the dimensionless time τ = ωt
and defining a dimensionless velocity as y2 = y′1, where

′ stands for the derivative with
respect to τ , the governing second order nonlinear differential equation can be rewritten
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as a system of first order equations:

y′1 = y2,

y′2 =
K3

y1
− K3A

y1
sin(τ) +

K4

y3n+1
1

− K1y2
y21

− K2

y21
− 3y22

2y1
,

(2.5)

where the parameters are

K1 =
4µω

pref
, K2 =

2σ

Rcpref
, K3 =

pV − P∞

pref
, K3A =

pA
pref

, K4 =
pgo
pref

, (2.6)

where pref = ρR2
cω

2 is a reference pressure. It is worth mentioning that Behnia et al.
2009a tried to classify their bifurcation diagrams and found that keeping the parameter
Rcω (=

√
pref/ρ) constant, the resulting diagrams were found to be similar. Comparing

the dimensionless coefficients in equation (2.6) with Rcω ∼ √
pref it is clear that under this

special condition the parameters of the dimensionless equation (2.5) remain practically
constant, onlyK1 andK2 depend further on ω orRc, which explains Behnia’s observations.

The natural angular frequency of the bubble is (Brennen 1995)

ωn(RE) =

√

3(P∞ − pV )

ρR2
E

+
4σ

ρR3
E

− 8µ2

ρ2R4
E

. (2.7)

Throughout this thesis we will refer to the natural angular frequency as simply eigen-
frequency and defined as ωo = ωn(R

s
E), that is, equation (2.7) is evaluated at the stable

equilibrium radius. Similarly, the critical frequency is ωc = ωn(Rc) and finally the relative
frequency is ωN = ω/ωc. It is worth mentioning that ωo = 2.201ωc.

2.3 Response to harmonic forcing

2.3.1 Construction of the Poincaré map

Due to the explicit time dependence of the system, the problem must be treated in the
whole 3 dimensional dimensionless phase space (y1, y2, τ), where the dimensionless time
τ is stretched in general from −∞ to +∞. In the ”original” 2 dimensional phase space
(y1, y2) plane the trajectories intersect each other making the representation of the results
difficult. Despite this complication the problem can be significantly simplified because the
phase space is periodic in time, therefore, our observations can be restricted to a periodic
slice of the phase space, see Fig 2.3. left, in which the dimensionless time coordinate is
extended only from zero to the period of the excitation To = 2π. As the whole phase
space is composed by the infinite sequence of these periodic slices, each time a trajectory
reaches the time instant τ = To its current value is projected back to the time instant
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τ = 0, see the red dashed lines in Fig. 2.3 left. The two-dimensional space (y1, y2) at the
initial time is usually referred to as Poincaré plane S ∈ R

2. Observe, that the intersections
of the trajectory with the plane S form a series of points, marked by black dots, which
can be regarded as a two dimensional iterated map (Poincaré map) P : S → S, see Fig.
2.3 right. Technically the points in S can be easily obtained by sampling the continuous
solution at time instants τ = kTo, where k ∈ N. Throughout this chapter I will use this
kind of representation very often due to its illustrative nature.

Initiating the system from an arbitrary point yo, its corresponding iterated value is
denoted by P (yo), see Fig. 2.3. If a trajectory returns exactly to the starting value after
N iterations (PN(yo) = yo), then the solution is a periodic orbit whose period is exactly
Tp = NTo called period N solution. For instance, Fig. 2.3 left and right presents the
trajectory of a period 3 solution and its corresponding Poincaré map, respectively.

Figure 2.3: The construction of the Poincaré map (right) by sampling the continuous solution
(left) at time instants τ = kTo, where k ∈ N. The present trajectory is a period 3
solution as the Poincaré map returns to itself after 3 iterates, that is, P 3(yo) = yo.

2.3.2 IVP computations

In order to obtain a global picture about the coexisting attractors, a large amount of
computations were performed with IVP solver, which was a standard 5th order Runge–
Kutta scheme with 4th order embedded error estimation. The control parameter was the
pressure amplitude pA while the relative frequency ωN was kept constant. The pressure
amplitude was increased from 10Pa to 5000 Pa with 1 Pa increment. At each pressure
amplitude 10 simulations were carried out with random initial values to reveal the coex-
isting attractors. After the convergence of the solution 64 points from the Poincaré plane
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were recorded. In Fig. 2.4 four bifurcation diagrams can be seen at relative frequencies
0.65, 1.0, 2.0 and 5.0.

Figure 2.4: Bifurcation diagrams of IVP computations at different relative frequencies ωN .
The numbers denote the periods of the attractors. The red lines denote the pres-
sure amplitude pA above which no stable solution was found. The highlighted
bifurcation points with square markers are also depicted in Fig.2.6.

Although the maximal pressure amplitude pA was 5000 Pa the limits of the bifurcation
diagrams are much less due to the non-strictly dissipative nature of the system (discussed
in Section 2.2.1). Above the pressure amplitudes marked by red vertical lines in Fig. 2.4
the bubble will grow infinitely with very high probability. The chance to find a stable
solution depends on its domain of attraction. From Fig. 2.4 it is clear that an increasing
pressure amplitude decreases this domain; even if stable structures exist, they are hard
to find with IVP computations, hence they are not relevant from the experimental point
of view.

An important outcome of the results is the stabilizing effect of higher excitation fre-
quency. While increasing the frequency the stable solutions survive higher pressure am-
plitudes. Similar stabilizing effect was also experienced by Behnia et al. 2008, 2009a, in
which at a relatively high pressure amplitude (pA = 500 kPa) the system exhibited only
a period 1 attractor above ν = ω/2π = 1.4MHz excitation frequency.
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At ωN = 5.0 there are various coexisting attractors in a wide range of the pressure
amplitudes pA. The periods of the attractors are marked by arabic numerals, from which
solutions with odd periods were found, up to period 9. At pressure amplitude pA = 500Pa
Fig. 2.5 left and right present some dimensionless radius versus time curves and phase
space diagrams of stable period 1, 3 and 4 coexisting attractors, respectively. Observe,
that the period 1 solution exhibits almost linear oscillation around the equilibrium bubble
radius, while in case of period 3 and 4 solutions the nonlinear effects gradually become
dominant and the collapse-like motion increases. Since most of the applications in the
ultrasonic technology are based on the shock wave emission of a collapsing bubble, it is
very essential to know that which kind of motion can be realized. In the phase space
diagram of Fig. 2.5 right the dots are the fixed points of the Poincaré map corresponding
to the different attractors.
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Figure 2.5: Left panel: Dimensionless radius versus time curves of stable period 1, 3 and
4 solutions marked by arabic numerals at pressure amplitude pA = 500Pa and
relative frequency ωN = 5.0. Right panel: Phase space diagram corresponding to
the same solutions. The dots denote the fix points of the Poincaré map belonging
to the different attractors.

Above the pressure amplitudes marked by red vertical lines in Fig. 2.4 technically no
stable solutions can be found. Performing similar IVP computations at several relative
frequencies within the range of 0.4 and 5.0 with these upper limits of the amplitudes a
’practical’ stability limit of the bubble motion can be determined. In the forthcoming
pressure amplitude - relative frequency pA − ωN diagrams this limit will be depicted by
a thick red solid curve, see Fig. 2.8, 2.12, 2.15 and 2.23. Now, in the next sections the
period 1, 2 and 3 attractors will be computed in the pA − ωN plane.
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2.3.3 Period 1 solutions

In this section the main goal is to determine regions where stable period 1 solutions
(attractors) exist. As stable solutions can bifurcate from unstable ones, the location
of such orbits is very important to find. Moreover, they play a significant role in the
development of the basins of attractions, see Section 2.4. These are usually saddle type
orbits that cannot be found by applying a simple IVP solver even if one integrates the
system backward in time. To overcome this problem the AUTO continuation software
was employed which is capable of computing whole bifurcation curves, including unstable
solutions and the detection bifurcation point, under parameter variation treating the
mathematical problem as a BVP, see Doedel et al. 1997. Because AUTO can handle only
autonomous systems (free of explicit time dependence), equation (2.5) has to be extended
with two additional decoupled ODEs as follows:

y′1 = y2,

y′2 =
K3

y1
− K3A

y1
y4 +

K4

y3n+1
1

− K1y2
y21

− K2

y21
− 3y22

2y1
,

y′3 = y3 + y4 − y3(y
2
3 + y24),

y′4 = −y3 + y4 − y4(y
2
3 + y24),

(2.8)

where the periodic solution of the variable y4 is exactly sin(τ). This description has
a severe drawback, that is, AUTO can handle the periodic solution as a whole object
regardless of their periods. Therefore, the illustrative representation in the Poincaré map
has been lost and we can obtain only the maximum value of the dimensionless bubble
radius of each kind of solution.

In order to obtain an insight into the structure of the period 1 solutions in the pA−ωN

parameter plane, we computed bifurcation curves at constant relative frequencies. The
resulting bifurcation curves are depicted in Fig. 2.6. The initial period 1 solutions were
generated by IVP solver at pressure amplitude pA = 10Pa. The solid and dashed lines
are the stable and unstable solutions, respectively. We have experienced two types of
bifurcations. One is the saddle-node also known as fold (FL) bifurcation, in which a
stable (node like solution) and an unstable (saddle-like solution) collide. Observe that
two FL points form a single hysteresis. The second type is the period doubling (PD)
bifurcation, where the originally stable solution loses its stability and the stable solution
is bifurcated with a doubled period.

Now let us introduce a topological classification of the bifurcation curves. We follow
the path of a curve starting from the initial point (pA = 10Pa) and keep track of the
type of the successive bifurcations; e.g. in the case of ωN = 1.25 the topology is (PD-
PD)-(FL-FL)-PD. The PD and FL bifurcation pairs in the brackets represent period
doubling window and hysteresis, respectively. Equation (2.9). shows the topology of
some bifurcation curves represented in Fig. 2.6. It is clearly seen, that hysteresis and PD
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Figure 2.6: Period 1 bifurcation curves at different relative frequencies ωN . The control param-
eter is the pressure amplitude pA. The solid and dashed lines represent the stable
and unstable solutions, respectively. The period doubling and fold bifurcation
points are denoted by crosses and dots, respectively. The highlighted bifurcation
points with square markers are also depicted in Fig. 2.4.

windows gradually appear one after another as the relative frequency decreases.

ωN = 5.0 ⇒ PD

ωN = 3.2 ⇒ PD

ωN = 2.0 ⇒ (FL− FL)−PD

ωN = 1.25 ⇒ (PD − PD)− (FL− FL)−PD

ωN = 1.0 ⇒ (FL− FL)− (PD − PD)− (FL− FL)−PD

ωN = 0.8 ⇒ (PD − PD)− (FL− FL)− (PD − PD)− (FL− FL)−PD

(2.9)

In order to understand better how the orbits evolve under the change of the relative
frequency, Fig. 2.7 left and right hand side present solutions in the (y1, y2) dimensionless
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plane at constant pA = 200Pa pressure amplitude with two different relative frequencies
marked by thin black vertical lines in Fig. 2.6. At ωN = 1.25 a hysteresis already exist,
that is, there are two coexisting period 1 attractors marked by solid lines. Between these
two stable solutions an unstable period 1 orbit is located, denoted by a thin dashed line.
This saddle type orbit plays a significant role in dynamics of the bubble as we shall see
later. It separates the basins of attraction of the two stable solutions. If one decreases the
relative frequency to ωN = 1.0 the orbits are drifted away towards the outward direction.
Moreover, via the newly appeared hysteresis the internal stable orbit ’explodes’ into an
unstable and two stable solutions. Observe that the three new orbits have one additional
loop in the phase space diagram representing examples for trajectory intersection. These
mechanisms can be easily generalized as the relative frequency continuously decreases:
drifting of the orbits, formation of new orbits via hysteresis, increasing the number of the
loops by one in the (y1, y2) plane.
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Figure 2.7: The evolution of period 1 orbits under the change of the relative frequency at
constant pA = 200Pa pressure amplitude with two different ωN = 1.25 and ωN =
1.0 relative frequencies. The solid and dashed lines are the stable and unstable
solutions, respectively.

In Fig. 2.6 it can be seen that various period 1 attractors can coexist depending on
the parameters. For instance, let us examine the case of ωN = 1.25. The red vertical lines
corresponding to the bifurcation points divide the investigated pA parameter range into 6
parts. Below 48.1 Pa there is 1; between 48.1 Pa and 331.6 Pa there are 2; between 331.6 Pa
and 452.8 Pa there is 1; between 452.8 Pa and 679Pa there is none; between 679Pa and
748.9 Pa there is 1 and finally above 748.9 Pa there is again none stable periodic solutions.
To obtain a global map of the period 1 attractors, it is clear that all the found PD and
FL bifurcation points at various ωN have to be traced in the pA − ωN parameter plane,
shown in Fig. 2.8 and its enlargement in Fig. 2.9. The solid and dashed curves give
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the locations of the FL and the PD bifurcations, respectively. These curves enclose the
region where stable period 1 solutions exist, denoted by the light blue area. The roman
numerals in each subdomain are the numbers of the coexisting attractors. The thick red
line is the practical stability limit obtained from the IVP computations. These figures
will be referred to as phase diagrams in the following Sections.
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Figure 2.8: Fold (solid curves) and period doubling (dashed curves) bifurcation points in the
pA − ωN plane corresponding to the period 1 solutions. The existence of period
1 attractors is denoted by the light blue domain. The roman numerals are the
numbers of the coexisting period 1 attractors. The fractions are the orders of the
resonance curves. The red thick curve is the practical stability limit of the found
attractors computed by the IVP solver.

To each curve a rational fraction can be associated called winding number w = Ωo/ω
(see the fractions in Fig. 2.8 2.9), where Ωo is the mean angular velocity called torsion
frequency which determines the average number of twists per unit time of a nearby tra-
jectory around the solution. For the details of the computation of the winding number
see Parlitz and Lauterborn 1985. By straightforward calculation the winding number can
be expressed as a fraction w = n/m, where n is the torsion number and m is the period
of the solution. In general the torsion number is a real positive number but near the
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Figure 2.9: Enlargement of the fold (solid curves) and period doubling (dashed curves) bifur-
cation points in the pA − ωN plane corresponding to the period 1 solutions. The
existence of period 1 attractors is denoted by the light blue domain. The roman
numerals are the numbers of the coexisting period 1 attractors. The fractions are
the orders of the resonance curves. The red thick curve is the practical stability
limit of the found attractors computed by the IVP solver.

FL and PD bifurcations it becomes integer due to the real Floquet multipliers. Figure
2.10 demonstrates a solution (thick black curve) with a winding number w = 3/2, that
is, the period is 2 and a slightly perturbed solution (thin red curve) exhibit exactly 3
rotation relative to the periodic solution. We would like to emphasize that this figure
is only a demonstration for the winding number to aid the understanding rather than a
real solution of the system. The same method was used to classify the bifurcation curves
in several papers for different oscillators, for instance, van der Pol oscillator Parlitz and
Lauterborn 1987, Toda oscillator Kurz and Lauterborn 1988, Duffing oscillator Parlitz
1993.

We can see in the phase diagrams that with the alteration of pA and ωN resonance
horns appear with different orders. For instance, the main resonance (order 1/1) at near
ω = ωo which is grown from a sharp edge, see Fig. 2.8. At such a point hysteresis develops
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Figure 2.10: Demonstration of a periodic solution with winding number w = 3/2. The black
and red curves are the periodic and perturbed solutions, respectively. The period
is 2 and the perturbed solution exhibits exactly 3 rotations relative to the periodic
solution.

via a well known cusp bifurcation, compare the subfigures in Fig. 2.6 at ωN = 2.0 and
ωN = 3.2, where with increasing relative frequency the hysteresis disappears. Similarly
to the main resonance, harmonics resonances form with orders 2/1, 3/1, 4/1 and 5/1 at
near ω = ωo/2, ωo/3, ωo/4 and ωo/5, respectively.

As long as the amplitude of the oscillation is small, the torsion frequency Ωo is close
to the linear resonant frequency ωo. In this case the locations of the evolving resonance
horns of the FL and PD bifurcations are specified by the linear resonant frequency. For
instance, the winding number of the third harmonics is w = 3/1 = Ωo/ωo ≈ ωo/ω, that
is, its resonance horn is formed near ω = ωo/3 (see Fig. 2.9). Lauterborn 1974 used ωo

to classify resonances in frequency response curves at different equilibrium bubble sizes.
As the excitation amplitude is increased and nonlinear effects become significant, the
difference between Ωo and ωo also increases leading to difficulties in the classification of
the resonances using ωo. A straightforward extension of the linear resonance is to call an
orbit resonant if its winding number is rational and the fraction n/m is the order of the
resonance.

Comparing Fig. 2.8, 2.6 and equation (2.9) it was found that the order of the sub-
sequent PD windows and FL pairs of a bifurcation curve at fixed relative frequencies
decreases by 1/2 after passing a pair of coherent bifurcation points starting from the
solution of 10 Pa pressure amplitude. Equation (2.10) shows the evolution of the orders
of the bifurcation points at the same relative frequencies as in equation (2.9). This ten-
dency helps in determining the topology of all the bifurcation curves at constant relative
frequency using only the phase diagram. For instance at ω = ωo/3 starting from 10Pa
pressure amplitude the sequence of the order of the successive bifurcations are 5/2, 2/1,
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3/2, 1/1 and finally 1/2.

ωN = 5.0 ⇒ 1/2

ωN = 3.2 ⇒ 1/2

ωN = 2.0 ⇒ (1/1− 1/1)−1/2

ωN = 1.25 ⇒ (3/2− 3/2)− (1/1− 1/1)−1/2

ωN = 1.0 ⇒ (2/1− 2/1)− (3/2− 3/2)− (1/1− 1/1)−1/2

ωN = 0.8 ⇒ (5/2− 5/2)− (2/1− 2/1)− (3/2− 3/2)− (1/1− 1/1)−1/2

(2.10)

A series of period 1 solutions with respect to the pressure amplitude was measured
by Thomas et al. 2004, who also observed hysteresis. This phenomenon was explained
there with the dissociation of the gas inside the bubble producing different bubble content
in the two branches of the hysteresis. The complete map of the period 1 attractors in
Fig. 2.8 and in Fig. 2.9 suggests that hysteresis can also appear due to the dynamical
behaviour of the bubble.

2.3.4 Period 2 solutions

To determine the period 2 solutions a series of bifurcation curves were computed starting
from the PD bifurcation points of the period 1 solutions. The left-hand side of Fig. 2.11
shows an example of this kind of computation between the PD window corresponding
to the order of 9/2 (see the dashed curve marked by 9/2 in Fig.2.9) at ωN = 0.4. The
topology of the bifurcations and the orders of the solutions at the bifurcation points is

PD01 − (PD1 − PD2) − (FL1 − FL2) − (PD3 − PD4) − PD02

9/2 19/4 9/2 17/4 9/2
. (2.11)

The rational winding number sequence of the PD cascade starting from the period 1
solution of order 5/1 is 5/1 → 9/2 → 19/4 → . . . . At the nth PD point the winding
number is

wn = wo +

n∑

k=1

(−1)k

2k
= wo +

(−1/2)n − 1

3
, (2.12)

where wo is the starting winding number. Expression (2.12) holds for every PD sequence
starting from a period 1 solution with increasing pressure amplitude pA. The same formula
was found empirically by Parlitz and Lauterborn 1987 and Kurz and Lauterborn 1988 for
the van der Pol and Toda oscillator, respectively. As n → ∞ the limit of the winding
number is w∞ = 14/3 implying period 3 orbits near the accumulation point. Indeed, we
will see in the following sections that a period 3 orbit exists indeed with the predicted
order of 14/3. In the case of decreasing pressure amplitudes, e.g. starting the sequence
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Figure 2.11: Left panel: Period 2 bifurcation curve at relative frequency ωN = 0.4 between
the period doubling window of order 9/2. The solid and dashed lines are the
stable and unstable bifurcation curves, respectively. The crosses and dots denote
the period doubling and fold bifurcations. Right panel: phase diagram of the
bifurcation points (left). The solid and dashed lines are the fold and period
doubling bifurcation curves, respectively. The light brown domain represent the
regions where period 2 attractors exist. The five pictograms show the topology
of the bifurcation curves of the distinct regions bounded by the vertical lines.

from the order of 4/1 the expression describing the evolution of the winding number is
slightly modified; we have

wn = wo −
n∑

k=1

(−1)k

2k
= wo −

(−1/2)n − 1

3
. (2.13)

Although, the limit of the winding number is w∞ = 13/3 in this case, period 3 solution
was unfortunately not found. This is probably due to its extremely small domain of
attraction. Although, AUTO is insensitive to the stability properties of the orbits, it still
needs a (good) initial guess that is usually obtained by the IVP solver. For the details
of the limit of the winding number of period doubling cascades see also Englisch and
Lauterborn 1994.

The phase diagram of the bifurcation points can be seen in the right-hand side of Fig.
2.11 including the PD window of order 9/2. The phase diagram can be divided into five
different regions corresponding to period 2 solutions with different topologies, denoted by
the black dots in the figure. Between the relative frequencies ωN = 0.4 and 0.414 the
topology is the same as described by equation (2.11). At ωN = 0.414 the PD1 − PD2
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window disappears. Above this point there is no intermediate PD bifurcation before the
point FL1. At ωN = 0.434 the FL1 and PD01 bifurcation points collide changing the
type of the PD01 bifurcation from supercritical to subcritical. The PD3 − PD4 window
vanishes at ωN = 0.4401 resulting in a relatively large region of period 2 attractors.
Further increasing the relative frequency at the point ωN = 0.449 where the FL2 and
PD01 curves join the bifurcation PD01 changes back its type to supercritical. In the
final smallest region between ωN = 0.449 and 0.4499 there is no subsequent bifurcation
in the period 2 curve. Similar bifurcation structure was found by Parlitz et al. 1990 in
a different bubble oscillator. Period 2 attractors exist between the bifurcation curves of
order 9/2− 19/4 and 9/2− 17/4 marked by light brown domains.
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Figure 2.12: Fold (solid curves) and period doubling (dashed curves) bifurcation points of
period 2 solutions in the pA − ωN plane. The light brown domains denote the
regions where period 2 attractors exist. The fractions are the orders of the reso-
nances. The red thick curve is the practical stability limit of the found attractors
computed by the IVP solver.

The complete set of the bifurcation curves corresponding to the period 2 solutions can
be seen in Fig. 2.12 and its enlargement in Fig. 2.13. Near the PD windows of order
7/2, 5/2 and 3/2 the bifurcation structures are the same as discussed previously in case
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Figure 2.13: Enlargement of the fold (solid curves) and period doubling (dashed curves) bi-
furcation points of period 2 solutions in the pA − ωN plane. The light brown
domains denote the regions where period 2 attractors exist. The fractions are
the orders of the resonances. The red thick curve is the practical stability limit
of the found attractors computed by the IVP solver.

of PD window of order 9/2. Due to the small domain of attraction of the period 2 attrac-
tors these results are irrelevant for experiments. On the contrary, a large stable domain
emerges near the first subharmonic resonance of order 1/2 (near ω = 2ωo) enclosed by the
curves of order 1/2 − 1/4 marked by the large light brown domains in Fig. 2.12. Esche
1952 and later Negishi 1961 and De Santis et al. 1967 also observed subharmonic com-
ponents in the spectrum of an acoustically excited bubble experimentally. In the next
decades the researchers were particularly interested in this topic and Prosperetti 1977
gave an analytical formula for the subharmonic threshold using series expansion method.
Due to the second order expansion the expression is valid only for small amplitude os-
cillations. Examining Fig. 2.12 the smallest pressure amplitude region is at the location
of ω = 2ωo. Far away from this point the appropriateness of the expression gradually
decreases. Now it is clear that the subharmonic component in the spectrum is caused by
a PD bifurcation, which is usually followed by a PD cascade. Such subharmonic route to
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chaos was observed by Lauterborn and Cramer 1981 and Lauterborn and Koch 1987 up
to relative frequency 1/8 and the first one was verified numerically by Lauterborn and
Suchla 1984. Furthermore, applying the methods of nonlinear dynamics in single bubble
measurement, it is possible to reconstruct the attractors of the bubble motion embedded
in a suitable state space represented by time-delayed data values, see Packard et al. 1980.
Applying this method Holt et al. 1994 obtained period 1, period 2 and period 4 attractors
using the time series obtained from the sonoluminescence flashes generated by the bubble.
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Figure 2.14: Left panel: An example of a period 3 bifurcation curve at the relative frequency
ωN = 0.4. The solid and dashed lines are the stable and unstable bifurcation
curves, respectively. The crosses and dots denote the period doubling and fold
bifurcations. Right panel: phase diagram of the bifurcation points. The solid
and dashed lines are fold and period doubling bifurcation curves, respectively.
The light green domains represent the regions of the stable period 3 attractors.
The four dots show the boundaries of the regions of the topologically different
bifurcation curves.

2.3.5 Period 3 solutions

Similarly to the previous sections bifurcation curves corresponding to the period 3 so-
lutions were computed and traced in the pA − ωN parameter plane. The continuation
processes were initiated from brute force computations. The bifurcation diagrams of the
period 3 solutions with pressure amplitude as control parameter are closed curves and
the number of the loops are the half of the number of the FL points. An example at
ωN = 0.4 can be seen in the left-hand side of Fig. 2.14. The topology and the orders at
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the bifurcation points is

FL1 − (PD1 − PD2) − FL2 − FL3 − (PD3 − PD4) − FL4

14/3 29/6 14/3 27/6 14/3
. (2.14)
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Figure 2.15: Fold (solid curves) and period doubling (dashed curves) bifurcation points of
period 3 solutions in the pA − ωN plane. The light green domains denote the
regions where period 3 attractors exist. The fractions are the orders of the reso-
nances. The red thick curve is the practical stability limit of the found attractors
computed by the IVP solver.

Examining the PD sequences and comparing them to the previous results a general
formula can be constructed for the winding number sequences:

wn = wo ±
1

mo

n∑

k=1

(−1)k

2k
= wo ±

(−1/2)n − 1

3mo

, (2.15)

where mo is the period corresponding to wo. Unfortunately I could not find a general rule
to decide when the plus or minus sign should be used. For the results in Fig. 2.14 the +
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and − sign corresponds to the 14/3 → 29/6 → . . . and the 14/3 → 27/6 → . . . sequences
with the limits w∞ = 43/9 and w∞ = 41/9, respectively. The investigation of the limit
of these sequences can help to find other solutions with odd periods.
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Figure 2.16: Enlargement of the fold (solid curves) and period doubling (dashed curves) bifur-
cation points of period 3 solutions in the pA−ωN plane. The light green domains
denote the regions where period 3 attractors exist. The fractions are the orders
of the resonances. The red thick curve is the practical stability limit of the found
attractors computed by the IVP solver.

The phase diagram of the special points can be seen on the right hand side of Fig. 2.14.
The phase diagram can be divided into four regions of different topology. The boundaries
of these regions are marked by filled dots. When increasing the relative frequency, the
topology of bifurcation curves is the same as described by (2.14) until ωN = 0.4078. At
this point the PD1 − PD2 window disappears and the whole region between FL1 and
FL2 becomes stable. This stable section vanishes at ωN = 0.4136 by the collision of the
FL1 and FL2 points reducing the number of the loops from two to one. The procedure
of the PD window disappearance and FL collision is repeated again at ωN = 0.4143 and
ωN = 0.4154, respectively, resulting in the complete vanishing of the period 3 solutions.
The domain in which period 3 attractors exist are again denoted by light green domains.
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The full set of the bifurcation curves in the pA − ωN plane is represented in Fig.
2.15 and its enlargement in Fig. 2.16. Similarly to the period 2 attractors the regions
where period 3 attractors exist (denoted by light green areas) are small in the case of
low relative frequency. The three dominant regions are enclosed by the resonance curves
of order 5/6 − 2/3, 3/6 − 2/3 and 1/6 − 1/3, out of which the largest area is again
near ω = 2ωo. Note that Lauterborn and Cramer 1981 observed an fo/3 component
experimentally in this region in the spectrum of the bubble response to acoustic forcing
(where fo is the frequency of the acoustic pressure field).

2.4 Domain of attraction

In the previous sections I have determined the stable period 1, 2 and 3 solutions in
the pA − ωN parameter plane. These maps can support the various applications of the
ultrasonic technology. Although these domains define precisely where the different kinds
of solutions exist, a number of questions may still arise.

Figure 2.17: Periodic attractors at constant ω = 2ωo frequency. The control parameter is
the pressure amplitude pA with 1Pa increment. The arabic numbers denote
the periods of the found attractors. The bifurcation curves marked by asterisks
are also computed with the AUTO continuation software including the unstable
solutions, see Fig.2.18.

Because the stable bubble motion is not guaranteed it is important to know the global
domain of attraction (basin). The global basin is an area in the two dimensional Poincaré
map (see Section 2.3.1) within which initiating the system the solution will tend to a stable
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structure. Moreover, if multiple attractors coexist then what is the probability to find
them separately? This is important, because we have seen that the behaviour of different
solutions can vary significantly, for instance, in Fig. 2.5 the period 3 solution shows a
roughly collapse like motion, while the period 1 solution exhibits smooth, almost purely
harmonic oscillation. Which kind of solution is favourable depends on the application,
e.g. whether shock waves are required or unwanted.

In this section the basins corresponding to the period 1, 2 and 3 stable solutions
including the global basin were computed at constant ω = 2ωo frequency for moderate
pressure amplitudes (pA < 650 Pa). As usual, I have located the coexisting attractors with
a simple IVP computation, see Fig. 2.17. Observe, that the period 1 and 2 attractors form
the first step of a period doubling sequence. We shall see that in order to obtain the basins
the unstable saddle like solutions have to be computed, therefore, the bifurcation curves
marked by asterisks in Fig. 2.17 were determined with AUTO including the unstable
solutions as shown in Fig. 2.18.

0 100 200 300 400 500 600 700 800 1 000 1 200 1 400 1 600 1 800 2000
0,5

1

1,5

2

2,5

3

p
A
 [Pa]

y 1m
ax

R
E
s

R
E
u

bc
11

bc
12

bc
22

bc
32

bc
31

Figure 2.18: Bifurcation curves of AUTO computations initiated from the solution marked by
asterisks in Fig.2.17. The solid and dashed curves are the stable and unstable
orbits, respectively. The black dots denote the fold (saddle node) bifurcations,
while the crosses are period doubling bifurcation points. In case of zero pressure
amplitude as a limit case the original equilibrium radii Rs

E and Ru
E can be ob-

tained. The bifurcation curves are labelled by bcps where the value of p is the
period of the solution and s is a suitable serial number.

The solid curves are the stable solutions while the unstable ones are indicated by
the dashed curves. The detected PD and FL points are marked by crosses and dots,
respectively. A period 1 attractor (blue line) is bifurcated from the stable equilibrium
point Rs

E of the unexcited system and becomes unstable at pA = 112.5 Pa. From this
point a period 2 solution (brown curve) emerges via a PD bifurcation. We have seen
previously, that the unexcited system has also an unstable equilibrium point Ru

E , see Fig.
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2.2. Under the influence of excitation this equilibrium point becomes a periodic solution
but it remains unstable. This solution is marked by the red curve in the top of Fig. 2.18.
We shall see that it has great importance in the determination of the global basin. Finally,
the last bifurcation curve corresponds to the period 3 solution (green curve), which is born
via FL bifurcation.

Each structure is labelled by bcps, where the value of p is the period of the solution and
s is a suitable serial number. Observe that the FL bifurcation divides the period 3 curve
into an upper and lower part, marked by bc31 and bc32, respectively. With the aid of this
notation we can refer to any solution by identifying the control parameter, for example,
bc12(150) means the unstable period 1 solution (blue curve) at pressure amplitude 150 Pa.
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Figure 2.19: Left panel: The behaviour of the system in the Poincaré cross section near a
saddle type solution. yu is a saddle type unstable solution. ys1 and ys2 are the
stable focus like solutions. The two sequences of points represent simulations
initiated from ys1o and ys2o . Righ panel: Stable W s and unstable W u manifolds
of the saddle point yu, which seperate the basins of the two attractors.

Before I proceed with the discussion of the domain of attraction, it is worth examining
the behaviour of the system in the Poincaré cross section near a saddle type solution. Let
us consider a single unstable saddle point yu and two stable (focus-like) solutions ys1 and
ys2, see Fig. 2.19 left hand side. The two sequences of points, denoted by series of black
dots, indicate simulations initiated from ys1o and ys2o , approaching and then departing from
the saddle point converge to the stable solutions ys1 and ys2, respectively. It is obvious
that there are points in the Poincaré plane from which the system can converge exactly to
the saddle point after infinite many iterations. Such curves connecting these points called
stable manifolds (W s), see the black curve in Fig. 2.19 right hand side, more precisely
W s(yu) : (S : y → yu, t → ∞). Similarly, we can obtain the unstable manifolds W u but
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iterating the system backward in time, that is, W u(yu) : (S : y → yu, t → −∞), see the
red curve in Fig. 2.19 right hand side. Representing the manifolds and the two sequences
of points in one figure, we can see that the two domains of attraction are separated by the
stable manifolds. Throughout this section the stable and unstable solutions, the stable
and unstable manifolds will be denoted by black dots, red crosses, black and red curves,
respectively. In what follows, the domain of attractions of the stable solution presented
in Fig.2.18 will be computed up to the pressure amplitude pA = 650Pa.

At the rather low pA = 50Pa pressure amplitude there is only one stable (bc12(50),
black dot) and only one unstable (bc11(50), red cross) solution, see Fig. 2.20 left hand
side. The stable manifolds of the sole saddle type point determine the global basin which
coincides with the basin of the stable solution, marked by the light blue area. Observe,
that the dynamics in the Poincaré map is very similar to that of the unexcited system,
see Fig. 2.2.

Increasing the pressure amplitude to pA = 150Pa, the originally stable bc12(50) fixed
point loses its stability via a PD bifurcation resulting in another saddle type point, marked
by bc12(150). In addition, a new period 2 attractor emerges, see Fig. 2.20 right. Again,
the basin of the global dynamics and that of the sole attractor coincide. Although, the
manifolds of the unstable point bc12(150) govern only the global transient motion of the
oscillations, it is worth drawing the attention to the peculiar shape of the stable manifolds
indicating that dynamics and domain of attraction can be extremely complicated.
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Figure 2.20: The global domain of attraction of the system (light blue area) at pressure am-
plitude pA = 50Pa (left) and pA = 150Pa (right). The stable W s and unstable
W u invariant manifolds are denoted by black and red curves, respectively. The
attractors are marked by black dots, while the unstable saddle type solutions
denoted by red crosses.

At the pressure amplitude pA = 219.6 Pa a stable bc31 and an unstable bc32 period 3
solution appear via an FL bifurcation, see Fig. 2.18. In Fig. 2.21 the basin of this new
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attractor is represented by the green areas at pA = 250Pa as closed regions of the stable
manifolds of its unstable counterpart bc32(250). Observe that the three distinct domains
contain black dots that are the fix points of the P 3 map and periodically alternate under
the influence of the P 1 map. Only one unstable manifold was computed, which tends to
the period 2 attractor of bc22 resulting in a peculiar shape of the curve, see the red curve
starting from bc32(250) in Fig. 2.21. The main consequence of the existence of this new
structure is that the global basin is the sum of the basins of the period 3 attractor (green
area) and the period 2 attractor (light blue area).
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Figure 2.21: Basins of the period 3 attractor (green area) and the period 2 attractor (light
blue area) at pressure amplitude pA = 250Pa. The black dots and red crosses
are the stable and unstable fixed points of a PN map, respectively, where N is
the period of the corresponding solution. The global domain of attraction is the
union of these two basins.

Comparing the manifolds of the unstable solutions corresponding to the bifurcation
curve bc11 at different pressure amplitudes pA (see Fig. 2.20 and Fig. 2.21) it is clear
that they represents oscillations of growing amplitude with increasing pA. At a certain
point these curves touch each other and then further increasing the pressure amplitude
they intersect each other at nonzero angle (transversally). The tangency takes place at
approximately pA = 450Pa. One transversal intersection implies an infinite number of in-
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tersections resulting in a Poincaré homoclinic structure (Guckenheimer and Holmes 1983).
The most drastic consequence is the presence of several Smale horseshoes, each contain-
ing an infinite number of periodic points with arbitrarily high periods. This dynamic
behaviour is the evidence of the existence of chaotic motion which is usually unstable
(transient chaos) explaining the absence of chaotic attractor in Fig. 2.17. Although after
this point the global basin of attraction cannot be computed with the present method
due to its fractal boundary, it may be possible to approximate it via the so-called basin
cells which is beyond the scope of the present work, for details see Nusse and Yorke 1996.

Table 2.1 summarizes the area of the computed basins with respect to the pressure
amplitude. Due to the transversal intersection of the invariant manifolds the global basin
was computed up to pressure the amplitude pA = 450Pa. Although the area increases
as pA increases, this must definitely be a temporal growth, since we cannot obtain any
stable solution above the pressure amplitude pA = 1700Pa as shown n Fig. 2.17. In case
of pA = 50Pa and pA = 150Pa the only existing attractors are a period 1 (bc12) and a
period 2 (bc22) solution, respectively. Therefore, their basins coincide with global one.
At pA = 250Pa there are a period 2 (bc22) and a period 3 (bc31) coexisting attractors.
Observe that the area of basin of the period 3 attractor is exactly determined by the
stable manifolds of its unstable counterpart (bc32), see Fig. 2.21. This area is rather small
as it is only 0.9% of the global area. Subtracting it from the global basin, the basin of the
period 2 attractors can be obtained, which is 99.1% of the global area. At pA = 450Pa
the area of the period 3 attractor is increased up to 3.8%. At this parameter value there
are other stable solutions, such as period 4 attractor, see Fig. 2.17. Therefore, the basin
of the period 2 attractor cannot be determined without further calculation.

pA 50 Pa 150Pa 250Pa 450Pa 650Pa
Global 4.408 4.573 4.748 5.130 −

bc12 and bc22 4.408 4.573 4.706 − −
bc31 − − 0.042 0.195 0.249

Table 2.1: The area of the domain of attraction as a function of the pressure amplitude pA.

From the above obtained results we can roughly give an upper estimation for the
extent of the basins of the period 3 attractor, which is less than 4% of the global basin.
This means that the probability of finding the collapse like oscillation of this attractor is
very small. This also indicates that the basin of the smaller structures, for instance, the
solution with odd periods such as 5, 7, 9 etc. (see, Fig. 2.17) may have an even smaller
domain of attraction. Therefore, they are irrelevant from the applications point of view.
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2.4.1 Detection of homoclinic tangency

As I mentioned in the previous section the global domain of attraction with the invariant
manifolds cannot be computed above pA = 450Pa due to the homoclinic tangency of
the stable and unstable manifolds of bc11. Because the computation of these invariant
manifolds are very resource-demanding, it would be very convenient and useful to predict
somehow the parameter value at which this intersection takes place. In our case the
stable and unstable separatrices of the saddle type equilibrium point coincide, forming
a so-called homoclinic orbit, if the viscosity is zero and the system is unexcited. In the
following we shall use Melnikov’s method which is based on the perturbation of a planar
homoclinic orbit of a Hamiltonian system. If n = 1 and in the absence of excitation and
viscosity then equation (2.5) reduces to

y′1 = f1(y1, y2) = y2,

y′2 = f2(y1, y2) =
K3

y1
+

K4

y41
− K2

y21
− 3y22

2y1
,

(2.16)

which now forms a Hamiltonian vector field with the Hamiltonian function defined as

H = 3K2y
2
1 + 3y31y

2
2 − 2K3y

3
1 − 6K4 ln(y1). (2.17)

In this case system (2.16) can be written as

y′1 =
∂H

∂y2
Q(y1, y2),

y′2 = −∂H

∂y1
Q(y1, y2),

(2.18)

where Q = 1/6y31. The stable and unstable separatrices (manifolds) of the unstable equi-
librium point Ru

E of this unexcited time-continuous system coincide, forming a homoclinic
orbit (ŷ1, ŷ2). Next, the excitation and the viscosity are included as small perturbations
written in general as

y′1 = f1(y1, y2) + εg1(y1, y2, τ),

y′2 = f2(y1, y2) + εg2(y1, y2, τ),
(2.19)

where specifically in our case

g1 = 0, and

g2 = −K3A

y1
sin(τ)− K1y2

y21
.

(2.20)



CHAPTER 2. PERIODIC SOLUTIONS 38

Finally, we can define the Melnikov function as

M(τo) =

∫ +∞

−∞

f1(ŷ1, ŷ2)g2(ŷ1, ŷ2, τ + τo)− f2(ŷ1, ŷ2)g1(ŷ1, ŷ2, τ + τo)dτ,

M(τo) =

∫ +∞

−∞

ŷ2

(

−K3A

ŷ1
sin(τ + τo)−

K1ŷ2
ŷ21

)

dτ,

(2.21)

for details see Guckenheimer and Holmes 1983.
We should note, that M(τo) is periodic with period 2π and it provides a good measure

for the separation of the manifolds. If M(τo) oscillates about zero, that is, M(τo) = 0
(zero distance between the manifolds) for some τo and dM(τo)/dτo 6= 0, then it follows
that there are infinite many transversal intersections of the invariant manifolds. Varying
the pressure amplitude pA and thus K3A, we could determine the pressure amplitude at
which the intersection occurs by continuously monitoring the values of M(τo). Figure 2.22
presents some Melnikov’s functions M(τo) at different pressure amplitudes pA. Observe,
that if pA is greater than 840Pa the M(τo) function has zero values implying infinite many
intersections above this parameter values.
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Figure 2.22: Melnikov functions at different pressure amplitudes pA. The homoclinic tangency
occurs at approximately pA = 840Pa. Above this value the Melnikov’s function
has zero values, that is, the distance between the manifolds has also zero implying
infinite many intersections.

Although ε must be sufficiently small, we set it to unity in order to be consistent
with the original system (2.5). Observe, that it is not a real restriction since it is enough
that εK3A and εK1 be small. The parameter K1 = 6.1 · 10−3 was constant, whereas the
parameterK3A was varied between 3.6·10−5 and 1.6·10−2 in the pressure range of 1 Pa and
450Pa. Although these parameter values are rather small, Melnikov’s method provides
poor estimation as it approximates the tangency at pressure amplitude pA = 840Pa,
hence, in our system, this method yield no further benefit in the determination of the
homoclinic tangency. In the literature it is common to obtain difference between the



CHAPTER 2. PERIODIC SOLUTIONS 39

analytical and numerical prediction in the same orders of magnitude as ours, see for
instance Meehan and Austin 2006 or Colonius et al. 2008.

2.5 Conclusion

In this chapter I studied the harmonically forced version of the classical Rayleigh–Plesset
equation describing the motion of single gas/vapour bubble. Contrary to the majority
of the corresponding literature, the ambient pressure was set slightly below the vapour
pressure. The main outcome is a set of two-parameter bifurcation maps describing the
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Figure 2.23: Summary of the regions where period 1, 2 and 3 attractors exist in the pA − ωN

plane. The blue, brown and green regions correspond to the period 1, 2 and 3
attractors, respectively. The red line depicts the practical stability limit obtained
numerically from the IVP computations.

regions where period 1, 2 and 3 attractors are present on the pressure amplitude - relative
frequency (pA−ωN) parameter plane. Figure 2.23 summarizes these regions; blue, brown
and green regions correspond to the existence of period 1, 2 and 3 attractors, respectively.
The red line depicts the ’practical’ stability limit obtained from the IVP computations.
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Although these computations were performed with water at fixed ambient properties using
the Rayleigh–Plesset equation, the results are qualitatively similar to other substances,
ambient properties or bubble models because of the structural stability, see the next
chapter.

These maps can provide useful information for the applications of the ultrasonic tech-
nology introduced in Section 1.3. We have seen previously that the behaviour of a period
3 solution is more collapse like than the period 1 or 2 solutions, see again Fig. 2.5. If
one is interested in large shock waves then the usage of similar maps may significantly
increase the efficiency of the applications. Due to the strong nonlinearity of the system,
the different kinds of attractors usually coexist. The examination of the domain of at-
tractions at ω = 2ωo revealed that the chance to find a period 3 solutions is very low.
Their basin of attraction is no more that 4% of the global basin. This means that only 4
out of 100 bubble may exhibit collapse-like motion.

The global basin could be computed up to the pressure amplitude pA = 450Pa as
enclosed area of the stable manifolds of a saddle-type unstable solution. Above this
point the invariant manifolds intersect each other and the boundary of the basin becomes
fractal. The inception of the tangency was predicted by Melnikov’s method based on
the perturbation of a planar homoclinic orbit. Unfortunately, it gave a poor estimation
(pA = 840Pa instead of pA = 450Pa).
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Figure 2.24: All the found PD and FL bifurcation curves in the pA − ωN parameter space.
The curves asymptotically tend to lines having the same slope. The tangent is
approximately tanα ∼= 2420Pa.

Another output of the bifurcation analysis is the recognition of the stabilizing effect
of high-frequency excitation, that is, while increasing the frequency, the stable structures
withstand higher excitation amplitudes. Indeed, the stable domain grows very rapidly
above the frequency of ω = 2ωo. In Fig. 2.24 all the found PD and FL bifurcation
points are traced up to relative frequency ωN = 10. It is clearly seen that all curves
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asymptotically tend to lines having the same slope (tanα ∼= 2420Pa). This result may help
in the development of an ’active’ protection from cavitation damage in turbomachinery by
applying high frequency ultrasound radiation which prevents the micro bubbles to escape
from the global domain of attraction and grow large in the early phase of the cavitation.

A natural continuation of this study would be to vary the ambient pressure, notably
to further decrease it beyond the critical value. In this region, no equilibrium exists in the
absence of excitation and it is an interesting question if some of the stable structures found
in this study of the excited system survive at these low ambient pressure levels. Such a
computation was already performed by Hao and Prosperetti 1999, who were unable to
find any stable solutions using a simple initial value problem solver. Continuation seems
to be the appropriate tool for answering this question, moreover, the limit of the slope of
the bifurcation curves is a good measure of the size of the stable region in the pA − ωN

parameter plane.
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Thesis #1:

The presence of the period 1, 2 and 3 attractors in the pressure amplitude-relative fre-
quency (pA−ωN) parameter plane of the harmonically excited Rayleigh–Plesset equation
was explored assuming isothermal state of change for the gas.

• It was found that the domain in the pA − ωN plane, where stable solutions exist
increases linearly with the frequency if ω > 2ωo, ωo being the natural angular
frequency.

• At ω = 2ωo, the attracting domain of the period 3 attractor is less than 4% of the
global domain of attraction.

• The boundary of the global basin of attraction becomes fractal at pA = 450Pa
due to the homoclinic tangency of the invariant manifolds of the saddle type orbit,
bifurcating from the unstable equilibrium point of the unexcited system.

• An estimation was given by Melnikov’s perturbation method for the critical pressure
amplitude of the homoclinic tangency. It was found that, for the parameter values of
engineering importance (viscosity and pressure amplitude) it provides results with
limited accuracy (pA = 840Pa as opposed to the exact value of 450 Pa).

The publications related to this thesis are Hegedűs et al. 2012a, Hegedűs and Kullmann
2012c, Hegedűs et al. 2011, 2009c.



Chapter 3

The influence of heat transfer on

bubble dynamics

3.1 Introduction

Beside the non-condensable gas, if the bubble contains also vapour then during the bubble
motion condensation and evaporation processes take place. The required or excess heat
arrives or leaves via heat conduction from or into the liquid domain. In the RP equation
this phenomenon is not modelled, the temperature field in the liquid is assumed to be
homogeneous, which is equivalent to an infinitely fast heat transfer rate between the two
phases. In order to investigate this effect one has to attach the conservation equation of
the energy to the RP equation (RPH model). Comparing the results obtained from the
simple (RP) and the coupled (RPH) systems, the circumstances under which the influence
of phase change becomes significant can be revealed.

The consequence of the new partial differential equation is that at least two additional
parameters appear in the RPH model, namely, the thermal diffusivity and the latent
heat. They both cannot be eliminated via dimensional analysis. The different number
of the parameters may encumber the investigation of the two models together; hence,
some sort of method has to be developed to make the comparison precise. The concept
is based on the fact that all material properties depend in general on two state variables
for pure substances. Regarding the ambient pressure P∞ and temperature T∞ as the
main variables, the number of the parameters can be significantly reduced. Moreover, as
expected, all the remaining parameters are identical in every model, namely, the above-
mentioned pressure, temperature and the equilibrium bubble size describing the amount
of the non-condensable gas.

The numerical method applied to solve the partial differential equation (PDE) must
obey special conditions, that is, the equation has to be decoupled into an ordinary differ-
ential equation (ODE) system via some sort of semi-discretization procedure. In this case

43
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the AUTO continuation and bifurcation analysis software can be used in a similar way
as described in the previous chapter, only the size of the problem increases significantly.
Each of the various discretization techniques has its own advantages. The finite difference
scheme is simple and the numerical code is easy to develop but needs a large number of
equations to reduce the approximation errors to an acceptable level. In bubble dynamic
simulations it was used first by Prosperetti et al. 1988. To reduce the number of the equa-
tions, thereby increasing the efficiency, higher order spectral techniques such as Galerkin
or spectral collocation (pseudospectral) methods were also put to test. Although the ac-
curacy is very high, verification with a low order method is always needed: ”Anyone who
publishes a calculation without evaluating the residual of the spectral approximation via
finite differences is an IDIOT” (Boyd 2001). A comparison of the two kinds of spectral
techniques was performed by Kamath and Prosperetti 1989 in the case of gas bubbles
and they concluded that the Galerkin method performs better, moreover, an unexpected
benefit of the Galerkin method is that the total mass of the gas in the bubble remained
constant, independently of the truncation error. It is worth mentioning that a recently
employed reduced-order model is based on the proper orthogonal decomposition (POD),
see Preston et al. 2002, 2003, 2007. A severe drawback is that POD requires previous
numerical simulations or measurement data.

We shall see that the computation of periodic orbits with AUTO is very resource-
demanding, meaning that the number of the equations obtained from the decomposition
of the PDE must be as low as possible. With a comprehensive efficiency study, the proper
choice between the various numerical methods can be found with a reasonable compro-
mise between accuracy and computational time. Taking the most efficient technique, the
influence of heat transfer was determined via the comparison of the free oscillations of
the systems. Moreover, the structural stability could be demonstrated by showing that
the main resonance horns of the applied models in the pressure amplitude - frequency
parameter plane is topologically similar.

3.2 Mathematical modelling

In this Chapter we intend to examine the influence of heat transfer via the comparison
of the RP equation and the RPH model. Let us briefly summarize the applied models
individually. The Rayleigh–Plesset (RP) equation has the form as introduced in Chapter
2 (see also equation (1.1)):

3

2
Ṙ2 +RR̈ =

1

ρ

(

pV − p∞(t) + pgo

(
Ro

R

)3n

− 4µ
Ṙ

R
− 2σ

R

)

, (3.1)
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where R = R(t) is the bubble radius at time t, p∞(t) is the pressure far from the bubble,
which in general consists of a static and a periodic component:

p∞(t) = P∞ + pA sin(ωt), (3.2)

where pA is the pressure amplitude and ω is the angular excitation frequency. In case
of free oscillations the pressure amplitude pA was set to be zero. As mentioned in the
introduction, all the material properties depend on the pressure P∞ and temperature
T∞. The substance being again water, these properties were computed from the Haar–
Gallagher–Kell multiparameter equation of state (see Haar et al. 1988). Since, P∞ and T∞

will change in a wide range, the specific values of the liquid density ρ, dynamic viscosity
µ, the vapour pressure pV and the surface tension σ are not given here. It is worth
mentioning that we implemented this equation of state in MATLAB software environment,
therefore, the properties can be calculated without interpolation in the range of validity
(P∞ < 10000 bar, 0 oC < T∞ < 1000 oC). In this chapter the initial radius Ro now is
choosen to be the equilibrium radius RE of the unexcited system. Because the tension
pV − P∞ will always be lower than zero, there will be only one stable equilibrium radius
and no need to distinguish multiple equilibrium radii, see Fig.2.1. According to equation
(2.3) the initial pressure is given by pgo = 2σ/RE + P∞ − pV . The polytropic exponent is
again assumed to be n = 1.

Coupling the conservation equation of energy to the Rayleigh–Plesset equation one
can obtain the RPH model:

3

2
Ṙ2 +RR̈ =

1

ρ

(

pV − p∞(t) + pgo
Tb

To

(
Ro

R

)3

− 4µ
Ṙ

R
− 2σ

R

)

, (3.3)

∂T

∂t
+ Ṙ

(
R

r

)2
∂T

∂r
=

α

r2
∂

∂r

(

r2
∂T

∂r

)

, (3.4)

where T (r, t) is the temperature field in the liquid domain at time instant t and radial
coordinate r. The thermal diffusivity in equation (3.4) is denoted by α. In this model the
additional material properties were also computed by means of the Haar–Gallagher–Kell
equation of state. As the temperature inside the bubble Tb is supposed to be equal to
the temperature at the bubble wall T (R, t), the original RP equation (3.1) has to be
slightly modified. The assumption of polytropic state of change is no longer required; the
state of the non-condensable gas is defined merely by the ideal gas law. The necessary
initial temperature To is chosen to be the ambient temperature T∞. Furthermore, the
vapour pressure becomes the function of the internal temperature pV = f(Tb). An im-
portant argument in support of the choice of n = 1 is fact that this is the only case when
the equilibrium radii of the two models coincide, compare equation (3.1) and (3.3). In
equilibrium state the temperature field is homogeneous (T (r, t) = T∞), consequently, the
fraction Tb/To is unity.
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The boundary condition of the heat equation (3.4) at infinity and at the bubble wall
are read as

T (∞, t) = T∞, and (3.5)

Ṙ =
λ

ρV L

∂T

∂r

∣
∣
∣
r=R(t)

, (3.6)

where λ is the heat conductivity, L is the latent heat and ρV is the vapour density.
According to boundary condition (3.6) the heat flow through the wall covers only the
heat needed for condensation and evaporation, thus, the heat transfer between the gas
and the liquid is neglected.

Instead of solving (3.4) over the domain r ∈ [R(t),∞), a new spatial coordinate ξ is
defined as

ξ =
R(t)

r
, where ξ ∈ [0, 1]. (3.7)

Applying this new coordinate and shifting the temperature field by the constant T∞,
equations (3.4), (3.5) and (3.6) can be written as

Γ(T̃ )
def.
=

∂T̃

∂t
− Ṙ

R
(ξ4 − ξ)

∂T̃

∂ξ
− α

R2
ξ4
∂2T̃

∂ξ2
= 0, (3.8)

T̃ (0, t) = 0, (3.9)

−RṘ =
λ

ρV L

∂T̃

∂ξ

∣
∣
∣
ξ=1

. (3.10)

where T̃ = T − T∞. We immediately drop the tilde over T̃ .

3.3 Semi-discretization and performance comparison

Our primary goal is to decompose equation (3.8) into an ODE system via some sort of
semi-discretization procedure. This treatment has many advantages, it allows an efficient
(higher order) and adaptive time marching such as the Runge–Kutta solvers, in addition,
the method of nonlinear bifurcation analysis can be applied.

One of the fundamental methods is based on the finite difference (FD) spatial dis-
cretization scheme. Although it requires a large number of equations to achieve high
accuracy, it is used for reference computations due to its superior stability properties.

The fact, that the computation of periodic orbits can be very resource demanding
inspired us to apply higher order spectral methods (Galerkin and the spectral collocation)
in order to reduce the number of the equations as much as possible. Since the convergence
is not guaranteed their results were compared with the results of the simple FD method.
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The common feature of the spectral methods is that they approximate the temperature
field as a finite sum of basis functions:

T (ξ, t) ≈ T ∗ =

N∑

i=1

ai(t)yi(ξ), (3.11)

where yi(ξ) are the basis functions, ai(t) are the time dependent coefficients and N is
the number of the basis functions (degree of freedom, DoF). The difference between the
methods is the technique how to minimize the error between the approximated and the
exact solution. For comprehensive description of spectral methods, see Boyd 2001 and
Canuto et al. 2006. In the following sections we shall provide details about numerical
computations and present an efficiency comparison chart of the various methods.

3.3.1 Finite difference scheme

Due to the abrupt changes in temperature field especially during bubble collapse a non-
uniform Chebyshev distribution was used as follows

ξi = cos

(
π

2
− π

i− 1

2(n− 1)

)

, i = 1 . . . g, (3.12)

where g is the number of points. On this grid we used the following non-equidistant centre
difference approximations for the spatial differential operators:

∂Ti

∂ξ
≈ − dξi

dξi−1(dξi−1 + dξi)
︸ ︷︷ ︸

ti,i−1

Ti−1 +

(
1

dξi−1

− 1

dξi

)

︸ ︷︷ ︸

ti,i

Ti +
dξi−1

dξi(dξi−1 + dξi)
︸ ︷︷ ︸

ti,i+1

Ti+1, (3.13)

where dξi−1 = ξi− ξi−1, dξi = ξi+1− ξi and the index i indicates evaluation at the node ξi.
These expressions can be used for all internal grid points. Naturally all Ti-s still depend
on the time, Ti = Ti(t). Observe, that the spatial derivatives in eqaution (3.13) can be
written in a matrix multiplication form for the internal nodes:












T ′

2

T ′

3
...
T ′

i
...

T ′

g−2












︸ ︷︷ ︸

(g−1)×1

=












t2,1 t2,2 t2,3 · · · 0
0 t3,2 t3,3 t3,4 · · · 0
...

. . .
. . .

. . .
...

0 · · · ti,i−1 ti,i ti,i+1 · · · 0
...

. . .
. . .

. . .
...

0 · · · tg−1,g−2 tg−1,g−1 tg−1,g












︸ ︷︷ ︸

(g−2)×g

·
















T1

T2

T3
...
Ti

...
Tg−1

Tg
















︸ ︷︷ ︸

g×1

(3.14)
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where T ′

i denote the spatial derivative with respect to ξ at ξi.
Observe that the resulting matrix is not square because some derivatives in internal

points depend on the first T1 and the last Tg temperature values through the boundary
conditions. The effect of the boundary condition (3.9) can be easily handled. Since T1 is
equal to zero, the first row of the temperature vector and the first column of the matrix
are simply erased. For the last node (the bubble wall) the appropriate second order
discretization is:

∂Tg

∂ξ
≈ dξg−1

dξg−2(dξg−1 + dξg−2)
︸ ︷︷ ︸

t̄g−2

Tg−2−
dξg−1 + dξg−2

dξg−1dξg−2
︸ ︷︷ ︸

t̄g−1

Tg−1 +
dξg−2 + 2dξg−1

dξg−2dξg−1 + dξ2g−1
︸ ︷︷ ︸

t̄g

Tg, (3.15)

moreover, according to boundary condition (3.10):

∂Tg

∂ξ
= −ρV L

λ
RṘ. (3.16)

Comparing equation (3.15) and (3.16), the temperature value at the last node Tg can be
expressed with the aid of the boundary condition (3.10) and the values of Tg−1 and Tg−2:

Tg = −ρV L

λt̄g
RṘ− t̄g−2

t̄g
Tg−2 −

t̄g−1

t̄g
Tg−1. (3.17)

Now, the matrix form of the derivatives after incorporating the boundary conditions
is











T ′

2

T ′

3
...
T ′

i
...

T ′

g−2












︸ ︷︷ ︸

(g−1)×1

=












t2,2 t2,3 · · · 0
t3,2 t3,3 t3,4 · · · 0
...

. . .
. . .

. . .
...

0 · · · ti,i−1 ti,i ti,i+1
...

. . .
. . .

0 · · · t∗g−1,g−2 t∗g−1,g−1












︸ ︷︷ ︸

(g−2)×(g−2)

·












T2

T3
...
Ti

...
Tg−1












︸ ︷︷ ︸

(g−2)×1

+RṘ












0
...

0
...
t∗g












︸ ︷︷ ︸

(g−2)×1

, (3.18)

where t∗g−1,g−2 = tg−1,g−2 − t̄g−2/t̄g, t
∗

g−1,g−1 = tg−1,g−1 − t̄g−1/t̄g and t∗g = −ρV L/λt̄g.
Performing similar computation for the second spatial derivative the N th order (N =

g − 2) ordinary differential equation system can be written as

Ṫ =
Ṙ

R

(

A · T +RṘC
)

+
α

R2

(

D · T +RṘF
)

. (3.19)

Now, to this (matrix) differential equation system the RP equation (3.3) have to be
coupled.
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3.3.2 Galerkin method

The spectral methods approximate the temperature field as a finite sum of basis functions,
see (3.11). The difficult part is the choice of the basis functions as the approximating
temperature field T ∗ must satisfy the boundary conditions (3.9) and (3.10) simultaneously.
The time-dependent derivative prescribed at the bubble wall is

m(t) =
∂T ∗

∂ξ

∣
∣
∣
ξ=1

= −ρV L

λ
RṘ. (3.20)

Due to this complex boundary condition the approximating temperature field has to be
extended as follows

T ∗ =
N∑

i=1

ai(t)yi(ξ) +m(t)yo(ξ), (3.21)

where the basis functions yi(ξ) have to satisfy the conditions of yi(0) = 0 and y′i(1) = 0,
that is, they have zero derivatives at the bubble wall. The complementary function yo(ξ)
must have the property of yo(0) = 0 and y′o(1) = 1. Observe that choosing the basis
and complementary functions in such a way the temperature field T ∗ will satisfy the
corresponding boundary conditions.

Substituting (3.21) into (3.8) results in an approximation error Γ(T ∗) 6= 0 as N is
a finite number. To minimize this error, we force this residual to be orthogonal to the
subspace spanned by the basis functions yi:

0 = 〈Γ(T ∗), yj〉 =
∫ 1

0

Γ(T ∗)yjdξ, j = 1 . . .N, (3.22)

where 〈., .〉 stands for the inner product of two functions. The integration can be carried
out term by term, for instance the first term turns into

〈
∂T ∗

∂t
, yj

〉

=
N∑

i=1

ȧi

∫ 1

0

yiyjdξ + ṁ

∫ 1

0

yoyjdξ
def.
= Aij ȧi + ṁBj . (3.23)

The resulting system of N th order ordinary differential equations can be written for the
time dependent coefficients as

ȧ = A−1 ·
(

Ṙ

R
C +

α

R2
E

)

· a+ A−1 ·
(

Ṙm

R
D +

αm

R2
F − ṁB

)

, (3.24)

where:

Aij =

∫ 1

0

yiyjdξ, Bi =

∫ 1

0

yoyidξ, Cij =

∫ 1

0

ξ4y′iyjdξ, (3.25)

Di =

∫ 1

0

ξ4y′oyidξ, Eij =

∫ 1

0

ξ4y′′i yjdξ, Fi =

∫ 1

0

ξ4y′′oyidξ. (3.26)

In the following we will present the applied basis functions.
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Polinomial basis function

The complementary and the first basis function of a polynomial system are defined as

yo = ξN − ξN−1, (3.27)

y1 = Aξ2 +Bξ + C, (3.28)

where A,B and C can be calculated from the above mentioned boundary conditions
(y′1(1) = 0, y1(0) = 0), and from the equation of y1(1) = 1. The last condition allows
a convenient calculation of the bubble temperature as a simple sum of the coefficients
ai(t), see (3.21). The next function has one more unknown parameter obtained from the
orthogonality condition (i.e. the second function must be orthogonal to the first). In
general the ith function must be orthogonal to all the previous functions.

Trigonometric basis function

Another common choice for constructing a basis system is the use of trigonometric func-
tions. The following orthonormal basis functions were chosen:

yo = −sin(πξ)

π
(3.29)

yi =
√
2 sin

(

(i− 1)πξ +
π

2
ξ
)

. (3.30)

Due to the orthonormality the matrix Aij becomes the identity matrix, therefore the ODE
system can be simplified by dropping the matrix multiplication of the inverse matrix.

Hat functions

In the case of violent bubble motion a thin thermal boundary layer is formed near the
bubble interface in which the temperature changes abruptly. With continuous basis func-
tion systems such temperature fields may be difficult to resolve. This fact forced us to
examine a system in which each function is responsible for only one temperature value at
a certain point. One possible option is the piecewise linear hat functions commonly used
in the finite element method as a shape function. The grid points ξi are defined by (3.12).
For all internal nodes except the last one the hat functions are the following expression:

yi =







0, if ξ < ξi,

ξ − ξi, if ξi ≤ ξ < ξi+1,
ξi−ξi+1

ξi+2−ξi+1
(ξ − ξi+2), if ξi+1 ≤ ξ < ξi+2 and

0, if ξ ≥ ξi+2.

(3.31)
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Because of the boundary conditions the tangent of the last function at ξ = 1 must be
zero:

yN =







0, if ξ < ξN ,

ξ − ξN , if ξN ≤ ξ < ξN+1,

ξN+1 − ξN , if ξN+1 ≤ ξ < ξN+2 and

0, if ξ ≥ ξN+2.

(3.32)

Finally the complementary function is

yo =

{

0, if ξ < ξN+1 and

ξ − ξN+1, if ξ ≥ ξN+1.
(3.33)

For N = 5 the basis functions can be seen in Fig.3.1.
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Figure 3.1: The piecewise linear hat functions in case of N = 5

3.3.3 Spectral collocation method

In the collocation method one still approximates the temperature field as a finite dimen-
sional manifold:

T ∗ =
N+1∑

i=1

ai(t)C2i−1(ξ), (3.34)

where C2i−1 are the Chebyshev polynomials of the first kind. To satisfy condition (3.10)
the coefficient aN+1 must have the following form:

aN+1 =
m(t)−

∑N

i=1 ai(t)C
′

2i−1(ξ = 1)

C ′

2(N+1)−1(ξ = 1)
, (3.35)
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where m(t) is the spatial derivative of the temperature field at ξ = 1 according to (3.20).
Now the ODE system can be obtained by simply substituting equation (3.34) into (3.8)
and evaluate it at the collocation (internal grid) points defined by (3.12). The resulting
N th order system is formally the same as in case of the Galerkin method (againN = g−2).

3.3.4 Efficiency comparison

In this section the efficiencies of the above-mentioned numerical schemes are compared.
Under the term ’efficiency’ we mean that what is the least number of equations to achieve
a prescribed accuracy. As analytical solution of the system does not exist, somehow
we have to decide what solution can be regarded as ’accurate’ and used for reference
computation. Due to its stability properties this role is played by the finite difference
(FD) method using g = 1000 number grid points which means N = 998 equations. The
ambient temperature, pressure and bubble equilibrium radius was 20 oC, 5000 Pa and
0.1mm respectively. The initial conditions were R(0) = 2RE , Ṙ(0) = 0 and T (ξ, 0) = 0.
The resulting ODE system is solved by a 5th order adaptive Runge–Kutta solver with
relative error 10−12 and absolute error 10−15. Thus the stability of the FD method is
guaranteed.
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Figure 3.2: The efficiency comparison chart; FD: finite difference, GP: Galerkin polynomial,
GT: Galerkin trigonometric, GH: Galerkin hat function and SC: spectral colloca-
tion method

In order to compare the different numerical methods a relative error is defined as

Erel(t) =
max |Tref.(t)− Tx(t)|

max (Tref.(t))
, (3.36)

where Tref(t) is the inner temperature of the reference solution and Tx(t) denotes the
inner temperature of the results obtained from the currently examined method. Here
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x shall imply the GP: Galerkin polynomial, GT: Galerkin trigonometric, GH: Galerkin
hat function, SC: spectral collocation and finally FD: finite difference methods (the FD
method was also compared with itself).

In Fig. 3.2 the relative error is presented with respect to the number of ordinary
differential equations used for the decomposition. For N in the region of 20 the GH
method is superior. The relative error is almost one order of magnitude lower than in other
cases. As the number of equations is increased the spectral methods with smooth basis
functions give the most accurate solutions. Above N = 60 we cannot experience further
decrease in the relative error, which means that up to this resolution these methods could
reach the same accuracy as the finite differences with N = 998! In the following the GP
method with N = 50 was used for free oscillations while in case of forced oscillations the
GH method with N = 20 was applied in order to reduce the computational requirements.

3.4 Effect of heat transfer

In this section we intend to highlight the effect of heat transfer via free oscillations. Keep-
ing the equilibrium bubble radius constant this effect can be investigated in the pressure -
temperature 2-dimensional parameter space. Figure 3.3 shows typical time histories of a
freely oscillating gas/vapour bubble at various ambient temperatures and pressures. The
equilibrium and initial radii were RE = 0.2mm and R(0) = 2RE , respectively.

In case of the RP equation the damping stems only from the liquid viscosity resulting in
almost undamped oscillations in most occasions (black solid curves). On the other hand,
the damping rate of the RPH model shows great sensitivity to the parameter values. It
is clear, that the damping effect of the heat transfer decreases with increasing ambient
pressure, while it increases with rising temperature which is well known in the case of
vapour bubble growth (e.g. Plesset and Zwick 1952). In Fig. 3.3 the RPH model with
zero viscosity is also presented (red dashed curves), but it differs from the original model
only in few cases, thus, in general the viscous damping has a minor importance compared
to the damping due to heat transfer.

In order to compare the two models, somehow we need to quantify the difference
between the solutions. Therefore, we introduce a suitable and convenient measure for the
decay rate defined as

D =
R10 − RE

R(0)−RE

, (3.37)

where R10 is the maximum bubble radius at the 10th oscillation. Now, the difference
between the models can be shown by comparing the decay rates.

Figures 3.4c and 3.4d show the decay rate in the P∞−T∞ plane in case of the RP and
RPH models, respectively. These pictures confirm the conclusion drawn above that the
difference becomes more significant with rising temperature and with decreasing pressure,
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Figure 3.3: Free oscillations of a strongly disturbed gas/vapour bubble. Solid black line: RP
model, solid red line: RPH model, red dashed line: RPH model with zero viscosity
(only heat transfer). Markers with numbers in graph a, are identical with those in
Fig. 3.5 on the temperature time history.

that is, the ambient properties are getting closer to the tension curve. The physical inter-
pretation of this effect is that the amount of vapour inside the bubble gradually becomes
significant relative to the non-condensable gas. The large vapour concentration enhances
the influence and the importance of the heat transfer and its impact for the damping.
Beside this physical process one can also observe an explicit temperature dependence on
the decay rate. The coefficient λ/(ρV L) in the boundary condition (3.6) at the interface
of the two phases decreases very rapidly with the temperature, significantly reducing the
bubble wall velocity Ṙ. Considering this value as 100% at ambient temperature 30 oC, it
drops to 17% of its original value, as the ambient temperature is increased up to 70 oC
independently from the system pressure. This independence holds as long as we are far
away from the critical point.

To separate the two damping effects (viscosity, heat transfer), another series of simu-
lations were ran on the RPH model with zero viscosity, see Fig. 3.4b. It can be seen that
the influence of viscosity practically vanishes at high temperatures. These observations
are also clearly seen in Fig. 3.4a in which three cuts of the three contour plots are pre-
sented at 30 oC, 50 oC and 70 oC. It is interesting that in case of the RPH model, beyond
a sufficiently high temperature the system is overdamped. After a few oscillations the
bubble approaches monotonically its equilibrium, see Fig. 3.3c. If the oscillation disap-
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Figure 3.4: Subfigure a: Decay rate as a function of the ambient pressure at different tempera-
tures. Solid black line: RP, solid red line: RPH, dashed red line: RPH model with
zero viscosity. Subfigures b-d: Decay rate isolines on the P∞ − T∞ plane, b: RPH
with zero viscosity, c: RP and d: RPH model. The time histories corresponding
to the four markers are shown in Fig. 3.3

.

pears before reaching ten cycles the decay rate D cannot be determined, that is, the red
lines, for instance at T∞ = 70 oC in Fig. 3.4a, cannot reach the tension curve marked by
vertical line. An example for the parameter values at which this kind of oscillation exist is
denoted by square markers on the contour plots in Fig. 3.4b-d (see also again Fig. 3.3c).

Figure 3.5 presents spatial temperature distributions at different time instants at P∞ =
5 kPa and T∞ = 30 oC, marked by a cross in Fig. 3.4d. It can be clearly seen that during
condensation (at points 1 and 2, see Fig. 3.3a) the heat is conducted towards the fluid,
thus the temperature gradient on the bubble wall is positive. On the other hand, in case
of evaporation (increasing bubble radius - points 3, 4) heat is extracted from the fluid
resulting in a negative temperature gradient. Note that point 3 is shortly beyond the
minimum radius. Figure 3.5 clearly shows that the thermal boundary layer is less than
twice the instantaneous bubble radius and for most of the time it is much narrower.
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Figure 3.5: Typical temperature distributions at different instants at points marked by 1, 2, 3
and 4 in Fig. 3.3a, in case of 5 kPa ambient pressure and 30 oC ambient temper-
ature. Note that T denotes the temperature above T∞. ξ = 0 corresponds to
r = ∞, while ξ = 1 corresponds to r = R(t).

3.4.1 Forced oscillations

In this section I investigate the RP equation and the RPH model under the influence of
a harmonically varying pressure field according to equation (3.2). My objective is to find
the topological correspondence, rather than the comparison of actual numerical values.
The computations were performed at T∞ = 30 oC and at P∞ = 5 kPa. The equilibrium
bubble radius was RE = 0.2mm, herewith, the eigenfrequency of the bubble is

ωo =

√

3(P∞ − pV )

ρR2
E

+
4σ

ρR3
E

− 8µ2

ρ2R4
E

= 9.663 kHz. (3.38)

First, we need to determine which semi-discretization method is recommended to em-
ploy and what the minimum number of the equations is for achieve qualitatively accurate
solutions. It was found previously that the GH method with N = 20 basis functions
is a reasonable compromise between accuracy and computation time, see Fig. 3.2. It
was very important to reduce the number of the equation as much as possible, since,
the computation of periodic orbits with the continuation software AUTO can be very
resource-demanding. Even in case of small amplitude oscillations the system requires at
least approximately 700 collocation points per equation, e.g. if N basis functions are used,
the size of the nonlinear algebraic equations of the BVP problem is 700(N +4), resulting
altogether at least 16800 equations. If the bubble exhibits collapse like motion then the
number of the collocation points can reach several thousands, meaning that the size of
the problem and the storage capacity may increase by one order of magnitude.

Figure 3.6 shows frequency-response curves of the RP equation (black line) and of
the RPH model (red line) including unstable periodic orbits (denoted by a dashed line in
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each case) at pressure amplitudes pA = 10Pa and pA = 70Pa. The detected fold (FL)
bifurcation points are marked by black dots. The damping effect of the heat transfer is
unambiguously demonstrable. At small pressure amplitudes (pA = 10Pa), the RPH model
has merely one relatively flat peak near the main (first) harmonic resonance, whereas, in
case of the RP equation this peak is significantly higher and narrower. Moreover, due to
the nonlinearity of the model a hysteresis is formed from this peak enclosed by the fold
bifurcation points and the second harmonic resonance also appears. These two features
can be observable only at approximately pA = 70Pa in case of the RPH model. At this
pressure amplitude, the hysteresis in the RP equation broadens massively. The second
turning point cannot be calculated because of numerical difficulties.
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Figure 3.6: Frequency response diagrams of the RP equation (black line) and of the RPH
model (red line) at pressure amplitudes pA = 10Pa and pA = 70Pa. The unstable
periodic orbits are denoted by dashed lines in each case. The black dots are the
fold bifurcation points.

Although the quantitative differences between the two models are evident, they have
the same characteristics, namely, the appearance of the main, second and third harmonics.
Observe that the amplification diagram of the RP equation at pA = 10Pa (Fig. 3.6 left,
black curve) and the RPH model at pA = 70Pa (Fig. 3.6 right, red curve) are topologically
’similar’. Naturally, we cannot speak strictly about topological equivalence between the
models because of the very different dimensions of the systems (in our specific case 4 vs.
24). Therefore, we regard two bifurcation curves similar, if the number and stability type
of the periodic orbits are the same under continuous transformation of the parameter.

The main resonance horns can be obtained in the pressure amplitude - frequency
parameter space by starting computations from the FL points, presented in Fig. 3.7. The
black and red curves correspond to the RP equation and the RPH model, respectively. It
is clear that the two curves can be brought to overlap by the above-mentioned continuous
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transformation near the cusp point (above the relative frequency ω/ωo = 0.9). This partial
similarity suggests that there may other common features of the different models, for
instance the linearly increasing stable domain at low pressure (see Fig.2.24). A thorough
investigation of this is beyond the scope of the thesis.
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Figure 3.7: The main resonance horns in the pressure amplitude - frequency parameter space.
The black and red curves correspond to the RP equation and the RPH model,
respectively.

3.5 Conclusion

In this chapter the effect of heat transfer has been analysed by taking into account the
heat transfer in the liquid domain. Comparing the RP equation and the RPH model it
turned out that this process plays a significant role in two cases. First, if the ambient
properties (temperature and pressure) are close to the tension curve, since, in this case
the concentration of the vapour become comparable to the non-condensable gas. Second,
there is an explicit dependence on the temperature itself, which is a consequence of the
fact that the quantity λ/(ρV L) in equation (3.10) governing the heat transfer through the
bubble wall decreases with the temperature. It falls from 100% to 17% as the ambient
temperature is increased from 30oC to 70oC, independently of the system pressure.

An efficient numerical technique for decomposing the PDE of the heat transfer has been
presented. It was found that for moderate spatial resolution (up to 30 DoF) the Galerkin
technique with hat functions as a basis provides the most accurate solution, while, for
finer resolution, the spectral collocation technique and polynomial-based Galerkin method
are superior.

Finally, the numerical computations of periodic solutions have been demonstrated in
case of the high dimensional RPH model via amplification diagrams. These curves were
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compared with the results of the RP equation. Although there are significant quantita-
tive differences between the results, we have found topological similarities which may be
important in further investigations.
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Thesis #2:

The effect of heat transfer on the bubble motion was studied by extending the Ray-
leigh–Plesset equation with the equation of energy in the liquid domain. The analysis of
various semi-discretization methods applied to the equation of energy revealed that:

• For moderate discretization level (less than 30 degrees of freedom) the Galerkin
technique with hat functions as basis provides the most accurate solution.

• If finer spatial resolution is needed, the spectral collocation or polynomial-based
Galer-kin method has to be employed.

The publications related to this thesis are Hegedűs et al. 2010a, 2009b, 2008.

Thesis #3:

The heat transfer significantly affects the bubble dynamics by two mechanisms:

• First, if the ambient pressure and temperature are close to the tension curve. In
this case the partial pressure of the non-condensable gas becomes less significant.
The large concentration of vapour enhances the effect of the heat transfer since
the vapour concentration determines the rate of the evaporation and condensation
processes.

• Second, in the case of high ambient temperature. The coefficient λ/(ρVL) in the
boundary condition at the interface decreases very rapidly with the ambient temper-
ature in the examined parameter region, thereby significantly reducing the bubble
wall velocity Ṙ.

The publication related to this thesis is Hegedűs et al. 2010a.



Chapter 4

Measurements on the free

oscillations of a single bubble

4.1 Introduction

In this chapter we introduce bubble radius measurements during free oscillations, which
were measured with the help of a technique developed in Hoch-schule Emden/Leer, Uni-
versity of Applied Sciences. The main aim was to justify the results presented in Chapter
3, notably in Fig. 3.4. Consequently, beside the measurement of time histories of the
bubble radius, we intend to develop a measurement process for the validation of different
bubble models keeping in mind that the two primary parameters are the temperature
T∞ and the pressure P∞. For this reason, a suitable device (vacuum chamber) had to
be designed in which the ambient properties could be adjusted arbitrarily. The main
dimensions were provided by the colleagues of Emden. The details of the chamber, the
temperature regulation and the manufacture process were carried out in the laboratory
of the Department of Hydrodynamic Systems of the Budapest University of Technology
and Economics.

The investigated bubble is induced by a nanosecond laser pulse focused into the liquid
at the middle of the vacuum chamber, see Fig. 4.2. During the process of the optical
breakdown, plasma is generated (Kennedy 1995) at locations where the irradiance is
sufficiently high, see Shen 1984, Noack and Vogel 1999; followed by rapid mechanical
expansion and gas formation due to plasma recombination via chemical reactions (Vogel
et al. 1996, Lauterborn et al. 1999, Akhatov et al. 2001). Details of the composition of this
gas are unknown. At the time instant of the optical breakdown the peak temperature and
pressure can be as high as 10000K and 7GPa, respectively, depending on the pulse energy,
leading to a shock wave emission after the plasma generation and bubble formation, see
Brujan and Vogel 2006.

As it will be explained later, due to some technical difficulties the measurements could

61
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be performed only in glycerol instead of water. The tension curve of the glycerol and
the water are significantly different (see Fig. 4.1), moreover, the upper bound of the
temperature is 60 oC and the lower bound of the pressure is 250mbar in the chamber.
Observe that the ambient properties of the measurements are ’far’ from the tension curve
of the glycerol resulting in a ratio of the partial pressures of the vapour and the non-
condensable gas less than 1/25000. Because of the very low vapour concentration the
results in the bubble radius vs. time curves of RPH model and the RP equations almost
perfectly coincide. Therefore, the expectations to confirm the effect of heat transfer
experimentally failed. In addition, we shall see that the RP equation cannot reproduce the
measurements in many cases. During our investigation it was found that the reason is the
lack of the modelling the liquid compressibility. Incorporating this effect one can obtain
the Keller–Miksis equation, which is also a second order ordinary differential equation
and it agrees very well to the experiments.
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Figure 4.1: Comparison of the tension curves of the glycerol and water in the pressure - tem-
perature parameter plane. The measurement domain is enclosed by thin lines.

It is worth mentioning that the viscosity of the glycerol is much higher than that
of water (by three orders of magnitude). The influence of very high viscosity has been
extensively studied in recent years. For instance Toegel et al. 2006 found that high
viscosity can destabilize the position of the bubble trapped in an acoustic field. The
luminescence pulse duration in a water-glycerol mixture increased by more than a factor
of two as the glycerol concentration increases by 33% (Englert et al. 2011). In biological
tissues such as blood the bubble collapse can be more violent than in water (Brujan
2000). Xiu-Mei et al. 2008 examined the influence of high viscosity on bubble radius
evolution, e.g. an increasing viscosity decreases the maximum bubble radius and increases
the minimum bubble radius.
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4.2 Experimental arrangement

4.2.1 Vacuum chamber

As mentioned in the Introduction, during the measurements the temperature T∞ and
pressure P∞ were the main parameters varied in the vacuum chamber between 25 oC −
60 oC and 250mbar− 1000mbar, respectively.

Figure 4.2: Vacuum chamber and equipment to measure and control the ambient temperature
T∞ and pressure P∞.

The vacuum chamber and the necessary equipment to ensure the required ambient
properties can be seen in Fig.4.2. The glycerol was heated up using two 0.5 kW heaters
and its temperature was measured with a thermostat (Rhodium NBA 41974). At the
beginning of the measurement the glycerol temperature was raised up to approximately
150 oC and kept there for several minutes to homogenize the liquid. Next, the heater
was switched off and the temperature started to fall via natural cooling through the
chamber wall. As soon as a required value was reached, six measurements were per-
formed at different pressure levels. With this technique the secondary flows caused by
temperature stratification could be minimized. The necessary pressure was generated by
means of a vacuum pump and regulated with a valve. The pressure was measured using
a digital manometer (Digital-Baro-/Vacuum-meter GDH 12 AN). The absolute error of
the temperature and pressure measurements were ∆T = ±0.5 oC, and ∆p = ±0.5mbar,
respectively.

4.2.2 Bubble radius measurement

The bubble is generated by a Q-switched Nd:YAG laser (New Wave Research, Solo III
15) with a 6 ns pulse at 532 nm, see Fig. 4.4. The outgoing laser beam was first expanded
by a pair of lenses with focal lengths of −16mm and 60mm, respectively. This enlarged
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beam was then focused into the centre of the chamber (see Fig. 4.2 and 4.4) with a
lens (f = 60mm) to produce the bubble. The quality of focus is a crucial part of the
measurement. From Fig. 4.3 it is clearly seen that the real focus is far from point-like
nature; therefore, the shape of the generated plasma is a horizontally stretched ellipsoid
(in the direction of the laser beam). Because of this, the initial shape of the bubble always
deviates from spherical. However, the surface tension contracts the bubble to the most
energy efficient shape (sphere), it is very important that the duration of the process of
this stabilization effect be much smaller than the period of the bubble oscillations. This
was the reason to use glycerol instead of water, since the very high viscosity enhances the
stabilization process.

Figure 4.3: Left: Schematic draw of the real focus (optical breakdown) of a leaser beam. It
deviates from the point-like nature. Righ: The generated plasma shortly after the
optical breakdown taken with a high speed CCD camera.

Another important factor relating to the quality of the focus is that the centre of the
developing bubble fluctuates significantly in case of stretched plasma. This can cause
problems as the measurement technique demands the precise knowledge of the location
of the bubble. During our experiments we have found that above 60 oC it is impossible to
obtain evaluable results due to the unreliable positions of the generated bubbles. Unfor-
tunately, the simplest mechanisms to improve the quality of the focus, such as decreasing
the focal length or increasing the laser beam diameter, could not be applied due to the
fixed dimensions of the chamber.

The temporal evolution of the bubble radius was measured by a He-Ne laser (Poly-
tech D-7517), whose beam at 632.8 nm passes through the point where the bubble was
generated. This laser beam was focused onto a PIN photodiode (Osram BPW 34) and
its signal intensity was monitored by a digital oscilloscope (Tektronix TDS7154B). The
signal amplitude was decreased by the shadow area of the bubble. Figure 4.4 presents the
schematic draw of the assembled equipments.

Measuring the Gauss-profile and assuming that the bubble is in the centre of the laser
beam, the time dependence of the bubble radius can be computed analytically from the
diode signal (for a detailed description see Koch et al. 2012):

R(t) = r0

√

−1

2
ln

U(t)

U0

, (4.1)

where R(t) is the bubble radius, ro is the He-Ne laser beam radius, U(t) is the diode
voltage signal with bubble and Uo is the diode voltage signal without bubble. The laser
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Figure 4.4: Experimental arrangement for the bubble radius measurement.

beam radius ro must be larger than the maximum of the bubble radius, therefore the
beam had to be expanded with a telescope (Linos 12034258) to a radius of approximately
r0 = 1.76mm. In order to prevent the collection of the light emitted by the Nd:YAG
laser, a filter (6328/100A) with transmission centred at 632.8 nm with a bandwidth of
10 nm was placed in front of the photodiode. Shifting the Nd:YAG laser in the plane
perpendicular to the He-Ne laser beam the centre could be determined accurately. Before
every measurement, a beam profiler was taken in the path of the He-Ne laser beam and
a bubble was generated from which the concentricity of the bubble centre and the laser
beam could be justified. Figure 4.5 presents a photo of this verification. The blue fading
area is the He-Ne laser beam, while the bubble is indicated by the black domain in the
middle.

Figure 4.5: The profile of the He-Ne laser beam (blue fading area) together with a generated
bubble (black domain in the middle) obtained from a beam profiler.

A typical time history of bubble radius is presented in Fig. 4.6. After the optical
breakdown the bubble reaches its maximum radius and begins to oscillate with a decreas-
ing amplitude around the equilibrium radius RE . We can see that the bubble oscillation
contains very different time scales. The duration of the bubble growth is of the order of
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a tenth of milliseconds while the collapse phase is happening within microseconds. The
main advantage of the present measurement technique is that the time resolution depends
only on the sampling rate of the digital oscilloscope that was 2.5Mhz and thus a maxi-
mum absolute error of ∆t = ±0.2µs in the time measurement could be reached. Therefore
in contrast to other methods such as shadow photography (Brujan and Vogel 2006) or
beam deflection probe (Gregorčič et al. 2008), with the present setup the different time
scales can easily be measured. Another method based on the Mie-scattering has the same
advantages but is limited to very small bubbles, see Barber et al. 1997.
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Figure 4.6: Typical bubble radius-time curve. RE is the equilibrium bubble radius.

To determine the accuracy of the bubble radius measurements photos were taken simul-
taneously with a high speed CCD camera (Imager 3 360KF0051) during the measurement.
Due to the large dimensions of the vacuum chamber this comparison was performed in a
small glass vessel prior to the main measurements. The absolute error turned out to be
approximately ∆R = ±0.05mm.

4.3 Mathematical models

The experiments were compared with the results of two mathematical models. The first
one is the Rayleigh–Plesset (RP) equation, its form again is

3

2
Ṙ2 +RR̈ =

1

ρ

(

pV − p∞(t) + pgo

(
Ro

R

)3n

− 4µ
Ṙ

R
− 2σ

R

)

, (4.2)

where R = R(t) is the bubble radius at time t. Now, p∞(t) = P∞ is constant. Al-
though in case of glycerol the material properties are also the functions of the ambient
temperature T∞ and pressure P∞, unfortunately we could not find such comprehensive
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data as for water. The vapour pressure pV , liquid density ρ and viscosity µ was found
in tabulated format at the web page www.dow.com1 as a function of the temperature
only. The surface tension was σ = 0.0634N/m considered to be constant and obtained
from www.aciscience.org2. The initial radius Ro was chosen to be again the equilibrium
radius RE , which depends on the measurement. According to equation (2.3) the initial
pressure is given by pgo = 2σ/RE + P∞ − pV . Due to the plasma recombination process
a certain amount of non-condensable gas was present inside the bubble. This gas content
was assumed to behave like an ideal gas and we prescribed a polytrophic change of state
with an exponent n. The dots stand for time derivatives.

We shall see in the next Section that the RP equation cannot reproduce the measure-
ments in many cases due to the absence of liquid compressibility. Taking into account
this effect one can obtain the Keller–Miksis (KM) equation, which has the form:

(

1− Ṙ

3c

)

3

2
Ṙ2 +

(

1− Ṙ

c

)

RR̈ +

(
4ν

c
R̈

)

=

1

ρ

[(

1 +
Ṙ

c

)

(pV − p∞(t)) +

(

1 + (1− 3n)
Ṙ

c

)

pgo

(
Ro

R

)3n

− 4µ
Ṙ

R
− 2σ

R

]

, (4.3)

where the new material property is the sound speed in the liquid c = 1920m/s was
assumed to be constant, see again www.aciscience.org2.

The differences between the two equations are highlighted by the brackets in (4.3). If
the sound speed c is infinite, that is, the liquid is incompressible then the KM equation
(4.3) turns into the classical RP equation (4.2). As the KM equation is a first order
approximation in 1/c the majority of the differences are the functions of the Mach num-
ber M = Ṙ/c. It means that as the bubble wall velocity increases, the modelling of
compressibility is becoming more and more necessary.

4.4 Comparison of the numerical and experimental

results

Each measurement (altogether 1140 set of data) was compared with the corresponding
radius vs. time curves obtained from the simulations. We started the modelling from the
instant at which the measured radius is maximum, assuming that the plasma recombi-
nation process and the cooling down of the bubble interior had been completed. Both
models (RP and KM) contain the same unknown parameters that must be optimized in
order to get the best fit to the measurements. These parameters were the polytrophic

1http://www.dow.com/safechem/optim/optim-advantage/physical-properties.htm
2http://www.aciscience.org/docs/Physical properties of glycerine and its solutions.pdf
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exponent n describing the behaviour of the gas content, the equilibrium bubble radius RE

(within 5% accuracy corresponding to the uncertainty of the bubble radius measurement)
and finally, the initial time (this is because if the measurement and the simulation are
out of phase then the error becomes large). The numerical computations of the ordinary
differential equations were performed with an explicit adaptive Runge–Kutta initial value
problem solver with embedded error estimation (orders 5 and 4).
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Figure 4.7: Comparison of the measurement and the results obtained from the models at dif-
ferent temperature and pressure values. The black, red and blue curves are the
results of the measurement, Keller–Miksis and Rayleigh–Plesset equation, respec-
tively. In subfigures (a) to (c) the black and the red lines are nearly congruent.

The optimization process to obtain the best values of the above three parameters
was performed with the KM equation by minimizing the mean square error between the
measurement and the simulation defined as

E2 =

∑N

i=1(RM,i − RK,i)
2

N
, (4.4)

where RM,i is the radius from the measurement, RK,i is the radius from the simulation
interpolated to the same points as those of the measurement and N is the number of
the points of the measurement curve between the initial and final time instants of the
simulation. The simulations of the RP equation were carried out with the same values of
the optimized parameters. For the optimization a simple brute force technique was used.
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Dividing the parameter regions into 15 − 20 intervals the approximated optimum values
could be determined by taking the case in which the mean square error was minimum.

Figure 4.7. shows a series of optimized results at temperature range 25 oC to 60 oC
and pressure range 250mbar to 1000mbar. The black curve is the measurement, while the
red and blue curves are the results from the KM and RP equations, respectively. From
the results it is clearly seen that the KM equation agrees well with the experimental data
in every case. On the other hand, the RP equation can provide extremely poor results,
especially at higher temperatures indicating that in these cases the modelling of the liquid
compressibility is necessary.

However, it is clear that the difference between the two models is strongly related
to the Mach number (Ṙ/c), the aim of this thesis is only to introduce the measurement
technique and the validation process.

4.5 Conclusion

Free oscillation of a single spherical gas bubble in glycerol was examined both numeri-
cally and experimentally at different ambient temperatures (25 oC− 60 oC) and pressures
(250mbar − 1000mbar). The bubble was generated using a Q-switched 6 ns Nd:YAG
laser. The temporal history of the radius was measured by a novel shadowing technique
developed at Hochschule Emden/Leer, University of Applied Sciences that is capable of
resolving the different time scales of the oscillations.

With a special treatment introduced in the previous chapter the different bubble mod-
els can be easily compared. It is based on the fact that all the material properties can
be obtained as a function of the temperature T∞ and pressure P∞. Besides, one needs
to specify only one further paramter, namely, the equilibrium RE or critical Rc bubble
radius describing the size of the bubble.

In order to apply this conception in real circumstances a vacuum chamber was designed
and manufactured in which the temperature and pressure could be adjusted arbitrarily.
Applying the novel measurement method the Rayleigh–Plesset and the Keller–Miksis
equations were validated in the T∞ - P∞ parameter plane. The bubble equilibrium radius
RE was in the order of tenth of millimetres. Comparing the numerical and experimental
results, it is clearly seen that the Keller–Miksis equation shows good agreement with the
experiments in every case. On the other hand, the Rayleigh–Plesset equation provides
acceptable results only at low temperature, which indicates that the modelling of the
liquid compressibility is necessary if the temperature higher than approximately 40 oC.
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Thesis #4:

A method was developed which is capable of comparing different bubble models which
is based on the fact that the material properties of a pure substance depend only on the
ambient temperature and the pressure.

In order to produce arbitrary temperature and pressure values a vacuum chamber was
designed which was manufactured at the Department of Hydrodynamic Systems of the
Budapest University of Technology and Economics.

Applying the novel bubble radius measurement technique developed in Hochschule
Emden/Leer, University of Applied Sciences together with the vacuum chamber the
Rayleigh–Plesset and the Keller–Miksis equations was validated.

The publications related to this thesis are Hegedűs et al. 2010a and Koch et al. 2012b.
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Chapter 5

Vortex shedding behind square

cylinders

5.1 Introduction

In this chapter the experiments in the cavitation channel of the Department of Hydro-
dynamic Systems of the Budapest University of Technology and Economics will be pre-
sented. Although various models with different shapes can be placed in the test section,
I decided to use square cylinders in order to compare the results with CFD simulations
easier (simple meshing, fixed separation point).

In spite of the various studies dealing with cavitational flows, e.g. hydrofoils (Foeth et
al. 2006, Lohrberg et al. 2002), circular cylinder (Saito and Sato 2003), confuser-diffuser
test section (Stutz and Legoupil 2003, Stutz and Rebound 2000), triangular cylinder and
sphere (Schmidt et al. 2008), only few studies deal with this simple geometry, for instance
Wienken et al. 2006. The reason probably is the lack of real applications related to this
simple geometry except few cases, for instance, the vortex flow meter (Endress et al. 1990).
The measurement principle of this device is that vortex shedding frequency f behind the
models shows linear characteristic with the mean velocity U . This means, that rescaling
the frequency to the Strouhal number (St) and the mean velocity to the Reynolds number
(Re), the St number will be constant in a wide range of the Re number. For the definition
of the Re and St numbers see equation (5.1). However, the usage of the vortex flow meters
becomes uncertain after the inception of cavitation (Endress et al. 1990), we shall see that
my experimental results can provide useful information for the operation of the device in
cavitational vortex shedding.

The flow around rectangular cylinders was extensively studied only if no cavitation
occurs. These experiments were usually performed in wind tunnels. Okajima 1982 exam-
ined rectangular cylinders with different side ratios (B/H = 1 to 4, where B is the length
of the cylinder in flow direction and H is the height perpendicular to the flow direction) in

72
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the range of Re numbers between 70− 20000. The St number for the square cylinder was
approximately constant, it changed slightly between 0.13− 0.14. In the case of B/H = 2
the Strouhal number definitely increases with the Re number up to Re = 500. At this
point there is a discontinuity in the St number curve, namely, the St number falls and
remains nearly constant at 0.08− 0.09. In case of B/H = 3 there is more than one peak
in the spectrum in the range of Re = 1000− 3000, that is, more than one St number can
be associated with a certain value of Re number. At higher Re numbers the St number
approaches 0.16 − 0.17. Finally in the long model with B/H=4 the St number is nearly
constant 0.14. In Okajima’s experiments the blockage ratio was 0% (no walls enclosed the
model in the direction of H). The blockage ratio (BR) is the ratio of the cross sections of
the test section and the model in percentage.

In Sarioglu and Yavuz 2000 the authors studied rectangular cylinders with B/H = 1
and 2 at Re = 13159, 53786 and 99714. The blockage ratio was 10.94%. In both cases
the St number was constant at 0.12 − 0.13 and 0.08 − 0.09 respectively not depending
on the Re number. Lyn et al. 1995 examined the same test case with B/H = 1 at
Re = 21400. The result showed good agreement with that of Okajima 1982, St = 0.132.
The following papers obtained the same experimental outcome in case of B/H = 1: Saha
et al. 2000, Davis et al. 1984 and Nakagawa et al. 1999. Davis et al. 1984 used relatively
low Re numbers (100 − 1850), but the effect of the blockage ratio was examined. It was
clearly seen that with the increase of the blockage ratio (0%, 16.6%, 25%) the St number
( 0.13, 0.16, 0.17) increased as well. As for the numerical simulation, the results usually
show good agreement with the experimental data. Kim et al. 2004 performed large eddy
simulation for a square cylinder at Re = 3000 with blockage ratios 0% and 20%. The St
numbers were 0.125 and 0.124 respectively. It is worth to note that the St number in case
of blockage ratio 20% should be greater according to Davis et al. 1984. Sohankar 2008
also used large eddy simulation at Re = 105 the blockage ratio was 6% and the St number
was 0.13.

We emphasize again that neither of the above studies dealt with cavitating flow.

5.2 Experimental set-up

The schematic draw of the cavitation channel can be seen in Fig. 5.1. The channel is 4.9m
high and 5.7m long and most of it was built up by 400mm and 500mm conduits. The 1m
long test section is made of stainless steel and Plexiglas. In the closed system the water
is circulated by an axial pump which is driven by a 34 kW electric motor. The revolution
speed is controlled by a frequency converter, thus arbitrary revolution speeds can be set
in the range of 30 rpm - 730 rpm. Directly in front of the test section there is a confuser
in which the flow velocity increases significantly due to the large contraction rate. The
achievable maximal mean velocity is approximately 9m/s depending on the geometry of
the test body. The elbow connected to the confuser section includes guide vanes to avoid
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flow separation. The test section has a rectangular cross section of 50mm × 200mm in
which two square cylinders were placed with H = 25mm and H = 50mm, where H is
the side lengths of the model, to obtain information about the effect of the blockage ratio,
see Fig. 5.2c. At the downstream side of the test section a reservoir is located providing
constant downstream overpressure, which was H0 = 1.28m of water column throughout
the experiments.

Figure 5.1: Geometry of the cavitation channel and the test section.

During the measurements five pressure transducers and one ultrasonic flowmeter were
used. The arrangement of the pressure taps is shown in Fig. 5.2. There was one pressure
tap in the middle top of the models (S1, HBM P6A 10bar), and one pressure tap was in
the middle of the test section 12.5mm behind the trailing edge (S2, HBM P6A 10bar),
except the case of H = 50mm in which this sensor was placed at the middle of the back
end side of the model. The pressure difference on the confuser was measured with three
different instruments, namely, a mercury-filled single tube manometer, a reversed U-tube
manometer containing air above the water and a pressure difference transducer (S3, HBM
PD1 1bar). For the reference pressure level, pressure signal was recorded in front of the
model (S4, HBM P6 10bar). The last pressure tap was assembled 625mm after the model
and 50mm above the centre line (S5, HBM P6 10bar). The ultrasonic flowmeter was
placed at the suction tube of the circulating pump (S6). The measured signals were
recorded by a PC through an HBM 840X type A/D converter. The ultrasonic flowmeter
was manufactured by FLEXIM, type UMADM5X07-PU1-2EN.
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Figure 5.2: Sensor layout of the test section and the two models.

The results will be interpreted with the help of dimensionless numbers; namely the
Thoma’s cavitation number, the Reynolds number and the Strouhal number defined as

σ = 2
pr − pv
ρU2

, Re =
UH

ν
, St =

fH

U
, (5.1)

where pr is the freestream reference pressure measured with S4, see again Fig.5.2a, pv =
2643Pa is the vapour pressure, ρ = 997.8 kg/m3 is the density and ν = 0.957 · 10−6m/s2

is the kinematic viscosity of the liquid at temperature 22 oC and at pressure 1.017 bar
computed from the Haar–Gallagher–Kell equation of state (Haar et al. 1988). U is the
mean velocity in the test section (before the square models) measured with the ultrasonic
flowmeter, H is the height of the cylinders and f denotes the vortex shedding frequency
behind the models.

The measured mean velocities U with respect to the revolution speed are shown in
Fig. 5.3. As the pump revolution speed n increases the uncertainty of the data of the
ultrasonic flowmeter increases as well. Above 600 1/min the ultrasonic flowmeter does
not give acceptable data anymore. Below this range a linear characteristics is clearly
seen. Thus a linear equation of the form U = an was fitted through the points below
n = 600 1/min. For further calculations this calibration line was used to determine the
mean velocity in the test section. The value of a is approximately 0.0138. Taking the
maximum value of the confidence interval the maximum absolute error of velocity is
∆U = ±0.065m/s.

For the calibration of the pressure transducers mercury filled U-tube manometers
were used. Since the pressure level can be very low due to the very high velocities,
most of the pressure transducers had to be calibrated for vacuum as well, see the two
different arrangements in Fig. 5.4. One branch of the U-tube manometer is opened to
the atmosphere, while the other one was connected to a compressor or a vacuum pump
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Figure 5.3: Mean test section velocity measured by the ultrasonic flowmeter as a function of
the pump revolution speed.
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Figure 5.4: Arrangements for the calibration of the pressure transducers.

depending on the required pressure value ps, which can be calculated from the manometer
balance.

Figure 5.5 represents a calibration curve of the pressure transducer S1. Since the
pressure values are more accurate than the voltage values, the pressure must be depicted
in the abscissa. The thick and thin curves are the fitted lines with the least square method
and the confidence intervals, respectively. Although the above mentioned calibration
process is mathematically correct, we use the calibration diagram in a reverse way and
the equation of the fitted line have to be rearranged for the pressure function, see the
upper left corner of Fig. 5.5. From the confidence interval the maximum absolute error
of the pressure turned out to be ∆p = ±1200 Pa.

In each measurement the frequency was calculated by Fourier transformation of a 20 s
long time signal resulting in a frequency resolution of 0.05Hz. As the pressure signals are
not purely harmonic a relatively narrow frequency band can be observed near the peak
frequency, see Fig. 5.6. The width of this band is affected by many circumstances, for
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Figure 5.5: Calibration diagram of the pressure transducer S1. The thick curve is the fitted
line to the measured points. The thin curves denote the confidence interval.

instance, the periodicity of the signal (it is not possible to measure integer number of
periods). Therefore, the absolute error was estimated by measuring the band width of
the peak frequency at relative frequency A = 0.5, see the dashed line in Fig. 5.6 right.
Evaluating several measurements the absolute error is approximately ∆f = ±0.65Hz.
The error propagation of the dimensionless quantities was determined by the well known
quadratic formula, e.g. for the Strouhal number:

(∆St)2 =

(
∂St

∂U

)2

(∆U)2 +

(
∂St

∂f

)2

(∆f)2,

(∆St)2 =

(
fH

U2

)2

(∆U)2 +

(
H

U

)2

(∆f)2.

(5.2)

Evaluating this formula at every measurement point and taking the maximum value the
absolute error for the Strouhal number is ∆St = ±0.01. Performing similar calculations
for the Reynolds and Thoma number their errors are approximately ∆Re = ±2040 and
∆σ = ±0.55, respectively.

5.3 Vortex shedding frequencies, the effect of the

blockage ratio

5.3.1 Measurements

The main interest of this Section is the frequency of the vortex shedding behind the
square cylinder. From the literature survey it is clear that the Strouhal number is nearly
constant with respect to the Reynolds number and definitely increases as the blockage
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ratio increases. In our case the blockage ratios of the two cylinders was 25% (H = 50mm,
large model) and 12.5% (H = 25mm, small model), respectively. The experimental
results found in the literature are in the range of Re = 70− 105; this range was extended
up to 4.7 · 105. To determine the vortex shedding frequency the spectral density of the
pressure signals belonging to the top of the model (S1) was computed.
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Figure 5.6: Pressure signal and spectral density of the sensor S1 at rotor speed n = 420 1/min
in case of the large model H = 50mm.

An example of a measured pressure signal in case of H = 50mm can be seen in
left-hand side of Fig. 5.6. The corresponding spectral density is presented in the right
hand side of the figure in which the amplitude is normalized with its maximum value.
The vortex shedding frequency is f = 21.76Hz indicated by the largest sharp peak in
the spectrum. Performing similar experiments at different pump revolution speeds (Re
numbers) a waterfall diagram can be constructed in which the spectral density versus
revolution speed n is represented, see the left hand-side of Fig. 5.7. It is clearly seen
that the peak frequency increases with the increase of n. After the inception of cavitation
at approximately n = 390 1/min the vortex shedding phenomenon exists further but
the power spectra become wider. Approximately at n = 530 1/min the peak frequency
disappears and the spectra show white noise-like character indicating the supercavitation
phenomenon.

The Reynolds number - Strouhal number relationship was determined in the following
way: the revolution speed and the frequency in the left hand-side of Fig. 5.7 are rescaled
by means of equation (5.1) to the Reynolds number and the Strouhal number, respectively;
then the data of the spectra below the normalized amplitude A = 0.5 (see the dashed line
in the right hand-side of Fig. 5.6) are dropped forming a scattered plot of the remaining
points shown in the right hand-side of Fig. 5.7. As expected the Strouhal number is nearly
constant but slightly increases with increasing Reynolds numbers. The average Strouhal
number is approximately 0.18. After the inception of cavitation (σinc = 8.31; Reinc = 3.65·
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Figure 5.7: Left-hand side represents the spectral density versus revolution speed as a Water-
fall diagram. The right-hand side is the relationship between the Reynolds and
Strouhal numbers. These computations correspond to the large model H = 50mm
and to sensor S1. The inception of cavitation occurs at σinc = 8.31 and at
Reinc = 3.65 · 105.

105) there is no significant change in the Strouhal number until the supercavitation where
the Strouhal number falls down and the vortex shedding phenomenon disappears. In order
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Figure 5.8: Left-hand side represents the spectral density versus revolution speed as a Water-
fall diagram. The right-hand side is the relationship between the Reynolds and
Strouhal numbers. These computations correspond to the small model H = 25mm
and to sensor S1. The inception of cavitation occurs at σinc = 4.89 and at
Reinc = 2.0 · 105.

to reveal the effect of the blockage ratio the same data set of sensor S1 is represented in
Fig.5.8. for the small model (H = 25mm). In this case the Strouhal number is also
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independent from the Reynolds number but as the blockage ratio drops from 25% to
12.5% its value changes from 0.18 to 0.15. This is in good agreement with the results of
Davis et al. 1984 in which the Strouhal numbers were 0.17 and 0.16 corresponding to the
blockage ratios of 25% and 16.6%, respectively.

It is very important to note, that the Strouhal number remains constant even in cavita-
tional flows. Its value changes significantly only during supercavitation. This observation
can provide useful information for the usage of the vortex flow meters, since, the moderate
level of cavitation has no influence to the vortex shedding frequency and therefore to the
Strouhal number.

5.3.2 CFD simulation

In this Section we compare our experimental results with the numerical simulations of
Roland Rákos, who used the ANYSY CFX v10.0 commercial software. For saving compu-
tational resources a two dimensional 400mm high 1200mm long domain was used shown
in Fig. 5.9. The model with 20mm side length was placed 200mm after the inlet bound-
ary. The inlet boundary condition was constant velocity with normal speed 1m/s up to
14m/s with 1m/s increment. At the outlet 1 bar static pressure was defined. At the top
and bottom of the model there were free slip walls. At the front and rear side of a one
cell thick layer symmetry conditions were set according to the two dimensional problem.
The structural mesh was prepared in ICEM and contains 1.13 · 105 hexahedral elements.
Note, that in the numerical simulations the flow direction is opposite than in case of the
experiment.
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Figure 5.9: The two-dimensional model of the multiphase flow.

During the simulation the fluid flow was modelled as homogeneous multiphase flow,
that is, all fluid phases share the same velocity fields, as well as other relevant fields such
as temperature, turbulence, etc. The pressure field is also shared by all phases. In the
simulations water and water vapour phases were defined, both phases were incompressible.
The heat transfer and thermal radiation were not modelled. The turbulence model was
SAS SST. It is worth noting that the k − ε turbulence model overdissipates the system
therefore in this case there would be no vortex shedding behind the model. The mass
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transfer between the two phases was the (over)simplified Rayleigh–Plesset model which
is built into CFX:

3

2
Ṙ2 =

1

ρ
(pV − p(t)) , (5.3)

where p is the absolute pressure during the simulation. The advection scheme (spatial
discretization) and the transient scheme were high resolution and second order backward
Euler schemes, respectively. The constant time step was 0.001 s. The convergence crite-
rion was 10−4 for the root mean square of the residuals. Pressure and velocity time series
were recorded only in few monitor points shown if Fig.5.10.
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Figure 5.10: Monitor points distribution around the model.

Figure 5.11. shows a comparison of the usual scattered plot of the Reynolds number -
Strouhal number between the experimental and numerical results. As for the experiment
the small model was used in order to keep the difference between the blockage ratios as low
as possible (experiment: 12.5% simulation: 5%). Although the numerical results are very
noisy the independence of the Strouhal number from the Reynolds number can be clearly
seen. A square model with 10mm side length (5% blockage ratio) has been manufactured
in the laboratory and placed into the channel. Unfortunately, the measurements could
not be fulfilled because of the present reconstructions. As we concluded above if the
blockage ratio decreases the value of the Strouhal number decreases too. In spite of
this effect, its numerical value (St = 0.1) is too low which cannot be explained with
the influence of the blockage ratio, since various numbers of experimental papers in the
literature state, that for zero or very low blockage ratio (< 6%) the Strouhal number is
approximately St = 0.13, see Davis et al. 1984, Okajima 1982, Sohankar 2008. In spite
of the discrepancies between the experimental and numerical results the computations
confirm that the Strouhal number does not change after the inception of cavitation.

Figure 5.12. represents three photos of the measurement and three pictures of the
simulation at different Reynolds numbers at a given time instant. These pictures belong
to the Reynolds numbers marked by thick dashed lines in Fig. 5.11. In case of the
simulation (lower row) the white areas represent the vapour phase. Although at low
Reynolds numbers the experimental results show qualitatively good correspondence with
the simulations, at the highest Reynolds number the cavitation zone length is much larger
in the measurement than in the simulation.
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Figure 5.11: Comparison of the Reynolds number - Strouhal number relationship of the ex-
periment (H = 25mm) and the numerical simulation. The vertical thick dashed
lines indicate the parameter values at which photos were taken shown in Fig.5.12.

Figure 5.12: Pictures about the multiphase flow at different time instants. Upper row: mea-
surement (Re · 10−5 = 2.46, 2.92, 3.38), lower row: simulation (Re · 10−5 =
2.5, 3.0, 3.5). The pictures corresponds to the Reynolds numbers marked by thick
dashed lines in Fig. 5.11. From left to right the Reynolds number increases.

5.4 Conclusion

An experimental and numerical study on the flow past square cylinders was presented.
Two models with side lengths 50mm and 25mm were placed in the 200mm high and
50mm width test section, thus the blockage ratio was 25% and 12.5%, respectively. The
range of Reynolds number was between 2.5 · 104 and 4.7 · 105 which is a natural extension
of the values found in the literature. In the numerical simulation the model height was
20mm and the blockage ratio was 5%. The mean velocity in the test section was measured
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with an ultrasonic flowmeter.

Author Type St Re blockage ratio

Okajima 1982 exp. 0.13 70− 20000 0%

Lyn et al. 1995 exp. 0.132 21400 0%

Saha et al. 2000 exp. 0.144 8700 0%
exp. 0.142 17625 0%

Davis et al. 1984 exp. 0.13 100− 1850 0%
exp. 0.16 100− 1850 16.6%
exp. 0.17 100− 1850 25%

Nakagawa et al. 1999 exp. 0.13 3000 20%
Kim et al. 2004 num. 0.124 3000 20%

num. 0.125 3000 0%
Sohankar 2008 num. 0.13 100000 6%

Present exp. 0.18 2.5 · 104 − 4.7 · 105 25%

exp. 0.15 6.1 · 104 − 2.3 · 105 12.5%

num. 0.1 7.5 · 104 − 2.5 · 105 5%

Table 5.1: Comparison of the experimental and numerical results of the literature and the
present study.

The main outcome of this investigation is the relationship between the Reynolds and
the Strouhal number. Our experimental results show good agreement with the literature
from which it turned out, that the dominant Strouhal number seems to be stabilized and
is independent from the Reynolds number. Its actual value is strongly depending on the
blockage ratio as the Strouhal number definitely increases with increasing blockage ratio.
Table 5.1. summarizes the values of the Strouhal numbers found in the literature and
in the present study. Corresponding to the blockage ratios of 0%, 12.5% and 25% the
Strouhal numbers are approximately 0.13, 0.15 and 0.18, respectively. It is worth noting,
that there are deviations from these values in case of some authors, see e.g. Saha et al.
2000 or Nakagawa et al. 1999.

After the inception of cavitation the Strouhal number remains constant up to the
supercavitational regime. Because the moderate level of cavitation has no influence to
the vortex shedding frequency and therefore to the Strouhal number, the vortex flow
meters can provide reliable data even if cavitation takes place.
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Thesis #5:

The vortex shedding behind square cylinders with different side lengths were inves-
tigated experimentally in the cavitation channel of the Department of Hydrodynamics
Systems of Budapest University of Technology and Economics.

• The range of the Reynolds number applied in the literature in the experiments was
extended from 105 up to 4.7 · 105. In the range of Re< 105 the measurement results
(Strouhal numbers) were consistent with the corresponding literature.

• The cavitating flow has no influence on the value of the Strouhal number; it remains
constant up to the point where supercavitation is formed.

The publications related to this thesis are Hegedűs et al. 2010b,c, Hegedűs and Kull-
mann 2009a.



List of theses

Thesis #1:

The presence of the period 1, 2 and 3 attractors in the pressure amplitude-relative fre-
quency (pA−ωN) parameter plane of the harmonically excited Rayleigh–Plesset equation
was explored assuming isothermal state of change for the gas.

• It was found that the domain in the pA − ωN plane, where stable solutions exist
increases linearly with the frequency if ω > 2ωo, ωo being the natural angular
frequency.

• At ω = 2ωo, the attracting domain of the period 3 attractor is less than 4% of the
global domain of attraction.

• The boundary of the global basin of attraction becomes fractal at pA = 450Pa
due to the homoclinic tangency of the invariant manifolds of the saddle type orbit,
bifurcating from the unstable equilibrium point of the unexcited system.

• An estimation was given by Melnikov’s perturbation method for the critical pressure
amplitude of the homoclinic tangency. It was found that, for the parameter values of
engineering importance (viscosity and pressure amplitude) it provides results with
limited accuracy (pA = 840Pa as opposed to the exact value of 450 Pa).

The publications related to this thesis are Hegedűs et al. 2012a, Hegedűs and Kullmann
2012c, Hegedűs et al. 2011, 2009c.

Thesis #2:

The effect of heat transfer on the bubble motion was studied by extending the Ray-
leigh–Plesset equation with the equation of energy in the liquid domain. The analysis of
various semi-discretization methods applied to the equation of energy revealed that:

• For moderate discretization level (less than 30 degrees of freedom) the Galerkin
technique with hat functions as basis provides the most accurate solution.

• If finer spatial resolution is needed, the spectral collocation or polynomial-based
Galer-kin method has to be employed.

The publications related to this thesis are Hegedűs et al. 2010a, 2009b, 2008.
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Thesis #3:

The heat transfer significantly affects the bubble dynamics by two mechanisms:

• First, if the ambient pressure and temperature are close to the tension curve. In
this case the partial pressure of the non-condensable gas becomes less significant.
The large concentration of vapour enhances the effect of the heat transfer since
the vapour concentration determines the rate of the evaporation and condensation
processes.

• Second, in the case of high ambient temperature. The coefficient λ/(ρVL) in the
boundary condition at the interface decreases very rapidly with the ambient temper-
ature in the examined parameter region, thereby significantly reducing the bubble
wall velocity Ṙ.

The publication related to this thesis is Hegedűs et al. 2010a.

Thesis #4:

A method was developed which is capable of comparing different bubble models which
is based on the fact that the material properties of a pure substance depend only on the
ambient temperature and the pressure.

In order to produce arbitrary temperature and pressure values a vacuum chamber was
designed which was manufactured at the Department of Hydrodynamic Systems of the
Budapest University of Technology and Economics.

Applying the novel bubble radius measurement technique developed in Hochschule
Emden/Leer, University of Applied Sciences together with the vacuum chamber the
Rayleigh–Plesset and the Keller–Miksis equations was validated.

The publications related to this thesis are Hegedűs et al. 2010a and Koch et al. 2012b.

Thesis #5:

The vortex shedding behind square cylinders with different side lengths were inves-
tigated experimentally in the cavitation channel of the Department of Hydrodynamics
Systems of Budapest University of Technology and Economics.

• The range of the Reynolds number applied in the literature in the experiments was
extended from 105 up to 4.7 · 105. In the range of Re< 105 the measurement results
(Strouhal numbers) were consistent with the corresponding literature.

• The cavitating flow has no influence on the value of the Strouhal number; it remains
constant up to the point where supercavitation is formed.

The publications related to this thesis are Hegedűs et al. 2010b,c, Hegedűs and Kull-
mann 2009a.
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