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1. Introduction

The finite element method (FEM) is one of the most widespread used tools for the analysis
of physical fields. During the analysis the model space is subdivided into so called elements,
which add up to a kind of mesh. The mesh generation is usually carried out by the computer,
with little human interaction.

The design of the mesh is a key point of the finite element method, because the accuracy and
efficiency of the computation depend mainly on that. In general, the higher the mesh density,
the more precise the solution is on it, the penalty being a longer CPU time. The “optimal” mesh
is not necessarily evenly grained: depending on the problem to be solved, in some regions a
very fine mesh has to be used, while in some others a much coarser one can do. An experienced
FEM user might be able to estimate the suitable element size distribution in the case of some
practical problems, but in general it could only be done based on a perfect knowledge of the
field, which field however is not known a priori.

In general the automatic optimization of the mesh proves to be more reliable: for example
the program can start with a coarse initial mesh and compute the field on it. Based on this first
approximation of the field the local contribution to the discretization error can be estimated, and
the mesh can be refined accordingly. This loop of calculation and mesh refinement is continued
until the prescribed accuracy is reached. The above described procedure is one frequently used
way of what we call adaptive mesh generation.

During the research work we focused on the adaptive generation of simplicial finite
element meshes. Three main topics were investigated narrowly: the refinement of general
n-dimensional meshes, the creation and application of adaptive anisotropic meshes, and the
element-by-element solution schemes coupled with adaptive mesh generation. Novel methods
and techniques have been elaborated in these fields. As an outcome of the research also a finite
element software has been implemented. It was successfully tested on some practical field
calculation problems, proving that the proposed methods allow more efficient and accurate
field modeling.

2. Meshes in n-dimensions

Although nowadays the solution of any practical field calculation problem requires not higher
than a two or three dimensional finite element mesh, it is easy to imagine a space-time
phenomenon that should be modeled on a four dimensional one. Farther from physical
spaces, if the mesh is used generally for the discretization and interpolation in some abstract
mathematical spaces, the number of its n-dimensional applications is high yet today. As
an example, the mesh-interpolation of multivariate multicomponent scattered data can be
mentioned. The choice of coordinates that can span an n-dimensional abstract space is very
diverse: they can be parameters and boundary conditions of certain differential equations, or a
set of measured parameters of a physical object, for example.

A mesh generation algorithm that considers the spatial dimension simply as a parameter
is hard to realize for two reasons. On one part the geometrical principles and techniques
used commonly in two or three dimensions might not remain valid in higher dimensions; and
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conversely some higher dimensional concepts do not have a 2D or 3D equivalent at all. On the
other part, the exact relationships of geometry have to be implemented in the finite precision
numerical framework of computers, which is a potential source of errors: experiences show that
both the number of error types and their frequency grow rapidly with increasing dimension.

We took the “point insertion method” (often referred to as the Bowyer-Watson algorithm)
as our starting point. This is a general n-dimensional mesh refinement algorithm, which
produces a so called Delaunay-mesh. One weakness of the original method that it is out
of consideration for the boundaries and predefined interfaces of the domain to discretize.
The purpose of those interfaces is to isolate the different materials in the investigated model
arrangement, consequently the mesh should reflect their integrity. Although several solutions
exist to overcome this problem, the proposed modifications are usually restricted to a given
dimension, breaking thereby the generality of the original method at this point.

One important further task, which is usually not dealt with enough, is the direct refinement of
boundary meshes by point insertion: most theoreticians of mesh generation accept the boundary
mesh as “given and sufficiently dense”. However, this is definitely invalid in the case of adaptive
mesh generation, where there are no information initially available about the proper density of
the boundary mesh. The refinement of the boundaries is a much more complicated task than
that of the mesh internals. In 3D the mesh generator should only be prepared for making
refinements on those surfaces where the subdomains, and those curves where the surfaces meet
respectively. But when moving to higher dimensions, the variety of occurrent subspace and
submesh types increases rapidly.

Therefore we developed a novel mesh generation algorithm based on the point insertion
method, that considers the boundary refinement as the general problem. The refinement in the
mesh interior proves to be then a specific case of the latter. Formally the algorithm is described
for the refinement of a boundary mesh on a k-dimensional hyper-surface that is embedded in
the n-dimensional space (k stands for the topological dimension). It functions like a surface
mesh generator except that it modifies the adjoining higher dimensional meshes too. Besides
mesh refinement also the questions of the initial mesh and mesh smoothing were dealt with.
The entire design of the algorithms was made in view of total n-dimensional generality.

The new mesh generator has been successfully tested to as high as four dimensions. The
algorithm proved to be robust and insensitive to roundoff errors, while it respects the boundaries
and interfaces of the domain that is being discretized. Of course the n-dimensional general
definition of the algorithm in itself does not guarantee its dimension-independent functioning.
For example the mesh quality, which we characterized with the radii ratio distribution of the
elements, showed obvious deterioration with increasing dimension: the proportion of bad
shaped elements increased monotonic.

3. Adaptive anisotropic finite element meshes

Normally the process of adaptive mesh generation is confined to the optimal choice of element
size. However, the elements have a further “degree of freedom”: their shape.

It is observed in certain regions that the field quantity varies mainly in a given direction while
with respect to the other orthogonal directions it remains more or less constant. It would be
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then plausible to take a finer subdivision in the mesh along that dominant direction of the field,
because this way the interpolation facilities of the mesh could be exploited better.

Using this approach however, we get distorted finite elements. Some experts of finite
element analysis would deny the usage of such elements, especially in a simplex mesh,
because experiences and even proofs exist showing that the distorted elements can worsen
the convergence of FEM as well as the conditioning of the resulted linear algebraic equations
system. On the other hand it was observed that in case the elongation of the elements “ matches
the field pattern” in a certain sense, then the above mentioned problems arise much less.

The mesh containing elements that are distorted with respect to the local characteristics of
the field are called anisotropic in the literature. Although this type of mesh proved to be useful
in computational fluid dynamics (CFD) for example, it has not spreaded over the other fields of
physics yet.

We have implemented an existing method for generating adaptive anisotropic finite element
meshes. The method is based on a special mapping of the mesh, and approximately realizes
the equidistribution of the interpolation error among the finite elements. We have extended the
present method with two new features. One of them makes possible to limit the anisotropy of
the mesh, which can help in preserving the convergency of the method. By means of the other,
one can prescribe the shortest and longest edge lengths in the resulting final mesh. It should be
mentioned that for anisotropic meshing the so called edge bisection method was applied instead
of point insertion.

Our intent with this research was to utilize the anisotropic finite element mesh in solving
some classical problems of electromagnetism, by which we expected more efficient computing
(that is shorter CPU time and lower memory usage) than with a traditional isotropic mesh.

In order to verify this we carried out a series of computations for some simple 2D electrostatic
benchmark problems. The system of equations was generated according to the principle of
weighted residuals, and it was solved by the preconditioned conjugate gradients method. The
total CPU time of the solution (including adaptive mesh generation) and the number of elements
in the final mesh were recorded with respect to the upper bound of mesh anisotropy, while this
latter was varied consistently. The shortest and longest edge lengths were prescribed for each
computation in such a manner, that the interpolation properties of the resulting meshes (that is
the accuracy of the solution) be more or less the same.

We found that the number of elements decreased monotonic with increasing mesh anisotropy
– in accordance with ones expectation – whereas the graph of the CPU time showed a
characteristic minimum, for all the investigated problems. The latter fact is explained with
the presence of some very bad shaped elements, which might corrupt convergency. After all
we came to the conclusion, that the computation of electrostatic problems with adaptive finite
element meshes of bounded anisotropy is more efficient than with traditional meshes, which
consist of nearly equilateral elements.

We have also tried out an extraordinary application of the adaptive anisotropic finite element
meshes: transient field calculation problems were solved in the unified space-time domain
(where no relativistic effects were considered though). So the finite element method was
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directly applied in a space that is spanned by the spatial and time axes together. The main
reason for doing this is that the time stepping schemes widely used for solving such time
domain problems do not fit well in the framework of adaptive meshing: strictly speaking the
mesh should be re-adapted after each time step to the current field distribution.

This is why the unified approach promises more correct mesh adaptation, and after all more
precise results. One further advantage of the proposed method is that the initial condition
can be prescribed as boundary condition, and the time varying excitation can be given as
constants at points of the extended domain of computation. The anisotropic meshes come
into view as the very differing spatial and temporal behavior of the field has to be respected
with an adaptive mesh. This goal may be accomplished the best with such elements that can be
stretched arbitrarily into both the spatial and the time directions.

The space-time finite element method has been tested on a 1D transient heat-flow problem
and on a 2D pulsed eddy-current problem. The corresponding space-time meshes were 2D
and 3D respectively. The unusual deduction – starting from the governing partial differential
equations, through the specific application of the weighted residuals principle, as far as the
assembly of the global equations system – is detailed in the dissertation.

The resulting adaptive meshes confirmed that anisotropy stems from the nature of the
problem in this case, and that it cannot be avoided by an appropriate scaling of the time axis
either. Therefore the anisotropic meshing proved to be a useful tool for the space-time FEM.

The calculated fields have been compared to measured data as well as to those calculated
with other numerical methods, and they showed good correspondence. On the other hand the
space-time solution still lags behind the other methods regarding its speed.

4. Element-by-element calculations

In the finite element method a large amount of computational tasks can be carried out “ at
the level of the elements” , perhaps only except the solution of the linear algebraic system
of equations, which normally requires a global approach. But with certain conditions the so
called element-by-element (EBE) implementation becomes possible also for this latter task.
Its advantages are apparent when solving nonlinear problems, or when doing adaptive mesh
generation. Both would require the re-assembling of the global coefficient matrix (stiffness
matrix) of FEM in each iteration step. Since in the former case the material constants can
change for example, while in the latter the mesh structure changes during the iterations.
However, the re-assembling is unnecessary with the EBE solution technique, because no global
matrices are used therein.

EBE techniques have a further benefit for the adaptive mesh generation: no global numbering
of nodes and elements is required, which facilitates the dynamic modification of the mesh (e.g.
the refinement) when using some specific mesh data structures. Last but not least the element
level calculations well suit the “ character” of the finite element method.

Several well known preconditioning and solving algorithms can be implemented at the level
of finite elements (e.g. the Jacobi-iteration, some variants of conjugate gradients, etc.). The

4



key point of the implementation is the assembling procedure – which combines the single-
element quantities into one system level quantity – more precisely the way to by-pass this
assembling. We have introduced a new formalism, by means of which the algorithms primarily
given in a linear algebraic pseudo-code can be transformed into an EBE-type code in a more
straightforward manner than before.

It is considered much more essential however, that the element level execution itself allows
the invention of some radically new solution techniques, which do not even have an appropriate
global representation. The reason is that at the element level one has knowledge about the
localization of the unknown field variables (e.g. through the position of mesh nodes) and the
possible connections among them. Contrary to this, from the assembled coefficient matrix no
information can be retrieved about the mesh geometry, and even its topology is represented
there in a quite indirect manner. In order to demonstrate the concept of novel element-by-
element solvers we have worked out a kind of mesh reduction technique, which is described
below.

During the successful iterative solving process the changes in the unknowns within two
iteration steps converge normally to zero, but not each of them with the same rate of descent. If
the unknowns that have nearly reached their stationary value are considered constants from that
time on, then the solution can proceed with a reduced system of equations. The FEM analogy
of this technique is a kind of mesh reduction, because the unknowns are usually bound to mesh
components, say nodes.

Several improvements had to be added until the above basic idea evolved to a really working
algorithm. These improvements would be very hard to describe with the notion of system-
wide vectors and matrices, while their element-level definition is quite natural. We have
tested a number of algorithm prototypes, all of which were combinations of the Jacobi-
iteration method with mesh reduction technique. It is thereby stated that the combined method
exceeds the original Jacobi-iteration in performance, moreover it is comparable with some more
sophisticated solution methods like the conjugate gradients for example.

The concept of the developed finite element software is based entirely on element-by-
element operations. Worth mentioning the numberingless, dynamic mesh data structure, the
implementation of which follows the “ container philosophy” of some high-level programming
languages. The user can interact with the software in two ways: one is the C++ class library,
which is highly configurable; the other is a higher level symbolic FEM description language
designed specifically for element-by-element calculations.

5. Summary of the theses

1. thesis: A novel mesh refinement method has been developed, which is based on the point
insertion method (Bowyer-Watson algorithm). With our proposed improvements it became
directly applicable for the refinement of mesh boundaries as well. The algorithm has been
defined in a strict n-dimensional context, considering a point inserted into a k-dimensional
boundary mesh of the n-dimensional mesh (k≤n), as the most general case. The insertion of an
inner point is resulted then as the special case k=n. The method has been tested in 1, 2, 3 and 4
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dimensions, and worked properly. However, despite the general n-dimensional specification of
the algorithm, the resulting meshes exhibited some dimension dependent features.

2. thesis: We have developed a method for generating adaptive anisotropic finite element
meshes, based on a known mapping technique. Our innovation is that the minimum and
maximum edge lengths, and the maximum distortion of the finite elements are input parameters
of the mesh generator. The resulting mesh approximately realizes the equidistribution of the
interpolation error among the finite elements. Adaptive mesh refinement is based on edge
bisection in this method.

• As a novel technique in the field, we have applied the adaptive anisotropic finite element
mesh for solving some field calculation problems of electrostatics. Experiences show that
the solution with simplex elements being slightly distorted along the direction determined
by the potential field is more efficient, than with nearly regular simplices.

• We have first used anisotropic meshes in the simulation of transient electromagnetic
phenomena in such a way that the unified space-time domain of computation – spanned by
the spatial domain together with the time interval – was discretized into optimally distorted
finite elements. The solution of the diffusion equation in two and three dimensions showed,
that graded and elongated elements are usually unavoidable for the correct adaptation of
the mesh in such a space. This involves among others that the "time planes" suggested by
the conventional time stepping or time slab methods are broken up. The space-time finite
element method is comparable with other methods applied in the practice.

3. thesis: Some innovations have been made in connection with the element-by-element (EBE)
finite element computation, which is known to facilitate adaptive meshing.

• The functioning of the developed finite element software is based on EBE operations. Novel
solutions have been introduced regarding the applied mesh data structure and the C++ class
hierarchy. Also a specific EBE based finite element problem description language has been
developed, which can constitute the input format of the program.

• A practical mathematical formalism has been introduced for transforming the given linear
algebraic pseudo-code of iterative solution methods into an EBE pseudo-code.

• A specific EBE iterative solution method has been invented for the linear system of
equations resulted by FEM, which is called “ mesh reduction” . This method can hardly
be described in a system-level linear algebraic pseudo-code, whereas its EBE specification
is quite self-explaining. According to the presented tests, the speed of the proposed method
is much higher than that of the Jacobi-iteration, which it is based on; moreover it is
comparable with some more sophisticated iterative solvers.

6. Further utilization of the inventions

The developed finite element software has been successfully applied for solving several
classical field calculation problems. Among others we modeled some electrostatic problems
for the Furukawa Electric Institute of Technology, and (in co-operation with other colleagues)
we simulated acoustic wave phenomena in high pressure discharge lamps for the GE Lighting
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Tungsram. The mesh generator module was made available for the research group at the
Fukuyama University (Japan) under the leadership of professor Hajime Tsuboi.

On the other hand, not nearly have been exploited the inherent potentials of anisotropic
meshes and space-time FEM computations yet. Anisotropic meshes can help in the proper
meshing around cracks and other features for example; spaces-time meshes in turn can
revolutionize the simulation of “ moving body” problems in the future.

A new research topic has just been started at the Department of Electromagnetic Theory
of the Budapest University of Technology and Economics under the leadership of Dr. József
Pávó. One common method of defect reconstruction in nondestructive eddy-current material
testing is the following: the data measured on the given sample are compared to measurements
taken previously on known defects (prototypes), from which comparison the parameters of
the unknown defect can be estimated. With a systematic choice of the reference defects a
measurement database can be constituted. In a proper database the distance between two
“ neighboring” data points (soever the distance is defined) should be more or less the same,
and by no means less than the noise of the measurement system. It should also be taken into
account, that the measured data may show different sensitivity to each defect parameter.

We posed a new, pragmatic definition of the above problem: for an optimally structured
measurement database one has to find the optimal subdivision of the abstract n-dimensional
domain that is spanned by the defect parameters. This subdivision can be realized practically
by an adaptive anisotropic simplex mesh for example. We have already generated some meshes
with the above described mesh generator, and the first results are definitely promising.
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