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Introduction

The study of collective breakdown phenomena by the methods of statistical physics is

getting a central role in understanding how crisis situations suddenly emerge. Breakdown

phenomena are observed in various fields of life. Consequently, the term “breakdown”

is used both in everyday life and in scientific context. In the common interpretation it

is often associated with a negative outcome, such as mechanical failure, worsening of a

relationship or clinical state. In the scientific sense, however, it describes various useful

or natural phenomena as well, such as the breakdown of complex molecules into simpler

ones and the dielectric breakdown. This latter is the mode of operation in surge protection

devices and the origin of the spark that ignites fuel in internal combustion engines. It is

common for all meanings of the expression breakdown that they describe some kind of a

degradation that occurs mostly at once and unexpectedly.

The collective breakdowns we are interested in include the response of economic and

financial systems or infrastructure networks to shocks, that is, the development of global

economic or financial crisis situations, large-scale blackouts and the unforeseen failures in

critical communication or transportation infrastructures.

As more and more systems get interconnected worldwide forming global infrastruc-

tures, the consequences of breakdowns get more and more substantial and one has little

experience in estimating the potential dangers resulting from interactions. This is well il-

lustrated by nation-wide blackouts like the Northeast blackout of Canada in 2003 and the

2003 Italy blackout or the 2012 India blackouts. These service disruptions were triggered

by engineering failures or natural disasters. Yet, the Italy blackout got special attention

because those failures in the power grid caused a failure of the Internet communication

network, which in turn caused a further breakdown of power stations, that is, intercon-

nectedness increased the risks, too. This type of failure propagation gave rise to the study

of interdependent networks in which different layers of actors and several types of con-
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nections are involved. The same pattern is encountered at seaports which are often fueled

by oil tanker ships whereas the operation of the port requires the fuel that is supplied via

the infrastructure of the port.

The scheme of mutual dependence is not limited to industry. A similar situation arises,

for example, in economics where banks relate among each other by interbank loans but

also with firms through issuing corporate bonds and providing credit while firms form

a network of business partners and suppliers. Accordingly, in the global financial crisis

of 2007–2008 starting with the subprime mortgage crisis local issues led to a worldwide

escalation of economical downturn. These dreadful events led to the recent recognition that

the dangers, often referred to as “systemic risk” or “extreme vulnerability”, originating

from interconnectedness are often underestimated.

Econophysics has been modeling economic and financial processes for two decades

using the methods of statistical physics. Due to the availability of high-resolution stock

exchange trading data, it has initially been focusing on interpreting equity stylized facts

and equity derivatives. The past decade however, has shown a tremendous rise in the

trading volume of credit derivatives, i.e., products depending on events like bankruptcy,

default or changes in the credit rating of a company or government. Such products are

meant as instruments of risk reduction but they open ground for speculation, too. They

also make the financial sector more and more connected, which increases the systemic risk.

The subprime mortgage crisis of 2007–2008 has shown that the rising volume of derivative

products can lead to unforeseen instabilities in the stock exchange.

Network science was created to describe the topology and functioning of complex sys-

tems established by connecting many interacting entities of the same kind on large scales.

The interconnection of different kind of networks constitutes networks of networks which

are in the center of interest for research. Networks that simultaneously supply and depend

on each other, as pointed out in the examples, are referred to as interdependent networks.

Such systems comprise several interdependent network layers and give rise to emergent

phenomena that are not exhibited on the level of individual layers. Just like in the case

of ideal gas molecules that are free of interaction, the system can be described by simple

rules. In contrast, adding interaction leads to emergent phenomena including phase tran-

sitions. Interdependent networks are known to be more vulnerable than standalone ones.

Reasons include the avalanches of failures propagating back and forth between networks
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leading to an abrupt transition from one operating domain to another that is correspon-

ding to malfunction. The importance of the model describing these phenomena is that

this transition turns out to be a hybrid phase transition, which is both characterized by

a jump in the order parameter and by critical scaling.

In the study of interdependent networks the lattices models, critical phenomena and

percolation provide a good starting ground. Though the understanding of complex systems

is far from complete, some simplified models for interdependent networks were found to

be analytically tractable. More detailed and rich models are accessible only by computer

simulations.

The objective of the thesis is to investigate the breakdown phenomena occurring in

complex systems, to improve predictions of systemic risk and to help decreasing it by using

the methods of statistical physics and computer simulation. In the first part of my work

I study the Collateralized Debt Obligation (CDO) which is one of the most important

structured credit derivatives in modern finance. This credit instrument is basically an

insurance based on the tranches a reference portfolio of about hundred elements. It pays

the excess loss on the portfolio above a threshold (attachment point of the tranche), up

to a maximum value (detachment point). Due to the nonlinear payoff function, its pricing

is usually only feasible by computer simulation. I implement a Monte Carlo reweighting

technique that makes the valuation of such contracts more precise and/or faster with

a focus on events that are rare but carry huge risk and make the standard techniques

computationally intensive. I show that the optimal parameters for the reweighting can be

found simultaneously with the Monte Carlo sampling process.

The loss can be approximated by a compound Poisson process where the event ti-

mes are generated by a Poisson process and the event sizes come from an independent

distribution. This model is analytically tractable therefore I use it for benchmarking the

computer simulation.

In the second part of my work I study the phenomena related to interdependent

networks, a model used mainly to describe mutually dependent infrastructures but that

can be further generalized to financial systems, too. The literature previously used a static

approach in the sense that it described the effect of the random removal of a fraction of

one of the layers. It seems natural to make the model dynamic, i.e., remove the nodes one

by one.
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In the dynamic model, the objective is to study the breakdown phenomena and the

hybrid phase transition accompanying them. Since the 2D lattice topology captures the

layout of real infrastructures better than random (Erdős–Rényi) graphs, I gave the former

special attention. My aim on one hand is to measure the critical parameters (breakdown

point and exponents) related to the order parameter. On the other hand, it is important

to find out whether the statistics of avalanches shows critical properties and if yes, which

are the quantities of interest and how they can be related to properties of the order

parameter. I use Monte Carlo simulation to examine whether the scaling relations derived

in statistical physics also hold for the hybrid phase transition and whether there are scaling

relations specific to this type of transition. I adapt several algorithms and compare their

performance to make the simulation more efficient.

In previous models the failures developed on a short timescale and the networks pas-

sively suffered their consequences. But under special circumstances, e.g., in financial or

economical networks the agents may have time to react and to build new relationships.

Into the dynamic model I introduce healing that is governed by a random parameter,

which accounts for the real-life effort to mend the system suffering from failures. I show

that the healing hinders or slows down the abrupt collapse of the network. To study this

extended model in sufficient detail in the critical domain I generalize a very efficient si-

mulation algorithm. The new model poses plenty of questions awaiting answer. I study

how the probability of healing influences the resilience of the network, determine what

the minimal healing is that stops the network from collapsing, and how the phase transi-

tion, its scaling exponents and the avalanche statistics change as a function of the healing

parameter.

My objective has been fundamental research but the phenomena and models studied

here are closely related to important technological and economic questions. The impro-

vement of CDO pricing could potentially increase financial stability while understanding

the possibility for healing may help to avoid infrastructural catastrophes.
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Monte Carlo simulation for CDO

pricing

1.1 Motivation

The subprime mortgage crisis of 2007–2008 has shown that the rising volume of de-

rivative products can lead to unforeseen instabilities in the stock exchange as one has

little experience in the fair pricing of these products. Shortly after the outbreak of the

crisis analysts started to consider some derivatives “toxic” as they can leverage the risk

associated with the base asset.

In this chapter, I explore the possibilities of importance sampling in the Monte Carlo

(MC) pricing of a structured credit derivative referred to as Collateralized Debt Obligation

(CDO). As other derivatives, this product’s aim is to reduce the risk associated with

purchasing the underlying assets, nevertheless, it can also be used for speculative purposes.

Therefore correct pricing of CDOs became essential.

Modeling a CDO contract is challenging, since it depends on a pool of (typically ∼ 100)

assets, Monte Carlo simulations are often the only feasible approach to pricing. The main

task is to give an accurate estimation of the expected value of the cash flows with the

least possible uncertainty. Consequently, variance reduction techniques are therefore of

great importance.

I present both an exact analytic solution using Laplace-transform and my results

based on MC importance sampling for an easily tractable intensity-based model of the

CDO, namely the compound Poissonian. Furthermore, analytic formulas are derived for
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the reweighting efficiency. The computational gain is appealing, nevertheless, even in this

basic scheme, a phase transition can be found, rendering some parameter regimes out of

reach.

The reweighting is used as a model-independent transform approach for CDO pricing.

This technique speeds up convergence of the results through the simulation of the same

model using altered parameters that are then reweighted to get the real contribution of

the realizations. The gain can be measured in a smaller number of MC steps required or in

smaller variance of the estimated quantities. I make propositions on the choice of altered

parameters of the simulation for a set of the real-world parameters and I show that the

optimal parameters can be estimated on the fly during the simulation. The performance

of the MC simulation is benchmarked against the analytically solvable model.

The chapter follows the structure of [1] and is organized as follows: Sec. 1.2 presents

the derivatives of our interest. Sec. 1.3 summarizes the model details and the relevant

quantities. Sec. 1.4 introduces a general method for CDO pricing for models including a

constant interest rate and deduces analytic formulas for the cash flow of the CDO contract

in the Poissonian case. Sec. 1.5 turns to presenting the possibilities of the Monte Carlo

simulation, and presents the path-reweighting technique, which, for this simple model,

can again be analytically verified.

1.2 Credit derivatives

The investment in stock exchange products is an alternative to bank savings. It offers

higher interest rates than a bank account as a compensation of the risk the investor

must assume because of the stochastic nature of stock prices. However, the investor might

want to avoid specific risks and is willing to pay some price for that. Several techniques

are available to decrease the risk caused by the random fluctuations of a single stock.

One of them is the diversification of the investments into a wider portfolio; this is a

well elaborated field based on the capital asset pricing model (CAPM1). Another one is

based on hedging by options and derivatives, products which were introduced to the stock

exchange from the 1930s. For the pricing of options the Black – Scholes equation [3] gives

1For further reading, please, refer to Black’s review [2].
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a widely applied (though not perfect) approach. In contrast, the pricing of derivatives is

still less elaborated due to the diversity and recent popularity of new constructions.

Econophysics literature, especially due to the availability of high-resolution stock

exchange trading data, has initially been concerned with interpreting equity stylized

facts [4, 5, 6] and equity derivatives. The past decade however, has shown a tremen-

dous rise in the trading volume of credit derivatives [7], i.e., products depending on an

event like bankruptcy, default or changes in the credit rating of a company or government.

The buyer of the protection against such an event transfers his credit risk to the seller,

and pays a periodic fee in return, maximally until the maturity of the contract. Although

in this setting, credit derivatives are instruments of risk reduction, since it is not necessary

to own, e.g., a bond of the companies of interest, they open ground for speculation, too.2

The derivatives are often highly customized, therefore they are not listed on the stock

market they are rather traded over-the-counter.

The simplest credit derivative is the Credit Default Swap (CDS), which is a swap

transferring the risk of holding a fixed income product of a single company, such as a

bond. In case the company defaults on paying the bond coupons, the buyer of the CDS

is entitled to the face value of the bond. The swap contract is established between the

protection buyer and the seller. It is a single-name derivative product because its cash-

flow is determined by a single credit instrument. The default refers to a “credit event”

which is not equivalent to bankruptcy. It includes failure to pay and restructuring of the

payment as well. If the underlying asset or credit instrument experiences a default the

protection buyer obtains a payoff. The price (the periodic payment to the seller) of a

CDS is quoted in basis points3 (bp), i.e., 10−4 of the nominal value of the contract, and is

referred to as CDS spread. The higher the spread, the riskier the market deems investing

in the company in question.

If the default occurs in the so-called physical settlement, the protection buyer is obliged

by the contract to deliver the underlying asset for the payoff. If the buyer is not in

possession of the underlying asset, he has to purchase one and deliver it.4 As a consequence,

the protection seller’s expenses can only reach to his payoff minus the income from the

liquidation of the underlying asset. The liquidation value is the recovery of the asset.
2You find further details in the famous article “The Formula that killed Wall Street” [8].
3The symbols and abbreviations of this chapter are summarized in Sec. A.1 on page 130.
4These transactions can cause movements in the price of the asset after the default time, but we will

neglect this effect.
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The cash settlement simplifies this situation because there is no bond delivery, but the

protection seller only pays off the insured value minus the recovery. These cash flows are

represented in Fig. 1.1.

The expiry of the contract is called maturity. If no default occurs until the maturity,

the security seller pockets all the spread and has no expenses. Standard maturity times

are 3, 5 or 10 years.

Opposed to CDSs, structured products depend on the status of many underlying as-

sets (e.g., the bonds of many companies) which, due to the interwoven nature of business

relationships and macroeconomic factors, have a complex correlation structure. The sub-

prime mortgage crisis of 2007–2008 has shown that the rising volume of such contracts [7]

can lead to unforeseen instabilities.

The complexity of the stochastic models used for pricing structured products are of-

Premium

Default payoff

Bond delivery

Reference
entity

Protection
buyer

Protection
seller

Premium

Def.−Wrtdwn.

Reference
entity

Protection
buyer

Protection
seller

a)

b)

Figure 1.1: The cash flows of a CDS contract. The premium is paid until
the maturity or the default (the one arriving first). (a) In the physical
settlement if the default occurs the protection is paid out to the buyer
and an asset has to be delivered to the protection seller. (b) In the cash
settlement there is no asset delivery, consequently, the protection value
is decreased by the recovery value of the underlying asset.
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ten not analytically solvable, Monte Carlo simulations are essential tools for quantitative

analysts. Much effort has been spent on improving different aspects of these MC simu-

lations, like speed and accuracy. An additional important task is calibrating the model

parameters to market-observable prices of benchmark instruments. One approach to the

latter problem is reweighting MC paths gained using a prior probability measure (weigh-

ted Monte Carlo, or WMC, Avellaneda et al. [9] and in the context of credit derivatives

Cont et al. [10]). My work also involves reweighting MC paths, but the goal is reducing

the variance of the Monte Carlo estimates of the expected cashflow, not the calibration to

market observables. The reweighting scheme is based on the Radon –Nikodym derivative,

and is also referred to as importance sampling (see Sec. 4.3 in [11]).

This work focuses on the Collateralized Debt Obligation (CDO) among the struc-

tured derivatives that are derivative products based on primary assets or other securities.

The CDOs are contingent on the default status of the constituents of a reference portfolio,

such as Markit iTraxx Europe [12] or CDX NA IG [13]. Like the CDS, the CDO is also

a credit product. The contract can basically be viewed as a combination of many CDSs,

however, the net loss on the portfolio is cut up into smaller intervals termed tranches.

The seller of a CDO tranche pays the excess loss on the portfolio above a threshold (at-

tachment point of the tranche), up to a maximum value (detachment point), and receives

in return a periodic payment from the buyer (proportional to the remaining width of the

tranche), referred to as CDO tranche premium. Standard CDO tranches for the CDX NA

IG series include the equity (0−3%), the mezzanine (3−7%, 7−15%) and the super senior

(15−100%) tranches. The attachment points of the super senior tranches of other indices

range from 15% to 35%; in our work, we used the 30 − 100% slice as a representative

super senior tranche. The total portfolio is called index tranche (0% to 100%).

The total loss is not equal to the value of assets at default for the same reason explained

for the CDSs: after the default of an underlying asset some of its value, referred to as

writedown, might be recovered through the liquidation of the underlying asset. Only the

remaining part of its value must be accounted as loss. The proportion of the writedown

to the prior value of the assets at default is called recovery ratio. As the writedown is not

exposed to risk any more the spread is collected only after the active part of the portfolio

(outstanding notional of the tranche) that remains still exposed to risk. This part is

defined by the intersection of the tranche and the interval of assets not yet hit by default,
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Figure 1.2: The payments of a hypothetical CDO of M = 10 years ma-
turity and with attachment point at a = 0.3 and detachment point at
d = 0.9. The loss (red line) and writedown (blue line, values measu-
red from the top, right axis) increase at credit events. The protection
buyer enjoys payoff after the loss cutting into the tranche [a, d] while
the premium is paid regularly to the protection seller and is based on
the outstanding notional (green arrows, ONt), i.e., proportional to the
remaining width of the tranche.

found between the loss and writedown curves of the schematic Fig. 1.2. The writedown is

conventionally drawn bottom up to ease the calculation of the regular payments.

In the case of synthetic CDOs neither party possesses the reference entities and the

protection seller only pays off the insured value minus the writedown. The synthetic CDO

can be viewed as an instrument composed of credit default swaps and other derivatives

to obtain its investment goals. As such, it is a complex derivative sometimes considered

as a bet on the performance of other products, rather than a real credit security. CDOs

are often issued by separate special purpose entities, rather than investment banks, that

pay interest to investors. As this product became popular, some issuers repackaged lower-

rated tranches into yet another iteration, known as „CDO-squared”, and sold them as

highly rated products although they were built out of high-risk assets.

In the market, these products are quoted in either basis points, i.e., the value of the

periodic payment (e.g., a spread of 100 bp means the annual premium payment fraction is
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1%, although payments are typically made semi-annually), or, assuming a fixed premium,

the value of the upfront payment (in % of the tranche notional). The upfront is collected

at the beginning and together with the spread they represent the price of transferring the

risk to the issuer of the security. For the sake of simplicity, in this work we assume zero

upfront in each case considered.

Note that the cost functions of the buyer and the seller are non-linear in terms of

the loss, thus, the dependence structure between portfolio elements plays a crucial role

in pricing a CDO tranche. “Bottom-up” approaches, including the Gaussian copula mo-

del [14] which became infamous during the recent financial crisis [8], try to estimate

this dependence structure, and price CDOs consistently with single name credit defaults

swaps (CDSs, these depend on the default status of a single company). “Top-down” mo-

dels, in contrast, deal directly with the aggregate loss on the portfolio, thereby decreasing

the number of model parameters (in bottom-up approaches, this is done by introducing

homogeneity assumptions) and giving up information about component risks (but see

the “random thinning” procedure in [15]). In this work, I consider a simple top-down

compound Poisson model in order to retain analytic tractability and demonstrate MC

possibilities.

The CDO and other credit derivatives5 are meant to decrease the risk of a portfolio if

the investor wants to, but these derivatives are very difficult to price correctly, therefore

they can destabilize the market. Our goal is to understand the essentials of valuation and

provide a powerful pricing method.

1.3 Basic concepts

1.3.1 Definition of the present value

To calculate the value of a cash flow one must be aware of discounting, i.e., the wealth

represented by some cash of a given face value changes over time. For example, 1 USD

today is not the same as 1 USD in a year from now. Therefore the spot price S(t) of an

asset at time t cannot be directly compared to the current price in t = 0. Consider a

bank saving B(t) (also known as zero coupon bond or numéraire, see Section 5.2 of [17])

which is a strictly positive price process with the risk-free interest rate r which leads to
5For further reading and examples I recommend Giesecke’s review [16].
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the differential equation

dB = r(t)B(t) dt.

To have B(t) in the future we only need B(0) today:

B(0) = D(t)B(t)

where we introduced the discount function D(t) ≡ B(0)/B(t) which describes the present

value PV of a future cash flow S(t) executed at time t:

PV = S(t) · D(t). (1.1)

For short periods, r can be considered constant and the solution can be expressed in

exponential form:

D(t) = e−rt. (1.2)

Nowadays one can also hear about negative interest rates, although banks rarely apply

it to personal bank accounts. In contrast, big investors might find it attractive to hold

government bonds with slightly negative interest rate, too. The idea behind this is that

bonds are assumed to grant somewhat greater power and market influence compared to

holding the same amount of currency.

1.3.2 Intensity-based models

Observations on credit derivatives show that defaults in a pool of products do not

occur independently. Intensity-based models [18] propose a natural way to deal with this

by decomposing the process into a common and an idiosyncratic part. This decomposition

leads us to the following economic interpretation: the common component Y (t) is respon-

sible for the correlations between the assets and is a global factor like an industry or a

country while the idiosyncratic part X(t) is some unique feature of the asset in question.

The contribution of the common part (so the correlation factors) to individual processes

can be chosen independently. If an asset has a good credit rating, such as aaa, then its

individual risk is lower and the common factor is dominant. For lower credit ratings the

idiosyncratic part is expected to take over.

For each entity in the portfolio a default indicator di(t) = 1I{τi ≤ t} is defined, where
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τi denotes the default time of the asset i. The number of defaults at t in a |P |-element

portfolio becomes ∑|P |i=1 di(t). In the single-name (CDS) version the jump process is assu-

med to be an inhomogeneous Poisson process that is characterized by its time-dependent

ρi(t) default-intensity:

P(τi ≤ t+ ∆t|τi > t) = ρi(t)o(∆t),

where the ∆t→ 0 limit is mathematically defined by the so-called little-o notation (o(·)).

This allows us to compute the conditional probability of survival until t:

P(τi ≤ t|{ρi(s)}0≤s<t) = 1− e−
∫ t

0 ρi(s)ds,

yielding

P(τi ≤ t) = 1− E
(
e−
∫ t

0 ρi(s)ds
)
.

The multi-name (CDO) version includes a class of basic affine jump diffusions Y (t)

and {Xi(t)}|P |i=1 governed by stochastic differential equations containing N + 1 Wiener

processes and N + 1 pure jump processes, which allow to define the default intensities

ρi(t) = aiY (t) +Xi(t).

Unfortunately, this model is too rich and it is hardly possible to fit the large number of

independent parameters [18], so most individual parameters are replaced by their average.

This way, only the couplings ai remain idiosyncratic, all the stochastic processes are

governed by the same average parameters.

As the CDO cash flows are fully described by the total amount of loss and writedown

we are not required to simulate the single name stochastic behavior. Hence, we turn to

the top-down formulation described in Section 4 of [19] which simplifies the intensity-

based model to a jump process assuming that the defaults arrive as the events of Poisson

processes. They use three independent Poisson processes Nj,t with different rates ρj and

constant jump sizes γ̄j (j ∈ {1, 2, 3}). In fact, the number of assets defaulted at event i is

γ̄j if the event was caused by the process j.

Adding more special rules or independent components can capture the details of a

realistic CDO contract, but make the analytic solution impossible. The real process can

still be simulated by Monte Carlo method, but the computational time becomes a cru-
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cial question. Our goal is to construct an efficient simulation tool improving numerical

methods. Therefore, we choose a generalized version of the previous model with known

analytic solution that makes benchmarking of the Monte Carlo solution possible.

1.3.3 Collateralized Debt Obligation – The basic model

Let us assume that the CDO is based on a pool of Ncomp companies, which, for the

sake of simplicity, corresponds to a total notional of N ≡ 1USD.

This model is based on a single default processDt which is a compound Poisson process

in the following sense: the default events occur according to a simple Poisson process of

intensity ρ, and during the ith event, a fraction Ji of the companies default. The jump sizes

Ji are independent and identically distributed random variables of exponential distribution

with parameter λ, i.e., P (Ji < x) = 1− e−λx for x > 0 and 0 otherwise. We also use the

notation µ = λ−1 for the expected value of the jumps. We assume that {Ji}i are also

independent from the jump times.

We consider two natural ways to define the actual loss process with values in [0, 1].

The first one is referred to as the linear specification given by

Llin
t := min (Dt, 1) . (1.3)

The negative exponential specification

Lexp
t := 1− exp {−Dt} (1.4)

is obtained by a smooth transformation from Dt. For small values of Dt, the two quantities

Lexp
t and Dt are close, which is the typical case for the relevant parameter regimes. Each

of these specifications has its own advantage. The linear one is easier to keep track of in

some numerical methods that rely on measuring the default on an equidistant grid (see

Panjer recursion in Sec. 1.4.4), while the negative exponential specification is easier to

handle analytically.

In what follows, we use the negative exponential specification (unless otherwise indi-

cated) and denote the loss Lexp
t by Lt for simplicity, and we say that, at time t, an Lt

proportion of the companies defaulted. (Note that in each specification, the portfolio loss
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is continuous. This is a natural simplification for typical index portfolios where Ncomp is

∼ 100.)

The buyer of the a CDO tranche [a, d] makes periodic payments (called premium leg)

proportional to the outstanding notional (the remaining width) on the tranche until either

the maturityM (the expiry of the contract) is reached or the loss exceeds the detachment

point. The seller of the protection pays the default leg after each default event, which is

the increment of min{Lt, d} −min{Lt, a}.

The default of a company does not mean that it becomes entirely worthless, a fraction r̃

of its original value is recovered, i.e., the portfolio loss Lt increases by a 1− r̃ proportion of

the jump which occurred at time t. In the simplest setting, the recovery r̃ is a deterministic

constant value r̃ ∈ [0, 1) (see [14, 20, 21] for example).

In this chapter, we simply assume that r̃ = 0. It is easy to see that, in terms of payoff,

a CDO on the tranche [a, d] with constant recovery r̃ > 0 is equivalent to a CDO on the

tranche [(1− r̃) a, (1− r̃) d] with zero recovery.

1.3.4 Relevant quantities

Let the interest rate r be constant in time. For a tranche [a, d], we denote by

`a,dt = min (Lt, d)−min (Lt, a) (1.5)

the loss on this tranche at time t. The phrase tranche loss is often used in the literature

for `a,dM the total loss at the maturity.

The default leg present value (defPV) of a tranche is the expected present value of

the tranche loss, more precisely, the increments of the loss are discounted according to

(1.2). In mathematical terms,

defPV = E
(∫ M

0
e−rt d`a,dt

)
(1.6)

which is meant as a Stieltjes integral. The dependence of the defPV on the tranche is

suppressed in the notation.

The premium leg present value (premPV) is the expected present value of the to-

tal amount of the periodic payment by the protection buyer. The annual payment is

spread×ONt where the spread is given in basis points (bps) and fixed in the contract.
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ONt is the outstanding notional of the tranche [a, d] at time t, i.e.

ONt = d− a− `a,dt .

Hence,

premPV = spread× E
(∫ M

0
e−rtONt dt

)
(1.7)

where the expectation on the right-hand side is denoted by premPV1bp that reads premium

leg present value for 1 bp spread.

The aim of CDO pricing is to give a good estimate of the fair value of the spread

(and upfront) for given tranches. Therefore, the equation

defPV = spread× premPV1bp (+upfront)

has to be satisfied, since the left-hand side is the expected income of the protection buyer,

whereas the right-hand side is that of the protection seller. (For the sake of simplicity,

in this work we assume zero upfront in each case considered, i.e., no fixed premium is

collected at the beginning.)

The problem is now reduced to finding the values defPV and premPV1bp.

Throughout the chapter, we will also use the notation

X(def) : =
∫ M

0
e−rt d`a,dt , (1.8)

X(prem) : =
∫ M

0
e−rtONt dt, (1.9)

which stand for the present value of the tranche loss and that of the total amount of pre-

mium leg paid by the protection buyer respectively. Note that these are random variables,

and their expectations are

E
(
X(def)

)
= defPV, (1.10)

E
(
X(prem)

)
= premPV1bp, (1.11)

compare with (1.6) and (1.7).
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We define

a : = − ln(1− a), (1.12)

d : = − ln(1− d). (1.13)

Due to (1.4), the event {Lt exceeds a} is equal to {Dt exceeds a}. The same hold with d

and d respectively. This notation serves to reduce the length of subsequent formulas.

1.4 Analytic approach

In the compound Poissonian case, one can derive explicit formulas for the relevant

quantities, i.e., the default and the premium leg present values (defPV and premPV).

The expressions contain an infinite series representation, which converges faster than

exponential, therefore, our method provides a promising approach to CDO pricing. The

basic idea of the computations is that we decompose the underlying expectation according

to the first passage of certain levels of loss. From Sec. 1.4.1 to Sec. 1.4.3 we follow faithfully

the solution provided by Bálint Vető [1] and we provide additional details for better

comprehension. In Sec. 1.4.4 we present a semi-analytic approach that is widely applied,

however, limited alternative in case no exact solution is known.

1.4.1 defPV and premPV1bp expressed with the first passage time

The loss Lt is an exponential transformation of the compound Poisson process Dt, see

(1.4), and the computations can be done in terms of Dt. Hence, we introduce

Th := min{t ≥ 0 : Dt ≥ h}

the first passage time of level h for Dt. It turns out that the quantities defPV and

premPV1bp can be expressed by the integral of the function

ϕr(h,M) := E
(
e−rTh1I(Th < M)

)
(1.14)

which is a modified Laplace transform of the first passage time, and 1I (·) denotes the

indicator function. Therefore, knowing the function ϕr is enough to determine the default
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leg present value (defPV) and the premium leg present value collected for 1 bp spread

(premPV1bp), and consequently, also the fair value of spread and upfront.

It is not difficult to show that instead of the original definition of defPV in (1.6) where

the increments of loss are added, with a new approach, an integration along the vertical

axis can be done, see also Fig. 1.2. We obtain

defPV = E
(∫ d

a
e−rmin{t≥0:Lt≥x}1I(x < LM) dx

)

= E
(∫ d

a
e−rTh1I(Th < M) e−h dh

)
=
∫ d

a
ϕr(h,M) e−h dh

(1.15)

after a change of variable under the integral sign (x→ h = − ln(1−x)), which corresponds

to considering the compound Poisson process Dt itself instead of Lt.

Similarly, definition (1.7) of the premPV1bp is replaced by

premPV1bp = E
(∫ d

a

∫ min{0≤t≤M :Lt≥x}

0
e−rs ds dx

)

= E
(∫ d

a

∫ min(Th,M)

0
e−rs ds e−h dh

)

= E
(∫ d

a

1− e−rmin(Th,M)

r
e−h dh

)
.

(1.16)

In terms of Fig. 1.2, formulas (1.7) and (1.16) give the indicated area in two different

ways. After straightforward manipulations, involving case separation for the min(TH ,M),

one obtains from (1.16) that

premPV1bp = 1
r

(
1− e−rM

)
(d− a)

+ e−rM

r

∫ d

a
ϕ0(h,M) e−h dh

− 1
r

∫ d

a
ϕr(h,M) e−h dh,

(1.17)

with the unknown function ϕr depending on the details of the model. An important

remark is that formulas (1.15) and (1.17) are valid for any distribution of the process Dt,

not only for the compound Poissonian case, we assumed only a constant interest rate and

continuous payment possibilities for both sides (it is simple to generalize the results for

deterministic interest rate functions e−rt → exp{−
∫ t

0 r (s) ds}, but we omit this possibility
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in the present work). Using the present approach, for any distribution of Dt, it is enough

to determine the function ϕr for pricing a CDO. In the next subsection, we calculate ϕr
in the compound Poissonian case.

1.4.2 Partial differential equation for the Laplace transform of

the first passage time

For the compound Poisson process Dt, a series representation of ϕr can be given as

follows. In order to avoid later confusions, we fix the value of the interest rate r, and

we suppress the subindex of ϕ. The expectation in (1.14) can be decomposed according

to the time and the size of the first jump of the process Dt since these are independent

exponential random variables with parameter ρ and λ respectively. The contribution of

possible first jumps that exceed h is

∫ M

0
ρe−(ρ+r)ye−λhdy

while any smaller jumps of size x occurring at time y lead to a recursive term

∫ M

0
ρe−(ρ+r)y

(∫ h

0
λe−λxϕ(h− x,M − y) dx

)
dy

using the memoryless property of the exponentials. After change of variables, one can

obtain the integral equation

ϕ(h,M) = ρe−(ρ+r)Me−λh ×
∫ M

0
e(ρ+r)y

(
λ
∫ h

0
eλxϕ(x, y) dx+ 1

)
dy. (1.18)

Differentiating (1.18), we can deduce the partial differential equation

∂2
hMϕ+ λ∂Mϕ+ (ρ+ r)∂hϕ+ λrϕ = 0. (1.19)

One boundary value is obviously

ϕ(h, 0) = 0. (1.20)

One has to be more careful at the other one. By definition, the function is constant 1 along
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the line h = 0, but the bivariate function ϕ(h,M) is not continuous here. Therefore, we

redefine ϕ at the boundary, or, more precisely, we can say that the definition (1.14) is valid

only if h > 0, and we extend the function continuously. Since as h ↓ 0, the probability

that the first jump exceeds h tends to 1, the boundary value is

ϕ(0,M) = lim
h↓0

ϕ(h,M) =
∫ M

0
e−ryρe−ρydy

= ρ

ρ+ r

(
1− e−(ρ+r)M

)
. (1.21)

1.4.3 Solution of the PDE

The equation (1.19) is a second order hyperbolic partial differential equation, which

contains extra terms of lower order. One way of solving it is performing Laplace transfor-

mation in both variables. Let

ϕst :=
∫ ∞

0

∫ ∞
0

e−she−tMϕ(h,M) dh dM

be the Laplace transform. We will also use the functions

ϕs(M) : =
∫ ∞

0
e−shϕ(h,M) dh,

ϕt(h) : =
∫ ∞

0
e−tMϕ(h,M) dM

for computing the Laplace transforms of ∂2
hMϕ, ∂hϕ and ∂Mϕ. They can be given by

integration by parts. In this calculation, the Laplace transforms of the boundary values

(1.20) and (1.21) also appear.

The Laplace transform of the equation (1.19) is written as

stϕst − t
ρ

t(t+ ρ+ r) + λtϕst + (ρ+ r)
(
sϕst −

ρ

t(t+ ρ+ r)

)
+ λrϕst = 0.

which already contains the boundary conditions. The unknown function ϕst can be ex-

pressed easily:

ϕst = ρ

t

1
st+ λt+ (ρ+ r)s+ λr

. (1.22)
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The elimination of variable t can be done by using the identity

∫ ∞
0

e−px
1− e−αx

α
dx = 1

p(p+ α)

with α = ((ρ+ r)s+ λr)/(s+ λ). We get

ϕs(M) = ρ

ρ+ r

1
s+ λr

ρ+r
×
(

1− exp
(
−(ρ+ r)M + λρM

s+ λ

))
. (1.23)

The second inversion is not completely obvious. The difficulty is that, in the second term

in (1.23), the variable s appears in two different places: in the denominator of the prefactor

1/(s+ λr/(ρ+ r)) and in the exponential as well.

We could use the following general identity obtained as the composition of the so-called

integral identity and the p-domain shifting

∫ ∞
0

e−px
(
eβx

∫ x

0
f(y) dy

)
dx =

∫∞
0 e−(p−β)xf(x) dx

p− β
(1.24)

with β = −λr/(ρ+r) to deal with the transformed function fs(M) = exp
(
λρM
s+λ

)
/
(
s+ λr

ρ+r

)
.

Then the problem reduces to finding the inverse Laplace transform of the function

gs(M) = exp
 λρM

s+ λρ
ρ+r


in the s variable where s occurs only once. It can be solved by considering the series

expansion of the exponential and by performing the inversion for each term individually

using the general formula

∫ ∞
0

e−px
(

xn−1

(n− 1)! e
−αx

)
dx = 1

(p+ α)n .

One may notice that for each term of the sum in the series expansion, we get functions of

the form x 7→ cxn−1e−νx with ν = −λr/(ρ+r). These are to be integrated by the left-hand

side of (1.24) in place of f . Hence, we also use the following series representation of the

lower incomplete gamma function:

∫ x

0
tn−1e−νt dt = (n− 1)!

νn

(
1− e−νx

n−1∑
k=0

(νx)k
k!

)
.
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The resulting formula is

ϕr(h,M) = ρ

ρ+ r
· e−λh−(ρ+r)M

×
∞∑
n=1

(ρ+ r)nMn

n!

n−1∑
k=0

(
λρh

ρ+ r

)k
· 1
k! .

(1.25)

It is not hard to see that the solution (1.25) indeed satisfies the equation (1.19) along

with the boundary values (1.20) and (1.21). One more important special case is if r = 0.

The (1.25) reduces to

ϕ0(h,M) =
∞∑
n=1

e−ρM
(ρM)n
n!

n−1∑
k=0

e−λh
(λh)k
k! (1.26)

which can be verified intuitively as follows. The left-hand side of (1.26) is equal to P(Th <

M) by definition. The right-hand side is the sum of the weights of those trajectories of

Dt which give rise to the event {Th < M}. Assume that Dt has n jumps in the interval

[0,M ]. The jump sizes can be generated by a Poisson point process with intensity λ along

the vertical axis. Th < M is satisfied if and only if this Poisson process has k point in

[0, h] with 0 ≤ k < n. In the general r > 0 case, the same factors as on the right-hand

side of (1.26) appear in the formula, but there is no explicit probabilistic interpretation

of (1.25).

The benefit of the computations is that, with (1.25), the value of defPV and premPV

are known explicitly using (1.15) and (1.17). The expression (1.25) is computationally

stable because of the factorial in the denominator. This new method gives an unbiased

answer also for those tranches for which one cannot guarantee enough sample paths with

the usual Monte Carlo simulation. In these parameter regimes (e.g., pricing a super senior

tranche), the results can be compared to those of the weighted Monte Carlo simulation.

1.4.4 Semi-analytic approach using Panjer-recursion

For a family of compound processes, recursive formulas [22] allow for the numeric

approximation of the time-dependent loss distribution. If applicable, it is extensively used

in pricing already because it makes the calculation of the premium and the default leg

present values (premPV and defPV) efficient. In this subsection we briefly summarize the

preconditions for using this semi-analytic method.
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Consider that until a fixed time t we have N(t) events that is a random variable. We are

interested in calculating the cumulative distribution function G(x) of the sum S = ∑N(t)
i=1 Ji

where the i.i.d. random variables Ji describe the jumps sizes associated with the events.

Ji are also independent of N(t) and characterized by the common cumulative distribution

function F . By definition:

G(x) =


∑∞
n=1 pnF

∗n(x) if x > 0

p0 if x = 0
(1.27)

where the F ∗n sign means n-time convolution of F with itself. Evaluating the convolution

is a tedious work.

If the number of events N(t) (referred to as claim number) takes nonnegative integer

values and its distribution follows

pn = (a+ b/n)pn−1

where pn ≡ P(N(t) = n) then [22] states that (1.27) can be evaluated as follows, referred

to as Panjer recursion formulas:

g(x) = p1f(x) +
∫ x

0
(a+ by/x)f(y)g(x− y)dy for f(x) continuous (1.28a)

gk =
k∑
j=1

(
a+ b · j

k

)
· fj · gk−j for fj discrete on a lattice. (1.28b)

where f and fj are respectively the cumulative density function and probability masses

associated with F .

In particular for N(t) ∼ POI(ρt) the probability density function is

g(x) = ρt e−ρt + ρt

x

∫ x

0
yf(y)g(x− y) dy for f(x) continuous (1.29a)

gi = ρt

i

i∑
j=1

jfjgi−j for fj discrete on a lattice. (1.29b)

It is easy to see that 1.29 applied to the loss process provides all information for

evaluating defPV and premPV according to (1.15) and (1.16). For the implementation

details refer to Sec. 1.5.1. The benefit of this method is in speeding up numerical evaluation

for a rather restricted class of processes.
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Unfortunately, the elegant ways reviewed in this section are not applicable to more

complex processes. Neither do they provide any hint on the convergence time of an equi-

valent the Monte Carlo method.

1.5 Monte Carlo simulation

Fortunately, the simple compound Poisson model allows not only for an exact solution,

but the reweighting is also analytically tractable within this framework. From the technical

point of view, there are two approaches to extracting the expectations of interest from the

computer-generated realizations of the model. The first, to which we refer to as “surface-

based”, estimates the time-dependent probability density function of the portfolio loss, i.e.,

a simple matrix, see Fig. 1.3. The second, to which we refer to as “path-based”, calculates

each quantity of interest for all generated paths, and afterwards calculates the statistics

of the gained datasets. In this chapter we briefly present the former then we proceed with

the latter approach since it is more suitable for our purposes, which is getting a better

estimate of the price of the more senior tranches, i.e. to reduce the number of Monte Carlo

paths necessary for obtaining a certain precision.

1.5.1 Monte Carlo with surfaces

In the surface-based method all information about the time-dependent loss is stored

in a so-called loss-surface defined above the time–loss plane. Each slice of the surface

for a given time t corresponds to the empirical probability density function of Lt. The

surface is the primary output format of analytic methods while in Monte Carlo simulations

the surface simply aggregates the individual realizations into an empirical probability

distribution. In addition, the surface helps to visualize the time-evolution of the loss.

For an illustration, we refer to Fig. 1.3, which represents the loss evolution on a 15-year

timescale. In this particular case, the writedown was chosen to be 0. One can observe

the difference between the linear specification (1.3) where the loss is chopped off and the

negative exponential specification (1.4) which is smoothly truncated and tends to “bend

down” instead of reaching L = 1.

The surface aggregates the behavior of the underlying process discarding its transition

matrices and its autocorrelation. The defPV and premPV in (1.15) and (1.16) can be still
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Figure 1.3: Loss surface of the compound Poisson process with intensity
ρ = 0.5 and exponential jump sizes of parameter λ = 10 (expected value
1/λ = 0.1) generated by 106 Monte Carlo paths. The recovery was set
to constant 0. In (a) the linear specification was used while in (b) the
exponential specification, which made the loss level 1.0 unreachable and
bowed back the loss growth. In both parts the Lt = 0 stripes are sa-
turated (in the linear accounting Lt = 1 as well), because they contain
much larger probabilities than the middle region. Along the loss axis a
100-element grid was chosen, summing over that direction gives back
the total probability mass 1 at each time t.
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evaluated using the identity

P(Th ≤ t) = P(Dt ≥ h)

and reversing the order of integration and expected-value. Using the previous formalism,

premPV =
∫ M

0
e−rtE(ONt) dt, (1.30)

defPV =
∫ M

0
e−rt dE(`a,dt ). (1.31)

For numeric representation the surface must be placed on a grid where the resolution

of the loss axis is Ngrid ∼ 100 and the time axis is aligned for quarterly payments with

Npay ∼ 20 for a 5-year-maturity product.

Implementation detail for higher performance

Methods like the Panjer-recursion (1.29) provide the loss-surface as a direct result. In

other cases the surface is merely a structure for storing data generated by realizations of

the process. In the described jump processes events are rare; therefore, some efforts can

be saved. For n realizations registering the path of the process in every bin of the surface

it hits requires O (nNpay + nMρ) machine instruction where Mρ accounts for the average

number of jumps in the realization. The big-O notation (O(·)) describes the leading order

of an expression.

Instead, it is sufficient to register the entry and exit points of each stationary part

of the process, i.e., mark the beginning and the end of the jumps only. For a jump at ti
from hi−1 to hi the value v(t, h) in the grid is increased by adding +1 at (ti, hi) to mark

the appearance and decreased by adding −1 at (ti, hi−1) to mark the disappearance. All

realizations are registered using O (nMρ) machine instruction.

After that the values are cumulated along the time axis meaning that at (t, h) the

final surface has the value ṽ(t, h) = ∑t
τ=0 v(τ, h) (where τ takes all values on the grid

between 0 and t). This takes O(NgridNpay) instructions. The sum ṽ(t, h) then counts all

realizations traversing (t, h), so it is the appropriate value for the surfaces described above.

The method is also applicable to paths with arbitrary weight p, if +p and −p are put into

the grid. The total execution time is O(NgridNpay + nM ρ) comprising the computational

need of the one-time cumulation and the book-keeping of the paths respectively.

In real applications Mρ ∼ 0.25 and Ngrid ≈ 102 is several orders of magnitude smaller



Chapter 1. Monte Carlo simulation for CDO pricing 31

 

          

     
 

            

     
 

  

  time 

loss 

 

     
 

  

                   

mass 

 

                       

mass 

 

   
          

     
 

 

 

     
    

          

     
  

 

Figure 1.4: Scheme for the nearest neighbor book-keeping.

than n ∼ 106, as a consequence NgridNpay can be neglected and the cumulation reduces

the execution time practically by a factor of Npay/(Mρ) ≈ 80.

Implementation details on discretization

While discretization along the time axis can be aligned to the terms of payment such

a natural choice does not always exist for the loss.

The discretization along the loss axis could be explained by the granularity of assets.

However, assets not always have the same weight in the portfolio and the introduction

of random writedown can lead to fractional values too. To prevent the precision loss

on a rough grid, instead of rounding off the loss or the writedown for storage purpo-

ses, one can distribute the probability mass among the two nearest-neighbor grid cells:

hNgrid − bhNgridc mass goes to bhNgridc+1
Ngrid

and 1− (hNgrid − bhNgridc) mass to bhNgridc
Ngrid

.

(See Fig. 1.4.) It is easy to verify that their weighted average gives back h. If the payments

cannot be aligned to a grid then they can be proportionalized similarly than the loss.

1.5.2 Monte Carlo with paths

In the path-based approach the default and premium present value of each realization

of the process is calculated separately. The ith realization of the process is translated to
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financial values taking into account only the cash flows:

X
(def)
i =

kmax∑
k=1

e−rtk
(
`a,dtk − `

a,d
tk−1

)
(1.32)

X
(prem)
i =

kmax∑
k=1

e−rtk ON tk , (1.33)

with 0 = t0, t1, . . . , tkmax = M representing an equally spaced time grid. The necessity of

discretization is commonly a drawback of simulations, in our case, however, it is nearer

to a real world scenario since CDO payments are typically transferred quarterly. For

efficiency reasons, the generated paths should be evaluated simultaneously for all tranches

of interest. The individual financial values X(def)
i and X(prem)

i are aggregated per tranche

and are subject to a statistical analysis.

1.5.3 Reweighted Monte Carlo

The aim of reweighting is to reduce the computational time needed for finding the ex-

pected present values of the premium and the default. Applying reweighting, the program

generates Monte Carlo paths with an altered parameter set of the same model family,

that is, a compound Poisson model with an altered intensity ρ′ and an altered expected

jump size 1
λ′
. Using parameters which describe a relatively calm economic situation, se-

nior tranches are typically not reached by MC paths, i.e., one obtains a poor estimate of

their price. The idea is to simulate paths using a parameter set describing a more severe

situation, and reweight them to preserve the original expected value while reducing the

variance.

The reweighting relies on the Radon –Nikodym derivative, the derivative of one pro-

bability measure with respect to another [11]. To get the appropriate weights, one has to

calculate it for the real with respect to the altered one.

We write the probability of realization of a path considering that the NM jumps occur

in small intervals (tj, tj + dt) j = 1, . . . , NM with the given intensity ρ and that there is

no jump outside of these intervals. We handle the jump sizes in a similar way under the

condition that the number of jumps is already given by the Poisson process (introducing
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the notations t0 = 0 and D0 = 0):

P(path) =
NM∏
i=1

(
e−ρ(ti−ti−1)ρ dt

)
· e−ρ(M−tNM

) ·
NM∏
i=1

(
e−λ(Dti−Dti−1 )λ dh

)
, (1.34)

with the first term corresponding to the pdf of the intervals between jumps, the second to

the probability that there is no event between the last jump and the maturity M and the

third to the pdf of the jump sizes. It is straightforward to generalize the latter equation

for arbitrary renewal processes, one only has to change the terms to the jump time and

size distributions of interest.

The Radon –Nikodym derivative of one probability measure with respect to another

one is the ratio of the weights of the same path given in (1.34) under the two measures,

and for a path with NM jumps is given by

R(NM , DM) = dP
dP′ (NM , DM)

=
(
ρλ

ρ′λ′

)NM

e−(ρ−ρ′)M−(λ−λ′)DM

(1.35)

where P and P′ are respectively the measures parameterized by the real and the alternative

parameters. This quantity is both calculable analytically as a random variable and nume-

rically for a specific Monte Carlo path. The Monte Carlo simulation calculates R(path)

step by step, during the generation of a path. Starting from the value 1, at each jump

in the path, the program multiplies the stored value by the contribution of that jump

(terms under the product signs in (1.34)); at the end of the path, it multiplies the value

by the contribution which describes that no more events happened until the maturity

(middle factor on the right-hand side of (1.34)). This step-by-step calculation is the most

general strategy to be implemented because further simplification of the formula would

not change the execution time remarkably, but it would prevent from applying it to more

general models.

In mathematical terms, the random variable simulated under the altered measure P′

is RX (with X standing for either premium or default leg), thus, its observable variance

is
Var′(RX) = E′(R2X2)− (E′RX)2

= E(RX2)− (EX)2,
(1.36)
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since E′ (RX) = E (X), by definition of the Radon –Nikodym derivative.

In risk evaluation however, the first order statistics is not sufficient; therefore, one has

to calculate the variance of the original random variable, too. Simply changing the first

term in (1.36)

E′(RX2)− (E′RX)2 = E(X2)− (EX)2. (1.37)

we get the estimate the variance of the real world parameterized random variables.

Being able to measure the observable variance, we use this feature to find the optimal

parameter set for the speed of convergence and then we perform importance sampling

with those parameters.

1.5.4 Reweighting: Analytic approach

In this section, we follow our related paper [1] and we analytically evaluate the variance

of the reweighted default considering the compound Poisson process Dt where the jump

times follow a Poisson process with intensity ρ and the sizes of the jumps are independent

exponentially distributed random variables with parameter λ, which are independent of

the Poisson point process as well. Then we calculate the expected loss and its variance

analytically with the assumption that there are no discount factors, i. e., r = 0.

Recall (1.8), and note that in case r = 0, we have

X(def) = (LM − a) · 1I (LM ∈ [a, d]) + (d− a) · 1I (LM > d)

=
(
1− e−DM − a

)
· 1I (DM ∈ [a, d]) + (d− a) · 1I (DM > d) .

(1.38)

Then

defPV = E
(
X(def)

)
= E′

(
RX(def)

)
, (1.39)

where the second equality holds by the definition of the measure change. The important

quantity here is the error of the Monte Carlo simulation carried out with importance

sampling, thus, our aim is to calculate the variance given in (1.36).
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The joint density of NM (number of jumps) and DM is given by

f∗(n, h)dh = P∗(NM = n,DM ∈ (h, h+ dh))

= e−ρ∗M
(ρ∗M)n
n! · hn−1e−λ∗h

(λ∗)n
(n− 1)! dh+ o(dh)

= e−λ∗h−ρ∗M
(ρ∗Mλ∗)nhn−1

n!(n− 1)! dh+ o(dh)

(1.40)

where ∗ can stand for either altered or real. This bivariate joint probability density

function is composed of the product of the probability density functions of a POI(ρ∗M)

describing n events until the maturity and a Γ(λ∗, n) describing the conditional probability

of arriving in (h, h+ dh) having n jumps. Please note that this is a defective probability

distribution, the missing mass is P∗(DM = 0) = e−ρ∗M .

Using (1.38), one can calculate

E
(
X(def)

)
= (1− a)

∫ d

a

∞∑
n=1

f(n, h) dh

−
∫ d

a
e−h

∞∑
n=1

f(n, h) dh

+ (d− a)
∫ ∞
d

∞∑
n=1

f(n, h) dh,

(1.41)

similarly, for the variance,

E
(
R
(
X(def)

)2
)

=
∫ d

a

∞∑
n=1

e−2hR(n, h)f(n, h) dh

− 2(1− a)
∫ d

a

∞∑
n=1

e−hR(n, h)f(n, h) dh

+ (1− a)2
∫ d

a

∞∑
n=1
R(n, h)f(n, h) dh

+ (d− a)2
∫ ∞
d

∞∑
n=1
R(n, h)f(n, h) dh

(1.42)

where the integrals can be expressed in terms of incomplete gamma functions, since the

dependence of the integrands on h is a product of a polynomial and an exponential

function, that is, they are of the form

∫ u

l
e−νhhn−1 dh.
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Deriving the result is not extremely difficult but rather technical, therefore we omit these

details.

Using the same idea, I derived, in addition, the expected value of the premium that

was not presented in the paper. The random variable of the premium is expressed in the

following terms:

X(prem) :=
∫ M

0

[
(d− a)1I(Lt < a) + (d− Lt)1I(Lt ∈ (a, d))

]
dt

=
∫ M

0

[
(d− a)1I

(
Dt < a

)
+ (d− 1− e−Dt)1I

(
Dt ∈ (a, d)

)]
dt

(1.43)

Then

premPV = E(X(prem)) = E′(RX(prem)) (1.44)

and
Var

(
RX(prem)

)
= E′

(
R2(X(prem))2

)
−
(
E′RX(prem)

)2
=

= E
(
R (X(prem))2

)
−
(
EX(prem)

)2
.

(1.45)

Obviously,

E(X(prem)) =(d− a)
∫ M

0

∫ a

0

∞∑
n=1

ft(n, h) dh dt

+
∫ M

0

∫ d

a
(d− 1 + e−h)

∞∑
n=1

ft(n, h) dh dt

where ft denotes the function f after the substitution M → t.

The definition of ft allows for the separation of the integrating variables h and t:

E(X(prem)) = (d− a)
 ∞∑
n=1

(
(ρλ)n

n!(n− 1)!

∫ M

0
e−ρttn dt

∫ a

0
e−λhhn−1 dh

)
+
∫ M

0
e−ρt dt

+

+
∞∑
n=1

(ρλ)n
n!(n− 1)!

∫ M

0
e−ρttn dt

(
(d− 1)

∫ d

a
eλhhn−1 dh−

∫ d

a
e−(λ+1)hhn−1 dh

)
,
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which can be reformulated

E(X(prem)) =
∞∑
n=1

 (ρλ)n
n!(n− 1)!γ

ρ(n+ 1,M)
{
γλ(n, a) +(d− 1)

(
γλ(n, d)− γλ(n, a)

)

−γλ+1(n, d) + γλ+1(n, a)
}+

+ (d− a)e
−ρM − 1
−ρ

where γν(n, x) stands for the lower incomplete gamma function in the following sense

γν(s, x) =
∫ x

0
ts−1e−νt dt.

Integration by parts gives a recursion for this function in the first variable. By solving the

recursion, one obtains the series representation used in numeric methods

γν(n, x) = (n− 1)!
νn

(
1− e−νx

n−1∑
k=0

(λx)k
k!

)

where n is an integer.

In case of (X(prem))2 the monotonic nature of Dt allows for some simplifications

(X(prem))2 = 2
∫ M

0

∫ M

t

[
(d− a)21I

(
Du < a

)
+ (d− a)

(
d− 1− e−Dt

)
1I
(
Dt < a

)
1I
(
Du ∈ (a, d)

)
+
(
d− 1− e−Du

)2
1I
(
Dt ∈ (a, d)

)]
du dt.

(1.46)

Then E
(
R (X(prem))2

)
is expanded by introducing Rt(n, h) analogously to ft(n, h) but we

omit that because the result gets more complicated without being more informative.

We remark one more interesting feature of the expectation in (1.42) which is the

appearance of phase transition. (From here, it is easy to see that the same applies to

E
(
R (X(prem))2

)
too.) In the first two terms on the right-hand side of (1.42), the integrals

are not necessarily finite (for the other term, we do not have this issue). It can be verified by

analyzing the exponential factors in h of the integrand. In the first term on the right-hand

side of (1.42), R(n, h) contributes with e−(λ−λ′)h, whereas f(n, h) gives an exponential

factor of e−λh. The product of these two is clearly e−(2λ−λ′)h. Hence, the first integral in
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(1.42) is finite if and only if

2λ− λ′ > 0 ⇐⇒ µ′ >
1
2 µ,

but it does not mean a restriction in the practical point of view, because as mentioned

earlier, one can only expect an improvement in the variance in case it is more likely to

reach a senior tranche under P′ than under P. (For the finiteness of the second integral, a

weaker condition is sufficient.)

1.5.5 Differences between the Monte Carlo and the analytic

method

We emphasize here that the difference between the analytic and the Monte Carlo

methods is not merely technical (e.g. discretization), but conceptual as well. The analytic

method gives all quantities of interest for a given input parameter set (if it corresponds to

an analytically solvable model), namely, we get immediately expected value and variance

for a given single tranche.

In contrast, the Monte Carlo simulation has to generate a given number of simula-

tions to give the financial expected values defPV and premPV1bp for a chosen tranche,

furthermore, doing statistics on these experimental financial values provides information

about their variance. At this point the Monte Carlo method shows an advantage. Having

all these realizations, we can simultaneously calculate the expected values and variances

for any chosen set of tranches, without generating new paths. Hence, for efficient me-

asurement, one has to define a set of observed tranches and query the financial values

simultaneously.

As pointed out several times, besides the design differences, the Monte Carlo method

provides a powerful tool in cases where no analytic solution can be found. Computers

can still model and capture complex processes generating realizations, even if there are

several specialties in the contract.

1.5.6 Monte Carlo results

In this section we discuss the simulation results and performance gain through a

practical real-world example. We also validate the MC algorithm by comparing the results
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to the analytic solution that we derived for the compound Poisson model. For illustration

purposes, we have chosen from the standard tranches (see Sec. 1.2) the super senior

tranche (a = 0.3, d = 1). For each Monte Carlo simulation we used 106 paths and no

recovery (r̃ = 0).

Approximating the model parameters in a calm economic situation by:

ρ = 0.05 events
year (1.47)

for the intensity of the compound Poisson process and about

1
λ

= 0.10 part of the original notional
event (1.48)

for the expected number of defaults (i.e., 10 assets are expected to default per event for

a 100-element portfolio). The standard maturity is

M = 5 years. (1.49)

The gain of the reweighting procedure is given by the well-known fact that the stan-

dard deviation of a sample average (of independent realizations of a random variable) is

σ/
√
n, where σ is the standard deviation of the random variable and n is the number of

realizations used to estimate its mean-value. So, for the same precision, whatever we gain

on σ the square of it is gained on the number n of Monte Carlo paths to be generated

Gnum := n

n′
= σ2

σ′2
. (1.50)

The real-world parameters predict relatively rare events (one event forecast for four

realizations) and small chance to touch the super senior tranche. Thus, one can expect

the largest decrease in σ for the super senior tranche when the alternative parameters

ρ′ and 1
λ′

are chosen to be larger than the real ones because this setting associates more

trials to the super senior tranche without neglecting the others.

We executed a simulation for the given ρ, 1
λ
and M = 5 to study the effect of the

jump size parameter on the standard deviation. The results for the super senior tranche

are presented in Figures 1.5 and 1.6. The X(def) and X(prem) scales are in basis points

(bp), i.e., values are multiplied by 104, according to financial convention. The top part



40 Chapter 1. Monte Carlo simulation for CDO pricing

0

100

200

0.0 0.2 0.4 0.6 0.8 1.0

6.2

6.3

6.4

6.5

6.6

6.7

6.8

D
(X

(d
ef

) )

1
λ′

[
1

event

]

E(
X

(d
ef

) )
[b

p]

MC avg. of X(def)

E(X(def))± std.dev.

Figure 1.5: The measured average and standard deviation of X(def) for
the super senior tranche as a function of 1

λ′
, with ρ′ = ρ, (λ = 10,

ρ = 0.05). The average and standard deviation of X(def) is given in basis
points. The variance remarkably decreases for 1

λ′
≈ 2.8× 1

λ
= 0.28.

of each diagram represents the empirical expected value, while in the background the

analytic one, together with the analytically calculated Monte Carlo error as confidence

interval. This error is given by the standard deviation of the X(def) for one path divided

by
√
n, where n is the number of the Monte Carlo paths used in the measurement. The

bottom part of the diagrams retraces the analytic and the empirical value of the same

standard deviation to facilitate the comparison. The expected gain in computational time

is proportional to the decrease of the variance, that is, the square of the decrease in the

standard deviation plotted here.

We observe a very good match of the analytic and numerical (path) approach, and in

addition, we discover that we can realize gains in precision for the index tranche as well

as for the tranches above the equity tranche. The figures confirm our expectation that

the variance of X(def) can be decreased. The maximal gain for the super senior tranche

is obtained for 1
λ′

= 0.28 where the variance was reduced to 14% of its original value. In

contrast, premPV1bp cannot be estimated more accurately than in the non-reweighted case.

It should not discourage us, because the most uncertainty of the CDO contracts originates

from the wrong estimation of X(def)’s properties. The properties of X(prem) can already
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Figure 1.6: The measured average and standard deviation of X(prem) for
the super senior tranche as a function of 1

λ′
, with ρ′ = ρ, (λ = 10,

ρ = 0.05). The average and standard deviation of X(prem) is given for a
1 basis point spread. The estimation of the premium leg present value
was not improved for the super senior tranche. We have no analytic
formula for premPV1bp.

be easily and accurately estimated without reweighting as shown in the figures. Even the

reweighting-increased relative error ( std. dev.
expected v.) of premPV1bp remains an order below the

relative error of defPV. The reweighting is therefore improving the most important part

of the pricing.

A similar investigation was done on the jump time parameter (i.e., the intensity of

the compound Poisson process). Using the same real-world parameters the results for the

super senior tranche are represented in Figures 1.7 and 1.8.

We observe an equally good match of the analytic and numerical (path) approach as

previously. Here, we are glad to observe that all the tranches exhibit gain in precision

with growing process intensity. The figures confirm our expectations that the variance of

X(def) can be decreased. The maximal gain for the index tranche is obtained for ρ′ = 0.22

where the variance was reduced to 32% of its original value.

Although by increasing ρ we can gain on the number of Monte Carlo paths, the gain

on computation power is not so evident. On average, each path containsMρ′ jumps which

need to be generated by the random number generator and administrated by the financial
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Figure 1.7: The measured average and standard deviation of X(def) for
the super senior tranche as a function of ρ′, with λ′ = λ, (λ = 10,
ρ = 0.05). The average and standard deviation of the X(def) is given in
basis points. The variance decreases most if ρ′ ∈ (4ρ, 5ρ) = (0.20, 0.25).

layer. An explicit chronometry was done to collect the real computational time the process

spent on the CPU (not the clock ticks during the execution because the computer could

do other things in the background). The time need for increased ρ′ is plotted in Fig. 1.9

and it is linear in ρ′. With regard to this fact the real gain in computational time is

Gtime = tcomp

t′comp
= σ2

σ′2
ρ′

ρ
, (1.51)

where ′ stands for the reweighted simulation’s results, σ denotes the standard deviation

of the measured quantity (X(def) or X(prem)) and ρ denotes the Poisson process intensity.

This effect is not present in the case of 1
λ′

because higher jumps do not provoke more

events – they only result in larger numeric values. We note here that the simulation with

n = 106 paths near the optimum region takes about 3 seconds for each point.

In possession of all this information, we expect that the optimum for speed will be in

the region where both altered the intensity and the jump size parameters are higher than

the real ones. To find the maximal gain, we have to analyze it in two dimensions, therefore

we draw a map for the gain in MC paths and the gain in time as defined respectively in

(1.50) and (1.51).
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Figure 1.8: The measured average and standard deviation of X(prem) for
the super senior tranche as a function of ρ′, with λ′ = λ, (λ = 10,
ρ = 0.05). The average and standard deviation of X(prem) is given for a
1 basis point spread. The estimation of the premium leg present value
was not improved for the super senior tranche.

If we look at Figures 1.10 and 1.11 we can conclude that the Monte Carlo reweighting

method is successful in sparing computational time. For the pricing of the super senior

tranche the total saving in computer time reaches 91% of the original time without re-

weighting, which is more than appealing. (The total saving is defined as 100% · (1− 1
G∗

)

where ∗ stands for number of paths or time.) The saving in the number of paths was

at least 66% for every tranche, worse for the equity tranche. The numerical results are

summarized in Table 1.1.

With some further considerations, one can show that these figures should be smooth,

which is satisfied except for the region of rare but large jumps. This is explained by the

relatively small number of paths (105) being simulated, an order less than for Figures

1.5 to 1.8. This small number of 105 paths is, however, justified, because the full map

with this acceptable resolution is calculated in more than an hour on a state-of-the-art

computer, the optimal sampling of this map is out of the scope of the current work. We

would like to assure the reader that the [0, 0.5] margins on the maps were intentionally

left out. We see already in the [0.5, 1] region the tendency of increasing variance and the
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Figure 1.9: The computational time as a function of the reweighting
parameter ρ′, which denotes the Poisson process intensity. The points
fit on a line of equation t = c + bρ′ where c = 1.16(7) is the average
initialization cost of the 106 MC paths and b = 5.57(1) is the time
consumed by processing the jumps.

analytical work suggests that the variance explodes in this model if the altered expected

jump size goes below the half of the original.

In addition to the above mentioned cases, we have analyzed some more extreme,

crisis-like situations where ρ ≈ 1 event
year . It needed even more computer power because of

the increase in intensity (thus jumps) in a M = 5 year CDO contract. As anticipated,

the gain in either number of paths or computational time is less spectacular, since even

the original estimation was not as poor as with the previous, “calm” parameter-set. This

simulation showed that the reweighting has its limits, even in the number of paths less

than 75% saving was achieved for the super senior tranche and at most 25% or nothing

for the others, in contrast to the minimum of 66% saving in the previous case.

1.6 Monte Carlo automation

The simulation of 106 paths for a given parameter set takes about 2 to 3 seconds on a

state-of-the-art computer. Generating the complete map of the gain over the parameter

regime of interest took several hours, even using only 105 paths in each point. Obviously,
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Tranche Original values Gnum optimum Gtime optimum
in bprel. to index tr. place gain place gain

a d E(X(def)) σ(X(def)) ρ′ 1/λ′ value ρ′ 1/λ′ value
[1] [1] [bp] [bp]

[
event
year

] [
1

event

]
[1]

[
event
year

] [
1

event

]
[1]

0.00 0.03 58.6 115 0.20 0.11 3.0 0.085 0.11 1.1
0.03 0.07 57.1 134 0.22 0.13 3.1 0.075 0.13 1.1
0.07 0.10 30.8 88 0.23 0.16 3.5 0.07 0.16 1.2
0.10 0.15 35.1 121 0.23 0.18 4.3 0.09 0.17 1.5
0.15 0.30 39.1 202 0.25 0.27 9.3 0.11 0.25 2.7
0.30 1.00 6.8 92 0.28 0.38 53.2 0.16 0.34 12.4
0.00 1.00 227.7 606 0.23 0.18 6.0 0.11 0.17 1.8

Table 1.1: The optimum of the gains Gtime and Gnum for defPV mea-
surement. The reweighting parameters: ρ′ denotes the Poisson process
intensity, 1

λ′
the expected jump size. The lowest gain appears for the

equity tranche (a = 0, d = 0.03), the highest for the super senior tran-
che (a = 0.3, d = 1). The real process uses the real world parameters
described in (1.47) to (1.49) as ρ = 0.05 event

year ,
1
λ

= 0.1original notional
event ,

M = 5 years. The index tranche shows a comportment between the
equity and the super senior tranches’ comportment.
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Figure 1.10: The magnitude of the gain − log2Gnum for the super senior
tranche in the defPV measurement, given in number of Monte Carlo
paths as a function of the reweighting parameters: ρ′ denotes the altered
Poisson process intensity, 1

λ′
the altered expected jump size. The real

process uses the real world parameters described in (1.47) to (1.49).
The variance decreases for the super senior tranche by increasing the
intensity and the jump size to 2-6 times of their original value.
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Figure 1.11: The magnitude of the gain − log2Gtime for the super senior
tranche in the defPV measurement, given in computational time as a
function of the reweighting parameters: ρ′ denotes the altered Poisson
process intensity, 1

λ′
the altered expected jump size. The real process uses

the real world parameters described in (1.47) to (1.49). The variance
decreases for the super senior tranche by increasing the intensity and the
jump size to 2-4 times of their original value, but this is less significant
than in Figure 1.10.

that much data allows a very accurate estimation, but wastes a vast amount of time.

In a real-world setup the need emerges for automating the search and sampling at the

optimum point. The observed variance of the reweighted process at a given point can be

quite reliably estimated using m = 104 paths.

We use optimization algorithms to find the optimal sampling point. Each one of them

takes m samples at a point then moves the sampling point and repeats that for (c =

500 cycles) according to specific algorithms. Of course, at the end, data collected in all

the cycles are aggregated to provide the final estimate of the financial values.

The objective function to be minimized is defined through the following intermediate

quantities for each tranche j ∈ {1, 2, . . . , k}:

1. the observed variance of X(def) of the tranches

V̂j := D̂2(X(def)
j ) (1.52a)
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2. relative error: the standard deviation of X(def) compared to the expected value of

X(def) for each tranche

V̂j :=
D̂(X(def)

j )
Ê(X(def)

j )
(1.52b)

where Ê and D̂2 denotes the measured mean and the empirical variance of the m realiza-

tions of the process in cycle i.

The quality function q can be defined in two ways:

a) the reciprocal of the sum of one set of the above quantities for all tranches, weighted

with the user-defined constants {αj}kj=1: the optimum point is the one where the

improvement is highest in general for the selected tranches;

b) the reciprocal of the maximum of one set of the above quantities, weighted with

the user-defined constants {αj}kj=1: the maximum function helps to select the worst

tranche and improve on it, so balancing the tranches.

In mathematical terms, the weighting is expressed by the scalar product q = ∑
j αj/V̂j.

Though, the worst tranche is most frequently improved, its improvements might fall

behind the improvement of the others regardless of the sampling point. Therefore here we

use method a). The objective function f is the inverse of the quality function: q = −f .

Reference point

The reference is very simple: sampling in a given point provided by the user. This

point can be the real world parameterization or any point with arbitrarily altered process

parameters performing reweighting.

Random sampling with simple adaptation

We implemented a simple adaptive random sampling in the parameter space to provide

a null-model.

For this purpose we use a multivariate normal distribution where each component

corresponds to a model parameter. The mean of the component is initialized to the user-

provided alternative parameter value while the covariance matrix is diagonal. The co-
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variance terms are chosen in such a way that the marginal standard deviation in each

component matches the distance of the real world and the user provided alternative pa-

rameter. Negative model parameters coming from the selected Gaussian distribution are

discarded.

We introduce a simple dynamics to move the distribution towards the optimum. Each

sampling point, represented as an R2 vector, is weighted with its quality function value

to set a new mean for the distribution. Old values decay with an adjusted half-time. (Our

choice is to render old weights to 95% in each cycle, which leads to a ln 0.5/ ln 0.95 = 13.5

cycle half time.) The original std. dev. is kept for conserving the mobility of the mean

sampling point coordinates.

Simplex method

We use the simplex algorithm (gsl_multimin_fminimizer_nmsimplex) present in the

GSL6 package. This algorithm makes variable-size steps evaluating the objective function

and then revises the step direction and size. It is more sophisticated than Newton’s method

because it keeps trace of several points at the time, and works more reliably also on noisy

function surfaces like ours. The initial step size is 1
5 of the order of real-world parameters.

As the size of the simplex decreases moving towards the smallest empirical variances,

the algorithm may get stuck into a virtual minimum place which is only present due to

finite sample effects. As a countermeasure we reinitialize the size of the simplex to its

original value keeping its center on the last best point in every 30 steps. We observe a

fast convergence and small corrections after restoring the simplex size (see Fig. 1.14).

Simulated annealing

The so-called simulated annealing [23] method is ideal for noisy surfaces. This method

uses the estimate only in a single point instead of storing a simplex.

We have found several criteria for the convergence which are relatively hard to fulfill

automatically.

• The starting temperature has to be higher than both the energy fluctuations in the

starting point and the optimum point. This is highly empirical and depends on the
6GSL stands for GNU Scientific Library.
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actual parameters, but it can be determined automatically, sacrificing a part of the

sampling quota (some percentage of the c cycles).

• The sampling point shall not move too fast because it can get to regions with high

fluctuations or to forbidden parameter regions. The latter can be coped with by

putting an infinite potential to the “forbidden region”.

• We have to cool the system down sufficiently, and not too rapidly, respecting the

fixed contract on the total number of sampling points.

The well-calibrated search converges to the optimum in most cases, but fine-tuning

often necessitates manual intervention, so we would call this one a semi-automated search.

Cross-checking of the automated methods

We can check the validity of the methods applying them to one tranche at a time and

verifying the convergence of the sampling point to the optimum of the tranche found on

the maps.

We test the search first for individual tranches using c = 500 cycles each composed

of m = 104 MC path samples. The results for 10 execution per method are represen-

ted in Figures 1.12 to 1.13 for the index, equity and super senior tranches. The results

show that both the simplex method and the simulated annealing find the optimum. The

accuracy of the convergence is quantified by the mean and the empirical variance of the

distance between the final sampling point and the optimum. The results are summarized

in Table 1.2.

To distinguish among methods with similar accuracy, we publish the net CPU time.

Please note that it does not only depend on the computational costs of the search method

but on the choice of sampling point too as discussed in the previous section. Both of the

more sophisticated methods have approximately the same execution time, which is higher

than the null-model because the optimal jump frequency is increased in our example.

We compare the evolution of the objective function f in the time for the different

search methods, for this purpose we select the version that uses the relative error. We

plot the contribution of each sampling point to get see how fast the different methods

converge to the optimum point (see Fig. 1.14). The simplex method performs best, the

simulated annealing is not far from them. The random method converges poorly. The
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Accuracy and time need

Method Accuracy Computational
mean distance std. dev. time
from optimum of the distance [s]

equity tranche
None 0.145 0.000 10.4± 0.2
Random 0.052 0.026 15.5± 1.1
Simplex 0.020 0.012 21.4± 0.7
Sim. Ann. 0.007 0.003 19.0± 0.5

super senior tranche
None 0.351 0.000 10.0± 0.1
Random 0.246 0.017 15.3± 1.5
Simplex 0.030 0.012 25.7± 1.1
Sim. Ann. 0.034 0.012 22.9± 1.1

index tranche
None 0.188 0.000 10.2± 0.1
Random 0.078 0.022 15.7± 1.0
Simplex 0.010 0.004 21.9± 0.6
Sim. Ann. 0.013 0.007 20.1± 0.5

Table 1.2: The accuracy of the convergence of the search methods quan-
tified by the distance from the optimum point shown in Figures 1.12
to 1.13. Another important quantity is the net computer time, it de-
pends on the computational costs of the search method and also on the
sampling point as shown in Fig. 1.9.

convergence speed is quantified by fitting an exponential function to the beginning of f in

the time–f system and reading the half-time. The results are summarized in Table 1.3.

Finally we compare the standard deviation and the relative error of the reweighted

process in the different search methods to the theoretical minimum (see Fig. 1.15). The

objective function was defined with the relative error. The simplex method performs

best in the optimization and the simulated annealing is close to it. The random method

converges poorly.

From all these results, we conclude that among the examined algorithms the simplex

method is the best choice for this optimization problem and the simulated annealing

follows it head to head.



Chapter 1. Monte Carlo simulation for CDO pricing 51

0.08

0.12

0.16

0.20

0.05 0.10 0.15 0.20 0.25

1 λ
′

[ 1
ev

en
t]

ρ′
[

events
year

]

None
Random

Sim. Ann.
Simplex

Figure 1.12: The optimum sampling points for the index tranche found
by the different methods. The optimum found previously is represented
by a circle (see Table 1.1).

1.7 Conclusions

In this chapter, we have shown the capabilities of importance sampling in estimating

the fair price of CDO tranches. The simple model we covered, enabled us to check our

results both analytically and by computer simulation. We showed that this approach is

promising in pricing rare events, nevertheless, it has to be treated with care, since even

in this basic model, singular behavior emerged.

Future directions include testing the method for more elaborate models (such as [19]

or [24]) and further automatizing the optimization procedure, more specifically, gain a

parameter set that simultaneously improves all standard tranches.
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Figure 1.13: The optimum sampling points for (a) the equity and (b) the
super senior tranches found by the different methods. The optima found
previously are represented by a circle (see Table 1.1).
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Figure 1.14: The evolution of the objective function f defined with rela-
tive error, using the last sampling point. The faster f decays the better
the search algorithm performs. We plot 5 realizations for each of the
methods presented in Sec. 1.6.

Convergence speed

Method Speed
global f

half-time [cycles]
None N/A
Random 47.3± 35.2
Simplex 7.2± 0.1
Sim. Ann. 22.6± 6.6

Table 1.3: The convergence speed is characterized by the decay of the
objective function value. The half-times are obtained by exponential
fitting to the beginning of the smooth normalized plot in Fig. 1.14. The
first two methods cannot converge, no half-time is given.
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Figure 1.15: (a) The standard deviation and (b) the relative error using
all sampling data in multi-tranche optimization, taking the sum of the
relative errors in the objective function. The theoretical minima (crosses
connected by the purple line) are only reachable if the optimization is
carried out for the selected tranche.



Chapter 2

The Cascading Failure model

2.1 Motivation

In the previous chapter we studied the breakdown phenomena from a top-down appro-

ach, i.e., provided a phenomenological description of a financial product and we analyzed

related quantities. However, to reveal the mechanism of breakdowns one has to include

the individual actors in the model. In many systems of interest the individual pieces or

components are linked together in some way. Examples include the Internet, a set of com-

puters linked by data connections, and the financial sector which is a set of organizations

linked by ownership and cooperation [25].

Various aspects of these systems are studied, for example the nature of the individual

pieces (how a computer works, or how a bank trades or acts) the nature of the connections

or interactions (the communication protocols used on the Internet or the dynamics of

partnerships). Network science, however, started from understanding that the behavior

of the system essentially depends on the pattern of the connections. The way in which

the pieces interact with each other can neither be reduced to their proximity (as in most

traditional physical systems) nor is it completely random (as assumed in classical graph

theory) [26].

The topology of connections covers a broad spectrum of non-trivial structures in a vast

range of real-world networks: scale-free networks show a heavy-tailed degree distribution,

small-world networks capture the idea of “six degrees of separation”, some networks have

modular structure or individual components that play a central role. These models were

extended in many aspects, e.g., to enable connections to exhibit heterogeneous features
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such as direction, different strengths, or to be active only at certain times.

Although in many aspects, this description has been extremely successful it still does

not capture an important feature: that, in reality, networks rarely occur in isolation but

rather one encounters a network of networks [27, 28]. In sociology, people interact diffe-

rently and with different subset of their acquaintances at work, at school, at family events

and when going out with friends. In transportation, typically the same area is covered by

highway, bus, train and airplane networks, all behaving differently. Furthermore, the in-

terplay between networks is quite intricate, e.g., specific nodes in one network are related

to specific nodes in another network [26, 27]. This leads to the concept of interconnected

networks in which links exist between nodes within a single network as well as across

networks. [26]

With adding interaction between the networks, new, emergent phenomena appear

that are not present in isolated single networks. A system of particular interest, referred

to as interdependent networks, is a set of networks that are suppliers to each other.

Such networks are more fragile under random attacks than simplex networks, because

interlayer dependencies lead to a “catastrophic cascades of failures” [29] and finally to a

sudden collapse. Moreover, this is a hybrid phase transition (HPT), meaning that at the

transition point the order parameter has a jump but there are also critical phenomena

related to it.

In this chapter I describe the cascading failure model for interdependent networks [29]

and I introduce two sets of exponents to describe the critical phenomena related to the

order parameter and cascades respectively. I prove two relationships between the critical

exponents that describe scaling in the model [30].

The model is numerically analyzed for two different systems [30]: the Erdős–Rényi

network studied by B. Kahng et al. and the 2D square lattice studied by myself. The

relationship between the scaling exponents is confirmed by simulations. The simulation of

the cascading failure model is a numerically demanding task; therefore, I present different

algorithms and compare their efficiency.
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2.2 Interdependent networks

Network science studies complex networks such as computer networks, telecommuni-

cation networks, infrastructure networks, biological networks, social networks, etc. This

field of science was started by recognizing that real world networks have features that are

not present in random graphs studied previously [25]. Therefore, models were developed

that display the small-world property, have a heavy-tailed degree distribution, contain

hubs that play central roles, or have modular structures. The networks were originally

represented as ordinary graphs but network science developed a terminology that is dif-

ferent from that of graph theory. The individual actors or parts are called nodes instead

of vertices. Connections are referred to as links instead of edges [25].

Although the above models were very fruitful in some aspects, there has been interest

to describe several networks that do not appear in isolation leading to the concept of

network of networks [27, 28]. Sociologists recognized first that in the study of social

systems it is essential to construct multiple networks using different types of connections

between the same individuals. Such networks of networks in which the identity of the

nodes is the same across different networks but the links are different are called multiplex

networks [27].

However, not all the nodes are required to participate in all types of connections, often

different types of nodes can be distinguished. This leads to the concept of interacting

networks [26, 29, 31, 32, 33] in which links exist between nodes within a single network

as well as across networks.

Hence, this work will focus on a special case of interacting networks, i.e., the in-

terdependent networks introduced by Buldyrev et al., which are known to suffer from

“catastrophic cascades of failures” analogous to the notion of “systemic risk” and are of

our interest for studying breakdowns.1 Interdependent networks are characterized by the

presence of two substantially different kinds of links: connectivity links and dependency

links. The connectivity links are essentially the same as the links in single network theory

and they connect nodes within the same network. They typically implement the access

to some resource (electricity, information, fuel, etc.) that is transferred from one node to

another. For the healthy functioning of the network most of its nodes must be connected
1For further network models and their comparison see [27] where Kivelä et al. have reviewed and

unified the terminology of “networks of networks” and proposed a tensor representation in which the
layers of multilayer complex systems capture different aspects of the system.



58 Chapter 2. The Cascading Failure model

to a single component2 where the majority of nodes are accessible via some path composed

of links. If some links malfunction then nodes might get separated from that component.

The nodes that cannot access the preponderant connected component fail to fulfill their

role, i.e., they cease to function.

In contrast, dependency links represent some resource or support that is required for

the node to function. In general this support comes from another node that is situated

in another network responsible for providing that kind of resource or service. If the sup-

porting node fails, all the nodes depending on it fail, too. If one network depends on

and supports another network, we refer to that pair of networks as interdependent. The

networks constituting the system are termed layers in this context. Interdependence is a

common property of critical infrastructure [34]. Whatever causes a node to stop operating

in one layer it will block nodes in other layers, too.

The first formulation of the interdependent network model contained two networks

and dependency links established a one-to-one mapping between their nodes. Shortly, the

ideas familiar from multiplex networks have been explored in interdependent networks,

too. The topology of the networks may play an important role in analytic tractability

as generator function approaches are applicable to locally tree-like networks, e.g., Erdős–

Rényi graphs [32, 34, 35]. In contrast, treating lattices is nontrivial and one usually resorts

to numerical simulations. By choosing the appropriate topology of dependency links one

can create tree-like, star-like or loop-like network of networks [36].

In some cases the topology of the dependency links is aligned to the local topology of

connectivity links, e.g., both the connectivity links and the dependency links are embedded

in the same geographical network together with the nodes. This was first translated to a

lattice problem with nearest-neighbor connectivity links and limited-length dependency

links [37]. It is still an open area of research with some partial results that we mention in

Chapter 3.

It turned out that the one-to-one mapping between the nodes of the networks can be

relaxed too: either by establishing only a fraction of the dependency relations [32, 38] or

by looking at those links as support links that require at least one functional supporting

node [39]. In both cases, tuning the probability for establishing the dependency links

allowed for changing the order of the phase transition at the breakdown.
2In mathematical terms, a connected component in an undirected network is a maximal set of nodes

that are all connected to each other via some path.
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In this chapter we will limit the description to quantities that are defined through the

percolation theory of a pair of interdependent square lattices. Other aspects of studying

the robustness of interdependent networks are the design of targeted attacks and the

defense against them. For a broad review of the various implications of interdependent

networks, please refer to [26] or [27].

2.2.1 Introduction to the vocabulary of percolation theory

Percolation theory describes the behavior of connected components and the emergence

(or destruction) of a giant connected component (GCC) as a function of the number of

occupied nodes or edges3. It is straightforward to generalize these concepts, in order to

study them in multilayer networks.

In single networks after the removal of a random fraction 1 − p of the nodes (or,

alternatively, a fraction of the links) the largest connected component occupies P∞ fraction

of the original network. In the field of percolation theory, P∞ is referred to as order

parameter while one uses the control parameter to adjust the system. In site-percolation

the control parameter is the fraction of occupied sites p while in bond-percolation it is

the mean degree z, i.e., the mean number of open bonds a node has.

A lattice system is regarded percolating if it has a path through occupied sites (open

bonds) from an occupied site on the side of the system to an occupied site that is located

at the opposite side. For each realization of the system one can define a critical point

psinglec (or analogously zsinglec ) in the following sense. We assign every site (bond) a random

number, uniformly distributed between 0 and 1, and assume that a site is occupied (bond

is open) if the corresponding random number is less than the previously fixed number p.

The smallest p for which the system percolates is the critical point of the system.

In the infinite system limit, also referred to as thermodynamic limit, one can use

the following alternative definition of the critical point which is compatible with any

network topology (not just lattices). For p < psinglec the network consists of many small

connected components (clusters) but does not have a macroscopic connected component,

i.e., P∞(p) = 0. In contrast, for psinglec < p < 1 a GCC emerges and with increasing p more

and more nodes get connected to it, i.e., 0 < P∞(p) < p. In two dimensions, analytically

solvable models for site and bond percolation suggest that P∞(p) is continuous at psinglec

3The symbols and abbreviations of this chapter are summarized in Sec. A.2 on page 131.
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A

B

Figure 2.1: The simplified view of an avalanche of failures created by
removing the red node (circle) and its dependent counterpart from the
interdependent network layers. The removal separates the nodes of a
smaller component from the largest connected component in layer A.
The separated nodes fail and cause damage to layer B. This in turn
separates nodes from the largest connected component in layer B re-
sulting in further damage that propagates back to layer A. This pro-
cess continues until a giant mutually connected component remains or
the network gets entirely destroyed. (Note: if the remaining mutually
connected component (MCC) is not “giant” then all MCC have to be
determined and the largest among them is the viable component. For
details see Sec. 2.2.2.)

and only its derivative exhibits a jump. Therefore percolation is classified as a second-

order phase transition. For a detailed introduction to percolation theory, you can refer

to [40]. In the following, the control parameter of this type of random removal will be

denoted by q.

2.2.2 Percolation in the cascading failure model

Now consider a pair of interdependent networks A and B. Let the dependency links

follow a one-to-one mapping from the nodes in layer A to those in layer B. Connectivity

links are the usual links within the layers. In the percolation process, a fraction of the

connectivity links is removed from one of the layers and the consequences are studied.

While the percolation on a single network is a one-step process, one recognizes rapidly,

that the removal of a random fraction of nodes from a pair of interdependent networks
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may initiate a cascade of failures in the following sense. If a random fraction 1 − q of

the nodes in A are removed then all nodes in A that were connected to the GCC only

through the removed nodes fail too and only a GCC of size P∞(q) is left. This will lead

to further failures in layer B. Not only will the nodes depending directly on the failed

nodes in A fail but layer B is also updated by removing nodes that got separated from the

GCC in B resulting in a smaller set of remaining nodes. These additional failures in B,

as a consequence of dependency links, may lead again to further failures in A and so on.

See explanatory Fig. 2.1. This process continues back and forth, always eliminating the

possibly separated finite clusters until a giant mutually connected component (GMCC)

remains or the giant component gets entirely destroyed as a result of the cascades [41].

In the original cascading failure model [29, 41, 42] the process is controlled by the

fraction of nodes 1 − q removed in the first step. Alternatively, for Erdős–Rényi (ER)

graphs it is natural to define the mean degree z as the control parameter and it is easy

to see that the two definitions are equivalent. Consider an ER graph with N nodes and

random links with probability a0 between each pair of nodes. This model has a mean

degree z0 ≡ 〈k0〉 = a0N [25]. The random removal of 1− q fraction of the nodes (together

with their links) does not change the link probability a0 between the remaining Nq nodes.

Hence, the new mean degree is z ≡ 〈k〉 = qa0N ≡ aN , i.e., there is a simple relation

between the control parameters q = a/a0 = z/z0. This equivalent model in terms of the

mean degree is introduced by [43]. The advantage of link removal is that it controls the

mean degree on the same set of nodes while node removal controls the mean degree on a

shrinking set of nodes.

The size of the GMCC is the order parameter and is denoted by m(q). Similarly to

the single networks, it was found that that there is a critical qc > psinglec above which

0 < m(q) < q and below that m(q) = 0. This also indicates that the individual layers of

the interdependent system percolate in the single-network sense. More interestingly, the

transition is not continuous at qc but there is a sudden breakdown in m(q) at qc [29]:

lim
q↓qc

m(q) = m0 > 0.

Therefore this model shows a first-order phase transition, opposed to the case of single

networks. More precisely, it is a hybrid phase transition (HPT) meaning that the system

exhibits scaling behavior in the q > qc domain near to the critical point that is usually a



62 Chapter 2. The Cascading Failure model

0

0.2

0.4

0.6

0.8

1

0.5 0.6 0.7 0.8 0.9 1

0

0.2

0.4

0.6

0.8

1

0.5 0.6 0.7 0.8 0.9 1xc

P
∞

(p
),
m

(p
)

p

P∞(p)
m(p) theory
m(p) simulation

√ pP
∞

(x
)

x

y = x
p < pc
p = pc
p > pc

Figure 2.2: Figure after [37] replotted with own data. The giant compo-
nent size as a function of the remaining fraction q. In the case of single
layer percolation on 2D lattice P∞(q) is obtained on a 104 × 105 lattice
with open boundary conditions using 40 realizations with the Hoshen-
Kopelman algorithm [44]. The cascading failure model is simulated on
a N = 20482 lattice and points represent the average of 384 realizati-
ons. (inset) Graphical solution of equation (2.6). The critical point qc
corresponds to the limit case when the solid curve is tangential to the
straight line. Numerical solutions yield xc = 0.642, P∞ = 0.603, and
qc = 0.6827.

characteristic of second-order phase transitions.

The relationship m(q) was solved by Buldyrev et al. in a mean-field setting for random

interdependency links. It turned out that the critical behavior of m(q) can be described

by the scaling exponent βm, defined later in (2.7). Here, we replicate that proof provided

in the Supplementary Information of [29] because later, based on this, we are going to

derive the exact value of the scaling exponent β. For the demonstration, consider a pair

of interdependent networks A and B with N nodes each. For an easier notation, we use

the nodes of A to refer to their dependent counterparts in B and vice versa. Instead of

using the generator functions introduced in the original demonstration, we will use only

the single-layer percolation order parameters PA
∞(q) and PB

∞(q) in each layer respectively.

We recall that they describe the fraction of the nodes belonging to the largest connected
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component in the single network setting, after a random removal of 1− q fraction of the

nodes.

In the initial attack 1−q fraction of the nodes are removed from one layer together with

their dependent counterparts from the other layer. Accordingly, in layer A only the subset

A0 is kept which consists of N0 = qN nodes and is fragmented to multiple components.

In the first stage of the failures only the nodes belonging to the GCC A1 of A0 remain

functional constituting a PA
∞(q)/q fraction of A0. Thus, the number of nodes in A1 is

N1 ≡ µ1N = N0P
A
∞(q)/q = NPA

∞(q). (2.1)

In this stage, the same number of nodes in network B remain functional since each node

in B depends on exactly one node of network A. In addition, these nodes are distributed

at random in B because connectivity links of nodes in B are independent of connections

in A. Therefore the size of giant component B2 ⊂ A1 in network B is easily calculated:

N2 ≡ µ2N = N1P
B
∞(µ1)/µ1 = NPB

∞(µ1). (2.2)

During the third stage A1 is further fragmented by removing the additional N1−N2 =

[1−PB
∞(µ1)/µ1]N1 nodes that do not belong to the giant component B2. These nodes are,

again, random within A1. An equivalent damage results if the same fraction of nodes are

removed from A0 because overlapping nodes in A1 \ A0 are removed either way, without

influencing the amount of new damage. In terms of the original network, the initially

attacked (1−q)N nodes plus the additional random [1−PB
∞(µ1)/µ1]N0 nodes are removed

which is [1 − qPB
∞(µ1)/µ1]N nodes in total. Thus, the third-stage failure on network A

is equivalent to the failure due to a random attack in which µ′2 = qPB
∞(µ1)/µ1 fraction

of the original nodes is kept. Consequently, the number of nodes in the giant component

A3 ⊂ B2 is

N3 ≡ µ3N = NPB
∞(µ′2). (2.3)

The sequence of giant components in the stages of the cascade of failures is

A0 = B0 ⊃ A1 ⊃ B2 ⊃ A3 ⊃ . . . A2m−1 ⊃ B2m ⊃ A2m+1. (2.4)

Hence, similarly to (2.3), we can derive recursive formulas for the number of nodes com-
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prised in these sets:

µ0 = µ′0 = q,

µ1 = µ′1 = PA
∞(µ′0),

...

µ2m = PB
∞(µ′2m−1), (2.5)

µ′2m = qPB
∞(µ′2m−1)/µ′2m−1,

µ2m+1 = PA
∞(µ′2m),

µ′2m+1 = qPA
∞(µ′2m)/µ′2m.

Although this recursion is straightforwardly generalized for any number of layers, from

now on, we assume that PA
∞ and PB

∞ are identical and state that the recursion has a fixed

point [37]:

x2 = qP∞(x). (2.6)

Using the shape of P∞(x) the solution can be obtained graphically, see Fig. 2.2. As an

illustration consider the case of two-dimensional square-lattices. For small q only the

trivial solution x = 0 exists. There is qc = 0.683 and xc = 0.641 where the nontrivial

solution appears and P∞(xc) = 0.602 [37].

Later it was discovered that the mechanism behind generating the stages of the cascade

at criticality can be viewed as a branching process [45]. At the fixed point qc the order

parameter has a sudden jump to zero, while the dynamical process describing the stages of

cascading failures is governed by a long plateau stage. In this plateau stage, as a function

of time a second-order transition occurs (number of stages), which is characterized by a

critical random branching process, i.e., the average branching factor is one [45].

While the original formulation of the model in Ref. [29] definitely speaks about finding

the largest among several mutually connected components (MCC), the equation (2.4)

appearing in its Supplementary Information suggests keeping only the largest MCC in

each step. This latter idea was promoted by the subsequent paper of the same group [37],

however, it is not known a priori that the resulting largest MCC will be contained therein.

The idea was carried on by other groups, (e.g., [46]), without providing any proofs on the

correctness. Therefore, the algorithm received substantial critics from Grassberger [47].
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He claimed that it was wrong to assume that the starting largest MCC is never overtaken

by a smaller one.

To resolve this, when discussing his simple but computationally intensive algorithm

for finding all viable clusters in Sec. 2.6.1 we provide sufficient conditions under which the

largest MCC is not overtaken. These conditions involve that the largest MCC occupies

most of the network (it is “giant”) and are valid in the original model. Indeed, these

conditions are not always satisfied, see for example the case of limited-length dependency

links in Sec. 3.7.

Grassberger argued also that smaller MCCs can be viable too if they are self-sustaining

on both resources [47]. This is a turning back to the original formulation of Ref. [29].

We think, however, that it is not entirely indispensable, e.g., a local telecommunication

network in the 21st century is barely viable if one cannot access the Internet. In addition,

we will see that this question is not raised in the original model since the largest MCC

dominates and smaller ones contain a few nodes only.

2.3 Hybrid phase transition

Hybrid phase transitions (HPTs) in complex networks have attracted substantial atten-

tion. In these transitions, the order parameter m(q) exhibits behaviors of both first-order

and second-order transitions simultaneously as

m(q) =

 0 for q < qc,

m0 + u(q − qc)βm for q ≥ qc,
(2.7)

where m0 and u are constants, βm is the critical exponent of the order parameter, and qc
is the control parameter. Examples include the k-core percolation [48, 49, 50], generalized

epidemic spreading [51, 52, 53], and synchronization [54, 55, 56].

Percolation in the cascading failure (CF) model [27, 29, 33, 41, 42, 45, 57, 58] on

interdependent multilayer random, Erdős–Rényi (ER) networks is another example.
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2.4 Avalanches in the CF model

In the CF model one has to distinguish between clusters and avalanches. Clusters

are MCCs; the largest MCC of size O(N) is called giant mutually connected component

(GMCC). Avalanches consist of MCCs separated from the giant component as a conse-

quence of a triggering removed node and the subsequent cascade [41]. The avalanche sizes

depend on the control parameter, the triggering nodes and on the network configurati-

ons.4 We call global avalanches those with size equal to the order parameter “infinite”,

the others are the “finite” avalanches. The size distribution of finite avalanches follows a

power law at qc [41], provided the infinite avalanche is discarded. This fact suggests that

the avalanche dynamics at qc exhibits a critical pattern. The finite MCCs at qc mostly

consist of one or two nodes [29, 47], which is in discord with the power-law behavior

of the cluster size distribution at a transition point characteristic of the conventional

second-order percolation transition [40, 59]. As the avalanches show critical behavior but

the clusters do not, an important challenge emerges: How to relate the critical behavior of

the order parameter to the avalanche dynamics in a single theoretical framework. Further

fundamental questions have still been open, such as how the fluctuations of the order

parameter behave at the critical point, whether the scaling relation holds between critical

exponents of the order parameter exponent, the susceptibility exponent and the correla-

tion size exponent and whether the hyperscaling relation is valid. These questions are not

limited to the CF model, but are also relevant to other systems undergoing HPT driven

by avalanche dynamics, for instance, k-core percolation model [50].

One of the main difficulties in answering those questions has been the need for major

computational capacity. Thanks to the efficient algorithm introduced recently by Hwang,

Choi, Lee and Kahng [60], we are now able to address those important unsolved problems.

In this chapter, based on [30], we report about large scale simulations and analytical

results on the CF model of interdependent networks. Based on them we have constructed

a theoretical framework connecting the critical behaviors of the order parameter and the

avalanche dynamics and have understood the nature of the hybrid percolation transition.

4The probability of launching an avalanche of size s is proportional to the number of nodes whose
removal triggers such an avalanche. This is analogous to cluster growth in standard percolation as the
probability of growing a cluster of size s is proportional to the number of nodes is s-sized clusters rather
than to the number of s-sized clusters.
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2.5 Scaling exponents

To describe the HPT, we introduce two sets of critical exponents. The set {βm, γm, ν̄m}

is associated with the order parameter and its related quantities, and the other set

{τa, σa, γa, ν̄a} is associated with the avalanche size distribution and its related ones. The

subscripts m and a refer to the order parameter and avalanche dynamics respectively:

The exponent βm is defined by the behavior of the order parameter (Eq. 2.7), and γm is

the exponent of the susceptibility

χ ≡ N(〈m2〉 − 〈m〉2) ∝ (q − qc)−γm (2.8)

where N is the system size. The exponent ν̄m is defined by the finite size scaling behavior

of the order parameter:

m−m0 ∝ N−βm/ν̄m at q = qc. (2.9)

Similarly, the finite size behavior of the susceptibility is expressed as

χ ∝ Nγm/ν̄m at q = qc. (2.10)

(2.7) and (2.9) can be summarized in the scaling assumption

∆m(1/N,∆q) = λ−βm/ν̄m∆m(λ/N, λ1/ν̄m∆q) (2.11)

where ∆m ≡ m −m0 and the N → ∞ and ∆q ≡ q − qc → 0 behavior gives back (2.7)

and (2.9) respectively. Analogously for (2.8) and (2.7):

χ(1/N,∆q) = λγm/ν̄mχ(λ/N, λ1/ν̄m∆q) (2.12)

where the change in the sign takes into account that fluctuations grow approaching the

critical point.

The exponents τa, σa, and ν̄a characterize the avalanche size distribution

ps ∝ s−τa
a f(sa/s∗a), (2.13)
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where sa denotes the avalanche size and f is a scaling function. Here s∗a is the characteristic

avalanche size, which behaves as s∗a ∝ (q − qc)−1/σa for N → ∞ and s∗a ∝ N1/σaν̄a is its

finite size scaling at qc. The exponent γa determines the scaling of the mean size of finite

avalanches

〈sa〉 ∝ (q − qc)−γa . (2.14)

Although one may naively think that the exponents ν̄m and ν̄a would be the same and γm
and γa are as well, it reveals that those pairs of exponents differ from each other. However,

we will show that they are related to each other in an unconventional way.

Analogously to the size of the avalanches, their duration is characterized by the number

of stages referred to as hops that the propagation of the avalanche takes until it reaches

the final stage:

p` = `−(τ`−1)f`(`/`∗). (2.15)

2.6 Simulation methods

In this section we summarize some of the available algorithms implemented and tested

for the simulation. The algorithms are presented in increasing order of complexity.

2.6.1 Brute force algorithm

The simplest algorithm for finding the connected components in the cascading failure

model is the brute force algorithm. For a long time, it was the only available alternative

and we used it in an early paper, too [61].

After each attack (external node removal), in a simplified case, this algorithm identifies

the sequence of the shrinking giant components Eq. 2.4. First, the connected components

in layer A are detected using a series of simple graph searches, such as breadth first

search [62]. A single run of the search reveals all nodes that belong to the same component.

Components are revealed one by one by always picking a node that was not visited yet

and using it as starting point for a new graph search. Nodes that are visited in the same

run belong to the same component. The nodes found in the largest component are stored

in the set S1. Then a similar series of searches is run in layer B restricted to visit those

nodes that depend on nodes in S1. The nodes of largest component are then stored in a

set S2. This is continued iteratively creating a sequence of shrinking sets while the number
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of elements in Si changes. The last set contains the surviving nodes. Other nodes that do

not belong to the last set (and their dependents) together with their links can be removed

from the networks before the next attack.

The above simplified steps make use of the knowledge that the largest mutually con-

nected component is giant, that is, it occupies most of the lattice. In other words, as long

as the resulting set is larger than half of the original network we do not have to worry

about a previously smaller set taking over Si in size. If this is not the case, the largest

mutually connected component might not be located in the largest component of layer A.

Fortunately, it is resolved easily as the algorithm is straightforwardly generalized to get

all mutually connected components. To achieve this the generalized algorithm assigns a

tag called color to each node to identify the component it belongs to.

Hence, we describe how to find all MCCs in general. In the first stage, the connected

components in layer A are visited and nodes belonging to the ith component get the color

attribute c1,i. Then the graph search is run on layer B to identify candidate mutually

connected components. This means that the connected components of B among elements

c1,i are identified for all i separately and tagged with a subsequent color each, i.e., c2,j with

the next j where j is unique for all components in B. This process continues iteratively

between the layers on all the components that were split in the last step will result in a final

coloring that represents the MCCs. This process is, in turn, equivalent to the algorithm

presented independently by Grassberger in [47] and the first index of ch,x corresponds to

the “terrace height” in his algorithm.

One may notice that for each node it is sufficient to store the attribute assigned last.

It determines both whether the node was already visited in the previous iteration and

to which candidate component it belongs. Therefore the memory requirement of this

algorithm is O(N + M) where N is the number of nodes and M is the number of links.

In the following we assume that all nodes have a bounded number of links and we omit

the term O(M).

In the original model, the external attack is carried out at once, i.e., the number of

external attack steps is O(1) while in the dynamic model nodes are removed one by one

so the number of attack steps is O(N). After each node removal the network must be

partitioned into mutually connected components. The cost of the partitioning of one layer

into candidate components is O(N), since each node is considered as starting point once (if
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already visited we move to the next node), consequently each node is visited exactly once

in each iteration. The number of iterations might depend nontrivially on N . Nevertheless,

this simple algorithm is optimal if one wishes to study the interdependent networks at a

fixed control parameter value only.

In the dynamic case, where one traces the whole evolution of the network under the

consecutive attacks, the total computational cost is at least O(N2). Indeed, we measure

O(N2.15) where the excess accounts for the average number of iterations (avalanche stages)

we cannot calculate, see also Fig. 2.8.

2.6.2 Concurrent graph search

Let us consider the dynamic case when nodes are removed one-by-one due to random

external attacks. One may notice that much computation is spent on rediscovering the

nodes of the largest (giant) mutually connected component. This work can be reduced if

we can limit the graph search to visiting the small connected components. In this simple

representation however there is no way to know which component is going to be small.

Therefore, instead of the sequence of graph searches, it is profitable to launch all the

graph searches in parallel as small components will be discovered faster leaving behind

only the giant one. It is not difficult to find appropriate starting nodes for these graph

searches. We know that the fragmentation of a previously connected component is due to

the node removals. One can detect all components starting from the neighboring nodes

of the newly failed (removed, separated) nodes. For all iteration i each graph search will

use a different tag {c′i,`}ki
`=1 where ki is the number of starting points.

Just like in the brute force algorithm, each search is restricted to remain in the candi-

date component it is started in. Only those nodes are visited whose color is the same as

the color of the starting point of the search. Obviously, there might be fewer components

than starting points; therefore, searches might cross each other’s way and this is resol-

ved as follows. If a search j encounters another active one with tag ĉ ∈ {c′i,`}` 6=j (that is

ĉ > max`′ ci−1,`′) then the one with tag ĉ is stopped and nodes visited by it are merged to

the nodes visited by j. All the same, the unprocessed nodes waiting in the queue of the

stopped search ĉ are transferred to the queue of j, see the example in Fig. 2.3. It seems

beneficial to perform all merges as soon as possible and therefore the breadth first search

is a good choice. When only one search is left running and it has visited at least as many
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t 1 2 3 4 5 6 7 8
A 1 (1→)4 (4→)8, 9 (8→)13 merge ↘
B 2 (2→)5 (5→)10 (10→)13
C 3 (3→)6, 7 (6→)11, 12

t 9 10 11 12 13 14 . . .
A −
B 13, 9 (13→) (9→)17 (17→) end
C 7, 11, 12 (7→) (11→)14 (12→)15, 16 . . .

Figure 2.3: Illustration of the concurrent search algorithm. The hatched
node is removed. Three breadth first searches are started from neighbo-
ring nodes. Each breadth first search has a list of visited nodes and a
queue of still unprocessed nodes. Initially the starting node is in the
queue of each search. In each turn t the next node in the queue is pro-
cessed, that is nodes reachable from there are placed at the end of the
queue and the processed node is added to the visited nodes. On the
timeline the processed node is in parenthesis, nodes added to the queue
are listed next to it. When a search encounters another active one then
they are merged (for details refer to the main text).
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nodes as the others together then it is processing the largest connected component. We

know, however, that this component can be left intact. As a consequence, the search is

terminated and nodes tagged by it are reassigned their original color. Finally, the smaller

components are checked analogously whether they are mutually connected.5

We implemented this algorithm in a multi-threaded environment using atomic operati-

ons that assure that no tag is written simultaneously without notice. In standard C++11

the compare_exchange_strong call can verify that the tag has the required initial value

upon assignment.

success = atomic_color.compare_exchange_strong(&expected_color, new_color);

The return value true in success indicates that the expected color was found and the

replacement was performed. If success is false then another color was found, no mo-

dification was performed and the encountered color value is stored in expected_color.

Straightforwardly, the stored value is used to identify which search was encountered and

it can be merged. Merging queues or sets is not an atomic operation, therefore we took

care to avoid race conditions.

Although multithreading is appealing, we experienced that it is not efficient to run

this algorithm in parallel because launching a new CPU thread has a large overhead and

most of the searches are short-living. Therefore, we have chosen to iterate over the running

graph searches circularly and take one step with each when its turn comes. The list of

visited nodes and the queue holding unprocessed nodes can be merged efficiently by using

linked lists.

2.6.3 Express pointers

For the single 2D lattice there is a powerful data structure introduced in [63] to readily

disclose whether removing a link splits any component into two. This is achieved by

maintaining information about the inner and outer boundaries of each component. In

brief, if and only if the same boundary line is surrounding the link on both sides then

removing it splits the component. (In the other way around if both ends of a new link

cut the same boundary then the link runs within an already connected component.)
5Smaller mutually connected components cannot be removed from the network because later they

might take over the previously largest connected component. Nevertheless, these smaller components
cannot grow either; therefore, it is safe to assume that the largest connected component was not overtaken
as long as it is larger than all of them.
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Figure 2.4: Figure after [63]. In the original instance of a 3×3 lattice on
the left ` = 4,M = 7, k = 3 and N = 9. The Euler relation (2.16) holds.
(a) Addition of a link with the destruction of a connected component
and a loop. (b) Addition of a bond with no change in the number of
connected regions and the creation of a loop.

The identity of the boundary line is checked efficiently by implementing express pointers

that provide shortcuts in traversing along the boundary line just as express trains skip

stations when going over a trajectory from X to Y. Express pointers are placed in the

lattice hierarchically allowing for an efficient update of the lattice boundary at the base

level and at the express levels too.

The method is formally based on the observation that a link is either present in the

lattice or in its dual lattice. The boundaries between the graph and its dual form a

collection of closed loops. Assume that the lattice has N points and M links. The Euler

relation

M + 2k = N + ` (2.16)

relates the number of connected components (k) and the number of loops (`). In this

representation the number of nodes is fixed. The change of the number of links and number

of loops indicate the creation or destruction of a connected component, as illustrated in

Fig. 2.4. Unfortunately, we discovered that this method is only applicable to 2D lattices

with open or semiperiodic boundary conditions. When boundary conditions are periodic

in both directions one gets a torus which is topologically different from a plane or an open

cylinder. The torus has genus 1, i.e., one can draw a simple closed curve on it without

separating the surface and this makes the Euler relation (2.16) used in [63] invalid.

In the following we discuss how to organize pointers in the 2D square lattice to imple-

ment the express rails. Pointers are placed at intercardinal direction (South-East, North-

East, North-West and South-West) to each node at level 0. The pointers are tracing the

loops by pointing to the next pointer on the loop as depicted in Fig. 2.5(a). The fast
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Figure 2.5: (a) Schematics of the pointers at level 0 after [63]. 3 × 3
lattice with chains of pointers. A → B,E → F , but when bond L1 is
removed then A → F,E → B and one loop is split into two. Removal
of L2 changes R → S and T → U to R → U and T → S. In this
case two loops are joined into one. (b) The state of one layer in the
interdependent network model (only largest connected component is
kept) at q = 0.76. Pointers with higher levels shown in green, red and
orange with increasing line width. (c) The new configuration after the
removal of the node at (8, 11). Loops are plotted with curved lines to
minimize overlaps.
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traversal of the loops is assured by express pointers placed at the South-East position.

Level i ≥ 1 express pointers are placed at nodes with coordinates satisfying both x ≡ 0

and y ≡ 0 mod 2i. Therefore, on average each 4th pointer in a loop is a level-1 pointer,

each 16th a level-2 pointer etc., which makes the traversal fast. A snapshot of the data

structure is presented in Fig. 2.5(b) and (c). The update rules of the pointers for link

insertion or deletion are described in [63]. The loops are identified by unique labels that

are linked to (one of) the pointer(s) at the highest level loop.

Since this algorithm is based on the presence and absence of links between the cells of

the lattice the node removals are performed by removing all the links of the selected nodes.

When removing the links of a node one by one, at each cut, the algorithm might signal

that the component felt apart. (The last link of a node connects itself to the component;

therefore, it will always cut away the node from the component, and this signal is not to

be taken into account.)

In the case the node was a bridge between two components we get a signal for cutting

its any but last link. At that point the components have to be determined by one of

the previous algorithms. As a consequence, the express pointer algorithm can be well

combined with the concurrent search algorithm because the former can tell when it is

required to run the search and the latter can boost the search. We were exploiting this

combination of algorithms when we learned of the existence of the even more efficient

algorithm presented in the next section.

2.6.4 The algorithm based on the Holm–de Lichtenberg–Thorup

construction

In the section following we review the key ideas that are used in the algorithm published

by Hwang et al. [60] without going too deeply into the implementation details. On the

highest level the algorithm is fairly simple and is based on the idea that only connectivity

links within MCCs are kept and other links are inactivated. Consider a node removal (and

the removal of its links as a consequence) in the layer A that splits up a component. Then

the new MCCs are to be found. The split is propagated to layer B by inactivating all the

links that bridged the newly split components in layer B. Of course this might trigger

further splits that must be propagated back to layer A and so on.

The algorithm is quite simple, it only requires starting from a mutually connected
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graph (possibly achieved by adding a collection of extra edges which are then removed

immediately). What makes it efficient is a collection of “deterministic fully-dynamic al-

gorithms for connectivity” referred to as Holm–de Lichtenberg–Thorup (HLT) algorithm

hereafter [64]. It can account for connectivity in a single layer and this accounting is

efficient both for dynamically adding and removing edges. On each edge removal or in-

activation it detects if the component in the layer is split. Then one can query the size

of the new components and optionally the members of any of these or even whether two

nodes belong to the same component, all of this very efficiently, in polylogarithmic time,

e.g., O(log2N).

We explain the key ideas of the HLT algorithm in a self-contained way starting from

basic graph-theoretic concepts. We are building up the data structure progressively, ho-

wever, we omit the details that we believe are not necessary for understanding the big

picture. Our goal is to understand the bookkeeping that makes connectivity-related que-

stions efficient.

Components as spanning trees

In graph theory a tree is a simple undirected acyclic graph. A collection of trees is

called a forest. One can reduce an arbitrary undirected connected graph G to a connected

subgraph that is a tree which includes all of the nodes of G, with minimum possible

number of edges. This reduced graph is a spanning tree of G and it will have N nodes and

N−1 edges where N is the number of nodes in G. In general a connected graph has several

possible spanning trees. If a graph is not connected it does not have a spanning tree, and

one must consider a spanning forest instead. A spanning forest is a graph consisting of a

spanning tree in each connected component of the original graph.

The Euler-tour trick

An Eulerian path6 is a trail (walk) in a graph which visits every edge exactly once. An

Eulerian tour is an Eulerian path that, in addition, starts and ends on the same vertex.

Therefore, trees do not have an Euler cycle in this standard interpretation. However, any

tree can be represented by its Euler tour if the tree is viewed as a directed graph that
6This concept was discussed by L. Euler when he solved the famous Seven Bridges of Königsberg

problem. It is also the mathematical formulation of the puzzles “trace this figure without lifting your
pencil or redrawing any lines.”
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Figure 2.6: Euler tour of a tree rooted at b. The Euler tour of any subtree
is easily obtained as an interval in the original tour. For example, the
Euler tour of the subtree rooted at g is the interval starting at the first
and ending at the last occurrence of g.

contains two directed edges for each edge in the tree. Therefore, the Euler tour of a tree

traverses along each edge of the original tree exactly once in each direction. An Euler tour

can be represented by the sequence of the nodes visited too, as shown in Fig. 2.6. A node

of degree k appears k times in that sequence, except for the root which appears k + 1

times. Sub-trees are straightforwardly represented by ranges in the Euler tour.

The idea behind this is to store the Euler tours instead of the trees in the forest. Then

each edge creation or deletion is turned into a set of manipulations on the Euler tours of

the trees in the forest. Joining two trees or changing the root of a tree is can be carried

out by a limited number of splits and concatenations of sequences within the Euler tour.

If the Euler tours are stored in linked lists (or similar structures) these manipulations are

very efficient.

Still, we want to be able to check if two nodes are connected, i.e., they are in the same

tree (same Euler tour). In the worst case this requires reading the entire list that stores

the Euler tour. To improve on this each Euler tour is stored in an AVL-tree. AVL-trees

are balanced search trees7, that is, their height is limited to have approximately the same

number of leaves on each branch. Just like any binary search tree their nodes each store

a key and each node has two distinguished sub-trees, commonly denoted left and right.

The key in each node must be greater than to any key stored in the left sub-tree, and

7AVL-trees are similar to red-black trees as they implement the same operations with characteristic
execution time O(logn). See for example [62].
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less than to any key stored in the right sub-tree. For a detailed algorithmic description

on how to maintain this structure you can refer to [62]. Elements of a binary search tree

can be read out in order by the following depth-first search called for the root element:
function depth_first(v)

if not empty(v →left_child) then

depth_first(v →left_child)

print v

if not empty(v →right_child) then

depth_first(v →right_child)

In our application the ordering is used only to maintain the ordered sequence of the Euler

tour. We do not search for elements in the tree, we merely use the shape of the tree, i.e., the

property that the root is close to the elements. Joining and splitting Euler tours remains

efficient. Changing the root of the tour and insertion/deletion might require rebalancing

the tree, but all these are efficient manipulations. The question whether two nodes are

connected is answered by looking up whether they are in the same tree. The AVL-tree is

uniquely identified by its root therefore to answer the question it is sufficient that each

element in the tree stores a pointer to its parent so the root of the tree is reached in

O(logN) time. If the root for the two nodes is identical then they are in the same graph

component.

Dynamic connectivity (HLT)

Graphs commonly are not simple trees, i.e., they contain edges in excess to their span-

ning tree. Adding or deleting edges in a forest always connects or splits trees respectively.

However, when adding or deleting edges in a graph these operations might but not ne-

cessarily do connect or split components. For example, if an edge present in the spanning

forest is removed from the graph one has to check whether there is a replacement edge

that keeps the component connected. Therefore, the goal is to store the excess edges in

such a way that we do not need to go through the same edges all the time when looking

for a replacement edge.

In the HLT algorithm this is solved [64] by maintaining a hierarchy of `max = blog2Nc

levels of spanning forests F = F0 ⊇ F1 ⊇ . . . ⊇ F`max . Each edge e is associated a level

`(e) ≤ `max and each Fi is a maximum spanning forest that consists of edges of level at
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least i. The level of an edge tells how specific the edge is, i.e., a higher level means that

edges are closer in the graph whereas a lower level refers to a broader region of the graph.

Initially, all edges have level 0. The levels of edges are never decreased, so there are at

most `max increases per edge. When the level of a nontree edge is increased, it is because

we detected that its end points are close enough in F to fit in a smaller tree on a higher

level. [64]

When a spanning tree edge is removed from the graph, it splits a tree in the spanning

forest. The edges of the smaller part are moved to a higher level. Then the first suitable

replacement edge is searched for among the excess edges of the smaller part in decreasing

order of levels. During the search an edge either connects the two parts and is inserted

into the spanning forest at the corresponding level or does not connect the parts. The

edges considered but not connecting the parts are brought one level higher too with this

accounting for the information that they are specific to the subtree. Searching the smaller

subtree assures that the number of vertices in the higher-level forests do not grow too

rapidly, thus maintaining hierarchy, see Fig. 2.7.

We will omit the details how the excess edges are stored in the different levels so that

they can be scanned efficiently. The insertion of an edge at level 0 costs O(logN) time

while its level may increase O(logN) times too. The total amortized cost of inserting an

edge is O(log2N). Deleting an edge requires the update of the forests and a search for

replacement edge resulting in a (O log2N) total time. Answering a connectivity question

requires O(logN) time which can be improved by using Θ(logN)-ary trees instead of

binary trees. In [64] all these limits are rigorously proved in detail along with the memory

requirement of O(M +N logN) where N is the number of nodes and M is the number of

edges in the graph. The use of this algorithm as backend for the CF model under random

attacks has an effective runtime of O(N1.2) according to measurements [60].

Note that the HLT algorithm is a very recent result. The topic of dynamic graph

connectivity algorithms is an active area of research. Many of questions were answered

for the static case (one graph, no insertion or deletion) decades ago but their dynamic

version still open to either prove a limit on efficiency or find a better algorithm.
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Figure 2.7: Figure after [65]. (a) Components of a graph represented by
their spanning forest. Solid edges are included in the spanning forest,
while dashed edges are excess graph edges. When a forest-edge is remo-
ved (red edge with cross) excess edges are checked to find a replacement
that still connects the subtrees. (b) The resulting new spanning forest.
The removal splits a spanning tree into a smaller and a larger subtree
displayed in orange and green. Edges of the smaller subtree are moved
to higher level (see main text). The excess edges that were considered as
replacement edges but did not connect the graph (green dashed edges)
are moved to higher level too. The solid green edge is found first as
suitable replacement edge. Now the spanning forest has two levels: the
higher level consists of solid edges labeled with 1 while the larger lower
level consists of solid edges labeled either 0 or 1.
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2.6.5 Comparison of the algorithms

We implemented these algorithms and carried out tests to make sure that the diffe-

rent algorithms give the exact same result for the same input. We measured the runtime

of the implementations on a simple PC instead of our computer cluster, because other

users may interfere on the cluster unless we block a multi-core machine for a single pro-

gram. Moreover not all the machines in our cluster have the same hardware and it would

make comparisons troublesome. As a consequence these measurements were carried out

on smaller networks than the ones used for the actual simulation. In the comparison, we

have found that the memory requirement is asymptotically the same O(N), the excess

logN factor in the HLT algorithm could not be measured but we note that this algorithm

has substantially higher effective memory requirement in terms of RAM, see Fig. 2.8(a).

The HLT algorithm uses part of the RAM to store the hierarchy of spanning forests. This

feature can be disabled by storing only level 0 of the hierarchy without affecting much the

runtime. We made use of this to simulate systems with N = 40962 nodes to limit RAM

usage in 40GB. (Less than half of that is sufficient for simpler algorithms and with some

effort this could be further reduced by always limiting ourselves to regular lattices instead

of general graphs.) If the true HLT algorithm is enabled the memory requirement could

go up to 80GB for which we do not have the sufficient hardware.

The runtime of the concurrent search and express station algorithms scales as the

brute-force algorithm (O(N2.15)) but we can gain an order of magnitude using these im-

provements, see Fig. 2.8(b). It is obvious that the HLT algorithm allows for the simulation

of an order of magnitude larger systems during the same period of time and this advan-

tage is growing with the system size. Therefore the demanding implementation of the HLT

algorithm pays off thanks to the marvelous computational time (O(N1.3)), as compared

to the earlier O(N2) best-case complexity.

Now we can investigate critical properties of the hybrid percolation transition of the

CF model thoroughly by measuring various critical exponents including susceptibility

and correlation size that were missing in previous studies [47] for both the ER and two

dimensional (2D) lattice interdependent networks.
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Figure 2.8: The resource requirement of the implemented simulation
algorithms. (a) Memory requirement in MB. (b) Net CPU time in sec.
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2.7 Simulation results on the 2D interdependent net-

works

Let us describe the CF model on two layers of randomly interdependent 2D net-

works [37, 43]. At the beginning the layers consist of topologically identical square lattices

of size N = L × L sites with nearest-neighbor connectivity links within each layer. As

it was the case for ER networks, the set of nodes in one layer has a random one-to-one

correspondence via dependency links with the set of nodes in the other layer.

The control parameter is defined as the fraction q of original nodes kept in a layer [29],

analogously to the site percolation problem. Each node shares its fate with its interde-

pendent node on the other layer. The order parameter m(q) is defined as the relative size

of the GMCC.

We applied two boundary conditions (BCs) to the system: periodic and semiperio-

dic. In the periodic BC the system is on a torus, while in the semiperiodic BC it is on

a cylinder, i.e., open in one direction and periodic in the other one. The order of the

characteristic parameter values (qc(∞), qc(N) and q∗m(N)) depends on the BC 8. For the

periodic (semiperiodic) BC we have qc(N) < qc(∞) < q∗m(N) (qc(∞) < qc(N) < q∗m(N)).

The average order parameter mc(N) before collapse is defined as the smallest nonzero

values of the relative size of the giant component averaged over all runs with size N . For

periodic (semiperiodic) BC we have mc(∞) > mc(N) (mc(∞) < mc(N)). The figures are

for semiperiodic BC if not indicated otherwise.

2.7.1 Critical behavior of GMCC

The method of Sec. 2.8.1 can be used to numerically calculate the critical threshold

qc and the jump size m0. However, throughout this subsection, we will adopt the values

qc = 0.682892(5) and m0 = 0.603(2) which were recently obtained by Grassberger [47].

Theoretical consideration for the value of βm suggest βm = 0.5. Fig. 2.9 shows a plot

of m(q)−m0 vs. ∆q ≡ q− qc for various system sizes. In the not too small ∆q region, the

data collapses into a single line, which enables us to measure βm ≈ 0.53. Since the region

of agreement is quite short, we suspect that this deviation from the theoretical value is
8The pinching of the critical point with the help of geometrical constraints was first exploited in single

lattices via controlling the ratio of the system side lengths [66]. Using different BCs works analogously,
see also Fig. 3.3.
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Figure 2.9: m − m0 vs q − qc is plotted for different system sizes on
double logarithmic scales. The data seem to collapse into a single line
of slope βm ≈ 0.53 in the large-∆q region. Inset: Plot of the rescaled
order parameter (m−m0)Nβm/ν̄m vs ∆qN1/ν̄m . In order to achieve data
collapse, we had to use ν̄m ≈ 2.1 and βm ≈ 0.53.

due to the finite size corrections. The scaling plot (m−m0)Nβm/ν̄m vs ∆qN1/ν̄m suggests

ν̄m = 2.1± 0.2.

Fig. 2.10 shows the raw plot of the susceptibility χ = N(〈m2〉−〈m〉2) against q−qc for

different system sizes. Due to strong corrections to scaling the exponent γ is less accurate

than for the ER case. The inset of Fig. 2.10 shows (〈m2〉 − 〈m〉2)N1−γm/ν̄m vs ∆qN1/ν̄m

using γm = 1.35± 0.15 and ν̄m = 2.4± 0.2, and one can observe that the deviation from

power law leads to failure of collapse for large-∆q region.

Our simulation data shows the following values of the exponents βm = 0.53 ± 0.02,

γm = 1.35 ± 0.10, and ν̄m = 2.2 ± 0.2. These exponents satisfy the scaling relation

ν̄m = 2βm + γm within their error ranges.

2.7.2 Critical behavior of avalanche dynamics

We now examine the avalanche dynamics 2D lattices described above. Analogously to

the case of double-layer ER networks, we denote the avalanche size at q by sa(q), and the

distribution of avalanche size by ps(q).

The avalanche size distribution follows a power law at qc as ps(qc) ∝ s−τa
a . The exponent
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Figure 2.10: Plot of the susceptibility χ ≡ N(〈m2〉−〈m〉2) vs q − qc(∞)
for different system sizes on double logarithmic scales using sys-
tems with periodic boundary conditions. Inset: Data collapsed plot of
(〈m2〉 − 〈m〉2)N1−γm/ν̄m vs w ≡ ∆qN1/ν̄m for the different system sizes.
The best collapse is achieved using γm ≈ 1.35 with ν̄m ≈ 2.4. The boun-
dary conditions have a strong effect on the corrections to scaling and
on the measured effective values of the exponents.

is measured to be τa = 1.59± 0.02, see Fig. 2.11. The avalanche size distribution follows

this power-law up to a characteristic size s∗a that scales with the size of the system as

s∗a ∝ N1/σaν̄a , from which point it decays exponentially. The inset of Fig. 2.11 plots

psN
τa/σaν̄a against saN−1/σaν̄a using σaν̄a ≈ 1.47, with which the data collapses into a

single line.

Fig. 2.12 shows plots of the avalanche size distribution at various q > qc for a fixed

system size N = 40962. The distribution ps follows ps ∝ s−τa
a f(−sa/s∗a), where f is the

so-called “master curve” (a scaling function) and we assume s∗a ∝ (q−qc)−1/σa . We obtain

the exponent σa by plotting ps(q)/(∆q)τa/σa versus sa(∆q)1/σa . The best data collapse is

observed with σa = 0.70 ± 0.05, implying ν̄a = 2.1 ± 0.2, see Fig. 2.12. These values are

confirmed by a somewhat more reliable method using the cumulative distribution function

Ps(q) which scales as 1− Ps(q) ∝ s1−τa
a F (−sa/s∗a) where F is another scaling function.

Notice in Fig. 2.12 that the cutoff sizes s∗a are small, and to increase them one has to

carry out the measurement of the cascade size distribution close to the critical point. For

this, a trade-off has to be made. Going too close to the critical point of the infinite system
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Figure 2.11: Plot of the avalanche size distribution ps(qc) vs sa for dif-
ferent system sizes. The power-law regime is longer for larger system
sizes. Inset: Plot of the avalanche size distribution in a scaling form
ps(qc)N τa/σaν̄a vs saN−1/σaν̄a for different system sizes. The data are
well collapsed onto a single curve with σaν̄a.

the critical behavior of the finite system is lost.

This observation supports the speculation that even systems as large as N = 40962

are not enough to correctly assess power-law behaviors in the near-qc regions. As we

shall see now, it is also related to the behavior of the first moment of the avalanche size

distribution. The first moment of ps follows 〈sa〉 ≡
∑′
sa=1 saps(q) ∝ (q − qc)−γa where the

prime indicates summation over finite avalanches. Fig. 2.13 depicts our simulation results

for the average size of finite avalanches for various ∆q and N , with a guideline of slope

γa = 0.5 giving the best estimate for γa. The inset of Fig. 2.13 is a plot of 〈sa〉N−γa/ν̄a

versus ∆qN1/ν̄a for different system sizes. Collapse is achieved with γa ≈ 0.50± 0.05 and

ν̄a ≈ 2.1± 0.2. This value of γa reasonably satisfies the scaling relation γa = (2− τa)/σa
within error ranges. The quality of the collapse is still unsatisfactory, which makes the

values of these exponents questionable.

2.7.3 Statistics of the number of hops

We now turn our attention to the number of hops t, starting with the hops in finite

avalanche processes. One can see in Fig. 2.14(a) that the average size of avalanches 〈sa〉t
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Figure 2.12: Plot of ps(q) vs sa at different ∆q for N = 40962. Inset:
Plot of ps(q)/(∆q)−τa/σa vs sa(∆q)1/σa at various ∆q for N = 40962.
With σa ≈ 0.70, the data collapse into a single line.

roughly scales with t as 〈sa〉t ∝ t2.75, meaning that the fractal dimension of avalanche

trees is db = 2.75, which is different from that of the case of ER networks. This allows

us to assume that the characteristic number of hops t∗ roughly scales as t∗ ∝ (s∗a)1/db ∝

(q − qc)(−1/dbσa). Then, the distribution of the number of hops for finite avalanches would

satisfy

pt(q) ∝ t−dbτa+db−1f(tdb/(∆q)−1/dbσa). (2.17)

This behavior is confirmed by Fig. 2.14(b), which shows a scaling plot of this distribution.

Recall that the value of τa was measured to be τa ≈ 1.59. This implies that, in

contrast to the case of ER networks, the average number of hops of finite avalanches

〈t〉 ≡ ∑′
t=1 tpt(q) does not decrease logarithmically but rather follows a power-law with

exponent 1−dbτa+db. Also, the average number of finite hops 〈t〉 at q = qc approaches some

value with a power-law, rather than increasing logarithmically Fig. 2.15 and Fig. 2.16(a)

illustrate these points.

Lastly, we consider the number of hops that constitute the infinite avalanches. Our si-

mulation results reveal that this number scales as N0.33. Fig. 2.16(b) shows these behaviors

by plotting 〈t∞〉 against system size N .

In short, analogously to the two-layered ER network, the two sets of exponents

{βm, γm, ν̄m} and {γa, ν̄a, σa, τa} are measured to be distinct. In this model too, values of
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Figure 2.13: The average size 〈sa〉 of finite avalanches is plotted against
∆q for various system sizes. A line exhibiting the expected power-law
with exponent γm is drawn for comparison. The smaller systems seem to
be too small to observe power-law behavior. Inset: Plot of 〈sa〉N−γa/ν̄a

vs ∆qN1/ν̄a for various system sizes. Using γa ≈ 0.5 and ν̄a ≈ 2.1, the
data roughly collapse in the mid-∆q region. However, collapse fails in
the large-∆q region.

the critical exponents measured through simulation satisfy the scaling relation

1 − βm = γa that relates these sets. However, in all aspects the scaling behavior of 2D

interdependent networks is much worse than that of the ER interdependent networks,

indicating severe corrections to scaling.

2.8 Analytic results

In the following we derive two rules that hold for general interdependent networks.

2.8.1 Proof of βm = 1/2 and γa = 1/2

For the exponent βm values close to 1/2 were measured for very different network

settings [41]. We prove that βm = 1/2 holds for a wide range of mutual percolation

processes. Let P∞(q) denote the fraction of nodes belonging to the giant component of

the classical (single layer) percolation problem where q is the fraction of occupied nodes.

Let psinglec denote the critical point of this single layer percolation. If an additional layer is
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Figure 2.14: (a) Plot of the mean avalanche sizes 〈sa〉 vs the number
of hops t between the two layers. The overall slope is estimated to be
about 2.75. (b) The distribution pt(q) of the number of hops t vs ∆q
in scaling form. pt(q)(∆q)(−dbτa+db−1)/dbσa is plotted against t(∆q)1/dbσa ,
with db ≈ 2.75.
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Figure 2.15: The average number of finite hops 〈tfinite〉 is plotted against
∆q in double logarithmic scales.

added to the percolation process with dependency links the critical point for the mutual

percolation is qc ≥ psinglec [29, 42]. Now let’s consider a two-layered interdependent network

with random infinite range interdependency links that represent a random one-to-one

mapping between the layers. The control parameter q denotes the fraction of the nodes

kept. It has been shown that the size of the GMCC after the ith step is P∞(qi) where qi
is an equivalent random attack given by the recursion (2.5)

qi = q

qi−1
P∞(qi−1) (2.18)

first derived in [29]. The recursion has a fixed point x(q) corresponding to the steady state

m(q) ≡ P∞(x(q)) of the system:

x2 = qP∞(x). (2.19)

As qc > psinglec the P∞ curve of single layer percolation can be approximated by its series

near qc:

P∞(q) = a+ b · q +O(q2) (2.20)

with a ≡ P∞(qc)− bqc.
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Figure 2.16: (a) Plot of 〈tfinite(∞)〉−〈tfinite(N)〉 vs N at qc in logarithmic
scale, where 〈tfinite(∞)〉 = 1.96 was used. (b) Plot of 〈t∞〉 of infinite
avalanches vs N in logarithmic scale. The guideline has a slope 0.33.

For the critical behavior close to qc we need to solve x2(q) = q ·
(
a+ bx(q)

)
resulting

x = bq ±
√
b2q2 + 4aq
2 . (2.21)

At the critical point qc the determinant b2(qc)2 + 4aqc is zero. Introducing q := qc + ∆q

and substituting into the valid (greater) result of Eq. (2.21) we have

x(q)− x(qc) =
b∆q +

√
b2(qc + ∆q)2 + 4a(qc + ∆q)

2 . (2.22)
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By (2.20) and b2qc
2 + 4aqc = 0, we get

m(q)−m(qc) ∝ (q − qc)1/2 +O(q − qc). (2.23)

Thus, we conclude

βm = 1/2. (2.24)

Due to the sum rule (see next subsection) this also implies γa = 1/2.

2.8.2 Sum rule for interdependent networks and γa = 1− βm

For the avalanche dynamics we summarize over the whole history of the network:

1 = m(q) +
∫ 1

q

∑
s

′
sps(q̃) dq̃. (2.25)

This formula expresses the fact that a site can either belong to the GMCC (first term on

the r.h.s. of Eq. (2.25)) or it is eliminated in one of the avalanches (the sum in Eq. (2.25)).

Here ps(q) is the number of avalanches of size s occurring per site per attack dq at q. The

summation is carried out over all finite avalanches and the integral takes into account any

events that were triggered for q̃ ∈ [q, 1]. It is useful to write Eq. (2.25) in differential form:

dm(q)
dq =

∑
s

′
sps(q). (2.26)

Since m(q) − m(qc) ∝ (q − qc)βm , it yields dm(q)/dq ∝ (q − qc)βm−1. The right hand

side describes the average size of finite avalanches which scales as 〈sa(q)〉 ∝ (q − qc)−γa .

Comparing the two sides we find that the relation

γa = 1− βm (2.27)

between the two set of exponents holds universally.

2.9 Conclusions

Our aim has been in this chapter to clarify the unusual features of the HPT as observed

in the interdependent CF model. Due to the efficient algorithm [60] we were able to carry
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Figure 2.17: For Erdős–Rényi (ER) interdependent networks, (a) sche-
matic plot of the order parameter m(z), the size of the giant MCC per
node (solid curves with blue) as a function of mean degree z, wherem(z)
is averaged over surviving configurations with nonzero m(z). Dotted li-
nes represent the discontinuity of the order parameter. zc(Ni) (i = 1 or
2) is the transition point obtained by averaging transition points over
all runs, where N1 < N2. The susceptibility χ ≡ N(〈m2〉 − 〈m〉2) (solid
and dashed curves with orange) is shown as a function of z. z∗m(Ni)
is a crossover point across which finite-size effect appears in the side
z < z∗m. Dashed curves in the interval [zc(Ni), z∗m(Ni)] represent the
susceptibility in finite-size systems. (b) Schematic plot of the mean size
of finite avalanches 〈sa〉Ni

for system size Ni (solid and dashed cur-
ves with green). Dashed curves represent 〈sa〉Ni

in finite-size systems,
which occur for z < z∗a(Ni). 〈sa,∞〉Ni

with red denotes mean size of in-
finite avalanches as a function of z. Here, the term “infinite” refers to
the avalanches that lead to complete collapse of the GMCC. Note that
z∗m(Ni) − zc(∞) and z∗a(Ni) − zc(∞) do not scale in the same manner
with respect to N . All four averages mNi

, χNi
, 〈sa〉Ni

and 〈sa,∞〉Ni
are

displayed only for z > zc(Ni). (c) and (d) are similar schematic plots
for the 2D interdependent networks with the semiperiodic boundary
condition.
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β τ σ γ ν̄

ordinary ER 1 1.5 0.5 1 3

interdependent ER
m 0.5± 0.01 - - 1.05± 0.05 2.1± 0.02

a - 1.5± 0.01 1.0± 0.01 0.5± 0.01 1.85± 0.02

ordinary 2D 0.139 1.055 0.286 2.389 2.667

interdependent 2D
m 0.53± 0.02 - - 1.35± 0.10 2.2± 0.20

a - 1.59± 0.02 0.70± 0.05 0.5± 0.05 2.1± 0.2

Table 2.1: List of numerical values of the critical exponents for various
cases. m and a in the second column mean the cases related to the order
parameter and avalanche, respectively.

out large scale simulations for the ER and 2D interdependent networks and determine

numerically the exponents and the finite size scaling functions.

The specific challenges related to the HPT for the interdependent CF model come

from the fact that, in contrast to ordinary percolation, we have here two divergent length

scales as the system approaches the transition point and, correspondingly, two sets of

exponents. The critical properties we obtained are schematically shown in Fig. 2.17 for

the Erdős–Rényi (ER) and for the 2D interdependent networks. One set of exponents,

{βm, γm, ν̄m} is associated with the order parameter and its related quantities, and the

other set {τa, σa, γa, ν̄a} is associated with the avalanche size distribution and its rela-

ted ones. The subscripts m and a refer to the order parameter and avalanche dynamics

respectively.

In our experience, the scaling results generally look much compelling on ER networks

than on 2D networks9. The numerically estimated values of the critical exponents for the

ER and the 2D cases are listed in Table 2.1. They reveal the unconventional character

of the transition: the exponents ν̄m and ν̄a and γm and γa are different from each other,

respectively. For the ER and 2D cases, the hyperscaling relation ν̄m = 2βm + γm holds

even though data collapsing for the 2D case is not as satisfactory as for the ER case. The

relation σaν̄a = τa does not hold (Sec. A.4 and 2.7).

We showed analytically that the two sets of critical exponents are not completely in-

dependent of each other; they are coupled through the relation m(z) +
∫ z0
z 〈sa(z)〉dz = 1,

9The simulation on the double-layer ER random networks was carried out by our co-authors in [30],
the group of B. Kahng, and is described in Sec. A.4 of the Appendix. Some of the numeric values for the
ER case were obtained analytically by others [29, 36] and correspond well to the simulation results. This
validates our method and points out how much difficult it was to obtain results for the 2D networks.
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where z0 is the mean degree at the beginning of cascading processes. This relation le-

ads to dm(z)/dz = 〈sa(z)〉 and yields 1 − βm = γa. We also showed that for random

interdependence links βm = 1/2. Our numerical values support these relations.

We classified avalanches in the critical region as finite and infinite avalanches. When

an infinite avalanche occurs, the GMCC completely collapses, and the system falls into

an absorbing state. We found that the mean number of hopping steps denoted as 〈t〉

between the two layers in avalanche processes depends on the system size N in different

ways for the different types of avalanches: 〈t〉 ∝ lnN for finite avalanches, and ∝ N1/3 for

infinite avalanches on the ER interdependent network. This difference in the scaling again

underlines the peculiarities of the HPT: The infinite avalanche gives rise to m0, while the

finite ones contribute to the critical avalanche statistics.

Our results present a unified picture of HPT, however, there are still open questions

for further research. The strong corrections to scaling, especially for the 2D case should

be understood. We have realized that the boundary conditions have a strong impact on

the corrections and one should pursue the investigation along this line. A real challenge is

to understand how the hybrid transition can be properly treated with the method of the

renormalization group. Furthermore, it would be very interesting to see how other hybrid

transitions fit into the presented framework.



Chapter 3

Extensions of the CF model

3.1 Motivation

Robustness is one of the key issues for network maintenance and design [67, 68, 69].

Interconnecting similar subsystems aims to increase capacity. These interconnections were

shown beneficial as long as they do not open pathways to cascades [70].

However, coupled infrastructural networks are extremely fragile even under random

failures. Buldyrev et al. introduced the concept of interdependent networks [29] in order to

elucidate the mechanism behind this observation. In interdependent networks, the aspect

of robustness was considered with the conclusion that broadening the degree distribu-

tion of the initial networks enhances vulnerability [71]. Only a cost-intensive intervention

was envisioned to strengthen robustness by upgrading nodes to be autonomous on some

resources [72].

However, the efforts to study the behavior of interdependent networks in real life

situation resulted in relaxing many of the assumptions of the original model. Accordingly,

the model was extended in several ways, e.g. multiple layers were considered [34, 71],

dependency links were limited to finite range [37] to account for the cost of long-range

connections. Other works investigated the effect of partial dependence [73, 74], multiple

dependence [39] and targeted attacks [75]. Although the original model exhibits HPT, it

was shown that tuning parameters, such as the range of dependency links or the fraction of

autonomous nodes, allows for eliminating the jump in the order parameter, i.e., changing

the transition from hybrid to second order [34, 37].

When modeling shocks in all these models, one usually assumed that the failures
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develop on a short timescale and the networks passively suffer the consequences. That

is, a fraction of nodes get damaged in one of the networks, which is followed possibly by

a cascade of failures. Because failures propagate rapidly in infrastructure networks, they

cannot be stopped by installing backup devices during the spreading of the damage, but

rather they require already existing systems. After the cascade of failures, damaged devices

or elements can be replaced by new, functioning ones identical to the originals [34, 76].

In contrast to engineered systems, social or economic networks are highly responsive

and may react quickly [77, 78] thereby possibly enhancing robustness. When a failure

occurs considerable effort is made to reorganize the network and rearrange the load of

failing elements among functioning ones. The role of the failing entities is taken over by

similar participants. Such processes can be modeled by healing, i.e., establishing new

connections that bypass the failed elements. The timescale of an economic crisis is wide

enough for the network to completely restructure itself [78].

Therefore, it seems natural to introduce a dynamical healing mechanism [61] that

describes the efforts spent on repairing the network on longer timescales. My aim is to

create a dynamic model in which the healing, governed by a random parameter, hinders

or slows down the abrupt collapse of the network. So far such mechanisms have only

been studied for simple networks [76, 79, 80]. Accordingly, the new model poses plenty

of questions awaiting answer. It is important to study how the probability of healing

influences the resilience of the network, what is the minimal healing that stops the network

from collapsing, how does the phase transition, its scaling exponents and the avalanche

statistics change as a function of the healing parameter.

Previously, I showed that there are two sets of exponents describing respectively the

order parameter and the statistics of finite avalanches. These are related by a scaling law,

which connects the exponent of the order parameter to that of the first moment of the

avalanche size distribution. A very efficient algorithm is needed to calculate these critical

parameters. This is probably the reason, why little effort has been devoted to the problem

of universality in such systems.

In this chapter I study the question of universality of these exponents in two extensions

of the original CF model that are each controlled by a parameter which at some value

suppresses the discontinuity of the order parameter.

First, I extend the simulation algorithm to interdependent networks with healing. I
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show numeric results on the behavior of the order parameter both in the domains of low

and high healing probability. In this model I identify two universality classes separated

by the critical healing probability: One bearing a hybrid phase transition and a continu-

ous one described by trivial scaling exponents. Next, I argue that networks close to the

critical healing probability are mixtures of network realizations from below and above

the critical healing; therefore, their behavior is ambiguous and not well characterized by

scaling exponents.

Then I provide numeric results for the CF model with limited dependency range. I

suggest a renormalization picture linking the networks below the critical range to the

standard percolation transition and I measure critical exponents for these configurations.

Although the renormalization picture is appealing, the numerical values of the scaling

exponents are not conclusive. They suggest that the systems with small dependency range

may neither belong to the class of the original CF model nor to the class of standard

percolation. I show that close to the range r ≈ 8 finite size effects are very strong making

precise measurement of the scaling exponents extremely difficult. In this case scaling

behavior is not always observed.

Finally, based on simulation data, I trace the “phase diagram” of the model that

includes both healing and limited dependency range.

3.2 The CF model with healing

Under special circumstances, e.g., in financial or economical networks the agents may

have time to react and effort is made to replace the ties eliminated due to the failing

nodes. In this section we introduce a dynamic extension of the interdependent network

model to account for these attempts at restructuring the network. In other words, we

introduce the possibility of link formation with a probability w, called healing, to bridge

non-functioning nodes and enhance network resilience, see Fig. 3.1(a).

Our model with healing [61] is a dynamic version of the CF model in the sense that

nodes are removed one by one at random. Each removal may initiate an avalanche but

also the healing sets in resulting in a new topology. This process continues until the giant

component disappears either in a catastrophic breakdown or in a smooth transition. The

healing links may change the topology considerably, bridging larger and larger distances
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Figure 3.1: Failures, represented by red dots, affect the nodes one by
one in a random order. Whenever a node fails, its counterpart, that
is, the node in the other network which depends on it, fails as well.
Arrows in the left corner indicate distances in the max-norm, see the
case of limited range dependency links. (a) The neighbors of a failing
node try to heal the network, such that two functioning neighbors of a
removed node establish a connectivity link with probability w. (b) In
both networks, only the largest mutually connected component is viable.
This constraint can cause further nodes to fail in both networks by the
fragmentation of the MCCs. A trivial case where only small components
are detached is illustrated by the shaded areas. In a general setting such
a small component may take over the role of the largest MCC.

as the time goes on (Fig. 3.5). The steps of the process can be formalized as follows.

The nodes of one network layer are targeted in a random order. In each step the next

node in the ordering is “targeted” and removed externally. We refer to the removal as a

successful “attack” if the node is part of the currently largest connected component. (The

fraction of targeted nodes is 1− q while the fraction of attacked nodes is 1− p, it follows

from the definition that 1− q > 1−p, therefore p > q. For details, refer to Sec. 3.5.) After

that, the following dynamics is applied to relax the network:

1. Make a list of the nodes that lost any links. For each node in the list take each

pair of its previous neighbors that survived the removal and connect them with

independent probability w if there is no link between them and their dependents

are in a connected component in the other layer.
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2. Then, in the other network, remove those links of the dependent counterparts that

run between nodes that are no longer connected.

3. Repeat 1 to 2 on all layers until no more nodes are removed.

The creation of new links in Step 1 can be interpreted as the effort of finding new partner to

replace the failed ones. These healing links change the original topology of the network [61].

After the network is relaxed, one proceeds with the next step in which the next node on

the list is targeted. The procedure is pursued until the network ceases to exist. The

principal quantity of interest is the order parameter, which is the relative size m of the

giant mutually connected component as compared to the original size of the network.

The w = 0 case is simply the dynamic version of the well studied model of Buldyrev

et al. [29, 37], in which a fraction (1− q) of the original network is destroyed in the first

step then the size of the giant component after the relaxation of cascades is traced as a

function of q.

The scaling properties of the healing are explained along with the numeric results in

Sec. 3.6.1. In Sec. 3.6.2 we discuss the properties of the cascades with microscopic insight

to the model. The behavior of the order parameter and the avalanches is discussed in

Sec. 3.6.3 and Sec. 3.6.4 respectively.

3.3 Limited range dependency links

The model with limited dependency length [37] is built of two topologically identical

starting networks with usual connectivity links. The layers are connected by dependency

links producing a one-to-one mapping between the nodes of the two layers, just as before.

In addition, the random dependency links must obey a range limit r in max-norm, that

is, the coordinates (x, y) of a node and the coordinates (x′, y′) of its dependent fulfill

|x−x′| ≤ r and |y− y′| ≤ r where each quantity is given in lattice units. See the example

distances shown in Fig. 3.1.

Unfortunately, direct assignment of the dependency links may lead to violating one

of the constraints: either the full interdependence or the range limit. To produce such a

random configuration the easiest way is to start from a valid initial arrangement of the

dependency links then use an accept-reject algorithm to generate new configuration by

pairwise swapping of the dependency links’ endpoints.
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Dependency links function just like before: if a node is removed, its dependent is

removed too. Nodes that do not belong to the largest connected component of their layer

fail and are removed together with their links until only the giant component is kept. Then

the robustness of the network is studied, i.e., one layer is subject to a random attack in

which 1− q fraction of the original nodes is removed gradually and the finally remaining

size of the mutually connected component is measured.

Li et al. [37] found that for small r below rmax ≈ 8 there is a second-order transition

while for larger r the transition is first-order or, better to say, of hybrid character. The

behavior of the order parameter is explained in Sec. 3.7.1. A renormalization picture to

link the r < rmax cases is presented in Sec. 3.7.2.

3.4 Simulation method

The numerical test of the relevant quantities for the CF model had been a challen-

ging task. Recently, however, efficient algorithms have been developed [47, 60]. Here we

generalize the HLT-based algorithm, presented in Sec. 2.6.4 because it allows for large

scale step-by-step simulation of the GMCC in the CF model with computational time of

O(N1.2) [60].

We recall that the implementation of [60] is based on the idea that only connectivity

links within MCCs are kept and other links are inactivated. Consider a node removal (and

the removal of its links as a consequence) in the layer A that splits up a component. Then

the new mutually connected components (MCC) are to be found. The split is propagated

to layer B by inactivating all the links that bridged the newly split components in layer

B. Of course this might trigger further splits and so on.

This algorithm is efficient thanks to the underlying fully dynamic graph algorithm (see

[64]) that can account for connectivity in a single layer and this accounting is efficient

both for adding and removing edges. On each edge removal or inactivation it detects if

the component in the layer is split. Then one can query the size of the new components

and optionally the members of any of these or even whether two nodes belong to the same

component, all of this very efficiently.

The HLT-based algorithm [60] is straightforwardly applied to the problem of finite

range but the healing problem needs some effort. Notably, the algorithm must integrate
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the step of adding healing links efficiently which is not obvious. In the following we further

generalize the algorithm to efficiently simulate interdependent networks with healing.

In the cascading failure model only the largest mutually connected component

(GMCC) is of interest. By deleting links the GMCC and the other mutually connected

components get fragmented into smaller components. However, adding healing links

might save a component from fragmentation. Therefore, the deletions are not to be

propagated immediately. This choice is justified in the following.

While the split of a component is easily propagated, the inverse, notably adding a

link between two components in one layer can be computationally expensive. Adding a

link requires a search to find out which of the previously inactivated links need to be

reactivated to locate the GMCC. This search would possibly involve many small MCCs.

The design challenge lies in rewriting the steps of the previous healing algorithm in such a

way that healing links are added within components only. As a consequence it is assured

that manipulations avoid reuniting components, i.e., components are always left intact or

get split.

To fulfill the above constraints we propose an algorithm that buffers the links to be

deleted while it adds the healing links before actually deleting or inactivating any links

in the given layer, see the Algorithm in Sec. A.5 of the Appendix.

With the generalized algorithm, we can investigate critical properties of the hybrid

percolation transition of the CF model thoroughly. We measure various critical exponents

including susceptibility and correlation size that were missing in previous studies for both

the range-limited and the healing-enabled versions of the two-dimensional (2D) lattice

interdependent networks.

3.5 Relation between targeting and attack

In the original model only the GMMC is considered viable. Those nodes that do not

belong to the GMCC are considered „failed” because at best they can serve a small

community. An important difference between the original procedure and ours is that in

the original version nodes may be accidentally removed which already failed at that point

in our step-by-step (dynamic) model. In other words, targeted nodes are those considered

for removal while attacked nodes only count the nodes that were attached to the largest
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mutually connected component when they were externally removed from the network.

The fraction of attacked nodes is (1 − p) in the step-by-step model and the number

of targeted nodes is (1 − q) in the original model. By definition (1 − q) > (1 − p), i.e.,

p > q. Let m denote the fraction of remaining nodes after the network is relaxed. m can

be given both as a function of p and q, we choose the corresponding letter in its argument

carefully and use the same symbol m for both definitions. The number of untargeted but

disconnected nodes is [q − m(q)]N . The probability of randomly removing an already

disconnected (but not yet targeted) node is (q−m(q))/q, therefore the difference between

the fraction of targeted and attacked nodes is

p− q =
∫ 1

q

q̃ −m(q̃)
q̃

dq̃.

The implicit relation between the two methods is alternatively written as

1− p(q) =
∫ 1

q
1− q̃ −m(q̃)

q̃
dq̃. (3.1)

Sometimes the integral (3.1) can be numerically evaluated more accurately by a change

of variables:

1− p(q) =
∫ 1

m(q)

(
1− q(m̃)− m̃

q(m̃)

)
q′(m̃) dm̃ (3.2)

where q(m) is the inverse function of m(q).

Due to the small false target ratio in the random removal, the threshold values of the

two models are close. The extrapolated threshold value for the infinite system size in case

w = 0 is pc0 = 0.6860± 0.0002, while qc0 = 0.6830± 0.0003, in good agreement with the

result of [37].

Moreover, if both p, q > 0 then their relationship can be linearized in the neighborhood

of any value, thus the critical exponents are identical using either threshold. In this chapter

we will use the fraction of successfully attacked nodes (1−p) as control parameter because

it has better properties, e.g. less variance, for large healing.

3.6 Results on the CF model with healing

In the study of the healing we choose a 2D embedding topology with two N = L× L

square lattices, both with periodic boundary conditions. Each node in one layer has a
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one-to-one partner node in the other layer.

In our first paper we executed Monte Carlo simulations of our model with both periodic

and open boundary conditions on square lattice starting networks of size N = L × L

where N = 202, 402, 802, 1602 and 3202 with 960, 480, 240, 120 and 60 runs respectively,

and we measured that the execution time in our implementation scaled approximately as

N2.3 = L4.6 [61]. Using the generalized efficient algorithm outlined in Sec. 3.4 we simulated

system sizes N = 2562, 5122, 10242, and 20482, with 384 network configurations for the

largest system and increasingly more for smaller systems (# configurations ≈ 1.6·109/N).

We confirm the previous results and provide more accurate values here using networks up

to N = 20482 with the restriction that very large healing w > 0.358 renders the largest

system sizes out of reach because of the exploding amount of connectivity links to store

in computer memory. In such cases we limited the simulation to system size N = 5122.

The number of externally removed nodes is controlled. We define the control parameter

p in the view of the one-by-one removal, i.e., in each time step a still functional random

node is externally attacked and removed. The attack is eventually followed by a cascade

of failures and finally the network is relaxed to its largest mutually connected component

remaining functional. The fraction of original nodes attacked externally is denoted by

1− p.

3.6.1 Scaling with the healing probability

The order parameter m of our model depends not only on the fraction of attacked

nodes but also on the healing parameter. According to one’s intuition, the data show that

the critical attack (1− pc) increases monotonically with w, see Fig. 3.7.

The pc-s are obtained averaging over the vertical axis: for a given number of surviving

nodes m(p, w), we averaged the proportion of nodes 1 − p attacked one-by-one. This

averaging method is justified in Sec. A.3. Fig. 3.2 shows the averaged curves for different

values of w. The shape of them(p, w) curves suggests the scaling in the form of anisotropic

resizing from the S(p = 1,m = 1) point1:

1−m(p, w) = a(w)− a(w)m
(

1− 1− p
c(w) , 0

)
(3.3)

1The notation of the related publication [61] has been changed to get it in accordance with the previous
sections of the Thesis. The numeric values have been updated too using larger system sizes.
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Figure 3.2: (a) The fraction m(p) of remaining nodes of the original
lattice as a function of the fraction 〈p〉 of nodes not attacked externally.
Note: In order to sharply mark the breakdown, each point is obtained
by averaging p for a given value of m over all simulations. (b) The same
curves scaled on each other using relation (3.4). (both) In both parts,
plots from the right to the left correspond to the range w = 0.00 to
w = 0.38 respectively with a step size 0.02, solid lines indicate steps of
0.06.
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which is asymptotically satisfied in the w → 0 limit.

In the infinite lattice limit, the initial few attacks almost surely occur in different

parts of the lattice and do not raise cascades, i.e., only the attacked points fail, m(p) = p

if p ≈ 1. The unit slope at S with respect to p can be expressed by differentiation

and yields a(w) ≡ c(w). Let us express the fraction of unattacked nodes relative to the

threshold without healing: ∆p0 ≡ p − pc0. The change in the threshold value ∆pc(w) ≡

pc(w) − pc0 ≤ 0 can be identified by the largest ∆p0 where m has an infinite slope

(see Fig. 3.7): lim∆p0↓∆pc(w)
∂

∂∆p0
m(pc0 + ∆p0, w) = ∞. Substituting it into (3.3) yields

a(w) = (1 − pc0 − ∆pc(w))/(1 − pc0). The increase in lifetime, −∆pc(w), has a general

scaling behavior expressed in

−∆pc(w) = hwγ (3.4)

for small w-s, in the range [0.000, 0.050]. For the purpose of precise measurement we

created simulation data for all system sizes with step size 0.001 for w ∈ [0.000, 0.010]

additional to that shown in Fig. 3.2. The measurement is hampered by large fluctuations

of the small systems; therefore, we extrapolated to infinite system size using standard

finite size scaling [81]. To get pc0 with the highest accuracy possible we simulated systems

both with periodic and open boundary conditions and measured the finite size fluctuations

in pc (approaching from the p > pc domain in accord with the hybrid character of the

transition) which yields slightly different scaling exponents within the error tolerance for

the two systems (respectively ν̄p = 2.20± 0.1 and ν̄o = 2.00± 0.1) from which we deduce

ν̄m ≈ 2.10±0.2 for w = 0 in the step-by-step model. The finite size scaling measurements,

yielding pc = 0.6860± 0.0002, are represented in Fig. 3.3.

The parameters of (3.4) are first fitted for each system size N = L × L then the

infinite size limit is obtained using 1/L extrapolation. The systems with periodic and

open boundary conditions simulated at different system sizes collapse well yielding h =

0.680± 0.010 and γ = 1.006± 0.009 for the infinite size network.

3.6.2 Cascades change topology

We recall that a cascade (avalanche) is the series of events launched by a successful

attack until the network gets relaxed. The size (number of nodes involved compared to

the starting lattice size) of typical cascades is small up to the point of breakdown.
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Figure 3.3: The standard deviation of the critical attack fraction
1 − pc was used to obtain the length scaling exponents ν̄p = 2.2 ± 0.1,
ν̄s = 2.1± 0.1 and ν̄o = 2.0± 0.1 for periodic (torus), semiperiodic (cy-
lindrical) and open boundary conditions respectively, as described in
Sec. 3.6.1. Then pc is plotted as a function of N−1/ν̄ giving good collapse
for the infinite system size. The convergence speed is approximately the
same for all three possibilities. We estimate ν̄m = 2.1± 0.2.

The healing dynamics changes the network topology and the average degree as well.

Fig. 3.4 allows us to describe a transition: below a critical healing threshold wc we find a

sharp breakdown in the number of surviving nodes. The critical healing is defined as the

lowest w for which the m(p) function does not have an infinite slope. In our simulation

we observe wc = 0.354±0.001. For w > wc also there is no macroscopic cascade and m(p)

goes smoothly to zero in a second-order transition as p decreases (see also Fig. 3.7).

The healing performed by the k neighbors introduces w
(
k
2

)
new links on average. A

rough mean-field estimate of wc is the healing probability, which conserves the average

degree in the initial settings, leading to 2wc
(
k
2

)
= k (each link joins 2 nodes). As the square

lattice has k = 4, the result is wmean-field
c = 1/3. According to the left plot in Fig. 3.4 we find

that the average degree k = 4 changes least through the simulation for wc = 0.348±0.003,

which agrees almost with the critical healing determined from the m curves 2. The change

in the topology along with the trend of the average degree can be observed in Fig. 3.5.

2In triangle lattice we measure wc ≈ 0.265± 0.005, and the heuristic argument gives wc = 1/5.
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Figure 3.4: (left and inset) The average degree 〈k〉 on the horizontal
axis as a function of the fraction of dead nodes on the vertical axis for
the starting N = 320 × 320 system size. The average degree remains
constant for wc = 0.348± 0.003. Plotted lines from the right to the left
correspond to the range w = 0.340 to w = 0.360 respectively with a step
size 0.001, solid lines indicate steps of 0.005. The shaded areas represent
0.33 standard deviations in the left part. In the inset, shaded areas
are only plotted for solid lines and represent 1.00 standard deviation.
(right) The fraction m(p) of failing nodes as a function of the fraction p
of nodes not attacked externally using the same averaging as in Fig. 3.2.
Above wc = 0.354± 0.001 there is no breakdown.

Below the critical healing wc the average degree is monotonically decreasing function

of 1 − m and the connectivity links remain local, conserving the disordered lattice-like

topology. Thorough inspection shows that all simulations end with a cascade wiping out

all of the remaining network at pc(w). Above wc the healing promotes the formation of

densely connected regions and connectivity links begin to join distant nodes. We remark

that in the terminal stage the defined dynamics removes all nodes and links in both cases.

In summary, the difference is that for w < wc the process terminates with a macroscopic

cascade, while for w > wc there is no macroscopic cascade. In the latter case the average

degree increases until it has to decrease due to the small number of remaining nodes.



Chapter 3. Extensions of the CF model 109

a) b)

c) d)

Figure 3.5: Part of network A of a simulated system at p = 0.7 at
(a) no healing (w = 0.0) (b) below the critical healing (w = 0.2, the
average degree stays below 4) and (c) slightly above the critical healing
(w = 0.4). (d) This latter w = 0.4 system is also represented at p = 0.2
where one can observe that the nodes get more and more connected and
the healing process establishes links between distant nodes.
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3.6.3 Critical behavior of the GMCC

The order parameter m(p) is defined as the size of the GMCC per node, which shows

the typical behavior of the order parameter at a hybrid phase transition:

m(p) =

 0, for p < pc

m0 + u (p− pc)βm , for p ≥ pc.
(3.5)

The critical values m0 and qc have been published with great accuracy [47] for the

square lattice in the case of unlimited range of dependency links (r =∞) and no healing

(w = 0). Since we connected pc and qc analytically in Sec. 3.5 and later we measured both

values, we were able to use this case as a benchmark test. We calculated the critical values

in the step-by-step model for various w and r parameter settings using our algorithm,

detailed as follows.

We checked first whether the simulation results are in agreement with previous fin-

dings. The critical exponent ν̄m is defined via finite size behavior of the interdependent

network as σ(pc) ∝ N−1/ν̄m where σ(pc) stands for the standard deviation of the break-

down threshold. (For sake of simplicity, we incorporated the dimensionality d = 2 into the

definition ν̄m ≡ νmd = 2νm.) In case of r = ∞ and w = 0 the exponent was previously

measured ν̄m = 2.2± 0.2 [30].

For the network with healing the above value for ν̄m persists (see Fig. 3.6) until ap-

proaching wc. Above wc it gets stabilized at ν̄m ≈ 2 indicative of trivial scaling behavior

in the sense that the standard deviation is inversely proportional to the square root of

the number of nodes in accordance with the central limit theorem. Near wc we could not

disclose the true value of ν̄m because of the following reason. Trying to simulate a system

with a specific w near wc results in an ensemble of systems mixing scaling behaviors below

and above wc. This mixing has an extra contribution, in addition to and dominating over

the sample variance. The large ν̄m indicates that the “unintentional” mixing part depends

less on system size, at least for the system sizes that are accessible with our efficient algo-

rithm. The extra variance necessarily makes the distribution of the critical point wider as

a consequence, it also makes it rather difficult and unreliable to extrapolate the critical

point for the infinite system. In fact, the scaling breaks down and the determination of

the critical exponents is hampered by the above effect in this regime.

The dependence of the order parameter on p and w is shown in Fig. 3.2 and Fig. 3.8.
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Figure 3.6: The scaling exponent ν̄m takes two distinct values: ν̄m =
2.2 ± 0.1 for w < wc and ν̄m = 2.0 ± 0.1 for w > wc indicating two
universality classes separated by the critical value of the healing pa-
rameter wc. In the latter regime the system exhibits trivial scaling in
the sense that the variance is inversely proportional to the number of
nodes in the system. Near wc the sample variance is dominated by the
stochastic mixing of systems that are above and below their perceived
critical point. This makes the measurement of ν̄m unreliable.

We defined the value of wc as the smallest w for which we observe a continuous phase

transition and we find wc = 0.354 ± 0.001. This value agrees well with the w where ν̄m
has a sharp maximum.

The critical control parameter value and the size of the breakdown (see Fig. 3.7) are

extrapolated by finite size scaling, see Fig. A.12 in the Appendix as well. For w > wc

the size of the breakdown m0 = 0 indicating that macroscopic cascades do not occur.

During the process of eliminating nodes one by one small cascades may occur; the smallest

cascades cease to exist only at w = 1, see Fig. 3.7.

The scaling exponent βm quantitatively describes the order parameter in the scaling

domain of the hybrid phase transition and is defined according to (3.5) as (m(p)−m0) ∝

(p − pc)βm . Without healing, the previously obtained and analytically proved βm = 0.5

(Sec. 2.8.1) is reproduced and it holds up to very close to wc, see Fig. 3.9. Therefore, this

value seems to be universal for 0 ≤ w < wc.
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Figure 3.7: (a) The transition point pc and (b) the size of the last avalan-
che m0. As the healing probability w increases m0 converges smoothly
to 0 and macroscopic cascades get finally eliminated at wc. The critical
fraction of unattacked nodes pc is still non-zero at wc indicating that
some small cascades still exist. Only at w = 1 they cease to exist.
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Figure 3.8: Critical behavior of the order parameter close to wc obtained
as an average over systems of size N = 20482. The solid curves are lis-
ted from right to left, dashed lines of the same color represent following
w in between using equidistant steps. Large symbols mark the break-
down point extrapolated for infinite systems using finite size scaling.
For w > wc = 0.354 the phase transition is of second order.

These results suggest that there exist two universality classes. One is characterized

by the hybrid transition with βm = 0.5 and ν̄m ≈ 2.2. The other universality class has a

vanishing giant component at breakdown and is characterized by exponents ν̄m ≈ 2 and

βm = 1. For the latter see Figures 3.6 and 3.8, as well as, Sec. 3.6.5.

The exponent γm is defined by the scaling of the susceptibility χ ≡ N(〈m2〉− 〈m〉2) ∝

(p− pc)−γm . Unfortunately, we were able to calculate the γm values only with rather large

error bars. We find γm = 1.41 ± 0.15 for w = 0 and there is a decaying trend down to

≈ 1.33± 0.15, as shown in Fig. 3.10. Due to lack of data we are unable to measure γm in

the region w > wc. Later we will present an argument that the exponent γm should be 0

in this region.

3.6.4 Critical behavior of avalanches

There is another set of critical exponents, τa, σa, γa and ν̄a describing the statistics

of avalanches, as defined in Sec. 2.5. They can be evaluated only for w < wc where the

number of avalanches is sufficient and avalanches are governed by scaling laws. The size
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Figure 3.9: The exponent βm characterizes the change of the order pa-
rameter above the jump m0 in the critical regime. βm = 0.5 ± 0.05 for
w < wc which confirms the theory for a universality class, and repro-
duces βm = 0.5 for w = 0, as proved in Sec. 2.8.1. For perfect healing
(w = 1) the value βm = 1 is expected.

s of the avalanche is the number of nodes failing related to a single external attack. The

finite avalanches are those that happen before the breakdown. The exponent γa is defined

with the average size of the finite avalanches 〈sfinite〉 ∝ ∆p−γa for which 1−βm = γa holds

(Sec. 2.8.2). This relationship is confirmed reasonably well for w ≤ 0.1 where sufficient

data is at our disposal, see Fig. 3.11. For w > wc we would need even larger samples then

studied to have sufficient statistics. Near wc, however, the previously described mixing of

realizations of network states from both continuous and discontinuous transitions makes

our estimate for pc less reliable. As a consequence the distance p−pc from the critical point

is less reliable too making it difficult to measure critical exponents.3 The other exponents

are defined as ps|N=∞ ∝ ∆p−(τa−1)/σa and ps|∆p=0 ∝ N (τa−1)/ν̄aσa . The measurements

support our hypothesis of a single universality class for avalanche-related exponents below

wc, see Fig. 3.12. The avalanche-related exponents are meaningless above wc; therefore,

we do not analyze them.

3Unfortunately one cannot gain insight by experimenting with pc to get satisfactory scaling because
m0 is to be determined in parallel making the experimentation prone to errors.
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Figure 3.10: The exponent γm describes the scaling of the susceptibility
close to the critical point. Due to lack of data we are unable to measure
γm in the region w > wc.

3.6.5 Behavior near w = 1

We have confirmed numerically that there is a critical value wc for the healing above

which macroscopic cascades disappear and the network tends to get more and more con-

nected. Here we focus on the critical behavior close to w = 1 and we prove that βm = 1

for this case.

In a square lattice between any two nodes U and V there exist initially at least two

disjoint paths that only have U and V in common. Whenever we externally remove a node

(different from U and V ) at least one of those paths remains intact. As a consequence

all the remaining nodes remain attached to the giant component. Thanks to the perfect

healing (w = 1) all possible bridges over the removed node are formed. This way the

eventually cut paths between U and V are re-established and again there will be at least

two disjoint paths between any two nodes. Correspondingly, in the case of interdependent

layers, the removal of one node causes only the removal of its interdependent counterpart

and no avalanches are induced: m0 = pc = qc = 0, m ≡ p ≡ q, therefore βm = 1, χm ≡ 0

and it does not make any sense to calculate γm or the exponents related to avalanches.

When w / 1 avalanches might occur but they are rare and small. For example, to

initiate a cascade at least a small region of n nodes one needs to get separated from the



116 Chapter 3. Extensions of the CF model

0.0 0.1 0.2 0.3 0.4

w

0.0

0.2

0.4

0.6

γ
a

Figure 3.11: The exponent γa shows that the average avalanche size
increases as the system gets close to the breakdown. Applying healing
above wc stops most avalanches, γa = 0. In simulations near wc we get
a mixture of systems above and below the critical healing due to finite
size effects therefore our measurement of γa gets imprecise.

connected component in one of the layers. To achieve this at least the perimeter of that

region must be cut. In two dimensions the length of the perimeter is at least∝
√
n. Cutting

means that healing links are not allowed to form bridges. This happens with probability

at most (1 − w)
√
n. When separated, the propagation of the damage from the initial n

nodes may lead to a cascade of size s ≥ n. As the dependency links have here unlimited

range, the counterparts of the original nodes are far away from each other and it has small

probability that their failure will lead to further separation of other components because

such a separation must be prepared similarly. That is, for separating a single node in the

2D case at least three other connectivity links are needed to be cut previously without

healing. This happens with probability smaller than (1−w)3. So the typical cascades are

of small size and one iteration. This has been confirmed by simulations. This means that,

when approaching the critical point pc ≈ 0, the network is so densely connected that

cascades are prevented almost surely so

βm = 1 (3.6)
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Figure 3.12: The exponents ν̄a and τa are approximately constant for
w < wc showing that the universality classes discovered for βm and
γm extend to exponents related to avalanches too. Close to the critical
point wc large cascades get less likely and these exponents cannot be
well defined.
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holds also in the vicinity of w = 1. It is tempting to conclude that this observation points

toward the existence of universality for w > wc. Assuming that the small avalanches are

mostly independent their number per unit cell is determined by the central limit theorem,

that is the fluctuation of their number is inversely proportional to the square root of the

system size, hence ν̄m ≈ 2.

3.7 Results on the CF model with limited depen-

dency range

Consider the interdependent network where the two layers A and B consist of N =

L × L nodes in square lattices. Recall, that in the model with limited dependency [37]

there is an additional constraint on the range of the dependency links in addition to

the one-to-one mapping between the layers. For each node U located at (x, y) and its

dependent counterpart located at (x′, y′) the relations |x− x′| ≤ r and |y − y′| ≤ r must

hold.

3.7.1 Critical behavior of the GMCC for limited dependency

range

Based on Fig. 3.13 we confirm that second order transition occurs up to r < rmax = 8

[37] and we observe hybrid first-order phase transition for r ≥ rmax. In addition Fig. 3.14

shows that the system exhibits a strong dependence on the system size. Therefore; at least

careful finite size scaling is needed to obtain the critical point of infinite systems and we

often observe that this critical point is far from the scaling regime of systems that we can

simulate.

The exponent ν̄m is measured from σ ∝ N−1/ν̄m , see Fig. 3.15, where σ stands for

the standard deviation of the breakdown threshold. For r = 0 the exponent is known

exactly, ν̄m(r = 0) = 8/3 [40]. For 0 < r but not too close to rmax the exponent value

fluctuates around 2.55± 0.18 which does not allow explicitly either to confirm or to rule

out universality. For 6 ≤ r the data does not exhaustively prove the above power-law

behavior either due to fluctuations in σ close to rmax or possible strong corrections to

scaling around rmax. If one nevertheless tries to fit the power-law, the exponent ν̄m takes
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Figure 3.13: Critical behavior of the order parameter obtained as an
average over systems of size N = 20482. The solid curves are listed from
left to right, dashed lines of the same color represent following integer
r in between. Large symbols mark the breakdown point (pc(r),m0(r))
extrapolated for infinite systems. For r < 8 the phase transition is of
second order.

unexpectedly large values in the regime rmax < r / 100 showing that the variance in these

systems might be dominated by other factors than the system size.

For r = ∞ we have found previously (Fig. 2.17 and Fig. 3.3) that the breakdown

threshold pc of finite systems approaches the infinite system limit from two different

directions depending on the boundary conditions. Using periodic boundary conditions,

the threshold of finite systems increases with system size while using open boundary

conditions it converges through decreasing values. This effect cannot be exploited for

limited dependency because both of the boundary conditions result in finding larger and

larger values for pc and m as the system size is increased, see Fig. A.13. This changes in

r ∈ [80, 320] for the sizes investigated, where the finiteness of the system seems to begin

to be perceivable. Beyond that regime the exponents become much better measurable and

their values get similar to those obtained for the model with unlimited range dependency

links.

The measurement of exponent βm and γm relies strongly on the precise value of the

critical point. Therefore, only the values obtained for 1 ≤ r ≤ 3 should be considered. For
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βm we get values between 0.14±0.02 and 0.17±0.02 with increasing trend when increasing

r. For γm values between 2.3± 0.2 and 1.8± 0.2 are obtained with decreasing trend. The

values for the r = 0 case are known exactly: βm = 5/36 ≈ 0.14 and γm = 43/18 ≈ 2.39 [40].

Although our error intervals are large, the deviation from the r = 0 case and the measured

trend seems to falsify the hypothesis of universality for all 0 ≤ r ≤ rmax. This is in

accordance with the conclusion of the recent work of Grassberger [47] which indirectly

stated βm = 0.163± 0.002 for r = 1. However, that work cautiously suggests that system

1 ≤ r ≤ rmax shall belong to the same universality class but we could not confirm that.

For r ≥ 320 the exponents reproduce the values obtained for the model with unlimited

range dependency links.

3.7.2 Theoretical considerations

There is a large contrast between the second order transition for dependency range

below rmax and the hybrid transition above it. Here we present a renormalization picture to

better understand the r < rmax = 8 regime and we derive a single approximate percolation

master curve. Then we indicate why this approach ceases to work for links with larger

dependency range.

The largest connected component in single lattice percolation is self-similar at the

critical point psinglec which is the fixed point of the Monte Carlo renormalization group

transformation in the large cell limit.

In the following we use the Monte Carlo renormalization group picture. A cell of b× b

sites is renormalized into a single super-site. The renormalized network has the correlation

length ξ′ = ξ/b. The renormalized site occupation probability p′ is obtained by equating

it with the spanning probability of the cell [82].

Naturally, the dependency links must be renormalized too. The easiest is to assume one

dependency link per super-site. The range of the dependency links is a length; therefore,

it is transformed the same way as ξ. The dependency range r′ expressed in the new lattice

units is b times smaller than in the original units, i.e., r′ = r/b.

The renormalization equation is

p′ ≈ b1/νsingle(p− psinglec ) + psinglec (3.7)
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Figure 3.14: The critical point pc showing the place of (a) the breakdown
and the size of (b) the last cascade m0 for systems of size N = L×L as
a function of the dependency range r. There is a strong finite size effect
making extrapolation to infinite system size difficult. We have m0 → 0
for the range r < rmax = 8 in the infinite system limit but to see this
for r = 7 one has to study at least systems up to L = 2048. Above
rmax macroscopic cascades appear, the phase transition changes from
second to first order. The position of pc(r) shifts to higher values as the
system size increases. In the regime r ∈ [80, 320] the dependency range
starts experiencing the system sizes simulated; therefore, measurements
in finite systems resemble more and more the infinite dependency case.
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Figure 3.15: The scaling exponent ν̄m as measured from σ(pc) ∝ N−1/ν̄m

where σ(pc) stands for the standard deviation of the breakdown point.
For r < rmax we find similar values, however, the fluctuation 2.65±0.12
indicates that larger systems are required for precise results. The exact
value ν̄m(r = 0) = 8/3 is represented by the dashed line. For rmax <

r / 100 the exponent takes unexpectedly large values showing that the
variance in these systems might be dominated by other factors than the
system size. For large r the system size imposes a stronger limit than
r, as a consequence, we observe the behavior expected for the infinite
system size.

where psinglec ≡ pc(0) stands for the critical point of standard percolation on a single lattice

and νsingle = 4/3 [40].

Of course, an interdependent network with r > 0 cannot be brought to the single

network critical point because it collapses beforehand: psinglec < pc(r).

If the original occupation probability p is given for dependency range r0 then the

new occupation probability p′ in (3.7) is valid for the new dependency range r′0 = r0/b.

The described transformation connects the systems constructed with a finite dependency

range; therefore, universal exponents are expected.

Incorporating the range of dependency into the renormalization equation (3.7) and
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Figure 3.16: We used νsingle = 4/3 and psinglec = 0.5927461 to extrapolate
critical values from the one measured at r = 4 according to (3.8).

applying it to the critical point we get

pc(r0/b) ≈ b1/νsingle(pc(r0)− psinglec ) + psinglec . (3.8)

This argument can be extended to fractional b via cell-to-cell renormalization and it is in

good agreement with simulation, see Fig. 3.16. Compared to simulations we see that (3.8)

is valid for r / 8 and it corresponds to the parameter regime where the system shows

second-order transition.

Since the suggested transformation consists of a linear mapping of p to p′ and no

transformation for m it is clear that it cannot hold for arbitrary p. Still, it can be used

to approximate the interdependent critical point and as long as the linear form is valid it

implies that the exponent βm should remain unchanged.

However, out measurements for the exponent βm show increasing values with incre-

asing r. These numerical values indicate that our renormalization picture in this form

is only an approximation. For example, the simple decimation of the dependency links

does not guarantee that the one-to-one mapping between the layers is preserved. This

is not necessarily a problem but it leads out of the original model class and, as a con-
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Figure 3.17: The phase diagram of the unified model. The infinite de-
pendency range (r = ∞) model with no healing (w = 0) has a hybrid
phase transition. This can be changed to a second-order phase transition
either by increasing healing or limiting the range of dependency links.

sequence, one must introduce at least one new parameter and avoid infinite dependency

loops (referred to as no-feedback condition in [39]) in this new class. This gives us a hint

that the parameters of the new model class are important. The renormalization contracts

r but the lack of universality indicates that the single network critical point should be

repelling in the other parameters for r > 0. To investigate this one should introduce small

(fractional) r and study larger systems. Nevertheless, it seems that the critical point can

be determined within the perceived precision by using only the universal exponent ν̄m.

3.7.3 Combining the healing with limited dependency range

The healing and the limited dependency range can be treated within the same model. It

is natural to assume that healing links are not allowed to exceed the range r established for

dependency links. The efficient algorithm makes it possible to determine the breakdown

point in the parameter space w—r but we cannot obtain sufficient data for measuring

exponents, see Fig. A.14. With the analysis of the size of the last GMCC we can draw

the boundary between first order and hybrid phase transition in the unified model, see

Fig. 3.17.
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3.8 Conclusions

We examined the consequences of healing by edge formation in interdependent net-

works under random attack. We found that the increase in resilience of the network,

measured in the number of survived attacks, has power-law scaling with the probability w

of healing with exponent γ ≈ 1. By establishing new random links in the neighborhood of

the failed nodes, we delayed the collapse of the network through the hindering of cascades.

We have generalized an efficient algorithm to simulate the CF model with healing. This

allowed us to measure the critical properties of the phase transition as a function of the

healing probability. We revealed that below the critical healing probability wc = 0.354

the 2D interdependent network has hybrid phase transition with exponents similar to

the original model. Above the critical healing however, as avalanches get eliminated the

network is characterized by trivial scaling exponents in the sense that fluctuations follow

the central limit theorem. We demonstrated that this critical healing probability keeps the

average degree of the nodes close to the initial value while the network topology changes.

The scaling relation 1− βm = γa holds reasonably well for w < 0.1.

By analyzing healing efficiency, these findings can aid in the development of interven-

tion strategies for crisis situations. The presented model contains a number of unrealistic

features, like the starting lattice, the unbounded range and the high density of dependency

links and the non-locality of the healing links. Further studies should clarify the role of

these simplifications.

The study of the CF model with limited dependency showed finite size effects of extra-

ordinary amplitude that makes numerical investigations extremely difficult. For r > rmax

the transition point is rendered outside of the reach of simulations and we observe no

satisfactory scaling behavior. While for r < rmax the scaling behavior of the systems is

similar but our data is insufficient to identify universality classes if any exist. We found

that in the r < rmax regime the breakdown point of the systems is linked by a simple

renormalization argument stating that the dependency range must be scaled linearly.



Summary and outlook

In this thesis I studied collective breakdown phenomena occurring in complex systems.

I used the methods of statistical physics to improve predictions of systemic risk and descri-

bed strategies for decreasing it. I studied the Collateralized Debt Obligation (CDO) which

is one of the most important structured credit derivatives in modern finance. I successfully

implemented a Monte Carlo reweighting technique that makes the valuation of such con-

tracts more precise and/or faster with a focus on events that are rare but carry huge risk

and make the standard techniques computationally intensive. The simple model I covered

enabled to check the results both analytically and by computer simulation. I proposed

methods for locating the optimal reweighting parameters on the fly.

In the second part of my work I studied the phenomena related to interdependent

networks, a model used mainly to describe mutually dependent infrastructures but that

can be further generalized to financial systems too. To describe the behavior of the cas-

cading failure (CF) model near the critical point I identified two sets of scaling exponents

contrarily to standard percolation, where there is only one set. The first set, {βm, γm, ν̄m},

describes the behavior of the order parameter while the second set, {τa, σa, γa, ν̄a}, is rela-

ted to avalanches. Moreover, I showed that the two sets of critical exponents are connected

by the relationship 1−βm = γa. I showed that βm = 1/2 is valid generally for interdepen-

dent networks with random dependency links. With the help of Monte Carlo simulation

I measured these exponents on networks started as two-dimensional lattices and I verified

the relationships numerically.

I defined a dynamic model for interdependent networks to relax the assumption that

failures occur on a short timescale. I introduced healing that is controlled by a random

parameter, which accounts for the real-life effort to mend the system suffering from failu-

res. I showed that the healing hinders or slows down the abrupt collapse of the network.

To study this extended model in sufficient detail in the critical domain I had to genera-
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lize a very efficient simulation algorithm. I measured the critical parameters (breakdown

point and exponents) related to the order parameter. This helped identify two universality

classes corresponding to the domains, where breakdowns still occur and where they are

overcome. I revealed that below the critical healing probability wc = 0.354 the 2D inter-

dependent network has a hybrid critical behavior similar to the original model. Above

the critical healing, however, as avalanches get eliminated the network is characterized by

trivial scaling exponents in the sense that fluctuations follow the central limit theorem.

I demonstrated that this critical healing probability keeps the average degree of the nodes

close to the initial value while the network topology changes. I have found that the shift in

the position of the breakdown has a power-law scaling as a function of the healing proba-

bility with an exponent close to 1. The study of the CF model with limited dependency r

showed finite size effects of extraordinary amplitude that makes numerical investigations

of the critical behavior almost unfeasible. For 0 < r < rmax the scaling behavior of the

systems is very similar to each other and different from that of the r =∞ system. While

for r > rmax the critical point is rendered outside of the reach of simulations and we

observe no satisfactory scaling behavior.

My objectivehas been fundamental research but the phenomena and models studied

here are closely related to important technological and economic questions. The impro-

vement of CDO pricing may increase financial stability while understanding the possibility

for healing may help avoid infrastructural catastrophes. By analyzing healing efficiency,

these findings can aid the development of intervention strategies for crisis situations. The

presented model contains a number of simplifications, like the starting lattice, the unboun-

ded range and the high density of dependency links and the non-locality of the healing

links. Further studies should clarify the role of these factors.
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Thesis statements

My research detailed in the thesis and the corresponding novel findings are summarized

in the following thesis statements:

1. I implemented a Monte Carlo reweighting technique for the pricing of Collaterali-

zed Debt Obligation (CDO) contracts. I used this program for the pricing of CDO

contracts modeled by a compound Poisson process with realistic jump time and

jump size distributions. I showed numerically that with a careful choice of alterna-

tive parameters for the jump time and jump size distributions the reweighting can

be used to reduce the measurement variance of the quantities needed for pricing.

I showed that the decrease of the variance is in good agreement with the analytic

predictions and the expected value of these quantities matches their original values

without reweighting. Using the reweighting the required computational power can

be reduced by up to a factor of 12 for some products. [I]

2. I studied the hybrid phase transition (HPT) that occurs in the cascading failure (CF)

model on a pair of interdependent networks. I have shown that there are two sets of

exponents related to the phase transition: One describes the behavior of the order

parameter, which is the relative weight of the largest mutually connected component

(MCC); the other one characterizes the statistics of the cascades. I defined scaling

exponents for the size and fluctuation of the MCC (βm, γm, ν̄m), as well as for the

avalanche sizes (τa, σa, γa, ν̄a). I studied numerically the HPT on a pair of fully

interdependent 2D square lattices and measured the values of these exponents by

computer simulations. [II]

3. I derived two relationships for the scaling exponent βm that characterizes the size

m(p) of the MCC in the scaling regime near the critical point pc of the system as

m(p) −m0 ∝ (p − pc)βm , where 1 − p is the ratio of the externally removed nodes

in the system. First, I showed that βm = 1/2 universally, for infinite range

dependency links. Then I proved that 1 − βm = γa, where γa describes the scaling

of the average size of finite avalanches as 〈s〉 ∝ (p− pc)−γa . This way I established

a universal relationship between the two sets of exponents. [II]
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4. I introduced healing into the CF model to allow the dynamic recovery of the network

via forming random healing links that bridge over the failed nodes. I generalized an

efficient simulation algorithm for this case. I showed via computer simulations that

increasing the healing probability enhances the resilience of the network and there

exist a critical healing probability where the macroscopic cascades are eliminated

and the breakdown disappears in favor of the continuous shrinking of the network

that is getting more and more connected. I showed that this critical healing probabi-

lity also separates two different classes of behavior. Below the critical healing scaling

is similar to that observed in the original system while above it scaling exponents

take trivial values and the fluctuations follow the central limit theorem. [III, IV]

5. I studied the CF model with healing numerically in the regime of low healing pro-

bability w. I showed that the size m(p, w) of the MCC can be mapped to a mas-

ter curve as m(1 − p, w) = a(w)m((1 − p)/a(w), 0) in the w → 0 limit where

a(w) = 1 − ∆pc(w)/(1 − pc(0)) and the distance ∆p from the no-healing critical

point shows power-law behavior ∆p(w) ∝ wγ where γ is close to one. [III]
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p. 042109. arXiv: 1512.08335.
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A.1 Symbols and abbreviations of Chapter 1.

Notation Unit Meaning
CDS Credit Default Swap
CDO Collateralized Debt Obligation
t year time
M year maturity
r 1/year zero coupon bond interest rate
D(t) 1 discount function
a 1 attachment point (proportion of the original portfolio)
d 1 detachment point (proportion of the original portfolio)
a 1 attachment point in exponential specification a = 1− e−a
d 1 detachment point in exponential specification d = 1− e−d
`a,dt 1 loss on the tranche [a, d] at time t
ONt 1 outstanding notional, see Fig. 1.2
X(def) bp present value of the default (original portfolio=104 bp)
X(prem) bp present value of the premium
defPV bp default leg expected present value
premPV bp premium leg expected present value
upfront bp up-front (protection fee paid at the beginning)
spread bp spread (regularly paid fee of protection)
Nt 1 number of defaults until t, specially

NM is the total number of defaults until the maturity
ρ event/year Poisson process intensity
λ 1/event jump size parameter, specially

for exponential distribution 1/λ is the expected value
Lt 1 loss until t (proportion of the original portfolio)
R 1 Radon–Nikodym derivative of the path
n 1 number of Monte Carlo paths

in the figures it is abbreviated by MCS
h 1 height (of loss or default)

Table A.1: Notation summary for the recurring symbols.
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A.2 Symbols and abbreviations of Chapters 2 and 3.

Notation Unit Meaning
CF model cascading failure model [29].

LCC largest connected component
GCC giant connected component
MCC mutually connected component
GMCC giant mutually connected component
HLT Holm–Lichtenberg–Thorup fully-dynamic algorithms for con-

nectivity [64], see Sec. 2.6.4
ER Erdős–Rényi network
2D 2D square lattice network
psinglec 1/site critical fraction of removed nodes in classical percolation
P∞ 1/site order parameter of classical percolation

1− q 1/site fraction of targeted nodes (in the original CF model)
qc(N) 1/site critical fraction (breakdown place, original CF model) for sy-

stem size N
∆q 1/site ∆q = q − qc(∞)

1− p 1/site fraction of attacked nodes (step-by step model)
pc(N) 1/site critical fraction (breakdown place, step-by step model) for

system size N
∆p 1/site ∆p = p− pc(∞)
z link/node average degree in ER networks

zc(N) link/node critical average degree for system size N
z0 link/node the mean degree at the beginning of the cascading processes

and taken as z0 = 2zc(∞)
∆z link/node ∆z = z − zc(∞)
m 1/site size of the giant mutually connected component,

order parameter of the CF model
mN , m0 1/site size of the breakdown, i.e., the size of the GMCC at the critical

point for system size N or ∞ respectively
∆m 1/site ∆m = m−m0
w 1 healing probability
r lattice unit range of links (max-norm in lattice units)

βm, γm, ν̄m scaling exponents of the order parameter, refer to Sec. 2.5
γa, σa, τa, ν̄a scaling exponents related to avalanches, refer to Sec. 2.5

γ scaling exponent at w → 0, see Sec. 3.6.1
∆p0 ∆p0 = p − pc0, i.e., the distance to the critical point of the

system of unlimited dependency range without healing
periodic bc. boundary condition periodic in both directions, e.g. a torus
semiperiodic boundary condition periodic in one direction and open in the

other, e.g. a cylinder
open bc. boundary condition open in both directions, e.g. a square

Table A.2: Notation summary for the recurring symbols.
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A.3 Methods for producing scaling plots

Studying the scaling properties of the cascading failure model is more subtle than in

the case of standard percolation. In addition to determining the critical control parame-

ter (percolation threshold) one has to measure the size of the giant component before

breakdown. The two values together are referred to as breakdown point.
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Figure A.1: When zooming in to the plot of individual realizations the
fluctuation of the breakdown point gets visible. Both the threshold for
collapse and the size of the giant component before collapse fluctuates
per realization, even in the system N = 20482 plotted here.

The breakdown point of individual realizations fluctuates in both directions. The fluc-

tuation in the percolation threshold is illustrated in Fig. A.1 and its size dependence was

quantified in the main text as σ(pc) ∝ N−1/ν̄m where σ stands for standard deviation, see

also (2.9). The fluctuation in the size of the giant component is referred to as susceptibility,

see (2.8), and is illustrated in Fig. 2.10.

We extrapolated the breakdown point of the infinite systems using standard finite

size scaling on the breakdown points of finite systems as suggested by the equations in

Sec. 2.5. Here we are going to describe how to prepare scaling plots and we illustrate it

through examples of the original CF model that was presented in Chapter 2.

Due to the above described fluctuations the naïve averaging of the order parameter

across simulations would lead to a false conclusion about the order of the transition, see
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Figure A.2: Averaging the order parameter over the realizations gives
the false impression of continuous transition.

Fig. A.2. As the fraction of surviving systems changes gradually such an averaging results

in a continuous curve for the order parameter. To overcome this we propose two methods

described below.

One possibility is to average conditionally over the surviving systems only, as we did

in Fig. A.3 (a). This method misleadingly extends the plot of the order parameter down

to the smallest p observed among the simulated systems. In addition, the small-p end of

the plots is jagged. This is due to systems before failure that usually have smaller order

parameter than the rest of the still surviving systems. Therefore failing systems tend to

bring down the average near their failure. Fortunately, the situation is not that bad when

using periodic boundary conditions in the original model. In this case, notably, the finite

systems have smaller percolation threshold than the infinite system and the jagged part

can be omitted from the scaling plot, for detail refer to Fig. 2.17. In conclusion, this type

of averaging can be used to study scaling the original model and we obtained the scaling

results presented in the main text by this method.

The other method is to average the control parameter for a chosen value of the order

parameter, see Fig. A.3 (b). This type of averaging is particularly robust for measuring

the percolation threshold. It also leaves no doubt about the first-order (hybrid) phase

transition of the original model, see Fig. 3.2. However, we have found that the quality of

scaling in this method is no so good for measuring exponent such as βm, γm, etc.
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Figure A.3: (a) Conditional averaging of the order parameter over the
realizations where the network is still functional. (b) Average of the
control parameter for each value of the order parameter.
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A.4 Simulation results on the ER interdependent

networks

The results of the simulation carried out on the double-layer ER random networks

are important since those can be benchmarked against analytic results [29, 36]. These

simulations were done by our co-authors in [30], the group of B. Kahng. Here we present

the results in detail.

On each layer, an ER network is constructed, with N nodes in both, which are kept

fixed. Each node in one layered network has a one-to-one partner node in the other net-

work. The number of occupied edgesM in each layer is controlled. The control parameter

z is defined as the mean degree z = 2M/N . Using the algorithm [60], we measure the size

of GMCC as a function of z. The order parameter m(z) defined as the size of the GMCC

per node, which behaves according to Eq. (2.7). To trigger an avalanche and to measure

its size, we remove a randomly chosen node in one layer and measure the subsequent

decrements of the GMCC size, which sum up to the avalanche size. Then we recover the

removed nodes and repeat the above process to obtain a reliable statistics of the avalanche

size distribution for a given point z. We simulated 104 network configurations for each

system size N/105 = 4, 16, 64 and 256, and 103 configurations for N/105 = 1024. We

obtain 10−4N different avalanche samples for each configuration.

A.4.1 Critical behavior of GMCC

For the double-layer ER network model, the numerical values of m0 and zc were obtai-

ned in [43] with high precision as m0 = 0.511700 . . . and zc = 2.45540749 . . . . We use

these values to evaluate our simulation data. We first check whether Eq. (2.7) is consis-

tent with the theoretical value βm = 1/2 [41]. In Fig. A.4(a), we plot (m −m0)Nβm/ν̄m

versus ∆zN1/ν̄m in scaling form for different system sizes N , where ∆z ≡ z − zc(∞). We

confirm the exponent to be βm = 0.5 ± 0.01 from the ∆z region in which the finite-size

effect is negligible. Performing finite-size scaling analysis in Fig. A.4(a), we obtain the

correlation size exponent defined as z∗m(N)− zc(∞) ∝ N−1/ν̄m to be ν̄m ≈ 2.10± 0.02.

Next, we consider the susceptibility χ(z) as the fluctuations of the order parameter

over the ensemble. This quantity is expected to exhibit critical behavior χ ∝ (z−zc)−γm for

z > zc. In Fig. A.4(b), we plot a rescaled quantity (〈m2〉−〈m〉2)N1−γm/ν̄m versus ∆zN1/ν̄m .
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Figure A.4: (a) Scaling plot of the rescaled order parameter (m −
m0)Nβm/ν̄m vs. ∆zN1/ν̄m . With βm = 0.5 and ν̄m = 2.10 data are well
collapsed onto a single curve. (b) Scaling plot of (〈m2〉−〈m〉2)N1−γm/ν̄m

for different N versus ∆zN1/ν̄m , where γm = 1.05 is used.

We find that for the critical ∆z region, the data decay in a power-law manner with the

exponent γm ≈ 1.05 ± 0.05. Moreover, with the choice of ν̄m = 2.1, the data are well

collapsed onto a single curve. The obtained exponents βm ≈ 0.5± 0.01, γm ≈ 1.05± 0.05

and ν̄m ≈ 2.1± 0.02 satisfy the hyperscaling relation ν̄m = 2βm + γm reasonably well.

We also study the probability to contain nonzero GMCC at a certain point z, denoted

as RN(z) [47]. We find that RN approaches a step function in a form that scales as

RN([z− zc(N)]N1/2) (see Fig. A.5). Thus, the slope dRN(z)/dz exhibits a peak at zc(N),

where its value increases as N1/2. This means, the probability that the collapse of GMCC

occurs at zc(N) increases with the rate N1/2. Finite size scaling theory suggests the

interpretation that ν̄m = 2, which is compatible with the result we obtained earlier from

Fig. A.4. One can introduce the order parameter S(z) averaged over all configurations

as S(z) = m(z)RN(z) behaves similarly to the one obtained previously in Fig. A.4 of

Ref. [43].
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Figure A.5: The probability RN(q) that the giant cluster exists. Here
q = z/2zc is the node occupation probability of the site percolation
in ER networks with mean degree 2zc, which corresponds to the mean
degree z of the bond percolation in ER networks. The critical point
q = 0.5 corresponds to z = zc in this convention. The inset is the plot
of RN vs. (z− zc(N))N1/2. This data collapse requires zc(N) instead of
zc(∞).

The probability RN(z) is the basic quantity for large cell renormalization group trans-

formation in percolation theory [82, 83]. To proceed, we rescale the control parameter as

q = z/z0, where z0 is the mean degree at the beginning of the cascading processes and

taken as z0 = 2zc(∞) for convenience; then 1− q is the fraction of nodes removed. Let us

define q̃ = RN(q), where q̃ can be interpreted as the probability that a node is occupied

in a coarse-grained system scaled by N . Using the renormalization group idea, once we

find the fixed point q∗(N) satisfying q∗ = RN(q∗) and take the slope λ = dRN(q)/dq at

q∗(N). Then, we can obtain ν̄m = lnN/ ln λ. Numerically we obtain that λ ∝ N0.51±0.02

and thus ν̄m is obtained to be ν̄m ≈ 1.96± 0.07 (Fig. A.6). This value is close to the one

previously obtained by data collapse method.

Interestingly, we measure qc − q∗(N) ∝ N−1/1.5 yielding zc(∞) − z∗(N) ∝ N−1/1.5.

Similarly, from direct simulations we obtain zc(∞)− zc(N) ∝ N−1/1.5, where zc(N) is the

average finite size transition point (Fig. A.7). In a conventional second-order transition,

we would expect that these quantities scale with N as N−1/ν̄m . The difference to ν̄m ≈ 2

indicates either an additional diverging scale or extraordinarily large corrections. But as
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Figure A.6: The slope of RN(q) at the fixed point q∗, for which q∗ =
RN(q∗), as a function of the system size N . We measure the slope of the
right three data points using the least-square-fit method to be 0.51 ±
0.02. Thus, ν̄m ≈ 1.96± 0.07. Solid line is a guideline with a slope 0.51

we have seen previously, the standard definition of the exponent yields ν̄m ≈ 2. This is

confirmed by the inset of Fig. A.7 which shows
√

Var(zc(N)) ∝ N−0.5, where Var stands

for the variance. We conclude ν̄m ≈ 2 which is also consistent with the value we obtained

using the renormalization group transformation eigenvalue.

A.4.2 Critical behavior of avalanche dynamics

To characterize the avalanche processes, we count the avalanche size defined as the

number of nodes removed in each layer during the cascading processes, denoted as sa(z).

The distribution of those avalanche sizes collected from different triggering nodes and

configurations is denoted as ps(z). In Ref. [41] analytically ps(zc) ∝ s−τa
a with τa = 3/2

was obtained for locally tree like graphs. We confirm this exponent value in Fig. A.8(a).

Avalanches in the region z < z∗a(N) need to be classified as finite or infinite avalanches;

the latter locate separately in Fig. A.8(a). Infinite avalanche means the avalanche size is as

large as m(z), i.e., the GMCC completely collapses, and the system falls into an absorbing

state. The infinite avalanche begins to appear at z = z∗a(N). Fig. A.8(a) shows the scaling

behavior of the avalanche size distributionin form of psN τa/σaν̄a versus saN−1/σaν̄a at zc.

The data from different system sizes are well collapsed onto a single curve by the choices
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Figure A.7: zc(N) is the mean position of the order parameter dis-
continuity when the system size is N . It approaches to zc(∞) =
2.45540749 · · · as N increases, and the difference scales as N−1/1.5. The
inset is the standard deviation of zc(N), which decreases as N−0.5.

of τa = 3/2 and σaν̄a ≈ 1.85. This result suggests that there exists a characteristic size

s∗a ∝ N1/σaν̄a with σaν̄a ≈ 1.85± 0.02 for finite avalanches. These values indicate that the

hyperscaling relation σaν̄a = τa does not hold for the avalanche dynamics. For infinite

avalanches, s∗a,∞ ∝ O(N).

For z > zc, we examine the avalanche size distribution versus sa for different ∆z, and

find that it behaves as ps ∝ s−τa
a f(sa/s∗a) where f is a scaling function. Following conven-

tional percolation theory [40], we assume s∗a ∝ ∆z−1/σa . The exponent σa is obtained from

the scaling plot of ps(z)∆z−τa/σa vs sa∆z1/σa in Fig. A.8(b). The data are well collapsed

with σa ≈ 1.0, leading to ν̄a ≈ 1.85. This is different from ν̄m and indicates that there

exists another divergent scale.

We examine the mean avalanche size 〈sa〉 ≡
∑′
sa=1 saps(z) ∝ (∆z)−γa , where the

prime indicates summation over finite avalanches. It follows that γa = (2 − τa)/σa [40].

Thus, γa = 0.5 is expected. Our simulation confirms this value in the large ∆z region

(Fig. A.8(c)). Data from different system sizes are well collapsed in the plot of 〈sa〉N−γa/ν̄a

vs ∆zN1/ν̄a with γa = 0.5 and ν̄a = 1.85. This means that there exists crossover points

z∗a(N) such that z∗a(N) − zc ∝ N−1/ν̄a in finite systems. In the thermodynamic limit,

〈sa〉/N is equal to 0 for z < zc, s0 for z = zc and w(z − zc)−γa for z > zc where s0 is
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Figure A.8: (a) Scaling plot of ps(zc)N τa/σaν̄a vs sa/N1/σaν̄a for different
system sizes, with τa = 1.5 and σaν̄a ≈ 1.85. Note that infinite avalanche
sizes for different N do not collapse onto a single dot, because they
depend on N as s∗a,∞ ∝ N . (b) Scaling plot of ps(z)∆z−τa/σa vs sa∆z1/σa

for different ∆z but a fixed system size N = 2.56 × 107, with τa = 1.5
and σa ≈ 1.01. (c) Scaling plot of 〈sa〉N−γa/ν̄a vs ∆zN1/ν̄a for different
system sizes and γa = 0.5.
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Figure A.9: (a) Plot of 〈sa(t)〉 as a function of t at zc for finite avalanches,
showing 〈sa(t)〉 ∝ t2.0±0.01. (b) The plot of 〈tfinite〉 of finite avalanches
vs. N at zc on semi-logarithmic scale (left axis). Plot of 〈t∞〉 of infinite
avalanches as a function of N on double-logarithmic scale (right axis).
The guide line has a slope of 1/3.

constant and w ∝ O(N−1). This result shows that the avalanche statistics also exhibits

HPT.

A.4.3 Statistics of the number of hops

When investigating the avalanche dynamics we first focus on finite avalanches. Let

ti(z) be the number of hopping steps between the two layers in avalanche processes, when

the ith node is removed from the GMCC at z. 〈sa(t)〉i is the avalanche size averaged over

i, that is, the mean number of nodes removed, accumulated up to steps t. It is found in

Fig. A.9(a) that 〈sa(t)〉 ∝ t2 for finite avalanches, similarly to [45]. Using the avalanche

size distribution ps(z), we set up the duration time distribution pt(z) through the relations

psds = ptdt and sa ∝ t2 as

pt(z) ∝ t−2τa+1f(t2/(∆z)−1/σa). (A.1)
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The mean number of hopping steps for finite avalanches is 〈tfinite〉 ≡
∑′
t=1 tpt(z). Because

of τa = 3/2, 〈t〉 ∝ − ln(∆z) for z > zc and 〈tfinite〉 ∝ lnN at z = zc (Figs. A.9(b) and

A.11). The number of hopping steps of infinite avalanches which can appear in the region

z < z∗a(N) lead to 〈t∞〉 ∝ N1/3, as shown in Fig. A.9(b), in agreement with [45].

The scaling plot pt(z)(z− tc)(−2τa+1)/2σa vs. t(z− zc)1/2σa displayed in Fig. A.10 proves

our hypothesis of pt(z) ∝ t(−2τa+1)f(−t2/(∆z)−1σa). The exactly known special value

τa = 3/2 yields 〈tfinite〉 ∝ lnN at z = zc as observed in Fig. A.9(b).

Figure A.10: The scaling collapse of the distribution pt of the number
of hops t for finite avalanches.

Figure A.11: The mean number of hops of finite avalanches 〈tfinite〉 as a
function of the mean degree z.
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A.5 Detailed algorithm for the efficient simulation of

the CF model with healing

1. Let DA be the set of edges to be deleted from layer A.

2. Let HA be the set of edges proposed as healing edges. This set is built as follows:

take all the endpoints of the edges in DA. For each node v among the endpoints list

all possible pairs of the neighbors of v. Add the edge between each pair to HA with

independent probability w if the edge connects two points whose dependents are in

the same component in layer B and the edge is not already in HA nor does it exist

in the network.

3. Create the edges HA to the layer A. During the previous step, these edges were not

yet added to the layer A on purpose. Adding the edges in parallel with enumerating

the nodes in DA has unwanted side-effects that consist of nodes explored later en-

countering more healing links than nodes explored first. We want to avoid this and

keep the algorithm independent of the order of enumeration.

4. Remove all edges in DA. Whenever an edge removal splits up a connected component

in a into two parts, the edges that run between the parts in layer B are scheduled

for deletion, add them to DB. (This step is the analogue to immediately inactivating

edges in [37].)

5. If DB is not empty, repeat the above steps swapping the roles A↔ B until no more

edges are removed.

It is clear that the link creation Step 3 is realized within the component before any de-

letion involving Step 4 therefore the efficiency of the underlying dynamic graph algorithm

is not degraded.
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A.6 Supplementary figures for Chapter 3.
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Figure A.12: (a) The transition threshold pc and (b) the size of the last
avalanche m0 as a function of the system size N = L2 and the healing
probability w. Based on this information the critical values for L = ∞
are extrapolated using standard finite size scaling, however, near wc the
extrapolation might fail. The possible failure is due to the unreliable
measurement of ν̄m, see Figure 3.7. The finite size scaling might be
further hindered by a crossover meaning that for a small fixed w the
order of mN is increasing with N but this gets reversed at w ≈ 0.34.
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Figure A.13: (a) The critical point pc showing the place of the breakdown
and the size of (b) the last cascade m0 for systems of size N = L × L
as a function of the dependency range r with open boundary conditi-
ons. The shift in the maximum place of pc(r) is less apparent than for
periodic boundary conditions. In the regime r ∈ [80, 320] the depen-
dency range starts experiencing to the system sizes simulated therefore
measurements in finite systems resemble more and more the infinite
dependency case.
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Figure A.14: (a) The critical point and (b) the breakdown size as a
function of r and w. Measured on systems with N = 10242 2D lattice
as starting topology. Both dependency and healing links are allowed to
bridge at most the distance r in max-norm.
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