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Chapter 1

Introduction and research goals

The primary aim of this research work is to examine, qualify and improve the techniques
developed for analog-to-digital converter (ADC) testing. This is motivated on the one hand
by the fact that the quality of A/D conversion is crucial in many applications, while on the
other hand the inherent features of the converters still raise theoretical and practical ques-
tions concerning the potential testing process itself. The theoretical background of ideal
A/D conversion, which includes ideal sampling and ideal quantization, is �rm: ideal sam-
pling is described by the Nyquist-Shannon theorem [1] [2]. The e�ect of ideal quantization
has been described by multiple books and papers e. g. [3], [4] or [5]. However, in real-life
ADCs these foundations are insu�cient, partially valid, provide only basic orientation. The
quali�cation of ADCs as components requires a far broader approach. This includes the
careful design of the excitation signal and that of the sampling, plus the signal processing
algorithms that provide dedicated information required by the currently applied qualifying
protocols. Or possibly - owing to various improvements - by their future successors.

The corresponding PhD thesis overviews the standard procedures of ADC testing and then
focuses on a method that can possibly exceed the standard ones: the maximum likelihood
(ML) estimation of ADC and signal parameters. The research work presented in the re-
port has three main aims. The �rst goal is to determine the theoretical bounds of the
performance of the parameter estimation. Since ML estimation is asymptotically unbiased
and e�cient, it is important to know which are the extrema of the precision (in terms
of covariance or mean squared error) that can be reached theoretically. The other aim of
the investigations was to decrease the parameter space of the estimation. Since the model
developed for ML estimation contains all the code transition levels of the quantizer (an
N -bit quantizer has 2N − 1 code transition levels) the number of parameters to estimate
is approximately 2N (2N + 4 or 2N + 5 depending on the handling of jitter). Furthermore
a single code transition level usually does not have large in�uence on the entire measure-
ment record, thus the estimation of the code transition levels is usually largely uncertain
owing to the low sensitivity of the likelihood function to a single code transition level. Via
parameterization of the quantizer nonidealities the information regarding the static trans-
fer characteristic can be compressed. The relevant information is the global shape of the
integral nonlinearity (INL) curve which can be described using fewer parameters - and the
number of parameters does not depend on the resolution of the quantizer. This research
work attempted to enumerate the opportunities and to propose appropriate solutions to
approximate the quantizer nonidealities and thus reduce the parameter space of the ML
estimation. The ML estimation using approximation of the INL curve has been named ap-
proximate maximum likelihood (AML) estimation. The third goal was to extend the model
to handle aperture jitter properly. There are multiple cases where the e�ect of aperture
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jitter is very small and can be neglected in comparison with the amount of additive noise.
However, there are cases (mostly when a fast signal is recorded) where the e�ect of jitter
is large enough to be treated separately. The third direction of the research was to extend
the ML model to handle the aperture jitter properly and to compare the performance of
the estimates achieved using the original and the extended ML model.
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Chapter 2

The estimation problem

2.1 The measurement setup

The aim the measurements performed for ADC testing is to drive the analog-to-digital
converter circuit using a sinusoidal stimulus and examine the digital measurement record
which is the response of the ADC under test to the excitation. The stimulus is hereditary
noisy and can contain higher harmonic components but except the nonidealities it shall
be a sine wave. The model can be generalized - and is generalized in the corresponding
PhD thesis - for arbitrary band-limited periodic signals. However, in the practice it does
not worth to use intentionally multiharmonic signals because the intentional and the stray
upper harmonics cannot be separated easily in the digital measurement record. The pa-
rameters of the ADC under test and the stimulus are estimated based on the measured
digital waveform using a probabilistic approach, the maximum likelihood estimation (see
section 2.2). Using the achieved parameter estimates the following important static and
dynamic quality measures of the ADC can be calculated:

• integral nonlinearity (INL)

• di�erential nonlinearity (DNL)

• e�ective number of bits (ENOB)

• signal to noise and distortion ration (SINAD)

• spurious-free dynamic range (SFDR)

• the RMS value of the aperture jitter

The measurement setup appears in �gure 2.1
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Figure 2.1: The measurement setup

2.2 The model developed for ML estimation

For maximum likelihood estimation of the quantizer and excitation signal parameters the
following model has been developed [6]. The quantizer is described with a set of code
transition levels. Transition level Tk is the value of the input voltage, that results code
k − 1 with probability 50% probability, and code k with 50% probability as well. The
N-bit quantizer provides codes from 0 up to 2N − 1, and has 2N − 1 code transition levels.
The reduced full scale (RFS) of the converter is the voltage range between T1 and T2N−1.
Voltage values above the highest transition level result code 2N −1 and voltages below the
lowest transition level result code 0. Quantization can be described with a function q(x)
where

q(x) =


0, if x < T1

m, if Tm ≤ x < Tm+1

2N − 1, if x ≥ T2N−1

(2.1)

The sinusoidal excitation signal can be described using four parameters:

x(t) = A cos(2πft) +B sin(2πft) + C (2.2)

where A is the cosine coe�cient, B is the sine coe�cient and C denotes the DC component
of the signal. The frequency of the sine wave is denoted by f . The electronic noise of
the devices, and the imperfections of the measurement environment are modeled with
additional noise on the excitation signal. The most manifest way to handle the noise is to
assume Gaussian white noise with zero mean and σ standard deviation. Let n(t) denote
the realization of the additive noise. Since in this model the spectrum of the noise is white,
n(τ1) and n(τ2) are independent, if and only if τ1 6= τ2.
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This noisy sine wave is sampled and quantized (the sequence of these operations is inter-
changeable), thus the output of the ADC can be described this way:

y[k] = q(x(tk) + n(tk)) (2.3)

where tk denotes the kth sampling time moment (k = 1..M).
The parameters of the model to be estimated are the following ones:

• The code transition levels of the quantizer: T1, T2, ..., T2N−1

• The cosine coe�cient of the sine wave: A

• The sine coe�cient of the sine wave: B

• The DC component of the sine wave: C

• The frequency of the sine wave: f

• The standard deviation of the noise on the excitation signal: σ

Since ideal uniform sampling is assumed tk = tk,ideal = k · Ts and the frequency of the sine
wave can be described by the angular frequency normalized to the sampling frequency:

θ = ωTs = 2π
f

fs
(2.4)

where ω denotes the angular frequency, Ts is the sampling time, and fs denotes the sampling
frequency. This way

x[k] = x(tk) = x(k · Ts) = A cos(kθ) +B sin(kθ) + C (2.5)

The parameter vector to be estimated is the following:

p =



A
B
C
θ
σ
T1
T2
...

T2N−2

T2N−1


(2.6)

Note that the original model described in [6] neglects the uncertainty of sampling, never-
theless it can be extended to model the aperture jitter. In the extended model the standard
deviation of the additive noise is denoted by σv and an additional parameter σt is intro-
duced: σt is the standard deviation of the sampling uncertainty.
To express the likelihood of the parameters, it is necessary introduce a vector of discrete
random variables, denoted by Y. Value Y [k] belongs to the kth sample of the measurement
record and can achieve 2N values: it can be any of the output codes of the ADC form 0 to
2N − 1 with a given probability. This way
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2N−1∑
l=0

P[Y [k] = l] = 1 (2.7)

These probabilities depend on the signal and quantizer parameters itemized above and can
be described using the error function:

erf(x) =
2

π

∫ x

0
e−zdz (2.8)

P(Y [k] = 0) =
1

2

[
erf

(
T1 − x[k]
σ
√
(2)

)
+ 1

]
(2.9)

P(Y [k] = 2N − 1) =
1

2

[
1− erf

(
T2N−1 − x[k]

σ
√
(2)

)]
(2.10)

P(Y [k] = l) =
1

2

[
erf

(
Tl+1 − x[k]
σ
√
(2)

)
− erf

(
Tl − x[k]
σ
√
(2)

)]
(2.11)

where l = 1..2N − 2 To avoid using three di�erent cases in the probability calculation it
is useful to de�ne two virtual code transition levels of the ADC: let us use T0 = −∞ and
T2N = +∞. This way the value of Y [k] can be expressed in one equation:

P[Y [k] = l] =
1

2

[
erf

(
Tl+1 − x[k]
σ
√
(2)

)
− erf

(
Tl − x[k]
σ
√
(2)

)]
(2.12)

where l = 0..2N − 1
The likelihood function for the entire measurement is:

L(p) =
M∏
k=1

P[Y [k] = y[k]] (2.13)

where y[k] is the kth sample of the digital measurement record. Merging the latter two
equations, we can express the likelihood function this way:

L(p) =
M∏
k=1

1

2

[
erf

(
Ty[k]+1 − x[k]

σ
√
(2)

)
− erf

(
Ty[k] − x[k]
σ
√
(2)

)]
(2.14)

For computations it is feasible to de�ne a cost function, which is the negative log-likelihood
function:

CF(p) = − lnL(p) =M ln 2−
M∑
k=1

ln

[
erf

(
Ty[k]+1 − x[k]

σ
√
(2)

)
− erf

(
Ty[k] − x[k]
σ
√
(2)

)]
(2.15)
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The goal of the estimation task is to �nd the extremum of the likelihood or the cost function,
thus to achieve the maximum likelihood estimates for the parameters of the ADC under
test and the excitation signal:

p̂ML =



ÂML

B̂ML

ĈML

θ̂ML

σ̂ML

T̂1,ML

T̂2,ML

...

T̂2N−1,ML


(2.16)

Note that if the model is extended to estimate the standard deviation of aperture jitter
the parameter vector contains and additional parameter thus the ML estimate is:

p̂ML =



ÂML

B̂ML

ĈML

θ̂ML

σ̂v,ML

σ̂t,ML

T̂1,ML

T̂2,ML

...

T̂2N−1,ML


(2.17)

8



Chapter 3

Original contributions

Statement 1.

I have determined the formula that provides the amount of information regarding the
parameters of the quantizer and the sinusoidal excitation based on the model developed
for maximum likelihood estimation.

1.1 I have calculated the elements of the Fisher information matrix in an architecture-
independent, general and closed form. I have determined the Cramér-Rao lower bound
for the covariance of estimates using the Fisher information.

1.2 The most important elements of the achieved Cramér-Rao lower bound have been
compared to CRLB values derived from previously published and less complex mod-
els. The CRLB derived from the more complex ML model proved to be lower: the
explanatory power of the more complex quantizer and noise model is larger.

1.3 I have compared the empirical covariance of the ML estimate populations to the
empirical covariance of the estimate populations achieved via the standardized LS sine
wave �t. These empirical covariances have also been compared to the corresponding
Cramér-Rao lower bound.

1.4 I have generalized the calculations of the Fisher information and the Cramér-Rao
lower bound to the case when the excitation signal is not a sine wave but an arbitrary
band-limited periodic signal.

Related publication: [J4]

Statement 2.

I have proposed a method to approximate the static transfer characteristic of the quantizer
e�ciently using low number of parameters.

2.1 I have integrated this approximation into the model developed for maximum likeli-
hood estimation of quantizer and excitation signal parameters. This way the param-
eter space has been reduced from the O(2N ) to the O(1) order of magnitude, where
N is the number of bits. The number of parameters does not exceed a few tens in the
implementation.

2.2 The e�ciency of the approximation has been described using exact measures: vector
norms. These vector norms have been chosen paying attention to the requirements
set against the quantizer as a part of the measurement channel.

2.3 I have compared the approximation error to the theoretical lower bound of the un-
certainty of code transition level estimation. I have drawn up a recommendation
regarding the maximal number of parameters used for the approximation.
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Related publication: [J1]

Statement 3.

I have extended the model developed for the maximum likelihood estimation of the quan-
tizer and the excitation signal parameters with the modeling of aperture jitter.

3.1 Based on the Gaussian model of aperture jitter I have determined the formulae de-
scribing the two parameter time-variant noise model.

3.2 I have expressed the likelihood function that models the uncertainty of sampling
adding one parameter to the parameter vector. The extremum of this likelihood func-
tion provides a ML estimate for the standard deviation of the aperture jitter.

3.3 The extended estimation method has been tested via evaluation of simulated and real
measurements. The results are in correspondence with the theoretical expectations.

Related publication: [J5]

Based on the results detailed in this thesis I think the maximum likelihood and the ap-
proximate maximum likelihood estimation of quantizer and signal parameters could be
included into standards IEEE-1241 [7] and IEEE-1057 [8] as possible and feasible methods
to calculate dynamic and static quality measures of ADCs.
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Chapter 4

Applications of the Results

The algorithms detailed in the corresponding PhD thesis are developed to estimate the
parameters of the converter and the excitation signal to calculate the quality measures of
the ADC under test. Therefore the applications of the results are the implementations of the
original and the amended algorithms in commonly used platforms. These implementations
are published online [9] to be available for those who need to qualify their ADCs by
evaluating measurement results. There are two implementations of these algorithms: an
ADCTest toolbox for MATLAB and an ADCTest toolbox for LabVIEW.

4.1 ADCTest toolbox for MATLAB

The idea to develop an ADCTest toolbox for MATLAB goes back to approximately 2000.
The predecessor of this toolbox was developed in the collaboration of István Kollár, János
Márkus, Zoltán Tamás Bilau, Attila Sárhegyi and László Balogh. In 2012 the toolbox was
completely re-writen by Tamás Virosztek. Only the four parameter least squares sine wave
�t algorithm has been kept, which is referred by [7]. The new toolbox kept the name
�ADCTest� and the numbering of the versions started with 4.0 not to interfere with the
versions of the former toolbox. The main features of the toolbox are the following ones:

• Handling measurement descriptors

� Creating new measurement descriptors

� Editing existing measurement descriptors

� Creating simulated measurement records

� Saving measurement descriptors as MAT �les or as platform-independent XML
�les (an XSD schema de�nition has been elaborated for the XML �les)

• Classi�cation of measurement records: Once a measurement descriptor is loaded,
edited or created, it can be evaluated in multiple ways. However, not all measure-
ment records are appropriate to be processed via each evaluation method. Before
processing, the measurement record is classi�ed to determine whether it is appropri-
ate for a certain test method or not. The �Classify and process measurement record�
pushbutton appears at the bottom of the main window. Using this pushbutton user
can reach the classi�cation dialog box. This window shows the classi�cation results
with respect to the following test methods:

� Four parameter sine wave �t in LS sense

� Maximum likelihood estimation of signal and ADC parameters
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� Approximate maximum likelihood (AML) estimation of signal and ADC param-
eters

� Histogram test of the ADC using sinusoidal excitation signal

� FFT test of the ADC

The result of classi�cation can be

� Appropriate

� Appropriate with restrictions

� Inappropriate

The classi�cation window appears in �gure 4.1

Figure 4.1: Classi�cation of a measurement record

If the measurement record is appropriate (with or without restrictions) to perform a certain
type of test, the evaluation algorithm can be launched. In case of time domain sine wave
�tting - which can be performed with di�erent criteria e.g. in LS sense or via ML estimation
- the results of the di�erent test methods can be compared (see �gure 4.2).
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Figure 4.2: Comparison of the results of ML and LS estimation

4.2 ADCTest toolbox for LabVIEW

To exploit the possibilities o�ered by the LabVIEW environment the most of the function-
ality provided by ADCTest toolbox has been ported to LabVIEW [10]. The measurement
automation and data acquisition tasks are written in the graphical �G� language [11].
The con�guration of the measurement hardware is also composed in G. The LabVIEW
framework is based on the concept of virtual instrument (VI). A virtual instrument is a
user-de�ned measurement system with modular hardware and customizable software com-
ponents [12]. The toolbox is a top-level VI that contains several other VIs which perform
signal generation, measurement and signal processing tasks. The graphical user interface
of the program is the front panel of the main VI (see �gure 4.3). The modular hardware
contains two devices in our case: an NI-9263 analog output (DAC) device and an NI-9201
analog input (ADC) device. The excitation can be generated by the NI-9263 and can also
be acquired from an external source (e.g. from a dedicated sine wave generator).
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Figure 4.3: Front panel of the main VI

Regarding signal processing the LabVIEW implementation has the following main features:

• Histogram testing using sinusoidal excitation based on [13]

• Coherence analysis of the measurement record according to [14]

• Four parameter sine wave �t in least squares sense based on [7]

• Maximum likelihood estimation of signal and ADC parameters according to [6]

4.3 Usage of the implementations

The MATLAB and the LabVIEW implementations are both freely available and open-
source. The MATLAB implementation gets much more emphasis. The programs can be
downloaded without registration, but users can register optionally to be supported (e.g. to
get noti�ed about the new versions). Up to April 2017 we have 34 registered users from 13
countries of the world.
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