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Motivations and the goal of the research 

In the last few decades that was a great challenge to extend the scaling down technology not 

just for the electronics, but for other fields of engineering. The first in the raw was the 

mechanical extension, which was led to the micro-electro mechanical systems (MEMS) and 

most recently the nano-electro-mechanical systems (NEMS). These devices can jointly serve 

mechanical and electrical purposes, while the characteristic dimensions are in the micrometer 

range. The devices based on MEMS or NEMS technology are spread over the word and 

nowadays it can be found in every smart system. One can refer to the accelerometer, 

gyroscope or micromirror system in smart devices such as smart phone, GPS or projector. 

In line with the progress of MEMS devices, another demand appeared; to extend the scale-

down to fluidics, which led to the evolution of microfluidics. These devices can manipulate 

fluids (i.e. gases and liquids) in the range of volume of microliter. The advantage of such 

devices is diverse. On one hand for diagnostic purposes the scale-down means lower 

requirement of sample volume, on the other hand for production in chemical industry the 

scale-down means the ability to make the reactions faster. The mean force to use microfluidic 

devices is the achievable low price and high variability. Nowadays, there are microfluidic 

devices on the market. The most prominent examples are the ink-jet printers, and blood-sugar 

measurement devices. The research for new applications are still in focus, as it is show in 

figure 1. 

 

Figure 1. The number of publications about microfluidics from 2000 to 2016 

 

In this PhD thesis we dealt with the modeling of transport process in microfluidic 

environment, with special respect to the computational efficiency. To increase the efficiency, 

one can use reduced order models or compact models. In the theses we present both of the 

modeling techniques for modeling the transport property of micro systems.  
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In applications of microfluidics the need for transport modeling is usually appears as thermal 

or diffusion problem. The modelling is needed, when microfluidic chip cooler, microreactor, 

or microcalorimeter is developed. The purpose of the modeling is to support the development 

with fast and reliable models in the stage of design.   

The first part of the research is about the reduced order modeling of the two-phase Taylor 

flow in a microfluidic duct. This research is a straight-forward extension of a prior research in 

our department, which was about the compact modeling of the transport in the same regime, 

investigated by Ferenc Ender. The results of the compact model are summarized in [J1].  Our 

goal was to extend the limits of the prior transport model using special reduced order models. 

In the first thesis we constructed a reduced order model for thermal analysis, in the second we 

extended that with enzyme-kinetical and diffusion model, so as to jointly simulate the 

chemical reaction and its thermal effects. The thermal and enzymatic model basically was 

investigated through comparison to detailed simulation, but we were able to compare the 

thermal model with publicized measurement data.  

The second part of the research was more general. We investigated the features of an 

algorithm, which is the basis of an in-house thermal solver. The algorithm is named 

SUccesive Network REDuction (SUNRED) that is developed by Vladimír Székely and 

László Pohl. In this algorithm the fast solution is assured by the elimination of the nodes 

through identical transformation. The main topic was to extend the compact modeling 

technique in order to simulate the convective transfer rates too. To effectively use the 

SUNRED algorithm we were looking for resistive replacement element for convective 

transfer. As a result, we get the directed resistor model, which is applied for a simple 

geometry (microfluidic duct) and the results were compared to a detailed simulation. 

Furthermore a validation of the model is presented based on a microfluidic cooler constructed 

and measured by Gábor Takács (advisor: György Bognár) [1, 2, J4]. These results are 

summarized in the III. thesis. 

The SUNRED algorithm is based on equivalent transformation of resistive elements and heat 

generators. To use it for transient simulation one must recalculate the temperature map in each 

time step. In the IV. thesis we demonstrate a novel method to avoid the recalculation. That 

method is based on the Laplacian transformation of the original differential equation system. 

With the help of the Laplacian system we were able to reach direct solution for the transient 

problem. The technique is further developed to reach a practical general simulation method 

with robustness and well-characterized features, such as handling the parametric material 

properties, or solve the inverse problem. 

 

 

[1] TAKÁCS, G.; SZABÓ, P. G.; BOGNÁR, Gy. Modelling of the flow-rate dependent partial 

thermal resistance of integrated microscale cooling structures. Microsystem Technologies, 2017, 

23.9: 4001-4010. 

[2] TAKÁCS, G.; SZABÓ, Péter G.; BOGNÁR, Gy. Enhanced thermal characterization method of 

microscale heatsink structures. Microelectronics Reliability, 2016, 67: 21-28. 
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 Reduced Order Modelling of thermal effects in two phase Taylor 
flow regime 

The constructed reduced order model is based only on conservation equations for two-phase 

Taylor flow. To test the reduced order model we simulated a two-phase Taylor flow in a 

circular duct with 162 µm radius, with different flow rates with the help of our reduced order 

model and of CFD (Computational Fluid Dynamics) solver. The results were compared.  

The boundary condition at the inlet is a pre-defined series of alternating phases with constant 

velocity in order to assure that the bubbles would also appear in the reduced order model. The 

temperature of the coming fluid was set to 298.15 K. At the outlet the boundary is 

hydrodynamically an outflow, thermodynamically a free boundary. At the wall Neumann-

type boundary condition is applied with 100W/m2 heat flux. Hydrodynamically there is a no 

slip boundary. 

The difference of the results of the reduced order model and the detailed simulation is based 

on the variance of the two profiles on the wall of the modelled channel. The results for 

different Reynolds number are summarized in Table 1.  

 

Table 1. The difference of the temperature profile obtained by reduced order model and ANSYS Fluent 

on the wall of the channel 

For validation purposes we compared the results of reduced order model with 

measurement data, which is found in literature. The comparison showed that the reduced 

order model is valid up to the value of Reynolds number 1000.  

I. Thesis 

New reduced order model was created for thermally modelling the two-phase Taylor flow in 
linear circular duct. The results obtained by the new model are compared to the results of 
detailed simulation and literary measurement data. The comparison shows that the value of 
differences is near 5%, while the runtime of the reduced order model is hundred fold 
smaller, than the detailed model. 
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The simulated temperature profiles are shown in Figure 2.  

  

  

  

Figure 2. Temperature profile on the channel axis obtained by Ansys Fluent (blue, solid line) and by our 

new reduced order model (red dashed-dotted line), Re=1-15 
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Thermal and enzyme kinetical reduced order modeling of two-phase 
Taylor flow 

We used the same hydrodynamical model for the Taylor flow, but we added a heat productive 

enzymatic model with diffusion model. The enzymatic model and the thermal model were 

connected through the heat production.  

We simulated a two-phase Taylor flow in a circular duct with 162 µm radius, with different 

flow rates with the help of our reduced order model and of CFD solver. The results were 

compared considering the product concentration and the evolved temperature.  

The boundary condition at the inlet is a pre-defined series of alternating phases with constant 

velocity in order to assure that the bubbles would also appear in the reduced order model. The 

temperature of the fluid was set to 298.15 K the initial concentrations in the liquid for the 

enzyme and substrate were 10 µmol/dm3  and 10 mmol/dm3, respectively. 

At the outlet the boundary is hydrodynamically an outflow. At the wall Neumann-type 

boundary condition is applied with no heat flux. Hydrodynamically there is a no slip 

boundary. 

The difference of the results of the reduced order model and the detailed simulation is based 

on the variance of the two profiles on the wall of the modelled channel. The results for 

different Reynolds number are summarized in Table 2.  

 

 

Table 2. The difference of the temperature profile and product concentration profile obtained by reduced 

order model and ANSYS Fluent on the wall of the channel 

II. Thesis 

New reduced order model was created for joint thermal and enzyme kinetical modelling of 
the liquid phase of the two-phase Taylor flow in linear circular duct. The enzymatic reactions, 
the produced heat, the reactant diffusion, convection and thermal diffusion can be followed 
with the model simultaneously. The results obtained by the new model are compared to the 
results of detailed simulation. The comparison shows that the value of differences is below 
10% for both the concentration and the temperature distribution. The runtime of the 
reduced order simulation is at least 10 times smaller that the detailed simulation’s runtime. 
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The results of the simulations are shown in Figure 3.   

  

  

  

Figure 3. Temperature (left) and product concentration (right) profiles at the channel wall in case of 

enzymatic reaction, obtained by Ansys-Fluent (blue, solid line) and by our new reduced order model (red 

dashed-dotted line), Re=3-7 
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Compact modeling of one phase flow in microchannel 

The basis of the new compact modeling technique is the directed resistance, which is a 

replacement element for convective heat flux. This object is shown on Figure 4. 

 

Figure 4. The directed resistance model 

The directed resistance is a dissymmetrical element, which effect only on one end of its 

endpoints.  

A compact thermal model was created for testing the new element. The geometry consists a 

silicone block with a rectangular channel inside with a dimension of 300 µm. The boundary 

conditions were isothermal, with 300 K on the surface of the silicone block, and 280 K for the 

cooling gas. The geometry and the results obtained by ANSYS Fluent and the new compact 

modeling technique is shown in Figure 5.  

 

Figure 5.  (left) The temperature profile in the center of the microchannel along the axis, obtained 

by Ansys Fluent (blue, solid line) and by our new compact model (red dashed-dotted line) (right) the 

geometry and the applied boundary conditions 

The variance based error was 0.82 %.  



Reduced order models for simulation of transport processes in microsystems 

9 

As a validation we created another simulation for a microfluidic cooler, which is designed 

fabricated and tested in our department by another research group. In this simulation we 

investigated the thermal resistance occurred by the flow with different flow rates. These 

resistances can be calculated, and simulated as well. The results are summarized in Table 4. 

 

Table 4. The thermal resistance of the cooler with different flow rates 
 

III. Thesis 

An equivalent conductive model was worked out for modelling the convective effect 

of a single-phase flow in microchannel. The equivalent resistive model is able to describe the 

non-reciprocal effect of the flow, in a regime where the ducts are linear and the flow is steady. 

The new modelling technique is fitted to our in-house successive network reduction solver 

(SUNRED). The validation of the model was based on the comparison with detailed 

simulation and measurement. It is stated that the errors are below 10 %. 
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Development of direct transient successive network reduction 
algorithm 

The new modeling process is based on the Laplacian transformation of SUNRED method, 

which is based on identical transformation. Therefore, the modelling technique is assumed to 

be errorless with symbolical calculation.  To prove that we obtained a very simple geometry 

in 2D, with 25 blocks and compared the results from the new method and the iterative Euler 

method. From the known convergence features of Euler method, the errorless feature can be 

shown as in Figure 6. 

 

Figure 6. Comparison of the results of new SUNRED method with the results using Euler method 

with different time steps 

The next example that we investigated is a 2 dimensional LED model. The structure and the 

boundary conditions are shown in Figure 7.  

 

Figure 7. The structure of the LED (left) and the boundary conditions (right) 
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This example showed us that new simulation technique can work with inhomogeneous 

material distribution, and with parametric material properties. The chosen parameter was the 

thermal conductivity (λ) of the Thermal Interface Material (TIM). The transient temperature 

of the measurement point (MP) is shown on Figure 8. (left). Hence at the end of the SUNRED 

process we get a parametric transfer function, we are able to extract the steady temperature as 

a function of the parameter. That is shown in Figure 8. (right). With the transfer functions in 

possess we can estimate the heat flux from the “measured” temperature of the measurement 

point. To simulate the situation, we calculated the temperature of MP with a square-wave heat 

flux on the LED chip, afterwards, we add a white noise to it with A amplitude. After the 

resimulation we were able to compare the original and the noisy signals. The result is shown 

in Figure 9. 

 

 

Figure 8. The transient response of 2D LED model with 1W step-like heat flux on the LED-chip with 

different TIM heat conduction (right) and the steady temperature as continuous function of heat 

conductivity of TIM 

 
Figure 9. The temperature of the measurement point after resimulation (inverse simulation and forward 

simulation again) with different noise amplitude (A) 
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However, the new modeling technique is errorless and it can handle the material parameters, 

there is a great drawback to use such a model; the runtime. The runtime for a simple 2D LED 

model (1000 nodes) is about half an hour, and it is exponentially increasing with the number 

of nodes. That problem can be overcame by using the balanced order reduction (BALRED) 

algorithm, which is a robust reducing technique in complex frequency space. With the 

BALRED method a 3D LED model (with more than 100 000 nodes) can be reduced quickly, 

in half a minute. Using the SUNRED and BALRED simultaneously led a new computational 

complexity dependence of the number of nodes (n3), while the memory usage is depending on 

the number of nodes by only n2/3. 

  

10. ábra The result of the simulation for 3D LED model (left) and the structure (right) 

 

IV. Thesis 

New direct successive network reduction technique is worked out for transient thermal 

problems. The method determines the complex thermal impedances between the points of the 

modelled area.  The algorithm is able to handle material parameters and can be used to solve 

the inverse problem. The difference caused by using the model is less that 1%. 

The effectiveness of the method is enhanced by using the balanced order reduction in 

complex frequency space. With simultaneously using the balanced reduction and successive 

reduction, the reduction times are dramatically dropped, and so it can be used to simulate 

ordinary problems in engineering practice, because the reduction time depend on the number 

of nodes on the third power and the memory depend on two-third power. The last dependency 

is usually linear. 
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