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Budapest, 2017. október 16.
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Óbuda University (OE) for the constructive discussions.

Furthermore I would also like to thank and express my appreciation
and respect to my family members and circle of friends for their time,
constructive advice, opinion, love and support.

The research was supported by the Hungarian National Development Agency and
the European Research Council (ERC-HU-09-1-2009-0004, MTA SZTAKI) (OMFB-
01677/2009) and by the TAMOP-4.2.2.C-11/1/KONV-2012-0001 project, supported
by the European Union, co-financed by the European Social Fund.
The research work was partly supported by the FIEK program - ”Felsőoktatási és Ipari
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Abstract
The research topic belongs to the field of modern control theory, more specifically to the
research area of the control of complex, multivariable, nonlinear systems. One actively re-
searched focus point consists of quasi Linear Parameter Varying (qLPV) state space modeling,
Higher-Order Singular Value Decomposition (HOSVD) based Tensor Product (TP) model
transformation and Linear Matrix Inequality (LMI) based design techniques. Modern qLPV
state-space model and LMI based multi-objective convex optimization based control theories
and design methods can be divided into the following steps:

1: Defining of the qLPV state-space model

2: Derivation of the polytopic representation from the qLPV model

3: Substitution of the polytopic representation into LMI based control design methods in
order to attain the controller and observer system components

The main focus in the scientific research initiatives was mostly on step 1. and 3., which
achieved a significant literature with several routine like algorithms and methodologies. In
contrast, step 2., the effect of the procedure deriving the polytopic model and its effect on
step 3., the LMI based control design methods was given less attention. As a result, the
widely accepted standpoint spread, that the LMI based control design methods give an optimal
solution on the qLPV model. A paper published in 2009 draws attention and points out the
issue, that the procedure deriving and manipulating the polytopic representation in step 2. is
necessary and has relatively the same extent of significance as step 3., since LMIs are very
sensitive to the variation of the components of the polytopic representation, therefore the LMI
based control design methods do not give an optimal solution on the identified qLPV model,
but rather on the polytopic representation. Solutions published in highly ranked journals
can be found to the present day, where this issue is not taken into account and are therefore
questionable.
I performed a comprehensive, systematical investigation of the 2009 paper’s hypothesis and
proved the existence of the following influencing effects in the dissertation: the manipulation
of the polytopic TP model representation influences the feasibility of LMI based control
design and LMI based stability analysis methods. Therefore, I proved, that the manipulation of
the components of the polytopic representation is an important and necessary step to consider
at LMI based control design and LMI based stability analysis methods. In order to employ
the statements for control optimization applications, I derived and further elaborated the
concept of the separate controller and observer design and proposed a novel method, termed
as the following: I proposed a two dimensional (2D) parametric convex hull manipulation
based control design optimization method for TP model transformation based Control Design
Frameworks. Applying the method, I achieved to overall improve the control performance of
the scientific literature’s most recent version of the 3-DoF aeroelastic wing section’s problem,
which is a complex, nonlinear, external parameter dependent, close to real engineering
benchmark problem. Therefore, besides the theoretical significance, I gave a practical example
for the application possibilities and confirmed the practical significance as well. Thus, as an
overall conclusion I proved, that the manipulation of the polytopic TP model representation is
a necessary and important step in reaching the optimal solution for the control performance.
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Abbreviations and Notations
The following abbreviations and notations are utilized in the dissertation, which are based on
sources [1–9]:

LPV – Linear Parameter Varying
qLPV – quasi Linear Parameter Varying
LTI – Linear Time Invariant
LMI – Linear Matrix Inequality
SVD – Singular Value Decomposition
HOSVD – Higher-Order Singular Value Decomposition
CHOSVD – Compact Higher-Order Singular Value Decomposition
RHOSVD – Reduced Higher-Order Singular Value Decomposition
TP model transformation – Tensor Product model transformation
SN – Sum Normalized
NN – Non-Negative
NO – NOrmal
CNO – Close to NOrmal
RNO – Relaxed NOrmal
INO – Inverse NOrmal
IRNO – Inverted and Relaxed NOrmal
PDC – Parallel Distributed Compensation
LFT – Linear Fractional Transformation
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{a, b, . . . } scalars
{a,b, . . . } vectors
{A,B, . . . } matrices
{A,B, . . . } tensors
A+ pseudo inverse of matrix A
(A)ij = aij entry with row index i and column index j in a matrix A
n = 1 . . . N index of dimensions
Ω = ω1 × · · · × ωN parameter space for each dimension n
G = G1 × · · · ×GN discretization grid for each dimension n
A ∈ RI1×I2×···×IN vector space of real valued I1 × I2 × · · · × IN tensor A
Rn = rankn(A) n-mode rank of tensor A ∈ RI1×I2×···×IN

FD(Ω,G) tensor containing the discretized variant of f(x) over Ω and G
WD(Ω,G) matrix containing the discretized variant of f(x) over Ω and G
A×1 U1 tensor multiplication along 1st dimension with matrix U1

A×n Un tensor multiplication along nth dimension with matrix Un

A×1 U1 · · · ×N UN tensor multiplication with matrices U1 . . .UN along dimension n
A⊗n Un compact multiple tensor product notation with A×1 U1 · · · ×n Un

Note that the SVD for N -th-order tensors (termed as HOSVD)
and the notation A⊗n Un was elaborated by Lathauwer et al [4].
Here, the core tensor A contains scalar values.

S(p(t)) system matrix of a linear parameter-varying state space model
p(t) parameter vector
x(t) state vector
y(t) output
u(t) input
A �

n∈N
Un compact multiple tensor product notation applied in control theory

The operation denoted by � consists of the tensor product. The
original notation of HOSVD – ⊗ –, as introduced by Lathauwer
et al. [4], is modified in TP model transformation based control
theory applications to emphasize the difference of the higher-level
structure of the core tensor A: namely, instead of scalar values
utilized in HOSVD, as described later, the elements of the core
tensor A incorporate tensors or linear time-invariant (LTI) system
matrices [1, 2].

S coefficient tensor of the finite element TP model constructed from
the vertex system of the system matrix of a linear parameter-varying
state space model

σ singular value
w(p) weighting function of the finite element TP model
WD(Ω,G) matrix containing the discretized variants of the weighting functions

over Ω and G
Un matrix representation of the weighting functions
F tensor containing the controller feedback gains of the vertex systems
K tensor containing the observer feedback gains of the vertex systems
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Chapter 1

Introduction

The research topic belongs to the field of modern control theory, more specifically to the
research area of the control of complex, multivariable, nonlinear systems. The introduction is
based on recalling sources [1–9].

1.1 Preliminaries and scientific background

1.1.1 Multi-objective nonlinear control theory
The modeling and control of high-complexity, nonlinear systems with multiple objectives is a
current challenge in engineering. One actively researched focus point consists of quasi Linear
Parameter Varying (qLPV) state space modeling, Higher-Order Singular Value Decomposition
(HOSVD) based Tensor Product (TP) model transformation and Linear Matrix Inequality
(LMI) based design techniques [1–9].

1.1.1.1 Nonlinear modeling through qLPV models

This paragraph describes nonlinear modeling through qLPV models based on sources [1–
9]. The qLPV state-space representation of a model has the ability to describe nonlinear
systems. This is accomplished through a combination defined through nonlinear weighting
functions and linear time-invariant (LTI) vertexes. The system matrix S(p) incorporates an
affine parameter dependence via the vector p, which can contain both external and internal
dependencies - e.g. elements of the state vector. Additionally, the parameter variance can
hold constant but unknown uncertainties and both continuous functions p1,2,...(t) or discrete
state variables p1,2,...[k] as elements. The theory of qLPV system representations appeared
in various areas of control theory, such as gain scheduling control for nonlinear systems
(SHAMMA and ATHANS, 1991, [10]). Further advances extended the topic of qLPV systems
to passivity, H∞ theories and robust adaptive control LIM and HOW, 2002, [11], BECKER

and PACKARD, 1994, [12] and ATHANS et. al., 2005, [13] as well as to switching control
systems HESPANHA et. al., 2003, [14] and intelligent control FENG and MA, 2001, [15],
RAVINDRANATHAN and LEITCH, 1999, [16] through the 2000s. The method of qLPV
representation can be applied to a wide range of problems and applications.
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1.1.1.2 Multi-objective control design theories through LMIs

This paragraph describes multi-objective control design theories through LMIs based on
sources [1–9]. Efficient numerical mathematical methods and algorithms were developed
for solving convex optimization problems in the form of LMIs through NESTEROV and
NEMIROVSKI [17,18]. This provided a significant improvement, since stability questions were
formulated in a new representation, in the form of LMIs, and the feasibility of Lyapunov-based
stability criteria was reinterpreted as a convex optimization problem, as well as extended to
an extensive model class. Since the problems became efficiently solvable, they gained focus¿
this new approach was established and elaborated through the efforts of GAHINET, BALAS,
CHILAI, BOYD, and APKARIAN, additionally, the complete geometrical representation of
convex optimization was established by BOKOR [19–24]. BOYD’s paper [23] states, that it
is true for a wide class of control problems, that if the problem is formulated in the form
of LMIs, then the problem is practically solved. Soon, it was also proved, that this new
representation could be used for the formulation of different control performances beyond
the stability issues, together with the optimization problem. Ever since then, the number
of papers concerning LMIs are increasing drastically in various topics, such as optimal LQ
control, robust H∞ control / H∞ synthesis, µ-analysis, quadratic stability, Lyapunov-based
stability, multi-model and multi-objective state-feedback control of parameter-dependent
systems, control of stochastic systems. As a result, with the use of numerical methods of
convex optimization, we consider a large set of problems, that require the resolution of a huge
number of convex algebraic Ricatti-equations solved today, in spite of the fact that the result
of the obtained solution is not a closed (in its classical sense) analytical equation.

1.2 Goals of the dissertation
Modern qLPV state-space model and LMI based multi-objective convex optimization based
control theories and design methods can be divided into the following steps:

1: Defining of the qLPV state-space model

2: Derivation of the polytopic representation from the qLPV model

3: Substitution of the polytopic representation into LMI based control design methods in
order to attain the controller and observer system components

The main focus in the scientific research initiatives was mostly on step 1 and 3, addressing
the investigation of defining qLPV models and the investigation and manipulation of LMIs
to attain the optimized controller and observer performance. These achieved a significant
literature with several routine like algorithms and methodologies. In contrast, step 2, the effect
of the procedure deriving the polytopic model and its effect on the LMI based control design
methods was given less attention. As a result, the widely accepted standpoint spread, that the
LMI based control design methods give an optimal solution on the qLPV model. A paper
published in 2009 [25] draws attention and points out the fact, that the procedure deriving and
manipulating the polytopic representation in step 2 is necessary and has relatively the same
extent of significance as step 3. More specifically, the LMI based control design methods

2



do not give an optimal solution on the identified qLPV model, but rather on the polytopic
representation, since the polytopic representation is not invariant. Examples published in
highly ranked journals can be found to the present day, where the polytopic representation is
not taken into account during the LMI based control design and are therefore questionable.
Specific examples can be found in [26–30]. In this context, my goal was to investigate and
confirm the hypothesis, that the polytopic representation is not unique and that the LMIs are
sensitive to it. More specifically, the research goals consist of the following:

1. Investigate the influence of different polytopic representations of the controller and
observer on the feasibility of the LMI based control design methods. Study the fea-
sibility of separately generated controllers and observers, how it varies according to
the polytopic representation. Investigate, how the polytopic representation executed
separately for the observer and controller design influences the achievable parameter
space of the design.

2. Investigate the influence of different polytopic representations of the controller on the
feasibility of the LMI based stability analysis methods. Study the feasibility of LMI
based stability analysis methods, how it varies according to the polytopic representation.

3. Based on the results of the first two objectives, the third, application goal consists of
to attempt to improve the control solution of the 3-DoF qLPV state-space aeroelastic
wing section model.

The investigation of objective 1. and 2. is performed on the most recent version of the
3-DoF qLPV state-space aeroelastic wing section model including Stribeck friction [31, 32],
which is an effective example for discussing the analysis and control design strategies of
aeroelasticity. The difficulties of the control design and stability of the aeroelastic wing section
include its complex dynamics, that is its complexity, nonlinearity and external parameter
dependence, which results in a complex, analytically challenging mathematical description.
Additionally, without control effort, the model’s behavior leads to limit cycle oscillation and
even chaotic behavior.

The methodological concepts of the investigations consist of TP model transformation,
which is able to numerically reconstruct the polytopic TP model representation of a given
model [1, 2, 33] and LMI based methods [34–36] utilized as tools. The different polytopic
representations required for the investigations are achieved through exploiting the convex hull
manipulation of the polytopic TP model representation. The LMI based control methodologies
were well researched in the last years, therefore their validity and applicability analysis is not
set as a goal.

1.3 Structure of the dissertation
The dissertation consists of 4 parts. Part I, as the Preliminaries and applied mathematical
methodologies, recalls the TP model representation in Chapter 2. Chapter 3 describes TP
model transformation. The TP model transformation-based control design methodology is
recalled in Chapter 4. Last, the 3-DoF aeroelastic wing section model is described in Chapter

3



5. Part II, consisting of the Theoretical results, contains an investigation of the influence of
the TP model representation on the feasibility of LMI based control design in Chapter 6 as
well as the investigation of the influence of the TP model representation on the feasibility
of LMI based stabiliy analysis in Chapter 7. Part III, as the Applications and practical
achievements, contains the improved control solution of the stability and performance of the
3-DoF aeroelastic wing section through a TP model based 2D parametric control performance
optimization method in Chapter 8. Part IV, consisting of the Conclusion, contains a brief
summary and the new scientific results in Chapter 9 and the author’s publications in Chapter
10.
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Part I

Preliminaries and applied mathematical
methodologies
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Chapter 2

TP model representation

The Chapter recalls the TP function, convex TP function, the TP model of qLPV systems and
the HOSVD and quasi HOSVD based canonical form of qLPV models based on sources [1–9].

2.1 TP function
Definition 2.1 (TP function [1–9]). The function Y = f(x) ∈ RO1×...×OK , x ∈ RN is a TP
function if it has the structure of

Y = S
N

�
n=1

wn(xn), (2.1)

where N = 1, . . . , N ⊂ N. The elements of the weighting functions

wn(xn) =
(
wn,1(xn) · · · wn,In(xn)

)
(2.2)

have the intervals wn,i(xn) ∈ [−1, 1]. The elements of the core tensor S ∈ RI1×...×IN consist
of tensors with the size of O1 × . . . × OK . The tensor S can be considered as a tensor of
scalar elements with the size of I1 × . . . IN ×O1 × . . .×OK .

It is important to recall the following remarks from sources [1–9]:

Remark 2.1. Note that not all functions f(x) have a TP function structure in which the size of
the core tensor is bounded [37].

Remark 2.2. Equation (2.1) without the tensor operation takes the following form:

Y = ΣI1
i1=1ΣI2

i2=1 · · ·ΣIN
iN=1

[
ΠN
n=1wn,in(xn)

]
Si1,i2,...,iN , (2.3)

where Si1,i2,...,iN ∈ RO1×...×OK consists of the elements of tensor S.

6



2.2 Convex TP function
Definition 2.2 (Convex TP function [1–9]). The TP function (2.1) is convex if its weighting
functions satisfy the following criteria:

∀n, xn : wn(xn)1 = 1 (2.4)

∀n, i, xn : wn,i(xn) ∈ [0, 1]; (2.5)

In this case the weighting functions are denoted as wCo
n (xn), where Co denotes convex. In

this case, the output Y is always within the convex hull defined by the O1 × . . .×OK sized
elements of the core tensor. The elements of the core tensor are also referred to as vertexes.

If further characteristics are introduced for the weighting functions, then various special
types of the convex hull defined by the vertexes can be defined, leading to a different tightness
and shape of the convex hull [1–9, 38–42].

Definition 2.3. [SN type TP function [1–9]]: The convex TP function is SN (Sum Normal-
ized), if the sum of the weighting functions for all xn is 1 for each dimension n.

Definition 2.4 (NN type TP function [1–9]). The convex TP function is NN (Non-Negative),
if the values of the weighting functions for all xn are non-negative for each dimension n.

Definition 2.5 (NO/CNO type TP function [1–9]). The convex TP function is a NO (Normal)
type model, if its weighting functions are Normal, that is, if it satisfies (2.4) and (2.5), and
the largest value of all weighting functions is 1 for each dimension n. Also, the convex TP
function is CNO (Close to Normal), if it is satisfies (2.4) and (2.5), and the largest value of all
weighting functions is 1 or close to 1 for each dimension n.

Definition 2.6 (RNO type TP function [1–9]). The convex TP function is Relaxed NO (RNO)
type, if the largest values of all weighting functions are the same (if the matrix is SN and NN
type, then this value is always between 0 and 1) for each dimension n.

Definition 2.7 (INO type TP function [1–9]). The convex TP function holds an Inverse NO
(INO) type, if the smallest value of all columns is 0 for each dimension n.

Definition 2.8 (IRNO type TP function [1–9]). The TP function is IRNO (Inverted and
Relaxed Normal) type, if the smallest values of all weighting functions are 0, and the largest
values of all weighting functions are the same for each dimension n.
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2.3 TP model of qLPV systems
Definition 2.9 (qLPV model [1–9]). Consider a Linear Parameter Varying (LPV) state space
model: (

ẋ(t)
y(t)

)
= S(p(t))

(
x(t)
u(t)

)
, (2.6)

with input u(t) ∈ Rm, output y(t) ∈ Rl and state vector x(t) ∈ Rk. The system matrix

S(p(t)) =

(
A(p(t)) B(p(t))
C(p(t)) D(p(t))

)
(2.7)

is a parameter-varying object, where p(t) ∈ Ω ⊂ RN is a time varying N -dimensional
parameter vector, where Ω = ω1 × ω2 × . . . × ωN = [ωmin1 , ωmax1 ] × [ωmin2 , ωmax2 ] × · · · ×
[ωminN , ωmaxN ] ⊂ RN is a closed hypercube. The size of the system matrix is S(p(t)) ∈ RO×I .
The parameter vector p(t) can include elements of the state vector x(t), in this case Equation
(2.7) is termed as quasi LPV (qLPV) model. This type of model is considered to belong to
the class of non-linear models. Further parameter dependent channels, which can represent
also various control performance requirements can be incorporated into S(p(t)).

Notation 2.1. State variable vector x(t), output vector y(t) and input vector u(t) are all
dependent on time t. For a simpler notation the time dependency is not emphasized later
on. Notation x, y and u is considered equivalent to x(t), y(t) and u(t). On the other
hand, the emphasis that the parameter vector p(t) and the weighting function w (pn (t)) are
time-varying, is kept.

Definition 2.10 (Finite element polytopic TP model [1–9]). The qLPV model (2.6) can be
defined using a TP function structure as(

ẋ(t)
y(t)

)
= S �

n∈N
wn(pn(t))

(
x(t)
u(t)

)
, (2.8)

where the N + 2-dimensional core tensor S ∈ RI1×I2×···×IN×O×I is constructed from the LTI
system matrices Si1,i2,...,iN ∈ RO×I .
If the weighting functions define a convex combination of the vertexes for all n:(

ẋ(t)
y(t)

)
= S �

n∈N
wCo
n (pn(t))

(
x(t)
u(t)

)
, (2.9)

then the TP model consists of a polytopic representation. As a consequence, the system matrix
S(p(t)) is always within co{∀n, in : Si1,i2,...,iN}, where Si1,i2,...,iN are referred to as the vertex
LTI systems. The TP model is a higher structured polytopic representation as it can always be
given as:

S(p(t)) =
R∑
r=1

wCor (p(t))Sr. (2.10)

Vertexes Sr are equivalent to the vertexes stored in tensor S, as Sr = Si1,i2,...,in and
wr(p(t)) = ΠN

n=1wn,in(xn). The finite index r is a linear equivalent of multidimensional
indexes i1, i2, . . . , iN .
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The advantage of the convex polytopic TP model form consists of the fact, that a large
set of LMI based control design theories can be readily applied. Similarly to convex TP
functions (2.2), further characteristics can be introduced for the weighting functions for the
HOSVD-based canonical form of TP functions too, which results in various special types of
the convex hull defined by the vertexes [1–9, 38–40] and which can be applied to enhance the
multi-objective optimization (see later).

2.4 HOSVD and quasi HOSVD based canonical form of
qLPV models

Paper [3] redefines the HOSVD based canonical form [1, 43–45], and highlights, that the
HOSVD based canonical form does not decompose all dimensions of the core tensor, thus, it
is quasi-HOSVD only. A full canonical form is presented in [2, 3]. The key idea consists of
the fact, that the quasi HOSVD based canonical form results, when the HOSVD is performed
only for the dimensions assigned to the variables xn, and a full HOSVD results when HOSVD
is also performed on the dimensions assigned to the dimensions of the vertex elements.
Since the HOSVD based canonical form determines the contribution of the components in
a decreasing sequence in the sense of L2 norm through the higher order singular values (or
through the singular values by dimensions), the canonical form can be viewed as a tool for the
main TP function or TP model component analysis. If the components, which have a small
contribution, are discarded, a trade-off between complexity and accuracy can be performed.
Paper [45] proves, that the TP model transformation is capable of numerically reconstructing
the HOSVD and the quasi-HOSVD based canonical form and derives convergence theorems
according to the numerical options of the TP model transformation [1–9].

Theorem 2.1 (HOSVD-based canonical form of TP functions (HOSVD of TP functions)
[1–9]). A TP function f(x), x ∈ Ω ⊂ RN with output Y ∈ RO1×O2×...×OK has the following
HOSVD based canonical form:

Y =

(
S �
n∈N

wn(xn)

)
�

N+(k∈K)
Tk, (2.11)

where K = {1, . . . , K} ⊂ N in which

1. The singular functions wn,in(xn) ∈ [−1, 1], in = 1, . . . , In contained in the singular
vectors wn(xn) form an orthonormal system in the sense of

∀n :

∫ max(ωn)

min(ωn)

wn,i(xn)wn,j(xn)dxn = δi,j, (2.12)

where 1 ≤ i, j ≤ In and δi,j consist of the Kronecker-function (δi,j = 1, if i = j and
δi,j = 0, if i 6= j).

2. The transformation matrices Tk are unitary (In × In) matrices.
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3. The core tensor S is a real tensor (I1 × I2 × . . .× IN+K+1) and its subtensors Sin=α,
which can be obtained by fixing the n-th index to α, have the following properties:

(a) all-orthogonality: two subtensors Sin=α and Sin=β are orthogonal for all possible
values of n, α and β subject to α 6= β: 〈Sin=αSin=β〉 = 0, when α 6= β,

(b) ordering: ‖Sin=1‖ ≥ ‖Sin=2‖ ≥ · · · ≥ ‖Sin=In‖ ≥ 0, for all possible values of
n.

Based on the analogy of the HOSVD of tensors [4], the Frobenius-norms ‖Sin=i‖, symbolized
by σ(n)

i , are referred to as the n-mode singular values of the TP function.

It is important to recall the following remarks from sources [1–9]:
Remark 2.3. The decomposition is unique to the extent of the signs of the singular functions
and the columns of the transformation matrices, which can be systematically switched, just
like in the case of HOSVD of tensors. If there are equal singular values on any dimension, then
the HOSVD based canonical form is not unique. In this case the n-mode singular functions
or vectors corresponding to the same n-mode singular value can be replaced by orthonormal
linear combinations. For further details be referred to [1–9, 43–45].
Remark 2.4. Transformation matrix Tk transforms to the minimalRN+1×RN+2×. . .×RN+K

(Rn = rankn(S)) orthonormal subspace that is structured based on the higher order singular
values. This transformation indicates whether or not the vertex components have linear
dependencies. Thus we may deal only with the linearly independent components, and once
we have the canonical core components, we can restructure the expected tensor [1–9].

Definition 2.11 (n-mode rank of TP function or TP model [1–9]). The n-mode rank of a TP
function, where x ∈ Ω, denoted by Rn = rankn(f(x),Ω) is the number of non-zero singular
values in the n-th dimension, thus Rn = rankn(f(x),Ω) = rankn(S). The rank of the vertex
components in dimensions n = N + k ∈ K can be also indicated.

Definition 2.12 (CHOSVD/RHOSVD-based canonical form [1–9]). This definition handles
the complexity trade-off property of the HOSVD. The Compact HOSVD (CHOSVD) of
TP functions or TP models is attained, when the first Rn, (n = 1, . . . , N + K) non-zero
singular values only in all dimensions as discussed above. Accordingly, the size of the core
tensor is R1 × R2 × . . . × RN+K , where Rn is the n-mode rank of the TP function or TP
model. The Reduced/Relaxed HOSVD (RHOSVD) of TP functions or TP models is attained
when only the J1 × J2 × . . . × JN nonzero singular values are kept, where ∀n : Jn ≤ Rn

and ∃n : Jn < Rn. The RHOSVD canonical form of TP functions or TP models is only
an approximation, where the error (in L2 norm) can be derived based on the sum of the
discarded singular values as in the case of the HOSVD of tensors (see the proof in [4]). Using
Higher Order Orthogonal Iteration (HOOI) the core tensor can be further tuned to decrease the
error [46,47]. A comprehensive analysis on the approximation properties are given in [37,48].

Theorem 2.2 (Quasi HOSVD-based canonical form [1–9]). If the HOSVD canonical form
(2.11) is multiplied with T, then the quasi HOSVD canonical form is attained (SVD on
dimensions n > N is not performed):

Y = S �
n∈N

wn(xn). (2.13)
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Note, that in cases, where the quasi-HOSVD based canonical form is utilized, the decom-
position still gives the higher order ranking of the components for the main component
analysis.

The HOSVD-based canonical form of qLPV models can be defined similarly to the
definition of the HOSVD-based canonical form of TP functions. In this special case the
system matrix (2.7) has dimension O times I , while function y = f(x) is scalar [1–9].
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Chapter 3

TP model transformation

The Chapter recalls TP model transformation based on sources [1–9].

3.1 Motivation and features
The Section describes the motivation behind TP model transformation based on sources [1–9].
The dissertation addresses a topic in connection with the significant paradigm and conceptual
changes in the last decades subject to modern nonlinear and multi-objective control theory
described in Section 1.1 and system identification theory and mathematical advancements
described in Section 3.1. These conceptual changes significantly differ from each other in their
concepts, although these fields are closely related, and in most cases are even consecutive
steps following each other sequentially. The difference generates a representational and
formalism gap which makes the sequential application of identification tools with the control
theory apparatus difficult to accomplish. A possible resolving transition has been the subject
of several studies in recent years, a connection would require an appropriate conversion and a
uniform representation. Such a possible connection and transition can be represented by the
TP model transformation and the finite element Tensor Product type polytopic model repre-
sentation. Its mathematical preliminaries and the TP model transformation itself, enabling the
connection between the significant conceptual changes will be illustrated in Section 3.1.

multi-objective

Soft computing based

system modeling and

and identification

Tensor Product

model transformation

SVD, HOSVD

HOSVD of cont. functions

mathematical concepts

non-linear control theory

Conventional formulas based

Figure 3.1: General overview
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3.1.1 System modeling and identification theory
This paragraph describes system modeling and identification theory developments based on
sources [1–9]. Various new representations of dynamic models have emerged in systems
theory in the last years. The origins of this paradigm shift can be linked with the speech
given by HILBERT in Paris, in 1900, where he presented 23 hypotheses regarding unsolved
mathematical problems [49–52]. He assumed these hypotheses would be the unanswered
issues of the 20th century [50]. According to the 13th conjecture, there exist continuous multi-
variable functions which cannot be decomposed as the finite superposition of continuous
functions of a smaller number of variables. In 1957, this statement was proven false by
ARNOLD [53]. Moreover, in the same year, KOLMOGOROV [54] formulated a general
representation theorem, along with an attached proof, which allows a decomposition of
continuous multi-variable functions into one-dimensional functions (see also SPRECHER

[55] and LORENTZ [56]). Kolmogorov’s proof was a legitimate evidence for the existence
of universal approximators. Based on these results, starting from the 1980s, it has been
proved that universal approximators exist within the categories defined by approximation
tools such as biologically inspired neural networks and genetic algorithms, as well as fuzzy
logic [57–60]. Soon these concepts proved to be effective applied theories in system modeling
and identification theory extending the possibilities besides the conventional theorems of e.g.
black-box identification, engineering considerations etc.

These identification concepts and the control design and optimization techniques described
previously in Section 1.1 significantly differ in their concept and mathematical representations.
Neural networks are basically graphs with a set of connections and the weights of these
interconnections, fuzzy logic is basically a database of linguistic rules equipped with an
inference technique and evolutionary algorithms are basically algorithms, which are all rather
far from analytic closed-form expressions applied in LMI based control theory.

3.1.2 Mathematical advancements
The following, 3.1.2.1 and 3.1.2.2 paragraphs describe the mathematical advancements based
on sources [1–9]. In order to connect the significant paradigm and conceptual changes subject
to modern multi-objective nonlinear control theory, system modeling and identification theory,
the mathematical concepts will be described including the recent advancements in multi-linear
algebra concerning SVD and HOSVD followed by the concept of the decomposition of
continuous functions through HOSVD and the TP model transformation as the overall uniting
concept.

3.1.2.1 Multi-linear algebra concerning SVD and HOSVD

During the last 150 years several mathematicians (BELTRAMI, JORDAN, SYLVESTER,
SCHMIDT and WEYL to name a few) were responsible for establishing the foundations
of the SVD and for developing its theory, which is one of the most fruitful developments
in linear algebra. Additionally, the HOSVD or multi-dimensional SVD was established by
LATHAUWER, 2000, [4]. The Workshop on Tensor Decompositions and Applications held
in Luminy, Marseille, France, 2005 was the first event where the key topic was HOSVD.
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HOSVD can decompose a given N -dimensional tensor into a full orthonormal system in a
special ordering of higher order singular values, expressing the rank properties of the tensor
in the order of L2-norm. In effect, the HOSVD is capable of extracting the very clear and
unique structure of a given tensor.

3.1.2.2 HOSVD of multi-variable continuous functions and TP model transformation

HOSVD was applied for fuzzy approximation and fuzzy rule base reduction by YAM.
BARANYI gave the concept of the HOSVD of continuous functions (also termed as the
HOSVD based canonical form of functions) and in [43] proposed the Tensor Product model
transformation for numerical reconstruction of the HOSVD of continuous functions, which
can be scalar, vector or tensor function. SZEIDL et al. proved that the TP model transfor-
mation is capable of numerically reconstructing the HOSVD-based canonical form of the
functions [43–45]. TIKK investigated the trade-off and other approximation capabilities of TP
model transformation [48, 61, 62].

The TP model transformation introduced in 2006 by BARANYI [1, 5, 63] is a numerically
executable method, which is able to convert a model given through a set of continuous
functions into a set of TP functions by reconstructing the HOSVD of the continuous func-
tions [43–45]. The TP model transformation also inherits many attributes from HOSVD,
which reflects on its features: it has the ability to determine the fundamental structure and
the significance of each component contained in the set of TP functions. The TP model
transformation has been extended with different convex manipulation techniques to be able to
generate convex variants of the TP function. These convex manipulation techniques enable
the possibility to construct a convex combination, which consists of the combination of the
elements of the core tensor (termed as vertexes) and the one variable weighting function
products. This convex combination forms thereby a geometric polytopic structure, which is
defined through its vertex points.

3.1.3 Tensor Product model transformation
The following paragraphs describe TP model transformation advancements based on sources
[1–9]. As previously described in Section 3.1, identification techniques based on soft-
computing concepts can prove to be effective approaches considering system modeling
and identification problems throughout different engineering fields, particularly in such
circumstances, where formulating the model through analytic closed form formulas - e.g.
through physical or engineering considerations - would seem difficult. As a consequence,
a number of identification methods have appeared and spread: e.g. neural networks, fuzzy
theory, genetic algorithms, etc. However, due to the conceptual differences in structure and
representation, which may also prove to be problem-dependent, it is difficult to continue with
the control system design theories described in Section 1.1.

In this context the construction of TP models is motivated by the fact, that commonly
applied and well developed frameworks and design techniques exist to find the efficient solu-
tions to engineering problems, which are compatible with the structure of TP models. This
enables that the modern polytopic and LMI based control theories can be basically directly
applied on TP models. As previously described in Section 3.1, the mathematical conversion
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to attain TP models is accomplished through the TP model transformation, which reconstructs
the HOSVD of continuous functions and the uniform representation is established through
the finite element polytopic TP model representation.

3.1.4 Features
The TP model transformation includes the following features [1–9]:

• The TP model transformation can be executed irrespective to the form of the initial
model, which can be given through analytic closed-form expressions, neural networks,
fuzzy logic, etc., the only requirement consists of the fact, that the identified model has
to be able to be discretized over a grid.

• If the TP model representation exist, the transformation generates the exact TP model
representation of the given model. If the TP model representation does not exist, an
approximate representation of the model is derived.

• The TP model transformation numerically constructs the HOSVD based TP model
form of a given qLPV model [43–45] with the following attributes:

– The multi-variable continuous functions result in products consisting of orthonor-
mal one-variable weighting function systems.

– The number of LTI vertexes, which determine the fundamental structure and the
significance of each component are minimized.

– The LTI vertexes are constructed into an orthogonal basis system.

– The LTI vertexes and weighting function systems are constructed into a higher
order ranking corresponding to the significance of each component.

• Based on component analysis, indicating the importance and contribution of each
corresponding LTI vertex component, a trade-off between complexity and accuracy
in L2 norm [64, 65] is also featured. Through disposing the components, which hold
a small extent of contribution a complexity decrease at the expense of accuracy is
possible, and vice versa.

• The TP model transformation is also able to generate different convex TP model
representations, therefore different polytopic representations of a same given model.
The polytopic representation given its structure is directly executable with LMI based
control design theorems.

In addition, it is also worth mentioning, that measurement based identification methods or
identification through engineering and physical considerations - excluding some special cases
- may contain significantly larger errors (in many cases the relatively small, but non-zero
singular values may represent a distorting noise in the system) in their results, than the model
attained through the TP model transformation [1–9]. There may exist cases, where a given
model does not possess an exact TP model, however it can be still approximated, even with
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still a smaller scale error than that resulting of the identification. Therefore, executing the TP
model transformation and validating the resulting TP model could be more beneficial than
identification. In cases, where the identification contains efficient methods, it still may be
beneficial to execute a conversion to the TP model and validating it instead of the identified
model, since the TP model still incorporates relatively smaller errors of a given model instead
of the identified model, or even none if there exists an exact TP model. In summary, it can
be concluded, that the TP model transformation could be a last step of identification and
as a general interface, a preprocessing step for control design [1–9]. Further theories and
applications regarding TP model transformation can be found in [66–112]. Applications in
the topic of physiological control can be found in [113–124].

3.2 Generalized TP model transformation
Assume a model given through a set of functions fl(x) ∈ ROl,1×...×Ol,Kl , x ∈ Ω ⊂ RN ,
l ∈ L. Irrespective what kind of functions or equations define the model (analytic closed
formulas (e.g. differential equations, (q)LPV state-space models, etc.) or soft-computing
techniques (e.g. fuzzy logic, neural network based methods, etc.)), if the functions can
be discretizable over the discretization space D(Ω, G), resulting in the discretized variants
FD(Ω,G)
l , then TP model transformation is able to numerically reconstruct the polytopic TP

model representation of a model [1–9]. If no exact TP model representations exist for any of
the functions, then TP model transformation finds the best approximate through a trade-off
between approximation accuracy and the complexity of the model. Note, that since TP
model transformation incorporates the Pseudo TP model transformation [1–3, 5, 63], it can
be assumed that a set of previously derived one variable weighting functions wd(xd) for
dimensions d ∈ D ⊆ N are given, or that predefined characteristics defined by the specific
points of the functions wh(xh) expected for dimensions h ∈ H ⊆ N (D∩H = 0) are given in
the form W

D(ωh,Gh)
h .

Theorem 3.1 (General TP model transformation [1–9]). Assume, that the function Y belongs
to the class of TP functions with Y = fl(x) ∈ ROl,1×...×Ol,Kl , x ∈ Ω ⊂ RN , wd(xd),
d ∈ D ⊆ N, WD(ωh,Gh)

h , h ∈ H ⊆ N, D ∩ H = 0 and Ω are given and ∀l : FD(Ω,G)
l exists.

The transformation numerically reconstructs Y = fl(x) [43–45]:

fl(x) =

(
COS l �

n∈N

COwn(xn)

)
�

N+(k∈Kl)
Tk, (3.1)

when the dimensions of Sl related to the dimensions Ol,1 × . . .×Ol,Kl of output Y are also
decomposed.

W
D(ωn,Gn)
n

The TP model transformation numerically reconstructs the HOSVD canonical form [1–
9, 43–45], i.e. if Gn → ∞ then Ŝ → SHOSVD, ŵn(xn) → wHOSVDn(xn) and T̂k → THOSVDk .
Additionally, paper [45] also gives theorems for the speed of the convergence for the numerical
reconstruction depending on whether equidistant or non-equidistant rectangular grids are
applied for the discretization.

16



The weighting functions COwn(xn) can be manipulated and convex hull generation meth-
ods can be incorporated in the algorithm of the TP model transformation. Different types of
convex TP functions can be generated by using Sum-Normalized (SN), Non-Negative (NN),
Normalized (NO), Close to NO (CNO), Inverse NO (INO), Relaxed NO (RNO), Inverse RNO
(IRNO) etc. [2, 38–40].
It is important to recall the following remarks from sources [1–9]:

Remark 3.1. The numerical implementation limits the grid density, as ∀n ∈ N : Gn →
Gmax
n <∞. Furthermore, the computational load of HOSVD may easily explode as Gn and

N take higher values, which form the bottlenecks of the algorithm. Still, it can be stated
that the TP model transformation numerically reconstructs S and the weighting functions.
Papers [64, 125] propose effective computational complexity reduction techniques for the TP
model transformation, especially for cases when it is executed on qLPV models.

Remark 3.2. The paper of Szeidl et al. [45] also presents theorems for the smallest grid
density necessary for finding all the ranks of the TP function or model, thus, the discretization
density should be set according to Szeidl’s theorems and based on the fact that the maximum
rank is determined by the number of the weighting functions by dimensions of the given TP
function or model. If the structure of the given TP function or model to be transformed is not
apriori known, or the given model is not a TP function or model (see later), then a grid can be
used with the highest density made possible by the numerical implementation. If limitations
exist for the maximum number of weighting functions and vertexes to be accepted, then the
theorems of Szeidl can be applied similarly to the case where the maximum rank is known.
As a matter of fact, this may lead to an approximation if the accepted number of weighting
functions is less than the rank of the TP function.

Remark 3.3. If the density of the discretisation grid is not sufficiently high to find the rank of
the given TP function, then the TP model transformation results in an approximation only.

3.3 Approximation and complexity
3.3.0.1 Approximation in non-TP function class

If function Y = f(x) does not belong to the TP class, in some cases there is no finite
rank, which means there will be no zero singular values after executing HOSVD no matter
how dense the sampling grid M is. Similarly to Taylor series expansion, some of the non-
zero singular values have to be discarded. Since the singular values are in descending
order, the approximation error based on the values of the discarded singular values can be
estimated [1–9].

3.3.0.2 Approximation in TP function class - Complexity reduction

On the other hand, if function Y = f(x) = B
N

�
n=1

wn(xn) belongs to the class of TP functions,
one can still choose RHOSVD for complexity reduction of the TP representation to decrease
the number of weighting functions wn at the price of approximating the original function [1–9].
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The TP function will be an approximation of the original function as:

f(x) ≈ D
N

�
n=1

wn(xn) (3.2)

Since the discarded singular values assign the error and the n-mode rank, namely the number
of constant components, a trade-off can be readily performed between the error and the
number of constant components and weighting functions wn [1–9].
Remark 3.4. The error of the approximation can be estimated from the discarded singular
values, but beyond this it can be numerically calculated and evaluated at any instance on a
large number of random points [1–9].

3.4 Pseudo TP model transformation
Cases exist, where a TP function with a predefined weighting function is needed to be found,
namely, the goal is to transform a given function to a TP function with given weighting
functions. For such purposes, the Pseudo TP model transformation was proposed [1–9]:

Theorem 3.2 (Pseudo TP model transformation (TP+ model transformation) [1–9]). Assume
the function Y belongs to the class of TP functions with Y = f(x), x ∈ Ω ⊂ RN and the
weighting function system wn(xn) is given. The aim is to determine S such that f(x) =
S �
n∈N

wn(xn). If this is not possible, then the goal is to find f̂(x) = S �
n∈N

wn(xn), where

f̂(x) is the best or at least a good approximation under the rank constraints implicitly given
by wn(xn) (e.g. the number of linearly independent weighting functions may be less in
dimension n than rankn(f(x))).

3.5 Partial TP+ model transformation
The Partial TP+ model transformation is described based on sources [1–9]:

Theorem 3.3 (Partial TP+ model transformation [1–9]). Assume the function Y belongs to
the class of TP functions with Y = f(x), x ∈ Ω ⊂ RN and a given weighting function
system wd(xd), d ∈ D ⊂ N. The aim is to determine S such that f(x) = S �

n∈N
wn(xn),

where weighting functions wn(xn), n /∈ D, are the same as the result of the TP model
transformation.

If this is not possible, or if a complexity trade-off is needed, then the goal is to find
f̂(x) = S �

n∈N
wn(xn), where f̂(x) is the best, or at least a good approximation under the

rank constraint implicitly given by wd(xd). Steps 0, 1, 3, +1 and +2 consist of the same as in
the case of the TP+ model transformation.

3.6 Multi TP model transformation
Cases exist, where a set of functions is simultaneously needed to be transformed to a set
of TP functions with the same weighting functions system. For such purposes, the Multi

18



TP model transformation was proposed [1–9]. First, a simple case for the Multi TP model
transformation is described, when the functions have outputs with the same size. Then, the
general case for the Multi TP model transformation is discussed, when each function may
have a different sized output.

Theorem 3.4 (Multi TP model transformation - simple case [1–9]). Assume the parameter
dependent scalar, vector, matrix or tensor functions Y = fl(x), l ∈ L, x ∈ Ω ⊂ RN are
given. As an important property, the functions have the same size and dimensionality as ∀l :
fl(x) ∈ RO1×O2×...×OK . The aim is to find the given functions’ TP function representations
over the same weighting function system as ∀l : fl(x) = Sl �

n∈N
wn(xn).

The more general and complex case of the Multi TP model transformation consists of the
following:

Theorem 3.5 (Multi TP model transformation [1–9]). Assume the parameter dependent
scalar, vector, matrix or tensor functions Y = fl(x), l ∈ L, x ∈ Ω ⊂ RN are given.
As an important property, the functions may have different sizes and dimensionality as
fl(x) ∈ ROl,1×Ol,2×...×Ol,Kl . The aim is to find the given functions’ TP function representations
over the same weighting function system as fl(x) = Sl �

n∈N
wn(xn).

3.7 Interpolation of the weighting functions
There does not exists a method in the scientific literature for the interpolation of TP models
which can directly interpolate between the LTI vertexes and calculate the corresponding
weighting functions. On the other hand an elaborated TP model manipulation technique exists
for the interpolation between two TP models, which is based on the interpolation between
weighting functions and can calculate the corresponding LTI vertexes [1–9].

Theorem 3.6 (Interpolation of the weighting functions [1–9]). Assume two TP model repre-
sentations of a given model with different weighting functions are available:

S(p) = A �
n∈N

wA
n (pn) = B �

n∈N
wB
n (pn). (3.3)

A linear interpolation characterized by a parameter λ ∈ [0, 1] can be applied as follows:

wλ
n(pn) = λ ·wA

n (pn) + (1− λ) ·wB
n (pn). (3.4)

Performing the TP+ model transformation on the given model with the predefined weighting
functions wλ

n(pn), the following form is obtained:

S(p) = V �
n∈N

wλ
n(pn) = A �

n∈N
wA
n (pn) = B �

n∈N
wB
n (pn). (3.5)

Note that this technique interpolates the weighting functions and, hence, the vertexes of the
interpolated TP model are not the linear interpolation of the vertexes of the given two TP
models.
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3.8 Unifying the weighting functions
The unifying of the weighting functions is described based on sources [1–9]:

Theorem 3.7 (Unifying of the weighting functions [1–9]). Assume a set of TP functions are
given in the form of:

Yl = Sl �
n∈N

wl,n(xn), (3.6)

where l ∈ L. The goal is to find the TP model representations in Ω:

Yl = Tl �
n∈N

wU
n (xn), (3.7)

where the TP models hold the same weighting functions systems. The superscript U denotes
that the weighting functions are unified. Thus the goal is to ensure:

∀l : Sl �
n∈N

wl,n(xn) = Tl �
n∈N

wU
n (xn). (3.8)

One way to perform this is to execute the Multi TP model transformation. However, such
an approach would result in a significant computational load if HOSVD is executed on a
large-sized discretized tensor constructed from all of the individual TP functions. A simplified
way exists, since the TP structure of the given TP functions is known.

To find the unified set of the weighting functions, the matrices of the discretized weighting
functions WD(ωn,Gn)

l,n can be stored in the form of:

Hn =
(
W

D(ωn,Gn)
1,n · · · W

D(ωn,Gn)
L,n

)
, (3.9)

and a compact SVD (or reduced, if the complexity reduction is required) is performed on H as

Hn = UnDnV
T
n = UnLn. (3.10)

If needed, the manipulation of the type of the unified weighting functions (defining SN, NN,
CNO etc. type unified functions) can be integrated at this point with the execution of SVD to
obtain such a Un that leads to the desired weighting functions. As a result, the discretized
unified weighting functions have the following form:

WU,D(ωn,Gn)
n = Un. (3.11)

Given these weighting functions, there are two ways to proceed further. The first approach
consists of performing the TP+ model transformation on the given set of TP functions using
the predefined weighting functions wU

n (xn) available in the discretized variant WU,D(ωn,Gn)
n .

An alternative approach consists of further relaxing the computational requirements. Since
all the transformation matrices are available in Ln, the core tensors can be directly derived to
the unified weighting functions. Thus, the partitions of the matrix Ln according to the number
of the columns of blocks WD(ωn,Gn)

l,n in Hn are defined as:

Ln =
(
Vn,1 · · · Vn,L

)
. (3.12)
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As a result,

Hn =
(
W

D(ωn,Gn)
1,n · · · W

D(ωn,Gn)
L,n

)
= Un

(
Vn,1 · · · Vn,L

)
, (3.13)

which means that
W

D(ωn,Gn)
l,n = UnVn,l. (3.14)

Finally, the core tensors can be derived using the transformation matrices as:

Sl �
n∈N

W
D(ωn,Gn)
l,n = Sl �

n∈N
UnVn,l = (3.15)

=

(
Sl �

n∈N
Vn,l

)
�
n∈N

Un = Tl �
n∈N

Un = (3.16)

= Tl �
n∈N

WU,D(ωn,Gn)
n . (3.17)

Thus
Tl = Sl �

n∈N
Vn,l. (3.18)

Last, Step 3 of the generalized TP model transformation can be executed to determine the
continuous weighting functions to one of the pairs of fl(x) and Sl, since we have unified
weighting functions.
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Chapter 4

TP model transformation-based control
design methodology

The Chapter recalls the TP model transformation based control design methodology utilized
in the dissertation, based on sources [1–9, 34, 36, 126].

4.1 TP model transformation-based control design strategy
Assume a given qLPV model (2.9) is given. The aim is to control and observe the given
qLPV model. Cases exist, where only a part of the state variables of the qLPV model are
measurable. In this case, an output feedback based control design structure can be applied,
where the immeasurable state variables can be approximated by an observer. In case the
parameter vector p(t) does not include elements from the estimated state-vector x̂(t), the
following controller and observer structure can be applied [1–9, 34, 35]:(

ˆ̇x
ŷ

)
= S(p(t))

(
x̂
u

)
+

(
K(p(t))

0

)
(y − ŷ)

u = −F(p(t))x̂.
(4.1)

The observer is required to satisfy the convergence for stability x(t)−x̂(t)→ 0 as t→∞.
The system, controller and observer take the following TP model structure:

S(p(t)) = S �
n∈N

wn(pn(t)), (4.2)

F(p(t)) = F �
n∈N

wn(pn(t)), (4.3)

K(p(t)) = K �
n∈N

wn(pn(t)), (4.4)

where F(p(t)) denotes the controller and K(p(t)) denotes the observer.
The controller and observer system components can be acquired from the TP model of the

system matrix (4.2) through various LMI based design techniques in a way, that the stability
and the desired multi-objective control performance requirements are guaranteed. The aim
through the LMI based design is to acquire controller vertex gains Fi1, i2, ..., iN stored in F
and observer vertex gains Ki1, i2, ..., iN stored in K from Si1, i2, ..., iN stored in the system tensor
S [1–9].
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4.2 Linear Matrix Inequality in system control design
Linear Matrix Inequalities (LMIs) and LMI techniques have emerged as powerful design
tools in areas ranging from control engineering to system identification and structural design.
Three factors make LMI techniques appealing [1–9]:

• A variety of design specifications and constraints can be expressed as LMIs.

• Once formulated in terms of LMIs, a problem can be solved exactly by efficient convex
optimization algorithms (the “LMI solvers”).

• While most problems with multiple constraints or objectives lack analytical solutions
in terms of matrix equations, they often remain tractable in the LMI framework. This
makes LMI-based design a valuable alternative to classical “analytical” methods.

The most significant advantage of LMIs is, that it is easy to numerically specify and
combine numerous design constraints, conditions and goals. Many control problems and
design specifications have LMI formulations [23]. This is especially true for Lyapunov-based
analysis and design, but also for optimal LQG control, H∞ control, covariance control, etc.
Further applications of LMIs arise in estimation, identification, optimal design, structural
design, matrix scaling problems, and so on. The main strength of LMI formulations is the
ability to combine various design constraints or objectives in a numerically tractable manner.
A non-exhaustive list of problems addressed by LMI techniques includes the following [1–9]:

• Robust stability of systems with LTI uncertainty (µ-analysis) [127–129]

• Quadratic stability of differential inclusions [130, 131]

• Lyapunov stability of parameter-dependent systems [132]

• Input/state/output properties of LTI systems (invariant ellipsoids, decay rate, etc.) [23]

• Multi-model/multi-objective state feedback design [23, 133–136]

• Robust pole placement

• Optimal Linear Quadratic Gaussian control [23]

• Robust H∞ control [137, 138]

• Multi-objective H∞ synthesis [135, 136, 139]

• Control of stochastic systems [23]

• Weighted interpolation problems [23]

In the following section, a short introduction to linear matrix inequalities is given based
on sources [1–9].
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Definition of LMI
Before proceeding, the definition of a term often used in literature is given, which will be
followed by an introduction to linear matrix inequalities based on sources [1–9].

Definition 4.1 (Affine function [1–9]). A function f : S 7→ T is affine if f(x) = f0 + T (x)
where f0 ∈ T and T : S 7→ T is a linear map, i.e.,

T (α1x1 + α2x2) = α1T (x1) + α2T (x2)

for all x1, x2 ∈ S and α1, α2 ∈ R.

Hence f : Rn 7→ Rm is affine if and only if there exists x0 ∈ Rn, such that the mapping
x 7→ f(x) − f(x0) is linear. This means that all affine functions f : Rn 7→ Rm can be
represented as f(x) = f(x0) + T · (x−x0) where T is some matrix of dimension m× n and
the dot · denotes multiplication. We will be interested in the case where m = 1 and denoted
by 〈·, ·〉 the standard inner product in Rn, that is, for x1,x2 ∈ Rn, 〈x1,x2〉 = xT2 x1 [1–9].

A linear matrix inequality is an expression of the form:

F(x) = F0 + x1F1 + · · ·+ xmFm > 0, (4.5)

where

1. x = (x1, . . . , xm) is a vector of m real numbers called the decision variables.

2. F0, . . . ,Fm are real symmetric matrices, i.e., Fi = FT
i ∈ Rn×n, i = 0, . . . ,m for some

n ∈ Z+-re.

3. the inequality > 0 in (4.5) means ‘positive definite’, i.e., uTF(x)u > 0 for all u ∈
Rn,u 6= 0. Equivalently, the smallest eigenvalue of F(x) is positive.

In more general terms

Definition 4.2 (Linear Matrix Inequalities [1–9]). A linear matrix inequality (LMI) is an
inequality

F(x) > 0 (4.6)

where F is an affine function mapping a finite dimensional vector space V to the set S :=
{M | ∃n > 0 such that M = MT ∈ Rn×n}, of real symmetric matrices.

It is important to recall the following remarks from sources [1–9]:

Remark 4.1. An affine mapping F : V 7→ S necessarily takes the form F(x) = F0 + T(x)
where F ∈ S and T : V 7→ S is a linear transformation. Thus, if V is finite dimensional, say
of dimension m, and {e1, . . . , em} constitutes a basis for V, then we can write

T(x) =
m∑
j=1

xjFj

where the elements {x1, . . . , xm} are such that x =
∑m

j=1 xjej and Fj = T(ej) for j =
1, . . . ,m. Hence we obtain (4.5) as a special case.
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Remark 4.2. The same remark applies to affine mappings F : Rn×n 7→ S. A simple example
is the Lyapunov inequality F(X) = ATX+XA+Q > 0. Here, A,Q ∈ Rn×n are assumed
to be given and X ∈ Rn×n is unknown. The unknown variable is therefore a matrix. Note
that this defines an LMI only if Q is symmetric. We can view this LMI as a special case of
(4.5) by defining a basis E1, . . . ,Em of V and writing X =

∑m
j=1 xjEj . Indeed,

F(X) = F

(
m∑
j=1

xjEj

)
= F0 +

m∑
j=1

xjF(Ej) = F0 +
m∑
j=1

xjFj

which is of the form (4.5).

Remark 4.3. A non-strict LMI is a linear matrix inequality where > in (4.5) and (4.6) is
replaced by ≥. The matrix inequalities F(x) < 0, and F(x) > G(x) with F and G affine
functions are obtained as special cases of Definition 4.2, as they can be rewritten as the linear
matrix inequality −F(x) > 0 and F(x)−G(x) > 0.

Constraints expressed using LMIs
This paragraph describes the constraints expressed using LMIs based on sources [1–9].
The linear matrix inequality (4.6) defines a convex constraint on x. That is, the set S :=
{x | F(x) > 0} is convex. Indeed, if x1,x2 ∈ S and α ∈ (0, 1) then

F(αx1 + (1− α)x2) = αF(x1) + (1− α)F(x2) > 0,

where in the inequality we used that F is affine and the inequality follows from the fact that
α ≥ 0 and (1− α) ≥ 0.

Although the convex constraint F(x) > 0 on x may seem rather special, it turns out
that many convex sets can be represented in this way. In this subsection we discuss some
seemingly trivial properties of linear matrix inequalities which turn out to be of eminent help
in the reduction of multiple constraints on an unknown variable to an equivalent constraint
involving a single linear matrix inequality.

Definition 4.3 (System of LMIs [1–9]). A system of linear matrix inequalities is a finite set
of linear matrix inequalities

F1(x) > 0,F2(x) > 0, . . . ,Fk(x) > 0. (4.7)

It is important to recall the following three properties from sources [1–9]:
It is a simple but essential property, that every system of LMIs can be rewritten as one

single LMI. Specifically, F1(x) > 0,F2(x) > 0, . . . ,Fk(x) > 0 if and only if

F(x) =


F1(x) 0 . . . 0

0 F2(x) . . . 0
... . . . ...
0 0 . . . Fk(x)

 > 0.
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The last inequality does make sense as F(x) is symmetric for any x. Furthermore, since the
set of eigenvalues of F(x) is simply the union of the eigenvalues of F1(x), . . . ,Fk(x), any x
that satisfies F(x) > 0 also satisfies the system of LMI’s (4.7) and vice versa [1–9].

A second important property amounts to incorporating affine constraints in linear matrix
inequalities. By this we mean that combined constraints (in the unknown x) of the form{

F(x) > 0
Ax = b

or {
F(x) > 0
x = Ay + b for some y

where the affine function F : Rm 7→ S and matrices A ∈ Rm×n and b ∈ Rm are given can
be lumped in one linear matrix inequality F(x) > 0. More generally, the combined equations{

F(x) > 0
x ∈M (4.8)

whereM is an affine subset of Rm i.e.,

M = x0 +M0 = {x0 + m0 |m0 ∈M0},

with x0 ∈ Rm andM0 a linear subspace of Rm, can be rewritten in the form of one single
linear matrix inequality F(x) > 0. To actually do this, let e1, . . . , em0 ∈ Rm be a basis of
M0 and let F(x) = F0 +T(x) be decomposed as in Remark 4.1. Then (4.8) can be rewritten
as

0 < F(x) = F0 + T

(
x0 +

m0∑
j=1

xjej

)
= F0 + T(x0)︸ ︷︷ ︸

constant part

+

m0∑
j=1

xjT(ej)︸ ︷︷ ︸
linear part

= F0 + x1F1 + · · ·+ xm0Fm0

= F(x)

where F0 = F0 + T(x0),Fj = T(ej) and x = (x1, . . . , xm0) are the coefficients of x− x0

in the basis ofM0. This implies that x ∈ Rm satisfies (4.8) if and only if F(x) > 0. Note
that the dimension m0 of x is smaller than the dimension m of x [1–9].

A third property of LMIs is obtained from a simple exercise in algebra. It turns out to be
possible to convert some non-linear inequalities to linear inequalities [1–9]. Suppose that we
partition a matrix M ∈ Rn×n as

M =

(
M11 M12

M21 M22

)
,

where M11 has dimension r × r. Assume that M11 is non-singular. Then the matrix S =
M22 −M21M

−1
11 M12 is called the Schur-complement of M11 in M. If M is symmetric then
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we have

M > 0 ⇐⇒
(
M11 0

0 S

)
> 0

⇐⇒
{

M11 > 0
S > 0

.

In conclusion we can state the following proposition:

Proposition 4.1 (Schur complement [1–9]). Let F : V 7→ S be an affine function which is
partitioned according to

F(x) =

(
F11(x) F12(x)
F21(x) F22(x)

)
,

where F11(x) is square. Then F(x) > 0 if and only if{
F11(x) > 0

F22(x)− F12(x) [F11(x)]−1 F21(x) > 0
. (4.9)

Note that the second inequality in (4.9) is a non-linear matrix inequality in x. Using
this result it follows that non-linear matrix inequalities of the form (4.9) can be converted to
linear matrix inequalities. In particular, it follows that non-linear inequalities of the form (4.9)
define a convex constraint on the variable x in the sense that all x satisfying (4.9) define a
convex set [1–9].

Application-oriented forms of LMI
The following paragraph describes application-oriented forms of LMIs based on sources
[1–9]. As the publications listed in the introduction show, many optimization problems in
control, identification and signal processing can be formulated (or reformulated) using linear
matrix inequalities. Clearly, it only makes sense to cast these problems in an LMI setting
if these inequalities can be solved in an efficient and reliable way. Since the linear matrix
inequality F(x) > 0 defines a convex constraint on the variable x, optimization problems
involving the minimization (or maximization) of a performance function f : S 7→ R with
S := {x | F(x) > 0} belong to the class of convex optimization problems. Casting this in the
setting of the previous section, it may be apparent that the full power of convex optimization
theory can be employed if the performance function f is known to be convex.

Suppose that F,G,H : V 7→ S are affine functions. There are three generic problems
related to the study of linear matrix inequalities [1–9]:

1. Feasibility: The test that checks whether or not there exist solutions x ∈ V of F(x) > 0
is called a feasibility problem. The LMI is called feasible if such x exists, otherwise the
LMI F(x) > 0 is said to be infeasible.

2. Optimization: Let f : S 7→ R and suppose that S = {x | F(x) > 0}. The problem to
determine

Vopt = inf
x∈S

f(x)
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is called an optimization problem with an LMI constraint. This problem involves the
determination of Vopt and for arbitrary ε > 0 the calculation of an almost optimal
solution x which satisfies x ∈ S and Vopt ≤ f(x) ≤ Vopt + ε.

3. Generalized eigenvalue problem: The generalized eigenvalue problem amounts to
minimizing a scalar λ ∈ R subject to

λF(x)−G(x) > 0
F(x) > 0
H(x) > 0

.

Computation of LMIs
A major breakthrough in convex optimization lies in the introduction of interior-point methods.
These methods were developed in a series of papers [17] and became of true interest in the
context of LMI problems in the work of Yurii Nesterov and Arkadii Nemirovskii [18].

The mathematical apparatus used in the resolution is not covered in this dissertation due
to its length and complexity. Detailed descriptions are given in [17, 18]. The interior-point
method is the most popular optimization technique thanks to its efficiency. It is also widely
used in commercial scientific applications such as MATLAB Optimization Toolbox and Robust
Control Design Toolbox [140].

4.3 Optimisation based on LMIs
The following LMI based theories have been utilized in the dissertation [1–9, 34, 35]:

Theorem 4.1. Globally and asymptotically stable controller [1–9, 34, 35]: Assume the
polytopic model (2.11) is given. This output-feedback control structure is globally and
asymptotically stable if the matrices P1 > 0 and Mr exist, (r = 1, . . . , R where R denotes
the number of LTI vertex systems) satisfying equations:

P1A
T
r −MT

rB
T
r + ArP1 −BrMr < 0,

P1A
T
r −MT

sB
T
r + AsP1 −BrMs+

P1A
T
s −MT

rB
T
s + AsP1 −BsMr < 0

for r < s ≤ R, except the pairs (r, s) such that ∀p(t) : wr(p(t))ws(p(t)) = 0, and where
Mr = FrP1. The controller feedback gains can then be obtained from the solution of the
above LMIs as Fr = MrP

−1
1 .

Theorem 4.2. Globally and asymptotically stable observer [1–9, 34, 35]: Assume the
polytopic model (2.11) is given. This observer structure is globally and asymptotically stable
if the matrices P2 > 0 and Nr exist, (r = 1, . . . , R where R denotes the number of LTI
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vertex systems) satisfying equations:

AT
r P2 −CT

rN
T
r + P2Ar −NrCr < 0,

AT
r P2 −CT

sN
T
r + P2Ar −NrCs+

AT
sP2 −CT

rN
T
s + P2As −NsCr < 0

for r < s ≤ R, except the pairs (r, s) such that ∀p(t) : wr(p(t))ws(p(t)) = 0, and where
Nr = P2Kr. The observer gains can then be obtained from the solution of the above LMIs
as Kr = P−1

2 Nr.

Theorem 4.3. Globally and asymptotically stable controller evaluation [1–9, 34, 35]: As-
sume the polytopic model and a controller of structure (7.5) is given. This output-feedback
control structure is globally and asymptotically stable, if there exists a common positive
definite P such that

GT
iiP + PGii < 0,

(
Gij + Gji

2

)T
P + P

(
Gij + Gji

2

)
≤ 0

where i < j, except the pairs (i, j) such that ∀p(t) : wi(p(t))wj(p(t)) = 0, and matrix Gij

is defined as
Gij = Ai −BiFj .
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Chapter 5

3-DoF aeroelastic wing section model

In this section the most recent version found in the scientific literature of the state-space qLPV
model of the 3-DoF aeroelastic wing section model including Stribeck friction of the complex
Nonlinear Aeroelastic Test Apparatus (NATA) model [32, 141, 142] will be described, based
on sources [1–3, 6–9, 31, 32, 143, 144]. Active control of aeroelasticity has been a major
topic of discussion in aerospace and control engineering for several years. Several studies
can be found discussing the analysis and different control design strategies of the aeroelastic
wing section [142–164]. The aeroelastic wing section model is an effective example for
discussing the analysis and different control design strategies of aeroelasticity. The TP model
transformation based control solutions to the 2-DoF and the 3-DoF aeroelastic wing section
are given in [31, 32, 143, 144]. The model is an effective example for discussing the analysis
and control design strategies of aeroelasticity.

The state-space qLPV model of the 3-DoF aeroelastic wing section including friction
[31,32] of the Nonlinear Aeroelastic Test Apparatus is given in Equation (6.2), with u(t) ∈ R
input, y(t) ∈ R output, x(t) state vector, p(t) ∈ Ω ⊂ RN parameter vector and system
matrix S(p(t)) ∈ RO×I : (

ẋ(t)
y(t)

)
= S(p(t))

(
x(t)
u(t)

)
. (5.1)

The system matrix S(p(t)) ∈ RO×I consists of:

S(p(t)) =

(
A(p(t)) B(p(t))
C(p(t)) D(p(t))

)
. (5.2)

The state vector includes the following elements:

x(t) =
(
x1(t) x2(t) x3(t) x4(t) x5(t) x6(t)

)T (5.3)

=
(
ḣ α̇ β̇ h α β

)T
, (5.4)

where h represents the plunge, α represents the pitch and β represents the trailing-edge
surface deflection. The time varying parameter vector p(t) ∈ Ω contains the elements
α(t) symbolizing the above mentioned pitch, U(t) symbolizing the wind speed and β̇(t) is
incorporated by the friction model:

p(t) =
(
α(t) U(t) β̇(t)

)T
. (5.5)

30



Figure 5.1: 3-DoF aeroelastic wing section and state variables

Since the parameter vector p(t) incorporates components of the state vector x(t), the state-
space model (Equation (6.2)) represents a qLPV state-space system.

The elements of S(p(t)) consist of the following:

A(p(t)) =

(
−M−1C(p(t)) −M−1K(p(t))

−I 0

)
,

B =

(
M−1F

0

)
,

C =
(
0 0 0 0 1 0

)
,

D = 0,

(5.6)

where the matrices M, C, K and F denote the mass, damping, stiffness and forcing matrices
described in the equation of motion:

M

ḧα̈
β̈

+ C

 ḣ
α̇

β̇

+ K

hα
β

 = Fu. (5.7)

These matrices include the following elements:
The model is attained from the equation of motion through the following. Substituting the

matrices M, C, K and F into the equation of motion: mh +mα +mβ maxab+mβrβ +mβxβ mβrβ
maxab+mβrβ +mβxβ Îα + Îβ +mβr

2
β + 2xβmβrβ Îβ + xβmβrβ

mβrβ Îβ + xβmβrβ Îβ

ḧα̈
β̈

+

+

ch 0 0
0 cα 0
0 0 cβservo

 ḣ
α̇

β̇

+

kh 0 0
0 kα(α) 0
0 0 kβservo

hα
β

 =

 −L
M

kβservoβdes

 ,

where kα(α) is obtained in [142] by curve fitting on the measured displacement-moment data
for a nonlinear spring kα(α) = 25.55−103.19α+543.24α2. It is important to emphasize that
the order of the polynomial defining kα(α) does not influence the control design methodology.
Hence, one can apply a higher order polynomial to model the non linearity of the spring,
which can be found in [148] dealing with the aeroelastic wing section model.
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M =

 mh +mα +mβ maxab+mβrβ +mβxβ mβrβ
maxab+mβrβ +mβxβ Îα + Îβ +mβr

2
β + 2xβmβrβ Îβ + xβmβrβ

mβrβ Îβ + xβmβrβ Îβmxαb Iα


C =

 ch + ρbSClαU
(

1
2
− a
)
bρbSClαU 0

−ρb2SCmα,effU cα −
(

1
2
− a
)
bρb2SCmα,effU 0

0 0 cβservo


K =

kh ρbSClαU
2 ρbSClβU

2

0 kα(α)− ρb2SCmα,effU
2 −ρb2SCmβ,effU

2

0 0 kβservo


F =

 0
0

kβservo



(5.8)

Quasi-steady aerodynamic force L and moment M are assumed in the same way found in
the sources in their control design approaches:

L = ρU2bClα

(
α +

ḣ

U
+

(
1

2
− a
)
b
α̇

U

)
+ ρU2bclββ (5.9)

M = ρU2b2Cmα,eff.

(
α +

ḣ

U
+

(
1

2
− a
)
b
α̇

U

)
+ ρU2bCmβ,eff.β (5.10)

The above L and M above are accurate for the low-velocity regime.
Based on [142], it is assumed that the trailing-edge servo-motor dynamics can be repre-

sented using a second-order system of the form:

Îββ̈ + cβservo β̇ + kβservoβ = kβservouβ. (5.11)

By combining equations 5.7, 5.9, 5.10 and 5.11 one obtains: mh +mα +mβ maxab+mβrβ +mβxβ mβrβ
maxab+mβrβ +mβxβ Îα + Îβ +mβr

2
β + 2xβmβrβ Îβ + xβmβrβ

mβrβ Îβ + xβmβrβ Îβmxαb Iα


︸ ︷︷ ︸

M

ḧα̈
β̈

+

+

 ch + ρbSClαU
(

1
2 − a

)
bρbSClαU 0

−ρb2SCmα,effU cα −
(

1
2 − a

)
bρb2SCmα,effU 0

0 0 cβservo


︸ ︷︷ ︸

C

 ḣ
α̇

β̇

+

+

kh ρbSClαU
2 ρbSClβU

2

0 kα(α)− ρb2SCmα,effU2 −ρb2SCmβ,effU2

0 0 kβservo


︸ ︷︷ ︸

K

hα
β

 =

 0
0

kβservo


︸ ︷︷ ︸

F

u.

32



where M, C, K and F are the previously mentioned mass, damping, stiffness and forcing
matrices of the equation of motion [142] in Equation 5.7.

The system parameters have the following values: mh = 6.516 kg; mα = 6.7 kg;
mβ = 0.537 kg; xα = 0.21; xβ = 0.233; rβ = 0 m; a = −0.673 m; b = 0.1905 m;
Îα = 0.126 kgm2; Îβ = 10−5; ch = 27.43 Nms/rad; cα = 0.215 Nms/rad; cβservo =
4.182∗10−4 Nms/rad; kh = 2844; kβservo = 7.6608∗10−3; ρ = 1.225 kg/m3; Clα = 6.757;
Cmα,eff = −1.17; Clβ = 3.774; Cmβ,eff = −2.1; S = 0.5945 m. Further details and
definitions can be found at sources [31, 32, 142, 165–167].

The system matrix S(p(t)) of the aeroelastic wing section model incorporates the Stribeck
friction model defined in the following, where Ff (t) represents the friction force:

Ff (t) = −

Fc +
(Fs − Fc)(

1 +

(
v

vs

)2
)
 sign(v(t))− Fvv,

where sign(v(t)) =
2

1 + e−1000·v(t)
−1 and v(t) 6= 0. The parameter vs describes the Stribeck

velocity, Fs represents the static friction force, Fc symbolizes the Coulomb friction force
and Fv denotes the viscous friction force. The values of these parameters were chosen based
on engineering considerations in order to obtain a realistic friction model. The values are
Fv = Fc = 4.182 · 10−4 Nm for the viscous friction and Coulomb friction force term,
Fs = 1.2 · Fc for the Stribeck friction force term and vs = 0.0075 rad/s for the Stribeck
velocity. Further details and definitions of the parameters can be found in [32, 142].

Figure 5.2: Stribeck friction force Ff (t)
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Chapter 6

Influence of the TP model
representation’s non invariant attribute
on the feasibility of LMI based control
design

This chapter proves that the vertexes of the TP model type polytopic representation of a
given qLPV state-space model strongly interfere with the feasibility regions of LMI based
control design methods. Furthermore this is valid both for the LMI based feasibility of
the controller and the observer design, but the influence differ for the controller and the
observer system components. More specifically, the factors influencing the feasibility regions
of the LMI based control design include (i) the manipulation of the vertexes’ position and
(ii) the size and complexity of the TP model type polytopic representation, i.e. the number
of the vertexes contained in the TP model representation. The proof is based on a complex
control design example, where the influence of these factors stated above can be easily and
clearly indicated. Furthermore the chapter shows via the example that the maximal parameter
space of the controller and observer also depends from these factors. The example model
consists of the complex Nonlinear Aeroelastic Test Apparatus (NATA) model of the three
Degree of Freedom aeroelastic wing section model including Stribeck friction described
in Chapter 5 and the control design method is based on the Tensor Product (TP) model
transformation based Control Design Framework described in Chapter 4 that supports the
flexible manipulation of these factors. The chapter executes a systematical manipulation of
the TP model representation’s complexity and convex hull and presents how the feasibility
regions of the LMI based control design vary in this context.

This chapter describes Thesis I., which is based on the journal publication [RJ-1] ( [167])
and conference papers [RC-1, RC-2] ( [165,166]). The chapter is structured as follows: Thesis
I is presented in Section 9. The strategy and methodology for proving the statements, namely
the applied Relaxed TP model based Control Design Framework containing the complexity
and convex hull manipulation and analysis, design strategy and LMI based controller and
observer design theory are described in detail in Section 6.2. The proving results are presented
in Section 6.3. Finally, the conclusions are drawn in Section 6.4.
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6.1 Thesis I.
The chapter presents the following statements about the TP model type polytopic representa-
tion and it’s influence on the feasibility regions of LMI based control design.

Thesis I: Design influence [RJ-1, RC-1, RC-2]
In contrast to previous control design solutions, where the polytopic representation is not taken
into account during the LMI based control design, I proved the existence of the influence of
the convex hull manipulation of the vertexes of tensor S ∈ RI1×I2×...×IN×O×I of the polytopic
TP model representation

S(p(t)) = S �
n∈N

wn(pn(t)) (6.1)

on the feasibility of the LMI based design methods. Therefore, I proved, that the convex hull
manipulation is an important and necessary step to consider at LMI based control design
methods:

(i) The position of the vertexes of the polytopic TP model representation, more formally,
the values of elements Si1...iN ∈ RO×I , strongly influence the feasibility of LMI based
control design methods.

(ii) The complexity of the polytopic TP model representation, i.e. the number of the
vertexes contained in the TP model, more formally, the value of IN , also strongly
influence the feasibility of LMI based control design methods.

(iii) Statement (i) and (ii) is valid both for the feasibility of the controller and observer
design but in a separate, different way.

(iv) The position (the values of elements Si1...iN ∈ RO×I) and the number (the value of
IN ) of the vertexes of the polytopic TP model representation also influence the size of
the achievable parameter space p(t) ∈ Ωmax ⊂ RN , where the LMI based design is
feasible. Through manipulating the convex hull of the polytopic representation, that
is the position (the values of elements Si1...iN ∈ RO×I) and the number (the value of
IN ) of the vertexes of the polytopic TP model representation, the size of the maximal
achievable parameter space p(t) ∈ Ωmax ⊂ RN can be increased, where the LMI based
design is still feasible.

6.2 Strategy for proving Thesis I
As previously stated the proof in the chapter is based on a control design example of a complex
dynamic qLPV system. A TP model representation of the given qLPV system is derived upon
which a systematical manipulation and analysis is executed. In accordance to this systematical
manipulation LMI based control design theories are applied and the feasibility is checked
how it is varying. The manipulation takes the following key points into account:
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1. The design is executed both on an exact and on a relaxed TP model representation.
The exact representation of the model is derived via the TP model transformation
where the number of the vertexes are minimized [43–45]. The relaxed TP model
representation is derived from the exact representation through disposing the vertexes
from the model which have low contribution in order to gain a trade-off between
accuracy and complexity for further design steps [37]. Note that the relaxed TP model
representation is only an approximation of the given model.

2. The convex hull defined by the position of the vertexes of the TP model representation
is systematically modified and analyzed separately for the controller and the observer
design.

For each systematically modified case the LMI based control design theory is applied and
the feasibility is checked how it is varying.

6.2.1 The concepts of the systematical TP model manipulation and in-
vestigation

The design method applied in the chapter is based on the TP model based Control Design
Framework with the Tensor Product model type polytopic formulas [1–3, 31] and LMI based
control design theorems [34, 35].

Assume a qLPV state-space model is given with u(t) input, y(t) output, x(t) state vector,
p(t) ∈ Ω ⊂ RN parameter vector and system matrix S(p(t)) ∈ RO×I :(

ẋ(t)
y(t)

)
= S(p(t))

(
x(t)
u(t)

)
. (6.2)

Aim is to control and observe this system. Further details of the model and the control design
structure will be described in detail later in the present Section. The given model and system
components controller and observer handled in the present chapter take the following TP
model structure:

S(p(t)) = S �
n∈N

wn(pn(t)), (6.3)

F(p(t)) = F �
n∈N

wn(pn(t)), (6.4)

K(p(t)) = K �
n∈N

wn(pn(t)), (6.5)

where S(p(t)) denotes the model, F(p(t)) denotes the controller and K(p(t)) denotes the
observer.

6.2.1.1 Step-I: Complexity Relaxation through the main TP model Component Anal-
ysis based approach

As a first step of the analysis the HOSVD based canonical TP model form [43–45] of the given
qLPV model is obtained. Here each singular value represents the relevance of each vertex of
the polytopic TP model. By selecting the main TP model components a trade-off between
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accuracy and complexity is granted in terms of L2 norm [37]. The complexity relaxation
of the model is based on this trade-off: the number of vertexes contained in the model is
decreased through disposing the small singular values and corresponding vertexes which have
low contribution.

Thus executing the TP model transformation on S(p(t)) in Equation (6.2) the following
HOSVD based canonical form [43–45] is acquired:

S(p(t)) = ES �
n∈N

Ewn(pn(t)), (6.6)

S ∈ RQ1× ... ×Qn×O×I .

Here Qn is the n-th mode rank of S(p(t)) c.f. [1–3] and the superscript ”E” denotes that the
HOSVD based canonical form of the model is exact, containing all of the non-zero singular
values.

On the other hand the relaxed model, represented by the superscript ”R”, is acquired as
well through disposing the singular values and corresponding vertexes with low contribution:

Ŝ(p(t)) = RS �
n∈N

Rwn(pn(t)), (6.7)

where RS ∈ RR1× ... ×Rn×O×I and ∀n: Rn ≤ In, ∃n: Rn < In.

6.2.1.2 Step-II: Convex Hull Manipulation through Interpolation

The LMI design theories applied require a convex TP model representation of the model
S(p(t)) [1, 34]. This being the case the exact and relaxed HOSVD based canonical forms are
converted to the convex TP model representation where S(p(t)) and Ŝ(p(t)) are contained
and enclosed within their convex hulls defined through the vertexes of their TP models for all
p(t) ∈ Ω.

The systematical analysis of the convex hulls defined by the position of the vertexes of
the TP model representation in the present chapter is based on an interpolation technique
between two different TP model representations, one with a tight (CNO) and one with a
loose (SNNN) convex hull, of the same given qLPV model. To simplify matters instead of
directly interpolating between the two separate convex hulls the interpolation is executed via
an interpolation between the two weighting function systems of the two different TP model
forms as given in the following:

Assume two different TP model representations ”X ” and ”Y” of the model S(p(t)) are
derived through TP model transformation for any parameter p(t) ∈ Ω:

S(p(t)) = XS �
n∈N

Xwn(pn(t)),

S(p(t)) = YS �
n∈N

Ywn(pn(t)). (6.8)

The two different TP model representations ”X ” and ”Y” each possess two different convex
hulls specified by the vertexes of the TP model. Aim is to obtain an interpolated TP model
representation between these two TP models corresponding to a modifiable interpolation
parameter λ ∈ [0, 1]:

S(p(t)) = I(λ)S �
n∈N

I(λ)wn(pn(t)), (6.9)
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where superscript ”I(λ)” represents that the TP model representation is interpolated. Here
the weighting function system is interpolated as

I(λ)wn(pn(t)) = (1− λ) · Xwn(pn(t)) + λ · Ywn(pn(t)),

and I(λ)S is obtained corresponding to Equation (6.9) by means of the Pseudo TP model
transformation cf. [3].

6.2.1.3 Step-III: LMI Based Design Theorems

As previously described in Section 6.2.1 the aim is to control and observe the given qLPV
model. Since in the model only a part of the state variables are measurable an output feedback
based control design structure is applied and the rest of the state variables are approximated by
an observer. Because the parameter vector p(t) does not include elements from the estimated
state-vector x̂(t), the following controller and observer structure is applied [1, 34, 35]:

(
ˆ̇x(t)
ŷ(t)

)
= S(p(t))

(
x̂(t)
u(t)

)
+

(
K(p(t))

0

)
(y(t)− ŷ(t))

u(t) = −F(p(t))x̂(t).
(6.10)

The observer is required to satisfy the convergence for stability x(t)−x̂(t)→ 0 as t→∞.
As previously mentioned one of the main benefits of the Relaxed TP model based Control

Design Framework is that the controller and observer system components can be acquired
separately. This ensures that the convex hull analysis can be performed also separately for the
controller and the observer for statement (II.i and II.ii).

The aim through the LMI based design is to acquire controller vertex gains Fi1, i2, ..., iN

stored in F from vertex gains Si1, i2, ..., iN stored in I(λc)S

S(p(t)) = I(λc)S �
n∈N

I(λc)wn(pn(t))

and observer vertex gains Ki1, i2, ..., iN stored in K from Si1, i2, ..., iN stored in I(λo)S

S(p(t)) = I(λo)S �
n∈N

I(λo)wn(pn(t)),

in a way that the stability and the desired multi-objective control performance requirements
are guaranteed. The superscripts ”I(λc)” and ”I(λo)” represent the proportion along the
interpolation for both controller and observer cases, respectively.

Various LMI theorems are accessible for controller and observer design. Since the
parameters do not enter the weighting functions, a separate controller and observer design
may be applied. In this context the LMI theorems 4.1 and 4.2 have been chosen for the
separate design [34].

Computing the controller and observers via the LMI based design Theorems (4.1) and
(4.2) one attains the results:

λcF(p(t)) =
λcF �

n∈N
I(λc)wn(pn(t)), (6.11)
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λoK(p(t)) =
λoK �

n∈N
I(λo)wn(pn(t)). (6.12)

It is worth mentioning that various further control objectives and constraints can be incorpo-
rated to the design via properly selected LMIs as well.

6.2.1.4 Step-IV: Exact System Reconstruction

To verify the stability of the system LMI based stability verification theorems can be executed
with the system elements (6.3-6.5). Here a uniform structure is required from the system
components to be able to execute the stability verification theorems for the system. However
the uniform structure is not provided, due to the systematical complexity (Section 8.3.1) and
convex hull (Section 6.2.1.2) manipulation the system components have different weighting
functions varying in number and form:

S(p(t)) = ES �
n∈N

Ewn(pn(t)), (6.13)

λcF(p(t)) = λcF �
n∈N

Fwn(pn(t)), (6.14)

λoK(p(t)) = λoK �
n∈N

Kwn(pn(t)). (6.15)

Here Fwn(pn(t)) = I(λc)wn(pn(t)) and Kwn(pn(t)) = I(λo)wn(pn(t)). As a consequence an
additional step is required to unify the structure of the system elements to be able to execute
the LMI based stability verification theorems.

It is important to mention that the exact model represented by superscript ”E” is used
for the stability verification. This means that the manipulated and analyzed controller and
observer vertexes may differ from the exact model in their number along some dimensions.
In this context in order to apply the LMI based stability verification techniques a common
weighting function system has to be attained. One way to do this is to apply the general
stability verification method based on the Multi TP model transformation [3]. However
because during the calculations the discrete variants of the interpolated weighting functions
will be available a less complicated procedure can be applied to unify the weighting functions.

Thus in this context the aim is to convert Equations (6.13-6.15) to (8.17-8.19):

S(p(t)) = ES ′ �
n∈N

wn(pn(t)), (6.16)

λcF(p(t)) = λcF ′ �
n∈N

wn(pn(t)), (6.17)

λoK(p(t)) = λoK′ �
n∈N

wn(pn(t)). (6.18)

As a first step a matrix Hn for each dimension is created as:

Hn = [I(λc)WD(Ω,G)
n , I(λo)WD(Ω,G)

n , EWD(Ω,G)
n ], (6.19)

where W
D(Ω,G)
n are the discretized variants of the weighting functions of the TP model over

the parameter space Ω with sampling grid G [3]. Executing a compact SVD on matrix Hn

one attains:
Hn = UnDnV

T
n = UnTn.

40



Since system elements (6.13-6.15) require a convex representation, the SVD is extended with
a CNO transformation [1]. This leads to:

Hn = UCNOn T′n,

where UCNOn is the discretized variant of the unified weighting function.

WD(Ω,G)
n = UCNOn .

Partitioning the matrix T′n according to the extent of the blocks of Hn (Equation 8.23),
one acquires:

T′n = [FTn,
KTn,

ETn],

which results in
I(λc)WD(Ω,G)

n = UCNOn · FTn,
I(λo)WD(Ω,G)

n = UCNOn · KTn,
EWD(Ω,G)

n = UCNOn · ETn,

and

S(p(t)) = ES �
n∈N

EWD(Ω,G)
n =

= ES �
n∈N

UCNOn · ETn =

= [ES �
n∈N

ETn] �
n∈N

UCNOn =

= ES ′ �
n∈N

UCNOn =

= ES ′ �
n∈N

WD(Ω,G)
n ,

F(p(t)) = EF �
n∈N

EWD(Ω,G)
n =

= EF �
n∈N

UCNOn · ETn =

= [EF �
n∈N

ETn] �
n∈N

UCNOn =

= EF ′ �
n∈N

UCNOn =

= EF ′ �
n∈N

WD(Ω,G)
n ,

K(p(t)) = EK �
n∈N

EWD(Ω,G)
n =

= EK �
n∈N

UCNOn · ETn =

= [EK �
n∈N

ETn] �
n∈N

UCNOn =

= EK′ �
n∈N

UCNOn =

= EK′ �
n∈N

WD(Ω,G)
n .

Finally, the continuous weighting functions wn(pn(t)) can also be obtained through the
Pseudo TP model transformation [3] as described in Step-II in Section 6.2.1.2.
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6.2.1.5 Step-V: LMI based stability verification

Acquiring the system components ES ′ , FS ′ and KS ′ with unified weighting function systems
W

D(Ω,G)
n the LMI based stability verification can be readily applied. The vertices of the

TP model of the exact model, controller and observer can be substituted into the previously
described LMI theorems in Section 6.2.1.3 and the solution can be checked, namely if all of
the LMI theorems are simultaneously feasible. This step is less complicated in a sense that
the matrices N and M need not to be found, only the matrices P1 and P2 need to be found.

6.3 The proving numerical results for Thesis I
In this section the previously described theoretical analysis concepts will be applied into
practice accompanied by presenting the proving results.

6.3.1 Numerical execution of the Relaxed TP model based Control De-
sign Framework

The Tensor Product model transformation is performed on the state-space qLPV model of the
3-DoF aeroelastic wing section model described in Chapter 5. The parameter vector p(t) is
specified through the intervals of the elements U ∈ [4, 64] (m/s) (later this interval will be
systematically modified and investigated), α ∈ [−0.3, 0.3] (rad) and β̇ ∈ [−1.5, 1.5] (rad/s).
The grid density G1 ×G2 ×G3 is specified as G1 = G2 = 501 and G3 = 7500. The rank of
the discretized core tensor SD(Ω,G) results in 2, 3, 2 in the first, second and third dimensions,
therefore 2× 3× 2 = 12 vertexes describe the exact polytopic TP model representation of
the given qLPV state-space model. To acquire the relaxed polytopic TP model representation
of the given qLPV state-space model the third singular value 0.02275 in dimension α(t) is
disposed. The singular values along each dimension take the following values:

Dimension U(t): 1824.42567 222.73378
Dimension α(t): 1837.72468 30.12274 0.02275
Dimension β̇(t): 1478.89237 1091.33713

Table 6.1: Singular values of the 3-DoF aeroelastic wing section model

To systematically modify and analyze the convex hull defined by the position of the
vertexes of the TP model representation through interpolation two types of TP model repre-
sentations are determined: one with a loose (SNNN: λ = 0%) and one with a tight (CNO:
λ = 100%) type weighting function system. Figure 6.1 and 6.2 show the weighting functions
for the exact model and Figure 6.3 and 6.4 show the weighting functions for the relaxed model.
This is executed both for a controller and for an observer investigation. The interpolation at
both investigations is executed with the same resolution of 2% steps - in other words the value
of λ is discretized over 50 points.
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Figure 6.1: CNO type weighting functions of the exact model of the 3-DoF aeroelastic wing
section
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Figure 6.2: SNNN type weighting functions of the exact model of the 3-DoF aeroelastic wing
section
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Figure 6.3: CNO type weighting functions of the relaxed TP model of the 3-DoF aeroelastic
wing section
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Figure 6.4: SNNN type weighting functions of the relaxed TP model of the 3-DoF aeroelastic
wing section
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Remark 6.1. Computational aspects of the interpolation: The TP model transformation
generates the discretized variants XWD(Ω,G)

n and YWD(Ω,G)
n (see Equation (8.23)) on the

parameter space Ω with grid G1 × · · · × Gn of the weighting functions Xwn(pn(t)) and
Ywn(pn(t)) (see Equation (7.7) and (6.9)), respectively. The discretized variants of the
weighting functions WD(Ω,G)

n are also the n-mode singular matrices WD(Ω,G)
n = Un. Thus

the interpolation is simplified and the interpolated discretized weighting functions take the
following form:

I(λ)W
D(Ω,G)

n = (1− λ) · XWD(Ω,G)

n + λ · YWD(Ω,G)

n .

In the case if I(λ)W
D(Ω,G)

n and S(p(t)) are available I(λ)S and I(λ)wn(pn(t)) for Equation
(6.9) can similarly be determined with the help of the Pseudo TP model transformation as
mentioned in Section 6.2.1.2.

Remark 6.2. Numerical treatment: The Pseudo TP transformation is executed in the same
way as the TP model transformation to attain the convex TP model representation but in
the second step instead of calculating the discretized convex weighting functions simply the
discretized I(λ)W

D(Ω,G)

n are substituted to determine I(λ)S in the second and I(λ)wn(pn(t)) in
the third step.

For each interpolation resolution point a controller and observer is designed in accordance
to the LMI theorems described in Section 6.2.1.3, which results in 50 different controllers
and 50 different observers.
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6.3.2 Results of the 2D Analysis: Feasibility, Convex hull
Figure 6.5 illustrates the relation between feasibility and the convex hull in case of the
controller and observer design based on the exact TP model. The x-axis illustrates the convex
hull, namely the transition from the loose convex hull (SNNN, λ = 0) to the tight convex
hull (CNO, λ = 1) corresponding to the interpolation parameter λ. The y-axis illustrates the
feasibility with a line, if the LMI based design resulted in a feasible solution. The value y = 0
illustrates the case if the design did not yield in a feasible solution.

The controller was designed on the parameter space U(t) = [6 16] (m/s). The results
on Figure 6.5 in case of the controller show a strong correlation between the feasibility and
the convex hull: the feasible LMI designs appear in larger number near the tight, CNO type
convex hull than the loose, SNNN type convex hull. Manipulating the interval of parameter
U(t) in a broad scale later in the section the same phenomenon can be seen.

The observer was designed on the parameter space U(t) = [6 400] (m/s). The reason
to select this unrealistic and large interval of the external parameter wind speed U(t) is to
be able to indicate the influence of the convex hull manipulation on the feasibility of the
observer, which could be detected through this region, since the observer design in the interval
U(t) = [6 16] (m/s) is always feasible. The results on Figure 6.5 in case of the observer
show also a relation between the feasibility and the convex hull: a non feasible segment can
be detected at a convex hull transitional section. Also manipulating the interval of parameter
U(t) in a broad scale later in the section the same phenomenon can be seen.

After investigating the relation between the feasibility and the convex hull in case of the
controller and observer design based on the exact TP model, the same investigation is executed
on the relaxed TP model. The controller and observer was designed on the same parameter
space as described in the exact model’s case. The results show in Figure 6.6 (the axes are
the same as in Figure 6.5) that the feasibility regions are different for both the controller
and observer cases from the results of the exact TP model presented in the previous section:
the complexity also interferes with the feasibility. In case of the controller this region is
significantly smaller. In case of the observer the feasibility region is increased in the present
case.

In this context as a conclusion of this section it can be stated that the convex hull of
the polytopic TP model representation strongly influences the feasibility of LMI based
designs, which is valid both for the controller and observer cases, in a separate, different
way.
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Figure 6.5: Controller and observer feasibility regions of the exact model
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Figure 6.6: Controller and observer feasibility regions of the relaxed model
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6.3.3 Results of the 3D Analysis: Feasibility, Convex hull, Complexity
The investigation of the complexity is further continued for different intervals of the external
parameter wind speed U(t). As a result Figure 6.7 and 6.8 present the relation between
feasibility, the convex hull and complexity for different intervals of parameter U(t). The
x-axis illustrates the convex hull similarly to the previous section, the y-axis denotes the
complexity of the model with the exact and relaxed TP model cases and the z-axis represents
the feasibility, also similarly to the previous section. Figure 6.7 illustrates the results of
the controller, with the parameter interval U(t) = [6 16] (m/s) and U(t) = [8 33] (m/s)
and Figure 6.8 illustrates the results of the observer design with the parameter interval
U(t) = [6 400] (m/s) and U(t) = [8 425] (m/s). The results show that the complexity of
the TP model also interferes with the feasibility.

In case of the controller the feasible designs fall in number if the TP model is a relaxed
model containing fewer vertexes. However, considering the convex hull, the feasible designs
remain similarly near the tight, CNO type convex hull than the loose, SNNN type convex hull
both for the relaxed and exact TP model cases.

In case of the observer the feasible designs appear in a larger number if the TP model
is a relaxed model containing fewer vertexes in the present parameter interval U(t) =
[6 400] (m/s) and U(t) = [8 425] (m/s) cases. Considering the convex hull the results
show similarly to the previous section a relation between the convex hull and feasibility:
further feasible and non feasible segments can be detected at different convex hull transitional
sections.

Based on these results as a conclusion the same phenomenon can be observed as in the
previous section with an additional information: besides the convex hull of the polytopic
TP model representation the complexity also influences the feasibility regions of LMI
based designs, moreover as a further conclusion this is valid both for the controller and
observer cases, also in a separate, different way.
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Figure 6.7: Controller feasibility for external parameter wind speed U(t) = [6 16] (m/s) and
U(t) = [8 50] (m/s)
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Figure 6.8: Observer feasibility for external parameter wind speed U(t) = [6 400] (m/s) and
U(t) = [8 425] (m/s)
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6.3.4 Results of the 4D Analysis: Feasibility, Convex hull, Complexity,
Parameter space

Continuing the investigation further and incorporating the parameter space into the graphical
illustrations as a result the Figures 6.9-6.11 and 6.12-6.14 illustrate the relation between
feasibility, the convex hull, complexity and the parameter space with the external parameter
wind speed U(t). The axes of the figures are the same as on the figures of the previous
sections, the difference is that the z-axis provides additional information about the external
parameter wind speed U(t), namely it also illustrates the maximal achievable value Umax of
the interval: a line denotes if the LMI based design is feasible and the height indicates the value
of Umax. Figures 6.9-6.11 illustrate the case of the controller with the the parameter intervals
U(t) ∈ [4 64] (m/s), U(t) ∈ [6 64] (m/s) and U(t) ∈ [8 64] (m/s) and Figures 6.12-6.14
illustrate the case of the observer with the the parameter intervals U(t) ∈ [4 600] (m/s),
U(t) ∈ [6 600] (m/s) and U(t) ∈ [8 600] (m/s). The investigation was executed in an
iterative manner: an LMI based design is executed for the current value Umax of the parameter
interval and the feasibility of the design is checked. If the design is feasible, the maximal
value Umax of the interval is increased, the LMI based design is repeated and the feasibility is
checked. This is executed until the design is still feasible. The results show that the size of
the parameter space of the TP model also interferes with the feasibility.

It can be seen in case of the controller that the previously stated phenomenons considering
the convex hull and complexity are also valid, with an additional statement: the feasible
designs fall in number if the TP model is a relaxed model containing fewer vertexes, the
feasible LMI designs appear in larger number near the tight, CNO type convex hull, but
the feasible results also appear with a higher achievable parameter interval value Umax near
the tight, CNO type convex hull. In case of the controller the achievable parameter interval
value Umax reaches the value of 64 (m/s) at the tight, CNO type convex hull, whereas it only
reaches a smaller value at the transitional cases further from the tight, CNO type convex hull.

In case of the observer it can be determined that the relation between the convex hull
and feasibility show a similarity to the previous section: feasible and non feasible segments
can be detected at different convex hull transitional sections. Considering the complexity
the feasible designs appear not necessarily in a larger number if the TP model is a relaxed
model containing fewer vertexes but nevertheless a difference in the feasibility regions can be
detected between the exact and relaxed TP model cases. Lastly, examining from the parameter
space’s point of view instead of a peak seen at the controller’s case in case of the observer
rather a hole can be detected in the feasibility sections.

In this context as a conclusion the following can be stated: the convex hull and complex-
ity of the polytopic TP model representation strongly influences the feasibility regions
of LMI based designs in a different way for the controller and the observer, and it also
has a strong effect on the achievable external parameter wind speed Umax where the
LMI based design is feasible.
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Figure 6.9: Controller feasibility regions and achievable external parameter wind speed
investigated over the interval U(t) ∈ [4 64] (m/s)
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Figure 6.10: Controller feasibility regions and achievable external parameter wind speed
investigated over the interval U(t) ∈ [6 64] (m/s) results
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Figure 6.11: Controller feasibility regions and achievable external parameter wind speed
investigated over the interval U(t) ∈ [8 64] (m/s) results
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Figure 6.12: Observer feasibility regions and achievable external parameter wind speed
investigated over the interval U(t) ∈ [4 600] (m/s)
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Figure 6.13: Observer feasibility regions and achievable external parameter wind speed
investigated over the interval U(t) ∈ [6 600] (m/s)
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Figure 6.14: Observer feasibility regions and achievable external parameter wind speed
investigated over the interval U(t) ∈ [8 600] (m/s)
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6.3.5 Further remarks and discussions
LMI solvers are based on interior point convex optimization methods, where the algorithms
start from a random point [17, 18, 140]. Typically in case of feasibility type LMI solvers, the
solvers contain a parameter with an objective to optimize it: if the parameter reaches a given
threshold value, then it is stated by the solver, that the LMI is feasible. Thus in feasibility
type LMIs it is not a goal to find the concrete optimized value of this parameter, only the
threshold limit is examined as a condition to see whether the LMI is feasible or not. The
amount how much the LMI is feasible is difficult to interpret due to the complex nonlinear
relation with the endresults, which relation also differs from LMI to LMI. Thus the relation
between the concrete optimized value of the parameter of the algorithms of the LMI solvers
and the evaluation of the achieved control performance of the end solution is difficult to
interpret. In case of other type of LMIs, further parameters can be incorporated, which are
also in relation with the control performance.

In case of feasibility type LMIs, the convex hull manipulation of the polytopic TP model
representation generates a different starting point for the LMI solvers and thus a different
starting point for the parameter. The different starting point causes a numerical deviation
in the endresults of the system. The numerical deviation of the endresults confirms the
Theses of the dissertation regarding the influencing effect of the convex hull manipulation
of the polytopic TP model representation. Furthermore, besides the numerical deviation of
the endresults, the endresults show also a systematical tendency through the systematical
convex hull manipulation of the polytopic TP model representation, which also suggests the
existance of a higher order theoretical relation. This is particularly well shown by the results
of the opposite - tight and loose convex hull - systematical manipulation of the controller
and observer, which confirms besides a numerical deviation also a systematical tendency in
the endresults. In case of LMIs, where further parameters are also incorporated in relation
with the control performance, a better solution can be achieved through the convex hull
manipulation of the polytopic TP model representation, which also confirms the Theses of the
dissertation regarding the influencing effect of the convex hull manipulation of the polytopic
TP model representation.

It would have been fortunate to show further examples from other technical areas as
well. Nevertheless, the example of the 3-DoF aeroelastic wing section belongs to a signficant
engineering benchmark problem, which besides the theoretical significance holds practical
significance as well. Based on this I made the decision, that for the refutation of the widespread
point of view in the scientific literature - that the politopic representation does not have an
influencing effect on LMI based methods - showing an example from such a significant
problem family is sufficient.

The TP function appears with the same mathematical formalism in polytopic representa-
tion, Takagi-Sugeno (TS) Fuzzy models, sliding mode control and B-Spline function based
control theory concepts and applications. Therefore the statements of the dissertation - the
non invariant attribute of the polytopic TP model representation’s influencing effect on the
feasibility of LMI based methods - besides the polytopic applications can be further elaborated
and specialized to TS Fuzzy models, sliding mode control and B-Spline function based control
theory concepts and applications.
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6.4 Conclusion
This chapter provided a proof for Thesis I based on a control design example of a quasi Linear
Parameter Varying (qLPV) state-space model. Namely, the manipulation of the vertexes of
the polytopic Tensor Product (TP) model representation strongly influences the feasibility of
the Linear Matrix Inequality (LMI) based design. The attributes of the vertexes influencing
the feasibility regions of the LMI based control design include the position and the number of
the vertexes contained in the model. Furthermore the chapter shows that the vertexes of the
polytopic TP model representation also influence the size of the achievable parameter space
where the LMI based design is feasible. These statements are valid both for the feasibility of
the controller’s and the observer’s Linear Matrix Inequality based design, but the influence
differs in its characteristics for the controller and the observer system components.
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Chapter 7

Influence of the TP model
representation’s non invariant attribute
on the feasibility of LMI based stabiliy
analysis

Chapter 6, investigating the 3-DoF wing section [31, 32], showed, that the manipulation of
the vertexes of the polytopic TP model representation - i.e. the convex hull, complexity and
parameter space - influences the LMI based control design’s feasibility differently for the
controller and observer design [165–167]. Based on these findings, Chapter 8 presents a
separate, TP model transformation based convex hull manipulation and control design based
approach for the controller and observer design and achieved significantly better control
performance results for the 3-DoF aeroelastic wing section model [168]. This proves, that
the system component dependent, i.e. the separate manipulation of the TP type polytopic
representation is important and necessary to achieve the optimal control results for the control
design. This chapter continues the dissertation’s study series on TP model transformation’s
convex hull analysis.

This chapter describes Thesis II., which is based on the journal publication [RJ-3] [169].
The chapter investigates and proves the statement, that the convex hull of the polytopic TP
model representation influences the feasibility of LMI based stability analysis methods. The
investigation and proof is based on a complex stability analysis example of a given qLPV
state-space model, consisting of the 3-DoF aeroelastic wing section model including Stribeck
friction [31,32]. The proof is based on the key ideas of TP model transformation’s convex hull
manipulation feature [1, 2]. As a first step, numerous TP model type control solutions holding
different convex hulls are systematically derived of the qLPV model via LMI based control
design methods [34–36]. This step is performed to indicate and prove the influence on the
feasibility of LMI based stability analysis methods. As a second step, each control solution
is further equivalently transformed for different TP model representations holding different
convex hulls. This step is carried out to be able to perform a comprehensive analysis and
comparison between the convex hulls and the feasibility of the LMI based stability analysis
methods. Finally, the stability of all control solutions over all TP model representations are
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checked via LMI based stability analysis methods [34–36]. Based on the numerical results, a
detailed, comprehensive analysis is given.

The numerical results prove that the polytopic TP model representation of a given control
solution strongly influences the feasibility of LMI based stability analysis methods. Specifi-
cally, the chapter shows that an unfortunately chosen convex hull resulted as infeasible at the
LMI based stability analysis, whereas a well chosen convex hull resulted as feasible. Thus
the chapter shows that the convex hull manipulation is an important and necessary step to
consider at LMI based stability analysis methods.

The chapter is organized as follows. Thesis II is given in Section 7.1. Section 7.2 presents
the proposed TP model transformation based stability analysis method. The numerical results
of the stability analysis of the model are given and evaluated in Section 7.3. Last, the
conclusions are drawn in Section 7.4.

7.1 Thesis II.
The chapter presents the following statement regarding the convex hull, i.e. the position of
the vertexes of the polytopic representation and its influence on the feasibility of LMI based
stability analysis and verification methods:

Thesis II: Stability analysis influence [RJ-3]
In contrast to previous control design solutions, where the polytopic representation is not
taken into account during the LMI based stability analysis and verification methods, I proved
the existence of the influence of the convex hull, i.e. the weighting functions and the position
of the vertexes, of the polytopic TP model representation of a given qLPV system and control
solution on the feasibility of LMI based stability analysis and verification methods. Therefore
I proved, that the convex hull manipulation is an important and necessary step to consider at
LMI based stability analysis and verification methods.
More formally, assume a given model and controller:

S(p(t)) = (S + ∆S) �
n∈N

(wn(pn(t)) + ∆wn(pn(t))) (7.1)

F(p(t)) = (F + ∆F) �
n∈N

(wn(pn(t)) + ∆wn(pn(t))) . (7.2)

In the following control structure of:(
ẋ
ŷ

)
= S(p(t))

(
x
u

)
u = −F(p(t))x,

(7.3)

I proved, that ∆wn(pn(t)), i.e. ∆Si1...iN , ∆Fi1...iN influences the feasibility of LMI based
stability verification methods.
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7.2 Method for proving Thesis II
In this section the overall methodological concepts of the convex hull stability analysis will
be described, which are based on the polytopic TP model formulas, TP model transformation
based Control Design Frameworks [1,2,33] and LMI based methods [34,35]. First, the control
structure will be described with its TP model transformation based form in 7.2.1. Then, the
overall concept of the convex hull stability analysis will be described in 7.2.2, which are
described in detail in Sections 7.2.3 and 7.2.4, respectively.

7.2.1 TP model based control structure
The aim is to analyze the asymptotic stability of the 3-DoF aeroelastic wing section model
through an output feedback based control design structure in the following way [1, 2, 34, 35]:(

x̂(t)
y(t)

)
= S(p(t))

(
x(t)
u(t)

)
u(t) = −F(p(t))x(t).

(7.4)

Here S(p(t)) denotes the system matrix of the model and F(p(t)) denotes the controller.
Regarding Tensor Product model transformation based Control Design Frameworks, Equation
(7.4) takes the following TP model form:(

x̂(t)
y(t)

)
= S �

n∈N
wn(pn(t))

(
x(t)
u(t)

)
u(t) = −F �

n∈N
λcwn(pn(t))x(t).

(7.5)

7.2.2 Main steps of the proof
The method of the proof is illustrated in Fig. 7.1. and 7.2. The overall concept of the proof
consists of the following two main steps:

1. Generating a set of TP model type control solutions defined over different convex hulls
The first step is illustrated through steps I.1-I.4 in Fig. 7.1. and the vertical axis of Fig. 7.2. The
first step consists of systematically generating various TP model type control solutions holding
different convex hulls. Two different polytopic TP model representations of the given model are
derived: one polytopic TP model representation holding an SNNN (loose) convex hull and one
holding a CNO (tight) convex hull. Then, numerous representations denoted by λdS(p(t)) are
systematically generated through interpolating between the two convex hulls. The interpolation
is performed through a weighting function based TP model interpolation, according to the
interpolation parameter λd. The subscript d denotes the first, design step of the proof. Last, for
each interpolated TP model, a controller denoted by λdF(p(t)) is designed through an LMI
based control design technique. As a result, the control solutions denoted through {S(p(t)),
λdF(p(t)), λdwn(pn(t))} are attained. The details of the first step are described in section 7.2.3.
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Figure 7.1: Overall concept of the stability analysis
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Figure 7.2: Two dimensional parametric space with TP system pair
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2. Stability analysis of the TP model type control solutions defined over different convex
hulls
The second step is illustrated through steps II.1-II.3 in Fig. 7.1. and the horizontal axis of
Fig. 7.2. The second step consists of the systematical analysis of each {S(p(t)), λdF(p(t)),
λdwn(pn(t))} TP model type control solution defined over different convex hulls, irrespective
whether it presented as feasible or infeasible during the previous LMI based design. First,
each control solution is further transformed for different TP model representations holding
different convex hulls. This step is carried out to be able to perform a comprehensive analysis
and comparison between the convex hulls and the feasibility of the LMI based stability analysis
methods. Two polytopic TP model representations of each control solution are derived: one
holding an SNNN ({S , λd, SNNNF}) type convex hull and one holding a CNO ({S , λd, CNOF})
type convex hull. The convex hull is systematically modified between the SNNN and the CNO
convex hulls through a weighting function based TP model interpolation method, according
to the interpolation parameter λa. The subscript a denotes the second, analysis step of the
proof. As a result, the polytopic TP model representations denoted by {S(p(t)), λd,λaF(p(t)),
λd,λawn(pn(t))} are attained. Finally, the stability of all λd, λa control solutions over all TP
model representations holding different convex hulls are checked through an LMI based stability
evaluation method.

λd

λd = 0

λd = 1

λdS ⊠
n∈N

λdwn(pn(t))

SNNNS ⊠
n∈N

SNNNwn(pn(t))

CNOS ⊠
n∈N

CNOwn(pn(t))

Figure 7.3: Interpolation based on λd parameter

7.2.3 Generating a set of TP model type control solutions defined over
different convex hulls

This section describes the details of step one of the proof. The steps of generating the
set of control solutions are described according to the numbering of Fig. 7.1. The TP
model transformation is described in 7.2.3.1, followed by the description of the λd weighting
function based interpolation method in 7.2.3.2. Last, the LMI based control design technique
is described in 7.2.3.3.
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7.2.3.1 HOSVD based canonical TP model form

As a first step, illustrated by ’I.1’ in Fig. 7.1., the TP model transformation is executed on the
system matrix S(p(t)), resulting in the HOSVD based canonical TP model form [43–45]:

S(p(t)) = HOSVDS �
n∈N

HOSVDwn(pn(t)). (7.6)

HOSVDS ∈ RQ1× ... ×Qn×O×I .

Here Qn denotes the n-th mode rank of the core tensor HOSVDS of the model S(p(t)),
c.f. [1–3]. Each singular value denotes the significance of the vertexes Si1, i2, ..., iN contained
in the HOSVD based canonical TP model representation. The HOSVD based canonical form
of the model is exact, containing all of the non-zero singular values.

7.2.3.2 Interpolation based on λd parameter

The LMI based control design techniques require a convex TP model representation of the
model S(p(t)) [1, 2, 34, 36]. Therefore, the TP model representations are transformed to
convex TP model representations, where S(p(t)) is contained and enclosed within the convex
hull defined through the vertexes Si1,...,iN of the polytopic TP model representation for any
parameter p(t) ∈ Ω.

As a second step, illustrated by ’I.2’ in Fig. 7.1. and Fig. 7.3., the λd weighting function
based TP model interpolation for any parameter p(t) ∈ Ω between the SNNN and CNO
convex hulls

S(p(t)) = SNNNS �
n∈N

SNNNwn(pn(t)),

S(p(t)) = CNOS �
n∈N

CNOwn(pn(t))
(7.7)

is performed. The interpolation parameter λd represents the scale of the interpolation and is
defined with λd ∈ [0, 1]. As aforementioned, the index d denotes the design step of the proof.

The interpolation is based on a systematical transition between the weighting function
systems of the two TP model interpolation end points corresponding to the modifiable
interpolation parameter λd ∈ [0, 1] performed as:

λdwn(pn(t)) = (1− λd) · SNNNwn(pn(t)) + λd · CNOwn(pn(t)). (7.8)

Since the discretized variants SNNNWD(Ω,G)
n and CNOWD(Ω,G)

n of the continuous weighting
functions SNNNwn(pn(t)) and CNOwn(pn(t)) over the parameter space Ω and discretization
grid G are available, a simplified interpolation can be performed through utilizing the Pseudo
TP model transformation [1–3]:

λdW
D(Ω,G)

n = (1− λd) · SNNNWD(Ω,G)

n + λd · CNOWD(Ω,G)

n . (7.9)

Next, λdWD(Ω,G)
n and S(p(t)) being available, the core tensor λdS and λdwn(pn(t)) can be

also attained through the Pseudo TP model transformation [1–3]. As a result, the interpolated
TP model representations, denoted by ’I.3’ in Fig. 7.1., are attained:

λdS(p(t)) = λdS �
n∈N

λdwn(pn(t)). (7.10)
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Figure 7.4: Interpolation based on λa parameter

7.2.3.3 LMI based control design

As a next step, illustrated by ’I.4’ in Fig. 7.1., for each interpolated model

λdS(p(t)) = λdS �
n∈N

λdwn(pn(t)) (7.11)

a controller
λdF(p(t)) = λdF �

n∈N
λdwn(pn(t)) (7.12)

is calculated based on the parallel distributed compensation (PDC) control design schema
[34,36]. Namely, the controller vertex gains λdFi1, i2, ..., iN stored in controller core tensor λdF
are calculated from system vertex gains λdSi1, i2, ..., iN stored in system core tensor λdS via
the Linear Matrix Inequality based design theorem described in 4.1 guaranteeing asymptotic
stability. Various further control objectives and constraints can also be incorporated into the
design via properly selected LMIs [34–36].

7.2.4 Stability analysis of the TP model type control solutions defined
over different convex hulls

This section describes the details of step two of the proof. The steps of analyzing the generated
set of control solutions are continued to be described according to the numbering of Fig. 7.1.
First, the λa weighting function based interpolation method is described in 7.2.4.1 and 7.2.4.2,
followed by the LMI based stability evaluation technique described in 4.3.

7.2.4.1 Interpolation end points

As a first step, illustrated by ’II.1’ in Fig. 7.1., each derived system containing the model and
controller {S(p(t)), λdF(p(t)), λdwn(pn(t))} is transformed to a SNNN and CNO convex
hull. This can be performed through the Multi TP model transformation [2, 3]. Since the
discretized variants λdW

D(ωn,Gn)
n of the continuous weighting functions λdwn(pn(t))} over

the parameter space ωn and discretization grid Gn, for every dimension n are available, a
simplified approach is performed.

60



First, a matrix Hn for every dimension n is constructed:

Hn = [
HOSVDSWD(ωn,Gn)

n , λdWD(ωn,Gn)
n ]. (7.13)

A compact SVD is executed on matrix Hn, deriving both an SNNN and a CNO convexity:

Hn =SNNNUn
SNNNDn

SNNNV
T

n

Hn = CNOUn
CNODn

CNOV
T

n .
(7.14)

Matrices SNNNUn and CNOUn represent the discretized values of the unified continuous
SNNN and CNO weighting functions for each dimension n:

SNNNUn = SNNNW
D(ωn,Gn)

n

CNOUn = CNOW
D(ωn,Gn)

n .
(7.15)

Note that the weighting functions λd,SNNNwn(pn(t)) and SNNNwn(pn(t)) as well as
λd,CNOwn(pn(t)) and CNOwn(pn(t)) are not equal. Also, the SVD on matrix Hn is technically
a weighting function unification.

7.2.4.2 Interpolation based on λa parameter

Next, illustrated by ’II.2’ in Fig. 7.1. and in Fig. 7.4., the λa weighting function based TP
model interpolation is performed for any parameter p(t) ∈ Ω between the unified SNNN
and CNO interpolation end points. The interpolation parameter λa represents the scale of
the interpolation and is defined with λa ∈ [0, 1]. As aforementioned, the index a denotes the
analysis step of the proof.

The interpolation is based on a systematical transition between the weighting function
systems of the two unified TP model interpolation end points corresponding to the modifiable
interpolation parameter λa ∈ [0, 1] performed as:

λaUn = (1− λa) · SNNNUn + λa · CNOUn. (7.16)

Next, the pseudo inverse of λaUn is calculated and multiplied with Hn:

(Uλa
n )+ Hn =[(Uλa

n )+ SWD(ωn,Gn)
n , (Uλa

n )+ λdWD(ωn,Gn)
n ] =

=[STn, Tλd, λa
n ].

(7.17)

Then, through the given core tensors and the resulting weighting functions the λa core
tensors are calculated:

λaS = S �
n∈N

STn

λd, λaF = λdF �
n∈N

λd, λaTn.
(7.18)

As a result, the interpolated TP model representations, denoted by ’II.2’ in Fig. 7.1., are
attained:

λaS(p(t)) = λaS �
n∈N

λaWD(ωn,Gn)
n

λd,λaF(p(t)) = λd, λaF �
n∈N

λaWD(ωn,Gn)
n .

(7.19)

Last, the continuous weighting functions λd,λawn(pn(t)) can be obtained through the
Pseudo TP model transformation [1–3].
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7.2.4.3 LMI based stability verification

After attaining λdS and λd,λaF , the LMI based stability verification is utilized for each
{λaS(p(t)), λd,λaF(p(t))}, illustrated by ’II.3’ in Fig. 7.1. Namely, the vertices λaSi1, i2, ..., iN
stored in the system core tensor λaS and the vertices λd,λaFi1, i2, ..., iN of the controller stored
in the controller’s core tensor λd,λaF are inserted into the LMI based stability verification
method described in Section 4.3 [34, 36].

7.3 The proving numerical results for Thesis II
In this section the numerical results for the proof of the statement described in Section 7.1
and 7.2, carried out on the 3-DoF aeroelastic wing section model described in Chapter 5, are
presented. First, the results of generating the set of control solutions is presented in 7.3.1.
Then the results of the stability analysis is described in 7.3.2.

7.3.1 Systematical convex hull design
First, the HOSVD based canonical TP model form of S(p(t)) is derived in 7.3.1.1, followed
by the systematical λd convex hull design in 7.3.1.2 resulting in the interpolated models
λdS(p(t)) and the LMI based control design resulting in the designed controllers λdF(p(t))
in 7.3.1.3.

7.3.1.1 HOSVD based canonical TP model form

The TP model transformation described in Section 7.2.3.1 is carried out on S(p(t)) to obtain
the HOSVD based canonical TP model form [43–45] of the 3-DoF aeroelastic wing section
including friction of the Nonlinear Aeroelastic Test Apparatus given in Equation (6.2). The
bounds of the parameter vector are chosen as α ∈ [−0.3, 0.3] (rad), U ∈ [8, 16] (m/s),
β̇ ∈ [−1.5, 1.5] (rad/s). The sampling grid density is specified as G1 = G2 = 137 and
G3 = 7500.

The rank of the core tensor S results in 2, 3, 2 along each dimension, thus 2× 3× 2 = 12
vertexes are needed to describe the exact polytopic TP model representation of the 3-DoF
aeroelastic wing section model. The singular values along each dimension result in the values
described in Table 7.1. In the present case the exact representation is investigated, thus all of
the singular values are preserved in the model.

Dimension α(t): 1824.42567 222.73378
Dimension U(t): 1837.72468 30.12274 0.02275
Dimension β̇(t): 1478.89237 1091.33713

Table 7.1: Singular values of the 3-DoF aeroelastic wing section
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Figure 7.5: SNNN type weighting functions of the wing section’s dimensions α [rad], U
[m/s], β̇ [rad/s]
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Figure 7.6: CNO type weighting functions of the wing section’s dimensions α [rad], U [m/s],
β̇ [rad/s]
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Figure 7.7: Weighting function transition of α[rad]
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Figure 7.8: Weighting function transition of U [m/s]
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Figure 7.9: Weighting function transition of β̇[rad/s]
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Figure 7.10: Controller design’s feasibility

7.3.1.2 Systematical λd convex hull design

As a next step, the systematical λd convex hull design described in Section 7.2.3.2 is executed.
Two different polytopic TP model representations of the 3-DoF aeroelastic wing section
model are derived: one holding an SNNN (λd = 0) convex hull and one holding a CNO
(λd = 1) convex hull. The weighting functions of the two TP model representations can be
seen in Fig. 8.3. and Fig. 8.4., respectively.

The interpolation is performed with the resolution of 1% steps - meaning the value of λd
is discretized over J = 100 points, resulting in 100 S(p(t)) models holding different convex
hulls. Note that a different resolution amount can be chosen as well. The transition between
the SNNN and CNO weighting functions for each dimension is illustrated in Fig. 7.7.-7.9.
with a 10% step. Label wλ=

n denotes the SNNN convex hull’s weighting functions and label
wλ=
n represent the CNO convex hull’s weighting functions, for each dimension.

7.3.1.3 LMI based control design results

As a next step, the LMI based control design technique described in Section 7.2.3.3 is applied
on each interpolated model, resulting in the interpolated controllers λdF(p(t)). As a result, an
SNNN controller, a CNO controller and J − 2 interpolated controllers are acquired.

Fig. 7.10. shows the feasibility results of the LMI based control design for the J = 100
derived TP models. The x-axis represents the systematical λd convex hull transition with the
different TP models: λd = 0 illustrates the TP model with an SNNN type convex hull, λd = 1
illustrates the TP model with a CNO type convex hull. The TP models between λd = 0 and
λd = 1 represent the interpolated TP models between SNNN and CNO. The y-axis represents
with a y = 0 value if the design was not feasible and a y = 1 value represents if the design
was feasible.

65



Fig. 7.10. shows that the SNNN TP model (value λd = 0) and some of the interpolated TP
models did not lead to feasible LMI designs, but reaching the CNO TP model (value λd = 1)
the number of feasible designs emerged in an increased number.

7.3.2 Systematical convex hull analysis
As a next step, every derived solution {S(p(t)), λdF(p(t)), λdwn(pn(t))} is analyzed through
the systematical λa convex hull analysis in 7.3.2.1 and 7.3.2.2. As a result, {S(p(t)),
λd,λaF(p(t)), λd,λawn(pn(t))} are attained. Finally, the LMI based stability verification
is performed in 7.3.2.3.

7.3.2.1 Interpolation end points

First, the interpolation end points described in Section 7.2.4.1, are attained for every J = 100
interpolated control solution {S(p(t)), λdF(p(t)), λdwn(pn(t))}. Namely, for each control
solution an SNNN (λa = 0) and a CNO (λa = 1) convex hull is generated. As a result
{λd, SNNNS , λd, SNNNF} for each J = 100 solution is attained.

7.3.2.2 Systematical λa convex hull analysis

Next, the λa weighting function based interpolation described in Section 7.2.4.2, is executed
between the two interpolation end points for each J = 100 control solution. The resolution
of 1% steps, meaning the value of λa is discretized over R = 100 points, is chosen. Note
that a different resolution amount can be chosen as well. The systematical two dimensional
λd × λa analysis results thereby in a total of J × R = 100 × 100 {S(p(t)), λd,λaF(p(t)),
λd,λawn(pn(t))} control solutions.

7.3.2.3 LMI based stability verification results

Next, every control solution {S(p(t)), λd,λaF(p(t)), λd,λawn(pn(t))} is evaluated for stability
through the LMI based stability verification technique described in Section 7.2.4.3.

Figures 7.11.-7.14. show the convex hull stability analysis results for a number of specific
λd interpolated designs. The x-axis represents the different TP models’ convex hulls analysis:
λa = 0 illustrates the TP model with an SNNN type convex hull, λa = 1 illustrates the TP
model with a CNO type convex hull. The TP models between λa = 0 and λa = 1 represent the
λa interpolated TP models between SNNN and CNO. The y-axis represents with a y = 0 value
if the LMI based stability verification resulted as not feasible and a y = 1 value represents if
the design resulted as feasible.

Specifically, Fig. 7.11. shows that the designed CNO TP model with λd = 1 only lead to
a stable result at the stability analysis with the same convexity, namely with a CNO convexity
at λa = 1 and at a near CNO TP model. Considering a designed interpolated case with
λd = 0.95 (Fig. 7.12.), the number of stable results at the stability analysis increased to a
higher number near the CNO TP model (λa = 1). At another interpolated design case with
λd = 0.5, the number of stable results at the stability analysis decreased to zero (Fig. 7.13.).
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Figure 7.11: Controller: 0% SNNN and 100% CNO TP model (λd = 1)
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Figure 7.12: Controller: 5% SNNN and 95% CNO TP model (λd = 0.95)
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Figure 7.13: Controller: 50% SNNN and 50% CNO TP model (λd = 0.5)
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Figure 7.14: Controller: 100% SNNN and 0% CNO TP model (λd = 0)
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Last, the designed SNNN TP model with λd = 0 lead to a high number of stable results at the
stability analysis in the most broad domain of λa (Fig. 7.14.).

7.3.3 2D Stability analysis results
Incorporating the results into a more compact, 2D form, Fig. 7.15. shows the relation
between the stability, the designed convex hull and the convex hull analysis. The vertical axis
represents the different designed TP models and their convex hulls with λd. Value λd = 0
illustrates the TP model with an SNNN type convex hull, whereas value λd = 1 illustrates the
TP model with a CNO type convex hull. The TP models between λd = 0 and λd = 1 represent
the interpolated TP models between SNNN and CNO. The horizontal axis represents the
stability analysis results for each designed controller with λa. Value λa = 0 illustrates the
TP model with an SNNN type convex hull, whereas value λa = 1 illustrates the TP model
with a CNO type convex hull. The TP models between λa = 0 and λa = 1 represent the
interpolated TP models between SNNN and CNO. In this 2D plane, a black marker represents
if the stability analysis of a given design resulted as stable, whereas the lack of a marker
represents if the stability analysis of a given design resulted as not stable in the LMI based
stability verification.

It can be seen from Fig. 7.15., that starting from the CNO-CNO (λd = 1, λa = 1) point
and approaching the SNNN-SNNN (λd = 0, λa = 0) point the number of stable results
increases until λd = 0.6, then further approaching an SNNN TP model the number of stable
results decreases to zero until λd = 0.2 and finally reaching the SNNN TP model leads to a
high number of stable solutions at λd = 0.

Additionally, Fig. 7.15. shows, that starting from the CNO-CNO (λd = 1, λa = 1) point
and approaching the SNNN-SNNN (λd = 0, λa = 0) point, the convex hull stability of a
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Figure 7.15: 2D Stability analysis results
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given design is not two sided, i.e. λd ± z with z ∈ R, but rather one sided, specifically
towards the CNO convex hull. Furthermore, the stability is not a static value with λd ± z, but
rather stretches all along to the CNO type convex hull for almost every convex hull of a given
design, which resulted as stable. Last, considering the stability regions of the model’s convex
hulls, stable and unstable regions exist, mainly towards the CNO type convex hull. This may
suggest a transition from the loose convex hull (SNNN) towards the tight convex hull (CNO).
Further remarks and discussions described in Section 6.3.5 apply here also.

7.4 Conclusion
The chapter proved the statement - based on a stability analysis example of a given quasi Linear
Parameter Varying (qLPV) state-space model, consisting of the three Degree of Freedom
(3-DoF) aeroelastic wing section model including Stribeck friction - that the convex hull of
the polytopic Tensor Product (TP) model representation strongly influences the feasibility of
Linear Matrix Inequality (LMI) based stability analysis methods. Specifically, the chapter
shows that an unfortunately chosen convex hull resulted as infeasible at the LMI based
stability analysis, whereas a well chosen convex hull resulted as feasible. This proves that the
LMI based stability analysis methods indicate the feasibility of the polytopic representation
and not the given model, indicating thereby that the convex hull manipulation of the polytopic
TP model representation is a necessary and important step in LMI based stability analysis.
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Part III

Applications and practical achievements
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Chapter 8

Improved control solution of the stability
and performance of the 3-DoF aeroelastic
wing section:
a TP model based 2D parametric control
performance optimization

Chapter 6 proved that the manipulation of the TP type polytopic representation - i.e. the
convex hull, complexity and parameter space - influences the Linear Matrix Inequality (LMI)
based design’s feasibility differently for the controller and observer design [165–167]. This
proves, that the LMI based design gives an optimal solution to the convex representation and
not the given model. Also, the different influence for the controller and observer design shows
that the system component dependent, i.e. the separate manipulation of the TP type polytopic
representation is important and necessary to achieve the optimal control results for the control
design.

Based on these findings, the aim of the chapter is to present an improved control perfor-
mance for the most recent version of the 3-DoF aeroelastic wing section model including
Stribeck friction [31, 32], according to signals pitch, plunge, trailing edge and control value,
based on practical engineering criteria such as overshoot, undershoot, signal end values and
settling time. This is achieved - based on the different requirements of the controller and
observer [165–167] and the key ideas of TP model transformation’s convex hull manipulation
feature [1, 2, 170] - through proposing a novel two dimensional (2D) parametric convex hull
manipulation based method for Tensor Product model transformation based Control Design
Frameworks. The approach - in contrast to existing solutions, which utilize one representation
- provides two TP model representations for the different requirements of the controller and
observer of a given model, opening the possibility to utilize the TP model transformation’s
convex hull manipulation potential in control performance optimization for a separate op-
timization of the two TP model representations. The separate design approach enables to
separately optimize the two TP model representations based on the TP model transformation’s
convex hull manipulation potential in control performance optimization [1, 2, 170]. The
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optimal controller and observer, which provide not only an optimal solution separately but
also together is searched for in this two dimensional space. Numerical simulation results are
provided to illustrate the control performance improvements of the aeroelastic wing section
model through the proposed 2D parametric convex hull manipulation based design method.
The challenges of the control design include its complex dynamic behavior, i.e. complexity,
non-linearity and external parameter dependency resulting in a complex, analytically difficult
to manageable mathematical representation. Also, without control effort the model’s behavior
results in limit cycle oscillation and even chaotic behavior.

This chapter describes Thesis III., which is based on the journal publication [RJ-1] ( [168]).
The chapter is structured as follows: Thesis III is presented in 8.1. The control design strategy
and the TP type polytopic representation of the system components are described in Section
8.2. The theory of the TP model based optimization is explained in Section 8.3. The theory
put into practice and the results of the numerical simulation are presented in Section 8.4 and
8.5. The achieved results are evaluated and compared in Section 8.5. The improved solution
is proposed and evaluated with the most recent solution found in the literature [32] in Section
8.6. Last, the conclusion can be found in Section 8.7.

8.1 Thesis III.
The chapter presents the following statement:

Thesis III: Improved control solution and method [RJ-2]
In order to employ the statements of Thesis I. and II. for control optimization, I derived
and further elaborated the concept of the separate controller and observer design introduced
in Chapter 5 of book [2]. I proposed a novel method, termed as a two dimensional (2D)
parametric convex hull manipulation based control design optimization method for TP model
transformation based Control Design Frameworks. The 2D parametric convex hull manip-
ulation based control design optimization method is based on the concept of the TP model
interpolation technique introduced in Chapter 2 of book [2]. Applying this method, I achieved
to overall improve the control performance of the most recent version of the 3-DoF aeroelastic
wing section model including Stribeck friction available in the scientific literature [32].
More formally, I introduced the subspace (λc, λo) ∈ [0, 1]× [0, 1] and the following steps:

S(p(t)) = λcS �
n∈N

λcwn(pn(t)) = λcS �
n∈N

λcwn(pn(t)) =

= λcS �
n∈N

[
(1− λc) · λcwn(pn(t)) + λc · λcwn(pn(t))

]
=

= λcS �
n∈N

λcwn(pn(t))

(8.1)

S(p(t)) = λoS �
n∈N

λown(pn(t)) = λoS �
n∈N

λown(pn(t)) =

= λoS �
n∈N

[
(1− λo) · λown(pn(t)) + λo · λown(pn(t))

]
=

= λoS �
n∈N

λown(pn(t)).

(8.2)
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Through applying LMI based control design methods one attains the controller and observer
gains:

λcS −−→
LMI

λcF , thus F(p(t)) = λcF �
n∈N

λcwn(pn(t))

λoS −−→
LMI

λoK, thus K(p(t)) = λoK �
n∈N

λown(pn(t)).

Through applying a weighting function unification one attains the model S(p(t)), the con-
troller F(p(t)) and the observer K(p(t)) in a unified structure in order to apply LMI based
stability analysis and verification methods on the whole system:

S(p(t)) = S �
n∈N

wn(pn(t)) (8.3)

F(p(t)) = F �
n∈N

wn(pn(t)) (8.4)

K(p(t)) = K �
n∈N

wn(pn(t)) (8.5)

(i) In contrast to previous control design solutions, which utilized one representation
and designed the controller and observer together, the approach is capable to design
the controller and observer for a given control design task separately. Additionally,
the approach is capable to perform the convex hull manipulation of the polytopic
representation utilized for the LMI based controller and observer design thereby also
separately. This enables to take into account the different requirements of the controller
and observer and allows thereby a separate optimization to find the best controller
and the best observer. In spite all of these, the method is able to generate a common
polytopic TP model structure for the LMI based design, which enables an overall system
optimization.

(ii) The improvement of the 3-DoF aeroelastic wing section’s complex, close to real
engineering benchmark problem was achieved according to the signals pitch, plunge,
trailing edge and control value, based on practical engineering criteria such as overshoot,
undershoot, signal initial values, signal end values and settling time.

(iii) Besides the theoretical significance of Thesis I. and II., I gave a practical example
and confirmed their practical significance and application possibilities. Therefore, I
proved, that the manipulation of the polytopic TP model representation is a necessary
and important step in reaching the optimal solution for the control performance.

8.2 Extended output feedback control based design strat-
egy

Aim is to control the qLPV model of the 3-DoF aeroelastic wing section model for asymptotic
stability described in Chapter 5. In the given model, only a part of the state variables are
measurable - namely pitch angle α. As a consequence an output feedback based control design
system is chosen and the other state variables, which can not be measured are approximated
by an observer. As p(t) does not include components from the estimated state-vector x̂(t),
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the following controller and observer structure will be handled [1, 2, 34, 36, 126], where the
observer is needed to fulfill x(t)− x̂(t)→ 0 as t→∞:(

ˆ̇x(t)
ŷ(t)

)
= S(p(t))

(
x̂(t)
u(t)

)
+

(
K(p(t))

0

)
(y(t)− ŷ(t))

and
u(t) = −F(p(t))x̂(t).

(8.6)

The TP type polytopic representation of Equation (8.6) can be seen in Equation (8.7):

TPS(λc, λo) =



(
ˆ̇x(t)
ŷ(t)

)
= S �

n∈N
wn(pn(t))

(
x̂(t)
u(t)

)
+

(
λoK �

n∈N
λown(pn(t))

0

)
(y(t)− ŷ(t))

and

u(t) = −λcF �
n∈N

λcwn(pn(t))x̂(t)

S(p(t)) = λcS �
n∈N

λcwn(pn(t)) =
λoS �

n∈N
λown(pn(t))

(8.7)

TPS abbreviates ”TP system” and λc and λo represent the TP system in the two dimensional
parametric space described in more detail in Section 8.3.

Controller gains in λcF and observer gains in λoK are calculated from core tensor λcS
and core tensor λoS via LMI based design theorems. The chosen LMI based design theorems
guaranteeing asymptotic stability are described in Section 4.3. It is worth mentioning, that
various further control objectives and constraints can be incorporated into the design via
properly selected LMIs as well.

8.3 TP model based optimization
In this section the extended TP model transformation based Control Design Framework will
be described. A control solution is proposed, where two different TP model representations
are derived and further optimized for the control design: one TP model representation for the
controller specific design and one TP model representation for the observer specific design.

As a first step, the Higher-Order Singular Value Decomposition (HOSVD) based canonical
TP model form and TP model component analysis is executed in 8.3.1, followed by the two
dimensional parametric convex hull manipulation as step two in 8.3.2. As a third step the LMI
based design is executed in 8.3.3 and as a fourth step the stability verification and unifying of
the system components is achieved in 8.3.4.

8.3.1 HOSVD based canonical TP model form and TP model Compo-
nent Analysis

As a first step, the HOSVD based canonical TP model form [43–45] of the 3-DoF aeroelastic
wing section is obtained. Here each singular value represents the relevance of each vertex of
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the polytopic TP model. By selecting the main TP model components, a trade-off between
accuracy and complexity can be granted in terms of L2 norm [37]. In the present case all
singular values of the 3-DoF aeroelastic wing section including friction of the Nonlinear
Aeroelastic Test Apparatus are kept, thus executing the TP model transformation on S(p(t))
in Equation (6.2) the following exact quasi HOSVD based canonical form is acquired:

S(p(t)) = S �
n∈N

wn(pn(t)), (8.8)

S ∈ RQ1× ... ×Qn×O×I .

Here Qn is the n-th mode rank of S(p(t)) c.f. [1–3], containing all of the non-zero singular
values.

8.3.2 Two Dimensional Parametric Convex Hull Manipulation
As previously described, a component dependent, i.e. separate design is utilized for the
controller and observer design. Therefore, the search space to find the optimal solution for
the 3-DoF aeroelastic wing section model is two dimensional: one dimension (λc) represents
the controller and one dimension (λo) represents the observer, illustrated by Fig. 8.1.

λc

λo

λo = 0

λc = 0 λc = 1

λo = 1

λcS ⊠
n∈N

λcwn(pn(t))

λoS ⊠
n∈N

λown(pn(t))

λcS ⊠
n∈N

λcwn(pn(t)) λcS ⊠
n∈N

λcwn(pn(t))

λoS ⊠
n∈N

λown(pn(t)) λoS ⊠
n∈N

λown(pn(t))

controller:

observer:

Figure 8.1: Two dimensional parametric convex hull manipulation

Each dimension is further adjusted based on a linear interpolation method, where two
TP models representing the end points for the interpolation of the controller, two TP models
representing the end points for the interpolation of the observer and two interpolation parame-
ters λc and λo representing the scale of the interpolation are defined. Here λc, λo ∈ [0, 1] and
λc = [λc, λc], λo = [λo, λo]. Base for the interpolation consists of an interpolation between
the weighting function systems of the two TP model interpolation end points carried out as

λcwn(pn(t)) = (1− λc) · λcwn(pn(t)) + λc · λcwn(pn(t)), (8.9)

for the controller, and

λown(pn(t)) = (1− λo) · λown(pn(t)) + λo · λown(pn(t)), (8.10)
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for the observer and calculating the corresponding λcS and λoS core tensors by means of the
Pseudo TP model transformation cf. [3].

The interpolation parameters λc and λo are systematically modified and the aim is to
obtain an interpolated TP model representation for the controller and observer between
their corresponding TP model interpolation end points and according to their corresponding
modifiable interpolation parameters λc and λo:

S(p(t)) = λcS �
n∈N

λcwn(pn(t)) (8.11)

and
S(p(t)) = λoS �

n∈N
λown(pn(t)). (8.12)

The two interpolation parameters λc and λo represent the scale of the interpolation between
the interpolation end points for each dimension: Equation (8.13) for the controller and
Equation (8.14) for the observer.

S(p(t)) = λcS �
n∈N

λcwn(pn(t)) = λcS �
n∈N

λcwn(pn(t)) = λcS �
n∈N

λcwn(pn(t)) (8.13)

S(p(t)) = λoS �
n∈N

λown(pn(t)) = λoS �
n∈N

λown(pn(t)) = λoS �
n∈N

λown(pn(t)) (8.14)

Additionally, the two interpolation parameters λc and λo also represent the corresponding
controller and observer pairs as points in the two dimensional parametric space interpreted by
Fig. 8.2.

λc

λo

TPS(λc, λo)

Figure 8.2: Two dimensional parametric space with TP system

8.3.3 LMI based design
According to the parameters λc and λo, representing the scale of the interpolation, an infinite
number of controller λcF and observer λoK pairs can be designed from core tensors λcS and
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λoS in Equations (8.11) and (8.12) via LMI based design theorems. Based on sources [34,36],
the LMI theorems 4.1 and 4.2 have been utilized.

Since, the calculation of a high number of pairs results in a high computational load, only
a finite number of cases will be handled. The computed interpolated controller and observers
according to the various interpolation parameters λc and λo result in:

λcF(p(t)) = λcF �
n∈N

λcwn(pn(t)), (8.15)

λoK(p(t)) = λoK �
n∈N

λown(pn(t)). (8.16)

8.3.4 Stability verification and unifying of the system components
Since the controller and observer (8.15)-(8.16) are derived component wise and hold different
TP models, a further LMI based stability verification step is needed to be executed to be
able to verify the whole system’s stability. As a requirement to do so, a common TP model
structure is needed. This common structure, however, is not available due to the different
weighting functions of the controller and observer. Therefore, a unifying of the weighting
functions is executed, to enable the execution of the stability verification.

The unification, resulting in the common structure, can be derived through the Multi TP
model transformation [1–3], which consists of assembling a vector from the three components
S(p(t)), F(p(t)) and K(p(t)) and performing the TP model transformation on the assembled
vector. The transformation results in a common weighting function structure and a tensor,
which is then partitioned and arranged back along its N + 1-th dimension, resulting in the
tensors S, F and K according to the initial assembly of the three components.

In the present case, the TP model structure of S(p(t)), F(p(t)) and K(p(t)) are already
given, and the discrete variants of the interpolated weighting functions are also provided by
the interpolation’s calculations. Therefore, a computationally less complicated approach can
be executed. Namely, only an SVD has to be executed on the existing matrices containing
the discretized weighting functions, as opposed to performing a discretization and a HOSVD
on the discretized matrix containing S(p(t)), F(p(t)) and K(p(t)) in case of the Multi TP
model transformation. In the present case the matrix of the discretized weighting functions is
small, but in a more general case this would mean a significant reduction in the computational
load [1, 2].

Opposed to the Multi TP model transformation, this approach may give the impression of
being more complicated and it may seem, that the achieved complexity reduction may not be
worth the effort. However, the described approach is not more complicated than the Multi TP
model transformation. Additionally, it is also a general method and can be also automated
with easy usability as the Multi TP model transformation [1, 2]. The approach is included to
be able to provide the opportunity to reproduce the results.

In this context the goal is to attain Equations (8.17)-(8.19), holding unified weighting
functions uwn(pn(t)):

S(p(t)) = S ′ �
n∈N

uwn(pn(t)), (8.17)

λcF(p(t)) = F ′ �
n∈N

uwn(pn(t)), (8.18)
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λoK(p(t)) = K′ �
n∈N

uwn(pn(t)), (8.19)

from Equations (8.20)-(8.22) holding different weighting functions:

S(p(t)) = S �
n∈N

Swn(pn(t)), (8.20)

λcF(p(t)) = λcF �
n∈N

λcwn(pn(t)), (8.21)

λoK(p(t)) = λoK �
n∈N

λown(pn(t)). (8.22)

As an initial step a matrix Hn for every dimension n is constructed with the system
components as the following:

Hn = [FWD(ωn,Gn)
n , KWD(ωn,Gn)

n , SW
D(ωn,Gn)

n ], (8.23)

here W
D(ωn,Gn)
n represents the discretized values of the weighting functions wn(pn(t)) of

each component’s TP model over the parameter space ωn with sampling grid Gn [3], attained
through the numerical calculations of the interpolation. A compact SVD is executed on matrix
Hn, leading to:

Hn = UnDnV
T
n

= UnTn.

Since the LMI theorems require a convex form, a CNO transformation is incorporated into
the SVD [1, 2]. As a result one attains:

Hn = UCNOn T′n,

where UCNOn represents the discretized values of the unified weighting function for each
dimension n:

UCNOn = uWD(ωn,Gn)
n .

To attain the discretized values of the unified weighting functions for each component,
first matrix T′n is partitioned according to the composition of Hn in Equation (8.23). Thus
the following partitions are acquired for each dimension n:

T′n = [FTn,
KTn,

STn].

Then the discretized weighting function systems for each component results in:

FWD(ωn,Gn)
n = UCNOn · FTn,

KWD(ωn,Gn)
n = UCNOn · KTn,

SWD(ωn,Gn)
n = UCNOn · STn.
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Thus the TP structure with the discretized values of the unified weighting functions results in:

SD(ωn,Gn) = S �
n∈N

SW
D(ωn,Gn)

n =

= S �
n∈N

UCNOn · STn =

= [S �
n∈N

STn] �
n∈N

UCNOn =

= S ′ �
n∈N

UCNOn =

= S ′ �
n∈N

uWD(ωn,Gn)
n ,

and similarly for λcFD(ωn,Gn) and λoKD(ωn,Gn):

λcFD(ωn,Gn)
= F ′ �

n∈N
uWD(ωn,Gn)

n ,

λoKD(ωn,Gn)
= K′ �

n∈N
uWD(ωn,Gn)

n .

The continuous unified weighting functions uwn(pn(t)) can be obtained through the Pseudo
TP model transformation [3] as described in Section 8.3.2.

After attaining S ′ , F ′ and K′ with their unified weighting function systems uwn(pn(t))
the LMI based stability verification can be utilized. The vertices of the TP model of the
aeroelastic wing section model, the controller and observer can be inserted into LMI theorems
and the result can be evaluated, namely if all LMI theorems are simultaneously feasible.

8.4 Numerical results
In this section the control design strategy described in Section 8.2 and 8.3 will be applied into
practice.

8.4.1 HOSVD based canonical TP model form and TP model Compo-
nent Analysis

To obtain the HOSVD based canonical TP model form [43–45] of the 3-DoF aeroelastic
wing section including friction of the Nonlinear Aeroelastic Test Apparatus the TP model
transformation is carried out. The parameter space Ω is chosen as U ∈ [8, 16] (m/s),
α ∈ [−0.3, 0.3] (rad), β̇ ∈ [−1.5, 1.5] (rad/s) and the sampling grid as G1 = G2 = 137 and
G3 = 7500. The discretized core tensor results in 2, 3, 2 singular values along each dimension
meaning 2× 3× 2 = 12 vertexes are necessary for the exact TP model representation: All of
the singular values are kept in the model resulting in an exact representation.

8.4.2 Two Dimensional Convex Hull Manipulation
As a next step, the two dimensional convex hull manipulation is executed, where as previously
described one dimension represents the controller and one dimension represents the observer.
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Dimension α(t): 1824.42567 222.73378
Dimension U(t): 1837.72468 30.12274 0.02275
Dimension β̇(t): 1478.89237 1091.33713

Table 8.1: Singular values of the 3-DoF aeroelastic wing section model

In order to have a TP model for both dimensions, the TP model derived in the previous section
through TP model transformation is duplicated.

As a next step, the interpolation technique is utilized for both dimensions: as the two
end points for the interpolation a sum-normalized non-negative (SNNN) convex hull and a
TP model representation with a close-to-normal (CNO) convex hull are chosen for both the
controller and observer specific design. The weighting functions of the system can be seen in
Fig. 8.3. and Fig. 8.4., respectively. The two interpolation end points for the controller and
observer are the following:

S(p(t)) = λcSSNNN �
n∈N

λcwSNNN
n (pn(t)),

S(p(t)) = λcSCNO �
n∈N

λcwCNO
n (pn(t))

(8.24)

for the controller and

S(p(t)) = λoSSNNN �
n∈N

λowSNNN
n (pn(t)),

S(p(t)) = λoSCNO �
n∈N

λowCNO
n (pn(t))

(8.25)

for the observer.
The proportion of the interpolation between the two end points is represented by the

interpolation parameters λc and λo. 2 TP models as the two interpolation end points, and
8 interpolated TP models have been designed for each dimension, resulting in N = 10 TP
models and a 11.11% resolution for each dimension. It is worth mentioning that various
further resolution amounts can be chosen as well, also with different resolutions for the
controller and observer as well. The TP models are denoted by:

S(p(t)) = λcS �
n∈N

λcwn(pn(t)), (8.26)

S(p(t)) = λoS �
n∈N

λown(pn(t)), (8.27)

where values λc = λo = 0 and λc = λo = 1 symbolize the two TP models representing
the two end points of the interpolation, namely λ = 0 represents the SNNN TP model
representation and λ = 1 represents the CNO TP model representation.

8.4.3 Controller and observer design
As a next step the chosen LMI based design theorems 4.1 and 4.2 are applied on Equation
(8.26) and (8.27). Through the chosen LMI based design technique a controller and observer
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Figure 8.3: SNNN type weighting functions of the wing section’s dimensions U [m/s], α[rad],
β̇[rad/s]
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Figure 8.4: CNO type weighting functions of the wing section’s dimensions U [m/s], α[rad],
β̇[rad/s]
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is derived for each interpolated TP model representation according to the interpolation
parameters λc and λo. As a result an SNNN TP model, a CNO type TP model and N − 2
interpolated TP models are acquired. The controller and observer TP models are denoted by:

F(p(t)) = λcF �
n∈N

λcwn(pn(t)), (8.28)

K(p(t)) = λoK �
n∈N

λcwn(pn(t)). (8.29)

Fig. 8.5. and Fig. 8.6. show the resulting feasibility of the LMI based design of the
controller and observer, respectively. 2 TP models as the two end points, and 8 interpolated
TP models have been designed. The y-axis represents with a y = 0 value if the design was
not feasible and a y = 1 value represents if the design was feasible. The x-axis represents the
different TP models and their convex hulls: x = 0 illustrates the TP model with an SNNN
type convex hull, x = 1 illustrates the TP model with a CNO type convex hull. The TP
models between x = 0 and x = 1 represent the interpolated TP models between SNNN and
CNO.
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Figure 8.5: Controller feasibility
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Figure 8.6: Observer feasibility

Fig. 8.5. shows that in case of the controller, the SNNN TP model (value λc = 0) and
some of the interpolated TP models did not lead to feasible LMI designs, but reaching the
CNO TP model (value λc = 1) the number of feasible designs emerged in an increased
number. In case of the observer, Fig. 8.6. shows that all TP models lead to feasible LMI
designs.
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8.5 Numerical simulation results of the optimization strat-
egy’s control examples

In this section the control performance results of the numerical simulation of the designed TP
models are given and analyzed. Fig. 8.7.-8.10. show the results of the numerical simulation
of some feasible TP models for free stream velocity U = 14.1 m/s and simulation duration
of 2 seconds. Additionally, for comparison of the control performance, Tables 8.2-8.9 provide
measured values of each signal. In case of the controller, the TP model with SNNN type
convex hull and some interpolated cases did not lead to a feasible design, therefore the control
performance investigation in these cases could not be executed.

Regarding the feasible cases, two sets of results are provided. The first set of results -
represented by Fig. 8.7.-8.8. and Tables 8.2-8.5 and denoted by case 1.1 and 1.2 - consists
of a TP model based controller with a 11.11% SNNN, 88.88% CNO TP model accompanied
by two different observers: a 77.77% SNNN, 22.22% CNO TP model and a 11.11% SNNN,
88.88% CNO TP model. The second set of results - represented by Fig. 8.9.-8.10. and Tables
8.6-8.9 and denoted by case 2.1 and 2.2 - consists of a TP model based controller with a 0%
SNNN, 100% CNO TP model accompanied by two different observers: a 77.77% SNNN,
22.22% CNO TP model and a 22.22% SNNN, 77.77% CNO TP model.

8.5.1 Evaluation and comparison of the derived cases
Considering the signal initial values: the best initial values for the trailing edge signal is
illustrated by case 1.2 with the result of−0.01817. In case of pitch, plunge and control signals,
case 2.2 achieved the best values with −0.2147, −0.01848 and −53.04, respectively.

Regarding the signal end values: the best signal end values for trailing edge was achieved
by case 2.2 with 0.001369. For pitch and plunge by case 1.1 with 0.0009113 and 0.00008623
each, and for the control signal by case 1.2 with the value of −0.05067.

Considering settling time: the fastest settling time for trailing edge was provided by case
2.1 with the duration of 0.1423 sec. Regarding the pitch signal the fastest settling time was
achieved by case 2.2 with 0.3174 sec. Last, for the plunge and control signals the fastest
settling time was reached by case 1.2 with 1.6652 sec and 0.0097 sec, respectively.

Regarding overshoot: the smallest overshoot for the trailing edge signal was provided by
case 1.2 with a value of 0.8729, for the pitch signal by case 1.1 with 0.001597, for the plunge
signal by case 2.1 with 0.003191 and for the control signal by case 2.2 with 12.77.

Regarding undershoot: the smallest undershoot for the trailing edge signal was achieved
by case 2.2 with −0.2229. Considering the pitch signal, case 1.1 provided the smallest
undershoot value with −0.003284. In case of the plunge signal, case 2.1 provided the best
undershoot value with −0.006221. Finally, regarding the control signal case 2.2 achieved the
smallest undershoot with −3.076.
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Figure 8.7: Case 1.1
Controller: 11.11% SNNN and 88.88% CNO TP model,
Observer: 77.77% SNNN and 22.22% CNO TP model
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Figure 8.8: Case 1.2
Controller: 11.11% SNNN and 88.88% CNO TP model,
Observer: 11.11% SNNN and 88.88% CNO TP model
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Figure 8.9: Case 2.1
Controller: 0% SNNN and 100% CNO TP model,
Observer: 77.77% SNNN and 22.22% CNO TP model
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Figure 8.10: Case 2.2
Controller: 0% SNNN and 100% CNO TP model,
Observer: 22.22% SNNN and 77.77% CNO TP model
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77.77% SNNN 11.11% SNNN
22.22% CNO TP model 88.88% CNO TP model
(case 1.1) (case 1.2)

Signal initial value -4.8 -0.01817
Signal end value 0.002226 0.007864
Settling time 0.1504 1.1099
Overshoot 3.332 0.8729
Undershoot -4.8 -0.3863

Table 8.2: Comparison of trailing edge signals
77.77% SNNN 11.11% SNNN
22.22% CNO TP model 88.88% CNO TP model
(case 1.1) (case 1.2)

Signal initial value -0.215 -0.2149
Signal end value -0.0009113 -0.003387
Settling time 0.3686 0.9999
Overshoot 0.001597 0.02318
Undershoot -0.003284 -0.04933

Table 8.3: Comparison of pitch signals
77.77% SNNN 11.11% SNNN
22.22% CNO TP model 88.88% CNO TP model
(case 1.1) (case 1.2)

Signal initial value -0.01851 -0.0185
Signal end value -0.00008623 -0.0003498
Settling time 1.7229 1.6652
Overshoot 0.3266 0.009024
Undershoot -0.006981 -0.008674

Table 8.4: Comparison of the plunge signals
77.77% SNNN 11.11% SNNN
22.22% CNO TP model 88.88% CNO TP model
(case 1.1) (case 1.2)

Signal initial value -10000 -10000
Signal end value 0.06755 -0.05067
Settling time 0.0330 0.0097
Overshoot 283.3 89.86
Undershoot -10000 -4.897

Table 8.5: Comparison of control values
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77.77% SNNN 22.22% SNNN
22.22% CNO TP model 77.77% CNO TP model
(case 2.1) (case 2.2)

Signal initial value -0.0486 -0.0486
Signal end value 0.002983 0.001369
Settling time 0.1423 2.0946
Overshoot 2.089 1.204
Undershoot -3.03 -0.2229

Table 8.6: Comparison of trailing edge signals
77.77% SNNN 22.22% SNNN
22.22% CNO TP model 77.77% CNO TP model
(case 2.1) (case 2.2)

Signal initial value -0.2147 -0.2147
Signal end value -0.001514 -0.002425
Settling time 0.3582 0.3174
Overshoot 0.001598 0.005278
Undershoot -0.004087 -0.02245

Table 8.7: Comparison of pitch signals
77.77% SNNN 22.22% SNNN
22.22% CNO TP model 77.77% CNO TP model
(case 2.1) (case 2.2)

Signal initial value -0.01848 -0.01848
Signal end value 0.0002076 -0.0004004
Settling time 1.7349 1.8389
Overshoot 0.003191 0.00563
Undershoot -0.006221 -0.007401

Table 8.8: Comparison of the plunge signals
77.77% SNNN 22.22% SNNN
22.22% CNO TP model 77.77% CNO TP model
(case 2.1) (case 2.2)

Signal initial value -53.04 -53.04
Signal end value 0.06121 -0.1718
Settling time 0.0550 2.2303
Overshoot 585.1 12.77
Undershoot -111.9 -3.076

Table 8.9: Comparison of control values
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8.6 Proposed improved solution
Based on the control performance comparison and evaluation of the control examples de-
scribed in the previous section the improved solution is proposed. Also, a comparison and
evaluation is executed between the proposed improved control performance solution and
previous results.

Comparing the results described in Section 8.5.1 it can be determined that the interpolated
case 2.2 provided the majority of the best results indicating thereby the overall best solution
from the derived cases. The succeeding results are represented through case 2.1, case 1.2 and
case 1.1.

8.6.1 Comparison of the proposed improved solution with previous re-
sults

In this section the results of case 2.2 attained through the proposed two dimensional parametric
convex hull manipulation based design method are compared and evaluated with the results of
controller 3, case 2 of a previous, one TP model representation based design approach of the
3-DoF aeroelastic wing section model presented in [32]. The results of both cases for better
comparison are included in Tables 8.10-8.13.

Considering the trailing edge signals, an approximately same overshoot with a 0.004
difference and a 2.2431 times bigger undershoot (value −0.2229 through case 2.2 and value
of −0.5 provided through [32]) can be determined in the results presented in [32]. In case of
the signal initial values a 0.0139 difference and regarding the signal end values a 0.0001935
difference can be determined. Last, in case of settling time, a 1.0946 sec difference can
be determined. Additionally, analyzing oscillation, an approximately 1.09 times higher
oscillation can be also determined.

Regarding the pitch signal, approximately the same order of magnitudes can be determined
with small, 0.001 or smaller orders of differences: considering the signal initial values a 0.0047
difference, in case of signal end values a 0.000075 difference, regarding overshoot values a
0.00278 difference can be determined. In case of undershoot a slightly larger difference with
a value of 0.01745 can be determined, which results from an approximately 1.0041 times
higher oscillation by case 2.2, which with a 1.7% error can be viewed as approximately the
same. Last, considering the settling time a 0.0674 sec difference can be determined.

Similarly, considering the plunge signals the approximately same order of magnitudes
can be determined as well, with approximately 0.001 high differences: regarding overshoot a
0.001255 difference, in case of undershoot a 0.004901 difference, considering signal initial
value a 0.00107 difference and inspecting the signal end value a 0.0001004 difference can be
determined. Regarding oscillation an approximately 1.001255 times higher oscillation can
be detected by case 2.2. Last, considering the settling time a 0.0889 sec difference can be
determined.

Last, comparing the results of the control signals, a 39.04 difference in case of the signal
initial values and a 0.0157 difference in case of the signal end values can be determined.
Regarding overshoot, undershoot and settling time, although through a 0.7303 sec, meaning
1.49 times slower settling time, the control signal results of the proposed design method
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design method of [32] proposed design method
(case 3.2) (case 2.2)

Signal initial value 0.0625 -0.0486
Signal end value 0.0015625 0.001369
Settling time 1 2.0946
Overshoot 1.2 1.204
Undershoot -0.5 -0.2229

Table 8.10: Comparison of trailing edge signals
design method of [32] proposed design method
(case 3.2) (case 2.2)

Signal initial value -0.21 -0.2147
Signal end value 0.0025 -0.002425
Settling time 0.25 0.3174
Overshoot 0.005 0.005278
Undershoot -0.005 -0.02245

Table 8.11: Comparison of pitch signals
design method of [32] proposed design method
(case 3.2) (case 2.2)

Signal initial value -0.019 -0.01848
Signal end value -0.0003 -0.0004004
Settling time 1.75 1.8389
Overshoot 0.004375 0.00563
Undershoot -0.0025 -0.007401

Table 8.12: Comparison of the plunge signals
design method of [32] proposed design method
(case 3.2) (case 2.2)

Signal initial value avail. -53.04
Signal end value -0.1875 -0.1718
Settling time 1.5 2.2303
Overshoot 500 12.77
Undershoot -14 -3.076

Table 8.13: Comparison of control values
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achieved in case 2.2 a significant, 39.15 times smaller overshoot and a 10.924 times smaller
undershoot. Last, considering oscillation similar attributes can be detected with a 1.002
difference.

8.6.1.1 Summary

Comparing the results of the control design approaches it can be determined that regarding the
plunge and pitch signals, approximately the same control performance has been achieved by
case 3.2 and 2.2. Considering trailing edge and in case of the control signal, case 2.2 achieved
improvements through a 0.4458 times smaller undershoot in case of the trailing edge signal,
and a 39.15 times smaller overshoot and a 10.924 times smaller undershoot with a 0.7303 sec,
meaning 1.49 times slower settling time regarding the control signal.

In summary, by comparing the results achieved through the proposed two TP model based
design method with a most recent, one TP model based control design approach presented
in [32] of the TP model based control solution series of the 3-DoF aeroelastic wing section, it
can be observed, that further significant control performance improvements could be achieved
through the proposed design method. Additionally, this also indicates, that the manipulation
of the polytopic TP model representation is a necessary and important step in reaching the
optimal solution. Furthermore, through applying different TP models for the controller and
observer and further adjusting them through convex hull manipulation significantly better
control performance results can be achieved.

8.7 Conclusion
The chapter presented significant control performance improvements of the recently published
3-DoF aeroelastic wing section model through a proposed TP model based design method
incorporating a two dimensional parametric convex hull manipulation. As a further control
design conclusion the improvement indicates, that the manipulation of the polytopic TP model
representation is a necessary and important step in reaching the optimal control solution.
Furthermore, through applying different TP models for the controller and observer and further
adjusting them through convex hull manipulation significantly better control performance
results can be achieved.
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Conclusion
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Chapter 9

Scientific Results

The chapter summarizes the results in the light of the research goals described in Chapter 1.2.
The scientific results of the following theses are published in [RJ-1 - RJ-3, RC-1 - RC-3].

9.1 Influence of the TP model representation’s non invari-
ant attribute on the feasibility of LMI based control de-
sign

The performed scientific work leading to the thesis
I performed a comprehensive, systematical investigation of the existence of the influence of
the vertexes of the polytopic TP model representation of a given qLPV state-space model on
the feasibility of LMI based control design methods.

I developed a method for the systematic investigation, which is based on a close to real,
complex control design example, where the influence of the factors can be clearly indicated.
For the example model the complex Nonlinear Aeroelastic Test Apparatus (NATA) model of
the 3-DoF aeroelastic wing section model including Stribeck friction has been chosen and the
control design method to be the TP model transformation based Control Design Framework
that supports the flexible investigation of these factors. The 3-DoF aeroelastic wing section
is a complex, close to real engineering benchmark problem having various control theory
challenges. The challenges of the control design include its complex dynamic behavior,
i.e. complexity, non-linearity and external parameter dependency resulting in a complex,
analytically difficult mathematical representation. Also, without control effort the model’s
behavior results in limit cycle oscillation and even chaotic behavior.

I developed the numerical implementation and I performed the investigation both for
the LMI based feasibility of the controller and the observer design. More specifically, I
investigated the factors including (i) the manipulation of the vertexes’ position and (ii) the
size and complexity of the TP model type polytopic representation, i.e. the number of the
vertexes contained in the TP model representation. Furthermore I investigated the maximal
parameter space of the controller and observer how it depends from these factors.

I executed the systematical manipulation of the TP model representation’s complexity and
convex hull, presented and analyzed the numerical results, how the feasibility regions of the
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LMI based control design vary in this context. Based on the numerical results, I presented the
following statements about the polytopic TP model representation and its influence on the
feasibility regions of LMI based control design methods:

Thesis I: Design influence [RJ-1, RC-1, RC-2]
In contrast to previous control design solutions, where the polytopic representation is not taken
into account during the LMI based control design, I proved the existence of the influence of
the convex hull manipulation of the vertexes of tensor S ∈ RI1×I2×...×IN×O×I of the polytopic
TP model representation

S(p(t)) = S �
n∈N

wn(pn(t)) (9.1)

on the feasibility of the LMI based design methods. Therefore, I proved, that the convex hull
manipulation is an important and necessary step to consider at LMI based control design
methods:

(i) The position of the vertexes of the polytopic TP model representation, more formally,
the values of elements Si1...iN ∈ RO×I , strongly influence the feasibility of LMI based
control design methods.

(ii) The complexity of the polytopic TP model representation, i.e. the number of the
vertexes contained in the TP model, more formally, the value of IN , also strongly
influence the feasibility of LMI based control design methods.

(iii) Statement (i) and (ii) is valid both for the feasibility of the controller and observer
design but in a separate, different way.

(iv) The position (the values of elements Si1...iN ∈ RO×I) and the number (the value of
IN ) of the vertexes of the polytopic TP model representation also influence the size of
the achievable parameter space p(t) ∈ Ωmax ⊂ RN , where the LMI based design is
feasible. Through manipulating the convex hull of the polytopic representation, that
is the position (the values of elements Si1...iN ∈ RO×I) and the number (the value of
IN ) of the vertexes of the polytopic TP model representation, the size of the maximal
achievable parameter space p(t) ∈ Ωmax ⊂ RN can be increased, where the LMI based
design is still feasible.

Additionally, I presented the hypothesis, that due to the different influence for the controller
and observer design, the system component dependent, i.e. the separate manipulation of the
TP type polytopic representation of the controller and the observer can be important and
necessary to achieve the optimal control results for the control design.
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9.2 Influence of the TP model representation’s non invari-
ant attribute on the feasibility of LMI based stabiliy
analysis

The performed scientific work leading to the thesis
In Thesis I. I showed the existence, that the manipulation of the vertexes of the polytopic TP
model representation - i.e. the convex hull, complexity and parameter space - influences the
LMI based control design’s feasibility differently for the controller and observer design. I
continued the study series on TP model transformation’s convex hull in the following.

I systematically investigated the influence of the vertexes of the polytopic TP model
representation of a given qLPV state-space model on the feasibility regions of LMI based
analysis methods. Moreover, I performed a systematical investigation to be able to perform a
comprehensive analysis and comparison between the convex hulls and the feasibility of the
LMI based stability analysis methods, that is a more specific tendency between the convex
hulls and LMI based stability analysis methods.

I developed the systematical investigation also based on a complex stability analysis
example of the same qLPV state-space model, consisting of the 3-DoF aeroelastic wing
section model including Stribeck friction and the key ideas of TP model transformation’s
convex hull manipulation feature.

As a first step, I performed the investigation for numerous TP model type control solutions
holding different convex hulls. These were systematically derived of the qLPV model via an
LMI based control design method. I performed this step to indicate and prove the influence
on the feasibility of LMI based stability analysis methods. As a second step, I equivalently
transformed each control solution further for different TP model representations holding
different convex hulls. I carried out this step to be able to perform a comprehensive analysis
and comparison between the convex hulls and the feasibility of the LMI based stability
analysis method. Finally, I verified the stability of all control solutions over all TP model
representations via an LMI based stability analysis method.

I developed the numerical implementation and I executed the systematical investigation
and performed a comprehensive analysis. Based on the numerical results, I presented the
following statement regarding the convex hull, i.e. the weighting functions and the position of
the vertexes of the polytopic TP model representation of a given qLPV system and control
solution and its influence on the feasibility of LMI based stability analysis and verification
methods:

Thesis II: Stability analysis influence [RJ-3]
In contrast to previous control design solutions, where the polytopic representation is not
taken into account during the LMI based stability analysis and verification methods, I proved
the existence of the influence of the convex hull, i.e. the weighting functions and the position
of the vertexes, of the polytopic TP model representation of a given qLPV system and control
solution on the feasibility of LMI based stability analysis and verification methods. Therefore
I proved, that the convex hull manipulation is an important and necessary step to consider at
LMI based stability analysis and verification methods.
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More formally, assume a given model and controller:

S(p(t)) = (S + ∆S) �
n∈N

(wn(pn(t)) + ∆wn(pn(t))) (9.2)

F(p(t)) = (F + ∆F) �
n∈N

(wn(pn(t)) + ∆wn(pn(t))) . (9.3)

In the following control structure of:(
ẋ
ŷ

)
= S(p(t))

(
x
u

)
u = −F(p(t))x,

(9.4)

I proved, that ∆wn(pn(t)), i.e. ∆Si1...iN , ∆Fi1...iN influences the feasibility of LMI based
stability verification methods.

9.3 Improved control solution of the stability and perfor-
mance of the 3-DoF aeroelastic wing section: a TP model
based 2D parametric control performance optimization

The performed scientific work leading to the thesis
In Thesis I., I proved that the manipulation of the TP type polytopic representation - i.e. the
convex hull, complexity and parameter space - influences the LMI based design’s feasibility
differently for the controller and observer design. Thus I proved, that the LMI based design
gives an optimal solution to the convex representation and not the given model. Also, I
formulated the statement that since a different influence exists for the controller and observer
design, the system component dependent, i.e. the separate manipulation of the TP type
polytopic representation is important and necessary to achieve the optimal control results for
the control design.

In order to employ the statements of Thesis I. and II. for control optimization, I derived
and further elaborated the concept of the separate controller and observer design introduced
in Chapter 5 of book [2]. I proposed a novel method, termed as a two dimensional (2D)
parametric convex hull manipulation based control design optimization method for TP model
transformation based Control Design Frameworks. The 2D parametric convex hull manip-
ulation based control design optimization method is based on the concept of the TP model
interpolation technique introduced in Chapter 2 of book [2]. Applying this method, I achieved
to overall improve the control performance of the most recent version of the 3-DoF aeroelastic
wing section model including Stribeck friction available in the scientific literature [32].

The approach - in contrast to existing solutions, which utilize one representation - provides
two TP model representations for the different requirements of the controller and observer of
a given model, opening the possibility to utilize the TP model transformation’s convex hull
manipulation potential in control performance optimization for a separate optimization of the
two polytopic TP model representations.

The separate design approach enables to separately optimize the two TP model represen-
tations based on the TP model transformation’s convex hull manipulation potential in control
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performance optimization. The optimal controller and observer, which provide not only an
optimal solution separately but also together is searched for in the 2D space.

I developed the numerical implementation of the proposed method, which I verified and
validated on the same qLPV model utilized previously, namely consisting of the 3-DoF
aeroelastic wing section model.

I provided and evaluated numerical simulation results to illustrate the control performance
improvements of the proposed method. The numerical results indicate, that I achieved the
best control performance result by a transitional, interpolated polytopic TP model represen-
tation. I compared and evaluated the best achieved result to the most recent, one TP model
representation based solution found in the scientific literature. I showed, that through the
proposed method, a significantly better control performance can be achieved in contrast to
previous, one TP model representation based solution.

Based on the results, I present the following statements about the polytopic TP model rep-
resentation and its influence on the control performance of LMI based control design methods:

Thesis III: Improved control solution and method [RJ-2]
In order to employ the statements of Thesis I. and II. for control optimization, I derived
and further elaborated the concept of the separate controller and observer design introduced
in Chapter 5 of book [2]. I proposed a novel method, termed as a two dimensional (2D)
parametric convex hull manipulation based control design optimization method for TP model
transformation based Control Design Frameworks. The 2D parametric convex hull manip-
ulation based control design optimization method is based on the concept of the TP model
interpolation technique introduced in Chapter 2 of book [2]. Applying this method, I achieved
to overall improve the control performance of the most recent version of the 3-DoF aeroelastic
wing section model including Stribeck friction available in the scientific literature [32].
More formally, I introduced the subspace (λc, λo) ∈ [0, 1]× [0, 1] and the following steps:

S(p(t)) = λcS �
n∈N

λcwn(pn(t)) = λcS �
n∈N

λcwn(pn(t)) =

= λcS �
n∈N

[
(1− λc) · λcwn(pn(t)) + λc · λcwn(pn(t))

]
=

= λcS �
n∈N

λcwn(pn(t))

(9.5)

S(p(t)) = λoS �
n∈N

λown(pn(t)) = λoS �
n∈N

λown(pn(t)) =

= λoS �
n∈N

[
(1− λo) · λown(pn(t)) + λo · λown(pn(t))

]
=

= λoS �
n∈N

λown(pn(t)).

(9.6)

Through applying LMI based control design methods one attains the controller and observer
gains:

λcS −−→
LMI

λcF , thus F(p(t)) = λcF �
n∈N

λcwn(pn(t))

λoS −−→
LMI

λoK, thus K(p(t)) = λoK �
n∈N

λown(pn(t)).

Through applying a weighting function unification one attains the model S(p(t)), the con-
troller F(p(t)) and the observer K(p(t)) in a unified structure in order to apply LMI based
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stability analysis and verification methods on the whole system:

S(p(t)) = S �
n∈N

wn(pn(t)) (9.7)

F(p(t)) = F �
n∈N

wn(pn(t)) (9.8)

K(p(t)) = K �
n∈N

wn(pn(t)) (9.9)

(i) In contrast to previous control design solutions, which utilized one representation
and designed the controller and observer together, the approach is capable to design
the controller and observer for a given control design task separately. Additionally,
the approach is capable to perform the convex hull manipulation of the polytopic
representation utilized for the LMI based controller and observer design thereby also
separately. This enables to take into account the different requirements of the controller
and observer and allows thereby a separate optimization to find the best controller
and the best observer. In spite all of these, the method is able to generate a common
polytopic TP model structure for the LMI based design, which enables an overall system
optimization.

(ii) The improvement of the 3-DoF aeroelastic wing section’s complex, close to real
engineering benchmark problem was achieved according to the signals pitch, plunge,
trailing edge and control value, based on practical engineering criteria such as overshoot,
undershoot, signal initial values, signal end values and settling time.

(iii) Besides the theoretical significance of Thesis I. and II., I gave a practical example
and confirmed their practical significance and application possibilities. Therefore, I
proved, that the manipulation of the polytopic TP model representation is a necessary
and important step in reaching the optimal solution for the control performance.

9.4 Applicability of the results
One of the novelties of the dissertation consists of proving the existence of the influence of the
manipulation of the components of the polytopic TP model representation on the feasibility of
the LMI based methods. The proof of the existence of the influencing effect enables to show
another novelty of the dissertation, i.e. the manipulation of the components of the polytopic
TP model representation can be used for the optimalization of the control performance.

Thesis III. provides a concrete method and example, that the results of the dissertation
can be directly and successfully applied to control theory engineering applications to attain
overall better control performance results: Thesis III. gives a concrete practical example for
the utilization of the optimization possibilities and confirms the significance of the practical
application. I exemplified the utilization of the results in Thesis III. based on the most recent
version of the 3-DoF aeroelastic wing section model including Stribeck friction available in
the scientific literature [32]. The model contains significant phenomena occurring in control
theory engineering applications: a high number of variables, complexity, non-linearity and
external and internal parameter dependencies, which can be effectively handled with (q)LPV
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state-space modeling and LMI based methods. Besides the theoretical significance the model
holds practical significance as well: the model was part of an intensively researched and
later practically implemented project at NASA. Thus the model represents a useful example
model to demonstrate, that the results of the dissertation can be successfully utilized in a wide
spectrum of engineering applications. Applying the results of the dissertation I showed, that
an overall, taking every aspect into consideration, significantly better control performance
can be achieved compared to previous results found in the scientific literature. Thus I proved,
that the manipulation of the polytopic TP model representation is an important and necessary
step to achieve the optimal control results at practical applications.

The TP model transformation based approaches and modeling techniques, extended with
the proposed manipulation of the components of the polytopic TP model representation based
optimization can be successfully utilized to a wide set of nonlinear engineering applications,
such as the analysis and control of dynamical models of aviation, automotive, maritime and
chemical applications.
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Chapter 10

Author’s publications

The Author’s Publications relevant to the dissertation
This thesis is the results of the research work which has been published in the following SCI
journals and conferences.

Journal papers:

RJ-1 A. Szollosi, P. Baranyi: Influence of the Tensor Product model representation of qLPV
models on the feasibility of Linear Matrix Inequality, Asian Journal of Control (IF:
1.411, ranking Q1), vol. 18., no. 4., pp. 1328 - 1342., 2016

RJ-2 A. Szollosi, P. Baranyi: Improved control performance of the 3-DoF aeroelastic wing
section: a TP model based 2D parametric control performance optimization, Asian
Journal of Control (IF: 1.411, ranking Q1), vol. 19., no. 2., pp. 450 - 466., 2017

RJ-3 A. Szollosi, P. Baranyi: Influence of the Tensor Product Model Representation of qLPV
Models on the Feasibility of Linear Matrix Inequality based Stability Analysis, Asian
Journal of Control (IF: 1.411, ranking Q1), accepted

Conference papers:

RC-1 A. Szollosi, P. Baranyi: Influence of Complexity Relaxation and Convex Hull Ma-
nipulation on LMI based Control Design, Proceedings of the 9th IEEE International
Symposium on Applied Computational Intelligence and Informatics (SACI 2014), pp.
145 - 151., 2014

RC-2 A. Szollosi, P. Baranyi, P. Varlaki: Example for Convex Hull Tightening increasing
the feasible parameter region at Linear Matrix Inequality based Control Design, Pro-
ceedings of the 18th IEEE International Conference on Intelligent Engineering Systems
(INES 2014), pp. 175 - 180., 2014

RC-3 A. Szollosi, P. Baranyi, P. Varlaki: Influence of the manipulation of the polytopic Tensor
Product model representation on the control performance of LMI based design, Pro-
ceedings of the 2015 IEEE International Conference on Systems, Man, and Cybernetics
(SMC 2015), pp. 2603 - 2608., 2015
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569 - 574., 2014
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Conference on Cognitive Infocommunications (CogInfoCom 2013), pp. 869 - 872.,
2013
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