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Chapter 1
Introduction
The past two decades have witnessed a swift experimental progress in ultracold atomic systems, opening up unprecedented possibilities to study strong
correlations in a wide range of quantum systems. These developments led
to the experimental realization of Bose-Einstein condensates and Fermi degenerate gases [1–6], and made it possible to confine these gases to quasi
one or two dimensional geometries [7–10], or to load them into optical lattices [11]. The precise control over the trapping potential, combined with the
ability to tune the interactions between the atoms, allowed the exploration
of the correlated structure of various quantum phases [12], as well as the
detailed investigation of the propagation of correlations in non-equilibrium
states [13–16]. This breakthrough in experimental techniques has also stimulated an increasing theoretical interest both in the structure of exotic equilibrium quantum phases and in the out of equilibrium dynamics of isolated
quantum systems. The ability to experimentally investigate non-equilibrium
physics in cold atomic settings has raised fundamental questions, such as the
emergence of statistical physics in closed quantum systems, and revealed its
intimate connection to the spreading of correlations [17–19].
In spite of the progress triggered in theoretical physics, the detailed characterization of correlated states, especially in out of equilibrium, remains
challenging. In principle, to completely describe a quantum system in or out
of equilibrium, one should know the full, complicated many-body density
matrix. Simple approximations for this many-body state can be obtained by
mean field methods, offering a deeper insight into possible quantum phases.
However, these mean field approaches account for quantum fluctuations only
to a limited extent. Fluctuations around mean field solutions are typically
3
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incorporated by perturbative expansions, such as the Bogoliubov approximation [20], valid for weakly interacting bosonic particles at sufficiently low
temperatures. However, these perturbative methods fail to capture the correlated structure of strongly interacting systems.
Interaction induced quantum fluctuations play a particularly dominant
role in low dimensions. Fortunately, for the special case of one dimensional
systems, additional powerful methods are available for studying the fluctuations. One of the most versatile approaches is the bosonization method,
allowing to map the low energy physics of a wide range of strongly interacting
systems onto a simple quadratic Hamiltonian with collective excitations, the
Luttinger model [21,22]. The universal Luttinger liquid theory, however, can
break down for certain types of interactions, like the scattering of fermions
across the opposite points of the Fermi surface, adding more complicated,
relevant terms to the Luttinger Hamiltonian. Another analytical method,
providing exact solutions for a limited class of special, integrable one dimensional systems, is the Bethe ansatz approach [23]. However, besides
the limited applicability of this ansatz, this method has the drawback that
extracting correlation functions, especially in non-equilibrium situations, is
challenging even with a Bethe ansatz solution at hand.
Because of the difficulties mentioned above, the characterization of strongly
correlated quantum states, relevant for ultracold atomic settings, is still
largely unexplored, especially in non-equilibrium situations. Motivated by
the need of more insight into the behavior of these complex systems, this
thesis will focus on the correlated structure of various cold atomic systems,
both in and out of equilibrium. The main focus of chapters 2 and 3 will
be the investigation of equilibrium correlations in low dimensional Bose condensates, with a brief outlook to the non-equilibrium state after a quantum
quench. Chapters 4 and 5 will deal with correlation spreading during the nonequilibrium dynamics in two different, experimentally relevant cold atomic
systems.
The thesis is organized as follows: Chapter 1 serves as a general introduction for various topics, introducing the experimental motivations and the
most important theoretical tools for the work presented in this thesis. Section 1.1 provides a brief overview of some of the most important experimental
techniques used in ultracold atomic settings. Time of flight imaging, a versatile measurement procedure to access momentum correlations in ultracold
gases, is described in more detail in Sec. 1.2, since the analysis of time of
flight images is one of the main topics of the thesis. Finally, the most impor-
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tant theoretical methods, relevant for the subsequent chapters, are discussed
in Sec. 1.3. The first half of this section, Sec. 1.3.1, describes a slightly
modified, particle number conserving version of the well-known Bogoliubov
approximation. The second part, Sec. 1.3.2, reviews the Luttinger-liquid theory, a universal theory describing the low energy properties of various one
dimensional bosonic and fermionic systems, by putting special emphasis on
the correlations in one dimensional homogeneous quasi-condensates.
Chapter 2 presents the numerical investigation of the momentum correlations in a two dimensional, harmonically trapped interacting Bose system
at T = 0 temperature, studied by using a particle number preserving Bogoliubov approximation. While for homogeneous gases the standard Bogoliubov
calculation predicts a positive correlation between particles of wave numbers
k and −k, here we show that the interplay of interaction induced quantum fluctuations and harmonic confinement leads to a completely different
behavior. The coherent transfer of particle pairs between the single mode
condensate and the noncondensed fraction of the gas manifests in an anticorrelation dip between opposite wave numbers k and −k for |k| ∼ 1/Rc ,
with Rc denoting the typical size of the condensate.
Motivated by the development of experimental techniques in cold atomic
settings, Chapter 3 introduces a novel characterization scheme for quantum
states, the time of flight full counting statistics. This characterization scheme
relies on measuring the full distribution of the spatially resolved density of
the gas in a time of flight experiment. This method is benchmarked on
an interacting one dimensional Bose gas, showing that the time of flight
image provides detailed information on the quantum fluctuations of the quasicondensate, both in the ground state and at finite temperatures. Since the
most promising application of this characterization scheme would be the
investigation of non-equilibrium many-body states, Chapter 3 also includes
an outlook to out of equilibrium states, demonstrating that time of flight full
counting statistics is able to capture (pre-)thermalization processes after a
quantum quench.
Turning to non-equilibrium dynamics, Chapter 4 presents the investigation of the time evolution of the entanglement entropy in a simple system,
consisting of coupled single-mode Bose-Einstein condensates in a double well
potential. This work was motivated by the discovery of the intimate connection between the entanglement spreading and the equilibration in closed
quantum systems, resulting in an increasing interest in the entanglement generation in non-equilibrium many-body systems. While entropy measurements
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are challenging in general, coupled single-mode Bose-Einstein condensates
provide an example for large correlated systems, where the entanglement
entropy could be experimentally accessible. The calculations are performed
at T = 0 temperature, by combining numerical results with analytical approximations. We show that the coherent oscillations of the condensates
result in entropy oscillations on the top of a linear entropy generation at
short time scales, while the long time limit of the entropy reflects the semiclassical dynamics of the system. In spite of the lack of equilibration, the
entropy eventually saturates to a stationary value, well approximated by the
prediction of a classical microcanonical ensemble.
Chapter 5 provides a striking example that quantum correlations can
play an essential role even in the high-temperature dynamics of many-body
systems, in contrast to the common expectation that thermal fluctuations
lead to fast decoherence and make dynamics classical. By studying the nonequilibrium dynamics of a hole created in a featureless, infinite temperature
spin bath, we show that this single particle induces strong long-lived correlations between the surrounding spins. In the absence of interactions, the
spin correlations arise purely from quantum interference, and the correlations
are both antiferromagnetic and ferromagnetic, in contrast to the equilibrium
Nagaoka effect.

1.1

Ultracold atomic systems

Observing many-body quantum phenomena in bosonic or fermionic gases of
neutral atoms requires sophisticated experimental techniques [24]. Quantum
mechanical effects only start to show up at extremely low temperatures T ,
where the thermal de Broglie wave length,
λdB = √

h
,
2πmkB T

becomes comparable to the average interparticle separation [25]. Here m, kB
and h denote the mass of the particles, and the Boltzmann and Planck constants, respectively. At atmospheric pressure, the gaseous state is metastable
at such low temperatures, and crystallization must be prevented by working
with dilute gases, where three-body collisions – responsible for condensation
– are rare. Typical experiments involve only 103 − 107 atoms, cooled below
the quantum degeneracy limit, T ∼ 100nK. These fragile systems need good
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isolation from the environment, and they can only be realized in ultrahigh
vacuum chambers. This section lists some of the most important experimental tools to create and manipulate such special systems. One of the most
versatile detection mechanisms used in cold atomic settings, the time of flight
imaging, will be discussed in detail in the next section.
Cooling techniques. The extremely low temperatures, required to
reach quantum degeneracy, are typically achieved in multiple steps, by combining various cooling techniques. One of the most widely used cooling
schemes is laser cooling, relying on the Doppler effect [26–28]. This scheme
uses pairs of counter-propagating laser beams, with frequency slightly red detuned from an atomic transition frequency. An atom moving towards one of
the lasers experiences opposite Doppler shifts for the two frequencies. If the
frequency of the opposing beam is shifted towards resonance, the scattering
of photons by the atom exerts a friction force, slowing down the atoms.
Another, simple but efficient cooling scheme is evaporative cooling [29].
Here the confining potential is tuned in such a way, that the atoms with
the highest velocity can escape from the trap. The remaining slower particles thermalize through elastic collisions, leading to a reduced temperature.
This cooling mechanism goes hand in hand with a huge loss in particle number, nevertheless it is well suited for creating dilute gases at extremely low
temperatures.
Trapping. Ultracold gases can be confined to different geometries by
optical or magnetic traps. The optical trapping relies on the polarization of
atoms due to ac-Stark shift in off-resonant laser field [30]. The induced dipole
moment of the atoms interacts with the oscillating electric field, creating a
trapping potential
U (x) ∼ α(ω)I(x),
where α(ω) denotes the polarizability of the atoms at the laser frequency,
and I(x) is the intensity of the electric field. Depending on the sign of the
detuning between ω and the atomic transition frequency, the atoms can be
trapped at the intensity maxima or minima of the electric field. Confinement
into optical lattices is also possible, by creating standing waves with counterpropagating laser beams [11].
The other widely used trapping mechanism relies on magnetic dipolar
interaction [31, 32]. In magnetic traps, the confining potential originates
from an inhomogeneous magnetic field, B(x),
U (x) ∼ F · B(x),
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with F denoting the hyperfine spin of the atoms. The drawback of this
technique is that it can only confine atoms in certain hyperfine states. Since
in static magnetic field configurations |B(x)| can have minima, but maxima
are not allowed, only the so-called low field seeking states can be trapped in
magnetic traps.
Interactions. At the low energy scales relevant for ultracold gases, the
collisions of particles are characterized by a single parameter, the scattering
length as [12]. The sign of as determines whether the interaction between the
atoms is repulsive or attractive, with positive sign corresponding to repulsion. Due to the single relevant parameter as , the complicated interatomic
potential can be replaced in theoretical calculations by a simple pseudopotential [12, 25], yielding the same scattering length as ,
4π~2 as
δ(x),
V (x) =
m
with m denoting the mass of the atoms 1 .
The first experiments with ultracold atomic gases have been performed
in the limit of week interactions. However, two major developments made it
possible to reach the strongly interacting regime, with pronounced quantum
correlations. The first one is the ability to tune the interaction strength by
magnetic fields, relying on Feshbach resonances [33, 34]. This technique is
based on the resonant scattering of two particles, due to the presence of a
bound state in a closed scattering channel. If the open and closed channels
correspond to different spin configurations of the atoms, the difference between the incident energy and the energy of the bound state can be tuned by
a magnetic field, inducing a pronounced change in the scattering length.
The other method to reach the strongly interacting regime involves changing the dimensionality of the system [8–10], or loading the gas into an optical
lattice [11]. In one and two dimensional systems, the interactions can still
be described by pseudo-potentials g1 δ(x) and g2 δ(x), respectively, but the
effective interactions g1 and g2 depend sensitively on the strong transverse
1

More precisely, the pseudo-potential acts on the two-particle wave function, ψ(x), as
V (x)ψ(x) =

4π~2 as
δ(x) ∂x (xψ(x)) ,
m

with x denoting the relative coordinate of particles, and x = |x|. For wave functions that
are regular at x → 0, this expression reduces to the equation given in the main text.
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confinements, allowing to tune the system to strong interactions [12]. Alternatively, strongly interacting phases can also be reached in optical lattices,
even at moderate values of as , due to the suppression of the kinetic energy
of the atoms.

1.2

Time of flight imaging

Time of flight (ToF) imaging is probably the most important and most widely
used experimental tool to study ultracold gases [12, 35, 36]. In ToF experiments, the atoms are suddenly released from a small trap, and the gas starts
to expand. After propagation time t, the column integrated density of the
cloud is measured by light absorption imaging (see Fig.1.1). Extracting useful information from the ToF image is particularly simple for quasi one and
two dimensional systems, when atoms cease to interact quickly after switching off the trap, due to the rapid expansion in the tightly confined directions

U(x)
t=0

U(x)=0
pixel

t>0
Laser beam

Detection screen

Figure 1.1: Sketch of typical time of flight experiments. The atoms are
abruptly released from the confining potential, and the cloud is imaged by a
laser beam at a later time t. The resulting absorption image measures the
integrated density of particles along the propagation direction of the beam,
and provides information on the structure of the initial state of the gas. The
resolution of the image is determined by the pixel size.
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and due to the short range of interactions. In this case the particles spread
without interaction, and their positions after long enough time t are just
proportional to their original velocity. This way, the momentum distribution
of the unreleased gas is accessed.
The simplest information one can extract from a ToF image is the average
number of particles with a given momentum p, hn̂p i. Studying these averages
allowed to detect Bose-Einstein condensation in ultracold atomic settings [1,
3], as well as to observe the power law behaviour of hn̂p i in a one dimensional
Tonks-Girardeau gas [8]. However, it was soon realized, that these density
profiles contain a lot more information, than just the average values. In
particular, the noise correlations of the images provided an efficient tool to
Imaging beam

d

Detection screen

z
x

Figure 1.2: Sketch of matter wave interference experiments. Two parallel
one dimensional quasi-condensates are released from trap, and the cloud is
imaged after a short expansion time. The phase difference of the condensates, ϕ(x), varies in the longitudinal direction x, manifesting in meandering
interference fringes in the absorption image. Extracting this phase difference
form the shifting position of interference maxima allows to gain information
on the phase fluctuations in the system.
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detect correlated states in ultracold atomic systems [35, 36], allowing, for
example, the experimental observation of the phase transition from a Mott
insulator to a superfluid [37]. Higher order correlations, even up to sixth
order, have also been measured to test the validity of Wick-theorem [38], and
to identify non-Gaussian correlations in strongly interacting systems [39].
Besides investigating averages and correlations, ToF images can even be
used to explore the full distribution of observables. This formerly unexploited
information was accessed in a pioneering series of experiments, studying the
matter-wave interference fringes of two one-dimensional Bose gases [40–42].
In these one dimensional systems, Bose-Einstein condensation is not possible
due to the enhanced role of fluctuations. Nevertheless, at sufficiently low
temperatures a quasi-condensate phase appears with reduced density fluctuations, but still strongly fluctuating phase [43]. Investigating the interference
of quasi one dimensional quasi-condensates offers a unique insight into the
structure of phase correlations in this low temperature phase.
These experiments of Ref. [41] were performed by suddenly releasing two
parallel quasi one dimensional Bose gases from the trap, and taking the absorption image of the overlapping quasi-condensates after a short expansion
time (see Fig.1.2). The resulting density profile shows meandering interference fringes even for initially independent quasi-condensates. Based on the
shifting position of interference maxima, one can extract the phase difference
of the condensates, ϕ(x), from the interference picture, with x denoting the
coordinate along the quasi-condensates. For a single ToF image, the phase
factor integrated along a fixed length L,
A=

Z L

dx eiϕ(x) ,

0

characterizes the phase fluctuations of the condensates. By repeating the ToF
experiment many times, the full distribution of A was extracted, demonstrating the great potential in analyzing ToF images.

1.3

Theoretical methods

This section serves as a brief introduction to the main theoretical tools used
in this thesis. The particle number preserving Bogoliubov approximation is
described in the first subsection, while Luttinger liquid theory is presented
in the second subsection.
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1.3.1

Particle number preserving Bogoliubov approach

The simplest approximation to describe weakly interacting, trapped BoseEinstein condensates is the Gross-Pitaevski mean field theory. In this approach, the many-body wave function of N bosons is approximated by a
product,
ΨGP (x1 , x2 , ..., xN ) =

N
Y

ϕ0 (xi ).

i=1

In other words, this ansatz assumes that all atoms condense to the same
wave function ϕ0 , determined by the Gross-Pitaevski equation. Fluctuations
above this mean field solution can be taken into account by the Bogoliubov
approximation [20]. This well-known approach is equivalent to the following
product ansatz for the many-body wave function [44],
ΨB (x1 , x2 , ..., xN ) =

N
Y

ϕ2 (xi , xj ),

i<j

thus the Bogoliubov approximation incorporates interaction induced twoparticle correlations between the atoms. This subsection presents a slightly
modified, particle number preserving version of the standard Bogoliubov approach [45], well suited for investigating closed ultracold atomic systems.
These trapped, interacting Bose gases in d dimensions are described by
the Hamiltonian [25]
H=

Z

!

!

g
~2 2
d x ψ̂ (x) −
∇ + U (x) ψ̂(x) + ψ̂ † (x)ψ̂ † (x)ψ̂(x)ψ̂(x) ,
2m
2
(1.1)
d

†

where ψ̂(x) denotes the bosonic field operator, U (x) is the confinement, and
m is the atomic mass. The interaction between the atoms is described by a
repulsive Dirac-delta pseudo-potential, V (x − x0 ) = g δ(x − x0 ).
The Bogoliubov approximation is valid for sufficiently weak interactions,
where the majority of the atoms condenses into a single wave function, and
the expectation value of the number of non-condensed particles, hδ N̂ i, is only
a small fraction of the total particle number N ,
hδ N̂ i  N.
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In this limit, it is convenient to decompose the field operator by separating
the single mode part, ∼ ϕ0 (x), as
ψ̂(x) = ϕ0 (x) b̂0 + δ ψ̂(x) ,

(1.2)

where b̂0 annihilates a particle from the condensate [45]. The correction to
the mean field part of the field operator, δ ψ̂(x), describes interaction induced
quantum fluctuations of the condensate, and can be chosen to be orthogonal
to the wave function ϕ0 (x),
Z

dd x ϕ∗0 (x)δ ψ̂(x) ≡ 0 .

Next, a new, particle number preserving field operator is introduced [45],
Λ̂(x) ≡

1

b̂†
1/2 0
N̂0

δ ψ̂(x),

(1.3)

with N̂0 ≡ b̂†0 b̂0 denoting the number of particles condensed into the single
mode part of the condensate. The field Λ̂(x) satisfies the commutation relations
h

Λ̂(x), Λ̂(x0 ) = 0 ,

i

h

Λ̂(x), Λ̂† (x0 ) = δ(x − x0 ) − ϕ0 (x)ϕ∗0 (x0 ) = hx|Q̂0 |x0 i ,

i

with Q̂0 ≡ Id − |ϕ0 ihϕ0 | denoting the projection onto the subspace orthogonal to |ϕ0 i. The operator Λ̂ transfers one particle from the non-condensed
fraction to the condensate, while keeping the total particle number constant.
In contrast to ψ̂(x), Λ̂(x) conserves the particle number, and is therefore
more appropriate to describe fluctuations in a closed (microcanonical) trap.
The Gross-Pitaevskii (GP) equation, determining the condensate wave
function ϕ0 (x), can be obtained by substituting the decomposition (1.2) into
the Hamiltonian (1.1), and by expanding up to second order in the operator
Λ̂ ∼ δ ψ̂. Particle number conservation is taken into account in course of the
expansion by imposing the relations
N =N̂0 + δ N̂ ,
δ N̂ =

Z

d

†

d x δ ψ̂ (x)δ ψ̂(x) =

Z

dd x Λ̂† (x)Λ̂(x).
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Requiring the disappearance of terms linear in Λ̂ yields the usual GrossPitaevskii equation for ϕ0
!

~2 2
∇ + U (x) ϕ0 (x) + gN |ϕ0 (x)|2 ϕ0 (x) = µϕ0 (x),
−
2m

(1.4)

with the Lagrange-multiplier µ ensuring that ϕ0 remains normalized. Second
order terms in Λ̂ generate the equation of motion of the field operator [45],
!

i∂t

!

Λ̂(x)
Λ̂(x)
= LGP (x)
,
†
Λ̂ (x)
Λ̂† (x)

with the Bogoliubov operator LGP given by
!

LGP

Q0 (H + gN |ϕ0 |2 ) Q0
gN Q0 ϕ20 Q∗0
,
=
−Q∗0 (H + gN |ϕ0 |2 ) Q∗0
−gN Q∗0 (ϕ∗0 )2 Q0

(1.5)

and

~2 2
∇ + U (x) − µ + gN |ϕ0 (x)|2
(1.6)
2m
denoting the mean field single particle Hamiltonian. Here Q0 and Q∗0 are
projections to the wave functions ϕ0 and ϕ∗0 , respectively. Terms proportional to gN |ϕ0 |2 take into account the interaction between non-condensed
particles and the condensate. Note that the Lagrange-multiplier µ appears
as a chemical potential in these equations, expressing that the condensate
serves as a particle reservoir for the non-condensed fraction of the gas.
The eigenvalues and eigenvectors of the non-Hermitian operator LGP determine the excitations of the condensate. The Bogoliubov operator LGP has
a pair of zero-modes [25],
H(x) = −

(ϕ0 (x), 0),

(0, ϕ∗0 (x))

corresponding to – physically meaningless – global phase rotations of the
condensate. All other, nonzero eigenvalues of LGP come in pairs, ±εs , and
correspond to quasiparticle excitations. By denoting the eigenvector of positive eigenvalue εs > 0 (s = 1, 2, ...) by (us (x), vs (x)), its pair with negative
eigenvalue −εs is (vs∗ (x), u∗s (x)). The vectors us (x) and vs (x) satisfy the
orthogonality condition
Z

dd x (u∗s (x)us0 (x) − vs∗ (x)vs0 (x)) = δs,s0 .
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Moreover, together with the condensate wave function they form a complete
basis, expressed by the relation
X

(us (x)u∗s (x0 ) − vs∗ (x)vs (x0 )) + ϕ0 (x)ϕ∗0 (x0 ) = δ(x − x0 ).

(1.7)

s>0

These eigenfunctions of LGP can then be naturally used to expand the field
operator Λ̂(x) as
i
Xh
Λ̂(x) =
b̂s us (x) + b̂†s vs∗ (x) ,
(1.8)
s>0

where b̂†s and b̂s denote bosonic creation and annihilation operators, respectively, corresponding to quasiparticles of (positive) energy εs . The quadratic
Hamiltonian of the Bogoliubov approximation is diagonal in terms of these
quasiparticles,
X
εs b̂†s b̂s ,
H = E0 +
s>0

thus the ground state of the system is the vacuum state of the annihilation
operators b̂s .
The particle number preserving Bogoliubov approach, presented above,
will allow the detailed investigation of noise correlations in two dimensional
trapped interacting Bose gases, as described in Chapter 2. This approximation will prove to be well suited to describe experiments with a fixed number
of particles, and to capture the correlations induced by particle number preserving processes, coherently transferring particles between the single mode
condensate and the non-condensed fraction of the gas.

1.3.2

Luttinger liquid theory

Luttinger liquid theory is a powerful approach, describing the low energy
properties of a wide range of interacting, strongly correlated one-dimensional
systems. The peculiarity of these systems is that their long wavelength excitations are collective bosonic modes, irrespective of the bosonic or fermionic
nature of the particles [21, 22].
This special behavior originates from the drastic effect of interactions in
one dimension, compared to higher dimensions. In one dimensional systems,
propagating particles can not avoid collisions, and quasiparticles resembling
to the original particles cease to exist (see Fig.1.3). Therefore, Fermi liquid
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d>1

d=1

Figure 1.3: Enhanced role of interactions in one dimension. In higher dimensions, the nearly free propagation of quasiparticles, similar to the original
particles, is possible, while in one dimension the inevitable collisions lead to
the collectivisation of excitations.
theory fails, and the low energy excitations become bosonic collective modes,
with linear dispersion relation [21]
εk = c~k,
where k denotes the wave number and c is the sound velocity. Another
peculiar property of this strongly correlated phase is the slow, power law
decay of correlations as a function of space and time coordinates x and t
at T = 0 temperature, with exponents determined by the dimensionless
Luttinger parameter K. The Luttinger liquid phase is characterized by these
two parameters 2 , c and K.
Luttinger-liquid theory will be used in Chapter 3 to capture the properties
of the quasi-condensate phase of a one dimensional homogeneous interacting
Bose gas. Below we discuss the essential ingredients of Luttinger liquid theory
in terms of this system.
In homogeneous quasi-condensates, the collective bosonic fluctuations can
be described in terms of a phase field, φ̂(x), related to the bosonic field
operator ψ̂(x) through the relation [21]
√
(1.9)
ψ̂(x) ≈ ρ0 eiφ̂(x) ,
with ρ0 denoting the average density of the quasi-condensate. The dynamical
phase fluctuations of the Bose gas are described by a simple Gaussian action
[21],


Z
K Z
1
dt dx
(1.10)
S=
(∂t φ)2 − c (∂x φ)2 .
2π
c
2

In spinful models spin and charge degrees of freedom may be characterized by different
velocities, and Kspin = 1 in case of SU(2) symmetry. In a half-filled case, the charge or
spin sectors can be gapped, too.
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The action S involves only the two characteristic parameters of the Luttingerliquid phase, c and K.
The parameter K characterizes the strength of the interactions: for infinitely repelling hard-core bosons K → 1, corresponding to the so-called
Tonks-Girardeau limit [8,9,46], while for weaker repulsive interactions K > 1,
with K → ∞ corresponding to the non-interacting limit [21]. In general, the parameters c and K depend on the microscopic parameters in a
complicated way. However, for a weak repulsive Dirac-delta interaction,
V (x − x0 ) = g δ(x − x0 ), relevant for many ultracold atomic experiments,
they are determined by the simple perturbative expressions [47]
c∼
=

r

gρ0
,
m

s

~πρ0
ρ0
K∼
= ~π
,
=
mc
mg

(1.11)

with m the atomic mass, and ~ denoting the Planck constant .
Luttinger-liquid theory is an effective long-wavelength description, which
is able to capture the correlations on sufficiently large length scales, |x−y| 
ξh , where ξh = ~/(mc) is the so-called healing length of the gas. At T = 0
temperature and at length scales much larger than this cutoff-distance, ξh ,
Luttinger-liquid theory predicts a power law decay of correlations [21, 47],
†

hψ̂ (x)ψ̂(y)i ≈ ρ0

ξh
|x − y|

!1/(2K)

.

(1.12)

In momentum space, expression (1.12) implies a power law dependence for
the average number of particles with a given momentum p,
hn̂p i ∼ 1/p1−1/(2K) .

(1.13)

The decay of correlations changes dramatically at finite temperatures
T > 0, where the power law, Eq. (1.12), turns into an exponential decay
beyond the thermal wave length of the sound modes [47, 48],
λT = ~c/(πkB T ),

(1.14)

given by
†

hψ̂ (x)ψ̂(y)i ≈ ρ0

2ξh
λT

!1/(2K)

e−|x−y|/ξT ,

for |x − y| > λT .

(1.15)
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Notice that correlations decay at the thermal correlation length ξT ,
is proportional to but not identical with the thermal wavelength λT .
influenced by the stiffness of the condensate, ξT is larger by a factor
[48],
ξT = 2 K λT ,

which
Being
of 2K
(1.16)

implying that in a weakly interacting condensate with K  1, ξT can be
several orders of magnitude larger than λT . Remarkably, the thermal correlation length ξT does not depend on the strength of interactions. This
striking property relies on the fact that the relation Kc ∼ ρ0 /m, satisfied by
the perturbative expressions Eqs. (1.11), is valid even beyond perturbation
theory, and follows from the Galilei invariance of the system [49].
At T > 0, the average particle number, hn̂p i, displays drastically different
behavior depending on the size of momentum p [47]. For momenta much
smaller than the thermal wave length, p  ~/λT , hn̂p i is given by the Fouriertransform of Eq. (1.15),
hn̂p i ≈ ρ0

2ξh
λT

!1/(2K)

2ξT
.
1 + (p ξT /~)2

(1.17)

For small momenta, p  ~/ξT , the average particle number saturates to [47]
hn̂0 i ≈ 2 ξT ρ0 (2ξh /λT )1/(2K) ∼ T 1/(2K)−1 .
On the other hand, in the range ~/ξT  p  ~/λT , Eq. (1.17) yields a
power law dependence hn̂p i ∼ 1/p2 , with an exponent differing from the zero
temperature result, Eq (1.13). For even larger momenta, p  ~/λT , the
short distance behaviour |x − y| . λT of the correlation function hψ̂ † (x)ψ̂(y)i
becomes relevant, where the simple exponential approximation Eq. (1.15) is
no longer valid. Here the average particle number hn̂p i converges to the zero
temperature result, hn̂p i ∼ 1/p1−1/(2K) ≈ 1/p.
These basic results on the correlations in homogeneous one dimensional
quasi-condensates will be relevant for the discussion of the results presented
in Chapter 3. The investigation of the full distribution of ToF images will
demonstrate that ToF distributions allow one to catch a glimpse of interaction induced quantum fluctuations of quasi-condensates, and to study their
structure in detail.

Chapter 2
Quantum fluctuation induced
momentum correlations in a
trapped interacting Bose gas
The detection of noise correlations has long since been successfully used to
investigate the correlated structure of quantum states. One of the early applications is the pioneering experiment of Hanbury Brown and Twiss, demonstrating that the quantum statistics of indistinguishable, bosonic particles
amounts to positive correlations in the shot noise of photons emitted by independent light sources [50]. More recently, the same bunching behavior
has been observed in the interference picture of bosonic atoms [51], while
an analogous antibunching effect, reflecting the antisymmetry of the wave
function, has also been demonstrated for fermions [52].
As already mentioned in Chapter 1, the development of experimental
techniques in ultracold atomic settings opened up new possibilities to study
quantum correlations in isolated bosonic and fermionic systems [12]. In these
pioneering experiments, noise correlation measurements still remained among
the most versatile tools to analyze the interaction-induced correlated structures of quantum states [36]. In particular, as discussed in Sec. 1.2, noise
correlations in time of flight images provided an efficient tool to study quantum correlations in isolated bosonic and fermionic systems, and the influence
of interactions on these correlations [37, 53–62]. In reduced dimensions,
where the interactions become quickly negligible after the release from the
trap due to the fast expansion in the tightly confined directions, these ToF
experiments allow the direct and controlled observation of the number of par19
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ticles with momentum ~k, n̂k , and grant access to the connected correlation
function C(k, k0 ) ≡ h∆n̂k ∆n̂k0 i [12, 63, 64].
Weakly interacting Bose-Einstein condensates are among the simplest,
most fundamental ultracold atomic systems, allowing to study interaction
induced quantum correlations. Despite this primary importance, theoretical
predictions regarding the ToF correlations in low temperature Bose-systems
remained controversial for a very long time [65–67]. On one hand, two 1
and three dimensional weakly interacting homogeneous systems can be well
described by a Bogoliubov mean field approach (see also Sec. 1.3.1). This
approximation predicts a ground state that is a squeezed state, generated by
the pair creation operators, b̂†k b̂†−k , with b̂†k denoting the creation operator of a
boson with momentum ~k [20]. This squeezed structure amounts to perfect
positive correlations between particles of wave numbers k and −k [65]. In
contrast, theoretical calculations have found anti-correlations between opposite momenta in harmonically confined non-interacting Bose gases [66], while
in a one dimensional Luttinger liquid both positive and negative correlations
have been predicted [65, 67].
The situation has been somewhat clarified by recent experiments on onedimensional interacting bosons, corroborated by detailed theoretical calculations [64]. These measurements have confirmed the predictions of strong
anti-correlations between opposite momenta [67], on a momentum scale set
by the thermal correlation length ξT , given by Eq. (1.16).
Motivated by these developments, this work tries to shed more light on the
role of interaction-induced quantum fluctuations in inhomogeneous, higher
dimensional condensates. This chapter will focus on a d = 2 dimensional
interacting trapped (quasi) condensate, where ToF experiments still grant
direct access to the correlation function C(k, k0 ), while a mean field approach
remains reliable 1 . Since we concentrate on interaction-induced quantum
fluctuations, the calculations are performed at T = 0 temperature only.
Interaction-induced quantum fluctuations deplete the condensate wave
function just as thermal fluctuations do in an ideal gas (see Fig. 2.1). As
1

Standard mean-field theory can be applied for two dimensional systems at low enough
temperatures, where the system size is smaller than the phase correlation length. At
slightly larger temperatures, but still below the critical temperature of the KosterlitzThouless phase transition, a so-called quasi-condensate regime appears with large phase
fluctuations. Despite the failure of the usual Bogoliubov mean-field approach, this quasicondensate phase can still be captured by a perturbative, generalized Bogoliubov treatment [68], since the gradient of the phase remains small.
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Figure 2.1: Sketch of the mechanism behind interaction induced quasiparticle
correlations in a trap. Even at T = 0, interaction-induced quantum fluctuations of the condensate amount to virtual quasiparticle excitations. The
resulting fluctuations and correlations can be accessed through ToF experiments. The pair structure of excitations implies positive correlation between
particles with opposite wave numbers k and −k.

we will discuss in detail in Sec. 2.4, the emerging anti-correlations can be
interpreted as the manifestation of the conspiracy of particle number conservation and confinement. They seem to originate from particle number
preserving processes, coherently transfering particle pairs between the single
mode condensate and the non-condensed fraction of the gas.
The particle number preserving Bogoliubov approximation [45], outlined
in Sec. 1.3.1, is an approach well suited to capture the interplay of interaction
induced quantum fluctuation, confinement and particle number conservation,
and it is expected to yield a good description of experiments with a fixed
number of particles. By applying this approximation, we will find an anticorrelation between small momentum particles with k ≈ −k0 . The region of
anti-correlations in momentum space is set by the spatial extension of the
condensate (Rc ), taking over the role of ξT in one-dimensional condensates
[64].
Besides these anti-correlations between nearly opposite momenta, we
show that a clear forward correlation emerges for particles of similar momenta, k ≈ k0 . This p-wave structure of momentum correlations can be
interpreted as a sign of interaction induced coherent quantum fluctuations of
the condensate, present even at zero temperature.
The positive correlations of the squeezed Bogoliubov ground state bet-
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ween opposite wave numbers, as predicted by the homogeneous Bogoliubov
theory, appear only at large wave numbers, |k|  1/Rc . Here C(k, −k)
exhibits a slowly decaying positive tail of even, "d-wave"-like structure in
momentum space. This large momentum region reflects the short distance
correlations at a scale λ ∼ 2π/|k|, behaving similarly to those of a homogeneous system. The observation of Bogoliubov squeezing and the corresponding positive pair correlations would thus require accessing the tails of ToF
images with high resolution.
This chapter is organized as follows. We derive numerically tractable
expressions for the correlation function in Sec. 2.1, and then we outline the
main ingredients of our numerical calculations in Sec. 2.2. Sec. 2.3 includes
the discussion of the average number of particles with a given momentum ~k.
Turning to the momentum correlations in Sec. 2.4, we analyze our numerical
result in Sec. 2.4.1. A simple toy model, illustrating the source of these
correlations, will be presented in Sec 2.4.2.

2.1

Theoretical framework

We consider an isolated, interacting two-dimensional Bose gas in a harmonic
trap. In ultracold atomic settings, quasi-two-dimensional gases can be experimentally realized by loading the atoms into highly anisotropic harmonic
potentials, with a transverse trapping frequency, ωz , much larger than the
confinement in the remaining two directions [7]. In the limit of large ωz ,
where the motion of the atoms is frozen along the z direction, the dynamics
is governed by an effective two dimensional Hamiltonian, given by Eq. (1.1)
with d = 2, and with U (x) accounting for the trap in the plane of weak
confinement.
We consider a harmonic trapping potential in the lateral direction,
1
U (x) = mω 2 x2 .
2
As discussed in Sec. 1.1, the interaction between the atoms can be described
by a repulsive Dirac-delta potential, V (x − x0 ) = g δ(x − x0 ). In the limit
of sufficiently weak interactions, when most of the atoms condense into a
single wave function, or, equivalently, the average number of non-condensed
particles remains small compared to the total particle number, one can apply
the particle number preserving Bogoliubov approach outlined in Sec. 1.3.1.
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To analyze the correlations between the condensate and the non-condensed
fraction of the gas, we decompose the field operator ψ̂(x) according to Eq.
(1.2), and separate the single mode part ∼ ϕ0 (x). The interaction induced
quantum fluctuations of the condensate are accounted for by δ ψ̂(x) (compare
to Fig. 2.1).
We focus on the correlations of the particle number operator n̂k , corresponding to wave number k. In terms of the Fourier-transform of the field
operator,
Z
ψ̂k = d2 x e−ikx ψ̂(x),
the operator n̂k can be expressed as
n̂k = ψ̂k† ψ̂k .
Based on the decomposition of the field operator, Eq. (1.2), and describing
fluctuations by the particle number preserving field operator defined in Eq.
(1.3), we can rewrite n̂k as
√
√
n̂k = N |ϕ0 (k)|2 − |ϕ0 (k)|2 δ N̂ + N ϕ∗0 (k) Λ̂k + N ϕ0 (k) Λ̂†k + Λ̂†k Λ̂k . (2.1)
Here Λ̂k denotes the Fourier transform of Λ̂, given by
X h

Λ̂k =

i

b̂s us (k) + b̂†s vs∗ (−k) .

(2.2)

εs >0

The second term in Eq. (2.1) is a direct consequence of the particle number conserving method, and accounts for the small reduction in the occupation of the single mode condensate, due to non-condensed particles. On the
other hand, the third and fourth terms are also related to particle number
conserving processes, and reflect the coherent transfer of particles between
the condensate and the cloud of quantum fluctuations. Finally, the last term
describes atoms in this non-condensed cloud.
Notice that the usual and heuristic identification, n̂k ↔ Λ̂†k Λ̂k , is not
valid for a trapped microcanonical condensate, since it neglects correlations
between the single mode part of the condensate and δ ψ̂(x). However, for a
(k 6= 0) ≡ 0 ensures that Eq. (2.1)
homogeneous condensate, the relation ϕhom
0
hom
reduces to the simpler expression, n̂k6=0 = Λ̂†k Λ̂k .
At T = 0 temperature, the expectation value of the operator n̂k , Eq.
(2.1), can be expressed in terms of eigenfunctions (us (x), vs (x)) as
hnk i = N |ϕ0 (k)|2 +

X
εs >0

|vs (−k)|2 − |ϕ0 (k)|2

X Z
εs >0

d2 x |vs (x)|2 .

(2.3)
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Here we used the Fourier expansion of the field operator, Eq. (2.2), and the
ground state expectation value hb̂†s b̂s0 i = δs,s0 . The first term in Eq. (2.3)
is simply the Gross-Pitaevskii mean field result, with all particles occupying
the same single-mode wave function. The second term,
hδn̂k i ≡

X

|vs (−k)|2 ,

(2.4)

s

accounts for particles in the non-condensed fraction of the gas, while the
last term stems from the depletion of the condensate due to particle number
conservation.
Similarly, the connected correlation function of n̂k and n̂k0 operators is
given by
C(k, k0 ) = hψ̂k† ψ̂k ψ̂k† 0 ψ̂k0 i − hψ̂k† ψ̂k ihψ̂k† 0 ψ̂k0 i =
N

X

(ϕ∗0 (k) us (k) + ϕ0 (k) vs (−k)) (ϕ0 (k0 ) u∗s (k0 ) + ϕ∗0 (k0 ) vs∗ (−k0 )) +

s

X



2

(δs1 , s4 δs2 , s3 + δs1 , s3 δs2 , s4 ) vs1 (−k)us2 (k) − |ϕ0 (k)|

Z

2



d x vs1 (x)us2 (x) ·

{si }



vs∗4 (−k0 )u∗s3 (k0 )

0

2

− |ϕ0 (k )|

Z

d

2

x vs∗4 (x)u∗s3 (x)



.

To facilitate numerical calculations, this correlation function can be expressed
in a more convenient form, based on the completeness relation Eq. (1.7).
P
Rewriting s us (k)u∗s (k0 ) according to the Fourier transform of Eq. (1.7)
allows us to separate the singular, ∼ δ(k−k0 ) terms appearing in the diagonal
correlation function C(k, k), and to express the correlation function as a sum
of three contributions,
C(k, k0 ) = (2π)2 δ(k − k0 )hn̂k i + C (1) (k, k0 ) + C (2) (k, k0 ).

(2.5)

Here hn̂k i is given by Eq. (2.3), and the remaining two terms read
C (1) (k, k0 ) ≡ N
+
−

X

[ϕ∗0 (k)ϕ∗0 (k0 ) us (k) vs∗ (−k0 ) + ϕ0 (k)ϕ0 (k0 ) vs (−k) u∗s (k0 )

s
∗
ϕ0 (k)ϕ0 (k0 ) vs (−k) vs∗ (−k0 )
N |ϕ0 (k)|2 |ϕ0 (k0 )|2 ,

+ ϕ∗0 (k)ϕ0 (k0 ) vs∗ (−k) vs (−k0 )]
(2.6a)
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C (2) (k, k0 ) ≡

X 



Z

vs1 (−k)us2 (k) − |ϕ0 (k)|2 d2 x vs1 (x)us2 (x) ·

s1 , s 2





Z

· vs∗2 (−k0 )u∗s1 (k0 ) − |ϕ0 (k0 )|2 d2 x vs∗2 (x)u∗s1 (x)
+

X 



Z

vs1 (−k)vs∗2 (−k) − |ϕ0 (k)|2 d2 x vs1 (x)vs∗2 (x) ·

s1 , s 2





Z

· vs∗1 (−k0 )vs2 (−k0 ) − |ϕ0 (k0 )|2 d2 x vs∗1 (x)vs2 (x)
− ϕ0 (k)ϕ∗0 (k0 )

X

vs (−k)vs∗ (−k0 ) − |ϕ0 (k)|2

s

− |ϕ0 (k0 )|2

X

X

|vs (−k0 )|2

s

|vs (−k)|2 + |ϕ0 (k)|2 |ϕ0 (k0 )|2

s

XZ

d2 x |vs (x)|2 . (2.6b)

s

Here we have also used the orthogonality of the eigenfunctions us and vs∗ to
the condensate wave function ϕ0 .
The first term in Eq. (2.5) accounts for the shot noise. The second contribution, C (1) (k, k0 ), is proportional to the total particle number N , and
collects terms of second order in quantum fluctuations, O(|δψ|2 ), describing correlations between the single mode condensate and the non-condensed
cloud. The third term, C (2) (k, k0 ), is of fourth order in fluctuations, O(|δψ|4 ),
and includes correlations between the non-condensed particles, as well as subleading corrections to the condensate - quasiparticle correlations contained in
C (1) . These latter contributions originate from the second term in Eq. (2.1),
and take into account the depletion of the single mode condensate.

2.2

Numerical simulations

In order the study the expectation value (2.3) and the correlation functions
(2.6a) and (2.6b), we first have to determine the condensate wave function
ϕ0 by numerically solving the inhomogeneous Gross-Pitaevskii equation, Eq.
(1.4), for a harmonic trapping potential in two dimension. Having ϕ0 at
hand, we then have have to extract the eigenvalues and eigenvectors of LGP ,
Eq. (1.5). To achieve this, we shall expand all wave functions in terms of
two dimensional harmonic oscillator eigenfunctions [69].
First let us introduce the dimensionless parameters [70]
ζ=

~ω
,
2µ

g̃ =

gm
,
~2

yi =

xi
,
Rc
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with Rc = 2µ/mω 2 denoting the typical size of the condensate, and express all equations in terms of dimensionless variables. For N bosons, the
dimensionless condensate wave function φ0 , normalized to N , is given by
√
φ0 (y) ≡ N Rc ϕ0 (y Rc ).
The Gross-Pitaevskii equation can be reformulated in a more convenient
form, by noting that it is equivalent to the variational condition that φ0 (y)
minimizes the dimensionless energy functional
E0 =

Z



d2 y ζ 2 |∇y φ0 (y)|2 + (y2 − 1)|φ0 (y)|2 +

g
|φ0 (y)|4 .
2µRc2


(2.7)

We determine φ0 (y) by expanding it in terms of d = 2 dimensional harmonic oscillator eigenfunctions, χkm , classified by radial and angular momentum indices, k ∈ N and m ∈ Z, respectively. These eigenfunctions satisfy


1
1
− ∇2y + ζ −2 y2 χkm (y) = ωkm χkm (y),
2
2


with eigenvalues ωkm = ζ −1 (2k + |m| + 1). Using polar coordinates y and ϕ,
χnm can be written as [69]
imϕ

χkm (y) = e

y
√
ζ

!|m|

!

y 2 − y2ζ2
e ,
ζ

|m|
Lk

(2.8)

|m|

with Lk denoting the generalized Laguerre polynomial of indices k and |m|.
Relying on the rotational symmetry of the system, we expand the condensate wave function in terms of the oscillator eigenfunctions from the angular
momentum sector m = 0,
φ0 (y) =

k
cut
X
k=0

ak χk0 (y) =

k
cut
X
k=0

!

2

− y2ζ

ak e

Lk

y2
.
ζ

Here Lk ≡ L0k denoted the k’th Laguerre-polynomial, and we introduced a
finite cutoff, kcut , for numerical calculations. We calculated the expansion
coefficients ak via the gradient method, by minimizing the energy functional,
Eq. (2.7).
Having the condensate wave function φ0 at hand, next we determine the
Bogoliubov eigenfunctions us (x) and vs (x) from the eigenvalue equation of
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LGP . We account for the projection Q̂0 , appearing in Eq. (1.5), by adding a
’Lagrange multiplier’ λ to LGP ,
!

L0GP

H + g N |ϕ0 |2 + λP0
g N ϕ20
=
.
−g N (ϕ∗0 )2
−H − g N |ϕ0 |2 + λP0

(2.9)

Here P̂0 ≡ |ϕ0 ihϕ0 | denotes the projection to the condensate wave function,
while H is the mean field Hamiltonian, given by Eq. (1.6). A large enough
parameter λ allows to separate the low energy eigenfunctions of L0GP , orthogonal to ϕ0 , from the high energy spectrum, having finite overlap with
the condensate wave function. Then the excitation spectrum and eigenvectors of the original Bogoliubov operator LGP is determined by keeping only
the low energy eigenfunctions of L0GP .
In order to calculate the eigenfunctions us (x) and vs (x), it is convenient
to expand them in terms of the oscillator eigenfunctions (2.8), similarly to
the expansion of φ0 . To exploit the rotational symmetry of the system, we
treat sectors with different angular momenta m separately, and classify the
eigenvectors by radial and angular momentum indices, s = (n, m), leading
to
(m)

k
cut
X
un,m (y)
αnk
=
(m) χkm (y).
vn,m (y)
k=0 βnk

!

(m)

!

(2.10)

(m)

The coefficients αnk and βnk can be determined by substituting this expansion into the eigenvalue equations (1.5). A few typical examples for the
resulting eigenfunctions are displayed in Appendix A.
Finally, the expectation value hn̂k i and the correlation function C(k, k0 )
can be evaluated by taking the Fourier transform of the wave functions φ0 (y),
us (y) and vs (y) numerically.

2.3

Average particle number

Before turning to the analysis of the momentum correlations, let us discuss
the expectation value of the particle number n̂k , given by Eq. (2.3). The
average hn̂k i is displayed in Fig. 2.2 for different dimensionless interaction
strengths g̃, while the contribution of the non-condensed particles, hδn̂k i,
given by Eq. (2.4), is shown separately.
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The dominant contribution to the expectation value comes from the
single mode condensate, manifesting in a large peak at small wave numbers, |k| . 1/Rc . This central peak gets narrower with increasing interactions, as the condensate wave function broadens in real space. In the region
|k| . 1/Rc , the non-condensed fraction, hδn̂k i, adds only a negligible correction to this peak. However, due to its much slower decay, hδn̂k i is the
dominant contribution for larger wave numbers, |k| > 1/Rc , and gives rise to
a long tail hosting a considerable fraction of the particles, despite its small
√
amplitude. At intermediate wave numbers, 1/Rc < |k| < mµ/~ ≡ ξh−1 , this
tail decays approximately as 1/|k|, while for even larger values, |k|  ξh−1 ,
5

average number of particles
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Figure 2.2: Dimensionless expectation values hn̂k i/l02 as a function of |k| l0 ,
using total particle number N = 1962, plotted for two different dimensionless
interaction strengths g̃ = 1 and g̃ = 4,
q corresponding to hδ N̂ i = 145 and
hδ N̂ i = 608, respectively. Here l0 = ~/(mω). Contributions from noncondensed particles, hδn̂k i/l02 , are shown separately (symbols), multiplied by
a factor of 50 for better visibility. The condensate broadens in real space with
increasing g̃, leading to a narrower peak in hn̂k i. The long tail of quasiparticle
contributions hδn̂k i gets more pronounced for stronger interactions.
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we find a crossover to a faster, universal2 decay ∼ 1/|k|4 [63, 71, 72]. These
different regions are separated by the inverse healing length of the gas, ξh−1 .
To gain more insight into the contribution of the non-condensed fraction,
hδn̂k i, Fig. 2.3 compares our numerical results to the momentum distribution of a homogeneous gas. We expect that a homogeneous gas yields a
good description, whenever the condensate wave function varies slowly in a
wide central region. This limit can be reached by decreasing the trapping
frequency ω, while keeping the density of the condensate at the center of
the trap and the interaction strength (or, equivalently, the healing length
√
ξh = ~/ mµ) constant. For a quantitative comparison, note that nk is dimensionful, scaling as nk ∼ (length)2 . For an inhomogeneous condensate,
the typical extension of the condensate, Rc , plays the role of the system size
L of a homogeneous system, and we expect to recover the homogeneous result by investigating the dimensionless expectation value hδn̂k i/Rc2 . Based
on the scaling of the density of the condensate at the center of the trap,
ρ(0) ∼ N/Rc2 ∼ N ζ 2 /ξh2 , Fig. 2.3 shows hδn̂k i/Rc2 for different ζ values,
while keeping N ζ 2 and ξh constant. We find that the height of the peak in
hδn̂k i/Rc2 scales with the trapping frequency as ∼ 1/ω, while the position
of the peak shifts to smaller wave numbers with decreasing ω, such that the
high momentum part traces out a common envelope function.
Confirming our expectations, this envelope function agrees well with the
momentum distribution of a homogeneous gas, given by [25]




1
(kξh0 )2 + 2
hδn̂k ihom
q
=
− 1 ,
Rc2 π
2
(kξ 0 )2 ((kξ 0 )2 + 4)
h

(2.11)

h

√
for system size Rc and density ρ0 . Here ξh0 = ~/ mgρ0 denotes the healing length of the homogeneous gas, and Rc2 π the volume of the cylindrically
symmetric system. By choosing ρ0 as the average density of the inhomogeneous trapped gas, ρ0 → ρ(0)/2 for a Thomas-Fermi profile, we find good
agreement with the common envelope function without any further fitting
parameter.
2

The rapid, ∼ 1/|k|4 decay for large momenta is a universal result [71,72]. In particular,
the same large momentum decay holds for two-component fermionic systems interacting
through a contact interaction, both in and out of equilibrium, and irrespective of the
temperature of the system. This universal decay plays an important role in the Tan
relations [71], connecting the internal energy of the system to the momentum distribution,
hn̂k i.
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Figure 2.3: Scaling collapse of non-condensed contribution, hδn̂k i/Rc2 , plotted
as a function of |k| ξh for different confinements ω, while keeping
q g̃ = 4 and
density at the center of the trap, ρ(0), constant. Here Rc = 2µ/(m ω 2 )
√
is the typical size of the condensate, and ξh = ~/ m µ is the healing
length with µ = gρ(0). We used ζ −1 ≡ 2 µ/(~ω) = 25, ζ −1 = 50 and
ζ −1 = 100, corresponding to (N, hδ N̂ i) = (121, 34), (N, hδ N̂ i) = (489, 145)
and (N, hδ N̂ i) = (1962, 608) respectively. As ω decreases, a common envelope function is traced out, yielding good agreement with the homogeneous
momentum distribution, Eq. (2.11), which is also shown for comparison
(symbols). Inset: non-condensed contribution hδn̂k i/Rc2 , plotted as a function of |k| Rc for g̃ = 4 and ζ −1 = 25, using logarithmic scale on both axis,
and also displaying the homogeneous distribution, Eq. (2.11). For large wave
numbers |k|  1/ξh , the universal power law decay ∼ 1/|k|4 is recovered.

As stated earlier, the expectation value of the non-condensed fraction,
hδn̂k i, decays as ∼ 1/|k| for moderate wave numbers 1/Rc  |k|  1/ξh ,
while for even larger wave numbers, |k|  1/ξh , we recover the universal
result, ∼ 1/|k|4 (see inset of Fig. 2.3).
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2.4

Momentum correlations

In this section we turn to the momentum correlations of the gas. Our numerical results will be discussed in Sec. 2.4.1, while we present a simple
toy model, capturing some essential features of these correlation functions,
in Sec. 2.4.2.

2.4.1

Numerical results

We analyze the correlation function C(k, k0 ) by separating the different contributions into three terms, as was done in Eq. (2.5). Here we concentrate
on the contributions C (1) (k, k0 ) and C (2) (k, k0 ), accounting for the leading
(∼ |δψ|2 ) and subleading (∼ |δψ|4 ) corrections to the shot noise signal, respectively, and we discuss these terms separately. Before studying the correlation function C(k, k0 ) in full detail, let us first analyze only the diagonal
and offdiagonal correlators, C(k, k) and C(k, −k).
Fig. 2.4 shows these contributions to the diagonal and offdiagonal correlations, given by Eqs. (2.6a) and (2.6b) with wave numbers k0 = k and
k0 = −k, respectively, for various interaction strengths g̃. Note that the
variance of the particle number n̂(k) includes a singular shot noise term besides the diagonal correlations C(k, k), thus the diagonal part C(k, k) is not
necessarily positive. The off-diagonal part C(k, −k) exhibits a more pronounced anticorrelation dip, stemming from the depletion of the condensate
by quasiparticle excitations.
The top row of Fig. 2.4 displays the leading contribution C (1) , accounting
for correlations between the single-mode condensate and the non-condensed
fraction of the gas. As a result, C (1) is constrained to the same small wave
number region as ϕ0 (k), and decreases rapidly for |k| > 1/Rc . Interestingly,
in contrast to the familiar positive correlations in a homogeneous Bogoliubov approximation, C (1) shows an anticorrelation dip in the off-diagonal,
k0 ≈ −k, for wave numbers |k| ∼ 1/Rc , dominating the small wave number
behavior of C(k, k0 ), and getting more pronounced with increasing interaction strength. This anticorrelation dip stems from particle number preserving processes, where the interaction g coherently transfers quasiparticle
pairs between the single-mode condensate and the non-condensed fraction of
gas. Interestingly, finite temperature calculations for trapped non-interacting
bosons with a fixed total particle number revealed the presence of a similar
anticorrelation peak in the off-diagonal correlation function, originating from
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Figure 2.4: Diagonal and offdiagonal correlation functions C(k, k)/l04 and
C(k, −k)/l04 . The contributions C (1) and C (2) are shown separately as a
function
q of |k| l0 , for different interaction strengths g̃ = 1 and g̃ = 4. Here
l0 = ~/(m ω) is the oscillator length, we used total particle number N =
1962, and the different interactions correspond to hδ N̂ i = 138 and hδ N̂ i =
608, respectively. The condensate-quasiparticle correlations in C (1) give rise
to a positive peak in the diagonal, but devolop an anticorrelation dip in
the offdiagonal, emerging from the depletion of the condensate by quantum
fluctuations. In accordance with the Bogoliubov approach for a homogeneous
system, the quasiparticle-quasiparticle correlation C (2) is positive both in the
diagonal and in the offdiagonal, but remains negligible compared to C (1) for
small wave numbers of the order of 1/Rc . The amplitude of both C (1) and
C (2) increases for stronger interactions, as the hybridization of the condensate
with virtual excitations gets more pronounced.
thermal fluctuations.
The subleading contribution C (2) , plotted in the bottom row of Fig. 2.4,
captures correlations within the non single-mode condensed cloud, while it
also includes contributions arising within the particle number conserving Bogoliubov approach, originating from the term −|ϕ0 (k)|2 δ N̂ in the expression
of nk , Eq. (2.1). These latter contributions result in a central peak of width
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∼ 1/Rc , adding a small correction to the leading order correlations between
the single-mode condensate and the non-condensed particles, contained in
C (1) . The remaining terms in C (2) account for correlations within the noncondensed fraction of the gas, yielding a slowly decaying positive correlation
tail both in the diagonal, k0 = k, and in the offdiagonal, k0 = −k. The amplitude of this tail is sensitive to interactions, and is enhanced by increasing
interaction strength g̃. Despite its small amplitude, this positive correlation,
qualitatively similar to the familiar Bogoliubov prediction for weakly interacting homogeneous condensates, dominates the correlation function for wave
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Figure 2.5: Different contributions to dimensionless offdiagonal correlation
function C(k, −k)/l04 , displayed separately as a function of dimensionless
wave
number |k| l0 , using logarithmic scale on vertical axis. Here l0 =
q
~/(m ω) is the oscillator length, and we used particle number N = 1962 and
interaction strength g̃ = 4, corresponding to hδ N̂ i = 608. The non-connected
correlator, hn̂k ihn̂−k i/l04 , shows a steep decrease beyond the extension of condensate wave function, followed by a slower decay due to non-condensed
cloud. The range of the condensate-quasiparticle contribution, C (1) , is determined by the size of the single-mode condensate, decaying rapidly for
|k|  1/Rc . The quasiparticle-quasiparticle correlations C (2) result in a
slowly decaying tail, dominating the correlation function for |k|  1/Rc .
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numbers |k|  1/Rc . This observation confirms that the fluctuating part of
the ground state consists of pairs of quasiparticles, as visualized in Fig. 2.1.
To see the amplitude of different correlation contributions more clearly,
the offdiagonal correlators C (1) (k, −k) and C (2) (k, −k) are shown over a
wider range of wave numbers in Fig. 2.5, using a logarithmic scale. As already mentioned, the region of small wave numbers, |k| . 1/Rc , is dominated by the negative condensate-quasiparticle correlations, while the positive
quasiparticle-quasiparticle contribution, despite its small amplitude, manifests in a slowly decaying tail. Fig. 2.5 displays also the non-connected
part hn̂k ihn̂−k i of the correlator hn̂k n̂−k i, yielding a sharp peak of width
|k| ∼ 1/Rc (compare to Fig. 2.2). Note that even though this contribution is
subtracted in the correlation function C(k, −k), it still results in a large background in an experiment and therefore it may be hard to separate it from
the more interesting part of the signal. Also notice that for general wave
numbers k and k0 , this non-connected part hn̂k ihn̂k0 i is clearly independent
of the relative directions of k and k0 , adding a ’cylindrically’ symmetrical
contribution.
We now turn to the more detailed investigation of the structure of C(k, k0 ).
Fig. 2.6 displays the correlation functions C (1) (k, k0 ) and C (2) (k, k0 ), as functions of k, while keeping k0 fixed. We used two different values for k0 , corresponding to the region of small, |k0 | . 1/Rc (top row), and large, |k0 |  1/Rc
(bottom row), wave numbers. For |k0 | of the order of 1/Rc , the condensatequasiparticle contribution C (1) develops an anticorrelation dip around the
wave number k = −k0 , opposite to a positive peak at k = k0 , in agreement
with the results shown in Fig. 2.4. This structure reflects the correlations
between the quasiparticles and the condensate, thus it disappears in the limit
of large wave numbers, |k0 |  1/Rc .
On the other hand, the quasiparticle-quasiparticle correlation function
(2)
C gives only a small central peak of typical width ∼ 1/Rc for small wave
numbers |k0 | ∼ 1/Rc , stemming from subleading, fourth order corrections in
the fluctuations δψ. The behavior is more interesting for large wave numbers, |k0 |  1/Rc , where we observe two narrow positive peaks around wave
numbers k = k0 and k = −k0 , in qualitative agreement with the Bogoliubov
description of homogeneous gases. These positive peaks confirm that the
non-condensed cloud consists of pairs of quasiparticles with opposite wave
numbers, ±k.
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Figure 2.6:
Dimensionless correlation functions C (1) (k, k0 )/l04 and
(2)
0
4
C (k, k )/l0 shown as a function of dimensionless
wave number k l0 , for
q
0
two different fixed values of k . Here l0 = ~/(m ω) denotes the oscillator
length, and we have used ζ −1 = 100 and g̃ = 4, corresponding to N = 1962
particles and hδ N̂ i = 608. First row: k0 l0 = (0.16, 0). While the condensatequasiparticle correlation C (1) is positive if k and k0 point to the same direction, an anticorrelation dip emerges in the k0 ≈ −k regime. The positive
correlation C (2) is concentrated to small wave numbers, incorporating subleading corrections to condensate-quasiparticle correlations contained in C (1) .
Second row: k0 l0 = (2, 0). Here the quasiparticle-quasiparticle correlation
C (2) dominates, giving rise to negative values for small wave numbers, and
narrow positive peaks around k = k0 and k = −k0 , expressing correlations
in the non-condensed fraction of the gas.
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2.4.2

Simple model for correlations

By analyzing the structure of the correlation function C(k, k0 ), one can gain
detailed information on the ground state of the system. The slowly decaying
positive tail around k = −k0 for |k|  1/Rc reveals that excitations are
created in pairs k and −k, as expected based on the familiar two-mode
squeezed structure of the Bogoliubov wave function. On the other hand, the
negative off-diagonal correlations at smaller wave numbers |k| . 1/Rc imply
that quantum fluctuations create these pairs of excitations coherently from
the single mode condensate.
To illustrate the latter point, below we will analyze the correlated structure of two different simple model states, both showing a pair structure of
excitations. First let us consider a pure state with coherently created excitations. Here one can show that the correlation function displays a characteristic p-wave like structure. In contrast, this p-wave structure is absent
from the correlations of a mixed state, thus it can be interpreted as a sign of
coherent quantum fluctuations.
We begin by considering the following pure state, with excitations created
in pairs,


|Ai =



b̂+
0

2

− g b̂†+ b̂†− |0i.

Here b̂†0 is a bosonic creation operator, corresponding to the condensate with
the cylindrically symmetric wave function ϕ0 (r) ≡ ϕs (r). The bosonic fluctuations, orthogonal to ϕ0 , are represented by b̂†± . In the simplest case, orthogonality implies a p-wave structure for the corresponding wave functions:
ϕ± (r) ≡ ϕp (r)e±iϕ , with (r, ϕ) denoting polar coordinates. To substantiate
this argument, we verified numerically that the dominant contribution to C (1)
indeed stems from the excitations with p-wave structure, s = (n, m = ±1).
Let us use the state |Ai, with a small admixture of the ϕ± states, g  1,
as a simple toy model capturing the two-mode squeezed structure of the
Bogoliubov ground state, with fixed particle number 2. The momentum
correlations in this state,
CA (k, k0 ) = hA|ψ̂ † (k)ψ̂ † (k0 )ψ̂(k)ψ̂(k0 )|Ai,
will be analyzed by inspecting the different contributions ordered according
to the power of g.

37
The Fourier transforms of the wave functions ϕs,± are given by
ϕs (k) ≡ ϕs (k) = 2π

Z

±iθ

ϕ± (k) ≡ −i ϕp (k)e

dr r ϕs (r)J0 (kr),
= −i 2π

Z

dr r ϕp (r)J1 (kr)e±iθ ,

with cylindrical coordinates k ↔ (k, θ), and with J0 and J1 denoting Bessel
functions. These relations imply that the ∼ g 0 contribution to CA (k, k0 ) will
be cylindrically symmetric. In contrast, the terms proportional to g give rise
to a contribution
∼ g ϕs (k)ϕs (k 0 )ϕp (k)ϕp (k 0 ) cos(θ − θ0 ),

(2.12)

showing the same p-wave symmetry, as the condensate-quasiparticle correlation function C (1) . In qualitative agreement with the correlations displayed
in Fig. 2.6, Eq. (2.12) leads to positive correlations for k = k0 , but develops
an anticorrelation dip around k = −k0 .
Moreover, besides an uninteresting cylindrically symmetric contribution,
the terms proportional to g 2 result in a contribution with d-wave symmetry,
∼ g 2 ϕp (k)2 ϕp (k 0 )2 cos(2(θ − θ0 )).

(2.13)

As expected from the pair structure built into |Ai, the d-wave symmetry of
these correlations implies a positive correlation for k = ±k0 , consistently with
the large wave number behavior of the quasiparticle-quasiparticle correlation
function C (2) . Note, however, that C (2) includes all higher harmonics besides
this d-wave contribution. Repeating the preceding analysis with ϕ± (r) ≡
ϕm (r)e±imϕ for arbitrary m shows that the resulting term proportional to
g 2 depends on the angles θ and θ0 as cos(2m(θ − θ0 )), and always gives rise
to positive correlations for θ − θ0 ≈ π. To contrast this even structure of
C (2) to the odd p-wave symmetry of C (1) , it will be referred to as a "d-wave"
structure, despite the presence of higher harmonics.
To show that the p-wave structure in Eq. (2.12) can indeed be interpreted
as a sign of coherent quantum fluctuations, let us now repeat the previous
analysis for a mixed state, with built-in pair structure, described by the
density matrix
ρ̂ = |BihB| + g 2 |CihC|.
Here |Bi = (b†0 )2 |0i and |Ci = b†+ b†− |0i. By inspecting the correlation function


Tr ρ̂ ψ̂ † (k)ψ̂ † (k0 )ψ̂(k)ψ̂(k0 ) ,
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it is easy to show that the first order contribution, Eq. (2.12), disappears,
while the quasiparticle-quasiparticle term, given by Eq. (2.13), persists. This
simple example illustrates that the relative phase between the two terms in
|Ai, i.e. the coherence of the interaction induced quasiparticle pairs, is crucial
for the anti-correlations observed here and in Ref. [64].

2.5

Summary

We have studied the interplay of interaction induced quantum fluctuations,
confinement and particle number conservation in a two-dimensional, harmonically trapped interacting Bose gas, by analyzing the momentum correlations
of the system. Concentrating on the effect of quantum fluctuations in this
isolated system, we performed the calculations at T = 0 temperature, using
a particle number preserving Bogoliubov-approach. We analyzed the connected correlation function C(k, k0 ) ≡ h∆n̂k ∆n̂k0 i, by separating it into two
parts of different physical origin, each one displaying different symmetries.
The first contribution, C (1) , accounts for the correlations between the
single-mode condensate and the non-condensed fraction of the gas, dominating the full correlation function C(k, k0 ) in the region of small wave numbers
|k|, |k0 | ∼ 1/Rc . We demonstrated that C (1) shows a characteristic p-wave
structure, displaying positive correlations for particles of similar momenta,
k ≈ k0 , while yielding anti-correlations between opposite wave numbers
k ≈ −k. These anti-correlations seem to stem from particle number preserving processes, coherently transferring particles between the single mode
part of the condensate and the non-condensed cloud, δψ.
The second contribution to the correlation function, C (2) , incorporates
the correlations within the non-condensed fraction of the gas, giving rise to a
long positive tail around the offdiagonal k0 ≈ −k, resembling the Bogoliubov
result for homogeneous systems, and determining the full correlation function in the region of large wave numbers, |k|, |k0 |  1/Rc . We have shown
that this contribution follows an even, "d-wave"-like symmetry, with positive
correlations both in the k0 ≈ k and k0 ≈ −k regimes, in contrast to C (1) .
To gain more insight into the structure of the correlation function, we
compared our results to the correlations in a simple toy model, incorporating
three important ingredients: the dominant p-wave character of the interaction induced quantum fluctuations, the coherent nature of these quantum
fluctuations and the pair structure of excitations. We have shown that this
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model captures the most essential characteristics of the correlators C (1) and
C (2) . The contributions C (1) and C (2) thus provide detailed information on
the structure of the interacting condensate. The even symmetry of C (2) evidences that long wave length excitations are created in pairs from the single
mode condensate, while the p-wave structure of C (1) shows the coherence of
the quantum fluctuations.

Chapter 3
Full counting statistics of time
of flight images
In probability theory and in classical statistical physics, a classical random
variable or physical observable is often successfully characterized by its first
few moments, due to such powerful laws as the central limit theorem. In many
cases, however, the first few moments do not fully characterize the observed
distributions or they do not even exist, and the full probability distribution
function (PDF) is needed, as it reveals salient features about the random
variable. The tails of a PDF, which may have little effect on the expectation
value, can be essential for predicting low probability yet devastating effects,
such as the water level in unusually large flooding events or the amounts of
large insurance losses, and play a major role in the extreme value theory.
In principle, to characterize a quantum system in or out of equilibrium,
one should know its precise quantum state in a given instance. In practice,
however, quantum state tomography is often only possible for tiny quantum
systems [73], and one must content oneself with measuring only certain measurable quantities. In typical experiments, simple expectation values and
correlation or response functions are analyzed. Higher moments of observables contain, however, infinitely more information and encode unique information about non-local, multipoint correlators and entanglement. Therefore,
to characterize a quantum state, rather than just focusing on averages, one
can think about measuring (or computing) the full distribution of some measurables. In some exceptional cases, significant effort has been made to carry
out this enterprise. The full counting statistics of charge or current in a
transport setup [74, 75] is, e.g., capable of revealing the elementary charge,
40
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the statistics and correlations of the involved particles [76–79]. Another astonishing example is that of work statistics, also measured experimentally:
during a non-equilibrium process such as a quantum quench [80, 81], the
amount of work performed on the system is probed and described only by
its PDF [82–84], involving all possible moments of energy.
As emphasized in Chapter 1, the recent progress of ultracold atoms
opened up unprecedented possibilities to study full distribution functions,
by collecting a histogram of single-shot results. A peculiar series of experiments [40–42], accessing the PDF of matter-wave interference fringes of a
coherently split one-dimensional Bose gas [85–88], was already discussed in
Sec. 1.2. These developments motivated us to propose a novel characterization scheme for correlated many-body quantum states, relying on the full
distribution of time of flight images, a procedure we dubbed time-of-flight
full counting statistics to parallel the method used in nanophysics. Let us
stress again that ToF experiments are probably the most widespread tools
to investigate cold atomic systems [12, 35, 64], yet their full potential has not
been exploited. As this work reveals, standard ToF images contain infinitely
more information than used before, and enable one to catch a glimpse of interaction induced quantum fluctuations, and study their structure in detail.
We shall benchmark time-of-flight full counting statistics on a one dimensional interacting quasi-condensate. By analysing the complete distribution of the time of flight image, we demonstrate that this characterization
scheme is able to capture both equilibrium quantum fluctuations, and (pre)thermalization processes after a quantum quench.
The particular ToF experiment analysed in this chapter is sketched in
Fig. 3.1. A one dimensional Bose gas, initially confined to an elongated tube
of length L, is suddenly released from the trap. The interactions become
quickly negligible, because of the rapid expansion in the tightly confined
directions, thus it is enough to consider a free, one-dimensional propagation
along the longitudinal axis [89]. The density profile is measured by a laser
beam at position R, after propagation time t, yielding the integrated density
of particles within the spotsize of the laser, ∆R,
IˆR,∆R (t) ≡

Z ∞

2 /(2∆R2 )

dx e−(x−R)

ψ̂ † (x, t)ψ̂(x, t).

(3.1)

−∞

As in previous chapters, ψ̂(x, t) denotes the bosonic field operator, and we
assumed a Gaussian laser intensity profile [90]. Due to the free propagation
after the release from the trap, the intensity (3.1) provides information on
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Figure 3.1: Sketch of ToF experiment with a one dimensional quasi condensate. The trap, confining the atoms to an elongated tube of length L, is
switched off at t = 0. The short range interactions between the particles
become quickly negligible due to the rapid expansion. The density profile of
the gas is measured after expansion time t, by taking an absorption image
at position R with a laser beam of waist ∆R. The measured intensity offers
valuable insight into the correlated structure of the initial quantum state.

the correlated structure of the initial state, and for far enough positions and
fine enough resolution, R  L and ∆R  R, it can be interpreted as the
number of particles n̂p with a given initial momentum, p = mR/t.
By analyzing the full distribution of the operator IˆR,∆R , we show how it
reflects the quantum fluctuations of the condensate, both in equilibrium and
out of equilibrium situations. After outlining the theoretical framework in
Sec. 3.1, Sec. 3.2 concentrates on equilibrium fluctuations at T = 0 temperature, demonstrating that intensity distributions at finite momenta follow a
Gamma distribution, a characteristic sign of squeezing. In contrast, the zero
momentum particles, reflecting large correlated particle number fluctuations
of the quasi-condensate, follow a Gumbel distribution, a characteristic distribution of extreme value statistics. Sec. 3.3 focuses on the effect of finite
temperature, showing that this Gumbel distribution crosses over to an exponential distribution due to the thermal depletion of the condensate. Finally,
Sec. 3.4 serves as an outlook to non-equilibrium dynamics, showing how thermalization of the condensate after a quantum quench leads to a crossover to

43
an exponential distribution in the time of flight full counting statistics.

3.1

General formula for intensity distribution

This section presents a general formula for the PDF of the intensity (3.1),
applicable for many in and out of equilibrium states. As a first step, we
define the probability density function of the intensity (3.1), based on the
moments of the operator IˆR,∆R (t). For long times of flight and large enough
distances, the relation
n
hIˆR,∆R
i(t) →

Z ∞
0

dI I n Wp (I)

(3.2)

can be satisfied for all positive integers n, thus the function Wp (I) appearing
in this expression can be interpreted as the PDF of IˆR,∆R (t). In this limit,
Wp (I) measures the number of particles np ∼ I with momentum p = mR/t.
Notice that the function Wp (I) depends implicitly on the time of flight as
well as on the momentum resolution ∆p, suppressed for clarity in Eq. (3.2).
The function Wp (I) will be determined by making use of Luttinger-liquid
theory [21,22], allowing to calculate all moments of IˆR,∆R . This effective low
energy theory, already discussed in detail in Sec. 1.3.2, describes the collective long wave length excitations of the one dimensional quasi-condensate
in terms of a phase field, φ̂(x), directly related to the bosonic field operator through the relation Eq. (1.9). Fluctuations of this phase are governed
by the Gaussian action (1.10), depending on two relevant parameters, the
sound velocity of excitations, c, and the Luttinger parameter K. In the limit
of weak Dirac-delta interactions, these parameters are given by the perturbative expressions, Eqs. (1.11).
The evaluation of the moments of IˆR,∆R (t) is facilitated by the observation
that the atoms cease to interact quickly after their release from the trap, thus
the time evolution of the fields during the expansion
is described by the free
√
2
Feynman propagator, G(x, t) ∼ eimx /(2~t) / i t,
ψ̂(x, t) =

Z

dx G(x − x0 , t)ψ̂(x0 ) .

(3.3)

This relation ensures that ψ̂(x, t) becomes approximately equal to the Fourier
transform of the field, ψ̂p , at a momentum p = mx/t, for large enough times
and at points x  L.
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Due to the Gaussian action, Eq. (1.10), equilibrium states of the system
correspond to Gaussian density matrices in terms of the phase operator, both
at T = 0 and at finite temperatures [91]. Moreover, as we will see in Sec.
3.4, this simple Gaussian form remains intact even during the time evolution
after an interaction quench [91]. In short, for all quantum states discussed in
this chapter, the density matrix ρ̂ takes a simple Gaussian structure, allowing
to evaluate all moments of IˆR,∆R (t) [85–87], and to construct the intensity
distribution Wp (I).
In order to obtain a convenient expression for ρ̂, we shall use the Fourier
expansion of the phase operator φ̂(x). For open boundary conditions 1 ,
∂x φ̂(−L/2) = ∂x φ̂(L/2) = 0,
we arrive at [47]
1 X
1
φ̂k e−ξh |k|/2 cos(k(x + L/2)),
φ̂(x) = √ φ̂0 + √
L
L k>0

(3.4)

with k = πj/L, j ∈ Z+ . Here the inverse of the healing length, ξh−1 ≡ mc/~,
serves as a momentum cutoff. We shall expand ρ̂ in the eigenbasis of the
Hermitian Fourier components, φ̂k , with the basis vectors |{φk }i satisfying
φ̂k |{φk }i = φk |{φk }i,
for every k, with real eigenvalues φk .
For all quantum states considered in this chapter, the density matrix
factorizes according to the Fourier components k. Assuming a Gaussian
structure, ρ̂ can then be written as [91]




(1)

i
D (t) h 2
(2)
h{φ0k }| ρ̂ |{φk }i(t) = N −1
exp − k
φk + (φ0k )2 − Dk (t) φ0k φk  ,
2
k>0
Y

with the prefactor N ensuring the correct normalization of the density matrix, Tr ρ̂ = 1. For the calculations presented below, we will only need the
diagonal elements of ρ̂,
!

ρdiag ({φk }, t) ≡ h{φk }| ρ̂ |{φk }i(t) = N
1

−1

Dk (t) 2
exp −
φk ,
2
k>0
Y

(3.5)

This boundary condition corresponds to vanishing particle current at the end of the
system, j(−L/2) = j(L/2) = 0.
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(1)

(2)

where Dk (t) = 2(Dk (t) + Dk (t)). The parameter Dk (t) will be given in the
subsequent sections for the relevant in and out of equilibrium states.
Let us now turn to the evaluation of the distribution Wp (I) for states
n
i(t)
with Gaussian structure, Eq. (3.5), by calculating the moments hIˆR,∆R
for all n [85–87]. By substituting the free propagators, Eq. (3.3), into Eq.
(3.1), the intensity IˆR,∆R (t) can be expressed in terms of the field operators
at t = 0. Then the density-phase representation (1.9) leads to
m∆R
IˆR,∆R (t) =ρ0 √
2π t
e

Z L/2
−L/2

dx1

Z L/2
−L/2

i mR
(x1 −x2 )− im
(x21 −x22 )
t
2t

dx2 e−

m2 ∆R2
(x1 −x2 )2
2 t2

e−i(φ̂(x1 ,0)−φ̂(x2 ,0)) .

(3.6)

The nth moment of IˆR,∆R (t) involves the 2n point correlator of the phase
operator. Based on the Fourier expansion of φ̂(x), Eq. (3.4), these moments
can be determined by calculating the expectation value
P

hei

k

Z

...

fk (x1 ,x2 ) φ̂k

Z Y



i = Tr ρ̂ ei

P
k

fk (x1 ,x2 ) φ̂k

dφk h{φk }| ρ̂ |{φk }i ei

P
k



=

fk (x1 ,x2 ) φk

,

k

for arbitrary coefficients fk (x1 , x2 ). As stated earlier, these correlators are
determined by the diagonal elements of the density matrix, h{φk }| ρ̂ |{φk }i.
For the Gaussian structure, Eq.(3.5), we arrive at
i

he

P

f (x ,x ) φ̂k
k k 1 2

i = exp −

X fk2 (x1 , x2 )

!

2Dk (t)

k

,

(3.7)

This relation results in
n
hIˆR,∆R
i(t)

=



exp −

Lρ0 ∆p̃
√
2π

!n Z

X e−ξh πj/L
j>0

2 L dj (t)

...

Z 1/2 Y
n

(dui dvi C(ui , vi ))·

−1/2 i=1

" n 
X
i=1

with
C(u, v) = e−

jπ
jπ
cos πjui +
− cos πjvi +
2
2




∆p̃2
(u−v)2 +i p̃(u−v)
2



u+v
(1− 2R/L
),


#2
,

(3.8)

and dj (t) = Dπj/L (t). Here we introduced the dimensionless time of flight
momentum and its resolution
mR L
m∆R L
pe ≡
, ∆pe ≡
,
(3.9)
t ~
t ~
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both measured in units of ~/L.
The quadratic sum appearing in the exponent can be decoupled by applying the Hubbard-Stratonovich transformation, by introducing a new integration variable τj for every index j [86, 87],


# 




 2
n 
e−ξh πj/L X
jπ
jπ
=
exp −
cos πjui +
− cos πjvi +
2 L dj (t) i=1
2
2
Z ∞
−∞

"

ξh πj



n
τ
j
dτ
jπ
jπ
e− 2L X
√ j e− 2 expi τj q
cos πjui +
− cos πjvi +
2
2
2π
L dj (t) i=1
2












.

This transformation allows to perform the integrals over different pairs of
variables {ui , vi } independently in the expression for moments of the intensity, leading to
n
hIˆR,∆R
i(t) =

Lρ0 ∆p̃
√
2π

!n Z

∞

dτ
2
√ j e−τj /2 g ({τj })n ,
−∞ j>0
2π
Y

with g ({τj }) given by the double integral
g ({τj }) =

Z Z 1/2

2 /2+i p(u−v)

e

u+v
(1− 2R/L
)·

−1/2



exp i

2

du dv e−∆pe (u−v)

X

e−ξh πj/(2L)

τj q

j

dj (t)L



jπ
jπ
cos π j u +
− cos π j v +
2
2









.

(3.10)
Comparing this formula to Eq. (3.2) implies that the PDF of the intensity
IˆR,∆R (t) can be expressed as [85–87]
Wp (I) =

Z Z ∞ Y
−∞ j

2

N ∆pe
dτj e−τj /2
√
δ I − √ g ({τj }) ,
2π
2π
!

(3.11)

with N = Lρ0 denoting the total number of particles.
Eqs. (3.11) and (3.10) can be evaluated by performing classical Monte
Carlo simulations. After introducing a finite cutoff for j, a set of independent,
normally distributed random variables {τj } is generated in each step, while
the corresponding IˆR,∆R value is obtained from Eq. (3.10). The PDF can be
determined as the histogram over a large number of iterations.
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Before turning to the full distribution, let us briefly comment on the
expectation values, hIˆR i, accounting for interaction induced quantum (or
thermal) fluctuations of bosons with momentum p = mR/t. This average
intensity is proportional to hn̂p i, a quantity which has been studied both
theoretically [21, 47] and experimentally [8, 63] in detail. Its equilibrium behavior was already summarized in Sec. 1.3.2, showing that hn̂p i falls of as
∼ 1/|p|1−1/2K at T = 0 temperature, while at finite temperatures it shows a
different p dependence: For small momenta it saturates to a constant proportional to 1/T 1−1/2K ≈ 1/T , while at large momenta the power law behavior is
recovered. For weak interactions, the cross-over between these two regimes
occurs through a regime, where a power law behavior is observed with a
modified exponent (see the discussion at the end of Sec. 1.3.2).
Since the average intensity is well understood, the following sections concentrate on the shape of the full distribution function, appropriately captured
by introducing the normalized intensity
Ie = IˆR,∆R /hIˆR,∆R i,
f (I).
e Moreover, the intensity distriand analysing the corresponding PDF, W
p
butions for p = 0 and for typical p 6= 0 show a drastically different behavior,
since the zero momentum intensity reflects the fluctuations of the condensate, while intensities corresponding to p 6= 0 are associated with excitations
of momentum p. In Sec. 3.2, where we analyze the ground state distribution
e the distributions for p = 0 and p 6= 0 will be discussed separately. In
of I,
Secs. 3.3 and 3.4, where we discuss the equilibrium intensity distribution at
T > 0 temperatures and the intensity distribution in non-equilibrium states
after a quantum quench, respectively, we will concentrate on the zero momentum distribution, p = 0, since the zero momentum intensity is well suited
for studying thermalization processes.

3.2

Ground state distribution

In this section we analyze the structure of intensity fluctuations in the ground
state of a one dimensional quasi-condensate. By using the Fourier expansion
of the phase operator, Eq. (3.4), the Luttinger-liquid Hamiltonian can be
expressed as [21]
!

cπ 2
1 X K~c k 2 2
φ̂k +
Π̂ .
Ĥ =
2 k>0
π
K~ k

(3.12)
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Here Π̂k denotes the canonical conjugate momentum of φ̂k , satisfying the
commutation relation
[Π̂k , φ̂k0 ] = −i~ δk,k0 .
Hamiltonian (3.12) is the sum of harmonic oscillators; the ground state of
the system in the basis |{φk }i can be determined by comparing Eq. (3.12)
to the harmonic oscillator Hamiltonian
1
1
mω 2 x̂2 + p̂2 ,
=
2
m




Ĥosc

and to the corresponding ground state density matrix with diagonal elements [92]


mω 2
hx|ρ̂GS |xi ∼ exp −
x .
~
Note that for each mode k in Eq. (3.12), the eigenvalue of φ̂k , φk , plays to role
of the position coordinate x. Based on this consideration, the density matrix
of the ground state takes the Gaussian form, Eq. (3.5), with parameters [91]
1
Dk =
~

s

K|k|
K~c k 2 K~
=
,
π
cπ
π

resulting in dj = Kj/L in Eq. (3.10).

Finite momentum excitations
Let us first analyze the intensity distribution of finite momentum particles,
p 6= 0, providing information on the structure of interaction-induced quanf (I)
e
tum fluctuations. The typical structure of the distribution function W
p
is displayed in Fig. 3.2, for a moderate Luttinger parameter K = 10 and
f (I)
e is determined
e The shape of W
for various momentum resolutions ∆p.
p
by the momentum resolution ∆p̃, and is well approximated by a Gamma
distribution
α
f
e ≈ α I˜α−1 e−α I˜.
W
(
I)
(3.13)
p6=0
Γ(α)
The parameter α increases linearly with the resolution, ∆p̃ (see inset of
Fig 3.2). For fine enough resolutions α ≈ 1, and the intensity follows an
exponential distribution,
−I
f
e
W
p6=0 (I) ≈ e ,

e

for

∆pe  2π.
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Figure 3.2: Distribution of normalized intensity Ie (symbols) at finite momene using K = 10,
tum p > 0, plotted for different momentum resolutions, ∆p,
e
p = 15 × 2π and ξh /L = 0.002. Solid lines are fits with Gamma distributions, Eq. (3.13). The smooth evolution of the distribution from exponential
to Gamma, with increasing ∆p, reflects the two-mode squeezed structure of
the Bogoliubov ground state in momenta p and −p. Inset: parameter of the
fitted Gamma distribution α as a function of resolution ∆p̃, displaying an
approximately linear increase.

By interpreting the intensity, Eq. (3.1), as the number of particles with
momentum p = mR/t for small sizes of the laser spot, i. e. ∆p̃  2π, these
findings can be understood in terms of the Bogoliubov approximation [20,68],
valid for weak interactions and short system sizes. A general version of the
particle number preserving Bogoliubov approximation, for arbitrary trapping
potential, was presented in Sec.1.3.1. In the well-known special case when
the condensate is homogeneous, the Bogoliubov ground state has a two-mode
squeezed structure [20, 93], meaning that particles with momenta p and −p
are always created in pairs. This property implies perfect correlations at
the operator level, n̂p = n̂−p . This two-mode squeezed structure leads to a
geometric distribution for the particle number n̂p [93], and the exponential
intensity distribution emerges as the continuous version of this geometric
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distribution.
The observed Gamma distributions, with a parameter α ∝ ∆p̃, can be
understood by noting that Bogoliubov theory predicts vanishing correlation
between nonzero momenta |p| =
6 |p0 | [20]. Hence the total number of particles
in a given momentum window ∆p can be expressed as the sum of ∼ ∆p̃/2π independent, exponentially distributed random variables, with approximately
equal expectation values [68]
hn̂p i ≈

ρ0 ~ π
.
2K|p|

(3.14)

The weighted sum of these independent exponential variables indeed gives
rise to a Gamma distribution with a parameter α ∝ ∆p̃, where the precise
prefactor is determined by the intensity profile of the laser beam in Eq. (3.1).
2
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Figure 3.3: Distribution of normalized intensity Ie (symbols) at finite momentum p > 0 for stronger interactions, K = 2, plotted for different momentum
e using pe = 15 × 2π and ξh /L = 0.002. Solid lines are fits with
resolutions ∆p,
Gamma distributions, Eq. (3.13), showing that a crossover from exponential
to Gamma distribution persists for stronger interaction. Inset: parameter of
the fitted Gamma distribution α as a function of resolution ∆p̃, yielding a
linear increase with the same slope as for K = 10 in Fig. 3.2.

51
A Gaussian profile amounts to α ≈ 4.1 ∆p̃/(2π), while other shapes result
in slightly different prefactors of O(1).
Even though the Bogoliubov approximation is only valid for weak interactions, a similar crossover from exponential to Gamma distribution persists
even for strong interactions, with K close to one, see Fig. 3.3. Moreover,
since the slope of the linear relation α ∝ ∆p̃ is determined by the shape of
the imaging beam, it is independent of K (see insets of Figs. 3.2 and 3.3).

Quasicondensate distribution
As already noted, the zero-momentum distribution, corresponding to the
number of particles in the quasi-condensate, displays a completely different
behavior. This distribution is plotted in Fig. 3.4 for different interaction
strengths K, showing that it converges quickly to a so-called Gumbel distribution as K increases. This distribution, emerging frequently in extreme

0.5

p̃ = 0 fixed

K = 1.5
K=2

Wrescaled

0.4

K=5
K = 10

0.3

Gumbel

0.2
0.1
0
-6

-4

-2
(I − hIi)/δI

0

2

ˆ
Figure 3.4: PDF of the normalized zero momentum intensity (Iˆ − hIi)/δI,
shown for different Luttinger parameters K, with δI referring to standard
deviation. In the limit of weak interactions (K  1), the PDF converges
to Gumbel distribution, Eq. (3.15) (solid line), in accordance with a particle
number preserving Bogoliubov approach. For comparison with analytical
results, we chose periodic boundary conditions.
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value statistics [94], is given by
(

˜ = √π exp √π I˜ − γ − exp √π I˜ − γ
WGumbel (I)
6
6
6

)!

,

(3.15)

where γ ≈ 0.5772 denotes the Euler constant.
The emerging Gumbel distribution is a direct consequence of particle
number conservation, combined with the fact that the measured particle
numbers, n̂p6=0 , display exponential distributions with expectation values
hn̂p6=0 i ∼ 1/|p|. We prove this statement in Appendix B.1, by applying
the particle number preserving Bogoliubov approach [45, 65], relating the
particle number fluctuations of the condensate, n̂0 , with those of p 6= 0 parP
ticles, through the relation n̂0 = N − p6=0 n̂p [65]. Based on the observation
that finite momentum particle numbers n̂p6=0 follow exponential distributions
P
with expectation values ∼ 1/|p|, the distribution of the sum p6=0 n̂p can be
rewritten analytically, and expressed as the maximum of a large number of independent, identically distributed exponential random variables, converging
to the Gumbel distribution, Eq. (3.15).

3.2.1

Joint distribution functions

In analogy with the definition of Wp (I), Eq. (3.2), one can also define joint
distributions Wp1 ,p2 ,... (I1 , I2 , . . . ) based on the usual multipoint correlation
functions. These ndistributionsocharacterize the simultaneous measurements
of the intensities IˆR1 , IˆR2 , . . . at positions Ri = pi t/m. More precisely, the
joint distribution function of two variables, W (I1 , I2 ), satisfies the following
relations,
Z ∞
Z ∞
n1 ˆn2
ˆ
hIR1 IR2 i(t) →
dI1
dI2 I1n1 I2n2 W (I1 , I2 ),
(3.16)
0

0

for any positive integers n1 and n2 .
A general expression for W (I1 , I2 ) can be found in Appendix B.2. Instead
of a more detailed analysis, this section just concentrates on the joint distribution function of the p = 0 and p 6= 0 modes, yielding further evidence that
the extreme value statistics of the zero mode arises due to particle number
conservation.
Fig. 3.5 shows the PDF of the normalized variables Ie0 and Ie1 , corresponding to dimensionless momenta p̃0 = 0 and p̃1 = 2π, both for strong (K = 2)
and weak (K = 10) interactions. The momentum resolution was chosen fine
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Figure 3.5: Joint PDF of intensities Ie0 and Ie1 , corresponding to dimensionless
momenta p̃0 = 0 and p̃1 = 2π, for strong (K = 2, left) and weak (K = 10,
right) interactions. The negative correlation, persisting for any interaction
strength, reflects particle number conservation, and originates from the holes
in the quasi-condensate, left behind by particles with non-zero momenta p1 .

enough, allowing to associate well defined momenta to the intensities I0 and
I1 . The joint PDFs exhibit strong anticorrelations between the intensities
Ie0 and Ie1 for all interaction strengths, implying similar negative correlations
for the particle numbers n̂0 and n̂1 . This anticorrelation is revealed by the
sharply peaked structure of the joint PDF around the line Ie0 + Ie1 = const.,
ensuring that a high intensity Ie0 is typically accompanied by a low signal Ie1 .
The negative correlation, persisting also for higher values of p1 , emerges due
to particle number conservation, because of the holes in the quasi condensate
left behind by particles with non-zero momenta p1 .

3.3

Thermal depletion of the quasi-condensate

Following the discussion of the equilibrium distributions at T = 0 temperature, this section focuses on the equilibrium fluctuations at T > 0. Since
the most interesting effect of thermal fluctuations is the depletion of the
quasi-condensate, we will concentrate on the zero momentum distribution,
accounting for the particle number fluctuations of the condensate. The thermal density matrix still exhibits a Gaussian structure, Eq. (3.5), with pa-
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rameters [91, 92]
K|k|
β~ck
tanh
,
π
2
with inverse temperature β = 1/(kB T ). As a consequence, the distribution
function is still given by Eqs. (3.11) and (3.10), with modified parameters
dj = Kj/L tanh(β~cπj/(2L)). The only difference compared to the zero
temperature formula is the appearance of the factor tanh(β~cπj/(2L)), accounting for the thermal population of modes.
At finite temperatures, the thermally excited modes with energies E =
p c . kB T are responsible for the depletion, and, at high enough temperatures, for the eventual destruction of the quasi-condensate. We find that this
thermal depletion is governed by the dimensionless temperature
Dk =

1 kB T
,
(3.17)
K ∆
where ∆ = h c/L denotes the level spacing of the excitation spectrum, i.e.
the typical energy separation of sound modes in a condensate of size L.
The intensity distribution of the zero-mode is shown in Fig. 3.6 for different dimensionless temperatures Te , and for experimentally relevant parameters falling in the weakly interacting limit [95]. The characteristic shape of
a Gumbel distribution persists for realistic but small temperatures, Te . 1,
despite the steady broadening of the distribution with increasing temperature. At temperatures Te & 1, however, the PDF rapidly crosses over to an
exponential distribution.
A deeper insight into the crossover in the shape of the distribution, and
into the corresponding characteristic temperature scale, Eq. (3.17), can be
gained by inspecting the finite temperature correlators of a Luttinger liquid [47]. As discussed in Sec. 1.3.2, the zero temperature power law correlations turn into an exponential decay at T > 0, at distances larger than the
thermal wave length λT , Eq. (1.14). Beyond this length scale, the decay of
the two-point correlation function, Eq. (1.15), is determined by the thermal
correlation length ξT , Eq. (1.16).
The characteristic crossover scale of the distribution function, Te , can be
rewritten in terms of this thermal correlation length as T̃ = L/(ξT π 2 ). Note
that, similar to ξT ∼ ρ0 /(mT ) [49], this temperature scale does not depend on
the strength of interactions (see Sec. 1.3.2). The condition for the emergence
of the Gumbel distribution, T̃ . 1, can be reexpressed as
Te =

L . ξT π 2 ,
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Figure 3.6: Finite temperature distribution of the normalized zero momentum intensity Iep=0 for weak interactions, plotted for different dimensionless
temperatures Te = kB T /(K∆). As Te increases, the PDF turns from the zero
temperature Gumbel distribution, Eq. (3.15), into an exponential distribution, due to the thermal depletion of the quasi-condensate by the thermally
populated p 6= 0 modes. The experimentally accessible temperature range,
T ∼ 30 nK − 120 nK [95], corresponds to Te ∼ 0.12 − 0.46. We used
N = 3500, and L = 39 µm (density ρ0 = 90 µm−1 ), and a chemical potential
µ/h = 1.6 kHz, leading to K ≈ 77, c ≈ 2, 7 mm/s and ξh /L ≈ 0.007 for 87 Rb
atoms. We assumed ∆p̃/(2π) = 0.1, corresponding to a time of flight t = 1 s
and a real space resolution ∆R = 12 µm.

demanding that phase fluctuations should remain small on considerable fractions of the total length of the gas. Comparison to Eq. (1.17) shows that
the same ratio determines the number of particles in the p = 0 mode,
hn̂0 i ≈ N 2ξT /L, thus T̃ . 1 also ensures that at least about 20 % of the
particles remain in the homogeneous quasi-condensate. As noted earlier, this
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Figure 3.7: Finite temperature distribution of the normalized zero momentum intensity Iep=0 for strong interactions, displayed for different dimensionless temperatures Te = kB T /(K∆). Similar to the weakly interacting limit,
Fig. 3.6, the PDF is deformed from its zero-temperature limit to an exponential distribution upon increasing Te = kB T /(K∆), as a signature of thermal depletion of the quasi-condensate by p 6= 0 modes. We used K = 1.5,
∆p̃/(2π) = 0.1, and ξh /L = 0.002.

condition does not depend on the interaction strength. Indeed, even though
the discussion above focused on the weakly interacting limit, K  1, a similar crossover to an exponential function persists even for strong interactions,
for which λT ∼ ξT (see Fig. 3.7).
The crossover discussed so far is the consequence of the thermal depletion
of the condensate. The emergence of an exponential distribution for Te & 1
can be intuitively understood by considering the low energy p 6= 0 modes as
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particle reservoirs for the condensate. This naive picture implies that
Prob(n̂p=0 = n) ∝ e−βµeff n ,
with some effective chemical potential µeff , set by the occupation of low
energy modes.

3.4

Intensity distribution after quantum
quenches

The most interesting perspective of time of flight full counting statistics
would be the investigation of out of equilibrium dynamics. Since simple
expectation values can not provide enough information on the structure of
non-equilibrium states, here one could exploit the full potential of this characterization scheme [80, 81].
This section illustrates how the full distribution of the intensity (3.1) can
be used the analyze the non-equilibrium dynamics of the system following
a quantum quench. Below we concentrate on interaction quenches, experimentally accessible by tuning the interaction strength g using a Feshbach
resonance [12]. As noted in Sec. 1.3.2, the product c(t)K(t) ∼ ρ0 /m is independent of g, hence it remains constant by Galilean invariance [49]. Taking
linear quench procedures for simplicity, the time dependence of the parameters is given by
!
cf
c0 t
c0
c(t)
+
−
=
.
K(t)
K0
Kf
K0 τ
where 0 ≤ t ≤ τ , with quench time τ . Here c0 , K0 and cf , Kf denote the
initial and final sound velocities and Luttinger parameters of the system. We
assume that the atoms are held in the trap for an additional holding time
τh after the quench, while keeping the final parameters cf and Kf constant,
and the ToF experiment is performed only afterwards.
Non-adiabatic quenches with sufficiently short quench times τ can create
a large number of excitations. To separate their effect from that of thermal
fluctuations, this section will focus on T = 0 temperature. Moreover, since
the most drastic effect of these excitations is the depletion of the quasicondensate, we concentrate on the distribution of the zero mode, similar to
the strategy used in Sec. 3.3 to study thermal excitations.
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The initial state before the quench is simply the Gaussian ground state
wave function corresponding to the initial parameters c0 and K0 . Moreover,
the state retains its Gaussian shape during the quench, with a wave function
expressed as [91]
!

σk (t) 2
φk .
Ψ ({φk }, t) ∼
exp −
2
k>0
Y

For arbitrary time dependence of c(t) and K(t), the parameters of the wave
function, σk (t), obey the simple differential equations [91]
i∂t σk (t) =

πc(t) 2
c(t)K(t) 2
σk (t) −
k .
K(t)
π

For the special case of a linear interaction quench, these equations can even
be solved analytically, and the solutions can be expressed in terms of the
Airy functions, Ai and Bi [91]. Having the wave function at hand, the full
distribution of the intensity (3.1) can be determined from Eqs. (3.11) and
(3.10), with parameters
Dk (t) = σk (t) + σk∗ (t).
The resulting PDFs of the zero mode, I˜0 , are displayed in Fig. 3.8 for a large
quench between Luttinger parameters K0 = 80 and Kf = 7, using different
holding times after the quench, τh . The distributions are plotted for two
different quench times τ .
After a rapid quench, the shape of the distribution still resembles the
equilibrium Gumbel distribution, Eq.(3.15), for short holding times. However, upon increasing the holding time, τh , a phenomenon similar to finite
temperature thermalization (see Figs. 3.6 and 3.7) occurs, and the PDF
gets deformed into an exponential distribution. We thus observe that the
destruction of the condensate is analogous to thermal depletion, even though
the number of excitations in each mode k is a conserved quantity for the
Luttinger model, and the final state is definitely not thermal.
To gain more insight into the structure of this non-thermal final state,
note that after long enough holding times, τh , the distribution of the particle
number n̂p looks thermal for each momentum p. However, the non-thermal
nature of the state is reflected by the fact that this state can not be characterized by a single inverse temperature β. Instead, it is possible to define
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Figure 3.8: Distribution of the normalized zero momentum intensity Iep=0 after an interaction quench, using different holding times, τh = 1.3µs − 177µs,
measured in dimensionless units, τ̃h = τh cf /L. Distributions are displayed
for two different quench times τ = 0.71µs (rapid), and τ = 71µs (slow). We
have used N = 3684, L = 39µm and a chemical potential µ/h = 1.6 kHz,
corresponding to K0 = 80, c0 = 2.7mm/s, and ξh0 = 0.27µm, and assumed
a large interaction quench to Kf = 7, yielding cf = 30.8 mm/s. The momentum resolution was chosen as ∆p̃/(2π) = 0.1. In analogy with finite
temperature thermalization, the PDF after a rapid quench crosses over from
an equilibrium Gumbel distribution, Eq. (3.15), to an exponential shape as
τ̃h increases, even though the number of excitations remains constant after
the quench. A similar crossover persists for a slower quench, but with a
much broader PDF for short holding times τh , because of the depletion of
the quasi-condensate during the quench protocol.
a momentum dependent effective inverse temperature βp [96], based on the
thermal, exponential distribution of n̂p ,
Prob(n̂p = n) ∝ e−βp εp n ,
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where εp denotes the dispersion relation of the quasiparticles. Similar so
called pre-thermalization phenomena, were observed in various closed cold
atomic settings after quantum quenches [41, 97], meaning that the long-time
averages of local observables can be reproduced by a thermal ensemble, in
spite of the out-of-equilibrium state of the system.
As shown in Fig. 3.8, a crossover to thermal, exponentially decaying distribution for long holding times persists even for slower interaction quenches.
However, for shorter τh , the shape of the distribution differs significantly
from the PDFs of faster quenches. Here the distribution gets much broader,
due to the depletion of the quasi-condensate during the longer quench protocol, since the slowly increasing interactions have time to build up more
pronounced particle number fluctuations.
The typical time scale of the depletion of the quasi-condensate is very
short for both quench procedures. For the parameters used in Fig. 3.8, it
falls to the range of ∼ 0.1 ms.

3.5

Summary

Motivated by the recent progress in experimental techniques in cold atomic
settings, we proposed a novel method to analyze time of flight images, namely
to measure the full probability distribution function (PDF) of the intensities
in a series of images. This distribution contains detailed information on the
the number of particles np with a given momentum p, and is well suited for
studying the structure of quantum fluctuations in detail.
We benchmarked time of flight full counting statistics on the specific
example of an interacting one-dimensional condensate, by studying its correlated structure both in and out of equilibrium. By analyzing the ground
state intensity distribution, we have shown that the squeezed structure of the
superfluid ground state manifests in an exponential distribution for p 6= 0 (deformed into a Gamma distribution with decreasing resolution). On the other
hand, we have demonstrated that the p = 0 intensity distribution, reflecting
the fluctuations of the quasi-condensate, follows a Gumbel distribution for
weak interactions, due to large correlated particle number fluctuations. We
have shown this Gumbel distribution follows from particle number conservation, combined with the interaction induced quantum fluctuations of the
small momentum modes.
By analyzing the effect of equilibrium thermal fluctuations on the ob-
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tained distributions, we have demonstrated that these intriguing fingerprints
of quantum fluctuations remain observable in a finite system at small but
finite temperatures within the experimentally accessible range. However, the
characteristic shape of a Gumbel distribution is eventually destroyed, and
gets deformed into an exponential distribution, once the thermal low energy
modes thermalize the p = 0 quasi-condensate mode.
The most interesting perspective of ToF full counting statistics is its ability to characterize non-equilibrium states beyond simple averages and variances. To illustrate this perspective, we analyzed the intensity distribution
of the p = 0 mode after an interaction quench, showing that the emerging
statistics exhibits clear signs of (pre-)thermalization. As a function of the
holding time after the quench, the initial equilibrium Gumbel distribution
is destroyed, and turns into a quasi-thermal exponential distribution, describing a condensate connected to a particle reservoir formed by the p > 0
modes.
Another possible direction is going beyond measuring the distribution of
the intensity at a given point of the image, and instead considering joint distribution functions, W (Ip , Ip0 ). We illustrated this perspective by calculating
the joint distribution for the p = 0 mode and the p 6= 0 intensities, W (I0 , Ip ).
We have demonstrated that this joint distribution reflects the strong anticorrelations of p = 0 and p 6= 0 particles, stemming from particle number
conservation.

Chapter 4
Entanglement production in
coupled single-mode
Bose-Einstein condensates
Entanglement generation in non-equilibrium many-body systems received a
special attention in recent years, motivated by the intimate connection between entanglement spreading and the equilibration in closed systems [13–16].
It has been shown that an isolated quantum system can thermalize under its
own coherent dynamics, in a sense that measurements of local observables become indistinguishable from the predictions of a thermal ensemble [17–19].
This local thermalization relies on the generation of strong entanglement
between subsystems, allowing a globally pure quantum state to look locally
thermal, whereas the large number of conserved quantities in integrable systems can prevent entanglement spreading and may result in the failure of
thermalization. An example for the lack of thermalization is given by manybody localized systems, where a slow, logarithmic increase of entanglement
has been predicted as a characteristic property of non-ergodic many-body localized phases [98–100], in contrast to the linear, light cone-like propagation
of correlations in delocalized phases [101, 102].
The development of experimental techniques provides new possibilities
to study entanglement generation in cold atomic settings [12], and allows
the direct measurement of Rényi entanglement entropy and mutual information [103–105], as well as the investigation of the intimate relation between
the quantum purity of subsystems and the thermalization of an isolated nonequilibrium system [97], relying on site-resolved control of ultracold atoms
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J

NL

NR

Figure 4.1: Illustration of the system described by Hamiltonian (4.1). A
Bose-Einstein condensate is loaded into a double well potential, with tunneling J between the two wells. The NL and NR particles in the left and right
wells condense into a single wave function. Bosons in the same well interact
with a repulsive interaction of strength U .

in optical lattices. Despite these advances, experimentally studying the entanglement in correlated many-body systems remains challenging, since it
usually requires detailed information on the full quantum state. The simple system analyzed is this chapter, consisting of coupled single-mode BoseEinstein condensates loaded into a double well potential, provides an example
for a large correlated many-body system where the full time evolution of the
entanglement entropy can be experimentally accessible [106–108], since it
only requires measuring the number of particles in the left and right wells 1 .
Moreover, this system is well suited for studying how the coherent time evolution of two coupled quantum systems produces entanglement entropy for
each subsystem and may lead to equilibration. In contrast to the case of small
subsystems in a large environment [103–105], here the two coupled subsystems are equally large, and we find that equilibration can be understood
by approximating the state of the full system by a microcanonical ensemble
rather than a thermal Gibbs ensemble.
This system can be realized by loading a Bose-Einstein condensate into a
double well potential (see Fig. 4.1). Assuming that the atoms in the left and
right wells condense into a single wave function, the Hamiltonian is given
by [110]




Ĥ = −J â†L âR + â†R âL +
1


U 2
N̂L − N̂L + N̂R2 − N̂R .
2

(4.1)

Fluorescence imaging allows to measure these particle numbers with high precision
[109].
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Here the bosonic operators â†L and â†R create particles in the left and right
potential wells respectively, and N̂i = â†i âi with i = L, R. The first term in
the Hamiltonian describes the tunneling of particles, while the second term
accounts for the interaction between the bosons in the same potential well.
In an isolated system with total particle number N , the density matrix can
be written as
ρ̂(t) =

N
X
nL ,n0L =0

ρnL ,n0L (t) |nL , N − nL ihn0L , N − n0L |,

(4.2)

where |nL , N − nL i denotes the eigenstate N̂L = nL , N̂R = N − nL . By
taking the partial trace over the number of particles in the right potential
well, we can express the entanglement entropy between the left and right
wells as [111]
S(t) = −

N
X

Pt (nL ) log Pt (nL ),

(4.3)

nL =0

where Pt (nL ) ≡ |ρnL ,nL (t)|2 denotes the probability of state N̂L = nL at time
t.
Let us stress again that here the full time evolution of the entanglement entropy S(t) can be experimentally accessible, by simply measuring
the number of particles, and their distribution, in the left and right potential well. Also note that besides the double well experiment illustrated
above, the Hamiltonian (4.1) can also be realized in a two component condensate trapped in a single well. As discussed in Appendix C.1, here two
atomic hyperfine states form the condensates, which can be coupled through
microwaves [112,113], while their interaction may be tuned using a Feshbach
resonance [34].
Due to this experimental accessibility, the two-site Bose-Hubbard model,
Eq. (4.1), provides an ideal opportunity for the detailed study of the entropy
production in a simple closed quantum system. Moreover, the fact that the
Hamiltonian (4.1) admits an exact Bethe ansatz solution [114], makes the
dynamics of the entropy (4.3) particularly interesting, and allows to gain
more insight into the entropy generation in an interacting integrable system.
Since the main focus of this work is the effect of dephasing during the
coherent, unitary time evolution of a closed quantum system, the time dependence of S(t) will be investigated at T = 0 temperature. To this end,
Hamiltonian (4.1) will be rewritten in a more convenient form, using the
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Schwinger boson representation. By introducing spin operators of length
N/2,


1
1 †
Ŝz =
N̂L − N̂R , Ŝx =
âL âR + â†R âL ,
2
2
Ĥ can be expressed as [110]
Ĥ = −2J Ŝx + U Ŝz2 ,

(4.4)

apart from a redundant constant term. The entanglement entropy between
the left and right wells corresponds to the entropy associated with Ŝz in this
new representation,
N/2

S(t) = −

X

Pt (m) log Pt (m) ,

(4.5)

m=−N/2

with Pt (m) denoting the probability of state Ŝz = m at time t.
The spin Hamiltonian obtained this way, Eq. (4.4), is a special case of
the Lipkin-Meshkov-Glick model, describing mutually interacting spin-1/2
particles, embedded in a magnetic field [115]. In this latter model, Ŝα =
P α
α
i σ̂i /2 denotes the total spin operator, where σ̂i are the Pauli matrices
at sites i = 1, .., N for α = x, y, z. While much attention has been paid
to the entanglement properties of the ground state of the Lipkin-MeshkovGlick model2 [116, 117], the dynamics of the entanglement entropy of large
subsystems is much less understood. Earlier works on the Lipkin-MeshkovGlick model focused on the dynamics of the von Neumann entropy of a single
spin [120]. Here, however, we concentrate on a different type of entanglement
entropy, associated with the spin operator Ŝz , in the subspace of maximal
spin of the Lipkin-Meshkov-Glick model, S = N/2.
Our main purpose in this chapter is to analyze the time evolution of entropy (4.5) for different initial states and interaction strengths, by combining
numerical results with analytical calculations. These calculations will demonstrate that the coherent dynamics of the coupled single-mode condensates is
2

The Lipkin-Meshkov-Glick model undergoes a second order quantum phase transition
upon tuning the magnetic field. The von Neumann entropy of a subsystem consisting of L
sites shows a logarithmic divergence at the quantum critical point in the thermodynamic
limit, N, L → ∞ [116, 117]. Similar divergence in the entanglement properties of the
ground state at the critical point has been identified in several other systems, such as the
Dicke model or the transverse field Ising model [118, 119].
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reflected by the oscillations of S(t). At the same time, S(t) shows a steady
increase, and eventually saturates to a stationary, "equilibrium" value, in
spite of the pure state of this closed system. This saturated entropy depends
crucially on the dimensionless parameter [121]
α≡

NU
,
2J

(4.6)

characterizing the strength of interactions, and governing a dynamical phase
transition [122, 123], the so called self-trapping transition (see Sec. 4.1). As
we show, the long time limit of the entropy reflects this dynamical phase
transition by a sudden entropy jump at the phase boundary. Remarkably,
the computed asymptotic entropy value also agrees well with the predictions
of a classical microcanonical ensemble, where the normalized spin vector
~ ≡ 2S/N
~
Ω
is distributed uniformly along a classical trajectory.
The rest of the chapter is organized as follows. Before presenting my
own results, Sec. 4.1 summarizes some well-known results concerning the
semi-classical dynamics of Hamiltonian (4.4) [124–126]. The semiclassical
picture presented here will be extensively used in the subsequent sections,
for the interpretation of the results. The time evolution of the entropy on
short time scales is studied in Sec. 4.2, finding that the coherent dynamics
of the condensates induces entropy oscillations on the top of a steady entropy production. These results are also compared to the predictions of a
Gaussian ansatz for the wave function, providing an intuitive picture for the
entropy generation. The long time limit of the entropy and its connection
to equilibration is analyzed in Sec. 4.3, showing that the saturated entropy
reflects the dynamical phase transition of the system. Moreover, a classical
microcanonical description offers a deeper insight into this stationary limit.
The main results of this chapter are summarized in Sec. 4.4.

4.1

Semiclassical dynamics

As mentioned in the introduction of this chapter, the dynamics of the system
is determined by the dimensionless parameter α, Eq. (4.6) [122, 123]. For
weak enough interactions α < 1, the average population imbalance between
the two potential wells, NL − NR , oscillates between positive and negative
values. For stronger interactions α > 1, however, a so called self-trapping
transition takes place, governed by the interaction energy of the initial state.
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In this case the system undergoes a dynamical phase transition for large
enough initial particle number imbalance NL − NR , when the interaction
energy of the initial state prevents levelling off the number of particles in the
two wells, and suppresses the amplitude of population imbalance oscillations.
Let us discuss this self-trapping transition more quantitatively, by concentrating on initial states relevant for the subsequent sections. There the
time evolution of the entropy (4.5) will be investigated by taking initial
~ θ = (sin θ, 0, cos θ), with different anstates polarized in the direction Ω
gles −π/2 < θ < π/2, corresponding to eigenstates of the spin operator
Ŝθ = Ŝx sin θ + Ŝz cos θ, with eigenvalue Ŝθ = N/2.
The semiclassical approximation is appropriate in the limit of large total
particle number N , when the spin operators in Eq. (4.4) can be replaced by
the components of a classical vector [125]
~
~ = N Ω.
S
2
~ can then be written as
The equations of motion of the unit vector Ω
∂t Ωx = −U N Ωy Ωz ,
∂t Ωy = 2JΩz + U N Ωx Ωz ,
∂t Ωz = −2JΩy ,

(4.7)

~ = 0) = Ω
~ θ . As shown in Fig. 4.2, the classical
with initial condition Ω(t
trajectories determined by these equations lie on the unit sphere, and their
shape depends crucially on the parameter α and on the initial condition [125].
Below a critical interaction strength, αc = 1, all trajectories visit both the
upper and lower hemispheres, and no self-trapping occurs. In this regime the
equations of motion (4.7) have two fixed points at Ωx = ±1, Ωy = Ωz = 0.
The self-trapped regime appears on the unit sphere for larger interactions,
α > αc (see Fig.4.2), where one of the fixed points, Ωx = −1, becomes
unstable, and bifurcates into two fixed points at [123, 125]
1
Ωx = − ,
α

s

Ωy = 0,

Ωz = ± 1 −

1
.
α2

The trapped trajectories are confined to the neighbourhood of these fixed
points, never intersecting the equator of the sphere. Non-trapped trajectories
still exist for α > αc , visiting both the upper and lower hemispheres. The
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Figure 4.2: Left: Classical spin trajectories on the unit sphere above the selftrapping transition, α > αc . Trapped trajectories (blue) can not intersect the
equator, instead they are confined to the upper or lower hemisphere. Nontrapped trajectories (orange) cross the equator, reaching both hemispheres.
These regimes are separated by the separatrix (black). Right: Projection of
trajectories to the x − y plane. Full circles correspond to trapped trajectories
(blue), while the projections of non-trapped curves (orange) are arc segments
inside the unit circle (brown). The separatrix (black) touches the unit circle
at Ωx = −1. The upper and lower (brown dots) turning points of one of the
trajectories are also shown (see the discussion in Sec. 4.2).

boundary of the self-trapped regime is the separatrix, intersecting the equator
at the unstable fixed point, Ωx = −1 (see Fig. 4.2).
An easier way to visualize these semiclassical trajectories is taking their
projections on the x − y plane, where they form circles centered at (−1/α, 0)
(see Fig. 4.2),


1 2
+ Ω2y = const.
(4.8)
Ωx +
α
The projection of the separatrix is just a circle that touches the unit circle
~ = 0) = (sin θ, 0, cos θ) will
at (−1, 0). Therefore, a given initial condition Ω(t
fall precisely on the separatrix at interaction strength
αθ =

2
,
1 − sin θ

(4.9)

~ = 0) coincides with the stable fixed point of the classical equations
while Ω(t
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of motion at

1
.
(4.10)
sin θ
As discussed in more detail in Sec. 4.3, the long time limit of the entropy
(4.5) reflects the semiclassical dynamics outlined above. The self-trapping
transition at α = αθ , Eq. (4.9), is accompanied by a sudden jump of size
log 2 in the entropy, accounting for the doubling of the length of the classical
trajectory. On the other hand, the classical fixed point (4.10) is revealed by
a local minimum in S because of the strong confinement of trajectories in
the vicinity of this point.
αθfix = −

4.2

Entropy generation on short time scales

This section contains the analysis of the entropy oscillations and entropy
production on short time scales, before the saturation to the long time limit.
It will be demonstrated that the semi-classical picture presented in the previous section, combined with a simple Gaussian ansatz for the wave function,
provides an intuitive picture for this short time dynamics.
As mentioned above, the initial states will be chosen as spin coherent
states in the x − z plane, |Ωθ i ≡ |Ŝθ = N/2i, with Ŝθ = Ŝx sin θ + Ŝz cos θ.
The Gaussian ansatz, to be presented below, relies on the observation that
these initial wave functions have a Gaussian structure. This can be shown
by expanding the initial state in the eigenbasis of Ŝz [127],
N/2

|Ωθ i =

X
m=−N/2

v
u
u
t

N
m+

!
N
2

θ
cos
2

!m+ N
2

θ
sin
2

! N −m
2

|mi,

with |mi denoting the eigenstate Ŝz = m. Notice that the shifted spin
operator Ŝz + N/2 obeys a binomial distribution B(n, p), with number of
trials n = N and probability p = cos2 (θ/2), yielding an expectation value
hŜz i = np−N/2 = N/2 cos θ and a variance Var(Ŝz ) = np(1−p) = N sin2 θ/4.
As anticipated, this wave function can be approximated by a Gaussian form
in the semi-classical limit of large N ,
s

|Ωθ i ≈



2
N π sin2 θ

X
m

exp 
−



m−

N
2

cos θ
2

N sin θ

2 

 |mi,

(4.11)
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excepting the vicinity of θ = 0.
The exact entropy of a Gaussian distribution leads to the expression [128]
S(t = 0) ≈

π eN sin2 θ
1
log
.
2
2

(4.12)

Based on this approximation, the time evolution of the entropy for different
total particle numbers N , but the same semi-classical parameter α, will be
scaled together by subtracting the reference contribution, Eq. (4.12), and
introducing the "rescaled" entropy
e
S(t)
= S(t) −

π eN sin2 θ
1
log
.
2
2

(4.13)

Fig. 4.3 displays the time evolution of the rescaled entropy (4.13), obtained by exact diagonalization, for different semiclassical parameters α and
particle numbers N , using two different initial polarization angles θ. The
rows of the figure fall in the non-trapped regime α < αθ (top), coincide with
the phase boundary α = αθ (center), and correspond to the self-trapped
regime α > αθ (bottom), respectively, where αθ is given by Eq. (4.9). As anticipated, the rescaled entropies Se collapse to the same curve, for fixed α but
different total particle number N , for short times. In
√ contrast, the long time
limit of Se is proportional to log N instead of log N , yielding a different
saturation value for each N . The coherent oscillations of the condensates
manifest in entropy oscillations both in the non-trapped and self-trapped
regimes, only vanishing at the boundary of self-trapping. On the other hand,
the steady increase of the entropy below these oscillations originates from
the dephasing between different energy eigenstates.
A deeper insight into the dynamics of the entropy can be gained by combining the semiclassical approximation, discussed in the previous section,
with a Gaussian ansatz for the structure of the wave function. As already
noted, this ansatz relies on the observation that the initial state is well described by a Gaussian expression, Eq. (4.11). A natural assumption is that
the wave function keeps this Gaussian structure during the early stages of
the time evolution. Before turning to a more quantitative analysis, let us
outline the simple intuitive picture arising from these considerations.
The wave function can be visualized as an extended packet on the unit
~
sphere, centered around the classical vector Ω(t).
A spin coherent initial
state, Ŝθ = N/2, corresponds to a Gaussian packet of variance ∼ 1/N around
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Figure 4.3: Entropy generation on short time scales. Time evolution of
rescaled entropy Se is plotted as a function of dimensionless time t J/h, for
different semi-classical parameters α and initial polarization directions θ. The
rows correspond to non-trapped regime (top), separatrix α = αθ (center)
and self-trapping (bottom). Curves with different particle numbers N are
plotted in different colors. For the same α they
√ scale together for short
times, but their saturated values differ by log N . The entropy oscillates
both in the non-trapped and self-trapped regimes on the top of a steady
increase, but these oscillations get washed out at the phase boundary, leaving
an approximately linear increase of the entropy. The results of a simple
Gaussian ansatz (dashed black line), Eq. (4.15), are also shown.

~ θ . The dynamics of the center of the packet, Ω(t),
~
Ω
is governed by the classical equations of motion (4.7), accompanied by a spreading in the variance.
The broadening of the packet originates from the dephasing between different
energy eigenstates, leading to the elongation of the state along the classical
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trajectory, while the width perpendicular to the trajectory decreases to keep
the volume of the packet constant.
The entropy S is intimately connected to the distribution of the vector
component Ωz , obtained by projecting the packet to the z axis. The entropy
oscillations observed in Fig. 4.3 arise from the oscillations of the center of
~
the packet, Ω(t),
with a period determined by the period of the classical
trajectory. This period tends to infinity at the separatrix, washing out the
entropy oscillations near the boundary of self-trapping.
A more detailed understanding can be gained by noticing that the entropy is proportional to the logarithm of the typical width of the distribution
of Ωz , log σ. This width, σ, can display a strikingly different behavior depending on the position along the trajectory, in spite of the steady spreading
of the packet. At the upper and lower turning points of trajectory, where the
tangent vector is perpendicular to the axis ẑ (marked by brown dots in Fig.
4.2), the projection results in a sharp distribution for Ωz , leading to local
minima in the entropy. At these special points, σ can even become smaller
than the variance of the initial state, because of the decrease in the width
of the packet perpendicular to the trajectory. This behavior can result in
decreasing local minima (see the first row in Fig.4.3). In contrast, at the
intersections of the trajectory and the equator of the unit sphere, where the
tangent vector is parallel to the axis ẑ, σ takes on a maximal value, increasing with time as the packet gets more elongated along the trajectory. This
steady spreading yields increasing entropy maxima after each oscillation.
After the qualitative arguments presented above, let us turn to a more
formal discussion of the Gaussian ansatz, by assuming that the wave function
keeps its Gaussian structure on short time scales. Our starting point is the
expansion of the wave function according to the eigenstates of Ŝz ,
|ψ(t)i =

X

e−iϕ(t)m cm (t) |mi,

m

by separating a rapidly oscillating phase factor e−iϕ(t)m , accounting for the
rotation of the state around the z axis.
One can assume that the coefficients cm (t) are slowly varying functions
of m, which allows us to introduce a new variable x = 2m/N , and treat
it as a continuous variable in the limit of large N [129]. By replacing the
discrete, slowly varying coefficients cm (t) by a continuous function ψ(x, t),
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and assuming a Gaussian structure, we arrive at
cm (t) → ψ(x, t) ≡

2N Re c(t)
π

!1/4

exp(−c(t)N (x − x0 (t))2 ),

(4.14)

yielding a Gaussian distribution for Ω̂z ≡ 2Ŝz /N , with expectation value
hΩ̂z i(t) = x0 (t) and variance 1/(N Re c(t)). The rescaled entropy (4.13) of
the Gaussian wave function, Eq. (4.14), is given by


1
SG (t) = − log 4 sin2 θ Re c(t) .
2

(4.15)

The optimal parameters of the Gaussian wave function, |ψG i, are obtained
from a variational condition,
δhψG | i∂t − Ĥ |ψG i = 0,

(4.16)

with
hψG | i∂t − Ĥ |ψG i =
Z
NZ
N2 Z
2
∗
∂t ϕ(t)
dx x |ψ(x, t)| + i dx ψ (x, t) ∂t ψ(x, t) − U
dx x2 |ψ(x, t)|2
2 
4

s
Z
2
2
JN  iϕ(t)
e
dx ψ ∗ (x, t)ψ(x − , t) 1 − x2 + (1 + x) + c.c. .
+
2
N
N
In the semi-classical limit of large total particle number N , Eq. (4.16) can
be expanded systematically according to the powers of N . The leading order
of this expansion yields the following semiclassical equations of motion
q

∂t x0 = −2J 1 − x20 sin ϕ,
x0
∂t ϕ = U N x0 + 2J q
cos ϕ.
1 − x20

(4.17)

It can be easily seen that these equations determine the same trajectories as
Eqs. (4.7), by using the relation
q

~ = ( 1 − x20 cos ϕ,
Ω

q

1 − x20 sin ϕ, x0 ).

The next order of the expansion governs the time evolution of c(t),
i∂t c = −

q
αJ
J cos ϕ
x0
q
−
sin
ϕ
c
+
8J
cos
ϕ
1 − x20 c2 ,
−
4J
2
2
2 (1 − x20 )3/2
1 − x0
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only depending on the dimensionless time tJ, the parameter α and the initial condition θ, but not on the particle number N . All remaining O(1/N )
corrections can be neglected in the limit of large N .
The Gaussian entropy (4.15) is compared to the exact numerical results
in Fig. 4.3, yielding a remarkably good approximation on short time scales.
However, as shown in the next section, the Gaussian ansatz breaks down
as the entropy saturates to the stationary long time limit (see the middle
row of Fig. 4.3), where it has to be replaced by a non-Gaussian semiclassical
approximation.

4.3

Long time limit and equilibration

This section presents our results concerning the long time behavior of the
entropy S, by putting special emphasis on how it reflects the semiclassical
dynamics discussed in Sec. 4.1. Let us remark that strictly speaking, the
entropy can never become stationary, because of the revivals originating from
the discrete spectrum of the Hamiltonian (4.4). However, the period of these
revivals is typically much longer than the time scales relevant for experiments, and it is still meaningful to investigate the steady state, reached at
intermediate times [130].
The long time limit of the entropy (4.5) will be defined as a time average,
1ZT
dt S(t),
(4.18)
T 0
where T is chosen large enough to reach a stationary value. Working with
spin coherent initial states |Ŝθ = N/2i, the numerical results obtained from
exact diagonalization are shown in Fig. 4.4 as a function of the polarization
angle θ, for two different interaction strengths α.
The value of the time averaged semiclassical entropy depends sensitively
on the initial condition, and reflects the structure of the classical trajectory
associated with it. The semiclassical fixed point, Eq. (4.10), is revealed
by a sharp local minimum in the entropy, originating from the strong confinement of classical trajectories around the stable fixed point and from the
corresponding sharp distributions of Ωz . Crossing the separatrix of the selftrapped phase, Eq. (4.9), is accompanied by a sudden entropy gain of size
log 2, related to the doubling of the length of classical trajectories at the
phase boundary of self-trapping, also doubling the phase space available for
~ (see Fig. 4.2).
Ω
S=
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We can gain a deeper understanding of the long time limit of the entanglement entropy, Eq. (4.18), by comparing it to a classical microcanonical
ensemble. The classical trajectories, given by Eqs. (4.7), conserve the energy
of the classical Hamiltonian. In a microcanonical description, the spin vector
~ follows a random uniform distribution along this trajectory (the surface
Ω
of constant energy in general), leading to a continuous classical distribution
for the z-component of the spin, Ωz (see Appendix C.2 for more details).
Denoting the resulting probability density by P (Ωz ), the classical entropy
can be expressed as
Sclass = −

Z

dΩz P (Ωz ) log P (Ωz ) + S0 ,

(4.19)

with S0 denoting an arbitrary constant entropy shift, accounting for some
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Figure 4.4: Long time limit of entropy. Time averaged entropy S (symbols)
plotted as a function of initial polarization angle θ, for two different interaction strength α. Semiclassical fixed point (F), Eq. (4.10), is revealed by
a sharp minimum in the entropy. The separatrix of self-trapping (S) is accompanied by a rapid entropy jump of size log 2, due to the doubling of the
length of classical trajectories at the phase boundary. The prediction of a
classical microcanonical ensemble (solid line) is also shown for comparison.
For the numerics we used total particle number N = 3000.
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unknown box size ∆Ωz .
As shown in Fig. 4.4, Eq. (4.19) agrees remarkably well with the numerical results for a single fitting parameter S0 = 7.0, excepting the immediate
vicinity of the semiclassical fixed point, where Sclass diverges due to the vanishing variance of P (Ωz ). This divergence is an artefact of the semiclassical
approximation. The quantum mechanically exact entropy is determined by
the width of the spin coherent initial state in the eigenbasis of Ŝz .
The striking success of the classical equilibrium microcanonical description, in spite of the quantum mechanical time evolution of the system, can
be better understood by plotting the overlap between the exact wave function |ψ(t)i and the spin coherent states polarized into directions |Ωθ,ϕ i ≡
(sin θ cos ϕ, sin θ sin ϕ, cos θ), for long times (see Fig. 4.5). In Fig. 4.5 the initial condition was a maximally polarized state, Ŝz = N/2, and two different
interaction strengths were selected, corresponding to the non-trapped and

10-1
10-2
10-3
10-4

Figure 4.5: Overlap of the wave function with different spin coherent states
in the long time limit. The overlap |hΩθ,ϕ |ψ(t)i|2 is plotted as a function of
polar and azimuthal angles θ and ϕ using logarithmic scale, for two different semi-classical parameters α, falling in the non-trapped (α = 1.8, left)
and self-trapped (α = 2.5, right) regimes, respectively. Here |Ωθ,ϕ i denotes
the spin coherent state of direction (θ, ϕ). The initial state was maximally
polarized, Ŝz = N/2, with N = 500, and |ψ(t)i is the wave function for
tJ/h = 5. Classical trajectories (black) are also shown, confirming that the
spin coherent initial state spreads and becomes elongated along the classical
trajectory in the course of the time evolution .
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self-trapped regimes, respectively. Fig. 4.5 confirms the semiclassical picture
described in the previous sections, by showing how the wave function spreads
over the vicinity of the classical trajectory, on both sides of the self-trapping
transition. This "equilibration" originated solely from the dephasing between
different eigenstates of the Hamiltonian.
As a final remark, note that in spite of the success of classical microcanonical approximation, the true quantum state of the system can never
become stationary, and at any time the probability density displays several
maxima along the classical trajectory. While the position of these maxima is
time dependent, and shows revival effects, the time averaged entropy is still
well approximated by a state spread uniformly along the classical trajectory.

4.4

Summary

In this chapter we analyzed the entropy production for two coupled singlemode Bose-Einstein condensates. Focusing on the entropy generation in the
course of unitary time evolution, we performed the calculations at T = 0 temperature, by combining numerical results with analytical methods. Many of
the results presented in this chapter should be directly measurable in a singlemode condensate loaded into a double well potential, or in a two component
Bose-Einstein condensate, by coupling two atomic hyperfine states through
microwaves.
By investigating the dynamics of the entropy on short time scales, we have
shown that the coherent oscillations of the single mode condensates manifest
in entropy oscillations, only washed out in the vicinity of the self-trapping
phase boundary. These oscillations appear on the top of a steady entropy
generation, arising purely from quantum dephasing, and resulting in a saturated "equilibrium" entropy on longer time scales. By visualizing the wave
function as a broadening packet on the unit sphere, with its center evolving
along a classical trajectory, we were able to gain an intuitive understanding of these results, whereas a more quantitative description was obtained
by combining a Gaussian ansatz for the wave function with a semiclassical
expansion.
The second part of the chapter concentrated on the long time limit of
the entropy, with special emphasis on the way it reflects the semiclassical
dynamics of the system. We have shown that the fixed point of the classical
equations of motion corresponds to a pronounced minimum in the entropy,
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related to the strong confinement of trajectories around this point, while the
self-trapping transition is revealed by a rapid entropy gain of size log 2, due
to the sudden doubling of the length of trajectories at the phase boundary.
To gain a deeper insight into this dephasing induced "equilibration", we complemented these results by a more expressive picture, by comparing the exact
numerics to the prediction of a classical microcanonical ensemble. Here the
spin vector was distributed uniformly over the classical trajectory, yielding
a remarkably accurate approximation for the time averaged entropy for long
times. We confirmed this visualization of the wave function by calculating
the overlap of the exact quantum state with spin coherent states of different orientations, proving that this overlap indeed traces out the classical
trajectories on the unit sphere.

Chapter 5
Quantum interference induced
spin correlations at infinite
temperature
Coherence is a fundamental concept of quantum mechanics, resulting in a dynamics crucially different from classical behavior. Even at high temperatures,
quantum interference can result in strong deviations from classical dynamics, such as in the predicted breakdown of spin diffusion for the Heisenberg
model, persisting up to infinite temperature [138, 139]. Other important
examples can be found in biophysics, where the interplay of quantum interference and decoherence can lead to more efficient energy transport in
macromolecules [140, 141]. Understanding the role of quantum coherence in
the dynamics of many-body systems at these high temperatures remains a
challenging open problem, with great potential in a diverse area of physics,
ranging from quantum information theory [142] to biophysics [143].
It is well known that the interaction of a subsystem with its environment
tends to push the subsystem towards classical behavior due to dephasing.
However, the effect of the quantum coherence transferred to the environment is much less explored. In contrast to the common assumption that this
coherence is quickly destroyed by the dephasing between the large number of
degrees of freedom of the environment [144], this chapter presents a striking
example, where adding a single particle to an infinite temperature spin environment leads to significant dynamical correlations among the spins, due to
quantum interference.
The infinite temperature system considered in this chapter is formed by
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non-interacting spins in a two-dimensional lattice, routinely realized in ultracold atomic settings, by loading bosonic or fermionic atoms into a deep
optical lattice [145–147] (see Fig. 5.1). The on-site repulsion of the atoms
allows to enter the Mott insulator phase, with each site occupied by exactly
one atom [12]. By utilizing atoms with N = 2S + 1 internal degrees of freedom, corresponding to their hyperfine states or nuclear spins [145, 146], this
Mott insulator phase allows to realize a spin S system. We will concentrate
on the limit of a non-interacting spin system, corresponding to infinitely
large on-site repulsion with suppressed virtual tunneling and a vanishing exchange coupling 1 . By removing a single atom from the lattice, one can
create a hole, propagating on the lattice without any energy cost and permuting the spins along its path [127, 148, 150]. This motion is crucially
different from a classical random walk leaving the environment completely
disordered, since – as we will show below – the quantum interference of alternative paths of the hole can induce dynamical spin correlations between
different sites, while individual sites remain paramagnetic. These correlations emerge purely from quantum interference, in striking contrast to the
usual polaron effect, where a particle locally modifies its environment due to
their mutual interaction [151–153].
A different aspect of hole propagation in a two-dimensional uncorrelated
spin environment has already been investigated in Ref. [150]. That work has
focused on dissipationless decoherence, in other words on the slowing down
of the hole due to the suppression of its coherence, in spite of the lack of
energy transfer to the environment. Here we show that the same process
is also responsible for the build-up of dynamical spin correlations, by analyzing the intimate connection between decoherence and spin correlations.
In particular, we separate interference terms that depend on the spin configuration, and show that while they effect the propagation of the hole, they
simultaneously induce long lived spin correlations.
Let us note that these correlations bear a similarity to the equilibrium
Nagaoka effect [127, 148, 149]. As has been shown by Nagaoka, the ground
state of a degenerate spin system is ferromagnetically ordered in the presence of a single hole, since this ordered state allows free propagation, and
minimizes the kinetic energy of the hole. In the opposite limit of infinite
temperature, considered here, the dynamical spin correlations stem from a
1

In this non-interacting limit all spin configurations are degenerate, and the system is
completely disordered at all temperatures.
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th

Figure 5.1: Illustration of the physical system. The two dimensional noninteracting spin system considered here can be realized by loading spinful
atoms (black and blue dots) into an optical lattice, and by tuning them
deep into the Mott insulating phase, where virtual tunneling vanishes, with
occupation of exactly one atom per site. The hole (white dot with dashed
boundary) is created by removing one of the atoms, and it can propagate
along to lattice without energy cost, with hopping th , while permuting the
spins along its path. The position of the hole and the spin correlations in the
environment can be measured after a propagation time t, by using a quantum
gas microscope [154].

similar origin: locally ferromagnetic spin domains result in enhanced quantum coherence and in faster hole propagation. As the hole moves differently
in each spin background, the emerging correlations are not averaged out to
zero by thermal fluctuations. However, in contrast to the Nagaoka ground
state, the dynamical correlations studied here can be both ferromagnetic and
antiferromagnetic.
This chapter is organized as follows. The main theoretical ingredients
are summarized in Sec. 5.1, presenting a classification of the possible paths
of the hole, and identifying the ones responsible for spin correlations. The
emerging spin correlations are discussed in Sec. 5.2, while we analyze the
propagation of the hole in Sec. 5.3, where we compare its dynamics to the
motion on a Bethe lattice.
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5.1

Theoretical framework

As already mentioned, the two dimensional degenerate spin system discussed
here could be realized in a fermionic or bosonic Mott insulator in the limit
of strong on-site repulsion, with spins represented by the internal degrees
of freedom of the atoms [145–147]. It is possible to address lattice sites
independently with a quantum gas microscope [154], allowing to remove a
single atom from the origin, (0, 0), and to measure the position of the hole
and the spin state at each site after propagation time t. To extract spin
correlations, this procedure has to be repeated many times, while the thermal
fluctuations at temperatures much larger than the spin exchange interaction
J, T  J, will lead to a different, random initial spin configuration in each
run.
The dynamics of the system is determined by the Hamiltonian [150]
Ĥ = −th

X †

ĉj P̂jl ĉl ,

hjli

with ĉl annihilating the hole at site l, and P̂jl moving the spin on site j to a
neighboring site l. Here th denotes the hopping, the single energy scale of the
model, from now on chosen as th ≡ 1. The hole is initialized at the origin, 0,
and after a propagation time t, the probability of finding it at site j is given
by
pj (t) = hĉ†j ĉj it ,
(5.1)
with the non-equilibrium average
h. . . it =

1
Tr(ĉ0 eiĤt . . . e−iĤt ĉ†0 ).
(2S + 1)M −1

(5.2)

Here M denotes the number lattice sites, the trace accounts for the a sumP
mation over all possible spin configurations Γ, Tr(...) = Γ hΓ|...|Γi, and the
denomiator (2S +1)M −1 takes into account the spin degeneracy. The dynamical spin correlations between sites j and l, emerging because the propagation
of the hole entangles the spins, are characterized by the spin correlator
Cjl (t) =

1
hŜjz Ŝlz it ,
2
S

(5.3)

with the average defined in Eq. (5.2), and with Ŝjz denoting the z component
of the spin at site j. Moreover, if the hole is at site j or l, the spin correlator
evaluates to 0.
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To investigate the non-equilibrium dynamics of the system, it is convenient to expand the time evolution operator as [148, 149]
e−iĤt =

∞
X

(−i t)n n
Ĥ .
n!
n=0

(5.4)

Here each power of Ĥ involves z = 4 relevant terms, describing the possible
steps of the hole onto its neighboring sites. Consequently, the contribution of
each term Ĥ n to the propagator consists of z n random walk paths of length
n, and the quantum mechanical motion of the hole can be understood as the
coherent superposition of all of these paths. Similarly, an expansion of eiHt
leads to backward paths.
Based on the Taylor expansion (5.4), we evaluated the transition probability of the hole, Eq. (5.1), by summing over the interference terms coming
from all pairs of forward (α) and backward (β) paths, ending at site j. Since
the hole permutes the spins along each path it takes, different paths often
produce orthogonal spin states. For a given initial spin environment, quantum interference is only possible if both paths of the pair lead to the same
final spin configuration. More formally, let us denote the spin permutations
generated by the hole propagation along paths α and β by π̂α and π̂β , respectively, and the lengths of the paths by nα and nβ . Since pj (t) can be
expressed as
X (−i t)nβ (i t)nα
hπ̂β† π̂α i0 ,
(5.5)
pj (t) =
n
!
n
!
β
α
α,β
the contribution of the pair (α, β) is determined by the combined permutation
π̂β† π̂α = π̂β−1 π̂α . This is the spin permutation generated by moving the hole
along a closed loop, consisting of forward path α, leading from the origin to
site j, and of return path β, starting from j and ending at the origin.
Based on this observation, we classify the pairs of paths according to the
net permutation π̂β−1 π̂α , and identify the pairs responsible for the dynamical creation of spin correlations (see Fig. 5.2). We will refer to paths that
generate the same permutation, π̂α = π̂β , as equivalent paths. Since then
π̂β−1 π̂α = 1, equivalent paths interfere irrespective of the initial spin configuration, resulting in hπ̂β† π̂α i0 = 1. Two paths differing only in self-retracing
components provide an important example for an equivalent pair (for an
example see Fig. 5.2 a). However, the set of equivalent paths is much larger,
for example, the path going round a two by two plaquette three times is
equivalent to the trivial path, with the hole staying at the origin.
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Figure 5.2: Classification of pairs of paths. Pairs of paths (black full and
red dashed lines) drawn on the same initial spin configuration (grey and blue
dots), yielding different kinds of interference contributions. The initial and
final positions of the hole are denoted by a black dot and star, respectively.
a, Two equivalent paths, permuting the spins identically, thus always yielding the same final spin state. These paths interfere irrespective of the spin
configuration. b, Inequivalent paths, leading to orthogonal final states for
the spin configuration depicted, with vanishing interference contribution. c,
Inequivalent paths permuting the spins over a locally ferromagnetic region,
adding an interference term to the hole propagation and spin correlators.
Spin correlations only arise from interference between inequivalent paths of
type c, whereas equivalent paths are solely responsible for the hole’s dynamics in large spin environments S → ∞ (see Sec. 5.3 for a detailed discussion).

While equivalent paths certainly influence the motion of the hole, providing a faster propagation in general than that of a classical random walk [150],
they do not contribute to spin correlations. Since these paths interfere with
the same amplitude in all spin environments, hπ̂β−1 π̂α i0 ≡ 1, their contribution to the correlator (5.3) is cancelled by thermal averaging. Instead,
we find that the dynamical spin correlations stem from inequivalent pairs,
π̂α 6= π̂β , interfering only for special initial spin configurations, which are
fixed points of the net permutation π̂β−1 π̂α (see Fig. 5.2 b and c). Such spin
configurations can be identified by decomposing this net permutation into
disjoint permutation cycles, πβ−1 πα = Πa Ca . Here in each individual cycle
Ca = (ja1 , ja2 , ja3 , . . . ), the spin on site jai is moved cyclically to the next site
jai+1 . Moreover, for a 6= a0 , Ca and Ca0 contain two disjoint sets of lattice sites.
The original spin configuration is restored by the net permutation πβ−1 πα , if
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and only if the spins are ferromagnetically aligned in each cycle Ca . As the
spins in the lattice are randomly distributed with probability 1/(2S + 1), the
probability of all spins taking on equal orientation in each cycle is given by
hπ̂β† π̂α i0 =

Y
a

1
,
(2S + 1)|Ca |−1

(5.6)

where |Ca | denotes the number of sites in cycle Ca .
As the spins in each cycle Ca are required to be equal, these inequivalent
paths add interference contributions to all spin correlators Cjl , for which the
spins on sites π̂α−1 (j) and π̂α−1 (l) are in the same permutation cycle. For
such sites the matrix element hπβ† Ŝjz Ŝlz πα i0 is simply proportional to Eq.
(5.6). In contrast, the contribution of this pair of paths vanishes for all
other combination of sites, as the spin correlations are cancelled by thermal
averaging.
As shown by the discussion above, the hole can create spin correlations
between the sites where its alternative paths go through, through its entanglement with the spins. Since inequivalent paths lead to enhanced interference terms in ferromagnetic spin domains, the induced correlations can be
regarded as the non-equilibrium analogues of the equilibrium Nagaoka effect.
We investigated numerically the propagation of the hole and the spin
correlations by sampling the alternative paths of the hole in a real time Monte
Carlo simulation [150, 155]. Our Monte Carlo sampling relies on rewriting
the Taylor expansion (5.4) as
e−iĤt = ezt

∞
X

(−i)n

n=0

( z t)n −zt 1
e
n!
zn

X

Π̂α .

(5.7)

α: nα =n

Here the second sum goes over paths α with fixed length nα = n, starting
from the origin, and Π̂α moves the hole from the origin to the end point of
α, while it permutes the spins along the path. Note that in Eq. (5.7) we
inserted the number of paths of length n, z n , and a factor of e−zt , for later
convenience.
Based on Eq. (5.7), in the Monte Carlo simulation we have chosen the
length of the forward path, n, from a Poisson distribution [150],
(zt)n −zt
e .
n!
Given n, the random forward path was generated from a uniform distribution. According to Eq. (5.7), this sampling takes into account the alternative
Pn (t) =
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paths of the hole with precisely the right weight. By storing the permutations corresponding to these paths, together with the acquired phase factors
(−i)n , we obtained a set of forward paths. Similarly, we generated a set of
backward paths by repeating the same procedure. For each pair of forward
and backward paths α and β, ending at the same site 2 , one can determine
the combined permutation π̂β−1 π̂α , allowing to evaluate exactly the manybody trace associated with this pair, hπ̂β† π̂α i0 , and to add the interference
contribution to the transition probabilities pj (t), according to Eqs. (5.5) and
(5.6). Note that in order to maintain the correct normalization of the density
matrix, we have to multiply these probabilities by e2zt , to compensate the
factor of e−zt in the Poisson distribution.
As discussed above, the overlap of a given pair (α, β) also contributes to
the spin correlator Cjl (t), if π̂α−1 (j) and π̂α−1 (l) are in the same permutation
cycle of the combined permutation π̂β−1 π̂α . Since
Cjl (t) =

1 X (−i t)nβ (i t)nα † z z
hπ̂β Ŝj Ŝl π̂α i0
S 2 α,β
nβ ! nα !

S
X
1 X (−i t)nβ (i t)nα †
1
= 2
m2
hπ̂β π̂α i0
S α,β
nβ ! nα !
2S + 1 m=−S

=

X
α,β

(−i t)nβ (i t)nα S + 1 †
hπ̂β π̂α i0 ,
nβ ! nα !
3S

this contribution can be easily evaluated using Eq. (5.6). At the end of the
simulation, we multiply these spin correlators by e2zt , to restore the correct
normalization. Since this method allows to evaluate the thermal average
over the degenerate spin states exactly, it is well suited to determine the spin
correlations to high numerical accuracy, in contrast to earlier approaches
[150]. These Monte Carlo simulations were implemented by Márton KanászNagy.

5.2

Spin correlations

Let us now discuss in more detail the spin correlations Cjl (t), Eq. (5.3), evaluated by the Monte Carlo simulation explained in the last section. These
correlations are displayed in Fig. 5.3 for S = 1/2 as a function of site l, by
2

The interference contribution of pairs of paths ending at different sites vanishes.
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fixing a reference site j, for different propagation times t. As already noted,
in the initial state spin correlations on non-identical sites are averaged out
to zero by thermal fluctuations. However, correlations appear gradually in
the vicinity of the hole’s position, as the propagation of the hole starts to
entangle the spins. In a spin S = 1/2 environment, these correlations reach a
maximum value of roughly 4% near the origin, which shall be readily observable with state of the art quantum gas microscopes. For longer propagation
times, the spin correlations decay again as the hole leaves the vicinity of sites
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Figure 5.3: Dynamical spin correlations induced by the propagation of the
hole in a degenerate spin S = 1/2 environment (left). The correlation function Cjl (t), Eq. (5.3), is plotted for a fixed reference site j (yellow), as a
function of x and y coordinates specifying the second site l. Different rows
correspond to propagation times t = 0.6, 1.2 and 1.8, respectively. The reference site l is chosen as (0, 0) for a, e and i; (0, 1) for b, f and j; and (1, 1) for
c, g and k. The probability density of the hole, Eq. (5.1), already discussed
in Ref. [150], is also displayed for comparison (right).
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j and l, but their value remains finite on the time scale of our simulation (see
also Fig. 5.4).
Notice that as the spin of the atoms, S, increases, it becomes less and less
likely to find large, locally ferromagnetic domains in an infinite temperature
bath. Since these ferromagnetic regions are responsible for the interference
of inequivalent paths, their contributions vanish in the limit of large spin S,
in accordance with Eq. (5.6). This argument shows that the strongest spin
correlations emerge in a spin 1/2 system, plotted in Fig. 5.3. Moreover, the
interference term is also exponentially suppressed if the paths contain long
permutation cycles, implying that the largest contribution to spin correlations will stem from short paths, with almost identical effects on the spins.
Indeed, the induced spin correlations are localized within a few sites in Fig.
5.3.
Interestingly, in contrast to the equilibrium Nagaoka effect [148,149], the
correlations displayed in Fig. 5.3 can be both ferromagnetic and antiferromagnetic. In fact, we find that the correlators Cjl (t) satisfy a sum rule at
each instant t, due to spin conservation. Since the hole can not create spin
P
z
= j Ŝjz is time independent, implying
flips, the total spin Ŝtot
X
X
1 † iĤt z 2 −iĤt †
hĉ
e
(
Ŝ
)
e
ĉ
i
=
C
(t)
+
Cjl (t) = const.
jj
0
tot
S2 0
j
j6=l

Here the diagonal spin correlations are simply given by Cjj (t) = 1 − pj (t),
with pj (t) denoting the probability density of the hole, thus the sum of these
P
correlations is constant, j Cjj (t) = M − 1. This means that the sum of
off-diagonal spin correlations is also conserved. Since it is zero in the initial
state, we arrive at the sum rule
X

Cjl (t) = 0,

j6=l

ensuring that the build-up of ferromagnetic correlations is always accompanied by the appearance of antiferromagnetic ones and vice versa. The
correlators extracted from our Monte Carlo simulations satisfy this sum rule
to a high precision.
To gain a deeper insight into the build-up of dynamical spin correlations,
and into the emerging ferromagnetic or antiferromagnetic ordering, the time
evolution of the correlator, obtained through our Monte Carlo simulation,
is plotted again in Fig. 5.4 for a few selected site pairs in the vicinity of
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Figure 5.4: Time-dependence of spin correlations. a, Correlations between
sites in the vicinity of the origin plotted as a function of propagation time t,
for spin S = 1/2, showing three correlators of site pairs (0, 0) − (0, 1) (full
line), (0, 0)−(1, 1) (dashed line) and (0, 1)−(1, 0) (dotted line). Correlations
build up gradually due to hole propagation, and they stay finite on the timescale of our simulation. b and c, Source of leading order contribution to
antiferromagnetic correlations (0, 0)−(1, 1) (gray dashed circle in b). Letters
A, B, C and D in b denote sites (0, 0), (0, 1), (1, 0) and (1, 1), respectively.
Largest interference contribution stems from paths like α (c, top) and β (c,
bottom), encircling the two-by-two plaquette, with the hole ending up at
site B or C. Since interference of paths requires non-orthogonality of final
spin states, the overlap of α and β is non-zero only if all three spins on the
plaquette are identical.

the origin, for spin S = 1/2. As already noted, the correlations appear
gradually at short times, then they display a slightly oscillating behavior on
intermediate time scales. Since correlations remain finite on the time scales
of our simulation, their long time behavior remains an open question.
While the hole propagation induces ferromagnetic correlations between
site pairs (0, 0) − (0, 1) and (1, 0) − (0, 1), we find antiferromagnetic correlations between the origin and site (1,1). To demonstrate how spin correlations
with different signs emerge, and to illustrate the more general concepts out-
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lined in Sec. 5.1, we consider the leading order contribution to the correlator
of sites (0, 0) and (1, 1) in more detail. Using the labelling of the sites introduced in Fig. 5.4 b, we have to investigate the spin correlations CAD (t). Since
by definition CAD (t) = 0 whenever the hole ends up at sites A or D, we get
a non-vanishing contribution only from paths ending at sites B or C, thus
by symmetry it is enough to consider paths leading to site C. Moreover,
we argued that spin correlations can only arise from inequivalent pairs of
paths. The two shortest paths ending at C, denoted by α and β, are shown
in the upper and lower panels of Fig 5.4 c. In accordance with our earlier
statements, all diagonal matrix elements of the spin correlator vanish upon
z
π̂α i0 = hŜBz i0 hŜCz i0 = 0, and similarly for path
thermal averaging, hπ̂α† ŜAz ŜD
β. Only the interference terms between paths α and β contribute. Since
the net permutation π̂β† π̂α moves all spins to a neighboring site, this interference term is zero unless all three spins are ferromagnetically aligned, which
happens with probability 1/22 in a disordered spin bath with S = 1/2. As
this interference provides the leading contribution to the correlator CAD (t),
it determines the sign of correlations, giving rise to an antiferromagnetic
correlator at short propagation times,
CAD (t) ≈ 2 (it)

t4
(−it)3 †
hπ̂β π̂α i0 = − .
3!
12

The negative sign emerges due to the phase factors acquired by the hole
along the two paths. Comparing to Fig. 5.4 a shows that CAD (t) stays
antiferromagnetic at intermediate times as well, whereas CAB (t) and CBC (t)
are ferromagnetic.

5.3

Hole propagation on the Bethe lattice

Earlier numerical calculations have revealed that the propagation of the hole
depends on the spin S of the atoms [150]. In this section we demonstrate
that this dependence originates from the interference of inequivalent paths,
which is also the source of the spin correlations discussed in the previous
section. Moreover, to gain more insight into the hole’s dynamics in a large
spin environment, S = ∞, we compare its propagation on the square lattice
to results obtained on a Bethe lattice [156, 157].
To understand how the spin S influences the dynamics of the hole, let
us note that in a ferromagnetic environment (formally equivalent to S = 0),
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all pairs of paths (α, β) contribute with a perfect interference, hπ̂α† π̂β i0 = 1,
leading to ballistic propagation. In this simplest case, the root mean squared
(RMS) distance of the hole,
dRMS (t) =

sX

pj (t) rj2 ,

(5.8)

j

grows linearly in time, where rj denotes the distance of site j from the origin.
However, for spins S ≥ 1/2, Eq. (5.6) shows that the interference between inequivalent paths is suppressed by the environment, slowing down the
propagation of the hole. In fact, numerical simulations pointed to a crossover
from a ballistic short time propagation to a diffusive long time regime for finite spins, S = 1/2 and larger, but a definite conclusion was not reached
due to the short time scales available for these calculations [150]. In the
limit of large spins S → ∞, the interference of inequivalent paths vanishes
completely, and the dynamics is governed by the contribution of equivalent
paths [150].
This observation suggests that in the limit S → ∞ the cycles of the
square lattice become less important, and we can approximate the dynamics
by solving the hole propagation problem on a simpler, suitable tree graph,
and by finding a way to map this dynamics back to the original square lattice.
We accomplish this enterprise by analyzing the propagation of the hole on the
Bethe lattice [156], displayed in Fig. 5.5 a. The Bethe lattice is a tree graph,
with each node connected to z = 4 neighbours. In Fig. 5.5 a this graph is
drawn in such a way that the origin occupies the root level l = 0, connected to
four nodes at the level l = 1 below. For l ≥ 1, all nodes at level l have three
downward and one upward edges. Since this Bethe tree has coordination
number z = 4, its edges can be mapped to left, right, forward and backward
steps on the two dimensional square lattice. This way each random walk on
the Bethe lattice can be mapped to one on the square lattice (see Fig. 5.5 b),
thus by inspecting the dynamics on the Bethe lattice we indeed obtain an
approximation for the hole propagation on the original square lattice. Note
that the mapping between the sites of the Bethe tree and the square lattice
is not bijective: different sites of the Bethe lattice can be mapped to the
same site of the square lattice. Consequently, two non-interfering paths of
the Bethe tree, ending at different sites, may be mapped to paths ending
at the same site of the square lattice, yielding an interference contribution
which is neglected in our approximation. Nevertheless, as we demonstrate
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Figure 5.5: Bethe lattice construction for hole propagation in the limit of
large spins, S → ∞. a, Bethe tree graph of coordination number z = 4,
with the hole (black) at the root level. Two interfering paths (solid black
and red dashed lines) are plotted for illustration, with a black star denoting
their endpoint. b, The pair of paths in a, mapped to the two dimensional
square lattice. This mapping always leads to equivalent paths, only differing
in self-retracing components.

below, our approach relying on the propagation on the Bethe lattice captures
the most important interference contributions in the limit S → ∞, arising
from equivalent paths.
Note that due to the simple geometry of the tree graph, the position of
the hole on the Bethe lattice keeps full information of its path up to selfretracing components, and two paths interfere if and only if their endpoints
are the same. As illustrated in Fig. 5.5, after mapping these paths to the
square lattice, we find that the dynamics on the Bethe lattice accounts for
the interference between all equivalent paths that differ only in self-retracing
components, covering most of the phase space of pairs of equivalent paths.
Note, however, that not all equivalent pairs are included in this construction,
for example the trivial path of length n = 0, and the path of length n =
12, going around a two-by-two plaquette three times, have no interfering
inverse paths on the Bethe tree. Nevertheless, such ’missing’ equivalent pairs
appear only at high orders of the Taylor expansion (5.4), thus the Bethe
lattice construction is expected to yield a good approximation for the hole
propagation for large spin S.
As two paths ending at the same site of the Bethe lattice always lead to
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the same spin permutation, the dynamics of the hole on the Bethe lattice is
completely independent of the spin environment, allowing to solve the hole’s
propagation as a single particle problem. Moreover, due to symmetry, the
wave function ψl (t) only depends on the level index l, allowing to numerically
solve the simplified Schrödinger equation
i∂t ψ0 (t) = −4 ψ1 (t),
i∂t ψl (t) = −ψl−1 (t) − 3 ψl+1 (t),

for l ≥ 1,

where we took a hopping th = 1.
Actually, the wave function ψl (t) can even be determined analytically,
yielding a somewhat complicated formula. This analytical solution is presented in the next subsection.

Analytical solution
Based on the Taylor expansion of the propagator, Eq. (5.4), we can express
the time evolution of the wave function at site j, ψjsite , in terms of random
walk paths ending at j. This expansion results in
ψjsite (t) =
(j)

∞
X

(it)k (j)
Nk ,
k=0 k!

(5.9)

where Nk denotes the number of random walks of length k, starting from the
(j)
origin and ending at site j. In order to evaluate Nk , let us redraw the Bethe
lattice in a way slightly different from Fig. 5.5. As the Bethe lattice is infinite,
and each node has a coordination number 4, we can relabel its levels in such a
way that all sites have three downward and one upward edges (see Fig. 5.6).
To avoid confusion with the original lattice, we will refer to these relabelled
levels as the depth of sites in the graph. Notice that this rearranging of
vertices does not reflect the symmetry of the wave function, however, it has
the advantage of assigning the same number of upward and downward edges
to each node, a symmetry convenient for counting the number of random
(j)
walks, Nk .
The depth of site j will be denoted by dj , with the depth of the origin
chosen to be 0, d0 = 0. Note that it is enough to calculate the wave function
for the lower branch of the tree, marked with green in Fig. 5.6, due to the
(now hidden) symmetry of the wave function.
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Figure 5.6: Bethe lattice redrawn with three downward edges for each site.
Levels are relabelled according to their depth d in the graph (dashed lines),
with the origin (black) lying at depth d = 0. Due to symmetry, it is enough
to calculate the wave function for the sites in the branch below the origin
(green). Random walks start from the origin, and they are grouped according
to the lowest depth they reach in the graph. For example, a walk visiting
depth d = −1, but not reaching depth d = −2, can end at any of the 9 sites
of depth d = 1 in the figure with equal probability. Other sites at depth
d = 1 (not shown here) can not be reached by this walker.

(j)

In order to count the number of random walks Nk , let us group the
trajectories ending at site j according to the lowest depth they reach in the
Bethe tree, −n, where n ≥ 0. As a first step, we determine the number
of random walks starting from the origin, reaching depth −n as a deepest
position, and ending at depth dj . Such random trajectories have to consist
of dj + 2n + 2m steps with some m ≥ 0. We will now count the number of
random walks for a fixed step number dj + 2n + 2m.
To end up at depth dj , the walker
 has to take dj + n + m downward
and n + m upward steps, yielding dj +2n+2m
possibilities, but not all of
n+m
these sequences correspond to random walks with lowest depth −n. First we
count the number of sequences reaching depth −n (but maybe lower depths
as well), relying on the reflection principle for random walks.
Consider an up-down sequence of length dj + 2n + 2m, reaching depth −n
and ending at depth dj (see Fig. 5.7). Look for the point where the walker
visits depth −n for the last time, and reflect the remaining part of the path
to the level of depth −n (see Fig. 5.7). This way we get a sequence ending
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Figure 5.7: Reflection principle for random walks. Bijective mapping between
random up-down sequences ending at depth dj while visiting depth −n, and
sequences ending at depth −dj − 2n, using dj = 1 and n = 2 for illustration.
Find the point when the walker headed to depth dj visits a site at depth −n
for the last time, and reflect the remaining section of the walk to the level of
depth −n. The new walk will end at depth −dj − 2n.

at depth −dj − 2n. The mapping described above is a bijective map between
sequences reaching depth −n and ending at depth dj , and sequences ending
at depth −dj − 2n, so it is enough to determine the number of the latter
random walks. Such sequences
involve m downward and dj + 2n + m upward

dj +2n+2m
steps, yielding
possibilities.
m




Knowing the number of up-down sequences reaching depth −n, dj +2n+2m
,
m
we have to subtract from this result the number of random walks visiting
depth −n − 1, to ensure that −n is the lowest depth along the path. This
way we obtain the total number of sequences ending at dj , with lowest depth
−n,
!

!

dj + 2n + 2m
dj + 2n + 2m
(dj + 2n + 2m)!
.
−
= (dj + 2n + 1)
m!(dj + 2n + m + 1)!
m
m−1
Each one of these up-down sequences involves dj + n + m downward and
n + m upward steps, leading to an additional factor of 3dj +n+m in the number
of random walks, due to the 3 downward edges at each node. These walks all
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end at depth dj , but not necessarily at site j. Since a random walk starting
from the origin and reaching lowest depth −n can reach 3n+dj different sites
at depth dj (see Fig. 5.6), the final result is
(j)

Nk =

∞ X
∞
X

δk,dj +2n+2m

n=0 m=0

1
3dj +n

3dj +n+m (dj + 2n + 1)

(dj + 2n + 2m)!
.
m!(dj + 2n + m + 1)!

Substituting this result into Eq. (5.9), and summing over all possible n
and m values leads to
∞ X
∞
X
(i t)dj +2n+2m
(dj + 2n + 2m)!
3m
ψjsite (t) =
(dj + 2n + 1)
(dj + 2n + 2m)! m! (dj + 2n + m + 1)!
n=0 m=0
√
∞
idj X
n dj + 2n + 1 Jdj +2n+1 (2 3 t)
√
= dj /2
(−1)
,
3
3n
3t
n=0
where Jdj +2n+1 denotes the Bessel function of the first kind.
If we again draw the Bethe lattice as in Fig. 5.5, the wave function only
depends on the level index l, leading to
√
∞
il X
n l + 2n + 1 Jl+2n+1 (2 3 t)
√
ψl (t) = l/2
(−1)
.
3 n=0
3n
3t

Numerical results
Having determined the wave function ψl (t), either by the numerical solution
of the Schrödinger equation, or by using the formula derived in the last
subsection, we can calculate the total transition probability of the hole to all
sites at level l. This transition probability is given by
p̃Bethe
(t) = Nl |ψl (t)|2 ,
l
with Nl = z (z − 1)l−1 denoting the number of sites at level l ≥ 1, while
N0 = 1.
We plot the average level index of the hole,
hli(t) =

∞
X

l Nl |ψl (t)|2 ,

l=0

as a function of propagation time t in Fig 5.8. We find that the interference
between equivalent paths leads to a ballistic propagation of the hole on the
Bethe lattice, with the average level index increasing as
hli(t) ∼ 2.73 t

(5.10)
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Figure 5.8: Ballistic propagation on the Bethe lattice. Average level index
of the hole hli as a function of propagation time t (symbols), compared
to ballistic propagation hli = 2.73 t (solid line). As explained in the main
text, this ballistic propagation on the Bethe lattice corresponds to diffusive
behavior on the square lattice with diffusion constant DBethe = 2.73.

for long times t  1. However, this linear growth does not result in a ballistic
propagation on the square lattice. To examine the propagation on the square
lattice, first we have to determine the RMS distance of sites on level l of the
Bethe lattice, dl , after mapping the random walk paths to the square lattice
(see Fig. 5.5).
We will calculate dl by deriving a recurrence relation between d2l and
2
dl−1 . Mapping the Bethe tree to the square lattice, the sites at level l of the
tree are mapped to the end points of all possible random walks of length l,
containing no self-retracing components. Considering such a random walk,
by symmetry we can assume that the walk begins with a step to the right.
Let (xl , yl ) denote the end point of the random walk and let (xl−1 , yl−1 )
describe the displacement of the walker during the remaining l − 1 steps.
Since xl = xl−1 + 1 and yl = yl−1 , for the mean displacements we can write
d2l = hx2l + yl2 i = d2l−1 + 1 + 2 hxl−1 i,
with hxl−1 i denoting the average number of right steps in the remaining path.
This average is non-zero, since the fourfold symmetry is broken due to the
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2
initial right step. (In contrast, note that hx2l−1 + yl−1
i = d2l−1 is still true in
spite of the symmetry breaking.)
To determine hxl−1 i, notice that the left-right symmetry is restored after
the first up- or downward step, and the remaining part of the path will not
contribute to hxl−1 i. For k < l − 1, the probability of taking k steps to the
right and then choosing the up or down direction is (1/3)k · (2/3). Adding
the probability of taking all l − 1 steps to the right, (1/3)l−1 , yields

 l−1
l−2  k

1
1
1
2 X
k
+ (l − 1)
=
1 − 3−(l−1) .
hxl−1 i =
3 k=1
3
3
2

These considerations lead to the recurrence relation
d2l = d2l−1 + 2 − 3−(l−1) ,
easily solved as

3
1 − 3−l .
2
Consequently, after mapping the random walk paths to the square lattice,
the RMS distance of sites on level l of the Bethe lattice becomes

d2l = 2l −

s

dl =

3
2l − (1 − 3−l ),
2

√
increasing as dl ∼ 2l at large distances. Comparing to Eq. (5.10), this
manifests in a diffusive propagation on the square lattice at long times,
dRMS (t) ∼

q

2DBethe t,

with a diffusion constant DBethe ≈ 2.73. Due to quantum interference between equivalent paths, this diffusion is faster than a classical two dimensional
random walk with diffusion constant Dcl = 2.
Fig. 5.9 displays the RMS distance of the hole as a function of propagation
time, for different spin environments S on the square lattice, comparing the
results to the approximation based on the dynamics on the Bethe tree. On
short time scales, before the rearrangement of spins sets in, the propagation
is always ballistic. While this ballistic behavior persists in a ferromagnetic
environment, there appears to be a crossover to diffusive propagation for
S > 0 at intermediate times [150]. The small interference contribution of
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Figure 5.9: RMS distance of the hole in different spin environments. The
RMS distance on the square lattice, Eq. (5.8), plotted as a function of
propagation time t, for different spins S = 0 (equivalent to ferromagnetic
environment, gray dashed line), S = 1/2 (red dots) and S = ∞ (blue dots).
While the propagation in a ferromagnetic environment is ballistic, for S > 0
the initial ballistic behavior seems to cross over to diffusive propagation at
intermediate times. Results are compared to our approximation relying on
the propagation on the Bethe lattice (blue dashed line), yielding a good
agreement with the dynamics of S = ∞ system. Similar time evolution
curves for S = 0, 1/2 and ∞ were already plotted in Ref. [150].

inequivalent paths, also building up spin correlations, yields a considerably
faster propagation for S = 1/2, than the propagation in an S = ∞ environment. Moreover, by comparing these results to the dynamics on the Bethe
lattice, we find that the Bethe lattice construction reproduces the RMS distance of the S = ∞ model within error bars of our simulation. Even though
our calculation is not able to reach the long time limit of the dynamics, this
good agreement suggests that hole propagation in an infinite spin environment also becomes diffusive at long times, similarly to the behavior on the
Bethe lattice.
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5.4

Summary

In this chapter we investigated how an originally disordered environment can
acquire correlations, emerging from the coherent, out of equilibrium dynamics of a single particle. By considering the dynamics of a single hole in a
two-dimensional non-interacting spin environment at infinite temperature,
we analyzed how this propagation builds up correlations between the spins,
stemming purely from quantum interference.
We have investigated the non-equilibrium dynamics of the system by combining a real time Monte Carlo simulation with analytical considerations. We
found that the entanglement in the spin environment, created by the rearrangement of spins along the path of the hole, results in dynamical spin
correlations, whereas the individual sites remain paramagnetic. In contrast
to the ferromagnetic ordering of the equilibrium Nagaoka effect, here the ferromagnetic correlations are always accompanied by antiferromagnetic ones
due to spin conservation. By classifying the possible random walk paths of
the hole based on how they permute the spins, we identified the interference
contributions responsible for the gradual build-up of these correlations. At
the same time, the same interference terms also result in a faster hole propagation in environments of small spin.
To gain more insight into the dynamics of the opposite limit of infinite
spins, we have compared the propagation of the hole on the square lattice
to the dynamics on the Bethe lattice. We found that this construction captures the most important interference contributions to the hole propagation,
providing an excellent approximation for the dynamics in a bath of infinite
spins. Our results should be experimentally accessible in ultracold atomic
settings, namely in two-dimensional Mott insulators in the strongly repulsive
regime.

Chapter 6
Conclusions
The experimental breakthrough in ultracold atomic settings allows the investigation of strong correlations and non-equilibrium dynamics in many-body
systems in unprecedented detail. Motivated by these developments, this thesis focused on the correlations in various cold atomic systems, both in and
out of equilibrium.
In Chapter 2, I studied the interplay of interaction induced quantum
fluctuations, confinement and particle number conservation, by analyzing
the momentum correlations in a two dimensional, harmonically trapped interacting Bose gas at T = 0 temperature. I demonstrated that the coherent transfer of particles between the single mode condensate and the noncondensed cloud amounts to correlations following a characteristic p-wave
structure, giving rise to an anti-correlation dip between particles of opposite
wave numbers k and −k for |k| ∼ 1/Rc , with Rc denoting the typical size
of the condensate. In contrast, the correlations inside the non-condensed
cloud, manifesting in slowly decaying correlation tails for large wave numbers |k|, |k0 |  1/Rc , display an even, d-wave-like symmetry, similar to the
correlated structure of homogeneous condensates.
This chapter relies on the following publication:
Izabella Lovas, Balázs Dóra, Eugene Demler, and Gergely Zaránd,
Quantum-fluctuation-induced time-of-flight correlations of an interacting
trapped Bose gas, Phys. Rev. A 95, 023625 (2017).
In Chapter 3, I introduced a new characterization scheme for quantum
states, relying on measuring the full distribution of the spatially resolved density of the expanding gas. I demonstrated this method on an interacting one
dimensional Bose gas in the quasi-condensate regime. In the ground state,
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I found that the finite momentum fluctuations manifest in a crossover from
exponential to a Gamma distribution upon decreasing momentum resolution. In contrast, the zero momentum particles, reflecting the fluctuations of
the quasi-condensate, follow a Gumbel distribution in the weakly interacting
limit. I showed that this Gumbel distribution remains observable at small
but finite temperatures. By studying the non-equilibrium dynamics after an
interaction quench, I demonstrated that this characterization scheme reflects
(pre-)thermalization processes by showing a crossover from a Gumbel-like
distribution to an exponential one.
This chapter is based on the following paper:
Izabella Lovas, Balázs Dóra, Eugene Demler, and Gergely Zaránd,
Full counting statistics of time-of-flight images, Phys. Rev. A 95, 053621
(2017).
In Chapter 4, I analyzed the time evolution of the entanglement entropy
at T = 0 temperature in a simple system, consisting of coupled single-mode
Bose-Einstein condensates in a double well potential. I found that this dynamics reflects the coherent oscillations of the condensates by displaying
entropy oscillations on the top of a steady entropy production on short time
scales. Turning to the long time limit of the entanglement entropy, I showed
that the time averaged entropy reaches a stationary value, in spite of the lack
of equilibration. I demonstrated that this saturated limit is well described by
a classical microcanonical ensemble, with a state spread uniformly on classical trajectories.
These results are published in the following paper:
Izabella Lovas, József Fortágh, Eugene Demler, and Gergely Zaránd,
Entanglement and entropy production in coupled single-mode Bose-Einstein
condensates, Phys. Rev. A 96, 023615 (2017).
Chapter 5 focused on investigating the fate of the quantum coherence,
transferred from a coherently moving particle to its environment. By analyzing the non-equilibrium dynamics of a hole created in a two dimensional,
non-interacting, completely disordered infinite temperature spin bath, I demonstrated that a single hole induces long-lived correlations between the surrounding spins, stemming from quantum interference effects. I have shown
that this dynamics can be understood in terms of the random walk paths of
the moving hole, and of the rearrangement of the spins along this trajectory.
I found that the spin correlations satisfy a sum rule due to the conservation
of the total spin, ensuring the build-up of both ferromagnetic and antiferromagnetic correlations. I also analyzed the propagation of the hole on a
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Bethe tree graph, allowing to obtain an approximation for the dynamics on
the square lattice in the limit of large spins.
This chapter is based on the following paper:
Márton Kanász-Nagy, Izabella Lovas, Fabian Grusdt, Daniel Greif, Markus
Greiner, and Eugene A. Demler,
Quantum correlations at infinite temperature: The dynamical Nagaoka effect,
Phys. Rev. B 96, 014303 (2017).
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Appendix A
Bogoliubov eigenfunctions
This appendix illustrates the Bogoliubov eigenfunctions, (us (x), vs (x)), for a
two-dimensional, harmonically trapped Bose gas. Fig. A.1 displays typical
examples for the radial parts of these eigenfunctions, both in real space and
in Fourier space. The condensate wave function in real space is also plotted
for comparison.
Let us first discuss the shape of these functions in real space. The anomalous component of the Bogoliubov eigenfunction, vn,m (y), stems solely from
the interaction of quasi-particles with the single-mode part of the condensate, thus its support is determined by the extension of the condensate wave
function. In contrast, the normal component un,m (y) can extend to a much
broader region, and for quasi-particle energies higher than the typical interaction energy, it converges to a harmonic oscillator eigenfunction. At the same
time, for such high energies εnm , the amplitude of the anomalous component,
vn,m (y), decreases.
Turning to the Fourier transforms of the radial parts of the eigenfunctions,
plotted in Fig. A.1 as a function of the dimensionless wave number |k| Rc , we
find that the normal component un,m (k) is quite extended in Fourier space,
involving many momenta. In contrast, the Fourier transform of the anomalous component, vn,m (k), shows a well-defined peak around wave number
kpeak . This peak originates from the oscillation of vn,m (y) in the region occupied by the single mode condensate, characterized by a well defined typical
wave number kpeak .
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Figure A.1: Radial part of Bogoliubov eigenfunctions. Left: Dimensionless
eigenfunctions in real space, Rc un,m (x) and Rc vn,m (x), plotted as
a function
q
of the dimensionless radial coordinate y = |x|/Rc , with Rc = 2µ/(m ω 2 )
denoting the typical size of the condensate. The dimensionless single-mode
condensate wave function, φ0 (y), is also shown for comparison (top panel).
The anomalous part vn,m occupies only the regime of the condensate, while
the normal part un,m can be more extended. For m 6= 0, both un,m → 0 and
vn,m → 0 at the center of the trap. Right: Dimensionless eigenfunctions in
Fourier space, un,m (k)/Rc and vn,m (k)/Rc , as a function of the dimensionless
wave number |k|Rc . The anomalous component, vn,m (k), shows a well defined
peak at wave number |kpeak |, while the normal part un,m (k) is extended in
momentum space. Indices of eigenfunctions are chosen as (n, m) = (50, 0)
(top) and (n, m) = (40, 20) (bottom), corresponding to excitation energies
ε50,0 /µ = 1.6 and ε40,20 /µ = 1.5, respectively. We used ζ −1 = 2µ/(~ω) = 100
and µRc2 /g = 1250, corresponding to N = 1962 particles and hδ N̂ i = 608.

Appendix B
Supplement to Chapter 3
B.1

Gumbel distribution

This appendix discusses how the Gumbel distribution (3.15), characterizing the quasi-condensate in the weakly interacting limit, emerges from the
structure of the Bogoliubov ground state, combined with particle number
conservation. To this end let us consider the following normalized operator,
giving the number of particles with zero momentum,
ñ0 =

n̂p=0 − hn̂p=0 i
,
δnp=0

with expectation value hn̂p=0 i, and standard deviation δnp=0 . For simplicity,
below we use periodic boundary conditions.
The derivation relies on the following relation, expressing particle number
P
conservation, n̂p=0 = N − p6=0 n̂p . The squeezed structure of the Bogoliubov
ground state implies a perfect correlation n̂p = n̂−p , predicting an exponential
distribution for the random variable (n̂p + n̂−p )/N , with expectation value
~π/(KL|p|) (see Eq. (3.14)). Allowing only discrete momenta, p = 2πn~/L,
P
the PDF of the sum p6=0 n̂p /N can be expressed as


P


X

p6=0

n̂p /N = x =

nc
Y

(2Kn)

n=1

Z ∞
0

...

Z ∞ Y
nc h
0

−2K n xn

dxn e

i

δ x−

n=1

with nc ∼ L/ξh denoting a low energy cutoff in momentum space.

107

nc
X
i=n

!

xn ,
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This PDF can be rewritten by introducing new integration variables z1 =
P c
xn as
xnc , z2 = xnc + xnc −1 , ..., and znc = nn=1


P


X

n̂p /N = x =

p6=0

(2K)nc nc !

Z ∞
0

dz1

Z ∞
z1

dz2 ...

Z ∞

dznc e−2K

znc −1

Pnc

z
n=1 n

δ (x − znc ) .

Note that the integrand here describes independent, identically distributed
random variables, subject to the constraint z1 < z2 < ... < znc , while the
factor nc ! accounts for all possible orderings of these nc variables. It follows
that the PDF we obtained is equivalent to the distribution of the maximum
of nc independent, exponentially distributed random variables, with equal
expectation values 1/(2K), explaining the emergence of the extreme value
distribution WGumbel .
For large K, the cumulative distribution function of the maximum of
independent random variables can be determined as follows,




n̂p X hn̂p i
δnp=0 
Prob (ñ0 < x) = Prob 
>
−x
N
p6=0 N
p6=0 N
X

nc
hn̂p i
δnp=0 
−x
= 1 − 1 − exp −2K 


N
p6=0 N





X hn̂p i
δnp=0 
1 − exp −nc exp −2K 
−x
.


N
N





≈



X

p6=0

As a next step we substitute into this relation the expectation value
nc
hn̂p i X
1
=
,
n=1 2Kn
p6=0 N

X

and the standard deviation originating from particle number conservation
and from the variances of the variables n̂p6=0 ,
v
u

nc
X
δnp=0 u
1
=t
N
n=1 2Kn



2

π
≈ √ .
2 6K

By taking the limit nc → ∞, we arrive at
(

π
Prob (ñ0 < x) ≈ 1 − exp − exp √ x − γ
6

!)

,
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with γ denoting the Euler constant, defined by the relation
γ = lim

nc →∞

nc
X

1
− log nc .
n=1 n

The PDF of the Gumbel distribution, Eq. (3.15), is the derivative of this
cumulative distribution function.

B.2

Joint probability density function

This section presents an expression, analogous to Eqs. (3.11) and (3.10), for
the joint PDF, Eq. (3.16). This will be achieved by calculating the momenta
hIˆ1n1 Iˆ2n2 i(t) for all n1 and n2 , where we introduced the shorthand notation
Iˆ1 ≡ IˆR1 ,∆R1 . By using Eq. (3.6), the Fourier expansion, Eq. (3.4), and the
correlator Eq. (3.7), we arrive at
Lρ
√ 0
2π

hIˆ1n1 Iˆ2n2 i(t) =
Z

...

Z 1/2 Y
n1

!n1 +n2

∆p̃n1 1 ∆p̃n2 2 ×

−1/2 i=1



exp −

+

"n 
1
X

2 L dj (t)

n2 
X
l=1

(dũl dṽl C2 (ũl , ṽl ))·

l=1

X e−ξh πj/L
j>0

n2
Y

(dui dvi C1 (ui , vi ))

i=1

jπ
jπ
cos πjui +
− cos πjvi +
2
2






jπ
jπ
− cos πjṽl +
cos πj ũl +
2
2









#2
,

with Ci (u, v) given by Eq. (3.8) with parameters Ri and ∆Ri for i = 1, 2.
As in Sec. 3.1, the quadratic sum appearing in the exponent will be decoupled by applying a Hubbard-Stratonovich transformation. By introducing
new integration variables τj for every index j, and performing the integrals
over different pairs of variables {ui , vi } and {ũl , ṽl } independently, we get
hIˆ1n1 Iˆ2n2 i(t) =

Lρ
√ 0
2π

!n1 +n2

∆p̃n1 1 ∆p̃n2 2

Z ∞ Y

2

τ
j
dτ
√ j e− 2 g1 ({τj })n1 g2 ({τj })n2 ,
−∞ j>0
2π

with gi ({τj }) given by Eq. (3.10) with parameters Ri and ∆Ri for i = 1, 2.
Comparing this result to the definition of the joint distribution, Eq. (3.16),
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leads to
W (I1 , I2 ) =
Z Z ∞ Y
−∞ j

2

dτj e−τj /2
N ∆pf1
N ∆pf2
√
δ I1 − √
g1 ({τj }) δ I2 − √
g2 ({τj }) .
2π
2π
2π
!

!

The PDF can be evaluated by performing a Monte Carlo simulation for the
normal random variables τj , and collecting the two dimensional histogram
for I1 and I2 .

Appendix C
Supplement to Chapter 4
C.1

Microwave experiments

This appendix outlines an alternative way to realize Hamiltonian (4.4), by
using different hyperfine states of the ultracold atoms in microwave experiments. Besides discussing how Hamiltonian (4.4) arises in this setup, we
briefly comment on the optimal experimental parameters for the observation
of entropy oscillations for the specific case of 87 Rb atoms.
The interactions between 87 Rb atoms can be tuned by using the two
hyperfine states |0i ≡ |F = 1, mF = 1i and |1i ≡ |F = 2, mF = −1i,
where F and mF denote the total spin of the atom and its projection to the
quantization axis, respectively [34]. These hyperfine states can be trapped in
optical dipolar traps, while the tunnel coupling can be realized by microwave
pulses. The analysis below will concentrate on an experimentally relevant
setting, with a spherically symmetric harmonic trap of trapping frequency
ν0 = 50Hz. In the weakly interacting limit the atoms condense to the ground
state of this harmonic potential,
ϕ0 (r) =

!

1
3/2

π 3/4 l0

r2
exp − 2 ,
2l0

q

where l0 = ~/(2πmν0 ) is the oscillator length. Before proceeding, note that
for stronger interactions the condensate wave function is better described by a
Thomas-Fermi profile instead of ϕ0 . However, for not too strong interactions,
a two mode approximation is still valid, and the subsequent derivation can
be repeated with minor modifications (see also the discussion at the end of
111
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the section).
By describing the short range interaction of ultracold Rb atoms with a
Dirac-delta potential, and denoting the bosonic creation operators of the
hyperfine states |0i and |1i by â†0 and â†1 , respectively, the interaction energy
can be expressed as
Ĥint =

X Uσσ0
gσσ0 Z 3
d r |ϕ0 (r)|4 â†σ â†σ0 âσ0 âσ =
â†σ â†σ0 âσ0 âσ .
2
2
σ,σ 0 =0,1
σ,σ 0 =0,1
X

Here Uσσ0 = gσσ0 /(2πl02 )3/2 , and the interaction strength gσσ0 is related to the
scattering length of the Rb atoms, aσσ0 , by [12]
gσσ0 =

4π~2
aσσ0 ,
m

with m denoting the mass of 87 Rb.
Since the bare scattering lengths of 87 Rb depend very weakly on the
hyperfine states of the atoms, all interactions are determined by a single
length scale, aσσ0 = 5.3nm. Differing interactions in different channels can
be achieved by tuning the scattering length a01 by a Feshbach resonance,
modifying it by as much as ∆a01 = 0.1 a00 = 0.53nm [131]. Introducing the
average interaction strength U = (U00 + U01 )/2, and the difference ∆U =
U00 − U01 , the interaction energy can be expressed as
Ĥint =

U
U00 2
(N̂0 − N̂0 + N̂12 − N̂1 ) + U01 N̂0 N̂1 = N 2 + ∆U Ŝz2 .
2
2

Here N̂i = â†i âi for i = 0, 1, N = N̂0 + N̂1 is the total particle number,
and the spin operator is defined as Ŝz = (N̂0 − N̂1 )/2. Since U N 2 /2 is just
a redundant energy shift for a closed system, we arrive at the same form
as the interaction term in Hamiltonian (4.4), with interaction strength ∆U
determined by the difference of scattering lengths a00 − a01 .
The tunnel coupling of the hyperfine states |0i and |1i can be realized
through a two photon transition, with a detuned microwave pulse coupling
|0i to an intermediate state |F = 2, mF = 0i, coupled to the final state |1i
by a radiofrequency transition [113]. This two photon transition results in a
hopping term −J(â†0 â1 + â†1 â0 ), thus together with the interaction energy we
recover Hamiltonian (4.4).
Observing the dynamics of the entropy in the vicinity of the self-trapping
transition requires strong enough interactions and therefore relatively strong
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confinement. The trap frequency ν0 = 50Hz, together with typical scattering
length difference a00 − a01 = 0.1 a00 = 0.53nm, leads to ∆U/h = 0.014Hz,
resulting in ∆U N/h = 30Hz for atom numbers in the range of N ∼ 2000. A
moderate semiclassical parameter above the critical value, α ∼ 2, corresponds
to J/h = 7Hz, yielding a typical time scale of entropy oscillations and entropy
generation for a maximally polarized initial state, |Ŝz = N/2i, around t ∼
70ms. This is much shorter than the lifetime of a condensate, and also
much shorter than the coherence time of superposition states [112, 132–134],
allowing the observation of entropy oscillations on experimentally realistic
time scales.
As a final remark, note that for the parameters above U  ∆U implies
N U /h  ν0 . These strong interactions tend to broaden the condensate
wave function, ϕ0 , to reduce the interaction energy of the system. As a
result, the single mode condensate is better approximated by a ThomasFermi profile than by the ground state of the trapping potential. The twomode approximation with this modified wave function results in a slightly
smaller interaction parameter, ∆U N/h ≈ 9Hz, for N ∼ 2000 atoms. For
α ∼ 2 and a maximally polarized initial state Ŝz = N/2, this corresponds to
entropy oscillations on a still realistic time scale, t ∼ 200ms.

C.2

Classical microcanonical distribution
of Ωz

This appendix outlines the derivation of the continuous distribution P (Ωz )
used in Eq. (4.19), arising from a microcanonical description, by assuming
~ is distributed uniformly along the trajectory selected by the initial
that Ω
~ = (sin θ, 0, cos θ). The projection of this classical trajectory to the
state Ω
x − y plane is a circle, given by


Ωx +

1
α

2

+ Ω2y = rθ2 ,

with rθ = | sin θ + 1/α|. This leads to a convenient parametrization of the
trajectory by an angle χ,


1
~
Ω(χ)
= rθ cos χ − , rθ sin χ,
α

s



1
2rθ
1 − rθ2 − 2 +
cos χ .
α
α
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This parametrization leads to the following expression for the length of a
small arc segment, ∆s,
~
∆s = |∂χ Ω(χ)|∆χ,
~
~
with |∂χ Ω(χ)|
denoting the length of the tangent vector ∂χ Ω(χ).
Assuming
~
a uniform distribution along the curve, Ω points to this segment with probability ∆s/s0 , where s0 is the total length of the trajectory. The resulting
distribution P (χ) for parameter χ is given by
1
∆s
~
⇒ P (χ) = |∂χ Ω(χ)|.
s0
s0
This can be converted to a distribution for Ωz by using
P (χ)∆χ =

∂Ωz
P (Ωz ) = 2P (χ)
∂χ

!−1

,
χ(Ωz )

where χ(Ωz ) denotes the inverse function of Ωz (χ), and the factor 2 accounts
for the symmetry Ωz (χ) = Ωz (−χ).
By expressing P (Ωz ) as a function of parameter α and initial condition
θ, we arrive at
v
u

2u
1+
P (Ωz ) = u
s0 u
t

α2 Ω2z
α
1−
(Ω2 − cos2 θ) + sgn(sin θ + 1/α)
2rθ z


2 ,

with sgn denoting the sign function. The correct normalization of the distribution is ensured by dividing with the length of the trajectory, s0 ,
Z Ωmax
z
Ωmin
z

dΩz P (Ωz ) = 1.

max
The support of the distribution, (Ωmin
), is different on the two sides of
z , Ωz
the self-trapping transition. In the non-trapped regime it is given by
max
(Ωmin
) = (− cos θ, cos θ),
z , Ωz

while for a self-trapped state
s

Ωmin
=
z

cos2 θ −
s

Ωmin
=
z

cos2 θ +

2
(rθ + sin θ + 1/α),
α
2
(rθ + sin θ + 1/α).
α
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