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Introduction

The market share of service robots is the fastest growing sector according to the past
statistics and near future prognostication of the Japan Robotics Association (see Fig.
1). Most of the robots are open-chain manipulators within the manufacturing
industry, while in the service robotics sector, mobile robotics is the greatest
discipline.

Fig. 1. Statistics and prognostication of the exponentially growing service
robotics sector
The reach capabilities of mobile robots are strongly depending on the applied
kinematic scheme, especially in non-industrial environments. In households, the
robots should be able to go all the places where people can go in order to perform
tasks in different locations. From strictly this point of view, legged mobile robots
would be perfect solutions. However, using mechanical limbs for movement has
many other disadvantages compared to wheeled mobile robots: much higher
complexity, energy consumption and costs. Moreover, the current state of the art of
walking robots is far from feasible applications.
This has led the market to deal with the other restrictions of wheeled mobile
robots by adjusting the working environment to be compliant with rolling wheels.
However, the earlier (non-holonomic) drive schemas - like differential drive - have
still too much kinematic restrictions to be useful in human environment. The
unskillful motion capabilities are not just restricting the robot in solving tasks, but
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their social adaptivity and human interaction is also weak: Ethologists state a
hypothesis that same moving and “looking” into the same direction (path driven
orientation) makes the mobile robot’s movement artificial [1]. It is also hard for
people to assume the upcoming motion state of these robots, as they just start, stop
and turn immediately without any indication before.
Holonomic mobile robots can be driven in any translational direction, independently
of the current orientation or continuous rotation of the robot posture. This advantage
makes the holonomic drive schemas a suitable trade-off between complicated legged
robots and non-holonomic mobile robots.
1.1

Goal of the research

Although the first holonomic wheel was patented in 1919, holonomic drive schemas
appeared only about three decades ago in mobile robotics. Still, their widespread
application was restricted due to two major drawbacks: The small rollers on the
circumference of the omnidirectional wheels are not suitable for rough and soft
terrains, either. While on hard surface, intense wheel slip is a common problem
compared to traditional wheel based drives. The lack of dynamical properties of
these types of robots is an active research area in the field of robotics.
In general, most trajectory generators and path planners handle the capabilities of
holonomic robots as direction-independent constants. However, the maximum
velocity and acceleration of these types of robots is strongly direction-dependent.
The Kamm circle (or friction circle) model is a common approach for the dynamical
modelling of planar wheeled mobile robots or vehicles. This method is not effective
if applied to the robot (or vehicle) body for modelling omniwheeled drive schemas,
as it is also direction-independent.
The aim of this research is to describe the direction-dependent kinematics and
dynamics, and to present a feasible method to avoid wheel slip while the immanent
characteristics of the robot remain utilized. Thus robot applicability can be enhanced
and the robot design process is assisted by the exact knowledge of probable
dynamical characteristics.
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State of the art

Most of the direction-independent path and trajectory generation methods apply
different simple methods based on intuitive approaches for limiting velocity and
acceleration. E.g. the common friction circle theory applied to the whole robot body
limits the sum of the second power of linearly independent acceleration vector
components, restricting the maximum length of the vector. These kinds of
approximations are partial solutions in case of direction-dependent omniwheeled
robots and are not within the scope of this work. Therefore, the review of the state
of the art mostly expounds direction-dependent theories focused on kinematic
constraints, the traction of the wheels, the maximum torque of driving motors, and
possible tip-over situations.
Omniwheeled robots appeared in the scope of science in 1994 [2]. One year later,
the traction of the wheels was described by planar dynamic modelling [3]. There are
many other papers discussing the wheel slip of omniwheeled robots [4]–[29], using
planar modelling according to three generalized coordinates (x-y directional linear
movement, and z directional rotation). These kinds of solutions neglect the distinct
load forces on the wheels during acceleration.
The direction-dependent permissible controls of three-wheeled omnidirectional
robots were first displayed in 2003 on a 3D diagram according to the three
generalized coordinates of the robot posture [12]. This visualizing solution, which is
based on linear transformation, was applied later for displaying kinematic and
dynamic limits [9], [30].
In parallel with the continuous development of relevant theories, the hardware and
software architectures of robot control have also evolved by the spread of mobile
robots [31], [32]. This gave rise to the necessity of methods which not just handle
physical characteristics but also conform to current – mostly decentralized –
common control architectures. In practice, the operation of mobile robot control
architectures is different from the trajectory generation point of view. In case of
industrial robotics, time optimal trajectory generation has an important role, while
in case of mobile robotics, continuous operation is mostly driven by frequent
perception-action cycles instead of following a fixed trajectory as fast as possible.
Therefore, mobile robot control software platforms do not generate the whole path
from the starting point to the goal, they only calculate a different velocity vector in

5

every small cycle [33], [34]. These kinds of algorithms are most likely to be
implemented around a cyclic state machine, which makes a decision in every cycle
according to the states of the last cycle and the current input (sensory) data. This
means that there is no classic trajectory generation as in case of industrial machines.
The above reasons imply that it is possible and useful to develop a control algorithm
which informs the path planner and trajectory generator about the possible maximum
velocity and acceleration in the actual and/or in the desired direction. In order to
implement this control scheme, extensive knowledge of the kinematic and dynamic
characteristics of holonomic mobile robots is needed, also to be verified by
measurements.
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Research methodology

The 3-wheeled, omnidirectional drive or so-called kiwi drive is in the main focus of
my research. The velocity and acceleration state of the robot body is described in the
robot-coordinate system, which is fixed to the geometric center in the x-y directions
and fixed to the floor in vertical direction (see Fig. 2).

z

x

y

Fig. 2. 3-wheeled, omnidirectional kiwi drive
I investigated the kinematic and dynamic characteristics of this type of robots by
calculating the phase spaces of the (generalized coordinate) variables. The
advantages of this method include 3D visualization in the same scale and a
coordinate system of different planar driving schemas that moves along only three
degrees of freedom.
3.1

Kinematic phase space

In case of kinematic investigations, generalized coordinates consist of two
(horizontal) directional linear velocities and vertical angular velocity. The kinematic
phase space is a closed volume representing all possible values of the vector
mentioned before. I calculated the kinematic phase space of the robot (Fig. 3)
according to the linear inverse kinematic equations and the maximum velocity of
driving wheels.
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Fig. 3. Kinematic phase space of the kiwi drive robot which displays the set of
allowed velocity vectors
The resulting shape is volumetric, as robot kinematics is holonomic. Moreover, it
clearly shows that the length of the generalized velocity vector depends on direction,
that is, the direction of actual robot movement.
It is noticeable that the top view cross section, which belongs to zero angular
velocity, is a regular hexagon. Therefore, if the robot moves along a given direction
without rotating, then it can move in the opposite direction with the same velocity
(without rotating). It will be shown in the following that this symmetry does not exist
in case of the acceleration phase space.
3.2

Dynamic phase space

In case of dynamic phase space, the generalized coordinates are changed to linear
and angular accelerations, respectively. To calculate the real shape of the
acceleration phase space, the consideration of more boundary conditions is
mandatory, including wheel slip, available motor torques, and the possible tip-over
of the robot.
In the previous relevant scientific literature, the acceleration phase space (or
acceleration cone) based on the maximum traction of the wheels was derived by
assuming equal load distribution on the wheels, which formed the same type of shape
as the velocity phase space (see Fig. 3). However, this model seemed significantly

8

inaccurate during the first tests performed with robots. The root cause is that in case
of a real robot, the center of gravity (CoG) is significantly above the traction point
of the wheels. The effect of this vertical misalignment is that load distribution is not
constant on the wheels, and it is the function of the actual acceleration state.
Considering these phenomena, the acceleration phase space is distorted – depending
on the position of the CoG – according to Fig. 4.

Fig. 4. Dynamic phase space of the kiwi drive robot, displaying the set of
allowed acceleration vectors in which case wheel slip is avoided
The shape of the phase space is different, hence the allowed maximum acceleration
is also different compared to the previous models which neglect the vertical position
of the CoG. It can be noticed that the top view of the cross section which belongs to
zero angular acceleration is asymmetric, and the regular hexagon is distorted.
According to this asymmetry, the maximum linear accelerations in the opposite
directions are not equal. The distortion of the cross-section and its dependence on
the vertical position of the CoG can be observed in Fig. 5.

(a)
(b)
(c)
Fig. 5. Top view of the phase space cross-sections, belonging to zero angular
acceleration in case of lower (a) and higher (c) positions of the CoG
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The model is verified by experimental wheel slip tests using Ethon robots (Fig. 6/a).
The result is shown in Fig. 6/b, which reveals a strong linear correlation (0.89) with
the model by comparing them as the scalar function of vector lengths depending on
the direction.

(a)
(b)
Fig. 6. The experimental Ethon robot (a) and the measurement result (dotted
line) and the model (continuous line) of its linear acceleration phase space
According the introduction above, it can be accepted that the velocity and
acceleration phase spaces of generalized coordinates and their visualization
constitute a reasonable method to analyze or compare the mechanical capabilities of
planar mobile robots with three degrees of freedom.
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Summary of the results and Thesis

In the following, I summarize the novel, applicable results, which were developed
during the detailed investigations of kinematic and dynamic phase spaces.
If the top view of the velocity phase space is investigated (Fig. 7), it can be noticed
that there are motion states where the robot can reach higher linear velocities if its
angular velocity is not zero, thus the robot rotates during horizontal motion.
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Fig. 7. 3D (a) and bottom view (b) of the velocity phase space. The bold
contoured hexagon shows maximum linear velocity when angular acceleration is
zero. Black vectors mark maximum linear velocities in case of zero angular
velocity, while the dashed vector is the maximum linear velocity vector when
angular velocity is unconstrained.
The relative lengths of the corresponding linear velocity vectors (3) can be calculated
by using the Jacobian form of kinematics (1) and by constraining maximum drive
directional velocities (2).
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It can be calculated that maximum linear velocity is 15.47% higher in case non-zero
angular velocity is accepted. This statement led to the investigation whether the robot
can reach a nearby goal position within a shorter duration by driving it along a longer
circular path instead of the shortest straight path.
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Thesis 1
Performing a movement between two positions takes less time for a 3-wheeled
omnidirectional kiwi drive robot if it moves along a circular path in cases when
the linear distance between the two positions is less than six times the radius of
the circle coincident with the wheels.
Publications in connection with the above thesis: [P1, P2, P4-P9, P20]
Background explanation
By using the previously calculated higher relative velocity and the length of the
corresponding circular path, the marginal utility of the curved path compared to the
straight can be derived:
̅̅̅̅ < 8𝑟 ∙ sin (𝛼) ≈ 6.34 𝑟
𝑆𝐺

(4)

2

̅̅̅̅ is the linear distance between the Start (S) and the Goal (G) positions, r
where: 𝑆𝐺
is the radius of the circle coincident with the wheels, and α is the positive, nonzero
solution of the following equation:
𝛼

4 sin ( ) = √3 𝛼
2

𝛼 ≈ 1.83 [rad]

(5)

The corresponding motion state and the used notations are shown in Fig. 8.
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Fig. 8. Actual velocities in case of the circular path which is faster than the
straight one, and the applied notations
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Practical application
The Ethon robot (r = 30 cm) used for experimental measurements can reduce the
travel time by 10% of the original time along a one meter long distance.

During my research, experience with different robot geometries showed that the
acceleration limits of some robots are more sensitive to direction, while others’ are
more robust. This initiated the elaboration of a generic unidirectionality quotient
which conforms to mobile robotics driven objectives.
Thesis 2
The unidirectionality of the kinematic and the dynamic capabilities of any
planar wheeled mobile robot can be described by a scalar indicator by using
the isoperimetric quotient applied to the closed volume of the velocity and to
the acceleration phase spaces, respectively.
1

Ψ=

2

𝜋3 (6𝑉𝑝 )3

(6)

𝐴𝑝

where  is the isoperimetric ratio normalized to sphere; and Vp and Ap are the volume
and surface area of the measured phase space, respectively.
Publications in connection with the above thesis: [P1-P3, P5, P10-P19]
Background explanation
The isoperimetric quotient is mostly applied in the field of geology, in cases where
the sphericity of a stone needs to be determined, thus it can be assumed that
significant erosion has taken place in its location. The principle of the isoperimetric
quotient is that the sphere has the highest volume per surface area ratio and all other
shapes have lower ratios. The isoperimetric ratio normalized to sphere yields a value
of 1 in case of a sphere, and lower values in case of all different closed volumes.
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The isoperimetric ratio normalized to sphere has the following advantageous
characteristics, which enable it to give a comparable performance measure of the
direction independency of holonomic mobile robots:







Dimensionless number between 0 and 1, where a higher value represents a
more direction-independent robot.
The volume is zero in case of surfaces, therefore it yields a value of zero
for all non-holonomic kinematics, while
It yields 1 for absolute unidirectional (direction-independent) cases.
It can be applied to all planar wheeled mobile robots, as they have two or
three dimensional phase spaces.
It is independent of scale and orientation.
It is not overly dependent on some extreme point of the phase space, as
these points can hardly be used for trajectory planning.

Practical application
The isoperimetric ratio is a generic and objective indicator, applicable to all types of
planar wheeled mobile robots and it represents the direction independency of the
motion capabilities of the robot.
In practice, the value of the isoperimetric ratio of the (wheel slip based) acceleration
phase space of a 3-wheeled kiwi drive platform is between 0.6 and 0.8. The robot
can be considered as strongly direction-dependent in the lower portion of the
interval, under 0.7. In this case, the maximum deviation of the maximum length of
the velocity or acceleration vector is over 50%.
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Having found out the above, during the investigation of the distortion of the wheel
slip constrained acceleration phase space caused by the height of the CoG in
connection with unidirectionality, I derived the following correspondence:
Thesis 3
The unidirectionality of the wheel slip constrained maximum acceleration of a
3-wheeled omnidirectional kiwi drive robot monotonically increases when the
height of the center of gravity decreases, but never reaches the sphericity of a
regular hexahedron.
1

lim (Ψ𝑓 (ℎ)) = lim (

ℎ→0

ℎ→0

3 𝜋

Ψ𝑓 (ℎ) < √ ,
6

2

𝜋3 (6𝑉𝑝 (ℎ))3
𝐴𝑝 (ℎ)

1

) =

2

𝜋3 (6𝑎3 )3
6𝑎2

3 𝜋

= √ ≈ 0.806
6

{ℎ ∈ 𝐑 | ℎ > 0}

(7)

(8)

where h is the (positive, non-zero) height of the CoG, measured to the ground, Ψ𝑓 is
the unidirectionality of wheel slip constrained maximum acceleration, Vp and Ap are
respectively the volume and surface area of the wheel slip constrained acceleration
phase-space, and a is the length of a regular hexahedron (positive, non-zero, scalar
value).
Publications in connection with the above thesis: [P1, P2, P11-P13, P16-P20]
Background explanation
The distinct load forces on the wheels and their effect are the function of the height
of the CoG measured from the ground, where the negligence of the changing load
forces corresponds to the zero height of the CoG. This simplification causes the same
cubical shape as in case of the velocity space [9], see Fig. 9/a, in which the top view
cross section at zero angular acceleration is a regular hexagon. As the height of the
CoG is increasing, the original hexahedron is being distorted continuously (Fig. 9/b).
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(a)
(b)
Fig. 9. Wheel slip based acceleration phase spaces of the robot in case of
neglecting (a) and considering (b) the effect of the CoG height.
I have investigated the correspondence between the distortion and the direction
independency by running numerical calculations, where the isoperimetric quotient
was calculated according to the 2nd thesis in case of different heights of the CoG (see
Fig. 10).

Fig. 10. Unidirectionality as the function of CoG height (Ψf ), maximum error
(εmax ) and linear correlation (R) of vector length compared to the case of zero
CoG height. r is the radius of the circle coincident with the wheels.
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During simulation, the maximum relative error, εmax(h) and the linear correlation
R(h) were also calculated, compared to the model which neglects the height of the
CoG.
The result proves that direction independency decreases as the height of the CoG
increases. Furthermore, it can be observed that the generic unidirectionality quotient
starts to decrease asymptotically from the value of the isoperimetric ratio of the
regular hexahedron (approximate: 0.806).
Practical application
In practice, the maximum relative error ( εmax) is over ±25% when the height of the
CoG (h) is higher than the diameter of the circle coincident with the wheels (2r)
compared to the model which neglects the vertical position of the CoG. In this case
(h > 2r), the wheels can slip irregularly and it is recommended to use a model which
handles the effect of the vertical position of the CoG. Therefore, wheel slip can be
avoided in a way that the immanent characteristics of acceleration capabilities
remain utilized by allowing higher accelerations in favorable directions.
According to the above evaluation, the calculated value of unidirectionality assists
decisions on a possible simplification – or maybe the absolute negligence – of the
direction-dependent model which is used for controlling robot motion.
In order to assist the applicability of the dynamic model above, a C++
implementation is shared, based on the open source Robot Operating System (ROS).
The algorithm can be parametrized by simple measurements, without the necessity
of any special equipment.
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Also by using this model, a Matlab application user interface was developed in order
to evaluate wheel slip, motor torque and tip-over based acceleration spaces. The
application can also visualize the intersection of the three different vector sets,
presenting the overall acceleration capabilities of a kiwi drive based mobile robot.
The unidirectionality (isoperimetric ratio) of closed phase spaces (wheel slip and tipover) is calculated by using the Alpha shape of the original plot. The automatically
generated Alpha shape can be visualized over the original color plot by setting a
checkbox. The Graphical User Interface (GUI) of the application is shown in Fig.
11.

Fig. 11. Matlab application for assisting the robot design process
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