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This work has been supported by the ÚNKP-16-3-I. New National Excellence Program of
the Ministry of Human Capacities.

The research leading to these results has received funding from the European Research
Council under the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC
Advanced Grant Agreement n. 340889.

iii





Contents

1 Introduction1 Introduction 1
1.1 Outline of the thesis1.1 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Mathematical background1.2 Mathematical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

2 Engineering Application of Finite Spectrum Assignment2 Engineering Application of Finite Spectrum Assignment 4
2.1 Theory of Finite Spectrum Assignment2.1 Theory of Finite Spectrum Assignment . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Concept of Finite Spectrum Assignment2.1.1 Concept of Finite Spectrum Assignment . . . . . . . . . . . . . . . . . . . 5
2.1.2 Robustness to parameter mismatches2.1.2 Robustness to parameter mismatches . . . . . . . . . . . . . . . . . . . . . 6
2.1.3 Robustness to implementation inaccuracies2.1.3 Robustness to implementation inaccuracies . . . . . . . . . . . . . . . . . 7
2.1.4 Application of a digital controller2.1.4 Application of a digital controller . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Stabilization of an inverted pendulum by FSA2.2 Stabilization of an inverted pendulum by FSA . . . . . . . . . . . . . . . . . . . . 10
2.2.1 Stability of the ideal closed-loop system2.2.1 Stability of the ideal closed-loop system . . . . . . . . . . . . . . . . . . . 11
2.2.2 Stability of the associated functional difference equation2.2.2 Stability of the associated functional difference equation . . . . . . . . . . 12
2.2.3 Robust stability condition2.2.3 Robust stability condition . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.4 Effect of parameter mismatches2.2.4 Effect of parameter mismatches . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2.5 Stabilizability of the inverted pendulum2.2.5 Stabilizability of the inverted pendulum . . . . . . . . . . . . . . . . . . . 15

2.3 New results2.3 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Predictors in Connected Cruise Control3 Predictors in Connected Cruise Control 18
3.1 Strategies for cruise control3.1 Strategies for cruise control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.2 Connected cruise control3.2 Connected cruise control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.1 Application of a digital controller3.2.1 Application of a digital controller . . . . . . . . . . . . . . . . . . . . . . . 20
3.2.2 Stability analysis3.2.2 Stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3 Packet losses in vehicle-to-vehicle communication3.3 Packet losses in vehicle-to-vehicle communication . . . . . . . . . . . . . . . . . . 25
3.3.1 Discrete-time map3.3.1 Discrete-time map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3.2 Stability analysis3.3.2 Stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.4 Compensation of packet losses via predictors3.4 Compensation of packet losses via predictors . . . . . . . . . . . . . . . . . . . . 29
3.4.1 Predictor concept3.4.1 Predictor concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.4.2 Stability analysis3.4.2 Stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.5 Compensation of the processing delay via predictors3.5 Compensation of the processing delay via predictors . . . . . . . . . . . . . . . . 32
3.5.1 Predictor concept3.5.1 Predictor concept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.5.2 Stability analysis3.5.2 Stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.5.3 Effect of packet losses3.5.3 Effect of packet losses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.5.4 Combination of the two predictors3.5.4 Combination of the two predictors . . . . . . . . . . . . . . . . . . . . . . 36

3.6 New results3.6 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Nonlinear Machine Tool Vibrations in Turning4 Nonlinear Machine Tool Vibrations in Turning 39
4.1 Preliminaries4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1.1 Nonlinear mechanical model of turning4.1.1 Nonlinear mechanical model of turning . . . . . . . . . . . . . . . . . . . . 40
4.1.2 Form of the governing equations4.1.2 Form of the governing equations . . . . . . . . . . . . . . . . . . . . . . . 42
4.1.3 Linear stability analysis4.1.3 Linear stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.2 Analysis of Hopf bifurcation4.2 Analysis of Hopf bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.2.1 Normal form of Hopf bifurcation4.2.1 Normal form of Hopf bifurcation . . . . . . . . . . . . . . . . . . . . . . . 44
4.2.2 Higher-order estimation of the amplitude of the periodic orbit4.2.2 Higher-order estimation of the amplitude of the periodic orbit . . . . . . . 46
4.2.3 Region of bistability4.2.3 Region of bistability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

v



vi Contents

4.3 Analysis of double Hopf bifurcation4.3 Analysis of double Hopf bifurcation . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3.1 Center manifold reduction4.3.1 Center manifold reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 50
4.3.2 Normal form calculations4.3.2 Normal form calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.3.3 Phase portraits and topologies4.3.3 Phase portraits and topologies . . . . . . . . . . . . . . . . . . . . . . . . 55
4.3.4 Region of bistability4.3.4 Region of bistability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

4.4 Extension to higher-order nonlinearities4.4 Extension to higher-order nonlinearities . . . . . . . . . . . . . . . . . . . . . . . 61
4.4.1 Method of averaging4.4.1 Method of averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.4.2 Amplitude of the limit cycle4.4.2 Amplitude of the limit cycle . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.4.3 Region of bistability4.4.3 Region of bistability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.5 New results4.5 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5 Analysis of Low-Speed Turning Processes5 Analysis of Low-Speed Turning Processes 67
5.1 Mechanical models for low cutting speeds5.1 Mechanical models for low cutting speeds . . . . . . . . . . . . . . . . . . . . . . 67

5.1.1 Process damping5.1.1 Process damping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2 Distributed delay model5.2 Distributed delay model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2.1 Mechanical model with distributed cutting force5.2.1 Mechanical model with distributed cutting force . . . . . . . . . . . . . . 69
5.2.2 Linear stability analysis5.2.2 Linear stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
5.2.3 Center manifold reduction5.2.3 Center manifold reduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2.4 Normal form calculations5.2.4 Normal form calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.2.5 Region of bistability5.2.5 Region of bistability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.3 State-dependent delay model5.3 State-dependent delay model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.3.1 Contact length variation and mechanical model5.3.1 Contact length variation and mechanical model . . . . . . . . . . . . . . . 77
5.3.2 Associated linear system5.3.2 Associated linear system . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.3.3 Nonlinear dynamics5.3.3 Nonlinear dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.4 New results5.4 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

6 Machine Tool Vibrations in Low-Speed Milling6 Machine Tool Vibrations in Low-Speed Milling 84
6.1 Standard milling model6.1 Standard milling model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.1.1 Cutting force expression6.1.1 Cutting force expression . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.1.2 Linearization6.1.2 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.2 Milling model with velocity-dependent cutting force6.2 Milling model with velocity-dependent cutting force . . . . . . . . . . . . . . . . 87
6.2.1 Linearization6.2.1 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.2.2 Stability lobe diagrams6.2.2 Stability lobe diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
6.2.3 Geometric illustration of the process damping force6.2.3 Geometric illustration of the process damping force . . . . . . . . . . . . . 91

6.3 Short regenerative effect in milling6.3 Short regenerative effect in milling . . . . . . . . . . . . . . . . . . . . . . . . . . 92
6.3.1 Mechanical model with distributed cutting force6.3.1 Mechanical model with distributed cutting force . . . . . . . . . . . . . . 92
6.3.2 Linearization6.3.2 Linearization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
6.3.3 Stability lobe diagrams6.3.3 Stability lobe diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

6.4 New results6.4 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

A Finite Spectrum AssignmentA Finite Spectrum Assignment 99
A.1 Auxiliary formulasA.1 Auxiliary formulas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
A.2 Analysis of the PDA controllerA.2 Analysis of the PDA controller . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

B Connected Cruise ControlB Connected Cruise Control 102
B.1 Derivation of the critical sampling periodB.1 Derivation of the critical sampling period . . . . . . . . . . . . . . . . . . . . . . 102

C Nonlinear Analysis of TurningC Nonlinear Analysis of Turning 103
C.1 Expressions for the normal form coefficients of Hopf bifurcationC.1 Expressions for the normal form coefficients of Hopf bifurcation . . . . . . . . . . 103
C.2 Auxiliary formulas for the analysis of double Hopf bifurcationC.2 Auxiliary formulas for the analysis of double Hopf bifurcation . . . . . . . . . . . 103
C.3 Auxiliary formulas for the method of averagingC.3 Auxiliary formulas for the method of averaging . . . . . . . . . . . . . . . . . . . 105



Chapter 1

Introduction

Time delays appear in many fields of science and engineering, where the evolution of dynamical
systems is affected by their past states due to some kind of memory effect [11]. Examples include
neural networks [22], human balancing [33, 44], population dynamics [55, 66], epidemiology [77, 88],
market dynamics [99], classical electrodynamics [1010], control theory [1111], car following traffic
models [1212], wheel shimmy [1313, 1414], and machine tool vibrations [1515, 1616], just to mention a
few. Time delays are often considered to be a source of unstable behavior and typically lead
to undesired oscillations in engineering systems. Therefore, investigating the dynamics of time-
delay systems is a highly important task in engineering.

This thesis is dedicated to the analysis of engineering systems where different kinds of time
delays occur. Two main kinds of delays can be distinguished: point delay and distributed delay.
Point delays arise when the evolution of the system is affected by its state at certain instants of
time in the past. Whereas distributed delays occur when the dynamics is determined by past
states over whole intervals of time. The length of the time delay may be constant, or time-
dependent, or may even depend on the state of the dynamical system. In this thesis, all these
kinds of delays are considered through examples related to engineering applications. The thesis
contributes to the state-of-the-art literature by extending the analysis of existing time-delay
models, as well as by considering new dynamical models with time delays, including cases that
rarely show up in the literature such as time-periodic and state-dependent distributed delays.

1.1 Outline of the thesis

The chapters of this thesis discuss various engineering problems that include time delays. There-
fore, different nomenclature is used in each chapter, while the overview of the literature on the
various engineering applications is given at the beginning of each chapter.

Chapter 22 considers the first engineering application, which is the stabilization of unstable
systems via control loops that include feedback delays. In order to compensate the destabilizing
effect of time delays, a predictor feedback control strategy called Finite Spectrum Assignment
is investigated. As a simple example, the stabilization of an inverted pendulum is discussed in
detail. This model has significance in understanding human balancing and motor control, where
the human reaction delay plays an important role.

The topic of Chap. 33 is the dynamics of vehicular traffic and the control of autonomous vehi-
cles. Here, the concept called Connected Cruise Control is investigated, where the participants
of vehicular traffic send information about their motion to each other via wireless vehicle-to-
vehicle communication. This enables the vehicles to control their motion such that the safety
and mobility of the traffic flow is improved. However, the communication is intermittent and re-
quires a certain amount time, which introduces time delays into the control loops. The negative
effect of time delays on the safety and mobility is analyzed, and, a predictor feedback control
strategy is proposed to compensate the time delay based on Chap. 22.

The remaining chapters are dedicated to the analysis of machine tool vibrations in metal
cutting. In cutting processes, time delays inherently occur without being artificially introduced
by feedback loops. Namely, the vibrations of the tool-workpiece system are memorized by being
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2 Chapter 1. Introduction

copied onto the machined surface during cutting. Thus, the behavior over the next cut depends
on the vibrations that took place in the previous cut, which implies the occurrence of time
delay. Chapter 44 is dedicated to the analysis of turning operations, with special attention to
their nonlinear dynamics. Chapter 55 discusses turning processes that use low cutting speeds,
where more sophisticated cutting force models are required for an accurate prediction of machine
tool vibrations. Chapter 66 is devoted to low-speed milling models.

The engineering applications in this thesis include linear and nonlinear, autonomous and
time-periodic continuous-time dynamical systems as well, with different kinds of delays. In
Chap. 22, linear autonomous systems are analyzed where constant point and distributed delays
occur. Chapter 33 considers the linear analysis of systems with certain time-periodic point delays,
which can be converted into autonomous discrete-time systems. In Chap. 44, the analysis of
nonlinear autonomous systems with constant point delays is discussed. The nonlinear analysis
is extended to constant and state-dependent distributed delays in Chap. 55. Finally, linear time-
periodic systems with constant point delays and time-periodic distributed delays are considered
in Chap. 66. Although the physics of these systems – human balancing, vehicular traffic, and
metal cutting – is quite different, the underlying mathematical description and the tools of
analysis are similar, which links the chapters of this work together.

1.2 Mathematical background

Mathematically, dynamical systems are typically described by differential equations. Delay-free
systems are often associated with ordinary differential equations (ODEs) of the form

ẋ(t) = f(t,x(t)) . (1.1)

Here, x(t) denotes the state of the system at time t and dot represents derivation with respect
to time. The rate of change of the state ẋ(t) is affected by the present value x(t) of the state.

Time-delay systems are described by functional differential equations (FDEs) that have three
different types: retarded, neutral, and advanced. Retarded functional differential equations
(RFDEs) are also called as delay-differential equations (DDEs) in engineering terminology. Here,
the rate of change of state depends on past states in the form

ẋ(t) = f(t,x(t+ ϑ)) , ϑ ∈ [−τ, 0] , (1.2)

where τ > 0 is the length of the time delay. In neutral functional differential equations (NFDEs),
the rate of change of state depends on its own past values as well:

ẋ(t) = f(t,x(t+ ϑ), ẋ(t+ ϑ)) , ϑ ∈ [−τ, 0] . (1.3)

Whereas in advanced functional differential equations (AFDEs), past values of higher derivatives
also appear on the right-hand side, for example as

ẋ(t) = f(t,x(t+ ϑ), ẋ(t+ ϑ), ẍ(t+ ϑ)) , ϑ ∈ [−τ, 0] . (1.4)

RFDEs appear in all chapters of this thesis, NFDEs are considered only in Chap. 22, while AFDEs
are out of scope of this work.

The mathematical analysis of FDEs is complicated by the fact that their phase space is
infinite-dimensional [1717–1919]. Namely, in order to describe the evolution of a time-delay system,
it is not sufficient to know its present state given by the value x(t), but the state over the whole
delay interval (i.e., infinitely many states) must be known that is given by the function x(t+ϑ),
ϑ ∈ [−τ, 0], cf. (1.21.2, 1.31.3, 1.41.4). The infinite-dimensional nature often gives rise to rich dynamics,
that is the case in the engineering systems of this thesis.

The focus of this work is analyzing the dynamics and, especially, the stability of engineering
systems that include time delays. By means of stability analysis, so-called stability charts are



1.2. Mathematical background 3

computed and depicted in the space of the parameters of the FDEs. The stability charts show the
parameter domains where the engineering system operates in a stable manner, that is, without
undesired oscillations and without deviation from the desired behavior. Stability charts allow
engineers to design time-delay systems, to select their technological parameters, or to control
them, while fulfilling the requirement of stability.

Throughout this thesis, stability will be analyzed by the same eigenvalue-based approach
[1111]. The eigenvalues associated with autonomous FDEs are called characteristic exponents. Due
to the infinite-dimensional nature of FDEs, the number of characteristic exponents is infinite,
and all of them should lie in the open left half of the complex plane to guarantee asymptotic
stability [1818]. In order to calculate them, first the FDE must be linearized around an equilibrium
associated with a certain operation point of the engineering system, whose stability is analyzed.
Then, the exponential trial solution x(t) = Ceλt (λ ∈ C, C ∈ Cn, C 6= 0) is substituted into
the linear FDE, and the resulting characteristic equation is solved for λ. In case of RFDEs,
the number of unstable characteristic exponents that lie in the right half-plane is always finite,
while for NFDEs, it can be infinite as well. The analysis of the characteristic exponents can be
done via the D-subdivision method that is discussed in Chap. 22 in detail.

The eigenvalues associated with time-periodic FDEs are called characteristic multipliers.
They must lie within the unit circle centered at the origin of the complex plane to guarantee
stability [2020]. They can be computed numerically, for which the semidiscretization technique
[2121] is used in this thesis. The main point of semidiscretization is to approximate the solution
operator of the infinite-dimensional time-delay system by a large, but finite-dimensional mon-
odromy matrix, which describes the evolution of the system over its principal period. This way,
the stability analysis reduces to the eigenvalue computation of the monodromy matrix. The
details of this method are discussed in [11].



Chapter 2

Engineering Application of Finite Spec-
trum Assignment

This chapter is deals with the control of unstable systems with feedback delay, which is a
challenging task in engineering and science [1111, 1818]. Feedback loops are always associated with
certain time delays due to the finite speed of sensing, signal processing, and actuation. Time
delays are often considered to be a source of unstable behavior that should be eliminated from
the control loop. An effective way to compensate their destabilizing effect is the application of
predictor feedback controllers such as the Smith predictor [2222, 2323] and its modifications [2424],
the prediction based on optimal control [2525], the Finite Spectrum Assignment [1111, 2626–2828], the
reduction approach [2929] or the predictive pole placement control [3030]. A detailed overview on
time delay compensation is given in [3131].

The main concept of predictor feedback controllers is that the actual (delay-free) state of
the system is predicted and used for feedback instead of the delayed state that is available from
measurements or observers. In this work, the technique called Finite Spectrum Assignment
(FSA) is investigated following [2626]. The basic idea of the FSA controller is that the actual state
of the system is predicted over the delay period via solving an internal model with the delayed
state as initial condition. If the internal model perfectly matches the real system, there is no
noise in the input information, and the control law is implemented accurately, then the FSA
controller can completely eliminate the time delay from the control loop. In this sense, FSA
provides the optimum prediction for systems with input delay, that is why this control strategy
is chosen for more detailed analysis. A drawback of the FSA controller is, however, its sensitivity
to implementation inaccuracies and to parameter uncertainties in the internal model [3232–3535].

The work of this chapter is published in [3636, 3737] and is outlined as follows. The theoretical
background of FSA is overviewed in Sec. 2.12.1. Although the theory is well-discussed in the
literature [2424, 2727, 2828, 3838], case studies on engineering applications are rarely published. The
contribution of this work is in Sec. 2.22.2, where the theory is used to analyze an unstable second-
order system controlled by FSA that describes the behavior of a pendulum around its vertically
upward position. In addition to being a paradigm in control theory [3939], stabilization of the
inverted pendulum with feedback delay has high importance in understanding human balancing
and human motor control [33, 44]. Namely, the inverted pendulum is one of the simplest mechanical
models of balancing a stick on the fingertip, by which the control strategy of the human brain
can be investigated.

The focus of this work is analyzing the stability of the inverted pendulum controlled by
FSA, other performance measures are not investigated in detail. In Sec. 2.22.2, explicit analytical
formulas are derived for the boundaries of stability considering the implementation issues of the
controller. Stability charts are constructed in the plane of the control gains that is rarely shown
in the literature. Then, the effect of non-infinitesimal mismatches between the parameters of
the internal model and the actual system is analyzed, as opposed to the literature where usually
infinitesimal parameter uncertainties are addressed. The effectiveness of FSA in stabilizing the
inverted pendulum is also compared to that of delayed state feedback.
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2.1. Theory of Finite Spectrum Assignment 5

2.1 Theory of Finite Spectrum Assignment

Consider a linear system with input delay in state space form as

ẋ(t) = Ax(t) + Bu(t− τ) , (2.1)

where t ∈ R is the time, dot represents derivation with respect to time, x ∈ Rn is the vector of
state variables, u ∈ Rm is the control input, A ∈ Rn×n and B ∈ Rn×m are the system and input
matrices, respectively, whereas τ ≥ 0 is the input delay. It is assumed that the pair (A,B) is
controllable and the state x can be obtained by measurements. The trivial solution x(t) ≡ 0 is
considered as desired state. The stabilization of the system around this solution is investigated,
when x(t) ≡ 0 is unstable for the case u(t) ≡ 0 with no control.

A popular approach to stabilize and control system (2.12.1) is the pole placement (or state
feedback) technique [1111] that defines the control input as

u(t) = Kx(t) , (2.2)

where K ∈ Rm×n is the control matrix. The stability of the closed-loop system is determined by
its eigenvalues that are also called characteristic exponents. The characteristic exponents can be
obtained by solving the following characteristic equation for λ, which is obtained by substituting
x(t) = Ceλt (λ ∈ C, C ∈ Cn, C 6= 0) into (2.12.1, 2.22.2):

det
(
λI−A−BKe−λτ

)
= 0 , (2.3)

where I ∈ Rn×n is the identity matrix. The solution x(t) ≡ 0 is asymptotically stable pro-
vided that all characteristic exponents are located in the open left half of the complex plane.
If system (2.12.1) is delay-free (τ = 0), then (2.12.1, 2.22.2) has finitely many characteristic exponents
(finite spectrum) that can be assigned via the pole placement method using a properly chosen
control matrix K. However, once the input delay is τ > 0, (2.12.1, 2.22.2) becomes an infinite-
dimensional time-delay system that has infinitely many characteristic exponents (infinite spec-
trum), since (2.32.3) is transcendental equation with infinitely many solutions for τ > 0. In this
case, finitely many control parameters in matrix K cannot assign infinitely many characteristic
exponents, and the conventional pole placement method may fail to ensure stability.

2.1.1 Concept of Finite Spectrum Assignment

In order to realize pole placement for systems with input delay such as (2.12.1), the predictor feed-
back control technique called Finite Spectrum Assignment (FSA) was introduced in [2626]. Note
that the FSA controller is typically applied to linear systems and does not work for nonlinear or
nonsmooth systems in the form presented below. FSA eliminates the effect of time delay in (2.12.1)
by means of prediction of the state over the delay period and feedback of the predicted state.
In the ideal case – when the predicted state exactly matches the future state of the system –
the set of characteristic exponents (the spectrum) of the closed-loop system becomes finite that
can be assigned by the controller. Thus, in principle, FSA allows the realization of a closed-loop
system that operates with predefined dynamic behavior despite the presence of the delay.

The predictor used by the FSA approach solves a model equation (called internal model) in
order to obtain the predicted state. The internal model is of form

˙̃x(t) = Ãx̃(t) + B̃u(t− τ̃) , (2.4)

where x̃ ∈ Rn is the state of the internal model, Ã ∈ Rn×n, B̃ ∈ Rn×m are the estimated
system and input matrices, respectively, and τ̃ ∈ [0,∞) is the estimated feedback delay. In
general, the actual values of A, B, and τ cannot be identified perfectly accurately, thus the
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discrepancy between the actual and estimated system parameters is indicated by tilde. The
predictor solves (2.42.4) using the measured state as initial value x̃(t) = x(t) to obtain the predicted
state

x̃(t+ τ̃) = eÃτ̃x(t) +

∫ 0

−τ̃
e−ÃθB̃u(t+ θ)dθ . (2.5)

The controller uses this predicted state for feedback,

u(t) = KeÃτ̃x(t) + K

∫ 0

−τ̃
e−ÃθB̃u(t+ θ)dθ . (2.6)

Note that the control law (2.62.6) of FSA involves a distributed delay term.
In the ideal case, when the internal model is a perfect representation of reality (when Ã = A,

B̃ = B, and τ̃ = τ), (2.12.1, 2.62.6) can be reduced to the ordinary differential equation (ODE)

ẋ(t) = Ax(t) + BKx(t) (2.7)

that is identical to the delay-free state feedback given by (2.12.1, 2.22.2) with τ = 0. Therefore, FSA
is able to eliminate the effect of the delay from the feedback loop, and make the spectrum of
the closed-loop system finite that can be assigned by the control matrix K. This way, stability
can be achieved for arbitrary (but controllable) pairs of (A,B), and arbitrary delay τ .

However, the ideal implementation of FSA is not possible in practice. The parameters
A, B, and τ of the actual system (2.12.1) can never be perfectly identified, there is always a
mismatch between A, B, τ and Ã, B̃, τ̃ . In addition, there might be phenomena (such as
noise, nonlinearities, and nonsmoothness) that are not modeled by (2.12.1, 2.42.4). Furthermore, the
accurate online calculation of the integral in (2.62.6) may not be possible, the implementation
of control law (2.62.6) is not trivial. Hereinafter, the robustness of the FSA controller for the
continuous-time system (2.12.1) is discussed: robustness is analyzed against parameter mismatches
of the internal model and against the implementation inaccuracies of the control law following
[1111, 3333, 3535].

2.1.2 Robustness to parameter mismatches

Here, the qualitative effect of mismatches between the actual system parameters A, B, τ and
the parameters Ã, B̃, τ̃ of the internal model is discussed. The effect of nonlinearities, nons-
moothness, and noise is not considered here.

If the parameters of the internal model used for prediction are not equal to the actual system
parameters (Ã 6= A, B̃ 6= B, and τ̃ 6= τ), then (2.12.1, 2.62.6) define a retarded functional differential
equation (RFDE) that involves a point delay τ and a distributed delay term over a delay period
of length τ̃ . The retarded nature of the closed-loop system can be shown by the derivation
of (2.62.6) and using (2.12.1), which, after integration by parts, give the system of RFDEs

ẋ(t) =Ax(t) + Bu(t− τ) ,

u̇(t) =K

(
eÃτ̃ (Ax(t) + Bu(t− τ)) + B̃u(t)− eÃτ̃ B̃u(t− τ̃) + Ã

∫ 0

−τ̃
e−ÃθB̃u(t+ θ)dθ

)
.

(2.8)

Note that the derivative u̇(t) depends on the input u with retarded arguments.
In the case of the slightest mismatch between the internal model and the actual system,

the governing equation is an RFDE with infinitely many characteristic exponents instead of the
ODE (2.72.7). Consequently, the closed-loop system qualitatively changes when the internal model
is imperfect, and finite spectrum assignment is not possible in this case. The quantitative effect
of parameter mismatches on the stability of the closed-loop system will be shown in Sec. 2.2.42.2.4
through the example of stabilizing an inverted pendulum.
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2.1.3 Robustness to implementation inaccuracies

Based on the implementation of the control law (2.62.6), three notions of stability are introduced
regarding the trivial solution of the closed-loop system: ideal, theoretical, and robust stability.
The stability of (2.12.1, 2.62.6) is called ideal stability. Although ideal stability already shows the effect
of parameter mismatches between the internal model and the actual system, it still represents
an ideal case in the sense that the implementation of the control law (2.62.6) is assumed accurate.
However, in order to implement control law (2.62.6), one must perform the online calculation of
the integral term in (2.62.6) that is denoted by z(t):

z(t) =

∫ 0

−τ̃
e−ÃθB̃u(t+ θ)dθ . (2.9)

In order to realize z(t), the integral term is approximated by a numerical quadrature as

z(t) ∼= z1(t) =
r̃∑
j=0

eÃθj,r̃B̃u(t− θj,r̃)hj,r̃ , (2.10)

where θj,r̃ ∈ [0, τ̃ ], hj,r̃ ∈ R, whereas r̃ ∈ Z+ is an integer approximation parameter so that
z1(t) → z(t) as r̃ → ∞ [3535]. For instance, a simple equidistant approximation can be obtained
using ∆t = τ̃ /r̃, θj,r̃ = j∆t, and hj,r̃ = ∆t. The control law corresponding to (2.62.6, 2.102.10) reads

u(t) = KeÃτ̃x(t) + K
r̃∑
j=0

eÃθj,r̃B̃u(t− θj,r̃)hj,r̃ , (2.11)

that is, the distributed delay term in (2.62.6) is substituted by a sum of r̃ point delays.

Although realization (2.112.11) of the control law is convenient numerically, it qualitatively
changes the behavior of the closed-loop system. Namely, (2.12.1, 2.112.11) define a system of neutral
functional differential equations (NFDEs) that can be shown by the derivation of (2.112.11):

ẋ(t) =Ax(t) + Bu(t− τ) ,

u̇(t) =KeÃτ̃ (Ax(t) + Bu(t− τ)) +
r̃∑
j=0

KeÃθj,r̃B̃u̇(t− θj,r̃)hj,r̃ .
(2.12)

Form (2.122.12) reveals the neutral nature of the closed-loop system, since the derivative u̇(t) de-
pends on its own past values u̇(t−θj,r̃) that was not the case in (2.82.8) for the ideal implementation
of the control law.

Theoretical stability

Although control law (2.112.11) approximates (2.62.6) as r̃ → ∞, the characteristic exponents of the
NFDE (2.12.1, 2.112.11) cannot simply be approximated by that of the RFDE (2.12.1, 2.62.6). According
to [1111], certain characteristic exponents of the NFDE (2.12.1, 2.112.11) are not associated with those
of the RFDE (2.12.1, 2.62.6). The replacement of (2.62.6) with (2.112.11) leads to additional sequences of
characteristic exponents in the neutral system that is often referred to as essential spectrum
[1111]. Although these characteristic exponents move off to infinity as r̃ → ∞, they may do so
by staying on the right-hand side of the complex plane (that is, their imaginary parts tend
to infinity but their real parts have a finite limit that may be positive). This causes a high-
frequency instability phenomenon in (2.12.1, 2.112.11) for every large enough r̃. Therefore, in order to
determine the stability of the NFDE (2.12.1, 2.112.11) for large r̃, the essential spectrum needs to be
known in addition to analyzing the ideal stability associated with the RFDE (2.12.1, 2.62.6).
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As was shown by [3333], the essential spectrum is associated with the following delay-difference
equation, which is obtained from the derivative terms of (2.122.12):

x(t) = 0 ,

u(t) =
r̃∑
j=0

KeÃθj,r̃B̃u(t− θj,r̃)hj,r̃ .
(2.13)

A necessary condition for the stability of the closed-loop system (2.12.1, 2.112.11) is the stability of the
associated delay-difference equation (2.132.13) [3333], which is also called the difference part of (2.122.12).

Since (2.132.13) is a difference equation, substitution of the exponential solution u(t) = Ceλt

(λ ∈ C, C ∈ Cm, C 6= 0) leads to an algebraic equation in terms of eλ. The solutions of this
equation are called characteristic multipliers and each of them is associated with an infinite
sequence of characteristic exponents. For instance, if the numerical quadrature is equidistant
with ∆t = τ̃ /r̃, θj,r̃ = j∆t, and hj,r̃ = ∆t, then the characteristic multipliers zp ∈ C (p =
1, 2, . . . , r̃) are associated with characteristic exponents

λp,q =
1

∆t
ln|zp|+ i

1

∆t
(φp + q2π) , q ∈ Z , (2.14)

where i2 = −1 and φp ∈ (−π, π] is the phase angle of zp = exp(λp,q∆t). The spectrum given
by (2.142.14) comprises sets of r̃ characteristic exponents that are periodically repeated with shifts
along the imaginary axis. Note that the periodicity of the spectrum persists for other discretiza-
tion schemes in (2.132.13) if the delays θj,r̃ are commensurate (rationally dependent). In this case,
the delays can be written in the form θj,r̃ = nj∆t (∆t ∈ (0,∞), nj ∈ N). The characteristic equa-
tion can be solved for z = exp(λ∆t), where the number of solutions is max(nj), whereas (2.142.14)
still holds for p = 1, 2, . . .max(nj) [1111]. Thus, if there is a characteristic multiplier with modulus
larger than 1, then an infinite sequence of characteristic exponents exists whose real parts are
positive and whose imaginary parts tend to infinity as q is increasing.

If r̃ is large enough, the real parts of the rightmost characteristic exponents of the difference
part (2.132.13) can be approximated by those of the following functional difference equation:

u(t) = K

∫ 0

−τ̃
e−ÃθB̃u(t+ θ)dθ , (2.15)

which is the same as control law (2.62.6) with x(t) ≡ 0. Note that (2.152.15) can also be written in
the form of an RFDE via differentiation with respect to time and using partial integration:

u̇(t) = KB̃u(t)−KeÃτ̃ B̃u(t− τ̃) + KÃ

∫ 0

−τ̃
e−ÃθB̃u(t+ θ)dθ . (2.16)

This RFDE does not have a periodic spectrum as the delay-difference equation (2.132.13). However,
to each unstable characteristic exponent of (2.162.16) there corresponds an infinite sequence of
unstable characteristic exponents of (2.132.13) if r̃ is large enough. For details on this instability
mechanism, the reader is referred to [3535] (especially to Sec. 3 with Fig. 1 and Fig. 2).

Therefore, stable control process (2.12.1, 2.112.11) can only be obtained if the closed-loop system
is ideally stable, i.e., if the RFDE defined by (2.12.1, 2.62.6) is stable, and if the associated delay-
difference equation (2.132.13) is stable. In case of r̃ →∞, this latter condition is equivalent to the
stability of the functional difference equation (2.152.15). Following [3535], the stability of (2.12.1, 2.62.6, 2.152.15)
is called theoretical stability.

Robust stability

It is important to note that the essential spectrum is not continuous in the delays θj,r̃ and may
be sensitive even to infinitesimal perturbations of θj,r̃ [1111]. As was shown by [3535], perturbations
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of θj,r̃ in (2.132.13) may result in characteristic exponents whose real parts do not converge to those
of (2.152.15). In other words, the stability of the delay-difference equation (2.132.13) with large r̃ is not
guaranteed by the stability of the functional difference equation (2.152.15) when θj,r̃ are perturbed.
Hence the stability of (2.132.13) may depend on the choice of the numerical quadrature in the
approximate control law (2.112.11). Here, stability irrespective of the integration rule in (2.112.11) is
referred to as robust stability against small perturbations of θj,r̃. The stability of (2.12.1, 2.62.6, 2.152.15)
(theoretical stability) is only a necessary condition for robust stability, but not sufficient.

Actually, robust stability requires the strong stability of the associated delay-difference equa-
tion (2.132.13) [1111]. For the single input case (m = 1, u ∈ R), the necessary and sufficient condition
for the strong stability of (2.132.13) was given in [3535] as Σ < 1, where the definition of Σ is

Σ =

∫ τ̃

0

∥∥∥KeÃθB̃
∥∥∥dθ (2.17)

and ‖ . ‖ denotes an arbitrary matrix norm. Robust stability is ensured if Σ < 1 holds for an
ideally stable system where (2.12.1, 2.62.6) is stable.

2.1.4 Application of a digital controller

In summary, the FSA concept is sensitive to the implementation of the control law due to a high-
frequency instability phenomenon caused by unstable characteristic exponents of large moduli.
This restricts the applicability of FSA. The high-frequency instability can be treated by adding
a low-pass filter [3434] or by using a digital controller [1111, 4040]. Here, the case of a digital control
system with sampled output data and zero-order hold is considered that is widely used in many
applications. In the case of FSA, a digital controller is not only a convenient application tool, but
it also has significance in ensuring stability. Namely, it eliminates the restrictions caused by both
the approximate implementation of the control law (theoretical stability) and the sensitivity on
the discretization rule (robust stability).

If a digital controller is applied with sampling period ∆t, then system (2.12.1, 2.62.6) modifies to
the following between the k-th and (k + 1)-st sampling instant:

ẋ(t) =Ax(t) + Bu(tk−r) , t ∈ [tk, tk+1) , (2.18)

u(t) =KeÃτ̃x(tk) + K
r̃∑
j=1

eÃj∆tB̃u(tk−j)∆t , t ∈ [tk, tk+1) , (2.19)

where tk = k∆t, k ∈ N, r = ceil(τ/∆t), r̃ = ceil(τ̃ /∆t). Since (2.182.18, 2.192.19) involve piecewise
constant input, they can be solved over [tk, tk+1). This gives a discrete-time map in the form

yk+1 = Φyk , (2.20)

where yk is a vector of states and actual and delayed inputs, whereas Φ is the monodromy
matrix of the discrete-time system. The expressions of yk and Φ are given by (A.1A.1, A.2A.2) in
Appendix A.1A.1.

In fact, the discrete-time map (2.202.20) corresponds to the semidiscretization of the original
continuous-time system (2.12.1, 2.62.6) with the discretization step being the sampling period ∆t
[11]. For sufficiently small ∆t, the stability properties of the trivial fixed point of the semidis-
cretized system (2.202.20) provide a good approximation of the ideal stability of the continuous-time
system (2.12.1, 2.62.6). Therefore, the restrictions caused by the implementation of the control law
indeed vanish for a digital controller. The stability of the trivial fixed point of map (2.202.20) is
related to the eigenvalues of the coefficient matrix Φ. The condition for asymptotic stability
reads

max(|eig(Φ)|) < 1 . (2.21)
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l
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f

u

Figure 2.1: Mechanical model of the inverted pendulum.

Although this chapter focuses only on the stabilization of unstable systems, there are other
performance measures that a control loop should satisfy such as settling time and overshoot.
These measures can also be determined and optimized based on the analysis of the eigenvalues of
the coefficient matrix Φ: the settling time is related to the largest magnitude of the eigenvalues
of Φ, whereas oscillatory behavior with overshoot can be avoided if the eigenvalues of Φ are
positive real numbers with magnitude less than one.

2.2 Stabilization of an inverted pendulum by FSA

In this section, the theory summarized above is used to analyze a representative example. The
stabilization problem of the following unstable linear second-order system is considered:

ϕ̈(t)− aϕ(t) = u(t− τ) , (2.22)

where ϕ ∈ R is the state variable, u ∈ R is the control input, a > 0 is the system parameter,
and τ > 0 is the feedback delay. According to [11], this equation describes the well-known
pendulum cart model shown in Fig. 2.12.1, where ϕ measures the angular position of the pendulum
from its vertically upward position, whereas parameter a is associated with the length l of the
pendulum and the gravitational acceleration g: a = 6g/l. The pendulum cart model is one
of the simplest representations of stabilizing a stick on the fingertip, hence this model can be
used to analyze human motor control and the behavior of the human brain [44]. Note that many
other stabilization problems can also be reduced to (2.222.22) [4141], therefore it is analyzed from
mathematical point of view by keeping the parameters a and τ dimensionless.

System (2.222.22) is written into state space form (2.12.1) and the FSA control law (2.62.6) is used to
compute the control input u. The parameters in (2.12.1, 2.62.6) are

x(t) =

[
ϕ(t)
ϕ̇(t)

]
, A =

[
0 1
a 0

]
, B =

[
0
1

]
, K =

[
−kp −kd

]
, Ã =

[
0 1
ã 0

]
, B̃ =

[
0
1

]
, (2.23)

where ã is the estimated system parameter used by the internal model of the predictor, whereas
kp and kd are the control gains for the predicted state. Note that for τ̃ = 0, control law (2.62.6)
reduces to the well-known proportional-derivative controller with control gains kp and kd. Based
on equations (2.62.6, 2.232.23), the input signal provided by the FSA controller can be expressed as

u(t) =
[
−kp −kd

] [ ch(α̃τ̃)
1

α̃
sh(α̃τ̃)

α̃sh(α̃τ̃) ch(α̃τ̃)

] [
ϕ(t)
ϕ̇(t)

]

+
[
−kp −kd

] ∫ 0

−τ̃

[
ch(α̃θ) − 1

α̃
sh(α̃θ)

−α̃sh(α̃θ) ch(α̃θ)

] [
0
1

]
u(t+ θ)dθ , (2.24)
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where α̃ =
√
ã, whereas ch and sh shortly indicate cosh and sinh functions.

Hereinafter, domains of ideal, theoretical, and robust stability are determined in the plane
(kp, kd) of the control gains for the closed-loop system given by (2.232.23). Ideal stability can be
analyzed using the D-subdivision method and Stepan’s formulas [1818] for the ideal closed-loop
system (2.12.1, 2.62.6). Regarding theoretical stability, the associated functional difference equa-
tion (2.152.15) should also be analyzed by D-subdivision. Conditions for robust stability can be
obtained by the analysis of (2.172.17).

2.2.1 Stability of the ideal closed-loop system

The D-subdivision method determines the stability boundaries of (2.12.1, 2.62.6) by the derivation
of the corresponding characteristic equation and by analyzing the existence of a complex con-
jugate pair (λ = ±iω, ω > 0) of characteristic exponents or a single real exponent (λ = 0 or,
equivalently, λ = iω, ω = 0) located on the imaginary axis. The analysis results in so-called
D-curves that can be depicted in the plane (kp, kd) of the control gains. The D-curves separate
the parameter regions associated with different number of unstable characteristic exponents.
The D-curves surrounding the stable region with zero unstable characteristic exponents are the
stability boundaries. The D-curve ω = 0 is associated with static loss of stability (non-oscillatory
behavior), since the number of unstable characteristic exponents changes by 1 while crossing this
line. Whereas the D-curve ω > 0 is related to dynamic loss of stability (oscillatory behavior) as
the number of unstable characteristic exponents changes by 2.

The characteristic equation of (2.222.22, 2.242.24) is derived by considering the exponential solution

ϕ(t) = C1eλt, ϕ̇(t) = C2eλt, u(t) = C3eλt , (2.25)

λ,C1,2,3 ∈ C, C1,2,3 6= 0. Substitution of (2.252.25) into (2.222.22, 2.242.24) leads to the following system of
algebraic equations

∆(λ; kp, kd)

C1

C2

C3

 = 0 , (2.26)

where the characteristic matrix ∆(λ; kp, kd) reads

∆(λ; kp, kd) =

 λ −1 0
−α2 λ −e−λτ

kpch(α̃τ̃) + kdα̃sh(α̃τ̃)
kp

α̃
sh(α̃τ̃) + kdch(α̃τ̃) δ(λ; kp, kd)

 , (2.27)

δ(λ; kp, kd) = 1 +
kp

2α̃

(
e−(λ+α̃)τ̃ − 1

λ+ α̃
− e−(λ−α̃)τ̃ − 1

λ− α̃

)
− kd

2

(
e−(λ+α̃)τ̃ − 1

λ+ α̃
+

e−(λ−α̃)τ̃ − 1

λ− α̃

)
(2.28)

with α =
√
a. Hence the characteristic equation of system (2.222.22, 2.242.24) reads

det(∆(λ; kp, kd)) = 0 . (2.29)

Substitution of λ = iω (ω ≥ 0) into (2.292.29) and decomposition into real and imaginary parts
give a linear system of equations for kp and kd in the form

R(ω; kp, kd) =0 ,

S(ω; kp, kd) =0 ,
(2.30)

where R(ω; kp, kd) = Re (det(∆(iω; kp, kd))) and S(ω; kp, kd) = Im (det(∆(iω; kp, kd))) are given
by (A.3A.3) in Appendix A.1A.1. If ω = 0, (2.302.30) yields the D-curve

kd ∈ R , kp = a , if a = ã ,

kd = −
ch(α̃τ̃) +

α2

α̃2 − α2

α̃sh(α̃τ̃)
kp +

α2

α̃2 − α2

α̃

sh(α̃τ̃)
, if a 6= ã .

(2.31)
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Figure 2.2: (a) Stability chart and the number of unstable characteristic exponents (NUE) of the
ideal closed-loop system; (b) stability chart and the NUE of the associated functional difference
equation; (c) robust stability boundaries of the associated delay-difference equation; (d) their
superposition (light grey: ideal stability, dark grey: theoretical stability, black: robust stability)
for system (2.222.22, 2.242.24) with ã = a = 0.5 and τ̃ = τ = 1.

Whereas if ω > 0, kp and kd can be expressed from (2.302.30) as functions of ω that gives another
D-curve parameterized by ω (its expression is too long to be listed here).

The D-curves can be depicted in the plane (kp, kd) as shown by the stability chart in
Fig. 2.22.2(a) for the case of an accurate internal model (ã = a, τ̃ = τ). The regions divided
by the D-curves are associated with the same number of unstable characteristic exponents that
can be calculated by Stepan’s formulas (see Theorems 2.15 and 2.16 in [1818]). Selection of the con-
trol gains kp, kd from the light grey shaded ideally stable region guarantees a stable control loop
provided that control law (2.242.24) is accurately implemented without the approximation (2.112.11).

2.2.2 Stability of the associated functional difference equation

The functional difference equation associated with (2.242.24) can be obtained by substituting ϕ(t) ≡
0, ϕ̇(t) ≡ 0 into (2.242.24). Then, the D-subdivision method can be used for stability analysis.
Substitution of the exponential function u(t) = Ceλt (λ,C ∈ C, C 6= 0) into (2.242.24) gives the
characteristic equation of the associated functional difference equation in the form

δ(λ; kp, kd) = 0 , (2.32)

where δ(λ; kp, kd) is given by (2.282.28). Substitution of λ = iω into (2.322.32) and decomposition into
real and imaginary parts give

r(ω; kp, kd) = 0 ,

s(ω; kp, kd) = 0 ,
(2.33)

where r(ω; kp, kd) = Re (δ(iω; kp, kd)) and s(ω; kp, kd) = Im (δ(iω; kp, kd)) are given by (A.4A.4) in
Appendix A.1A.1.

The D-curves of the associated functional difference equation can be given by solving (2.332.33)
for kp and kd. If ω = 0, one gets the D-curve

kd =
1− ch(α̃τ̃)

α̃sh(α̃τ̃)
kp −

α̃

sh(α̃τ̃)
, (2.34)

whereas ω > 0 yields another D-curve parameterized by ω:

kp(ω) =
α̃(α̃2 + ω2) (ω − ω cos(ωτ̃)ch(α̃τ̃) + α̃ sin(ωτ̃)sh(α̃τ̃))

2α̃ω (1− cos(ωτ̃)ch(α̃τ̃)) + (α̃2 − ω2) sin(ωτ̃)sh(α̃τ̃)
,

kd(ω) =
(α̃2 + ω2) (α̃ sin(ωτ̃)ch(α̃τ̃)− ω cos(ωτ̃)sh(α̃τ̃))

2α̃ω (1− cos(ωτ̃)ch(α̃τ̃)) + (α̃2 − ω2) sin(ωτ̃)sh(α̃τ̃)
.

(2.35)



2.2. Stabilization of an inverted pendulum by FSA 13

-6 -4 -2 0 2 4 6

-6

-4

-2

0

2

4

6

-6 -4 -2 0 2 4 6

-6

-4

-2

0

2

4

6

-6 -4 -2 0 2 4 6
-6

-4

-2

0

2

4

6

-6 -4 -2 0 2 4 6

-6

-4

-2

0

2

4

6(a) (b) (c) (d)

kp

k
d

kp

k
d

kp

k
d

kp

k
d

NUE=0

1

2

4

5

S>1

S<1

3

NUE=1
0

6

2

8

5

7 robust

theor.
ideal

Figure 2.3: (a) Stability chart and the number of unstable characteristic exponents (NUE) of the
ideal closed-loop system; (b) stability chart and the NUE of the associated functional difference
equation; (c) robust stability boundaries of the associated delay-difference equation; (d) their
superposition (light grey: ideal stability, dark grey: theoretical stability, black: robust stability)
for system (2.222.22, 2.242.24) with a = 0.5, ã = 1.2a, τ = 1, τ̃ = 1.2τ .

Since the associated functional difference equation (2.152.15) can be written in the form of the
RFDE (2.162.16), the number of unstable characteristic exponents in the domains separated by the
D-curves can be calculated using Stepan’s formulas [1818].

The stability chart of the associated functional difference equation (2.152.15) is shown in Fig. 2.22.2(b)
where the stable region is indicated by grey shading. Note that each unstable characteristic
exponent implies an infinite sequence of unstable characteristic exponents for the associated
delay-difference equation (2.132.13) and also for the closed control loop (2.12.1, 2.112.11) as explained in
Sec. 2.1.32.1.3. The region of theoretical stability in the plane (kp, kd) is the small triangular shaped
region given by the intersection of the stable regions shown in 2.22.2(a) and 2.22.2(b). These regions
are shown together in Fig. 2.22.2(d) where light grey shading indicates the ideally but not theo-
retically stable region, whereas the union of the dark grey and black shaded regions is (ideally
and) theoretically stable. Selection of the control gains kp, kd from the theoretically stable
region guarantees stability when the control law is implemented as (2.112.11) with sufficiently large
r̃ (without perturbations in θj,r̃).

2.2.3 Robust stability condition

The theoretically stable closed-loop system may become unstable when the discretization pa-
rameter θj,r̃ is subject to infinitesimal perturbations, see Sec. 2.1.32.1.3. Therefore, robust stability
is analyzed that is guaranteed by ideal stability and the condition Σ < 1 [3535]. The number Σ is
given by (2.172.17) and takes the following form for the second-order system given by (2.232.23):

Σ =

∫ τ̃

0

∣∣∣∣− 1

α̃
sh(α̃θ)kp − ch(α̃θ)kd

∣∣∣∣ dθ . (2.36)

The curve defined by Σ = 1 is depicted in the plane (kp, kd) in Fig. 2.22.2(c). Since Σ = 0 for
(kp, kd) = (0, 0), the domain Σ < 1 encloses the origin. The region of robust stability for the
closed control loop is given by the intersection of the ideally stable region shown in Fig. 2.22.2(a)
and the region Σ < 1 shown in Fig. 2.22.2(c). In Fig. 2.22.2(d), black shading shows the (theoretically
and) robust stable region, whereas the dark grey shaded region is theoretically but not robust
stable. In the dark grey shaded region, stability may depend on the discretization scheme
of (2.112.11) that is not the case for the black shaded robust stable region.

Figure 2.32.3 shows the stability diagrams for an imperfect internal model (ã 6= a and τ̃ 6=
τ) with the same color and shading scheme as in Fig. 2.22.2. Both Fig. 2.22.2(d) and Fig. 2.32.3(d)
demonstrate the sensitivity of the FSA concept to arbitrarily small implementation inaccuracies
in the control law. Namely, a significant part of the ideally stable region is not robust stable,
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thus the control gains must be selected from the smaller robust stable region in order to ensure
safe implementation. According to Sec. 2.1.42.1.4, this issue can be solved via digital controllers
(or via low-pass filters) that allow the selection of the control gains from the larger ideally
stable region. This way, Figs. 2.22.2 and 2.32.3 demonstrate that a digital controller is a significant
requirement for the safe implementation of the FSA controller. From this point on, a digital
controller is considered with sufficiently small sampling time, and only ideal stability is analyzed
using the analytical formulas derived in Sec. 2.2.12.2.1.

2.2.4 Effect of parameter mismatches

Another disadvantage of the FSA concept is the sensitivity to parameter mismatches between
the actual system and the internal model. As shown by Figs. 2.22.2(a) and 2.32.3(a), the size of the
ideally stable region shrinks when parameter mismatches arise. If the internal model is accurate
(ã = a, τ̃ = τ), the condition of ideal stability is kp > a and kd > 0, which matches the stability
condition of the corresponding delay-free system (τ̃ = τ = 0). Therefore, the ideally stable
region in Fig. 2.22.2(a) is a quarter plane, whereas the maximum number of unstable characteristic
exponents is finite (two). This implies that the closed-loop system has a finite spectrum and
FSA is indeed able to compensate the time delay when the internal model is accurate. On the
other hand, when the internal model is imperfect (ã 6= a, τ̃ 6= τ), the ideally stable region in
Fig. 2.32.3(a) becomes bounded and arbitrarily large number of unstable characteristic exponents
can occur when increasing kp and kd. The spectrum of the closed-loop system remains infinite,
the time delay is not fully compensated due to the parameter mismatches.
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Figure 2.5: The critical system parameter as a function of the internal model error ετ for τ = 1
and εa = 0.

Since parameter mismatches are inevitable, their effect on ideal stability is analyzed below.
As opposed to the existing literature where infinitesimal delay perturbations are considered (see
Sec. 15.4 of [1111]), now special attention is paid to non-infinitesimal parameter mismatches. The
sensitivity on parameter mismatches can be demonstrated by a series of stability charts shown in
Fig. 2.42.4 for different estimations of the system parameter a and the feedback delay τ . Figure 2.42.4
shows that the controller is more sensitive to mismatches in the delay τ than in the system
parameter a. Now this kind of stability chart series is used to investigate the stabilizability
of the inverted pendulum by FSA when there are mismatches between the estimated and the
actual time delay.

2.2.5 Stabilizability of the inverted pendulum

It is known that an inverted pendulum cannot be stabilized by delayed state feedback if param-
eter A = aτ2 exceeds a critical value Acrit, that is, if the length of the pendulum is too small
(parameter a is too large) or if the time delay τ is too large [11]. Now the critical value Acrit is
investigated for the FSA controller subject to parameter mismatches, and it is compared to the
critical value for delayed state feedback.

At the critical valueAcrit,FSA, stabilization by FSA is just still possible in the presence of given
internal model errors εa = |ã− a|/a and ετ = |τ̃ − τ |/τ . Since the controller is more sensitive to
uncertainties in the delay τ , now delay mismatches are considered only by taking εa = 0. Instead
of analyzing Acrit,FSA directly, the time delay is fixed to τ = 1 and the critical value acrit,FSA

of parameter a is determined as follows. The absolute error ετ and parameter a are fixed, and
three stability charts are constructed for τ̃ = (1 − ετ )τ , τ̃ = τ , and τ̃ = (1 + ετ )τ as shown in
the middle row of Fig. 2.42.4. The system is called stabilizable if there is at least one point in the
plane (kp, kd) that is stable in each of the three stability charts. Then, parameter a is increased
by 0.01 and the process is repeated – the largest value of a where the system is still stabilizable
is considered acrit,FSA. Note that when determining acrit,FSA, only three stability charts are
investigated. Considering all possible values of τ̃ that satisfy (1−ετ )τ ≤ τ̃ ≤ (1+ετ )τ is a more
challenging problem (see e.g. Chap. 2 of [1111]). Such an intricate analysis is not conducted here,
simply the above acrit,FSA is considered as an approximate critical system parameter.

The result of this analysis is shown in Fig. 2.52.5. As can be seen, if the internal model is
perfectly accurate (εa = 0, ετ = 0), the theoretical value of acrit,FSA tends to infinity. Hence
the effect of input delay is compensated and arbitrarily short pendulum can be stabilized with
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arbitrarily large delay. However, the critical system parameter acrit,FSA for the FSA controller
decreases with increasing internal model error ετ .

In order to evaluate the performance and sensitivity of FSA, it is compared to another control
strategy: a proportional-derivative-acceleration (PDA) controller of form

u(t) = −kpϕ(t)− kdϕ̇(t)− kaϕ̈(t) , (2.37)

where kp, kd, and ka are the proportional, derivative, and acceleration control gains. The special
case ka = 0 yields a proportional-derivative (PD) controller that is now equivalent to delayed
state feedback. The details of the stability analysis for the inverted pendulum subject to PDA
control is discussed in [4242] and is summarized in Appendix A.2A.2.

The critical system parameter of the PDA controller was determined in a similar manner to
that presented for the FSA controller. The critical parameter values for different acceleration
gains are shown in Fig. 2.52.5. If τ = 1, the critical parameter for a PDA controller without any
parameter uncertainties (εa = 0, ετ = 0) is maximum acrit,PDA = 4 (depending on the value of
ka), and for a PD controller, it is acrit,PD = 2, see Appendix A.2A.2. Using the FSA controller, the
achievable critical value acrit,FSA can be essentially larger than 2 or 4 if the delay mismatches
are small (e.g. if ετ < 3%). For large modeling errors (ετ > 8%), however, the PDA controller
with ka = 0.9 was found to be superior as its critical system parameter is larger than that of the
FSA controller. The above observations can be rephrased to the critical delay, too. For a fixed
system parameter a, the FSA controller allows larger feedback delay than the PDA controller
provided that the inaccuracies of the internal model are small enough.

In short, Fig. 2.52.5 demonstrates that the FSA controller is more sensitive to modeling inaccu-
racies than the conventional PD or PDA controllers. However, with an accurate internal model,
FSA is able to extend the limits of stabilizability.
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2.3 New results

I have investigated the Finite Spectrum Assignment predictor feedback control technique, with
special attention to the effect of parameter uncertainties in the internal model, and to the effect
of inaccuracies in the implementation of the control law. I have analyzed the stabilization of an
inverted pendulum with feedback delay. I have computed the stability charts of the governing
differential equation with distributed delay, which show the ideally, theoretically, and robust
stable domains in the space of the control gains for different levels of parameter uncertainties in
the internal model. Based on this, I have arrived at the following conclusions.

Thesis 1

The following statements hold regarding the stabilization of a second-order system with input
delay of the form

ϕ̈(t)− aϕ(t) = u(t− τ)

by means of the Finite Spectrum Assignment (FSA) predictor feedback control technique using
a digital controller with sufficiently small sampling time.

The FSA controller is sensitive to mismatches between the parameters of the internal model
and the actual system parameters. Let ετ and εa denote the error of the estimations of the
feedback delay τ and the system parameter a > 0, respectively. Let acrit denote the critical value
of the system parameter a in the sense that if a > acrit, then the system cannot be stabilized
for a given feedback delay. If the internal model perfectly matches the real system (ετ = 0,
εa = 0), then stabilization by FSA is possible for arbitrarily large system parameter. In case
of small parameter mismatches, the following properties hold based on the numerical analysis
of the special case εa = 0. The FSA controller is superior to the proportional-derivative (PD)
and the proportional-derivative-acceleration (PDA) controllers with respect to the critical system
parameter acrit. If the parameter mismatches are less than 25% (ετ < 0.25), then acrit for the
FSA controller is larger than for the PD controller. If the parameter mismatches are less than
8% (ετ < 0.08), then acrit for the FSA controller is larger than for the PDA controller.

Related publications: [3636, 3737].



Chapter 3

Predictors in Connected Cruise Con-
trol

This chapter is dedicated to the dynamics of vehicular traffic, where time delays play a crucial
role. In case of human-driven vehicles, the reaction time of the driver, which ranges between
0.3 − 1.5 sec, is the most important source of time delay. The reaction time often causes
instabilities in traffic flow and may lead to congestion or even accidents on the road. Since
improving the safety and mobility of vehicular traffic is a major concern today [4343], advanced
driver assistance systems (ADAS) were developed to overcome these problems. ADAS must
satisfy two stability criteria with regards to the longitudinal dynamics of the vehicles. On one
hand, plant stability must be guaranteed, which is associated with safe driving along a prescribed
velocity profile. On the other hand, when a group of vehicles forms a vehicular string, congestion
waves traveling upstream the traffic flow must be attenuated that is referred to as string stability
[4444]. String instability typically leads to the formation of stop-and-go traffic jams [1212, 4545] that
impacts mobility negatively.

3.1 Strategies for cruise control

Several strategies have been proposed in the literature to ensure plant and string stability via
cruise control. Adaptive cruise control (ACC) uses radars or cameras to measure the distance
headway and the velocity difference between the vehicle and the preceding vehicle [4646, 4747]. The
sensors used in ACC may be supported (or substituted) by wireless vehicle-to-vehicle (V2V)
communication that enables one to monitor the vehicle ahead even when it is beyond the line of
sight. Then, the headway and the velocity difference can also be calculated from GPS signals.
V2V communication may also improve the safety and mobility of traffic by providing informa-
tion about multiple vehicles ahead [4848, 4949]. In cooperative adaptive cruise control (CACC), the
members of a vehicular string are equipped with ACC, but also obtain information about the
motion of a designated platoon leader using communication [5050–5252]. However, in real traffic
situations, not all vehicles are equipped with range sensors, and since the range of V2V commu-
nication is limited, the data about leader’s motion might not be accessible to every member of
the vehicular string. Therefore, the concept of connected cruise control (CCC) was introduced in
[4949, 5353, 5454], where all available V2V signals are utilized. CCC is applicable even in the presence
of human-driven vehicles and it can be used to support human drivers, to supplement sensory
information, or to control the longitudinal motion of the vehicle.

In Sec. 3.23.2, an application of the CCC concept is investigated while taking into account the
intermittency of V2V communication. Namely, dedicated short range communication (DSRC)
devices typically use the sampling period 100 ms to process the data during communication [5555–
5757]. Thus, the sample-and-hold units utilizing DSRC information introduce time-varying time
delays into the control loop [5858]. Disturbances during communication may lead to loss of data
packets sent by the vehicles, which increases the time delay [5959]. In Sec. 3.33.3, the dynamics of
vehicular strings is investigated when the communication is subject to deterministic packet loss
scenarios. Plant and string stability are analyzed while varying the control gains for different
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Figure 3.1: (a) String of connected vehicles traveling on a single lane. The vehicular string is
considered as the concatenation of the leader-follower pattern shown below. (b) The desired
velocity (3.43.4, 3.53.5) as a function of the headway. (c) The saturation function (3.63.6).

numbers of consecutive packet losses, and the results are summarized using stability charts. It is
shown that the time delay gives a fundamental limit to the minimum achievable time gap between
the vehicles, that is, to the maximum achievable flux in the traffic flow. The destabilizing effect
of time delay on vehicle platoons was also demonstrated in [4949, 5454, 5858–6363].

Sections 3.23.2 and 3.33.3 mostly revise existing works following [5858, 5959]. The main contributions
are presented in Sec. 3.43.4 and Sec. 3.53.5 that are published in [6464, 6565]. Here, two predictor feedback
control strategies are proposed to eliminate the destabilizing effect of time delay. The first
strategy estimates the velocity and the distance of the vehicles during packet losses based on
the last available data packets without requiring knowledge about the dynamics of the vehicular
string. Such prediction can be done based on GPS position history and velocity contained by
basic safety messages (BSM) [5555–5757]. The second strategy can be considered as an application of
the Finite Spectrum Assignment technique to a discrete-time system [1111, 4040] that uses a dynamic
model of the vehicles to obtain their predicted state. The predictors are shown to improve
stability under intermittent communication and ensure robustness against the variations of time
delay due to packet losses. Trade-off regarding using different predictors is also pointed out.

3.2 Connected cruise control

In this work, a vehicular string on a single lane is considered as shown in Fig. 3.13.1(a). The vehicles
are assumed to be identical such that the motion of each member is controlled based on the
position and velocity data received from the vehicle immediately ahead. This way, the analysis
of the vehicular string can be simplified to the analysis of the leader-follower configuration at the
bottom of Fig. 3.13.1(a). The headway (the bumper-to-bumper distance) h, the leader’s velocity
vL, and the follower’s velocity vF satisfy

ḣ(t) = vL(t)− vF(t) . (3.1)

The focus of this work is the strategy to control the follower’s motion and behavior towards
other vehicles such that it ensures safe and smooth traffic flow. The internal dynamics of the
follower’s vehicle (that is, how its acceleration is realized) is not modeled here, and it is assumed
that the follower’s acceleration can be adjusted directly by the controller:

v̇F(t) = ades(t) , (3.2)

where ades(t) denotes the control input. Here, a proportional-velocity (PV) controller is consid-
ered that is widely used in the literature [4949, 6161]:

ades(t) = α
(
V
(
h(t)

)
− vF(t)

)
+ β

(
W
(
vL(t)

)
− vF(t)

)
, (3.3)
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where α and β denote the control gains, V (h) is the follower’s desired velocity that depends
on the headway, and W (vL) is a saturation function. The second term on the right-hand side
of (3.33.3) ensures that the follower adjusts its velocity to the leader’s, whereas the first term
guarantees safe distance between the vehicles. Note that several other control strategies also
exist [5353, 6666–7575] and the analysis carried out here could also be applied to those controllers.

The controller (3.33.3) contains the range policy

V (h) =


0 if h ≤ hmin ,

F (h) if hmin < h < hmax ,

vmax if h ≥ hmax .

(3.4)

This states that the follower intends to stop if the headway drops below the limit hmin. Once
the headway exceeds the limit hmax, the follower wants to travel with the maximum speed
vmax allowed by road traffic regulations. Between these limits, the desired velocity increases
monotonically according to F (h). In order to achieve smooth velocity and acceleration profiles,
the following requirements are prescribed: F (hmin) = 0, F (hmax) = vmax, F ′(hmin) = F ′(hmax) =
0. These conditions can be satisfied for example by

F (h) =
vmax

2

(
1− cos

(
π

h− hmin

hmax − hmin

))
, (3.5)

see Fig. 3.13.1(b). Note that any other monotonous and sufficiently smooth function F (h) could
be used as well, and other range policies also exist, see [5454, 6666, 7676–7878].

When the leader’s velocity exceeds the maximum speed vmax allowed, the connected cruise
control is switched off. This is realized by the saturation function

W (vL) =

{
vL if vL ≤ vmax ,

vmax if vL > vmax ,
(3.6)

which is displayed in Fig. 3.13.1(c).
From this point on, vL ≤ vmax is assumed, where (3.13.1, 3.23.2, 3.33.3) has a unique equilibrium

V (h∗) = v∗F = v∗L . (3.7)

This equilibrium represents the desired uniform flow, where each member of the vehicular string
travels with the same constant velocity V (h∗) while keeping constant headway h∗. The control
gains α and β must be chosen such that the stability of the equilibrium is guaranteed, which is
discussed below in detail.

3.2.1 Application of a digital controller

In this work, connected cruise control is investigated where the leader sends its position and
velocity data to the follower via wireless communication. A digital controller is assumed to
be implemented to realize the control law (3.33.3), thus the headway h, the leader’s velocity vL,
and the follower’s velocity vF are sampled with sampling period ∆t. For dedicated short range
communication (DSRC) devices, the typical sampling period is ∆t = 100 ms. The clocks of the
leader and the follower are assumed to be synchronized, which can be achieved using satellites.
Thus, all headway and velocity data is available at the same discrete time instants tk = k∆t,
k ∈ N. Note that it takes a certain amount of time for the leader to perceive position and
velocity, to process the sensed data, and to transmit it to the follower, and for the follower to
receive the data, to process it, and to use it for actuating the vehicle. Therefore, at time instant
tk, the controller is able to use the data measured at the previous sampling instant tk−1, i.e., it
has a certain processing delay. The control input is held constant by a zero-order-hold (ZOH)
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Figure 3.2: The time delay caused by the digital controller: (a) without packet losses; (b) when
packet losses occur; (c) when every n-th packet is received.

unit over [tk, tk+1). Thus, when a digital controller is implemented, control law (3.23.2) modifies
to

v̇F(t) = ades(tk−1) , t ∈ [tk, tk+1) , (3.8)

where ades is given by (3.33.3). Equations (3.13.1, 3.33.3, 3.83.8) define a continuous-time nonlinear system
with piecewise constant input. Correspondingly, the processing delay introduced by the ZOH
is time-periodic as shown in Fig. 3.23.2(a). During each sampling period, the time delay increases
linearly from ∆t, since ades(tk−1) is used at tk, to 2∆t, since ades(tk−1) is still used at tk+1.
Since delayed states are available for the follower instead of actual ones, there is a possibility to
improve control performance by estimating the actual state via predictors as discussed below.

According to [7979], the dynamics (3.13.1, 3.33.3, 3.83.8) can be converted to a discrete-time map by
solving the system over t ∈ [tk, tk+1) with the initial conditions at tk. This gives[

h(k + 1)
vF(k + 1)

]
=

[
1 −∆t
0 1

] [
h(k)
vF(k)

]
+

[
−1

2
α∆t2

α∆t

]
V
(
h(k − 1)

)
+

[
0

1

2
(α+ β)∆t2

0 −(α+ β)∆t

] [
h(k − 1)
vF(k − 1)

]
+

[
−1

2
β∆t2

β∆t

]
W
(
vL(k − 1)

)
+

[∫ tk+1

tk
vL(t)dt

0

]
, (3.9)

where h(k) = h(tk), vF(k) = vF(tk), vL(k) = vL(tk).
The stability of the uniform flow equilibrium (3.73.7) of (3.13.1, 3.33.3, 3.83.8) is equivalent to the

stability of the fixed point of the discrete-time map (3.93.9). Here, only linear analysis is considered
via the linearization of (3.93.9) that gives[

h̃(k + 1)
ṽF(k + 1)

]
=

[
1 −∆t
0 1

] [
h̃(k)
ṽF(k)

]
+

[
−1

2
αV ′(h∗)∆t2

1

2
(α+ β)∆t2

αV ′(h∗)∆t −(α+ β)∆t

] [
h̃(k − 1)
ṽF(k − 1)

]

+

[
−1

2
β∆t2

β∆t

]
ṽL(k − 1) +

[∫ tk+1

tk
ṽL(t)dt

0

]
, (3.10)

where h̃(t), ṽL(t), and ṽF(t) denote small fluctuations around the equilibrium headway h∗ and
equilibrium velocity V (h∗) given by (3.73.7).

The fluctuations in the leader’s velocity are assumed to be sinusoidal,

ṽL(t) = vamp
L sin(ωt) , (3.11)

since real fluctuations can be considered as an infinite sum of harmonic functions. This way, the
integral in (3.103.10) can be written in the form∫ tk+1

tk

ṽL(t)dt = β0ṽL(tk) + β2ṽL(tk−2) , (3.12)
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where, after using ∆t = tk+1 − tk, the expressions of β0 and β2 read

β0 =
cos(2ω∆t)− cos(3ω∆t)

ω sin(2ω∆t)
, β2 =

cos(ω∆t)− 1

ω sin(2ω∆t)
. (3.13)

Then, system (3.103.10, 3.113.11) can be given in the form

x(k + 1) =a0x(k) + a1x(k − 1) + b0u(k) + b1u(k − 1) + b2u(k − 2) ,

y(k) =cx(k) ,
(3.14)

where the state x, the input u, the output y, and the coefficient matrices are

x(k) =

[
h̃(k)
ṽF(k)

]
, u(k) = ṽL(k) , y(k) = ṽF(k) , a1 =

[
−1

2
αV ′(h∗)∆t2

1

2
(α+ β)∆t2

αV ′(h∗)∆t −(α+ β)∆t

]
,

a0 =

[
1 −∆t
0 1

]
, b0 =

[
β0

0

]
, b1 =

[
−1

2
β∆t2

β∆t

]
, b2 =

[
β2

0

]
, c =

[
0 1

]
.

(3.15)

The equivalent state-space representation reads

X(k + 1) = A1X(k) + B0u(k) + B1u(k − 1) + B2u(k − 2) ,

y(k) = C1X(k) ,
(3.16)

where

X(k) =

[
x(k)

x(k − 1)

]
, A1 =

[
a0 a1

I 0

]
, B0 =

[
b0

o

]
, B1 =

[
b1

o

]
, B2 =

[
b2

o

]
, C1 =

[
c oT

]
.

(3.17)
Here, 0 ∈ R2×2 and I ∈ R2×2 are the zero and the identity matrices, respectively, o ∈ R2 denotes
the zero vector, and T stands for transpose.

3.2.2 Stability analysis

Connected cruise control of vehicular strings must fulfill two stability criteria: plant and string
stability. Plant stability is related to the safety and collision avoidance between vehicles, whereas
string stability is associated with disturbance attenuation along vehicular strings and ensuring
smooth traffic flow. The stability analysis of (3.163.16) is presented in this section following the
method shown in [5858, 7979]. Stability charts are created in the (β, α)-plane of the control gains,
by which the plant and string stable parameter domains can be identified and the control gains
can be selected.

Plant stability

Connected cruise control can be described by map (3.103.10), where the fluctuations ṽL(t) in the
leader’s velocity can be considered as the excitation of the system. Plant stability is related to
the excitation-free transient behavior. The system is considered plant stable if the follower is
able to approach the leader’s constant velocity v∗L, that is, if the trivial fixed point of (3.103.10) is
asymptotically stable for vL ≡ v∗L (when ṽL(t) ≡ 0). Equivalently, one can analyze the stability
of map (3.163.16) with u(k) = 0, which reads

X(k + 1) = A1X(k) . (3.18)

Plant stability is guaranteed if all eigenvalues of A1 (the characteristic multipliers) lie within
the unit circle centered at the origin of the complex plane. The eigenvalues are given by the
characteristic equation

det(zI−A1) = 0 . (3.19)
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Figure 3.3: (a) Stability chart in the (β, α)-plane of the control gains for ∆t = 100 ms. Red
and blue lines indicate plant and string stability boundaries, respectively, whereas the light grey
region is plant stable, the dark grey region is string stable. (b) The eigenvalues of the system
matrix A1 corresponding to points A-D. (c) The magnitude ratio M(ω) corresponding to points
D-H. (d) Numerical simulations corresponding to points d and e.

Plant stability can be lost in three qualitatively different ways: an eigenvalue crosses the unit
circle at 1, an eigenvalue crosses the unit circle at −1, a pair of complex conjugate eigenvalues
crosses the unit circle [8080]. The first case leads to a non-oscillatory stability loss, while the last
two lead to oscillatory stability loss. The corresponding plant stability boundaries are obtained
for z = 1, or z = −1, or z = e±iθ (i2 = −1, θ ∈ (0, π)). Note that the combination of the three
cases with multiple sets of eigenvalues crossing the unit circle is also possible at the intersections
of the stability boundaries. Substituting z = 1 and z = −1 into (3.193.19) gives the plant stability
boundaries in the form

α = 0 , (3.20)

α = − 2

∆t
− β , (3.21)

respectively. Substituting z = eiθ into (3.193.19), and separating the real and the imaginary parts,
the third plant stability boundary is found in a form parameterized by θ ∈ (0, π):

α(θ) =
4 sin2 θ + 6 cos θ − 6

V ′(h∗)∆t2
, β(θ) =

2 sin2 θ + cos θ − 1

∆t
− 4 sin2 θ + 6 cos θ − 6

V ′(h∗)∆t2
. (3.22)

Fig. 3.33.3(a) shows the plant stability boundaries in the plane (β, α). Parameter values hmin =
5 m, hmax = 35 m, vmax = 30 m/s are used to define the range policy, while the uniform flow
equilibrium is given by h∗ = 20 m, v∗L = v∗F = 15 m/s, which imply V ′(h∗) = π/2 s−1. These
parameters are kept fixed throughout the chapter. The dashed, the dotted, and the solid red
lines correspond to the plant stability boundaries associated with z = 1, z = −1, and z = eiθ,
respectively. They enclose the light grey shaded plant stable domain. The eigenvalue plots in
Fig 3.33.3(b) show the eigenvalues of matrix A1 for different plant stability losses (cases A, B, and
C) and for a plant stable scenario (case D).
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String stability

String stability is associated with the steady-state response of the excited time-delay sys-
tem (3.103.10). The system is string stable, if the follower is able to attenuate fluctuations in the
leader’s velocity. This implies that the amplification from input to output should not be larger
than one for any leader’s velocity perturbation. Thus, the transfer function related to (3.163.16) is
calculated via Z transform, which gives

Γ(z) = C1(zI−A1)−1
(
B0 + B1z

−1 + B2z
−2
)
. (3.23)

The corresponding magnitude ratio is M(ω) =
∣∣Γ (eiω∆t

)∣∣ and the detailed formula of M(ω) is
given by (B.1B.1, B.2B.2) in Appendix B.1B.1. The necessary and sufficient condition for string stability
is given by

M(ω) < 1 , ∀ ω > 0 . (3.24)

Note that string stability is rather a notion of amplification than stability in the case of a leader-
follower pair. However, when this pair of vehicles is concatenated to a vehicle string according
to Fig. 3.13.1(a), the response of each vehicle yields excitation for the subsequent vehicle. For
a string unstable scenario, the amplitude of the steady state velocity response of the vehicles
increases along the vehicular string. This explains the terminology ”stability”, although it refers
to changes in the steady state behavior with respect to spatial position in the vehicular string.

String stability may be lost in different frequency domains as the maximum of M(ω) goes
above 1. Considering ωcr to be the critical angular frequency where string stability is lost, three
kinds of string stability boundaries can be distinguished: ωcr = 0, ωcr = (2l+1)π/∆t with l ∈ N,
and when ωcr is not equal to either of these. Since M(0) = 1 and M ′(0) = 0 always hold, the
string stability boundaries for ωcr = 0 are given by M ′′(0) = 0 [5858], which yields

α = 0 , (3.25)

α =
2 (V ′(h∗)− β)

1− (V ′(h∗))2 ∆t2/6
. (3.26)

At ωcr = (2l + 1)π/∆t, condition M(ωcr) = 1 gives the string stability boundary

β =

((
V ′(h∗)2∆t2

(2l + 1)2π2
− 1

)
α2 − 4

∆t
α− 4

∆t2

)
1

2α+ 4/∆t
. (3.27)

For 0 < ωcr 6= (2l + 1)π/∆t, the following equations define the string stability boundary:

M(ωcr) = 1 , M ′(ωcr) = 0 , (3.28)

which can be solved numerically for α and β when varying the parameter ωcr.

In Fig. 3.33.3(a), dashed, dotted, and solid blue lines indicate string stability boundaries for
ωcr = 0, ωcr = (2l+ 1)π/∆t, and 0 < ωcr 6= (2l+ 1)π/∆t, respectively. The string stable regions
are shaded as dark grey, while the magnitude ratios M(ω) are depicted in Fig. 3.33.3(c) for different
string stability losses (cases F, G, and H), for a string stable scenario (case D), and a string
unstable scenario (case E). Fig. 3.33.3(d) shows numerical simulations of (3.93.9) initiated from the
uniform flow equilibrium for a string stable and a string unstable case corresponding to points d
and e in Fig. 3.33.3(c), respectively. Note that the string but not plant stable regions at the top and
the bottom of Fig. 3.33.3(a) are physically irrelevant, hence they are not depicted in what follows.
Accordingly, the dotted stability boundaries corresponding to z = −1 and ωcr = (2l + 1)π/∆t
cannot be observed experimentally. When designing the controller, the gains α and β should be
chosen from the intersection of the plant and string stable domains in order to guarantee safe
driving and smooth traffic flow.
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Critical sampling period

The sampling time ∆t has a significant effect on the size of the plant and string stable region.
If ∆t is increased, the time delay of the system increases and the stable region becomes smaller.
The stable region disappears at the critical case

∆tcr =
1

3V ′(h∗)
, (3.29)

where the three intersection points marked by I, II, III in Fig. 3.33.3(a) coincide. The derivation
of (3.293.29) is discussed in Appendix B.1B.1 in detail. Assuming V ′(h∗) = π/2 s−1, one gets ∆tcr =
212 ms for the critical sampling period. If larger sampling time is used (∆t > ∆tcr), the
stable region disappears, and no pair of control gains (β, α) can guarantee both plant and string
stability. Note that Th = 1/V ′(h∗) can be interpreted as the time gap between the leader and
follower. Thus, (3.293.29) gives a fundamental limit on how close the vehicles can travel to each
other for a given ∆t and determines the maximum achievable flux in the traffic flow.

Note that one may approximate the time-varying time delay by its average τ , by which the
continuous-time approximation of (3.33.3, 3.83.8) reads

ades(t) = α
(
V
(
h(t− τ)

)
− vF(t− τ)

)
+ β

(
W
(
vL(t− τ)

)
− vF(t− τ)

)
. (3.30)

This control law was analyzed in [4949], where the critical time delay was shown to be τcr =
1/(2V ′(h∗)), which agrees with (3.293.29) considering that τ = 3/2 ∆t, see Fig. 3.23.2(a).

3.3 Packet losses in vehicle-to-vehicle communication

During wireless vehicle-to-vehicle communication, data is transmitted intermittently. In real
traffic situations, some data packets sent by one member of the vehicular string may not reach
other vehicles. Consequently, the most recent data about the leader’s velocity and the headway
may not be available for the follower and its controller must use the data from previously
delivered packets. That is, packet losses increase the effective time delay in the control loop that
has a significant adverse effect on stability [5959].

Here, the effect of such packet losses is analyzed. Only the leader’s velocity and the head-
way data are subject to packet loss, since the follower’s velocity is measured on board and is
available at each time step. The analysis is restricted to cases where packet losses occur in a
deterministic fashion. In real traffic, however, packet losses occur in a stochastic manner, which
yields stochastically varying time delays. For the analysis of systems with stochastic delays,
the reader is referred to [5959, 8181, 8282]. Nevertheless, deterministic packet loss scenarios are only
considered to simplify the analysis, while the controllers shown in this chapter can also be used
in the case of stochastic packet loss scenarios.

Let us assume that the communication suffered τ(k)− 1 consecutive packet losses up to the
k-th time instant, i.e., the last headway and leader’s velocity data was delivered τ(k) time steps
earlier. Using controller (3.33.3), one obtains

v̇F(t) =ades(tk−1) , t ∈ [tk, tk+1) ,

ades(tk−1) =α
(
V
(
h(tk−τ(k))

)
− vF(tk−1)

)
+ β

(
W
(
vL(tk−τ(k))

)
− vF(tk−1)

)
.

(3.31)

Note that substituting τ(k) = 1 gives back (3.33.3, 3.83.8) that corresponds to no packet loss.
According to (3.313.31), the packet losses increase the effective time delay in the system, which

is demonstrated in Fig. 3.23.2(b) by red arrows. Now a special case is considered where every n-th
packet is received periodically. Then, the time delay associated with the leader’s velocity and
the headway data is n∆t-periodic and increases from ∆t to (n+ 1)∆t in each period as shown
in Fig. 3.23.2(c). Note, however, that the follower’s velocity is not subject to packet losses, and its
time delay is still varying between ∆t and 2∆t as shown in Fig. 3.23.2(a).
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3.3.1 Discrete-time map

In order to analyze the dynamics (3.13.1, 3.313.31), the equations are integrated over [tk, tk+1) and
the fluctuations in the leader’s velocity are assumed to be sinusoidal according to (3.113.11). Then,
linearization gives the discrete-time map

x(k + 1) = a0x(k) + ã1x(k − 1) + ãτx(k − τ(k)) + b0u(k) + b2u(k − 2) + bτu(k − τ(k)) ,

y(k) = cx(k) ,

(3.32)

which is similar to (3.143.14) that governs the follower’s motion in the absence of packet losses.
Matrices a0, b0, b2, c are the same as defined in (3.153.15), whereas the others read

ã1 =

[
0

1

2
(α+ β)∆t2

0 −(α+ β)∆t

]
, ãτ =

[
−1

2
αV ′(h∗)∆t2 0

αV ′(h∗)∆t 0

]
, bτ = b1 . (3.33)

Note that the matrix a1 given by (3.153.15) is decomposed into two parts, a1 = ã1 + ãτ , where ã1

is associated with the follower’s velocity that is unaffected by packet losses, and ãτ is related
to the headway that is subject to packet loss. The effect of losing the leader’s velocity data is
represented by the term u(k − τ(k)) in (3.323.32).

Let n − 1 denote the maximum number of consecutive packet losses, i.e., assume that the
controller needs to wait n sampling periods for a new data packet to arrive in the worst case
scenario. Then, the discrete time delay τ(k) increases from 1 to n during the sampling periods.
Choosing the size of the state vector according to n, system (3.323.32) can be represented in state-
space form by

X(k + 1) =Aτ(k)X(k) + B0u(k) + B2u(k − 2) + Bτu(k − τ(k)) ,

y(k) =CτX(k) ,
(3.34)

where

X(k) =


x(k)

x(k − 1)
...

x
(
k − n

)
 , Aτ(k) =


a0 ã1 0 · · · 0 ãτ 0 · · · 0 0
I 0 · · · 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0

 ,

B0 =


b0

o
...
o

 , B2 =


b2

o
...
o

 , Bτ =


bτ
o
...
o

 , Cτ =
[
c oT · · · oT

]
,

(3.35)

cf. (3.163.16, 3.173.17). Note that matrices Aτ(k), B0, Bτ , B2, and Cτ consist of n + 1 blocks in each
row or column and ãτ is located in the (τ(k) + 1)-st column, i.e., it changes its location at each
time step based on the value of the delay. As mentioned above, the analysis is restricted to
deterministic packet loss scenarios when every n-th packet is received periodically.

3.3.2 Stability analysis

In order to analyze plant and string stability, the evolution of the system must be described
by a discrete-time map over the principal period n∆t [11]. This map is constructed by applying
n successive maps at each step of the period. If the packets are received at the k-th and the
(k + n)-th time instant, the evolution of the system over

[
k∆t, (k + n)∆t

)
is governed by the
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Table 3.1: Dimensionless critical sampling period when every n-th packet is received.

∆tcr/Th n = 1 n = 2 n = 3 n = 4

without predictor 0.333 0.286 0.247 0.215

predictor (3.413.41, 3.423.42), w1 →∞ 0.5 0.333 0.25 0.2

predictor (3.573.57) 0.5 0.4 0.389 0.286

predictor (3.593.59), w1 →∞ 0.5 0.333 0.25 0.2

map (3.343.34) with increasing delay in each step. Therefore, map (3.343.34) is used successively n times
while assuming τ(k) = 1, τ(k + 1) = 2, . . . , τ(k + n− 1) = n, respectively, which yields

X(k + 1) =A1X(k) + B0u(k) + B2u(k − 2) + Bτu(k − 1) ,

X(k + 2) =A2X(k + 1) + B0u(k + 1) + B2u(k − 1) + Bτu(k − 1) ,

...

X(k + n) =AnX(k + n− 1) + B0u(k + n− 1) + B2u(k + n− 3) + Bτu(k − 1) ,

y(k) =CτX(k) .

(3.36)

Plant stability can be analyzed the same way as shown in Sec. 3.2.23.2.2. Substitution of u(k) = 0
into (3.363.36) gives

X(k + n) = AX(k) , (3.37)

where A = AnAn−1 . . .A2A1. The eigenvalues of A must be located within the unit circle cen-
tered at the origin of the complex plane to ensure plant stability. The plant stability boundaries
are calculated analytically by solving the characteristic equation for the control gains given in
the form of (3.193.19) while substituting A1 with A and assuming z = 1, z = −1, and z = eiθ.

The string stability analysis is carried out by applying Z-transform to (3.363.36) that yields the
transfer function

Γn(z) =Cτ (znI−A)−1 Gn(z) , (3.38)

where Gn(z) is given by the recursive rule

G1(z) =B0 + B2z
−2 + Bτz

−1 ,

Gk(z) =AkGk−1(z) + B0z
k−1 + B2z

k−3 + Bτz
−1 ,

(3.39)

for k = 2, . . . , n. The ωcr = 0 and the ωcr = (2l + 1)π/∆t string stability boundaries can be
calculated analytically the same way as discussed in Sec. 3.2.23.2.2. However, due to the algebraic
complexity of the transfer function (3.383.38, 3.393.39), the 0 < ωcr 6= (2l + 1)π/∆t string stability
boundary cannot be obtained analytically. Instead, a 200 × 200 grid is created in the (β, α)-
plane, and it is checked in each point whether

∣∣Γn (eiω∆t
)∣∣ < 1 holds for ω ∈ (0, 2π/∆t).

The stability charts are presented in the (β, α)-plane for n = 2, 3, 4 in Fig. 3.43.4(b,c,d), where
the same color and shading scheme is used as in Fig. 3.33.3(a). It is important to note that the
controller cannot anticipate how frequent the packet losses will be. Thus, the control parameters
must be chosen such that the system is stable for any packet loss scenario (for any reasonable
value of n). It can be seen that the stable domains vary as n increases, therefore it is more
difficult to find a pair of control gains that is stable for all packet loss scenarios. If n is increased
further (n > 4), the dark grey shaded string stable region shrinks and disappears at n = 10.

The size of the stable region depends on the sampling period as discussed in Sec. 3.2.23.2.2.
Above a critical sampling period (∆t > ∆tcr), the plant and string stable domain vanishes. For
different packet loss scenarios, that is, for different values of n, the critical sampling period can be



28 Chapter 3. Predictors in Connected Cruise Control

α
α

β

control gain b [1/s]

co
n
tr

ol
 g

ai
n
 a

 [
1/

s]

(b,a)=(1.26,0.62)

(b,a)=(1.42,0.63)

(b,a)=(1.87,0.57)

(b,a)=(1.62,0.62)

20100-10-20

control gain b [1/s]

20100-10-20

control gain b [1/s]

20100-10-20

0

10

20

30

co
n
tr

ol
 g

a
in

 a
 [
1/

s]

0

10

20

30

co
n
tr

ol
 g

ai
n
 a

 [
1/

s]

0

10

20

30

co
n
tr

ol
 g

ai
n
 a

 [
1
/s

]

0

10

20

30
(b,a)=(1.26,0.62)

(b,a)=(1.33,0.71)

(b,a)=(1.55,0.89)

(b,a)=(1.43,0.78)

(b,a)=(1.32,0.71)

(b,a)=(1.49,0.91)

(b,a)=(2.13,1.69)

(b,a)=(1.71,0.23)

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

0
0

3

3

e)

f)

g)

h)

a)

b)

c)

d)

i)

j)

k)

l)

without predictor with predictor (m=1) with predictor (m=2, w =1/2)1

n
=

1
n
=

2
n
=

3
n
=

4

Figure 3.4: Stability charts in the (β, α)-plane of the control gains for ∆t = 100 ms when every
n-th packet is received: (a-d) without predictor; (e-h) with predictor (3.413.41, 3.423.42) using m = 1;
(i-l) with predictor (3.413.41, 3.423.42) using m = 2, w1 = 1/2. The same color and shading scheme is
used as in Fig. 3.33.3.

calculated by locating the intersection points of the string stability boundaries, and determining
the sampling period where they coincide; see the details of the n = 1 case in Appendix B.1B.1.
The first row of Table 3.13.1 shows the critical sampling period for n = 1, 2, 3, 4, respectively.
It is important to note that the more frequent the packet losses get, the smaller the critical
sampling period becomes. Frequent packet losses destabilize the system if the sampling time
is not small enough. Table 3.13.1 also shows that for a given ∆t, the minimum achievable time
gap Th = 1/V ′(h∗) between the vehicles increases as the packets are lost, that is, the maximum
achievable flux in the traffic flow decreases.

In addition, note that large control gains imply large acceleration that the follower’s engine
may not be able to realize or that may not be permitted in the presence of human passengers.
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Then, the controller gets into saturation, and the linear stability analysis is not valid any more.
The minimum gains that make the system string stable are shown in Fig. 3.43.4 by enlarging the
stable region around the origin. The closest string stable points to the origin (where α2 + β2 is
minimal) are also indicated by red stars on the inlets. Notice that the smallest available gains
typically increase when packets are lost.

3.4 Compensation of packet losses via predictors

In this section, a method is proposed to compensate the destabilizing effects of the increasing
time delay induced by packet losses. The method is based on the prediction of the leader’s
velocity and the headway data lost during communication. Accordingly, a predicted headway
hP and a predicted leader’s velocity vP

L are used in the control law:

v̇F(t) =ades(tk−1) , t ∈ [tk, tk+1) ,

ades(tk−1) =α
(
V
(
hP(tk−1)

)
− vF(tk−1)

)
+ β

(
W
(
vP

L (tk−1)
)
− vF(tk−1)

)
,

(3.40)

cf. (3.313.31).

3.4.1 Predictor concept

To predict the leader’s velocity, earlier data is used. In particular, the predicted leader’s velocity
is proposed to be a weighted sum of the last m available leader’s velocity data:

vP
L (tk−1) =

m∑
i=1

wivL(tk−τi(k)) , (3.41)

where the weights are indicated by wi and can be chosen when designing the predictor. The
weights wi must satisfy

∑m
i=1wi = 1 in order to preserve the equilibrium velocity of the uniform

flow for the nonlinear system (3.13.1, 3.403.40). Parameter m denotes how many previously received
data packets are used for computing the predicted leader’s velocity. Parameters τi(k) indicate
how many time steps earlier were the particular data packets received. For instance, if at tk the
last two leader’s velocity data arrived 3 and 7 time steps ago, then τ1(k) = 3 and τ2(k) = 7, and
using both of these in the prediction corresponds to m = 2. Note that the data packets may
not be evenly distributed in time and any packet loss scenario can be described by τi(k). In
the special case where every n-th packet is received and the last packet arrived τ(k) time steps
earlier, τi(k) = τ(k) + (i − 1)n, i = 1, 2, ...,m. Also note that (3.413.41) acts as a finite impulse
response filter on the leader’s velocity data.

By definition, the headway is given by the difference of the distances traveled by the leader
and the follower. It can be predicted by integrating (3.13.1). The key point is how the integrals
of vL(t) and vF(t) are approximated. Since the controller prescribes a piecewise constant ac-
celeration for the follower, the velocity vF(t) is piecewise linear. Hence, the distance that the
follower travels is predicted by approximating the area under vF(t) by trapezoids; see Fig 3.53.5(a).
Whereas the distance that the leader travels is predicted by approximating the area under vL(t)
by a rectangle using the predicted velocity vP

L ; see Fig 3.53.5(b). The predicted headway becomes

hP(tk−1) = h(tk−τ(k)) + vP
L (tk−1)(τ(k)− 1)∆t−

τ(k)−1∑
j=1

vF(tk−j−1) + vF(tk−j)

2
∆t , (3.42)

for τ(k) ≥ 2. For τ(k) = 1, no packet is lost and the sum in (3.423.42) is omitted to get hP(tk−1) =
h(tk−1). Thus, no headway prediction is done when a packet is received. Note, however, that
the leader’s velocity is predicted by (3.413.41) even for τ(k) = 1, hence there is a possibility to
improve string stability even when no packets are lost.
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Figure 3.5: Illustration of the prediction and the control processes (3.403.40, 3.413.41, 3.423.42) for m = 1,
w1 = 1, τ1(k) = 4. Green dots and red crosses show received and lost data packets, respectively,
black dots show predicted data. Arrows indicate the data used to predict the leader’s velocity
and the headway, and to set the follower’s acceleration.

The method (3.413.41, 3.423.42) to predict the leader’s velocity and the headway is illustrated in
Fig. 3.53.5 for the special case m = 1, w1 = 1, τ1(k) = 4, that is, when the predictor relies
on the data obtained 4 sampling periods earlier. Blue curves show the follower’s velocity, the
leader’s velocity, the headway, and the follower’s acceleration as a function of time. Green dots
indicate when packets are received and red crosses stand for packet losses. In case of packet
losses, the leader’s velocity and the headway are predicted as shown by the black dots. The
choice m = 1 yields that the leader’s velocity is predicted to be the same as the last available
data: vP

L (tk−1) = vL(tk−τ(k)), see the arrows in Fig. 3.53.5(b). This way, the controller assumes
that the leader’s velocity does not change during packet losses, and the distance that the leader
travels is computed accordingly. The headway is predicted by (3.423.42) by adding the difference
of the distances that the leader and the follower travel during packet losses to the last available
headway data; see the shaded areas indicated by 1, 2, and 3 in Fig. 3.53.5(a,b). The arrows in
Fig. 3.53.5(d) show how the follower’s acceleration is set according to the control law (3.403.40).

Another special case of predictor (3.413.41, 3.423.42) is when m = 2, that is, the predictor uses the
last two available leader’s velocity values obtained τ1(k) and τ2(k) time instants earlier. Then,
the leader’s predicted velocity is vP

L (tk−1) = w1vL(tk−τ1(k)) +w2vL(tk−τ2(k)), where w2 = 1−w1.
If w1 = 1 and w2 = 0, one arrives back to the case m = 1. If w1 = w2 = 1/2, the leader’s velocity
is predicted to be the average of the last two available leader’s velocity data, and the headway
predictor (3.423.42) uses this average velocity to calculate the distance that the leader travels during
packet losses. It is also possible to predict the leader’s velocity by linear extrapolation from the
last two available data by choosing w1 = (τ2(k)− 1)/(τ2(k)− τ1(k)) and w2 = 1−w1. Note that
the choice of m and wi does not modify the calculation of the distance that the follower travels.

Now (3.13.1, 3.403.40, 3.413.41, 3.423.42) is solved over [tk, tk+1), the resulting discrete-time map is lin-
earized, and the sinusoidal fluctuations (3.113.11) are considered, which yields

X(k + 1) = AP
τ(k)X(k) + B0u(k) + B2u(k − 2) +

m∑
i=1

wiB
P
τ(k)u

(
k − τi(k)

)
, (3.43)

where
AP
τ(k) = Aτ(k) + ∆Aτ(k) , BP

τ(k) = Bτ + ∆Bτ(k) , (3.44)
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and

∆Aτ(k) =


0 aP/2 aP · · · aP aP/2 0 · · · 0 0
I 0 · · · 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0

, ∆Bτ(k) =


bP
τ(k)

o
...
o

,

aP =

[
0

1

2
αV ′(h∗)∆t3

0 −αV ′(h∗)∆t2

]
, bP

τ(k) =

[
−1

2
(τ(k)− 1)αV ′(h∗)∆t3

(τ(k)− 1)αV ′(h∗)∆t2

]
,

(3.45)

where there are τ(k) nonzero blocks in the first row of ∆Aτ(k), cf. (3.343.34, 3.353.35).

3.4.2 Stability analysis

The stability analysis of (3.433.43) can be done the same way as in Sec. 3.3.23.3.2. Figure 3.43.4(e-l) show the
stability charts using predictor (3.413.41, 3.423.42) with m = 1 and with m = 2, w1 = 1/2, respectively,
for n = 1, 2, 3, 4. Based on Fig. 3.43.4(a-d), the plant stable domains vary significantly for the
different packet loss scenarios when no predictor is used. In comparison, Fig. 3.43.4(e-l) show that
these domains remain exactly the same using predictor (3.413.41, 3.423.42). Thus, plant stability can be
preserved by implementing predictors on the headway. Since the leader’s velocity is considered
constant during plant stability analysis, only the headway needs to be predicted to improve
plant stability. The follower’s velocity is available for the controller and can be integrated to
obtain the exact headway for any packet loss scenario. This leads to the preservation of plant
stability properties.

The prediction of the leader’s velocity affects string stability. According to Fig. 3.43.4(e-h),
the choice m = 1 fails to increase the size of the string stable region. However, by choosing
m = 2, the weight w1 can be used as a design tool for enhancing string stability. Based on
several case studies, the optimal choice of w1 is around w1 = 1/2; see Fig. 3.43.4(i-l). A heuristic
argument supporting this choice is the following. When every n-th packet is delivered, the
relation between vP

L (tk−1) and vL(tk−τ(k)) is given by the transfer function ΓP(z) = w1 +w2z
−n

where w2 = 1 − w1. Consequently, prediction introduces a gain for the leader’s velocity that
is obtained as

∣∣ΓP
(
eiω∆t

)∣∣ =
√

1− 4w1(1− w1) sin2 (nω∆t/2), which is minimal for w1 = 1/2.
Indeed, improvements of string stability can be seen in Fig. 3.43.4(i-l) via the predictor with m = 2,
w1 = 1/2, especially for frequent packet losses (n = 3, 4). The benefit of this predictor becomes
more pronounced when it is combined with another predictor concept in Sec. 3.5.43.5.4.

For m = 2, the weight w1 = 1/2 is optimal in terms of the size of the string stable region.
This choice may not be optimal in terms of the minimal gains that make the system string
stable. According to the Fig. 3.43.4(e-l), smaller gains can be achieved for w1 = 1 (which gives
case m = 1) than for w1 = 1/2 as shown by the inlets.

The effect of prediction on the critical sampling period can also be analyzed. Fig. 3.63.6(a)
presents analytical results obtained by computer algebra for the dimensionless critical sampling
period ∆tcr/Th as a function of the weight w1. For n = 1, 2, the functions are monotonically
increasing, whereas for n = 3, 4 they peak at w1 = 0.59 and w1 = 0.74, respectively. Based on
Fig. 3.63.6, the best strategy to increase the critical sampling period for any packet loss scenario
(for all n) is to choose w1 as large as possible. Equivalently, for a given sampling period, a large
w1 guarantees smaller time gap between the vehicles and larger flux in the traffic flow. The
value of the dimensionless critical sampling period ∆tcr/Th converges to 1/(n + 1) as w1 → ∞
as spelled out in the second row of Table 3.13.1.

Finally, it is important to remark that although string stability can be achieved for large
sampling periods using a large weight w1, the string stable region itself becomes very small.
In such cases, the control gains α and β must be set very accurately to realize stable control.
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Figure 3.6: The dimensionless critical sampling period ∆tcr/Th as a function of the weight w1

used for prediction with m = 2 when every n-th packet is received (a) for predictor (3.413.41, 3.423.42);
(b) for the improved predictor (3.593.59).

Consequently, there is a trade-off when choosing the weight: w1 = 1/2 gives larger string stable
region but with smaller critical sampling period, and w1 → ∞ gives large critical sampling
period but small string stable region. A similar trade-off was observed for an acceleration
feedback controller in [5353]. That method increases the critical time delay to infinity but with
the cost that the size of the stable region becomes infinitely small.

3.5 Compensation of the processing delay via predictors

Recall that the zero-order-hold introduces a time-periodic time delay in connected cruise control,
cf. Fig. 3.23.2. From this point on, the minimal value ∆t of time-periodic time delay is referred
to as processing delay. In this section, a method is presented to improve the plant and string
stability of connected vehicle systems by means of compensating the processing delay caused by
the zero-order-hold. The core idea is similar to the approach of Finite Spectrum Assignment
discussed in Chap. 22. Namely, the actual state of the system (that is free of processing delay) is
predicted via the integration of an internal model.

3.5.1 Predictor concept

First, the concept is shown for the case where every data packet is received. The processing
delay is caused by the time required for the leader to sense data, to process and transmit it, and
for the follower to receive the data, process it, and use it for actuation. Thus, at time tk, the
control input ades(tk−1) is available, which is calculated from the data measured at tk−1. On
the other hand, since the control input applied over [tk−1, tk) is known to the follower, it can
be used to calculate the state at tk provided that an accurate model about the motion of the
vehicles is available. This resembles the idea of Finite Spectrum Assignment, and allows one to
predict the state one sampling period ahead in order to compensate the processing delay.

The following predictor feedback control is proposed for the connected vehicle system:

v̇F(t) =ades(tk−1) , t ∈ [tk, tk+1) ,

ades(tk−1) =α
(
V
(
hQ(tk)

)
− vQ

F (tk)
)

+ β
(
W
(
vQ

L (tk)
)
− vQ

F (tk)
)
,

(3.46)

cf. (3.313.31) and (3.403.40), where superscript Q indicates the following predicted values. The leader’s
predicted velocity vQ

L (tk) is considered the same as the last available data, since the equation of
motion is unknown for the leader and model-based prediction cannot be made. The follower’s
predicted velocity vQ

F (tk) and the predicted headway hQ(tk) are obtained by assuming that the
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follower realizes the desired acceleration over [tk−1, tk) that is ades(tk−2) according to (3.463.46).
Thus, equations (3.13.1, 3.463.46) serve as an internal model for prediction, and their integration over
[tk−1, tk) gives the predicted state as

vQ
F (tk) =vF(tk−1) + ades(tk−2)∆t ,

vQ
L (tk) =vL(tk−1) ,

hQ(tk) =h(tk−1) +
(
vL(tk−1)− vF(tk−1)

)
∆t− 1

2
ades(tk−2)∆t2 .

(3.47)

Note that more detailed vehicle models such as the one in [5454] could also be used instead
of (3.13.1, 3.463.46) for prediction. Analyzing the effect of modeling uncertainties in (3.13.1, 3.463.46) is out
of scope of this work.

Control law (3.463.46, 3.473.47) can be considered as an application of the Finite Spectrum As-
signment concept with some significant differences. Since now the control input is piecewise
constant, the effective time delay cannot be completely compensated: it remains a time-varying
saw-tooth function as in Fig. 3.23.2. However, the saw-tooth can effectively be ”pushed down” to
zero using the model-based prediction in control law (3.463.46, 3.473.47). Moreover, the piecewise con-
stant right-hand side of the internal model (3.13.1, 3.463.46) is easy-to-integrate. Hence the problem
of implementing integrals in the predictor does not show up, which was a serious issue during
Finite Spectrum Assignment in Sec. 2.1.32.1.3.

In order to analyze (3.13.1, 3.463.46, 3.473.47), the corresponding discrete-time map is derived similarly
to Sec. 3.2.13.2.1. The predicted headway and velocities in (3.473.47) are substituted into the control
law (3.463.46). At this point, one can recognize that the desired acceleration ades(tk−1) depends
on its value ades(tk−2) at the previous sampling instant. Therefore, the state of the system is
augmented by the follower’s acceleration: ades(k−1) becomes an element of the state vector. Ac-
cordingly, solving (3.13.1, 3.463.46, 3.473.47) over [tk, tk+1), linearizing the resulting map, and substituting
the sinusoidal fluctuations (3.113.11) leads to

x(k + 1) = a0x(k) + b0, u(k) + b1u(k) + b2u(k − 2) ,

y(k) = cx(k) ,
(3.48)

where the state x, the input u, the output y, and the coefficient matrices are defined as

x(k) =

 h̃(k)
ṽF(k)

ãdes(k − 1)

 , u(k) = ṽL(k) , y(k) = ṽF(k) ,

a0 =


1 −∆t −1

2
∆t2

0 1 ∆t

αV ′(h∗) −αV ′(h∗)∆t− (α+ β) −1

2
αV ′(h∗)∆t2 − (α+ β)∆t

 ,

b0 =

β0

0
0

 , b2 =

β2

0
0

 , b1 =

 0
0

β + αV ′(h∗)∆t

 , c =
[
0 1 0

]
,

(3.49)

cf. (3.153.15). Note that in (3.483.48), b1 is the coefficient of u(k) and not u(k− 1), since the state was
augmented by the desired acceleration ades. Finally, the state-space form is obtained from (3.483.48)
with X(k) = x(k), A1 = a0, B0 = b0, B1 = b1, B2 = b2, C1 = c (cf. (3.163.16, 3.173.17)).
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3.5.2 Stability analysis

The plant and the string stability of system (3.483.48) can be analyzed following Sec. 3.2.23.2.2. The
z = 1, the z = −1, and the z = eiθ, θ ∈ (0, π) plant stability boundaries are

α = 0 , (3.50)

α =
2

∆t
− β , (3.51)

α(θ) =
−2 (cos(θ)− 1)

V ′(h∗)∆t2
, β(θ) =

(2− V ′(h∗)∆t) (cos(θ)− 1)

V ′(h∗)∆t2
, (3.52)

respectively. The ωcr = 0 string stability boundaries read

α = 0 , (3.53)

α =
2 (V ′(h∗)− β + βV ′(h∗)∆t)

1− 7 (V ′(h∗))2 ∆t2/6
, (3.54)

whereas ωcr = (2l + 1)π/∆t yields

β =

(
π2 − (π2 + 1)V ′(h∗)2∆t2

)
∆t2α2 − 4π2∆tα+ 4π2

2π2∆t
((
V ′(h∗)∆t− 1

)
∆tα+ 2

) . (3.55)

The 0 < ωcr 6= (2l + 1)π/∆t string stability boundaries are given by (3.283.28). These can only be
obtained numerically and they are not physically relevant in this case.

Fig. 3.73.7(a) presents the stability chart of the system with processing delay compensation
in the absence of packet losses. In comparison to Fig. 3.43.4(a), significant improvements can be
observed in terms of the size of both the plant and the string stable region. The value of the
critical sampling period, above which string stability cannot be guaranteed, can be obtained in
closed form using the method of Sec. 3.2.23.2.2 and Appendix B.1B.1:

∆tcr =
1

2V ′(h∗)
. (3.56)

The critical sampling period becomes 1.5 times larger compared to the case where a zero-order-
hold is used without processing delay compensation, cf. (3.293.29). Therefore, the control loop
remains stable for significantly smaller time gap Th = 1/V ′(h∗) between the vehicles for a given
sampling period. One may expect improvements even in case of packet losses that is analyzed
below.

3.5.3 Effect of packet losses

During packet losses, the predictor can rely on the data received from the last available packet.
For τ(k)− 1 consecutive packet losses, the predictor becomes

vQ
F (tk) =vF(tk−1) + ades(tk−2)∆t ,

vQ
L (tk) =vL(tk−τ(k)) ,

hQ(tk) =h(tk−τ(k)) +
(
vL(tk−τ(k))− vF(tk−1)

)
∆t− 1

2
ades(tk−2)∆t2 ,

(3.57)

cf. (3.473.47).

Now system (3.13.1, 3.463.46, 3.573.57) is solved over [tk, tk+1), the resulting discrete-time map is
linearized, and the sinusoidal fluctuations (3.113.11) in the leader’s velocity are considered. This
gives a linear discrete-time map of form (3.343.34, 3.353.35) with slight modifications: u

(
k − τ(k)

)
is
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Figure 3.7: Stability charts in the (β, α)-plane of the control gains for ∆t = 100 ms when every
n-th packet is received: (a-d) using controller (3.463.46, 3.473.47); (e-h) using predictor (3.593.59) with
m = 1; (i-l) using predictor (3.593.59) with m = 2, w1 = 1/2. The same color and shading scheme
is used as in Fig. 3.33.3.

replaced by u
(
k− τ(k) + 1

)
, and the last block of the state vector becomes x

(
k−n+ 1

)
instead

of x
(
k − n

)
. The nonzero blocks in the first row of Aτ(k) are

ã0 =


1 −∆t −1

2
∆t2

0 1 ∆t

0 −αV ′(h∗)∆t− (α+ β) −1

2
αV ′(h∗)∆t2 − (α+ β)∆t

, ãτ =

 0 0 0
0 0 0

αV ′(h∗) 0 0

,
(3.58)

where ãτ is located in the τ(k)-th column of Aτ(k). Note that ã0 + ãτ = a0, cf. (3.493.49) and (3.583.58).
Matrices b0, b2, and bτ = b1 are given by (3.493.49).

The stability charts and the critical sampling period can be determined by the method
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explained in Sec. 3.2.23.2.2. Fig. 3.73.7(b,c,d) present the stability charts of the system with processing
delay compensation if every n-th packet is received, n = 2, 3, 4. The improvement in plant
and string stability compared to Fig. 3.43.4(b,c,d) confirms that the proposed predictor feedback
concept is robust against the changes of time delay caused by packet losses. The third row
of Table 3.13.1 shows the values of the critical sampling period for n = 1, 2, 3, 4. These values
are 1.5, 1.4, 1.58, 1.33 times larger, respectively, than those corresponding to the case without
processing delay compensation. Thus, the critical sampling period improves even under packet
losses, and smaller time gap can be achieved between the vehicles for a given sampling period.
However, there is also an increase in the smallest gains that ensure string stability (indicated
by the red stars) compared to the case without processing delay compensation, cf. Fig. 3.43.4
and Fig. 3.73.7.

3.5.4 Combination of the two predictors

Finally, the two predictive control strategies in Sec. 3.43.4 and Sec. 3.53.5 can be combined to com-
pensate both the effect of processing delay and the effect of packet losses. Control law (3.463.46) is
used with the prediction algorithm

vQ
F (tk) =vF(tk−1) + ades(tk−2)∆t ,

vQ
L (tk) =vP

L (tk−1) ,

hQ(tk) =hP(tk−1) +
(
vP

L (tk−1)− vF(tk−1)
)
∆t− 1

2
ades(tk−2)∆t2 ,

vP
L (tk−1) =

m∑
i=1

wivL(tk−τi(k)) ,

hP(tk−1) =h(tk−τ(k)) + vP
L (tk−1)(τ(k)− 1)∆t−

τ(k)−1∑
j=1

vF(tk−j−1) + vF(tk−j)

2
∆t ,

(3.59)

cf. (3.413.41, 3.423.42), (3.473.47), and (3.573.57). The leader’s velocity is predicted (vP
L (tk−1)) based on earlier

data, the headway is corrected according to the distances that the two vehicles travel during
the packet losses (hP(tk−1)), while the follower’s velocity and the headway are predicted one
sampling period ahead to compensate the processing delay (vQ

F (tk), h
Q(tk)).

Solving (3.13.1, 3.463.46, 3.593.59) over [tk, tk+1), linearizing the resulting map, and assuming sinusoidal
fluctuations (3.113.11) in the leader’s velocity yields the form (3.433.43–3.453.45) where u

(
k − τi(k)

)
is

replaced by u
(
k − τi(k) + 1

)
, the nonzero blocks in the first row of ∆Aτ(k) are shifted to the

first τ(k) columns, and

aP =

0 0 0
0 0 0
0 −αV ′(h∗)∆t 0

 , bP
τ(k) =

 0
0

αV ′(h∗)(τ(k)− 1)∆t

 . (3.60)

Stability analysis based on Sec. 3.2.23.2.2 gives the stability charts in Fig. 3.73.7(e-l) for n = 1, 2, 3, 4,
where m = 1 and m = 2, w1 = 1/2 are chosen in the second and the third columns, respec-
tively. Comparison of these results to the ones in Fig. 3.43.4 and Fig. 3.73.7(a-d) shows that both
predictive control strategies (compensation of packet losses and the processing delay) result in
improvements in stability, even when these are applied together. The weight w1 ≈ 1/2 is still
an optimal choice in terms of the size of the stable region. It is still true that string stability
can be guaranteed by smaller gains for m = 1 than for m = 2, w1 = 1/2, see the red stars
in Fig. 3.73.7(e-h) and Fig. 3.73.7(i-l). The disadvantage of processing delay compensation is that it
increases the smallest available control gains, cf. Fig. 3.43.4. Since larger control gains imply larger
control input, which may result in undesirably large accelerations, this aspect should also be
taken into account when selecting the predictor and the controller.
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Figure 3.8: Velocity response of a vehicle string with five followers (a,d) without predictor when
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row presents the response to a real traffic scenario.

The dimensionless critical sampling period ∆tcr/Th as a function of the weight w1 is depicted
in Fig. 3.63.6(b) for the improved predictor shown in this section. The value ∆tcr/Th converges to
1/(n+ 1) as w1 →∞ that is the same as without processing delay compensation, cf. the fourth
row of Table 3.13.1. Based on Fig. 3.63.6(b), the best way to increase the critical sampling period for
any n or, equivalently, to increase the flux of the traffic flow for a given ∆t, is the choice w1 = 1,
that is, using the last available leader’s velocity as predicted value. In this case, the combination
of the two predictors improves the critical sampling period and the maximum achievable traffic
flux by a large extent. Other choices of w1 (e.g. w1 = 1/2) may be beneficial for the size of the
stable region, but only at the cost of the critical sampling period. In summary, there is trade-off
between the size of the stable region, the critical sampling period, and the minimum gains that
ensure string stability when choosing between the predictive control strategies (3.413.41, 3.423.42, 3.473.47)
and (3.593.59), and when selecting the parameters of the predictor.

Finally, the performance of the predictor is demonstrated in Fig. 3.83.8 via numerical simula-
tions of the nonlinear system (3.13.1, 3.463.46, 3.593.59). Figure 3.83.8(a-c) show the response of five follower
vehicles (the concatenation of five identical leader-follower pairs with simultaneous packet losses)
to sinusoidal fluctuations in the leader’s velocity assuming sampling period ∆t = 100 ms and
control gains α = 1.2 s−1, β = 1 s−1. This corresponds to a string stable scenario when no data
packets are lost (n = 1), see Fig. 3.83.8(a). According to Fig. 3.83.8(b), the system becomes string
unstable when every third packet is received (n = 3). The application of predictor (3.593.59) with
m = 2, w1 = 2 regains string stability as shown by Fig. 3.83.8(c). Figure 3.83.8(d-f) show the velocity
response with the same control gains for a real traffic scenario where large fluctuations occur in
the leader’s velocity. It is again shown that string stability may be lost due to packet losses, but
predictors can overcome this problem even in the case of large leader velocity perturbations.
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3.6 New results

I have investigated a vehicular string traveling on a single lane where the vehicles use connected
cruise control to regulate their longitudinal motion based on the data received from other vehicles
via wireless vehicle-to-vehicle communication. I have analyzed the effect of time-periodic time
delays in the control loops that are caused by digital controllers and are increased by the eventual
loss of data packets during communication. I have proposed two control strategies that use
predictors to compensate the destabilizing effect of time delay. By means of calculating the
domains of plant and string stability in the plane of the control gains and by determining the
minimum achievable time gap below which stability cannot be achieved, I have obtained the
following results.

Thesis 2

Digital controllers in connected cruise control introduce time-varying time delays into the con-
trol loops of the vehicles. For the case of a leader-follower vehicle pair, predictors using the
approach of Finite Spectrum Assignment are able to compensate the destabilizing effect of time
delay by means of predicting the follower’s velocity and position one sampling period ahead. The
prediction increases the size of the plant and string stable domains in the plane of the control
gains and it increases the critical sampling period (where the string stable domain vanishes) by
a factor of 1.5. Packet losses in vehicle-to-vehicle communication increase the time delay, and
decrease the size of the stable domain and the critical sampling period. Prediction of the head-
way based on the distances that the leader and the follower travel during packet losses is able to
restore the plant stable domain, whereas a finite impulse response filter on the leader’s velocity
data is able to improve string stability.

Related publications: [6464, 6565].



Chapter 4

Nonlinear Machine Tool Vibrations in
Turning

Improvement of accuracy and productivity in metal cutting is an important task in manufac-
turing technology [1616, 8383]. The occurrence of harmful vibrations during cutting – known as
machine tool vibrations or chatter – is one of the key problems that limit the effectiveness of
material removal. Chatter produces noise, limits the achievable productivity, reduces the quality
of the machined surface, increases tool wear, and may even damage the machine tool and/or the
workpiece. Thus, machine tool chatter must be avoided or suppressed, for which the underlying
dynamics must be understood.

Machine tool vibrations can be free, forced, or self-excited, where the last one is the most
dangerous from engineering point of view. According to the works of Tobias [8484] and Tlusty
[8585], one main source of self-excited vibrations in metal cutting is the surface regeneration effect.
Namely, as the tool vibrates relative to the workpiece during cutting, its vibrations copy onto the
machined surface. This results in a surface waviness that excites vibrations in the subsequent
cut. Thus, the surface waviness is regenerated during the consecutive cuts, while vibrations
amplify in a self-excited manner.

Since vibrations depend on those at the previous cut, the dynamics of cutting is typically
described by delay-differential equations. Turning or drilling operations are described by au-
tonomous delay-differential equations [8686–9292], while milling processes can be modeled by nonau-
tonomous (time-periodic) ones [9393–106106]. From dynamics point of view, chatter can be explained
by the instability of the stationary solution of the governing equation. By means of stability
analysis, so-called stability lobe diagrams or stability charts can be calculated [107107–111111]. The
stability charts are depicted in the plane of the most important technological parameters – the
spindle speed and the depth or the width of cut – and distinguish the regions associated with
stable machining from the regions of machine tool chatter. Using stability lobe diagrams, the
machinist can select the optimal technological parameters associated with chatter-free operation
and high material removal rate.

The governing delay-differential equations are typically nonlinear, since the cutting force that
excites the tool’s motion is a nonlinear function of the chip thickness that depends on actual
and delayed tool positions. The occurrence of nonlinearities was investigated for example in
[112112–115115], whereas the analysis of the nonlinear dynamics of machining was conducted in [116116–
121121] for turning and in [122122] for milling operations. According to [112112, 115115, 116116, 118118, 122122, 123123],
there exists a so-called bistable region in the stability lobe diagrams, where stable stationary
cutting coexists with large-amplitude machine tool chatter. Here, chatter may occur or vanish
depending on the initial conditions of machining and the external perturbations during cutting.
The region is therefore unsafe and preferably must be avoided.

This chapter is dedicated to turning processes and deals with deriving a closed-form formula
by which the bistable region can be calculated. This requires the bifurcation analysis of the
associated nonlinear delay-differential equation, for which the most popular approaches are the
center manifold reduction [124124], the method of multiple scales [119119, 120120, 125125], the method of
small parameters [126126], and the theory of averaging [112112, 127127–131131]. Section 4.14.1 shows preliminary

39
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Figure 4.1: (a) Single-degree-of-freedom mechanical model of orthogonal cutting; (b) illustration
of the flyover effect.

results that can be found in the literature. In Sec. 4.24.2, a new formula is derived for the size of
the bistable region based on [116116–118118]. The formula is extended by the analysis of codimension-
two bifurcations in Sec. 4.34.3 and by considering higher-order nonlinearities via the method of
averaging in Sec. 4.44.4. The publications related to this chapter are [132132–136136].

4.1 Preliminaries

First, the mechanical model of turning processes is discussed, while the governing equations with
the corresponding stability lobe diagrams are also shown.

4.1.1 Nonlinear mechanical model of turning

The single-degree-of-freedom mechanical model of orthogonal cutting shown in Fig. 4.14.1(a) is
investigated. The workpiece is considered rigid and the tool compliant, while it is assumed
that the vibrations of the tool relative to the workpiece can be described by a single dominant
vibration mode. Accordingly, the tool’s motion is governed by

q̈(t) + 2ζωnq̇(t) + ω2
nq(t) =

1

mq
Fq (h(t); a) , (4.1)

where ωn is the undamped natural angular frequency and ζ is the damping ratio of the dominant
vibration mode described by the general coordinate q. These can be expressed in terms of the
modal mass mq, damping cq, and stiffness kq: ωn =

√
kq/mq, ζ = cq/(2

√
kqmq).

In (4.14.1), Fq denotes the q-directional component of the cutting force F acting on the tool. The
cutting force is affected by several technological parameters. According to [1616], it is proportional
to the chip width a and depends on the uncut chip thickness h that is expressed by

Fq(h; a) =

{
afq(h) if h > 0 ,

0 if h ≤ 0 ,
(4.2)

where fq(h) is the specific cutting force that is a (nonlinear) function of the chip thickness.
The characteristics (4.24.2) of the cutting force is shown in Fig. 4.24.2(a). Note that h ≤ 0 is the
mathematical representation of the case where the tool jumps out of the workpiece and loses
contact with the material during large-amplitude chatter. This phenomenon is called flyover
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effect and is illustrated in Fig. 4.14.1(b). Therefore, the cutting force is zero for h ≤ 0 and Fq is
a nonsmooth function of h. This gives rise to nonsmooth dynamics, since the chip thickness h
depends on the tool’s position q as shown in Fig. 4.14.1. Similarly, the cutting force becomes zero
when the chip width is decreased to a = 0 as the tool does not touch the workpiece in this case.
However, this is not associated with nonsmooth dynamics, since the chip width a is a parameter
independent of the position q. During the subsequent stability and bifurcation analysis, positive
h and a values are considered only, while the estimations of the bistable region will be based on
the limit cases a = 0 and h ≤ 0, when (4.14.1) simplifies to a damped free oscillator with Fq = 0
on its right-hand side.

There are several models in the literature that describe the relation between the specific
cutting force fq and the uncut chip thickness h, see [137137] and the references therein. The
most widely accepted expressions are the linear (L) and shifted linear (SL) functions [1616], the
power-law (P) [1616, 138138], the cubic polynomial (C) [112112], and the exponential (E) cutting force
characteristics [113113] that are given by

fL
q (h) = Kch , (4.3)

fSL
q (h) = Ke +Kch , (4.4)

fP
q (h) = Kνh

ν , (4.5)

fC
q (h) = ρ1h+ ρ2h

2 + ρ3h
3 , (4.6)

fE
q (h) = b1h+

b2
b3

eb3h + b4 , (4.7)

respectively. Here, Ke,c, Kν , ν, ρ1,2,3, b1,2,3,4 are cutting force parameters resulting from cutting
experiments. The models (4.34.3–4.74.7) of the specific cutting force are illustrated in Fig. 4.24.2(b). The
main focus of this work is the nonlinear cutting force characteristics, thus the power-law (4.54.5),
the cubic polynomial (4.64.6), and the exponential function (4.74.7) are analyzed in detail.

According to the theory of regenerative machine tool chatter [8484, 8585], the instantaneous chip
thickness h(t) is determined by the actual position q(t) of the tool and the delayed position
q(t− τ) at the previous cut taking place one workpiece revolution before. Therefore,

h(t) = h0 + q(t− τ)− q(t) , (4.8)

where h0 is the prescribed (mean) chip thickness or, equivalently, the feed per revolution. Pa-
rameter τ is called the regenerative delay, which is now equal to the rotational period, and hence
can be expressed using the angular velocity Ω of the workpiece: τ = 2π/Ω. In manufacturing
technology, the spindle speed Ωs is often used instead of the angular velocity Ω. If the spindle
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speed is measured in rpm, then Ω = 2πΩs/60. Note that the cutting speed v is also proportional
to the angular velocity Ω.

4.1.2 Form of the governing equations

Equations (4.14.1, 4.24.2, 4.84.8) form a nonlinear delay-differential equation. This equation has a unique
equilibrium q(t) ≡ q0 that can be given in the form

q0 =
afq(h0)

mqω2
n

. (4.9)

The equilibrium describes the ideal (chatter-free) machining operation: stationary cutting with
constant prescribed chip thickness h(t) ≡ h0. The onset of machine tool chatter is associated
with the instability of this equilibrium. In order to analyze the stability of the solution q(t) ≡ q0,
the dimensionless coordinate

x(t) =
q(t)− q0

h0
(4.10)

is introduced. The variational system is obtained when q(t) is expressed by x(t) in (4.14.1, 4.24.2, 4.84.8).
In addition, the dimensionless time t̃ = ωnt and the dimensionless delay τ̃ = ωnτ are introduced.
The derivative with respect to t̃ is indicated by prime and satisfies ẋ(t) = ωnx

′(t̃). After dropping
the tildes, the dimensionless variational equation becomes

x′′(t) + 2ζx′(t) + x(t) =
a

mqω2
n

fq(h(t))− fq(h0)

h0
, (4.11)

where h(t) is given by (4.84.8) and can be expressed using coordinate x via (4.104.10).
In order to conduct bifurcation analysis, fq(h(t)) in (4.114.11) is expanded into Taylor-series

around h0 as

fq(h(t)) = fq (h0(1 + x(t− τ)− x(t))) =

∞∑
m=0

1

m!
f (m)
q (h0)hm0 (x(t− τ)− x(t))m . (4.12)

Substitution of (4.124.12) into (4.114.11) yields the dimensionless equation of motion in the form

x′′(t) + 2ζx′(t) + x(t) = w
∞∑
m=1

ηm(x(t− τ)− x(t))m , (4.13)

where the expressions of the dimensionless chip width w (that is proportional to the actual chip
width a) and the dimensionless cutting force coefficients ηm read

w =
af ′q(h0)

mqω2
n

, (4.14)

ηm =
1

m!

f
(m)
q (h0)

f ′q(h0)
hm−1

0 , (4.15)

m ∈ Z+. Note that η1 = 1.
Hereinafter, the stability and bifurcations of the trivial solution x(t) ≡ 0 of (4.134.13) are an-

alyzed. In Sec. 4.24.2 and Sec. 4.34.3, bifurcations are analyzed after the truncation of (4.134.13) by
omitting terms of order higher than three:

x′′(t) + 2ζx′(t) + x(t) = w
(
(x(t− τ)− x(t)) + η2(x(t− τ)− x(t))2 + η3(x(t− τ)− x(t))3

)
.

(4.16)
This equation was also investigated by [116116–118118], here these works are followed and extended.
In Sec. 4.44.4, the effect of higher-order nonlinearities is taken into account and (4.134.13) is considered
without truncation.
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4.1.3 Linear stability analysis

The linear stability of solution x(t) ≡ 0 of (4.134.13) (or, equivalently, of (4.164.16)) can be analyzed
by the D-subdivision method. The exponential trial solution x(t) = Ceλt (λ,C ∈ C, C 6= 0) is
substituted into the linear part of (4.134.13) that gives the characteristic equation D(λ) = 0 where
the characteristic function D(λ) reads

D(λ) = λ2 + 2ζλ+ 1 + w
(

1− e−λτ
)
. (4.17)

The trivial solution is asymptotically stable if and only if the zeros of D(λ) (known as the
characteristic exponents) lie in the open left half of the complex plane. The system is at the
boundary of stability if a single real root λ = 0 or a pair of complex conjugate roots λ = ±iω
(i2 = −1, ω > 0) exists, while no other characteristic exponents have positive real part.

For (4.174.17), only the case with critical roots λ = ±iω is possible that corresponds to a Hopf
bifurcation in the nonlinear system. The stability boundary can be given after the separation of
D(iω) = 0 into real and imaginary parts. This gives R(ω) = 0, S(ω) = 0, where the expressions
of R(ω) = Re (D(iω)), S(ω) = Im (D(iω)) read

R(ω) =− ω2 + 1 + w (1− cos(ωτ)) ,

S(ω) =2ζω + w sin(ωτ) .
(4.18)

Solving R(ω) = 0 and S(ω) = 0 gives the D-curves in the form [11, 118118]

wH(ω) =

(
ω2 − 1

)2
+ 4ζ2ω2

2 (ω2 − 1)
, τH(ω, j) =

2

ω

(
jπ − arctan

(
ω2 − 1

2ζω

))
, ΩH(ω, j) =

2π

τH(ω, j)
,

(4.19)

where subscript H indicates that this is the loci of Hopf bifurcation.
Equation (4.194.19) defines a family of curves called stability lobes parameterized by ω, where

j ∈ N is called the lobe number and ω ∈ (0,∞) denotes the approximate dimensionless angular
frequency of the self-excited oscillations arising from Hopf bifurcation. The stability lobes are
conventionally depicted in the plane of the technological parameters such as the (dimensionless)
angular velocity Ω and the (dimensionless) chip width w that results in so-called stability lobe
diagrams (or stability charts) as shown in Fig. 4.34.3(a) for ζ = 0.02, w ≥ 0. Grey shading indicates
the linearly stable region 0 < w < wH that is associated with chatter-free cutting process. The
stability charts help manufacturing engineers in the selection of optimal technological parameters
where the machining is chatter-free while the material removal rate is high (Ω and w are high).

4.2 Analysis of Hopf bifurcation

The theory of Hopf bifurcation in delay-differential equations is covered by [1717, 1818, 139139–141141],
while the analysis of the Hopf bifurcation in turning can be found in [116116–118118] in detail. In
[118118], the Hopf bifurcation was shown to be subcritical everywhere along the stability lobes in
the case of the power-law (4.54.5) and the cubic cutting force characteristics (4.64.6) (for realistic
parameters where fq(h) monotonically increases). The subcritical nature implies that there
exists a domain in the linearly stable parameter region near the stability boundaries where the
bifurcation gives rise to an unstable periodic orbit (unstable limit cycle) in the vicinity of the
linearly stable equilibrium. This phenomenon is illustrated qualitatively in Fig. 4.34.3(b) where the
phase portrait of (4.164.16) is depicted in the vicinity of the unstable periodic orbit. Although the
phase space of (4.164.16) is infinite-dimensional, the trajectories are depicted in three dimensions
(x, ẋ, and the remaining infinite dimensions x∞) for the sake of a simple illustration.

Figure 4.34.3(b) shows that if an unstable periodic orbit exists, the basin of attraction of
the linearly stable equilibrium is finite and the equilibrium is not stable in the global sense.
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Figure 4.3: (a) Stability lobe diagram of turning; (b) illustration of the trajectories near the
unstable periodic orbit arising from Hopf bifurcation.

Depending on initial conditions and perturbations (such as material inhomogeneity or external
excitation), the system may leave the basin of attraction and converge to another stable solution.
This solution is large-amplitude chatter – an intermittent (and in some cases even chaotic)
motion where the tool leaves and gets back into the workpiece material repeatedly [9999, 116116,
118118, 121121]. The parameter domain where stable stationary cutting and large-amplitude chatter
coexist due to the existence of an unstable periodic orbit is referred to as region of bistability
or unsafe zone. The existence of the bistable region was verified experimentally in [137137], while
its numerical analysis for milling was published in [122122].

From engineering point of view, the bistable region should be avoided, since chatter may
occur despite linear stability if the cutting process is perturbed as illustrated in Fig. 4.34.3(b).
In [118118], an approximate analytical formula is given that determines the bistable technological
parameter region. However, according to numerical bifurcation analysis (shown later in this
section), this formula may be inaccurate for large feed per revolutions. Hence this section is
dedicated to extending the results of [118118] by the derivation of a more accurate analytical formula
for the bistable region. First, the results of [116116–118118] are briefly summarized in Sec. 4.2.14.2.1 in
order to extend them in Sec. 4.2.24.2.2 and Sec. 4.2.34.2.3.

4.2.1 Normal form of Hopf bifurcation

The bistable region can be derived by calculating the periodic orbit arising from Hopf bifurcation.
In order to study the Hopf bifurcation, the angular velocity Ω of the workpiece is considered
to be fixed and the dimensionless chip width w is chosen as bifurcation parameter. When w
is increased above wH, a pair of complex conjugate eigenvalues of system (4.164.16) moves to the
right half of the complex plane, while the other infinitely many eigenvalues stay in the left
half-plane. Thus, in the vicinity of bifurcation, the trajectories converge to a two-dimensional
center manifold that is embedded in the infinite-dimensional phase space of (4.164.16), whereas the
long-term dynamics is determined by the flow on this manifold [1717, 1818].

In [116116–118118], the theory of center manifold reduction [1717] was used to derive the flow on
the center manifold by means of decoupling the two-dimensional critical subsystem associated
with the eigenvalues λ = ±iω from the infinite-dimensional stable subsystem of (4.164.16). The
two-dimensional critical subsystem can be written in polar form using the amplitude r̂ and the
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phase variable ϕ̂ as

r̂′ =γ(w)r̂ + δ(w)r̂3 +O
(
r̂5
)
, (4.20)

ϕ̂′ =α(w) + β(w)r̂2 +O
(
r̂4
)
, (4.21)

where α(w), β(w), γ(w), and δ(w) are normal form coefficients depending on the bifurcation
parameter w [139139–141141]. The details of deriving (4.204.20, 4.214.21) from (4.164.16) are omitted as they
are discussed in [116116–118118]. However, the detailed process of center manifold reduction will be
shown for the analysis of double Hopf bifurcations associated with (4.164.16) in Sec. 4.34.3 and for
Hopf bifurcations associated with a distributed delay model in Sec. 5.25.2.

The normal form coefficients in (4.204.20, 4.214.21) have the following meaning. Parameters γ(w)
and α(w) give the real and the imaginary parts of the eigenvalues λ = γ(w) ± iα(w) crossing
the imaginary axis. At Hopf bifurcation (w = wH), the real part is zero (γ(wH) = 0), while the
imaginary part is equal to the parameter ω used to describe the approximate angular frequency
of periodic solutions (α(wH) = ω). The value γ′cr := γ′(wH) is often called as root tendency and
gives the speed by which the critical eigenvalues cross the imaginary axis. Whereas the value
δcr := δ(wH) is often called as Poincaré-Lyapunov constant and determines the stability of the
periodic orbit arising from Hopf bifurcation: δcr < 0 is associated with a stable periodic orbit
(supercritical bifurcation), while δcr > 0 corresponds to an unstable periodic orbit (subcritical
bifurcation) [139139–141141]. The expressions of γ′cr, and δcr were derived from (4.164.16) in [118118]:

γ′cr =2

(
ω2 − 1

)2
wH(ω)

γ1(ω)

γ2(ω)
, (4.22)

δcr =
1

2

(
ω2 − 1

)
γ′cr

(
3η3 +

δ1(ω)

δ2(ω)
η2

2

)
, (4.23)

where γ1,2(ω) and δ1,2(ω) are given by (C.1C.1) and (C.2C.2) in Appendix C.1C.1. Note that γ′cr and
δcr depend on ω that is associated with the location of the Hopf bifurcation point according
to (4.194.19). From this point on, however, the dependence on ω is not indicated for the sake of
simplicity. In addition, it was also shown in [118118] that δcr > 0 holds for any ω ∈ (0,∞) in the
case of monotonically increasing cutting force characteristics (4.54.5) and (4.64.6), which implies that
the Hopf bifurcation is subcritical and gives rise to an unstable periodic orbit.

The amplitude r of the unstable periodic orbit is given by the nontrivial equilibrium r̂ ≡ r
of (4.204.20) that reads

r(w) =

√
−γ(w)

δ(w)
. (4.24)

Note that the amplitude r is a function of the bifurcation parameter w. Since standard normal
form analysis gives only the values γ′cr, δcr instead of the functions γ(w), δ(w), the expres-
sion (4.244.24) of r(w) needs to be approximated. The simplest possible approximation is obtained
by γ(w) ≈ 0 + γ′cr(w − wH) and δ(w) ≈ δcr that gives the standard analytical estimation
r(w) ≈ rstan(w) for the amplitude r(w) of the periodic solution:

rstan(w) =

√
−γ
′
cr

δcr
(w − wH) . (4.25)

However, one should keep in mind that in fact there are other terms in γ(w) and δ(w) that were
neglected in (4.254.25).

The results of this analysis are illustrated in Fig. 4.44.4. Here, damping ratio ζ = 0.02 and feed
per revolution h0 = 250 µm are considered, while the cubic cutting force characteristics (4.64.6)
is used with cutting coefficients ρ1 = 6.1096 × 103 N/mm2, ρ2 = −5.41416 × 104 N/mm3, and
ρ3 = 2.03769 × 105 N/mm4 that were identified experimentally in [112112] for a milling tool of
four teeth. According to (4.154.15), the corresponding dimensionless cutting force coefficients are
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Figure 4.4: (a,b) Stability charts of turning with the bistable region; (c,d) the corresponding bi-
furcation diagrams; (e) the periodic orbit at loss of contact. Dashed red lines show the standard
analytical estimations (4.254.25) and (4.334.33) [118118], dashed black lines indicate their numerical coun-
terparts that overlap with the improved estimations (4.284.28) and (4.344.34) shown by solid red lines.
The globally stable and bistable regions are shown by light and dark grey shadings, respectively.

η2 = 1.43059 and η3 = 0.738487. Figure 4.44.4(a,b) show the stability charts of (4.164.16) for two
different ranges of Ω and w, where solid black line shows the linear stability boundaries (4.194.19).
The Hopf bifurcation is considered for a fixed angular velocity Ω = ΩH that is shown by the
vertical dashed line in Fig. 4.44.4(b). The Hopf bifurcation is indicated by point A and is associated
with j = 2, ω = 1.0175, ΩH = 0.5742, wH = 0.0411. Figure 4.44.4(c) shows the amplitude r(w) of
the unstable periodic orbit born from the Hopf bifurcation. The standard estimation (4.254.25) for
the amplitude is a square-root function of the bifurcation parameter w that is indicated by a
dashed red line. The other details of Fig. 4.44.4 are discussed below.

4.2.2 Higher-order estimation of the amplitude of the periodic orbit

In order to evaluate the accuracy of formula (4.254.25), the amplitude r = (maxx(t)−minx(t))/2
of the unstable periodic orbit was computed by numerical continuation using the package DDE-
Biftool [142142], see the dashed black line in Fig. 4.44.4(c). Since formula (4.254.25) is approximate,
the numerical bifurcation diagram can be considered as exact result. According to Fig. 4.44.4(c),
the amplitude tends to infinity as the dimensionless chip width w is decreased to zero:

lim
w→0

r(w) =∞ . (4.26)

This property is not captured by the standard analytical estimation (4.254.25).

An explanation of property (4.264.26) is the following. When the chip width is zero, the cutting
force is zero, because the tool does not touch the workpiece. Thus, substituting w = 0 into the
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equation of motion (4.164.16) gives the damped free oscillator

x′′(t) + 2ζx′(t) + x(t) = 0 . (4.27)

Since (4.274.27) does not have a periodic solution, the periodic orbit must vanish as the bifurcation
parameter w is decreased to 0. There are three mechanism by which the periodic solution may
disappear: (1) its amplitude drops to zero for some w = w∗, 0 < w∗ < wH; (2) the bifurcation
curve folds at some w = w∗∗, 0 < w∗∗ < wH; (3) the amplitude tends to infinity as w → 0. Case
(1) can be excluded, since it implies another Hopf bifurcation at w = w∗ that is not possible
for system (4.164.16). Case (2) can occur if the terms of order higher than three are considered
in (4.204.20). However, the numerical results obtained by DDE-Biftool indicate that case (3)
happens instead: the amplitude r(w) goes to infinity as w → 0, independently of the cutting
force characteristics.

This observation provides a motivation for an improved analytical estimation r(w) ≈ rimpr(w)
for the amplitude r(w) that satisfies property (4.264.26). Therefore, (4.244.24) is considered again and
it is approximated such that (4.264.26) is satisfied. The approximation γ(w) ≈ 0 + γ′cr(w − wH) is
still used, but in order to satisfy both δ(wH) = δcr and (4.264.26), a linear approximation of δ(w) is
taken instead of a constant one: δ(w) ≈ δcrw/wH. This yields

rimpr(w) =

√√√√−γ′cr

δcr

w − wH
w

wH

. (4.28)

Note that the amplitude square r2(w) is approximated by a rational function of w instead of a
Taylor polynomial that is not typical in the analysis of nonlinear dynamical systems.

Although property (4.264.26) is associated with large amplitudes, estimation (4.284.28) approximates
also the small-amplitude solutions more accurately. The branch corresponding to the improved
analytical estimation (4.284.28) is shown by a solid red line in Fig. 4.44.4(c). It overlaps with the
numerical result shown by the dashed black line, thus (4.284.28) can be used for accurate analytical
calculation of the bistable region.

4.2.3 Region of bistability

The unstable periodic orbit can be approximated as

x(t) ≈ r(w) cos(ωt) , (4.29)

where x(0) = r(w), x′(0) = 0 is assumed without loss of generality. The amplitude r(w) increases
with decreasing bifurcation parameter w according to (4.254.25) and (4.284.28). At the critical amplitude
rloss, the (unstable) oscillations get so large that the tool loses contact with the workpiece as
illustrated in Fig. 4.14.1(b). In such cases, the chip thickness drops to zero and negative values
(h(t) ≤ 0) that is associated with nonsmoothness in the cutting force characteristics (4.24.2) and
with nonsmooth dynamics (the governing equation switches from a delay-differential equation to
an ordinary differential equation, see Fig. 4.44.4(e)). Thus, the bifurcation diagrams in Fig. 4.44.4(c)
are valid only up to the amplitude rloss associated with loss of contact as indicated by the black
dots at points α and a for estimations (4.254.25) and (4.284.28), respectively. The unstable periodic
orbit corresponding to point a is illustrated in Fig. 4.44.4(e).

The actual bifurcation diagram of the corresponding nonsmooth dynamical system is il-
lustrated in Fig. 4.44.4(d). According to [121121], the unstable periodic orbit undergoes a special
nonsmooth fold bifurcation (called Big Bang bifurcation) at rloss. The nonsmooth fold gives rise
to a large-amplitude stable solution that corresponds to machine tool chatter, which is a periodic
or chaotic motion [121121]. Thus, the linearly stable equilibrium coexists with the large-amplitude
stable solution between the Hopf bifurcation point w = wH and the Big Bang bifurcation point
w = wBB, see Fig. 4.44.4(d). The bistable region is wH < w < wBB, and its boundary w = wBB
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can be obtained by locating the point where the unstable periodic solution first satisfies the
condition h(t) = 0 associated with loss of contact, cf. Fig. 4.44.4(e).

Substitution of (4.84.8, 4.104.10, 4.294.29) into h(t) = 0 gives

1 + r(w) cos(ω(t− τH))− r(w) cos(ωt) = 0 , (4.30)

which, after manipulation of the trigonometric terms, becomes

r(w)

√(
1− cos (ωτH)

)2
+ sin2 (ωτH) cos(ωt+ φ) = 1 , (4.31)

where φ is a certain phase shift. The smallest amplitude rloss for which loss of contact takes
place corresponds to cos(ωt+ φ) = 1 that yields

rloss =
1√

4 sin2
(ωτH

2

) . (4.32)

Finally, the boundary wBB of the bistable region is obtained from condition r(wBB) = rloss.
Using the standard estimation (4.254.25) for the amplitude r(w), the following expression can be
obtained after simplifications using (4.194.19, 4.224.22, 4.234.23):

wBB,stan(ω) = wH(ω)

(
1−

(
3

4
η3 +

1

4

δ1(ω)

δ2(ω)
η2

2

))
, (4.33)

that was derived in [118118]. Meanwhile, the improved estimation (4.284.28) gives

wBB,impr(ω) = wH(ω)

(
1 +

3

4
η3 +

1

4

δ1(ω)

δ2(ω)
η2

2

)−1

, (4.34)

where it is emphasized that the boundary wBB of the bistable region depends on ω.
The bistable region is shown in Fig. 4.44.4(a,b). Dashed red line shows the standard analytical

estimation (4.334.33) for the boundary of the bistable region, whereas solid red line shows the im-
proved analytical estimation (4.344.34). The results of numerical continuation using DDE-Biftool
are shown by dashed black lines. The bistable region is indicated by dark grey shading, whereas
light grey shading shows the globally stable region. According to Fig. 4.44.4(a,b), the improved
estimation (4.344.34) overlaps the numerical results, while the standard formula (4.334.33) overestimates
the size of the bistable region. The discrepancy is explained by points α and a in Fig 4.44.4(c): the
standard estimation (4.254.25) of the amplitude r(w) reaches the value rloss associated with loss of
contact at smaller w than the improved estimation (4.284.28) does.

The size of the bistable region can be compared to the size of the linearly stable region by
introducing the ratio

Rbist(ω) =
wH(ω)− wBB(ω)

wH(ω)
(4.35)

that can be expressed using (4.194.19, 4.334.33) or (4.194.19, 4.344.34). In addition, it was shown in [118118] that the
value of δ1(ω)/δ2(ω) is negligible for real-life cutting coefficients and it can be approximated as
δ1(ω)/δ2(ω) ≈ limω→∞ (δ1(ω)/δ2(ω)) = 0 (at least along those parts of the stability lobes that are
located between the intersection points marked by dots in Fig. 4.34.3(a)). This simplifies (4.334.33, 4.344.34)
and gives Rbist(ω) ≈ Rbist,stan and Rbist(ω) ≈ Rbist,impr with

Rbist,stan =
3

4
η3 , (4.36)

Rbist,impr =1− 1

1 +
3

4
η3

(4.37)
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Figure 4.5: The relative size of the bistable region as a function of the feed per revolution. Dashed
red line shows the standard estimation (4.384.38), solid line indicates the improved estimation (4.394.39),
and dots mark the numerical results obtained by DDE-Biftool.

for the standard (4.334.33) and the improved (4.344.34) estimations, respectively. Furthermore, notice
that when considering the actual chip width a instead of the dimensionless chip width w, the
ratio Rbist can still be used to express the size of the bistable region.

Equations (4.364.36, 4.374.37) show that the relative size of the bistable region is approximately
constant along the linear stability boundaries (it is independent of ω). In the case of the power-
law cutting force characteristics (4.54.5) with ν = 3/4 (that is also known as the three-quarter
rule), (4.154.15) implies η3 = 5/96. According to the standard estimation (4.364.36), the bistable region
occupies 3.91% of the linearly stable region, while the improved formula (4.374.37) gives 3.76%.
Thus, the bistable region is small and the difference between the two formulas is negligible when
considering the cubic expansion of the three-quarter rule.

In the case of the cubic cutting force characteristics (4.64.6), the size of the bistable region
depends on technological parameters as formulas (4.154.15, 4.364.36) and (4.154.15, 4.374.37) give

Rbist,stan =
3ρ3h

2
0

4ρ1 + 8ρ2h0 + 12ρ3h2
0

, (4.38)

Rbist,impr =
3ρ3h

2
0

4ρ1 + 8ρ2h0 + 15ρ3h2
0

, (4.39)

respectively. Note that the difference between formula (4.384.38), which was also derived in [118118],
and the new formula (4.394.39) is a single coefficient in the denominator.

Figure 4.54.5 shows the size Rbist of the bistable region as a function of the feed h0 per revo-
lution. The analytical approximations (4.384.38) and (4.394.39) are shown by dashed red and solid red
lines, respectively. The size of the bistable region was also determined numerically, see the dots
in Fig. 4.54.5. Here, stability charts were calculated via DDE-Biftool for a certain set of feed
per revolutions, and the average size of the bistable region was taken along the second lobe.
The improved analytical estimation (4.394.39) matches the numerical results, while the standard
formula (4.384.38) significantly overestimates the size of the bistable region for large feed per rev-
olutions (it even gives Rbist > 100% that is qualitatively inaccurate). According to (4.394.39), the
size of the bistable region approaches 20% as h0 is increased, while it peaks at the critical feed
per revolution h0,cr = −ρ1/ρ2 = 113 µm with value 53.7%. Therefore, the size of the bistable
region is significant in the case of the cubic cutting force characteristics, and is much larger than
for the three-quarter rule. In order to reduce size of the bistable region, the critical feed per
revolution h0,cr should be avoided that can be done even by increasing h0, that is, by increasing
productivity. Formula (4.394.39) is simple enough to be directly applied by manufacturing engineers
to avoid bistability and to assure chatter-free machining even in case of perturbations.
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4.3 Analysis of double Hopf bifurcation

The focus of this section is the intersections of the stability lobes that are indicated by black
dots in Fig. 4.34.3(a). Here, codimension-two bifurcations called double Hopf (or Hopf-Hopf)
bifurcations take place that are associated with two pairs of characteristic exponents λ = ±iω1,2

(ω1,2 > 0) lying on the imaginary axis. In the vicinity of the bifurcation, two periodic solutions
with angular frequencies ω1 and ω2 interact in the nonlinear system (4.164.16). This gives rise to
rich dynamics that involves quasi-periodic behavior [143143].

Hereinafter, the double Hopf bifurcation associated with (4.164.16) is analyzed via center mani-
fold reduction. A similar analysis by the method of multiple scales can be found in [144144]. An ap-
proximate expression is derived for the quasi-periodic solution born from double Hopf bifurcation
and its effect on the bistable region is investigated. Since double Hopf is a codimension-two bi-
furcation, two bifurcation parameters are chosen: the dimensionless chip width w and the dimen-
sionless angular velocity Ω (that is directly related to the dimensionless delay τ). The intersection
of lobes with lobe numbers j1 and j2 are considered that is given by wHH := wH(ω1) = wH(ω2),
τHH := τH(ω1, j1) = τH(ω2, j2), and ΩHH := ΩH(ω1, j1) = ΩH(ω2, j2), where HH refers to Hopf-
Hopf bifurcation. The values of wHH, τHH, and ΩHH can be obtained by solving R(ω1) = 0,
S(ω1) = 0, R(ω2) = 0, and S(ω2) = 0 numerically for ω1, ω2, w, and τ using (4.184.18).

4.3.1 Center manifold reduction

The theory behind double Hopf bifurcations and some related examples are discussed in [145145–
155155]. At double Hopf bifurcation, four characteristic exponents are located on the imaginary
axis while all the others lie in the open left half-plane. Therefore, the solutions of system (4.164.16)
converge to a four-dimensional center manifold that is embedded in the infinite-dimensional
phase space. The long-term dynamics of (4.164.16) is related to the flow on this manifold that can
be analyzed by decomposing the four-dimensional center subsystem associated with eigenvalues
λ = ±iω1,2 from the infinite-dimensional stable subsystem of (4.164.16). In what follows, this
decomposition is performed using the theorem given by (3.10), (3.11) in Chap. 7 of [1717]. The
calculation follows the steps of the single Hopf bifurcation analysis that is described in [116116–118118]
in detail.

Operator differential equation

As the starting point of the calculation, (4.164.16) is transformed into

y′(t) = Ly(t) + Ry(t− τ) + g(y(t),y(t− τ)) , (4.40)

where y is the vector of state variables, L and R are the coefficient matrices of the linear and
the retarded terms, respectively, and g includes the nonlinear terms:

y(t) =

[
x(t)
x′(t)

]
, L =

[
0 1

−(1 + w) −2ζ

]
, R =

[
0 0
w 0

]
,

g(y(t),y(t− τ)) =

[
0

w
(
η2 (y1(t− τ)− y1(t))2 + η3 (y1(t− τ)− y1(t))3

)] . (4.41)

Here, subscript 1 refers to the first component of a vector, i.e., y1(t) = x(t). Equation (4.404.40)
can be transformed further into so-called operator differential equation form as follows. Since
delay-differential equations have infinite-dimensional phase space [1717–1919], a function defined in
the Banach space B of continuously differentiable vector-valued functions can be used to describe
the evolution of the system. Thus, the shift yt ∈ B : [−τ, 0]→ R2, yt(ϑ) = y(t+ϑ) is introduced,
by which system (4.404.40) can be represented in operator differential equation form as

y′t = Ayt + F(yt) , (4.42)
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where A,F : B → B are the linear and the nonlinear operators, respectively, defined by

(Au) (ϑ) =


d

dϑ
u(ϑ) if ϑ ∈ [−τ, 0) ,

Lu(0) + Ru(−τ) if ϑ = 0 ,
(4.43)

(F(u)) (ϑ) =

{
0 if ϑ ∈ [−τ, 0) ,

g(u(0),u(−τ)) if ϑ = 0 .
(4.44)

Note that the eigenvalues of operator A are the characteristic exponents.

The decomposition theorem of [1717] introduces operatorA∗ that is formally adjoint to operator
A relative to a certain bilinear form. The formal adjoint A∗ : B∗ → B∗ must satisfy (v,Au) =
(A∗v,u) for any pair of u ∈ B : [−τ, 0] → R2 and v ∈ B∗ : [0, τ ] → R2, where B∗ is the adjoint
space and operation ( , ) : B∗ ×B → R indicates the bilinear form. The definition of the formal
adjoint and the bilinear form can be found in [1717] (see (3.1), (3.3) in Chap. 7), and here they
become

(A∗v) (ϕ) =


− d

dϕ
v(ϕ) if ϕ ∈ (0, τ ] ,

L
T
v(0) + R

T
v(τ) if ϕ = 0 ,

(4.45)

(u,v) =uT(0)v(0) +

∫ τ

0
uT(ϕ)Rv(ϕ− τ)dϕ , (4.46)

where over-bar indicates complex conjugate.

Right and left eigenfunctions

The four-dimensional center subspace of the associated linear system is spanned by those right
eigenfunctions (infinite-dimensional eigenvectors) of operator A that correspond to the four
critical characteristic exponents λ = ±iωk, k = 1, 2. The eigenfunctions are calculated below.
From this point on, index k = 1, 2 is used to indicate that an expression is related to one of the
angular frequencies, i.e., either to ω1 or to ω2.

For τ = τHH and w = wHH, the right eigenfunctions sk(ϑ) and sk(ϑ) satisfy(
Ask

)
(ϑ) = iωksk(ϑ) ,

(
Ask

)
(ϑ) = −iωksk(ϑ) . (4.47)

Decomposing the eigenfunctions into real and imaginary parts as sk(ϑ) = sk,R(ϑ) + isk,I(ϑ),
substituting τ = τHH, w = wHH, and the definition (4.434.43) of operator A lead to the boundary
value problem

d

dϑ
Sk(ϑ) = BkSk(ϑ) , ϑ ∈ [−τHH, 0) , (4.48)

L4×4Sk(0) + R4×4Sk(−τHH) = BkSk(0) . (4.49)

The coefficient matrices and S(ϑ) are defined as

Sk(ϑ) =

[
sk,R(ϑ)
sk,I(ϑ)

]
, Bk =

[
0 −ωkI
ωkI 0

]
,

L4×4 = diag [L,L]|w=wHH
, R4×4 = diag [R,R]|w=wHH

,

(4.50)

where I ∈ R2×2 and 0 ∈ R2×2 denote the identity and zero matrices, respectively, and diag
refers to block-diagonal matrices. The solution of (4.484.48) can be written in exponential form as
Sk(ϑ) = eBkϑck where the constant ck can be determined from (4.494.49). In order to select (the
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norm of) the right eigenfunctions, two components of ck can be chosen arbitrarily. Now ck,1 = 1
and ck,3 = 0 are chosen, whence

sk,R(ϑ) =

[
cos(ωkϑ)
−ωk sin(ωkϑ)

]
, sk,I(ϑ) =

[
sin(ωkϑ)

ωk cos(ωkϑ)

]
. (4.51)

The decomposition theorem of [1717] also uses the so-called left eigenfunctions: the eigenfunc-
tions nk(ϕ) and nk(ϕ) of the adjoint operator A∗. Since the eigenvalues of A∗ are complex
conjugates to those of A [1717], the left eigenfunctions nk(ϕ) and nk(ϕ) satisfy(

A∗nk
)
(ϕ) = −iωknk(ϕ) ,

(
A∗nk

)
(ϕ) = iωknk(ϕ) (4.52)

for τ = τHH and w = wHH. The eigenfunctions are decomposed into real and imaginary parts as
nk(ϕ) = nk,R(ϕ)+ink,I(ϕ), where nk,R(ϕ) and nk,I(ϕ) can be obtained from the boundary value
problem defined by (4.454.45, 4.524.52) the same way as sk,R(ϑ) and sk,I(ϑ) were computed. The norm
of the left eigenfunctions cannot be selected arbitrarily, since they must satisfy the following
orthonormality condition in order to apply the decomposition theorem of [1717]:

(nk,R, sk,R) = 1 , (nk,R, sk,I) = 0 . (4.53)

Solving the boundary value problem (4.454.45, 4.524.52) constrained by the orthonormality condi-
tion (4.534.53), the left eigenfunctions can be obtained in the form

nk,R(ϕ) =
2

p2
k + q2

k

[
(2ζpk + ωkqk) cos(ωkϕ) + (ωkpk − 2ζqk) sin(ωkϕ)

pk cos(ωkϕ)− qk sin(ωkϕ)

]
,

nk,I(ϕ) =
2

p2
k + q2

k

[
(−ωkpk + 2ζqk) cos(ωkϕ) + (2ζpk + ωkqk) sin(ωkϕ)

qk cos(ωkϕ) + pk sin(ωkϕ)

]
,

(4.54)

where the constants pk and qk read

pk = 2ζ + τHH

(
1 + wHH − ω2

k

)
, qk = 2ωk (1 + ζτHH) . (4.55)

Decomposition of the solution space

Using the right and left eigenfunctions, the four-dimensional center subspace can now be sep-
arated via the decomposition theorem given by (3.10), (3.11) in Chap. 7 of [1717]. The solution
of (4.424.42) is decomposed as

yt(ϑ) = z1(t)s1,R(ϑ) + z2(t)s1,I(ϑ) + z3(t)s2,R(ϑ) + z4(t)s2,I(ϑ) + ytn(ϑ) , (4.56)

where z1(t), z2(t), z3(t), and z4(t) are local coordinates on the four-dimensional center mani-
fold that describe the long-term dynamics of (4.164.16), whereas ytn(ϑ) accounts for the infinite-
dimensional stable subsystem with coordinates transverse to the center manifold. The decom-
position theorem gives the formula of these components:

z1(t) = (n1,R,yt) , z2(t) = (n1,I,yt) , z3(t) = (n2,R,yt) , z4(t) = (n2,I,yt) ,

ytn(ϑ) = yt(ϑ)− z1(t)s1,R(ϑ)− z2(t)s1,I(ϑ)− z3(t)s2,R(ϑ)− z4(t)s2,I(ϑ) .
(4.57)

From this point on, the argument t is omitted from z1, z2, z3, and z4 for the sake of simplicity.
Differentiating (4.574.57) with respect to time and using (4.424.42, 4.474.47, 4.564.56) lead to

z′1
z′2
z′3
z′4
y′tn

 =


0 ω1 0 0 O
−ω1 0 0 0 O

0 0 0 ω2 O
0 0 −ω2 0 O
o o o o A



z1

z2

z3

z4

ytn

+


n1,R,2(0)F2(0)
n1,I,2(0)F2(0)
n2,R,2(0)F2(0)
n2,I,2(0)F2(0)
G(yt)

 ,
G(yt) =F(yt)−F2(0) (n1,R,2(0)s1,R + n1,I,2(0)s1,I + n2,R,2(0)s2,R + n2,I,2(0)s2,I) ,

(4.58)
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where o : R → B is a zero operator, O : B → R is a zero functional, subscript 2 in nk,R,2 and
nk,I,2 indicates the second component of vectors. F2(0) shortly indicates the second component
of (F(z1s1,R + z2s1,I + z3s2,R + z4s2,I + ytn))(0) with τ = τHH and w = wHH, where F is defined
by (4.444.44). Notice that F2(0) depends both on z1,2,3,4 and ytn.

The first four rows of (4.584.58) show that the four-dimensional center subsystem (described by
z1,2,3,4) is decoupled from the infinite-dimensional stable subsystem (described by ytn) in the
linear term. However, there is still coupling in the nonlinear terms as F2(0) depends on ytn.
Below the four-dimensional subsystem is fully decoupled by means of restricting the dynamics to
the center manifold that is of form ytn = yCM

tn (z1, z2, z3, z4). Calculation of the center manifold
ytn = yCM

tn (z1, z2, z3, z4) and substitution of its expression into F2(0) gives the first four rows
of (4.584.58) in terms of z1,2,3,4 only. The computation of the center manifold is rather lengthy, but
it can be tackled by symbolic algebra. Now the milestones of this process are presented.

Calculation of the center manifold

F2(0) is derived as a Taylor polynomial of z1,2,3,4 where the terms of order higher than three are
neglected as they are unneeded for bifurcation analysis. Therefore, the expression yCM

tn (z1, z2, z3, z4)
of the center manifold is also expanded into Taylor polynomial in terms of z1,2,3,4. Its second-
order expansion is of form

yCM
tn (z1, z2, z3, z4)(ϑ) ≈ 1

2

(
h11(ϑ)z2

1 + h22(ϑ)z2
2 + h33(ϑ)z2

3 + h44(ϑ)z2
4

+ 2h12(ϑ)z1z2 + 2h13(ϑ)z1z3 + 2h14(ϑ)z1z4 + 2h23(ϑ)z2z3 + 2h24(ϑ)z2z4 + 2h34(ϑ)z3z4

)
.

(4.59)

Notice that the second-order expansion is sufficient to obtain all cubic terms in F2(0). The
coefficients hmn(ϑ) (m,n = 1, 2, 3, 4, m ≤ n) are determined below. Beforehand, since the
quadratic part of F2(0) is independent of hmn(ϑ), it can calculated the form

F2nd
2 (0) =F11z

2
1 + F22z

2
2 + F33z

2
3 + F44z

2
4

+ F12z1z2 + F13z1z3 + F14z1z4 + F23z2z3 + F24z2z4 + F34z3z4 ,

Fmn =
1

2

∂2F2(0)

∂z2
m

∣∣∣∣
0

, if m = n , Fmn =
∂2F2(0)

∂zm∂zn

∣∣∣∣
0

, if m < n ,

(4.60)

where the subscript 0 stands for the substitution yt(0) = 0, and the coefficients Fmn (m,n =
1, 2, 3, 4, m ≤ n) can be obtained directly by symbolic algebra.

The coefficients hmn(ϑ) can be determined as follows. Both sides of (4.594.59) are differentiated
with respect to time, then the first four rows of (4.584.58) are substituted into the right-hand side
and the fifth row of (4.584.58) is substituted into the left-hand side. The case ϑ ∈ [−τHH, 0) is
considered and the definitions (4.434.43, 4.444.44) of A and F are substituted accordingly. Afterwards,
the derivative of (4.594.59) with respect to ϑ is substituted and the second-order approximation
F2(0) ≈ F2nd

2 (0) is used. Finally, the coefficients of the quadratic terms of z1,2,3,4 are collected
and a polynomial balance is considered. This leads to three decoupled sets of nonhomogeneous
first-order differential equations:

d

dϑ
Hl(ϑ) = ClHl(ϑ) + p1,l cos(ω1ϑ) + q1,l sin(ω1ϑ) + p2,l cos(ω2ϑ) + q2,l sin(ω2ϑ) , (4.61)

l = 1, 2, 3, where

H1(ϑ) =

h11(ϑ)
h12(ϑ)
h22(ϑ)

 , H2(ϑ) =

h33(ϑ)
h34(ϑ)
h44(ϑ)

 , H3(ϑ) =


h13(ϑ)
h14(ϑ)
h23(ϑ)
h24(ϑ)

 , (4.62)
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whereas the coefficients Cl, pk,l, and qk,l are given by (C.3C.3) in Appendix C.2C.2. The solution
of (4.614.61) takes the form

Hl(ϑ) = eClϑKl + M1,l cos(ω1ϑ) + N1,l sin(ω1ϑ) + M2,l cos(ω2ϑ) + N2,l sin(ω2ϑ) , (4.63)

l = 1, 2, 3. The coefficients Mk,l and Nk,l can be determined by substituting (4.634.63) back
into (4.614.61) and considering the harmonic balance of the trigonometric terms that yields (C.4C.4)
in Appendix C.2C.2.

In order to determine the coefficient Kl in (4.634.63), a boundary condition corresponding
to (4.614.61) must be derived and satisfied. The boundary condition is formulated similarly as
the differential equation (4.614.61). Both sides of (4.594.59) are differentiated with respect to time, then
the first four rows of (4.584.58) are substituted into the right-hand side and the fifth row of (4.584.58)
is substituted into the left-hand side as before. Now the case ϑ = 0 is considered when using
the definitions (4.434.43, 4.444.44) of A and F . Afterwards, (4.594.59) is substituted and the second-order
approximation F2(0) ≈ F2nd

2 (0) is used. The coefficients of the quadratic terms of z1,2,3,4 are
collected for a polynomial balance and, by taking τ = τHH, w = wHH, it leads to the boundary
condition for (4.614.61) in the form

PlHl(0) + RlHl(−τHH) = p1,l + p2,l + rl , (4.64)

where Pl, Rl, and rl are given by (C.5C.5) in Appendix C.2C.2. Finally, substituting the trial solu-
tion (4.634.63) into the boundary condition (4.644.64), the coefficient Kl can be obtained. After some
simplifications, Kl can be written in the form (C.6C.6) in Appendix C.2C.2.

This way, the solution (4.634.63) of the above boundary value problem is constructed and the co-
efficients hmn(ϑ) (m,n = 1, 2, 3, 4, m ≤ n) are available. The second-order approximation (4.594.59)
of the center manifold is obtained and, with (4.564.56), it can be used to derive the third-order ex-
pansion of F2(0) in terms of z1,2,3,4. Thus, the nonlinearity in the first four rows of (4.584.58) can
be now expressed in terms of the four local coordinates on the center manifold, which leads to
a decoupled four-dimensional nonlinear subsystem in the form

z′1
z′2
z′3
z′4

 =


0 ω1 0 0
−ω1 0 0 0

0 0 0 ω2

0 0 −ω2 0



z1

z2

z3

z4

+


G1(z1, z2, z3, z4)
G2(z1, z2, z3, z4)
G3(z1, z2, z3, z4)
G4(z1, z2, z3, z4)

 , (4.65)

where the nonlinear terms G1,2,3,4 can be obtained by symbolic algebra.

4.3.2 Normal form calculations

The main advantage of center manifold reduction is that the long-term dynamics of the infinite-
dimensional time-delay system (4.164.16) can now be investigated by analyzing the finite-dimensional
ordinary differential equation (4.654.65). The bifurcation theorems and normal forms of ordinary
differential equations are well-known in the literature [140140, 141141]. Here, the theory described in
Chap. 7.5 of [140140] is used to analyze (4.654.65).

The four-dimensional system (4.654.65) can be transformed into polar form with two amplitudes
r̂1, r̂2 and two phase angles ϕ̂1, ϕ̂2 as [140140]

r̂′1 =δ11,crr̂
3
1 + δ12,crr̂1r̂

2
2 +O

(
r̂5
)
,

r̂′2 =δ21,crr̂
2
1 r̂2 + δ22,crr̂

3
2 +O

(
r̂5
)
,

(4.66)

ϕ̂′1 =ω1 + β11,crr̂
2
1 + β12,crr̂

2
2 +O

(
r̂4
)
,

ϕ̂′2 =ω2 + β21,crr̂
2
1 + β22,crr̂

2
2 +O

(
r̂4
)
.

(4.67)

The formulas of the critical normal form coefficients δkn,cr and βkn,cr (k, n = 1, 2) are derived
in [145145], thus they can be directly calculated from the nonlinear terms G1,2,3,4. Now only the
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amplitudes r̂1, r̂2 are considered, where the expressions of δkn,cr in (4.664.66) are given by (C.7C.7) in
Appendix C.2C.2. Note that (4.664.66) is valid at the bifurcation point (w = wHH, Ω = ΩHH). In the
vicinity of the bifurcation, the critical system becomes [140140]

r̂′1 =γ1(w,Ω)r̂1 + δ11(w,Ω)r̂3
1 + δ12(w,Ω)r̂1r̂

2
2 +O

(
r̂5
)
,

r̂′2 =γ2(w,Ω)r̂2 + δ21(w,Ω)r̂2
1 r̂2 + δ22(w,Ω)r̂3

2 +O
(
r̂5
)
.

(4.68)

When either r̂1 or r̂2 is zero, (4.684.68) reduces to the normal form (4.204.20) of the single Hopf bifurca-
tion discussed in Sec. 4.2.14.2.1. Therefore, the coefficients γk(w,Ω) and δkn(w,Ω) (k, n = 1, 2) have
similar meaning as γ(w) and δ(w) had in Sec. 4.2.14.2.1.

In order to obtain the amplitude of the periodic and quasi-periodic solutions arising from
double Hopf bifurcation as a function of the bifurcation parameters, γk(w,Ω) and δkn(w,Ω) must
be calculated. They are approximated analogously to γ(w) and δ(w) following Sec. 4.2.24.2.2. The
unfolding parameters γk(w,Ω) are associated with the real parts of the four critical characteristic
exponents and are approximated by linear functions as

γk(w,Ω) ≈ εk1,cr(w − wHH) + εk2,cr(Ω− ΩHH) , (4.69)

cf. the numerator in (4.284.28). The root tendencies εkn,cr (k, n = 1, 2) are given by (C.9C.9) in
Appendix C.2C.2.

The cubic coefficients δkn(w,Ω) are approximated as

δkn(w,Ω) ≈ δkn,cr
w

wHH
, (4.70)

cf. the denominator in (4.284.28). From this point on, the argument (w,Ω) of γk and δkn is omitted
for simplicity.

4.3.3 Phase portraits and topologies

The analysis of (4.684.68) can be found in [140140]. Here, the phase portrait of this system is inves-
tigated, which can be depicted in the plane (r̂1, r̂2). For given unfolding parameters γk (that
is, for bifurcation parameters w and Ω), the cubic coefficients δkn,cr determine the number
and stability of the equilibria of (4.684.68) as well as the possible topologies in the phase portraits.
Here, (4.164.16) is considered with damping ratio ζ = 0.02 and cutting force coefficients η2 = 1.43059,
η3 = 0.738487 that was analyzed in Sec. 4.24.2. Table 4.14.1 presents the location (ΩHH, wHH) of the
first five double Hopf points (at the intersections of lobes with lobe numbers j1 and j2). The
associated angular frequencies ωk, root tendencies εkn,cr, and cubic coefficients δkn,cr are shown
as well. Table 4.14.1 also lists the normalized parameters a = δ11,cr/|δ11,cr|, b = δ12,cr/|δ22,cr|,
c = δ21,cr/|δ11,cr|, d = δ22,cr/|δ22,cr|, and A = ad− bc that were introduced in [140140]. These results
were verified by computing b and c numerically using the software DDE-Biftool [142142] (see
bnum and cnum in Table 4.14.1).

Regarding the phase portraits of (4.684.68), it was shown in [140140] that twelve different cases
can occur depending on the signs of a, b, c, d, and A (see pages 399–409 in [140140]). Here, two
of these cases were identified: Case Ia of [140140] occurs at the intersection of the first and the
second stability lobes (where a, b, c, d, and A are all positive), while all the other intersections
are associated with Case Ib of [140140] (where a, b, c, d are positive but A is negative). The
corresponding phase portraits are illustrated in Fig. 4.64.6: Case Ia is shown in Fig. 4.64.6(a) at
the intersection of the first and the second lobe (j1 = 1, j2 = 2), whereas Case Ib is shown in
Fig. 4.64.6(b) at the intersection of the fourth and the fifth lobe (j1 = 4, j2 = 5). Note that Case Ib
was already conjectured in [143143] but Case Ia was unexplored. In Cases Ia and Ib, six topologically
different phase portraits can be distinguished depending on the unfolding parameters γ1 and γ2.
Correspondingly, six sectors with different topologies can be separated in the plane (Ω, w) of the
bifurcation parameters. The interpretation of the phase portraits is discussed below.
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Table 4.1: Bifurcation parameters, angular frequencies, root tendencies, and normal form coef-
ficients at the double Hopf points.

j1 j2 ω1 ω2 ΩHH wHH ε11,cr ε12,cr ε21,cr ε22,cr

1 2 1.00060 1.52994 1.01018 0.671754 0.005553 0.3623 0.2963 −0.6699

2 3 1.00127 1.27729 0.505718 0.317804 0.01294 0.7071 0.3264 −1.006

3 4 1.00189 1.19274 0.337335 0.214010 0.01917 1.000 0.3263 −1.290

4 5 1.00247 1.15031 0.253092 0.164877 0.02429 1.251 0.3182 −1.530

5 6 1.00301 1.12474 0.202528 0.136344 0.02849 1.466 0.3074 −1.736

δ11,cr δ12,cr δ21,cr δ22,cr a b c d A bnum cnum

8.090×10−6 0.008128 0.0002925 0.4317 1 0.01883 36.16 1 0.3193 0.01883 36.16

3.980×10−5 0.01280 0.0009766 0.2239 1 0.05716 24.54 1 −0.4026 0.05721 24.51

8.807×10−5 0.01479 0.001696 0.1500 1 0.09856 19.26 1 −0.8980 0.09855 19.26

1.460×10−4 0.01560 0.002356 0.1121 1 0.1392 16.14 1 −1.248 0.1392 16.14

2.089×10−4 0.01586 0.002939 0.08900 1 0.1782 14.07 1 −1.507 0.1782 14.07

System (4.684.68) may have at most four equilibria (with nonnegative amplitudes): the trivial
equilibrium (r̂1, r̂2) ≡ (0, 0), and the nontrivial equilibria (r̂1, r̂2) ≡

(
rp

1 , 0
)
, (r̂1, r̂2) ≡

(
0, rp

2

)
,

(r̂1, r̂2) ≡
(
rqp

1 , rqp
2

)
, where

rp
1 =

√
− γ1

δ11
,

rp
2 =

√
− γ2

δ22
,

rqp
1 =

√
δ12γ2 − δ22γ1

δ11δ22 − δ12δ21
,

rqp
2 =

√
δ21γ1 − δ11γ2

δ11δ22 − δ12δ21
.

(4.71)

The equilibria are shown by dots in the phase portraits in Fig. 4.64.6. In the time-delay sys-
tem (4.164.16), the above four equilibria correspond to the trivial solution x(t) ≡ 0, a periodic
solution P1 related to ω1, a periodic solution P2 associated with ω2, and a quasi-periodic solu-
tion QP. Their amplitudes are associated with rp

k , rqp
k that depend on the bifurcation parameters

w and Ω through the coefficients γk and δkn. In addition, limw→0 r
p
k =∞ and limΩ→∞ r

p
k =∞

hold for the periodic solutions, whereas limw→0 r
qp
k =∞ and limΩ→∞ r

qp
k =∞ hold for the quasi-

periodic solution. That is, these solutions vanish (blow up) for w = 0 and Ω→∞ (τ = 0) when
the governing equation (4.164.16) reduces to the damped free oscillator (4.274.27), see also Sec. 4.2.24.2.2.

The equilibria
(
rp

1 , 0
)

and
(
0, rp

2

)
are born from pitchfork bifurcations of (0, 0) at γ1 = 0 (Line

1) and γ2 = 0 (Line 2), respectively. These correspond to Hopf bifurcations of the trivial solution
of the infinite-dimensional time-delay system (4.164.16) that give rise to the periodic solutions P1

and P2. Whereas equilibrium
(
rqp

1 , rqp
2

)
is born either from the pitchfork bifurcation of

(
rp

1 , 0
)

at γ2 = δ21/δ11γ1 (Line 3) or from the pitchfork bifurcation of
(
0, rp

2

)
at γ2 = δ22/δ12γ1 (Line 4).

These phenomena correspond to torus bifurcations of the periodic solutions P1 and P2 of (4.164.16),
respectively, by which the quasi-periodic solution QP arises. Using (4.694.69, 4.704.70), the locations
of Hopf bifurcation (Lines 1, 2) and torus bifurcation (Lines 3, 4) can be expressed by the
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Figure 4.6: Phase portraits in the vicinity of double Hopf bifurcation (a) at the intersection of
the first and the second lobes; (b) at the intersection of the fourth and the fifth lobes. Sources,
sinks, and saddles are indicated by red, green, and blue dots, respectively.

bifurcation parameters as

Line 1: w = −ε12,cr

ε11,cr
(Ω− ΩHH) + wHH ,

Line 2: w = −ε22,cr

ε21,cr
(Ω− ΩHH) + wHH ,

Line 3: w =
δ21,crε12,cr − δ11,crε22,cr

δ11,crε21,cr − δ21,crε11,cr
(Ω− ΩHH) + wHH ,

Line 4: w =
δ22,crε12,cr − δ12,crε22,cr

δ12,crε21,cr − δ22,crε11,cr
(Ω− ΩHH) + wHH .

(4.72)

These lines are indicated in Fig. 4.64.6. Note that Lines 1 and 2 are the tangents of the intersecting
stability lobes at the double Hopf point. These four lines separate the six sectors of plane (Ω, w)
with different topologies.

Let us investigate Case Ia by going around anti-clockwise in the sectors of plane (Ω, w) in
Fig. 4.64.6(a). In Sector I, (4.684.68) has only the trivial equilibrium (0, 0) that is source, thus the
time-delay system (4.164.16) has an unstable trivial solution. When crossing Line 1 into Sector II,
the periodic solution P1 of (4.164.16) arises as

(
rp

1 , 0
)

is born from (0, 0). The periodic solution P1 is
unstable as

(
rp

1 , 0
)

is source, while (0, 0) becomes saddle. When entering Sector III along Line 2,
another unstable periodic solution P2 is born as

(
0, rp

2

)
rises from (0, 0) as saddle. Meanwhile,

(0, 0) becomes sink (the trivial equilibrium of (4.164.16) becomes stable) and
(
rp

1 , 0
)

remains a
source. When entering Sector IV along Line 3, the pitchfork bifurcation of

(
rp

1 , 0
)

gives rise
to the nontrivial equilibrium

(
rqp

1 , rqp
2

)
, that is, the quasi-periodic solution QP is born from

the torus bifurcation of the periodic solution P1. Equilibrium (0, 0) is still sink,
(
0, rp

2

)
is still

saddle, while
(
rp

1 , 0
)

becomes saddle and
(
rqp

1 , rqp
2

)
is born as source. Thus, in Sector IV, the

stable equilibrium of (4.164.16) coexists with two unstable periodic solutions and an unstable quasi-
periodic one. When crossing Line 4 into Sector V, the quasi-periodic QP solution collapses into
the periodic solution P2 via torus bifurcation, since

(
rqp

1 , rqp
2

)
merges with

(
0, rp

2

)
. Equilibrium(

0, rp
2

)
becomes source, while

(
rp

1 , 0
)

remains saddle and (0, 0) remains sink. When entering
Sector VI along Line 1, the periodic solution P1 disappears while

(
rp

1 , 0
)

collapses into (0, 0).
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Here, equilibrium
(
0, rp

2

)
remains a source and (0, 0) becomes a saddle. Finally, when returning

to Sector I by crossing Line 2, the periodic solution P2 vanishes as
(
rp

2 , 0
)

disappears.
Case Ib is presented in Fig. 4.64.6(b). Here, the order of Lines 3 and 4 changes with respect

to Case Ia when going around the sectors of the plane (Ω, w) anti-clockwise. Therefore, the
quasi-periodic solution QP is born from P2 (and not P1) when entering Sector IV along Line 4,
and it collapses into P1 (and not P2) when leaving Sector IV along Line 3. Interchanging Lines 3
and 4 modifies the topology only in Sector IV: now

(
rp

1 , 0
)

and
(
0, rp

2

)
are sources and

(
rqp

1 , rqp
2

)
is saddle. This means that the trajectories of the time-delay system (4.164.16) remain close to the
quasi-periodic solution for a longer period of time in Case Ib than in Case Ia where

(
rqp

1 , rqp
2

)
was

source. Thus, the probability of experimental observation of quasi-periodic behavior is larger at
the intersections of lobes with higher lobe numbers.

4.3.4 Region of bistability

The periodic and quasi-periodic solutions of (4.164.16) can be approximated as [118118]

yt(ϑ) ≈r1 (cos(ω1t)s1,R(ϑ)− sin(ω1t)s1,I(ϑ)) + r2 (cos(ω2t)s2,R(ϑ)− sin(ω2t)s2,I(ϑ)) , (4.73)

x(t) =yt1(0) ≈ r1 cos(ω1t) + r2 cos(ω2t) , (4.74)

where (r1, r2) =
(
rp

1 , 0
)

and (r1, r2) =
(
0, rp

2

)
must be substituted for the periodic solutions

P1 and P2, respectively, whereas (r1, r2) =
(
rqp

1 , rqp
2

)
for the quasi-periodic solution QP with

amplitudes given by (4.714.71).
The periodic and quasi-periodic solutions in Fig. 4.64.6 are unstable. Hence, the basin of

attraction of the coexisting linearly stable equilibrium is finite and the phenomenon of bistability
occurs: machine tool chatter evolves to large enough perturbations for certain parameters.
Hereinafter, the bistable parameter region is computed in the vicinity of the double Hopf point
by following Sec. 4.2.34.2.3, where this analysis was presented for the single Hopf bifurcation. Similar
behavior is assumed as in Fig. 4.44.4(d): it is expected that the unstable periodic and quasi-periodic
orbits exist only up to the point where the tool first loses contact with the workpiece. Then,
nonsmooth fold bifurcation (Big Bang bifurcation) takes place, by which the unstable periodic
and quasi-periodic orbits vanish and large-amplitude stable motion (chatter) emerges.

The Big Bang bifurcation is located where the chip thickness first drops to zero, that is,
where h(t) = 0 occurs for any t. Substituting (4.84.8, 4.104.10, 4.744.74), combining the trigonometric
terms, and approximating τ ≈ τHH lead to

r1

√
(1− cos(ω1τHH))2 + sin2(ω1τHH) cos (ω1t+ φ1)

+ r2

√
(1− cos(ω2τHH))2 + sin2(ω2τHH) cos (ω2t+ φ2) = 1 , (4.75)

where φ1 and φ2 are certain phase shifts. The smallest amplitude for which loss of contact may
occur is obtained by substituting cos (ω1t+ φ1) = 1 and cos (ω2t+ φ2) = 1. This motivates the
introduction of the scaled amplitude

r := r1

√
4 sin2

(ω1τHH

2

)
+ r2

√
4 sin2

(ω2τHH

2

)
, (4.76)

by which r = 1 indicates loss of contact. If r > 1, then the periodic and quasi-periodic solutions
disappear via Big Bang bifurcation.

Taking r = 1 and substituting (4.714.71, 4.764.76), the loci of Big Bang bifurcation for the periodic
orbits Pk are obtained in the form

wPk
BB(Ω) = −

4 sin2
(ωkτHH

2

)
εk2,cr(Ω− ΩHH) + δkk,cr

4 sin2
(ωkτHH

2

)
εk1,cr +

δkk,cr

wHH

+ wHH . (4.77)
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The loci wQP
BB(Ω) of Big Bang bifurcation for the quasi-periodic solution can be determined the

same way by symbolic algebra (the resulting formula is too long to be presented here). If any
of the unstable periodic or quasi-periodic solutions exist, a large-amplitude attractive solution
coexists with the stable equilibrium. Thus, the boundary of the bistable region is determined
by those Big Bang bifurcation curves that are the farthest from the linear stability boundary.

The results are summarized in Fig. 4.74.7 where the double Hopf points (DH) at the intersections
of the first and the second, the second and the third, and the fourth and the fifth lobes are
considered in Fig. 4.74.7(a,b), Fig. 4.74.7(c,d), and Fig. 4.74.7(e,f), respectively. Fig. 4.74.7(a,c,e) show the
stability charts of the system, whereas Fig. 4.74.7(b,d,f) show the amplitude r of the periodic and
quasi-periodic orbits as a function of the bifurcation parameter w for Ω = 1.0095, Ω = 0.505,
and Ω = 0.2527, respectively, that are indicated by dotted vertical lines in Fig. 4.74.7(a,c,e). The
analytical results are indicated by solid lines.

In Fig. 4.74.7(a,c,e), solid thick blue and cyan lines show the intersecting stability lobes given
by (4.194.19), whereas their tangents (Lines 1 and 2) are indicated by thin blue and cyan lines.
Note that in the region depicted, Line 2 overlaps with the solid thick cyan stability lobe. In
Fig. 4.74.7(b,d,f), the periodic orbits P1 and P2 initiate from the (approximate) Hopf bifurcation
points H(P1) and H(P2) that correspond to the intersections of the dotted line with Lines 1 and
2 in Fig. 4.74.7(a,c,e), respectively. The periodic orbits undergo a torus bifurcation along the red
and purple lines (Lines 3 and 4) in Fig. 4.74.7(a,c,e). In Fig. 4.74.7(b), the quasi-periodic solution QP
is born from the periodic solution P1 through a torus bifurcation at T(P1) that corresponds to
the intersection of the dotted line and Line 3 in Fig. 4.74.7(a). In Fig. 4.74.7(d,f), the quasi-periodic
orbit arises from the other periodic solution P2 through a torus bifurcation at T(P2), see the
intersection of the dotted line and Line 4 in Fig. 4.74.7(c,e).

The bifurcation diagrams in Fig. 4.74.7(b,d,f) are valid only up to points BB(P1), BB(P2), and
BB(QP) at r = 1, where loss of contact takes place between the tool and the workpiece. The
branches are invalid for r > 1, where the periodic and quasi-periodic solutions vanish, and large-
amplitude stable solutions are born via a nonsmooth fold as it was illustrated in Fig. 4.44.4(d).
In Fig. 4.74.7(a,c,e), solid green and orange lines show the loci of Big Bang bifurcation given
by (4.774.77) for the periodic orbits P1 and P2, respectively. The Big Bang bifurcation curve for
the quasi-periodic solution is shown by a solid black line.

The results were verified by numerical continuation, see the dashed lines in Fig. 4.74.7. DDE-
Biftool [142142] was used for the continuation of periodic orbits and Zoltán Dombóvári computed
the quasi-periodic orbit using the algorithm in [122122, 156156]. Note that the analytical results are
only approximations and the numerical results can be considered as exact ones. According to
Fig. 4.74.7(a,c,e), the analytical results give only the tangents of the numerical torus bifurcation
branches. Thus, the analytical torus bifurcation curves in Fig. 4.74.7(a) are valid only in the
immediate vicinity of the double Hopf point, then the numerical branches deviate. Therefore,
the analytical bifurcation diagram in Fig. 4.74.7(b) is not accurate even qualitatively: the quasi-
periodic solution is born from the other periodic solution as in the numerical case. The analytical
approximations are more accurate for higher lobes and the agreement between the analytical
and numerical results is better in Fig. 4.74.7(c,d,e,f) than in Fig. 4.74.7(a,b).

Similarly to torus bifurcation, the analytical Big Bang bifurcation branches of periodic orbits
give the tangents of the numerical results. This is due to the fact that the above analysis is valid
in the vicinity of the double Hopf point, while the exact branches can be obtained by (4.344.34)
that was derived by analyzing the single Hopf bifurcation and considering the entire stability
lobes instead of their intersections. The analysis of double Hopf bifurcation was necessary to
obtain the Big Bang bifurcation curve of the quasi-periodic orbit that is shown by black lines.
In addition, numerical continuation showed that a period doubling bifurcation PD(P1) of the
periodic solution P1 can also occur, see the dashed thin brown line in Fig. 4.74.7(a). However, this
branch lies beyond the Big Bang bifurcation BB(P1), hence period doubling does not show up
when considering loss of contact between the tool and the workpiece.
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Figure 4.7: (a,c,e) Stability charts and (b,d,f) bifurcation diagrams near the double Hopf point
(DH): (a,b) at the intersection of the first and the second; (c,d) the second and the third; (e,f)
the fourth and the fifth lobe. Analytical results are indicated by solid lines and dashed lines
show the numerical results. The loci of Hopf, torus, Big Bang, and period doubling bifurcations
associated with the periodic solutions P1, P2 and the quasi-periodic solution QP are indicated
by H, T, BB, PD, respectively.
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The regions where the periodic and quasi-periodic orbits exist are shown in Fig. 4.74.7(a,c,e)
by dark grey and deep grey shadings, respectively, whereas the system is bistable in the union of
these regions. Light grey shading indicates the region where no periodic or quasi-periodic orbits
exist due to loss of contact, thus the equilibrium is globally stable here. It is important to note
that the quasi-periodic orbit occurs in a very narrow range of the angular velocity Ω, and its
existence does not affect the globally stable region. Thus, the size of the bistable region at the
intersections of the stability lobes can still be predicted by formula (4.374.37) that was obtained by
the analysis of the single Hopf bifurcation.

4.4 Extension to higher-order nonlinearities

It was shown in Sec. 4.24.2 and Sec. 4.34.3 that formula (4.374.37) can be used to calculate the size of
the bistable region for (4.164.16) that considers quadratic and cubic nonlinear terms only. In what
follows, this result is extended for (4.134.13) by considering the effect of higher-order nonlinearities.
The method of averaging is used to find the amplitude of the unstable periodic orbit as a function
of the chip width w while the angular velocity Ω is fixed (thus the subscript H is dropped for Ω
and τ). The same results can also be derived by other two equivalent approaches: by harmonic
balance and using Melnikov’s integral [112112, 136136]. Then, an approximate analytical expression is
derived for the size of the bistable region.

4.4.1 Method of averaging

The theoretical background and examples for the method of averaging can be found in [127127–
131131, 157157, 158158]. The main idea is to approximate the periodic solution (the limit cycle) of (4.134.13)
by its first harmonic. Note that at Hopf bifurcation (w = wH), the linear part of (4.134.13) indeed
has harmonic solution. The linear part reads

x′′(t) + 2ζx′(t) + x(t) = wH (x(t− τ)− x(t)) , (4.78)

whereas its solution can be given in the form

x(t) =r cos(ωt+ ϕ) ,

x′(t) =− rω sin(ωt+ ϕ) ,
(4.79)

where the amplitude r and the phase ϕ depend on initial conditions. The solution of the
nonlinear system (4.134.13) is assumed to be in the same form, but with time-dependent amplitude
r̂(t) and phase ϕ̂(t):

x(t) =r̂(t) cos(ωt+ ϕ̂(t)) ,

x′(t) =− r̂(t)ω sin(ωt+ ϕ̂(t)) .
(4.80)

For a given bifurcation parameter w, the constant approximation of r̂(t) and ϕ̂(t) implies the
harmonic approximation of the limit cycle. Therefore, (4.134.13) is reformulated in terms of r̂(t)
and ϕ̂(t) using (4.804.80) and constant (approximate) solutions are sought for.

By multiplying the left-hand side of the equations in (4.804.80) by cos(ωt+ ϕ̂(t)) and
− sin(ωt+ ϕ̂(t))/ω and by adding the equations, the amplitude can be obtained as

r̂(t) = x(t) cos(ωt+ ϕ̂(t))− x′(t) 1

ω
sin(ωt+ ϕ̂(t)) , (4.81)

while the following identity can also be obtained in a similar manner:

0 ≡ x(t) sin(ωt+ ϕ̂(t)) + x′(t)
1

ω
cos(ωt+ ϕ̂(t)) . (4.82)
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Derivation of (4.814.81) with respect to time and using (4.134.13, 4.824.82) yields the Lie derivative of the
amplitude r̂(t) in the form

r̂′(t) = − 1

ω

(
−2ζx′(t)− x(t) + w

∞∑
m=1

ηm (x(t− τ)− x(t))m + ω2x(t)

)
sin(ωt+ ϕ̂(t)) . (4.83)

Similarly, the Lie derivative of the phase ϕ̂(t) can be expressed via the derivation of (4.824.82) with
respect to time and using (4.134.13, 4.814.81) that gives

ϕ̂′(t) =
1

ωr̂(t)

(
−2ζx′(t)− x(t) + w

∞∑
m=1

ηm (x(t− τ)− x(t))m + ω2x(t)

)
cos(ωt+ϕ̂(t)) . (4.84)

From this point on, (4.834.83) is considered, since only the amplitude of the limit cycle is needed to
calculate the bistable region.

Now the main assumption of the subsequent analysis is made: suppose that the amplitude
r̂(t) and the phase ϕ̂(t) vary slowly in time. Thus, it is assumed that r̂(t− τ) ≈ r̂(t) and ϕ̂(t−
τ) ≈ ϕ̂(t), that is, r̂(t) and ϕ̂(t) are approximately constant that corresponds to the harmonic
approximation of the solution (4.804.80). This way, the chip thickness variation x(t − τ) − x(t)
in (4.834.83) can be approximated using (4.804.80) and r̂(t − τ) ≈ r̂(t), ϕ̂(t − τ) ≈ ϕ̂(t). After the
combination of trigonometric terms, this implies

x(t− τ)− x(t) ≈ r̂(t)
√

4 sin2
(ωτ

2

)
cos(ωt+ ϕ̂(t) + φ) , (4.85)

where φ is a phase shift satisfying

sinφ = − sin(ωτ)√
4 sin2

(ωτ
2

) . (4.86)

Substituting (4.804.80, 4.854.85) into (4.834.83) leads to the differential equation for r̂(t) in the form

r̂′(t) = −2ζr̂(t) sin2(ωt+ ϕ̂(t)) +

(
1

ω
− ω

)
r̂(t) cos(ωt+ ϕ̂(t)) sin(ωt+ ϕ̂(t))

− 1

ω
w
∞∑
m=1

ηmr
m(t)

√
4 sin2

(ωτ
2

)m
cosm(ωt+ ϕ̂(t) + φ) sin(ωt+ ϕ̂(t)) . (4.87)

Notice that (4.874.87) is a nonautonomous ordinary differential equation that does not involve
time delay. Now the theory of averaging is applied to (4.874.87). The theory can used for equations
of form ż = εG(t, z), where G is a nonlinear function of z ∈ Rn and ε ∈ R is a small parameter.
Although (4.874.87) does not involve the small parameter ε explicitly, r̂(t) is assumed to vary slowly
in time and the method of averaging can be used. Therefore, (4.874.87) is averaged by integrat-
ing both sides from 0 to 2π/ω with respect to t while considering r̂ and ϕ̂ time-independent.
Multiplying the resulting equation by ω/(2π), the averaged system is obtained in the form

r̃′(t) = −ζr̃(t)− w
∞∑
m=1

ηmr̃
m(t)

√
4 sin2

(ωτ
2

)m 1

ω

1

2π
βm , (4.88)

where tilde indicates the averaged variables, and βm is defined by

βm =

∫ 2π/ω

0
cosm(ωt+ φ) sin(ωt)ωdt , m ∈ Z+ . (4.89)

Note that the phase ϕ̂ is omitted in βm, since a phase shift does not modify the integral of a
periodic function over its time period. The expression of βm can be simplified to

β2k−1 = −π sinφ

22k−2

(
2k − 1

k

)
, β2k = 0 , k ∈ Z+ , (4.90)

see Appendix C.3C.3 for details.
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4.4.2 Amplitude of the limit cycle

Now consider the constant approximation r̂(t) ≈ r̃(t) ≈ r of the amplitude that corresponds to
the harmonic approximation of the limit cycle. Substitution of r̃(t) ≡ r and (4.904.90) into (4.884.88)
gives

− ζr + w

∞∑
k=1

η2k−1r
2k−1

√
4 sin2

(ωτ
2

)2k−1
1

2πω

π sinφ

22k−2

(
2k − 1

k

)
= 0 . (4.91)

Afterwards, substitution of (4.864.86) and ζ = −wH sin(ωτ)/(2ω) according to (4.184.18), and division
by r sin(ωτ)/(2ω) 6= 0 yield

wH − w
∞∑
k=1

(
2k − 1

k

)
η2k−1

(
r2 sin2

(ωτ
2

))k−1
= 0 . (4.92)

The calculation of the approximate amplitude r of the periodic orbit is reduced to finding a
positive real root of the polynomial in (4.924.92). If the nonlinearity in (4.134.13) is a polynomial of low
order, then (4.924.92) can be solved analytically for r2 sin2(ωτ/2) to obtain r. The cubic cutting
force characteristics (4.64.6), that is, ηm = 0 for m ≥ 4 leads to

r3rd(w) =

√√√√− w − wH

3η3 sin2
(ωτ

2

)
w
. (4.93)

For quintic nonlinearity, when ηm = 0 for m ≥ 6, (4.924.92) gives

r5th(w) =

√√√√√−3η3w +
√

9η2
3w

2 − 40η5w(w − wH)

20η5 sin2
(ωτ

2

)
w

. (4.94)

In a similar manner, (4.924.92) can be solved analytically by computer algebra for 7th, 9th, and
11th-order nonlinearities as well (when ηm = 0 for m ≥ 8, m ≥ 10, and m ≥ 12, respectively),
but the resulting formulas of r7th, r9th, and r11th are too long to be presented here. Above 11th
order, (4.924.92) can be solved numerically for the amplitude. Notice that the results of averaging
satisfy the property (4.264.26), that is, the limit cycle disappears (blows up) when the chip width
is decreased to zero as shown by (4.924.92, 4.934.93, 4.944.94).

The amplitude r of the limit cycle as a function of the dimensionless chip width w is shown
in Fig. 4.84.8(b). Here, the damping ratio is ζ = 0.02 and the bifurcation diagrams are computed
for Ω = 0.77486 (i.e., ω = 1.1903) as indicated by the dashed line in the corresponding stability
chart in Fig. 4.84.8(a). The three-quarter rule, that is, (4.54.5) with ν = 3/4 is used as cutting force
characteristics, while the nonlinearity is approximated by its 3rd, 5th, 7th, 9th, and 11th-order
Taylor polynomials as shown by purple, blue, green, orange, and red colors, respectively. The
analytical bifurcation diagrams obtained from (4.924.92) are indicated by solid lines. The analytical
results were verified by numerical continuation using DDE-Biftool [142142]. The numerical bi-
furcation diagrams showing half of the peak-to-peak amplitude of the limit cycle are shown by
dashed lines with the same color scheme as that of their analytical counterparts. The analytical
and numerical results agree well, the solid and dashed branches overlap. This justifies that the
periodic solution of (4.134.13) is indeed nearly harmonic.

4.4.3 Region of bistability

According to [121121], the boundary w = wBB of the bistable region is located where the amplitude
of the unstable periodic oscillations gets so large that the flyover shown in Fig. 4.14.1(b) takes
place. This happens when the chip thickness drops to zero. The chip thickness h(t) can be
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Figure 4.8: (a) Stability chart of the turning model (4.134.13); (b) bifurcation diagrams for different
orders of nonlinearity. Solid lines indicate analytical results obtained from (4.924.92), dashed lines
show the results of numerical continuation.

expressed using (4.84.8, 4.104.10, 4.854.85). Then, substitution of r̂(t) ≈ r and cos(ωt+ ϕ̂(t)+φ) = −1 into
h(t) = 0 gives the smallest amplitude rloss where loss of contact takes place in the form (4.324.32).
Note that the bifurcation diagrams presented in Fig. 4.84.8(b) are valid only for 0 ≤ r ≤ rloss.

After substitution of w = wBB, r = rloss, and (4.324.32) into (4.924.92), the boundary of the bistable
region becomes

wBB = wH

( ∞∑
k=1

1

4k−1

(
2k − 1

k

)
η2k−1

)−1

. (4.95)

Notice that the coefficients of the even-order terms (η2, η4, ...) do not show up as they dropped
out during averaging. In contrast, the approach of center manifold reduction keeps the even-
order terms according to (4.344.34). However, the coefficients of these terms were found to be
negligible in Sec. 4.2.34.2.3. Using (4.354.35, 4.954.95), the size of the bistable region can be compared to
the size of the linearly stable region that leads to

Rbist = 1−

( ∞∑
k=1

1

4k−1

(
2k − 1

k

)
η2k−1

)−1

= 1−
(

1 +
3

4
η3 +

10

16
η5 +

35

64
η7 +

126

256
η9 + . . .

)−1

,

(4.96)
where η1 = 1 was also used. Note that the approximate size Rbist of the bistable region is
independent of the location of the Hopf bifurcation point (i.e., independent of ω).

In the case of the power law cutting force characteristics (4.54.5), substitution of (4.154.15) into (4.964.96)
and simplification gives

Rbist = 1−
√
π Γ(ν + 2)

2ν+1Γ
(
ν + 1

2

) , (4.97)

where Γ denotes the Euler gamma function. According to personal communications, this formula
was also derived by Pankaj Wahi via the method of harmonic balance, however, he has not
published this result. Assuming ν = 3/4, the well-known three-quarter rule is obtained, for which
the bistable region occupies approximately 6.5% of the linearly stable region independently of any
technological parameters. Recall that in Sec. 4.2.34.2.3, 3.8% was obtained for the cubic expansion
of the three-quarter rule, thus higher-order terms in fact have effect on the bistable region.
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In the case of the exponential cutting force characteristics (4.74.7), equations (4.154.15, 4.964.96) give

Rbist = 1− b1h0 + b2h0eb3h0

b1h0 + 2
b2
b3

eb3h0I1(b3h0)

, (4.98)

where I1 denotes the modified Bessel function of the first kind. The size of the bistable region
depends on the feed h0 per revolution that was also the case for the cubic cutting force charac-
teristics as shown by (4.394.39). Thus, the bistable region may be significantly larger than 6.5% of
the linearly stable region – this was also confirmed by experiments with large feed rates [137137].

Recall that center manifold reduction provided formula (4.374.37) for the size of the bistable
region for (4.164.16), where only quadratic and cubic nonlinear terms are involved. This formula
is exactly the same as the truncation of (4.964.96) that was obtained by the method of averaging.
However, the method of averaging is not restricted to the cubic approximation of the cutting force
characteristics, it can be applied to higher-order nonlinearities as well (although the coefficients
of higher-order terms are more uncertain and harder-to-measure from engineering point of view).
Consideration of higher-order terms is theoretically possible by center manifold reduction, too,
but the calculations become unmanageably complicated. Similarly to the approach of center
manifold reduction, the nonlinearity was expanded into Taylor series when using the method of
averaging. The main point of averaging is, however, the harmonic approximation of the limit
cycle and not the polynomial approximation of the nonlinearity: the Taylor series in (4.134.13) is
used only for convenience, it is not necessary to truncate the series after finitely many terms.
As shown by (4.974.97, 4.984.98), it is possible to obtain the size of the bistable region analytically for
a complete Taylor series as well.



66 Chapter 4. Nonlinear Machine Tool Vibrations in Turning

4.5 New results

I have investigated the occurrence of machine tool vibrations and the phenomenon of bistability
for the single-degree-of-freedom mechanical model of turning processes. By means analyzing
Hopf and double Hopf bifurcations associated with the nonlinear delay-differential equation
that describes the dynamics of orthogonal turning, I have obtained the following results.

Thesis 3

Consider the single-degree-of-freedom model of orthogonal turning processes, where the cutting
force is a concentrated force that is a monotonically increasing function of the chip thickness, and
the cutting force is the only source of nonlinearity in the machining system. Then, there exists
a bistable region in the space of technological parameters, where stable stationary cutting and
large-amplitude machine tool chatter coexist, and machine tool vibrations occur to large enough
perturbations during cutting. The bistable technological parameter region can be estimated by the
following formula independently of the spindle speed:

aH − aBB

aH
= 1−

( ∞∑
k=1

1

4k−1

(
2k − 1

k

)
η2k−1

)−1

= 1−
(

1 +
3

4
η3 +

10

16
η5 +

35

64
η7 +

126

256
η9 + . . .

)−1

,

where aH denotes the maximum value of the chip width a associated with linearly stable station-
ary cutting, whereas aBB denotes the minimum chip width where the phenomenon of bistability
occurs (that is, the cutting process is bistable for aBB < a < aH). Parameters ηm (m ∈ Z+)
are dimensionless cutting force coefficients that can be obtained from the feed h0 per revolu-
tion and the derivatives of the specific cutting force fq that is a function of the chip thickness:

ηm =
(
hm−1

0 f
(m)
q (h0)

)
/
(
m!f ′q(h0)

)
.

Related publications: [132132–136136].



Chapter 5

Analysis of Low-Speed Turning Pro-
cesses

The orthogonal cutting model presented in Chap. 44 is one of the simplest mechanical models
that describes chatter in metal cutting. However, when the cutting speed is low, experiments
show [115115, 159159–165165] that the chatter-free parameter regions of turning and milling processes
are typically larger than the one predicted by this model. According to Fig. 4.34.3, the lower
envelope of the stability lobes is a horizontal straight line, while experiments indicate that the
stability boundaries shift towards higher chip widths as the spindle speed is decreased. Here,
this phenomenon is referred to as low-speed stability improvement.

In order to describe the phenomenon, the mechanical model of Chap. 44 needs to be improved
for low cutting speeds (typically, for lobe numbers above ten). For milling operations, the low-
speed stability improvement phenomenon is discussed in Chap. 66, while Chap. 55 is dedicated
to the mechanical models of low-speed turning processes. First, a short overview is given in
Sec. 5.15.1 about existing models that are able to explain the low-speed stability improvement.
Then, one of these models – a distributed cutting force model – is investigated in detail, where
the equation of motion is a differential equation with distributed delay, similarly to the equation
of Finite Spectrum Assignment in Chap. 22.

This model was introduced in [1515], where linear stability analysis was conducted. The
contribution of this work is the analysis of the nonlinear dynamics in Sec. 5.25.2 with special
attention to the phenomenon of bistability, and the extension of the model by considering state-
dependent delays in Sec. 5.35.3. Both distributed and state-dependent delays are often said to have
stabilizing effects [1515, 166166], now this heuristic argument is shown to be true for the case of metal
cutting. The work of this chapter is published in [167167–169169].

5.1 Mechanical models for low cutting speeds

The low-speed stability improvement phenomenon originates in the interplay of several physical
processes that may even act against one another. Most mechanical models of metal cutting
attribute the low-speed stability improvement to an additional dissipative force during cutting.
The dissipative term is typically modeled by a viscous damping called process damping that is
constant in time and inversely proportional to the spindle speed. Since the damping increases at
low cutting speeds, the stable technological parameter region grows [1616, 8383, 115115, 159159–165165, 170170–
174174].

Usually, process damping is explained by the interference between the tool’s flank face and the
wavy surface of the workpiece [115115, 159159–165165, 170170–174174]. The interference creates an additional
force that pushes the tool outside the workpiece, and hence works as an additional damper.
Note, however, that the contact between the tool’s flank face and the workpiece is intermittent,
it depends on the vibrations of the tool-workpiece system. This in fact yields complicated
nonsmooth dynamics [171171] that can only be approximated by models with constant viscous
damping.

Another source of process damping is the variation of the cutting direction during machine

67
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tool vibrations. This provides vibration velocity-dependent chip thickness and cutting force
expressions that result in a process damping term. The concept was introduced for turning
processes in [1616, 160160], where the low-speed stability improvement was successfully explained by
deriving a constant positive process damping. This model is extended for milling in Chap. 66,
where it is shown that the resulting process damping is time-periodic and may be negative.
Thus, the vibration-induced variation of the cutting direction does not always improve stability
at low cutting speeds.

In addition, some cutting force models [1616] involve nonlinear dependency on the cutting
speed that was neglected from the right-hand side of (4.24.2). This term generates an additional
process damping when considering the dependency of the cutting speed on the vibration velocity.
However, the sign of process damping depends on the derivative of the cutting force expression
with respect to the cutting speed. Thus, it may be negative and therefore does not explain the
low-speed stability improvement.

Apart from process damping, another possible explanation for the low-speed stability im-
provement phenomenon is the so-called short regenerative effect [1515, 175175, 176176]. This takes into
account the distribution of the cutting force along the rake face, which improves stability for
low cutting speeds in turning [1515, 175175, 176176], as well as in milling (see Chap. 66). The distributed
cutting force model is by itself able to capture the phenomenon of low-speed stability improve-
ment both for turning and milling. In this chapter, this model is analyzed in more detail. As
introduction, first, the effect of process damping in turning is shown for comparison.

5.1.1 Process damping

The mechanical model of turning operations that involves process damping is given by (4.21), (4.22)
in [1616]. The corresponding dimensionless equation of the tool’s motion can be written in the
form

x′′(t) + 2ζx′(t) + x(t) = w (x(t− τ)− x(t))− wτCx′(t) . (5.1)

Here, an additional process damping term wτCx′(t) shows up compared to the linear part of
model (4.134.13) of turning, where C is the dimensionless process damping coefficient.

The stability boundaries, that are associated with the Hopf bifurcation of the trivial solution
of (5.15.1), can be obtained by the D-subdivision method. In order to describe the D-curves,
parameter ψ ∈ (0,∞) is used that represents the phase shift between the waves on the machined
surface cut momentarily and those cut one revolution ago:

ψ = ωτ . (5.2)

According to [177177], the D-curves can be given in the form

ω(ψ) = −ζ R0(ψ)

S0(ψ)
+

√
ζ2
R2

0(ψ)

S2
0(ψ)

+ 1 , wH(ψ) = −2ζω(ψ)

S0(ψ)
, τH(ψ) =

ψ

ω(ψ)
, ΩH(ψ) =

2π

τH(ψ)
,

(5.3)
where R0(ψ) = 1− cosψ and S0(ψ) = Cψ + sinψ.

The corresponding stability lobe diagram is shown in Fig. 5.15.1(a) for ζ = 0.02. Thick lines
indicate the stability boundaries in the presence of process damping (C = 0.003), whereas thin
lines show the case without process damping (C = 0). Stationary cutting is stable in the light
grey shaded region. Without process damping, the lower envelope of the stability lobes is a line
w = const [11]. With process damping, the stability lobes shift upwards at low cutting speeds
in the half-plane of positive dimensionless chip widths (w > 0), since the process damping is
proportional to the regenerative delay τ = 2π/Ω and increases for decreasing angular velocity
Ω. Note, however, that the stable region shrinks for negative dimensionless chip widths (w < 0),
since the process damping in (5.15.1) becomes negative.
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Figure 5.1: Stability lobe diagram of the turning model (a) with process damping; (b) with
distributed cutting force.

Although negative chip width has no physical meaning, a negative dimensionless chip width
(w < 0) can still occur if the cutting force characteristics satisfies f ′q(h0) < 0, see (4.144.14). For
instance, this is the case for the linear cutting force characteristics (4.34.3) when the rake angle of
the tool is large enough, because it results in a negative cutting coefficient (Kc < 0) according
to [1616]. Besides, model (5.15.1) with w < 0 also describes certain milling operations (namely,
down-milling with large number of cutting teeth, see Sec. 6.16.1). Therefore, special care must be
taken to get an exact description of the low-speed stability improvement for milling operations,
which is discussed in Chap. 66. Now the model (5.15.1) of turning that includes process damping is
compared to a distributed cutting force model.

5.2 Distributed delay model

Hereinafter, the mechanical model shown in Fig. 4.14.1 is investigated, while the cutting force is
modeled as the resultant of a force system distributed along the rake face of the tool. This
approach was introduced in [1515] where linear stability analysis was conducted. The concept was
experimentally verified in [176176], while extension to interrupted turning operation was presented
in [175175]. Now the distributed cutting force model of [1515] is compared to process damping models,
and it is also analyzed from nonlinear dynamics viewpoint by investigating the phenomenon of
bistability. The analyses and notations of Sec. 4.24.2 and Sec. 4.34.3 are followed, while the differences
caused by the effect of cutting force distribution are pointed out.

5.2.1 Mechanical model with distributed cutting force

Consider the cutting force model shown in Fig. 5.25.2(a) where a force system is distributed along
the rake face of the tool in the chip-tool contact region of size l. In order to describe the q-
directional component Pq(t, s) of the distributed cutting force, coordinate s ∈ [−l, 0] is used,
which runs from the tool tip to the end of the chip-tool interface. Since the cutting force is
the resultant of the distributed force system, the equation governing the tool’s motion modifies
from (4.14.1) to

q̈(t) + 2ζωnq̇(t) + ω2
nq(t) =

1

mq

∫ 0

−l
Pq(t, s)ds . (5.4)
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Figure 5.2: (a) Distribution of the cutting force along the rake face; (b) the function describing
the shape of force distribution.

Following [1515], it is assumed that the cutting force distribution Pq(t, s) can be decomposed
multiplicatively into a cutting force intensity Fq (hs(t, s); a) and a function K(s) that describes
the shape of force distribution:

Pq(t, s) = Fq (hs(t, s); a)K(s) . (5.5)

Note that the intensity Fq depends on time through hs(t, s) that is the uncut chip thickness
corresponding to position s (i.e., the thickness of the uncut chip that moves to position s by
time t). Meanwhile, it is assumed that the shape K(s) of the cutting force distribution is
time-independent even in the case of nonstationary cutting.

Furthermore, the chip is assumed to slip along the rake face of the tool with the constant
cutting speed v that can be expressed in terms of the workpiece diameter D and the angular
velocity Ω of the workpiece: v = ΩD/2. This way, the description of the cutting force distribution
can be transformed from space into time by introducing the temporal coordinate θ ∈ [−σ, 0],
θ = s/v, where σ = l/v is the time it takes for a given particle of the chip to travel the distance
l. With the notation κ(θ) = vK(vθ), (5.45.4, 5.55.5) can be transformed into

q̈(t) + 2ζωnq̇(t) + ω2
nq(t) =

1

mq

∫ 0

−σ
Fq (h(t+ θ); a)κ(θ)dθ , (5.6)

where it was used that the uncut chip thickness corresponding to position s = vθ is hs(t, vθ) =
h(t + θ) with h being given by (4.84.8). The argument of the chip thickness h is shifted by θ to
account for the time the chip needs to slip from the tool tip to position s. In (5.65.6), the cutting
force intensity Fq can be modeled by (4.24.2–4.74.7). If κ(θ) is the Dirac delta function, one gets
model (4.14.1) with concentrated cutting force. Otherwise, the shape κ(θ) of the cutting force
distribution is normalized so that ∫ 0

−σ
κ(θ)dθ = 1 (5.7)

holds. This guarantees that the resultant cutting force is the same as that of the concentrated
cutting force model in the case of stationary cutting.

The shape κ(θ) of the cutting force distribution can be determined from the literature on
stress distribution along the chip-tool interface, see [178178–180180] and the references therein. In case
of zero rake angle, the q-directional cutting force component is the resultant of the shear stress.
The majority of the literature [1616, 181181–184184] argues that chip-tool interface consists of a sticking
and a sliding region, see Fig. 5.25.2(b). In the sticking region, the chip moves over a material
stuck to the rake face of the tool and the shear stress is constant (that is the yield shear stress
value). In the sliding region, the chip slides along the rake face while the stresses decay to zero
at the end of the contact region. The sticking length to contact length ratio α is in the range
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of 0.3 ≤ α ≤ 0.6 [181181–185185]. According to Fig. 5.25.2(b), the shape of the cutting force distribution
can be approximated by

κ(θ) =
1

σ
κ̂

(
θ

σ

)
, (5.8)

κ̂(θ̂) =


1− e−α+1

2− (α+ 1)e−α+1
if θ̂ ∈ [−α, 0] ,

1− eθ̂+1

2− (α+ 1)e−α+1
if θ̂ ∈ [−1,−α) ,

(5.9)

where coordinate θ̂ ∈ [−1, 0], θ̂ = θ/σ was introduced and function κ̂ was separated from κ
in order to characterize the cutting force distribution independently of σ. This σ-independent
formulation will be relevant in Sec. 5.35.3 and in Sec. 6.36.3. Note that κ(θ) in (5.85.8, 5.95.9) satisfies
condition (5.75.7). In what follows, stability and bifurcation analysis are conducted for a general
κ(θ) function, but (5.85.8, 5.95.9) is used as example to plot stability charts.

From this point on the case h(t + θ) > 0 without loss of contact is considered and (5.65.6) is
reformulated the same way as (4.134.13) was obtained from (4.14.1) in Sec. 4.1.24.1.2. Considering (5.75.7),
it can be shown that system (5.65.6, 4.24.2, 4.84.8) has the unique equilibrium (4.94.9) – the same as that
of the concentrated cutting force model in Sec. 4.1.24.1.2. Therefore, the shifted coordinate x given
by (4.104.10) is used. The dimensionless time t̃ = ωnt is considered as in Sec. 4.1.24.1.2, and the following
dimensionless quantities are introduced: τ̃ = ωnτ , σ̃ = ωnσ, θ̃ = ωnθ, and κ̃(θ̃) = κ(θ̃/ωn)/ωn.
By dropping the tildes and computing the Taylor series expansion shown in (4.124.12), the final
form of the governing equation becomes

x′′(t) + 2ζx′(t) + x(t) = w

∫ 0

−σ

∞∑
m=1

ηm(x(t− τ + θ)− x(t+ θ))mκ(θ)dθ , (5.10)

cf. (4.134.13). The dimensionless chip width w and the dimensionless cutting coefficients ηm are
given by (4.144.14, 4.154.15).

Equation (5.105.10) is a nonlinear autonomous differential equation where a distributed delay
of length σ is superimposed on the regenerative point delay τ . In this sense, the governing
equation is similar to that of the Finite Spectrum Assignment technique in Chap. 22, where also
a combination of point and distributed delays occurred, see (2.12.1, 2.62.6). The kernel κ(θ) of the
distributed delay term in (5.105.10) originates in the shape of force distribution along the tool’s rake
face. Whereas the ratio ε of the two delays (σ and τ) is assumed to be constant:

σ = ετ . (5.11)

Parameter ε is equivalent to the ratio of the contact length l and the perimeter Dπ of the
workpiece: ε = l/(Dπ). According to [182182, 184184], ε typically ranges between 0.0005 and 0.05
for turning, while it may be somewhat larger for milling and drilling [1515]. Since σ � τ , the
additional distributed delay is referred to as short regenerative delay, while its influence on the
dynamics is called short regenerative effect.

5.2.2 Linear stability analysis

The linear stability of stationary cutting (x(t) ≡ 0) was analyzed in [1515] using the D-subdivision
method. This analysis is shortly revised here through the same train of thoughts as for the
concentrated cutting force model in Sec. 4.1.34.1.3. Accordingly, substitution of x(t) = Ceλt (λ,C ∈
C, C 6= 0) into the linear part of (5.105.10) gives the characteristic equation D(λ) = 0 where

D(λ) = λ2 + 2ζλ+ 1 + w

∫ 0

−σ

(
eλθ − eλ(θ−τ)

)
κ(θ)dθ . (5.12)
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Substitution of λ = iω (ω > 0) into D(λ) = 0 and separation into real and imaginary parts
give R(ω) = 0, S(ω) = 0 that define the loci of Hopf bifurcation associated with dimensionless
angular frequency ω. The expressions of R(ω) = Re(D(iω)) and S(ω) = Im(D(iω)) read

R(ω) =− ω2 + 1 + wR0(ψ) ,

S(ω) =2ζω + wS0(ψ) ,
(5.13)

where ψ is the phase shift given by (5.25.2), whereas R0(ψ) and S0(ψ) are defined by

R0(ψ) =

∫ 0

−σ

(
cos(ωθ)− cos(ωθ − ωτ)

)
κ(θ)dθ ,

S0(ψ) =

∫ 0

−σ

(
sin(ωθ)− sin(ωθ − ωτ)

)
κ(θ)dθ .

(5.14)

Solving R(ω) = 0 and S(ω) = 0 gives the D-curves in the form of (5.35.3) [1515]. From this point on,
the argument ψ is omitted wherever possible for the sake of simplicity.

The linear stability boundaries are shown by thick lines in Fig. 5.15.1(b) for damping ratio ζ =
0.02, dimensionless contact length (delay ratio) ε = 0.05, and dimensionless sticking length α =
0.4. The boundaries of the corresponding concentrated cutting force model are shown by thin
lines (and indicated by delay ratio ε = 0). For distributed cutting force, the stability lobes shift
towards higher chip widths at low spindle speeds. Thus, the cutting force distribution explains
the low-speed stability improvement in turning. Note that the stable region grows also in the
negative chip width region (w < 0) as opposed to the model with process damping, cf. Fig. 5.15.1(a).
This will be significant in Chap 66 for explaining the low-speed stability improvement phenomenon
in milling operations.

Since the low-speed stability improvement allows chatter-free operation at larger chip widths,
it has a beneficial effect on the material removal rate of low-speed cutting processes. Mathemat-
ically, the improvement is caused by the additional distributed delay. Although the additional
delay is short – it is the time the chip needs to slip along the tool’s rake face –, it still makes
qualitative changes in the dynamics. In the literature of time-delay systems, it is often argued
that distributed delays may have stabilizing effect [1515]. Now it can be seen that this heuristic
argument is true both for the turning model with distributed cutting force and for the Finite
Spectrum Assignment control concept.

Hereinafter, the nonlinear dynamics of (5.105.10) is investigated by truncating the nonlinear
terms above third order (that is, taking ηm = 0, m ≥ 4). The Hopf bifurcation is analyzed by
considering the dimensionless chip width w as bifurcation parameter (hence the subscript H is
dropped from any other parameters). The limit cycle arising from Hopf bifurcation is calculated
and the bistable region is determined, similarly to analysis shown in [116116–118118] where the same
was done for the concentrated cutting force model. The approach of center manifold reduction
is used by following the steps of the double Hopf bifurcation analysis shown in Sec. 4.34.3.

5.2.3 Center manifold reduction

In the vicinity of Hopf bifurcation, the long-term dynamics of (5.105.10) is related to the flow on a
two-dimensional center manifold that is embedded in the infinite-dimensional phase space. The
flow on this manifold can be analyzed by decomposing the two-dimensional critical subsystem
associated with eigenvalues λ = ±iω from the infinite-dimensional stable subsystem of (5.105.10) via
center manifold reduction. Again, the decomposition theorem given by (3.10), (3.11) in Chap. 7
of [1717] is used with the same notations as in Sec. 4.34.3. Many of the resulting equations will be
of same form as those obtained for the periodic orbits in Sec. 4.34.3 except that the index k = 1, 2
is now omitted in the formulas. Wherever possible, the results of Sec. 4.34.3 are referred to (that
should be interpreted without index k) and only the differences from that analysis are shown.
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Operator differential equation

As the first step of the analysis, (5.105.10) is written into the first-order form

y′(t) = Ly(t) + R

∫ 0

−σ
(y(t− τ + θ)− y(t+ θ))κ(θ)dθ + g(yt) , (5.15)

where (after taking ηm = 0, m ≥ 4) the definitions of y, L, R, and g are

y(t) =

[
x(t)
x′(t)

]
, L =

[
0 1
−1 −2ζ

]
, R =

[
0 0
w 0

]
, g(yt) =

[
0

g2(yt)

]
,

g2(yt)=w

∫ 0

−σ

(
η2 (y1(t− τ + θ)− y1(t+ θ))2 + η3 (y1(t− τ + θ)− y1(t+ θ))3

)
κ(θ)dθ ,

(5.16)

cf. (4.404.40, 4.414.41).

The state of the tool can be represented by the shift yt ∈ B : [−σ−τ, 0]→ R2, yt(ϑ) = y(t+ϑ)
defined in the Banach space B. This way, (5.155.15) can be written in the operator differential
equation form (4.424.42), where the linear and nonlinear operators are

(Au) (ϑ) =


d

dϑ
u(ϑ) if ϑ ∈ [−σ − τ, 0) ,

Lu(0) + R

∫ 0

−σ
(u(θ − τ)− u(θ))κ(θ)dθ if ϑ = 0 ,

(5.17)

(F(u)) (ϑ) =

{
0 if ϑ ∈ [−σ − τ, 0) ,

g(u) if ϑ = 0 .
(5.18)

Furthermore, operator A∗ is introduced that is formally adjoint to operator A relative to a
certain bilinear form. Based on (3.1), (3.3) in Chap. 7 of [1717], the formal adjoint and the
bilinear form become

A∗v =


− d

dϕ
v(ϕ) if ϕ ∈ (0, σ + τ ] ,

L
T
v(0) + R

T
∫ 0

−σ
(v(τ − θ)− v(−θ))κ(θ)dθ if ϕ = 0 ,

(5.19)

(u,v) =uT(0)v(0) +

∫ 0

−σ

∫ 0

−θ
uT(ϑ) (Rκ(θ)) v(ϑ+ θ)dϑdθ

−
∫ −τ
−σ−τ

∫ 0

−θ
uT(ϑ) (Rκ(τ + θ)) v(ϑ+ θ)dϑdθ ,

(5.20)

where u ∈ B : [−σ − τ, 0]→ R2, v ∈ B∗ : [0, σ + τ ]→ R2, and B∗ is the adjoint space.

Right and left eigenfunctions

The center subspace is spanned by the real and imaginary parts of the critical eigenfunctions
(infinite-dimensional eigenvectors) of A. The right eigenfunctions s(ϑ), s(ϑ) associated with
eigenvalues λ = ±iω are defined by (4.474.47). Substituting A from (5.175.17), writing s(ϑ) = sR(ϑ) +
isI(ϑ), and decomposing (4.474.47) into real and imaginary parts, yields the boundary value problem

d

dϑ
S(ϑ) = BS(ϑ) , ϑ ∈ [−σ − τ, 0) , (5.21)

L4×4S(0) + R4×4

∫ 0

−σ
(S(θ − τ)− S(θ))κ(θ)dθ = BS(0) , (5.22)
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where S(ϑ), B, L4×4, and R4×4 are given by (4.504.50). The solution of (5.215.21) has the form
S(ϑ) = eBϑc, where the constant c can be determined from (5.225.22). The choice c1 = 1 and
c3 = 0 leads to (4.514.51) where ω should be substituted from (5.35.3).

The left eigenfunctions n(ϕ), n(ϕ) associated with operator A∗ satisfy (4.524.52). Vector
n(ϕ) = nR(ϕ) + inI(ϕ) can be determined the same way as s(ϑ). Taking the orthonormal-
ity condition (4.534.53) into account, one gets the left eigenfunctions in the same form as n1,R, n1,I

in (4.544.54) with ω instead of ω1, but now the coefficients p1 and q1 are defined by

p1 = wH
ψ

ω

dS0

dψ
+ 2ζ , q1 = −wH

ψ

ω

dR0

dψ
+ 2ω . (5.23)

Decomposition of the solution space

According to [1717], the solution space can be decomposed as

yt(ϑ) = z1(t)sR(ϑ) + z2(t)sI(ϑ) + ytn(ϑ) , (5.24)

where z1(t) and z2(t) are local coordinates on the center manifold that describe the behavior
of the two-dimensional critical subsystem, whereas ytn(ϑ) accounts for the infinite-dimensional
stable subsystem with coordinates transverse to the center manifold. The decomposition theorem
of [1717] gives the formula of these components:

z1(t) = (nR,yt) , z2(t) = (nI,yt) , ytn(ϑ) = yt(ϑ)− z1(t)sR(ϑ)− z2(t)sI(ϑ) , (5.25)

cf. (4.574.57). The derivation of these expressions with respect to time leads to the following differ-
ential equation by using (4.424.42, 5.245.24, 4.474.47): z′1z′2

y′tn

 =

 0 ω O
−ω 0 O
o o A

 z1

z2

ytn

+

 nR,2(0)F2(0)
nI,2(0)F2(0)

F(yt)−F2(0) (nR,2(0)sR + nI,2(0)sI)

 , (5.26)

where F2(0) indicates the second component of (F(z1sR+z2sI+ytn))(0) with w = wH, cf. (4.584.58).

Calculation of the center manifold

In order to decouple the two-dimensional subsystem described by z1,2 in the first two rows
of (5.265.26) from the infinite-dimensional stable subsystem described by ytn in the third row
of (5.265.26), the dynamics is restricted to the center manifold ytn = yCM

tn (z1, z2) and F2(0) is
derived as a third-order Taylor polynomial of z1,2. To obtain the cubic part of F2(0), the
second-order expansion of the center manifold is required:

ytn(ϑ) =
1

2

(
h11(ϑ)z2

1 + 2h12(ϑ)z1z2 + h22(ϑ)z2
2

)
, (5.27)

while the quadratic part of F2(0) is independent of the center manifold and is of form

F2nd
2 (0) = F11z

2
1 + F12z1z2 + F22z

2
2 , (5.28)

cf. (4.594.59, 4.604.60).
The coefficients h11(ϑ), h12(ϑ), and h22(ϑ) in (5.275.27) can be calculated as follows. Equa-

tion (5.275.27) is differentiated with respect to time and (5.265.26) is substituted. Then, the case
ϑ ∈ [−σ − τ, 0) is considered and the definitions (5.175.17) and (5.185.18) of A and F are used accord-
ingly. The derivative of (5.275.27) with respect to ϑ is also substituted. Afterwards, the second-order
approximation F2(0) ≈ F2nd

2 (0) is used, the coefficients of the second order terms of z1 and z2

are collected, and a polynomial balance is considered. This leads to

d

dϑ
H(ϑ) = CH(ϑ) + p cos(ωϑ) + q sin(ωϑ) , (5.29)
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cf. (4.614.61), where the formulas of H(ϑ), C, p, q are given by those of H1(ϑ), C1, p1,1, q1,1

in (4.624.62, C.3C.3) with index 1 omitted. The solution of (5.295.29) is of the form

H(ϑ) = eCϑK + M cos(ωϑ) + N sin(ωϑ) , (5.30)

where M and N are given by (C.4C.4) with the indices dropped. In order to calculate K, the
boundary condition associated with (5.295.29) needs to be derived. The derivation is the same as
that of (5.295.29), but the case ϑ = 0 is considered when using (5.175.17, 5.185.18). This gives

PH(0) + R6×6

∫ 0

−σ
(H(θ − τ)−H(θ))κ(θ)dθ = p + r , (5.31)

where the formulas of P, R6×6, r are given by those of P1, R1, r1 in (C.5C.5). After substituting
solution (5.305.30) into the boundary condition (5.315.31), K is found in the form

K =

(
P + R6×6

∫ 0

−σ

(
eC(θ−τ) − eCθ

)
κ(θ)dθ

)−1

r , (5.32)

cf. (C.6C.6). Then, the coefficients h11(ϑ), h12(ϑ), and h22(ϑ) can be given according to (5.305.30).
The second order approximation (5.275.27) of the center manifold is now obtained, whence the

third-order expansion of F2(0) in terms of z1,2 in the first two rows of (5.265.26) gives the two-
dimensional critical subsystem in the form[

z′1
z′2

]
=

[
0 ω
−ω 0

] [
z1

z2

]
+

[
G1(z1, z2)
G2(z1, z2)

]
, (5.33)

cf. (4.654.65), where the nonlinear terms G1,2 can be obtained by symbolic algebra.

5.2.4 Normal form calculations

The two-dimensional system (5.335.33) can be transformed into polar form with amplitude r̂ and
phase ϕ̂. In the vicinity of Hopf bifurcation, the critical polar-form system becomes (4.204.20, 4.214.21).
Thus, from this point on, the analysis is the same as that presented in Sec. 4.24.2 for the con-
centrated cutting force model. The only difference is the formulas of the critical normal form
coefficients γ′cr and δcr.

The root tendency γ′cr can be obtained via implicit differentiation of the characteristic equa-
tion D(λ) = 0. Using (5.125.12), one gets

γ′cr = Re

(
dλ

dw

∣∣∣∣
λ=iω

)
= Re

(
−

∂D
∂w
∂D
∂λ

∣∣∣∣∣
λ=iω

)
= −p1R0 + q1S0

p2
1 + q2

1

. (5.34)

Whereas the Poincaré-Lyapunov constant δcr, which determines the stability of the periodic
orbit arising from Hopf bifurcation, can be calculated from G1,2 in (5.335.33) using the formulas
published in [139139, 140140]. Namely, formula (3.4.11) of [140140] gives

δcr =
1

2
(1− cosψ)wHγ

′
cr

(
3η3 + δ0η

2
2

)
, (5.35)

δ0 =
2wH

γ′cr

(
K1R1 + L1S1

K2
1 + L2

1

p1R0 + q1S0

p2
1 + q2

1

+
K1S1 − L1R1

K2
1 + L2

1

q1R0 − p1S0

p2
1 + q2

1

)
, (5.36)

where R1(ψ) = R0(2ψ), S1(ψ) = S0(2ψ), and K1, L1 are given by (C.8C.8). In the case of
concentrated cutting force, this formula reduces to that of δ11,cr in (C.7C.7) (note that R0, S0

correspond to −V1, −W1), which is also equivalent to (4.234.23). Note that γ′cr and δcr depend on
ψ that is associated with the location of Hopf bifurcation according to (5.35.3).
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Figure 5.3: Stability chart of turning model (5.105.10) with distributed cutting force. Solid black
lines indicate the linear stability boundaries, solid red lines correspond to the boundary of the
bistable region calculated by the analytical estimation (4.374.37), while dashed black lines show
their numerical counterparts. The globally stable and bistable regions are shown by light and
dark grey shadings, respectively.

Here, the sign of δcr is not investigated for a general kernel function κ(θ) and no formal
proof is given for the subcritical sense of the Hopf bifurcation (that is ensured by δcr > 0).
This work is restricted to a case study: (5.105.10) is investigated with damping ratio ζ = 0.02,
cutting force coefficients η2 = 1.43059, η3 = 0.738487 (that were considered in Sec. 4.24.2), and
cutting force distribution (5.85.8, 5.95.9). The root tendency and the Poincaré-Lyapunov constant
were evaluated by plotting γ′cr(ψ) and δcr(ψ) for several dimensionless contact length ε and
dimensionless sticking length α values. It was found that δcr > 0 holds along the stability lobes
(while γ′cr > 0 is also true for wH > 0). This ensures that subcritical Hopf bifurcation takes place
even for the case of a distributed cutting force model. Therefore, the phenomenon of bistability
still occurs. The bistable region, where chatter evolves from stable stationary cutting to large
enough perturbations, is determined below.

5.2.5 Region of bistability

The amplitude of the unstable limit cycle arising from the subcritical Hopf bifurcation can be
approximated by (4.284.28), while the solution itself reads (4.294.29). As illustrated in Fig. 4.44.4(d), this
periodic solution is valid up to the amplitude rloss given by (4.324.32) where loss of contact takes
place between tool and workpiece, that is, where the chip thickness h(t + θ) drops to zero for
any t and θ ∈ [−σ, 0]. Substituting (4.284.28, 4.324.32, 5.355.35) into r(wBB) = rloss gives the boundary
wBB of the bistable region in the form

wBB(ψ) = wH(ψ)

(
1 +

3

4
η3 +

1

4
δ0(ψ)η2

2

)−1

, (5.37)

cf. (4.344.34). The cutting process is globally stable for 0 < w < wBB(ψ), while it is bistable (unsafe)
for wBB(ψ) < w < wH(ψ).

Investigating parameter ranges 0.001 ≤ ζ ≤ 0.2 and 0.001 ≤ ε ≤ 0.2 numerically, the value
of |δ0(ψ)| given by (5.365.36) was found to be around 10−5..10−2 for different shapes of cutting
force distribution given by 0 ≤ α ≤ 1. Thus, the term δ0(ψ)η2

2 in (5.375.37) can be neglected that
yields (4.374.37) when comparing the size of the bistable region to that of the linearly stable region.
Note that the estimation (4.374.37) for the size of the bistable region is independent of both the
location along the stability lobes (given by ψ) and the shape of the cutting force distribution
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Figure 5.4: Photo and schematic of the experimental setup used for orthogonal cutting tests.

(given by κ(θ)). Consequently, estimation (4.374.37) can be used for both the concentrated and the
distributed cutting force model.

In order to verify the accuracy of estimation (4.374.37), system (5.105.10) was analyzed numerically
using the continuation software DDE-Biftool [142142]. Since distributed delays are not imple-
mented in DDE-Biftool, the distributed delay term was approximated by a sum of n point
delays according to [11]:

x′′(t) + 2ζx′(t) + x(t) = w

n∑
k=1

(
x(t− τ − θk)− x(t− θk)

+ η2 (x(t− τ − θk)− x(t− θk))2 + η3 (x(t− τ − θk)− x(t− θk))3
)
κk , (5.38)

where the nonlinear terms above third order are truncated, while θk and κk are given by

θk =

(
k − 1

2

)
σ

n
, κk =

∫ −(k−1)σ/n

−kσ/n
κ(θ)dθ . (5.39)

The choice n = 20 that was found to be sufficiently large for the linear stability boundaries to
overlap with their analytical counterparts. During the implementation in DDE-Biftool, (5.385.38)
was rescaled by introducing time T = t/τ . This helped in avoiding a badly-scaled system with
infinitely large delay when Ω→ 0, that is, when τ →∞.

The bistable region is illustrated in Fig. 5.35.3 for ζ = 0.02, ε = 0.05, α = 0.4 (that corre-
spond to Fig. 5.15.1(b)) and η2 = 1.43059, η3 = 0.738487. The bistable region is indicated by
dark grey shading, whereas light grey shading shows the globally stable region. Solid red lines
show the boundary of the bistable region obtained by the analytical estimation (4.374.37), whereas
dashed black lines show its numerical counterpart. The overlap of the two results verifies that
formula (4.374.37) accurately predicts the bistable region even in the case of the distributed cutting
force model.

5.3 State-dependent delay model

The model of [1515] that was discussed in Sec. 5.25.2 assumes that the contact length l and the speed
v by which the chip slips along the rake face are constant in time. Now this model is improved
by recognizing that the size l of the chip-tool interface is not constant, but is a function of the
time-varying uncut chip thickness h (while the speed v is still kept constant).

5.3.1 Contact length variation and mechanical model

Experimental results are shown to prove that the contact length l depends on the uncut chip
thickness h. Orthogonal cutting tests were performed by planing an aluminum rib using a carbide
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Figure 5.5: Pictures taken by high-speed camera about the chip formation.

tool. The experimental setup is shown in Fig. 5.45.4. In order to realize planing, the feed motion
of an NCT EmR 610Ms milling machine was used: the tool was fixed and the workpiece was
moving with the prescribed cutting speed v. In the meantime, the chip formation was recorded
by a Photron SA5 high-speed camera at 5000 fps. The width of the aluminum rib (that is the
chip width) was a = 2 mm, the rake angle of the tool was 15◦, and its clearance angle was 10◦.

Figure 5.55.5(a-e) show the pictures of the chip formation taken by the high-speed camera for un-
cut chip thickness values h = 100, 150, 200, 250, 300 µm and cutting speed v = 5000 mm/min.
Based on the figure, the contact length l increases as the uncut chip thickness h is increased,
and the two quantities seem to be proportional to each other. Note, however, that during each
cutting test, the contact length was fluctuating due to chip segmentation and built up edge
formation. Thus, a single photo is insufficient to evaluate the quantitative relationship between
the contact length l and the uncut chip thickness h – that would require the analysis of a video
about the chip formation using sophisticated digital image correlation techniques. Now this
analysis is omitted and only the qualitative behavior is identified that the contact length l in
fact increases with increasing uncut chip thickness h.

According to experimental results reported in the literature [181181, 185185–187187], the relationship
between the contact length l and the uncut chip thickness h is linear in a wide range of uncut
chip thickness values:

l = Ah . (5.40)

Since cutting experiments are usually performed under chatter-free conditions, the measured
constant A is actually the ratio of the stationary contact length l0 and the prescribed chip
thickness h0. According to measurements reported in [181181, 185185–187187], this ratio is in the range
2 ≤ A ≤ 20 depending on the workpiece material (e.g. A ≈ 5 for steel, A ≈ 10 for copper in
[186186], and A ≈ 20 for aluminum in [181181], while A ≈ 4 according to Fig. 5.55.5).

In the case of nonstationary cutting, the chip thickness h and the contact length l depend
on the position of the tool according to (4.84.8, 5.405.40). Therefore, the time σ = l/v that a given
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particle of the chip needs to travel distance l becomes state dependent:

σ(xt) = σ0

(
1 + x(t− τ)− x(t)

)
, (5.41)

where σ0 = Ah0/v, see (5.405.40, 4.84.8, 4.104.10). From this point on, the notation xt is used to represent
the tool’s position xt(ϑ) = x(t+ ϑ) over the delay period ϑ ∈ [−σmax − τ, 0], where σmax is the
maximum of the state-dependent short delay σ.

Given the state-dependent delay (5.415.41), the equation governing the tool’s motion can still be
written in the form (5.65.6), however, the ratio ε of the short delay σ and the regenerative delay τ
in (5.115.11) is no longer constant but state-dependent. In addition, the domain [−σ(xt), 0] and the
magnitude of the kernel function κ(θ) becomes also state-dependent. This can be emphasized
by decomposing the kernel function as

κ(θ) =
1

σ(xt)
κ̂

(
θ

σ(xt)

)
, (5.42)

cf. (5.85.8). Note that function κ̂ characterizes the shape of the stationary force distribution
independently of the state xt. According to (5.75.7), function κ̂ satisfies∫ 0

−1
κ̂(θ̂)dθ̂ = 1 , (5.43)

where θ̂ = θ/σ(xt) is interpreted on the fixed domain θ̂ ∈ [−1, 0] independently of xt.
Even with the state-dependent delay (5.415.41), system (5.65.6) still has the equilibrium (4.94.9), since

the state-dependent kernel still satisfies (5.75.7). Similarly to Sec. 5.2.15.2.1, the shifted coordinate x
given by (4.104.10) and the dimensionless temporal quantities scaled by ωn are used, which lead
to (5.105.10) where σ = σ(xt) must be substituted from (5.415.41). The governing equation (5.105.10, 5.415.41)
is a delay-differential equation that contains state-dependent distributed delay. The theory of
state-dependent delay-differential equations is discussed in [188188–193193], while examples for metal
cutting are given in [166166, 194194, 195195].

State-dependent delay-differential equations are always nonlinear, since the state appears in
its own argument [188188]. Thus, (5.105.10, 5.415.41) would still be nonlinear even if the cutting force
characteristics was linear (i.e., if ηm = 0, m ≥ 2 held). Now the local stability of the trivial
solution x(t) ≡ 0 of (5.105.10, 5.415.41) is analyzed. Although linearization of state-dependent delay-
differential equations is not possible in the traditional sense, a linear delay-differential equation
associated with (5.105.10, 5.415.41) can be derived, whose trivial solution has the same local stability
properties as that of the state-dependent delay-differential equation [188188].

5.3.2 Associated linear system

The associated linear system can be determined by the methods published in [188188] or in [166166].
Here, the approach of [166166] is used where the associated linear system was found by formal
differentiations. It was shown in [166166] that state-dependency affects local stability if the state-
dependent delay also appears outside the argument of the state, because it results in an additional
term in the associated linear system. This is not the case for (5.105.10, 5.415.41) that can be shown by
rewriting the integral term using θ̂ = θ/σ(xt):

x′′(t) + 2ζx′(t) + x(t) = w

∫ 0

−1

∞∑
m=1

ηm

(
x
(
t− τ + θ̂σ(xt)

)
− x
(
t+ θ̂σ(xt)

))m
κ̂(θ̂)dθ̂ . (5.44)

This form does not contain σ(xt) outside the argument of x any more.
Equation (5.445.44) can be represented in the first-order form

y′(t) =

∫ 0

−1
G (y(t),Λ(yt)) κ̂(θ̂)dθ̂ , (5.45)
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where y(t), yt, G, and Λ are defined as

y(t) =

[
x(t)
x′(t)

]
, yt(ϑ) = y(t+ ϑ) , ϑ ∈ [−σmax − τ, 0] , (5.46)

G (y(t),Λ(yt)) =

 x′(t)

−2ζx′(t)− x(t) + w
∞∑
m=1

ηmΛm(yt)

 , (5.47)

Λ(yt) = x
(
t− τ + θ̂σ(xt)

)
− x
(
t+ θ̂σ(xt)

)
. (5.48)

Note that G is a continuously differentiable function satisfying G(0, 0) = 0, while Λ(yt) involves
the effect of time delay and is linear in yt. In (5.455.45), property (5.435.43) was used when taking the
terms x′(t), −2ζx′(t), and −x(t) inside the integral.

Using formal differentiations, the linear system associated with the trivial solution y(t) ≡ 0
of (5.455.45) can be written in the form

u′(t) =

∫ 0

−1
D1G (0,Λ(0)) u(t)κ̂(θ̂)dθ̂ +

∫ 0

−1
D2G (0,Λ(0)) DΛ(0)utκ̂(θ̂)dθ̂ , (5.49)

where Λ(0) = 0 and the derivatives of G are

D1G(0, 0) =

[
0 1
−1 −2ζ

]
, D2G(0, 0) =

[
0
w

]
. (5.50)

The term DΛ(0)ut can be obtained by taking the Frechét derivative of both sides of (5.485.48):

DΛ(0)ut = DxtΛ(0)ξt + Dx′t
Λ(0)ξ′t = ξ

(
t− τ + θ̂σ0

)
− ξ
(
t+ θ̂σ0

)
. (5.51)

Here, DxtΛ and Dx′t
Λ denote the Frechét derivatives of Λ with respect to xt and x′t, respectively.

Substituting (5.505.50, 5.515.51) into (5.495.49) and scaling the integral using θ = σ0θ̂, one gets

ξ′′(t) + 2ζξ′(t) + ξ(t) = w

∫ 0

−σ0

(
ξ
(
t− τ + θ

)
− ξ
(
t+ θ

)) 1

σ0
κ̂

(
θ

σ0

)
dθ . (5.52)

It can be seen that the linear system (5.525.52) associated with the state-dependent delay-differential
equation (5.105.10, 5.415.41) is the same as the linear part of model (5.105.10) with constant delay σ = σ0.
Thus, the state-dependency has no effect on the local stability of stationary cutting. The stability
lobe diagrams shown in Sec. 5.2.25.2.2 are valid for the state-dependent delay model, too, and (5.35.3)
still describes the location of Hopf bifurcation.

5.3.3 Nonlinear dynamics

Although state-dependency does not affect the local stability of stationary cutting, it may lead
to qualitative changes in the global dynamics. In the literature of time-delay systems, one can
encounter the heuristic argument that state-dependent delays may have stabilizing effect. For
instance, it was shown in [194194] for a two-degrees-of-freedom model of turning operations that the
state-dependency of the regenerative delay can change the sense of the Hopf bifurcation from sub-
to supercritical. Accordingly, the arising periodic orbit turns from unstable to stable. Below,
similar phenomena are found to occur in the state-dependent distributed delay model (5.445.44).

From engineering point of view, the criticality of the Hopf bifurcation is of high importance,
since in case of subcritical Hopf bifurcation, large-amplitude vibrations may evolve suddenly to
large enough perturbations. Therefore, the effect of the state-dependent delay on the nonlinear
dynamics of cutting is investigated by means of numerical continuation using DDE-Biftool
[142142]. In order to accommodate system (5.445.44) to DDE-Biftool, the distributed delay term is
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Figure 5.6: Stability charts of the state-dependent distributed delay model (5.445.44) for (a) high
and (b) low spindle speed regions; (c-g) branches of periodic orbits along the stability lobes; (h)
a possible bifurcation scenario.

approximated by a sum of n = 10 point delays the same way as in (5.385.38). Furthermore, in order
to avoid a badly-scaled system caused by very large delays when the angular velocity Ω is small
(that is, when the delay τ →∞), the time is rescaled by introducing T = t/τ . This leads to

d2x

dT 2
+2ζτ

dx

dT
+τ2x(T ) = wτ2

n∑
k=1

∞∑
m=1

ηm

(
x
(
T − 1− θ̂kε(xT )

)
− x
(
T − θ̂kε(xT )

))m
κ̂k , (5.53)

where the distributed delay and the kernel are approximated by

θ̂k =

(
k − 1

2

)
1

n
, κ̂k =

∫ −(k−1)/n

−k/n
κ̂(θ̂)dθ̂ , (5.54)

cf. (5.395.39), whereas ε(xT ) denotes the state-dependent delay ratio

ε(xT ) =
σ0

τ

(
1 + x(T − 1)− x(T )

)
. (5.55)

For the sake of simplicity, the terms of order higher than three are dropped (that is, ηm = 0,
m ≥ 4 is considered), by which (5.535.53) can directly be used as input for DDE-Biftool.

The numerical results are summarized in Fig. 5.65.6, where the damping ratio ζ = 0.02, the
cutting force distribution (5.95.9) with sticking to contact length ratio α = 0.4, and the nominal
delay ratio (nominal dimensionless contact length) σ0/τ = 0.05 were considered. The cubic
expansion of the three-quarter rule (expression (4.54.5) with ν = 3/4) was used as cutting force
characteristics (that implies η2 = −1/8, η3 = 5/96, and ηm = 0, m ≥ 4). Figure 5.65.6(a,b) present
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the stability charts of the system for high and low spindle speed regions, respectively. Solid lines
indicate the local stability boundaries where Hopf bifurcation occurs. These lines coincide with
the linear stability boundaries (5.35.3) obtained analytically for model (5.105.10) with constant delay,
hence the numerical analysis verifies the derivation of the associated linear system in Sec. 5.3.25.3.2.

For each Hopf bifurcation point, the amplitude r = (maxx(t)−minx(t))/2 of the arising limit
cycle was computed as a function of the bifurcation parameter w, see Fig. 5.65.6(c-g). Branches
of periodic orbits were computed at discrete points along the 2nd, 3rd, 4th, 18th, and 24th
stability lobes, respectively. The order of these points and the respective order of the branches
are indicated by arrows. In the bifurcation diagrams, the amplitude r is normalized by the
critical amplitude rloss associated with loss of contact, while the dimensionless chip width w is
normalized by its value wH at the Hopf bifurcation. In the plane (w/wH, r/rloss), each branch
starts from point (1, 0) and ends at point (wBB/wH, 1) where wBB denotes the dimensionless
chip width corresponding to rloss. Note that beyond loss of contact, the chip thickness h and the
delay σ become negative, thus DDE-Biftool stops the continuation automatically at r = rloss.

In Fig. 5.65.6(c-g), the Hopf bifurcation is subcritical when a branch bends to the left, and
supercritical when it bends to the right. Recall that in the case of the constant delay model of
Sec. 5.25.2, the bifurcation is always subcritical, and there exists a bistable region that occupies
approximately 4% of the linearly stable region for any spindle speed. On the contrary, the
sense of Hopf bifurcation turns from sub- to supercritical at certain spindle speeds for the state-
dependent delay model. The sub- and supercritical segments of the stability lobes are shown
in Fig. 5.65.6(a,b) by red and thick green lines, respectively, while the points where the criticality
turns are marked by black dots. Figure 5.65.6(a-g) show that the bifurcation is subcritical in the
high-speed region along the 1st and 2nd lobes. Then, as the angular velocity Ω is decreased, the
sense of the bifurcation turns from sub- to supercritical at the 3rd lobe, and remains supercritical
down to the 14th lobe (in this particular example). From the 15th lobe, subcritical segments
appear on the right sides of the stability lobes that grow as the spindle speed is decreased further.
From the 24th lobe, the bifurcation is subcritical everywhere.

Notice that certain supercritical branches of periodic orbits fold at w = wF as illustrated in
Fig. 5.65.6(h). Therefore, bistablility can still exist for a supercritical Hopf bifurcation: the bistable
region occupies wbist < w < wH where wbist is the leftmost point of the bifurcation curve. The
boundary wbist of the bistable region is indicated by dashed lines in Fig. 5.65.6(a,b), whereas the
bistable and globally stable regions are shown by dark grey and light grey shadings, respectively.
As shown in Fig. 5.65.6(b), the bistable region grows as the spindle speed is decreased. In this
sense, the improvement in local stability at low spindle speeds is reduced by nonlinear effects.
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5.4 New results

I have investigated the single-degree-of-freedom mechanical model of turning processes by con-
sidering the cutting force as the resultant of a force system distributed along the rake face of
the tool. By analyzing the corresponding equation of motion, which is a nonlinear differential
equation with either constant or state-dependent distributed delay, I have obtained the following
results.

Thesis 4

Consider the single-degree-of-freedom model of orthogonal turning processes, where the cutting
force is a monotonically increasing function of the chip thickness, and the cutting force is the only
source of nonlinearity in the machining system. Then, the distribution of the cutting force along
the rake face of the tool has the following effects on the occurrence of machine tool vibrations
compared to the case of a concentrated cutting force.

If the size of the chip-tool interface, where the cutting force is distributed, is constant in
time, then the following statements hold. The boundary of the linearly stable technological pa-
rameter region is associated with subcritical Hopf bifurcation independently of the spindle speed.
Thus, there exists a bistable technological parameter region, where stable stationary cutting and
large-amplitude machine tool chatter coexist, and machine tool vibrations occur to large enough
perturbations during cutting. The size of the bistable technological parameter region is indepen-
dent of the shape of the cutting the force distribution: it occupies approximately the same portion
of the linearly stable technological parameter region as in the case of concentrated cutting force.

If the size of the chip-tool interface is proportional to the uncut chip thickness, then the
following statements hold. The equation of motion involves a state-dependent distributed de-
lay. The linearly stable technological parameter region is the same as in the case of a chip-tool
interface of constant size. The Hopf bifurcation associated with the boundary of the linearly
stable technological parameter region is either subcritical or supercritical depending on the spin-
dle speed. Thus, the bistable technological parameter region disappears in certain spindle speed
ranges.

Related publications: [167167–169169].



Chapter 6

Machine Tool Vibrations in Low-Speed
Milling

In this chapter, the low-speed stability improvement phenomenon is investigated in case of
milling operations. Similarly to Chap. 55, two different concepts are compared: the process
damping and the short regenerative effect. Figure 5.15.1 has shown that these two concepts give
qualitatively different stability lobe diagrams for turning processes with negative chip width.
Namely, the stable region shrinks for decreasing spindle speeds in the case of the model with
process damping, while it grows for the distributed cutting force model. Although negative
chip width is physically irrelevant in turning, the corresponding stability lobes are associated
with certain milling operations (down-milling with large number of cutting teeth). Therefore,
the physical explanation of low-speed stability improvement is critical in case of milling. Here,
emphasis is put on deriving the terms causing low-speed stability improvement from the physics
of chip formation instead of simply adding new dissipative terms to milling models.

First, the standard single-degree-of-freedom model of milling is shown following [11] in Sec. 6.16.1,
which does not take into account the low-speed stability improvement. Then, process damping
is investigated in milling. The process damping induced by the interference between the tool’s
flank face and the surface waviness on the workpiece is not considered here, since its exact
description leads to nonsmooth dynamical models [171171]. Instead, another source of process
damping is investigated that is the vibration-induced variation of the cutting direction, which
leads to velocity-dependent chip thickness and cutting force expressions. This velocity-dependent
cutting force model was shown to induce process damping for orthogonal cutting in [1616, 160160].
Now this model is extended to milling in Sec. 6.26.2 and the sign of the resulting process damping
is investigated. Finally, the short regenerative effect is considered in Sec. 6.36.3 by extending the
distributed cutting force model of Sec. 5.25.2 to milling operations. The extension of the above-
mentioned models to milling is new contribution and is published in [196196–198198].

6.1 Standard milling model

Here, the single-degree-of-freedom mechanical model of milling shown in Fig. 6.16.1(a) is analyzed.
The tool is assumed rigid and the workpiece compliant with a dominant vibration mode given
by general coordinate q. The motion of the workpiece is governed by

q̈(t) + 2ζωnq̇(t) + ω2
nq(t) = − 1

mq
Fq(t, q(t), q(t− τ), q̇(t)) , (6.1)

cf. (4.14.1). Similarly to the model of turning in Chap. 44, the q-directional component Fq of the
cutting force acting on the mill depends on the instantaneous position q(t) of the workpiece
and the position q(t − τ) at the previous cut through the regenerative effect. As opposed to
turning, the cutting force component Fq now depends explicitly on time, since the teeth of the
mill rotate, and the cutting edges enter and exit the workpiece material periodically. In addition,
the cutting force component Fq may also depend on the vibration velocity q̇(t) for models that
involve process damping, see Sec. 6.26.2. However, first the standard, velocity-independent model
of the cutting force is shown following [11].
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Figure 6.1: (a) Single-degree-of-freedom mechanical model of milling; (b) illustration of the
cutting velocity, the chip thickness, and the cutting force.

6.1.1 Cutting force expression

In order to calculate the cutting force, let us determine which teeth of the mill are engaged in
cutting at time t. Consider a straight-fluted milling tool with N teeth and radius R that rotates
with angular velocity Ω. The angular position of the j-th tooth of the mill is

ϕ̂j(t) = Ωt+ (j − 1)
2π

N
, (6.2)

j = 1, 2, . . . , N . The case in Fig. 6.16.1(a), where the cutting edge moves opposite to the feed
direction at its entrance into the workpiece, is called up-milling, while down-milling refers to the
case where the tool counter-rotates. The angular positions ϕen and ϕex where the teeth enter
and exit the workpiece can be expressed using the radial immersion ae and the tool diameter
D = 2R in the form [11]

ϕen = 0 , ϕex = arccos

(
1− 2ae

D

)
for up-milling,

ϕen = arccos

(
2ae

D
− 1

)
, ϕex = π for down-milling.

(6.3)

In order to determine whether the j-th tooth is currently engaged in cutting, the screen function
g(ϕ̂j) is used that gives 1 if the j-th tooth is cutting and 0 otherwise:

g(ϕ̂j) =

{
1 if ϕen < (ϕ̂j mod 2π) < ϕex ,

0 otherwise,
(6.4)

where mod is the modulo function.
When the j-th tooth is engaged in cutting, the cutting force exerted on it can be decomposed

into tangential and radial components according to the direction of the cutting velocity. In the
absence of machine tool vibrations, the velocity of the j-th tooth tip is referred to as nominal
cutting velocity. According to Fig. 6.16.1(b), it can be given by

v̂j(t) =

−RΩ cos ϕ̂j(t)
RΩ sin ϕ̂j(t)

0

 (6.5)

provided that the feed velocity is negligible compared to the nominal cutting speed |v̂j(t)| ≡ RΩ.
During machine tool vibrations, the actual cutting velocity vj(t) of the j-th tooth is different
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from the nominal one v̂j(t) due to the vibration velocity q̇(t) of the workpiece. First, standard
milling models are analyzed, where the effect of the vibration velocity q̇(t) is neglected. The
cutting force is formulated using the nominal cutting velocity v̂j(t), while hat denotes that
quantities are related to v̂j(t).

The nominal tangential direction t̂j and the nominal radial direction r̂j are parallel and
perpendicular to the nominal cutting velocity v̂j , respectively, thus they form angle ϕ̂j with

the x and y directions, see Fig. 6.16.1(b). The cutting force F̂j acting on the j-th tooth can be

decomposed into nominal tangential F̂j,t and radial F̂j,r components, whence the q-directional
component F̂j,q of the cutting force can be expressed by

F̂j,q
(
ϕ̂j , ĥj ; ap

)
= F̂j,t

(
ϕ̂j , ĥj ; ap

)
cos ϕ̂j + F̂j,r

(
ϕ̂j , ĥj ; ap

)
sin ϕ̂j . (6.6)

Similarly to the cutting force model (4.24.2) of turning, the cutting force components F̂j,t and F̂j,r
are proportional to the axial depth of cut ap (that corresponds to the chip width a in (4.24.2)),

and are functions of the nominal chip thickness ĥj at the j-th tooth. Here, the case ĥj > 0
without loss of contact is considered and the power-law cutting force characteristics associated
with (4.54.5) is investigated, for which

F̂j,t
(
ϕ̂j , ĥj ; ap

)
=g(ϕ̂j)apKtĥ

ν
j ,

F̂j,r
(
ϕ̂j , ĥj ; ap

)
=g(ϕ̂j)apKrĥ

ν
j .

(6.7)

Parameters Kt and Kr are the tangential and radial cutting force coefficients, whereas ν is the
cutting force exponent. Note that the angle between the radial cutting force component F̂j,r

and the cutting force F̂j is assumed to be constant: γ = arctan(Kt/Kr).

The chip thickness ĥj(t) is related to the instantaneous feed per tooth. According to the
theory of regenerative machine tool chatter, the nominal feed per tooth fz is modified by the
instantaneous position q(t) of the workpiece and its position q(t− τ) at the previous cut. Thus,
the instantaneous feed per tooth becomes fz + q(t) − q(t − τ), where the regenerative delay τ
is equal to the tooth-passing period that is τ = 2π/(NΩ). In standard models, the tooth path
is approximated by circles, while the chip thickness is approximated by the projection of the
instantaneous feed per tooth to the nominal radial direction [11]:

ĥj(t) = (fz + q(t)− q(t− τ)) sin ϕ̂j(t) , (6.8)

see Fig. 6.16.1(b) for rake angle αr. Substituting (6.76.7, 6.86.8) into (6.66.6) and summing the forces on
each tooth of the mill leads to

Fq(t, q(t), q(t− τ), q̇(t)) =

N∑
j=1

F̂j,q
(
ϕ̂j(t), ĥj(t); ap

)
=

N∑
j=1

g(ϕ̂j(t))ap

(
Kt cos ϕ̂j(t) +Kr sin ϕ̂j(t)

)
sinν ϕ̂j(t) (fz + q(t)− q(t− τ))ν . (6.9)

Equations (6.16.1, 6.96.9) form a nonlinear time-periodic delay-differential equation.

6.1.2 Linearization

In order to investigate the onset of machine tool vibrations, the linear stability of the stationary
solution of (6.16.1, 6.96.9) is analyzed. This solution is the τ -periodic function qp(t) = qp(t+ τ) that
represents forced vibrations associated with chatter-free milling. Since qp(t) satisfies (6.16.1, 6.96.9),
it is given by

q̈p(t) + 2ζωnq̇p(t) + ω2
nqp(t) = − 1

mq
Fq(t, qp(t), qp(t), q̇p(t)) (6.10)
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that is a nonlinear ordinary differential equation with τ -periodic forcing.

Considering small perturbations x(t) around the periodic solution qp(t), system (6.16.1) can be
linearized as

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = − 1

mq

(
D2Fq|qp x(t) + D3Fq|qp x(t− τ) + D4Fq|qp ẋ(t)

)
, (6.11)

where DkFq denotes the derivative of Fq with respect to its k-th argument (k = 2, 3, 4) that is
evaluated for q(t) = qp(t). Calculating the derivatives of (6.96.9), one obtains

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = HG1(t) (x(t− τ)− x(t)) , (6.12)

where H = apKrνf
ν−1
z /mq is the specific cutting force coefficient, and G1(t) is a τ -periodic

coefficient of form

G1(t) =

N∑
j=1

G1,j(t) , G1,j(t) = g(ϕ̂j(t))

(
Kt

Kr
cos ϕ̂j(t) + sin ϕ̂j(t)

)
sinν ϕ̂j(t) . (6.13)

Note that (6.126.12) is independent of the periodic solution qp(t).

In order to reduce the number of parameters, (6.126.12) is written into dimensionless form by
introducing the dimensionless time t̃ = ωnt, the dimensionless angular velocity Ω̃ = Ω/ωn, and
the dimensionless delay τ̃ = ωnτ = 2π/(N Ω̃). The derivative with respect to t̃ is indicated by
prime and satisfies ẋ(t) = ωnx

′(t̃). After dropping the tildes, one gets

x′′(t) + 2ζx′(t) + x(t) = wG1(t) (x(t− τ)− x(t)) , (6.14)

where w = H/ω2
n is the dimensionless axial depth of cut. Note that the substitution of G1(t) ≡ 1

reduces (6.146.14) to the linear part of the governing equation (4.134.13) of turning. When the number
of cutting teeth is large, G1(t) is approximately constant that is positive for up-milling and
negative for down-milling. Therefore, the stability lobes of up-milling processes originate in
those of turning with positive chip width (w > 0), whereas the lobes of down-milling come from
those of turning with negative chip width (w < 0) [11]. The stability lobe diagrams of (6.146.14) will
be presented in Fig. 6.36.3 and Fig. 6.76.7 in comparison with the stability charts of other milling
models that account for the low-speed stability improvement.

6.2 Milling model with velocity-dependent cutting force

Now a velocity-dependent cutting force model is extended to milling, which was introduced in
[1616, 160160] for orthogonal cutting. This is a widely accepted model that is able to explain the
origin of process damping. It takes into account that the actual cutting velocity is different
from the nominal one due to machine tool vibrations. This modifies the cutting direction, which
affects the chip thickness and the decomposition of the cutting force into tangential and feed
components. The model results in a vibration-velocity dependent cutting force expression that
induces process damping after linearization.

Thus, the cutting force in milling is formulated by taking into account the effect of the
vibration velocity q̇(t). As the workpiece vibrates, the relative velocity between the j-th tooth
tip and the workpiece is no longer equal to the nominal cutting velocity (6.56.5). This is illustrated
in Fig. 6.26.2(a), whence the actual cutting velocity can be written in the form

vj(t) =

−RΩ cos ϕ̂j(t)− q̇(t)
RΩ sin ϕ̂j(t)

0

 =

−vj(t) cosϕj(t)
vj(t) sinϕj(t)

0

 , (6.15)



88 Chapter 6. Machine Tool Vibrations in Low-Speed Milling

.

. .

present
tooth path

present
tooth path

previous
tooth path

vĵ
vj

q

f
j

f
j

y

x
f
j
^

tool
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Figure 6.2: (a) Components of the cutting velocity of the j-th tooth tip; (b) relationship between
the chip thickness and the feed per tooth; (c) projection of the cutting force to tangential and
radial directions.

where the feed velocity is neglected compared to RΩ. That is, the magnitude of the cutting
velocity changes from v̂j(t) ≡ RΩ to

vj(t) =

√
(RΩ cos ϕ̂j(t) + q̇(t))2 + (RΩ sin ϕ̂j(t))

2 , (6.16)

and its direction is given by ϕj(t) instead of the nominal ϕ̂j(t) that satisfies

cosϕj(t) =
RΩ cos ϕ̂j(t) + q̇(t)√

(RΩ cos ϕ̂j(t) + q̇(t))2 + (RΩ sin ϕ̂j(t))
2
,

sinϕj(t) =
RΩ sin ϕ̂j(t)√

(RΩ cos ϕ̂j(t) + q̇(t))2 + (RΩ sin ϕ̂j(t))
2
.

(6.17)

From this point on, symbols without hat are associated with the actual cutting velocity
vj . Similarly to Sec. 6.16.1, actual tangential tj and radial rj directions are introduced based
on the angle ϕj of the actual cutting velocity vj . The cutting force Fj is decomposed into
actual tangential and radial components Fj,t and Fj,r. These can be calculated from the actual
chip thickness hj that is the projection of the instantaneous feed per tooth to the actual radial
direction, see Fig. 6.26.2(b-c). Note that it is a widely accepted concept [1616] to define the chip
thickness in the direction perpendicular to the actual cutting velocity instead of the direction
towards the center of the mill, and the actual chip thickness hj was already derived in [199199].
The expressions of the above quantities can be obtained from (6.66.6, 6.76.7, 6.86.8) by dropping the hats
everywhere except in the screen function g(ϕ̂j) that is still associated with the angular position
ϕ̂j of the cutting edge. The resultant cutting force becomes

Fq(t, q(t), q(t− τ), q̇(t))

=
N∑
j=1

g(ϕ̂j(t))ap

(
Kt cosϕj(t) +Kr sinϕj(t)

)
sinν ϕj(t) (fz + q(t)− q(t− τ))ν , (6.18)

cf. (6.96.9). Note that Fq depends on q̇(t) through (6.176.17), whereas the dependency of the cutting
force coefficients Kt and Kr on the cutting speed is neglected here.

Equations (6.16.1, 6.186.18) form a delay-differential equation with time-periodic coefficients that
is nonlinear even for linear cutting force characteristics (ν = 1), since the angle ϕj(t) depends
on the vibration velocity q̇(t) according to (6.176.17). In what follows, the effect of the velocity
dependency on the stability lobe diagrams is analyzed.
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6.2.1 Linearization

The stationary solution of (6.16.1, 6.186.18) is the τ -periodic function qp(t) that satisfies (6.106.10). For
details about the behavior of the periodic solution qp(t), the reader is referred to [199199]. Lin-
earization around this solution gives (6.116.11) where the derivatives DkFq|qp now depend on q̇p(t)

as opposed to the model of Sec. 6.16.1 where qp(t) and q̇p(t) did not show up in the linear equa-
tion (6.126.12). For the sake of simplicity, let us assume that |q̇p(t)| � RΩ and calculate the
derivatives in (6.116.11) by neglecting the terms that involve q̇p(t). This gives

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = HG1(t) (x(t− τ)− x(t))−H fz

RΩ
G2(t)ẋ(t) , (6.19)

where G1(t) is given by (6.136.13), whereas G2(t) is the τ -periodic coefficient

G2(t) =

N∑
j=1

g(ϕ̂j(t))

(
Kt

Kr

(
1

ν
sin2 ϕ̂j(t)− cos2 ϕ̂j(t)

)
− 1 + ν

ν
sin ϕ̂j(t) cos ϕ̂j(t)

)
sinν ϕ̂j(t) .

(6.20)
The dimensionless equation of motion corresponding to (6.196.19) reads

x′′(t) + 2ζx′(t) + x(t) = wG1(t) (x(t− τ)− x(t))− wτρG2(t)x′(t) , (6.21)

where ρ = fzN/(2Rπ) is the dimensionless feed per tooth.

Equation (6.216.21) is a linear delay-differential equation that includes a periodically varying
stiffness (associated with G1(t)) and a periodically varying damping (associated with G2(t)).
The time-periodic damping is a new term compared to the standard milling model (6.146.14). Since
it is inversely proportional to the nominal cutting speed RΩ, it is a kind of time-varying pro-
cess damping that may provide low-speed stability improvement. However, as opposed to the
model (5.15.1) of turning, the process damping coefficient G2(t) in milling is actually time-periodic
and, as will be shown in Sec. 6.2.26.2.2, it may be negative. Note that the milling model (6.146.14) with-
out process damping is a special case of (6.216.21) with ρ = 0. In addition, the turning model (5.15.1)
with process damping can also be obtained from (6.216.21) by substituting G1(t) ≡ 1, ρG2(t) ≡ C.
That is, the case of turning is associated with a single tooth (N = 1) permanently in cut
(g(ϕ̂j(t)) ≡ 1) at angular position 90◦ (ϕ̂j(t) ≡ π/2), for which (6.136.13, 6.206.20) give G1(t) ≡ 1 and
G2(t) ≡ Kt/(νKr), while C = ρKt/(νKr).

6.2.2 Stability lobe diagrams

Here, the effect of the time-periodic coefficient G2(t) is investigated by depicting the stability
lobe diagrams of milling. The stability of the trivial solution x(t) ≡ 0 of (6.216.21) is analyzed using
the first-order semidiscretization method (for more details, see [11]). During semidiscretization,
the regenerative delay was resolved by 150 intervals and stability charts were computed on a
600 × 300 grid in the plane (NΩ, w). Figure 6.36.3 presents the results for milling with a four-
fluted tool (N = 4), damping ratio ζ = 0.02, cutting force ratio Kr/Kt = 0.3, and cutting
force exponent ν = 3/4. In Fig. 6.36.3(a-i), nine different radial immersion ratios are considered:
up-milling with ae/D = 0.02, 0.2, 0.6, and 0.8, full-immersion milling, and down-milling with
ae/D = 0.7, 0.5, 0.1, and 0.02, respectively. In each case, the periodic coefficients G1(t) and
G2(t) are shown on the left with blue and red lines, respectively, while two stability charts are
shown on the right for ρ = 0 and ρ = 0.01. The case ρ = 0 yields the stability lobe diagrams
of the standard milling model in Sec. 6.16.1, for which the lower envelope of the stability lobes
is a horizontal straight line. When ρ = 0.01, the effect of the additional time-periodic process
damping on the stability charts can be observed. The stable region is shown by grey shading.

According to Fig. 6.36.3(d-f), the velocity-dependent cutting force model introduces a strong
low-speed stability improvement for milling with large radial immersion, where the time-periodic
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Figure 6.3: Time-periodic coefficients of the governing equation of milling (blue: stiffness, G1(t),
red: damping, G2(t)) and the corresponding stability lobe diagrams (ρ = 0: standard milling
model, ρ = 0.01: velocity-dependent model with process damping).
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damping coefficient G2(t) is mostly positive. The stability lobes shift upwards at low cutting
speeds for ρ = 0.01 compared to the case ρ = 0, and there is a small improvement in stability at
large cutting speeds as well. The low-speed stability improvement becomes less pronounced as
the radial immersion is decreased, cf. Fig. 6.36.3(c,g). The time-periodic coefficient G2(t) becomes
negative for a larger portion of the period and the growth of the stable region becomes smaller.
The low-speed stability improvement vanishes when the radial immersion is decreased further,
see Fig. 6.36.3(b,h). In these cases, the time-periodic damping coefficient G2(t) is almost never
positive. Finally, as shown by Fig. 6.36.3(a,i), the coefficient G2(t) is never positive for very low
radial immersions and the stability lobes shift towards zero axial depth of cut at low cutting
speeds when ρ = 0.01.

The negative process damping shown in Fig. 6.36.3(a,i) acts against the low-speed stability
improvement and hence contradicts widely accepted experimental observations [115115, 159159–165165].
Therefore, this kind of velocity-dependent cutting force model is not able to capture the low-
speed stability improvement phenomenon for all milling operations. For low radial immersion
milling, other physical phenomena (such as the contact at the tool’s flank face or the distribution
of the cutting force along the tool’s rake face) need to be taken into account in order to explain
the low-speed stability improvement.

6.2.3 Geometric illustration of the process damping force

Here, an explanation for the negative sign of process damping is given via the geometric illus-
tration of the additional process damping force. A single tooth of the mill is considered at time
instants where it is engaged in cutting (g(ϕ̂j(t)) = 1), while linear cutting force characteristics
is assumed (ν = 1). For simplicity, subscript j and argument t are omitted.

The nominal and the actual (velocity-dependent) cutting force vectors are denoted by F̂ and
F, whereas their difference is ∆F = F− F̂. Chip thickness vectors are introduced with similar
notation: ĥ = ĥr̂, h = hr, and ∆h = h − ĥ, see Fig. 6.46.4 for rake angle αr. Here, r̂ and r
denote the unit vectors along the nominal and actual radial directions. According to (6.76.7), the
magnitude of the cutting force components become

F̂r =apKrĥ , F̂t = apKtĥ ,

Fr =apKrh , Ft = apKth .
(6.22)

Since F̂r/F̂t = Fr/Ft = Kr/Kt, the angle between r̂ and F̂ as well as between r and F are
both equal to γ = arctan(Kt/Kr). Besides, since Fr/F̂r = Ft/F̂t = h/ĥ, the vector triangles
(h, ĥ,∆h) and (F, F̂,∆F) are similar. Consequently, the additional force ∆F can be plotted by
rotating ∆h clockwise with angle γ.

The q-directional component of the force ∆F corresponds to the additional process damping
term in (6.216.21). If ∆F points to the right (left) for q̇ > 0, then the process damping is positive
(negative). According to Fig. 6.46.4, the force ∆F forms an angle γ − (π − 2ϕ̂) − α with the y
axis, where α = ϕ̂− ϕ is the angle between the chip thickness vectors ĥ and h or, equivalently,
between the nominal and the actual cutting velocities v̂ and v. Considering small vibrations
(small q̇), the angle α is also small and can be neglected compared to γ. Thus, the process
damping is positive (∆F points to the right) if 0 < γ − (π − 2ϕ̂) < π holds. This yields

π/2− γ/2 = ϕex,cr < ϕ̂ < ϕen,cr = π − γ/2 , (6.23)

where ϕex,cr and ϕen,cr are critical exit and enter immersion angles. For low radial immersions
(for ϕex < ϕex,cr in up-milling and for ϕen > ϕen,cr in down-milling), inequality (6.236.23) never holds
when the tooth is cutting. Therefore, the process damping is never positive below a critical value
of the radial immersion ratio ae/D that is (1− cosϕex,cr)/2 for up-milling and (1 + cosϕen,cr)/2
for down-milling according to (6.36.3, 6.236.23). For the cutting conditions associated with Fig. 6.36.3,
γ = arctan(Kt/Kr) = 73◦ that yields ϕex,cr = 53◦ and ϕen,cr = 143◦. These correspond to
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the critical radial immersion ratio ae/D ≈ 0.2 for up-milling and ae/D ≈ 0.1 for down-milling.
Although Fig. 6.36.3 is presented for the case of a four-fluted tool (N = 4) and nonlinear cutting
force expression (ν = 3/4), the low-speed stability improvement indeed vanishes approximately
at these radial immersion ratios.

Finally, the direction of the process damping force is illustrated for five different angular
positions of the cutting tooth in Fig. 6.56.5 for the same cutting conditions as those of Fig. 6.46.4.
According to Fig. 6.56.5(c), the force ∆F points to the right when ϕex,cr < ϕ̂ = 90◦ < ϕen,cr that
indicates positive process damping. Recall that this case corresponds to turning operations.
For ϕ̂ = ϕex,cr and ϕ̂ = ϕen,cr, the force ∆F is vertical and the process damping vanishes,
cf. Fig. 6.56.5(b,d). Whereas the force ∆F points to the left when ϕ̂ = 45◦ < ϕex,cr and when
ϕ̂ = 160◦ > ϕen,cr that implies negative process damping, see Fig. 6.56.5(a,e). Although negative
damping does not necessarily imply instability for systems with periodic coefficients (that is,
the stable region in the stability lobe diagrams does not vanish completely), the stable region
is usually smaller for negative periodic damping coefficients than for positive ones. Therefore,
this cutting force model is not able to explain the low-speed stability improvement for milling
with low radial immersion.

6.3 Short regenerative effect in milling

In this section, the distributed cutting force model of [1515] shown in Sec. 5.25.2 is extended to milling
operations. Linear stability analysis is performed to investigate whether this model is able
to capture the low-speed stability improvement phenomenon under various cutting conditions.
The analysis is shown for a single-degree-of-freedom model of milling with straight-fluted tool,
whereas two-degrees-of-freedom models with helical tool are presented in [197197, 198198].

6.3.1 Mechanical model with distributed cutting force

The single-degree-of-freedom mechanical model of milling with straight-fluted tool is considered,
while the cutting force on each teeth of the mill is modeled as the resultant of a force system
distributed along the rake face, see Fig. 6.66.6(a). The distributed cutting force model is built
similarly to the one presented in Sec. 5.25.2 for turning operations. The q-directional component
of the distributed cutting force acting on the j-th tooth of the mill is denoted by Pj,q(t, s).
Coordinate s ∈ [−lj(t), 0] is used to describe the force distribution along the rake face where
lj(t) is the instantaneous size of the chip-tool interface at the j-th cutting edge. By taking the
resultant of the distributed force system and summing the forces on each teeth of the mill, the
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equation of motion modifies from (6.16.1) to

q̈(t) + 2ζωnq̇(t) + ω2
nq(t) = − 1

mq

N∑
j=1

∫ 0

−lj(t)
Pj,q(t, s)ds , (6.24)

cf. the model (5.45.4) of turning.
In milling, the cutting is intermittent, since the teeth of the mill enter and exit the workpiece

periodically. The chip formation is time-periodic that is associated with time-periodic contact
length lj(t). Here, the effect of state-dependency that was discussed in Sec. 5.35.3 is neglected,
and the contact length lj(t) is modeled according to Fig. 6.66.6(b). Apart from a shift in time,
it is assumed that the contact length evolves according to the same law regardless the tooth
index j. It is supposed that as the j-th tooth of the mill engages in cutting, the size lj(t) of the
contact region increases linearly from 0 to its maximal value l over a finite amount of time σ.
Then, it remains constant l until the cutting edge exits the material, where the contact length
lj(t) drops to zero. Furthermore, it is assumed that the chip slips along the rake face with the
constant cutting speed v = ΩD/2, while it takes σ = l/v time for the contact region to fully
evolve. Therefore, the time σj(t) = lj(t)/v it takes for a given particle of the chip to travel
distance lj(t) can be expressed in the form

σj(t) =


0 if (ϕ̂j(t) mod 2π) < ϕen or ϕex < (ϕ̂j(t) mod 2π) ,

1

Ω
((ϕ̂j(t) mod 2π)− ϕen) if ϕen ≤ (ϕ̂j(t) mod 2π) < ϕen + Ωσ ,

σ if ϕen + Ωσ ≤ (ϕ̂j(t) mod 2π) ≤ ϕex .

(6.25)
Following Sec. 5.2.15.2.1, the distributed cutting force is decomposed into cutting force intensity

and shape of force distribution according to (5.55.5) for each tooth of the mill. Then, the description
of the cutting force is transformed from space into time by introducing the coordinate θ ∈
[−σj(t), 0], θ = s/v that gives

q̈(t) + 2ζωnq̇(t) + ω2
nq(t) = − 1

mq

N∑
j=1

∫ 0

−σj(t)
F̂j,q

(
ϕ̂j(t), ĥj(t+ θ); ap

)
κj(t, θ)dθ , (6.26)

cf. (5.65.6). Here, F̂j,q denotes the cutting force intensity that is obtained from (6.66.6, 6.76.7, 6.86.8) based
on the milling model with concentrated cutting force in Sec 6.16.1:

F̂j,q
(
ϕ̂j(t), ĥj(t+ θ); ap

)
= g(ϕ̂j(t))ap

(
Kt cos ϕ̂j(t) +Kr sin ϕ̂j(t)

)
sinν ϕj(t) (fz + q(t+ θ)− q(t− τ + θ))ν . (6.27)
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Function κj(t, θ) is associated with the instantaneous shape of the cutting force distribution
along the j-th tooth. If σj(t) = 0, the tooth is not cutting (g(ϕ̂j(t)) = 0) and the associated
cutting force is zero regardless κj(t, θ). If σj(t) 6= 0, κj(t, θ) is considered in the following form
analogously to (5.85.8, 5.425.42):

κj(t, θ) =
1

σj(t)
κ̂

(
θ

σj(t)

)
, (6.28)

where κ̂(θ̂) is given by (5.95.9). This implies the assumption that the shape of the cutting force
distribution is essentially the same (and is described by κ̂(θ̂)) for each cutting teeth irrespective
of time, and this shape is only stretched when the contact length varies.

Note that in (6.266.26), σj(t) is a kind of short regenerative delay that is time-periodic. The
periodicity of σj(t) has negligible effect if the radial immersion (given by ϕex − ϕen) is high.
According to Fig. 6.66.6(b), if ϕex − ϕen � Ωσ, the nonzero values of σj(t) can be approximated
by the constant σ. The periodicity is significant for low radial immersion: if ϕex − ϕen < Ωσ,
the time the cutting edge spends in the material is not enough for the contact region to fully
evolve and σj(t) does not even reach the value σ. Furthermore, according to (5.115.11), the ratio
of the maximum short delay σ and the regenerative delay τ is assumed to be constant ε that is
equivalent to the ratio of the maximum contact length l and the arclength Dπ/N between the
neighboring teeth. This arclength is typically smaller than the workpiece perimeter in turning
operations, thus the delay ratio ε is usually bigger for milling than for turning.

6.3.2 Linearization

Equations (6.266.26, 6.276.27) form a nonlinear differential equation that includes time-periodic coeffi-
cients, a point delay, and a sum of time-periodic distributed delay terms. The ideal chatter-free
machining operation with constant feed per tooth is associated with the τ -periodic solution
qp(t) = qp(t+τ). Since the kernel of the distributed delay term is normalized according to (5.435.43),
the periodic solution is the same as that of the concentrated cutting force model in Sec. 6.16.1 and
is given by (6.106.10).

The onset of machine tool vibrations is investigated by the stability analysis of qp(t) via lin-
earization. Equation (6.266.26) is linearized around qp(t) the same way as it was done in (6.16.1, 6.116.11).
Similarly to (6.126.12), the corresponding linear system is obtained in the form

ẍ(t) + 2ζωnẋ(t) + ω2
nx(t) = H

N∑
j=1

G1,j(t)

∫ 0

−σj(t)
(x(t− τ + θ)− x(t+ θ))κj(t, θ)dθ , (6.29)

where G1,j(t) is the periodic coefficient given by (6.136.13). After scaling the time by ωn, the
corresponding dimensionless equation of motion becomes

x′′(t) + 2ζx′(t) + x(t) = w
N∑
j=1

G1,j(t)

∫ 0

−σj(t)
(x(t− τ + θ)− x(t+ θ))κj(t, θ)dθ . (6.30)

Note that the milling model (6.146.14) with concentrated cutting force can be obtained from (6.306.30) by
substituting the kernel κj(t, θ) with Dirac delta function for all j and t. The substitutions σj(t) ≡
σ and

∑N
j=1G1,j(t) = G1(t) ≡ 1 reduce (6.306.30) to the linear part of the turning model (5.105.10)

with distributed cutting force. All of these substitutions lead to the linear part of the turning
model (4.134.13) with concentrated cutting force.

6.3.3 Stability lobe diagrams

In order to perform stability analysis for the trivial solution of (6.306.30), the semidiscretization
technique is used. This method is discussed in [11] for systems with distributed delays of constant
length. To reach such a form, one can transform out the periodic delay σj(t) from the limit
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of the integral in (6.306.30) by defining the kernel such that it is zero outside the delay interval:
κj(t, θ) ≡ 0 for θ ∈ (−∞,−σj(t)) ∪ (0,∞) or, equivalently, κ̂(θ̂) ≡ 0 for θ̂ ∈ (−∞,−1) ∪ (0,∞).
This definition implies that the cutting force is zero outside the chip-tool interface and allows
one to write (6.306.30) in the form

x′′(t) + 2ζx′(t) + x(t) = w
N∑
j=1

G1,j(t)

∫ 0

−σ−τ
x(t+ θ) (κj(t, τ + θ)− κj(t, θ)) dθ . (6.31)

The length of the distributed delay is not time-periodic any more, thus the semidiscretization
technique can be applied directly to (6.316.31) according to [11]. Note that although the period of
G1,j(t) and κj(t, θ) is Nτ , the coefficient in (6.316.31) becomes τ -periodic after the summation.

Figure 6.76.7 illustrates the stability lobe diagrams obtained via first-order semidiscretization
in the plane (NΩ, w). The regenerative delay τ was resolved by 150 intervals and the stability
charts were computed on a 600 × 300 grid. The cutting conditions are the same as those of
Fig. 6.36.3: ζ = 0.02, N = 4, Kr/Kt = 0.3, ν = 3/4. Besides, the same radial immersion ratios are
investigated: up-milling with ae/D = 0.02, 0.2, 0.6, and 0.8, full-immersion milling, and down-
milling with ae/D = 0.7, 0.5, 0.1, and 0.02 as indicated shortly in the left panels of Fig. 6.76.7.
The stability charts of the concentrated cutting force model (associated with delay ratio ε = 0)
are shown on the left. The stability lobe diagrams of the distributed cutting force model are
shown in the middle, where the low-speed region indicated by blue boundaries is magnified on
the right. The shape of the cutting force distribution is defined by (5.95.9) with α = 0.4, whereas
the maximum delay ratio is ε = 0.05. The stable region is indicated by grey shading.

According to Fig. 6.76.7, the stability lobes shift towards higher axial depths of cut at low
spindle speeds for each radial immersion ratio. Hence the distributed delay has a stabilizing
effect similarly to what was experienced in Chap. 22 and Chap. 55. The effect is more pronounced
for down-milling processes and less significant for up-milling, which is in agreement with the
stability lobe diagrams of turning with w < 0 and w > 0 in Fig. 5.15.1(b). In addition, it was
shown in [197197] that the dimensionless contact length ε has stronger effect on the stability lobes
than the shape κ̂(θ̂) of the cutting force distribution.

In conclusion, the distributed cutting force model is able to explain the low-speed stability
improvement phenomenon for turning processes [1515, 176176] and also for milling with any radial
immersion. Recall that the constant process damping term in Sec. 5.1.15.1.1 was not able to exhibit
the phenomenon for turning with negative chip widths that corresponds to down-milling with
large number of cutting teeth. Whereas the time-periodic process damping model in Sec. 6.26.2
was not able to capture the phenomenon for low radial immersion milling. The process damping
caused by the interference between the tool’s flank face and the workpiece was not investigated
here, since it leads to a nonsmooth dynamics. On the other hand, considering the distributed
cutting force leads to a smooth dynamical model that is by itself able to capture the low-speed
stability improvement.



6.3. Short regenerative effect in milling 97

0.8

0.0

1 2 3

NW

0.8

0.0

0.8

0.0

0.8

0.0

0.8

0.0

0.8

0.0

0.8

0.0

0.8

0.0

w

0.8

0.0

w
w

w
w

w
w

w
w

1 2 3

NW

0.1 0.2 0.3

NW

0.8

0.0

0.2

0.0

0.2

0.0

0.2

0.0

0.2

0.0

0.8

0.0

0.8

0.0

0.8

0.0

w

0.8

0.0

w
w

w
w

w
w

w
w

chatter

stable

chatter

stable

chatter

stable

chatter

stable stable

chatter

stable

chatter

stable stable

chatter

stable

chatter

stable stable

chatter

stable

chatter

stable stable

chatter

stable

chatter

stable stable

chatter

stable

stable stable

chatter

stable

stable stable

chatter

stable

chatter

stable

chatter

stable

chatter

stable

up

0.02

up

0.2

up

0.6

up

0.8

full

down

0.7

down

0.5

down

0.1

down

0.02

chatter

chatter

e=0 e=0.05

e=0 e=0.05

e=0 e=0.05

e=0 e=0.05

chatter

chatter

chatter

chatter

chatter

chatter

e=0.05

e=0.05

e=0.05

e=0.05

Figure 6.7: Stability lobe diagrams of milling (ε = 0: concentrated cutting force model, ε = 0.05:
distributed cutting force model).
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6.4 New results

I have investigated a velocity-dependent cutting force model for milling operations, where it is
taken into account that the cutting direction is affected by the vibrations between the tool and
the workpiece. By deriving the time-periodic delay-differential equation that governs the tool’s
motion and analyzing the linear stability of its stationary solution, I have drawn the following
conclusions.

Thesis 5

In milling operations, the cutting direction at each tooth of the mill is affected by the vibrations
between the tool and the workpiece. Taking this effect into account, the chip thickness and the
decomposition of the cutting force into tangential and radial components depends on the vibra-
tion velocity. This leads to an additional damping term in the single-degree-of-freedom linear
mechanical model of milling, where the damping is time-periodic and is inversely proportional
to the spindle speed. The time-periodic damping depends on the radial immersion of milling
and affects the occurrence of machine tool chatter. For high radial immersion, the additional
damping is nonnegative, thus the maximum stable (chatter-free) axial depth of cut increases as
the spindle speed is decreased. For low radial immersion, the additional damping is nonpositive,
and the maximum stable axial depth of cut decreases as the spindle speed is decreased.

Related publication: [196196].

I have investigated the single-degree-of-freedom mechanical model of milling processes by con-
sidering the cutting force on each tooth of the mill as the resultant of a force system distributed
along the rake face. I have derived the equation governing the tool’s motion, which is a differ-
ential equation with time-periodic coefficients and time-periodic distributed delay. By means of
analyzing the linear stability of the stationary solution, I have obtained the following results.

Thesis 6

In milling operations, the distribution of the cutting force along the rake face of the mill teeth
has qualitative effect on the occurrence of linear machine tool vibrations compared to the case of
a concentrated cutting force. Due to the cutting force distribution, the maximum stable (chatter-
free) axial depth of cut increases as the spindle speed is decreased. This phenomenon occurs both
for up-milling and down-milling and for any radial immersion. The effect is more pronounced
for down-milling than for up-milling.

Related publications: [197197, 198198].



Appendix A

Finite Spectrum Assignment

A.1 Auxiliary formulas

The discrete-time map in (2.202.20) takes one of the following forms. If r > r̃, then


xk+1

uk
uk−1

...
uk−r+1

 =


P 0 · · · 0 0 · · · 0 R

F Q̃1 · · · Q̃r̃ 0 · · · 0 0
0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0





xk
uk−1

...
uk−r̃

uk−r̃−1
...

uk−r+1

uk−r


, (A.1)

where the short notations uk = u(tk) and xk = x(tk) are used, whereas I and 0 denote
identity and zero matrices, respectively. The other matrices in (A.1A.1) read P = eA∆t, R =∫ ∆t

0 eA(∆t−ϑ)Bdϑ, F̃ = KeÃτ̃ , and Q̃j = KeÃj∆tB̃∆t. If r < r̃, the detailed expression of
map (2.202.20) becomes


xk+1

uk
uk−1

...
uk−r̃+1

 =


P 0 · · · 0 R 0 · · · 0 0

F Q̃1 · · · Q̃r−1 Q̃r Q̃r+1 · · · Q̃r̃−1 Q̃r̃

0 I · · · 0 0
...

...
. . .

...
...

0 0 · · · I 0





xk
uk−1

...
uk−r+1

uk−r
uk−r−1

...
uk−r̃+1

uk−r̃


. (A.2)
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The formulas of R(ω; kp, kd) and S(ω; kp, kd) introduced in (2.302.30) read

R(ω; kp, kd) =− (α2 + ω2) + kp

(ω
α̃

sin(ωτ)sh(α̃τ̃) + cos(ωτ)ch(α̃τ̃)
)

+ kp
α2 + ω2

α̃2 + ω2

(
1− cos(ωτ̃)ch(α̃τ̃)− ω

α̃
sin(ωτ̃)sh(α̃τ̃)

)
+ kd

α2 + ω2

α̃2 + ω2
(−α̃ cos(ωτ̃)sh(α̃τ̃)− ω sin(ωτ̃)ch(α̃τ̃))

+ kd (ω sin(ωτ)ch(α̃τ̃) + α̃ cos(ωτ)sh(α̃τ̃)) ,

S(ω; kp, kd) =kp

(ω
α̃

cos(ωτ)sh(α̃τ̃)− sin(ωτ)ch(α̃τ̃)
)

+ kp
α2 + ω2

α̃2 + ω2

(
sin(ωτ̃)ch(α̃τ̃)− ω

α̃
cos(ωτ̃)sh(α̃τ̃)

)
+ kd

α2 + ω2

α̃2 + ω2
(ω + α̃ sin(ωτ̃)sh(α̃τ̃)− ω cos(ωτ̃)ch(α̃τ̃))

+ kd (ω cos(ωτ)ch(α̃τ̃)− α̃ sin(ωτ)sh(α̃τ̃)) ,

(A.3)

whereas the expressions of r(ω; kp, kd) and s(ω; kp, kd) in (2.332.33) are given by

r(ω; kp, kd) =1 +
1

α̃2 + ω2

(
kp

(
cos(ωτ̃)ch(α̃τ̃) +

ω

α̃
sin(ωτ̃)sh(α̃τ̃)− 1

)
+ kd (α̃ cos(ωτ̃)sh(α̃τ̃) + ω sin(ωτ̃)ch(α̃τ̃))

)
,

s(ω; kp, kd) =
1

α̃2 + ω2

(
kp

(ω
α̃

cos(ωτ̃)sh(α̃τ̃)− sin(ωτ̃)ch(α̃τ̃)
)

+ kd (ω cos(ωτ̃)ch(α̃τ̃)− α̃ sin(ωτ̃)sh(α̃τ̃)− ω)
)
.

(A.4)

A.2 Analysis of the PDA controller

Here, the stability analysis of system (2.222.22) subject to the PDA controller (2.372.37) is summarized
briefly (for details, see [4242]). Equations (2.222.22, 2.372.37) form a neutral functional differential equa-
tion, since the highest derivative (the acceleration term) appears with both actual and delayed
arguments. After the substitution of ϕ(t) = Ceλt (λ,C ∈ C, C 6= 0), the characteristic equation
of the system reads

λ2 − a+ kpe−λτ + kdλe−λτ + kaλ
2e−λτ = 0 . (A.5)

It is known that if |ka| > 1, the system has infinitely many characteristic exponents with positive
real parts (see Lemma 3.9 on page 63 in [1818]).

For |ka| < 1, the D-subdivision method provides the stability boundaries in the plane (kp, kd)
for a given value of ka. Substitution of λ = iω into (A.5A.5) gives the D-curves in the form

kp = a ,

kd ∈ R ,
(A.6)

kp(ω) = (ω2 + a) cos(ωτ) + kaω
2 ,

kd(ω) =
ω2 + a

ω
sin(ωτ) ,

(A.7)

for the cases ω = 0 and ω > 0, respectively. The D-curves and the stability chart of the system
are shown in Fig. A.1A.1.

According to [3939, 4242], system (2.222.22) cannot be stabilized by the PDA controller (2.372.37) if
parameter A = aτ2 is larger than the critical value Acrit,PDA = 2 + 2ka, since the stable region
vanishes in the plane (kp, kd). Considering the criterion |ka| < 1, the maximum achievable critical
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Figure A.1: Stability chart with the number of unstable characteristic exponents (NUE) for
system (2.222.22) subject to the PDA controller (2.372.37) assuming τ = 1, a = 0.5, and ka = 0.9 (grey:
stable region).

parameter value by PDA control is Acrit,PDA = 4. In case of a PD controller (that is obtained
by setting ka = 0), the critical value is Acrit,PD = 2. In case of stabilizing an inverted pendulum,
these values determine the maximum feedback delay τ for which stabilization is possible for a
given system parameter a (that is, for given length of the pendulum). Equivalently, Acrit,PDA

and Acrit,PD also determine the maximal value of the system parameter a (that is, the minimal
length of the pendulum), where stabilization is possible for a given feedback delay τ .



Appendix B

Connected Cruise Control

B.1 Derivation of the critical sampling period

The critical sampling period in (3.293.29) in Sec. 3.2.23.2.2 can be derived as follows. The magnitude
ratio M(ω) =

∣∣Γ (eiω∆t
)∣∣ can be expressed from (3.153.15, 3.173.17, 3.233.23) as

M(ω) =
N(ω)

D(ω)
, (B.1)

where

N2(ω) =4
(
V̂ 2α̂2 + ω̂2β̂2

)(
1− cos ω̂

)
,

D2(ω) =
(

10 +
(
1 + V̂ α̂

)2
+
(
1 + 2(α̂+ β̂)

)2)
ω̂2 −

(
8−

(
1− V̂ α̂

)2
+
(
3 + 2(α̂+ β̂)

)2)
ω̂2 cos ω̂

+
(
4− 2V̂ α̂+ 12(α̂+ β̂)

)
ω̂2 cos (2ω̂)−

(
− 2V̂ α̂+ 4(α̂+ β̂)

)
ω̂2 cos (3ω̂)

(B.2)

with α̂ = α∆t, β̂ = β∆t, ω̂ = ω∆t, and V̂ = V ′(h∗)∆t. This allows one to obtain the
string stability boundaries (3.253.25–3.283.28). In Fig. 3.33.3(a), the intersection of the boundaries (3.253.25)
and (3.263.26) is marked by I, the intersection of (3.253.25) and (3.283.28) is marked by II, while the
intersection of (3.263.26) and (3.283.28) is marked by III. Here, it is shown that I, II, III coincide at the
critical sampling time (3.293.29).

From (3.253.25, 3.263.26), the intersection I of the ωcr = 0 string stability boundaries lies at (β, α) =
(V ′(h∗), 0). At intersections II and III, a string stability boundary associated with 0 < ωcr 6=
(2l + 1)π/∆t emanates from a ωcr = 0 boundary. Therefore, II and III can be found by taking
ωcr → 0 for the boundary defined by (3.283.28). However, conditions M(0) = 1 and M ′(0) = 0
are not sufficient to find these two branch-off points, since they hold for any β and α. Besides,
each point of the ωcr = 0 string stability boundaries satisfies M ′′(0) = 0. Thus, the intersection
points II and III satisfy M ′′′(0) = 0. Introducing

Q(ω) = N2(ω)−D2(ω) , (B.3)

conditions M ′′(0) = 0 and M ′′′(0) = 0 are equivalent to Q(4)(0) = 0 and Q(6)(0) = 0, which can
be solved more conveniently. Since α = 0 is a solution of Q(4)(0) = 0, cf. (3.253.25), the intersection
point II can be determined by solving Q(6)(0)

∣∣
α=0

= 0, which gives β = 1/(3∆t). The points
I (V ′(h∗), 0) and II (1/(3∆t), 0) coincide for the critical sampling period given by (3.293.29). It can
be shown that third branch-off point III defined by Q(4)(0) = 0 and Q(6)(0) = 0 also coincides
with these two points when (3.293.29) holds.
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Appendix C

Nonlinear Analysis of Turning

C.1 Expressions for the normal form coefficients of Hopf bifur-
cation

The expressions of γ1(ω) and γ2(ω) in (4.224.22) read

γ1(ω) =4ζ2τH(ω, j)ω2 + 4ζ
(
ω2 + 1

)
+ τH(ω, j)

(
ω2 − 1

)2
,

γ2(ω) =16ζ4τ2
H(ω, j)ω4 + 32ζ3τH(ω, j)ω2

(
ω2 − 1

)
+ 8ζτH(ω, j)

(
ω2 − 1

)2 (
1 + 3ω2

)
+ 8ζ2

(
ω2 − 1

)2 (
2 + τ2

H(ω, j)ω2
)

+
(
ω2 − 1

)2 (
16ω2 + τ2

H(ω, j)
(
ω2 − 1

)2)
,

(C.1)

whereas the forms of δ1(ω) and δ2(ω) in (4.234.23) become

δ1(ω) =16ζω2
(
48ζ5τH(ω, j)ω4 + 48ζ4ω2

(
ω2 − 1

))
+ 384ζ4τH(ω, j)ω4

(
ω2 − 1

)2
+ 48ζ2τH(ω, j)ω2

(
ω2 − 1

)4
+ 64ζ3ω2

(
ω2 − 1

)2 (
1 + 17ω2

)
− 32ζω2

(
ω2 − 1

)4 (
4ω2 − 1

)
,

δ2(ω) =γ1(ω)
(
ω2 − 1

) (
36ζ2ω2 +

(
ω2 − 1

)2 (
4ω2 − 1

)2)
.

(C.2)

C.2 Auxiliary formulas for the analysis of double Hopf bifurca-
tion

The formulas of Cl, pk,l, and qk,l (k = 1, 2 and l = 1, 2, 3) in (4.614.61) are given by

Ck =

 0 −2ωkI 0
ωkI 0 −ωkI
0 2ωkI 0

 , C3 =


0 −ω2I −ω1I 0
ω2I 0 0 −ω1I
ω1I 0 0 −ω2I
0 ω1I ω2I 0

 ,
[
pk,1 qk,1

]
=

2F11Qk

F12Qk

2F22Qk

 , [
pk,2 qk,2

]
=

2F33Qk

F34Qk

2F44Qk

 ,
[
pk,3 qk,3

]
=


F13Qk

F14Qk

F23Qk

F24Qk

 , Qk =
2

p2
k + q2

k

[
pk qk
qkωk −pkωk

]
,

(C.3)

where pk and qk are given by (4.554.55). Vectors Mk,l and Nk,l in (4.634.63) are given by[
Mk,l

Nk,l

]
=

[
−Cl ωkI
−ωkI −Cl

]−1 [
pk,l
qk,l

]
. (C.4)
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The expressions of Pl, Rl, and rl in (4.644.64) can be given in the form

Pl = Ll −Cl , Lk = L6×6 = diag [L,L,L]|w=wHH
, L3 = L8×8 ,

Rk = R6×6 = diag [R,R,R]|w=wHH
, R3 = R8×8 ,

r1 = −
[
0 2F11 0 F12 0 2F22

]T
,

r2 = −
[
0 2F33 0 F34 0 2F44

]T
,

r3 = −
[
0 F13 0 F14 0 F23 0 F24

]T
,

(C.5)

whereas Kl in (4.634.63) reads

Kl =
(
Pl + Rle

−Clτ
)−1

rl . (C.6)

The expressions of the critical normal form coefficients δkn,cr (k, n = 1, 2) in (4.664.66) can
directly be calculated from (4.654.65) by applying the formulas derived in [145145] that give

δ11,cr =− 1

2
w2

HH(V 2
1 +W 2

1 )η2
2

(
K1R1 + L1S1

K2
1 + L2

1

p1V1 + q1W1

p2
1 + q2

1

+
K1S1 − L1R1

K2
1 + L2

1

q1V1 − p1W1

p2
1 + q2

1

)
+

3

4
wHH(V 2

1 +W 2
1 )η3

p1V1 + q1W1

p2
1 + q2

1

,

δ12,cr =− w2
HH(V 2

2 +W 2
2 )η2

2

((
K3R3 + L3S3

K2
3 + L2

3

+
K4R4 + L4S4

K2
4 + L2

4

)
p1V1 + q1W1

p2
1 + q2

1

+

(
K3S3 − L3R3

K2
3 + L2

3

− K4S4 − L4R4

K2
4 + L2

4

)
q1V1 − p1W1

p2
1 + q2

1

)
+

3

2
wHH(V 2

2 +W 2
2 )η3

p1V1 + q1W1

p2
1 + q2

1

,

(C.7)

where pk and qk are given by (4.554.55) and the other auxiliary parameters are

Vk = −(1− cos(ωkτHH)) , Wk = − sin(ωkτHH) ,
Rk = 1− cos(2ωkτHH) , Sk = sin(2ωkτHH) ,
R3,4 = 1− cos((ω2 ± ω1)τHH) , S3,4 = sin((ω2 ± ω1)τHH) ,
Kk = wRk −

(
4ω2

k − 1
)
, Lk = wSk + 4ζωk ,

K3,4 = wR3,4 −
(
(ω2 ± ω1)2 − 1

)
, L3,4 = wS3,4 + 2ζ(ω2 ± ω1) .

(C.8)

The expressions of δ22,cr and δ21,cr are the same as that of δ11,cr and δ12,cr, respectively, but the
roles of ω1 and ω2 are interchanged. The formula of δ22,cr can be obtained from that of δ11,cr by
replacing the index 1 of p1, q1, V1, W1, K1, L1, R1, S1 with index 2. Whereas the formula of
δ21,cr can be obtained from that of δ12,cr by replacing p1, q1, V1, W1, V2, W2 with p2, q2, V2, W2,
V1, W1, respectively, and L4, S4 with −L4, −S4 (see the change of the sign when interchanging
ω1 and ω2 in the definition (C.8C.8) of L4 and S4). The formulas of δ11,cr, δ22,cr are equivalent
to the formula (4.234.23) of the Poincaré-Lyapunov constant related to the single Hopf bifurcation.
In addition, note that (C.7C.7) is valid for nonresonant double Hopf bifurcation only, where the
angular frequencies ω1 and ω2 are not related by small integer numbers.

The root tendencies εkn,cr (k, n = 1, 2) in (4.694.69) can be obtained via implicit differentiation
of the characteristic equation D(λ) = 0 and substitution of w = wHH, Ω = ΩHH, λ = iωk.
Using (4.174.17), this yields

εk1,cr = Re

(
∂λ

∂w

∣∣∣∣
λ=iωk

)
=Re

− ∂D
∂w
∂D
∂λ
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λ=iωk

 =
pkVk + qkWk

p2
k + q2

k

,

εk2,cr = Re

(
∂λ

∂Ω

∣∣∣∣
λ=iωk

)
=Re

− ∂D
∂τ

dτ
dΩ

∂D
∂λ

∣∣∣∣∣
λ=iωk

 = wHH
τ2

HH

2π
ωk
qk(Vk + 1)− pkWk

p2
k + q2

k

.

(C.9)
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C.3 Auxiliary formulas for the method of averaging

The derivation of (4.904.90) from (4.894.89) can be performed as follows. First, s = ωt is introduced
and the integral in (4.894.89) is rescaled as

βm =

∫ 2π

0
cosm(s+ φ) sin(s)ds . (C.10)

Second, trigonometric identities are used to expand the integrand into a sum of trigonometric
functions as

cosm(s+ φ) sin(s) =
1

2m

m∑
k=0

(
m

k

)
sin((m+ 1− 2k)s+ (m− 2k)φ) , (C.11)

m ∈ N. This Fourier series is now easy-to-integrate, and one obtains∫ 2π

0
sin((m+ 1− 2k)s+ (m− 2k)φ)ds =

{
−2π sinφ if m = 2k − 1 ,

0 if m 6= 2k − 1 ,
(C.12)

m ∈ N, k ∈ N. From (C.12C.12) it follows that the only nonzero βm constants are the ones with odd
m index, which leads to (4.904.90).
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