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NOMENCLATURE 
Latin letters 

∆pid ideal raise of the static pressure Pa 

ΔptL1-2  the total pressure loss between of the main flow as a result of the outflow Pa 

ΔptL1-3  the total pressure loss between the main flow and the junction Pa 

a speed of the sound in the fluid m/s 

A cross sectional area of the main duct m2 

a1 constant in the SST k-ω model - 

Ain inlet cross sectional area of the main duct m2 

Aout area of one outlet opening m2 

b height of the main duct m 

c width of the main duct m 

C1 coefficient in some of the turbulence models - 

C2 coefficient in some of the turbulence models - 

C3 coefficient in some of the turbulence models - 

C4 coefficient in some of the turbulence models - 

C5 coefficient in some of the turbulence models - 

Cc contraction coefficient - 

Cd 
discharge coefficient defined as the ratio of the outflow velocity 

and the total pressure difference 
- 

Cd0 
discharge coefficient defined as the ratio of the outflow velocity 

and the total pressure difference at pd1/pt1=0 
- 

Cdst 
discharge coefficient defined as the ratio of the outflow velocity 

and the static pressure difference 
- 

Cr pressure regain coefficient - 

Cε1 coefficient in the ε equation for some of the turbulence models - 

Cε2 coefficient in the ε equation for some of the turbulence models - 

Cμ coefficient in some of the turbulence models - 

d diameter of the branch duct m 

D diameter of the main duct m 

Ad  surface element vector m2 

dh hydraulic diameter of the branch duct m 

Dh hydraulic diameter of the main duct m 

Ei experimental result of a given quantity in the ith point  

EL Energy grade line (shows the total head [m] in the pipe) - 

exp exponential function (ex) - 

FSGCI factor of safety for the GCI method or global averaging method  

FS factor of safety  

F1 blending function in the SST k-ω model - 

f2 coefficient in the ε equation for the "LienCubicKE" turbulence model - 

h height of a rectangular outlet or slot m 

GCI grid convergence index - 

H height of the main duct m 
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HGL Hydraulic grade line (shows the static head [m] in the pipe) - 

HR Available static head in the reservoir m 

k wall roughness in the main duct m 

k turbulence kinetic energy m2/s2 

Kei kinetic energy correction factor - 

l length of the branch duct m 

L length of the main duct m 

m weighting function used for the determination of Cd0 - 

Ma Mach number in the main duct, Ma= w/a - 

Mt0 constant in the SST k-ω model - 

N number of the investigated points for validation - 

p static pressure Pa 

p observed order of accuracy of the numerical schemes used - 

pglob global observed order of accuracy of the numerical schemes used - 

Pw wetted perimeter of the duct m 

q volumetric flow rate in the duct m3/h 

qoi volumetric flow rate through the ith nozzle m3/h 

r radius of the outlet edge  

R convergence ratio  

R2 coefficient of determination - 

Re Reynolds-number in the main duct, Re=w·Dh/ν - 

Rij Reynolds-stress tensor  Pa 

Rk constant in the SST k-ω model - 

Rβ constant in the SST k-ω model - 

Rω constant in the SST k-ω model - 

r21 grid refinement factor between the 1st and the 2nd grids. The first is the finer.  

s wall thickness of the main duct m 

Si simulation result of a given quantity in the ith point  

ijs  Reynolds-Averaged strain rate tensor 1/s 

Sε 
an additional source term included for the correct near-wall viscous 

sublayer behaviour in the "LienCubicKE" turbulence model 
m2/s4 

t distance between two outlets m 

t time s 

u(x,y,z) local velocity m/s 

ue,i experimental uncertainty for the ith point  

ui ith component of the instantaneous velocity vector m/s 

iu  
mean velocity obtained by Reynolds-Averaging the ith component of 

the instantaneous velocity vector 
m/s 

iu ′  fluctuating velocity obtained by the Reynolds decomposition of the ith 

component of the instantaneous velocity vector 
m/s 

uinput,i 
uncertainty of the simulation results for a given quantity as a function of 

the user defined, usually experimentally determined boundary conditions 

(i.e. inlet flow rate) in the ith point 
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unum,rel,i relative numerical uncertainty of a given quantity in the ith point - 

unum,i numerical uncertainty of a given quantity in the ith point  

uval,i validation uncertainty of a given quantity in the ith point  

uτ friction velocity, uτ=(τw/ρ)^(1/2) m/s 

VR validation rate - 

w mean axial velocity in the duct m/s 

wox the x-component of the outlet velocity m/s 

woy the y-component of the outlet velocity m/s 

woy average outlet velocity m/s 

woyi measured outlet velocity at the ith nozzle m/s 

x axial coordinate m 

x0 axial coordinate at the inlet of the duct m 

xi position vector m 

y coordinate perpendicular to the outlet area (and the axial direction) m 

y+ 
dimensionless wall distance, y+=uτ·y/ν, here y is the distance to 

the nearest wall 
- 

Subscripts 

1 upstream quantity  

2 downstream quantity  

3 value at the end of the branch  

d subscript for dynamic pressure - 

t subscript for total pressure - 

Greek letters 

α discharge angle ° 

α*∞ constant in the SST k-ω model - 

α0 constant in the SST k-ω model - 

α∞ constant in the SST k-ω model - 

αk 
inverse effective Prandtl number in the k equation for some of 

the turbulence models 
- 

αε 
inverse effective Prandtl number in the ε equation for some of 

the turbulence models 
- 

β momentum flux correction factor - 

β constant in some of the turbulence models 

β* constant in the SST k-ω model - 

β*∞ constant in the SST k-ω model - 

βi,1 constant in the SST k-ω model - 

βi,2 constant in the SST k-ω model - 

γ relative width of the duct, γ(x)=c(x)/c(x0) - 

δ absolute uncertainty of the given quantity  

δij the Kronecker delta - 

ε dissipation per unit mass (or turbulence dissipation rate) m2/s3 

ζ* constant in the SST k-ω model - 
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ζ12,1 
pressure loss coefficient for the main flow due to the outflow process 

defined as the ratio of the total pressure difference and the 

dynamic pressure in the main duct 

- 

ζ13,1 
turning loss coefficient between the main and the branch ducts 

defined as the ratio of the total pressure difference and the 

dynamic pressure in the main duct 

- 

ζ13,3 
turning loss coefficient between the main and the branch ducts  

defined as the ratio of the total pressure difference and the 

dynamic pressure in the branch duct 

- 

η0 constant in the RNG k-ε model - 

Θi validation comparison error for the ith point  

λ Darcy friction factor - 

λst(a,n-1) 
inverse value of the Student-distribution at a confidence level and 

n measurement points. 
 

μEFF effective viscosity Pa·s 

μT turbulence eddy viscosity Pa·s 

μ dynamic viscosity of the fluid Pa·s 

νT turbulence kinematic eddy viscosity m2/s 

ν kinematic viscosity of the fluid m2/s 

ξ dimensionless axial coordinate, ξ=x/L - 

ρ density of the fluid kg/m3 

σ standard deviation of the given quantity  

σk coefficient in the k equation for some of the turbulence models - 

σk,1 constant in the SST k-ω model - 

σk,2 constant in the SST k-ω model - 

σε coefficient in the ε equation for some of the turbulence models - 

σω,1 constant in the SST k-ω model - 

σω,2 constant in the SST k-ω model - 

τw wall shear stress  Pa 

ΦJ correction factor introduced by Jones - 

χi variable for the ith point depending on the validation comparison  

Ψ pressure recovery factor  - 

ω ratio of the width and the height of the duct, ω(x)=c(x)/b=γ(x)·ω(x0)  - 

ω specific dissipation rate 1/s 

ijΩ  mean vorticity tensor 1/s 

Abbreviations 

CFD computational fluid dynamics  

CSPD constant static pressure design  

HVAC heating, ventilation, air conditioning  

rmse root mean square error - 
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1. INTRODUCTION 
This chapter presents different perspectives of ventilation. 

1.1. VENTILATION, COMFORT AND HUMAN WELL BEING 
It was shown by many researchers that fresh air is needed in order to satisfy the human 

comfort requirements [1]. An example is shown in Fig. 1.1. from a CR 1752 [2]. It can be seen 

that the percentage of people dissatisfied is directly related to the amount of the fresh air 

supplied. This is also required as any human being is inhaling oxygen and exhales CO2. the 

CO2 concentration influences the human productivity and wellbeing [3], [4]. The amount of 

the oxygen needed is dependent on the activity. Therefore, as it can be seen in Fig. 1.2. the 

fresh air needed is a function of the activity and the desired indoor CO2 concentration. 

 
Fig. 1.1. People dissatisfied with the supplied air flow rate [2]. 

 
Fig. 1.2. The outdoor air flow rate needs as a function of the 

activity and the desired indoor concentration [5]. 
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Air quality is important, but in addition to that, the thermal environment is also a main 

factor and as Lan et al. [6] showed, thermal discomfort also results in productivity loss. 

When a ventilation system is optimised, the initial cost and the possible savings by reducing 

the energy demand of the system are taken into account. However, these parameters does 

not necessarily take the fact into account, that in the resulting indoor environment humans 

are doing their daily job, and as the environment impacts productivity, this also should be 

considered when the optimum is determined. A study by Dai et al. [7] dealt with these 

factors as well. 

1.2. TYPES OF VENTILATION SYSTEMS AND THE FOCUS OF THE 
RESEARCH 

From the above facts, it is clear that the airflow rates should be determined precisely and 

the air temperature, humidity or the contaminant concentration should be kept at desired 

values. The comfort ventilation systems can be classified into six categories according to 

their function: 

- air heater, 

- air cooler, 

- dehumidifier, 

- humidifier, 

- ventilating and 

- climate systems. 

 

Each category is dedicated to a different task. An air heater or cooler system is used to 

maintain the temperature of a space, a humidifier or dehumidifier system is used to keep 

the humidity at a certain level, a ventilating system is used to keep the concentration of a 

contaminant and climate systems may keep all the mentioned parameters between certain 

values. These were only the comfort systems, but of course there are industrial system types 

as well. What these systems have in common is how the air is delivered. 

 

The air usually reaches its destination in a duct system. Through the design of the duct 

system different, sometimes conflicting criteria have to be satisfied. At the same time, the 

initial costs should be kept low, so the ducts cannot be too large but the energy usage should 

also be low, thus the too small sizes have to be avoided. The on the increase of the air speed 

in the ducts the noise in the spaces conditioned is also increasing. As the noise criteria have 

to be fulfilled, this also should be taken into account. Therefore duct sizing is a complex 

process, for which there are four methods used in practice ([8], [9]): 

� maximum air velocity method, 

� equal friction method, 

� static regain method, 

� T-method. 

 

With the maximum velocity method the duct sizes are determined based on the maximum 

velocity allowed in the duct type given. With the equal friction method the duct sizes are 

calculated to keep almost equal friction in all ducts. With the static regain method the aim 
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is to keep the static pressure constant in the duct system. The T-method is a complex sizing 

method based on dynamic programming. It can be utilized with computer programs. 

 

Duct systems may not only deliver into but can also exhaust air from the rooms. Therefore, 

it is possible to speak about supply and exhaust systems. From the supply duct system the 

air is blown into the space through different types of openings a.k.a. diffusers or air terminal 

devices (ATDs) whereas it enters into the exhaust ducts through other openings and exhaust 

ATDs. The aim in any case is to distribute the air as it is intended to be distributed. In a 

complex duct system the usage of balancing dampers is vital, as the commercially available 

duct sizes or the other criteria (noise, energy usage) limit the possibilities of proper 

determination of the duct sizes although it is theoretically possible. 

The objective of this research is to design a duct with variable cross sections, which is 

capable of distributing the air uniformly, can be manufactured easily and makes the use of 

balancing dampers in technical building systems unnecessary. 

 

The suitable shape for achieving that goal depends on the function of the duct, so a supply 

duct cannot be used as an exhaust duct. As the two cases are different this research is only 

dealing with supply ducts and it is especially focused on supply air ducts with a high 

number of ATDs. 

1.3. APPLICATION EXAMPLES FOR SUPPLY AIR DUCTS WITH A 
GREAT NUMBER OF OUTLETS 

Although the aim is to develop a sizing method for supply ducts in comfort applications the 

technique described may be used in other fields, as well. 

1.3.1. Comfort application examples 

A long supply duct with many diffusers can be used for different purposes and the ATDs 

used are dependent on the application. The air terminal devices can be installed directly 

into the duct wall or can be connected through a duct branch to the main duct. The sizing 

method may be the same for all applications. A good example of long supply ducts is the 

ventilation of swimming pools (Fig. 1.3). 

 
Fig. 1.3. Swimming pool ventilation with slot diffuser.  

Another common application is to use them in sports halls with nozzles (Fig. 1.4). 
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Fig. 1.4. Ventilation in sports hall with nozzles. 

1.3.2. Application examples from other fields 

In addition to the HVAC (Heating, Ventilation and Air Conditioning) applications there are 

other, usually industrial ones too. Schattulat [10] gave an example which is shown in Fig. 

1.5. The industrial bath is a pollution source, therefore local exhaust is needed to prevent 

the evaporating liquid polluting the room air. It was stated by Schattulat, that the exhausted 

air flow rate can be kept at a minimum, if the air is uniformly supplied at the other side of 

the bath. 

  
Fig. 1.5. Local exhaust and air supply at an industrial bath [10]. 
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2. THEORETICAL BACKGROUND AND LITERATURE 

REVIEW 
Supply ducts are distribution conduits with a special task: they are used to distribute air. If 

one is not taking the application into consideration, only the fluid dynamics, an air duct can 

be handled as a manifold. According to the definition in [11]: 

“Every hydraulic manifold consists of one relatively large pipe, or several in some kind of series 
configuration, which may be called the barrel or main. Along each main pipe there are numerous 
junctions with small pipes or there are numerous ports, all allowing flow from the main or (less 
common) all allowing flow into the main. One characteristic of manifolds is the presence of many 
junctions or ports, usually relatively closely spaced but not so close that the flow at adjacent ports 
interacts.” 

 

Long pipe distributors or ventilation ducts with a high number of outlet openings are 

widely used in industrial and ventilation applications. An example is air supply through a 

duct system. The design of duct systems is well established ([8], [9]), but for this special case 

these are not suitable and new methods can lead to better results. A long supply duct with 

several diffusers can be used for different purposes: for the control of relative humidity [12]; 

in HVAC engineering to set air flow rate, and keep its temperature, humidity and the 

contaminant concentration at desired values.  

 

The fluid flow in a distribution duct is a complex phenomenon. The flow is affected by 

different effects. The static pressure changes and thereby the fluid distribution changes as 

well. It is important to clarify how a manifold or in this case a supply duct can be modelled. 

According to Wang [13] there are three different ways: 

- with differential equations - the flow is continuously leaving the manifold, it may be 

called as a continuous model 

- with difference equations - the flow is leaving the manifold at discrete points, it may 

be called as discrete model 

- with CFD (Computational Fluid Dynamics). 

 

Distribution ducts or pipes were investigated by many researchers and the topic has a long 

history. McNown [14] carried out experiments to determine the local loss coefficient of the 

main and branch flow in constant cross section distribution pipes. Schattulat [10] published 

a simple theoretical model to describe the fluid dynamics in rectangular ducts with a long 

continuous slot. He performed parametrical studies on different simple duct and slot 

geometries and determined the fluid distribution efficiency with his model. Schattulats’ 

approach was based on continuous equations. Acrivos et al. [15] compared the continuous 

approach with the discrete one and concluded that continuous models are limiting cases of 

discrete ones. Talián summarized the sources before 1982 in Hungarian and investigated 

the possibilities of uniform outflow distribution in constant cross section ducts [16]. 

Nevertheless, a huge number of papers deal with the continuous models as the results from 

them can be generalized more easily. For example, Moueddeb [17] established a model 

based on energy and momentum conservation, which was used to evaluate the pressure 
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regain and discharge coefficients. Its advantage was that friction losses of the fluid flow 

were eliminated from the system, so no empirical expression was needed. The theoretical 

model was validated with experimental results [18]. The pressure distributions calculated 

agreed well with the measured values. The authors concluded that the regain coefficient 

(Cr) and the kinetic energy correction factor (Kei) are approximately equal to 1.0 in turbulent 

duct flow. The discharge coefficients were also calculated for the symmetrically arranged 

rectangular side openings applied. Another good example of continuous models is that of 

Karki and Pantakar [19], who applied a one-dimensional continuous model to predict the 

flow distribution from the raised floor plenum in the data centres. Non-dimensional groups 

were introduced and an analytical solution was presented for a frictionless case, which was 

compared to the values obtained numerically where friction was taken into account. 

Different cases were determined on the basis of the dimensionless parameters and good 

agreement was found. Kulkarni et al. [20] studied the pressure and flow distribution in pipe 

and ring spargers. They used 1D model which was based similarly to Karkis’ and Pantakars’ 

model on the momentum and mass conservation rather than the energy and mass 

conservation. Measurements were used to determine the mean values of the discharge 

coefficient and of the pressure recovery factor. Based on the results, a correlation was 

determined with dimensionless factors, so essentially a dimensional analysis was done. The 

experimental data were also used to give design recommendations and to validate the CFD 

and 1D continuous modelling. The results from the experiments, the CFD and the 

theoretical model were in good agreement. Lu et al. [21] also demonstrated that simple 

models can predict the flow distribution. In this case a 1D discrete model was developed 

and studied. Wang [13] used the 1D continuous approach in his paper because of the higher 

time demand of the 3D CFD approach. He also summarized the remarkable advances of the 

past fifty years. His model can be used to predict the flow parameters with locally constant 

friction factor. The effect of variable friction can be approximated by dividing the manifold 

into sections. Tomor and Kristof [22] used the SST k-ω turbulence model to determine the 

flow distribution in a specific (circular duct with five circular outlets) geometry at different 

Reynolds-numbers. The experimental and numerical results agreed well. They also 

developed a 1D discrete model with novel, variable flow coefficients. The model was also 

capable of predicting every port outflow. 

 

Most of the studies from the past two decades applied simple 1D models backed up by 

experimental results and/or CFD. In some of them, dimensionless parameters were used to 

compare the different distributors. Only one of these studies contained a full, systematic 

analysis to explore the interaction between all of the different variables (Wang [13]). Usually 

the flow distribution and the distribution of the static pressure was measured and 

calculated. 

 

The sources discussed in this chapter are shown in Table 2.1, which gives a good historical 

overview. 
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Table 2.1. References. 

Year Source Applications Goals/Summary Methods 
Main 

limitations 
Fluid 

1954 
McNown 

[14] 

Sprinkler irrigation 

systems, gas burner 

and lock manifolds, 

water supply systems 

Determine local loss coefficients 

for different flow and geometrical 

characteristics 

Experiments 

interaction between 

multiple outlets is but 

not quantified, constant 

cross-section pipes 

water 

1958 
Schattulat 

[10] 

Local air supply for 

pollution control at 

industrial bath 

Determine pressure and velocity 

distributions 

1D continuous 

and 

experiments 

Constant pressure 

regain efficiency and no 

friction was applied 

air 

(incomp.) 

1959 
Acrivos et 

al. [15] 
Not specified 

Charts for a fast design of 

manifolds. Comparison between 

measurement and theory. 

1D continuous, 

1D discrete and 

experiments 

Only three 

dimensionless 

parameters, friction 

estimated with the 

Blasius Eq. 

water 

1997 
Moueddeb 

et al. [17] 

Air-conditioning of 

public, industrial and 

agricultural buildings. 

Determine the pressure regain 

and discharge coefficients. 
1D continuous 

No parametrical study is 

included. 

 

1997 
Moueddeb 

et al. [18] 

Air-conditioning of 

public, industrial and 

agricultural buildings. 

Experiments to validate the 

previously established model. 

The friction in ducts with 

perforated walls are analysed. 

Determine the pressure regain 

and discharge coefficients. 

Experiments 

The friction losses not 

compared to values 

calculated from the 

Colebrook-White 

equation. 

air 

2006 

Karki 

and 

Patankar 

[19] 

Airflow distribution in 

data centres for server 

cooling. 

Non-dimensional groups are 

introduced and analytical 

solution is presented for a friction 

less case. It is compared to 

numerically obtained results 

where friction is taken into 

account. 

1D continuous 

and numerical 

The tile resistance in the 

axial direction is not 

taken into account. Only 

two dimensionless 

groups were considered. 

 

2008 
Lu 

et al. [21] 

Heat exchangers, solar 

collectors,  
Analyse the flow in manifolds. 1D discrete 

No parametrical study is 

included. 

water 

2011 Wang [13] Industrial processes 
Determine flow and pressure 

distribution 
1D continuous 

The Blasius Eq. is used 

to calculate the friction 

factor. 

 

2016 

Tomor 

and 

Kristof [22] 

Wastewater 

treatment, polymer 

processing, air 

engineering, heat 

exchangers, chemical 

reactors, fuel cells 

Determine the local loss 

coefficients and the flow 

distribution in manifolds. 

1D discrete 

CFD 

experiments 

No parametrical study 

was done for the flow 

distribution. The pipes 

investigated have 

constant cross section. 

air 

2.1. 1D FLOW MODELLING IN DISTRIBUTION DUCTS AND PIPES 
2.1.1. Laminar flow in distribution pipes/ducts 

Analytical solutions are only possible for laminar flow and allow a detailed investigation of 

flow characteristics. In some applications the flow may remain laminar and therefore efforts 

were made to find a solution for it in permeable pipes. 

 

Berman [23] have published his results in 1953 for laminar flow in a permeable, circular 

pipe. He investigated the flow in a porous annulus in 1957 [24]. Beavers and Joseph [25] 

investigated the boundary layer and made experiments to determine the tangential flow 

properties in a laminar flow. The aim of the researches ([26]–[29]) was to determine the axial 

pressure distribution, the radial and the axial velocity distributions in a pipe with constant 

diameter. Haldewang and Guichardon [30] used CFD to validate the theoretical results 

obtained. Dinavand [31] dealt with pressure dependent radial velocity. Xinhui et al. [32] 

took the impact of an expanding or contracting wall into account. 
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The flow in the HVAC applications is usually turbulent as in comfort applications the 

velocities allowed are between 3 and 8 m/s [9], hence this research is only dealing with 

turbulent flow. 

2.1.2. Turbulent flow in distribution pipes/ducts 

Fig. 2.1 shows the changes of the energy head or energy line (EL) and the static head or 

hydraulic grade line (HGL) in a horizontal manifold. This is a rather idealised case as the 

only loss is the friction in the main pipe, but it highlights some features of the manifold flow. 

The fluid leaves the manifold, therefore the dynamic head is becoming less as it is regained, 

thus the static head becomes higher. Friction has an impact on the flow, hence the total 

energy head of the flow is becoming less. 

 
Fig. 2.1. The changes of the total energy in manifold with five ports. 

The only loss is the friction in the main pipe [11]. 

For the ideal case 

2
2

2
1

22
w

ρ
w

ρ
pΔ id ⋅−⋅=  (2.1) 

applies. Δpid is the ideal raise of the static pressure, w is the axial velocity, either in the main 

pipe or the port, 1 ,2 and 3 denotes a variable upstream, a variable downstream and a 

variable in the lateral, respectively. The real case is shown in Fig. 2.2. ΔptL1-3 is the total 

pressure loss between the main flow and the junction. 

 
Fig. 2.2. Pressure changes at a junction in a manifold [11]. 

In reality there are energy losses due to the outflow, so Eq. (2.1) can be corrected in order to 

take these losses into account: 
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21,
2
2

2
1

22
−−⋅−⋅= LtpΔw

ρ
w

ρ
pΔ  (2.2) 

From Eq. (2.2) the non-dimensional pressure rise coefficient is defined with Eq. (2.3) after 

dividing both sides with ρ/2·w12. 

1,12
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−=

⋅
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−=

⋅

−  
(2.3) 

where ζ12,1 is the pressure loss coefficient, defined as the ratio of the total pressure difference 

and the dynamic pressure in the main duct. 

In Fig. 2.3 the possible values of the pressure regain coefficient can be seen for constant cross 

section (D1=D2) predicted by [11]. 

 
Fig. 2.3. Possible values of the pressure regain coefficient - grey area. 

The dashed line shows experimental data [11]. 

It was concluded in the referred textbook, that the regain coefficient is not behaving like it 

was shown in Fig. 2.3. For example below D3/D1=0.33 the loss coefficient can become 

negative. This can be explained: as the fluid flowing in the boundary layer (developing near 

the walls) possesses less kinetic energy and most of the blown out flow rate is sucked from 

the boundary layer, therefore the average energy per mass unit becomes higher after the 

junction in the main flow. q3 and q1 are the volumetric flow rates in the lateral and in the 

main pipe. 

In dividing or combining flow, the pressure losses occur mainly due to flow separation and 

turbulent mixing [33]. So far the impact of the outflow on the main flow was discussed and 

in any flow distributor three phenomena have to be modelled: wall friction, impact of the 

main flow on the outflow and that of the outflow on the main flow. 

A lateral, opening or ATD can be treated like an orifice, so for the outflow: 

2/
1

33 ρ
p

ACq dst ⋅⋅=  (2.4) 

where 

- Cdst is the discharge coefficient defined by Eq. (2.17), 
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- A3 is the cross-sectional area of the lateral, 

- p1 is the static gauge pressure in the manifold, 

- ρ is the density of the fluid. 

The discharge coefficient can be related to the local loss coefficient (ζ13,1) with Eq. (2.5), which 

can be derived from the Bernoulli-equation.  

( )
2/1

3

3
3

2

3

1
1,13 11

−




















⋅++








⋅−=

D
L

λ
w
w

ζC dst  (2.5) 

where 

- L3 is the length of the lateral, 

- D3 is the hydraulic diameter of the lateral, 

- λ3 is the Darcy friction factor in the lateral, 

and the local loss coefficient is defined by: 

2
1

31
1,13

2
w

ρ
pΔ

ζ tL

⋅
= −  

(2.6) 

It was shown [11], that the local loss coefficient is dependent on the ratio of the flow rates 

(q3/q1) and the diameters (D3/D1). Obviously this is true for the discharge coefficient as well. 

In addition in the case of a long lateral it should be also dependent on the length to diameter 

ratio (L3/D3), the Reynolds number (D3·w3/ν, where ν is the kinematic viscosity of the fluid) 

and the relative roughness (k/D3, k is the absolute roughness inside the lateral), as these 

variables influence the friction. 

 

In Eq. (2.4) the driving force of the flow was the static pressure difference. However, the 

cited source [11] does not completely agree with that and assumes that the driving force 

may be the total pressure. In this case Eq. (2.4) is replaced by 

2
1

1
33

2/
w

ρ
p

ACq d +⋅⋅=  (2.7) 

This Cd discharge coefficient is not identical to Cdst and it is dependent on both the flow 

resistances of the lateral and the contraction coefficient. The relation for a short lateral may 

be written as 

[ ] 2/1
1,13 1 −+⋅= ζCC cd  (2.8) 

A part of the losses can be traced back to the friction losses. In HVAC applications the most 

often used duct geometries are circular or rectangular, but usually the same equations are 

used to calculate the Darcy friction factor for both. If the duct is noncircular, the hydraulic 

diameter is used. It will be shown later based on the literature that the hydraulic diameter 

has to be multiplied with a correction factor in order to obtain accurate results in a 

rectangular duct. 
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2.1.3. One dimensional fluid dynamical modelling of distribution ducts 

As it was stated above, distribution ducts can be modelled with 1D equations, for which it 

has to be assumed that the flow leaves the duct in a continuous manner. With this 

assumption the momentum equation for steady state (Wang [34]) is: 

++⋅







⋅+−⋅ )(

)(
)()()( xΔxAxΔ

dx
xdp

xpxAxp  

( ) =⋅⋅−






 ⋅+⋅−++ xΔxPxτxΔ
dx

xdp
xpxAxΔxA ww )()(

)(
)()()(  

−





 ⋅+⋅+⋅=

2
)(

)()( xΔ
dx

xdw
xwxΔxAρ  

)()()()( 2 xwxwxΔ
L

AΣ
ρxwxAρ oyox

out ⋅⋅⋅⋅+⋅⋅−  

(2.9) 

where 

- x is the axial coordinate, 

- A(x) is the cross sectional area of the main duct at the x position, 

- τw(x) is the mean wall shear stress on the wall segment, 

- Pw(x) is the wetted perimeter, 

- ΣAout is the total outlet area, 

- L is the length of the duct, 

- xΔ
L

AΣ out ⋅  is area of one outlet opening or in this case the infinitesimal segment of 

the hypothetical duct with a continuous slot, 

- woy(x) is the y-component of the outlet velocity, 

- wox(x) is the x-component of the outlet velocity. 

The variables and the control volume are also shown in Fig. 2.4. 
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(a)  

 

(b)  

Fig. 2.4. a. Definition sketch for the momentum equation. b. Real duct with discrete openings, modelled 

in the momentum equation as a duct with continuous long slot. 

Eq. (2.9) can be rearranged after neglecting the second and third order terms: 

)()()()(

)(
)(2)()()()(

)(

2 xwxwxΔ
L

AΣ
ρxwxAΔρ

xΔ
dx

xdw
xwxAρxΔxPxτxAxΔ

dx
xdp

oyox
out

ww

⋅⋅⋅⋅+⋅⋅+

+⋅⋅⋅⋅=⋅⋅−⋅⋅−
 (2.10) 

τw can be calculated by: 

2)(
8

)(
)( xwρ

xλ
xτw ⋅⋅=  (2.11) 

Inserting Eq. (2.11) into Eq. (2.10) results in: 

)()()()(

)(
)(2)()()(

8

)(
)(

)(

2

2

xwxwxΔ
L

AΣ
ρxwxAΔρ

xΔ
dx

xdw
xwxAρxΔxPxwρ

xλ
xAxΔ

dx
xdp

oyox
out

w

⋅⋅⋅⋅+⋅⋅+

+⋅⋅⋅⋅=⋅⋅⋅⋅−⋅⋅−
 (2.12) 

From which, after dividing by ρ·∆x·A(x), performing the possible simplifications and 

assuming that ∆x converges to 0: 
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(2.13) 

It has to be noted, that although in Fig. 2.4 a rectangular duct is presented, this equation can 

be applied for any duct geometry. 

Beside the momentum equation, the equation of continuity is also needed, which for the 

infinitesimal section of the duct is the following: 

( ) )(
)(

)()()()()( xwxΔ
L

AΣ
ρxΔ

dx
xdw

xwxAΔxAρxwxAρ oy
out ⋅⋅⋅+






 ⋅+⋅+⋅=⋅⋅  (2.14) 

from which by neglecting the second and third order terms for incompressible flow: 









+⋅⋅

⋅
−=

dx
xdw

dx
xdA

xA
xw

AΣ
xAL

xw
out

oy
)()(

)(

)()(
)(  (2.15) 

In addition to the incompressibility, this thesis deals only with isothermal flow. 

2.2. DETERMINATION AND USAGE OF THE DISCHARGE 
COEFFICIENT 

For the appropriate design of fluid distributors (i.e. ventilation ducts) either the discharge 

coefficient or the local loss coefficient must be known in a wide range to predict the energy 

and fluid distribution performance. The discharge coefficient can be used, it the flow rate 

leaving the duct through an outlet opening is in question. For the calculation of the total 

pressure loss the usage of the local loss coefficient is more convenient. In this thesis the 

discharge coefficient is investigated, as the main goal is to provide uniform flow 

distribution.  

The accurate determination of the discharge coefficient is a need which is as old as the need 

of distributing fluids. Fluid discharge from a main distributor is encountered in many 

different applications such as plastic foil [35] or rectangular [36] ducts in ventilation, 

confluent jet systems for room ventilation [37], perforated ducts in agricultural engineering 

[38], fluid distribution in chemical process equipment [34], air cooling in turbines [39] etc. 

Many experiments were done to determine the dimensionless coefficients characterising the 

pressure losses in flows where a portion of the fluid leaves the main pipe through an outlet. 

If the variation of the discharge coefficient, which can be used to characterise the process, is 

given as a function of the flow parameters, the flow distribution along the main duct can be 

calculated. Although it is possible to reach a reasonable accuracy with constant discharge 

coefficient as well (Kulkarni et al. [20]), with variable coefficient the predictions can be 

improved. The aim of this work is to summarize the different measurements conducted in 

the field and to give expressions with which the calculation of the discharge coefficient 

becomes possible for different geometries. For T-junctions [22], [40] such equations are 

already available, but not for perforations on closed conduits. 
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For the discharge coefficient usually constant values are used [13], [20], [41]–[43]. J. Wang 

and H. Wang [44] concluded that variable coefficients may improve the accuracy. If a fluid 

is discharged through any outlet different phenomena occur. In some cases the 

compressibility of the fluid has to be taken into account. Compressibility effects were 

investigated by Dittrich and Graves [45], Dittrich [46] and Metger et al. [47] with air as 

working fluid. Cavitation can also occur (Nurick et al. [48], [49] and Strakey and Talley [50]). 

This thesis deals only with incompressible flow without cavitation. The discharge coefficient 

can be defined in two different ways: as the ratio of the potential mean outflow velocity (w3) 

[13] or mass flow rate to the actual values [45]. For both cases by assuming energy 

conservation on the streamlines the Bernoulli-equation can be applied. If the flow is 

incompressible the discharge coefficient is determined from 

2

2
3

2
11

3
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pw
ρ

p

w
Cd








 −⋅+

=  

(2.16) 

There is another common discharge coefficient definition with the static pressure difference 
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The conversion between them is 
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(2.18) 

For T-junctions it is common to use the friction factor and the turning loss coefficient. A 

turning loss coefficient can be obtained by non-dimensionalising the total pressure loss with 

the velocity in the branch pipe (Eq. (2.19)) or in the main pipe (Eq. (2.6)). 

2
3

31
3,13

2
w

ρ
pp

ζ tt

⋅

−
=  (2.19) 

The discharge coefficient can be calculated by the following equation in which the friction 

losses are also taken into account 

1

1

33,13 +⋅+
=

h

d

d
s

λζ
C  

(2.20) 
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2.3. MODELLING THE FLOW IN DISTRIBUTION DUCTS WITH CFD 
As mentioned by Wang [13] the flow in distribution conduits can be modeled with CFD, as 

well. The main advantage of CFD is that no empirical coefficients are needed. The main 

disadvantage is that for modelling different cases significantly more time is needed 

(compared for example to 1D calculations), which is still moderate, compared to 

experiments. 

2.3.1. Literature review 

Kulkarni et al. [20] used the standard k-ϵ model. The results from the experiments, CFD and 

theoretical model were in good agreement. Chen and Sparrow [51] conducted investigations 

to reveal the impact of the ratios Aout/Ain and l/d. The investigations consisted of CFD 

simulations and experiments. The selection of the turbulence model was based on another 

article of the authors [52] in which the conclusion is drawn that for the simulation of fluid 

distributors usually one turbulence model is used. Therefore it is necessary to compare the 

different models to experimental results and to select the best one on this basis. Three 

different turbulence models were investigated: the standard, RNG and realizable k-ϵ and 

the last one was found to be the best. Kulkarni et al. [53] used the standard k-ϵ model to 

develop a design procedure for ring and spider type spargers for a better flow distribution 

and the agreement between the experimental and simulation results was good. Lebaek et 

al. [54] tested more turbulence models, but in fuel cell manifolds, which are partly similar 

to distribution pipes, as they consist of a distributor and a collector manifold pipe. The 

turbulence models applied were: standard k-ϵ, realizable k-ϵ, SST (Shear-Stress Transport) 

k-ω and the RSM (Reynolds-stress model). Convergence was improved with the transient 

solver, as it was suspected that some time dependent phenomena are present in the flow. 

Three different inlet configurations were tested: plug flow, circular inlet and diffuser inlet. 

The main pipes of the manifold were rectangular. The centreline velocity from the CFD 

sessions were compared to the Particle Image Velocimetry (PIV) data. The agreement was 

satisfactory at some locations, but at other ones larger differences occurred. It was also 

revealed that the inlet conditions have a great impact on the flow distribution (this was 

supported by Lebaek et al. [55] as well). Many of the recent sources have used CFD to 

investigate the flow distribution in manifolds. Tomor and Kristof [22] have used the SST k-

ω model to determine the flow distribution at different Reynolds-numbers in the same 

geometry which yielded perfect results on the geometry investigated. Tomor and Kristof 

[40] used the turbulence model to determine the local loss coefficients of T-junctions too. 

Most of the CFD studies used variants of the k-ϵ models, which were usually justified (in 

addition to the sources already mentioned it was used and found to be valid by Gandhi et 

al. [56] and Lee et al. [57]). These sources with the turbulence model used are summarized 

in Table 2.2. 
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Table 2.2. Turbulence models used by different authors for fluid distributors or T-junctions. 

Year Source Application 
Turbulence 

model used 

2007 Kulkarni et al. [20] pipe and ring spargers standard k-ϵ 

2009 
Chen and Sparrow 

[51] 
air distributor realizable k-ϵ 

2009 
Chen and Sparrow 

[52] 
air distributor standard, RNG and realizable k-ϵ 

2009 Kulkarni et al. [53] spider type spargers standard k-ϵ 

2010 Lebaek et al. [54] Fuel cell manifold 
standard and realizable k-ϵ, SST k-ω and the RSM (Reynolds-stress 

model) 

2012 Gandhi et al. [56] 

steam distribution in header and 

tube 

assemblies 

standard k-ϵ 

2012 Lee et al. [57] water distributor realizable k-ϵ 

2016 
Tomor and Kristof 

[22] 
air distributor SST k-ω 

2017 
Tomor and Kristof 

[39] 
T-junctions SST k-ω 

 

2.3.2. Turbulence modelling 

The turbulence models used in the above mentioned simulations are based on the Reynolds-

Averaged Navier-Stokes (RANS) equations. In this thesis similar models were used for both 

the determination of the inlet profiles and the simulations conducted for the distribution 

ducts. This Section is based on the books of Wilcox [58] and Blazek [59] and my goal is to 

give a brief overview of turbulence modelling. Further information can be found –in 

addition to the above mentioned books– in the ERCOFTAC Guidelines [60], in the guide of 

Nichols [61] and in the Fluent Theory Guide [62]. 

The RANS equations are derived by decomposing the flow variables, so for example: 

iii uuu ′+=  (2.21) 

iu  the instantaneous velocity in tensor notation, iu  the Reynolds-Averaged mean velocity 

and iu ′  is the fluctuating part. The other variables can be similarly decomposed. With this 

decomposition the equation of continuity will be: 

0=
∂
∂

i

i

x
u

 (2.22) 

where xi is the position vector in tensor notation. The RANS equations: 
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where 
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1
 is the Reynolds-Averaged strain rate tensor. The problem with 

these equations is that in order to compute the mean flow, equations are needed to compute 

the fluctuating components, the additional term ji uuρ ′⋅′⋅−  is the Reynolds-stress tensor (Rij). 

It has nine components in 3D and as it is symmetrical, this means six individual 

components. 
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From the components in the main diagonal the turbulence kinetic energy can be calculated: 
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For k a transport equation can be derived, which is (if the flow is incompressible): 
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where Tμ  is the turbulence eddy viscosity and kσ  is a closure coefficient. With this Eq. (2.25) 

becomes: 
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According to Wilcox, this is the modelled version of the transport equation for the 

turbulence kinetic energy used in all turbulence kinetic energy based turbulence models. 

A model equation can be derived for the dissipation rate (ϵ) too: 
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These Eqs. (2.27) and (2.28) are part of the standard k-ϵ model. The eddy viscosity is 

calculated by: 

ε
k

ρCμ μT

2

⋅⋅=  (2.29) 

The closure coefficients for this model are: 

3.10.109.092.144.1 21 ===== εkμεε σσCCC  (2.30) 

According to the Fluent Theory Guide [62]: 

(The standard k-ϵ model) “…has become the workhorse of practical engineering flow calculations … 
Robustness, economy, and reasonable accuracy for a wide range of turbulent flows explain its 
popularity in industrial flow and heat transfer simulations. It is a semi-empirical model, and the 
derivation of the model equations relies on phenomenological considerations and empiricism.” 
 

The second model used is the RNG k-ϵ model, which was derived by Yakhot et al. with the 

Renormalisation Group method. [63]. 
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For this model the k equation implemented in Fluent is: 
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where ( )Teff μμμ += . The main difference between the two models is in the equation for the 

dissipation rate: 
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and the additional term ( εR ) is: 
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where 
ε
k

Sη ⋅= , ijij ssS ⋅⋅= 2 , 38.40 =η  and 012.0=β . For high Reynolds-number flows, 

the turbulence viscosity is calculated similarly with Eq. (2.29), but the closure coefficients 

are different: 

393.1393.10845.068.142.1 21 ===== εkμεε ααCCC  (2.34) 

Yakhot et al. [63] concluded, that the model produced excellent results for the flow over a 

backward facing step, better than the standard k-ϵ model, so the model will most likely 

perform better for separated flows. In addition to that Zhang and Orszag [64] found that the 

results obtained with the RNG model are better in the presence of anisotropic large-scale 

eddies. 

The third k-ϵ model is the realizable k-ϵ model. Both the RNG and standard k-ϵ model can 

become non-realisable. This means that the normal stresses (Rii) become negative. Therefore 

a new formulation was proposed by Shih et al. [65]. The equation for k is similar to Eq. (2.27), 

but for ϵ the following was derived: 
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where 








+
=

5
,43.0max1 η

η
C . 

Tμ  is calculated with Eq. (2.29), but μC  is no longer constant. 

The closure coefficients for this model are: 

2.10.19.144.1 21 ==== εkε σσCC  (2.36) 

Shih et al. [65] showed that this model is superior to the standard k-ϵ model for various 

benchmark flows. 

In addition to the above k-ϵ models, the SST k-ω model was also used in some of the 

simulations. This model was developed by Menter [66] and seeks to combine the positive 
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features of a high Reynolds-number k-ϵ in the free stream or main flow with those a of k-ω 

model in the wall boundary layer. 

The equation for k is: 
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β* is constant. For ω: 
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where F1 is the blending function, 
2ωσ  is a constant, α  and *α  are variable coefficients. The 

constants in the model, like kσ  are calculated by blending the closure coefficients given 

below: 

09.09/152.01 *
0

* ==== ∞∞∞ βααα  

25.05.195.268 0
* ===== tωkβ MζRRR  

168.10.20.1176.1 2,1,2,1, ==== ωωkk σσσσ  

0828.0075.031.0 2,1,1 === ii ββa  

(2.39) 

Some constants in OpenFOAM are modified (according to [67]): 

856.05.00.185.0 2,1,2,1, ==== ωωkk σσσσ  (2.40) 

Further information on the model can be found in the references cited. Menter [66] 

concluded that: “The SST model leads to a significant improvement for all flows involving adverse 
pressure gradients...”. The model is more accurate for pressure induced separation, too [59] 

[68]. 

All off the above mentioned models use Eq. (2.41) to calculate the Reynolds-stresses in Eq. 

(2.23). 
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where ijδ  is the Kronecker delta. This equation is known as the Boussinesq assumption, 

approximation or hypothesis. The models using this assumption are known as linear eddy 

viscosity models, as the Reynolds-stresses are linearly related to the mean strains ( ijs ). 

However, there are models which use second or even third order terms to calculate the 

Reynolds-stresses. These non-linear models are superior to linear models, as for example 

they enable the stress field to be made sensitive to streamline curvature [69]. Apsley and 

Leschziner [70] developed a cubic model, which offered superior performance in aerofoil 

and diffuser flows. Apsley and Leschziner [71] also concluded that linear models often fail 

to represent adequately the flow in diffusers, where a strong adverse pressure gradient 

provokes separation. 
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One of such models is the cubic k-ϵ model developed by Lien et al. [72]. They have 

investigated a wide range of flow conditions, and found that the inclusion of non-linear 

fragments in the stress-strain relationship allows turbulence anisotropy to be predicted. The 

model is available in OpenFOAM under the “LienCubicKE” name. The implementation is 

partly based on the description of Apsley [73].  

The equation for k is 
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and for ϵ 
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where f2 is a coefficient dependent on the flow parameters and εS  is an additional source 

term included for the correct near-wall viscous sublayer behaviour. 

The closure coefficients for this model are: 

3.10.192.144.1 21 ==== εkεε σσCC  (2.44) 

Only the ones in the equations shown here are listed. The other coefficients can be found 

either in the source code [74] or in [73]. For the Reynolds-stresses the following equation has 

to be solved [72]: 
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where 
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(C1…C5) are dependent on the parameters of the flow. 

2.3.3. Near wall treatment 

As the internal flows, like the duct or manifold flow are wall bounded, it is important to 

either resolve the boundary layer or “bridge” it somehow. For the first method the boundary 

layer is resolved with a suitable mesh and the turbulence model used has to be capable to 

take the low Reynolds-numbers effects near to the wall into account. The SST k-ω and the 

low Reynolds-number cubic k-ϵ model shown above is appropriate for this. If the boundary 

layer is not resolved, wall functions has to be used. For the theoretical background see [58]. 

Recommendations on the grid placement (how close to place the first cells to the walls and 

how many cells are needed in the boundary layer) are given in the ERCOFTAC guidelines 

[60] and in the Fluent Theory Guide [62]. 
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2.3.4. Reliability of CFD results 

Similarly to the measurements the CFD results should be taken only with a “pinch of salt”, 

if the possible deficiencies are not known and properly analysed. Best Practice Guidelines 

[60] are given to achieve reliable results and therefore here only the most important 

uncertainty sources are discussed. 

2.3.4.1. CODE VERIFICATION 
The objective of code verification is to assess the correctness of the code. In this thesis the 

commercial CFD code Fluent and the open source code OpenFOAM were used. As many 

results were published for both codes and it is beyond the scope of this thesis, the 

correctness and numerical accuracy of the codes would not be questioned. 

2.3.4.2. SPATIAL DISCRETISATION ERRORS 
Introduction of spatial discretisation errors is inevitable, as the equations have to be solved 

numerically, which is done by dividing the geometry to finite volumes (meshing). The 

differential equations are discretized on this mesh with different schemes (first, second etc. 

order). The spatial discretization error can be estimated by different ways, of which to most 

widely accepted is the Richardson extrapolation. The theoretical background of the 

procedure is described by Oberkampf [75] and its practical application by Celik et. al [76], 

Phillips and Roy [77], Xing and Stern [78] and the ASME Standard V&V 20-2009 [79] 

(without the need for completeness). 

2.3.4.3. MODELLING ERRORS 
As it was shown, many different turbulence models are available. Each model has its 

advantages and disadvantages and for different types of flows some models can be more 

accurate than others. Therefore to gain confidence in the applied models the comparison 

between the CFD results and measurements is often needed. The ASME Standard V&V 20-

2009 [79] and Oberkampf [75] covers the procedure of validation, which is based on the 

following equations: 

2
,

2
,

2
,, ieiinputinumival uuuu ++=  (2.46) 

iii ESΘ −=  (2.47) 

where: 

- uval,i is the validation uncertainty, 

- unum,i is the numerical uncertainty (obtained with one of the Richardson extrapolation 

based methods from the above cited references, 

- uinput,i is the uncertainty of the simulation results as a function of the user defined, 

usually experimentally determined boundary conditions (i.e. inlet flow rate), 

- ue,i is the experimental uncertainty, 

- Θi is the validation comparison error, 

- Si is the simulation result and 

- Ei is the experimental result for any parameter in the ith location. 

It should be mentioned that by using Eq. (2.46) the round of error is assumed to be 

negligible. The agreement between the simulation and the experiment is acceptable (so the 

results are “valid”), if uval,i is less than Θi. Obviously for many points the individual 

comparison between the numerical and experimental results is no meaningful, but Rakai 
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[80] suggested a metric, the validation rate, by which the validation results can be globally 

assessed. This metric is calculated by 

∑
=

⋅=
N

i
iχ

N
VR

1

1
 

(2.48) 

where 1=iχ  if ivali uΘ ,≤  and otherwise 0. By using the validation rate it can be determined 

how accurately the numerical results follow the experimental ones.  
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3. DETERMINATION OF VARYING CROSS SECTION 

PROVIDING UNIFORM OUTFLOW 
On the basis of mass and momentum conservation, I developed a 1D theoretical model, 

which is used to determine the constant static pressure design (CSPD) duct geometry (which 

distributes the inflowing air uniformly) for different values of the characteristic 

dimensionless variables and measurements were conducted to validate it. With the model 

suggested it is possible to design ventilation ducts that are capable of providing uniform air 

distribution on the outlets. The non-linear differential equation derived is solved 

numerically for rectangular and circular ducts. Detailed analysis is carried out for 

rectangular ducts with constant height and variable width. The CSPD geometry is described 

by the width profile. The influence of different dimensionless parameters on the CSPD 

geometry is investigated. The model is validated with experiments performed on a unique 

hydraulically smooth rectangular duct with CSPD geometry. The measured flow 

distribution is uniform with acceptable accuracy. This chapter is based on [36], [81], [82]. 

3.1. DERIVATION OF THE EQUATIONS DESCRIBING THE CSPD 
DUCT GEOMETRY 

This subchapter depicts the derivation of two equations applicable for circular or 

rectangular ducts. 

3.1.1. General equation for the CSPD duct geometry 

As 
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h =  by definition (where Pw(x) is the wetted perimeter of the main duct), Eq. 
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According to Wang et al. [43] it is also possible to express wox(x) as a fraction of w(x): 
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where Ψ(x) is the pressure recovery factor. From Eqs. (2.15) and (3.2):  
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This can be written as: 
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Eq. (3.4) can be solved only if proper boundary conditions are defined, which are 

summarized in Table 3.1, where q(x) is the flow rate in the main duct. It is assumed that 

constant static pressure results in constant outflow. 

Table 3.1. Boundary conditions. 
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The flow rate changes linearly (which can only be 
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If the static pressure is constant, Eq. (3.4) becomes: 
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(3.8) 

The aim of this study is to provide uniform discharge along the duct. If the discharge of the 

air is completely uniform (so Eq. (3.21) with which the duct cross section is determined holds 

true), the changes of the air flow rate can be written as: 

)1()()()( 00 ξxq
L

xL
xqxq −⋅=

−
⋅=  (3.9) 

where ξ is the dimensionless axial coordinate, ξ=x/L. The derivative of the flow rate by the 

axial coordinate is: 

L
xq

dx
xdq )()( 0−

=  (3.10) 

with which: 
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After some simple mathematical manipulations (with the definition of the hydraulic 

diameter): 
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Eq. (3.12) can be applied for ducts with any geometry. 

3.1.2. Circular ducts 

For circular ducts the following substitutions can be done: 

4
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With these equations and by using Dh(x)=D(x) Eq. (3.12) becomes: 
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By introducing δ(x)=D(x)/D(x0) the final equation for circular ducts is: 
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3.1.3. Rectangular ducts with constant height and variable width 

It is obvious from the results (Figs. from 3.3.1), that the manufacturing of the CSPD circular 

geometries is most likely impossible or very difficult at the best, because of the curvature of 

the resulting shapes. Therefore it is more suitable to continue the investigations with 

rectangular ducts. 

The ducts investigated have a constant height (b). The width c depends on x. These ducts 

can be easily produced. Hence 

)()( xcbxA ⋅=  (3.17) 

))((2)( xcbxPw +=  (3.18) 
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By substituting Eqs. (3.17) and (3.18) into Eq. (3.12): 
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After introducing the relative width: γ(x)=c(x)/c(x0) and the ratio of the width to the height: 

ω(x)=c(x)/b=γ(x)·ω(x0), this reads as: 
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from which the final equation can be derived: 
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3.2. FLOW COEFFICIENTS 
The real flow can only be approximated in simplified models by empirical coefficients 

usually obtained for certain conditions (for example the friction factor is usually measured 

for fully developed pipe flow). The empirical coefficient needed for modelling distribution 

conduits are: the discharge coefficient, the pressure recovery factor and the friction factor. 

The discharge coefficient is not needed in this case, as it is assumed that constant static 

pressure results in constant outflow rate and the governing equations were written and 

solved accordingly. This is true, if the discharge coefficient changes only slightly. The 

friction factor and the pressure recovery factor was included in the calculations. Constant 

coefficients can simplify calculations, but as the differential equation derived is non-linear, 

hence cannot be solved analytically, variable coefficients do not increase significantly the 

computational demand, so if proper equations are available, it is advisable to use them in 

the model. 

3.2.1. Calculation of the friction factor 

Special attention has to be paid to the determination of the friction factor. For circular ducts 

well established equations can be used. The common practice for non-circular ducts is to 

use friction factors calculated with the hydraulic diameter. However, for laminar flow 

Cornish [83] proved that correction is needed. With the correction factor derived 

theoretically by Cornish, the friction factor approaches the friction factor of the flow 

between two infinite parallel plates. For an aspect ratio of 0.1, Leutheusser [84] showed that 

the friction factor can be calculated as 84.7/Re (Re is the Reynolds number) whereas for the 

two infinite plates this is 96/Re. 

The flow in duct systems is usually turbulent. For turbulent flow a correction function was 

used by Jones [85], which is similar to the one defined by Cornish. Jones supported this 

correction function with measurement results and reported a good agreement 

(Leutheusser’s [84] results do not support this), but a less acceptable fit when only the 

hydraulic diameter was used. Unfortunately his results were only applicable for 

hydraulically smooth ducts. Duan et al. [86] also doubted the correctness of the use of 

hydraulic diameter in non-circular ducts and suggested the use of the square root of the 

cross-section �√�� instead. In this study the correction function suggested by Jones [85] is 
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used for both turbulent and laminar flows. The friction factors were calculated with the 

Colebrook-White for turbulent and with the Hagen-Poiseuille equation for laminar flow 

[87]. The correction factor (ΦJ(x)) is defined by: 
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The Colebrook-White equation with this correction factor: 
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λ(x) can be determined from the above equation with iterations. For circular ducts obviously 

no correction was applied in the equation. 

3.2.2. The pressure recovery factor 

The Ψ(x) pressure recovery factor is an empirical coefficient. J. Wang and H. Wang [88] 

concluded, that because of experimental uncertainties there are still discrepancies in its 

value, it can either decrease or increase from the inlet to the end of the manifold. For 

example Haerter [89] found it to decrease almost linearly. If its value is constant and is equal 

to 0.5, it means that the fluid retains its axial velocity when leaving the duct, which is true 

for thin walled ducts. As it depends on the outlet and duct geometries, it has to be 

determined for the specific case with measurements. It can be determined e.g. from the 

discharge angle (α(x)) defined by: 
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It has to be noted, that the above equation is only valid for long slots or outlet openings in 

thin walled pipes, which cannot take axial momentum. 

From this equation: 
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Inserting this into Eq. (3.2) and rearranging the resulting equation: 
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For this specific rectangular geometry: 
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This can be taken consideration in Eq. (3.21). However, Moueddeb [18] proposed the 

equation: ( ) .2/)()()( xΔxwxwxwox ++=  If ∆x converges to 0, wxwox =)( , so Ψ(x)=0.5, which 

was confirmed by his measurements. The outlet to inlet cross section ratio, Aout/A(x0) was 

between 2.1e-2 and 8.3e-2. From Baileys’ [90] measurements Ψ(x) can be also calculated, it 

is similarly constant, and equals to 0.621, 0.597, 0.572 and 0.546 at Aout/A(x0) equal to 4.2e-3, 

1.6e-2, 3.6e-2 and 6.5e-2 ,respectively. In our model, constant values of 0.5 and 0.6 were used 

for this coefficient. 

3.3. SOLUTION PROCEDURE AND RESULTS 
3.3.1. Circular ducts 

The circular geometries are obtained by numerically solving Eq. (3.16). The solutions are 

obtained with a Matlab code, in which the fourth order Runge-Kutta method was 

implemented. The solution depends on the dimensionless parameters: L/D(x0), Re(x0), 
k/D(x0). In Fig. 3.1 and Fig. 3.2 the impact of the Reynolds-numbers can be seen. The (a) parts 

of the figures show δ and the (b) parts δ2, which is equal to A(x)/A(x0). Showing A(x)/A(x0) 

makes easier to compare the results to the ones obtained for rectangular ducts, shown in 

Section 3.3.2. 
  

(a) (b)  

Fig. 3.1. The influence of Re(x0) and ξ on a. δ(ξ) or on b. δ2(ξ) (L/D(x0)=10, k/D(x0)=0, Ψ(x)=0.5). 

(a) (b)  

Fig. 3.2. The influence of Re(x0) and ξ on a. δ(ξ) or on b. δ2(ξ) (L/D(x0)=100, k/D(x0)=0, Ψ(x)=0.5). 

It can be still noted, that if L/D(x0) is small (Fig. 3.1) the solution is nearly independent of 

the Reynolds-number. On the other hand, if L/D(x0) is higher (Fig. 3.2), this statement is not 

true anymore, but the dependency is still only notable in a narrow range. According to these 

calculations in most of the cases the diameters determined remain the same even for variable 

flow rates. Fig. 3.3 shows, that as the relative roughness is increasing, these slight differences 

which appeared before (Fig. 3.2) are disappearing. To explain this, one has to recall the fact, 

that above certain Reynolds-number, the friction factor depends only on the relative 
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roughness, and at the same time, if the relative roughness is notably high, the differences 

between the friction factors calculated at different Reynolds-numbers will be lower. (See the 

Moody chart for instance in [8]) 

(a) (b)  

Fig. 3.3. The influence of Re(x0) and ξ on a. δ(ξ) or on b. δ2(ξ) (L/D(x0)=100, k/D(x0)=0.015, Ψ(x)=0.5). 

Generally, it is clear, that L/D(x0) (the ratio of the length to the diameter) has significant 

impact on the CSPD shape. 

3.3.2. Rectangular ducts with constant height and variable width 

For rectangular ducts the CSPD geometries are obtained by numerically solving Eq. (3.21) 

with the fifth order Runge-Kutta method. The code is written in Matlab and adaptive step 

size control is used, implemented according to [91]. The step size is controlled to get relative 

error less than 0.01%. The solution depends on the dimensionless parameters: L/Dh(x0), 
ω(x0)=c(x0)/b0, Re(x0), k/Dh(x0), which parameters have to be selected within the practical 

application range. The corresponding minimum and maximum values are listed in Table 

3.2. 

Table 3.2. Physical parameters used to determine the dimensionless variables 

Variable Minimum Maximum Unit 

Dh(x0) 200 1000 mm 

b0 400 1000 mm 

c(x0) 400 1000 mm 

w(x0) 3 10 m/s 

k 0.09 3 mm 

L 2 200 m 

 

From these variables the following dimensionless variables can be derived (Table 3.3). 

Table 3.3. Dimensionless variables in the practical application range 

Variable Minimum Maximum 

Re(x0) 40000 662000 

L/Dh(x0) 10 200 

ω(x0) 0.2 2.5 

k/Dh(x0) 9E-05 1.5E-02 

 

The dependency of CSPD geometry is investigated between these minimum and maximum 

values, at Ψ(x)=0.5. The cases investigated are created in the following way: first Re(x0) is 

selected and changed from the minimum to the maximum in 30 steps. The combined impact 

of Re(x0) and of the other three variables is investigated by changing the other variables in 3 
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steps, so for Re(x0) 3·3·3=27 cases are created. This is repeated for L/Dh(x0) and the other two 

variables, so 108 different cases are studied. The results are documented with 2D plots and 

3D surfaces. Graphs are shown only for particularly interesting cases. The first three graphs 

show the impact of Reynolds-number (Fig. 3.4a-c). 

(a) (b)  

(c)  

Fig. 3.4. The influence of Re(x0) and ξ on γ(ξ) (k/Dh(x0)=9E-05, ω(x0)=1, Ψ(x)=0.5). 

L/Dh(x0)= a. 10, b. 105, c. 200. 

In short ducts (when L/Dh(x0) is low) the Reynolds-number has no impact. This is also valid 

for different ω(x0) values. On the increase of k/Dh(x0) the impact of the Reynolds-number 

becomes less pronounced at higher L/Dh(x0) values (Fig. 3.5a-c). 

(a) (b)  

(c)  

Fig. 3.5. The influence of Re(x0) and ξ on γ(ξ) (k/Dh(x0)=7.55E-03, ω(x0)=1, Ψ(x)=0.5). 

L/Dh(x0)= a. 10, b. 105, c. 200. 
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A simple explanation for this is that friction factor changes less at high roughness values. 

However, ventilation ducts are usually hydraulically smooth, so these roughness values 

have less importance in practice. By solving the proposed equation the loss of static pressure 

is basically balanced by the regaining of dynamic pressure. This can be seen in Fig. 3.6a-c, 

where instead of Re(x0) the third variable is L/Dh(x0). In longer ducts frictional losses become 

higher. 

(a) (b)  

(c)  

Fig. 3.6. The influence of L/Dh(x0) and ξ on γ(ξ) (k/Dh(x0)=9E-05, ω(x0)=1, Ψ(x)=0.5). 

Re(x0)= a. 40000, b. 160000, c. 660000. 

Figs. 3a-c also show how the impact of the Reynolds-number becomes marginal. 

Rectangular ducts are more expensive than circular ones with the same cross sectional area 

as the material costs are higher and their production is also more difficult. Usually they are 

used where the space for ducting is limited. Even extreme aspect ratios occur, which have 

impact on the CSPD geometry only through the friction losses in our model, but if the duct 

is hydraulically smooth, this impact is almost negligible (Fig. 3.7a-c), otherwise it becomes 

important at high L/Dh(x0) values (Fig. 3.8a-c). 
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(a) (b)  

(c)  

Fig. 3.7. The influence of ω(x0) and ξ on γ(ξ) (Re(x0)=160000, k/Dh(x0)=9E-05, Ψ(x)=0.5). 

L/Dh(x0)= a. 10, b. 105, c. 200. 

(a) (b)  

(c)  

Fig. 3.8. The influence of ω(x0) and ξ on γ(ξ) (Re(x0)=160000, k/Dh(x0)=1.5E-02, Ψ(x)=0.5). 

L/Dh(x0)= a. 10, b. 105, c. 200. 

The same calculations were performed for Ψ(x)=0.6. The results are shown in Appendix A 

with the corresponding plots for Ψ(x)=0.5 too. It can be seen, that in some cases the impact 

of Ψ is marginal, but sometimes it is unavoidable, especially for higher L/Dh(x0) (above 100) 

values or higher k/Dh(x0). 
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3.4. MEASUREMENTS 
This subchapter presents the measurement method and results used to validate the 1D 

model. 

3.4.1. Geometry of the measuring stand, determination of the main input 

parameters 

The aim of these measurements is to verify the validity of the simple theoretical model by 

observing flow distribution on the outlets. The first step of the measurements is to design a 

duct with the CSPD geometry calculated. Some parameters can be changed after the 

production of the duct, but others cannot. The geometrical parameters are less flexible, so 

L/Dh(x0) and ω(x0) have to be selected carefully. In practice, due to the large sizes k/Dh(x0) is 

close to zero. Therefore the material selected for the measuring stand is also hydraulically 

smooth. Re(x0) is dependent on the air flow rate, which can be changed with speed-

controlled fans or dampers. The duct has a cross section of 300x300 mm2. Its length is 3 m. 

Hence the values of the corresponding dimensionless parameters are: L/Dh(x0)=10 and 

ω(x0)=1. The minimal and maximal values of the Reynolds-number selected are 40000 at w=2 

m/s and 160000 at w=8 m/s, respectively, with air temperature 20°C. CSPD duct geometries 

were already shown in Fig. 3.4a. 

The measuring stand is made of Plexiglas (Fig. 3.9). It has a modular structure, which makes 

the change of the duct geometry possible. However, for these measurements only one 

geometry was used, since the solutions (Fig. 3.4a) are hardly different in the Reynolds 

number range studied (selected on the basis of the practical application range). As the 

material of the duct is transparent, the flow can be visualized with smoke to get a qualitative 

image of the fluid dynamics. 

 

 
Fig. 3.9. The measuring stand in our HVAC laboratory and its 3D model. 

The structure of the duct consists of the following main parts: 

- thin plates in order to achieve the desired curved geometry 

- thicker plates for robustness 

- 119 nozzles on the front plate, each with cross section of 20x30 mm2. The nozzles and 

the front plate are glued together for better stability. 
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3.4.2. Experimental method 

The most important parameter, which can be used for indirect validation of the CSPD, is the 

flow rate through the nozzles. The flow rate can be calculated from measured velocities and 

the outflow area. The difficulty is, that the effective area (due to contraction) cannot be 

measured and if the actual area is used, a substantial error is introduced [17], [18], so a 

different method is chosen. The schema of the experimental system can be seen in Fig. 3.10. 

The air is supplied by the speed regulated Rosenberg HRZP01-315 centrifugal fan (1) of the 

Rosenberg Airbox S40-08Q air handling unit. The total inlet air flow rate is measured with 

a Venturi-tube (6). The temperature of the flowing air is measured with PT70 type 

temperature probe (7), the data is recorded with an Ahlborn ALMEMO 2890-9 (12) data 

logger. Pressure difference is measured with a Testo 435-4 multifunction meter (13). Both 

are connected to a PC (14). The sampling frequency is 1 Hz. The barometric pressure is 

measured with a Fischer barometer (15). The mean values are calculated from the time series 

and are used to obtain the air flow rate according to the standard [92]. 

 
Fig. 3.10. The schematics of the experimental system. 

1. Air handling unit; 2. Further, closed branches of the system; 3. Galvanized steel ducting; 

4. Shut-off damper; 5. PVC ducting; 6. Venturi-tube used for the inlet volume flow rate measurements; 

7. Temperature measuring probe; 8. Plexiglas supply duct; 9. Vane anemometer; 10. Nozzle; 

11. Multifunction meter used for sampling the data measured by the vane anemometer; 

12. Data logger for collecting the temperature of the flow;  

13. Multifunction meter used for measuring and sampling the pressure difference on the Venturi-tube; 

14. Laptop PC used for recording the data sampled by the various data loggers; 

15. Feingerätebau Fischer barometer for measuring the barometric pressure in the laboratory. 

The mean velocity for each nozzle (10) is calculated from three values (see Fig. 3.11 for 

positions) measured with a Testo vane anemometer (9). The data is sampled similarly with 

1 Hz through a Testo 435-4 multifunction meter (11), connected to a PC. 
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Fig. 3.11. The vane anemometer used and the three different 

positions where the measurements were done. 

Initially averaging time was 60 s, but after analysing data from the first measurements, this 

was reduced to 30 s, as it was found that the average value measured by the vane 

anemometer changed marginally (Fig. 3.12). 

(a) (b)  

(c)  

Fig. 3.12. The instantaneous velocity values at Re(x0)=34000 (dashed line with crosses) in the middle of 

three different nozzles (a. 1, b. 60, c. 119), with changes of the time averaged mean value (continuous line) 

versus the sampling time. The dash-dot line shows the ±1% difference from the mean value computed 

from all the sampled points. The vertical lines are at 30 and 60 sec, respectively. 

The vane anemometer (10) has a diameter of 16 mm and although it disturbs the flow more 

significantly than a Prandtl tube or a hot-wire anemometer, it is assumed that this 

disturbance is similar for each nozzle, so it does not affect the accuracy of the results. The 

main advantage of the vane anemometer is that it is less sensitive to the positioning as it 

covers larger area than the two other instruments.  

The average velocity ( )oyw  is calculated for all the nozzles from the mean values (woyi is the 

mean velocity on the ith nozzle) and the flow rate per nozzle is calculated by: 

119

)( 0xq
w

w
q

oy

oyi
oi ⋅=  (3.29) 
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With Eq. (3.29), the ideal, uniform distribution is corrected with the ratio of the actual mean 

velocity on the nozzle to mean velocity on all the nozzles. This method does not require 

knowledge about the effective outflow area. The propagation of the uncertainty is calculated 

by: 
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The uncertainty of the inlet flow rate is calculated according to the standard EN ISO 5167 

[92]. It should be noted, that the Reynolds-numbers investigated are out of the main scope 

of the standard and the geometry (Fig. 3.13) of the Venturi-tube is also slightly different 

from the one suggested by the standard. The differences from the standard are the diffuser 

and confusor parts, which have two times higher conical angle. This was necessary in order 

to reduce the length of the Venturi-tube. 

 
Fig. 3.13. The geometry of the Venturi-tube. 

The discharge coefficient of the Venturi-tube was measured by Asztalos [93]. The results of 

these measurements are shown in Fig. 3.14 with the equation describing the discharge 

coefficient as a function of the Reynolds-number. The discharge coefficient takes values 

higher than one due to the static hole error [93]. 

 
Fig. 3.14. The discharge coefficient of the Venturi-tube vs. the Reynolds-number. 

The uncertainty as a function of the Reynolds-number is shown in Fig. 3.15. 

 
Fig. 3.15. The relative error of the discharge coefficient vs. the Reynolds-number. 

Uncertainties are calculated according to the standard EN 12599 [94] from the accuracies of 

the instruments given by the manufacturer. For pressure difference the uncertainty is 

�2	Pa/	√3 Pa. The absolute pressure is measured with an analogue barometer with a scale 
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resolution of 100 Pa, therefore the uncertainty of it is �100	Pa/6 = 16.7	Pa. For temperature 

measurements with the PT70 it is �0.1	K/	√3. The total uncertainty of the flow rate 

measurements is 2.65 % and 2.51 %. Velocity is measured with accuracy of ±(0.2 m/s+1.5 

%·measured value). The uncertainty of the velocity measurements with confidence of 95 % 

is therefore estimated to be �(0.2�
�
+ 1.5	% · measured	value)/	√3. The average uncertainty 

of measured velocities is 3.8 % and 5.6 %. 

The uncertainty of mean velocity is calculated with: 

119
)1119,95.0(

oyw
stoy

σ
λwδ ⋅−=  (3.31) 

Uncertainty of mean velocities is 1.12 % and 1.03 %. λst is the inverse value of the Student-

distribution at the confidence level of 0.95 and degrees of freedom equal to 118. 

The velocity measurements were performed for a few selected nozzles with a Testo hot wire. 

The diameter of the instrument is 7.5 mm and the uncertainty of the velocity measurements 

with confidence of 95 % is estimated to be �(0.03�
�
+ 5% · measured	value)/	√3. Results for 

the four nozzles selected can be seen in Fig. 3.16.  
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Fig. 3.16. Outlet velocity profiles on four different nozzles at Re=34000. The black crosses are the 

measurement points and the coloured interpolation surface helps in the visualisation of the results. 

The local coordinate system is also shown. 

The velocity distribution on the outlet was measured at the inlet Reynolds-number equal to 

34200 in 3x4 points. In Fig. 3.17 the velocities in the three points measured with vane 

anemometer are shown for each nozzle. 
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Fig. 3.17. Outlet velocities measured with the vane anemometer at Re=34000 

The mean velocity measured with the vane anemometer and the hot wire is shown in Fig. 

3.18. 

 
Fig. 3.18. Comparison between the mean velocities obtained with the 

two different instruments at Re=34000. 

The correlation between the values measured with the two different methods can be 

observed in Fig. 3.19. It can be concluded, that the correlation is high enough, and although 

the vane anemometer measures higher mean velocities (not surprisingly, as the outlet 

velocity profile is resolved), this does not influence the outlet flow rates calculated, as the 

velocities are non-dimensionalised with the all nozzle mean outlet velocity (#$%&&&&&). Therefore 

the vane anemometer can be used to adequately measure the dimensionless velocity 

distribution, from which, the flow distribution can be calculated the way described above. 
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Fig. 3.19. Correlation between the mean velocities obtained with the 

two different instruments at Re=34000. 

The error bars show both the error of the vane (vertical) and the hot wire (horizontal). 

3.4.3. Results 

Measurement results are shown in Fig. 3.20 for two different Reynolds-numbers. The flow 

rates are divided by the ideal value ('(())/119). Uncertainty is also plotted with dash-dot 

lines. The thick red dash-dot line shows the ±10% error, which is commonly allowed in 

ventilation systems. Most of the points and even the uncertainties of the values fall between 

these two lines. At the end of the duct (after nozzle ~115) the flow rates measured differ 

from the ideal one. Probably the reason of this difference is that the simplifying assumptions 

are not valid in this part of the duct. 

  
Fig. 3.20. The measured flow distributions at different Reynolds-numbers 

with uncertainties. 

3.5. POSSIBLE DEFICIENCIES OF THE 1D MODELLING 
As it can be seen in Fig. 3.20, the flow rate distributions obtained are not perfect. Many 

different reasons can be found to explain the difference from the ideal distribution, which 

otherwise should be provided by the CSPD. Schattulat [10] already presented some of the 

problems in 1958. (His analysis was also published in the book of Laakso [95]). In ducts with 

constant cross section, as an adverse pressure gradient develops, the flow gets separated 

from the walls, as it can be seen in Fig. 3.21. This is less significant in the CSPD duct 

geometries, if constant pressure is maintained as intended. 



DETERMINATION OF VARYING CROSS SECTION PROVIDING UNIFORM OUTFLOW 

- 41 - 

 
Fig. 3.21. The flow pattern inside a duct with constant cross section 

and the changes of the pressures [10]. 

Schattulat [10] also noted, that close to the inlet air is sucked in through the outlet opening 

by the momentum of the internal flow instead of blowing it off. This was illustrated with 

Fig. 3.22. From the CSPD duct the air was blown off, even at the first few nozzles, but the 

flow rate was slightly lower, so the influence of similar phenomena cannot be completely 

neglected. 

 
Fig. 3.22. The flow pattern inside a duct with constant cross section and 

the local flow rate [10]. ‘a’ is the primary air, ‘b’ is the secondary air, 

‘c’ is the actual air distribution, ‘d’ is the ideal air distribution and ‘e’ is the slot [10]. 

The above problems are specific to distribution ducts, but there are others to take into 

consideration, which erode the accuracy of any 1D model. First of all, the equations used for 

the calculation of the friction factor are only valid for fully developed flow, which makes 

them less accurate close to any disturbance (bends, junctions, etc.). 

 

In addition, when the momentum equation is applied to any internal flow problem, the 

integration of the velocity profiles is usually avoided, and it is assumed, that the velocity 

distribution is spatially uniform, and at any point of the cross section, the velocity is equal 
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to the mean velocity. However, this simplification leads to some, for turbulent flow small, 

but for laminar flow higher errors in the calculation. In Eq. (2.9) the term written in the right 

hand side of Eq. (3.32) is calculated from the integral with the above simplifying 

assumptions. (The control volume was shown in Fig. 2.4.) 

2

)(

)()(),,(),,( xwxAρAdzyxuzyxuρ
xA

⋅⋅=⋅⋅∫  (3.32) 

where: 

- u(x, y, z) is the local velocity, dependent of both the axial coordinate (x) and the other 

two coordinates (y, z) and 

- dA is the surface element vector. 

β is the momentum-flux correction factor, whose value varies between 1.037 and 1.013 for 

turbulent, and is equal to 4/3 for laminar flow [87]. For fully developed circular pipe flow, 

the true value of the integral is given by: 

2

)(

)()(),,(),,( xwxAρβAdxzyuxzyuρ
xA

⋅⋅⋅=⋅⋅∫  (3.33) 

As it can be seen from the values of β, by neglecting it for turbulent flow the error is less 

than 4%. It has to be also noted, that in distribution ducts, the flow is not fully developed 

and appropriate values of β are not available. 

From the nature of one dimensional modelling it is clear that these deficiencies cannot be 

addressed. 

3.6. CONCLUSIONS 
A simple 1D theoretical model was developed with which the CSPD geometry of any duct 

can be calculated. The theoretical model is applied for a specific type of rectangular ducts, 

which has constant height and variable width. The derived non-linear differential equation 

describing the variation of the width of the duct was solved numerically, with an adaptive 

step size Runge-Kutta method. The impact of different dimensionless parameters on the 

solution was investigated. It was revealed that the influence of the ratio of the absolute 

roughness to the hydraulic diameter of the inlet cross section (k/Dh(x0)) can only be neglected 

if the duct is short (L/Dh(x0) ~10). The most important conclusion of the investigations is, that 

the inlet Reynolds-number (Re(x0)) has no significant impact on the CSPD geometry of such 

ducts. If relative roughness increases, this becomes true for higher L/Dh(x0) values. This 

feature of such CSPD ducts can be very beneficial in variable air volume (VAV) systems. 

The ratio of the height to the width of the duct at the inlet cross section (ω(x0)) has slight 

impact if the duct is hydraulically smooth, but with the friction model used it influences the 

CSPD duct geometry at high k/Dh(x0) values. 

The theoretical results were validated by experiments. A method was suggested for the 

calculation of the air flow rate per nozzle, which is usually difficult if nozzles are small. A 

hydraulically smooth 3 m long duct with inlet cross section of 300x300 mm2 was investigated 

and the CSPD shape produced uniform distribution between the error limits allowed. 
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4. DISCHARGE COEFFICIENTS FOR CIRCULAR SIDE 

OUTLETS 
This chapter shows the development of new equations for predicting the discharge 

coefficient. The discharge coefficient can be defined by: 

2/
1

3

ρ
p

A

q
C

t
out

d

⋅
=  

(4.1) 

where q3 is the flow rate through the opening, Aout is the area of the opening, ρ is the density 

of the fluid and pt1 is the total pressure upstream of the opening. Fig. 4.1 shows the definition 

sketch of an opening with the different geometrical and flow related parameters. Ain is the 

cross sectional area of the main pipe, s is the wall thickness and d is the diameter of the 

opening. 

  
Fig. 4.1. Definition sketch showing the various 

geometrical parameters and the flow rates. 

The sources for this Chapter are [81], [96], [97]. 

4.1. EQUATIONS PREDICTING THE VARIATION OF THE DISCHARGE 
COEFFICIENT FROM THE LITERATURE 

As the efficiency of distribution in fluid distributors is usually calculated with computers, it 

is necessary to predict the variation of the discharge coefficient with equations. Several 

authors already provided such equations. Vigander et al. [98] gave a third order polynomial 

for corrugated pipes to predict the discharge coefficient as a function of the ratio of upstream 

dynamic and total pressures (pd1/pt1), which was found to be the most important parameter 

at large Reynolds numbers. In the discussion of [98] Subramanya and Awasthy suggested 

the following expression, which is quite simple and therefore applicable only for the case 

that they investigated. 
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Bailey [90] investigated the discharge coefficient of circular orifices in very thin walled pipes 

and gave another equation with which the determination of the discharge coefficient 

becomes an iterative process, as it depends on downstream conditions, as well. This 
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equation contains double logarithms and four constants, which have to be adjusted for 

different geometries. 

Hager [99] used Eq. (4.2) in his analysis and found reasonable agreement between the 

calculated and measured flow distributions. Larock et al. dealt with manifold flow in a 

chapter in their book [11] and an expression formally similar to Eq. (4.2) was given for 

bellmouth ports (Eq.(4.3)), determined by Brooks [100], [101]: 
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For sharp edged orifices with d/D<0.1 Koh and Brooks [102] suggested 
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d
d p
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C ⋅−=  (4.4) 

The lack of the systematic analysis of the different dimensionless parameters makes the 

accuracy of these results questionable. 

Some recent papers addressed this problem, as well. Werth et al. [103] studied the impact 

of the wall curvature and the bypass flow effects. They developed an equation and took the 

d/D ratio and the ratio of the velocity head to the total head into account. Prohaska [104] 

investigated the discharge coefficient of circular orifices in thin-walled riser pipes. He found 

that orifices do not affect each other if the distance between them is greater than 2d. Swamee 

et al. [105] suggested an equation, which contained the fluid viscosity, but lacked other 

important parameters. Ebtehaj et al. [106] and Eghbalzadeh et al. [107] used neural networks 

to develop equations for the side orifice in thin-walled open channel. The equations in these 

studies are only applicable either for open channel flow or thin walled orifices. 

As the discharge coefficient can be calculated from the turning loss coefficient, the equation 

available for this coefficient can be also used, although not directly. There are two studies 

which presented equations valid in a wide range for the turning loss coefficient. The main 

difference between the equations presented here and the one deduced by Midoux and 

Tondeur [108] is that our equations were developed for lower s/d values (from 0.0013 to 75). 

Although their equation takes into account the Aout/Ain ratio similarly, it can be only valid 

for s/d ratios higher than 30, under which the discharge coefficient is significantly 

influenced by s/d [109]. 

Tomor and Kristof [22], [40] also presented correlations for the turning loss coefficient, 

which are obtained for s/d ϵ [0.1,10] and Aout/Ain ϵ [0.04,1]. The experimental data used for 

the equations developed in this study (presented in Table 4.1) covered a wider range (s/d ϵ 

[0.0013,75] and Aout/Ain ϵ [0.0015,1]) and therefore the equations are valid in a wider range. 

4.2. PARAMETERS AFFECTING THE DISCHARGE COEFFICIENT 
The discharge coefficient (and of course the turning loss coefficients) depends on many flow 

or geometry related parameters. The simplest possible outlet type is the wall perforation 

with sharp edges. Here the circular wall perforations are investigated. Measurement data 

are presented and suggestions will be given on the calculation of the discharge coefficient, 

which is dependent on different flow related (Re1, Ma1, pd1/pt1, p3/p1 and the shape of the 

upstream velocity profile) and geometrical parameters affected by the geometry of the 
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openings (Aout/Ain, d/Dh, r/d, t/d) and of the main duct (L/Dh, k/Dh and W/H if the duct is 

rectangular). 

4.3. METHODS 
Different curve and surface fitting methods were used. The procedures were performed in 

MATLAB® R2012a environment developed by MathWorks®. 

4.3.1. Correction factor for compressibility effects 

The experimental data used are diverse. Some results were obtained from experiments 

conducted with water and others with air. Dittrich and Graves [45] and Dittrich [46] used 

air, so the flow was compressible, but they developed a linear correction function with 

which they smoothed the curves obtained at different velocities onto a single curve. Metger 

et al. [47] did not apply any correction, although the experiments were similar in principle. 

They presented the results as a function of the Mach number and the ratio of the total and 

dynamic pressure. For this dataset the correction factor of Dittrich and Graves [45] was not 

appropriate as it was validated only for static pressure ratios less than 1.3. Therefore I 

developed new correction functions. The flow chart of the program used can be seen in 

Appendix B. 

The best fit for the correction factor was obtained with a logarithmical function in the form: 

Cd/Cd1=a·ln(p1/p3)+1, where “a” is a function of the s/d ratio: a=-9.67·10-2·(s/d)3+1.03·10-1·(s/d)2-

3.60·10-1·(s/d)+4.92·10-1. The coefficient of determination (R2) is 0.95 and the limits of the 

equation are s/d ϵ [0.5,4]. It was assumed, that “a” only depends on the s/d ratio as it is 

impossible to take other parameters into account because of the limited number of 

measurements. The resulting curves are seen in Fig. 4.2. 

 
Fig. 4.2. Correction factors for data of Metger et al [47]. 

4.3.2. Curve fitting 

Two functions were tested in this paper to predict the discharge coefficient as a function of 

pd1/pt1. It was found, that Cd intersects the x axis around 1.0. In some measurement series 

this intersection was lower than 1.0, but no trend was observed. Hence this is probably due 

to measurement errors. Therefore the curves fitted were constrained to intersect the x axis 

at 1. By this constraint it was possible to reduce the number of parameters in the equations. 

The first equation is defined as 
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This equation was already published in the literature. I suggest 
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To determine the coefficients in the equations, non-linear least squares have to be used. The 

problem with this method is, that its result depends on the starting points. Therefore a new 

procedure is developed which is described in details. 

4.3.2.1. DETERMINATION OF CD0 
Cd0 can be determined in different ways. Some measurement series from the literature 

lacked points at small pd1/pt1 values. Therefore Cd0 was determined independently with 

extrapolation. First it was extrapolated from the available Cdst values with a high order 

polynomial fitted to the data with linear least squares. The fitting procedure included 

polynomials of order from 1 to 9. The most appropriate polynomial was determined from 

monitoring the remaining differences between the fitted and measured Cdst values. If the 

difference between the sum of errors at the actual and the highest order polynomial was 

only 5% of the initial error (difference between the remaining errors with the first and the 

highest order polynomial), the polynomial was accepted. During the extrapolation 

procedure a weighting function was used: 
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It provided better fit at the ‘left’ end of the interval (close to zero), which was more 

important in this case. In some cases this method produced unrealistic values because the 

available points were too far from the y axis. Therefore Cd0 was also determined by 

extrapolation with Eq. (4.5) from the available Cd values. The flowchart of the algorithm can 

be seen in Appendix C. 

4.3.2.2. CURVE FITTING WITH NON-LINEAR LEAST-SQUARES AND GENETIC ALGORITHM 
The coefficients in Eqs. (4.5) and (4.6) were determined with non-linear least squares. As 

non-linear curve fitting depends on the initial points, the curve fitting was implemented 

into a genetic algorithm, used with 100 starting points and maximum 30 generations. The 

number of individuals in each population was 100. The main drawback of Eq. (4.6) is that 

in some of the cases curves in this form can produce unrealistic overshoots. Therefore the 

limits of the coefficients were selected carefully, in order to avoid these overshoots.  
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The two, differently determined Cd0 values were used as input parameter for this fitting 

procedure and the better value was chosen, with which the remaining error was lower. (For 

the flowchart of the program see Appendix C.) 

4.3.3. Calculation of constants in fitted curves with multivariate functions 

The constants in the two selected equations were determined with the fitting procedure, but 

these constants depend on dimensionless parameters. The two most important 

dimensionless parameters (Aout/Ain, s/d) were selected. To quantify this dependency the 

surfaces were determined. With these surfaces it is possible to calculate the constants, after 

which the discharge coefficient is determined as a function of only pd1/pt1. These multivariate 

functions were fitted (similarly as formerly) with the non-linear least square method, 

embedded into a genetic algorithm (with 100 starting points, maximum 30 generations, 

number of individuals was 100 in each population) which supplied the initial points. For 

the flowchart of the algorithm see Appendix D. 

4.4. EXPERIMENTAL DATA SOURCES 
Detailed experiments were conducted by Dittrich and Graves [45] and Dittrich [46]. The 

experimental data were carefully read from their diagrams (as numerical results were not 

available). Valuable experiments were carried out for compressible flows by Metger et al. 

[47]. Bailey [90] performed similar experiments with air, but at low static pressure 

differences. His data had to be converted for comparison. He used the pressure downstream 

the opening in his equation as well, which is different from the usual methodology. With 

his pressure regain coefficient, it is possible to convert his data and obtain the discharge 

coefficients versus the ratio of the dynamic and total pressures upstream the opening. 

Values for the discharge coefficient were also reported by Kinsman [110]. However, as 

Moueddeb concluded [111], the measurement of the air flow through the side-openings 

directly can lead to significant errors, as the vena contracta cannot be captured in the usual 

geometrical scales. Moueddeb [17], [18], [111] also measured the discharge coefficient of 

perforated ducts with different rectangular side openings. Some of the recent measurements 

were conducted by Nurick et al. [48], [49] and Strakey and Talley [50] in which the working 

fluid was water. 

 

The investigation can be expanded to T-junctions, as well. These are basically outlets with 

higher length (or pipe wall thickness) to diameter ratios. Usually these junctions continue 

in a long pipe which ends with an outlet opening or air terminal device. These additional 

resistances can be taken into account by Eq. (2.20). As every piping system contains many 

locations where flow is either divided or combined, the determination of the loss coefficient 

of these junctions is important. McNown [14] mentioned that the topic already was under 

investigation since the early 1900’s. His experimental results were plotted as a function of 

the port to manifold flow ratio (q3/q1) and he found differences between the setups with 

different port to manifold diameter ratios (d/D). The turning loss coefficients usually do not 

include the friction losses in the branch or the momentum loss of the exiting fluid. The 

discharge coefficient contains all the energy losses and it can be calculated if the turning and 

friction losses are known, so it is possible to convert the turning loss coefficients with known 

friction losses to discharge coefficients. It is common in the literature that the turning loss 
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coefficient for a tee is presented as a function of the flow rate ratio q3/q1. Usually the turning 

loss coefficient is assumed to be independent of the Reynolds number, but the discharge 

coefficient is dependent on the friction. The friction factor is dependent on the Reynolds 

number and the relative roughness. Here only hydraulically smooth pipes were 

investigated. 

Another characteristic given for the tees is the Aout/Ain ratio with which the velocity ratio can 

be calculated by 
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The friction factor can be calculated for fully developed turbulent pipe flow with the 

Colebrook-White equation [112] 
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By Eq. (4.10) the determination of the friction factor is an iterative process. For laminar flow 

(Re3<2320), the Hagen-Poiseuille equation can be used 
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After the determination of the appropriate friction factor Cd is calculated by Eq. (2.20). For 

the determination of pd1/pt1 the definition of Cd is to be recalled (Eq. (2.16)). The 

rearrangement of this equation leads to 
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The junctions have to be investigated together with the simple wall openings, as a T-junction 

is basically a wall opening with higher wall thickness to orifice diameter ratio. The s/d ratio 

impacts the flow only up to the values of 30 [109], as above this value developed pipe flow 

is established and the friction loss relations are fully valid. Sharp edged T-junctions are 

similar to sharp edged orifices from the point of view of fluid dynamics, although the higher 

s/d ratio for T-junctions means different separation, contraction and flow development in 

the straight passage. 
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Further valuable results are provided by Miller [109],[113] and Idelchik [114], but these 

sources do not show the experimental data. The case is similar with the ASHRAE Duct 

Fitting database [115] and the ASHRAE Handbook [8]. Some data of this database and the 

book are based on the measurements of Brooks [116], which were conducted in rectangular 

main pipe. Numerical values are also included in CIBSE Guide C [117]. The problem with 

the older sources is, as Brooks [116] concluded, that no standardised method was used to 

obtain the loss coefficients and in some cases no information was given on the accuracy of 

measurements. Shao and Riffat [45] made a similar conclusion about the reliability of the 

results in the older CIBSE or ASHRAE published handbooks. Ramamurthy [118] 

investigated the loss coefficients of flow division in rectangular ducts and compared his 

results to data of others. Data of McNown and other circular results are included in this 

paper, and small differences can be seen, but no clear trend was observed. Because of these 

reasons results of Brooks are used with the assumption that the impact of the rectangular 

main pipe is negligible. According to Metger et al. [47], it may result in slightly lower 

discharge coefficients. For T-junctions with large area ratio (A1/A3) the available literature is 

limited. However, Oka and Ito [119] presented relations to calculate the loss coefficients for 

tees with area ratio higher than 8. 

 

Many other experiments are available, just to mention a few: Kubo and Ueda [120], Russian 

experimental results presented in [121], [122] etc. These experimental data were not used in 

this work as it is believed that the resulting discharge coefficient curves would be almost 

identical to the ones obtained with the data utilized and there is no point to include more 

data with almost similar dimensionless parameters. The data used to construct the 

equations is presented in Table 4.1. 
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Table 4.1. The experimental data sources used. 

Source s/d 

range 

Aout/Ain 

range 

Measuring 

fluid 

Variable 

measured 

Results 

available 

Data 

obtained/converted 

Dittrich [45] 0.0267-

0.667 

0.0015-

0.597 

air discharge 

coefficient 

in 

diagrams 

from the diagrams, 

converted with the 

compressibility correction 

function determined by 

them 

Dittrich [46] 0.0533-

0.320 

0.0495 air 

Metger et al. 

[47] 

0.51-4 0.0587-

0.261 

air 

Bailey [90] 0.0013-

0.0049 

0.0042-

0.065 

air with 

equations 

with his pressure regain 

coefficient, from the 

equations presented, the 

points were calculated 

evenly between pd1/pt1 > 0 

and < 1 

‘Stanford 

experiments’ 

[14] 

30 0.0864-

0.689 

water local 

loss 

coefficient 

in 

diagrams 

according to Appendix D 

with s/d=30 

McNown 

[14] 

75 0.0589-

1 

water according to Appendix D 

with s/d=75 

Brooks [116] 30-60 0.00764 air in tables according to Appendix D 

with s/d=30 and 60 from 

the tabulated values 

Nurick et al. 

[49] 

2-10 0.0764 water with 

equations 

from the equations 

presented, the points were 

calculated evenly between 

pd1/pt1 > 0 and < 1 

Oka and Ito 

[119] 

75 0.0874 water according to Appendix D 

with s/d=30 and 60 from 

the tabulated values, from 

the equations presented, 

the points were calculated 

evenly between pd1/pt1 > 0 

and < 1 

4.5. RESULTS AND DISCUSSION 
This subchapter presents the results of the curve fitting. 

4.5.1. Results from the curve fitting 

Fig. 4.3 shows the results of Bailey [90] and Nurick et al. [48], [49]. The curves of Bailey 

completely overlap each other due to the very narrow s/d range he studied. Although the 

working fluid in the experiments of Bailey was air, it can be assumed -because of the 

extremely low wall thickness to diameter ratios- that the flow is incompressible. The 

working fluid in the experiments of Nurick et al. was water. 
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Fig. 4.3. Discharge coefficient for circular outlet versus the pressure ratio. 

For higher s/d values the discharge coefficient is higher at the same pressure ratio, differing 

from the expectations. (This was also indicated by Metger et al. [47].) 

Fitted curves were determined for several measurement series of the above mentioned ones 

with Eq. (4.6) (see Fig. 4.4). The wall thickness to opening diameter ratio (s/d) has a 

significant impact on the discharge coefficient so that the trends indicated by Fig. 4.3 are 

confirmed. 

 
Fig. 4.4. Incompressible discharge coefficients as a function of the dynamic and total pressure ratio 

upstream the circular opening in the main duct (measurement points and fitted curves). 

In Fig. 4.5 data of McNown and the ‘Stanford experiments’ presented in the discussion of 

McNown’s paper are shown with the curves fitted by Eq.(4.6). Results from Brooks [116] are 

also included. 
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Fig. 4.5. Incompressible discharge coefficients as a function of the dynamic and total pressure ratio 

upstream. Reprocessed results of McNown, the Stanford experiments [14] and Brooks [116]. 

Discharge coefficients for large area ratio tees determined with the local loss coefficient 

calculated by those equations of Oka and Ito [119]. R2 with Eq. (4.6) was more than 0.947 in 

each case and the mean value was 0.994. The rmse non-dimensionalised with the Cd0 value 

was less than 0.05 with a mean value of 0.0123. The same values for Eq. (4.5) are 0.897, 0.989, 

0.068 and 0.0169, respectively. 

4.5.2. Effects of dimensionless parameters 

The constants in Eqs. (4.5) and (4.6) depend on the dimensionless parameters described in 

subchapter 4.2. As the experimental results used were obtained for circular main pipes with 

circular outlets, the parameters affecting the constants in the equation are Re, Aout/Ain and 

the s/d ratio (defined in Fig. 4.6), as the surfaces of the pipes are assumed to be hydraulically 

smooth. 

 
Fig. 4.6. Definition sketch for the s/d and Aout/Ain values. 

Although some results were obtained with rectangular main pipe, the possible differences 

arising from this are considered to be negligible. It was concluded in [109], [117], that the 

local loss coefficients in dividing flows are only slightly dependent on the Reynolds number, 

if the main flow is turbulent (Re>104) for low Re values, the local loss coefficient, and 

therefore Cd will be dependent on Re [123]). Therefore the most important parameters are 

Aout/Ain and the s/d ratio. The constants in Eq. (4.6) previously determined were plotted as 

a function of these two parameters and surfaces were fitted to the points. The constants 

determined from the curve fitting (with grey) and the fitted surfaces are presented together 
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in Fig. 4.7-Fig. 4.10 with the applicability limit curve. The equations describing the surfaces 

are Eqs. (4.14)-(4.16), the values of the constants are shown in Table 4.2-Table 4.4. R2 and the 

rmse values divided by the mean value of the constant are also shown. 
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Fig. 4.7. The Cd0 constant as a function of s/d and Aout/Ain. 

Table 4.2. The constants determined for the calculation of Cd0 with Eq. (4.14). 

 R2 
rmse/ 

mean value 
rmse c1 c2 c3 c4 c5 c6 

Cd0 0.936 2.70% 1.89E-02 6.345E-01 -3.062E+00 -3.467E+00 1.159E+00 1.833E+00 -9.478E-02 

 
Fig. 4.8. The C1 constant as a function of s/d and Aout/Ain. 
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Fig. 4.9. The C2 constant as a function of s/d and Aout/Ain. 

Table 4.3. The constants determined for the calculation of C1 and C2 with Eq. (4.15). 

 R2 rmse/mean value rmse c1 c2 c3 c4 

C1 0.993 3.57% 3.22E-02 -1.580E+00 8.454E-01 -6.393E-02 -8.094E-01 

C2 0.992 32.03% 7.88E-02 -1.845E+00 -8.953E-01 -9.334E-02 1.058E-01 

 
Fig. 4.10. The C3 constant as a function of s/d and Aout/Ain. 

Table 4.4. The constants determined for the calculation of C3 with Eq. (4.16). 

 R2 rmse/mean value rmse c1 c2 c3 c4 c5 

C3 0.919 11.25% 7.87E-02 1.191E-01 -8.290E-01 -3.655E-01 -1.921E-01 7.672E-01 

 

It should be noted, that in some cases the fit was good, but in other ones it was only 

acceptable. R2 and the rmse values were much higher than previously. The possible scatter 

in the points may be caused by the measurement errors and the small differences between 

the measurement setups which cannot be quantified. However, due to the scatter of the 

points it is not possible to find better surfaces. Taking into account the variety of the 

measurements investigated, it can be concluded that the surfaces fit well to the points 

determined from measurements. 

4.5.3. Applicability limits of the results 

As the measurements were limited to finite number of s/d and Aout/Ain pairs, the validity of 

the equations is also limited. The investigated Aout/Ain values are plotted in Fig. 4.11 as a 

function of s/d and a possible applicability limit is presented with Eq. (4.17). 
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Fig. 4.11. The limits of the results. 
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4.5.4. Comparison between the two equations 

Eqs. (4.5) and (4.6) are compared on the basis of their accuracy. Eq. (4.5) is simpler and 

applies for approximating the discharge coefficient. Eq. (4.18) describes the coefficient n as 

a function of s/d and Aout/Ain ratios. The constants are shown in Table 4.5. The surface is 

shown in Fig. 4.12 with the determined n values. 
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Table 4.5. The constants determined for the calculation of n by Eq. (4.18). 

R2 
rmse/ 

mean value rmse c1 c2 c3 c4 c5 c6 c7 

0.876 11.3% 7.91E-02 8.54E-01 -1.86E-01 -1.05E-01 4.74E-02 -1.95E-02 -7.89E-02 -6.22E-01 

 
Fig. 4.12. Dependence of n on s/d and Aout/Ain ratios. 

Fig. 4.13 shows the contours of the accuracy achievable with the different sets of Equations 

(Eq. (4.5) with Eq. (4.14) and Eq. (4.18) and Eq. (4.6) with Eqs. (4.14)-(4.16)). The surface is 

linearly interpolated from the points. The confidence interval of the errors was calculated 

by the assumption that the errors between the calculated and measured discharge 
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coefficients follow the Student t-distribution. The significance level is 0.95 and the degrees 

of freedom are determined from the number of the measurement points (or calculated 

points from the original equations in some cases). The calculated values were non-

dimensionalised with the mean value of the measured discharge coefficients. 

(a) (b)  

 
Fig. 4.13. The achievable accuracy with  

a. Eq. (4.5) with Eq. (4.14) and Eq. (4.18); b. Eq. (4.6) with Eqs. (4.14)-(4.16). 

In case of Eq. (4.5) the mean value of the points is 10.24%, the standard deviation is 7.16% 

and the maximum value is 32.33%. For Eq. (4.6) they are 9.81, 9.66 and 60.71%, respectively. 

4.6. CONCLUSIONS 
The dimensionless parameters affecting the discharge coefficient of circular outlets were 

determined. The investigations were made for measurement results from sources published 

since the middle of the 20th century and new relations were established for the calculation 

of the discharge coefficients. I suggested a method and equations which are suitable to 

predict the discharge coefficient as a function of the dynamic to total pressure ratio (pd1/pt1). 

The impact of the two most important geometrical parameters (Aout/Ain and s/d ratios) is 

taken into account by changing the constants in the equations. A simplified correction was 

also suggested for compressibility effects based on the measurement data available. 

 

The investigation covers wider range than any other in the literature. By Eq. (4.5) (taken 

from the literature) and the new Eq. (4.6) it is possible to calculate the discharge coefficient 

for any case within a wide application region. For predicting the constants of Eqs. (4.5) and 

(4.6) I suggested novel equations. With the surfaces presenting the upper bound of the errors 

it is also possible to determine the accuracy of the Equations for given s/d and Aout/Ain ratios. 

 

Eq. (4.6) is more accurate in predicting the discharge coefficient than any other equation 

available in the literature and it is not iterative (contrary to the equation of Bailey [90], which 

is similarly complicated). However, because of the four adjustable constants in the equation, 

the accuracy of the auxiliary equations influences the final accuracy of the discharge 

coefficients. Therefore in certain cases Eq. (4.5) was slightly more accurate than Eq. (4.6). If 

the constants in Eq. (4.6) can be accurately determined since measurement data are available 
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for the given orifice, the application of Eq. (4.6) is recommended. If the constants have to be 

estimated with our auxiliary equations, it is recommended to select the applicable equation 

on the basis of the upper bound of the errors for the given case. 

Eqs. (4.5) and (4.6) are only valid for circular sharp edged wall perforations or tees with 

turbulent flow in the main duct. However, by a similar methodology it is possible to 

determine correction factors with which it is possible to take into account the effects of the 

Reynolds number and the side ratio for rectangular openings, as well. 
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5. A PRIORI SIMULATION RESULTS OF THE FLOW IN 

THE CSPD DUCT 
This chapter presents the results of two different studies. The constant static pressure design 

(CSPD) duct (in which the measurements shown in Chapter 3. were conducted) was 

designed with the 3D Computer Aided Design (CAD) program Solid Edge and during the 

design process preliminary calculations were carried out in order to reveal any possible 

problems in related to the geometry obtained with the 1D model. The aim of the second 

study was to reveal how the flow developing in the duct depends on the inlet boundary 

conditions. The calculations were performed in Fluent 12.1 [124]. The Chapter is based on 

[81], [125], [126]. 

5.1. CFD STUDY WITH FULLY DEVELOPED TURBULENT FLOW IN 
RECTANGULAR DUCT AS INLET BOUNDARY CONDITION 

This subchapter presents results for two turbulence models for a symmetrical grid with the 

outlet profile of a diffuser after fully developed turbulent flow as inlet boundary condition. 

5.1.1. Turbulence models used 

The CFD calculations were performed with two different turbulence models: the realizable 

k-epsilon model and the SST k-omega model. The flow was assumed to be complex, with 

an adverse pressure gradient and strong streamline curvature. The air entering the duct 

leaves it through the nozzles, which means that the flow direction is changed by 

approximately 90 degrees. The realizable k-epsilon model may provide better results for 

boundary layers under strong adverse pressure gradient, due to fact that it predicts more 

accurately the flows with strong streamline curvature, separated flows and flows with 

complex secondary flow features than the standard k-epsilon model. The SST k-omega 

model is also more accurate for the prediction of flows with adverse pressure gradient [62]. 

In addition to that the realizable k-epsilon model was used and validated in the simulations 

of Chen et al. [52]. 

5.1.2. Geometry and meshing 

The 3D geometry used in the calculations is shown in Fig. 5.1. It has to be noted, that it was 

cut to half at the symmetry plane –so the symmetricity of the inlet flow is exploited– to 

reduce the number of cells needed. The boundaries are shown Fig. 5.1-b. The different 

colours mean: yellow-symmetry, red-pressure outlets, blue-inlet, grey-walls. The 

dimensions given here are valid for the whole geometry. The length of the duct is 3m and 

the initial cross section is 300x300 mm2. 119 pieces of openings (20x30 mm2 nozzles) were 

made in the duct wall. The geometry was created in AutoCAD, as it was too difficult to be 

done directly in Ansys Workbench 12.1. 
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(a)  

(b)  

Fig. 5.1. a. The decomposed geometrical model of the designed measuring stand. 

b. The measuring stand with the different boundary conditions. 

Next, the domain was decomposed (cut into smaller parts), as it can be seen in Fig. 5.1 and 

Fig. 5.2 and it was possible to mesh these smaller parts with a hexahedral mesh, which is 

superior to other meshes, with the sweep method. For the realizable k-epsilon model a less 

dense mesh was sufficient, but for the SST k-omega model it was vital to have the cells closer 

to the wall. This means that at least the first cell should be in the viscous layer, so the distance 

from the wall should be less than y+=5, which is the distance in wall units [62]. The obtained 

mesh for the lowest number of cells used can be seen in Fig. 5.2. The skewness of the cells 

of worst quality was below 0.85 for hexahedral and 0.9 for tetrahedral cells, as suggested by 

the code manual [62]. Overall four different meshes were used with cell numbers of: 65e5, 

140e5, 200e5 and 300e5, similarly created to the one shown in Fig. 5.2. 

 
Fig. 5.2. A part of the created mesh (number of cells: 650000). 

5.1.3. Boundary conditions and fluid properties 

The simulations were performed with air. The density and the dynamic viscosity was 

calculated at 20°C. 

5.1.3.1. CALCULATION OF THE INLET PROFILE USED IN THE SIMULATIONS 
The inlet profile was obtained with simulation. For this a 30D long circular pipe was 

connected to a circular to rectangular transition piece (Fig. 5.3). The diameter of the circular 



A PRIORI SIMULATION RESULTS OF THE FLOW IN THE CSPD DUCT 

- 61 - 

duct was 315 mm, the rectangular outlet geometry of the simulation is similar to the one 

described as inlet for the CSPD duct, but the benefits of the symmetry were not exploited. 

 

Fig. 5.3. A part of the mesh used in the inlet profile calculations (number of cells: 500000). 

The simulations were similarly performed in Fluent. The realizable k-epsilon model was 

used with schemes and other boundary conditions similar as below. 

5.1.3.2. OUTLETS AND WALLS 
At the outlets (both for the CSPD duct and the long duct in the inlet profile calculations) the 

pressure outlet boundary condition was used, with constant pressure. At the walls the non-

equilibrium wall functions were utilized with the realizable k-epsilon model, which are a 

scalable wall functions taking the pressure gradient effects into account [62]. 

5.1.4. Solution algorithm and procedure, discretization schemes 

The SIMPLE algorithm was used for the calculations. The gradients were calculated using 

the node based Green-Gauss method. The pressure discretization scheme used was the 

‘PRESTO!’ scheme. For the momentum, the turbulence kinetic energy and the turbulence 

dissipation rate (ε) or the specific dissipation rate (ω) the third-order ‘MUSCL’ scheme was 

used. 

The calculations were started with the default -second and first order- schemes which were 

at some point changed to the desired third order schemes. During this process, the under 

relaxation factors were reduced. The simulations were stopped when the variables 

monitored became stable and the residuals were small enough (decreased by 6 orders of 

magnitude). The variables monitored were the volume weighted average of the static 

pressure, the turbulence kinetic energy and the turbulence dissipation rate, averaged over 

the whole domain (expect the solid parts). At the end of the calculations the global 

conservation of mass was checked. 

5.1.5. Results 

Five different cases were investigated: 

Table 5.1. The cases investigated. 

Case Number of cells Turbulence modell 

1 650000 realizable k-epsilon 

2 1400000 realizable k-epsilon 

3 2000000 realizable k-epsilon 

4 2000000 SST k-omega 

5 3000000 SST k-omega 
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The results shown will be: 

− velocity isosurfaces and wall streamlines at the last third (20 nozzles) of the duct, 

− contours of the static pressure and the velocity on the symmetry plane, 

− lineplots of the axial velocity, the velocity in the y direction, the static pressure and 

the turbulence kinetic energy from five different lines, which are on the symmetry 

plane, 

− flow rates on the nozzles. 

The locations of the lines are presented in Fig. 5.4. 

 
Fig. 5.4. The locations of the lines. 

To better understand the fluid dynamics in the CSPD duct, in some cases results for a duct 

with constant cross sectional area will be shown as well. The mesh (number of cells: 2000000) 

and the geometry for this duct were created similarly to the CSPD duct. The turbulence 

model for this case was the SST k-omega model. 

5.1.5.1. VELOCITY ISOSURFACES 
The visualisation of velocity isosurfaces helps to qualitatively analyse the flow. In addition 

to the isosurfaces, the regions, where the wall shear stress is 0, will be shown with black. At 

these locations the flow is separated from the wall. Fig. 5.5 shows the results for the duct 

with constant cross sectional area.  

 
Fig. 5.5. Velocity isosurfaces for (coloured) and regions where τw=0 (black) in the duct 

with constant cross sectional area. 

Fig. 5.6 shows the results for all the cases in the CSPD duct. It can be observed, that the 

separation bubble is much bigger for the non-CSPD case, and it is very similar for the 
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different cases in the CSPD duct. In Subchapter 3.5 (Possible deficiencies of the 1D 

modelling), it was also mentioned, that if separation occurs, the validity of the equations 

used to predict the friction factor is questionable, so this can be one of the culprits for the 

measured lower air flow rates at the end of the duct. 

 
 Case 1. Case 2. 

 
 Case 3. Case 4. 

 
 Case 5. 

Fig. 5.6. Velocity isosurface for umag=2 m/s (red) and regions where τw=0 (black) in the CSPD duct. 

5.1.5.2. WALL STREAMLINES 
The wall shear stress vectors are tangential to the wall streamlines. By visualising them, the 

regions where separation occurs - the wall shear stress is close to zero- can be found more 

easily. Fig. 5.7 shows the duct with constant cross sectional area. The trace of the same 

complex flow structures can be observed as in Fig. 5.5. The black areas show the locations 

where the wall shear stress is zero. The streamlines are coloured by the magnitude of the 

wall shear stress, so these black regions are not necessary but help in finding the separation 

regions. 
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Fig. 5.7. Wall streamlines in the duct with constant cross sectional area. 

The front plate with the nozzles is removed 

Fig. 5.8 shows the wall streamlines in the CSPD duct. For the coarsest mesh with the k-

epsilon model, the wall shear stress is lower than in Cases 2 and 3, but it is closer to the k-

omega results (Case 4 and 5). For these results basically the same conclusion can be drawn 

as above (point 5.1.5.1). 

 
 Case 1. Case 2. 

 
 Case 3. Case 4. 

 
 Case 5. 

Fig. 5.8. Wall streamlines in the CSPD duct. 
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5.1.5.3. CONTOURS OF THE STATIC PRESSURE 
The contours of the static pressure can show, if the CSPD geometry results in flow which 

complies with the boundary condition used (constant static pressure in the main duct). Fig. 

5.9 shows the results for the duct with non-CSPD geometry. 

 
Fig. 5.9. Contours of the static pressure in the duct with constant cross sectional area. 

Fig. 5.10 shows the contours of the static pressure in the CSPD duct. For Case 1, the inlet 

pressure is around 50 Pa, whereas for Case 2 it is 54 Pa, and for Cases 3-5 it is 60 Pa. As it 

can be seen, the static pressure is almost constant in all the cases, which means, that the real 

flow in the duct complies with the boundary condition used in Chapter 3. For the non-CSPD 

duct, the pressure is changing from 40 Pa to 60 Pa until the end of the duct. 
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 Case 1. Case 2. 

 
 Case 3. Case 4. 

 
 Case 5. 

Fig. 5.10. Contours of the static pressure in the CSPD duct. 

5.1.5.4. CONTOURS OF THE VELOCITY MAGNITUDE 
Fig. 5.11 shows the results for the duct with non-CSPD geometry. The trace of separation 

can be also seen, as at the end there is a region where the velocity magnitude is really low.  

 
Fig. 5.11. Contours of the velocity magnitude in the duct with constant cross sectional area. 
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On the other hand, as Fig. 5.12 shows, the results in the CSPD duct are quite different, as 

there are not any similar regions. It should be also mentioned, that the results are basically 

the same for each case. 

 
 Case 1. Case 2. 

 
 Case 3. Case 4. 

 
 Case 5. 

Fig. 5.12. Contours of the velocity magnitude in the CSPD duct. 

5.1.5.5. VELOCITY LINEPLOTS FROM THE SYMMETRY PLANE 
This point presents the results from the five lines (Fig. 5.4) for the axial (x) velocity and the 

y velocity. Fig. 5.13 shows the axial velocity profiles. These diagrams confirm what was seen 

in the contour plots. There are slight differences between the profiles, the results of Case 2-

3 and Case 1,4 and 5 are close to each other, except the last location, where Case 5 is different 

from the four other cases. 
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 x=0.51 m x=1.01 m 

 
 x=1.51 m x=2.01 m x=2.51 m 

 

 
Fig. 5.13. Axial velocity profiles at five locations from the symmetry plane. 

Fig. 5.14 shows the profiles of the y velocity. 
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 x=0.51 m x=1.01 m 

 
 x=1.51 m x=2.01 m x=2.51 m 

 

 
Fig. 5.14. y velocity profiles at five locations from the symmetry plane. 

Here, above y=0 there are no noticeable differences between the profiles, but for y<0, the 

different meshes and models produced different results. 

5.1.5.6. STATIC PRESSURE LINEPLOTS FROM THE SYMMETRY PLANE 
With these diagrams it is easier to compare the results seen in the contour plots. Fig. 5.15 

shows static pressure profiles from the five locations selected. With the coarser meshes (Case 

1. and 2.) the predicted static pressures are lower. Also, as the axial distance gets higher, the 

differences between the two turbulence models become more significant. 
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 x=0.51 m x=1.01 m 

 
 x=1.51 m x=2.01 m x=2.51 m 

 

 
Fig. 5.15. Static pressure profiles at five locations from the symmetry plane. 

5.1.5.7. TURBULENCE KINETIC ENERGY LINEPLOTS FROM THE SYMMETRY PLANE 
Fig. 5.16 show the turbulence kinetic energy from the lines selected. The results of the two 

turbulence models are quite different. 
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 x=0.51 m x=1.01 m 

 
 x=1.51 m x=2.01 m x=2.51 m 

 

 
Fig. 5.16. Turbulence kinetic energy profiles at five locations from the symmetry plane. 

5.1.5.8. FLOW RATE DISTRIBUTION ON THE NOZZLES 
Fig. 5.17 shows the flow rate distributions for the different cases and for the duct with 

constant cross sectional area. From the chart it is obvious that the CSPD is much better, 

except for the last ~10 nozzles and there are no significant differences between the different 

cases. 
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Fig. 5.17. Flow rates on the nozzles non-dimensionalised with the ideal flow rate. 

5.2. CFD STUDY WITH DIFFERENT INLET PROFILES 
This second study shows the impact of the inlet velocity profile with grid independence 

investigated. The flow in the duct system determines the outflow at the air terminal devices. 

The interaction between the multiple system elements is important, since many different 

combinations are possible, for instance multiple bends can create a special flow field which 

also influences the distribution performance of the duct. For manifolds, the importance of 

the inlet conditions were investigated by Lebaek et al. [54] and they found that it has a 

significant impact on the fluid distribution. 

The calculations are performed for three different inlet velocity profiles: 

− Case 1: constant inlet velocity and turbulence parameters estimated from intensity 

and hydraulic diameter. 

− Case 2: diffuser after fully developed turbulent flow. 

− Case 3: diffuser with one bend and a Venturi-tube upstream. 

In all cases, the simulations are performed with the realizable k-epsilon model. 

5.2.1. Geometry and mesh 

The duct geometry is the same as in Section 5.1.2. However, in this study the full duct is 

used without taking advantage of the symmetrical geometry. Different meshes had to be 

used for the determination of the inlet profile and the flow in the CSPD duct. The meshes 

were created in ANSYS Workbench as Fluent 12.1 [124] was utilized to perform the 

simulations. The boundary layer meshes were created in order to comply with the 

appropriate y+ values needed for the standard wall functions, as the results deteriorate 

below y+=15 [62]. For the rectangular duct three different, systematically refined meshes 

were made to investigate grid independency as described in [76]. The 2nd mesh can be seen 

in Fig. 5.18.  
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Fig. 5.18. The 2nd mesh used in the simulations of the CSPD duct. 

Details of the different meshes are presented in Table 5.2. All parts were meshed with the 

sweep method and hexahedrons were created. 

Table 5.2. The different measures of the meshes used in the simulation of the CSPD duct. 

Number of elements Mean skewness Max. skewness Standard deviation of skewness 

439346 0.1276 0.9515 0.1840 

987580 0.1282 0.8006 0.1864 

2319217 0.1246 0.8417 0.1836 

 

5.2.2. Boundary conditions and fluid properties 

During the calculations material properties of air at 20°C are used. 

5.2.2.1. INLET PROFILES 
The inlet profiles are also determined with CFD (except for Case 1), as it was not possible to 

conduct in depth measurements and to accurately determine them.  

Using constant velocity and turbulence intensity (Case 1) is a simplification but makes 

additional simulations or measurements unnecessary as no inlet profile has to be 

determined. 

However, it is also important to know, how the duct will perform in a real system, where it 

is common to use circular ducting, but as the CSPD duct can only be produced with 

rectangular cross section, a transition element from circular to rectangular is needed (Case 

2). In this case the diameter of the circular duct is 237.6 mm. 

Not all the cases investigated have practical importance, as for e.g. Venturi-tubes are hardly 

used in real duct systems, but the CSPD duct built is located in our ventilation laboratory, 

where the measurements can be done to validate the CFD results. The inlet flow rate of the 

duct can be measured with a Venturi-tube, so for a better comparison the same geometry 

(Fig. 3.13) has to be simulated (Case 3). 

The geometries used to determine the inlet profiles are shown in Fig. 5.19. The straight 

circular part for Case 2 was 30D long, to ensure fully developed turbulent flow. Before the 

Venturi-tube (Case 3) this straight passage was 14D and after it 8D long, which lengths 

comply with the relevant standard for accurate measurements [92].The inlet velocity at the 

end of the circular duct was constant and equal to 5.5 m·s-1. The turbulence intensity was 

4%. For the constant profile the velocity was 2.71 m·s-1 and the turbulence intensity 4%. The 

flow rate was equal in each case. These velocities correspond to a Re=54000 in the 

rectangular duct. 
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Fig. 5.19. The geometries used to calculate the inlet profiles for Case 2 and Case 3. 

The mesh for Case 2 consists of 1012574 elements with mean, maximum and standard 

deviation of skewness: 9.318e-002, 0.8443, and 0.1019. For Case 3 these measures are: 

6356346, 0.1117, 0.8990 and 0.1167. These values are acceptable according to the Fluent 

Theory Guide [62]. The diffuser was in both cases meshed with the patch conforming 

method and tetrahedrons were created. The straight parts, the Venturi-tube and the bend 

was meshed with hexahedrons utilizing the sweep method. 

For temporal discretization needed in the calculations of the inlet profiles the bounded 

second order implicit scheme was used. The solution procedure for the inlet flow 

calculations are straight forward as no convergence difficulties occured. In both cases 

transient simulation were performed. For Case 2 500 0.2 s long and for Case 3 2500 and 0.1 

s long timesteps were calculated and the time averaged velocity, turbulence kinetic energy 

and turbulence dissipation rate profiles were used at the inlet. Otherwise the settings and 

schemes were the same as for the CSPD duct. 

The results are only interesting in Case 3, as it is found that a shear layer and a recirculation 

region develops downstream the Venturi-tube making it difficult to simulate the case as 

steady state. In Fig. 5.20 this region can be seen. The blue, bubble like isosurface is created 

for axial velocity values equal to 0.01 (for the main flow direction the axial velocity is 

negative), which means that the velocity changes direction as recirculation occurs. 

 
Fig. 5.20. Contours of the velocity magnitude in the midplane of the Venturi-tube setup with an axial 

velocity=0.01 isosurface. 

5.2.2.2. OUTLET CONDITIONS AND WALLS 
The outlet conditions were reasonably simplified, as the pressure-outlet boundary condition 

was used with constant outlet pressure defined on the nozzles. The walls were simulated as 

hydraulically smooth surfaces with the standard wall functions. 

5.2.3. Solution algorithm and procedure, discretization schemes 

The pressure and velocity coupling was the coupled scheme for the inlet profile and the 

SIMPLE scheme for the duct flow simulations. In the inlet profile calculations the 2nd order 
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upwind scheme was utilized to interpolate the face values for the convection terms from the 

scalar values stored at the cell centres. The discretization schemes used for the CSPD duct 

are shown in Table 5.3. The gradients were calculated with the Green-Gauss Node based 

method and the pressure discretization scheme was the PRESTO!. The boundary layer was 

not resolved with the mesh, so the utilization of the standard wall functions was necessary. 

Simulations for the rectangular supply duct are more difficult than the ones for the inlet 

profiles, so a solution procedure of multiple steps is developed (Table 5.3). The initialization 

was done with the FMG initialization method. Enough iterations were performed at the last 

(5th) step to converge the monitored quantities, resulting in sufficiently low residuals and 

mass balance in each case. 

Table 5.3. Solution procedure used in the simulation of the CSPD duct. 

Step 

Discretization schemes Under-relaxation factors Number 

of the 

iterations 
Momentum k and ε Pressure Momentum k and ε 

1. 1st order upwind 1st order upwind 0.3 0.4 0.8 200 

2. 1st order upwind 1st order upwind 0.4 0.5 0.8 800 

3. 2nd order upwind 2nd order upwind 0.2 0.3 0.8 200 

4. 3rd order MUSCLE 2nd order upwind 0.2 0.3 0.8 400 

5. 3rd order MUSCLE 2nd order upwind 0.3 0.3 0.8  

 

5.2.4. Estimating the uncertainty 

CFD has many source of uncertainty [60]. The model has uncertainty, which can be 

eliminated with validation. There is another in the results due to the iterative nature of the 

calculations, which can be eliminated by performing enough iterations to reach the desired 

residual levels, but some integral quantities have to be monitored as well to verify 

convergence. Numerical accuracy has to be verified as well. In this chapter the calculation 

procedure described by Celik et al. [76] was used and complemented with the suggestions 

of Philips and Roy [77] to estimate the uncertainty of the results due to the discretization 

errors. The former order of the calculations (p) is limited to 2 (estimated former order of the 

calculations, as for the momentum a third order scheme was used) and the minimum value 

is 0.5, if the local order is used, or 0.05 if the global one. 

5.2.5. Results 

Fig. 5.21 shows the most important results, the distribution of the volumetric flow rate on 

the nozzles with discretization uncertainty bounds. In this case, the global apparent order 

of the calculations was determined and the uncertainty bounds of the finest mesh are based 

on this value. In practice, the maximum permissible difference from the design flow rate is 

10%, therefore the 10% bounds from the desired uniform flow distribution were also 

plotted. Regardless of the inlet profile the duct performs well, as most of the flow rates are 

near to the desired uniform value. 
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(a) (b) (c)  

Fig. 5.21. Mass flow rates on the nozzles. (pglob1=1.680, pglob2=1.630, pglob3=1.691) 

a. Case 1, b. Case 2, c. Case 3. 

Similarly, the area averaged axial velocity on the outlets was plotted (Fig. 5.22) too. These 

values are important as with them it is possible to predict how the leaving jet deflects in the 

conditioned space while the air stream retains some of its axial momentum. 

(a) (b) (c)  

Fig. 5.22. Area averaged axial velocity on the nozzles. (pglob1=0.984, pglob2=1.409, pglob3=1.475.)  

a. Case 1, b. Case 2, c. Case 3. 

As it can be seen, these results are significantly less accurate for the 1st profile. With denser 

meshes it would be possible to calculate these quantities more precisely, but additional 

computational efforts are required, which may not pay off for practical applications. 

However, for this 1st profile a denser mesh with 5133432 cells was created and the 

calculations were repeated. Even that high cell count resulted in the shown high uncertainty 

values. 

Fig. 5.23 shows the turbulence kinetic energy while Fig. 5.24 the dissipation rate. These 

quantities have less practical importance, but they have to be used, if for example we want 

to define proper inlet conditions for room air flow simulations. 
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(a) (b) (c)  

Fig. 5.23. Area averaged turbulence kinetic energy on the nozzles. (pglob1=1.290, pglob2=1.671, pglob3=1.610.)  

a. Case 1, b. Case 2, c. Case 3. 

(a) (b) (c)  

Fig. 5.24. Area averaged turbulence dissipation rate on the nozzles. (pglob1=1.830, pglob2=1.705, pglob3=1.353.)  

a. Case 1, b. Case 2, c. Case 3. 

Other, integral quantities are also studied. For these results the apparent order of the 

calculations are used without global averaging. One example is the standard deviation of 

the mass flow rates on the outlets (Fig. 5.25). This quantity can be used to characterise the 

uniformity of the flow distribution with one single number, so it can be directly used to 

determine the fluid distribution performance of two different duct designs. The error bars 

are computed with GCI and show the calculated uncertainty of the results obtained on the 

fine grid. 

 
Fig. 5.25. The standard deviation of the mass flow rates on the outlets. (p1=2 and 2, p2=2, p3=2.) 
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The static pressure averaged in the volume of the duct is also monitored (Fig. 5.26), which 

is important, as it is proportional to the total pressure loss of the duct and indicates how it 

changes because of the different inlet conditions. 

 
Fig. 5.26. The static pressure averaged in the volume of the duct. (p1=2 and 2, p2=2, p3=2.) 

The wall shear stress is also plotted (Fig. 5.27). The integral quantities were predicted 

generally with higher accuracy. 

 
Fig. 5.27. The wall shear stress averaged on the wall of the duct. (p1=2 and 2, p2=2, p3=2.) 

5.3. CONCLUSIONS 
The results obtained with computational fluid dynamics show evidence that the CSPD duct 

performs as intended. The aim of the first study was to decide if the CSPD geometry 

provides uniform outflow distribution. Two different turbulence models were used: the 

realisable k-epsilon and the SST k-omega models. For the different meshes and turbulence 

models the highest differences were between the static pressure and the turbulence kinetic 

energy. The highest static pressure was calculated with the SST k-omega model and the k-

epsilon model produced lower values. However, the airflow rates at the nozzles were 

almost the same for each case, so from this point of view the results are independent of the 

number of cells.  

The second study confirmed the results of the first. The inlet profile has impact on the mesh 

density needed to obtain accurate results, but one of the most important parameters can be 

calculated with relatively coarse meshes, as well. This means that the fluid distribution 

performance of such ducts can be predicted with the coarsest mesh and the inlet profile has 

only slight impact on the standard deviation of the mass flow rate which can be used to 

characterize the uniformity. 
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6. OPTIMIZATION OF AIR FLOW DISTRIBUTION IN A 

CLOSED INDUSTRIAL SPACE 
A conveyor which transports fertilizer between buildings of a factory is simulated with 

CFD. Because of the hygroscopicity of the fertilizer it is necessary to avoid high relative 

humidity levels of the surrounding air; therefore the space is usually tempered with 

mechanical ventilation. The ventilation system consists of long supply ducts. In all the 

former chapters the flow inside in these long ducts was investigated, but in this Chapter I 

show that it is also possible to optimise the geometrical arrangement of these ducts. It is 

assumed that the distribution of the air flow rates is uniform. Three in principle similar but 

geometrically different ventilation systems are studied and compared. This chapter is based 

on [12]. 

6.1. INTRODUCTION 
Transportation by conveyors is present in many industrial applications. During this process 

the transported products have to keep their quality and therefore in some cases the 

environmental parameters, like the temperature or humidity of the surrounding air have to 

be kept between strict limits. This task can only be accomplished with well-designed 

environmental systems. Here conveyor tempering ventilation systems are assessed by their 

energy consumption. The task of such systems is to maintain a desired air temperature and 

in some cases to dry the conveyor belt if condensation of vapour occurs. The three 

geometrical designs can be seen in Fig. 6.1. The main difference between them is the way 

the air terminal devices are arranged. In Design I the airduct is under the conveyor and 

grilles are installed into the sidewall of it. In Design II nozzle like perforations are in the 

wall of the duct and the air is blown directly to the conveyor belt from under. In Design III 

the airduct is next to the conveyor and the air is blown sideward to the conveyor. The 

method of investigation is three dimensional CFD. The utilized CFD code is ANSYS Fluent 

12.1. 

 
Fig. 6.1. (I) the duct is located under the conveyor belt, air is supplied on the sides; 

(II) the duct is located under the conveyor belt; 

air is supplied on the top; (III) the duct is located next to the conveyor. 

The different airflow distribution systems have different advantages. Different applications 

require different system design and compromises have to be made. The evaluation criteria 

have to be selected appropriately for the application. Cao et al. [127] have studied 
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extensively the papers published on different air distribution methods and summarized the 

assessment indices of ventilation systems. With a suitable assessment index the 

performance of the ventilation system can be quantified. The assessment of the air 

distribution systems is possible experimentally or computationally by CFD. Krajčík et al. 

[128] investigated the impact of the position of supply and extract openings experimentally 

on the room air distribution in case of air heating and found the ventilation effectiveness to 

vary between 0.4 and 1.2. They evaluated the thermal environment with the usage of the 

temperature efficiency. Tomasi et al. [129] performed a similar investigation with low 

ventilation rates and expanded the investigations to the case of cooling. Pu et al. [130] 

studied the uniformity of humidity inside a building chamber. They measured the relative 

humidity distribution and carried out CFD calculations with the standard k-ε model. They 

found that the relative humidity distribution depends on the inlet position. They also 

concluded that the CFD results agree well with their measurement results, which means a 

difference smaller than 10%. 

The above papers emphasised the impact of the buoyancy forces on the air flow pattern 

indoors. Therefore it is important to choose a suitable turbulence model which is capable to 

realistically simulate the buoyancy effects. Bangalee et al. [131] have used the SST k-ω model 

to simulate a buoyancy driven ventilation system with the Boussinesq approximation to 

model buoyancy effects. They compared different turbulence models with experimental 

results, and concluded that this model was the best. CFD calculations were performed by 

Tanasič et al. [132] on a cardboard mill hall, where the waste heat utilization was maximized. 

They used the standard k-ε model and the Boussinesq approximation for accelerating 

convergence. The location of the inlet and outlet openings was found to be important. Xue 

et al. [133] optimized the flow with genetic algorithm in a confined space. CFD calculations 

were performed with the k-ε model. Nguyen and Reiter [134] simulated wind driven natural 

ventilation with different ceiling configurations. They used the RNG k-ε model, as it gives 

better predictions for indoor flow cases than the standard one. For the selection of the 

turbulence model, they provided a limited literature survey. The comparison with the 

measured data confirmed the reliability of the turbulence model. Böhner et al. [135] 

simulated the flow field in a spice dryer. For this case the realizable k-ε model was applied 

and good agreement was found between the calculated and measured results. 

From the above sources it is clear that the inlet positions have an impact on the air 

distribution in enclosed spaces. It was also observed that models based on the RANS 

equations are suitable for the simulation of such problems. 

The calculations presented in this chapter were performed with the RNG k-epsilon model 

as it was found suitable based on the literature review. 

6.2. SIMPLIFYING ASSUMPTIONS 
Ammonium nitrate is transported with the belt and it is assumed, that no vapour escapes 

from the fertilizer, so the only changes in relative humidity are related to the temperature 

and the humidity content of the outdoor air entering the conveyor bridge through cracks in 

the building structure and the entrances. This means that the relative humidity can be 

calculated -if the vapour pressure of the water is known- with the Antoine equation; the 

partial pressure of the water vapour in the air is calculated from the moisture content of the 
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external air. Parameters of the external air were: -15 °C, water content: 1.06 g/kg dry air. 

These are the usual design parameters for Hungarian winter conditions. 

The heating system has to keep the temperature even in the case when no fertilizer is 

transported. This is important at the start of the transportation process otherwise the 

fertilizer will meet with air of high relative humidity. As the fertilizer is warmer than the 

surroundings, it will raise the temperatures; because of this reason heat transfer from the 

fertilizer to the room air is not taken into account. The heat transfer between the main 

structural beam and the air duct was also assumed to be negligible, which is a justifiable 

assumption if the duct is insulated. 

6.3. GEOMETRY AND MESH 
6.3.1. Geometry 

The complicated geometry of conveyors cannot be precisely modelled since a too dense 

mesh would be needed in order to resolve all the small geometrical features, so only the 

most important parts were modelled: the belt, the main structural beam and the ventilation 

duct. A conveyor can be very long, but in this case only a shorter section was studied, this 

resulted in a smaller grid which lead to shorter simulation times. Usually the conveyor is 

slightly tilted but in this case a horizontal one was modelled. 

A sketch of the three geometries used in the simulations can be seen in Fig. 6.2. The air inlet 

positions for the different designs are shown with blue; the red numbers are the design 

numbers. The duct locations are shown with green double dot line. The other parts of the 

geometry were similar in each case. The size of the horizontal conveyor bridge was 3x3x36 

m3. The thickness of the transported material was less than 0.5 m; the control volume in 

which the relative humidity was monitored is shown with orange dashed line. 

 
Fig. 6.2. Sketch for the geometries used in the simulations. 

The impact of the rollers and other small parts of the conveyor on the flow were assumed 

to be negligible. The distance between the inlets was 3000 mm. In Design II the inlet size 

was 50x50 mm2. In Designs I and III grille like inlets were defined with lower velocity and 

of 200x100 mm2 sides. In Designs II and III 6 inlets, whereas in Design I 12 inlets were used. 
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In Designs I and II the middle plane of the conveyor bridge was defined as a symmetry 

plane to reduce the domain size. At 18 meters another symmetry plane was defined for each 

simulation in order to reduce the domain. 3D geometrical models can be seen in Fig. 6.3. 

The other boundaries not shown in the pictures are walls. The symmetry constraint at the 

middle of the conveyor bridges is shown with an overlapping yellow plane. 

 

 

 
Fig. 6.3. 3D model of the geometries used in the simulations. 

6.3.2. Mesh 

The mesh was constructed with the sweep method, which made possible to build it from 

hexahedrons. No grid dependency investigations were conducted, but the 

recommendations on the cell number of Nielsen [136] were over fulfilled. The 

recommended number was 310000 for Design III, where the biggest domain is used. The 

numbers of cells used: Design I: 485208 Design II: 453768 Design III: 737598. The mesh was 

denser around the inlets. In every case the skewness of the cells was under 0.85, and the 

average skewness was 0.185 in Design I, 0.167 in Design II, 0.137 in Design III. with standard 

deviation 0.164, 0.153 and 0.138 respectively, which means a good quality. 
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6.4. BOUNDARY CONDITIONS AND FLUID PROPERTIES 
6.4.1. Material properties 

The Boussinesq approximation was not applicable due to the greater temperature 

differences, so the air was defined as an incompressible ideal gas. 

6.4.2. Inlet profiles 

The boundary conditions were simplified at the air inlets. In each case, constant velocity 

was used, so the inlets were defined as velocity inlets. However, using actual velocity 

profiles of air terminal devices instead of constant velocities can alter the results. At the 

inlets the hydraulic diameter and medium (5%) turbulence intensity was defined. It was 

assumed, that the outdoor air is heated up and supplied at 30 °C through the ventilation 

system. 

6.4.3. Outlet conditions 

The backflow turbulence intensity at the outlet was assumed to be 0.5%. Some air from the 

neighbouring parts of the conveyor bridge enters through the end of the conveyor bridge 

due to the buoyancy effects, but it was assumed that air temperatures in these rooms are 

high enough to keep the relative humidity of the air above the critical value. Thus the 

backflow temperature at the outlet was set to -9.5 °C, where a water content of 1.06 g/kg 

results in 57.9 % relative humidity, which is below the critical point 59 % for the ammonium 

nitrate. Otherwise the cold air will enter at the end of the bridge and it is impossible to 

maintain the desired conditions. 

The outlet conditions were reasonably simplified, as the pressure-outlet boundary condition 

was used with constant outlet pressure defined. 

6.4.4. Walls 

At the walls the wall function approach was used, with scalable wall functions. For 

modelling heat transfer the parameters of the external air were: -15 °C. The external heat 

transfer coefficient was 24 W/m2K (the standard value in Hungary for the design of heating 

systems) and the resistance of the external walls of the conveyor bridge is neglected 

considering the usually used aluminium panels. The internal heat transfer coefficient is 

calculated during the simulation. 

6.5. SOLUTION ALGORITHM AND PROCEDURE, DISCRETIZATION 
SCHEMES 

For pressure and velocity coupling the SIMPLE scheme was used. For the final calculations 

the 2nd order upwind scheme was used. The gradients were calculated with the Green-Gauss 

Node based method and the pressure discretization scheme was the PRESTO!, which were 

kept unchanged in each setup. 

The maximum of the relative humidity was monitored in the control volume and the supply 

velocity was changed in steps to find the minimum value at which the criterion for the 

humidity was just accomplished. The calculations -because of the convergence difficulties 

experienced- consisted of the steps listed in Table 6.1. Each case was initialized with the 

hybrid initialization method. At the beginning of the calculations the default under 

relaxation factors were used. First steady state calculation was performed and a transient 

calculation was started with the results as initial values in each case. The sampling of time 
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statistics started at the 8th setup. The time step size was 0.5 s (with 10 iterations/per time 

step) and data for 500 s were sampled and averaged. 

During the calculations the residuals were monitored with the integral of the temperature 

on the middle plane, the integral of the turbulent dissipation rate in the total volume, the 

volume average of the temperature of the conveyor belt and the maximum of the relative 

humidity in the control volume. It was ensured that the residuals for each time step were 

lower than 10-3 and the time averaged quantities reached a constant value. 

The output parameter of the simulation was the maximal relative humidity calculated with 

the time averaged static temperature. 

Table 6.1. Calculation strategy. 

 No. of 
setup 

Equations 
solved 

Discretization 
schemes 

Under relaxation 
factors 

Material 
properties 

No. of 
iterations/ 

time steps 

S
te

a
d

y
 

1. Flow 1st order upwind 

default values 

density=1.225 
kg/m3 30 

2. 
Flow 
Turbulence 1st order upwind 

density=1.225 
kg/m3 290 

3. 
Flow 
Turbulence 2nd order upwind 

density=1.225 
kg/m3 200 

4. Energy 2nd order upwind density=1.225 
kg/m3 50 

5. 
Flow 
Turbulence 
Energy 

2nd order upwind 

incompressible 
ideal gas 

200 

6. 
Momentum: 0.35 

the others left 
unchanged 

300 

T
ra

n
s

ie
n

t 

7. 
Flow 
Turbulence 
Energy 

2nd order upwind 
Momentum: 0.7 

the others left 
unchanged 

100 

8. 2nd order upwind 
Momentum: 0.5 

the others left 
unchanged 

1000 

6.6. RESULTS 
For each design the minimal air flow rate is determined, for the whole conveyor bridge. The 

maximum value of the relative humidity is a function of the air flow rate, but the resulting 

curve is not smooth (Fig. 6.4). The reason can be the short averaging time, the impact of the 

discretization or turbulence modelling errors. However, a clear trend can be observed in 

each case. The minimal air flow rates (for which the relative humidity is under 59%) are 251, 

173 and 194 m3/h for Designs I, II, III respectively. The best is Design II as the lowest airflow 

rate hence the lowest energy need was found for this design.  
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Fig. 6.4. Maximum of the time averaged relative humidity in the control 

volume as a function of the airflow rate through all inlets. 

Results are presented for all designs at the minimal airflow rate in Fig. 6.5 and Fig. 6.6. In 

Fig. 6.6 isosurfaces of the time averaged temperature are shown, coloured by the time 

averaged temperature. 

 

 
Fig. 6.5. Contours of relative humidity [%] calculated from the time averaged temperature. 

 

 
Fig. 6.6. Isosurfaces (created with temperature values) by the time averaged temperature [°C]. 

For Design I the air jet reaches directly the external wall, where it increases the internal 

convective heat transfer coefficient. The area weighted average values were: 2.27 (I), 1.53 (II) 

and 1.12 (III) W/m2/K. Each of them is much smaller than the standardised 8 W/m2/K. For 

Design I at the minimal flow rate the jet is curved by the buoyancy forces and protects the 

conveyor from the cold air. Similar phenomenon can be observed for Design II. For Design 

III this effect is less significant. 
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6.7. DUCT SIZING FOR THE BEST DESIGN 
The best design was Design II and in this subchapter some duct geometries are proposed 

which provide constant static pressure. The variables used in the calculations are shown in 

Table 6.2. 

Table 6.2. Variables used to determine the geometries. 

  

q(x0) 

[m3/h] 

b 

[mm] 

c(x0) 

[mm] 

Dh(x0) 

[mm] 

w(x0) 

[m/s] 

L 

[m] 

ω(x0) 

[-] 

Re(x0) 

[-] 

L/Dh(x0) 

[-] 

k/Dh(x0) 

[-] 

II.a 350 500 250 333 0.778 36 2.00 4517 108 2.70E-04 

II.b 350 400 300 343 0.810 36 1.33 4840 105 2.63E-04 

II.c 350 300 300 300 1.080 36 1.00 5646 120 3.00E-04 

 

The optimal flow rate (173 m3/h) determined is multiplied by two, for safety reasons. Fig. 

6.7 shows the duct under the conveyor. 

 
Fig. 6.7. The duct under the conveyor. 

The initial cross section (bxc(x0)) was determined a priori. The variable size side is c. The 

available space under the conveyor is 1000 mm (width)x 300 mm (height). The velocity 

should be ideally higher to spare some ducting material, but for the placement of the outlets 

higher width is needed. Furthermore in longer ducts (higher L/Dh) at these Re(x0) values the 

impact of the friction becomes overwhelming and thus the determination of the constant 

static pressure design becomes impossible. The geometries obtained are shown in 2D (Fig. 

6.8) and 3D plots (Fig. 6.9). 

(II.a) (II.b) (II.c)  

Fig. 6.8. The influence of Re(x0) and ξ on γ(ξ) for the different input variables 

shown in Table 6.2 (Ψ(x)=0.5, 2D plots). 
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 (II.a) (II.b)  

(II.c)  

 
Fig. 6.9. The influence of Re(x0) and ξ on γ(ξ) for the different input variables 

shown in Table 6.2 (Ψ(x)=0.5, 3D plots). 

It can be concluded, that for these L/Dh(x0) values at these Re(x0) and k/Dh(x0) the solution is 

dependent on Re(x0), so the system cannot be operated with variable flow rates, but it is possible to 

supply the air with lower temperatures, if the external temperatures are higher. 

6.8. CONCLUSION 
A conveyor bridge tempered by ventilation was simulated with CFD. The transient 

simulations were performed with the RNG k-ε model. Three ventilation system designs 

were investigated (Design I: the airduct is under the conveyor and grilles are installed into 

the sidewall of it, the air leaves on the sides of the duct; Design II: nozzle like perforations 

are in the duct wall and the air is blown directly to the conveyor belt from under; Design 

III: the airduct is next to the conveyor and the air is blown sideward to the conveyor). The 

best design was chosen on the basis of the minimal air flow rate needed to maintain relative 

humidity around the transported hygroscopic material under the specific critical value. The 

minimal flow rate was determined for each design and it was concluded, that the best design 

is Design II. As the thermal resistances of the building materials usually applied are low, a 

few percent reduction in the usually high supply flow rates will result in considerable 

energy savings, so with a well-chosen geometrical setup the supply flow rates can be 

decreased to reach an improved energy efficiency level. 

In addition, possible duct geometries were determined for three different sets of input 

variables, from which a duct geometry providing constant static pressure and uniform 

outflow distribution, can be selected. 
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SUMMARY 
The aim of this thesis was to develop a new sizing method for long supply ducts. After 

extensively studying the available sources, it was concluded, that 1D models can be used 

for this purpose, even though the fluid flow is complex in these ducts, if experimentally 

determined coefficients are available to account for the impact of the different phenomena. 

 

A 1D continuous model was developed by which any duct geometry can be determined to 

maintain constant static pressure, so that the duct distributes the inflowing air uniformly. 

The general equation was used as the basis to develop two equations for specific geometries, 

one for circular cross sections and another for rectangular cross section with constant height 

and variable width. By using the equations derived, the sensitivity of the duct geometry on 

different dimensionless parameters was determined. As the circular geometries with 

varying cross section cannot be manufactured, and therefore a rectangular duct was 

designed and placed in the ventilation laboratory of the department. The measurements on 

the duct confirmed, that the outflow is uniform (within the acceptable error limits). 

Moreover computational fluid dynamical (CFD) simulations were performed. The 

simulations for the constant static pressure design (CSPD) confirmed the uniform outflow 

distribution and the CSPD is better than a duct with constant cross section. Furthermore the 

features of the flow were also analysed, both for the CSDP and constant cross section ducts. 

 

One of the empirical coefficients usually used in the calculation of the air flow rates at the 

outlet ports is the discharge coefficient, which can be used to predict the fluid distribution 

performance of supply ducts. For this coefficient by using experimental results published 

by other authors a new equation was developed. This equation (with the auxiliary ones) 

covers a wider range than the equations previously published in the literature.  

 

In addition CFD simulations were performed to determine the sensitivity of the fluid 

distribution performance on different inlet profiles. It was found, that although the outflow 

distribution of the duct is influence to a certain extent by the inlet profile, but this can be 

neglected for practical applications. 

 

The last Chapter of the thesis presented a study on the optimisation of the placement of 

these long ducts in a conveyor bridge. In this industrial application the air supplied is used 

to temper the conveyor bridge which is transporting fertilizer. If the parameters of the inside 

air does not meet with the requirements, due to the hygroscopicity of the material, the 

quality of the final product deteriorates. It was found by a new method, that an optimal 

placement of these ducts can result in significant energy saving. 
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THESES 
The brief summary of my most important results is as follows. These can be seen in the 

These booklet in details. 

THESIS 1 
I derived an equation, which can be used for supply ducts with any initial cross section 
geometry for the determination of the geometry maintaining constant static pressure: 
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where x is the axial coordinate, A(x) is the cross section, Pw(x) is the perimeter of the duct, 
λ(x) is the Darcy friction factor, Ψ(x) is the pressure recovery factor, L is the total length of 
the duct, ξ=x/L is the dimensionless axial coordinate and Dh(x) is the hydraulic diameter. 
Related publications: [137] 

THESIS 2 
Eq. (2.1) is applicable for rectangular ducts with variable width and constant height, which 
can be used in practice. With the equation, the duct geometry providing constant static 
pressure can be determined. 
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where c(x) is the variable and γ(x)=c(x)/c(x0) is the relative width, ω(x0)=c(x0)/b is the ratio 
of the width and the height (b) at the inlet. 
For variable circular cross-section the following equation can be derived: 

L
xD

ξ
xδ

xψxλ
dx

xdD )(

)1(

)(
)()(

4

1)( 0⋅
−

⋅−⋅=  (2.2) 

where δ(x) is the non-dimensional diameter and D(x) is the diameter. 
Related publications: [82], [125], [137], [138] 

THESIS 3 
Eq. (2.1) can only be solved numerically. The solution depends on the L/Dh(x0), ω(x0)=c(x0)/b, 
Re(x0) (inlet Reynolds-number) and k/Dh(x0) (relative roughness) dimensionless numbers. By 
analysing solutions of the equation, it can be concluded: 
• In short ducts (if the value of L/Dh(x0) is low, for e.g. 10) the influence of Re(x0) can be 

neglected, as it is not dependent on ω(x0). 

• On the increase of k/Dh(x0) the impact of Re(x0) on the geometry becomes insignificant, 

even for higher L/Dh(x0) values. 
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• The influence of the higher side ratio values (ω(x0)>2) can be neglected for hydraulically 

smooth ducts. It has to be taken into account only for rough ducts, at higher L/Dh(x0) 

values. 

• The difference between the results obtained for Ψ(x)=0.6 and Ψ(x)=0.5 is minimal, if the 

duct is hydraulically smooth. 

It has to be highlighted, that the influence of Re(x0) is negligible in some cases. This is very 
important, as these ducts should be able to distribute the air uniformly even in ventilation 
systems with variable flow rates (known as variable air volume –VAV- systems). 
Related publications: [137] 

THESIS 4 
The discharge coefficient can be calculated for sharp edged, circular outlet openings (made 
in the wall of a hydraulically smooth pipe) with the following equation: 
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where Cd is the discharge coefficient, Cd0 is the discharge coefficient, if the ratio of the 
dynamic and total pressures is almost 0, C1, C2 and C3 are factors depending on the 
geometrical parameters, pd1 and pt1 are the upstream dynamic and total pressures, 
respectively. Cd0 can be calculated by: 
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The constants of these equation are presented in the next table: 

Table 1. Coefficients for Eq. (4.2). 

 c1 c2 c3 c4 c5 c6 

Cd0 6.345E-01 -3.062E+00 -3.467E+00 1.159E+00 1.833E+00 -9.478E-02 

The C1 and C2 factors can be calculated by: 
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The necessary coefficients are given in the following table: 

Table 2. Coefficients for Eq. (4.3). 

 c1 c2 c3 c4 

C1 -1.580E+00 8.454E-01 -6.393E-02 -8.094E-01 

C2 -1.845E+00 -8.953E-01 -9.334E-02 1.058E-01 



THESES 

- 99 - 

C3 can be calculated by: 
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The constants are shown in the next table: 

Table 3. Coefficients for Eq. (4.4). 

 c1 c2 c3 c4 c5 

C3 1.191E-01 -8.290E-01 -3.655E-01 -1.921E-01 7.672E-01 

The applicability limit of Eq. (4.1) is defined by: 
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where Aout is the cross sectional area of the outlet, Ain is the cross sectional area and s is the 
wall thickness of the main pipe and d is the diameter of the outlet. 
Related publications: [81], [97], [96] 

THESIS 5 
By investigating the impact of the inlet boundary conditions (at Re(x0)=54000) – using three 
different cases– it can be concluded, that the inlet velocity profile has influence on the 
outflow distribution of the duct geometry (determined for L/Dh(x0)=10, k/Dh(x0)=9E-05 and 
ω(x0)=1) providing constant static pressure between Re(x0)=40000 and Re(x0)=160000. 
However, this influence can be neglected in practice. 
Related publications: [126] 

THESIS 6 
In the Hungarian HVAC engineering practice the design of enclosed spaces is based on 

the Archimedes number calculated for the room (ArR). This method helps in selecting the 

most suitable ventilation principle, but usually it is possible to choose from multiple 

types. However, the energy consumption cannot be minimised according to this design 

principle for which the method suggested can be used. Furthermore, even for the same 

ventilation principle the position of the diffusers has effect on the developing room air 

flow and thus on the heat transfer coefficients of the walls. In the industrial problem 

studied, the diffusers were located in three different positions inside the building 

geometry: 

I: Duct under the conveyor, air blown in through openings on the sidewalls of the 

duct. 

II: Duct under the conveyor, air blown in through openings on the top of the duct. 

III: Duct next to the conveyor, air blown in the direction of the conveyor through 

openings on the sidewall of the duct. 

By the method applied in a given case the energy usage can be minimised, so better result 

can be achieved than by the common design method. The prerequisite of the method is 
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to provide uniform outflow distribution, for example by sizing the ducts for constant 

static pressure. 

Related publications: [12] 
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APPENDICES 

APPENDIX A 

(a) (b) (c) (d)  

The influence of Re(x0) and ξ on γ(ξ) (k/Dh(x0)= 9E-05, ω(x0)=1). 

L/Dh(x0)= a. 10, b. 10, c. 105, d. 105. 

(a) (b) (c) (d)  

The influence of L/Dh(x0) and ξ on γ(ξ) (k/Dh(x0)=7.55E-03, ω(x0)=1). 

Re(x0)= a. 40000, b. 40000, c. 160000, d. 160000. 

(a) (b) (c) (d)  

The influence of ω(x0) and ξ on γ(ξ) (Re(x0)=160000, k/Dh(x0)=9E-05). 

L/Dh(x0)= a. 10, b. 10, c. 105, d. 105. 

(a) (b) (c) (d)  

The influence of ω(x0) and ξ on γ(ξ) (Re(x0)=160000, k/Dh(x0)=1.5E-02). 

L/Dh(x0)= a. 10, b. 10, c. 105, d. 105. 
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APPENDIX B 
Flow chart of the program written for the determination of the correction factor. 
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APPENDIX C 
Flow chart of the program written for the determination of Cd0 and the constants in the 

selected Eqs. 
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APPENDIX D 
Flowchart of the program written for the determination of the surfaces describing 

the constants in the selected Eqs. 
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APPENDIX E – COMPARISON BETWEEN THE MEASUREMENT AND 
CFD RESULTS FOR THE CSPD GEOMETRY 
In Chapter 5, two turbulence models and the influence of different inlet profiles was 

investigated with CFD. However, as stated in Chapter 2, it is important to carefully select 

the turbulence model to be used, as not all the models are applicable for all the different 

flows encountered in practice. Therefore measurements were carried out in our ventilation 

laboratory. Some of the results were already presented in Chapter 3. The lion’s share of the 

measurements is presented here, as they are only relevant for the determination of the 

“best” turbulence model, with which the most realistic results can be obtained. 

The inlet flow rate of the CSPD duct was measured with a custom Venturi-tube. The impact 

of the inlet profile for the model validation is considered to be important, hence the inlet 

profiles for the simulations of the flow in the CSPD duct has to be obtained somehow. For 

this work, the profiles were determined by simulation. The results presented in this chapter 

were obtained with the open source CFD code OFv4 (OpenFOAM version 4.). 

E.1 Calculations of the inlet profiles 

E.1.1 TURBULENCE MODEL USED 
For the calculation of the inlet profiles different turbulence models were tested. As in 

Chapter 5 was already shown, due to the selected conical angle (which is higher than the 

standardised values), separation may occur in the diffuser of the Venturi-tube. Therefore it 

was not easy to obtain converged results with steady state simulation. Therefore in Chapter 

5 results obtained with time dependent calculations were used and shown. However, 

measurements were conducted by Asztalos [93] and it was revealed, that the simulated 

velocity profiles not even resemble the measured ones. The location, from where the velocity 

profiles were taken is shown in Fig. E.1. 

 

 

Fig. E.1. Location where the velocity results were taken from. 

The velocity profiles (horizontal and vertical) can be seen from one of the simulations 

conducted with the SSG RSM (Reynolds-Stress model) -implemented in OFv4 according to 

[139]- in Fig. E.2. The mesh was created with the blockMesh utility of OFv4 and it contained 

2e6 cells. Umag is the velocity magnitude and R is the radius of the duct. 
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Fig. E.2. Velocity profiles obtained with the SSG RSM. 

The red line is the vertical profile and the blue is the horizontal. 

Fig. E.3 shows the contours of the axial velocity, with velocity vectors. The separation seen 

in Fig. 5.20 can be observed here, too. 

 

 
Fig. E.3. Contours of the axial velocity obtained with the SSG RSM. 

It was already mentioned (Section 0) in connection with the LienCubiKE model, that it can 

predict separated flows better than most of the linear eddy viscosity models. Therefore it 

was also tested, and the agreement between the calculated and measured results was found 

to be satisfactory. 

E.1.2 GEOMETRY AND MESHING 
The geometry was created and meshed with blockMesh. The geometry can be seen in Fig. 

E.4 and it is as close to the real geometry built in the laboratory as possible –i.e. the Venturi-

tube is similar to the geometry shown in Fig. 3.13, but the small details of the duct 

connections were not modelled. The inlet is coloured by red and the outlet by blue. The 

vertical duct has a diameter of 250 mm, which is reduced to 237.6 mm after the segmented 

bend. At the end, the CSPD rectangular duct is replaced with a simplified geometry, which 

retains the total area of the outlets, but it is half as long as the real duct. The width profile 

was approximated with a line for this case, and the initial “slope” of this line is almost equal 

to the gradient of the c(x) width profile of the plexi-glass duct. 

 

 

Fig. E.4. The geometrical model of the designed measuring stand. 
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Sections of the one of the meshes created can be seen in Fig. E.5, for 2230251 cells. It can be 

seen, that by using blockMesh, a good, structured mesh was created. The mesh quality 

requirements were checked with the checkMesh utility of OFv4 and all criteria were met. 

 

 

Fig. E.5. The geometrical model of the designed measuring stand. 

The simulations were conducted for four different inlet velocities, but from the four cases, 

only two will be used for the simulations in the CSPD rectangular duct (as measurements 

were carried out for two Re values). For these two cases (shown with bold in Table E.1) the 

finest mesh was denser. With systematic refinement three different meshes were obtained 

for all the cases. r21 and r32 are the grid refinement factors as defined by Celik et al. [76], 

which were close to the suggested value (1.3) but slightly higher every time. 

Table E.1. The cases investigated. 

Case 
Number of cells 

r21 r32 
Inlet 

Re [-] Mesh 1 Mesh 2 Mesh 3 

1 11175976 4954083 2230251 1.312 1.305 54000 

2 4954083 2230251 1011312 1.305 1.302 60000 

3 11175976 4954083 2230251 1.312 1.305 91000 

4 4954083 2230251 1011312 1.305 1.302 101000 

 

E.1.3 BOUNDARY CONDITIONS AND FLUID PROPERTIES 
The simulations were performed with air. The density and the kinematic viscosity were 

calculated at 27.82 °C, which is the mean value for all the measurements. 

E.1.3.1 INLET CONDITIONS 
The inlet conditions for these simulations were simplified, which means that constant inlet 

velocity, turbulence kinetic energy and epsilon was used. The turbulence kinetic energy was 

estimated (according to [62], [140]) by : 

( )2

2

3
meanin Tuwk ⋅⋅=  (E.1) 
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where k is the turbulence kinetic energy at the inlet, w is the mean axial velocity and Tumean 

is the mean turbulence intensity. The Tumean can be calculated according to Russo and Basse 

[141] by: 

079.0Re14.0 −⋅=meanTu  (E.2) 

Epsilon was calculated by [140]: 

l
k

Cε μin

2/3
4/3 ⋅=  (E.3) 

where μC  is a turbulence model constant taken as 0.09 and l is the turbulence length scale, 

which can be calculated for fully developed pipe flow by [142]: 

Dl ⋅= 038.0  (E.4) 

With these equations, the following inlet conditions were determined for the different Re 

values: 

Table E.2. Estimated inlet boundary conditions. 

Re [-] w [m/s] kin [m2/s2] εin [m2/s3] 

54000 3.289 0.05679 0.1282 

60000 3.658 0.06958 0.1830 

91000 5.523 0.1475 0.5367 

101000 6.137 0.1806 0.7654 

 

These values were given in OFv4 as fixedValue boundary conditions. For the pressure the 

zeroGradient boundary condition was used. 

E.1.3.2 OUTLETS 
For the velocity components the pressureInletOutletVelocity boundary condition was used, 

which according to the OFv4 Source Guide [143] is a velocity inlet/outlet boundary 

condition for pressure boundaries where the pressure is specified. For outflow a zero-

gradient condition is applied; for inflow, the velocity is obtained from the patch-face normal 

component of the internal-cell value. 

For the pressure, a 0 uniform fixedValue was applied. 

For the turbulence quantities (k and ε) the inletOutlet boundary condition was used, which 

applies zeroGradient for outflow and a fixedValue for inflow. k=0.008 m2/s2 and ε=0.02 m2/s3 

was specified for the inflow, which values were calculated by assuming 1 m/s as the inflow 

velocity and using the hydraulic diameter of the long slot (~80 mm). 

E.1.3.3 WALLS 
At the walls for the velocity 0 fixedValue was specified for all three components. For the 

pressure the zeroGradient boundary condition was used. For k and ε the appropriate 

LowReWallFunction was used, which can be applied for y+ values less than 15, a 

requirement which has to be satisfied for standard wall functions. 

E.1.4 SOLUTION ALGORITHM AND PROCEDURE, DISCRETIZATION SCHEMES 
The simpleFoam solver was used, which uses the SIMPLE algorithm. These results were 

obtained with the consistent variant of the solver. 

The gradients were calculated with the cellLimited leastSquares. For most of the variables 

the Gauss linear scheme was used for calculating the divergence, but for some of them this 
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was replaced by the bounded Gauss limitedLinear with correction coefficient of 1. The 

laplacian terms in the equations were calculated with the Gauss linear limited faceCorrected 

scheme with correction coefficient of 0.5. The interpolation scheme was the linear limited 

faceCorrected with limiting based on the face fluxes and with correction coefficient equal to 

0.5. The surface normal gradients were calculated with the limited faceCorrected scheme 

with correction coefficient of 0.5. The wall distance was calculated with the meshWave 

method. All schemes selected were of second order. 

The solution of the equations was obtained with GAMG (Geometric Agglomerated 

Algebraic Multigrid) solvers. 

During the calculations the under relaxation factors were changed two times. For the first 

100 iterations the under relaxation factor for the pressure was 0.3, for the velocity 0.4 and 

for the turbulence quantities 0.5. This were changed to 0.3, 0.5 and 0.6, respectively, for the 

next 29900 iterations. It was ensured, that the variables monitored became stable and the 

residuals decreased by 5 orders of magnitude. All the variables were monitored at selected 

location with probes. At the end of the calculations I checked the global conservation of 

mass. 

E.1.5 RESULTS 
By using the LienCubicKE turbulence model, the separation – seen in Fig. E.3 and Fig. 5.20 

– disappeared, as shown in Fig. E.6. 

 

 

 

 

 
Fig. E.6. Contours of the axial velocity obtained with the LienCubicKE turbulence model for the four 

Cases (Re=54000 for the top and Re=101000 for the bottom) with the finest grid. 

E.1.5.1 ESTIMATING THE NUMERICAL UNCERTAINTY 
The numerical uncertainty was estimated with the GCI method. The results from the 

simulation were exported by defining a cutting plane at the location shown in Fig. E.1. After 

importing the results into Matlab, a common post-processing grid was defined (as 

suggested by Cadafalch et al. [144]) and the results for the actual case were interpolated to 

this common grid from the three computational grids. These two interpolation grids are 
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shown in Fig. E.7. The picture to the left shows a coarse interpolation grid with 100 points, 

and the right one shows a grid actually used, with 2500 points. 

 
Fig. E.7. The interpolation grids with 100 points (left) and 2500 points (right). 

The points were categorised on the basis of the convergence ratio, defined by Stern et al. 

[145] as: 

2,3,

1,2,

ii

ii

SS

SS
R

−

−
=  (E.5) 

where R is the convergence ratio and Si,1 is the value of the solution variable at the ith point 

for the finest, Si,2 for the moderately fine and Si,3 for the coarsest grid. According to Phillips 

and Roy [77] there are four categories: 

Table E.3. Types of convergence categorised on the basis of the convergence ratio. 

Category Type of convergence R 

I monotonic convergence ϵ[ 0, 1[ 

II monotonic divergence ϵ[ 1,+∞[ 

III oscillatory convergence ϵ]-1,  0[ 

IV oscillatory divergence ϵ]-∞,-1] 

 

The points were categorised according to Table E.3. The p (observed order of accuracy) was 

determined as recommended by Celik et al. [76]. The results were limited at the lower and 

by pmin=0.05 and at the upper by pf=2 as proposed by Phillips and Roy [77]. The global order 

of accuracy (pglob) was obtained by averaging the p values for which R falls in category I and 

II (as suggested by Cadafalch et al. [144]). The relative numerical uncertainty (unum,rel) was 

calculated with pglob for all the nodes: 

( ) 1,

1,2,.
,,

121
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iiiGCI
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u

r glob

−
⋅

−
=  (E.6) 

FSGCI is the factor of safety for the GCI method. Its value is usually 1.25, but for nodes which 

did not fall in category I 3.0 was used as recommended by Oberkampf and Roy [75]. 

As Asztalos [93] measured the velocities inside the duct with a Prandtl-tube, reliable values 

are only available for the axial velocity (ux). ux was calculated from the measured pd time-

series, so Tu can also be calculated, but the these results are not considered to be really 

accurate. Therefore the numerical uncertainty was only calculated for the ux and k profiles 

(as k is needed to calculate Tu). The velocity profiles obtained can be seen in Fig. E.8. 
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Fig. E.8. Contours of ux [m/s] obtained with the finest grids. 

(top left: Re=54000, top right: Re=60000, bottom left: Re=91000, bottom right: Re=101000) 

unum,rel for ux can be seen in Fig. E.9. As it can be seen, uncertainty was quite low, except near 

the walls. Similar contours were obtained for k (Fig. E.10). It can be concluded, that for k the 

simulations were less accurate. 
      

    

  

  
Fig. E.9. Contours of unum,rel [%] for ux obtained with the finest grids. 

(top left: Re=54000, top right: Re=60000, bottom left: Re=91000, bottom right: Re=101000) 
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Fig. E.10. Contours of unum,rel [%] for k obtained with the finest grids. 

(top left: Re=54000, top right: Re=60000, bottom left: Re=91000, bottom right: Re=101000) 

E.1.5.2 COMPARISON TO MEASUREMENT RESULTS 
To validate the simulation results, the velocity profiles taken from the location shown in Fig. 

E.1 were compared to those obtained by Asztalos [93] at the same location with experiments. 

As there is no correspondence between the Re values used in the simulations and the 

measurements, the non-dimensionalised profiles were compared. These profiles can be seen 

in Fig. E.11. The simulation results were extracted from the slices. 

 
Fig. E.11. Non-dimensional velocity profiles from the experiments and the simulations . 

By visually inspecting the profiles, good agreement can be found between the CFD and the 

measurements. This agreement was quantified with the validation rate (calculated as 

described in 2.3.4.3). uinput,I was taken as 0, according to the strong model concept [80], [146]. 

The uval,I values were calculated with a confidence level of 95%, as the measurement errors 
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and unum,rel,I was determined with this confidence level (the GCI method with the safety 

factors used is developed for this confidence level [75]). For each of the four series simulated 

two of experimental results were selected which were obtained for the two closest Re. The 

difference between the simulation results and the validation uncertainty was plotted in Fig. 

E.12 and Fig. E.13. It can be seen, that the validation rate was higher than 80% for all the 

cases. For the simulation results the turbulence intensity was calculated by: 

2
,

2
,

2
,3

2

iziyix
i uuu

k
Tu

++
⋅=  (E.7) 

The unum,I values for Tui were calculated from the uncertainty values derived for the 

quantities in the Eq. (E.7) with error propagation.  

 

 
Fig. E.12. The difference between the simulation and experimental results and the validation uncertainty. 

(Re from the simulation is equal to top: 54000, bottom: 60000) 
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Fig. E.13. The difference between the simulation and experimental results and the validation uncertainty. 

(Re from the simulation is equal to top: 91000, bottom: 101000) 

For both the simulation and measurement results, the mean Tu was calculated from all the 

vertical and horizontal points and is shown vs Re in Fig. E.14. It can be seen, that for higher 

Re the simulation and was close to the experiments, but for lower values it is much lower. 

It should be mentioned, that the results are much less accurate than for the axial velocity. 

 

Fig. E.14. The mean Tu values for the simulations and experiments. 

The non-dimensional Tu profiles are shown in Fig. E.15. Significant difference can be 

observed between the experiments and the simulations, but as no better data were available, 

the inlet profiles obtained in this way will be used in the next subchapter. 
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Fig. E.15. The non-dimensional Tu profiles for the simulations and experiments. 

E.2 CFD study with the four turbulence models selected 

This section presents simulation results (with four different turbulence models) compared 

to experimental ones. 

E.2.1 TURBULENCE MODELS USED 
The four models selected were: standard, realizable, and cubic (LienCubicKE) k-ε models 

and the SST k-ω model. 

E.2.2 GEOMETRY AND MESH 
The physical geometry is similar to the one described in Chapter 5. The advantage of 

symmetry cannot be used in this case and the meshing method is different from the previous 

ones, as snappyHexMesh, a meshing utility of OFv4 was utilized. The utility requires STL 

(STereoLithography) surfaces to be given with a background mesh. The STL surfaces were 

created with AutoCAD and are shown in Fig. E.16 with the coarsest background mesh used 

for the k-ε models. The red is the inlet and the blue coloured surfaces are the outlets. 

 

Fig. E.16. The STL surfaces with the coarsest background mesh used for the k-ε models. 

The utility first approximates the STL geometry with a castellated mesh. Then removes the 

unnecessary cells. In the next step it snaps the cells near the surfaces to the surfaces. If 
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needed, in the last step mesh layers can be generated near the walls (to resolve the boundary 

layer). The coarsest resulting mesh can be seen for the k-ε models in Fig. E.17 and for the 

SST k-ω model in Fig. E.18, in which case the background mesh was less dense than the one 

for the k-ε models as with the fewer cells the resulting mesh still had almost 6e6 cells, due 

to the boundary layer meshes. 

 

 
Fig. E.17. Slices of the coarsest mesh used with the k-ε models. 

 

   
Fig. E.18. Slices of the coarsest mesh used with the SST k-ω model. 

For this study 6 different meshes were created, 3 for the k-ε models (without boundary layer 

mesh) and 3 for the SST k-ω model. The number of the cells for the different meshes and the 

refinement factors can be seen in Table E.4.  
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Table E.4. The meshes created. 

Turbulence 

model(s) used 

Number of cells 
r21 r32 

Mesh 1 Mesh 2 Mesh 3 

k-ε models 10213186 4424704 1897360 1.322 1.326 

SST k-ω model 13260760 5844671 2782111 1.314 1.281 

 

The mesh quality requirements were checked with the checkMesh utility of OFv4 and most 

of the cells satisfied all criteria. The max skeewness (in OFv4 it is defined differently than in 

Fluent) was below 4 (the criterion in checkMesh) for all the cells. In overall, with the two 

different Re values 24 cases were simulated and are shown in Table E.5.  

Table E.5. The different measures of the meshes used in the simulation of the CSPD duct. 

Turbulence 

model used 
Re [-] 

Number of cells 

Mesh 1 Mesh 2 Mesh 3 

standard k-ε  
34000 10213186 4424704 1897360 

57000 10213186 4424704 1897360 

realizable k-ε  
34000 10213186 4424704 1897360 

57000 10213186 4424704 1897360 

LienCubic k-ε  
34000 10213186 4424704 1897360 

57000 10213186 4424704 1897360 

SST k-ω model 
34000 13260760 5844671 2782111 

57000 13260760 5844671 2782111 

 

E.2.3 BOUNDARY CONDITIONS AND FLUID PROPERTIES 
The simulations were performed with air similarly to Subchapter 0. The density and the 

kinematic viscosity were the same. 

E.2.3.1 INLET PROFILES 
The inlet profiles were obtained with the method described in Subchapter 0. The profiles 

were exported from the cutting plane from the location (red line) shown in Fig. E.19 with 

OFv4. The cell centres for the cells of the inlet were calculated for all the meshes and the 

profiles were interpolated to this grid with Matlab. 

 
Fig. E.19. Location from where the inlet profiles were exported. 

The inlet axial velocity profiles for the two Re values investigated (54000 and 91000) are 

shown in Fig. E.20. 
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Fig. E.20. ux inlet profiles used in the simulation (colored by ux [m/s], left: Re=54000, right: Re=91000). 

The ux, uy, uz, k and ε or ω –which was calculated from k and ε- profiles were given OFv4 

as fixedValues boundary conditions. For the pressure the zeroGradient boundary condition 

was used. 

E.2.3.2 OUTLET CONDITIONS 
For the velocity components the pressureInletOutletVelocity boundary condition was used. 

For the pressure, a 0 uniform fixedValue was applied. For the turbulence quantities (k and 

ε) the inletOutlet boundary condition was used for which k=0.008 m2/s2 and ε=0.02 m2/s3 was 

specified. 

E.2.3.3 WALLS 
At the walls for the velocity 0 fixedValue was specified for all three components. For the 

pressure the zeroGradient boundary condition was used. For k and ε the appropriate 

LowReWallFunction was used with the k-ε models, which can be applied for y+ values less 

than 15, a requirement which has to be satisfied for standard wall functions. For the SST k- 

ω model k was set to zero with fixedValue and the omegaWallFunction was used, with a 

fine boundary layer grid to resolve the near wall flow. 

E.2.4 SOLUTION ALGORITHM AND PROCEDURE, DISCRETIZATION SCHEMES 
The solution alghorithm used and the numerical schemes were the same as in Section 0. 

The solution for the pressure was obtained with the PCG (Preconditioned Conjugate 

Gradients) method. The preconditioner was a GAMG solver. For the velocities and the 

turbulence quantities GAMG solvers were used. 

During the calculations the under relaxation factors were changed two times. For the first 

100 iterations the under relaxation factor for the pressure was 0.2, for the velocity 0.3 and 

for the turbulence quantities 0.4. These were changed to 0.3, 0.4 and 0.5 , respectively, for 

further 900 iterations. The last 19000 iterations were performed 0.3, 0.5 and 0.6. 

It was ensured, that the variables monitored became stable and the residuals decreased by 

5 orders of magnitude. All the variables were monitored at selected location with probes. 

At the end of the calculations the global conservation of mass was checked. 

E.2.5 MEASUREMENT METHODS 
The geometry of the measurement stand was shown Subchapter 3.4. In overall three 

different measurement series were done: 

- to determine the velocity profiles inside the duct, 

- to determine the static pressure inside the ducts, 

- to determine the flow rates through each nozzle. 
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10 different measurement locations were made on the duct. These locations are shown in 

Fig. E.21. The measurement of the flow rates through the nozzles was detailed in Subchapter 

3.4. 

  
Fig. E.21. Measuring locations. 

E.2.5.1 INLET FLOW RATE 
The inlet flow rate of the rectangular duct was measured with the Venturi-tube shown in 

Subchapter 3.4. The uncertainty and the flow rate was calculated similarly as in the 

mentioned Subchapter. 

E.2.5.2 VELOCITY PROFILES 
The velocity profiles were measured according to the method described in the standard [94] 

for flow rate measurements. The rectangular cross section was divided to equal areas, and 

the measurement were conducted in the centre point of these small surfaces (as shown in 

Fig. E.22). For most of the locations the measurements were performed in 25 points.  

 
Fig. E.22. Measuring grid used for the measurement 

of the velocity profile in the 1st location. 

As the width of the duct was decreasing, this number had to be decreased in some locations 

too. The actual number is shown in: 

Table E.6. The width of the duct and the number of measuring points used at different locations. 

Locations 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 

Width of the duct [mm] 285 259 230 201 174 141 112 81 50 19 

Re Number of measurement points in different locations (verticalxhorizontal) 

34000 5x5 5x5 5x5 5x5 5x5 5x5 5x5 5x5 6x4 11x1 

57000 5x5 5x5 5x5 5x5 5x5 5x5 5x5 5x5 7x4 11x1 



APPENDICES 

- 121 - 

In most details the schema of the measurements was the same as shown in Fig. 3.10. In 

addition, the velocities were measured with a Testo hot wire anemometer (with a diameter 

of 7.5 mm). The accuracy of the hot wire probe is ±(0.03 m/s+5%·measured value). The 

systematic uncertainty of the velocity measurements with 95% confidence is therefore 

estimated to be -#./ = �(0.03	0/1 + 5% · 02314526	73842)/	√3, according to [94]. In 

addition to that, the measurements have random errors, as well. The probe was connected 

to a Testo 435-4 multifunction indoor air quality meter and it was continuously logged with 

a PC, connected to the instrument with a USB cable. The sampling frequency was the highest 

possible, 1 Hz. The mean velocity is then calculated from the logged values, the logging was 

equal or longer than 120 s, which was found to be long enough. The random error of the 

mean velocity is calculated with: 
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σw is the standard deviation, λst is the inverse value of the Student-distribution at the 

confidence level of 0.95 and degrees of freedom equal to n-1. n is the number of the samples. 

The total uncertainty of the mean velocity is: 

22
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The standard deviation has a physical meaning, as Tu can directly be calculated with: 
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The uncertainty of the standard deviation is calculated with: 
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The uncertainty of the turbulence intensity is thus: 
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E.2.5.3 STATIC PRESSURE PROFILES 
For the static pressure a different measuring grid was used, as the Prandtl-tube used for 

these measurements was not long enough to reach the bottom of the duct. This grid for the 

first location can be seen in Fig. E.23. 

 
Fig. E.23. Measuring grid used for the measurement 

of the static pressure in the 1st location. 
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In this case only five locations (1,3,5,7,9) were investigated. The number of measuring points 

was 5x5 for each location. As the head part of the Prandtl-tube is long, in reality the static 

pressure was not measured in the locations shown in Fig. E.21 but 30 mm upstream. This 

was taken into account when the simulation results were exported. 

A Prandtl-tube was used for the measurement of the static pressure was connected to a 

transducer, a Datcon DT700, which can be used for pressure differences up to 250 Pa with 

an accuracy of ±5%. The transducer was connected to an Alhborn ALMEMO 2890-9 data 

logger and the sampling frequency was 1 Hz.  

The Prandtl-tube had a diameter of 7 mm. The main problem with the static pressure 

measurements is, that it is not known how the crossflow present in the supply duct due the 

continuous outflow of the air influences the results. Therefore the results have to be 

interpreted carefully. 

As the Datcon instrument was inaccurate for these measurements, according to the factory 

default values, it was calibrated with a Betz micromanometer produced by ACIN 

instruments, capable to measure a maximum of 2500 and a minimum of -50 Pa. The 

calibration curves were determined in Matlab with linear-least squares and the lowest order 

best fitting polynomial was determined according to [147]. The simultaneous confidence 

bounds of the fit evaluated at the measured values were computed with the “polyconf” 

function. The calibration curves were only determined for pressures below 100 Pa. The 

results can be seen in Fig. E.24. 

 
Fig. E.24. Calibration results with 6th order polynomials  

from different dates for the Datcon DT700. 

The confidence interval of the curve fit is magnified by a factor of 10! 

The measurement uncertainty for the pressure measurements was calculated similarly to 

Eq. (E.9). The systematic error was derived from the confidence interval determined during 

the curve fitting. 

E.2.5.4 TEMPERATURE MEASUREMENTS 
The Testo hot wire can be used for air temperature measurements too, for which its accuracy 

is ±0.3 °C. However, the air temperatures were measured with a more accurate PT70 
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temperature probe, which accuracy is ±0.1 °C. The probe was connected to an Alhborn 

ALMEMO 2890-9 data logger and the sampling frequency was 1 Hz. The mean temperature 

was calculated from the logged values and the uncertainty was estimated similarly to Eq. 

(E.9). 

E.2.6 RESULTS 
The most important results are the flow rates through the nozzles, so this Section is started 

with them. The numerical uncertainty was estimated with the global averaging method 

(discussed in Point 0., but in this case with a rectangular interpolation grid). For each nozzle 

the flow rate was calculated with the postProcess utility of OFv4. The observed order of 

accuracy was calculated for each flow rate, and for all the nozzles one pglob value was 

obtained by averaging the values (after limiting them with pmin=0.05 and pf=2). uinput,i was 

taken as 0, according to the strong model concept [80], [146] in all the cases. The results are 

shown in Fig. E.25 for the lower and in Fig. E.26 for the higher Re value. It can be seen, that 

the validation rate was quite high for all cases. The best was the standard k-ε model, but all 

the other models followed it in a close proximity. In addition to the results for the finest 

grid, the difference between the measurements and the coarsest grid was also shown. It can 

be seen, that the deviation between the Θi values obtained for the coarsest and the finest 

grids is not significant. Therefore to obtain preliminary results for the flow distribution 

performance of these ducts even the coarsest grid can be used. 

   

   
Fig. E.25. Volume flow rates on the nozzles. Validation results for Re=34000. 
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Fig. E.26. Volume flow rates on the nozzles. Validation results for Re=57000. 

The results from the hot wire measurements were used to calculate the flow rate (inside the 

duct) passing through the selected cross sections. To estimate the uncertainty the relevant 

standard was used [94]. For this, I assumed that the hot wire measured ux, which is a good 

approximation for two reasons. The first: the hot wire used is sensitive to the direction of 

the velocity. The second: even if the other two velocity components can be significantly high 

at some points of the duct (due to the outlets), from the CFD results (Appendix F) it is 

obvious, that in the points, where the measurements were conducted, the axial velocity is 

dominant. Therefore, even if the actual measured velocity in reality is umag, it is almost equal 

to ux. The numerical uncertainty in this case was obtained with the Factor of Safety method 

of Xing and Stern [78]. 

The flow rates from the CFD results were only calculated at the ten locations shown in Fig. 

E.21. The flow rate measured at the last location is not included in the validation rate 

calculations, as the velocities were only measured on a vertical line, because of the very 

small cross sectional area and width. The results are shown in Fig. E.27 and in Fig. E.28 

among which the inlet flow rate measured with the Venturi-tube is also included. The 

experimentally obtained flow rate is much higher in the last point, but it is not relevant, as 

the measurements were only performed on the vertical line mentioned, and therefore are 

considered to be inaccurate. 

The validation rate in this case was excellent for all the models, which confirms indirectly 

that the method used to measure the flow rates through the nozzles is accurate enough and 

it also confirms that any of the four models can be used to predict the flow distributing 

capabilities of these rectangular ducts. 
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Fig. E.27. The volume flow rate vs. x inside the duct. Validation results for Re=34000. 

   

   
Fig. E.28. The volume flow rate vs. x inside the duct. Validation results for Re=57000. 

For the comparison with the velocity and turbulence intensity profiles the numerical results 

were exported from the 10 locations and the numerical uncertainty was calculated with the 

previously used global averaging method. Fig. E.29 shows the results of the validation 

comparison for the velocities calculated with the standard k-ε model in the first location for 

Re=34000. One of the plots shows ux, where the numerical results are shown with a mesh 
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surface. The experimental ones are presented as black crosses (only obtained and valid in 

these discrete points) with a continuous surface. The inclusion of the surface (or the contours 

in the other plots) makes it easier to visualise the results.  

 

 

 

Fig. E.29. Validation comparison betwen the ux values calculated with the standard k-ε model and 

measured in the first location for Re=34000. 

By inspecting the mesh (representing the numerical results) and the continuous surface 

(representing the experimental results) it can be determined that in the middle of the duct 

the experiments predicted lower velocities, whereas for the simulation the lower velocities 

can be observed near the walls. As it can be seen, due to these differences, Θi is quite high. 

As unum,rel,i and ue,i are low, thus uval,i is also low, the VR is only 28%. As these detailed figures 

created for validation take too much space, all the results can be downloaded from the link 
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provided [148]. In addition to that the mean values of the different parameters are shown in 

tables (Appendix G). 

Fig. E.30 shows the validation rate for the different locations, turbulence models and Re 

values. It can be observed, that for the first locations it is quite low, but at the end of the duct 

it gets significantly higher. This can be the results of two different things. Either the Θi values 

are lower or the uval,i values are higher as the end of the duct is approached. Fig. E.31 shows 

the ue,mean, Fig. E.32 shows the unum,mean/Smean and Fig. E.33 shows the Θmean/Emean values. These 

mean values are calculated for all the measurement points at the given cross section 

(location), but in the legend mean values are shown for all the locations. 

   

   
Fig. E.30. Validation rate at different locations for ux and Tu calculated with the four turbulence modells. 

   
Fig. E.31. ue,mean/Emean in different locations used in the validation comparison for ux and Tu with the 

different turublence modells. The orange curve is the measurement uncertainty for the lower Re value. 
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Fig. E.32. unum,mean/Smean for ux and Tu with the different turublence modells and Re values 

   

   
Fig. E.33. Θmean/Emean for ux and Tu with the different turbulence modells and Re values. 

The experimental accuracy was acceptable and the simulation uncertainties got higher for 

the higher x values. For the velocities the unum,mean/Smean values are acceptable. At the first few 

locations, where the validation rate is low, both the numerical and the experimental 

uncertainties were low, so the low validation rates are the consequence of the inlet profile. 

Although the inlet profile was calculated with acceptable accuracy, it can be slightly 

different from the real one, and therefore it degrades the simulation results. Fig. E.20 

showed the profiles used, and it can be noticed that at one corner of the diffuser the flow is 

reversed, for which no trace was found in the results obtained for the rectangular duct. That 

can be seen in Fig. E.29, where in the specific corner the simulated velocity is much lower 

than the experimental and the simulated profile has no signs of symmetry whereas the 
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experimental is almost symmetrical. Nevertheless, even after this deficiency was revealed, 

the profiles were still used as nothing better was available. 

As the unum,mean/Smean values are quite high for the turbulence intensity (except for the SST k-

ω model, for which these values were low), the VR is less suitable to determine the most 

accurate turbulence model and for the turbulence intensity it is better to look at the 

Θmean/Emean values. From the VRmean values it can be deduced, that the k-ε models are 

generally more accurate to predict ux, but if ones looks booth at the unum,mean/Smean and the 

Θmean/Emean. values, the SST k-ω model seems to be a better choice, as for both ux and Tu these 

values were much lower for this model. This is basically the reason why the VR values were 

lower for this model, as on the decrease of unum uval also decreased. 

Similar plots were created for the static pressure, but in this case only five locations were 

investigated (locations 1,3,5,7 and 9) and the numerical results were exported from 30 mm 

upstream of the locations shown, as in reality the static pressure measuring holes of the 

Prandtl-tube were there. The tables summarizing the results are presented in Appendix H 

and figures similar to the ones shown in Fig. E.29 are available in [148]. Fig. E.34 shows the 

VR versus the locations, turbulence models and Re values. Fig. E.35, Fig. E.36 and Fig. E.37 

presents the ue,mean, the unum,mean/Smean and the Θmean/Emean values, respectively. 

 
Fig. E.34. Validation rate at different locations for p calculated with the four turbulence modells. 

 
Fig. E.35. ue,mean/Emean in different locations used in the validation comparison for p with the different 

turublence modells. The orange curve is the measurement uncertainty for the lower Re value. 
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Fig. E.36. unum,mean/Smean for p with the different turublence modells and Re values 

Looking at VR for p, it can be seen that none of the models were accurate enough. The best 

was the realizable k-ε model. The unum,mean/Smean were resonably low, but the VRmean values 

were quite low.  

 
Fig. E.37. Θmean/Emean for p with the different turbulence modells and Re values. 

Fig. E.38 and Fig. E.39 shows cross sectional mean static pressures (pmean) obtained with the 

simulations (in 10 locations) and the measurements (in 5 locations). 
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Fig. E.38. Validation comparison between the pmean values for Re=34000. 

   

   
Fig. E.39. Validation comparison between the pmean values for Re=57000. 

These figures confirm, that the best modell to calculate the resitence of these ducts is the 

realizable k-ε model and the SST k-ω model is also close, with much lower uncertainties. 
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E.3 Conclusions 

The flow in the CSPD duct was simulated with four different turbulence -standard, 

realizable, cubic (LienCubicKE) k-ε and the SST k-ω- models. The simulation results were 

compared to different experimental results. The difficulties associated with the calculation 

of an appropriate inlet profile have influenced the results, but it was found, that for the 

assessment of the fluid distribution performance of these rectangular ducts any of the four 

models is suitable. The static pressure is also important, as from it the resistance of the duct 

can be calculated, but all the models over predicted it (most likely due the differences 

between the real and simulated inlet profiles). Nevertheless, the realizable k-ε and the SST 

k-ω models can be recommended for the calculation of the inlet pressure, or the pressure 

distribution inside the duct. For the realizable k-ε the validation rates for the mean static 

pressure were quite high, partly due to the high validation uncertainty, whereas for the SST 

k-ω, although the calculated mean pressure are quite close to the ones obtained with the 

former model, they were really low. 
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APPENDIX F 
Contours of the velocity components in two locations obtained with the standard k-ε for 

Re=57000. 
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APPENDIX G 
Results of the validation comparison for ux and Tu. 

Standard k-ε model, Re=34000. 

ux [m/s] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 28.0 32.0 36.0 52.0 60.0 44.0 56.0 64.0 54.2 36.4 

Emean 1.869 1.781 1.749 1.732 1.702 1.669 1.610 1.572 1.502 1.348 

Smean 1.831 1.807 1.790 1.766 1.728 1.700 1.655 1.581 1.491 1.136 

ue,mean 0.093 0.082 0.076 0.075 0.071 0.069 0.066 0.065 0.062 0.057 

ue,stdev 0.011 0.009 0.007 0.006 0.005 0.004 0.005 0.005 0.006 0.008 

unum,mean 0.023 0.047 0.069 0.109 0.128 0.121 0.103 0.119 0.110 0.168 

unum,stdev 0.016 0.026 0.035 0.052 0.067 0.086 0.080 0.115 0.101 0.129 

Θmean -0.038 0.027 0.041 0.034 0.026 0.031 0.045 0.009 -0.011 -0.212 

Θstdev 0.341 0.234 0.188 0.162 0.154 0.141 0.134 0.127 0.147 0.104 

uval,mean 0.097 0.097 0.106 0.135 0.151 0.146 0.131 0.147 0.139 0.189 

uval,stdev 0.011 0.017 0.026 0.043 0.056 0.074 0.065 0.100 0.084 0.111 

Tu [%] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 12.0 32.0 56.0 64.0 56.0 52.0 64.0 52.0 58.3 81.8 

Emean 26.67 20.84 16.77 13.90 11.58 10.43 9.46 8.23 7.13 4.37 

Smean 30.44 18.66 16.20 14.94 14.12 13.49 12.85 12.49 11.15 10.63 

ue,mean 2.99 2.20 1.74 1.61 1.28 1.17 1.01 0.90 0.79 0.48 

ue,stdev 1.09 0.53 0.44 0.36 0.26 0.28 0.20 0.16 0.13 0.10 

unum,mean 1.33 1.48 1.87 2.02 2.89 3.00 3.83 5.08 6.84 7.78 

unum,stdev 2.38 1.35 1.65 1.92 2.65 2.69 3.57 5.34 6.54 5.07 

Θmean 3.78 -2.18 -0.57 1.04 2.54 3.06 3.40 4.26 4.01 6.26 

Θstdev 37.59 5.26 3.43 3.46 3.90 4.46 4.56 4.68 1.70 3.10 

uval,mean 3.56 2.83 2.75 2.81 3.37 3.39 4.11 5.27 6.95 7.81 

uval,stdev 2.21 1.06 1.37 1.61 2.40 2.49 3.40 5.23 6.47 5.05 
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Standard k-ε model, Re=57000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 28.0 40.0 36.0 48.0 40.0 48.0 64.0 72.0 75.0 9.1 

Emean 3.107 3.015 2.945 2.937 2.853 2.812 2.736 2.621 2.485 2.194 

Smean 3.091 3.022 2.991 2.951 2.890 2.842 2.772 2.657 2.466 1.905 

ue,mean 0.141 0.130 0.119 0.113 0.108 0.105 0.101 0.097 0.092 0.082 

ue,stdev 0.016 0.011 0.009 0.007 0.008 0.007 0.007 0.007 0.009 0.016 

unum,mean 0.018 0.052 0.086 0.129 0.169 0.192 0.206 0.200 0.188 0.167 

unum,stdev 0.024 0.038 0.055 0.088 0.117 0.142 0.145 0.155 0.175 0.138 

Θmean -0.016 0.008 0.046 0.014 0.038 0.030 0.037 0.036 -0.018 -0.289 

Θstdev 0.660 0.402 0.287 0.254 0.223 0.189 0.193 0.199 0.161 0.145 

uval,mean 0.144 0.145 0.153 0.183 0.212 0.230 0.238 0.233 0.223 0.198 

uval,stdev 0.015 0.018 0.033 0.064 0.094 0.123 0.131 0.140 0.158 0.122 

Tu [%] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 8.0 20.0 28.0 48.0 60.0 72.0 68.0 76.0 85.7 90.9 

Emean 25.81 19.93 15.80 13.08 11.04 9.57 8.53 7.73 6.74 4.18 

Smean 28.38 15.19 13.24 12.33 11.80 11.53 11.15 10.90 10.17 9.06 

ue,mean 2.76 2.25 1.72 1.42 1.23 1.07 0.91 0.85 0.78 0.47 

ue,stdev 1.30 0.63 0.51 0.42 0.25 0.25 0.18 0.16 0.10 0.11 

unum,mean 0.98 1.06 1.30 1.70 2.34 2.87 3.99 5.52 6.63 6.18 

unum,stdev 2.57 1.33 1.51 1.91 2.52 2.99 3.45 3.71 5.48 4.43 

Θmean 2.57 -4.74 -2.56 -0.75 0.76 1.96 2.62 3.17 3.43 4.87 

Θstdev 48.94 6.06 3.64 3.31 3.69 4.77 5.06 4.96 4.19 3.56 

uval,mean 3.27 2.63 2.33 2.40 2.85 3.24 4.20 5.62 6.74 6.21 

uval,stdev 2.49 1.21 1.33 1.72 2.29 2.82 3.33 3.66 5.41 4.43 
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Realizable k-ε model, Re=34000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 28.0 24.0 28.0 40.0 44.0 52.0 48.0 64.0 58.3 72.7 

Emean 1.869 1.781 1.749 1.732 1.702 1.669 1.610 1.572 1.502 1.348 

Smean 1.830 1.811 1.796 1.774 1.734 1.700 1.639 1.544 1.423 1.105 

ue,mean 0.093 0.082 0.076 0.075 0.071 0.069 0.066 0.065 0.062 0.057 

ue,stdev 0.011 0.009 0.007 0.006 0.005 0.004 0.005 0.005 0.006 0.008 

unum,mean 0.032 0.051 0.067 0.099 0.121 0.124 0.104 0.126 0.136 0.316 

unum,stdev 0.045 0.030 0.035 0.054 0.071 0.089 0.077 0.110 0.118 0.154 

Θmean -0.039 0.030 0.047 0.041 0.031 0.031 0.029 -0.029 -0.080 -0.243 

Θstdev 0.359 0.246 0.193 0.166 0.162 0.154 0.150 0.143 0.157 0.113 

uval,mean 0.104 0.100 0.105 0.130 0.146 0.152 0.133 0.154 0.161 0.325 

uval,stdev 0.030 0.019 0.024 0.040 0.057 0.072 0.060 0.094 0.103 0.147 

Tu [%] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 12.0 32.0 44.0 64.0 64.0 60.0 64.0 64.0 79.2 72.7 

Emean 26.67 20.84 16.77 13.90 11.58 10.43 9.46 8.23 7.13 4.37 

Smean 30.80 18.41 15.65 14.04 12.95 12.12 11.27 10.37 9.41 6.80 

ue,mean 2.99 2.20 1.74 1.61 1.28 1.17 1.01 0.90 0.79 0.48 

ue,stdev 1.09 0.53 0.44 0.36 0.26 0.28 0.20 0.16 0.13 0.10 

unum,mean 2.93 1.57 1.25 1.51 2.03 2.14 2.96 4.42 6.56 13.99 

unum,stdev 9.77 1.32 1.27 1.33 1.99 2.17 3.84 5.59 4.97 15.18 

Θmean 4.13 -2.44 -1.12 0.15 1.38 1.69 1.81 2.14 2.28 2.43 

Θstdev 40.24 5.31 3.10 2.91 3.28 3.48 3.03 2.26 1.59 2.23 

uval,mean 5.11 2.87 2.33 2.36 2.59 2.64 3.36 4.71 6.66 14.05 

uval,stdev 9.38 1.02 0.98 1.09 1.76 1.95 3.64 5.42 4.89 15.13 
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Realizable k-ε model, Re=57000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 28.0 40.0 36.0 40.0 32.0 40.0 48.0 76.0 75.0 18.2 

Emean 3.107 3.015 2.945 2.937 2.853 2.812 2.736 2.621 2.485 2.194 

Smean 3.104 3.035 3.010 2.976 2.913 2.852 2.753 2.597 2.341 1.839 

ue,mean 0.141 0.130 0.119 0.113 0.108 0.105 0.101 0.097 0.092 0.082 

ue,stdev 0.016 0.011 0.009 0.007 0.008 0.007 0.007 0.007 0.009 0.016 

unum,mean 0.034 0.065 0.081 0.109 0.135 0.166 0.213 0.254 0.251 0.205 

unum,stdev 0.024 0.044 0.056 0.073 0.096 0.122 0.162 0.193 0.261 0.149 

Θmean -0.003 0.020 0.065 0.039 0.060 0.040 0.017 -0.023 -0.143 -0.355 

Θstdev 0.686 0.425 0.301 0.271 0.247 0.218 0.233 0.251 0.223 0.166 

uval,mean 0.147 0.151 0.151 0.166 0.182 0.207 0.245 0.282 0.284 0.232 

uval,stdev 0.016 0.023 0.033 0.052 0.076 0.103 0.148 0.178 0.244 0.129 

Tu [%] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 8.0 20.0 32.0 36.0 48.0 64.0 76.0 80.0 89.3 72.7 

Emean 25.81 19.93 15.80 13.08 11.04 9.57 8.53 7.73 6.74 4.18 

Smean 26.17 14.84 12.58 11.35 10.60 10.17 9.67 9.10 8.04 7.68 

ue,mean 2.76 2.25 1.72 1.42 1.23 1.07 0.91 0.85 0.78 0.47 

ue,stdev 1.30 0.63 0.51 0.42 0.25 0.25 0.18 0.16 0.10 0.11 

unum,mean 0.87 1.16 1.16 1.48 2.06 3.03 4.30 5.39 6.64 4.58 

unum,stdev 2.05 1.63 1.44 1.79 2.48 3.43 4.29 4.42 5.38 3.45 

Θmean 0.35 -5.09 -3.22 -1.73 -0.44 0.60 1.14 1.36 1.30 3.49 

Θstdev 39.77 6.00 3.19 2.32 2.38 3.13 3.04 2.16 1.64 2.68 

uval,mean 3.16 2.73 2.23 2.24 2.64 3.41 4.53 5.53 6.76 4.62 

uval,stdev 2.07 1.42 1.28 1.61 2.24 3.24 4.15 4.33 5.30 3.43 
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Cubic k-ε model, Re=34000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 24.0 28.0 28.0 48.0 52.0 68.0 68.0 64.0 58.3 54.5 

Emean 1.869 1.781 1.749 1.732 1.702 1.669 1.610 1.572 1.502 1.348 

Smean 1.822 1.788 1.770 1.746 1.722 1.709 1.682 1.628 1.587 1.186 

ue,mean 0.093 0.082 0.076 0.075 0.071 0.069 0.066 0.065 0.062 0.057 

ue,stdev 0.011 0.009 0.007 0.006 0.005 0.004 0.005 0.005 0.006 0.008 

unum,mean 0.030 0.113 0.121 0.135 0.128 0.121 0.136 0.136 0.138 0.148 

unum,stdev 0.033 0.136 0.167 0.141 0.108 0.105 0.113 0.118 0.097 0.108 

Θmean -0.047 0.008 0.021 0.014 0.020 0.040 0.072 0.056 0.084 -0.163 

Θstdev 0.367 0.257 0.194 0.153 0.132 0.110 0.081 0.083 0.118 0.091 

uval,mean 0.103 0.150 0.154 0.163 0.154 0.151 0.160 0.161 0.157 0.163 

uval,stdev 0.017 0.124 0.157 0.132 0.096 0.088 0.101 0.104 0.088 0.100 

Tu [%] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 12.0 32.0 52.0 68.0 56.0 60.0 80.0 88.0 100.0 27.3 

Emean 26.67 20.84 16.77 13.90 11.58 10.43 9.46 8.23 7.13 4.37 

Smean 32.42 19.39 16.92 15.69 14.88 14.29 13.75 13.38 11.30 12.68 

ue,mean 2.99 2.20 1.74 1.61 1.28 1.17 1.01 0.90 0.79 0.48 

ue,stdev 1.09 0.53 0.44 0.36 0.26 0.28 0.20 0.16 0.13 0.10 

unum,mean 3.23 2.29 2.88 4.00 4.16 5.01 7.82 9.28 15.24 5.33 

unum,stdev 10.36 1.99 2.24 3.33 3.66 4.04 5.15 5.32 8.30 5.20 

Θmean 5.76 -1.45 0.15 1.79 3.30 3.87 4.29 5.15 4.16 8.30 

Θstdev 46.39 5.70 3.93 4.14 4.59 5.18 5.45 5.75 1.38 4.32 

uval,mean 5.31 3.43 3.56 4.52 4.51 5.25 7.92 9.35 15.26 5.38 

uval,stdev 9.98 1.59 1.96 3.06 3.47 3.91 5.10 5.27 8.29 5.18 
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Cubic k-ε model, Re=57000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 28.0 48.0 40.0 44.0 52.0 68.0 60.0 64.0 50.0 18.2 

Emean 3.107 3.015 2.945 2.937 2.853 2.812 2.736 2.621 2.485 2.194 

Smean 3.098 3.005 2.976 2.945 2.889 2.865 2.819 2.735 2.569 1.965 

ue,mean 0.141 0.130 0.119 0.113 0.108 0.105 0.101 0.097 0.092 0.082 

ue,stdev 0.016 0.011 0.009 0.007 0.008 0.007 0.007 0.007 0.009 0.016 

unum,mean 0.034 0.125 0.148 0.138 0.182 0.188 0.157 0.179 0.160 0.103 

unum,stdev 0.025 0.237 0.252 0.103 0.138 0.188 0.141 0.168 0.162 0.111 

Θmean -0.009 -0.009 0.031 0.007 0.036 0.053 0.083 0.114 0.085 -0.229 

Θstdev 0.696 0.429 0.306 0.268 0.213 0.160 0.137 0.124 0.144 0.107 

uval,mean 0.147 0.201 0.210 0.191 0.226 0.232 0.201 0.221 0.202 0.145 

uval,stdev 0.017 0.220 0.236 0.078 0.114 0.168 0.121 0.145 0.140 0.093 

Tu [%] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 4.0 24.0 48.0 72.0 80.0 76.0 68.0 84.0 96.4 81.8 

Emean 25.81 19.93 15.80 13.08 11.04 9.57 8.53 7.73 6.74 4.18 

Smean 27.15 15.71 13.70 12.72 12.20 11.85 11.53 11.19 10.33 11.31 

ue,mean 2.76 2.25 1.72 1.42 1.23 1.07 0.91 0.85 0.78 0.47 

ue,stdev 1.30 0.63 0.51 0.42 0.25 0.25 0.18 0.16 0.10 0.11 

unum,mean 1.46 2.58 3.77 4.46 4.95 5.88 6.23 7.23 7.96 7.49 

unum,stdev 3.58 3.65 4.96 3.97 4.22 4.36 3.93 4.01 6.22 5.70 

Θmean 1.34 -4.23 -2.10 -0.35 1.16 2.28 3.00 3.46 3.59 7.13 

Θstdev 43.16 6.15 3.58 3.35 3.99 5.03 5.47 5.19 3.74 4.19 

uval,mean 3.61 3.81 4.46 4.89 5.26 6.09 6.33 7.30 8.02 7.52 

uval,stdev 3.36 3.30 4.71 3.73 4.02 4.21 3.88 3.99 6.19 5.67 

 

  



APPENDICES 

- 140 - 

SST k-ω model, Re=34000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 28.0 24.0 28.0 28.0 32.0 36.0 40.0 44.0 66.7 36.4 

Emean 1.869 1.781 1.749 1.732 1.702 1.669 1.610 1.572 1.502 1.348 

Smean 1.831 1.815 1.805 1.784 1.747 1.716 1.665 1.587 1.489 1.199 

ue,mean 0.093 0.082 0.076 0.075 0.071 0.069 0.066 0.065 0.062 0.057 

ue,stdev 0.011 0.009 0.007 0.006 0.005 0.004 0.005 0.005 0.006 0.008 

unum,mean 0.063 0.067 0.071 0.050 0.056 0.061 0.054 0.051 0.088 0.085 

unum,stdev 0.067 0.056 0.046 0.041 0.037 0.041 0.051 0.055 0.082 0.074 

Θmean -0.038 0.034 0.056 0.052 0.045 0.047 0.055 0.015 -0.013 -0.149 

Θstdev 0.363 0.262 0.210 0.186 0.181 0.171 0.151 0.141 0.116 0.083 

uval,mean 0.123 0.114 0.109 0.095 0.095 0.098 0.093 0.089 0.118 0.111 

uval,stdev 0.046 0.039 0.034 0.028 0.024 0.026 0.036 0.042 0.067 0.061 

Tu [%] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 12.0 16.0 32.0 48.0 52.0 48.0 64.0 56.0 70.8 27.3 

Emean 26.67 20.84 16.77 13.90 11.58 10.43 9.46 8.23 7.13 4.37 

Smean 29.57 17.10 14.40 12.78 11.60 10.62 9.54 8.39 7.51 6.81 

ue,mean 2.99 2.20 1.74 1.61 1.28 1.17 1.01 0.90 0.79 0.48 

ue,stdev 1.09 0.53 0.44 0.36 0.26 0.28 0.20 0.16 0.13 0.10 

unum,mean 6.31 1.02 0.96 0.65 0.39 0.37 0.48 0.71 1.06 1.32 

unum,stdev 24.22 1.10 0.86 0.65 0.44 0.56 0.46 0.67 1.08 1.24 

Θmean 2.90 -3.75 -2.37 -1.12 0.02 0.20 0.08 0.17 0.37 2.43 

Θstdev 39.08 5.29 2.96 2.19 2.41 2.52 2.14 1.78 1.12 1.18 

uval,mean 8.36 2.56 2.12 1.84 1.39 1.31 1.17 1.24 1.44 1.47 

uval,stdev 23.81 0.91 0.62 0.41 0.35 0.43 0.35 0.51 0.93 1.16 
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SST k-ω model, Re=57000. 

ux [m/s] 

location 1 2 3 4 5 6 7 8 9 10 

VR [%] 36.0 20.0 24.0 36.0 28.0 36.0 44.0 40.0 82.1 63.6 

Emean 3.107 3.015 2.945 2.937 2.853 2.812 2.736 2.621 2.485 2.194 

Smean 3.085 3.043 3.025 2.991 2.939 2.885 2.806 2.683 2.491 2.052 

ue,mean 0.141 0.130 0.119 0.113 0.108 0.105 0.101 0.097 0.092 0.082 

ue,stdev 0.016 0.011 0.009 0.007 0.008 0.007 0.007 0.007 0.009 0.016 

unum,mean 0.094 0.099 0.101 0.080 0.073 0.086 0.101 0.106 0.132 0.109 

unum,stdev 0.090 0.071 0.071 0.068 0.057 0.070 0.087 0.093 0.133 0.125 

Θmean -0.022 0.028 0.080 0.054 0.086 0.073 0.070 0.062 0.007 -0.142 

Θstdev 0.735 0.489 0.353 0.318 0.297 0.250 0.249 0.260 0.139 0.115 

uval,mean 0.184 0.172 0.164 0.148 0.138 0.145 0.154 0.156 0.178 0.149 

uval,stdev 0.056 0.048 0.051 0.044 0.036 0.050 0.065 0.071 0.109 0.110 

Tu [%] 
location 1 2 3 4 5 6 7 8 9 10 

VR [%] 8.0 16.0 16.0 36.0 56.0 48.0 64.0 60.0 71.4 0.0 

Emean 25.81 19.93 15.80 13.08 11.04 9.57 8.53 7.73 6.74 4.18 

Smean 28.64 15.36 12.89 11.50 10.51 9.73 8.92 8.04 7.26 7.05 

ue,mean 2.76 2.25 1.72 1.42 1.23 1.07 0.91 0.85 0.78 0.47 

ue,stdev 1.30 0.63 0.51 0.42 0.25 0.25 0.18 0.16 0.10 0.11 

unum,mean 3.66 0.92 0.82 0.82 0.65 0.53 0.64 0.76 1.19 1.21 

unum,stdev 10.26 0.79 0.73 0.71 0.56 0.70 0.64 0.73 0.92 1.07 

Θmean 2.82 -4.57 -2.91 -1.58 -0.53 0.16 0.38 0.31 0.52 2.87 

Θstdev 41.31 6.88 3.53 2.37 2.04 2.44 2.09 1.48 1.08 1.58 

uval,mean 5.53 2.52 2.03 1.78 1.48 1.29 1.18 1.22 1.51 1.34 

uval,stdev 9.87 0.76 0.56 0.45 0.32 0.56 0.53 0.61 0.77 1.02 
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APPENDIX H 
Results of the validation comparison for pst. 

Standard k-ε model, Re=34000. 

pst [Pa] 
location 1 3 5 7 9 

VR [%] 0.0 96.0 0.0 0.0 0.0 

Emean 4.087 5.097 5.612 4.835 5.169 

Smean 6.769 7.275 7.176 6.918 6.371 

ue,mean 0.221 0.207 0.198 0.210 0.208 

ue,stdev 0.005 0.001 0.001 0.001 0.002 

unum,mean 1.477 2.810 0.173 0.089 0.672 

unum,stdev 0.031 0.179 0.002 0.025 0.091 

Θmean 2.682 2.179 1.565 2.083 1.202 

Θstdev 0.253 0.057 0.032 0.063 0.060 

uval,mean 1.493 2.818 0.263 0.229 0.704 

uval,stdev 0.030 0.178 0.001 0.015 0.088 

Standard k-ε model, Re=57000. 

pst [Pa] 

location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 0.0 0.0 

Emean 11.373 13.294 14.135 14.130 13.561 

Smean 18.122 19.383 19.122 18.592 17.437 

ue,mean 0.250 0.232 0.227 0.220 0.218 

ue,stdev 0.007 0.004 0.002 0.002 0.002 

unum,mean 0.052 0.219 0.571 0.961 1.829 

unum,stdev 0.007 0.008 0.010 0.048 0.173 

Θmean 6.749 6.089 4.987 4.462 3.876 

Θstdev 0.386 0.176 0.066 0.094 0.156 

uval,mean 0.256 0.319 0.615 0.986 1.842 

uval,stdev 0.008 0.007 0.010 0.047 0.171 

Realizable k-ε model, Re=34000. 

pst [Pa] 
location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 0.0 0.0 

Emean 4.087 5.097 5.612 4.835 5.169 

Smean 6.373 6.897 6.816 6.611 6.176 

ue,mean 0.221 0.207 0.198 0.210 0.208 

ue,stdev 0.005 0.001 0.001 0.001 0.002 

unum,mean 1.035 0.842 0.678 0.547 0.460 

unum,stdev 0.010 0.004 0.006 0.022 0.099 

Θmean 2.286 1.801 1.205 1.776 1.007 

Θstdev 0.253 0.058 0.030 0.053 0.068 

uval,mean 1.058 0.867 0.707 0.586 0.509 

uval,stdev 0.009 0.004 0.006 0.020 0.079 
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Realizable k-ε model, Re=57000. 

pst [Pa] 

location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 0.0 0.0 

Emean 11.373 13.294 14.135 14.130 13.561 

Smean 17.694 18.962 18.710 18.283 17.334 

ue,mean 0.250 0.232 0.227 0.220 0.218 

ue,stdev 0.007 0.004 0.002 0.002 0.002 

unum,mean 2.901 2.526 2.108 1.749 0.879 

unum,stdev 0.013 0.006 0.015 0.039 0.050 

Θmean 6.321 5.668 4.575 4.154 3.773 

Θstdev 0.390 0.178 0.067 0.059 0.239 

uval,mean 2.912 2.537 2.121 1.763 0.905 

uval,stdev 0.013 0.006 0.014 0.039 0.049 

Cubic k-ε model, Re=34000. 

pst [Pa] 
location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 0.0 0.0 

Emean 4.087 5.097 5.612 4.835 5.169 

Smean 7.516 8.072 7.961 7.640 7.033 

ue,mean 0.221 0.207 0.198 0.210 0.208 

ue,stdev 0.005 0.001 0.001 0.001 0.002 

unum,mean 0.876 0.465 0.320 0.306 0.055 

unum,stdev 0.014 0.045 0.041 0.105 0.086 

Θmean 3.429 2.975 2.349 2.805 1.864 

Θstdev 0.238 0.056 0.048 0.090 0.065 

uval,mean 0.904 0.509 0.377 0.374 0.225 

uval,stdev 0.013 0.042 0.035 0.093 0.055 

Cubic k-ε model, Re=57000. 

pst [Pa] 
location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 0.0 0.0 

Emean 11.373 13.294 14.135 14.130 13.561 

Smean 19.988 21.365 21.038 20.337 19.008 

ue,mean 0.250 0.232 0.227 0.220 0.218 

ue,stdev 0.007 0.004 0.002 0.002 0.002 

unum,mean 2.994 2.883 1.294 0.248 1.162 

unum,stdev 0.033 0.335 0.603 0.275 0.322 

Θmean 8.615 8.072 6.903 6.207 5.447 

Θstdev 0.354 0.160 0.067 0.149 0.244 

uval,mean 3.005 2.893 1.316 0.348 1.183 

uval,stdev 0.033 0.333 0.599 0.253 0.318 
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SST k-ω model, Re=34000. 

pst [Pa] 

location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 4.0 12.0 

Emean 4.087 5.097 5.612 4.835 5.169 

Smean 6.345 6.905 6.909 6.811 6.521 

ue,mean 0.221 0.207 0.198 0.210 0.208 

ue,stdev 0.005 0.001 0.001 0.001 0.002 

unum,mean 0.351 0.569 0.586 1.006 0.984 

unum,stdev 0.012 0.120 0.021 0.272 0.547 

Θmean 2.258 1.808 1.297 1.976 1.352 

Θstdev 0.248 0.059 0.027 0.045 0.092 

uval,mean 0.414 0.607 0.619 1.029 1.009 

uval,stdev 0.009 0.116 0.020 0.269 0.540 

SST k-ω model, Re=57000. 

pst [Pa] 
location 1 3 5 7 9 

VR [%] 0.0 0.0 0.0 0.0 0.0 

Emean 11.373 13.294 14.135 14.130 13.561 

Smean 18.531 20.136 20.064 19.795 19.073 

ue,mean 0.250 0.232 0.227 0.220 0.218 

ue,stdev 0.007 0.004 0.002 0.002 0.002 

unum,mean 0.029 0.049 0.052 0.051 0.166 

unum,stdev 0.020 0.006 0.063 0.027 0.235 

Θmean 7.158 6.842 5.929 5.665 5.512 

Θstdev 0.392 0.181 0.074 0.050 0.332 

uval,mean 0.253 0.237 0.239 0.227 0.299 

uval,stdev 0.008 0.005 0.038 0.010 0.201 
  

  


