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Short summary 
The manufacturing of soft Polyurethane foams worldwide is ever increasing caused by the 

demand of the automobile industry. The automated process of demoulding the finished foams 
from their moulds is still not well established. The mechanical behaviour of polyurethane 
foams can only be described difficultly because of their high compressibility and the non-
linearity of their material laws. The complex structure and porosity of the foams makes their 
description even more difficult. The manufactured foams change their properties even be-
tween demoulding and their final assembly that is why it is difficult to refer the parameters for 
the time of demoulding. 

In the dissertation the material properties and the material laws of polyurethane foams is de-
scribed according to the literature and of my personal tests and measurements. 

The problems that arise during demoulding and the industrial instructions for the process are 
analysed. 

The design procedure of an ingressive (needle) robot gripper, which is a possible solution 
for the automated demoulding, is discussed in detail. The measure and real size of the stress 
field caused by the inserted needles is determined by calculations and then verified by tests.  

The effects caused by the gripper damage is analysed by long term fatigue tests, from which 
the industrial applicability of the gripper can be derived. 

A material function is introduced for the compression strength of the foam material. With 
this function the force needed for the demoulding of a conical foam part from a cylindrical 
tube is calculated. 

The parameters and control of robot motion (path, trajectory) needed for the demoulding of 
a seat foam with a needle gripper is discussed. 

 
Összefoglalás (Short Summary in Hungarian) 

A rugalmas lágy poliuretán habok előállítása a világban egyre nagyobb mértékben terjed az 
autóipari felhasználásnak köszönhetően. A legyártott gépkocsi üléshabok a polimerizáló for-
mából való automatikus kivételének folyamata még a mai napig sem teljesen tisztázott. A ha-
bok viselkedése mechanikailag nehezen leírható, mivel nagymértékben összenyomhatóak, 
anyagtörvényeik nem lineárisak. A habok szerkezete, porózussága további nehézségeket 
okoz. A legyártott habok a gyártás időpontjától a felhasználás kezdetéig is változnak, ezért 
paramétereiket a kivétel időpontjára vonatkoztatni nehéz. 

Az értekezésben részletesen tárgyalom a poliuretán habok viselkedését és anyagtörvényeit 
részben az irodalom részben saját kísérleteim és méréseim alapján.  

Elemzem a kivételnél felmerülő problémákat és a gyártási folyamatra az iparban megkívánt 
előírásokat. 

Lépésről lépésre tárgyalom egy „tűs” robot megfogó tervezését, amely a kivételi folyamat 
automatizálásához egy lehetséges megoldás. A tűk által keltett feszültségmezőt elméleti szá-
mításokkal határozom meg, majd kísérletekkel ellenőrzöm.  

A megfogó által okozott sérülések hatását fárasztó vizsgálattal elemzem, amelyből követ-
keztetéseket vonok le a megfogó iparban való alkalmazhatóságáról. 

Bevezetek egy függvényt a habanyagok összenyomásánál fellépő feszültségválaszra, mely-
lyel kiszámítom egy kúpos test hengeres csatornából való kivételéhez szükséges erőt és ennek 
egy további lehetséges alkalmazását tárgyalom az üléshabok kivételi erejének maghatározá-
sát. 

Részletesen tárgyalom a tűs megfogóval történő kivétel robotmozgásainak (kivételi pálya, 
trajektória) paramétereit, és vezérlési tulajdonságait. 
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1. Introduction 

1.1 Polyurethane production worldwide 
From the middle of the 1900-s the production of polyurethane (PU) materials began to in-

crease in an accelerating rate [105]. This tendency is due to the ever increasing demands of 
the automobile industry. Polyurethanes make a varied and increasing contribution to our daily 
lives from car seats to foam insulation to abrasion resistant coating. Rigid polyurethane foam 
is one of the most effective practical thermal insulation materials and also generally used for 
the production of car body parts, bumpers, mudguards and various sorts of covers for 
dashboards, steering wheels, gear-levers, etc. All polyurethanes are based on the exothermic 
reaction of polyisocyanates with polyol molecules, containing hydroxyl groups. These are 
toluene diisocyanate (TDI), and diisocyanate-diphenylmethane (MDI) and its derivatives. 
Relatively few basic isocyanates and a range of polyols of different molecular weights and 
functionalities are used to produce the whole spectrum of polyurethane materials. 

The chemically efficient polymer reaction may be catalysed, allowing extremely fast cycle 
time and quantity production. No unwanted by-products are given off and because the raw 
materials react completely no 'after cure' treatment is necessary. 

Comfortable and durable mattresses, domestic seatings are manufactured from flexible 
foams. There are also different forms of polyurethane elastomers that are used for shoe soles, 
and sports equipment. The soft polyurethane foams are also the materials for car seats, head-
rests, backboards, furniture, weapon parts, bras and other industries also use soft polyurethane 
materials because of their good material and damping properties. The two main types of poly-
urethane materials are very different both in their manufacturing and in their material proper-
ties that is the reason why it is difficult to treat them from the same prospect. In this work the 
soft polyurethane foam shall be analysed in more detail. In a case of a more complete view of 
polyurethanes the hard materials shall also be discussed, where possible, and where the simi-
larity or diversity of the two materials can be described clearly. 

Although the unique advantage of using polyurethane lies in the wide variety of high per-
formance plastics that can be produced, polyurethanes may often compete with low cost 
polymers. This is because raw material costs are not the only considerations in the total costs 
of producing an article. Factors of at least equal importance are cycle times, the cost of tool-
ing and finishing as well as reject rates and opportunities for recycling. As polyurethane reac-
tion moulding requires only low pressures, moulds can be made of less expensive materials. 
This allows the simple production of inexpensive prototypes for the development of new 
products or the refinement of established ones. Polyurethanes also differ from most other 
plastic materials because they allow the processor to control the nature and the properties of 
the final product. This is possible because most polyurethanes are made using reactive proc-
essing machines. These mix together the polyurethane chemicals that then react to make the 
polymer required. The polymer is usually formed into the final article during this polymerisa-
tion reaction. These accounts for much of the versatility of polyurethanes: they can be tailored 
with remarkable accuracy to meet the needs of a particular application.  

1.2 The task 
The work started out from a real industrial problem, occurred at IMAG Ltd (Ikarus Parts 

Manufacturing Factory at Mór, Hungary) when automating the production workshops of 
automobile seat foam manufacturing. These seat foams are made from soft open celled poly-
urethane flexible foams of various hardnesses (see appendix A.6 in more details). The auto-
mation was planned out in order to reduce the number of rejects, and to increase production. 
The factory could no longer make enough products for the orders, not even if it was working 
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in continuous shifts and during the production almost every ten product was an irreparable 
reject. Most of the faults were due to human mistakes, mostly because of the non-adherence 
of regulations. Secondly and more importantly was the problem of the manufacturing process 
when harmful gasses (cyanides, See later Chapters) are let into the air when the moulds are 
opened. These gasses although are sucked away by an air cleaner system, are still present in 
the atmosphere of the workshop. 

Most of the manufacturing processes of seat foam production have already been automated 
in various factories of the world so these methods could be utilised in the modernisation of the 
factory. However one process is still done manually in most of the countries of the world, and 
that process is the demoulding of the finished foam from the mould. (Demoulding is the proc-
ess when the polyurethane foam is taken out of its mould after foaming). The main task was 
to design a process for demoulding the finished foam part from the mould without human as-
sistance. A robotised method was chosen for the task. 

The process has many difficulties; the opening of the mould (usually on the top side, where 
the mixture is poured in) is usually smaller in size than the overall dimensions of the foam. 
This way large undercuts occur inside the mould. These undercuts have to be deformed to be 
smaller in size than the mould opening in order to take out the foam. The mould cannot be 
modified. This is a strict rule of the factory, because they are designed the way, so the quality 
of the product will be the best. This way the moulds cannot be split or have excessive devices 
in them (such as air valves) that may help the demoulding. The shape of the moulds cannot be 
modified either, because they are designed to be optimal for the produced car seat. The only 
surface that is free for grasping is the bottom part of the seat, because it is installed in the car 
in unimportant places (where the buyers and users cannot see it). This part is actually at the 
top of the mould because usually the seat is foamed upside down. When the mould is opened 
this (and only this!) surface becomes free for grasping. The other condition set by the factory 
was that the maximal damage on a foam cannot be longer than a 20 mm rip.  

The other difficulty is that the material is highly flexible and compressible. Conventional 
gripping cannot be used because the foam will change its geometry when force is applied to it. 

So getting to know the material and its properties was the first in the research. The analysis 
of possible grasping methods and their usability was the next part, when an ingressive method 
was chosen for further investigations. Theories of a needle grasping of these materials were 
not accessible, so it had to be developed in order to create a method for a needle gripper de-
sign. All theoretical calculations had to be verified with experiments. A kind of calculation for 
determining the demoulding force had to be developed in order to have an input data for the 
gripper design. The robotisation of the process had to be analysed also in order to know how 
it could be fitted into the entire production. 

 
The research aims can be summarised as follows: 
− Analysing the circumstances and forces during the process of demoulding a polyure-

thane foam part from its mould.  
− Developing a calculation based on theoretical considerations for ingressive gripping 

methods of compressible open celled soft polyurethane foam materials considering finite 
deformations for hyperelastic materials. Calculating the strain and stress state in the ma-
terial that is developed around an inserted needle. Calculating numerically the force that 
is needed to pull out needle from an inserted foam. Determining the largest force that 
can be transmitted by a needle.  

− Determining the densities of needles that can be used in the gripper for maximal effi-
ciency. 
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− Determining a simple compression response curve for open celled soft polyurethane 
foams considering large deformations and using it for calculating the demoulding force 
for simple geometry foams. 

− Determining the affect of the ingressive grasping on the quality parameters of polyure-
thane foam material in long term cyclical use. 

− Determining a favourable motion criterion that can be used for demoulding a soft open 
celled polyurethane foam part with an ingressive gripper. 

 
Topics that are out of the scope of this work 
In the work a few physical phenomenon are not taken into consideration. The foam proper-

ties are dependant on temperature and moisture, however these affects are not taken into con-
siderations directly in the calculations. This is due to the amount of test data that would be 
needed for these considerations and also when these parameters are considered the calcula-
tions would be in-executable. These parameters are almost the same at the time of demould-
ing. The temperature is the same for all processes and it is equal to the temperature of the 
mould (usually around 50º). A test series was designed to measure the foam mechanical prop-
erties at this moment. With the modification of this data, the temperature effect can be taken 
into consideration, when all the material properties are measured at a different state.  

Stress relaxation and creep are also not taken into consideration in the calculation. These af-
fects are of less importance in the calculations. However in some of the tests (e.g.: in the 
compression test) the values are take 30 second after the maximal load (according to the test 
standard). 

 
Relations of the work to other researches 
Some part of this work was a part of a large research of an INCO-Copernicus Project (No. 

960754, Handling of Non-rigid Materials with Robots). The aim of the project was to design 
an expert system for handling non-rigid materials. In the earlier part of the work I have 
worked together with my colleague Zoltan Zoller, whose PhD dissertation [111] is closely 
related to some part of this work. There are some same statements and similarities in the in-
troduction Chapters of both works.  

This work can be considered as the first part of a larger research program concerning mate-
rial properties, demoulding solutions, robot motion and the design process of a needle gripper. 
The second part could be the design of a vacuum gripper and the expert system in which these 
solutions would play a vital role [69] and [111].  
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2. The properties and production of polyurethane parts 

2.1 General polyurethane production and application 
Polyurethanes can be manufactured in an extremely wide range of grades. In densities from 

6 kg/m3 to 1220 kg/m3 and polymer stiffness from very flexible elastomers to rigid, hard plas-
tics can be made. The simplified chart illustrates the broad range of polyurethanes, with refer-
ences to density and polymer stiffness (Fig. 1). 

Paints Solid Polyurethane
Plastics

Adhesives and Bindesr

Elastomeric FibersPrinting Rollers

Thermoplastic and Cast Elastomers

Structural Foam

Self-skinning Decorative Foam
Simulated Wood Furnishing and

Rigid Mouldings

Car Bumpers and other Exterior Parts for Vehicles

Moulded Chair Shells

Rigid
Insulation Foams

Solid
Polyurethanes

Very Soft Elastomers Stiff Elastomers and Plastics Rigid Plastics

Shoe Soling and
Self-skinning Articles with
a Microcelluar Core

Fabric Coatings  Syntetic Leathers

Micro
Cellular
Foams

High
Density
Foams

Low Density
Foams

Flexible Foams for Bedding
and Upholstery

Increasing Polymer Stiffness

Self-skinning Interior Trim for Vehicle
and Office Furniture

Carpet Backing
Foams

Packaging Foams

Semi-rigid Foams
for Crash Padding

and Packaging

Foam
Density

 
Fig. 1 Property matrix of polyurethanes [105] 

Polyurethane reaction mixtures have another important property they are powerful adhesives. 
This enables simple manufacture of strong composites such as building panels and laminates, 
complete housing for refrigerators and freezers, crash padding for vehicles and reinforced 
structures in boats and aircraft. 

2.1.1 Types of polyurethanes 
A consideration of particular properties of certain grades of polyurethanes and the way in 

which these are used will serve to demonstrate their versatility. A few examples of the use of 
polyurethanes will be shown in this Chapter.  
Foams 
By itself the polymerisation reaction produces solid polyurethane. Foams are made by form-
ing gas bubbles in the polymerising mixture. This is called 'blowing'. Foam manufacture can 
be carried out continuously, to produce continuous laminates or slab stock, or discontinu-
ously, to produce moulded items or free-rise blocks. Flexible foams can be produced easily in 
a variety of shapes by cutting or moulding. They are used in most upholstered furniture or 
mattresses. Flexible foam moulding processes are used to make comfortable, durable, seating 
cushions for many types of seats and chairs. There are three foam types that, in quantity 
terms, are particularly significant: low density flexible foams, rigid foams, self skinning 
foams and microcellular elastomers (high density flexible foams). 
-Low density flexible foams are materials of density 10-80 kg/m3, composed of lightly cross-
linked, open-cells. In other words, air may flow through the structure very easily. Essentially 
flexible and resilient padding materials, flexible foams are produced as slab stock or individu-
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ally moulded cushions and pads. Semi-rigid variants also have an open-cell structure but dif-
ferent chemical formulation. 

Low density rigid foams are highly cross-linked polymers with a closed-cell structure where 
each bubble within the material has unbroken walls so that gas movement is impossible. 
These materials offer good structural strength in relation to their weight, combined with out-
standing thermal insulation properties. 

High density flexible foams are defined as those having densities above 100 kg/m3. The 
range includes moulded self-skinning foams and microcellular elastomers. Self-skinning 
foams systems are used to make moulded parts having a cellular core and a relatively dense, 
decorative skin. There are two types; one with open-cell structure and one with close-cell 
structures. The biggest application of self-skinning foams and microcellular elastomers are in 
moulded parts for upholstery and vehicle trim. There are other polyurethanes than foams. 
Our project is about handling car seat bodies made of polyurethane foams so we just mention 
the others. 

Solid polyurethanes. Although foamed polyurethanes form some 90% by weight of the total 
market for polyurethanes, there is a wide range of solid polyurethanes used in many, diverse 
application. 

Solid polyurethanes elastomers. Most polyurethane elastomers have excellent abrasion re-
sistance with good resistance to attack by oil, petrol and many common non-polar solvents. 
They may be tailored to meet the needs of specific applications, as they may be soft or hard, 
of high or low resilience, solid or cellular.  

Adhesive, binders, coatings and paints. Polyurethanes are also used in flexible coatings for 
textiles and adhesives for film and fabric laminates. Polyurethane paints coatings give the 
highest wear resistance to surface such as floors and outer skins of aircraft. They are also be-
coming widely used for high quality finishes on automobiles. 

2.1.2 Some application of polyurethanes 
Automotive. In recent years, polyurethanes have found increasing use in this area, to the 

benefit of both the manufacturer and customer. Applications include seating, interior padding, 
exterior body panels, complete soft front ends, components mounted in the engine space and 
accessories such as spoilers, etc. 

Furniture. The market for cushioning materials is dominated by polyurethane flexible 
foams. And where strong, tough but decorative integral-skinned flexible or rigid foam struc-
tures are needed, polyurethanes are also ideal. 

Construction. When sandwiched in between metal, paper, plastic or wood, polyurethane 
rigid foam plays an important role in the construction industry. Such composites can replace 
conventional structures of brick, cement, wood or metal, particularly when the latter materials 
are used in combination with other insulating materials such as polystyrene foam, glass fibre 
or mineral wool. 

Thermal insulation. Rigid polyurethane foam offer unrivalled technical advantages in the 
thermal insulation of buildings, refrigerators, and other domestic appliances, and refrigerated 
transport. 

Footwear. Soles and some synthetic uppers for many types of footwear are produced from 
polyurethane. Polyurethane adhesives are also widely used in shoe and slipper manufacture.
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2.1.3 Handling and storing freshly manufactured foam 
An essential requirement in low density flexible foam slab stock manufacture is the provi-

sion of a separate, vented storage area, where freshly made blocks of hot foam must be stored 
until cool. This area should be monitored and equipped with fire detection and/or sprinkler 
systems. The foam emerging from continuous foaming machines is usually cut into predeter-
mined length, weight, marked to indicate the grade of foam, the size and weight of the block, 
and the date of manufacture, and transferred to the hot foam store by automatic machinery. 
The foam is left for a day after manufacturing to cool down and to stabilise. It should not be 
processed before, because unwanted deformation and loss of hardness may occur. It is usually 
called the incubation period. This is why the demoulding is a more delicate process because it 
has to be done soon after the polymerisation. The further handling of the foam e.g. after days 
or so, can be done with less care. 

2.2 Gripping methods for non-rigid materials 
Non-rigid products, analogous for the polyurethane foams and cushions, are found among 

packaging materials [65]. Packaging materials are usually two dimensional materials, but 
when they are filled, or had something packed into them, they become a real three dimen-
sional problem [108]. Let's look the example of a polythene bag filled with tomatoes. When it 
is grabbed with a gripper it is important not to damage the bag or the tomatoes. This filled bag 
is not a non-rigid material, but when gripped it acts as one.  

As described in [65] the majority of commercially available robot grippers are intended for 
the handling of rigid three-dimensional objects. However, materials used for packaging, may 
be semi-rigid or limp [4]. It holds its shape in a normal force field, like a gravitational field 
but looses its shape when gripped. 

The gripping methods and theory for rigid three-dimensional bodies is a well established 
science which is well documented elsewhere for example in [63] and so will not be consid-
ered in any great depth here. The materials we look at may also be permeable to air (See: 
open-cell PU!) making the use of vacuum suction techniques difficult [108]. Moreover, the 
handling of non-rigid materials such as foam-sponge, cloth, and polymer sheets, etc. present 
additional problems not easily addressable, using conventional robot grippers. A recently pre-
sented conference paper [66] discusses a number of robot grippers used in or applicable to use 
in packaging and the handling of packaging materials. Many robot grippers originally de-
signed for other applications, including textile fabric handling, are also applicable for the ma-
nipulation of non-rigid materials of polyurethane foams as long as they are 'flat', which in our 
case is usually not the fact. None the less some theories and methods used in this area can 
supply examples for the demoulding problems and for the handling after demoulding. 
Another useful example is a new form of gripper, used in packaging, relying on the use of a 
special high friction silicone rubber for fingers [65]. This material allows adequate grip to en-
sure bag acquisition while at the same time is soft enough to eliminate the possibility of dam-
age to the bag or its contents. 

Attempts at classifying robot grippers have been made in the past, even an international 
standard is under development [90], though often the range available at the time limited the 
choice to a very small list like 'clamping, suction and magnets' as complied by Lungstrom 
[61]. Over the years additional pretension techniques have been developed resulting in a more 
comprehensive catalogue [63, 106]. Robot gripping methods may be loosely split into four 
basic types [65]: impactive, ingressive, astrictive and contiguitive as discussed in the classical 
article of Monkmann [65]. The result effects of these gripping methods on any surface they 
are used on may be permeating or non-permeating. Table 1 shows description of examples of 
grippers given for any particular method and effect.     
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Table 1: Description of gripping types and effects [65]. 

Grasping Methods Gripping effects on materials 

Impactive Jaws: clamps, chucks, etc. 
Pinch: CluPicker, barbed blades 

Ingressive Brush: wire, velcro 
Pins: picklift, polytex, hackles 

Astrictive Magnetic, electro adhesive, vacuum suction 

Contigutive Chemical adhesion, thermal adhesion 

The more conventional design of robot grippers, e.g. the impactive two- or three-fingered 
claw or chuck mechanisms are of little use for the handling of flexible materials especially 
where a flat profile must be maintained. Grippers of multiple fingers may be used but not sin-
gularly. The gripping should not come from a single closure of a hand, but from the grasping 
of many multiple fingered hands, the locations of which should be designed or calculated ear-
lier and maybe put in a database as a grasping rule. Fortunately, impactive grippers also exist 
as pinch mechanisms which, unlike the intrusive pins of the ingressive grippers, do not fully 
permeate the material during the acquisition process. However, they do tend to disturb se-
verely the surface profile of any flexible object they are used with. Prehension is usually 
achieved by the movement of two serrated surface or barbed blades against one another over 
the fabric-like surface. An extension to this technique is the barbed wheel of the CluPicker 
which moves against a serrated planar surface [90]. This acting causes the fabric to be 
pinched in the surface of a panel cloth, though an element of permeation is inevitable due to 
the distortion of the fabric-like surface. The textile industry mainly uses ingressive mecha-
nisms for fabric handling [90]. Many have ply separation capabilities built-in as in the case of 
the polytex gripper [66]. Such mechanisms permeate the material to be handled and are there-
fore unsuitable for use with most polymer sheet materials, particularly where the prevention 
of moisture ingress in the part of the packaging is required. This type of method is, however, 
useful for the handling of polymer foam and fibre packing materials. 

Vacuum suction is one of the most widely used astrictive gripping methods [6], used exten-
sively throughout the packaging industry as well as most other fields of robotics [107]. Other 
astrictive methods include magnetic and electrostatic retention and as the name implies, astric-
tive grippers have the property of providing a continuous holding force. This differs from con-
tigutive methods, like adhesives [64], which require direct contact before prehension is possi-
ble, the force of determined entirely at the point of contact and does not rely on some con-
tinuously applied force thereafter. Similarly, thermal gripping techniques, also used for fabric 
handling, rely on a physical contact between the object and gripping head by means of tiny 
droplet of water which is then frozen to form a temporary bond. For further examples of 
packaging techniques see: [65]. For polyurethane foam the best method would be the ingres-
sive and the vacuum suction [107]. In this work the first one will be analysed, the principles 
of vacuum gripping can be found in [6], [111] and also in [106]. 

.
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2.3 Properties and production of Polyurethane foams, the process of foaming 

2.3.1 Introduction 
For the analysis of grasping the exact physical, chemical and manufacturing properties and 

parameters of the used material has to be known. In this Chapter the process and the phases of 
manufacturing of polymer foams and their material properties shall be looked at, which are 
important for the problem of handling. It is also important to know from the production, 
chemistry and structure of the material that which kind of simplifications may be used for the 
developed theories (such as, homogeneity, isotropy, compressibility, etc.). Cellular plastics or 
plastic foams are made of at least two phase: the solid polymer matrix and the gas phase 
which is derived from the blowing agent. There are also foams which consist of more than 
one solid phase, these are the blend or alloy of polymers and are generally heterogeneous. The 
foams may be flexible or rigid depending on whether their glass transition temperature is be-
low or above room temperature. This temperature depends upon the chemical composition, 
the degree of crystallinity and the measure of cross linking of the foam. There are also foams 
that are intermediate between rigid and flexible; these are semi rigid, or semi flexible foams 
[105]. In view of the cell geometry the foam may be closed or open-celled. The closed cells 
mean that the walls of the cells are intact. Every cell forms an autonomous volume. This be-
comes in a way that during the foaming phase the wall of the solid phase is so strong that the 
pressure of the generated gas cannot rupture it, so after the foaming, the walls can support the 
cell volume [1]. These foams are used for thermal insulating and generally rigid. 

In the case of open-celled foams the cell walls rupture during foaming and form tunnels be-
tween the cells. The whole foam can be considered as one volume. These foams are best for 
car/vehicle seats, furniture, bedding, (See: introduction) they are very good for sound insula-
tion and are generally flexible.  

The mechanical properties of foams are proportional with their densities, so the application 
of these foams usually determines the density of the foam to be used. The density of the 
polymer foams ranges from 1.6…960 kg/m3. The analysis of this work is concerned only with 
low density foams which have the density of ρ≤60 kg/m3 [32]. 

The polymer materials may be foamed in a various ways. These can be mechanical, physical 
and chemical foaming, such as: mechanical beating, and the foam stabilisation with catalysa-
tors or the thermical deposition of chemical agents, which produce nitrogen or carbon dioxide, 
etc. [25]. In our case we shall follow the technology where the exothermic heat from the reac-
tions of the produced gases during the polymerisation precipitate bubble forming gases in the 
polymer. This reaction is present when isocyanate reacts with water. This is important reac-
tion and shall be discussed later. The end-product of the reaction is CO2 [105]. 

2.3.2 The principles of foam formation 
In the first step gas bubbles are produced in the polymer liquid system by the chemical reac-

tion of isocyanate and water (can also be done in different ways ch2. in [56]). In the first 
phase of gas development, small bubbles begin to appear in the polymer liquid. By the growth 
of these bubbles the foam expands till it reaches its final size. The system is more stable if the 
already present bubbles grow instead of them multiply in their numbers. The last phase of 
foaming is the chemical stabilisation of the foam. So the three phase of foaming are: 

 Bubble forming –by gas -isocyanate+water 
 Bubble growth 
 Foam stabilisation 
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2.3.2.1 Bubble forming 
The first step is the forming of gas bubbles in the polymer liquid system. Basically two for-

mations may be considered. If the bubbles are formed from an initially truly homogeneous 
liquid then the process is called self-nucleation. If a second phase is present the bubbles form 
more easily on the boundary of the solid and the liquid phase. The bubbles form by a nuclea-
tion process and the solid phase in the case is called nucleation agent. 

The formation in a supersaturated solution of a gas in a continuous liquid is highly improb-
able [16]. A bubble of radius R and surface 4R2π has to produce a work of 4R2πγ against the 
surface tension γ to produce this bubble. The amount of gas in the bubble is 4/3R3πρG where 
ρG is the density of the gas. Spontaneous gas evolution is possible only as long as 4/3R3πρGF  
> 4R2πγ, where F is the release of free energy achieved when 1g of gas is transferred from 
supersaturated solution into the bubble, so as long as RρGF > 3 γ. If R is sufficiently small this 
will never hold [16] so this way extremely minute bubbles cannot form. 

In our case, where no solid nucleating phase is present, the liquid phase contains a lot of air 
bubbles, which form a base for the bubble growing phase. 

In other cases well dissolved substances may be the nucleation agent, which locally reduce 
the surface tension and form hot-spots in the exothermic reactions. The increase of the free 
energy of the system is required for the forming of bubbles. This is explained by the Gibbs 
equation [16]: 

∆F= γ A      (1) 
Where: ∆F is the increase of free energy, γ is the surface tension, A is the total interfacial area.  
Therefore in a liquid system there is always a tendency to reduce the interfacial area. The 

reduction of the surface tension γ helps the forming of the bubbles. The substances that reduce 
the surface tension can be: chemicals: e.g.: wetting agents, emulsifiers, silicone oil, etc. The 
purpose of the bubble forming gases is to separate the liquid from itself. If the bubbles are al-
ready present in the liquid, than there is no need for these gases. The bubble forming gases 
can then diffuse from the liquid into the small bubbles and grow them instead of producing 
new bubbles. To analyse the bubble self nucleation in the function of time and gas concentra-
tion let us follow Fig. 2. 
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Fig. 2: Relation between changes in gas concentration in solution, nucleation 
and growth of foam cells [59]. 

Crn is the nucleation rate, CLS is the critical limit supersaturation, RSN is the rapid self-
nucleation, partial relief of supersaturation, GBD is the growth by diffusion and S is the satu-
ration [85]. This chart was first used by LaMer [59] and Saunders [87]. The figure was made 
forth case where the liquid system contains the amount of gas suitable for bubble formation. It 
can be applied to urethane foams if no micro bubbles or no added nucleation agents are pre-
sent. Although these systems are rare they explain the process of foam formation well. 
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On the diagram in zone 1 the gas concentration in the liquid rises until it exceeds the equilib-
rium saturation concentration (S, becomes saturated) and with more gas concentration occur-
ring (from example chemical reactions or by heating a solution containing a solvent of low 
boiling point) reaches the concentration where the self nucleation begins, (RSN-region on Fig. 
2). While the concentration is kept in the critical region (zone II) the self nucleation will oc-
cur. When enough bubbles have formed the gas concentration in the liquid shall reduce below 
the point where the self nucleation will no longer occur. The remaining gas does not form new 
bubbles, but will diffuse from the liquid to the existing bubbles and increase them in size. The 
bubbles will grow until the gas concentration reduces under the point of saturation (S). 

In most cases to achieve stable foaming, nucleation agents or dissolved micro bubbles have 
to be used. In these cases new bubbles will not form, only zone 1 and 3 is present (Fig. 2).  

The mechanical properties are only altered by them in a small scale. These micro cells are 
not the visible cell structure, which can be seen by the naked eye, but are much smaller voids 
which are present in the wall of the polymer frame. Their formation is not yet totally known. 
Maybe they are of a second bubble formation which may be formed by a later gas extrusion 
like at the exothermic reaction at the forming of polyurethane. They can also be a residue of 
micro voids that did not have the opportunity to grow further on for some reason [56]. These 
bubbles are more important in the fractal structure of the foam and the self similarity of the 
polymeric structure. 

2.3.2.2 Bubble growth 
The initial bubble may grow to a final bubble by the diffusion of gas from the liquid phase. 

It is clear from equation (1), that the foam system of a given volume is more stable with fewer 
larger cells than with many smaller cells. This factor favours the growing and the combination 
or coalescence of the cells. The gas pressure in a spherical bubble is greater than the pressure 
in the surrounding fluid when the system is in equilibrium as given by Laplace’s equation:  

BR
p γ2

=∆    RB is the radius of the bubble (2) 

So a bubble can grow only if  

p
RB

∆<
γ2       (3) 

If R is sufficiently small this condition can be satisfied by improbably great values of p 
only, this also concludes that minute bubbles (and therefore also large bubbles) cannot form 
spontaneously. It follows that the pressure inside a smaller bubble is larger than that in a 
greater bubble. The pressure difference between the bubbles of two different sizes may be de-
fined by equation (4): 
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where: R1, R2 the radius of the two bubbles and ∆p is their pressure difference. This explains 
the gas diffusion from a smaller bubble into a larger one. Both processes favour the increase 
in size of bubbles and the disappearance of smaller fine bubbles, given enough time. 

At the early stage of foaming, when the gas volume is small, the bubbles are spherical be-
cause the surface tension has the minimal value in this shape. By the growing of the bubble 
volume the fluid phase will not be sufficient to maintain the spherical shape, so the bubbles 
take on polyhedral shapes. The fluid is distributed in membranes between two adjacent bub-
bles and forms ribs, or stalks when three or more bubbles join. When bubbles grow enough 
(to produce low density foams) the bubbles become dodecahedrons, with boundary surfaces 
of four- to six sided membranes separating the cells [56]. 
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These phases of foaming can be seen on the following figure (Fig. 3) [86]. On the first 
picture the bubbles are spherical (top left). By the time of foaming they take on the polyhedral 
shape. 

 
Fig. 3 The phases of bubble growth at foam formation (8xmagnification) [86]. 

2.3.2.3 Bubble Stability 
Equation (1) implies that the foam is thermodynamically unstable and gravity helps the col-

lapse of liquid foams. Furthermore pure liquids cannot form stable foams regardless of the 
surface tension. 

For stable foam at least two components are needed in the liquid phase, from which one is 
adsorbed at the surface. The surface tension is controlled by the type and concentration of this 
adsorbed solute as stated by the Gibbs theorem (5): 

dγ= -Σ Γ dµ      (5) 
where: µ is the chemical potential, Γ is the surface excess of the adsorbed components 

If only a limited amount of solute is present, then an increase of surface area decreases Γ their 
by raises γ, thus works against any further extension of surface. 
This effect is against the excessive thinning of cell membranes, this way it works as a cell-
wall stabiliser. 

Temperature has an affect on foam stability; by the increase of temperature, the viscosity 
and the surface tension reduce, leading to excessive thinning of the wall membranes. This 
way the membranes become too thin to withstand the inside pressure and they rupture. This is 
one reason to adjust the foaming temperature of the moulds and the mixture precisely in the 
factory. 

The walls may be thinned by drainage due to gravity and/or by capillary action [86]. The 
capillary pressure at the junction points of two or more ribs in a cell is lower than in the mem-
brane, which promotes flow from the membranes into the ribs [86]. This effect can also lead 
to excessive thinning of cell walls and to rupture.  

The main stabilisation process of polymer foams is the quick increasing of viscosity. This is 
the polymerisation, when the liquid phase is turned into a solid polymer phase. 

During the stabilisation it is very important whether the produced foam keeps its final size 
or is liable to shrink. Shrinkage usually occurs in close-celled foams, when a partial vacuum 
develops inside the cells after the cooling from the process temperature of manufacturing and 
the cell walls are not strong enough to withstand the excess pressure from the atmospheric. 
This effect does not take place inside open cell foams according to [56], because there is no 
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pressure difference. However shrinkage may occur if the foam has some morphological mem-
ory that favours a less-expanded volume and the modulus in the fully expanded state is not 
sufficient to maintain that state.  

In reality and according to factory observations it is not completely true. If every cell of an 
open celled foam ruptures then there is no shrinkage. In real life 15-35% of the cells remain 
closed, so the external air cannot mix with the internal gases and this way, local closed cell-
zones begin to appear at random places inside the foam. It can be clearly seen on finished 
foams after a couple of minutes of demoulding that it collapses and becomes a reject if not 
treated in time. The evolved bubbles are eliminated and this way the foam will lose its favour-
able properties. 

The question is: why do the cells stay closed in an open cell foam? During the initial foam 
rise the cells are always closed, or the blowing agent would escape without causing the foam 
to rise. Closed cells become open when one or more membranes rupture, usually due to ex-
cessive thinning of the walls, so the strength of these membranes can no longer resist the pres-
sure in the cell. The critical element in open celled foam production is the adjustment of the 
foaming rate and the rate of stabilisation, so that at the peak of the foam rise many cell mem-
branes are thin or become ruptured, but the ribs of the cells are strong enough to stop the rup-
ture that reaches the side walls. If the ribs would not be able to stop the rupture large voids 
could occur in the foam or the whole foam could collapse. 

Cell rupture may be helped by two ways: the gas generation can be increased, but this may 
spoil the quality and the properties of the foam [16], the other method is to treat the foam after 
demoulding, which is the most widely used process in the factories. The most common is the 
“pounding”, when blows from a flexible rod are exerted onto the foams by hand. By the ef-
fects of the blows the pressure inside the cells increases and they eventually rupture. This way 
the local closed cell zones disappear. It is obviously not a well automatible process. The 
pounding can also be carried out by compressing the foam between two rollers, with foams 
that has no insert in them. The compression also raises the pressure inside the cells and it 
crushes them, making them open. The rollers may be placed at the end of a conveyor. The 
best, though most expensive pounding, is when the whole foam is placed inside a vacuum 
chamber. The atmospheric pressure is reduced considerably, so the pressure difference inside 
the closed cell is so great as to rupture the cell-walls from the inside. This method can be used 
for every kind of foam, and can be easily automated. 

There is an interesting method worked out by Cevender [23] for moulded polyurethane 
foams. He has found the basic principle of cure versus cell wall opening to provide a practical 
method. In this method the closed and sealed mould is opened at just the right time so that the 
internal pressure, which is greater than the atmospheric, causes the rupture of the cell walls 
this way the shrinkage is also avoided. There is of course, no need of after treatment of the 
foam. The method requires great manufacturing discipline, but the benefits are evident: the 
process is much faster and a good deal cheaper. 

2.3.3 Cellular structure and properties of polymer foams 
In this Chapter the structure of polymer foams are analysed in greater generality. The state-

ments are valid not only for polyurethane foams but also for a larger class of plastic foams. 
The real foam systems cannot be modelled precisely, because its complexity. For the analy-

sis of these systems and for the aiding of calculations some simplifications are used for the 
characterisation of foam structures. The classification is based on the concept that structural 
elements (such as cells), may be isolated in a cellular or porous system [45]. In reality these 
elements may differ so much even in a very small region of the foam that they may be useless 
for the classification. The correct characterisation of porous media may only be done statisti-
cally. According to some new studies [92] fundamental morphological units were introduced 
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for the descriptions of the foams, which not only describes the properties of the porous poly-
mers but also describes the dimensions and configurations of the polymer matrix that fills the 
space between the cells and form the membranes and ribs. This new notation is important, be-
cause a foam of the same bubble size and shape may posses totally different mechanical prop-
erties, (See: also Chapter 3). 

Instead of the “one cell” model the Gas Structural Element (GSE) theory is used that is 
based on a statistically average model of a spatial structure consisting of a gas cavity (a cell) 
and its walls and ribs as a unit. With this description, foams having the same GSE become 
treatable that now have the same properties.  

 
Fig. 4: a, open-celled GSE b, closed celled GSE polymer foam [56] 

In general, gas filled systems are characterised by the porosity, which is the simplest statis-
tic parameter for most of the system studies. In the case of foamed polymers the term porosity 
should be replaced by the term gas-filling and the term porosity factor by gas-filling factor. In 
contrasts to inorganic porous systems (such as: foamed concrete, etc.) foamed polymer sys-
tems are affected by the composition of the gas phase. Foamed plastics also differ from inor-
ganic porous materials, since the chemical nature of the blowing gas and its pressure in voids 
affect the behaviour and physical properties of the foam, not only immediately upon foam 
formation, but also over long period of use. 

A gas-filled polymeric system can be considered as bodies composed of a very large num-
ber of individual particle containing spaces, in our case filled with air (the particles them-
selves are assumed to be nonporous). A portion of the porous system is assumed to have a net 
volume V0 composed of the volume of the substance (solid phase) VS and the total volume of 
all voids Vg. The gas-filling ratio Gv will be given by the formula [56]:  
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The parameter Gv represents the total gas filling of the structural elements, GSEs. The gas-
filling factor is defined by  

S

g
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G =        (7) 

The values of Gv and Gf are related to each other by 1/Gv=1/Gf+1. 

2.3.3.1 The morphology of foam polymers 
No system of packed spheres can adequately describe the properties of any real cellular sys-

tem, which never exhibits a regular packing. It is also impossible to describe the structure of 
most industrial cellular foam system using models that assume spheres of equal size. Never-
theless the basic concept of classical crystallography especially the theory of closest packing 
is the most helpful in understanding the morphology of foamed plastics [44]. 

The geometric concept of the maximum filling of a space by spheres may help in having a 
clearer insight into various cellular structural types of foamed plastics. The results are modi-
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fied the way that solid spheres are substituted with hollow spheres and the space between 
them is substituted with continuous solid polymer matrix.  

First, the packing is analysed in two dimensions. This way two possible symmetric packing 
can be obtained: the Cubic and the Hexagonal (Fig. 5), but only the Hexagonal packing gives 
the closest packing. [44] 

 
Fig. 5: Closest three dimensional packing [56], a. planar hexagonal packing in the first layer,  

b. structure of cubic close packing, c. structures of hexagonal closes packing.  
If the planar packing is taken in the first layer, then the closest packing in the second layer is 
obtained by locating each sphere of the second layer midway between any three spheres of the 
first layer. These two layers are the same in both types of symmetrical packing, but the third 
layers differ in the two arrangements. Three dimensional closest packed structures are gener-
ated by stacking closely packed layers so that the spheres are located above the voids of the 
previous layer. Since there are two voids for each sphere, there are two possibilities for the 
placement of the third layer. In the cubic closest packing, the third layer is placed so that it 
covers the group of voids that is not covered by the second layer (Fig. 5b.). In hexagonal clos-
est packing, the third layer is placed in the same way as the first layer (Fig. 5c.). Provided that 
all spheres are in contact, the amount of space required by the spheres themselves will be the 
same for both structures 74.05%, but their symmetries will not be the same. The coordination 
number that is the number of contacts per cell is 12. If the diameters of the spheres are vary-
ing then the gas filling ratio could reach 85%. The cells of polymeric foams are almost never 
spherical in shape so the volume occupied by the cells can reach even 95%. 

From the morphological point of view a polymeric foam is open celled only of the follow-
ing conditions are satisfied:(a) each spherical or polygonal cell must have at least two pores or 
two broken faces and (b) the overwhelming majority of cell ribs must belong to at least three 
GSEs. In comparison to closed-cell foamed polymers, open-celled foam plastics have a higher 
absorptive capacity for water and moisture a higher permeability to gas and vapour, less effec-
tive insulation capabilities for either heat or electricity, but have a better ability to absorb and 
damp sound. In an open celled foam the gas phase is air, whereas in closed celled foam plas-
tics, various other gases and even a small amount of the liquid phase may be present in the 
cells.  

2.3.3.2 Open cells and density 
In every polymeric foam the open GSE increase as the density of the foam decreases, be-

cause an increase in cell size means a decrease in thickness of cell walls and ribs.  
The density of the foam is determined from the true polymer phase and the gas phase by 

equation (8) 
ρ=ρp(1 - Gv) + ρ g Gv      (8) 

where: ρp- the true density of the polymer phase, ρg – the gas density in the cells,  
Gv – porosity or gas filling of the foam 

In practice the 
0V

m ρ =  





3m
kg  formula is used, which is an approximation. 
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The relationship, between the density and the mean cell diameter is described by the follow-
ing model. If a foamed plastic structure is considered that consist entirely of spherical cells of 
diameter d arranged in a cubic lattice, then for a wall thickness of δ the weight of the polymer 
(mc) per cell is given by the following equation: 
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where: mc polymer mass per cells, d the diameters of the cells in the cubic lattice, δ is the wall thickness of 
the cells, ρp the density of the polymer phase 

The number of cells (Nb) in a cubic space with sides b in Nb=(b/d)3. The weight of the poly-
mer within this space is: 
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The volume is V=b3, so the density of the foamed plastic can be expressed as> 
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By disregarding δ3, the density is:  
d

πδρ
ρ p=      (12) 

The relationship between cell diameter and density is illustrated on the next figure (Fig. 6): 
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Fig. 6: Mean cell diameter in relationship with foam density in two kinds of foam [56] 

2.3.3.3 Cell shape and size of polymeric foams 
When the shape of the GSE is considered always a statistical mean is understood. The char-

acteristic is usually determined from measurements of a large number of cells, which then is 
evaluated by some appropriate statistical method [56] or by estimating visually the shape of 
the majority of foam cells. In the first method the analysis is quantitative, while in the second 
method the characterisation is qualitative (as: spheres, polygon, polyhedron, etc.). The realis-
tic picture is so complicated, that so far no methods for calculating the GSE shape distribution 
have been proposed, while there are several methods for calculating the cell size distribution 
function [56]. Although there are several methods found in the literature for the characterisa-
tion of real foams [36] here the 12 sided polyhedral theory for polyurethane foams is going to 
be used for the shape analysis. According to Laplace’s equation [15] the bubbles in liquid 
foams is stable if its shape is strictly spherical, since the interfacial area and the capillary pres-
sure are at the minimum in that case [15]. As illustrated previously, with spherical structure 
the closes packing is achieved when every sphere has 12 neighbours. If the volume ratio of 
the gas phase increases even further the spheres tend to become polygons, in the ideal case, 
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dodecahedrons with pentagonal faces. The regular hedron of 14 sides are better suited to the 
formation of an ideal foam structure than are 12 sided hedrons [56] since they are closer to the 
geometry of a regular sphere. The cells in a real foam structure, however, take on the shape of 
12-hedron, with regular pentagonal faces [56]. This is due to the angle inequality of the 14-
hedrons which causes unbalanced capillary pressure and therefore produces foam structure 
that is more susceptible to coalescence. (Fig. 7) 

 
Fig. 7: Ideal geometries of cells of various shapes [41].  

a, sphere, b. 14-hedron with surface composed of 6 squares and 8 hexagons, c. 12-hedron with surfaces 
composed of regular pentagons only. 

The open dodecahedron shape characterises the open celled foam [40], [41] provided the 
viscosity of the initial polymer is high enough. If one-sixth or more of the cell walls are bro-
ken then the foam is entirely open celled.  

A real foam structure consists of cells of various sizes, volume and shapes [56]. For this rea-
son for a precise characterisation a single linear dimension, such as cell size, is not appropri-
ate. The cell sizes in a material can only be characterised by nominal (effective) values [56]. 
The actual effective values depend firstly on the method of observation (whether direct, that is 
by macroscopic measurements, or indirect, which may include volumetric, pyconometric, or 
other methods). Secondly, they depend on the particular simplified model of the structure and 
cell shape and thirdly, on how the measures data are processed. An alternative way of charac-
terising the cell size is by the hydrodynamic radius, which is equal to the ratio of the cross-
sectional area of the cell to the perimeter of the cross section.  The nominal cell diameter can 
be of use which is equal to that of the smallest sphere circumscribing the cell. The cell size 
distribution function is a most comprehensive characterisation of foam structure [56]. 

Normally 1 cm3 of isotropic plastic foam contains 1000~10000 cells [56]. The deviation of 
the real cell size from the mean cell size is within the range of 12…25%. Cell size and cell 
distribution depend not only on the polymer grade but also on the process condition of foam-
ing [105]. Usually the cell size in polyurethanes range from 0.1...0.5 mms. In given polymeric 
foams with the same wall thickness but with different cell diameters or with the same cell di-
ameters but with different wall thickness the same foam properties may be achieved with dif-
ferent gas phase volumes. This way the density of a polymeric foam may not only be adjusted 
by cell size, but also with wall thickness. Thus, density alone is insufficient for the unambigu-
ous characterisation of foams [56], because foams that have the same density may have dif-
ferent wall thickness. 

Finally let us look briefly at how cell size affects the mechanical properties that is impor-
tant for the analysis. By an increase in cell size causes a rise in the Young’s modulus of both 
flexible and rigid foams. The tensile strength increases by the decreasing of cell size. Com-
pression strength increases by the decreasing of the cell size [17], [92].  

2.3.3.4 Microcells 
The microcells that were mentioned earlier are analysed more closely in the view of self 

similarity and origin. The natural fractal origin of a material is characterised by its self simi-
larity. This could mean that there is more detail when the material is examined in a magnified 
view. The best evidence of self similarity of polymer foams is the microcells that are formed 
in the ribs. Depending upon type, composition and foaming process of polymeric foams the 
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upper boundary of the cell size could reach a few millimetres, example in polyurethanes ρp = 
1200 kg/m3 and ρ = 50-500 kg/m3 and the mean cell size is d = 0.1..0.5 mm. 

According to old theories the diameter of the formed bubbles must be at least a few tens of 
micrometers. With recent observations using scanning electron microscopes and mercury 
penetration method, plastic foam structures were found to incorporate voids with of two or 
three magnitudes smaller than the smallest earlier observed cells [92]. The diameters of these 
cells are less than a micrometer [56]. The microcells may be isolated spheres in the cell-walls 
of macrocells or commutating micro spheres and their conglomerates. These cells were also 
found in polyurethane and other oligomeric foams [56]. In an investigation of polyurethane 
foams by optical microscopy of thin sections with transmitted light, two groups of cells were 
observed; macrocells of a few dozen to a few hundred micrometers, and microcells of 0.01 to 
1µm in size. The later were about two or three orders of magnitude more numerous than the 
macrocells [56]. So the microcells are not only random isolated formations but, are important 
part of the foam structure (Fig. 8). Mercury penetration tests proved that the cell size distribu-
tion function is not normal (Gaussian), but is Log-normal. This distribution pattern is possible 
because the cell population consists of two or more groups with cells of various groups being 
radically different in size and number. In polyurethane and similar plastic foams the micro-
cells are the most frequently occurring gas voids [56]. There is another interesting fact about 
microcells that their absolute size is practically independent of the density of the foam; while 
the density is varied from 40 to 500 kg/m3, their mean size decreases only by a factor of 2 (1.. 
0.5µm). Most of the microcells are spherical in shape while the macrocells are oblong, as seen 
earlier. Foam consisting solely of microcells may also be produced by special techniques [56]. 

 
Fig. 8: Cellular structure of plastic foam under scanning electron microscope [56]. 

Magnification is indicated in the bottom right corner. 
1.- macrocells,      2.- macro holes in the macrocell walls,  
3.-microholes in the macrocell,   4.-microcells in a rib of a macrocell 

2.3.4 Flexible Polyurethane Foams 
In the previous Chapters the properties of plastic foams were described in general. The facts 

were more or less true for a large class of plastic foams. From now on the properties of the 
most important type of plastic foam from our point of view are going to be analysed; the 
properties of polyurethane foam. Flexible polyurethane foams are composite structures that 
are characterised by a set of physical properties, three of which are density, compressive (or 
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indentation) modulus [9] and resiliency [8]. From the point of view of application the proper-
ties of major interest relate the elastomeric character of these foams. 

2.3.4.1 Theory of production 
These foams are made by the controlled entrapment of an expanding gas during polymerisa-

tion that forms urethane linkages between polyfunctional alcohols (polyols) and polyisocy-
anates. The polyfunctional alcohol has hydroxyl functionality of three or more and the poly-
isocyanates is generally a diisocyanate or a polyisocyanate with a functionality of from two to 
three, so that the polyurethane that forms is a cross-linked network, a thermoset elastomer 
[105]. The compression modulus is largely determined by the selection of the polyol: its func-
tionality, molecular weight and structure [56], [105]. For flexible foams, the polyol is selected 
to have molecular weight in the range from 2000 to about 15000, a functionality of three to 
six and a low glass transition temperature. The compressive modulus of a closed-cell flexible 
foam depends on the elasticity of the polyurethane wall of the enclosed gas cell and the 
pneumatic properties of the gas inside the voids. An open-celled foamed polymer is highly 
diluted by an essentially continuous phase of ambient air. The polymer phase occupies as an 
interpenetrating solid-phase network, the interstices between the gas cells of the once raised 
foam. The density of the most widely produced foams range about 16-64 kg/m3. Foams are 
produced from liquid reactants that are mixed intensively together in carefully controlled for-
mulations and discharged from mixing heads to form either slab or moulded foams. For our 
purpose the moulded foam is more interesting, but there are also other foaming techniques 
that make continuous foaming [105]. The properties of continuous foams are not much differ-
ent from moulded foams, but there is an elongation of cells in the direction of foaming, that is 
why they cannot be treated as isotropic. The material law and the elasticity theory describing 
these materials are therefore different and more complex than for isotropic materials. 

2.3.4.2 Base materials for polyurethanes 
The two components that are mixed in the mixing heads during the production process are 

called A and B components in industrial terms. 
The “A” component, Polyols 

Polyether polyols are the most suitable for the requirements of the foam, which have well 
adjustable molecular weight, low glass transition, usually -67..-75 ºC [11] and [ 105].  
The “B” component, Isocyanates 

The two most used are: Toluol Diisocyanate (TDI) for flexible foams and methilene-4-bis 
(phenilisocyanate) also known as diphenylmethane diisocyanate (MDI). In flexible polyure-
thane foams these components constitutes about 30 wt% of the weight of the foam. In this 
work the base material for the polyurethane seat foams was ICI W5691 “A” and “B” compo-
nents and foams made from these materials were used in all the tests. 

2.3.4.3 Chemistry of foam production 
In the production of polyurethane foams three principal chemical reactions are involved. In 

the first reaction the hydroxyl reacts with the isocyanate to form urethane. 

R-NH-C-O-R            O CNR         OH - R
                                                                       
O                                                                       

′→==′+

    (13) 

        hydroxyl       isocyanate     urethane 

In the second reaction isocyanate reacts with water to generate CO2 and an amine, involving a 
transient carbamic acid, 
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( ) 222 CO   NH - R         OH - C - NH - R          OH      O  C  N - R
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isocyanate  water  carbamic acid  amine  carbon dioxide 

In the last reaction the amine reacts with the isocyanate to form urea linkage:  

R  -NH  -  C  -   NH   -   R       O    C    NR     NH  -  R
                                                                              

O                                                                              

2 →==′+

    (15) 

  amine  isocyanate  urea 
where: R is a starter root [56]. 

The most important reaction for the foam structure is when isocyanate reacts with water in a 
very vigorous exothermic reaction to form CO2 for blowing gas. This reaction is almost adia-
batic because the formed foam is a very good thermal insulator. The generated CO2 gas, as 
described earlier, diffuses into the nucleation sites and grows them to their final cell size. The 
nucleation sites are small air bubbles entrained in the liquid mix due to intensive mixing of 
the formulation and stabilised by surfactants. The numbers of nucleation sites are essentially 
constant during the process of a given foam [54].  

After an interval of few seconds of mixing, the rising of the foam can be seen and there is 
also a pronounced whitening of the mixture known as cream time. This occurs when the small 
gas cells suddenly reach a size large enough to scatter light. The mould lid has to be closed at 
this time. The process of foaming is the process of the formation and expansion of these small 
gas cells and the simultaneous dilution of the liquid phase, which must flow and drain from 
the thinning walls of the expanding cells to interstices, ribs and struts. In the initial phase the 
formation of foam occurs, but the molecular weight of the polymer and viscosity remain low. 

Polyurethane formation occurs to some degree even at the outset of the foaming process; 
however it only becomes the dominant reaction at the time that the super molecular architec-
ture of the foam is established [26], [58], [84] and [105]. As the foam rise approaches its 
maximum, polyurethane formation becomes the dominant reaction and the true building of the 
high molecular weight elastomeric network of the final foam takes place.  

At the end of mixing, the formulation is poured into a preheated mould, often at around 
55ºC, and the mould is clamped closed. The moulds have small port in the top to let air escape 
as the mould fills with the rising foam. When the mould is full, a small extrudate emerges 
from the ports. This time of extrusion is taken as equivalent to rise time with slab foam. De-
pending on the formulation the mould may be opened after five or so minutes. 

After demoulding the foam is usually crushed to ensure that cells have opened. (See: earlier) 
At least 24 hours are usually allowed before foam properties are measured. The rest period is 
needed to ensure the 100% finishing of the polymerisation. At the time of mould opening the 
process is about 75-85% finished (See: the test and conclusion of Chapter: 3.3).  

2.3.5 Foam Properties and their Relationship to Foam Structure 
The polymers produced from polyurethane foam formation are cross-linked, segmented co-

polymers [56]. The segmented block copolymers tends to have sequences of hard polyureas 
separated by longer (2000-15000 molecular weight) “soft” polyfunctional polyethers. The in-
crease in isocyanate index increases the number of cross-links, or shortening the chain length 
between cross-links, raises the indentation modulus and lowers the elongation at break of the 
foam. The elastomer phase of an open-celled, water-blown foam is reinforced by dispersed 
hard-phase polyurea domains [24], [2]. As a result, a water-blown foam has a higher indenta-
tion modulus than a foam of the same density made with a lower water content formulation 
but with an auxiliary blowing agent such as a fluorocarbon or methylene chloride. The ana-
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lysed foams are idealised as elastomers that may be defined as a cross-linked molecular net-
work that can undergo totally reversible extensional deformation with no heat loss (∆H=0) 
[30], [102], [29]. 

2.3.5.1 The mechanical properties of flexible polyurethane foams 
Open-celled flexible polyurethane foams are elastomers highly diluted by an interpenetrat-

ing network of air cells. The foam structure may be understood as an elastic segment (struts or 
ribs) between junctions, forming the architecture of the foam.  Foam properties will depend 
on the properties of the elastomer constituting the strut and on the geometry of the super mo-
lecular architecture: the average strut length, thickness and the size and size distribution of the 
foam cells. At the same foam density, a foam with smaller average cell size will have an ar-
chitecture of shorter but thinner struts in comparison with coarse-celled foam with larger av-
erage cell size. A simplified model of open-celled foam is helpful in correlating foam struc-
ture and properties even if only the foam indentation modulus (IFD) is considered [56], [105]. 

2.3.5.2 The response of polyurethane foam during compression 
In early works such as [53] the analysis of the compression curve is rather inaccurate. It can 

be read that the curve consists of three sections: the first part is monotone degressive rising, 
followed by a long linear part and then an exponential part is at the end. These conclusions 
are derived from improper knowledge of the theory of foam structure, the insufficient choos-
ing of measuring properties and the improper settings of parameters such as stress-strain 
scale.  

If the curve is analysed properly from the point of view of foam properties and response 
some new results can be gained. Let us consider a piece of foam in vacuum, when there is no 
gas in the pores of the material, which would cause an outflow of gas during compression. 
With this assumption the compression may be analysed only by the deformation of foam 
structure and there is no force from the flow which would depend not only on the measure of 
deformation but also on the deformation speed. At the beginning of the compression the 
whole structure of the foam is deformed all at once. This structure consists of GSEs. If during 
compression these small volumes would decrease in the same rate, so the main structure of 
the foam would not alter only its size, then the curve would show a long linear monotone in-
creasing section at the beginning. A small section like this may be observed on the compres-
sion curve of very hard flexible foams. But instead of linear, a degressive section is found. To 
understand what really happens a simple model of the foam is analysed.  

In the simple model an assembly of single struts shall be considered even though in reality 
the foam cell approximates an open-celled regular pentagonal dodecahedron (See: Chapter 
2.3.3.3). In a real cell, an indentation force on one cell face will cause distribution of stress, 
some in tension and some in compression, among the sides of the dodecahedron. A more 
complicated statistical analysis including cell size distribution, leads qualitatively to the same 
conclusion as this simplified model [56]. Lower density foams will be softer than foams of the 
same composition but with a higher density, because the numbers of struts per unit volume 
which will be under load are dependent on the average strut length and the average strut 
thickness and on the inherent modulus (stiffness) of the material constituting the strut [56]. At 
the same density and solid phase composition, foam of smaller cell size will, on average have 
shorter thinner struts. The stiffness of a strut will decrease with strut length but increase with 
the cube of strut thickness. For small deformations, the small-celled foams with shorter but 
thinner struts will feel softer than foams with larger cells. For large deformations of foams 
with larger cells, the simple strut bending analysis is not sufficient to account for mechanical 
response because of strut buckling, the tendency for a long strut to buckle rather than bend 
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continuously under stress. This can be seen on Fig. 9 made with a scanning electron micro-
scope [56]. This causes the awkward shape of the compression curve (Fig. 10). 

 
Fig. 9: The deformation of foam structure during compression. a, Before compression,  

b, The buckling of the struts at 60% compression. [56]. 

The result of this response to stress is a more complex relationship of the apparent modulus of 
a foam as seen on Fig. 9. The stress region in which strut buckling becomes a factor is appar-
ent, as strain in that region increases much more rapidly with just a small increase in stress. 
Foam properties, however, are rarely reported over the continuous range of load or over the 
inflexion point of the compression curve. Usually, only specific deformations are reported 
such as IFD at 25%, 50% and 65% of compression [9].  

The larger the compression force is the more struts buckle. This way the resistance of the 
foam against compression is increasing in a decreasing way. (Fig. 10). 
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Fig. 10: The compression curve of a soft polyurethane foam 

At those sections where all the struts have buckled the bottom part meet the upper part of 
the GSEs. This means that in these parts the pure polymer is compressed, that no longer con-
tain any free volumes. The foam loses compressibility in these zones and behaves as an in-
compressible material. The more zones like these are created the more resistance the foam 
will exert against the compression. By the increase of compression force the buckling of GSE 
walls will continually increase and more and more cell volume will disappear. 

The buckling make the curve degressive and the compression of the void-less polymer 
makes it progressive. Linear would only be if these two actions were in total equilibrium. It is 
very rare so it is wise to consider that there is no linear section at the middle section of the 
curve or if it exists it is very short and insignificant. At around 90% of compression the phase 
is reached when all the cell volumes have disappeared from the foam. At this part the charac-
teristics of the curve begins to rise very rapidly. Of course for 100% of compression, (total 
compression), an infinite force would be needed, which would be the force for the complete 
ceasing of existence of the material. This amount of compression is in-executable and it is not 
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important in practice. However it is important in the mathematical point of view, because the 
function has a value of an infinite limit at a finite point. 

If the fact is considered that the pores of the material is filled with gas or air, during the 
foaming, than an outflow is apparent during compression, when the gas escapes from the 
cells. This increases the resistance against compression, because this process may be imag-
ined as compressing gas through a flow resistance. The characteristic of the curve is not really 
changed by this process only its values are increased, mainly at the beginning. The last section 
is altered in a way that not all of the gas can escape from the pores, so there will be some iso-
lated air bubbles inside the material. This way a small compressibility is still apparent at the 
beginning of the last section. At great compression these small parts may be totally neglected. 

The more profound change of characteristic appears when the foam is compressed at great 
speed. The force from the gas outflow would be the dominant force at the first sections of the 
process. This would require a different theory for our investigations when fluid mechanics 
and gas dynamics are involved. However the deformations analysed in this work are assumed 
to be infinitesimally slow, so these effect do not play a role. From now on the force from the 
outflow of gas can also be neglected. The fluid mechanics of foam is treated in the disserta-
tion of my colleague Zoltan Zoller [111]. 

2.3.5.3 New material property function for the compression curve 
The proper characteristics and the theory behind the compression curve are now known. It 

would be a task to construct a response function for the compression curve that can be used 
for further calculations and classifications for the foam. Since there has been no suggestion of 
a simple function for the curve, I have tried to construct a new one from the previous analysis, 
tests (See: later) and curve fitting. It can be assumed that the buckling take place continuously 
in the foam, that is why it is needless to divide the function, describing the curve, to three 
parts. The boundaries separating each part would be difficult to determine and of course they 
do not even exist. It would be much better to construct a single function, which describes the 
characteristics of the curve in the whole range of the compression and not just sectionally.  

Let us summarise the conditions that the function have to fulfil (See also [109]): 
The degressive part of the curve is concave and the progressive part is convex, seen from the 
abscissa, so there has to be an inflexion point in the function in between the two parts. 
− Zero stress has to be at zero load (0 %- of compression at the origin). 
− At 100% of compression the stress have to be infinite. 
− At every point the function is strictly monotone. 

The two axes have to be: stress for the ordinate and percentage of compression for the ab-
scissa, then the function describing the compression curve may be formulated as (16): 

)
2

tan()( εc a εεσ b π
+=      (16) 

where:σ=F/A is the compression stress, A is the surface, ε=∆h/h0 is the compressive strain, h0 is the initial 
height of the test piece, dh is the compression length, so ε is dimensionless. a, b, c are constants. 

The a, b, c are material constants for a given polymer foam and can be determined from an 
experimental compression curve. ‘b’ has no dimension, ‘a’, ‘c’ has a dimension of [MPa] 
similar to stress, this way the equation is satisfied when ε ranges from 0 to 100% of compres-
sion. This function approximates all the characteristics and values of the compression curve 
accurately (Fig. 11, Fig. 12), if the parameters are determined from real compression curves. 
Great advantage is that the function can be characterised by only three parameters. With these 
three numbers the curve is unambiguously determined which then can be easily handled. 

The parameters are calculated from real compression curves by a regression method which 
provides a system of regular equations that has to be solved simultaneously. For the calcula-



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 23

tions the Maple system is used. The process and the program of the calculation are given in 
details in Appendix A.8.3. Calculated values of the parameters for all the examined foams are 
given in Table 16 of Appendix A.7.1. 

Using the parameters of Table 16 for foam 1 and foam 9, the curve of the function is plotted 
against the points of the measured compression curve of foam 1 and foam 9, (Fig. 11, Fig. 
12).  

σ 
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] 

σ 
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Pa
] 

 ε [-]  ε [-] 
 Fig. 11: Compression curve for foam 9  Fig. 12: Compression curve for foam 1 

The absolute error of the proposed function is less than 10% when compared to the values of 
the measure curves. The function gained by this method is rather simple and can be easily 
handled for various calculations, such as compression, seat fatigue, and comfort calculations 
and even for calculating the deformation when vacuum suction is applied on the surface of the 
foam (Zoller [111]).  

2.3.5.4 Commercial Production and processing 
The very important cell size and cell size distribution of flexible polyurethane foams are 

controlled during the foaming process by the selection and the concentration of surfactants 
[83] and [20] and the use of cross-linker additive, often called a chain extender or foam stabi-
liser [58]. The formulations are usually mixed together in two or sometimes three tanks on the 
processing machine or in the mixing head. One of the pre-batched mixes compromises polyol 
and compatible additives, maybe water, surfactants and catalysts. The other pre-batched mix 
is principally of polyisocyanate. In storage on the processing machine, the mixes are held at a 
controlled temperature of T=24°C according to manufacturing regulations.  

The mixtures are then fed by metering pumps to a mixer, where air may be added to pro-
vide the nucleuses and to provide additional control of cell structure. The mixer must rapidly 
homogenise the pre-batches for pouring, because the chemical reactions begin immediately 
with mixing. Usually the mixers recalculated the pre-batches to the storage tanks until pouring 
is desired. The mixtures are metered under pressure. These measurements must be carefully 
controlled to produce the specified formulation in the mixer. There are two principal kinds of 
flexible foam processing, the production of moulded foam and the production slab stock 
foam. Only the first process is of much interest in our case. This will be analysed further. The 
other method produces different kind of foam, which have different material properties due to 
their production and may be described by different material laws, e.g.: the produced foam 
show an orientation in the direction of foaming, so it cannot be described as isotropic. The 
behaviour and properties of slab stock foams are out of the scope of this work. 

Test 
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Calculated 
curve 

Test 
curve

Calculated 
curve 
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2.3.5.5 Moulded flexible polyurethane foams 
The pouring is discontinuous in this production method. To mould foam, a weight of foam 

mix is either poured into a heated mould that is then closed, or injected into a closed mould. 
In both cases the mould is equipped with ports to allow air to escape as the foam rises (See 
earlier). Moulded foams are typically made for use in automotive seating, headrests and in 
furniture seating. The foam is produced in the same shape in which it is to be used. Moulds 
are made of cast aluminium, although, reinforced plastic and ceramic moulds have been used 

The mould is preheated to 50ºC and its temperature is regulated for the time of the process 
(usually by a pipeline of water running through the mould). The surface of the mould is 
treated with mould release agent, usually wax in a volatile hydrocarbon solvent or an emul-
sion. A carefully measured quantity of mix is poured into the mould and then the mould is 
clamped shut. In a few minutes, foam appears at the ports, this is the extrusion time. After a 
mould residence time of from two to ten minutes the mould is opened and the moulded piece 
is removed. The mould is then conditioned for reuse (cleaned of flash and periodically treated 
with mould release. A number of moulds may be mounted on a carrousel for parts production, 
with the moulded parts put on a conveyor after demoulding and passed through an oven to 
accelerate surface cure Fig. 16. The moulded foam is usually treated in some way to ensure 
that foam cells are open to prevent shrinkage and distortion on cooling [105], [23] and (See 
also: ISO Standards: 1798, 1856, 2439, 3386 and 5999). This may be done by crunching or 
vacuum shock; to burst open the still-closed cells windows of the foam. Moulded foam does 
not achieve its final properties for some time, as the curing reactions may take several hours 
to complete and climatic conditions (principally the absolute humidity) play an important role. 
Foams are regularly given at least 24 hours to cure before testing and humidity is controlled 
during this time. The parameters are usually set to 20ºC and 50% relative humidity. Most of 
this research is mainly concerned with the foam properties at the time of mould opening, 
when the curing time has not lapsed yet. For some of the tests and experiments that have been 
taken, the foams were tested before the rest period. At the time of mould opening the polym-
erisation phase of foam formation is the dominant reaction. Only the strength of struts that 
form the foam changes with time, but not the structure of the foam, such as: cell size or cell 
size distribution. 

2.3.6 Conclusion 
In this Chapter the most important material properties of foams were described. From the 

production, chemistry and structure it was found that although the materials mostly consist of 
GSE of various sizes, the structure of moulded flexible foams can be considered isotropic. Not 
at the surface of the foam, but further inside the structure. The material can be considered 
macroscopically homogenous, when the analysed volume of it cannot be compared to the size 
of the GSEs. When the effect is locally small this assumption may be revised. The response 
for compression can be described well according to the proposed function for almost all the 
range of the load. The material according to its porosity is highly compressible and the mate-
rial laws that describe their behaviour are non-linear. The different size bubbles that form the 
structure of the foams makes the structure self similar that can be described by natural frac-
tals. It was also clear that after demoulding the foam has to be treated quickly to prevent un-
wanted shrinkage, so it has to be demoulded and transferred fast by the robot, or the special 
method of Cevender [23] has to be used in the production.  

2.4 Problems of automating the production of polyurethane parts 
One of the aims of this work is to analyse the conditions and to develop a design method for 

making a robot gripper which can handle the finished foam part after polymerisation. The 
handling task to be analysed was selected in co-operation with the experts of IMAG Ltd.: ro-
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botic demoulding and delivering the foam parts of vehicle seats (the finished parts have to be 
taken out of the moulds using a robot without damaging the part or the mould and have to be 
placed on a conveyor belt or on a workbench). The use of a robot in the technological process 
can bring the following benefits: reducing time norms, reducing rejects, increasing efficiency, 
reducing harmful effect on the workers (solver vapours, working in dangerous zones). 

The process of manufacturing will be described as it is done at IMAG Ltd. because most of 
the production research and tests were carried out there. The automation of the process is still 
an issue at the factory. The main product of the factory is the moulded polyurethane seat 
foam. The two components, that will be mixed together in a ratio of 100:50-60, A:B, on a 
temperature of 20-22°C that form the basis of the product are kept in separate airtight con-
tainers at a suitable place in the factory. The substances are transported to the mixing heads by 
pumps. At IMAG the production is done in deployed moulds (Fig. 15) above which the mix-
ing heads travel automatically. The worker can send the mixing head above the desired mould 
by the turn of a switch. The open mould is sprayed with release agent by a manual spray gun, 
to prevent the finished foam sticking to the mould. The separator or release agent consists of a 
solution or dispersion of wax and low boiling organic solvents, such as water. It is a delicate 
procedure, because if not the precise amount is sprayed on the mould the foam will not de-
mould properly. It is also important, that every surface of the mould should have exactly the 
same amount of release agent sprayed on. These strict conditions usually cannot be held by 
manual spraying. After the preparative treatment of the mould, the worker activates the mix-
ing head and pours the pre-programmed quantity polyurethane mixture into the mould on a 
prescribed path. There is a precise quantity and mixture ratio needed for every foam part. By 
the ratio of the components of the mixture the hardness of the foam can be adjusted. If the tra-
jectory tracking of the worker is not precise, the mixture spreads unevenly in the mould re-
sulting in poor quality foam. After the mixture has been poured in, the top of the mould is 
closed. The moulds open automatically after the polymerisation time. The finished foam is 
then demoulded from the mould manually. The demoulding is a rather complex process where 
the possibility of error is very high. The finished foam is pounded (Chapter 2.3.4) and put in 
an air conditioned warehouse for 24 hours. Some of these steps can be seen on Fig. 13 that 
shows the block diagram of the foaming process. 
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Fig. 13: Block diagram of the foaming process 

In some factories some of the described sub processes have already been automated. The re-
lease agent is sprayed on the moulds by robots and robots check and verify the thickness of 
the wax layer that is deposited on the surfaces. The mixing/filling heads are moved on the 
prescribed path by robots. This not only improves the quality, but allows new types of seat 
foams to be manufactured. An example is the foam that has variable hardness. This method is 
used for special car seats for greater comfort and safety. The inner part of the seat is softer for 
comfort and the outer part is harder in order to hold the passenger in place during vigorous 
manoeuvres (Fig. 14). This can be achieved by the online modification of the mixing ration of 
the components during the pour in process, (which cannot be done manually).  
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On the Fig. 14, a seat foam of variable hardness can be seen, produced by Poligono Indus-
trial de Girona by the described process. The darker part is softer, the lighter part is the harder 
foam. 

 
Fig. 14: Seat made of variable hardness.  

Further automation can be achieved by putting the moulds on a moving carousel system 
(Fig. 16), where a different process is done at different places [112]. At every place a different 
cell is doing the operations (mould cleaning, pouring the mixture, demoulding, etc.). The po-
lymerisation is done while the moulds are moving at the free spaces. The scheduling has to be 
done such a way that when the moulds reach the demoulding place the polymerisation has to 
be completed. The only process that has not been completely automated yet, is the process of 
demoulding, the finished foam from the mould. 

  
Fig. 15: Linear mould arrangement at IMAG Ltd. 

 
Fig. 16: Simulation by the Witness™ simulation system at IMAG Ltd. 
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2.5 The Strain energy function of elastic materials 

2.5.1 Introduction 
The classical theory of elasticity is based on the generalisation of Hooke’s law, where the 

components of stress are linear functions of the strain components. This assumption is only 
valid in some very limited cases, when the deformation is infinitesimally small. The theory is 
no longer applicable once problems of finite or large deformations are considered. For these 
problems a whole different mathematical techniques are needed [104]. For some general de-
velopment the theory can be done without the consideration of the form of the fundamental 
stress-strain relationship of the material. In these cases the results are general and valid for all 
those materials that capable of sustaining large elastic deformations. 

In other cases final solutions are possible only if certain restrictive conditions are intro-
duced. The nature of these restrictions determines the form taken by the theory and the class 
of materials for which that particular theory is applicable (such as: isotropy, allotropy, homo-
geneity). An example would be if the strain-energy function is expanded by in terms of cer-
tain functions of the strain and only limited number of terms are retained, thus obtaining sec-
ond, or third order approximations [71]. For rubber like materials two particular restrictions 
are used: 1, the material is isotropic in the state before the deformation and 2, the material is 
incompressible, which means that the deformation of these materials is isochoric. With these 
assumptions, which imply no restrictions on the magnitude of the strains, a large class of 
problems relevant to rubber like materials may be solved in terms of a general strain energy 
function. By disregarding the second assumption the case of compressible materials is ob-
tained. The handling of this problem is a much greater task than the incompressible case. The 
solution, disregarding some very special cases (very simple deformations), can be obtained 
only by the knowledge of the strain-energy function of the material. Further difficulty arises 
from the equation of equilibrium when these materials are used. These equations are usually 
second order non-linear differential equations, which in general (except for a few examples) 
cannot be solved analytically. Only numerical solutions are possible. The compressible mate-
rials will be discussed in later Chapters.  

2.5.2 The free energy of deformation 
The Helmholz free energy (or deformation work), with the usual assumption that the inter-

nal energy of a system does not change during deformation, has the form [103]: 

( )3λλλ NkT
2
1 W 2

3
2
2

2
1 −++=      (17) 

Where W is the strain energy function or elastic potential [103]. The constant (-3) is put in the formula 
to ensure that W is zero if no deformation is present. k is the Boltzmann constant, T is the temperature, N 
is the number of molecules in a unit volume and λ1, λ2, λ3 are the principal extension ratios.  

This constant from now on will be used as NkT= GE and will be called as the theoretical 
initial shear modulus. Important that this is the only physical parameter in the equation and it 
is independent of the chemical properties of the molecules as long as they are adequately long 
and flexible. N is determined by the number of cross-linking. In general (where four chains 
are joined in each junction point, [30]) the value is twice the number of cross linking per unit 
volume [103]. As the degree of cross-linking is increased the mean chain contour length be-
comes smaller, so GE or N may be expressed in terms of the number average chain molecular 
weight Mc (c=chain), so: 

c

g

M
TρR
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where: ρ is the density of the material and Rg is the general gas constant (Rg=8.31441·10-5 J/mol·K). 
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This value of GE is only theoretical. To model the proper behaviour of a real rubber like 
material further assumptions are needed (p77-84 in [103]). 

If the defect of the carbon chain is taken into consideration the experimental formula of 

Flory for GE is obtained: 





 −=

M
2M1

M
TρR

gGE c

c

g [31] (M is the molecular weight), which is 

the expanded version of the modulus obtained by James and Guth [51]. 

2.5.3 The strain energy functions of incompressible materials 
The first theoretical and experimental investigations of rubber like materials were carried 

out by Rivlin and his associates [80], [82]. The task is to determine the elastic potential per 
unit volume (W, [Nm/m3]) in the function of the tree principal stretches (λ1, λ2, λ3), or by the 
invariants of the Cauchy-Green tensor (I1, I2, I3) which only differs from the previous in trans-
formation. It may seem that W could be chosen arbitrarily. This is not the case because the 
symmetries of the materials have to be taken into consideration. By utilising the two assump-
tions, discussed in the introduction of this Chapter, the following statements can be made: by 
the first assumption W shall be a symmetric function of the three principal stretch ratios; fur-
thermore it will be an even powered function of these variables. From this consideration all 
forms of W can be represented by the three strain invariants which can be defined by: 

I1 = λ1
2+ λ2

2+ λ3
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I2 = λ1
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2    (19) 
I3 = λ1

2λ2
2λ3

2 
The second assumption means that the volume of the body is constant whatever the value of 
stress may be. In this case I3=1, so I3 is no longer the function of the deformation. With these 
assumptions the formulas for I1 and I2 are considerably simplified. This way W is the function 
of I1 and I2 for incompressible and isotropic materials. 

2.5.3.1 The form of the strain energy functions for incompressible materials 
The most general form of the strain energy function for an incompressible isotropic material 

can be expressed as the sum of a series of terms involving the powers of (I1-3) and (I2-3) such 
as [103]: 

( ) ( )∑
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These quantities are chosen in order to W vanish automatically at zero strain so I1=I2=3 or 
C00=0. Without any prior knowledge derived from observation or form the basis of structural 
or molecular theory (e.g.: Gaussian chain), there is no way of selecting a set of terms or as-
signing values to the constants (Cij), of (20) to represent the behaviour of an actual material. 

From simply mathematical consideration we can assume that the terms of the lowest power 
shall dominate in the expression (20). The first such term would be when i=1, j=0: 

W=C10 (I1-3)      (21) 
which is equal to the strain energy function derived from the statistical theory of polymer 
networks and is called the Neo-Hookean potential [103]. The other possible case is when 
W=C01 (I2-3) which is not yet shown to be related to any physical material. The expression 
which contains both terms is of particular interest and may be written as: 

W = C1 (I1-3) + C2 (I2-3)     (22) 
This expression, which represents the most general first order relationship in I1 and I2 of 

(20) was first formulated by Mooney and is called the Mooney-Rivlin strain energy function 
[67]. Experimental results show that this expression fit better to the real measured data than 
the simpler Neo-Hookean form [79]. 
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By comparing the experimental results to the calculations, show that the constant C1 is re-
lated to the degree of cross-linking, which is to be compared with GE from the statistical the-
ory (see free energy of deformation), while C2 has an entirely different origin (p166, [103]). If 
the whole measured uniaxial data is not available for the material than the constants may be 
approximated by the following rules [70]: 

6(C1+C2) ≈E or C1+C2=GE  and then C2 = 0.25C1   (23) 

2.5.3.2 Models of higher order 
These formulas are not as established theoretically as the MR or the Neo-Hookean poten-

tials, but they model the behaviour of real material more precisely. The main idea is to con-
sider the higher order terms of the general equation (20). In the MARC finite element system 
the third order MR strain energy function is implemented (Wtod

dev) which is defined by the 
formula: 

3
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dev 3)(IC3)(IC3)3)(I(IC3)(IC3)(ICW −+−+−−+−+−=  (24) 

where: C10,C01,C11,C20,C30 are material constants [70]. 
By utilising the third order MR potential a much better result is obtained, but the complexity 

of the equation is increased together with the computation time. The main disadvantage of the 
formula is the many constants, which have to be experimented out for each material. These 
tests are rather difficult and expensive. 
For extremely large deformation the following third order function is recommended [78].  
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Where:   J1= 2
1 (I1-3),  2J =

2
1 (I2-3) and )J2(JJ 212 −=′ . 

The constants are determined by: C1+C2=GE, C3=7.45 MPa10 3−⋅  and MPa103.61C 4
4

−⋅=  
With the use of this model the properties of rubber like material can be modelled to the ex-

tent of tearing. It can be seen that the constants of the higher order terms are small, so these 
terms are not dominant [78]. 

2.5.3.3 Further elastic potentials 
If W is formulated by the eigen-values of the right-or left Cauchy-Green tensor and not by 

the invariants I1,2 the material laws of Ogden can be obtained. 
The formula of the strain energy function of Ogden is: 
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Where: µk-are material constants, which can be determined from experiments by curve fit-
ting, αk are constants that can be positive, negative and not necessary be integer. The  
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are principal stretch ratios. -3 is necessary for the reasons explained earlier. JC is the com-
pression modulus. 

This equation does not contain as special cases the MR or the Neo-Hookean potentials. 
From the equations these formulas may be obtained by choosing k=1, α1=2 for the Neo-
Hookean and k=2, α1=2, α2=-2 for the MR potential. 

For rubber like materials the following values are recommended by Ogden [74]: 
α1=1.3, α2=5, α3=-2, µ1=6.3kg/cm3, µ2=0.012kg/cm3,  µ3=0.1 kg/cm3 (28) 
If JC =0 the material is totally incompressible. 

The MR differs from the Ogden strain energy function in two ways. While the MR potential 
is a function of the invariants of the right-or left Cauchy-Green (CG) tensor and implicitly 
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contains that the material is incompressible. The Ogden formula is defined by the function of 
the eigen-values of the right-or left CG tensor and the presence of the bulk modulus, JC allows 
some compressibility. 
2.5.3.3.1 The Arruda-Boyce model [3] 

The Arruda Boyce (A-B) strain energy model is based on an eight chain model of the under-
lying elastomer molecular structure, which represents the Non-Gaussian behaviour of single 
chains in the polymer network. The two parameters nkΘ and N (n is the chain density, k is 
Boltzmann’s constant, Θ is the temperature and N is the number of statistical links of length l 
in the chain between chemical crosslinks), is representing initial modules, limiting chain ex-
tensibility and are related to the molecular chain orientation thus representing the physics of 
network deformations. In most models describing rubber deformations the strain energy func-
tion obtained by curve fitting of experimental data which are from a certain deformation, fail 
to describe the behaviour when tried to be used on another deformation mode. This is no 
longer a problem when using the A-B model, because the data from the usual tensile test pro-
vides sufficient accuracy for multiple deformation modes. 

 
Fig. 17 The figure of the cube with the connection of the 8 chain 

The basis of the model is a cube with side of α0 which is connected by a network of chains 
which unstretched length is lNr0 =  (the length of a fully stretched chain is Nl). The length 
of the chain vector from the centre of the cube to a corner is:  
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The deformation work is proportional to the change of entropy on stretching to chain from 
an unscratched state and may be expressed as the functions of chain lengths, so: 
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where n is the chain density, 
∧

C  a constant and β is an inverse Langevin function which cor-
rectly accounts for the limiting chain extensibility, and is defined as:  
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With these rules the A-B model can be written as [70] 
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2.5.3.3.2 The Gent Model 
By using the limiting chain extensibility Gent suggested the strain energy function of the 

form [34]: 









−

= *
1m

mmGent
dev II

Ilg
6

EIW   where  3II 1
*
1 −=    (34) 

The constant EIm is independent of molecular length, hence, from the degree of cross link-
ing. The model is favoured of its simplicity yet it models the behaviour of the network of ex-
tensible molecules over all ranges of possible strains. 

2.5.4 Strain energy functions for compressible materials 
The assumption that a material is incompressible is always an approximation, which in 

some cases may be admissible or does not cause large errors. In most cases however this as-
sumption is not allowed. The main reason that the magnitude of theories had not been devel-
oped for these important materials is that the resolution of this restriction renders the discus-
sion of the problem so difficult that only a few semi-empirical and very complex solutions 
came into being. There are quite a few strain energy functions that can be found in the litera-
ture for these materials, but only the most important shall be discussed here, especially those 
that are accepted by the modern literature, without the demand for completeness. 

The first problem in the compressible case is that the value of the third strain invariant is no 
longer unit so it appears in the strain energy function. The presence of the third invariant im-
plies that the strain energy function may no longer be expressed in a linear form, which causes 
considerable difficulty. The second problem is that the continuity of mass is difficult to ex-
plain for these materials. Because although the continuity holds, but there is also a loss in the 
mass. It is clear if the mass is unchanged during compression than the density has to increase, 
because the volume decreases. In the analysed case the equation of continuity is also not 
valid, because there is an outflow of air from the surfaces of the body. From the point of view 
of continuity the foam part acts as a “source”. This problem however is not taken into consid-
eration, because the density of the air is smaller by two orders of magnitude than the polymer 
and the deformation is carried out very slowly, so the force from the outflow can also be ne-
glected. 

For homogeneous isotropic compressible materials the only controllable deformations are 
the homogenous deformations [27] which can be treated without the exact knowledge of the 
material properties. Thus, inhomogeneous deformations for compressible materials have to be 
discussed in the context of a particular strain energy function or a class of these functions. 
Even with these restrictions, the establishment of analytic closed-form solutions of the gov-
erning nonlinear differential equations are almost impossible (even without the additional dif-
ficulty of satisfying the boundary conditions in the solutions of boundary value problems) 
[47]. In the view of solvability it can be helpful to use cylindrical or spherical coordinate, 
where possible, because with these methods the equations can be simplified from partial- to 
ordinary differential equations. By this way the differential equation for the equation of 
equilibrium will be a second order nonlinear ordinary differential equation. If the general 
Blatz-Ko strain energy function (or one of its specialisation, See governing Chapters) is used 
as a material model the equation of equilibrium will be a nonlinear second order differential 
equation with linear symmetries (or also known as quasi-linear differential equation). It 
should be noted that when the Blatz-Ko material is used, in some cases when the deformation 
is sufficiently large the equation of equilibrium can lose ellipticity. 
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2.5.4.1 The Ogden II elastic potential for compressible materials 
This strain energy function is the generalised version of the incompressible Ogden strain 

energy function. The elastic potential is the function of the principal stretch ratios. Its form in 
the most general case is [75]: 
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where the compressibility is taken into consideration by the function F, which is the func-
tion of the variables b1, b2, b3. The other possible form of F can be that is implemented in the 
Msc MARC finite element system [70]: 
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where µn, αn, βn are material constants J is the Jacobian of the deformation. When βn=0 in 
the model is reduced to the incompressible Ogden elastic potential. 

2.5.4.2 Strain energy function of the invariants of the stretch tensor 
According to previous investigations, six classes of compressible materials have received 

special interest. These six classes are as follows [47]: 
0,)(if     1),(ic3)(ic)f(i    WI. 133221 ≠′′−+−+=      
0,)(ig    1),(ic)g(i3)(ic   WII. 233211 ≠′′−++−=      
0,)(ih     ),h(i3)-(ic3)(ic  WIII. 332211 ≠′′++−=         (37) 

,0c   ,ciciciciic  WIV. 15342312211 ≠++++=      
,0c   ,ciciciciic   WV. 15342312321 ≠++++=      

0c   ,ciciciciic  WVI. 15342312311 ≠++++=      
In (37) f, g, h are arbitrary function of their indicated arguments and i1,i2,i3 are the principal 

invariants of the stretch tensor which can expressed as the functions of the principal stretches 
by the formula: 

321313322123211 i    ,λλλλλλi    ,λλλi λλλ=++=++=    (38) 
c1….c5 are constants, which differ from class to class. The invariants may also be expressed 

as the functions of the principal invariants of Cauchy-Green deformation tensor as: 
2
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The importance of these materials are that in some special cases (e.g.: in some spherical or 
cylindrical deformations) they present an analytical solution for the governing equation of 
equilibrium. Materials of classes I-III were extensively investigated by Caroll [21], [22]. Class 
I materials are called harmonic materials [52]. Class III materials are called generalised Varga 
materials [46], for c2=0 usual Varga materials are obtained [42], [48]. 
Class IV-VI materials were introduced by Murphy [72]. There are further restrictions on the 
c1….c5 constants and on the constitutive functions f, g, h to ensure physically realistic re-
sponse. 

2.5.4.3 The Blatz-Ko strain energy function and its special cases 
In our case the most important invariant based strain energy function is the Blatz-Ko poten-

tial that were defined semi-empirically and semi-theoretically by Blatz and Ko [18] for poly-
urethane materials and for rubber like foams. It is theoretically the most well established the-
ory and provides the best response for a wide range of deformations. 

The general form of the strain energy function with the invariants (I1,I2, I3) of the CG defor-
mation tensor is:  
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where the constants are such that: GE>0,   , 10 ≤≤ β ,   0<ν<½, ν is the Poisson’s ratio, GE 
is the initial shear modulus at infinitesimal deformation and β is related to the volume fraction 
of voids present in the material. 

Two special cases of (40) deserves considerable attention, where β=0 or β=1. In the first 
case the equation is reduced to the simple form of: 
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While in the second case: 
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The first case (41) describes the strain energy function for foamed polyurethane elastomers 
and the second case (42) the class of solid polyurethane rubbers as investigated by Blatz and 
Ko in their experiments [18] and [12], [13]. It was shown in a later paper that the value of 
Poisson’s ratio for these materials is 0.25. With this value the strain energy function may be 
concretised even further: 
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The specialised versions of the two special cases when ν=0,25 are: 
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It is important to notice that when the material is incompressible, or in the limit as 1I3 →  
the well known Mooney-Rivlin strain energy function is regained. 
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This way the BK strain energy function may be considered as the generalisation of the in-
compressible MR elastic potential to compressible materials. Furthermore the equation (45) 
may be considered as the compressible generalisation of the Neo-Hookean material, thus, if 
β=1 and 1I3 →  then 2W=GE(I1-3). 

The most widely used material is the specialised Blatz-Ko material (45), even if this mate-
rial is a very special compressible material model, it shows clearly the differences between the 
response of an incompressible and a compressible material when the deformation is large. 
[48], [22], [13]. For example: it is shown that the Cauchy stress response in simple extension 
approaches a finite asymptote for large values of axial stretch while the nominal stress versus 
axial stretch relation is non-monotone [57]. 

The second special case and its further specialisations have been less widely employed in 
the literature. Its general form is: 
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which is called the specialised Hadamard material (or the compressible Neo-Hookean mate-
rial), since the general Hadamard material has the form: 
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)H(I3)(Ic3)(IcW 32211 +−+−=      (48) 
where c1, c2 are constants and H(I3) is an arbitrary function of I3.The Cauchy stress response 

in simple extension for (47) does not reach a finite value for large values of axial stress and 
the nominal stresses versus axial stress is monotone [19]. 

 

2.5.5 Summary 
The strain energy functions discussed in this Chapter are summarised in Table 2: 

Table 2: The list of possible material models 

 For incompressible materials For compressible materials 

Invariant based 

Neo-Hooke 
Mooney-Rivlin 
Third order MR (1) 
Third order MR (2) 
Arruda-Boyce 
Gent 

(21) 
(22) 
(24) 
(25) 
(33) 
(34)

General Blatz-Ko 
Special Blatz-Ko I(Hadamard) 
Special Blatz-Ko II 
Harmonic (Class 1-II) 
Generalised Varga materials 

(43) 
(45) 
(44) 
 
(37)

Principle stretch 
based Incompressible Ogden (I) (26) Compressible Ogden (II) (35, 36) 

Unfortunately, up until now a perfect strain energy function has not been developed that can 
totally account for every real behaviour of compressible materials. 

In the calculations of this work the general Blatz-Ko model (43) and its two special cases 
(44), (45) shall be used, because, as been mentioned before, they are the most widely used and 
general invariant based material models and their parameters can be determined precisely 
and easily from experiments. The only disadvantage is the complexity of the equation of equi-
librium derived from the model. It can only be solved numerically, without any neglection of 
terms (See: Chapter: 4.2.2).  

For this reason the MR elastic potentials shall be used for the analysis of the general results. 
Although it is valid for incompressible materials only, the results can be solved analytically 
and important conclusions can be derived from them. By assuming small deformations these 
results may also be used as a first approximation. 

The Ogden II elastic potentials (for compressible materials) can be used in finite element 
analysis of the problem in the Msc Marc® system. The use of different strain energy function 
for the problem provides a chance to verify the theoretical calculations and to compare the 
results obtained from different models. (Not investigated in this work) 

Note: Ogden and his associates prefer the use of the theories concerning λi [76], because it 
allows some problem to be handled which the invariant based theories cannot- or can only 
describe very difficultly [73]. In finite element systems however they need more computa-
tional time when the transformation has to be carried out between the global (user defined) 
coordinates and the coordinates of the principal values. The invariant (Ik) based models seem 
to be more general and widely used, that is why I have chosen this theory to work with. 
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3. Mechanical properties of the used material 

3.1 Introduction 
The mechanical properties of the foam materials are described by their stress response to 

various loads. To acquire knowledge of the behaviour and properties of the material under 
loads, various tests and measurements were conducted. The tests are also useful for acquiring 
material parameters for further calculations. These parameters would be the tearing strength, 
tensile strength, initial shear modulus, the Mooney-Rivlin parameters, indentation modulus 
(IDF) and the a,b,c, parameters for the compression curve (See: earlier). Only limited test data 
were available for the materials in the literature and in the factory database, so all these test 
had to be carried out by us according to ISO standards, See: Appendix A.5. 

There were two main types of experiments: 
1, The first set was carried out on finished foams after the curing time had lapsed. Three of 

these tests were conducted each for different deformations. 
2, The other set of test was conducted to acquire data of the changing of foam parameters in 

time after demoulding. 
Most of the tests are standard material tests, in which case only the main parameters and the 

standards are mentioned. 

3.2 Material property test after curing time 
These tests were: the tensile tearing test, compression test and the torsion test. In all of the 
tests volume change in the material during the process had occured. It is interesting, how the 
same material responds to the increasing of loads in each experiment. Important conclusions 
may be derived from these tests for the valid region of the used theories in the calculations 

3.2.1 Quality control tests in the factory 
Firstly the quality control test of the factory is described. The aim of this test is to define the 

comprehensive strength of the polyurethane soft foam. This test is carried out, on randomly 
chosen finished seat foams that are taken out of the batch. The test method is based on the 
MSZ 10193/4-78 Hungarian national standard that was adapted for the test of SUZUKI car 
seat foams and for IKARUS bus seats. The comprehensive tensile strength test machine ESR-
02 was developed by IMAG. A 200 mm diameter flat disc is pushed into the foam to a speci-
fied depth and the spring back force is recorded in Newtons after 20 second has lapsed.  
The measuring procedure in detail for softer car seats are: 
− The machine touches the foam by a 5N compressing force, this position of the pressing 

disc is the zero pressing point, 
− the foam is pressed with constant velocity until 75% of its initial thickness and then de-

pressed with the same velocity, 
− new zero pressing point setting (same procedure as previously), 
− The foam is pressed with constant velocity until 20% of its initial thickness, 
− after 20 seconds the pressing force is registered. 
This compression force is considered as the hardness of the foam by the factory. A foam qual-
ity is considered acceptable, if the hardness measured by this procedure is within the pre-
scribed range. Some seat foams have different hardness e.g. bus seats. The test procedure is 
almost the same as for car seats with the following differences; the foam is pressed until 70% 
of its initial thickness and the second pressing is until 60% of its initial thickness, the pressing 
force is registered after 30 seconds. The ESZ-2 testing machine is computer controlled and the 
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pressing forces, waiting times are stored for the foam part types as default values. This ma-
chine can be seen on Fig. 18 during a testing of a car seat.  

 
Fig. 18: Measuring the hardness of a seat foam for quality control at IMAG Ltd. 

The hardness of the foams is measured according to ISO 2439: 1980 standard and always 
given in Newtons. At IMAG Ltd. the hardness is measured only for quality assurance. Be-
cause these measurements are done on special equipment on finished parts, the hardness of 
different products cannot be compared and the results are not independent of the geometry of 
the test pieces, hence these data cannot serve as an input for a general mechanical analysis. 

3.2.2 Tensile test 
The most important and fundamental test of material testing is the tensile test. Important 

data such as initial Young’s modulus, tearing strength, tensile strength, percentage of stretch, 
tearing stretch can be acquired together with the tensile curve. From this curve, the properties 
of the material under tensile load can be obtained in the function of strain. 

The test was carried out at the Department of Polymer Engineering of the Technical Univer-
sity of Budapest (with the kind help of the department staff) according to ISO EN 8067:1989 
standard. The test pieces were cut out from every tested foam material by the use of a cutting 
stamp on a screw press, to ensure the precise shape for every piece. All test pieces were torn 
on a Zwick-WS4 tensile test machine with the tearing speed of 100 mm/min. The environ-
mental conditions were 21°C and 85% humidity. For the test a special stretch measuring 
adapter was used to measure the displacement precisely for the determination of the moduli.  
Three specimens of every foam with the same parameters were tested (altogether 45), the val-
ues presented in Table 17 are the nominal values of the three tests. There was no significant 
difference between the tearing strength and the shape of the curves in each kind of foam, so 
there was no need for further specimens. The definition of tensile strength is: 
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Where: Fmax [N] is the maximum tension force registered at disruption, 
 A0 [mm2] is the initial cross section of the tensile test specimen  

 
Fig. 19.: The tensile curve in the function of stress and strain, of foams 6, 13 and 15 
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Tensile strength, ultimate strain, Young’s modulus shear modulus and Mooney-Rivlin con-
stants values can be seen in Table 17 of Appendix A.7.3. Some tensile curves obtained from 
the experiments can be seen on Fig. 19.These curves are almost linear with a little progressiv-
ity, close to parabolic. At this speed the deformation may be taken as infinitesimally slow, so 
no flow disturbance can be observed. The break of the test pieces always happened at a plane 
surface perpendicular to the axis of tearing. The curve is always strictly monotone rising till 
the point of tear. The values may be approximated by taking the curve as a straight line from 
the origin to the end. This characteristic is valid for every foam that was tested. The correla-
tion between the tensile strength and the ultimate stress is that the slope of the tensile curve is 
increasing by the increase of the hardness of the foam material.  

3.2.3 Compression test 
One of the most important type of test for polyurethane materials is the indentation or com-

pression test. The shape of the curve obtained from this experiment best characterises the ma-
terial with its distinctive shape. It is also important, because almost all polyurethane material 
is used for compression loads, for seats and springs (See: introduction), so the response of the 
compression has to be known very precisely. From the test the shape of the compression 
curve with the indentation modulus and the a,b,c parameters for the proposed analytical func-
tion for the compression curve can be obtained. The maximum compression force is of less 
importance, that is the reason they are not stated here. The shape and characteristic of the 
curve is more important. All the test specimens were cut out of each foam by a band saw with 
the dimension of 100x100x100 mms (three from each foam). The compression test was car-
ried out at the Department of Polymer Engineering of the Technical University of Budapest 
according to ISO 2439 : 1980 Polymeric materials-Determination of Hardness standard with 
the environmental conditions of 21°C and 85% humidity. The used machine was the Zwick-
WS4 set to compression measuring. The test was conducted with the help of the staff of the 
department. The foams were fixed on the bottom part of the machine and a plate was attached 
to the force measuring cell. The compression speed was set to 100mm/min, which can be said 
to be small. All specimens were compressed to 25% of its initial height (75% of compres-
sion). Every measurement was recorded on registering paper. There was no significant differ-
ence between the shapes of the curves in each kind of foam, so there was no need for further 
test specimens. A characteristic curve of the tests of foam 1 can be seen on Fig. 20. The char-
acteristics of the compression curves of the tested foams can be seen in Appendix A.7.1, to-
gether with a table of the calculated a, b, c parameters. 

Compression curve for foam 1
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Fig. 20: The loading and unloading of compression of foam 1  
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3.2.4 Torsion test  
Torsion is a non-homogeneous deformation. If the deformation is infinitesimal, the defor-

mation does not require volume change. This is not true however for compressible materials. 
During the deformation the planes perpendicular to the axis of torsion, stay parallel to each 
other. By the torsion, the middle part of the specimen contracts and thus reduces its volume 
(Fig. 26). The length of the specimen kept constant by the machine. Since there were no data 
concerning the torsional behaviour of these materials test had to be conducted to acquire the 
behaviour and parameters for the theories. There were also problems for the procedure of the 
test, because there were no standards found for the experiment. The task was to measure the 
torsion shear stress τt in the function of the shear strain γ. The equipment has to measure very 
small forces and torques. The test specimens must have a precise shape for the required preci-
sion of the test. The tests were carried out at the WELMAT Ltd. in Budapest, Hungary with 
the kind help of the staff of the Ltd). The test specimens were designed after consultations 
with the chief engineer (Fehérváry Attila) of the company. The test equipment was assembled 
at the company for this experiment from a torsional tester connected to a tensile test machine 
that could measure very small forces. The equipment can be seen on Fig. 21. 

       
Fig. 21: a, b. Test equipment for the torsion test 

1, Thread transmitting the force 2,Test piece, 3, Thread making the rotation of the registering cylinder 
connected to the torsion machine, 4, Torsion machine, 5, Manual lever, 6, registering cylinder, 7, tensile 
machine, 8, rod transmitting the force from the torque of the torsion machine to the tensile machine, 9 
force measuring scale. 

All the test pieces were cut out from each foam with a hole saw specially designed and 
manufactured for this test (Fig. 22). The test pieces are all cylinders of Ø100 mms in diameter 
and 100 mms of height. These dimensions had to be chosen carefully to be in the measuring 
range of the test equipment. If they were too small the torque would not had been measurable. 
They all have a Ø20 mm hole through their axis for construction reasons and they had to be 
cut, because all standards required the pieces to be cut. 
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Fig. 22:Hole saw Fig. 23: Cut out test pieces 

It was also a difficult task to exert the torque evenly on the end faces of the cylinders and to 
manage that this torque is parallel to the axis of the cylinder. The end faces of the cylinder had 
to be parallel to each other and care had to be taken that the axis of the cylinder is always per-
pendicular to them. To achieve these requirements a device for each test pieces were designed 
and manufactured. It is made of two pieces. It consist of a tube of an outer diameter of Ø19 
mm which has a cylinder inserted in it (both are made of steel). The inside diameter of the 
tube and the outside of the cylinder is matched carefully to allow proper movement. Both 
pieces have a large disc welded to them. The two end faces of the foam pieces are glued to 
these discs with a special bond. The end of the tube and the cylinder has two parallel surfaces 
made on them. This has the shape for the torsional tester for gripping. The device and the test 
pieces can be seen on Fig. 24 and Fig. 25. 

                     
Fig. 24: The lining device   Fig. 25: Test pieces for the experiment 

Each test pieces were put on the equipment one by one. One end face of the test piece was 
fixed to the torsion end of the machine and the other to a tensile test machine. By turning 
manually the machine, it exerted a torque on the foam which was measure by the tensile ma-
chine. The tensile tester measures force, but it was transformed to torque via a 134 mm long 
axel that was inserted between the tensile and the torsion machine. The torque/twist curve and 
its values were registered on a roll-graph. The feed of the paper was controlled by the twist of 
the cylinder and the displacement movement of the registering pen was controlled by the 
force from the tensile tester. This force was then calculated to torque by the following expres-
sion Every torsion experiment was made to 90° angle of twist. 

axtent kFT =       (50) 
where: Tt is the torsional torque [Nm], Ften is the force measured by the tensile test machine [N] and kax 

is the length of the axel between the two machines, the length is 0.134 m 
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Fig. 26: The necking of the specimen at large torsion angle (90˚) 

The curves gained by the experiments can be seen on Fig. 27. All curves show a degressive 
characteristic in the function of the increased twist angle (Appendix A.7.2). It is due to the 
necking of the specimen and the compressibility of the material (Fig. 26). It is monotone, but 
not strictly monotone, because the curve has a number of steps in them, due to the structure of 
the material. The curve of test foam 7 can be seen on Fig. 27 
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Fig. 27: Torsion curve, torsional torque v.s. torsion angle of test foam 7. 

3.3 Foam property test at the time of demoulding 
The test was designed to acquire data for the changing of foam parameters at the time of 

demoulding. The parameters have to be known at the instant time of demoulding, because the 
robot gripper has to be designed for these parameters and not for those measured after 24 
hours. The strength of the foam structure is still not set completely it has about 20-25 percent 
change in it (Chapter: 2.3.4.3). Since the measurements cannot be done at the instant of de-
moulding, due to technical difficulties, a series of test were conducted to the shortest possible 
time after demoulding and the data were then extrapolated for the zero time. Since no stan-
dard was found for this kind of test, a special method was used. The tensile test was chosen 
for the base test of this experiment. The data found for this test can be used for other experi-
ments as well. The specimen used in this test had the same dimensions as the test pieces in the 
normal tensile experiment. It must not be forgotten, that foam stabilisation is the only reaction 
at this phase. Only the strength of the foam structure is changed in time a not the morphology 
or the GSE structure. This means that cell size, cell size distributions, etc. are no longer 
changed at this stage. The test was carried out at IMAG Ltd. at Mór in Hungary on the com-
puterised ESZ-2 tensile testing machine. 
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3.3.1 Conducting the test  
The tensile specimens had to be cut out of these foams, usually by the same way as was de-

scribed in the previous Chapter (Chapter: 3.2.2). 
First the 24 hour foams were tested (these are the foams that were demoulded 24 hours be-

fore the test). Then the next foam had one hour reduced in the rest time. From every foam five 
specimens were tested. This went on until 1 hour foams were tested. There was not much of 
change in this period. But a great difference began to show on the foams under 1 hour of rest 
period. The first big problem began to show at the testing, because with this method, foam 
under 45 minutes rest period could not be measure. This was due to the testing methods in the 
factory. The conventional method could not be reduced to under this time, so a new method 
had to be invented. The idea was to produce foams in the shape of the test specimens. Al-
though this way the specimens have a skin on the outer surface, this is the only way to reduce 
process time. According to ISO 8067:1989 standard the specimens have to be cut out from the 
foam, to be free of skin.  

The process was to put small mould of the shape of the test specimens in a large test mould 
and foam the substance in it. This way the process of foaming could be controlled very pre-
cisely (Fig. 28). After demoulding, the specimens could be pressed out from the foam by 
hand, this way reducing the slow cut out process. This way the testing could be carried out 
even on those foams that had been demoulded 1 minute and 30seconds before the tests. Sorry 
to say the 1 min and 30 second time could not be reduced further even with this process.  

  
a, foaming the test pieces in a foam mould b, test pieces after demoulding 

Fig. 28: a, b. Test moulds for the specimens of time lapse tests. 

The parameters at the time of mould opening were extrapolated from the curve that was 
taken for each foam in the period of the mentioned time. The curve for the foams in the func-
tion of tensile strength versus time can be seen on Fig. 29. The foams were identified with 
their 24 hour hardness value, this way the foams most similar to that of other tests were 
named by them. This way of number 1, 6, 7, and 12 foams were tested. Of course these are 
only similar to the other test foams, because they were manufactured for this test only and not 
cut out from the original foams. 

3.3.2 Results 
The test results are summerised in Fig. 29 where the graphs show change of tensile strength 

in the function of time elapsed since demoulding. It can be seen that the less time passes since 
demoulding the smaller the value of the tensile strength is. This means that the value increases 
till the end of the incubation period, until the chemical changes cease (as in Chapter 2.3). 
From this time on no significant change occur in the value of the tearing stress 
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Fig. 29: The graph of the changing of tensile strength in time: 0, 2, 4, and 24 hours. 

3.3.3 Conclusion 
The test results show that the tensile strength at the time of demoulding has a value of 75% to 

80% of the value measured after 24 hours of curing time. It can be stated, that the foam has a 
lower strength and a higher stretch-ability at the time of demoulding than after 24 hours. These 
values could also be used for determining the material properties for other experiments at the 
time of demoulding from the values measured after the incubation period.  

3.4 Conclusion of the experiments 
The curves obtained from experiments of different loads on the same material show some 

interesting results. By comparing the characteristics of the materials from the first three ex-
periments, it can be seen that the material has a different kind of response in each case. A 
comparison can be seen on Fig. 30 where the foam is compared in the three different cases. 

From the figures it can be seen that a little progressive but almost linear line is obtained in 
the tensile case, a degressive curve in the torsional case and the distinctive concave then con-
vex compression curve for the compression case, when the load were increased in the tests.  
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Fig. 30: Foam behaviour in the three experiments. a, tensile test, b, compression test, c, torsion test 
The characteristics of the curves show that the material is not a simple material. A simple 

material would be e.g. steel, where all three kind of test would show same results in a reason-
able range (a near linear response to the increase of load in all cases). From this fact, it is now 
known that the linear theory of continuum mechanics based on Hooke’s law cannot be used 
on this kind of materials. In fact the result was even more serious that in this case not even a 
normal strain energy function can be used. Usually elastic potentials are valid for simple ma-
terials, however in the international literature the use of such potentials for these materials are 
accepted, this way the presumption made in Chapter 2.5 holds. From the time elapsed tests the 
main results are that every parameter that was measured in other experiments (after curing 
time) can be calculated to the time of demoulding by using 75-80% of its original value.  
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4. Steps of needle gripper design for demoulding flexible  
 polyurethane foam parts 

4.1 Introduction 
In this part the physical process of grasping foam materials with ingressive gripping meth-

ods will be investigated. First a mathematical theory will be proposed, based on continuum 
mechanics, to calculate the basic design parameters for a needle gripper. These design pa-
rameters are: the maximum force that can be exerted by one needle, the number of needle to 
be used for the desired force, the spacing of the needles and the optimal needle geometry 
(length, diameter). With these parameters the needle gripper can be designed for a given gen-
eral task. This Chapter is divided into five main parts: in Chapter 4.2 the force that is needed 
to pull a needle out of a polymer foam, is determined. The calculations are made for two dif-
ferent kinds of materials. In Chapter 4.3 an experiment is described for the measuring of the 
pull out force. In this Chapter also the whole process (the insertion and the pull out) will be 
analysed and the energy needed for the whole process will be described. Also the determina-
tion of the optimal needle geometry will be described. In Chapter 4.4 the theoretical results 
will be compared to the measured ones. In Chapter 4.6 the design steps of a mechanical nee-
dle gripper is proposed and illustrated on a prototype gripper. The problems that occurred dur-
ing the testing of the gripper will be analysed and modifications for a better gripper will be 
proposed. In Chapter 4.7 a long term fatigue test is described that verifies the usability of the 
proposed needle gripper. It also analyses and explains how the damage caused by a needle 
gripper effect the quality and long term usage of seat foams. 

The calculation of the forces that are needed to demould a foam part and also the demould-
ing procedures and how it effects the design parameters are not described in Chapter 4. The 
reason is that unfortunately the demoulding process is more complex to handle and cannot be 
calculated with the processes described in this Chapters. The robot motion effects the design 
parameters, however the discussion of the problem requires different mathematical methods 
that would make the Chapter incoherent. These problems and methods that influence the de-
signs will be explained in Chapter 5. 

4.2 Determining the pull-out force for one needle and its stress zeroing radius  
The force that is called the pull out force and the maximum of this force will be used as the 

design parameter of the gripper. The force is defined by the following term: when a needle is 
fully inserted into a polymer foam the pull out force is the maximum force that is needed to 
move the needle in the foam during an axial pull. All the materials are assumed to be homo-
geneous and isotropic due to its structure and manufacture (See: Chapter 2.3.3). For the ex-
planation of the notations and formulas used in this Chapter See: Appendix A.1 for more de-
tails, this Appendix forms an elemental part of this Chapter. 

In the first part, the radial and tangential stress field will be determined for compressible 
materials using the Blatz-Ko strain energy function. The calculations will be made for a given 
foam and for a 1 mm diameter needle, by assuming that there is an initial hole present in the 
foam in the place of the insertion. In the second part, the same calculation will be presented 
for a first order incompressible Mooney-Rivlin material. The third part will deal with the de-
termination of the initial values (initial hole diameter, initial displacement and initial slope at 
boundary) for the differential equations present in the first two parts of the Chapter. In the last 
part the needle force and stress zeroing areas will be calculated from the previously deter-
mined stress fields and the results will be compared for each material model. The contact area 
between the needle and the foam will be further analysed to modify the value from a simple 
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theory to suite the more complex realistic model. With these parameters and the frictional co-
efficient the pull-out force will be calculated. 

4.2.1 Solution for compressible Blatz-Ko materials 
The first task is to calculate the pull-out force for a single needle and the stress field sur-

rounding it. From the point of view of the gripper construction it is also important to know the 
size of this radial stress field, because its dimension determines the spacing of the needles in 
the gripper to achieve maximum force. For the best efficiency the needle must be placed apart 
where they have no effect on each other. In theory this distance is infinite where the radial 
stress field zero. However if the stress is less than 10% of the maximum it can be considered 
approximately zero. This distance will be chosen for the perimeter of the stress zeroing area, 
measured from the axis of the needle.  

To handle the problem mathematically an infinite half space is analysed, that is made from 
the used polyurethane material. It is actually infinite in two dimensions, but has a definite di-
mension in the third and that is its height. The height is the same as the length of the inserted 
needle. A thicker body would make the problem more difficult, especially in determining the 
stresses at the tip of the needle. This region is very small compared to the size of the whole 
needle, this way it can be neglected from the calculations. The problem is considered as the 
pulling out of the inserted needle from this imaginary foam. To simplify the problem it is as-
sumed that the needle is inserted perpendicularly into the foam and that a finite initial hole is 
present in the foam, that is collinear to the axis of the needle and its length is the same as the 
needle’s. The cavity has cylindrical symmetry and its diameter will be assumed to be smaller 
than the diameter of the needle. This hole actually exists, and it is created by the needle rip-
ping out the foam. (When the needle is pulled out from the foam this initial hole remains as a 
damage in the foam.) The stretching of the foam in this case can be considered continuous and 
will be treated according to this assumption. The insertion at this point is not the critical point 
of the task, because a single needle can always be inserted into a foam (within reasonable pa-
rameters). However, it is important at the push in sequence of needles in the gripper (Chapter 
4.6). The tearing force (that is needed to cut the hole of an inserted needle) can be determined 
from the needle insertion test diagrams (See: Chapter 4.3).  

The process can be imagined as an internal radial pressure (displacement) applied to the in-
ner surface of the initial cylinder. By this pressure the diameter of the cylinder is enlarge to 
the diameter of the used needle. This displacement will cause a stress field in the foam. This 
stress field can be calculated by using the theory of finite deformation of hyper-elastic materi-
als, with the use of an appropriate strain energy function. The force from the radial reaction of 
the foam on the needle can be considered as the force per unit area acting on the needle. The 
non-axial movement and sliding motion will not be analysed, because in the first case the 
stress field is much more complex and in the second case the process becomes instable when 
sliding friction is in effect, this way the calculations will be performed for stationary friction. 

This deformation shows cylindrical symmetries so the whole theory will be developed in 
cylindrical coordinates that fits best to this symmetry. It is also assumed that the stress field 
also has cylindrical symmetries. This way the partial differential equations in the problem re-
duce to ordinary differential equation of a single radial parameter, which makes the calcula-
tions considerably simpler. 

4.2.1.1 Steps of the calculation 
First the displacements shall be determined during the motion of the body (from the initial 

hole ρ0 to the full hole, having the diameter of the given needle dneedle). The body at the initial 
state shall be denoted by B0 and the same body after the deformation will be called as body B. 
From the displacements the metric tensors shall be calculated, Gik for the body B after the de-
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formation. The coordinates of the body B0 before the deformation are r,θ,z. The Christoffel 
symbols are simpler in the coordinate system of body B, that is why the reference system was 
chosen to be the body B. This method may be utilised, because the shape of the body is 
known in both states, before and after the deformation. From the metric tensors the Cauchy-
Green deformation tensor and its invariants are determined. Then the contravariant compo-
nents of the stress tensor are determined by the use of the strain energy function and the de-
formation invariants. By the covariant derivation of the components of the stress tensor the 
equation of equilibrium is obtained in the deformed state, (when mass forces are neglected). 
By solving this equation the only unknown function is determined, which can be substituted 
into the stress components to obtain the stress field. Then the normal pressure acting on the 
unit surface of the needle is calculated from the physical stress components and from the sur-
face normal that is directed outwards. The total force acting on the surface of the needle is 
calculated by integrating the unit pressure on the whole surface of the body then this force 
multiplied by the coulomb friction coefficient (between the foam and the needle) provides the 
pullout force of one needle. By calculating the radial components of the stress tensor in the 
function of r, the stress zeroing boundary is obtained. Other stress fields shall also be calcu-
lated to investigate foam damage. The foam will tear at the place during needle insertion 
where the unified or (Mohr’s) stress reaches or exceeds the tensile stress of the given foam 
material. The combined stresses can be calculated from the radial and tangential stresses. By 
calculating these stresses and comparing those to the breaking stress of the material the radius 
of the initial hole can be obtained.  

4.2.1.2 The process of the calculation 
For the calculation the following assumptions will be used. The geometric space that the 

calculations are made is the three dimensional Euclidian space. The foam material despite its 
structure is considered homogenous and isotropic with a well defined strain energy function.  

Let the foam be considered as a tube that has an inner radius of ρ0, an infinite outer radius 
with the height of h and is made of the defined material property foam. During the deforma-
tion the inner radius of the tube is increased from ρ0 to dneedle/2 (to one half of the used needle 
diameter) and the height remains the same. 

Let the reference system be the body (B) after deformation. The used cylindrical coordinates 
are (r,θ,z) (r the radial coordinate [m or mm], θ the angle [rad], z the height coordinate [m or 
mm]). With these the points of the body after the deformation can be described by the follow-
ing equations:   y1 = r cos(θ),  y2 = r sin(θ),  y3 = z  
The point (r,θ,z) before deformation (body B0) was at the point (ρ,θ,z) where, ρ is the function 
of r only. For the simplicity of the calculation ρ described by the following expression, where 
Q(r) is the unknown function:  

ρ (r) = r Q(r)      (51) 
With this the coordinate of the point before the deformation can be expressed by the following 
equations: 
x1 = r Q(r)cos(θ),   x2 = r Q(r)sin(θ),   x3 = z  (52) 
The base vectors at the reference system are: 

[ ]
[ ]
[ ]1 , 0 , 0

0 ),cos(r ),sin(r-
0 ),sin(  , )cos(

3

2

1

=
⋅⋅=

=

G
G
G

θθ
θθ

       (53) 

Using the base vectors the metric tensors in the reference systems are:  
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The covariant metric tensor
















=
1   0    0
0 r    0
0   0    1

G 2
ik  and the contravariant 



















=

1    0     0

0  
r
1    0

0    0     1

G 2
ik             (54) 

The determinant of the covariant metric tensor is: 2
ik r)det(GG ==     (55) 

The base vectors before the deformations are (for shorter writing Q(r):=Q): 
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So the metric tensors in the original configuration are: 

The covariant metric tensor   gij= 
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and the contravariant metric tensor =ijg
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The determinant of the covariant metric tensor is: 22
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The contravariant deformation tensor with the metric tensors is: 
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the three invariants of the mixed deformation tensor are: 
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The contravariant components of the tensor Bij with the scalar invariants of the deformation 
tensor are (according to equation (A.66), Appendix A.1.4). 
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The contravariant components of the stress tensor can be easily calculated from the formula 
ijijijij pGΨBΦgτ ++=  (Appendix A.1.4, formula (A.65)): 
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The equation of equilibrium from formula (A.69) is: 
jj

i
ij f ρ  F ρ  ||τ =+      (64) 

The body forces are neglected from the calculation and the body is stationary, so the equation 
(64) becomes the simple (65) form where ║ denotes covariant derivation in body B (after the 
deformation (Appendix A.1.4)): 

0  ||τ i
ij =      (65) 

The covariant derivative after the deformation in detail is: 
0τΓτΓ,τ irj

ir
rji

iri
ij =++      (66) 

Where (,) denotes derrivation according to xi and Γi
ir are the Christoffel symbols of the second 

kind. The state after the deformation was chosen as reference state because the metric tensor 
in this case is much simpler than at the initial state. Only three non-zero Christoffel symbols 
of the second kind determined from the metric tensors of body B are present: 
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With these components the equation of equilibrium is reduced to a single radial equation 
where the only unknown function is Q(r). Using (67) the equation (66) becomes: 
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By substituting the Christoffel symbols and the formulas for the stress tensor the equation of 
equilibrium is acquired: 
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The Φ, Ψ, P parameters are functions of the three invariants (I1,I2,I3) and they are determined 
from the strain energy function according to the formula (A.66) of Appendix A.1.4. From this 
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on the problem may not be solved generally, independent of material properties. It has to be 
restricted to a special case of a particular material. For the problem the generalised Blatz-Ko 
elastic potential and its two special cases are used (Chapter: 2.5). The results gained by the 
use of different material models will be different, but it is interesting to know, how each ne-
glection of terms effect the end result. 

4.2.1.3 Using the chosen constitutive model 
For the problem the best strain energy function is the Blatz-Ko potential (70), here the gener-
alised version is used: 

Where, GE is the shear modulus at the beginning of the deformation. From this point on, three 
results will be shown for each calculation step. The first one will be for the generalised ver-
sion of the general Blatz-Ko (β=0.5) strain energy this will be noted as: GBK, the second will 
be the specialised Blatz-Ko material (when β=0), specBK1 and thirdly the special Hadamard 
material (when β=1) which will be noted as specBK2. 
The further parameters of the Blatz-Ko materials are [18]:  

The strain energy functions with the proper parameters are: 

It is clear that the first special case (SpecBK1) is independent of I1, while SpecBK2 is not de-
pendant on I2. The partial derivatives of the strain energy functions by the invariants of the 
strain tensor are:  
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and for the second special case:  

with the derivatives the values of Φ, Ψ, P for each cases (according to (A.66) of Appendix 
.A.1.4) are: for the GBK case: 
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For the first special case:  
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and for the second special case: 
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By substituting the values of Φ, Ψ, P into the components of the stress tensor (63) and using 
equation (69) the equilibrium equation for the deformation is obtained for each case. The gen-
erated ordinary differential equations of different material functions are different in complex-
ity for the equilibrium equation which contains the Q(r) as the only variable. The whole equa-
tions after the substitution is not stated here, because of their sizes, only the versions after 
simplifications (equations (96)-(101)). 
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The stress tensor for spec1BK 
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The stress tensor for spec2BK 
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The equilibrium equation for the general case is: 
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This equation in its form cannot be analytically or numerically solved by Maple, for this reason further simplifications are needed [43]. The Ma-
ple system cannot simplify this equation further, so the next calculations have to be done manually. The right hand side of the equation is zero and 
because GE>0, Q(r)>0, r>0 it can be simplified further. The equation can be divided by GE, and because a fraction is equal to zero if and only if the 
numerator is equal to zero, for this reason only the numerator of the (96) equation has to be considered. With these in mind the equation to be 
solved becomes: 
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The equilibrium equation for the first special case is: 
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after simplification: division by GE and considering only the numerator: 
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Equilibrium equation for the second special case: 
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after simplification: division by GE and considering only the numerator: 
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For later use the next two equations will be important when the higher order than the second of the derivate of Q(r) is omitted from (99) and (101) 
(at the two special cases). With this the next two equations is obtained: 
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Solving the equation numerically with Maple, it returns the numerical values of the functions 
Q and Q’. The numerical values of the solutions may be transformed to functions by the 

 := y  → t ( )rhs ( )op ,2 ( )solution2 t Maple operation [43], and then plotted. The methods of 
solving these equations require many considerations and the length of their descriptions 
would break the flow of the context that is why they are discussed in Chapter 4.2.2. The nu-
merical results of the stress field obtained this way with the given initial values can be plotted 
on graphs. For example the radial stress field shows the following characteristics on Fig. 31. 
4.2.1.3.1 The results 

The numerical functions of Q and Q’ are substituted back into the formulas of the stress ten-
sors. The results are then plotted. The physical components are calculated (σij) according to 
formula (A.71). The physical components differ in value from the contravariant components 
only at the tangential components. To obtain the physical components for the tangential stress 
the 2,2 contravariant component of the stress tensor has to be multiplied by r2, which is the 

normalised component 
ii
jj

G
G  of the metric tensor after the deformation. Then the unified 

stress is calculated, which in this case is the form of σMohr=σ22-σ11. The stress tensors have 
diagonal components only, all other components are zero. The use of the [43] operator allows 
the set of numerical results to be handled as an actual function and these functions may be 
substituted back directly into the formulas of the stress tensor. The obtained results are dem-
onstrated on the following figures: 

r [mm] 

σ r
  [M

Pa
] 

 
Fig. 31: The numerical solution of the radial stresses in the function of the radii. 

The curves starts from the radius of the needle and illustrates the stresses in all three cases. 

σ t
  [M

Pa
] 

 
r [mm] 

Fig. 32: The numerical solution of the tangential stresses in the function of the radial parameter.  
The graph starts from the radius of the needle and illustrates the stresses in all three cases. 
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σ M
oh

r 
 [M

Pa
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Fig. 33: The numerical solution of the computed unified stresses in the function of the radial parameter. 
The graph starts from the radius of the needle and illustrates the stresses in all three cases. 

From the result curves it is clear that the steepest sloping solution is obtained from the gen-
eralised Blatz-Ko model, followed by the numerical curves for the first and then the second 
special Blatz-Ko model. All the solutions give a very small (almost zero) stress value at 2 
mms from the axis of the needle. So this distance may be taken as the actual boundary of the 
stress zeroing area. The theoretical boundary is of course is at infinity. Some actual values are 
given in Table 3 that were calculated using the previous method. The values for the radial, the 
tangential and the unified (Mohr’s) stresses are given for foam 7 (Table 17, G=24.19 kPa) 
when using a 1 mm diameter needle and for the three versions of the Blatz-Ko potential. The 
values are given at the boundary of the needle at r=0.5 mm and at 2 mms from the axis of the 
needle to demonstrate the quick drop in the value of stress. The percentages of drop between 
the two values are given in % in all three cases. In all cases the percentage of the drop is less 
than 1% so all the stresses at two mms from the axis of the needle can actually be considered 
zero. 
Table 3: Results acquired from the calculations. 
Calculation for a 1 mm diameter needle using the material properties of foam 7 (GE=24,19 kPa). σr is the 
radial σt is the tangential and σMohr is the combined stress 

In the next Chapter we shall look at how to solve the gained differential equations. 
 

 σr [MPa]  σt [MPa]  σMohr [MPa]   
Material r=0.5 r=2 % r=0.5 r=2 % r=0.5 r=2 % 
GBK -0.1338 -0.00111 0.823 0.263 0.000271 0.1031 0.394 0.0013 0.345 
SpecBK1 -0.1701 -0.00116 0.686 0.0737 0.000275 0.3737 0.243 0.0014 0.592 
SpecBK2 -0.2057 -0.00096 0.468 0.5695 0.000245 0.0431 0.775 0.0012 0.155 
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4.2.2 Solving the initial value problems for the differential equations in Chapter 
4.2.1 and optimising the parameters 

The solution of the ordinary differential equations (ODE) in Chapter 4.2.1 and A.2 needs 
further considerations, that is why they are not discussed in details in their Chapters. The 
analysis would disrupt the flow of the theoretical calculations. The solutions of the ODE-s are 
discussed by the same way that they appear in the Chapters, starting from the most complex 
(general) and also mentioning the specialised ones. In the last part the optimal value of the 
needle diameter will be determined theoretically.  

4.2.2.1 Solving the ODE for Q(r) in the compressible case 
Equations (97), (99) and (101) are all obtained from the equations of equilibrium (App. 

A.1.4, formula: A.70) using the three special cases of the BK elastic potential. They have dif-
ferent complexity and contain terms of different degree but all are from the same class of 
ODE: second order non-linear ordinary differential equations that are also non-autonomous. 
(These equations are known as quasi-linear as discussed in Chapter 2.5.4.3.) Although they 
possess some linear symmetry, they cannot be solved analytically. There exists no general so-
lution for any of the three cases. To obtain a numerical solution for a particular case of a given 
initial condition, the 4th&5th order Runge-Kutta numerical methods will be used which are 
built-in routines in Maple [43].  

Before the numerical method is utilised, the structure of these equations has to be analysed 
and the integral curves ‘guessed’. 

Only the solution of ODE (97) (for GBK) will be analysed in detail. It is the most complex 
one, the other two needs less considerations and can be regarded as special cases of the solu-
tion of (97). 

By looking at the equation it is clear that the derivative of Q(r) is present in every term of 
the equation (they are multiplied by it). This means that every Q=constant is a solution of the 
equation. Important trivial solutions of all of these equations were found, although they are 
not the only solutions. For further analysis the second order equation has to be rewritten to a 
first order system consisting of two first order equations. This is done by the usual way. Let 
R(r)=Q’(r) and express R’, from the equation ( ’ is denoted for the derivation according to the 
variable r). This way the system of differential equation is obtained: 







=′

′=

R)Q,q(r,
R)Q,h(r,  R

(r)Q  R(r)
     (104) 

where:
  
 

( )h , ,r Q R r4 ( )R r 5 ( )Q r 2 2 ( )R r 4 ( )Q r r3 5 ( )R r 4 ( )Q r 3 r3 10 ( )R r 3 ( )Q r 2 r2 13 ( )R r 3 ( )Q r 4 r2 ( )R r 3 r2 +  +  +  +  +  = 

14 ( )R r 2 ( )Q r 3 r 15 ( )R r 2 ( )Q r 5 r 3 ( )R r 2 r ( )Q r 6 ( )R r ( )Q r 4 6 ( )R r ( )Q r 2 6 ( )R r ( )Q r 6 +  +  +  +  +  + 

(105) 
and  

q(r,Q,R)= −  −  −  −  −  −  − 2 ( )Q r 2 r3 ( )R r 2 2 ( )Q r 4 r3 ( )R r 2 4 ( )Q r 3 r2 ( )R r 4 ( )Q r 5 r2 ( )R r 2 ( )Q r 4 r 2 ( )Q r 6 r 2 ( )Q r 2 r (106) 
h contains Q in its sixth order and R in its fifth order, q contains Q in its sixth order and R in 
its second order form. 

From these results, the following statements can be made: with the increase of r, Q always 
increases, so the function of the solution is monotonously increasing from the start onwards. 
Moreover R’ is negative, this means that the derivative of the solution function is decreasing 
in the function of r. If the result is represented for some initial value, the graph of the function 
of the solution would have a characteristic shown on Fig. 34. 
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Fig. 34: A solution curve for an initial value gained by the analysis of ODE 96. 

The projection of the integral curve into the Q-r plane:  

 
Fig. 35: Q(r) curve in the Q,r plane with its initial values. 

The curve shows characteristics that were expected from the physical approach. The solu-
tion curve at the limit of infinity approaches the Q=constant straight line, which is the trivial 
solution of the equations. 

By using the analysis of the equation and the results obtained from the incompressible case, 
the numerical solution of the equation for Q(r) may be done in a more confident way; the re-
sults can be checked instantly by our previous knowledge. 

4.2.2.2 Numerical solution for the initial values 
To obtain a particular solution for a second order ODE two initial conditions have to be 

given and with them the Cauchy problem have to be solved. These values can be the value of 
the function at a given point and the initial slope of the integral curve at the same point. To 
determine these values physical considerations will be used. In the function 

r
rr )()(Q ρ

=  and 
00

0 )0(or  )()0(Q
rr

r ρρ
=     (107) 

as equation (51) in Chapter 4.2.1.2 only R0 is known that is the radius of the inserted needle. 
The initial value of ρ0 is not known at this moment, the condition for the calculations assumes 
that ρ(0) < r0. At the end of this Chapter a method for determining the value of ρ0 theoretically 
will be shown. 

For determining the second constant for the initial value problem the following assumption 
will be used. The effect of the needle is considered local, this way the disturbance of the 
enlargement of ρ0 to R0 only acts at the vicinity of the needle. This effect cannot be detected at 
large distances and at infinity it disappears. The formulation of this assumption is:  

1 
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     (108) 

this is the second initial condition. The problem with these conditions that the two values are 
given at different points (r=0 and r=∞) of the manifold. Because equation (97) can only be 
solved numerically these conditions cannot be implied, because the numerical values cannot 
be determined at infinity. The problem has to be transformed to an initial value problem, 
where the two conditions are set at the same point of the manifold. In the new set of problems 
both values will be given at r=0 the way that the original conditions are satisfied: 

W 
r
ρ(0)Q(0)

0

== and K=′(0)Q     (109) 

where:
dr

dQ(r)QK 0 =′= , the value of the derivative of Q(r) at 0. The 0 point will be set at the 

boundary of the inserted 1 mm diameter needle as in the calculation, this way r0=0.5 and it is 
measured from the axis of the needle.  

W 
r(0.5)
ρ(0.5)Q(0.5) == and K=′(0.5)Q    (110) 

The value of K cannot be chosen arbitrarily, because condition (110) has to be in correlation 
with (107) and (108). That is W and K has to be chosen the way that also satisfies condition 
(108). For different needles different W and K has to be determined. The problem is that K 
cannot be determined directly from a physical point of view, only indirectly from (108). To 
determine K an iterative program method will be used.  
As mentioned earlier the numerical methods have problems when dealing with infinity. To 
handle the problem a very large number (T) shall be chosen (e.g.: T= 5·105 which is >>R0) 
and the behaviour of the integral curve will be analysed at that point of the manifold. The rou-
tine that calculates the approximate value of K is achieved by an interval splitting method2 . In 
this method two different values (a1, a2) of K will be chosen arbitrarily (from the previous 
Chapter we know that the value ranges somewhere between 0.2 and 30, but for the first run 
we can choose -100 and 100 to be surely in the range). A third value is determined as the 
mean value of the two a3= (a1+a2)/2. Equation (97) is solved independently for the three val-
ues for K (and of course for W). The numerical method produces the routine for the calcula-
tions of Q(r) at discreet points of the manifold. 

Let us determine Q(T) which can be considered as the value of Q at infinity. The next step is 
to subtract one from the value of Q(T), this is  

sol1= Q(T)1-1,      (111) 
this is done for the other two solutions as well (sol2, sol3) and analysed whether they are 

negative or positive. These values then can be compared with each other. The final solution 
would be that solx=0, but the equations will be solved for a given error. 

For the cycle a small number will be chosen which will set the size of the error (this can be 
e.g.:10-8). Two of the three solutions will be multiplied together and analysed whether they 
are larger or smaller than zero.  

If    sol2·sol3>0       (112) 
then the solution can definitely be found in the other interval.  

If    sol1·sol3<0       (113) 
then the solution can be found inside this interval. (If the solution is not negative in either 

case, than different ai-s have to be chosen). After sol1·sol3<0 is achieved then this interval 
shall be split into two, by a1 staying the same and a2 becoming a2new and a3 becoming 
a3=(a1+a2new)/2. This way the interval is split into two and the cycle can run again, until the 
                                              
2 Originally programmed by Dr. Laczik Bálint 
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differences become less than 10-8. With the gained values K will become a3, and with this the 
initial condition is solved. With the operators of Maple the values of Q(r) can be calculated 
for the arbitrary values of r (as long as r ≥ R0).  

This routine converges fast, so if no singular solution is present between the intervals the so-
lution will be found in 30-40 steps.  

The start values used in the program are a1=0.2, a2=100. The calculation takes a long time, 
because the ODE have to be solved numerically, then the values have to be substituted into 
Q(T) and the results have to be compared (according to equations: (111), (112), (113) in every 
cycle. (For a Pentium 4 (2.4 GHz) computer it takes approximately 10-30 seconds of computation 
time). 

The numerical solution is given in Maple by the following procedures: 
:= sol1 proc ( ) ... end procx_rkf45  

 := sol1






, , = r ( )proc ( )  ... end procr  = ( )Q r ( )proc ( )  ... end procr  = d

d
r ( )Q r ( )proc ( )  ... end procr

 
An example of the procedure list for the value T is the following: 

 = ( )sol1 500000 





, , = ( )r 500000 500000  = ( )( )Q r 500000 1.00000000059982908  = ( )






d

d
r ( )Q r 500000 -0.306523319533648560 10-14  

To acquire the data from the list, operators have to be used. OP[1] is the operator for the ra-
dial coordinate. OP[2] is the function Q(r) and OP[3] is its derivate. For the substitution of 
Q(T) the operator OP[2](T) is needed. When the cycle stops K is determined to the given pre-
cision (in this case 10-8). With the acquired initial values the ODE can be solved and the solu-
tion will satisfy the original condition given by equation (110). Equations (98)-(101) can be 
solved with the same procedure. For the equations obtained from different elastic potentials 
(specialised version of the general Blatz-Ko potential) the constant K will be different. The 
difference is due to the fact that these equations include terms of the function Q(r) of different 
degree and were determined from different invariants. Some values of K for the general and 
the two special cases obtained from the routine for a 1 mm diameter needle, taking ρ0=0.45 
mm is given here  

:= KGenBK 4.826931164 := stepnumber 29  
:= KSpecBK1 4.327344839 := stepnumber 30  
:= KSpecBK2 12.11344370 := stepnumber 27  

Values of K for the three cases including the step number of the iterative calculation 

The integral curve (solutions) for the three cases are shown in the next figure (Fig. 36) 

Q
(r

) 

 
r 

Fig. 36: The numerical solutions of the equations of equilibrium of the three elastic potential for a 1 mm 
diameter needle, with determined initial values  
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The curves show the same characteristics that were determined in the previous analysis, this 
way they can be considered as the solution of the equations. These statements are also valid 
for the results obtained from the other two material laws. The equations of equilibrium of 
these cases are similar to the general one with the exception that they contain terms of lower 
degree. The characteristics of the solution functions are the same as in the general case, with 
the differences that the value of K of the initial value for Q’ is different in every case.  
Notes 

The calculations showed that the integration constants are not independent of each other in 
each case. They both have to be determined simultaneously. In some cases when the initial 
condition for Q(0) is not prescribed properly (e.g.: too large number is given for it, meaning a 
very large initial deformation) the other K cannot be determined. It would lead to a value of 
the initial slope too large that the even the mathematical software could not handle.  

4.2.2.3 Solving the problem for Q(r) analytically in the compressible case. 
As was described before equations (96)-(101) cannot be solved analytically. However to get 

some kind of analytical solution some neglection of equation (99) and equations (101) will be 
used. Equation (96) and (97) are so complex that the neglection of terms would have to be so 
radical, that the resulting equations would not describe the original problem properly. To sim-
plify the equations (99), (101) let us neglect the terms of Q’ (derivate of Q acc. to r) that are 
higher than the second degree (this is only one term in each of the equations). The two equa-
tions that are obtained are (102) and (103) (See: Chapter 4.2.1.3). This manoeuvre implies that 
these equations are only acceptable when the values of Q’(r) are << 1, this is the part of the 
solution curve that turns horizontal (Only valid far from the needle boundary). With this move 
more error is being created to the initial part of the solution curve, where the slope of the 
curve is very steep, but there is almost no change to the values further from the start, where 
the slope is less than 1. These values are of more use in the analysis of stress zeroing. The 
equations in both cases had become nonlinear second order Liouville type reducible ordinary 
differential equations with linear symmetries, which can be integrated by finding appropriate 
integrating factors (which may be of type mu, x, y and mu, xy) such as: The Maple system 
classifies these equations as:

 
 

R0 _Liouville [ ],_2nd_order _with_linear_symmetries, ,[ := 
[ ], ,_2nd_order _reducible _mu_x_y1 [ ], ,_2nd_order _reducible _mu_xy, ]  (114) 

The equations are solved with Maple. In the first special case the general solution (of equa-
tion (102)) (not mentioning the trivial solutions) are given in an implicit form as an equation 
(and Q(r)>0, r>0): 

 =  +  − 
2
5

( ) + ( )Q r 2 1
( )/5 4 _C1

2 r2 _C2 0
 

(115)

This nonlinear equation is again solved with Maple. For the result ten equations are gained. 
Disregarding the complex results two equations are left, from which only one is suitable for 
the physical problem. (The other solution is only different from this by its sign). The obtained 
solution is: 

 := ( )Q r
Generalsolution SpecBK1

−  + 4 r4 5
( )/4 5

2
( )/2 5

( )( )−  + _C1 2 _C2 r2 r3 ( )/4 5

2 r2  (116)

where C1 and C2 are constants that have to be obtained by solving the initial value problem 
(107) and (108), by Q(0)=W and Q(∞)=1. 

Calculating the limit of (116) at infinity the behaviour of the equation can be analysed ac-
cording to (108) by making this limit equal to 1 (equation (117)):  
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 := Qsol ∞ lim
 → r ∞
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( )/4 5

2
( )/1 5

_C2
( )/4 5

2 1  (117)

According to (117) the function at infinity is depending only on C2. The second equation of 
(117) can easily be solved. For the result we have: 

 := C2 , , ,
4 2

( )/1 4

5
4
5 I 2

( )/1 4
−

4 2
( )/1 4

5
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Disregarding the complex results from (118) two real solutions are gained, from which the 
proper value of C2 is: 

9514.0
5
22

4 9

≈=C      (119) 

Substituting C2 into (116) the solution is gained, where only C1 is left as an unknown pa-
rameter. 
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To verify the result of the value for C2 the limit of the substituted equation (120) is calcu-
lated: 
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It can be seen from (121) that the function at infinity satisfies the subscribed condition, for 
all values of C1. This means that the solution is independent of the diameter of the used nee-
dled. The value of C1 can be easily determined from (120) and from the first equation of 
(110), where in this case we have Q(0.5)=W:=0.45, for a 1 mm diameter needle. So substitut-
ing r=0.5 and (119) into (120) and making to equation equal to 0.45 we get: 
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Solving (122) we get the following values for C1: 
,{ } = _C1  − 0.4756828460 0.2518467507 I { } = _C1  + 0.4756828460 0.2518467507 I  (123) 

,{ } = _C1 0.2238360953 { } = _C1 0.7275295967    (124) 

The values of (123) are complex numbers, therefore of less importance, and only the first 
value of (124) satisfies the original condition, therefore it is considered the correct value for 
C1. Substituting the value of C1 into (120) the particular solution of (116) for the specified 
boundary condition of a 1 mm diameter needle is gained:  

 := Qfinal1
−  + 4 r4 2

( )/2 5
( )−  + 1.119180476 r3 8 r5 2

( )/1 4
( )/4 5

2 r2    (125) 

The equation gained by neglecting the terms of Q’(r) higher than the second from the equi-
librium equation of the second special case of the Blatz-Ko strain energy function (103) has 
similar characteristics as the equation presented before (equation (102)), it can be solved by 
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the same process as was presented above. This is why only the main equations will be pre-
sented. The equation will be solved for the same boundary condition as the previous equation 
(Q(0.5)=0.45 and Q(∞)=1). The general solution of equation (103) is presented by Maple di-
rectly: 

 = ( )Q r
Generalsolution SpecBK2
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(126)

The constants are determined by the same way as before, of course the constants are differ-
ent from those calculated earlier, although they are marked with the same letter. First the 
value of (126) is calculated at infinity: 

lim
 → r ∞







−  + 

5 _C1
4 r2

5 _C2
2









2
5 = 5









2
5

2








3
5

_C2








2
5

2     
(127) 

Again the value at infinity is depending only on C2. By making (127) equal to 1, C2 can be 
determined the same way as before. The solution is: 

,{ } = _C2
2
5 { } = _C2

-2
5

     (128) 

Only the first solution is related to the original boundary condition. Substituting this into 
(126) we get: 

 := sol2 





−  + 

5 _C1
4 r2 1

( )/2 5

     
(129) 

The limit of (129) at infinity is equal to one, that verifies the first boundary condition. Sub-
stituting r=0.5 and C2=2/5 into (126) and equalling it to 0.45(=Q(0.5)) the last constant can be 
determined: 

 = ( )−  + 5 _C1 1
( )/2 5

0.45      (130) 
the solutions of (130) are: 

,{ } = _C1 0.2271682259 { } = _C1 0.1728317741     (131) 
from which the second one satisfies the proper physical condition. With these values the so-

lution for the given boundary condition of a 1 mm diameter needle for the second special case 
of the Blatz-Ko strain energy is: 

 := Qfinal2






−  + 

0.2160397176
r2 1

( )/2 5

    (132) 

The integral curves of the two equations for the same boundary conditions can be seen on Fig. 
37. These curves show similar characteristics that were gained from the previous analysis and 
are also similar to the integral curves of the numerical solutions.  

 
Fig. 37: The plot of the two analytical solution curves 
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Notes 
The solution for the two special cases shows that the integrating constants C2-s of the inte-

gral curves of the two equations (102) and (103) are independent of the first integral constant 
C1. This means that, when C2 is determined (in both cases) the behaviour of the integral 
curve at infinity will always result in the proper solution as was described by the initial condi-
tion (108). The solution will tend to 1 at infinity no matter what size of needle was used in the 
calculation (what Q(0) was prescribed). The analytical solutions are different from the curves 
gained from the numerical solution because in the way that the two constants were not inde-
pendent of each other. The particular solutions of each case (using this physical approach) 
will only differ in the value of C1. It must be remembered that although these solutions are 
appealing they are just an approximation. The use of these results for the calculation of the 
stress field near the boundary of the needle is not advised, because the initial slope of the in-
tegral curve at that region is much larger than 1, thus the neglection of the terms Q’3 are not 
entirely acceptable.  

Nevertheless the solutions (120), (129) and the specified solution for a 1 mm diameter nee-
dle (125) and (132) can be used for determining the stress zeroing area analytically of an in-
serted needle therefore the spacing of the needles can be determined. The results give correct 
values because when σ(r) is small Q’ have very small values much less than 1. In some cases 
(when the displacement is very small) these results can lead to good approximations in the 
entire stress field due to smallness of Q’ in this range. To use these solutions properly the ne-
glection of terms in the calculation and their effect on the result has to be always analysed 
carefully. 

4.2.2.4 Calculating the problem in the incompressible case  
Let look at a slightly more simple solution of the same problem, when the material is as-

sumed to be incompressible. This simplification although is very far from the real material, is 
worth considering in order to have an ideal of the solution in an analytical form. The problem 
can be discussed similalrly as before, with small differences in the calculations. That is why 
the whole process is not mentioned here only its results. The calculations and the significance 
of the used Mooney-Rivlin model can be found in Appendix A.2. The results of the calcula-
tions will be used in the next Chapter. 

4.2.2.5 Calculating the value for Q(0) 
The problem that has not been discussed up to this point is the value of the initial value 

Q(0). Q is determined by the first equation of (109) or (110) for the special case) the only un-
known parameter is ρ0. (r0 is the radius of the inserted needle and ρ0 is the initial hole that is 
stretched to the size of r0). Until now it was assumed to be of a certain value. It can be deter-
mined by measuring the reminiscence hole left after a needle has been retracted.  

In this Chapter we shall determine the value of ρ0 theoretically.  
For the start, a value of ρ0 has to be assumed. It is taken to be just a little smaller than the ra-

dius of the needle (e.g.: 001.0
201 −= nDρ ). For this value the whole calculation described in 

Appendix A.2 will be carried out. C1 for the general solution (A. 92) and also H for (A. 95) 
will be determined. The calculation of radial and tangential physical stresses will be per-
formed and finally the unified (or Mohr’s) stress will be determined. As it was mentioned ear-
lier the unified stress in this case is σMohr=σtang-σrad, which is larger than σtang in the cylindrical 
case and is the largest allowed stress. σMohr is then compared to the breaking stress (σT) of the 
material (according to Table 17 of Chapter 3.2.2). If σMohr < σT then the value (or the radius) 
of ρ0 will be reduced with a small increment (defined by the step size of the cycle) so for ex-
ample the next step would be: 001.00102 −= ρρ , (0.001 being the step size of the cycle). With 
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the new value of ρ the cycle for the calculation starts all over again. The procedure is repeated 
until the unified stress calculated with ρ0N reaches the tearing stress. 

σMohr ≥ σT       (133) 
The inequality of σMohr < σT is determined with an error that when (133) is satisfied the cycle 

stops and the value of σMohr and ρ0N is registered (N is the step number). The value of ρ0N will 
be taken as ρ0 for the given needle diameter. Sometimes the calculated σMohr is much larger 
than σT sometimes just a little larger depending on the step size of the cycle. Larger stresses 
are not allowed because the continuum criterion (therefore the calculations) will no longer be 
valid and the material will suffer damage. This procedure was described for the incompressi-
ble case but it was also performed in the case of the compressible material. The process is the 
same for the compressible materials, but in every cycle (when ρ is changed), the routine for 
the calculation of the initial derivative of Q (the value of the initial slope of Q, Q’(r)) has to be 
also performed for the new value of Q(0). For every step a whole routine of interval splitting 
is performed (~30 steps for determining Q’, and solving the differential equation (96)..(101) 
numerically in every step).In the case of the analytical solutions the equations for the two in-
tegration parameters (C1, C2) are solved in every cycle. These procedures take up a consider-
able amount of time. The initial value ρ0 has to be chosen carefully for the start of the proce-
dure, because there are cases when the iteration does not converge. When changing the mate-
rial parameters the initial shear modulus and the tearing stress has to be compared. That is 
why there is a different solution for every material. (The programs of these methods can be 
found in the Appendix). The comparisment of these results can be seen on Fig. 38 for Q(r) 
and Fig. 39 for the stresses.  
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Fig. 38.: The plot of Q(r) in the function of the radial parameter r, for different material functions 
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Fig. 39.: The comparison of calculated radial stresses in the function of the radial parameter, 
using different material models of foam 7 for a 0.9 mm diameter needle 
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Fig. 40.: The comparison of calculated unified stresses in the function of the radial parameter 
using different material models of foam 7 for a 0.9 mm diameter needle 

With this method the last problem is solved. In the last part of the present Chapter the opti-
mal needle diameter is analysed. It is also interesting that the results for the incompressible 
material have very similar characteristics to the compressible results. It would be an interest-
ing question; that why is the similarity so close and the only visible differences are in the val-
ues? 

4.2.2.6 Determining the maximal stress in the function of the needle diameter 
By solving the last initial value problem (for ρ0) automatically in the calculations, this rou-

tine can be inserted into a larger program that can determine the radial stresses for different 
diameter needles. The optimal needle diameter would be the one that produces the largest 
possible stress in the smallest possible diameter.The calculations are performed with the in-
compressible material automatically in a program. A large cycle is defined that has the needle 
diameter as the variable and inside this cycle the previous routines are inserted. The cycle is 
run from the smallest diameter needle to the largest one in definite steps and in each case the 
maximal radial stress is calculated (using ρ0 determined by the subroutines for each needle in 
each cycle). For compressible materials every change of needle diameter is ran through a 
separate program. The cause is that the calculations take too long for the compressible cases 
to run with the modification of each needle. For the needle diameters real values are used (0.5 
to 1.6 mm) with steps of 0.01. This is the range that were provided by the factory (See: Chap-
ter: 4.3 and Appendix: A.7.6). The plot of the process can be seen on Fig. 41, where the radial 
physical stresses are plotted against the needle diameter and the initial values ρ0.  
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Fig. 41: 2D plot of radial stresses against needle diameter in the incompressible-
case, showing the increase of value of ρ0 for each calculation cycle 
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It can be seen that σr changes very little in the function of the needle diameter. If the mate-
rial is assumed to be continuous, homogeneous and isotropic then the radial stress is inde-
pendent of the needle diameter, and thus it is a material dependant parameter. In a real foam 
that is not homogeneous this may not be the case, this will be discussed in Chapter 4.3. 

The explanation of this fact is that if a larger needle is inserted into the material it cuts out a 
larger hole, this way the difference between ρ0 and r0 will be the same, thus resulting in the 
same radial stress. 

By assuming that σr is independent of the diameter of the needle and is a material parameter 
it can be shown that for a given needle σr is linearly proportional to the shear modulus of the 
used material in the incompressible and also in the compressible case. This means that there is 
no optimal needle diameter that can be obtained from the continuum theory. 

To prove this a cycle is constructed in the calculation, where the cycle variable will be the 
shear modulus of the material, starting from a softer foam and step by step increasing to a 
harder foam. The needle diameter will be again 1 mm. For every material the whole process 
described earlier will be run. The program can be found in the Appendix. The Mooney-Rivlin 
parameters (C1, C2) are determined from the shear modulus (GE) by the formula (23). After 
all the cycles have run, the following plot is given by Maple: 
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Fig. 42: Radial stresses vs. the shear modulus of a 1 mm diameter needle in the incom-
pressible case 

The plot shows σr plotted against GE and ρ0. By assuming linear material characteristics it 
shows that the value of σr depends linearly on the initial shear modulus of given needle di-
ameter for a given material. The calculation of stresses at different needle boundaries and dif-
ferent material parameters using different strain energy functions can be seen in Table 20. 

4.2.2.7 Conclusions of the stress calculations 
It was shown that using different strain energy function of compressible and incompressible 

materials the radial and tangential stresses in the function of the radial parameter show same 
characteristics. In the radial case they are strictly monotone rising, starting from the maximal 
(negative) value and reaching zero at the limit of infinity. In the tangential and combined case 
the curve is strictly monotone decreasing with negative derivatives, in all cases. The only dif-
ferences between the functions are the value at the starting point and the value of their deriva-
tives.  

4.2.3 Calculating the force  
The radial stress (1,1 component of the stress tensor) obtained from the theory may be taken 

as the pressure that acts on the outer surface of the needle. From now on this stress component 
will be renamed to pr-as the pressure obtained from the radial stress.  
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The required pull out force is obtained when the needle is in equilibrium in the foam and 
has not moved during the process. If the needle moves then the problem would become in-
definite, because the length of the needle inside the foam would be unknown. Also the fric-
tional coefficient between the needle and the foam would change from the sticking to the slid-
ing coefficient [77], which is much smaller than the stationery. The phenomenon of stick slip 
would also take effect and would play a significant role in the process [77], the force could 
decrease considerably, that is why the stationary Coulomb frictional model is used. The val-
ues of this coefficient are obtained from the factory so this way they can be utilised easily. I 
have carried out some test for the frictional coefficient to check its value and it proved that the 
factory values are accaptable for every range of tested foam. The industrial value for the fric-
tional coefficient between the foam and metal is between µ=0,45..0,75, this value is used in 
the factory. 
By using this value the pull out force may be calculated by the following formula when the 
outer surface of the needle is assumed to be a cylinder so the frictional force from the pressure 
on the surface multiplied by the frictional coefficient is: 

LDπpµF rN       =      (135) 
where: D is the diameter of the needle and L is the active length of the needle. The pressure 

is perpendicular to the surface of the cylinder (needle) 
The forces calculated by this formula for all the used strain energy functions (altogether 6) 

can be seen in Appendix A.8.9. The calculations were made for foam 1, 6, 7, 12, 15 and for 
needle diameters 0.5, 0.8, 0.9 1, 1.2 and 1.6 (µ was taken to be 0.6). 

This is as far as the continuum theory is valid. From now on only the results obtained from 
the General Blatz-Ko strain energy function will be analysed further. The others were interest-
ing up to the point that they all have similar characteristics in the analysed range. (If there 
were some major differences in their solution curves then they may have been some reason to 
investigate them furthermore). Since all of the other results have smaller or larger neglections 
and most of them are specialised case of the General Blatz-Ko potential that is the reason why 
only the solution that is the most general and contains no neglections will be analysed further. 

The surface area of the needle is assumed to be D⋅π⋅L. However, the actual frictional sur-
face between the foam and the outer surface of the needle which transmits the force is smaller. 
The foam contains a great number of open cells (Chapter 2.3.3) which have dimensions that 
may be compared to the diameter of the needle.(This was described with the gas-filling ratio 
and gas-filling factor with the equations (6), (7). These voids considerably reduce the effec-
tive surface of contact. For the accurate calculation of the force the contact surface between 
the foam and the needle has to be determined. 

The air in the foam’s structure is not involved in producing friction force (at least under 
these described circumstances). So the area that is “filled” with air has to be neglected from 
the contact surface. This area can be described with a similar term to the gas-filling ratio. 
Let’s call this parameter as the contact area ratio (αA) that will be described with the follow-
ing formula: 

0A
A

AA
A S

GS

S
A =

+
=α       (136) 

where: AS is the surface covered by the polymer structure, A0=AS+AG is the overall surface, and AG is 
the surface covered by gass. 
Since the area that is made up of the appropriate sections of the voids can be determined 

from measurements easier (because this area is considerably larger) it is convenient to calcu-
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late the surface ratio that is not involved in the contact. Let it be called βA and is determined 
by the following formula: 

0A
AG

A =β       (137) 

The relation between the two parameters are αA = 1-βA. Since both are made up of surface 
divided by surface, they have no dimensions and their values are always, αA < 1, βA < 1. These 
parameters are the function of the foam structure and can be related to the density of the foam, 
so every different parameter foam has a different area contact ratio (αA). The surface proper-
ties of the needle also plays a part in the role of the contact area, however the affect of it is 
some magnitude smaller than that of the foam’s so it will not be taken into consideration. 

With the area contact ratio the modified pull out force of a needle can be calculated as: 
LDpF rANe      πµα=      (138) 

From the continuum calculations it was proven that the radial pressure pr is material depend-
ant parameter. (Its values are independent of the needle diameter D). So a parameter ΩNe can 
be defined by the following expression: 

πµα    rANe p=Ω      (139) 
The parameter ΩNe has a dimension of [N/mm2] and is constant for a given foam so it can be 
considered as a material dependant parameter. With ΩNe the final expression of the actual 
pull-out force takes on an extremely compact form: 

LDF NeNe     Ω=      (140) 

By the use of this formula the pull-out force for one needle can be calculated easily. After ΩNe 
has been determined the only process to do is to substitute the active length (the actual length 
that enters the foam usually less than the measured length of the needle) and the diameter of 
the needle in [mm] into the formula. The values for ΩNe for all the foams used in this work 
can be seen in Table 4. µ=0.6 was taken again as the value and αA=0.41 was determined from 
a mean gas-filling (this is between 0.89...0.75 [56]). These parameters were used in all force 
calculations as a first approximation; however it is evident that the area contact ratio can vary 
considerably in each foam. 

Table 4: The values of ΩNe for the used foams. 

 Foam 
 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

GE 16,14 18,28 14,64 45,87 51,25 60,07 24,19 26,68 25,73 26,71 25,7 28,5 32,8 34,81 34,45 

σT 112,6 95,96 68,42 156,8 160,3 176,9 126,03 125,34 126,4 133,57 119,7 124,33 118,2 147,6 144,13

ΩNe 60,628 48,79 34,92 77,97 78,54 84,29 64,842 63,14 64,92 68,49 60,79 62,411 57,55 73,76 72,218

GE is the initial shear modulus, σT is the ultimate strength and ΩN is the force parameter for each foam. 
All the values are in [kPa] dimension. The other parameters were µ=0.6 and αA=0.41. 

4.2.4 Conclusion 
From the applied theory the pull-out force and the stress zeroing area of a needle inserted 

into various polyurethane foam materials were determined theoretically. To evaluate the 
method further, actual measurements of the pull-out forces are needed. This will be discussed 
in the next Chapter. 
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4.3 Determining the pull-out force for one needle by experiments, measuring 
the needle force3 

It is necessary in the design process to know the amount of force needed for a needle to 
penetrate the foam at full length and the force needed to pull it out from this position. The 
forces exerted by the needle have to be verified by measurements. To obtain data about, what 
happens at the insertion and at the pulling out of the needle, an experiment was designed to 
measure the forces according to the displacement of the needle. The other task is to check the 
results of the theories presented in the previous Chapters. The diameter of the initial hole that 
is used in the initial value problem for solving the differential equations (97), or (99), (100) 
also has to be checked from this test by observing the remaining permanent hole after the 
needle has been pulled out. The active length of penetration of the needle is also an important 
parameter for the calculation, because the foam has an area where it compresses under the 
needle, so its active (inserted) length will not be equal to its full length. This parameter can 
also be measured from this test. From the calculated pressure, the friction coefficient and from 
the measured force, the active area of contact between the needle and the foam may be deter-
mined. The work and the consumed energy of the process may also be determined from the 
test. From a range of needles used in the test a comparison can be made to choose the needle 
geometry best suited for the task. The conditions to be satisfied would be the largest applied 
force per unit surface and the smallest caused damage by a needle. 

4.3.1 The test 
The idea of the test is to penetrate foams of given material parameters with needles of defi-

nite geometry and measure the force needed to push in such a needle all the way in the foam 
and pull it out again. All the needles have the same material properties and are manufactured 
the same way. The range of needle geometry can be seen in Table 5. When the needle has 
penetrated the foam at full length the process is reversed. The two maximum force values 
(one just before the reverse of the process and one immediately after the reversion) are taken 
as the two required forces. The first one is the maximum insertion force and the latter is the 
maximum pull out force. The two forces are collinear but have different signs and value.  

For the test a versatile Zwick-WS4 tensile test machine was chosen (Fig. 45). The test foam 
was fixed to the moving part of the machine. To its upper part, where the force sensor is situ-
ated, a fixture was attached with a specially designed connecting part to which a hypodermic 
needle can be easily attached (Fig. 44 and Fig. 46). The force is measured on the needles and 
is collinear to the axis of the needles.  

The test foams were of dimensions of 100x100x90 mms for every part. This is large enough 
so the sides of the foam do not have an effect on the stress field. The bottom side of the foam 
was glued to a fixture that was fixed to the moving part of the tensile machine. The velocity of 
the insertion and pull out was set to 100 mm/min. This value was used in every other experi-
ment. For every needle the height of the start was set. It was 10 mms plus the length of the 
needle. The bottom level was set, so at the end of the process the whole needle is fully in-
serted into the foam. When the insertion was stopped, the pull out started instantly, by revers-
ing the process with the same speed. The pull out process was carried on until the needle re-
turned to it original position. The insertion path was set collinear to the axis of the needle and 
it was perpendicular to the top surface of the test foam. (The hypodermic needle and the fix-
ture can be seen on Fig. 43 and Fig. 44). Five of this test processes were repeated for every 

                                              
3 The test was carried out at the Department of Polymer Engineering in 2001.06.26 with the kind help of the de-
partment’s staff. 
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needle and every foam, changing the needle after every insertion. It was necessary, because 
the needle may lose its sharpness and this could affect the measured values.  

After every insertion the test foam was moved to a different location of more than 30 mms 
from the previous insertion point to make sure that the foam is always tested at an intact area. 

During the tests no bending of the needles was noticed. In some cases after the needle was 
pulled out it was noticed that the point of the needle became blunt. It was no surprise because 
these needles were designed for one use only. The register paper motion was proportional to 
that of the needle. The insertion was set to the normal feed direction and the pull out to the 
backward direction. 

  
Fig. 43: hypodermic needle Fig. 44:Fixture for needle 

 
Fig. 45: Arrangement for testing the needle force base on a universal Zwick-WS4 test machine 

  
Fig. 46  The needle above the test foam Fig. 47  The needle fully inserted in the test foam 

The needles given in Table 5 were applied in the experiment. These dimension of needles 
were commercially available at the time. They are carefully tested according to ISO 9626. For 
the measurements 10 types of needle were used with 5 different diameter and 9 different 
length categories (Not all diameter-length combination is manufactured.). These needles were 
made and provided by courtesy of Dispomedicor Rt. (Hungary). From the 15 different test 
foams five significantly different were chosen for the test. Testing the entire range of foams 
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was too expensive and time-consuming. Only foams 1,6,7,12 and 15 were used in the test 
(Appendix A.6 and all the foam that were used in this test are marked by “D”). Penetration 
force and pulling out force were measured on a Zwick-WS4 tensile test machine. After the 
test some foams were cut to pieces perpendicular to the axis of the needle for further analysis. 

Table 5: Dimensions of the hypodermic needles used in the tests, (X available, √ used) 
Diameter [mm]  

0.5 0.6 0.7 0.8 0.9 1.1 1.2 1.5 1.6 
40         √ 
42 √         
50   X √  X X √  
60  √        L

en
gt

h 
[

]

70     √     

4.3.2 Results 
The results were registered on a plotting paper by the test machine. Let us analyse the re-

sults on these diagrams according to Fig. 48 and Fig. 49. From their shape we shall call them 
‘Butterfly Diagrams’. The plot illustrates the force (F[N]) vs. the insertion length 
(L[mm]).The direction of the insertion is from left to right. The insertion part is on the upper 
part of the diagram that is upward sloping. The feed is reversed instantly when the pull-out 
begins. A quick direction change can be seen on the paper. When the needle returns to its 
original position the indicator plot touches the start point. This means that there is no loss or 
remanence of force in the process or at least very little. So the whole process can be consid-
ered ideal. The area surrounded by the plotted curve is of work dimension [Nm], which is the 
energy of the whole process. If the diagram is divided by an imaginary line through the origin 
at the null displacement, the diagram can be split into two parts. The upper part is a triangle of 
the work of the insertion and the lower triangle is the work for the pull-out process. The two 
areas are not equal. The maximum force of the insertion is much larger than the maximum 
force of the pull-out. Also the displacement is different, due to the compression and re-
stretching of the foam under the needle point. The foam does not tear all the way, so there is 
always a bit where the foam suffers only a reversible compression. When the process is re-
versed this foam part springs back and thus reduces the actual penetration length. This length 
of penetration loss may be determined from the diagram by the distance of the two imaginary 
line between the two maximum force points (Lneedle-Leffective). The work of the springing back 
can be determined from the diagram. The area difference between the two processes is equal 
to the energy that is required to form the permanent hole in the foam. This can also be easily 
obtained from the diagram. Data that were acquired from the test can be seen on Table 6 for 
Foam7. These serve as inputs for further calculations and were determined from the diagram 
of Fig. 49. 

Table 6: All the data acquired that were from the test (for foam 7D). 
Foam 7 D   Active length           

Needle 
diameter[mm] 

Needle 
length 

Lin 
[mm] Lout [mm] Ldiff in 

[mm] 
Ldiffout 
[mm] Fin[N] Fout[N] σfrict 

[kPa] 
0.5 42 37.2 39,5 4 4.2 1.816 0.992 15.988 
0.6 60 55 51 4 7 3.832 2.328 24.216 
0.8 50 44.2 41 4 8 3.920 2.040 19.797 
0.9 70 70 63 3 9.7 6.608 3.920 22.006 
1.5 50 45 42 3 8 4.488 2.920 14.753 
1.6 40 34.5 29.5 3.5 8.5 3.880 2.288 15.429 
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Fig. 48: The whole process of a 9x70 needle, 

for foam 7 
Fig. 49: The data obtained from the experiment 

The data of maximum pull out force were measured from the point of the lowest point of the 
bottom triangle to the middle line of the diagram of Fig. 48 and Fig. 49. (Fmaxout on the dia-
grams.) From these values the real pull out forces was determined.  

To compare the needle to one another the real force per unit area of needle has to be deter-
mined. The pull out force (Fmaxout) has to be divided by the active surface of the needle (µ0) to 
get σfrict.  

][ 1000
   

max kPa
LD

F

effectiveneedle

out
frict π

σ =    (141) 

Where: Dneedle is the diameter of the used needle, σFrict is the maximal stress. The division by 
the frictional coefficient is not really necessary, because it is a constant for the given material, 
so it will not affect the comparison. 
The summary of these data can be seen in Table 7. 

Table 7: Measured data of pulling out force for the tested foams 

 Maximum frictional stress caused by the fully in-
serted needle in the foam [kPa] 

Diameter 
of needles Foam 1 Foam 6 Foam 7 Foam 12 Foam 15 

0.5 15.99711 22.63537 15.98802 23.14981 22.56374 
0.6 19.29151 24.59217 24.21652 27.22651 27.43528 
0.8 15.17051 20.99329 19.79732 23.33067 23.18126 
0.9 17.81144 24.64335 22.00661 25.86268 26.03952 
1.5 13.1366 15.94137 14.75341 16.10841 16.26917 
1.6 12.68266 17.40757 15.42994 17.59081 18.25601 

These data are shown on a diagram when the maximal frictional stress versus the needle di-
ameter is drawn (Fig. 50). On the diagram the trend lines for the values are also illustrated. It 
can be seen that the trend lines have a maximum in the examined region. The maximum is at 
the point where a needle diameter produces the maximal friction stress for a given foam. This 
result was unawaited, because from the used theory of continuums the stress was independent 
of the needle diameter. From the diagram it can be seen that needle diameter from 0.6 to 1 
mm has the best performance.  
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Fig. 50. Stress caused by pulling needles out from a given foam material vs. needle diameter 

4.3.3 Explanation of the results 
From the range of needles an optimal needle diameter had to be determined. The conditions 

have to be that the damage caused by a needle has to be as small as possible, that means the 
needle diameter has to be the smallest possible. The needle has to have proper stability against 
buckling this means that the diameter has to be large. Also the surface of the needle where the 
friction force acts has to be as large as possible, that means that the diameter and the length 
have to be as large as possible. These conditions are in contradiction. That means that there 
should be a compromise in the diameter. From the results it can be seen that there has to be no 
compromise, because there is always an optimum in this range of needle diameters with 
foams of examined parameters. The explanation is in the structure of the foam. The larger the 
diameter of the inserted needle is the larger the permanent hole will be cut out. This means 
that the radial stress will not grow beyond a certain point determined by the unified stress 
(σtangential-σradial) (See previous Chapter). This results in the down sloping curve of diameters 
larger than 1 mm. On the other side of the diagram with needle diameters less than 0.6 mm 
(Fig. 50) the curve is also down sloping. It is caused by the open celled structure of the foam. 
In these dimensions the needle diameter can be compared to the size of the GSE (See: Chapter 
2.3.3). This means that the needle has little contact with the polymer structure of the foam and 
has a very small surface where the friction force can take effect. Its diameter is so small that it 
does not produce a significant displacement it rather just cuts the foam and leaves a hole al-
most as large as the needle. From these results the optimum of needle diameter can be easily 
determined. This optimum satisfies all the conditions that were made: minimal damage, 
maximal friction stress and has good strength for mechanical load. 

The other important result is that the largest stresses do not belong to foam 6, that has the 
largest initial modulus and the largest tearing stress. From the diagram it can be seen that the 
two highest stresses belong to foam 12 and 15 (which are the second and third hardest foams) 
then to foam 6 and then foam 7 and foam 1. The only one out of the sequence is foam 6 which 
is also the most rigid of them all.  

4.3.4 Conclusion 
With the tests the pull out forces and insertion forces were determined and the whole course 

of the process were analysed with the idea of active needle surfaces. A diagram for the deter-
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mination of the energy involved in the process was proposed. The optimal needle diameters 
for the maximal pullout forces were determined. By cutting some foam to pieces that were 
perpendicular to the insertion axis the geometry of the permanent hole could be investigated. 
The diameters of these holes do not change along their axis. This means that for the developed 
theory they can be taken as the initial hole for the calculations. The other important fact was 
that the pull-out forces per unit area increase in the function of the initial shear modulus up to 
a point and then decrease. This means that the correlations between these stresses and the ma-
terial properties are not linear. 

4.4 Comparing the theoretical results with the measurements, evaluation 
The calculated values for the pull-out forces, even for the proper initial values, are still larger 
than the measured ones (Chapter: 4.3). By further analysing the problem it became clear that 
the formula for the FNE, expression (138), is still not precise. For this various methods may be 
used. The first one would be to calculate statistically the surface reduction caused by the voids 
and modify the results with this value. The other is a more elegant way of using fractional 
measures for the contact surfaces, which is originated from the fractal property of polyure-
thane foams. 

To evaluate the results of the continuum theory the best way is to compare forces calculated 
by it to the forces measured by the needle force tests. A set of samples of needles and foams 
were chosen from the entire range that had different geometrical and material parameters. The 
calculations were performed with the Generalised Blatz-Ko elastic potential, ρ0 was deter-
mined by the explained iteration procedure. D was set to the diameter of the used needle, and 
L was the active length of the needle (See: Table 7). µ=0.6 and αA=0.41 were the other mate-
rial parameters. The same value of αA and µ was used for every foam. The calculated (FNe) 
and measured (Fout) force values with their errors (142) can be seen in Table 8. The error was 
calculated by the formula: 

100
F

FFError
out

Neout ⋅
−

=      (142) 

Table 8: Comparing the calculated and measured pull-out forces of different needles and different foams 

 Needle geometry 

 ∅0.5x40 ∅0.6x60 ∅0.8x50 ∅0.9x70 ∅1.6x40 
Foam FNe Fout Err. FNe Fout Err. FNe Fout Err. FNe Fout Err. FNe Fout Err. 

1 1.13 0.98 -15.3 1.91 2.0 4.36 2.18 1.79 -21.6 3.17 3.07 -3.3 2.98 2.04 -46.4 

6 1.43 1.28 -11.9 2.56 2.48 -3.3 2.72 2.22 -23.1 4.48 4.32 -3.8 4.15 2.8 -48.3 

7 1.23 0.99 -23.5 1.89 2.32 18.5 2.03 2.04 0.22 3.51 3.92 10.5 2.88 2.29 -25.9 

12 1.14 1.4 18.17 1.892 2.72 30.4 2.52 2.58 2.21 3.43 4.68 26.7 3.1 2.85 -8.77 

15 1.36 1.4 2.86 2.31 2.9 20.1 2.69 2.68 -0.49 3.96 4.71 15.8 3.75 3.12 -20.3 

Where :FNe[N]is the force calculated by the formula from the theory, Fout[N] is the measured pull-out 
force and Err. is the error in [%]. 

From Table 8 it can be seen that there is still a considerable amount of difference between 
the measured forces and the forces calculated by formula (140) The relative errors range be-
tween ∼0.2 to ∼48%, (the (-) sign indicates that the calculated force is larger than the meas-
ured one). In some cases however the calculation provided relatively usable data that can be 
safely used in the design process. 

The results of the calculations show that the needle force proportionally increases with the 
diameter of the needle and with the initial shear modulus (and tearing strength). 



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 74

The measured values show different characteristics. The force has a maximum in this range of 
parameters, both in the change of diameter and initial shear modulus. The relation between 
the force and the needle’s active length is linear, this was shown in the previous section, and 
can also be observed by the linear sloping sides of the ‘Butterfly diagrams’ on Fig. 49. 

The relationship between the initial shear modulus and the measured force is non-linear and 
has a local maximum. It can be seen from Table 8 that although foam 6 has the largest initial 
modulus (0.06007 MPa), the force belonging to it is not the largest. So the force-initial shear 
modulus curve also has a maximum in the analysed range. This can also be seen on Fig. 49. 
So from the measurements it is clear that the force is the function of the needle diameter and 
also the material parameters F=f (GE, D), which is different from the results that were gained 
from the continuum theory. The largest force error occurs when the foam and needle diameter 
differs most from the maximum. (From the evaluation the largest difference is with foam 6 
and needle diameter 1.6.). 

4.4.1 Reasons for the difference in the calculated and measured needle forces 
The reasons of differences in the values of the calculated and measured forces can be di-

vided into two main reasons; A, the dependence on the material parameters, and B, the de-
pendence on the needle diameter. This classification is arbitrary since the two reasons are re-
lated to each other in a way, but the explanation is easier when they are dealt separately.  

A, The calculated forces for the hardest foam is larger than the measured ones in all the 
cases of used needle diameters. One of the reasons is that this kind of foam is not only harder 
but also much more rigid than all the softer ones. This can also be seen from Table 17 of the 
tensile test that this foam has the smallest relative stretch (86%) compared to any other tested 
foam. This way the torn initial hole ρ0 can be larger than the one calculated from the theory 
(comparing the unified stresses to the tearing stress). In this material the foam tears more 
likely instead of stretching. This way the ratio of ρ0/D will be less than W0. This initial hole 
cannot be calculated easily from the original theory, further tests and experiments would be 
required to determine it precisely. Luckily foams with these parameters are not widely used in 
car industries. They were produced exclusively for the experiments of this work and for the 
Homer project to have an extensive range of foam to work with and to see the boundaries of 
the analysis. (They are sometimes used for seats for public transports. In the industry these 
foams have different moulds and demoulding processes.) The other reason for the differences 
is to do with the contact area. The calculations were made by using the same contact area ra-
tion (αA, determined from a general point of view) for all the foams. To calculate the forces 
more precisely this parameter has to be determined for every foam. This way the differences 
of the foam structures can be taken into consideration.For the calculations the same sticking 
friction coefficient µ was used for every foam. This can be considered as a good approxima-
tion if the foams are made of the same material components. This is true in all the analysed 
foams, however the A:B ratio of the components (See: Chapter 2.3) is changed in most of the 
produced foams. This also has an effect on the friction coefficient. In the cases where the 
foam parameters are changed by varying the quantities of the components (and not their ra-
tio), µ will not be changed. The last analysed material parameter is the β in the Blatz-Ko func-
tion that has an affect on the result. As it was mentioned this parameter defines how much of 
the amount the two parts of the strain energy function takes place in the whole elastic poten-
tial. The analysis were made for β=0, 0.5 and 1. (Being β=0 the first, β=1 the second special 
case and β=0.5 the Generalised Blatz-Ko elastic potential.) Other values for β is possible. For 
example if the first part of the function should appear in a greater influence in the general 
function than the values of 0< β <1/2 can be chosen (and vice versa). In order to determine 
the proper value of β the calculations should be rerun where all the other parameters are set 
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(µ,αA, D,L, σT GE, etc.) and β is the only variable. The calculations can be compared to the 
test results. This analysis can be a part of a further research. 

B, The other problem arises from the fact that the relationship between the values of the 
measured forces and the needle diameter is non-linear. The forces calculated from the pre-
sented theory gave another result, where the relation between the forces and the needle diame-
ter is linear. This problem comes from the fact that in this dimension range (where the diame-
ter of the needle is close to the size of the structural elements of the foam) the foam cannot be 
considered continuous. 

4.4.2 Possible methods for further research 
To handle these problems three different approaches seem practical. These solutions would 

require a whole new research and cannot be further part of this work. However to have a 
complete explanation of the problem the methods will be mentioned and the foundations of 
one (the most expedient) will be introduced in more detail; 

1, Empirical method; determine a proper coefficient for each foam and needle. Many fur-
ther needle force measurements would be needed. With statistical methods an empirical coef-
ficient could be defined for every case. This method may provide good numerical results, but 
it would not give proper solution to the problem. 

2, A new function could be introduced for the force parameter that has a dependence on 
the needle diameter (ΩNE(D)). This could account for the differences in the force values due to 
the diameter differences. At the moment this could only be done by an empirical trial and er-
ror process, so it would still not provide a good solution and answer to the problem. 

3, A more convenient way is to analyse the real contact surface between the foam and the 
needle. This can be treated in a more exact mathematical way that could show the underlying 
relations of a non-homogeneous structure and could give an elegant solution to the problem. 
That is the reason why for the further analysis the third method will be chosen.  

4.4.2.1 Determining the contact between the foam structure and the surface of the 
needle 

The introduction of the area contact ratio αA in Chapter 4.2.3 was made to characterise the 
ratio of actual contact surface that is involved in making the frictional force. This parameter 
has no dimension and can be determined statistically (either from analysing the foam’s struc-
ture or by visual observation). αA can be considered as ‘measure’ of area covering. This pa-
rameter can be related to the methods of fractal geometry. The described method is just one 
way of modifying the theory and it is not compleat. It is just a way of showing, how the re-
sults may be made numerically more suitable.  

4.4.2.2 Some basics on fractals 
The idea of the treatment of the problem this way came when I was analysing the structure 

of the foam. To see why a foam can be considered a natural fractal some basic concept of 
fractal geometry will be considered. This will not be complete, but it will contain just enough 
for the explanation to be conclusive and to establish the concept. 

The definition of a fractal (used by Mandelbrot) being a set that with its Hausdorff dimen-
sion strictly greater than its topological dimension [62] proved to be unsatisfactory that it ex-
cludes a number of sets that clearly ought to be regarded as fractals. Other definitions were 
also proposed but they all have the same drawback. Instead of creating a definition when we 
refer to a set ‘A’ as a fractal the following typical characteristics are looked for [28]: 

- Self similarity, sometimes approximate or statistical, 
- Has a fine structure, new detail is revieled at an arbitrary small scale, 
- ‘A’ is too irregular to be described in traditional geometry, both locally and globally, 
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- Usually the fractal dimension of ‘A’ (defined in some way), is greater than its topologi-
cal dimension, 

- In most cases ‘A’ is defined in a very simple way, perhaps recursively. 
These are the most usual characteristics of an original fractal, so when these facts are 

matched in a geometrical object it can be considered as one [68]. 
To handle fractal Hausdorff measure and Hausdorff dimension is used, defined by: 
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where U is a non-empty subset of the n dimensional Euclidian space.; If {Ui} is a finite col-
lection of sets of diameter at most δ that cover A, with 0 < |Ui| ≤ δ for each i then {Ui} is a δ-
cover of ‘A’. The infimum HS
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This limit exists for any subset ‘A’ though the limit can be 0 or ∞ [28] and it is called the s-
dimensional Hausdorff measure of ‘A’. It is evident that HS

δ(A) is non-increasing with s if δ < 
1 for any set ‘A’, this case HS(A) is also non-increasing. If T > s and {Ui} is a δ-cover of ‘A’ 
then: 
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so taking infima and δ→0 we get HS(A) < ∞ then HT(A) =0. This means that there is a critical 
value of s at which HS(A) ‘jumps’ from ∞ to 0 [28]. It is called the Hausdorff dimension of 
‘A’ and is written as dim H A. So from these formulas: 
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If s= dim H A then HS(A) may be zero or infinite or can satisfy 0 < HS(A) < ∞. It is clear that if 
dim H A < 1 the set is totally disconnected. The difficulty of determining the Hausdorff di-
mension led to other definitions of dimensions that are also used for analysing fractals and the 
values of each may be different. The ideal is the measurement at scale δ, the dimension of ‘A’ 
can be defined by a power law obeyed by Mδ(A) as δ→0.  

ScAM −≈ δδ )(      (147) 
for constant s and s it can be sad that ‘A’ has ‘dimension’ s with regarded as the ‘s-
dimensional ‘length’’ of ‘A’. From this, the formula can be defined as: 
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These formulas are easy to work with because s can be estimated as the gradient of a log-log 
graph plotted over a range of δ. For real phenomena the range of δ can only be finite, espe-
cially when the atomic scale is reached. There of course may be no exact power law for Mδ(A) 
and the closes that can be determined are the lower and upper limits. For s to behave as a di-
mension the measurements needs to scale with the set, so it is required Mδ(δA)=M1(A) for all 
δ. In general if Mδ(A) is homogeneous of degree d, then Mδ(δA)=δdM1(A) then a power law of 
the form [28]: 

SdcAM −≈ δδ )(      (149) 
corresponds to a dimension. These formulas are only approximations, but they can work well 
if the range is defined properly. 

Some fractals created from simple algorithm can be seen on Fig. 51 to Fig. 53. The first one 
is imbedded in a 3D manifold, thus has a 2<s<3 dimension, the other two ‘Sierpinski’s car-
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pet’, defined by the same algorithm but with different quantities, are planar. They are also 
fractals of these kinds that have been produced by random algorithms. Those fractals may 
have other dimensions.  

   
Fig. 51. Menger Sponge, s∼2.7168 [62] Fig. 52.Sierpinski carpet 1, 

s∼1.8957 [62] 
Fig. 53. Sierpinski carpet 2, 

s∼1.8957 [62] 

4.4.2.3 Natural fractals 
All of the natural object cannot be real fractals. They may be scaled down by some factors 

repeatedly to a certain size, but it cannot be repeated infinitely. A polyurethane soft foam is 
not a real fractal, but a fractal like object, that can be called a natural fractal. The natural frac-
tals also show the same characteristic of real fractal, but only to a certain scaling. The log-log 
curve of a natural fractal is not a strait line (as was mentioned for a real fractal), but a curve 
that can be concave or convex in the function of log δ [60]. These fractals were used succes-
sively for defining; filters, exhaust, carbon blacks, etc. [55].  

4.4.2.4 The fractal likeness of Polyurethane foams 
The foam has fine structure that can be difficultly discussed by conventional geometrical 

objects. It can also be considered self similar to some point. Real foam contains a few large 
cavities of average diameter of 5-10 mms. These cavities can be found in every 200 mm3 of 
soft foams. The usual void size of the foam has been discussed in Chapter 2.3.3.3, and they 
proved to be 1-2 magnitudes smaller than these large cavities (few millimetres to 0.1..0.5 
mms). In Chapter 2.3.3.4 the presence of micro cells were shown. The microcells build up the 
struts and ribs and walls of the foam. The cavity inside them is 10-1µm. So by these facts the 
scaling can be done up to the factor of 10-7. This can be considered as a very large scaling 
range. The foam can be considered as a non regular Menger sponge, but having different di-
mension than the original. A section of the foam can be considered as a non regular Sierpinski 
carpet that may also be random is some range. The contact area may be formulated by a sec-
tion of the foam as a natural fractal. Also different fractals may be generated for a better cor-
relation to the original foam section Fig. 54.  

4.4.2.5 Possible modification of equation (140) 
With these results the original equation (140) may be rewritten by the following way:  

η ξ 
F LDFFNe Ω=      (150) 

Where: ΩF is the new force parameter that has a dimension [N/mmγ] Dξ is the modified di-
ameter with dimension [mmξ] and Lη is the modified length with dimension [mmη]. The rela-
tion between the dimensions are γ=ξ+η. This is the most general case. In the special case and 
also the test showed that η=1, this means that there is a liner correlation between the forces 
and the needle length, but there can be some minor differences that cannot be seen from the 
diagrams. That is why we leave η in the expression, so in the general case η ≤ 1and more pos-
sibly ξ « 1, this is due to greater dependence of force on the diameter.  
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Fig. 54. Computer generated fractal of foam, with dimension s∼1.5000,s∼1.75000 [62] 

From the equation (138) αA can be redefined by a new parameter that is not dimensionless. 
The new parameter would be αF having a dimension of [mmω]. This parameter should be de-
fine the way that when it is multiplied with Ω the dimension of the whole expression should 
be [N/mmγ], where from the theory (1 < γ < 2). So from the exponents it can be determined 
that (ω-2 = γ ). The relation of the values of course in general is: αA ≠αF , ΩNE≠ΩF.  

In a more radical theory the original values of the material parameters should be determined 
according to the fractal dimension of the foam section. (This can only be done statistically 
because the section is different according to where the foam is analysed, but the difference 
range is not very large). This way GE, σT should be related to a surface, defined by a planar 
natural fractal. This way they would have a dimension of [N/mmγ] for these parameters and 
for ΩF as well. The calculations would be strait forward, this way.  

For some numerical results concerning the fractal method I have added Table 9, to present 
the accuracy that can be achieved this way. The force parameter and fractal dimensions in 
(150) were calculated with regression analysis of the measured needle forces. The values for 
some foams can be found in Table 19 in Appendix A.8.5. The Maple program calculating the 
parameters can be found in Appendix A.8.5.  

Table 9 Needle forces calculated by the fractal method 

 Needle geometry 

 ∅0.5x40 ∅0.6x60 ∅0.8x50 ∅0.9x70 ∅1.6x40 
Foam FFNe Fout Err. FFNe Fout Err. FFNe Fout Err. FFNe  Fout Err. FFNe Fout Err. 

1 1.035 0.98 -6.12 1.797 2.0 10 1.835 1.79 -2.8 2.747 2.652 -3.7 1.917 2.04 -5.88 

6 1.31 1.28 -2.7 2.5 2.48 -0.94 2.19 2.22 0.77 3.97 4.32 7.93 2.42 2.8 13.3 

7 1.21 0.99 -22.3 1.91 2.32 14.1 1.76 2.04 13.37 3.33 3.32 -0.28 1.87 2.08 10.03 

12 1.4 1.49 -6.52 2.62 2.57 2.09 2.46 2.58 4.65 4.34 4.58 5.11 2.66 2.95 9.84 

15 1.53 1.4 -9.5 2.73 2.89 5.52 2.59 2.68 3.38 4.31 4.61 6.5 2.83 3.22 12.06 

Where : FFNe [N]is the force calculated by the fractal method, Fout[N] is the measured pull-out force and 
Err. is the error in [%]. 

From the table it can be seen that the errors are smaller with the fractal method. With just 
five exceptions they are all under 10% and the rest of the errors are also not very large. The 
numerical values have nice results, however for some errors the continuum method gave bet-
ter result e.g.: foam 7 needle 0.8x50, foam 12 needle 1.6x40). In the rest of the cases the er-
rors for the fractal method are smaller than for the continuum method.  

A complete theory such as this would require more considerations and calculations. Deter-
mining the powers of D and L (ξ,η) from a complete theoretical point of view has not been 
fully solved yet. The further development of the theory will be done in new researches.  
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4.5 Conclusion for the needle force analysis 
The pull-out force and the stress zeroing area of a needle inserted into polyurethane foam 

materials was determined within a good margin. From tests the values of the forces were 
checked and the dependence of the force on geometrical and material parameters were ana-
lysed. The optimal value for the range of possible needle diameters for the used foam materi-
als was determined and was chosen to be ∅ 0.9 mm (The mechanical flexing of the needle 
was also taken into consideration). From the calculations of the stress zeroing area it was 
shown that if two such needles are inserted in a foam 5 mms apart, their interaction on each-
other is so small that it can be neglected. This way when the needles are no less than 5 mms 
apart from each other the total force that can be transmitted with the set of needles will have 
a linear correlation with the force of a single needle. This net force will be equal to F=N*FNE 
where N is the number of used needles. The near linear correlation between the pull-out force 
and needle length was also shown with tests. 

The differences between the calculated and measured forces were analysed. The differences 
were due to the facts that the value of the material parameters (the friction coefficient, the 
contact ratio, etc.) had larger scattering and some of them could only be determined by trial 
and error (β of the generalized Blatz-Ko elastic potential.)  

Solutions for solving these problems were presented, but not solved completely. The devel-
opment of the whole theory has to be made in new researches, dealing with the insight of the 
material structure and its material and constitutional laws. 

Two more effects were not taken into consideration. The first is that the parameters change 
greatly in time from the time of demoulding. All the values have to be related to that time, 
since the parameters that were used were measured and determined long after the curing time 
had passed. From Chapter 3.3 it was found that the tearing strength and initial shear modulus, 
etc. have a 75-85% value compared to the measured ones. These can be taken into considera-
tions by this way. The friction parameter was not tested under these conditions, this way the 
dependence of it on time and on foam structural changes is not yet known.  

The other effect that was not taken into consideration is the stress relaxation of the foam that 
can be seen on the hysteresis loop on the compression curves. This means that the friction 
force on the needles may vary with time. The demoulding is assumed to be fast so this change 
is small, but in a more detailed analysis it could be considered. 

To conclude this Chapter a 3D picture of the radial stress field around an inserted needle is 
shown (Fig. 55). 

 
Fig. 55: Illustration of the radial stress field in 3D. 
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4.6 Prototype needle gripper design for demoulding polyurethane foam parts 
In this Chapter the design steps of an ingressive gripper will be discussed using the acquired 

data from the previous Chapters keeping in mind that the gripper has to be attached to a stan-
dardised robot attachment surface. The design steps of the gripper are more of a technical 
problem than scientific, this is the reasonthat it can only be mentioned briefly in the main text. 
All the important specifications and design ideas can be found in Appendix A.3. A prototype 
gripper was manufactured according to these instructions. The gripper was tested in both 
laboratory and in industrial circumstances. The gripper proved to be usable for both situations. 
This way its feasibility was verified. It was working as predicted reliable and fast in most of 
the tested situations. However, during these first tests numerous problems were also encoun-
tered. These deficiencies are discussed at the end of the Chapter together with some recom-
mendations of how the gripper may be improved. 

4.6.1 Testing the gripper 
The prototype gripper was successfully tested in laboratory environment and at IMAG Ltd. 

The gripper was not attachable to a robot so all the test was done manually (It would have 
been difficult to transfer the robots to the factory). The gripper was placed onto the top of the 
test foam, which was situated in the mould, by hand. During the operation of the piston the 
gripper was held in place by two men pushing it down. The demoulding path was also con-
trolled by hand, Fig. 56. 

Fig. 56. Testing the gripper in industrial situation 
The tests showed that the guidance of the needles is suitable, because none of the needles 

were broken or damaged. Once the needles penetrated into the foam, the foam was held firmly 
with the gripper during the whole handling phase. The gripper proved successful in gripping 
and releasing the test foams. Once it grasped the foam it held it firmly. No slipping of the 
foam showed during grasping. The gripper’s operational time is good; it has fast grasping and 
fast releasing time. The gripping and the releasing is reliable the gripper can perform these 
tasks faultlessly. The gripper proved to be robust, no deformations showed on the structure 
during or after operations. The mass of the gripper proved to be too large compared to a foam 
part. It may be reduced further by using better and lighter materials. 

4.6.2 Problems with the prototype gripper 
Many problems and deficiencies of the gripper were encountered during testing, that it had 

to be analysed in a separate Chapter. Most of the problems were due to the prototype design 
of the gripper and because the design is not hundred percent mature. Some of the problems 
are due to too much neglection in the initial theory and some problems were encountered un-

 
Counterforce is taken up by the 

weight of two men 
Demoulding the foam with the 

gripper The foam is fully demoulded  
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expectedly. These problems with descriptions, explanations (where necessary) are summed 
here. The solutions can be found in the following Chapter (4.6.3.) 

1. Too small gripper, not enough needles 
Description: The tests proved that the gripper’s surface is small. Only small foams 
could be demoulded, because not enough force could be gripped for the demoulding. 
Only the centre part of the foams could be gripped. The needles were also not enough, 
only 30% of the needles were used in the gripper (for test reasons).  

2. Too large reaction force:  
Description: When the piston is operating and the downward motion is engaged, dur-
ing grasping, the reaction force on the robot is very large. During the tests this force 
were taken up by the entire weight of two men, (Fig. 56, a.) this force is clearly much 
too large considering that the gripper was not even working in full load (only 30% of 
the needles were placed in the gripper).  
Problem: The main problem of the large force is clear. The operation would require 
an unnecessary large and powerful robot that can cope with this force. The construc-
tion of the gripper has to be also too strong and thus heavy. The pull out force cannot 
be increased by increasing the number of needle used, because it would mean an even 
larger reaction force. By making a larger gripper, or putting more needles into the 
gripper, this force can enlarge even more. 
Reason: The insertion force of a needle can be much larger than the pull-out force 
(Chapter 4.3) and all the needles are pushed in at the same time. All the insertion 
forces of the needles add together thus making a very large force acting on the robot 
arm.  

3. Needles do not penetrate the foam properly, The calculated force is not realised ex-
actly by the gripper 
Description: The needles are not ideally sharp and there is a considerable amount of 
friction during insertion. In addition, the needle has to create (cut out) its initial hole 
(discussed in Chapter 4.2). This means that the stress zeroing area during insertion can 
be considerably larger (even 10 times larger) than the one calculated when the needle 
is inside the foam. This area can be observed well during the process, when the foam 
sinks down under the needle and creates a dent around it (Fig. 57). If two or more nee-
dles are closer together then these dents can join together and cause the foam to com-
press considerably under the needles (Fig. 58, Fig. 59). The needles at the perimeter 
and at the corners can go in better, since they have neighbour only on one side. The 
further the needle is situated to the centre of the gripper the less length of it can pene-
trate, causing the foam to compress under it. A section of ‘bent’ foam with a line of 
needles can be seen on Fig. 60. This problem is analysed analytically in [94], but only 
for incompressible, linearly elastic materials. 

  
Fig. 57:Foam bends little arround the needle 

and compresses under it, during insertion 
Fig. 58:When two needles are inserted at the same time the 

dents can join to create a large basin 
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Fig. 59: The effect of four needles inserted at 
the same time 

Fig. 60: A section of the foam with a line of needles from the 
gripper. Notice how needles penetrate the foam in different 
percentages. 

Problem: In this case, the problem is that the needles do not penetrate the foam at full 
length. This effect reduces the active length of the needles. Since the force is proportional 
to the active length the real force will be less than the calculated one, because the calcula-
tion is done on the full length. Increasing the needle number will not increase the whole 
pull-out force of the gripper; it would just increase the insertion force. 
4. The release is not precise some needles are still in contact.  

Description: When the needles are retracted (by reversing the pneumatic cylinder’s 
cycle) the needles points stick out a small bit (~0.1-0.3 mm). This is due to the con-
struction of the gripper. It prevents the needles to ‘jump out’ of their guiding holes. 
The foam can stick to these small bits. Sometimes if the foam is too soft a small por-
tion of it can also stuck between the needles and its guidance hole.  
Problem: The release of the foam can become uncertain. If the foam is not released by 
the reveres motion of the piston then it cannot be removed by the robot. The release 
has to be done manually. 

5. Only simple paths can be realised  
Description: The gripper can only go upwards, collinear to the axes of the needles. It 
can only differ from this path a little that is within the allowable boundary of the sta-
bility of the needles. Since the mould opening is at the top of the mould and the foam 
is situated horizontally in it, the only possible path that the prototype gripper can real-
ise is the described upward motion.  
Problem: Sometimes the best demoulding motion is realised by a complex motion 
(See: Chapter 5.3.1.4). If the gripper can only produce the previously mentioned mo-
tion then the demoulding force can be much larger. This way the use of a more power-
ful robot and a more robust gripper is required unnecessarily.  

6. Inserts interfering with the needles 
Description: Because the gripper has only one needle plate, it can be fixed only to one 
position on the foam. The best place for it is at the centre of the foam. Some car seats 
have different metal or plastic inserts in them (See: Chapter 1). These inserts can be 
placed to various positions in the foam as the design require. They cannot be removed 
because of gripping technological reasons.  
Problem: When the needles encounter these inserts they usually bend or brake. This 
destroys the gripper and also the foam. If the needles are removed from these parts 
then the gripping force of the gripper is reduced. 

7. Some needles do not reach into the foam completely 
Description: The top side of the foam usually has complex sculptured surface. The 
prototype gripper has a flat base-plate so some needles do not penetrate the foam at all 
or just a part of it. E.g.: if a deep groove runs through the foam under the gripper the 
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needles above it will just hang loose after insertion. The case is worse when a foam rib 
runs under the gripper. In this case the needles above it will penetrate the foam, but all 
the other will not. If the rib is pushed down before insertion the needles above it will 
penetrate the foam more difficultly because of increase of compression strength.  
Problem: This effect can reduce the overall needle force of the gripper considerably. 

8. Needles go blunt easily. 
Description: The needles used for the gripper are designed for medical use (one use 
only), and are sharpen that way. This means that they cut out the foam very well at the 
first insertion, but loose they sharpness easily. This is due to the very small cutting 
edge (caused by the hollow needle). The used material is surgical steel, which is semi-
hard and semi-flexible. It is ideal for a needle, because they do not break easily, 
caused by its flexibility. The other problem is that the needles loose their sharpness in 
different degree that seems stochastic. 
Problem: The main problem is that is difficult to determine the usability confidence of 
the gripper. When a needle begins to loose its sharpness, its insertion force begins to 
increase. The chance of it flexing also increases. It tears the foam in a larger area, 
making the initial hole size almost as large as the needle this way the elastic deforma-
tion around the needle decreases. This causes a large decrease in its pull-out force. 

9. Not enough sensors for the automation 
Description: It was clear that the gripper was produced for test use only. For a real 
robot gripper for automating the demoulding it must be made more ‘intelligent’. Sen-
sors for monitoring the working of the gripper and sensors for safety reasons are es-
sential.  
Problem: If the gripper lacks these sensors then its usability becomes uncertain and 
even dangerous. For the needed sensors refer to Chapter 4.6.3. 

These problems were encountered during the tests. Before trying to improve the design the 
problems must be analysed and possibly sold. Some problems have the same cause and a sin-
gle solution is enough for many. This is why the solutions and the modifications of a new 
gripper design are described together in the next Chapter. 

4.6.3 New approaches for gripper design 
From the previous Chapter it could be seen that the prototype gripper is not entirely suitable 

for industrial automation. Although this is usually the case of prototype grippers some consid-
erations must be made before we can move onto modifying the original design. The basic 
conception of the gripper and its theoretical background is O.K. (this is proven by the de-
moulding of many test foams) but it is clear that the design and construction of it has to be 
modified considerably. In the first round the problems discussed in the previous Chapter must 
be solved. Afterwards some recommendations are given for the modification. 
Solutions  

The problem encountered in (1) looks too simple to be dealt with. It would seem that by 
making a larger gripper that is suited for the foam and placing in all the needles that were 
determined from the theory in it, this problem can be overcome easily. Just by making this 
modification and using the gripper that works on the same principle would make problems 
greater in the other situations. It also seems clear that there should be an individual gripper (or 
at least the needle plate) for every type of foam. The best gripper would be that covers as 
much as possible of the graspable surface. This also means that the size of the gripper and the 
number of needles increase. This means that problem (2) is enlarged even more. Unfortu-
nately the needles cannot be placed anywhere on the free surface of the foam. Not only the 
thickness of the foam and the size and place of the inserts influence the placing of the needles 
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but they cannot prevent the deformation of the foam during demoulding. This way the needles 
cannot be placed close to the side of the mould. They must be placed at least 50-60 mms from 
the sides. Otherwise the deformation of the foam’s undercut (this is the part that must undergo 
the largest deformation during demoulding) will be prevented by the needles. In this case only 
the amount of foam can deform that is inside the undercut and this would result in excessive 
large demoulding forces. A proper needle placing will allow a portion of the free foam (the 
part that is not in the undercut) to deform. This will make the demoulding force considerably 
smaller.  

One solution to take up the excessive reaction force would be to fix the gripper to the mould 
during demoulding to take on the counter force. This would require some kind of clamping 
device or powerful suction pads to fix the gripper to the mould. It would require a big and ro-
bust gripper that is very complex and more difficult to operate, so we disregard this solution.  

The better solution would be to push in the needles separately or in small groups. In this 
case the counterforce is only as large as the insertion force of on (or a couple of needles) that 
is much less than the overall demoulding force. This force can be taken up easily by both the 
robot and the gripper. This can be negligible to the demoulding force. This way increasing the 
needle number or making a larger gripper with more needles do not have an effect on the re-
action force. Actually this was the biggest problem with the prototype gripper that caused 
most of the deficiencies. By making the needles penetrate separately (or in small batches) 
problem (3) is overcome easily. Because one needle can penetrate the foam in almost any cir-
cumstances. The dent around the needle is small in this situation and reduces in size when the 
insertion motion stops. The foam springs back a little due to the compressed foam under the 
needle. If more needles are inserted together the friction force on their sides prevents the di-
minishing of the dent. This way if many needles very close together are used the compression 
ads up, until none of the needles can penetrate the foam. Instead, they compress the foam un-
der them. (Like the fakir’s pin bed.) The size of the dents around the needles are also the func-
tion of the compression stiffness of the foam. The less stiff the foam is the more it compresses 
under the needles. If the needles are pushed in either separately or in small batches this effect 
would be of no importance. 

The important fact is that the needles have to be further apart than the dent zone. If four nee-
dles are pushed in this way, the next needle can be the one that is in the geometrical centre of 
the four. The friction force that acts on the side of the already inserted four needles prevents 
the denting of the foam under and around the newly inserted needle, so this needle can pene-
trate the foam fully. 

When designing the gripping the best way would be to insert the needles that are the furthest 
apart or situated at the perimeter of the grippe. If the gripper has the shape of a rectangle then 
the insertion should start with the needles on the corner. They can be inserted all together. 
They not only positions the gripper and fix it to the foam but also prevent the foam from 
pushing in, thus allowing the inner needles to penetrate fully. The next needles to be pushed 
in would be those that are further from the inserted needles. These needles should be pushed 
in batches of four or six that have needles that are not inserted between them (See: earlier). 
The next needles would be those that are situated between the already inserted needles. This 
should go on until all the needles are inserted. The release motion of the needles can be done 
the way that all the needles are extracted from the foam at the same time. This way a consid-
erable amount of time can be saved. With this method the most significant problems are 
solved. 

Making the base plate thicker can eliminate problem 4. The plate has to be sufficiently thick 
to guide the needles so it is also an advantage. If this plate has a thickness of at least 5mms 
then the needles can be fully retracted into the plate. This makes the contact of the tips of the 
needles and the foam brake when the needles are at the release position. If a soft foam stuck in 
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the guidance holes, a small burst of compressed air between the plate and the foam will re-
lease the foam. 

The topside of the foam has to be analysed geometrically, for grooves, ribs or any other fea-
tures that disturbs the flatness (problem 7). The gripper can be design to follow the contour of 
the foam. Using longer/ or shorter needles where the problem is very difficult.  

The foam has to be analysed carefully for inserts. It must be decided whether the inserts are 
at the lower part of the foam so the foam above it can be used for gripping, with shorter nee-
dles, or whether they interfere completely (like inserts at the top). It is clear that a needle can-
not be inserted in places where an insert is situated inside a foam (problem 6). In these places 
the needles must be left out from their positions. This however reduces the applicable force of 
the original gripper, while its weight and size remains almost the same. So instead of using a 
large single gripper it is better to distribute the needles in smaller gripper plates. This way it is 
easier to place the needles where they are needed most, so no more ineffective places will re-
main. The smaller grippers can also have different shape plates to be the most effective. By 
letting the small grippers have individual motions will solve problem 5. The problem that only 
simple demoulding path can be realised by the single gripper is clear. By moving the plates 
separately and closely to collinearly to the axes of the needles more complex and optimal path 
can be realised. These paths can reduce the demoulding force considerably (Chapter 5.3.1.4) 
and with it reduces the used number of needles and the sufficient power and size of the robot. 
This method requires complex gripper control. 

If a foam part is very big (such as a car double seat) it is worth considering the use of multi-
ple grippers with a large powerful robot. The use of two robots synchronised together can also 
be considered, however it would make the application very expensive. The needles can be 
kept sharp by carefully choosing a proper point. The original edge of the needle is very good 
but to be applied for industrial use the wall thickness of the needles have to be enlarged. 
Hardened steel (instead of bainite steel) would be a better choice for the used material of the 
needle shaft. The hardening should not be high (around 40 HRC) otherwise the breaking is 
more likable. The tip should have a very hard surface to prevent the fast loss of sharpness. 
One of the best methods would be to plate the tip with TiN by CVD technology. This way the 
sharpness would stay sufficient for the proper service time of the whole gripper. 

To decrease the weight of the grippers the thick moving plate should be changed to a thinner 
plate with ribs. This way the same bending stiffness of it can be achieved with the fraction of 
its original weight.  

Sensors 
For the gripper to be industrial operational sensors must be added. Here only a small list of 

the most important of them will be mentioned. 
In order to check the gripper’s status positional sensors must be attached. These can be mi-

cro switches or optical sensors. These sensors tell the controller whether the gripper’s needles 
are fully out or retracted. Any other positions are not allowed, for both safety and operational 
reasons. The sensors can be attached to the pneumatic cylinder or the moving part of the grip-
per (on the prototype gripper). If the needles are moving separately an optical sensor attached 
to the underside of the base plate can see the position of all the needles in the retracted posi-
tion. A reflecting mark on the top side of the needles can signal to the optical sensor that all 
the needles have been inserted. If the sensor signals that all the needles are inserted only then 
can the demoulding take place. If the gripper is in the release stage the gripper cannot move 
off the release positions until all the needles are retracted and the sensor signals ‘ready’. This 
would also prevent the unwanted motion of the needles during robot motion. If the needles 
were to move during the motion the grasping would be unreliable, or if the gripper is moving 
without the foam the unwanted pushing out of the needles would cause a great danger. 
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To control the proper demoulding a six component force/torque measuring cell can be fixed 
between the robot and the gripper. This would provide a feedback of proper demoulding for 
the controller. If the demoulding-force would become too large then the motion of the robot 
can be reduced to avoid tearing or insufficient demoulding of the foam. In this case an error 
signal can be given to the operating staff. The force/torque sensor can also tell the controller 
when the foam has been fully demoulded, because it is known from practice, that every de-
moulding is a little different. This sensor can also serve as a safety device by measuring the 
presence of the grasped foam’s parameters. If the foam becomes detached from the gripper 
(during a problematic manoeuvre) then the controller can stop the robot motion from the input 
signal from the sensor.  

Finally a sensors should be built in that can send signals when one or more needles are bro-
ken. This can only be done by a complex set of sensors that can monitor the needles in their 
positional matrix. The cheapest method is to fix a small inductive coil around the bottom part 
of each needle. The best place is the base-plate, which can be made of two sheets and the coils 
can be sandwiched between them. The base plate has to be at least 5 mm thick for the previ-
ously mentioned reasons. If metal is between the coils instead of air the magnetic permeability 
increases in the coil so it shows when the needles are out. When the needles are at the top, the 
tips of them still reach into the coil. That is why they have to be placed further up inside the 
base plate of the gripper. If a needle is broken, only air will be present inside the coil. The air 
has a much smaller magnetic permeability, so the change can be clearly detected. By connect-
ing these coils into a matrix they can show which needle in the gripper is broken so it can be 
found and replaced quickly and easily. 

4.6.4 Choosing grippers for tasks 
All the modifications that were recommended in the previous Chapter make the grippers 

very expensive. The versions best suited for the task or the complexity of the foam has to be 
used in order to achieve the best cost effectiveness of the production. In the following some 
gripper recommendations will be given for some groups of tasks. These design selections are 
not complete. Further and more detailed classifications may be made. However it would re-
quire more investigations in this field. The data shown here can be interpreted into an expert 
system, to design an optimal gripper for a task. The cost effectiveness of the designs can be 
determined from the given figure (Fig. 61). 

1. Inferior task:- when the handled foam has: simple geometry, small undercuts, small 
demoulding force and the top side of the foam is flat. When there is no inserts inside 
or on top of the foam. In this case the simplest gripper can be used e.g. the proto-
type gripper. 

2. Simple task:- more complex topside of foam, but still small demoulding force, simple 
undercuts and no or few inserts. Simple gripper with custom designed needle pad 
that matches the shape of the foam geometry. 

3. More complex task A,:-like in two, but large demoulding force (not necessarily diffi-
cult foam topside). If there is only one type of foam in the production. Grippers like 
in 1 or in 2 ⇒ one gripper pad but using single needle insertion. 

4. More complex task B,: Like in two but when there is different type of foam geome-
tries in the production. Single needle insertion with multiple pads, that can be ad-
justed to the specified foam geometry. 

5. Complex task A,: Large demoulding force, large undercuts, complex foam geometry, 
lots of inserts, complex foam structure. Gripper with multiple pads, that can be 
controlled separately on a desired demoulding path. Single needle insertion, vari-
able needle distribution for different foam structure. 
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6. Complex task B,: Same as in five but with a very large foam. Usually this is the case 
of car double back seats. Using a powerful robot with multiple grippers or Instead 
of one robot using two robots with their own grippers synchronised together. 

The comparison of cost of gripper solutions can be seen on Fig. 61. 
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Fig. 61. The relative costs of gripper design in the function of task complexity 

It can be seen from the diagram that the used solutions have to be chosen carefully. The most 
general design may be the best solution when considering rapidly changing productions with 
difficult geometry foam with large demoulding force. However it is unnecessary for handling 
small simple foams such as headrests or simple bus seat backboards. 

4.6.5 Conclusion 
The tests with the prototype gripper proved that ingressive gripping is a proper solution for 

the handling of polyurethanes seat foams. The prototype gripper was a good first choice solu-
tion that was working well in a different number of situations and also provided an opportu-
nity for testing the design and investigating its problems. The tests also proved the feasibility 
and correctness of the design theory and the calculations. From the tests and described con-
siderations the necessary modifications and conclusions can be derived. The prototype gripper 
is the cheapest and fastest working and can be used for simple foams when the needed force is 
not too large. The more general the gripper design for complex tasks the more expensive it is. 
For every complexity of tasks an optimal gripper can be found. There exist grippers that can 
be used for most of the tasks, but they are unnecessarily complex and expensive. With the 
prototype gripper the theoretical needle forces cannot be gained, only much smaller, but with 
the new modifications the theoretical maximum forces can be realised.  

For the proper automation all the sensors are needed to be installed, for safety and automa-
tion reasons. The ingressive gripper may not be used when the free surface of the foam is 
covered with hard materials (wood, hard felt, etc). When the free surface is covered com-
pletely this statement is obvious because the needles would brake during insertion. But if the 
surface is only partially covered it has to be analysed whether the free surface is large enough 
for the needed amount of needles to be placed. It is also the case when there is too much or 
large inserts inside the foam, so there is not enough room for the needles. In these cases the 
needle gripper cannot be used.  

One important effect still remains a big question and that is the damage caused by the grip-
per. Since the damage is inevitable from the needles, the problem can be dangerous if this 
damage ruins the quality of the foam either at once or during its long time use. This problem 
is discussed in the next Chapter 4.7. The motion of the gripper (path and trajectory) its op-
timisations and further parameter modifications according to the kind of the motion will be 
discussed in Chapter 5. 
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4.7 Verifying the usability of the needle gripper by long term fatigue tests, de-
termination of fatigue by constant-load pounding 

4.7.1 Introduction 
The needles of the gripper always damages the foam during its operation. The question is 

whether the seat foam will be suitable for the car industry after the use of the gripper. The fac-
tory standard for the amount of tear damage to a foam piece states: a continuous tear of less 
than 20 mms along the surface is acceptable. The needles tear the foam along a cylinder of 
less than 1 mm in diameter, so this condition is fulfilled. The main question still remains that 
the hardness of the foam or the height of the product will decrease more when perforated with 
needles than an untouched one, therefore loose the quality of the product much more? The 
main properties of a car seat is its compression hardness (Chapter 2) and its geometry. 

This question cannot be answered theoretically at the moment so a complex test had to be 
designed and performed. This experiment is a long term fatigue test that emulates the foam 
usage during its lifetime. With the test we will try to prove that the damage caused by the 
gripper is so small that its effects cannot be detected during the lifetime of the seat. 

The aim of the test is to compare foams that suffered different amount of needle damage to 
an original foam during a long-term fatigue experiment with 85000 cycles of constant force 
pounding. 

4.7.2 The procedure of the test in brief 
From all the available test foams four identical test pieces are cut out. They are marked in-

dividually and their height (the smallest dimension) and hardness are measured. One of each 
four is kept as a reference piece and the three others are subjected to various kinds of damage 
that different needle densities would cause. The four pieces then collected into three batches 
that have the most similar material parameters and placed onto the fatigue machine. The ma-
chine is run for 85000 cycles of constant load pounding. Then the pieces are removed and 
new batches are tested again. After all the pieces have been through all the cycles. The height 
and hardness are measured again. The values before and after the fatigue cycles are compared 
to each other. The test pieces are then kept in an air conditioned environment for three years 
and their hardness is measured again. This value is then compared with the original hardness. 
All the values of the four pieces (taken from the same foam) is then compared to each other. 
The difference of values from the reference pieces can show whether a foam of a given perfo-
ration density is usable or not in the production. If the values do not differ much from the ref-
erence piece or the absolute hardness loss and relative height loss (before and after the fa-
tigue) is smaller than that of the reference piece then the foams can be perforated without any 
loss of quality. 

A car seat is compressed many times during its proper lifetime, when people get in and out 
of cars and when the car travels on an uneven road surface, etc. A car is usually in use for less 
than 8 years. During this time the foam is compressed about 60.000-70.000 times. So the fa-
tigue tests have to produce at least 75.000 compressions. The standard states that 80.000 com-
pressions have to be made, so the number of compression in the test is set to 85.000. For the 
test a special fatigue machine was designed that could compress the foams to a specified force 
for the given number of times. The ISO 3385: 1989(E) standard was the base of the experi-
ment. 
The test foams were cut to cubes of specific dimension of 100x90x60 mms (60 is the height 
dimension) which are thinner than the length of the needles. It is necessary for the needles to 
stick through the entire piece to rule out inhomogeneities during the test. The dimension of 
the pieces were chosen in order to be large enough for the necessary amount of needle dam-
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age, and small enough to be able to cut four pieces out from a single test foam. The standard 
states than the dimension of the pieces should be 380 mm ± 20 mm×380 mm ± 20mm ×50 
mm ± 2 mm. For the previously mentioned reasons these dimensions could not be kept. Nev-
ertheless the test can still be considered correct according to the following reasons: 
This test is different from the test described by the standard for two reasons: 1. The differ-
ences of hardness properties have to be determined from the fatigue tests and not the absolute 
material property. 2. The four test pieces have to be from the same test foam (provided by 
IMAG, and had a specified dimension). If the dimensions of the ISO 3385 standard were kept 
the test pieces would have to be from different foams. In that case the hardness value of each 
test foam would be different, and the results could not be compared to each other. It is also 
important for the test pieces that they would not buckle or flip over during the repeated com-
pressions. That is why their height dimensions have to be ~60-75% of their length dimen-
sions.  

The dimensions of the machine workplace were large enough for the placement of one test-
piece described by the ISO 3385 standard. With that number of pieces the test would have 
lasted for more than two months, thus altering the results, by the different aging of the differ-
ent test-foams. With the dimensions used in the test 12 test pieces could be tested together. 

4.7.3 The test 
After pounding and after the curing time had lapsed from the manufacturing of the test 

foams, the specified dimension test pieces were cut out of the factory foams individually with 
a band saw. The dimensions of each piece were kept precisely. All the pieces when they were 
not in use were kept in an air-conditioned room (21˚C and 50% humidity) in a cupboard in 
plastic bags that also protected the foams from UV rays. 

4.7.3.1 Measuring the compression strength 
All the test pieces were compressed to 40% of its original height individually between two 

parallel plates on a tensile machine (as in Chapter 3.2.3) with the speed of 100 mm/min. The 
hardness value (or compression force) was registered (according to ISO 3386-1:1986 stan-
dard.) after 30 seconds of total compression. The test was carried out at the Department of 
Polymer Engineering with the Zwick-WS4 tensile test machine used in the compression tests 
in Chapter 3.2.3. The first test was performed in April 2001. The heights of all the pieces were 
also measured with a calliper. The height in the test is the dimension collinear with the com-
pression direction of the piece.  

4.7.3.2 The test pieces 
The compression tests and height measurements were made before the perforations, so the 
changes from the undamaged foam could be determined. The perforations were made by hand 
in a specially designed puncture device.  

To compare the damaged foam with the undamaged, four test pieces out of every foam of 
the 15 different hardness foams were tested (altogether 60 pieces). 0.9 mm diameter needles 
(the optimal needle diameter obtained from the theory and tests) were used in the fatigue tests. 
Every type of foam had four test pieces labelled A,B,C,D. The first one (A) was left undam-
aged; no needle insertions were made on it, this was kept as the reference piece. The second 
one (B) had 1 needle/25 mm2, the third one (C) had 4 needle/25 mm2 and the fourth one (D) 
had 16 needle/25 mm2 of damage (Fig. 62). The second one had the needle distribution ob-
tained from the theory (See: Chapter 4). This needle placing is used in the gripper design so it 
was chosen to inflict a damage that a needle gripper would cause during normal operation. 
The third and fourth (C and D) test pieces were pierced by a larger needle damage density in 
order to illustrate the complex characteristics of the damage/hardness-loss curve and not just 
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to show the usability of the gripper. Also the optimal arrangement and density of the needles 
had to be verified by the test.  

5

5

O0,9

    
1 needle/25mm2   4 needles/25mm2   16 needles/25mm2 

 0.04 needle /mm2  0.16 needle /mm2  0.64 needle /mm2 

Fig. 62: Needle settings used for the perforations for the fatigue test. 

4.7.3.3 Test groups and the pounding cushion fixture 
All the foams were divided into 5 groups. These groups had very similar material character-

istics. The specimens of each group had three different but similar hardness value foams in 
them, altogether twelve. It was necessary to collect the similar value foams together in order 
to adjust the compression force evenly between the pieces. These groups of foam were placed 
onto a force measuring cell on the slotting machine in a setting of 3x4 (Fig. 65). This is the 
setting of the compression plates, which are assembled on a large wooden sheet above each 
test foam (Fig. 64). The sheet is fixed to the compression bar of the slotting machine, (Fig. 
65). The compression plates have the dimension of 81x71x25 mm and have a fillet of R10 
around all the lower edges (Fig. 63) the tolerances were less than 0.2 mm. 

  
Fig. 63:One compression cushion Fig. 64:The compression plate with 12 cushions 

The dimension of the cushion is set to be smaller than the test foam to compress only a por-
tion of it (as in the ISO3385 standard) and the fillet is needed to minimise tear to the surface 
of the test pieces.  

4.7.3.4 The test machine 
The pounding mechanism is described by the ISO standard. It has to produce an indentation 

rate of 70±5 stokes per minute with a force maximum force of 900-1000N. The machine has 
to be equipped with a force measuring cell that can register this force to an accuracy of ±1 N. 
It also has to be capable of setting the indentation force during its operation. For the experi-
ment a special fatigue test machine was designed, that can be seen on Fig. 65. 
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Fig. 65: The arrangement of the fatigue testing machine 

1. Compression bar , 2. Compression plate with 12 compression cushions, 3. Test pieces, 4. Force measur-
ing cell, 5. Slotting machine, 6. Height adjusting lever, 7. Oscilloscope, 8. Force measuring cell A/D con-
verter, 9. Registering computer, 10. Verifier screen, 11. Amplitude adjuster slide. 

The measuring equipment was set up at the laboratory of the Department of Manufacturing 
Engineering, at the Technical University of Budapest in March 2001. The fatigue machine is a 
modified slotting machine (Nagymarosi Gépgyár, Nagymaros, Type: V6-200 Serial No: 793) that has 
a crank mechanism, with the property specified by the standard. The machine consists of five 
main parts (Fig. 65): a modified slotting machine, a three component force measuring cell (Ki-
stler, Type: 9281B, Serial No: 338106, Kistler Instruments AG Wintertlur, Switzerland, Patent: 472668), 
a channel distributor for the measuring cell A/D converter, Oscilloscope and a registering 
computer. The compression plates are mounted on the push bar of the crank mechanism, so it 
can move with it linearly. The force measuring cell is fixed on the base plate of the machine 
that can be moved up or down by the height adjusting lever. This way the force of the com-
pression can be adjusted. The test pieces are set on a wooden plate that is fixed to the upper 
side of the force measuring cell. The cell is set to zero when all the test pieces are placed onto 
it. The amplitude is set by the position of the crank. It is important that the amplitude is large 
enough to implement the described force and also to produce a complete unloading during a 
cycle. The cycle rate can be set by the gear box of the slotting machine. On the screen of the 
oscilloscope and on the computer screen, the force of the compression can be read. Also the 
real cycle rate can be checked on the screens. All the data of each compression were recorded 
on a computer by a data acquisition program available at the Department of Manufacturing 
Engineering. 

4.7.3.5 Indentor settings 
The indentor set by the standard is a disc having a 250 mm ± 1 mm overall diameter and a 

radius of 25 mm ± 1 mm at its lower edge. The maximum force during full load of one cycle 
is set to be 750 N ± 20 N. The indentor has to be rigidly fixed to its guide and its surface has 
to be smooth but not polished (according to ISO 3385). 
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These dimensions are set for the normal sized test foam (See earlier), but the foams used in 
the test are smaller and there are 12 of them. Each of them should have the same amount of 
load as described by the standard. To calculate the force that has to be set on the slotting ma-
chine the surface stress of the foams has to be calculated from the original test parameters. 
The acting area of the indentor of the original test is: 

2
22

0
0  49087.38

4
250

4
mmDA ===

ππ     (151) 

When the full load acts on the foam the whole surface of the indentor is in contact with the 
foam, even the area that have the radius, which is why the calculation is done with the overall 
diameter. The stress is given by: 
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The surface of one indentor used in the test is A1 = 81x71 = 5751mm2, and the whole area of 
all the compression cushions are A2 = 12xA1 = 69012 mm2. So the nominal force that has to 
be set on the machine is: 

 N N. mm
mm

N .AσF 1050810486901201520 2
2202 ≈=×==    (153) 

The two force limits were set on the machine between Fmax=1100 N and Fmin=1030 N. This 
way it is ensured, that all times the force is sufficient to produce an equivalent effect with the 
original test. The test started by setting the initial force to Fmax. The pounding was started and 
when the registered force reached the Fmin mark the machine table was raised by height ad-
justing lever until Fmax could be read on the registering screen. This was repeated in the previ-
ously mentioned intervals until the end of the test. 

The pounding motion was set to be collinear with the axis of the cylindrical holes that were 
punctured by the needles. The slotting machine was set to 75 compression/min compression 
rate. In each cycle there is a loading phase when the load increases from zero to the specified 
(1100 N) maximum force, and an unloading phase when the process is reversed. In every set-
ting there is always a moment when the foam is free from load, when the cushions do not 
touch the foams.  

The curve that can be seen on the screen of the computer is the same as the compression 
curve that can be seen on the tensile machine. At the beginning of the test the force value has 
to be adjusted frequently, every 5 minutes. This is the time when the greatest changes occur in 
the hardness of the foams. As time passes these intervals lengthen from 10 min, 20 min, and 
in the last three-four hours the force has to be adjusted in every 30 min. After 85000 continu-
ous load cycles the test pieces are removed from the machine and put back in the air-
conditioned room. After all the five batches (60 pieces) of foams were tested, their hardness 
values and height were all measured again the same way as was mentioned earlier. All the 
foams were than replaced to the air-conditioned room. 

4.7.3.6 Evaluation 
The differences were calculated by the formulas: 
1. Absolute hardness loss ∆H (which was chosen according to ISO 3385: 1989(E) standard) 

is given by the formula:  
∆H = H1-H2       (154) 

where: H1 is the original and H2 is the hardness after the fatigue test.,  
2. Loss in thickness according to ISO 3385 standard is the percentage loss ∆d given by the 

formula: 
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1

21

d
dd100∆d −

×= ,      (155) 

where: d1 is the original, and d2 is the final thickness of the test pieces. 

4.7.4 Results: 
All the results of the test have been collected into four charts, two for registering the hard-

ness loss and two for the height loss. It was needed to separate the results into two independ-
ent graphs, to make it more clearly visible. Two of the result diagrams (hardness loss and 
height loss for foam 1..8) can be seen below for the illustration of the results (Fig. 66, Fig. 
67). All the results can be seen in Appendix A.7.5 on Fig. 141 to Fig. 144. 
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Fig. 66. Hardnes loss after fatigue test of testpieces 1-8. 
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Fig. 67. Height loss after fatigue test in testpieces 1-8. 

By analysing these graphs on the figures it can be seen that the hardness- and height loss is 
different in foams of same material quality that have different needle damage density applied 
on. (The different change of values of different foams is understandable due to the different 
material property, but it is not a concern of this experiment). 



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 94

In the graphs of the first set of data the hardness loss is illustrated against the needle damage 
density. The needle damage is calibrated according to Fig. 62 as 0, 0.04, 0.16, 0.64 needles 
/mm2 and the hardness loss is given according to equation (154) as ∆H in N. The stress as 
N/mm2 would be more universal but since all the test pieces had the same dimension this 
transformation is unnecessary. The higher the value the larger the loss in the hardness, that 
means that during the fatigue test the parts that have the higher value had fatigued more, they 
lost more of their quality, than the lower valued ones.  

The characteristics of the result curves show that the perforated foam suffered less fatigue 
than the reference ones. Usually the foams with 0.04 and the 0.16 needles/mm2 needle dam-
age density fatigued the least. This means that this arrangement can be considered the best for 
fatigue. Foam 10 and foam 4 are the exception from this. They are the only ones to have the 
smallest hardness loss with the untouched foam (reference piece), but even in these pieces the 
difference between the value of the reference piece and the largest value is less than 10%, 
which can be considered as a good result.  

In the graphs of the second set of data the height loss of the foams is illustrated against the 
needle damage density. The needle damage density is the same as in the first set and the 
height loss is given according to equation (155) in percentage (%). In the percentage loss it is 
also the smaller the loss the better quality is the fatigued foam. The characteristics of these 
curves resemble the hardness loss curves, except that in this case the reference foams always 
suffered the greatest loss of height during fatigue. Usually the height loss of the foams with 
the 0.04 and 0.16 needle /mm2 needle damage density have a very favourable height loss. In 
most cases one of the previous densities has the minimum value of the curve. In some cases 
such as foam 2, foam 5 and foam 11 have the lowest value at the 0.64 damage density. They 
can be considered as an individuality. But in all cases the values of perforated foams are lower 
than the reference (undamaged) foam.  

4.7.5 Conclusion 
In all the pieces it was found that for long term fatigue the perforated foams perform better, 

in both the hardness loss and the height loss tests, than the pieces without any perforation. 

4.7.6 Time effect, Aging 
Usually a car is considered “new” before it reaches the age of three years. It is important to 

know whether the damaged foam ages more rapidly than the undamaged ones, if aging occurs 
more at the boundaries of the perforations or not. All the foams have a suitable seat cover on 
them, when they are installed in a car, so it can be assumed that no outside effect (chemical, 
radiation, UV) has influence on them. The only property change, besides the fatigue, comes 
from its own aging.  

After three years had passed since the fatigue tests the foams were removed from the air 
conditioned room and their hardness and height values were re-measured again (in April. 
2004). The test was made on the same machine at the same place as before. The machine set-
tings were identical with the original test. There was no height loss during the tree year stor-
age, so these data needed no comparing. There was a difference in the hardness so it was 
compared to the original hardness value measured in 2001 before the fatigue test. The hard-
ness loss was then calculated by the formula: 

∆H = H1-H3       (156) 
where: H1 is the original and H3 is the hardness measured after three years. 

4.7.7 Results. 
The result diagrams can be seen in Appendix A.7.5 (Fig. 145 and Fig. 146). During the 

three years foams 7, 11 and 13 became unusable, so they were excluded from the test. In Fig. 
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145 and Fig. 146 the absolute hardness loss between the original hardness and the hardness 
measured after three years are illustrated against the needle damage density. The foams in this 
case are marked with data, to avoid confusion with the previous data, but their number is the 
same (so foam 1 = data 1).  
The value of the hardness losses are different from the previous tests, this means that during 
this times some changes occurred in the foams. However the characteristics of the foams did 
not change. By comparing the curve to the ones measured three years earlier the minimum 
points, the convexity and concavity are at the same point (places). Even data 10 and 4 have 
the same monotone increasing characteristics than before. This means that although the foams 
had aged during the three year period the characteristic of the hardness loss vs. needle damage 
density curves had not changed. The height during this period also had no change .Therefore 
aging does not effect the perforated foam more than an undamaged one. In the conclusion this 
means that perforation does not have a significant effect on aging. 

4.7.8 Explanation of the results 
The explanation would be that the overall damage caused by the needles is very small. At first 
it may seem that it is actually quite large if the volume of the damage is compared to the vol-
ume of the foam. But the structure of the foam also has to be taken in consideration. The nee-
dle causes damage only in the polymeric structure (the stouts, ribs and membrane wall) and 
not in the actual cell volume, so only a very small percent of the open celled GSE (Chap-
ter2.3.3) is damaged. The actual damage caused by the inserted needle is not as large as the 
needle itself, because only a small diameter hole is left as a permanent damage. The rest of the 
hole is just an elastic deformation which disappears after the needle has been retracted (Chap-
ter 4.2). With these considerations the following Table 10 show a calculation of the actual 
damage percentage. In the calculations the microcells are neglected because of lack of data, 
however if they were taken into consideration, the real damage would be even smaller, be-
cause these cavities contain gas, which are not damage during the insertion of a needle. 

Table 10: The theoretical and effective damage caused by the inserted needles 

 
To understand the damage let us consider an elementary volume Vc of dimension 5x5x60 
mms. The dimension is taken according to Fig. 62 as the needle spacing and the height is the 
thickness of the test pieces. The damage would be referenced to this volume. The spacing and 
the needle damage density is the same as in the test.  

Vrel NDn *60
4

2π
= [mm3], is the relative damage volume, where: Dn is the diameter of the needle, N is the 

number of inserted needles in the volume it is the relative volume of the inserted needles in the reference 
volume:  

Vreal NDreal *60
4

2 π
= [mm3], is the real damage volume, where Dreal is the diameter of the permanent 

hole, after the withdrawal of the needle,  
Veffective [mm3] is the effective damage to the polymeric structure. Vrealeffective=Vreal*υ, where υ is the ration 

of the structure/gas volume (See: Chapter 2.3 ). υ<1, does not have a dimension. 

No. 

Ma
rk Dn 

Ø [mm] 
Vc 

[mm3] 
Spacing, 

Ne/25mm2 

Needle 
damage 
density 
Ne/mm2 

Vrel 
[mm3] 

Vreal 
[mm3] 

Veffective 
[mm3] 

Damage 
rel [%] 

Damage 
real [%] 

Damage ef-
fective[%] 

1. A 0 1500 0 0 0.00 0.00 0.00 0.00 0.00 0.00 
2. B 0.9 1500 1 0.04 38.17 3.44 1.20 2.54 0.23 0.08 
3. C 0.9 1500 4 0.16 152.68 13.74 4.81 10.18 0.92 0.32 
4. D 0.9 1500 16 0.64 610.73 54.97 19.24 40.72 3.66 1.28 
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Damagerel
 = [%]100

c

rel

V
V

 is the relative damage in percentage  

Damagereal = [%]100
c

real

V
V

 is the real damage left by the retracted needle  

Damageeffective = [%]100
c

iverealeffect

V
V

 is the effective damage caused by the retracted needle to the poly-

meric structure. 

As can be seen from Table 10 even the largest needle damage density causes a very small ef-
fective damage to the foam structure, therefore has little effect in the fatigue or aging.  

The explanation of better resistance to fatigue can be explained by these holes that can be 
considered as small vents shafts. 
The holes have very small diameters and have an altogether small volume, but they have a 
definite geometry. During the periodic compressions the air from the inside of the foam can 
escape more easily through these vents than through a complex system of passages inside the 
foam. In the previous calculations of this work the outflow of air was not taken into consid-
eration, because the actions that were calculated took place very slowly, so this effect could 
be considered as infinitesimal. During the periodic compressions, the cycles repeated 75 times 
a minute, thus with high speed. That is why these effects cannot be neglected. 
The fast compression produces a larger pressure inside the foam piece, where the outflow of 
air is blocked by a choked outflow. The definite geometry vents help the outflow, thus reduc-
ing the inside pressure and with this the damage to the inside structure of the foam is smaller. 
If the damage density is very large the inner structure of the foam suffers a large damage. This 
way the foam structure will be less strong thus more violable to fatigue. In some cases (foams 
8, 9, 11) the structure of the polymer is so strong that even the highest density cannot cause 
damage that can effect the foam. That is why in some foams the best resistance against fatigue 
is achieved with the highest needle damage density.  

4.7.8.1 Note 
Foam 4 and 10 were further analysed, because they had values that were different from the 
other measurements. A thin slice was cut off the cubes to see the structure better. In both 
cases the reference piece had a small skin on one side of the cube. This is a normal remanence 
of the production, where the foams touch the mould. In all the foams these skins were re-
moved, but in these pieces the skin was a little thicker, due to inaccurate production and 
treatment. So a small layer remained on the reference pieces. This layer has a much better re-
sistance against indentation, so this is why these pieces had a much lower quality loss. Unfor-
tunately these surface differences are hard to detect, that is why it was not seen earlier, only 
the test and the cuts showed their presence. 

4.7.9 Conclusion 
The characteristics of the curves that measured after three years (hardness loss vs. Needle 

damage density) were unchanged when compared to the original ones.  
The final conclusion from the tests can be made that the perforation made with a properly 

designed needle gripper has no effect on the main (quality) parameters (hardness, dimen-
sions) of a foam product.  

This was shown on the measurements of freshly demoulded and also on aged (3 years old) 
foams. Any loss of quality due to perforations caused by the gripping of a needle gripper can-
not be detected instantly or from a long term use of the product. This proves the total usability 
of the described ingressive grasping of polyurethane foams.  
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5. Automating the demoulding process 

5.1 Introduction 
By obtaining the knowledge of grasping, investigating the gripping method and designing a proto-

type gripper, that is suitable for the task, we can now move onto the main subject of the work that is 
how to automate the entire process. The relations between the robot, gripper, industrial environment 
etc., have to be analysed, which is a complicated task. The robot motion is the task that has not been 
discussed yet. This is a both kinematical problem, the shape of the demoulding path and trajectory 
and also a dynamical problem of determining the demoulding force (the force that acts on the grip-
per during operation). These parameters are also important for the gripper design and the choosing 
of a proper industrial robot for the task. This Chapter is also an independent one, because its result, 
although serves as an input for the needle gripper, can be used in a general demoulding task. The 
facts mentioned here are also valid for gripers working on different principles. Chapters concerning 
robot motion and robot selection are also valid for other usage besides designing an ingressive grip-
per. 

5.2 Robot selection  
Demoulding a seat foam from a mould requires complex motion of the tool centre point (TCP). 

This motion is provided by the industrial robot, that the gripper is attached to. On small, simple 
foams (where the geometry is simple, no large undercuts, etc.) a simple lifting motion is sufficient. 
In this case using a simple 3 degrees of freedom (DOF) robot with the prototype gripper (Chapter 
4.6) can solve the task easily. It can be the case of small headrests or simple seat and when the 
demoulded foam does not need to be transferred on complex path and the released position is at a 
simple place. 

In the general case however the 6 DOF industrial robot should be used. It can be installed on a 
moving platform if the moulds are set linearly, or can be stationary when the moulds move on a 
carousel. The 6 DOF is necessary for the robot to achieve the desired demoulding, transporting and 
realising path. 

The control of robots have advanced so much in recent years that almost all commercially 
available industrial robots have sufficient control properties, namely the continuous path control 
(CPC) motion comes as standard. Some development surface on the control program is however 
necessary to optimise the motion the way that it has not been installed as standard (such as constant 
kinetic energy robot motion). 

The tool force of the robot can be calculated by the next formula 
))(( addGfdemrobot FAMMFnF +++=     (157) 

where: Frobot is the needed force capacity of the robot, Mf is the mass of the foam, MG is the mass of the gripper, 
A is the acceleration (g+a), where g is the gravitational constant and a is the acceleration of the gripper, Fadd is 
the additional force from the motions (e.g.: centrifugal or coriolis), n>1 is the safety constant. 

A robot has to be chosen that has matching or greater load capacity than Frobot. If this force has 
been determined the needed torque of the robot arm will be sufficient, because the inertia of the 
foam or the gripper and the speed of the motion is not too great. In this case the robot chosen ac-
cording to (157) should have enough torque to manipulate the gripper properly.  

The programmable logic control PLC control should have enough channels for the sensors and ac-
tuators. In the case of the gripper when the needles are inserted separately, the output channels may 
exceed the usual numbers that are provided by the manufacturers. In the summary any usual 6 DOF 
industrial robot with special controlling development interface, that also has the speed, power and 
sufficient work space capabilities may be used. 
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5.3 Robot motion planning 
The demoulding process is a part of foam seat production, so its time and energy consumption is 

an important factor of the manufacturing. These factors are determined in the robot motion planning 
phase of pre-planning design process. The methods found in the previous Chapters will be used as 
input data for the motion planning. The entire design process is more complex than just planning 
these parameters, because the robot motion can also effect the design parameters (especially the 
number of needles used). The other approach is to work out the motion plan and use its characteris-
tics in determining the other parameters for demoulding. The whole design is an iterative process 
where the optimal solution is achieved by some cycles of design results; first calculating the suffi-
cient number of needles for a static demoulding, then modifying the results with the excess forces 
that is added to it from the inertia of the motion. At process planning for robots the most important 
task is the robot motion planning. The motion planning is a part of a hierarchical process that can be 
seen on Fig. 68. 

R o b o t m o tio n  p la n n in g

R o b o tis e d  o p e ra tio n  p la n n in g

R o b o tis e d  p ro c e s s  s e q u e n c e s  p la n n in g

R o b o t m o tio n

T a s k  s p e c if ic a tio n

P ro c e s s  s e q u e n c e s

O p e ra tio n  s e q u e n c e s

 
Fig. 68: Robotised process planning 

When designing robot motion the first task is to define the geometry of the path. In motion plan-
ning two kinds of motion can be considered that are widely used in robotics: the PTP (Point To 
Point) and the CPC motions. The PTP motion is a kind of motion where only the control point of 
the motion is programmed and the rest of the path is extrapolated by the robot. In the CPC motion 
the speed and the position of the robot’s TCP has to be estimated in every point of the path. For a 
demoulding motion only the CPC version is suitable, because the demoulding is realised on a speci-
fied trajectory, where the gripper has to pass through a series of specified points in a given orienta-
tion in order to perform the demoulding sufficiently. 
When designing robot motion three major tasks have to be solved. These are path planning, trajec-
tory planning and trajectory tracking. 

1. Path planning: The robot and its environment are known, the task is to design a path where the 
motion of the robot’s TCP is defined through a given set of positions. 

2. Trajectory planning: The path is given which has to be followed by the working point (TCP or 
end-effector centre point) of the robot, and the corresponding orientation of the tool or gripper 
attached to it. The task is to find a motion that satisfies a given goal  

3. Trajectory tracking: The task in this part is to plan the control action, which guarantees the re-
alisation of the desired trajectories with the necessary accuracy.  

The first two tasks will be analysed in detail in the next Chapters, with theoretical and heuristical 
approach. The third problem will only be discussed very briefly, because it is not closely related 
to this work. 

5.3.1 Path planning  
In path planning the main object is to determine a function of a 3D (in general) space curve that 

the robot’s TCP should follow during its motion. The path is determined by various (static and 
moving) obstacles that the robot must not collide with (in our case the mould, mould’s lid, etc.). 
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These can be easily taken into consideration, by analysing their positions and motion inside the ro-
bot’s workspace. The programming of the path is made the way that every part of the robot (includ-
ing gripper and gripped part) evade these objects. These criteria are valid for the whole process and 
not only for the demoulding. The other, more difficult task is the calculation of a path that provides 
the minimal force during demoulding. It is the first input parameter for the gripper design and for 
selecting the robot having appropriate load capacity. This is why it has to be determined some way, 
and should be the smallest possible. These problems will be discussed in this Chapter (5.3.1). In the 
first part some thoughts of possible demoulding force calculation is presented. In the second part a 
simple method for calculating the demoulding force of a cylindrical body will be discussed, and the 
results of the theory is verified with tests in Chapter 5.3.1.3. In the last part of this Chapter (5.3.1.4) 
the criteria for the determining of the optimal path is discussed together with some heuristic ap-
proach that can realise the minimal force.  

5.3.1.1 The demoulding force 
The demoulding force is the overall force that is needed to take out a foam piece from its mould 

(Fig. 70.) and is also the force that has to be transmitted by the gripper. The task of determining the 
demoulding force of a real seat foam is a task that cannot be done analytically. This is due to the 
complexity of geometry of the seat and the difficulty of solving the equations (96)-(100) even for 
the simple case that was described in Chapter 4.2. To have an idea of the force, finite element 
analysis may also be used.  

The whole force is difficult to determine, so for the first attempt the deformation of the foam will 
be considered. This means to calculate the force that is required to deform the undercuts of the foam 
to the size of the mould opening. Demonstration of the deformation of undercuts during lifting the 
foam out of the mould can be seen on Fig. 2. The deformation of the foam is principal for the calcu-
lation. The first assumption is that the deformation energy is constant in every foam. This means 
that no matter how and in what sequence the foam is deformed (e.g. first the small undercuts are 
taken out, then the large ones) the same energy is needed for the whole foam to be lifted out of the 
undercuts. 

 
Fig. 69: The deformation of undercuts in the foam during demoulding 

Model for the Calculation 
When calculating the demoulding force the following components should be taken into considera-

tion: 
Fdem:= µFdef + Fstr + Fg + Fad    (158) 

Where :Fdem Demoulding force. 
Fdef Deformation force It is a projection of the compression force perpendicular to the wall of the 

mould issued from the compression of the foam in cross direction. (it is used for the calculation). 
µ Friction coefficient 
Fstr  Stretching force arisen from the elongation in the lifting direction. 
Fg Mg, where M is the mass of the foam, g is the gravitational constant 9.81 m/s2. 
Fad The adhesion force acting between the foam and the mould when production parameters are 

not set properly. It is not taken into consideration in this model 
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The deformation force can be calculated by knowing the geometry of the foam, the size of the 
mould opening the material function (16) and its parameters from Chapter 2.3.5.3. µ is also a mate-
rial parameter of the foam and the mould that can be acquired from measurements, literature or fac-
tory standards. Fg can be easily determined from the geometry of the foam and the density of the 
foam. Fad in precise production can be neglected straightaway; otherwise in less careful manufac-
turing this force can give the design a great uncertainty. Fstr will not be calculated. It causes just a 
small addition to the overall force since the foam is pierced all over with needles that cause the 
foam to act rigid in the direction of the pull by having the frictional force grip on all needle sides 
from “inside” the foam in a large volume. By neglecting this force causes an error, but taking it into 
the calculation would make it impossible to solve. 

If it is presumed that the foam is demoulded by making the whole undercut volume deformed to 
the size of the mould opening, as a first approach then the stretching force can be neglected so this 
will be our first assumption.  

For all force calculations the geometrical foam parameters are the base data. Usually in the facto-
ries the precise geometry of the foam is documented in a 3D CAD model (e.g. ProE®), this model is 
used for designing the seat, making the mould for the foam, calculating storage space, transport, etc. 
The solid model of the foams can be used to derive features and size measurements for the calcula-
tions and may be the base for further finite element studies. 
Required deformation  

The foam has to be compressed until all its parts are smaller than the free surface. On Fig. 71 a 
section of a sample seat cushion with real life parameters can be seen. Usually these values do not 
differ much on different seats therefore a general rule can be set. It means that the needed deforma-
tion on all seat-like foams may be less than 30% of the whole size of the foam section. 

 
 

Fig. 70: Model of foam in the mould, with illus-
trated demoulding force Fig. 71: Cross section of a seat foam 

Simplifications for the Calculation 
The most serious assumption that σ acts in one directional only and this direction is collinear with 

the direction of the compression. On sharp corners the σ is three directional. These corners however 
take up less then 1% of the foam and they are well rounded for proper foam design. At first ap-
proach we disregard them. 

The next three assumptions are technical. The inserts in the foam that are parallel with the com-
pression are not taken in consideration for the calculation. The inserts that are collinear with the 
pulling out force (normal to the compression) do not affect the calculations. Although almost every 
seat have some inserts in them. Fortunately these inserts never reach into the undercut parts of the 
seats; otherwise the demoulding would be impossible. The compression causes a sliding stress 
along the surface of the inserts in the foam. The sliding stress is the largest at the part nearest to the 
side of the seat and zero at the middle. At present this stress is neglected, but further investigations 
should be made to include it in a later model. 

Sometimes the seat cover is polymerised onto the foam. This makes the production simpler 
cheaper and gives a better securing for the cover. In the calculations the cover is not taken into con-
sideration. This is because there are too many different material used for the covers (almost every 
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car seat has a different cover) that by taking it into consideration would make calculations too spe-
cific. The last simplification is about the starting pressure of the foam inside the mould. The pres-
sure is inside the foam from the residue gas of the polymerisation. This is an initial value of the de-
moulding force calculation. This means that at mould opening the foam would like to be bigger than 
the mould so it presses the mould apart. Since the mould does not extend a pressing force acts in-
side the mould. This can be seen when trying to demould a foam that has no undercuts. The force is 
larger than just the weight of the foam, because the force for the pressure acting on the side of the 
mould times the frictional constant acts as a counter force to the pull. This has to be taken into con-
sideration at the calculations by calculating the difference of the foam’s size (at demoulding) and 
the adequate size of the mould. It can be also calculated from the chemistry of foaming (See: Chap-
ter 2.3). 
Calculating the Demoulding Force 

For the determination of the demoulding force first let us consider a one-directional problem, 
when the foam shape does not change along the contour. In this case a section of the foam can be 
described by a single variable function like y=f(x) (Fig. 72.). 

 
Fig. 72: Section of a part of a simple foam 

The compression stress and the size of the area where the compression stress acts, changes with 
the variable x. This can be formulated as (See also Chapter 5.3.1.2): 

∑ ∆
i

iiC )x(A)(x=F σ      (159) 

where: )(xiσ  is the stress acting in the direction of x. 

  )x(A i∆ is the infinitesimal area where the stress acts. 
By performing the limit on (159) we get the integral for the force as: 

∫
2

1

X

X

dA(x) (x)σ       (160) 

To convert the integral to a Riemannian integral the dA(x) is converted to d(x) by the formula: 

(x)dxA=dx
x

A(x) /

d
d      (161) 

By substituting (161) to the value of the integral and multiplying it by the friction coefficient the 
‘one-dimensional’ demoulding force problem is: 

∫
2

1

X

X

/
C (x)dxA (x)=F σµ      (162) 

By taking these results into consideration the more complex problem of a real life foam can be 
presented.  

On a general foam the surface of the undercuts can be given by a binary function Z= f(x,y) (Fig. 
73). 
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Fig. 73: An infinitesimal section of a foam 

where: 
S: is the base area are where the double integral has to be calculated. On a real part it is 

the area of the middle section of the foam. 
dx,dy: is the elementary rectangular area. By summing these small areas and performing the 

limit we obtain A.  
dA (xi,yj): is the elementary surface area of the foam  
z(xi,yj): is the height if the small parallelepipeds that has dxi*dyj for the base area. 

The stress σ(x,y) and the area dA(x,y) can also be considered as functions of two variables. 
Since the foams are symmetrical these calculations may be done only to one side of the foam. So 
the middle split section of the foam may be the base area (A) of the XY plane from where the calcu-
lation of the integral can be calculated. With these parameters the deformation force can be calcu-
lated by the same way as were seen in the one dimensional problem but using the method for the 
double integrals: 

∑ ⇒∆
ji,

jijiS )y,A(x )y,(x=F σµ  by performing the limit  (163) 

∫
S

S y)dA(x, y)(x,=F σµ       (164) 

where µ is the stationary frictional coefficient. 
In this case there is no problem of the contact surfaces that were encountered in Chapter 4.2 for 

the needle forces. This is because the foam surface that is in contact with the mould is more or less 
continuous. During the foaming and polymerisation a skin is formed on the outer surface of the 
foam that takes on the shape of the mould (It is like the crust of a bread). This way the outer surface 
has a dimension of mm2 as a very good approximation. 

When calculating the sometimes rather difficult ∫
S

dem y)dA(x, y)(x,=F σµ  integral, several methods 

can be used. Symbolic programming languages are available (Maple) to get a closed form or nu-
merical results of these integrals. The first three variables of Taylor formula may be used for simpli-
fying the )(εσ function. If the surface of the foam cannot be presented by one function then it has to 
be broken down to smaller surface parts until these parts can be written down by an analytical func-
tion [109]. Another method is to use a larger bounding surface that can be presented by a simple 
function. By calculating with this containing surface a larger force for the deformation is obtained. 
This pushes the results of the calculation to safer values, because the real deformation will always 
be smaller than the calculated ones. For more precise results finite element analysis may be used 
with some of the suggested material models. The procedure of demoulding force calculation can be 
followed on the chart of Fig. 74. The inputs are the foam hardness, the foam’s geometry and the pa-
rameters from previous tests. The result of the process is a value of the demoulding force for the 
given foam part [108]. 

S
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DEMOULDING FORCE

MATERIAL MODEL
F-dL FUNCTION

CURVE PARAMETERS
(a, b, c)

FOAM'S GEOMETRY

FOAM HARDNESS

PARAMETERS FROM 
PREVIOUS TESTS

 
Fig. 74: The process of demoulding force calculation 

Conclusion 
The method described in this section is just a simple model. It has much neglection and may only 

be used for certain foam geometry with a lot of criterion: small undercut-foam size ratio, small seat 
foams, no inserts, foams with at least one symmetry in the direction perpendicular to the demould-
ing. This means that the method described is not at all general, and further investigations are needed 
before it can be widely used.  

However for simple foams it can be used effectively, especially in the pre-design stage of process 
planning and for acquiring initial data for gripper design. To see how to use the method a simple 
example of the calculation of a cylindrical problem will be presented in the next Chapter (5.3.1.2). 
In Chapter 5.3.1.3 the calculated force will be determined by tests with the same dimension and pa-
rameter foams. 

5.3.1.2 The behaviour of a conical shape foam inside a cylinder  
In the previous Chapter a simple theory for determining the demoulding force for PU foam parts 

was described. In this Chapter it is shown how the model can be applied for simple foam parts. The 
process will be handled as an oversimplified version of the real demoulding task, to verify the the-
ory. The result of the calculation is the demoulding force which will be an input data for the gripper 
designing process. The inside of the mould is a truncated cone that has a constant diameter cylinder 
attached to the smaller diameter part and has the same height as the truncated cone (Fig. 78 and Fig. 
80 on page 107). The channel (acting as the mould opening) will be considered that has a simple 
geometry and has constant friction coefficient when it is in contact with the foam. The geometry of 
the foam to be calculated will be a truncated cone. The cylinder will act as the “mouth” or opening 
of the mould. The maximum demoulding force will be considered when all the foam is inside this 
cylinder. In a real life situation this channel is much smaller than the height of the foam so this way 
the calculated forces will be as large as or larger than the real forces. When the foam is totally in-
side the cylinder only radial stress act on the cylinder (radial pressure) and by multiplying these 
forces with the friction coefficient and integrating on the whole surface of the cylinder the forces 
needed to pull this foam through the channel can be determined. This force can be the upper limit of 
the demoulding force for the foam (also in [109]). For the calculation of the radial pressure the re-
sponse function proposed in Chapter 2.3.5.3 for the compression strength will be used. The ob-
tained results can be compared to the test results of Chapter 5.3.1.3.  

The task can be considered as a piece of flexible foam pulled out of the mould that has a channel 
of the same dimension as the mould opening. The foam may be considered as deformed to the size 
and shape of the mould opening and pulled out through it. By making the calculations in the as-
sumed way a larger force will be obtained thus moving to safer values for the design. See: next 
Chapter 5.3.1.4. For the task a conical shape of height H and radii of R and r0 made of foam, shall 
be considered. The cone was chosen, because this shape can be handled easily by the calculations 
and also can be precisely manufactured for tests (Chapter 5.3.1.3). This upright ungula cone is as-
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sumed to undergo a deformation only in the radial direction that forms the cone into a cylindrical 
rod that has the radius of the smaller radius of the cone r0, for the explonation see Fig. 76.. The cone 
will be deformed in a compressible way, so the height will not change only the radius. For the cal-
culations the compression function (16) discussed in Chapter 2.3.5.3, will be used to describe the 
material. 

 

 
 

 
  

Fig. 75 The radial deformation of the conical shape to a cylinder Fig. 76. Explanation of the parameters 

For the first step the parametric vector equation for the cone has to be defined. Let the height of the 

full upright cone be M, where  := M
R H
 − R r0

. The slope of the cone side is s=tan(α) where α is the 

half angle of the cone so,  := s
R
M .,

 
 := s

 − R r0

H . Let the parametric equation of the cone be v(r,φ), 

where v is the vector function, r is the radius parameter and φ is the angle parameter. The cone 
needs to be parameterised according to the height parameter z. 
Let Rcone be the vector function of the generatrix of the cone parameterised according to the coor-
dinate z: 

 := Rcone s ( ) − M z and substituting the previous expressions  := Rcone −
−  +  − R H z R z r0

H     
(165) 

with this the parametric vector equation for the cone in the parameters z and φ is: 

 := ( )v ,z φ








, ,−

( )−  +  − R H z R z r0 ( )cos φ

H
−

( )−  +  − R H z R z r0 ( )sin φ

H
z   (166) 

The parametric equation of the cylinder in the same parameters is h(z, φ): 
 := ( )h ,z φ [ ], ,r0 ( )cos φ r0 ( )sin φ z     (167) 

Where r0 is the smaller radius of the ungula cone and is the radius of the cylinder that the conical 
shape is deformed to. For the infinitesimal surface element of the cylinder, the partial derivative of 
h(z,φ) is needed in the two parameters: 

 := 
∂
∂
φ

( )h ,z φ [ ], ,−r0 ( )sin φ r0 ( )cos φ 0 ,    := 
∂
∂
z

( )h ,z φ [ ], ,0 0 1   (168) 

The surface element is the vector product of these two vectors, which will be lined with an inward 
drawn normal:  

100
0)sin()cos( 00 φφ rr
kji

−−      (169) 

So the surface vector will be the determinant (169): 
 := surface −[ ], ,−r0 ( )cos φ −r0 ( )sin φ 0     (170) 

The material response function from Chapter 2.3.5.3 is: 

)
2

tan(1 εc a εσ b π
+=       (171) 

The deformation (compression strain) along the cone in the function of z in % is: 
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 := ε
 − Rcone r0

Rcone  
 substituting Rcone we get  := ε −
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  (172) 

Using these results and substituting them into (171) and (166) we get the stress along the cone  

Stress: =(











 − a












−









−  − 

−  +  − R H z R z r0

H r0 H

−  +  − R H z R z r0

b

c












tan

1








−  − 

−  +  − R H z R z r0

H r0 H π

2 ( )−  +  − R H z R z r0
( )cos φ ,  

  












 − a












−









−  − 

−  +  − R H z R z r0

H r0 H

−  +  − R H z R z r0

b

c












tan

1








−  − 

−  +  − R H z R z r0

H r0 H π

2 ( )−  +  − R H z R z r0
( )sin φ  , z) (173) 

The scalar product of the deformation function and the infinitesimal surface element is the integrand 
of the surface integral of the normal force acting on the surface. So the integrand will be the scalar 
product of Stress and surface, so with the substitution we get: 

 = integral  + r0 a










−  +  −  + R H z R z r0 r0 H
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tan
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 (174) 

Now the normal force acting on the cylindrical channel can be calculated by the surface integral that 
is now represented by a double integral: 

 := Fdef µ d
⌠

⌡


0

2 π

d
⌠
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 + r0 a
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z φ

 (175) 

Since the integrand (175) is now independent of φ the integration according to it can be changed to 
a multiplication by 2π because it is done all round the cone angles. The double integral reduces to a 
single integral of length form 0 to H. By multiplying the normal force acting on the cylinder by the 
friction factor the frictional force is gained. This is done by the formula F: 

 := FDem 2 π µ d
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 + r0 a
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(176) 

Let’s substitute the parameters into these formulas. The friction coefficient is obtained from factory 
data: µ≈0.65. The two radiuses are R= 40 mm and r0=20 mm from the test moulds (the same as K2 
mould in Chapter 5.3.1.3). The a, b, c parameters are obtained from the compression curve of a test 
foam 6B by curve-fitting, from, Chapter 2.3.5.3. 

a=0.116.68, b:=1.873, c:=0.04541  .   (177) 
With these parameters the solution of the integral (176) is: 

F= 32.7635 N.      (178) 
To show how the stress is acting on the inner surface of the cylinder along the ratio of compression 
from the cone the σ1 expression (179) is used (based on 172 substituted into 171 using parameters 
from 177) to plot the stress distribution. This can be seen on Fig. 77: with the substitution of the 
three parameters. The nonlinearity of the normal stress is unambiguous. 
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Fig. 77 The plot of radial stress along the inner surface of the cylinder caused by the compression of the cone  

 
It can be seen from the calculation that the maximum friction force in a cylinder (caused by pull-

ing a conical shaped foam through it) can be easily calculated when only a few simple parameters 
are known. These parameters can be acquired from simple experiments (compression, and friction 
tests). The method can be easily applied for other problems that have cylindrical symmetry. 

The accuracy of the method can be seen by looking at the next Chapter’s Table 12. The maximum 
force value for the same conic mould and foam (No.6 in Table 12) is 35.88 N. Comparing with 
(178) the difference is not significant (less than 9%, or 3.12 N). This proves that this method can be 
used well within the criteria set earlier.  

5.3.1.3 Verifying the calculations by demoulding test. 
Measuring the demoulding force for conical foams. 
The mathematical model for the calculation of demoulding force was described in Chapter 5.3.1.1 

and 5.3.1.2. In this Chapter an experiment will be described that shows how to measure the de-
moulding force for foams that has the same parameters (geometry and material) that was used in the 
previous Chapter. Since there did not exist such or similar test (or standard) for measuring the de-
moulding force of simple geometry foam parts a whole new experiment had to be designed.  
The aim of the tests was to measure the force in the function of displacement occurring when taking 
foams out of corresponding test moulds (in seven various conical shape probes (Table 11) with dif-
ferent foam hardness and dimensions) and to determine the value of the maximum force and its po-
sition in the process. This test can be considered as a verification of the numerical results obtained 
from the theory presented in Chapter 5.3.1.2. 
Test moulds 

The shape of the test moulds is conical and cylindrical (Fig. 78). Different undercuts are modelled 
with different cone angle (α) and the diameter of the cylinder (D). This geometry was chosen to be 
simple, so the test could be carried out easily with the smallest error, and also to make the calcula-
tions in Chapter 5.3.1.2 less difficult. Under these conditions it is very easy to calculate the integral 
given in Chapter 5.3.1.2 using a polar coordinate system fixed to the centre line of the test probe 
[114]. The variations of the parameters of the test moulds are simple and could be designed para-
metrically. The outer shape of the mould was designed to be easily grasped, this way they can be 
fixed to the tensile machine easily and quickly. The material of the test moulds were chosen to be 
the same as the normal foaming moulds to insure the same heat convection and thermal expansion. 
Some of the moulds had simpler geometries. They were cylindrical (without the conical part), these 
were used to determine the adhesion force and separate it from the deformation force. For an easy 
gripping a wire insert is placed inside each test mould (Fig. 79). This allows a firm grip of the test 
machine on the foam and prevents the stretching of the foam in the direction of the pull (this stretch 
is also neglected in the previous calculations). The insert simulates the effect of the set of inserted 
needles on the foam during a demoulding with the needle gripper.  
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Further Assumption 
The foam fills the mould entirely without any unwanted cavities. The behaviour of the foam next 

to the test mould is the same as would be inside a proper industrial mould. During the demoulding 
the test piece does not stretch considerably. Inside the cylindrical part of the mould the reaction 
force from the demoulding arises from the friction force between the mould and the foam. The fric-
tion force is proportional to the frictional coefficient and the radial stress acting on the cylinder sur-
face. (These are important for comparing the test result with the theory.). The force measured on the 
test machine will be considered as the demoulding force for each foam.  

 Table 11 Dimensional parameters of the test probes 

Test probe d0 = 2·r0 [mm] 2·α [ o] RFC [mm] 
H1 ∅40 0 - 
H2 ∅60 0 - 
K1 ∅40 30 5 
K2 ∅40 45 5 
K3 ∅40 60 5 
K4 ∅40 40 40 
K5 ∅40 60 40 

 

 
 

Fig. 78: The dimensions of the test mould Fig. 79: Wire insert 

   
Fig. 80: Initial state of the foam in 

the test mould 
Fig. 81: Max radial force at pull 

out, Fradmax 
Fig. 82: Frad<Fradmax 
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Conducting the test 
The main manufacturing instructions for the preparation of all test pieces were: A set of test 

moulds had to be placed into a factory test mould (Fig. 83 to Fig. 85). All the test moulds had to be 
heated up to the temperature of the large mould (51 oC - 60 oC) and then sprayed with release agent 
(on the inside and outside). The wire inserts then had to be inserted into the test pieces, making sure 
they are centred properly and coaxially. The whole test mould had to be filled with the prescribed 
mixture of foam and closed. (During this process it was important to properly fill each small mould. 
The entry hole and the whole cavity of the test moulds were small, which made this process very 
difficult). After four- five minutes the set of test pieces had to be demoulded by hand, then excess 
foam had to be removed from the sides of each test piece. All pieces had to be checked for un-
wanted large gaps and holes or other damage in the foam from the foaming. Some of the probes 
were then treated (inside a vacuum chamber). The moulds then were fixed on the tensile test ma-
chine one by one. The demoulding was done by gripping the insert and pulling it upward in the axis 
of the test piece by a constant velocity of 100 mm/sec by the tensile machine. The recording was 
done by the tensile test machine. The test machine was constructed from IMAG’s official quality 
control tensile tester which included a fixture for holding the test mould and a clamp for gripping 
the wire insert of the test probe (Fig. 88). Time, force, and displacement were recorded digitally in 
every 0.1 seconds in ‘dBase’ file format by the machine (Fig. 87). The recording took place until 
the full foam was out of the mould. After each demoulding the foams had to be checked for un-
wanted large cavities or damage. If such damage were spotted then the test piece were not accepted 
and the test was repeated. The steps of the process can be seen on Fig. 83 to Fig. 88. 

Fig. 83: Test moulds in the 
mould 

Fig. 84: The mould after 
foaming 

Fig. 85: Demoulded set of 
probes 

Fig. 86: Cut test probes 

 

 
Fig. 87: Layout of the demoulding test bed Fig. 88: Demoulding force test 

Results and analysis 
Altogether four times seven measurements were made with not pounded probes and three times 

seven measurements were done with pounded probes. From the tests the two most significant ones 
can be seen on Fig. 89 to Fig. 90. Further test results can be found in: Appendix A.7.4. 
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Fig. 89: Force-displacement diagram of foam No.6 with K3 test probe. Fmax~36N. 

If the parameters of the production are not set precisely (release agent is not applied properly, or the 
temperature of the mould is higher/lower than the optimum, or the ratio of mixture of the PU is not 
set according to the factory standard, etc.) the demoulding force can be much higher than the calcu-
lated one. This is because large adhesion force acts between the mould and the foam. This is added 
to the already present deformation force. To take this force into consideration a new model is 
needed, which requires further investigations. By taking proper care in the production this large ad-
hesion force can be avoided. A force-displacement curve when the parameters were not set properly 
can be seen on Fig. 90. 
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Fig. 90: Force-displacement curve when the manufacturing parameters are not set properly 

Table 12: Numerical result on the maximal pull out force for some test moulds 

No. Mould Foam No. pounded Max pulling force[N] 
1. H1 2 No 15.25 
2. H1 6 Yes 30.45 
3. H2 2 No 20.67 
4. H2 6 No 45.55 
5. K2 6 No 55.02 
6. K2 2 Yes 35.88 
7. K4 6 No 55.34 
8. K4 6 Yes 50.22 
9. K3 6 No 45.57 
10. K2 6 Yes 50.45 
11. K4 6 No 40.91 
12. K4 6 Yes 50.97 

Conclusion 
From the tests the following conclusions could be drawn. Pounding decreases the demoulding 

force (See values of Fig. 130, Fig. 132, Fig. 134, Fig. 136, Fig. 138 and Fig. 140 of Appendix 
A.7.4). Tension builds up due to adhesion. This shows on displacement curves with an unusually 
large force at the beginning of the pull. Some stick slip motion can occur when parameters of un-
dercut and pulling speed allows it (Fig. 130 of Appendix A.7.4). The larger the cone angel the lar-
ger the force will be. This is simple, because if the cone angel is large the larger the radius to be de-

Trend line 

Measured data
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formed will be, thus the increase in force is inevitable. The radius of the cylinder (R) does not effect 
the demoulding force. Under well defined manufacturing conditions and geometry the demoulding 
force versus vertical displacement can be calculated. These values together with the calculated ones 
can be used as input data for the gripper design. Each proper force-displacement curves have the 
same characteristics: always a steep increase of force at the beginning, when the conic foam is 
compressed into the cylindrical channel. This lasts till all the cone is inside the cylinder, at this 
place it has the maximum force and this force can be considered as the demoulding force. The force 
curve then starts to drop, when the foam starts to leave the mould. This lasts till all the foam leaves 
the mould and the force value drops to zero.  

5.3.1.4 Heuristic approach for the demoulding path 
In this Chapter the appropriate demoulding path and the problem of the calculation of the de-

moulding force is investigated. These problems were illustrated briefly in the first part of Chapter 
5.3.1. Although the force calculations are the task of the dynamic calculations, it is discussed here 
because it also depends on the path. This does not occur when the foam is entirely symmetrical and 
can only be demoulded in one way as described in Chapter 5.3.1.2, but in general the seat foams are 
not completely symmetrical. Usually they have one line of symmetry (the left and right sides are the 
same for most of the seats), but they lack any other symmetries. This is the reason for having differ-
ent optimal demoulding paths for each seat foam. To illustrate the problem, let us consider a foam 
that has a flat top side and a gripper is used for the demoulding that has one large pad that is collin-
ear to the top side of the foam. The simplest way of demould the foam would be with a motion that 
is perpendicular to its top side. It is the easiest motion because the demoulding motion is the reverse 
of the needle insertion motion, and the force determined from the theory of Chapter 4 is valid. How-
ever it may not be the best way. A simple motion like this could cause forces unnecessarily large, 
because this way the largest amount of foam could be deformed in the same time causing a very 
large friction force between the mould and the foam. To avoid this, the path should be carefully 
planned. Unfortunately at this moment there is no way of determining the optimal path for a 
demoulding process. In the case of a controlled lifting path only a part of the foam is deformed at a 
given time, so the force is much smaller, but the overall energy is the same, because the foam has to 
be bent and this also causes deformations. When the foam is lifted out of the mould the amount of 
volume that is deformed at a given time is determined by the free height of the mould seen on Fig. 
91.a. The change of force (F) along the lifting path (L) can be seen on Fig. 91 (b). This curve is dif-
ferent for each foam therefore it is just an approximation, to show the characteristics of the lifting 
process 

   
(a)        (b) 

Fig. 91: The foam being lifted out of the mould (a) and the change of the lifting force with the height (b) 

The maximum value of the demoulding force not only varies with the path of the motion but also 
with the starting position of the motion on the foam. This is different for every foam, although be-
cause seats are not entirely different from each other, a quasi-general minimal path may be deter-
mined. Let’s assume that the deformation energy is the same in all variants of the demoulding path 
(some tricky path can be planned when this condition does not hold!) that is due to the fact that all 
the undercuts have to be deformed through the mould opening in the same amount. It is also known 
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from the previous Chapter that the demoulding force is proportional to the size of foam that is de-
formed. This relation is non-linear, because the force also depends on the amount of the deforma-
tion that is taken place. If the demoulding is done in the way when all the undercuts are deformed at 
the same time and also in the largest amount, then the largest force will be obtained (this was de-
termined in the previous Chapter). It is clear that these two quantities have to be minimised in order 
to get the smallest demoulding force and this can be done by choosing a good path. In order to get 
an appropriate path, the following steps can be followed. A suitable grasping area should be chosen 
on the free surface of the foam by analysing the part. Then a small imaginary ∆s displacement vec-
tor is applied on that surface that causes small movement of the foam. This causes a force in the di-
rection of ∆s. By varying the direction of the vector the value of the force will change according to 
the amount of deformation that is taking place. The direction of the displacement that causes the 
minimum force is taken optimal. Then the process will be repeated in the new constellation of the 
foam, until the whole foam is out of the mould. By performing the limit on the vector ∆s, the next 
formula can be obtained: 

.
2

1

Mins dFS ⇒= ∫      (180) 

The boundaries of the integral are the points in space where the curve starts (1) and where it fin-
ishes (2), the upper boundary cannot be determined previously because it depends on the curve (s). 
This problem is the task for variation analysis. This method can be performed on other part of the 
surface of the foam and the values can be compared to each other and the smallest can be chosen as 
a locally optimal path. To have a path that produces an even smaller demoulding force at a given 
time, a more complex variant of the previous method can be utilised. In this case the force caused 
by ∆s is calculated at all the grasping surfaces (individually and also together, by placing ∆s at the 
surfaces) and the smallest is taken as optimal. Then this is repeated again in the new configuration. 
This way the sequence of the motion of the grasping surfaces produces the optimal path. This 
method can only be used with a gripper that has individually controlled grasping pads.  

Some demoulding path discussed in this Chapter can be seen on Fig. 92. 

  
Fig. 92: Possible lifting methods (paths) to reduce demoulding force 

5.3.1.5 Conclusions 
The demoulding force of a general seat foam can be determined analytically only for very simple 

cases, because of the complex geometry of the parts, and the difficulty of nonlinear behaviour of the 
material. One solution is to run a Feature Element (FEM) simulation of the part of given geometry 
that can determine the deformations of the undercuts. From these deformations the force can be cal-
culated. By running a set of demoulding paths a quasi minimal solution can be found. With these 
data a more sophisticated gripper can be designed. A general way for determining an appropriate 
path for any given foam part where the demoulding force is minimal is still not established.  
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5.3.2 Robot trajectory planning 
In this Chapter we focus on the problem of trajectory planning. The access load gained by the 

robot or the gripper from the robot motion when it is travelling through a given path is an im-
portant issue. It is obvious that these loads from the motion must be as small as possible in or-
der for the gripper design to be more appropriate and the grasping the most reliable. By optimi-
sation the trajectory these acces forces can be negligible to the other (e.g.: demoulding) forces.  

The solution of robot control problems became very sophisticated when the parametric 
method for solving motion planning problems was introduction. In [91] the basic points of the 
parametric method were formulated by using the arc length (λ) along the path as the parameter. 
The motion can be designed by several optimality criteria. In industrial application the most 
widely used criterion is the minimum time criterion where the robot travels through the given 
path in the shortest possible time. It is needed to reduce the production time and to increase the 
production profit. This was first introduced in [98] where the cruising trajectory optimisation 
problem was solved.  

A

B
v

z

x

y

 

λ

 
Fig. 93: Parameters for planning the robot motion Fig. 94: Parts of the motion in the function of 

arc length λ(t) of the path. 
In some fields the time is not the most important, but the consumed energy is considered as 

the primal criteria. This can be the case where the amount of available energy is scarce. The 
other case when the minimum time criterion is not advisable when a smooth path for the mo-
tion is needed. When using minimum time criterion we can get a spiky trajectory [96], [114] 
which can cause unwanted shocks and vibrations. For example when handling non-rigid mate-
rials with the needle grippers [113] a quick change in the trajectory can move or shake off the 
handled object from the gripper. Another example is when robots are used for human rehabili-
tations the trajectory has to be as smooth as possible for the rehabilitation to be most effiective 
[7]. Other criteria can also be formulated [95], but only the two mentioned will be discussed in 
the next Chapters.  

5.3.2.1 Optimal motion planning 
The following theories is valid for robots with N number of joints, nevertheless some specific 

use will be presented for 2D cylindrical robots for simplicity. For further details See [114]. The 
motion along a path can be divided into three parts: 
1. The Accelerating transient motion: This part of the motion is when the robot is acceler-

ated from stand still position until one of its joints reaches its own maximal speed. 
2. Cruising motion: The robot’s motion where one of the robot’s joint is travelling with its 

maximal speed. 
3. The decelerating transient: The part where the robot is decelerating from the cruising 

motion till all the joints are at halt. 
The parts of the motion can be seen on Fig. 94, with the lambda (the length of the path) and t 
time parameters.  

By using cruising motion the CPC motion will result in a much efficient than non-optimal 
motion (resulting 20-80% less operation time). The results can be used for PTP motion too 
[95]. Because the duration of the transient part of the motion is short in our concept it is only 
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taken into consideration briefly. This can be foun in Appendix A.4.1 Firstly the optimal trajec-
tory planning is discussed. 

5.3.2.2 Time optimal trajectory planning 
The optimal time motion is used when the motion has to be performed in the shortest possible 

time. It is also used to calculate the minimum of S& (See later) the parameter that is used in the 
calculation of the constant kinetic energy motion. So we deal with it very briefly. 
When using the parametric method for a CPC task the solution of the inverse geometry prob-
lem is obtained in the form [110] 

qi = fi(λ), i=1,2, .. n     (181) 
Where: qi(t) are the joint co-ordinates; 

n- is the number of the degree of freedom of the robot; 
λ – is the length of the path. 

The velocity along the path is  
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At the time optimal cruising motion some of the iq&  values have its limit value imaxq&  so, 
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The optimum velocity may only be the minimum of 
maxi

v  values [110]. 
That is 
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It is easy to prove (See: [95]) that using the equation of differential motion of the robot one 
gets: 
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xj – are the Cartesian co-ordinates values, 
λ∂

∂ jx 
 - are the co-ordinates of the unit tangent vector to the path, 

∑
=

−
n

1j

1
ijJ  - are the components of the ith row of the inverse Jacobian matrix. 

5.3.2.3 Constant kinetic energy trajectory planning 
The concept of constant kinetic energy motion is to find the condition at which the motion 

along the path is achieved in such a way that the kinetic energy of the entire robot mechanism 
stays constant at least between two neighbouring point of the path. If this condition is satisfied 
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then this will provide the maximum external force which can be obtained at the given positions 
and velocities from the drives [96]. Because the motion needs less power from the drives this 
way more power can be used for other processes (e.g.: manufacturing, etc.). 

For the determination of robot motion in such a way that it would provide constant kinetic 
energy the equation of the dynamics of robot motion in Riemann space can be used. The Rie-
mann space is a metric space where the measurement of distance is the base. This distance can 
be measured between two infinitesimal distant points in space [88]. The length of non-
infinitesimal curves can be obtained by integration [49]. For the parameterisation of constant 
kinetic energy motion the R scalar shall be used as a parameter [95].  

The parametric model of robot motion can be obtained by the method of classical mechanics 
formulated by Synge [100] where the derivative of the parameter is: 

2T=S&       (189) 
Where: T is the overall kinetic energy of the manipulator system. By using the equation of dy-
namics of the manipulator in energetic form the following equation is obtained [97]: 

exdr NN −=
dt
dT      (190) 

Where: Ndr is the momentary power developed by the drives; Nex is the power given by the external forces 
effecting the end effector. 

If the frictional forces are neglected at the level of Nex interactive power Ndr will be at its 
maximum (Ndr = Nex) if the motion occurs at constant kinetic energy T = T0 = const. When this 
kind of motion is applied no unnecessary acceleration or decelerations will occur, so the trajec-
tory will be much smoother and the energy for the excessive motions will be zero. In the para-
metric model this can be formulated by the 0SS && = = constant requirement. 

5.3.2.4 Constant kinetic energy motion on a given path 
Let the path between points A and B be given in parametric form, where λ is the arc length (x = 
x(λ)). Formulating the S parameter by using the λ, 

R
S 1λ&& = where 

t ∂
∂

=
λλ&  and R is the metric 

coefficient of Riemann space, an invariant scalar value [95], [114]. The metric coefficient R 
can be calculated using the formula: 
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is the tangent vector of the path, J  the Jacobian matrix of the robot and I  is the inertia matrix 
of the robot. I ,J ,τ  are the functions of λ that is R=R(λ) has a given value in every part of the 
path. Let us determine the optimal cruising speed for the first point (A) of the path. Let it be 
called Aλ& . With these symbols 
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So this way, 

,
)(λ

λ
R

SS A

&
&& ==      (195) 



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 115

In any other point the λ& velocity may be determined by )(  λλ RS A
&& = . If λ&  is less or equal than 

the optimal cruising speed we obtain a motion energetically better than the normal optimal 
cruising motion [96]. 

If ,S constant   A
&

&
<=

R
λ  than the constant kinetic energy motion is realised at a lower level. When 

the S& parameter is determined for the whole trajectory and the minimum of it is taken then: 

( ) ES = 
λR
λ = MinS &
&

&      (196) 

then determining the velocity as: 
( )λRS = λ E

&&       (197) 
the constant kinetic energy motion is realised for the whole trajectory [95]. 

5.3.2.5 The dynamic equations 
When working with the mathematical model of the whole system dynamics, the mechanics of 

the manipulator and the actuator is taken into consideration. The motion of an n DOF (degrees 
of freedom) manipulator can be formulated by the following dynamic equation [95]: 

=)qh(q,+qH(q) &&& τ     (198) 
Where:  
H(q)   is the nxn positive definite symmetrical inertia matrix of the robot manipulator 

q ,q q, &&&    are the n dimension vectors of joint position, speed and acceleration.  
τ = [τ1, τ2, .....τn]T  the torques (forces) vectors of the drives.  

)q h(q, &  is an n dimensional force vector of coriolis-, centrifugal forces and gravitational 
affect together with friction. 

The H(q) matrix is a positive definite symmetrical matrix, but the expressions in it are not lin-
ear. The )q h(q, &  vector function can be divided into the following expressions: 

h(q, q& )= V q&  + hc( q& ) + g(q) + f(q, q& )    (199) 
V   nxn diagonal damping matrix. 
hc( q& )   n dimensional vector of centrifugal and coriolis forces, 
g(q)   n dimensional gravity vector. 
f(q, q& )   n dimensional frictional vector. 

All these equations neglect the deformations of robot parts [95]. These effects are very small 
in most industrial robots so the parts can be considered rigid. If these criteria were taken into 
consideration the model would be too complex for calculations. The f(q, q& )vector takes not 
only the frictional effect into consideration but all the other non-linearties as well, like satura-
tion and backlash. 
τi is the torque acting on the ith drive, powered by the actuator. This can be calculated by the 
following equation: 

τi= ∑
=

+
n

j
ijij ,.....,n,i=qqhqqH

1
21   ),,()( &&&     (200) 

Where: Hij(q) is the ijth element of H(q). 

To obtain the equation of robot motion the Euler-Lagrange equation is used. The Lagrange 
function is obtained from the kinetic and potential energy [95]. Let us choose n independent 
variables, q1(t), q2(t),…,qn(t) and the corresponding vector q= [q1,q2,….qn] to obtain the motion 
of an actuator of n joints.  
The Lagrange function in general is:  

L(q, q& ) = K(q, q& ) - P(q).    (201) 
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Where K(q, q& ) is the kinetic energy and P(q) is the potential energy. The motion equation of 
the manipulator from the Lagrange equation is: 

,....,n,,  i= F
 q
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Fi and qi are the general force or torque vectors acting in the direction of the general co-
ordinates. The frictional forces in the model can be taken into consideration by giving their qi 
directional components to the right side of the equation. The generalised co-ordinates in the 
Lagrange equation must be independent from each other. Let us use the equation on a 2D polar 
robot where q1= ψ and q2= r. ψ is the angular position of the rotational joint [rad] and r is the 
position of the linear joint [m]. The Lagrange function with these parameters is: 

L= 222
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Where:  Io is the constant inertia of the robot arm with its bearings [kqm2], 
  Iv is the inertia that is changing with the arm’s motion [kgm2], 
  ma is the mass of the moving arm system, 
  mp is the mass of the handled object. 
To calculate the changing inertia let R be the overall length of the robot arm and r a variable 
along the arm. From this the inertia can be calculated by: 
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By performing the integrations and using the general co-ordinates we obtain: 
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By deriving the Lagrange function and using the matrix form of the Lagrange equation we 
get the formulas for calculating the τ vector [95]: 
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From this we get: H(q) = diag[
ppa mmqRmRqqI +++− a
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τ1 is the general torque and τ2 is the general force. 
By subtracting these values from the forces/torques given by the drives we get the maximal 
forces/torques for manufacturing: 

222

111

τ
τ

−=
−=

dr

dr

FF
FF

      (208) 

where: F1, F2 are the external forces and Fdr1, Fdr2 are the force/torques of the drives. 
For the investigation a program was constructed for a 2D robots in LabView graphical pro-
gramming system and the research was published in [114]. Because the paper [114] is available 
and it has been referred to (example in [99]) that is why the complete description of the prob-
lem is not discussed here in detail. Here only the 2D polar robot is discribed with most of the 
calculation processes in Appendix A.4  

5.3.2.6 Results of trajectory planning based on [114] 
In the program the previous formulas were programmed and real robot values (masses, maxi-
mal velocities) were used. The path of robot motion in the program is a circular path that is de-
scribed in Appendix A.4.2. The calculation of the kinematics and the constant kinetic energy 
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trajectory planning of the polar robot used in the programm can be found in Appendix A.4.3 
and A.4.4. The inputs are given in control panel’s input slots of LabView and the output is 
connected to an XY graph. The curves that were obtained during the test runs of the program 
can be seen (Fig. 95 and Fig. 96The initialisation of the program must contain the geometry of 
the path and the parameters of the robot (these are: the mass of the robot arm, the mass of the 
actuator, the length of the robot arm, the maximal speed of joints, the maximal forces that the 
drives can deliver and an upper boundary (constraint) for the forces). This way the motion of 
the robot at constant kinetic energy will be at maximum speed set by the speed boundary of the 
drives. In the program the calculations along the path are done twice. In the first cycle the 
minimum value of S&  is determined by performing the motion with a time optimal criterion. 
This is illustrated on Fig. 95 in the first test result. From Fig. 96 it can be seen that the curve of 
the constant kinetic energy motion touches the curve of the time optimal motion but does not 
intersect it. It always stays under the time optimal curve. 

 
Fig. 95. The determination of the minimum of S&  [114] 

The minimum value of S&  can be seen left to the diagram (S.min) and the value of R along the 
path is seen under (A), and T is the max. kinetic energy determined for the time optimal motion 
on the screenshot of Fig. 95. The time of the constant kinetic energy motion is longer than the 
time of the time optimal motion but the difference is not so large. In the simulation, depending 
on the parameters of the robot and the path, it can reach 5…35%. In the second calculation 
cycle the angular speed and force values are illustrated in one diagram for both time optimal 
and constant kinetic energy motion as seen on the screenshot of the simulation on Fig. 96. 

 
Fig. 96. The plot of angular speeds and force curves for the first joint using different cursing criteria 

FTO is the time optimal, FCKE is the constant kinetic energy force curve, α& TO is the time opti-
mal and α& CKE is the constant kinetic energy angular speed on a circular path realized by a 2D 
cylindrical robot. The force values are divided by ten for illustration convenience. In the dia-
gram it can be seen that the trajectory of the constant kinetic energy motion is much smoother, 
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the speed along the path does not fluctuate as much as in the time optimal motion. In the same 
diagram the forces of the first joint needed for the robot’s motion are also illustrated. It can be 
seen from the diagram, as in the case of the polar robot that by using the constant kinetic en-
ergy motion the joint forces will be smaller than by moving the robot arm with time optimal 
motion. For further details of constant kinetic energy trajectory problems refer to paper [114]. 
In the paper the same task is also solved for a 2D gantry robot and the simulation gave similar 
results when comparing the time optimal motion to the constant kinetic energy robot motion. 

5.3.2.7 Conclusion 
From the test results of the investigation, it is clear that the constant kinetic energy motion 

provides a much better trajectory characteristic than other motion (e.g. time optimal). It can be 
seen from the diagrams that the constant kinetic energy motion had taken loner time to accom-
plish than time optimal motion; however the difference was not too large. When the difference 
is this small the constant kinetic energy motion is better because it uses less energy and the tra-
jectory is much smoother (better for handling delicate objects). Sometimes however the differ-
ence can be considerably larger. In this case it is better to perform the calculations for both cri-
teria and choose the one more suitable for the task [114].  

When designing a needle gripper for demoulding, the motion of the robot has to be taken into 
consideration. In order to have to most effective design the least number of needles should be 
used. The contact surface between the foam and the needle is very small so it is an important 
fact that how much additional forces is in effect. If these forces are too large from impropriate 
paths or trajectories then the design will be unnecessarily robust and heavy or in a worse case 
the grasping can become unreliable and can end in the release of the foam. 

When planning the robot motion for demoulding and transferring foam parts with a needle 
gripper the constant kinetic energy trajectory is the best suited for the task. It is due to its 
smooth characteristics where unwanted large accelerations do not occur. This way the extra 
forces from the robot motion can be negligible compared to other forces. 
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6. Summary 
In the PhD thesis the problems of the automation of the demoulding process of PU foams 

were theoretically analysed and verified by tests and experiments. A method for the calcula-
tion of the gripping force of the needle gripper was developed. The theory is well founded by 
continuum mechanics and the differences from the measured data were explained and the 
ways and means of further development were suggested and partially shown. The tests veri-
fied the basis of the theory and also produced a new result that an optimal needle diameter can 
be found for the foam material in the given range. Based on the tests a needle diameter was 
selected (∅0.9 mm) that is mechanically best suited for the task (no buckling) and also pro-
duces the maximal radial pressure when inserted in the foam. 

The prototype gripper was tested in a real factory and all the consequences were drawn from 
it. The modifications that are required to create a better gripper were presented and analysed. 
The damage caused by the needle gripper was analysed in detail and the important conclusion 
was that the damage caused by the gripper does not affect the quality of the foam. This was 
proven by test runs on freshly demoulded and aged (min. 3 years old) test pieces. 

The process of demoulding was analysed with a simplified theory that can however deter-
mine the maximal demoulding force in simple cases. The method uses a newly introduced 
compression function.  

The path of demoulding was scrutinised briefly and some advice was given how to deter-
mine a quasi optimal path heuristically. 

The robot motion of demoulding was also analysed in greater detail, in order to determine a 
motion that causes the minimal excess effect on the grasping. From the theories it was found 
that the best suited trajectory for the demoulding and transferring motion of a robot that uses 
needle grasping is the one where constant kinetic energy criterion is used. This criterion was 
chosen for the task, because on a given path it has the smoothest trajectory, although it can be 
much slower than motions designed by other criteria. 

Considering the work as answering the questions arising by the robotised demoulding of PU 
foams with needle grippers, I have to state that there is still further research to be done. These 
were mentioned in the work and include the design and redesign of a gripper with the pro-
posed modifications. 

Further investigation of the structure of the foam can be made that can give an answer for 
the differences between the calculated and measured pull-out forces. 

The proposed theory can be further developed that can generate an optimal demoulding path 
analytically. The other method would be to develop a control application that uses a six com-
ponent force/torque measuring system that is attached to the robot gripper. By measuring 
these parameters the robot could determine the minimal demoulding force during the motion. 
These ideas can be parts of some new researches. 

 
 
 
 
 
 
 
 

 
Peter Zentay    

Budapest: 25th November 2006  
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7. New scientific results, Theses 
1. It was proven with theoretical calculations and experiments, that the force of pulling a 
fully inserted needle out of a soft open celled polyurethane foam can be calculated with ap-
propriate precision using the Blatz-Ko strain energy functions and its different versions when 
concerning large deformations. The calculations were performed for a hyperelastic body as-
suming cylindrical symmetry. A test method was proposed and performed for verifying the 
calculations. The tests showed that the results can be appropriately approximated with the pre-
sented calculations. The method is suitable for calculating a technologically suitable maximal 
grasping force that can be transmitted by an ingressive (needle) gripper and can also be used 
for designing the arrangement of the needles in the gripper. 
The thesis is based on Chapters 4.2, 4.4 and on [113]. 

2. A technologically suitable needle diameter was determined with experiments that 
causes the largest possible stress when is inserted in a flexible open celled polyurethane 
foam44. It can be shown that the needle diameter that produces the desired condition is de-
pendant on the foam structure. The experiments were performed on commercial hypodermic 
needles (in the range of Ø0.5…Ø1.6 mm) and on soft open celled polyurethane foams4 that 
has been produced with different mixing ratios. The needle diameter of Ø0.9 mm was deter-
mined to be generally usable for the examined foams. 
The thesis is based on Chapter 4.3 and Appendix A.6 . 

3. With experiments it was proven, that the affect of the damage caused by the needles of 
an ingressive gripper is negligible to the quality parameters (geometry, hardness) of the exam-
ined polyurethane foams4 during their long-term use. The result is valid for soft open-celled 
polyurethane foams, that were perforated with Ø9x60 mm needles with the needle densities of 
0,04 and 0,16 needle/mm2. The fatigue test was performed with 85000-cycle constant load 
pounding. 
The thesis is based on Chapter 4.7 and Appendix A.6. 

4. The compression curve of soft open celled polyurethane foams can be described with 

appropriate precision by the function )
2

tan()( εc a εεσ b π
+=  (0≤ε<1) when concerning large 

deformations. The parameters a, c have stress dimensions b is dimensionless σ is the com-
pression stress and ε is the compression strain. A method was presented for the determination 
of the parameters of the function from experiments. A computer program performing the re-
gression calculations, which is the base of the method, was also developed. With the above 
function, the force acting on an ingressive grasping during demoulding can be properly de-
scribed in the case of cylindrical symmetry foams. The force calculations were performed on 
conical shaped foams. The results were verified with tests in which the difference of the 
measured and calculated values was less than 10%. 
The thesis is based on Chapters 2.3.5.3, 5.3.1 and Appendix A.6 and on [109]. 

 

 

 

                                              
4 The foams that were used in the tests are always soft open-celled polyurethane foams that were produce by 15 
different mixing ratios from the base material: ICI W5691 “A”, “B”. The density of the foams were between    
ρ= 40…52 kg/m3. These foams are soft flexible foams used in the automobile industry for seat cushioning. The 
examined foams cover the whole range of foams used in the automobile industry. Further definitions of foam 
properties can be found in Appendix A.6. 
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5. When designing robot motion for ingressive grasping of soft open celled polyurethane 
foams the constant kinetic robot motion is the most favourable motion criterion. During in-
gressive grasping the friction surface on the needle is very small due to the porosity of the 
foam and it is important that sticking friction work between the foam and the needle during 
the entire motion. The condition for this is that during the motion there should not be large 
accelerations and large additional forces. The statement was proven with a computer simula-
tion, by comparing time optimal and constant kinetic energy robot motion for a two degrees 
of freedom polar robot travelling on a circular path. With the comparison of the joint forces 
(torques) and joint accelerations (angular accelerations) of the motions made with the two cri-
teria it can be clearly seen that the values of the constant kinetic energy motion are always 
smaller than the values of time optimal motion and the parameters (forces, accelerations) are 
much smoother for the constant kinetic energy motion than for the time optimal motion. The 
additional forces from the motion on the grasping will not be large, this way the reliability of 
the grasping is improved. The simulation was made in LabView graphical programming envi-
ronment. 
The thesis is based on Chapter 5.3.2 and on [114]. 

Theses in Hungaria (Tézisek) 
1. Elméleti és kísérleti úton igazoltam, hogy lágy nyílt cellás poliuretán habba szúrt tű 
kihúzóereje kellő pontossággal számítható a Blatz-Ko rugalmas potenciállal és különféle vál-
tozataival nagy alakváltozás figyelembevételével. A számításokat tengelyszimmetria feltéte-
lezésével hiperelasztikus testre végeztem. Kísérleti eljárást dolgoztam ki és végeztem el a 
számítási módszer alátámasztására, mellyel bizonyítható, hogy ezzel az eljárással, a számítás-
sal kapott eredmények gyakorlati szempontból megfelelően közelíthetőek. Ezáltal alkalmaz-
hatók egy tűbehatolásos robotmegfogóval átvihető legnagyobb erő technológiailag elfogadha-
tó számítására. Továbbá meghatározható a megfogóban elhelyezkedő tűk elrendezése és ezzel 
a megfogó tervezhető.  
A tézis az értekezés 4.2, 4.4. fejezetein és a [113] publikáción alapul. 

2. Kísérletekkel meghatároztam egy technológiailag alkalmas tűátmérőt, amely a vizsgált 
keverési arányokkal előállított lágy, nyílt cellás poliuretán habba5 beleszúrva a legnagyobb 
feszültséget kelti. Kimutatható, hogy a kívánt feltételnek megfelelő tűátmérő függ a habszer-
kezettől. A méréseket a kereskedelemben kapható általános orvosi tűkre (Ø0,5…Ø1,6 mm) és 
lágy, nyílt cellás poliuretán habokra5 végeztem. A vizsgált anyagok esetén az általánosan 
használható tűátmérő Ø0,9 mm-re adódott. 
A tézis az értekezés 4.3 fejezetén és A.6 mellékletén alapul. 

3. Kísérletekkel igazoltam, hogy tűbehatolásos megfogás használatakor a megfogó tűi 
által okozott sérülések hatása elhanyagolható a gyár által előírt (geometriai és keménységi) 
minőségparaméterekre a vizsgált poliuretán habok hosszú távú használata során. A kísérletek 
olyan lágy, nyílt cellás poliuretán üléshabokra5 vonatkoztak, melyek Ø9x60 mm geometriájú; 
0,04 és 0,16 tű/mm2 tűsűrűséggel voltak perforálva. A tartós terhelésként alkalmazott 85000 
fárasztási ciklus állandó összenyomó erővel történt.  
A tézis az értekezés 4.7 fejezetén és A.6 mellékletén alapul. 

 

                                              
5 A tézisekben szereplő poliuretán hab mindig lágy, nyílt cellás poliuretán habot jelöl. A méréseknél 15 különbö-
ző arányú keveréssel előállított poliuretán habokat használtam mely alapanyaga minden esetben, ICI W5691 
“A”, “B”. A habok sűrűsége ρ= 40…52 kg/m3  között volt. Ezek a habok a gépjárműiparban használatos lágy 
rugalmas habok, melyeket főként ülésekhez használnak. A vizsgált habok lefedik a járműiparban használt ülések 
skáláját. A habok további jellemzése megtalálható az értekezés A.6 mellékletében. 
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4. Kimutattam, hogy a vizsgált lágy, nyílt cellás poliuretán üléshab5 nyomógörbéjét nagy 

alakváltozás mellett a )
2

(tg)( εc a εεσ b π
+=  (0≤ε<1) függvénnyel, megfelelő pontossággal 

lehet leírni. A paraméterek közül a, c feszültség dimenziójú, b dimenziótlan, σ a nyomó fe-
szültség és ε a fajlagos nyúlás. Módszert dolgoztam ki a függvényben található állandók kí-
sérletekből történő meghatározására. Az eljárás alapját képező, regresszió számítást végző 
számítógépes programot is kidolgoztam. A fenti függvénnyel jól leírható a tűbehatolásos 
megfogásra a habkivételnél működő erő, hengerszimmetrikus habok esetében. Az erőszámí-
tást kúpos formájú habokra alkalmaztam. Az eredményeket kísérletekkel igazoltam, melyek-
ben a mért és számított értékek közötti eltérés nem haladta meg a 10%-ot. 
A tézis az értekezés 2.3.5.3, 5.3.1 fejezetein A.6 mellékletén és a [109] publikáción alapul  

5.  A tűbehatolásos megfogóval történő poliuretán hab megfogás robotmozgásának terve-
zésénél az állandó kinetikus energiájú robotmozgás feltétele a legkedvezőbb. A tűs megfo-
gásnál a hab porózussága miatt a tűk palástján kialakuló súrlódó felület nagyon kicsi és lé-
nyeges, hogy a mozgás során végig nyugvásbeli súrlódás működjön a hab és a tű között. En-
nek feltétele, hogy mozgás során ne lépjenek fel nagy gyorsulások és nagy járulékos erők. Az 
állítást kéttengelyes polár robot körpályán történő mozgásának számítógépes szimulációjával 
igazoltam, összehasonlítva az időoptimális és az állandó kinetikus energiájú robotmozgáso-
kat. A két kritériummal elvégzett robotmozgás csuklóerőinek (nyomatékainak) és csuklógyor-
sulásainak (szöggyorsulásainak) összehasonlításakor jól látható, hogy az állandó kinetikus 
energiájú mozgás értékei mindig alacsonyabbak, mint az időoptimális mozgásnál, továbbá a 
paraméterek (erők, gyorsulások) változásai a pálya során sokkal simábbak és egyenletesebbek 
a konstans kinetikus robotmozgásnál, mint az időoptimálisnál. A mozgásból származó járulé-
kos erők hatásai a megfogásra nem lesznek jelentősek, ezzel a megfogás biztonsága nagymér-
tékben javul. A szimulációt LabView programrendszerben végeztem. 
A tézis az értekezés 5.3.2. fejezetén és a [114] publikáción alapul. 
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,i  Patial derivative according to xi. ∂/∂xi (like in τij,i)  
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A. Appendix 

A.1  Continuum mechanics and theory of elasticity used in the work 

A.1.1 Mathematical summary 
Assumption:  
The geometric space that the calculations are made is the three dimensional Euclidian space, 
which is a planar metric space. For the indexing the Scouten convention is used [88]. A vector 
is said to be contravariant (with superposed index) if the components transform according to 
the rule [88]: 

j
j

i
i x

x
xx

∂
∂

=
′

      (A.1) 

and is said to be covariant (with subscript index) if the transformation rule of the components 
are [88]: 

j
i

j
i x

x
x

x
∂

∂
=′       (A.2) 

The contra-, covariant and mixed component tensors are defined the same way as the tensorial 
product of these vectors [89]. In a metric space there is no difference between the contra and 
covariant vectors, only the calculations are done with the co-and contravariant components of 
a vector. For simplification the terms shall be used as contra and covariant vectors but not 
stating the word component [93]. The body at the initial state shall be denoted a B0 and the 
same body after the deformation will be called as body B. 

A.1.2 General theory of large deformations for hyperelastic materials. 
If the equation of motion is given by the following equation [10]:  

xi = xj (XA,t)      (A.3) 
where xi are the contravariant component of the space vector of a continuum part in the spe-
cial coordinate system (Euler coordinates), XA are the contravariant components of the space 
vectors of the continuum part in the reference (initial) configuration (Lagrange coordinates), t 
is the time (every coordinates systems are Cartesian in this Chapter) and the  

J 0
X
xdet A

i

≠
∂
∂

=       (A.4) 

Jacobian exists at each point. This implies that the function is single valued and the material it 
describes cannot penetrate itself, also a finite part of the body cannot be stretched to infinity 
or compressed to a point. In this case the inverse of equation (A.3) exists described by: 

t),(xxX i1jA −
=       (A.5) 

The deformation gradient is obtained by the partial derivation of (A.3) 
A

A
iA

A

i
i dX,xdX

X
xdx =

∂
∂

=      (A.6) 

where the comma represents partial derivation. Renaming xi,A to Fi
A the deformation gradient 

is obtained. The deformation gradient is a two-point tensor which maps dX to dx. It contains 
informations of the deformation and of rigid body motion. Concentrating only on the defor-
mation (disregarding the superposed rigid motion) two important tensors may be defined the 
right and left Cauchy-Green deformation tensors (CG tensor) by the following formulas: 

( ) iTii FFC AAA =    ( )Tii
A FFB AA
i =    (A.7) 
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where: T is the transpose . Ci
A and BA

i represents the stretch or contraction of infinitesimal 
line elements. The BA

i tensor is also known as Finger tensor. If dl is the length between two 
points of the deformed body and dL is the length in the reference state then the deformation 
during the motion is: 

( ) L
K

L
K

L
K

K

k
L

KL
i

K
iK

K
i

i
22

dXdXδC

dXdXdXdX,x,xdXdXdxdxdLdl

−=

=−=−=−   (A.8) 

because: 

( )( ) ( ) ( ) 1

A
1i

T1i BFF
−−−

= iA
A  and ( ) 1j

ijKiK B,X,X
−

=   (A.9) 
Here the Einstein summstion convention is used [49]. When an index appears twice in an 

expression (once at a covariant and once at a kontravariant position) a summation has to be 
carried out on that index. The same equation by the Finger tensor is: 

( ) ji
j

i
i
j

22 dxdxBδdLdl −=−     (A.10) 
B and C are second order symmetric tensors, so their eigenvectors and eigenvalues are real: 

( ) 0λδCdet klkl =−      (A.11) 
they obtained by the solving of its characteristic equation. The equation in detail is:  

( ) 0detCλCCCC
2
1λCλ KLKLKLLLKK

2
KK

3 =−−+−   (A.12) 

where the coefficient of λ2 is the first, the coefficient of λ is the second and the det c is the 
third scalar invariants of strain. By the usual notation: 

I1 = CKK= TrC      (A.13) 
I2 = ( )KLKLLLKK CCCC −

2
1     (A.14) 

I3 = det CKL      (A.15) 
I1 I2 I3 are known as the principal invariants of C. 
Because of I3 = det CK

L= (det FK
L)2 = J2 and the volume change of the initial and end configu-

ration is defined by the Jacobian J (
0dV

dVJ = ). So I3=1 means that during the deformation there 

is no change of volume, it is the case of incompressible materials. The deformation is iso-
choric, and it describes the behaviour of incompressible materials such as steel or vulcan-
ised rubber. In the case of foam rubbers or polyurethane foams 1I3 ≠ .. 
By using the Cayley-Hamilton theorem [14] another important formula is obtained for the 
strain invariants (to be used later).  

( )( )1J
I32 BTrII

−
=      (A.16) 

where: Tr denotes trace. 

A.1.2.1 Stress tensors 
If the stress vector t(xi,nj) is the force acting on a unit area of surface, which is the function 

of the space vector (pointing to the point of surface) and the normal vector of the immediate 
vicinity of the point, then the Cauchy stress tensor may be defined as [10]: 

t(xi,nj)=Tijnj     (A.17) 
where Tij is the Cauchy stress tensor which is symmetric in ij. Tij defines the calculation rules 
of the stress vectors in the deformed state [14].  
Sometimes it is necessary to calculate the stress vectors of the deformed body in the initial 
configuration. This can be done by the 1.Piola-Kirchoff stress tensor, defined by the formulas: 
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Ski= J Xk , i Tij  SKi=J (FK
i)-1Tij   (A.18) 

Because the 1. Piola-Kirchoff tensor is not symmetric the II. Piola-Kirchoff tensor is intro-
duced to simplify the calculations, which is symmetric and defined by:  

KiiLKL S,XK =   in this case:   LKKL KK =    (A.19) 
The transformation rule between the Cauchy and the II. Piola-Kirchoff stress tensors are: 

l
Kkl

k
LLK ,Xt,JXK =   or by invariant notation: K=JD-1*T*(D-1) (A.20) 

A.1.2.2 Constitutive equations 
The constitutive equations define the characteristics of a material by assuming an ideal mate-
rial law. In an ideal case the constitutive equation has the form such that the components of 
stress depend only upon the motion of the neighbouring continuum elements. It is more con-
venient if the components of stress are single valued functions of the deformation gradient 
tensor. The last assumption that is made is that all the power of stress is derived from or ab-
sorbed into a strain energy function (or elastic potential or stored energy function) W, depend-
ing on F, (W(F)). So there exists a single valued function such as: 

ijij

0

DT
Dt

DW
ρ
ρ

=       (A.21) 

where:
Dt
D is the material derivative and 

0ρ
ρ  is introduced for W to be expressed in unit vol-

ume. 
The theory of elasticity incorporating this assumption is known as Green elasticity or hyper 
elasticity. Concentrating only on the deformation, the strain energy function depends solely 
on the Cauchy deformation tensor W(C). Using the chain rule of derivation: 

)(C
Dt
D

C
W

Dt
DW

Q
P

Q
P∂

∂
=  and knowing that C is symmetric the relation between the Cauchy 

stress tensor and the deformation tensor via the strain energy function is:  

Q
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i

0

ij

C
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ρ
ρ2T

∂
∂

=       (A.22) 

Using the 1.Piola-Kirchoff stress tensor a simpler form is obtained for the previous expres-
sion: 
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These are the constitutive equations for the stresses for a compressible material, the nonlinear 
theory of elasticity. 
The components of the stress tensor are simplified by the assumption that the material is iso-
tropic (See later): 









∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

=
Q

p
3

3Q
p
2

2Q
p
1

1
Q

j
P

i

3

ij

C
I

I
W

C
I

I
W

C
I

I
W,x,x

I
2T   (A.24) 

For simplicity 
jI

W
∂
∂ shall be renamed to Wj.  

By the derivation of the invariants and using the Cayley-Hamilton theorem: 
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∂       (A.25) 
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R
p

Q
p

12
Q

p
3 CCC

C
+−=

∂
∂ III P

Qδ      (A.27) 

Substituting these equations into (A.24) the components of the stress tensor expressed by the 
right CG tensor is obtained: 

( )ijil
2

ij
211

i
j33

3

ij BBW)BWI(WδWI
I
2T −++=   (A.28) 

A.1.3 Deformation in general coordinates. 
The foam parts that are analysed cannot be represented by Cartesian coordinates that is why 

the previous results will be put in a general form with general coordinates. If r denotes the 
position vector of a point P0 in a body at the initial state (B0) where: 

r = xk ik      (A.29) 
and ik are the unit vectors along the coordinate axes. 
The body at deformed state (B), the point that was moved from P0 to P is denoted by R, 
where, 

R = yk ik      (A.30) 
The ik are parallel to the previous coordinate axes. 
The displacement vector between the two points is denoted by v, which is the relative posi-
tion of P0-P, 

v = R-r      (A.31) 
It is assumed, that during the motion of the body that every point P in time t is related to its 
original position point P0 t = t0 at the time t0 by the following equations, 

yi = yi (xi,t)      (A.32) 
xi = xi (yi,t)      (A.33) 

where xi, yi are single valued continuous functions that may be derivated as many times as 
required by the variables, except maybe singular points, line elements or surfaces. 
If a deformation is possible in a real material then the next equation has to be satisfied:  

0
x
y

i

i >
∂
∂       (A.34) 

which is the necessary condition of the existence of the inverse function. 
The ii xy ∂∂ is the deformation gradient tensor (See above) that can be expressed as the prod-
uct of two (a positive definite Mkj and a rotational Rik) tensors. 

Introducing general curvilinear coordinates, the points of the original body are defined by 
the equation: 

xi = xi(θi)      (A.35) 
The points of the body after deformation are defined by the equation: 

yi = yi (θi)      (A.36) 
This curvilinear coordinate system moves along with the body during the deformation from 
B0 to B. The vectors r, R and v may be expressed by these new coordinates with the variables 
r(θi), R(θi), v(θi). The base-vectors and the metric tensors in the body B0 are: 
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where the comma denotes partial differentiation by θi. 
The base-vectors and metric tensors in the body B (after deformation) expressed by the curvi-
linear coordinates are: 


















∂
∂

∂
∂

=⋅=

∂
∂

∂
∂

=⋅=

=

=

r

j

r

i
jiij

j

r

i

r

jiij

i
j

ii

y
θ

y
θg

θ
y

θ
yg

δ

,

GG

GG

GG

RG
i
j

      (A.38) 

If the body is examined before and after the deformation the deformation can be described 
by the changing of the square of the curve (or line) elements of the body. The square of the 
line element before the deformation is:  

ji
ij

2 dθdθgds
0

=       (A.39) 
and after the deformation: 

ji
ij

2 dθdθGds =       (A.40) 
The deformation tensor is defined by the ½ of the difference of the square of the two line ele-
ments: 

ji
ij

22
0 dθdθ2γds-ds =       (A.41) 

with this the deformation tensor is:  

)g(G
2
1γ ijijij −=      (A.42) 

The deformation tensor may also be expressed by the displacement vector in both bases gi or 
in Gi: 

Gi = R,i = r,i + v,i = gi + v,i       (A.43) 
by expressing v with the base vectors, 

v = vmgm ,  v,i = vm|igm,     (A.44) 
v = Vmgm ,  v,i = Vm||igm,     (A.45) 

where: the simple vertical line denotes covariant derivation with respect to the body B0 and 
the double vertical line denotes covariant derivation with respect to the body B. 

,V,VV

,v,vv

rimim

rimim

r
mi

r
mi

Γ−=

Γ−=
      (A.46) 

In the first case the Christoffel symbols are expressed as the functions of the metric tensors gij, 
gij, and in the second case with the metric tensors Gij, Gij. 
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The Christoffel symbols are the functions of the co-and contravariant and the first partial 
derivates of the components of the metric tensors only. The definition of the used Christoffel 
symbols of the second kind is: 

( )sirirsris
isr

ij ,g,g,gg 
2
1 Γ −+=      (A.47) 

Despite the index notation the Christoffel symbols are not the components of a tensor. The 
Christoffel symbols are symmetrical in the bottom indexes, that is, r

kj
r
jk Γ=Γ . The deformation 

tensor with the displacement vector is: 

γij= 
2
1 (vi|j + vj|i + vr|i vr|j) = 

2
1 (Vi||j + Vj||i + Vr||i Vr||j)   (A.48) 

To simplify the calculations, a mixed component tensor is composed of the deformation ten-
sor by : 

)δ-G(g
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j ==      (A.49) 

From this symmetric second order tensor three strain invariants may be defined by expound-
ing the determinant: 
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The values of the invariants are: 
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where    ijij gg            ,GG ==      (A.52) 
If the material is incompressible the volume elements are left unchanged, G = g so, I3 = 1. 

A.1.4 Equation of elasticity 
τ is an arbitrary volume in the body B bounded by a surface S. The total work by the surface 

and the mass forces and the increase of the total kinetic energy R, is defined by the equation: 

τd
G
dSnR i

S

••

⋅−+⋅= ∫∫ vfFvT )(ρ
τ

i     (A.53) 

The dot denotes partial derivation according to time, leaving the θi -s constant, ni is the sur-
face normal, F are the mass forces (of unit volume), f are the acceleration vectors for each 
point. Converting the surface integral to a volume integral and using the stress tensor the fol-
lowing expression is obtained: 

ττ d,
τ

j
ij

iR ∫
•

⋅= vG       (A.54) 

τij is symmetric and using the formula (A.42): 
•••••

==⋅+⋅= ∫∫ ijij
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ij
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j
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j
ij G

2
1      and     )dG(

2
1 )d,,(

2
1 γττττ vGvG iiR  (A.55) 

The time derivative of the stress tensor and the deformation tensor has appeared in the equa-
tion. Only those equations will be concerned with where the following expression exists: 
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••

= Eργτ ij
ij       (A.56) 

and     dτ EρR
τ
∫

•

=       (A.57) 

where: τij and E are single valued functions and are dependent only on the measure of defor-
mation in B at time t, the initial metric tensor gij and on those tensors which define the physi-
cal state of the body B0. So E = E(γij). 

••

∂
∂

+
∂
∂

= ij
ijij

γ)
γ
E

γ
E(

2
1E       (A.58) 

If this condition holds, then the body is said to be elastic. 
Substituting this result into (A.56) and using that γij=γji and γij is arbitrary: 

)
γ
E

γ
Eρ(

2
1τ

jiij

ij

∂
∂

+
∂
∂

=       (A.59) 

The E function is called the strain energy function of unit mass. The strain energy function 
is also expressed in a more convenient form in the unit volume of the unstressed body B0. 
During the deformation the conservation of mass is assumed. (In our case it is only an ap-
proximation, because the mass is decreasing when the polyurethane is compressed, due to air 
outflow) so:  

Gρgρ0 =   or  
g
G

ρ
ρ

0

=    (A.60) 

where: ρ0 , is the density of B0. Introducing W = ρ0E the elastic potential for unit volume 
where: W= W(γij). The formula for the stress tensor is: 

)
γ
W

γ
W(

I2
1τ

jiij3

ij

∂
∂

+
∂
∂

=      (A.61) 

Further assumptions have to be made. Namely: that the unstressed body is homogenous and 
isotropic and has a constant density. The body is said to be elastically isotropic or just iso-
tropic, when W is the function of the three deformation invariants and the scalar functions of 
θi-s only. If these scalar functions are constant then the body is said to be elastically homoge-
nous. With these assumptions W is the function of the three deformation invariants: 

W = W (I1, I2, I3)     (A.62) 
The stress tensor has the following form in this case: 
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Using the mixed form of the deformation tensor and the formulas for the invariants, the de-
rivatives of the invariants may be determined by the following formulas: 
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    (A.64) 

By using these expressions the stress tensor has the following compact form of: 
ijijijij pGΨBΦgτ ++=      (A.65) 

where: 
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The equation of equilibrium of an arbitrary volume of the body B (after the deformation): 
G ρ Gρ ,T ii fF =+      (A.67) 

If the mass forces of unit mass and the acceleration vectors are expressed by their compo-
nents: 
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the equation of equilibrium may be defined by the next formulas: 
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     (A.69) 

where the double vertical lines again denotes for covariant derivation composed by the 
Christoffel symbols determined from the metric tensor calculated from the coordinates of the 
body B (after deformation). If the body forces are neglected (these are usually two orders 
smaller than the surfaces forces) and if the problem is static, then the equation of equilibrium 
has the following compact form: 

0  τ
i

ij =       (A.70) 
The physical components of stress are also important. The components of the stress tensor 

(as the components of tensors in general) has different dimension, because the related base 
vectors are not unit vectors. To have a proper result of the problem it is necessary to deter-
mine the tensor components in the same dimensions. This may be obtained by the formula 
(A.71) [38], the base vectors are divided by the appropriate components of the metric tensor 
(normalisation of the base vectors): 

( )
ij

ii
jj

ij τ
G
G

σ =       (A.71) 

σ(ij) functions are no longer the components of a tensor. The usual tensor operations are not 
valid for them. The physical components of a tensor are usually calculated in the last phase of 
a calculation. 
 

A.2  Solution for an incompressible case of a Mooney-Rivlin materials 
The complexity of equation (96) shows that it cannot be solved analytically. Some kind of 

help has to be found to estimate the characteristics of a possible solution to assist in the for-
mulation of the initial value problem for a numerical method. The case for incompressible 
material is described, because the equation for displacement can be handled analitically so the 
solution may be obtained in a closed form. From the results deductions will be derived for the 
original problem. Comparing the results of the different theories may be of much interest, e.g. 
to determine the situation where the incompressible case may be used as an approximation for 
the real problem. The process of calculation differs in some places from the compressible 
case. That is why not only the results are given in this Chapter but, also the steps of the calcu-
lations, that differs from the previous one. The calculations will be performed on a 1mm di-
ameter needle with an initial hole of diameter 0.225 present in the foam. The material parame-
ters are taken for foam 2 where C1= 14.62 kPa C2= 3.69 kPa. 
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A.2.1 The mathematical importance of the Mooney-Rivlin (MR) equation 
The Mooney-Rivlin formula gives a much better fit to the experimental data than the sim-

pler Neo-Hookean potential. It is also the most general first order expression of an isotropic 
incompressible rubber like material in terms of the strain invariants I1 and I2. If the function 
W is represented in a three dimensional Cartesian coordinate system where the other two axes 
are property of the discussed material, (I1-3) and (I2-3) and W will be a three dimensional 
curved surface whose form defines the property of the discussed material. This form is gener-
ally entirely arbitrary, but some of its properties which it may possess can be of use. If any 
small region of the immediate vicinity of a point on the surface is considered, the tangent 
plane can be substituted for the actual surface in that point as a first approximation. The equa-
tion to any plane is: W = A+ C1 (I1-3) + C2 (I2-3), which differ from the MR equation by only 
a presence of a constant A. Since the stress is only determined by the change of W (its deriva-
tive), this constant has no significance. As long as the variables are restricted to a limited 
range, the MR equation provides a reasonable approximation. If the strains that are repre-
sented by (I1-3) and (I2-3) are small but not infinitesimally small, the representing surface may 
be approximated by a plane surface through the origin. This is equivalent to neglecting the 
powers higher than the third of the principal extensions, which are defined by the formula ei= 
λi-1 (i=1, 2, 3) [81]. 

A.2.2 The physical significance of the difference from the statistical theory 
In general the deviance from the Gaussian statistical theory will lead to additional terms in 

the elastic potential. The mere existence of C2 is no evidence in supporting any particular the-
ory. For the analysis to be of any value it would be necessary to consider the value of C2 in 
relation to C1 and even to terms of higher order. These problems were not considered by ear-
lier scientist so they obtained inaccurate and wrong results A semi-empirical approach to this 
problem is found in [50] and in [101]. The ideal was to modify the elastic law of the single 
chain in the network and examining its effects on the whole network. The statistical theory 
requires that the free energy of the chain has to be proportional to the square of its vector 
length S=c-kb2r2 (where k is the Boltzmann’s constant, c is an arbitrary constants, r the num-
ber of links in the chain; b is the length of the links and S is the entropy). Thomas introduced 
the next modification [101]: 

e = Br2 + Ar-n      (A. 72) 
According to the expression the free (elastic) energy of the chain e contains an additional 

empirical term Ar-n. Then integration is carried out over all the chains in the network, assum-
ing an affine deformation of junction points. The elastic potential of the whole network is ob-
tained this way. The additional term in the free energy leads to the additional term in the 

strain energy function, which is shown to lead to the term in 
2I

W
∂
∂  which varies with strain in 

the manner corresponding to that derived from experiments of Rivlin and Saunders [79], 
[103].  

Furthermore the theory explains the experimental data of Gumbrell, Mullins and Rivlin [39] 
how the term C2 varies with the swelling in simple extension. 

The sign of the additional term indicates that it represents an attractive force. The results fit 
the experimental data convincingly, although Thomas’ treatment leaves open the question, 
where the origin of the additional term in the expression of the free energy of a single chain is.  
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A.2.3 Steps of the calculation 
For this task the compressible Blatz-Ko strain energy function (40) is changed to the incom-
pressible Mooney-Rivlin elastic potential (22). 

W(I1,I2) = C1(I1-3)+C2 (I2-3)     (A. 73) 
The initial problem is the same as in the compressible case; for the reference state the state 
after the deformation is chosen. Both metric tensors (gij, Gij) and their determinants are the 
same as in the previous cases (54), (57), (58). The determinants of the initial metric tensor and 
the metric tensor after the deformation are equal, because the material is incompressible, so 
there is no volume change during deformation. So from the definition: 

1
)(Gdet 
)(gdet 

I
ij

ij
3 ==      (A. 74) 

With this assumption the following differential equation is obtained, where the unknown 
function is Q(r): 

 = 





 + ( )Q r r 






∂

∂
r ( )Q r

2

r2 ( )Q r 2 r2  (A. 75)

On the left hand side det(gij) and on the right hand side det(Gij) can be seen. By simplifying 
the equation a separable, ordinary differential equation is obtained: 

 = 





 + ( )Q r r 






∂

∂
r ( )Q r

2

( )Q r 2 1  (A. 76)

Solving the equation for Q(r) (which is the ratio of displacements) a result in closed form is 
obtained straight away (See: Appendix A.2.4). From this result the radial displacement of the 
continuum elements in view of Q(r) may be illustrated. This can be calculated by subtracting 
the initial radius (ρ=Q(r)⋅r) Fig. 97, from the end radius (r), (u=r-ρ). With this method the re-
sult curve may be checked: 

u 

 r 

Fig. 97: The displacement of continuum elements in the function of the radius.
 From the curve the solution can be clearly seen. At the radius of the needle the displacement u 

is the needle radius and it is zero at infinity, thus there is no displacement at infinity. This 
means that the effect of the disturbance of the needle is local. 

lim
 → r ∞

 − r  − r2 319
1600

=0    (A. 77) 

For values of r smaller than the needle radius, there is no real solution. Substituting the func-
tion of Q(r) into equation (59) the value of 1 for I3 is obtained, which was the initial assump-
tion. With these results the co-and contravariant components of the metric tensor for the initial 
state (gij (57) and gij (58)) may be rewritten to gij2 and cij2. 

 := gij2













1600 r2

 − 1600 r2 319
0 0

0  − r2 319
1600 0

0 0 1

    (A. 78) 
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 := cij2













 − 1600 r2 319
1600 r2 0 0

0
1600

 − 1600 r2 319
0

0 0 1

    (A. 79) 

The determinant of the matrix gij2 will be r2 which is equal to the determinant of the metric 
tensor of the reference state. The scalar invariants from the tensors are according to the for-
mula (A.51) (Appendix A.1.3): 

 := I1  +  + 1
 − 1600 r2 319

1600 r2
1600 r2

 − 1600 r2 319
    (A. 80) 

 := I2  +  + 1
1600 r2

 − 1600 r2 319

 − r2 319
1600

r2
    (A. 81) 

 := I3 1        (A. 82) 
The Bij tensor with the invariants (Appendix A.1.3) after simplifications by Maple is: 

Bij=

 













 − 3200 r2 319
1600 r2 0 0

0
 − 3200 r2 319

r2 ( ) − 1600 r2 319
0

0 0
 −  + 5120000 r4 1020800 r2 101761

1600 r2 ( ) − 1600 r2 319

  (A. 83) 

The tensor has only diagonal non-zero components. The stress tensor with the tensor Bij ac-
cording to equations (A.65) (Chapter A.1.3) has the following form: 

τij=

 













, , +  + 
φ ( ) − 1600 r 2 319

1600 r 2
ψ ( ) − 3200 r 2 319

1600 r 2 ( )p r 0 0

, ,0  +  + 
1600 φ

 − 1600 r2 319
ψ ( ) − 3200 r 2 319
r2 ( ) − 1600 r2 319

( )p r
r 2 0

, ,0 0  +  + φ
ψ ( ) −  + 5120000 r 4 1020800 r 2 101761

1600 r 2 ( ) − 1600 r2 319
( )p r

   (A. 84) 

Where Φ, Ψ, p(r) are functions according to formulas A.66. For incompressible materials the 
solution is only obtainable to a point of an arbitrary pressure function p(r) (this is also a dif-
ference from the compressible case, because once the displacement function is known, the 
stress tensor is obtained instantly in the case of a compressible materials). So the value of p(r) 
has to be determined from the equation of equilibrium. The equation of equilibrium, using 
equation (65) with the Christoffel symbols of (67), has the following form: 

 =  + 
1

1600

( ) − 2560000 r5 510400 r3 





d

d
r ( )p r

r3 ( ) − 1600 r2 319
−  − 101761 φ 101761 ψ
1600 r3 ( ) − 1600 r2 319

0  (A. 85)

This differential equation may be solved for p(r) analytically with quadrature. The general 
solution may be given by the following form: 

 = ( )p r −  +  +  −  +  +  + φ ( )ln r
319 φ

3200 r2
1
2 φ ( )ln  − 1600 r2 319 ψ ( )ln r

319 ψ
3200 r2

1
2 ψ ( )ln  − 1600 r2 319 _C1  

(A. 86) 

Where C1 is an integration constant, it can be determined from the fact that at infinity the 
pressure should be zero. By performing the limit of p(r) at infinity the constant can be deter-
mined (See: Chapter: A.2.5). By substituting the function for p(r) back into the equation of 
equilibrium,

 

after simplifications the equation becomes an identity, so the equation of equilib-
rium has been satisfied. From the formula Φ=GE1/2, Ψ=GE2/2 are substituted into the equa-



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 xxi

tions of τij and keeping in mind that all the stresses become zero at infinity the functions for 
the three non zero components of the stress tensor can be calculated. The radial pressure act-
ing on the surface of the needle is obtained from the 1, 1 component of the stress tensor, with 
the assumption that there should be no stress at infinity. By using this result, the function for 
Q(r) and substituting GE1= 0.0146 MPa and GE2= 0.0037 MPa into the formula, the compo-
nent of the stress tensor are obtained. 

 := σ11 −  − 
0.31250 10 -7 ( )−  +  +  − 7040. r2 58377. 585600. ( )ln r r2 292800. ( )ln  − 1600. r2 319. r2

r2 0.0895064940 MPa (A. 87)

σ22
35.20000000 r2

 − 1600. r2 319.
0.5819457188

r2 ( ) − 1600. r2 319.
1.738550000

 − 1600. r2 319.
14.64000000 r2 ( )ln  − 1600. r2 319.

 − 1600. r2 319.
 −  +  +  := 

2.918850000 ( )ln  − 1600. r2 319.
 − 1600. r2 319.

29.28000000 r2 ( )ln r
 − 1600. r2 319.

5.837700000 ( )ln r
 − 1600. r2 319.

0.08950649400 −  −  +  − 
 

 
 
MPa 

(A. 88)

σ33
35.20000000 r2

 − 1600. r2 319.
4.099150000

 − 1600. r2 319.
0.3466234062

( ) − 1600. r2 319. r2
29.28000000 r2 ( )ln r

 − 1600. r2 319.
5.837700000 ( )ln r

 − 1600. r2 319.
 −  −  −  +  := 

14.64000000 r2 ( )ln  − 1600. r2 319.
 − 1600. r2 319.

2.918850000 ( )ln  − 1600. r2 319.
 − 1600. r2 319.

0.08950649400 +  −  − 

   

 
 
MPa 

(A. 89)

The result function of e.g. σ 11 satisfies the desired zero value at infinity: 

In the same way they can be checked for the other stresses and they all have the desired zero 
value at infinity. The given stresses are the physical stresses although the obtained functions 
from the calculations are the contravariant components of the stress tensor. In the first case 
(A. 87) it equals the physical component, (because, G11=G11=1). All the stress values fall into 
the negative region, because they are of pressure character and the tension is said to be posi-
tive in the theory of elasticity. There are no real solutions for values smaller than r=0.5. It cor-
responds well to the real problem, because in that region the needle is situated. The solution 
curve is illustrated on Fig. 98. 

σ 1
1 

[M
Pa

] 

r [mm] 

 
Fig. 98: The radial stress in the function of the radius

To obtain the physical components given in (A. 89) the 2,2 contravariant component of the 
stress tensor has to be multiplied by r2, which is the normalised component 

ii
jj

G
G (according to 

the formula A.71 See: Appendix A.1.2.2) of the metric tensor after the deformation. (in this 
case i=j=2, and i,j, are not summed) and also keeping in mind that the stresses at infinity tend 
to zero. With these assumptions the proper dimension is obtained, See: (A. 89). The conditions 
are satisfied, and there are no real values for the region r<0.5. The whole function is in the 
positive region, because the tangential stress is of tensional character. The Fig. 99 shows the 
graph of tangential stress in the function of radius: 

lim
 → r ∞

−  − 
0.3125000000 10 -7 ( )−  +  +  − 704000. r2 58377. 585600. ( )ln r r2 292800. ( )ln  − 1600. r2 319. r2

r2 0.08950649400 =0 (A. 90) 
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σ 2
2 [

M
Pa

] 

 
r [mm] 

Fig. 99: The tangent stress in the function of radius 

If the comboned stress exceeds the tearing strength, the foam will tear when the needle is in-
serted. In this case a needle of smaller radius is a better choice. Is there a point in the vicinity 
of the needle that can exceed the tearing strength? In this case the foam will tear out at a cyl-
inder with that radius from the material. For this analysis it is best to consider the unified 
stress. In this case the Mohr’s stress is again σMohr = σm=σ22-σ11. Disregarding the steps of cal-
culations the curve of the total stress is illustrated on Fig. 100. It can be seen that the maxi-
mum of the stress is at the perimeter of the needle, which was anticipated.  
σMohr

35.20000000 r2

 − 1600. r2 319.
0.5819457188

r2 ( ) − 1600. r2 319.
1.738550000

 − 1600. r2 319.
14.64000000 r2 ( )ln  − 1600. r2 319.

 − 1600. r2 319.
 −  +  +  := 

2.918850000 ( )ln  − 1600. r2 319.
 − 1600. r2 319.

29.28000000 r2 ( )ln r
 − 1600. r2 319.

5.837700000 ( )ln r
 − 1600. r2 319.

0.02200000000
0.001824281250

r2 −  −  +  −  + 

0.009150000000 ( )ln  − 1600. r2 319. 0.01830000000 ( )ln r −  + 
 (A. 91) 

 
The stress has similar characteristics as the two previous stresses. Its maximum is at the 
boundary of the needle. It has zero value at infinity and has a steep sloping characteristic 
where at e.g. 2mms its value is negligible to the value at the boundary.  

σ M
oh

r 

 
Fig. 100: The unified stress in the function of the radial parameter 

Note: in some cases the equations, especially the determination of the values at infinity, can-
not be calculated by the Maple system, so the stresses at infinity will not be precisely zero. It 
is not the fault of the theory but the problem of the calculation procedures of Maple. The error 
is usually less than 10-8. By increasing the number of digits in the calculations e.g. to 25 the 
error will reduce considerably (e.g. to 10-25). This proves that the error is caused by the arith-
metics of the software. 

A.2.4 Solving the ODE-s for Q(r) in the incompressible case. 
ODE (A. 76) is obtained from the incompressibility condition where the determinants of the 

two metric tensors (54) and (57) are assumed to be equal (See: Appendix: A.1 and Chapter: 
A.2.3.). In this case the strain energy function is not present in the equation (they are valid for 
every material that holds the incompressibility condition and are determined up to an arbitrary 
constant). Equation (A. 76) is a simple, separable ordinary ODE that has general solutions: 
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, , , = ( )Q1 r
−  + r2 _C1

r  = ( )Q2 r −
−  + r2 _C1

r  = ( )Q3 r
 + r2 _C1

r  = ( )Q4 r −
 + r2 _C1

r  (A. 92) 

There are four possible solutions of this equation. By giving the initial values the particular 
solutions for the equation are obtained (Q(rp1), Q(rp2)). Since equation (A. 76) is a first order 
ODE the initial condition only has one equation, the value of Q(r) at a given point (e.g.: first 
equation of (110). This means that in the incompressible case the other initial value problem 
(namely Q(∞)=1)is satisfied in all cases or not satisfied. In this case this means that no matter 
how Q(0) is chosen, the effect of the displacement at infinity will always be zero and this fact 
is also independent of the used material (as long as it satisfies the incompressibility condi-
tion).For the initial solution of Q(0.5)=0.45 (of a 1 mm needle) for (A. 76) the particular solu-
tions are: 

, = ( )Qp1 r
 − r2 319

1600
r  = ( )Qp2 r

 − 
481

1600 r2

r
    (A. 93) 

The second result is of less importance in view of the original problem, it is known from the 
literature as the “tube turned inside out” solution. The infinite radius has been mapped to the 
origin and at the endpoint of the curve the displacement is zero. This solution cannot be used 
for the problem, because although it satisfies the first condition, but behaves differently at in-
finity. The curve of the solution can be seen on Fig. 101b. By checking the limit at r=0 it has 
the value of infinity.  

Q
(r

) 

Q
(r

) 

 
 r  r 

 a, first solution  b, second solution 

Fig. 101: Two solutions of (A. 76).  
a, is the solution that describes our problem and b is the “tube turned inside out” solution.  

The first solution (a) provides the proper solution to our problem. The function satisfies all 
proposed conditions. The limit of the function always has the value of one when the value of r 
is infinity regardless of “sensible” initial values of Q(0): 

lim
 → r ∞

 − r2 319
1600

r
=1     (A. 94) 

This condition differs from the solution obtained for compressible materials. When pro-
gramming the solution of ODE (A. 76) in Maple, the results are given as a set variable. The 
particular solutions are sometimes given in a different order than in (A. 93). Because the other 
solution (Q(rP2)) is false the two solutions must be distinguished. It can be done by the method 
of checking the value of the function Q(r) at a given point.  

For example if Q is a real number at a point that is smaller than the given value of r(0) (at a 
place where r is smaller than the radius of the inserted needle) then this means that the solu-
tion is Q:=Q(rp2), the tube turned inside out solution. If in this place the solution is complex 
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(or imaginary) then the solution is Q:=Q(rP1), the proper solution. This check always has to be 
done to ensure the further calculations be made with the proper solution of the function Q(r). 

A.2.5 Solving ODE (A. 85) for the radial pressure 
Equation (A. 85) is the equilibrium equation of the incompressible case that has the un-

known variable p(r), is the radial pressure. Equation (A. 85) is a simple first order differential 
equation that can be solved by quadrature. The general solution of (A. 85) is:  

 
 := ( )p r −  +  +  −  +  +  + φ ( )ln r

1
2 φ ( )ln  − 1600 r2 319

319 φ
3200 r2 ψ ( )ln r

1
2 ψ ( )ln  − 1600 r2 319

319 ψ
3200 r2 H  

(A. 95) 

where: H is an integration constant. It is the same equation as (A. 86) except the constant is 
changed to H for convenience. This solution satisfies the equilibrium equation (A. 85). By 
substituting p(r) into (A. 85) (A. 96) and performing the simplifications, identity is gained: 
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1
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(A. 96) 

H can be determined from the initial solution that the stresses at infinity have to be zero, so 
for example for the radial stress: 

σr (∞):=0     (A. 97) 
Let’s determine H from the first equation of (A. 84), for the radial stress (σ11): 

 := σ11  +  + 
φ ( ) − 1600 r2 319

1600 r2
ψ ( ) − 3200 r2 319

1600 r2 ( )p r .   (A. 98) 

Substituting the solution p(r) into (A. 99) we get: 
 := σ11  +  −  +  +  −  +  +  + 

φ ( ) − 1600 r2 319
1600 r2

ψ ( ) − 3200 r2 319
1600 r2 φ ( )ln r 1

2 φ ( )ln  − 1600 r2 319 319 φ
3200 r2 ψ ( )ln r 1

2 ψ ( )ln  − 1600 r2 319 319 ψ
3200 r2 H

(A. 99) 

and by performing the limit at infinity on (A. 99) we get: 
 = lim

 → r ∞
σ11  +  +  +  +  +  + φ 2 ψ H 3 φ ( )ln 2 φ ( )ln 5 3 ψ ( )ln 2 ψ ( )ln 5     (A. 100) 

and from the condition that this limit is zero the value of H can be determined: 
 = H −  −  −  −  −  − φ 2 ψ ψ ( )ln 5 3 φ ( )ln 2 φ ( )ln 5 3 ψ ( )ln 2     (A. 101) 

The same results for H would be obtained if the other stresses from (A. 84) were used in the 
calculations (namely σ22=r2τ22 or σ33). 

By substituting  
0146.01:

2
2),(2 1

1

21 ===
∂

∂
= GEC

I
IIWφ     (A. 102) 

0037.02:
2

2),(2 2

2

21 ===
∂

∂
=Ψ GEC

I
IIW     (A. 103) 

from (A.66) of Appendix A.1.2.2 and the values of C1 and C2 from Table 17 of Chapter 
3.2.2, a value for H in this case is: 

 := H -0.08950649400      (A. 104) 



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 xxv

Substituting these values ((A. 101) for the general case, or (A. 104) for this special case) 
back into the formulas of the stress tensor (A. 84) the function of the stress field is gained and 
therefore the problem solved. 

A.2.6 Conclusion 
From our analysis the stress distribution of the half space consisting of the Mooney-Rivlin 

material can be clearly seen. By the analysis of the stress curves, it can be stated that the 
stresses quickly reach very small values when r starts to increase from the value of the radius 
of the needle. This means that there is virtually no effect of the stress from the inserted needle 
on the foam from 2 mms off the axis of the needle when using surgical needles of these types 
as can be seen at these values of stress at 2 mms:  

MPa-4
11 10-9.238)2(σ ⋅=  , 

 
MPa-4

22 109.482)2(σ ⋅=
  
and  MPaM

-2
ohr 101.872)2(σ ⋅=   

distance from the axis. The values at the needle boundary in the same foam is: 
MPa-2

11 102.1909)5.0(σ ⋅−= , MPa 106.4754)5.0(σ -2
22 ⋅=

  
and  MPaM

-2
ohr 108.6664)5.0(σ ⋅=  . 

The percentages of the stresses between the value at the boundary and at two mms from the 
axis of the needle are: 
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σ
σ

σ
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σ
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The results show that the stress at two mms from the axis of the needle is less than 5 percent 
of the stress calculated at the boundary. From this assumption it can be stated that if the nee-
dles are spaced in the way that their axis are no less than 5 mms apart (and of course that they 
are inside the determined sensible diameter of less than 1.6 mm), then the stress fields evoked 
by the individual needles will have no effect on each other. The force transmitted by the nee-
dle pad (containing all the needles) will be maximal, this way. The transmitted force and the 
number of needles will be in linear correlation with each other. (This means that with twice 
the number of needles, technically double amount of force may be transmitted.) 

A.3 Design of Needle Gripper 

A.3.1 Design specification 
When designing a new product the design specification must be set first. These are the 

maximum requirements that are expected from the end product. For the basic requirements, 
let us summarise the demands and the known problems with the following list [5]: 
− The foam parts to be demoulded and handled have sculptured surface. 
− The opening of the mould is often 20-30% smaller than the largest cross section of the 

part. During demoulding, the part has to be deformed in order to get through the opening. 
− Free surface for grasping the foam is the top surface. (This is the surface of the foam that 

can be seen when the mould is open). 
− The needles of the gripper can only be loaded axially. Deformation of the foam must be 

produced by the reaction force at the mould side walls when pulling the foam outwards. 
− The needles bend easily, which must be minimised in order to prevent needles braking. 
− Length of an acceptable tearing should be less than 20 mm (set by the factory). Maximum 

number of acceptable surface tearing is unknown. 
− Needle grippers require near flat contact surface. 
− Length of the needles proved to be of 10-70 mm. Too short needles will only dent the sur-

face instead of penetrating into it (See: Chapter: 4.6.2). Too long needles are undesirable 
because of flexion and possible contact with inserts and the mould’s lower surface. 
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− The gripper must work fast, reliably and accurately, (especially during grasping and real-
ising) and cost effectively. 

− Easy and efficient operation, using the infrastructure that is already available in the fac-
tory. 

− Must be safe to be operated with factory workers present. 
− Lightweight and modular design is necessary. Using as many parts as possible that are 

commercial available  
It is inevitable that not all requirements can be satisfied completely. Some less important will 
be neglected while others will be treated with more care. 
Taking these into considerations we can start to design the gripper from the informations ob-
tained in the previous parts of the work. Some data are still unknown at this stage. 

A.3.2 Needle pad design 
The needle pad is the part in which the needles are situated so it is the first part to be deter-

mined in the design. For the first prototype a single pad is designed. This means that the pad 
is moved by the robot and has only one other independent motion and that is the insertion and 
pull out motion. The size of the pad is determined by the maximum number of needles that is 
needed for the grasping. The used needles and spacing were determined in the previous Chap-
ters so based on these experiments and the theory the selected needle was the 0.9 mm diame-
ter and 70 mm length hypodermic needle (manufactured by Dispomedicor Co., HU) that 
proved to be the optimal for the prototype gripper. The heuristic approach considered maxi-
mal length along with minimal surface tearing and reasonable flexion. From the number of 
needles the size of the needle pad, on which the needles will be fixed, can be calculated. The 
spacing between the needles is 20 mms because for the first approach the 5 mm spacing were 
too close (See: later). The shape of the pad has to follow the graspable surface of the foam. In 
our case (for a normal car front seat) the best shape is a rectangle. With these values we can 
construct the pad. A design of the pad in Pro/E can be seen on Fig. 102. This is the moving 
part of the gripper. The moving unit was designed to accommodate maximum 200 needles. 
Identical perforated plates are used for fixing the needle heads and for provision guiding for 
the needles during penetration. Spacing of the needles can be adjusted in 5 mm increments in 
both orthogonal directions. Penetration length of the needles can be set by the stroke of a 
pneumatic cylinder. The guide plate is used also as the foam ejector. A disassembled model is 
also shown on Fig. 102 (b). for clarity. 

  
(a) The assembled view of the part  (b) Exploded view of the moving part 

Fig. 102 The design of the moving part 

The top parts of the needles are sandwiched together by two plates that are made from plastic 
that is usually used for printed circuit boards. The bottom part is drilled out according to the 
determined needle spacing. The diameter of the holes has tight fitting (H7/p6) so the needles 
cannot move in them. The top plate is not drilled. A large 20 mm thick sheet made of thermo-
set plastic is fixed to the top of the construction. The piston of the cylinder that is responsible 
for moving the part is fixed to this sheet. It has to be this thick to prevent the flexing of the 



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 xxvii

whole part. All the parts are fixed together by screws and distance rings are used to set the 
precise dimensions. 

A.3.3 The gripper base and the cylinder design 
To operate the insertion and pull out motion of the plate a pneumatically operated actuator 

were chosen. The pneumatic cylinder is the cheapest solution and is best suited for the task. 
Only two positions have to be set. The one when the needles are completely pulled back, this 
is the case when the gripper lets go of the foam. The other is when all the needles are fully 
extended. This is the case when the gripper grasps the foam and the largest force is imple-
mented. Other positions are not acceptable because in those cases not enough force is imple-
mented, or if the needles are not in the foam they can be dangerous to the environment and 
break easily. The needles are guided by the guiding plate and the cylinder. Every needle has a 
guiding hole in the front plate. The needles can only be implemented by forces that are paral-
lel to their axis, otherwise they break. That is why it is very important for the gripper to have a 
proper guidance. Care should be taken not to move the gripper sideways inside the foam to 
prevent needle breakage. To select an appropriate cylinder for the gripper the following 
method is advised. We use the gross push in force for this calculation.  

Fpush= n FN N.     (A. 105) 
where: Fpush is the gross push-in force, FN the force of one needle, N is the number of needles, n is the 

safety coefficient 

This large force is used to be on the safe side of the values in case inhomogeneities occur in 
the friction in the foam, so a large force is needed to push in the needles. 

When this value is obtained the cylinder that has to be selected from a catalogue should 
have to have a force capacity of at least this calculated force. If it has the equal capacity then 
the next larger one has to be chosen for the design. The cylinder body is fixed through a dis-
tance ring to the upper part of the gripper and the piston is attached to the needle pad by a nut 
and washers. The fixing of the cylinder on the gripper is seen on Fig. 103 and the assembled 
gripper is shown on Fig. 104. The side shafts of the base of the gripper are made from com-
mercially available extrude aluminium parts. The gripper top is made from textile bakelite, 
which is fixed to the side shafts with screws. In order to give a proper guidance of the needles 
that is to keep the needle pad (moving part) moving parallel to the needles, four tempered 
guiding shafts were employed with linear bearings. The shafts are attached to the top and bot-
tom part of the gripper and the bearings to the bakelite plate of the moving part. Much care 
should be taken during the manufacturing, because if the guide shafts are not parallel the 
moving part can stuck. If the adjustments (the holes in the needle pad and the holes in the bot-
tom part must be aligned properly and the motions have to be collinear with the axis of the 
needles, of course the needle axis must also be collinear with each other) are not properly 
made then the motion can break the needles easily.  
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Fig. 103 Exploded view of the base part Fig. 104 The Pro/E model of the needle gripper

Table 13: The part list of the prototype gripper 

No. Description Pieces No. Description Pieces 
1 Pneumatic cylinder 1 13.  Screw 3 8 
2 Screw 1 4 14.  Bracket 8 
3 Distance ring 1 15.  Nut 2 1 
4 Base plate 1 16.  Plate 2 1 
5 Adjustable bumper 4 17.  Plate 3 1 
6 Nut 1 8 18.  Needle 200 
7 Strut profiles 4 19.  Nut 3 6 
8 Moving plate 1 20.  Spacer 6 
9 Bearing 4 21.  Screw 4 6 

10 Plate 1 1 22.  Screw 5 4 
11 Shaft 4 23.  Screw 6 8 
12 Screw 2 8 24.  Screw 7 4 

The assembly structure of the gripper is shown on Fig. 105. The prototype gripper that was 
manufactured can be seen on Fig. 106. 
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Fig. 105 The assembly structure of the gripper 
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Fig. 106 The needle gripper prototype 

A.3.4 The operation of the gripper 
The prototype gripper is made for factory tests and is not meant to be fixed on a robot in this 

phase. However, it is a gripper, so it must work for robotic demoulding. The gripper is at-
tached to a robot via a surface, which is fixed to the base plate. The attachment surface is per-
pendicular to the pneumatic cylinder.  

In the demoulding process the gripper approaches the foam (the mould is open and the nee-
dles are retracted, this must be checked by the robot control). The robot places the underside 
of the gripper (plate 2) slowly on the chosen surface of the foam. It pushes the foam down few 
centimetres in order to adjust its position. The robot controller’s PLC sends the signal to the 
first electromagnetic valve that lets air into the push side of the cylinder. This pushes the mov-
ing part downwards this way performing the insertion of the needles. The motion lasts until 
the full length of the needles are inside the foam. This is adjusted to be the bottom part of the 
cylinder; a mechanical stop is when the moving part hits the bottom part of the gripper (again 
it is checked by a sensor). The air is turned off by the first valve from the controller’s PLC. 
The gripper is gripping the foam from now on. The robot lifts the foam upwards on a path 
more or less collinear to the axes of the needles. If the path differs much then there is a danger 
of breaking the needles. This motion is the demoulding motion. The motion lasts until the 
foam is entirely out of the mould. When the foam is out of the vicinity of the mould the robot 
switches to a faster transferring motion, when the robot moves the foam to the release posi-
tion, (it can be above a conveyor belt). When the foam reaches the desired position and orien-
tation the controller’s PLC switches the second electromagnetic valve on. This releases air 
into the second chamber of the pneumatic cylinder, which moves the piston upwards that lifts 
the moving part. This motion pulls out the needles from the foam. The needles are retracted 
by the pulling motion and the foam is held back by the reaction force from the base plate 
(plate 2). The needles are held in the retracted position when the gripper is not in use for 
safety reasons, (for more details of the robot motion See: Chapter 5). 
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A.4 Robot Motion  

A.4.1 The transient motion 
Robotical manufacturing processes are usually realised on cruising trajectories. In the case 

of state of the art robots the velocity for the cruising motion is reached in less than a few tenth 
of a second. Nevertheless it is an important matter how the robot is behaving during this part 
of the motion. The motion that requires the least time during the transient part of the path is 
realised by running each drives on maximal torque (or force) in both directions. The dominant 
torque (or force) is chosen according to circumstances of the task and the robot.  

The differential equation that describes the motion of the robot joint is realised by the fol-
lowing equation [95]: 

n1,2,...,=i           ,  ),(M exti
2

i iii HvNa ττλλ +=++
•

   (209) 
where, 

a  the acceleration along the path, 
v  the velocity along the path, 
τi  torque of the ith drive, 
τi ext  external torque acting on the ith joint, 
Mi, Ni  non-linear co-efficients that depend on the λ parameter, 

Hi( λ , 
•

λ ) functions that take in account the damping, friction, weight, and other effects. (For 

the calculations it is important that the values of Mi, Ni, Hi, 
df
d

f
d

i i

λ λ
,  

d 2

2  have to be calculated, 

which may be approximated by numerical methods.) 
The values of the joint torques have to be between the boundaries τimin ≤ τi ≤ τi max. 

[ ]a N v Hi i i i imax ( , & )≤ + − − 1
M

,       i = 1,2,..., n max  extτ τ λ λ2   (210) 

ai max is the maximal acceleration that can be realised by the ith drive. 
From this, it is strait forward: 

amax= min{ai max},   i= 1,2,....,n. 

This formula determines the optimal torque (force) (this is usually called the acceleration or 
torque dominant joint): 

τopt = τk max,   k∈i.    (211) 
This method is similar to the one that is used for the determination of the cruising trajectory. 
The maximal torque (force) of each drive will determine the maximal acceleration along the 
path. The torques (forces) of the rest of the drives can be calculated with the next formula: 

τ λ λ τi i i i iM a N v H= + + −
•

max ( , ) ,2           i = 1,2,......, n  ext  (212) 
The equation also holds for the acceleration dominant join. 
The robot motion is gained by integrating the equation (209). The integration may only be 
utilised for the dominant joint (but for the time being any joint can be used for this calcula-
tion). 

A.4.2 Parametrisation of circular robot path 
The path and its parameterisation are used in the program for the motion of the polar robot. 

The conventional parameterisation is used when the centre of the circle is given by its X, Y 
co-ordinates and the path is parameterised by its radius (r) and the angle from the starting 
point (α). 
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Fig. 107 .The  parameterisation of the circular path 

To obtain the arc length parameters the r·α parameter (α [rad]) is used. The two coordinates 
by the arc length parameter are the following: 

α
α

sin x=x
, cos xx

2A2

1A1

r
r
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+=

     (A. 106) 

Where: x1A is the first coordinate and x2A is the second coordinate of the centre of the circular 
path. By deriving x1, x2 by time the coordinate speeds are obtained: 
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Further derivation result in the value of acceleration: 
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    (A. 108) 

The derivative of x1, x2 by α sets the tangent vectors of the path, the τ vector: 
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    (A. 109) 

A.4.3 Kinematics of the Polar Robot 
The figure of a 2D polar robot can be seen on Fig. 2. 
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Fig. 108 The polar robot 

The direct kinematics of the polar robot can be formulated: 

12

12

sinq*qy
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=
=

 (A. 110) 
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11212  (A. 111) 

The invese kinematics are can be formulated by the following way: 
Joint co-ordinates: 
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x
yarctgq =1  (A. 112) 
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Joint speeds: 
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Accelerations of joints: 
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A.4.4 Constant Kinetic Energy Trajectory Planning 
The Jacobian matrix of the polar robot is: 
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The inverse Jacobian matrix is (this is needed for the calculations): 
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The inertia matrix of the polar robot is: 
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where: ma, mp are the masses of the of the robot, kar is the length of the robot arm and q1, q2 are the 
general coordinates.  
The value of the R scalar is: 

,
  

1=R
T ττ H

 where: )(  )( 11 −−= JIJH T , (A. 121) 

By substituting the previous equations into R we get the its value: 
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A.5 Standards used in the work 
All the standards that were analysed and used in the testing of the materials in this work are 
summoned in the following table. 

Table 14: ISO standards on polymer characteristics 

ISO 844:1998 Cellular plastics -- Compression test for rigid materials 
ISO 845:1988 Cellular plastics and rubbers -- Determination of apparent (bulk) density 
ISO 1798:1997 Flexible cellular polymeric materials -- Determination of tensile strength and 

elongation at break 
ISO 1856:1980 Polymeric materials, cellular flexible -- Determination of compression set 
ISO 1923:1981 Cellular plastics and rubbers -- Determination of linear dimensions  
ISO 1926:1979 Cellular plastics -- Determination of tensile properties of rigid materials 
ISO 2439:1997 Flexible cellular polymeric materials -- Determination of hardness (indenta-

tion technique 
ISO 3385:1989 Flexible cellular polymeric materials -- Determination of fatigue by constant-

load pounding  
ISO 3386-
1:1986 

Polymeric materials, cellular flexible -- Determination of stress-strain charac-
teristics in compression -- Part 1: Low-density materials 

ISO 3386-
2:1997 

Flexible cellular polymeric materials -- Determination of stress-strain charac-
teristics in compression -- Part 2: High-density materials  

ISO 4638:1984 Polymeric materials, cellular flexible -- Determination of air flow permeabil-
ity 

ISO 4651:1988 Cellular rubbers and plastics -- Determination of dynamic cushioning per-
formance 

ISO 5999:1982 Polymeric materials, cellular flexible -- Polyurethane foam for load-bearing 
applications excluding carpet underlay -- Specification 

ISO 6453:1985 Polymeric materials, cellular flexible -- Polyvinylchloride foam sheeting -- 
Specification  

ISO 6915:1991 Flexible cellular polymeric materials -- Polyurethane foam for laminate use -- 
Specification  

ISO 6916-
1:1995 

Flexible cellular polymeric materials -- Sponge and expanded cellular rubber 
products -- Specification -- Part 1: Sheeting 

ISO 7231:1984 Polymeric materials, cellular flexible -- Method of assessment of air flow 
value at constant pressure-drop 

ISO 8067:1989 Flexible cellular polymeric materials -- Determination of tear strength 
ISO 8307:1990 Flexible cellular polymeric materials -- Determination of resilience 
ISO 10066:1991 Flexible cellular polymeric materials -- Determination of creep in compres-

sion  
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A.6 General properties of the test foams provided by IMAG Ltd. 
The material data of the test foams. All the test foam parts were made by IMAG LtD. at Mor Hungary in 2001.02.17, under strict production 

rules for test foams. 
Table 15 The general material properties of the used test foams 

Filling mass of 
components  [g] 

Temperature  
of components [C°] 

Foam 
No. 

A B 

Foam 
mass 
[g] 

Mixing 
ratio  

Filling 
frequency

[Hz] 

Fill Impulse 
[Hz] 

A B 

Mould 
temp [C°] 

2 hour  
hardness 
[N] 

24 hour 
hardness 
[N] 

Foam density   
[kg/m3] 

1. 398 202 600 1,97 330 40 24 23,7 55,3 94 100 40.65 
2. 394 201 595 1,95 330 40 24 23,7 55,3 97 104 40.31 
3. 395 200 595 1,97 330 40 24,2 23,7 55,3 95 100 40.35 
4. 472 298 770 1,58 380 51 24,8 23,8 56 334 382 52.17 
5. 467 298 765 1,57 380 51 24,9 23,8 55,8 348 399 51.83 
6. 467 298 765 1,57 380 51 24,8 23,8 55,8 337 391 51.83 
7. 467 238 705 1,96 380 40 25 23,9 55,7 149 158 47.764 
8. 467 238 705 1,96 380 40 24,6 23,8 55,8 154 160 47.764 
9. 467 238 705 1,96 380 40 24,2 23,7 55,9 150 159 47.764 
10. 470 255 725 1,84 380 43 24,4 23,7 53,2 195 206 49.12 
11. 470 255 725 1,84 380 43 24,9 23,9 53,7 194 204 49.12 
12. 472 258 730 1,83 380 43 24,9 24 53,5 202 210 49.45 
13. 473 272 745 1,74 380 46 25 24 53,7 250 269 50.474 
14. 469 271 740 1,73 380 46 24,5 24,9 53,7 241 265 50.135 
15. 469 271 740 1,73 380 46 24,3 23,9 54,2 247 268 50.135 
 
The raw material for each foam was ICI W5691 “A”, “B”. The 2 hour hardness: is the force measured by compressing a standardised circular 

plate into the foam, after two hours of the demoulding. The 24 hour hardness is he same as in the two hardness except it is measured after 24 
hours. These two tests are used in the factory to ensure the hardness quality control of the foam production by the ISO9001 standard. All the test 
pieces were made in the same mould, so their geometry was the same for each foam, and the hardness values were measured for every foam.
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A.7 Worksheets of the experiments 
 
A.7.1 Data obtained from the Compression tests 
 

The curves of the compression test are shown in this Appendix. In some cases the unloading 
curve is also illustrated to show the stress relaxation and the hysterics of the process. All the 
diagrams are in the form of stress vs. strain in [rad] for the calculation of the a,b,c parameters 
for the response function (16).  
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Fig. 109: Test curve for foam  1 Fig. 110: Test curve for foam 2 
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Fig. 111: Test curve for foam 3 Fig. 112: Test curve for foam 4 
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Fig. 113: Test curve for foam 7 Fig. 114: Test curve for foam 8 
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Fig. 115: Test curve for foam 9 Fig. 116: Test curve for foam 10 
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Fig. 117: Test curve for foam 11 Fig. 118: Test curve for foam 12 
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Fig. 119: Test curve for foam 13 Fig. 120: Test curve for foam 14 
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Fig. 121: Test curve for foam 15 Fig. 122: Test curve for foam 5 
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Fig. 123: Test curve for foam 6  

 
By using the values of the tests the parameters of the compression function can be determined. 
Table 16: Calculated values of the parameters for the response functions of the loading compression curve 

Foam a [kPa] b [-] c [kPa] 
1. -28.135 1.667 13.457 
2. -35.626 1.691 16.015 
3. -39.567 1.845 11.431 
4. -118.51 1.961 45.886 
5. -125.52 1.88 48.824 
6. -116.688 1.873 45.41 
7. -49.33 1.82 19.972 
8. -53.524 1.82 21.707 
9. -58.787 1.8207 23.37 

10. -48.539 2.061 21.247 
11. -45.317 1.7462 21.7508 
12. -66.435 1.838 27.24 
13. -89.06 2.009 32.61 
14. -88.142 1.915 32.833 
15. -82.442 2.012 30.11 
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A.7.2   Curves obtained from the torsion tests 
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Fig. 124: Torsion curve, Torque versus torsion angle of test foam 1A 
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Fig. 125: Torsion curve, Torque versus torsion angle of test foam 6A 
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Fig. 126: Torsion curve, Torque versus torsion angle of test foam 7A 
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Fig. 127: Torsion curve, Torque versus torsion angle of test foam 12A 
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Fig. 128: Torsion curve, Torque versus torsion angle of test foam 15A 
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A.7.3  Data obtained from the Tensile Tests  
 Table 17: Data determined from the tensile test. 

 

Values of parameters of the test Where: A is the area of the test piece at the breakpoint in mm2 σT is the 
maximum stress in kPa, ε is the strain at tear in %, E is the initial Young’s modulus in kPa, GE is the ini-
tial shear modulus [kPa], C1,C2 are the initial Mooney Rivlin constants in [kPa] 

A.7.4   Demoulding tests 
All the test pieces that were demoulded at the factory at IMAG Ltd. are summoned. 
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Fig. 129: Demoulding of cylinders 40mm, not 
pounded 

Fig. 130: Cylinders 40 mm, pounded 
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Force-displacement diagram
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Fig. 131: Cylinders 60mm, not pounded Fig. 132: Cylinders 60mm, not pounded 

Foam 
No. A[mm2] σT [kPa] ε [%] E [kPa] GE [kPa] C1 [kPa] C2 [kPa]

1 216,6 112,65 134,24 40,35 16,14 12,91 3,23 
2 227,18 95,959 116,82 45,69 18,28 14,62 3,66 
3 228 68,421 107,27 36,15 14,46 11,57 2,89 
4 224 156,309 90,76 114,67 45,87 36,70 9,17 
5 213 160,31 90,00 128,13 51,25 41,00 10,25 
6 190,5 176,937 86,06 150,17 60,07 48,06 12,01 
7 228,37 126,403 126,21 60,49 24,19 19,36 4,84 
8 217 125,345 115,61 66,69 26,68 21,34 5,34 
9 203 126,108 117,27 62,82 25,13 20,10 5,03 

10 217,6 133,578 112,88 66,77 26,71 21,37 5,34 
11 225,25 119,748 105,76 64,25 25,70 20,56 5,14 
12 223,6 124,329 107,27 71,26 28,50 22,80 5,70 
13 216,6 118,190 97,58 95,71 38,28 30,63 7,66 
14 205 147,642 104,24 87,01 34,81 27,84 6,96 
15 210 144,127 100,61 86,12 34,45 27,56 6,89 
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Force-displacement diagram (K2C)
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Fig. 133: α=45°, R=5, not pounded Fig. 134: α=45°, R=5, pounded 
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Fig. 137: α=60°, R=5, not pounded Fig. 138: α=45°, R=5, pounded 
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Fig. 139: α=60°, R=40, not pounded Fig. 140: α=60°, R=40, pounded 
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A.7.5  Diagrams of the Fatigue Tests 
The result diagrams of the tests measured shortly after the fatigue are shown below. The 
hardness losses and height losses are shown in defferent diagrams, and also they have been 
divided in two diagrams (for foam 1-8 in one and foam 9-15 in the other) to show the result 
more clearly.  
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Fig. 141. Hardnes loss after fatigue test of testpieces 1-8. 
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Fig. 142. Hardnes loss after fatigue test of testpieces 9-15. 
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Fig. 143. Height loss after fatigue test in testpieces 1-8. 
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Fig. 144. Height loss after fatigue test in testpieces 9-15. 
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Diagrams of the hardness loss of the foams measured three years after the original test are 
shown below. They have been also put in two diagrams for better viewing. There were 
no changes in the height of the foams during the three year rest period that is why they are not 
illustrated.  
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Fig. 145. Hardnes loss after fatigue test of testpieces 1-8 after 3 years. 

0

2

4

6

8

10

12

14

16

18

20

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7

needle  dam age dens ity [needle /m m ^2] 

A
bs

ou
lte

 h
ar

dn
es

s 
lo

ss
 ∆

H
 in

 [N
]

data9 data10 data12 data14 data15

Fig. 146. Hardnes loss after fatigue test of testpieces 9-15 after 3 years. 
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A.7.6   Needle force tests 
Table 18: The summarized data obtained from the needle force tests 

Foam 1 D   Active length           
Needle  
diameter[mm] 

Needle 
length 

Lin 
[mm] 

Lout 
[mm] 

Ldiff in 
[mm] 

Ldiffout 
[mm] Fin[N] Fout[N] σfrict 

[kPa] 
0,5 42 42 39 4 4,2 1,440 0,980 15,997 
0,6 60 60 55 4 7 2,840 2,000 19,292 
0,8 50 50 47 4 8 2,480 1,792 15,171 
0,9 70 67 61 3 9,7 3,940 3,072 17,812 
1,5 50 45 42 3 8 4,128 2,600 13,136 
1,6 40 40 32 3,5 8,5 3,220 2,040 12,683 

Foam 6 D   Active length           
Needle  
diameter[mm] 

Needle 
length 

Lin 
[mm] 

Lout 
[mm] 

Ldiff in 
[mm] 

Ldiffout 
[mm] Fin[N] Fout[N] σfrict 

[kPa] 
0,5 42 38 36 4 4,2 2,120 1,280 22,635 
0,6 60 57 53,5 4 7 3,600 2,480 24,592 
0,8 50 45 42 4 8 3,440 2,216 20,993 
0,9 70 67 62 3 9,7 6,760 4,320 24,643 
1,5 50 46 41 3 8 5,000 3,080 15,942 
1,6 40 35 32 3,5 8,5 4,560 2,800 17,407 

Foam 7 D   Active length           
Needle  
diameter[mm] 

Needle 
length 

Lin 
[mm] 

Lout 
[mm] 

Ldiff in 
[mm] 

Ldiffout 
[mm] Fin[N] Fout[N] σfrict 

[kPa] 
0,5 42 37,2 39,5 4 4,2 1,816 0,992 15,988 
0,6 60 55 51 4 7 3,832 2,328 24,216 
0,8 50 44,2 41 4 8 3,920 2,040 19,797 
0,9 70 70 63 3 9,7 6,608 3,920 22,006 
1,5 50 45 42 3 8 4,488 2,920 14,753 
1,6 40 34,5 29,5 3,5 8,5 3,880 2,288 15,429 

Foam 12 D   Active length   
Needle  
diameter[mm] 

Needle 
length 

Lin 
[mm] 

Lout 
[mm] 

Ldiff in 
[mm] 

Ldiffout 
[mm] Fin[N] Fout[N] σfrict 

[kPa] 
0,5 42 42 38,5 4 4,2 2,140 1,400 23,149 
0,6 60 60 53 4 7 3,680 2,720 27,226 
0,8 50 50 44 4 8 3,760 2,580 23,331 
0,9 70 69 64 3 9,7 6,360 4,680 25,863 
1,5 50 48 44 3 8 5,100 3,340 16,108 
1,6 40 38,2 32,3 3,5 8,5 4,664 2,856 17,591 

Foam 15 D   Active length   
Needle  
diameter[mm] 

Needle 
length 

Lin 
[mm] 

Lout 
[mm] 

Ldiff in 
[mm] 

Ldiffout 
[mm] Fin[N] Fout[N] σfrict 

[kPa] 
0,5 42 42 39,5 4 4,2 2,200 1,400 22,563 
0,6 60 59 56 4 7 3,920 2,896 27,435 
0,8 50 49 46 4 8 3,880 2,680 23,181 
0,9 70 70 64 3 9,7 6,720 4,712 26,039 
1,5 50 49 48 3 8 6,400 3,680 16,269 
1,6 40 38 34 3,5 8,5 5,080 3,120 18,256 
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A.8 Maple programs used in the calculations 
In this Appendix the code of the main Maple programs mentioned in the work are presented. 

There are no extra additional explanation in the codes, because they have already been ex-
plained earlier. They are presented here for the only reason that they could be tried and tested, 
if somebody has the wish for it. 

A.8.1 The solution of the problem for Blatz-Ko materials 
Determining the stresses and preparing the differential equation for the equilibrium equation for the 

generalised Blatz-Ko strain energy function of the problem   
Seting up maple for restart and loading all the necessary packages 
restart:with(LinearAlgebra):with(DEtools):Digits:=8;with(linalg):with(DEtools, odeadvisor, odepde, 
symgen, symtest); 
Setting Q(r)to Q for shortness 
> alias(Q=Q(r)); 
The parameters of Blatz-Ko elastic potential:  
> alpha:=1/2;beta:=1/2;nu:=0.25; 
Defining the Blatz-Ko elastic potential for the program GE is the initial shear modulus, and simplifying 
the result: 

 := ( )W , ,I1 I2 I3  + 
1 GE β









 +  − I1

1 ( ) − I3
( )−α

1
α

3

2

1 GE ( ) − 1 β






 +  − I2 I3

( )−1 1 ( ) − I3α 1
α

3

2
 

> ( )simplify ( )W , ,I1 I2 I3  
The derivatives of Blatz-Ko strain energy functions according to the strain invariants  

>  := ( )D ,W I1
∂
∂
I1 ( )W , ,I1 I2 I3

 
>  := ( )D ,W I2

∂
∂
I2 ( )W , ,I1 I2 I3

 
> 

 := ( )D ,W I3
∂
∂
I3 ( )W , ,I1 I2 I3  

An renaming them to simpler forms 
>  := W1 ( )D ,W I1    := W2 ( )D ,W I2  > := W3 ( )D ,W I3  
Defining the initial radius in the function of radial displacement 
> rho(r):=r*Q; 
The derrivaltive of ρ according to r 
> d(rho):=diff(rho(r),r); 
The covariant metric tensor of the initial configuration 
> gij := array([[(d(rho))^2,0,0],[0,r^2*Q^2,0],[0,0,1]]); 
> The determinant of the covariant metric tensor of the initial configuration 
> g:= det(gij); 
The contravariant metric tensor of the initial configuration 
> cij:= inverse(gij); 
The covariant metric tensor of the reference configuration (after deformation) 
> Gij := array([[1,0,0],[0,r^2,0],[0,0,1]]); 
The determinant of the covariant metric tensor of the reference configuration 
> G:=det(Gij) ; 
The contravariant metric tensor of the reference configuration 
> Cij:= inverse(Gij); 
The strain invariants of the mixed deformation tensor 
The first invariant: 

>  := I1 ∑
 = i 1

3

cij ,i i Gij ,i i
 

The second invariant: 
>  := I2 ∑

 = j 1

3

gij ,j j Cij ,j j I3  

The third invariant: 
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> I3:=(G/g); 
The Bij tensor with the invariants: 

> ; := Bij












0 0 0
0 0 0
0 0 0

 := tauij












0 0 0
0 0 0
0 0 0

 

> for to do end doi 3 for to do end doj 3 if then end if = i j := Bij ,i j ( )simplify  − I1 cij ,i j cij ,i j cij ,i j Gij ,i j
 

The components of the stress tensor with the tensor Bij and parameters φ, ψ, p 
;for to do end doi 3 for to do end doj 3 if then end if = i j := tauij ,i j  +  + φ cij ,i j ψ Bij ,i j p Cij ,i j ( )evalm tauij

 

Only the diagonal components of the tensor are non-zero. 
> Substituting the φ, ψ, p into the euation with the help of W1, W2, W3  
>  := halmaz { }, , = φ

2 W1
I3

 = ψ
2 W2

I3
 = p 2 I3 W3

 
 

> ; := Tauij ( )ZeroMatrix 3  := Tauij ( )convert ,Tauij matrix  
Defining the contravariant components of the stress tensor 
> for i from 1 to 3 do 
Tauij[i,i]:=simplify(subs(halmaz,tauij[i,i]),symbolic);od:evalm(Tauij); 
>With the use of the components of the stress tensor the equilibrium equation of the problem is given, by 
the covariant derivative of the tensor being zero in a general case. The values of the appropriate 
Christoffel symbols are defined from the components of the metric tensor of the deformed body. eq, 
being the equation of equilibrium. 
> eq:=(((diff(tauij[1,1],r)+tauij[1,1]/r-r*tauij[2,2])))=0; 
simplifying the equations 
> eq1:=simplify(eq); 
Substituting the values of parameters into the equation, to be material specific. 
> EQ:=(subs(halmaz,eq)); 
> EQ1:=simplify(EQ); 
> Sorting the equation according to the power of the derrivatives 
> er:=collect(EQ1,diff); 
> sort(%,Q(r)); 
Trying to solve the equation according to the variable Q. 

> R3 := dsolve(er,{Q}); 

R3 Q _a &where d
d
_a ( )_b _a  = {







 =  := 

1
2

 +  +  +  + ( ) +  + 4 _a2 4 _a4 4 _a6 ( )_b _a 4 ( ) +  + 3 _a 11_a5 10_a3 ( )_b _a 3 ( ) +  + 11_a4 1 8 _a2 ( )_b _a 2 ( ) + 2 _a 5 _a3 ( )_b _a _a2

_a2 ( ) +  +  + ( ) +  + 1 _a2 _a4 ( )_b _a 2 ( ) + 2 _a3 2 _a ( )_b _a 1 _a2 },















, = _a Q  = ( )_b _a
1

r 





∂

∂
r Q

{ }, = Q _a  = r e
( ) + d⌠
⌡

( )_b _a _a _C1
,







 

> end: 
To gain the components of the stress tensor and the equation of equilibrium for the other cases 
(simplified form) of the Blatz-Ko strain energy function (SpecBK1 and SpecBK2) the parameter of β 
has to be set to 0 or 1 according to the desired specialisation. 

A.8.1.1 Numerical solution of the problem of GBK 
GBK solution with numerically determined initial conditions for (Q(0)and Q'(0)_ 

> restart:digits(8): 
> The differential equation for the equilibrium equation for GBK. 
> GBK:=-r^4*diff(Q(r),r)^5*Q(r)^2-(2*Q(r)*r^3+5*Q(r)^3*r^3)*diff(Q(r),r)^4-
(10*r^2*Q(r)^2+r^2+13*Q(r)^4*r^2)*diff(Q(r),r)^3-
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((2*Q(r)^2*r^3+2*Q(r)^4*r^3)*diff(Q(r),`$`(r,2))+3*r*Q(r)+15*Q(r)^5*r+14*Q(r)^3*r)*diff(Q(r),r)^2-
((4*Q(r)^5*r^2+4*Q(r)^3*r^2)*diff(Q(r),`$`(r,2))+6*Q(r)^4+6*Q(r)^2+6*Q(r)^6)*diff(Q(r),r)-
(2*Q(r)^4*r+2*Q(r)^2*r+2*Q(r)^6*r)*diff(Q(r),`$`(r,2)) = 0: 
The radial component of the stress tensor 
> taurrGBK:=-1/2*(-
2*Q(r)+2*Q(r)^5+7*Q(r)^4*r*diff(Q(r),r)+9*Q(r)^3*r^2*diff(Q(r),r)^2+5*Q(r)^2*r^3*diff(Q(r),r)^3+r
^4*diff(Q(r),r)^4*Q(r)-r*diff(Q(r),r))*GE/(Q(r)+r*diff(Q(r),r)): 
The Tangential component of the stress tensor 
> tautangGBK:=-1/2*(-2*Q(r)-
r*diff(Q(r),r)+2*Q(r)^5+3*Q(r)^4*r*diff(Q(r),r)+Q(r)^3*r^2*diff(Q(r),r)^2)/Q(r)*GE/r^2: 
Values for the initial shear and tearing strength in [MPa]. 
> Val:=0.03481:rip:=0.14764: 
Setting needle diameter (xy) and radius 
>xy:=0.9:zz:=0:tt:=0:rne:=evalf(xy/2): ss:=rne:st:=rne:  cyc[tt]:=0:  
Cycle for determining ρ0, maximum and unified stresses. rho2 is the diameter of the initial hole, that is reduced 
by 0.005 in every cycle until the value of the unified stresses (the variable cyc[tt]) reach the value of rip. 
> for rho2 from xy-0.363 by -0.005 while cyc[tt] <= rip  do  
 zz:=zz+1: tt:=tt+1: W:=rho2/xy:j:=0:  
Interval splitting for the determination of Q'(0) (the initial slope) 
a1:=25:a2:=1:a3:=(a1+a2)/2:i:=0:delta1:=10:delta2:=-20: 
initGBK[W]:=Q(rne)=W,D(Q)(rne)=i:k:=0: 
while 10^(-8) < abs(delta1-delta2) do  
k:= k+1; 
a3 := (a1+a2)/2; 
for j from 1 to 3 do 
SYS||j := initGBK[W][1],subs(i=a||j,initGBK[W][2]): 
solGBK||j:=dsolve({GBK,SYS||j},Q(r), type=numeric): 
yGBK||j:=t->rhs(op(2,solGBK||j(t))): 
yGBK||j(500000); 
delta || j := yGBK||j(500000)-1: od: 
if delta || 1*delta || 3 < 0 then b1 := a1; b2 := a3; a1 := b1; a2 := b2 fi; 
if delta || 2*delta || 3 < 0 then b1 := a2; b2 := a3; a1 := b1; a2 := b2 fi; 
#print(k,evalf(a3),delta||3+1): 
K[GenBK][tt]:=evalf(a3);stepnumber:=k; 
#print(k,evalf(a3),delta||3+1); 
od: 
a(3) is the value of the initial slope 
init3[W]:=initGBK[W][1],subs(i=K[GenBK][tt],initGBK[W][2]): 
solGBK3[W]:=dsolve({GBK,init3[W]},Q(r), type=numeric): 
yGBK3[W]:=t->rhs(op(2,solGBK3[W](t))): 
yGBKderr3[W]:=t->rhs(op(3,solGBK3[W](t))): 
yGBKr3[W]:=t->rhs(op(1,solGBK3[W](t))): 
substituting the values of the cycles into the equations of physical stresses to gain numerical results 
tau11GBK1[W]:=evalf(subs({Q(r)=yGBK3[W],(diff(Q(r),r))=yGBKderr3[W],r=yGBKr3[W], 
GE=Val},taurrGBK)): 
tau22GBK1[W]:=evalf(subs({Q(r)=yGBK3[W],(diff(Q(r),r))=yGBKderr3[W],r=yGBKr3[W], 
GE=Val},(r^2*tautangGBK))): 
tau11GBK[W][bound1]:=evalf(subs({Q(r)=rhs(op(2,solGBK3[W](ss))),(diff(Q(r),r))=rhs(op(3,solGBK3[
W](ss))),r=rhs(op(1,solGBK3[W](ss))), GE=Val},taurrGBK)); 
tau22GBK[W][bound1]:=evalf(subs({Q(r)=rhs(op(2,solGBK3[W](st))),(diff(Q(r),r))=rhs(op(3,solGBK3[W
](st))),r=rhs(op(1,solGBK3[W](st))), GE=Val},r^2*tautangGBK)): 
Calculating the unified stress 
tauGBKmh[W][bound] :=tau22GBK[W][bound1]-tau11GBK[W][bound1]; 
making the nth cycle variable equal to the nth calculated unified stress 
cyc[tt]:=tauGBKmh[W][bound]: 
printing the results: diameter, initial hole, radial stress at boundary, unified stress at boundary 
print(xy,rho2,tau11GBK[W][bound1],tauGBKmh[W][bound],W); 
od: 
end. 
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To make the calculations for the two special cases of the generalised Blatz-Ko strain energy function 
(SpecBK1 and SpecBK2), the equation of equilibrium and the two (radial and tangential) components 
of the stress tensor have to be replaced by the formulas and equations determined by using the 
specialized formulas. The procedure is the same, but the results of stresses and initial holes will be 
different in each cases. 

A.8.1.2 Analytical solution of the problem of simplified BK1. 
Solution for the initial values for the first analytical solution 

The general solution is obtained by solving simplified equation (when the Q’(r)3 is neglected from the equation.) 
Restarting Maple 
> restart:with(plots): 
The general solution for the simplified equation obtaine dfrom the first specialised BK material  

>  := eq  = 
1 −  + 4 r4 5









4
5

2








2
5

( )( )−  + _C1 2 _C2 r2 r3









4
5

2 r2 1  

Calculating the limit of the swolutiom at infinity and naming it to Qsol∞ 
> subs(r=infinity,lhs(eq)); 

>  := Qsol
∞

lim
 → r ∞

−  + 4 r4 5
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2
5

( )( )−  + _C1 2 _C2 r2 r3









4
5

2 r2
 

Making the solution equal to 1, meaning that the displacement is zero at infinity. 
> EQ:=Qsol[infinity]=1; 
Solving the equation and naming the proper solution to c. 
>  := C2 ( )solve ,EQ _C2  
>  := c C21  

Substituting the solution back into the equation and veryfying the results 
> EQ1:=subs(_C2=c,lhs(eq)): 
> ( )evalf lim

 → r ∞
EQ1  

> RR[1]:=0: 
> gg:=(subs(r=(1/2),EQ1)): 
> eqqq:=simplify(subs({_C2=c},lhs(eq))): 
Setting the material values: VAL is the initial shear modulus, rip is the tearing strength 
> VAL:=0.03445: rip:=0.1449: 
>setting the initial variables to zero, xy is the needle diameter 2 is the initial diameter 
> rho2:=0:W:=0:xy:=1:zz:=0:tt:=0:ss:=evalf(xy/2): 
Substituting the parameters into the components of physical stresses (radial and tangential) 
> taurrspec1:=(subs(GE=VAL,-
(Q(r)*r^3*diff(Q(r),r)^3+3*Q(r)^2*r^2*diff(Q(r),r)^2+3*Q(r)^3*r*diff(Q(r),r)+Q(r)^4-1)*GE)): 
> taurrspecan1:=(subs(GE=VAL,-(Q(r)^4+Q(r)^3*r*diff(Q(r),r)-1)*GE/r^2))*r^2: 
Formula for the unified stress 
>  := taumohr  − taurrspecan1 taurrspec1  
Setting the cycle variable to cyc[tt] 
> cyc[tt]:=0: 
setting the cycle for rho2 starting from D-0.01 by steppsize 0.001 till the cycle variand reaches the tearing 
strength 
>  for rho2 from xy-0.01 by -0.001 while cyc[tt] <= rip  do  
Setting more cycle variants, and defining W to be the ration of rho2by Dneedle 
zz:=zz+1: tt:=tt+1: W:=rho2/xy:  
eq:=gg=W: 
solving the equation according to C1 in every cycle W 
R0[W]:=solve(eq,_C1): RR[1][W]:=0: 
for i from 1 to 4 do 
R[W][i]:=0: r0[W][i]:=0: od: 
Selecting the proper solution from the set of four possible results 
if is ((R0[W][1]),real)<> false then r0[W][1]:=R0[W][1] fi: 
if is ((R0[W][1]),real)=false then RR0[W][1]:=R0[W][1] fi: 
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if is ((R0[W][2]),real)<> false then r0[W][2]:=R0[W][2] fi: 
if is ((R0[W][2]),real)=false then RR0[W][2]:=R0[W][2] fi: 
if is ((R0[W][3]),real)= false then RR0[W][3]:=R0[W][3] fi: 
if is ((R0[W][3]),real)<>false then r0[W][3]:=R0[W][3] fi: 
if is ((R0[W][4]),real)= false then RR0[W][4]=R0[W][4] fi: 
if is ((R0[W][4]),real)<>false then r0[W][4]:=R0[W][4] fi: 
if r0[W][1] < r0[W][2] then R[W][1] := r0[W][1] fi: 
if r0[W][1] > r0[W][2] then R[W][2] := r0[W][1] fi: 
if r0[W][1] < r0[W][3] then R[W][1] := r0[W][1] fi: 
if r0[W][1] > r0[W][3] then R[W][3] := r0[W][1] fi: 
if r0[W][1] < r0[W][4] then R[W][1] := r0[W][1] fi: 
if r0[W][1] > r0[W][4] then R[W][4] := r0[W][1] fi: 
if r0[W][2] < r0[W][3] then R[W][2] := r0[W][2] fi: 
if r0[W][2] > r0[W][3] then R[W][3] := r0[W][2] fi: 
if r0[W][2] < r0[W][4] then R[W][2] := r0[W][2] fi: 
if r0[W][2] > r0[W][4] then R[W][4] := r0[W][2] fi: 
if r0[W][3] < r0[W][4] then R[W][3] := r0[W][3] fi: 
if r0[W][3] > r0[W][4] then R[W][4] := r0[W][3] fi: 
if R[W][1] > 0 then RR[W][1]:=R[W][1] fi; 
if R[W][2] > 0 then RR[W][1]:=R[W][2] fi; 
if R[W][3] > 0 then RR[W][1]:=R[W][3] fi; 
if R[W][4] > 0 then RR[W][1]:=R[W][4] fi; 
RR[W][1]; 
Substituting the solution for C1 into the first equation 
qq[W]:=subs(_C1=evalf(RR[W][1]),eqqq): 
Calculating the stresses ath the boundary of the needle 
tauTang[W]:=simplify(subs(Q(r)=qq[W],taurrspecan1)): 
tautang[W]:=simplify(subs(r=ss,tauTang[W])): 
radstress[zz]:=subs(Q(r)=qq[W],taurrspec1): 
Radstress[zz]:=simplify(subs(r=ss,radstress[zz])); 
Calculating the unified stresses 
tauMO[W]:=tautang[W]-Radstress[zz]; 
Makin the cycle variable equal to the unified stress in each cycle 
cyc[tt]:=tauMO[W]: 
printing the results 
print(RR[W][1],xy,rho2,Radstress[zz],tauMO[W],xy,W): 
end of cycle 
od: 
end of program 
end: 

A.8.1.3 Analytical solution of the problem of simplified BK2. 
Solution for the initial values for the second analytical solution 

The general solution is obtained by solving equation (when the Q’(r)3 is neglected from the equation.) 
Restarting Maple 
> restart: with(plots): 
The general solution for the simplified equation obtaine dfrom the first specialised BK material  

>  := ur 





−  + 

5 _C1
4 r2

5 _C2
2









2
5

 

Calculating the limit of the solutiom at infinity and Making the it equal to 1, meaning that the displacement is 
zero at infinity. 
>  := kk  = lim

 → r ∞
ur 1  

Solving the equation and naming the proper solution to c. 
> C2:=solve(kk,_C2): 
> c:=C2[1]: 
Substituting the solution back into the equation and veryfying the results and substituting the boundary 0.5 
> uur:=subs(_C2=c,ur): 
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> urr1:=subs(r=0.5,uur): 
Setting the material values: VAL is the initial shear modulus, rip is the tearing strength 
> val:=0.0285:rip:=0.124329: 
Substituting the parameters into the components of physical stresses (radial and tangential) 
> taurrspecan2:=subs(GE=val,(-Q(r)*GE*(-
1+Q(r)^4+3*Q(r)^3*r*diff(Q(r),r)+3*Q(r)^2*r^2*diff(Q(r),r)^2+Q(r)*r^3*diff(Q(r),r)^3)/(Q(r)+r*diff(
Q(r),r)))): 
> tautangspec2:=subs(GE=val,(((r^2)*(-(Q(r)+r*diff(Q(r),r))*GE*(-
1+Q(r)^4+Q(r)^3*r*diff(Q(r),r))/Q(r)/r^2)))): 
> xy:=1.1:zz:=0:tt:=0:st:=evalf(xy/2): 
Setting the cycle variable to cyc[tt] 
> cyc[tt]:=0: 
setting the cycle for rho2 starting from D-0.6 by steppsize 0.001 till the cycle variand reaches the tearing strength 
> for rho2 from xy-0.6 by -0.001 while cyc[tt] <= rip  do  
Setting more cycle variants, and defining W to be the ration of rho2by Dneedle 
zz:=zz+1: tt:=tt+1: w:=rho2/xy:  
solving the equation according to C1 in every cycle W 
eq:=urr1=w:  
R0[w]:=solve(eq,_C1): RR[1][w]:=0: 
for i from 1 to 4 do 
R[w][i]:=0: r0[w][i]:=0: od: 
Selecting the proper root from the solution 
if R0[w][1] < R0[w][2] then RR[w][1] :=R0[w][1]  fi: 
if R0[w][1] > R0[w][2] then RR[w][1] :=R0[w][2]  fi: 
RR[w][1]; 
Substituting the solution for C1 into the first equation 
qq[w]:=subs(_C1=RR[w][1],uur): 
Calculating the stresses ath the boundary of the needle 
tauTang[w]:=simplify(subs(Q(r)=qq[w],tautangspec2)): 
tautang[w]:=simplify(subs(r=st,tauTang[w])): 
radstress[zz]:=subs(Q(r)=qq[w],taurrspecan2): 
Radstress[zz]:=simplify(subs(r=st,radstress[zz])); 
Calculating the unified stresses 
tauMO[w]:=tautang[w]-Radstress[zz]; 
Makin the cycle variable equal to the unified stress in each cycle 
cyc[tt]:=tauMO[w]: 
printing the results 
print(xy,rho2,Radstress[zz],tauMO[w],xy,w): 
end of cycle 
od: 
end of program 
>end: 

A.8.2  Solution for the incompressible case of a Mooney Rivlin material 
Determining the stresses and initial radiuses of various sets of needles using the Mooney 

Rivlin strain energy function 
restart:with(DEtools):Digits:=10:with(linalg):with(LinearAlgebra):with(plots): 
Preparing the Mooney-Rivlin potential from the Blatz-Ko strain energy function. The parameters: 
> alpha:=1/2:beta:=0:nu:=0.25:I3:=1: 
In the case of Mooney-Rivlin potential, the third strain invariant is I3=1: 
GE is the initial shear modulus,  

 := ( )W , ,I1 I2 I3
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The result of substitution W(I1, I2, 1) of the Mooney-Rivlin potential 

:= ( )W , ,I1 I2 1  + GE1 ( ) − I1 3 GE2 ( ) − I2 3  
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The derivatives of Mooney-Rivlin strain energy functions according to the strain invariants  
>  := ( )D ,W I1

∂
∂
I1 ( )W , ,I1 I2 I3

 
>  := ( )D ,W I2

∂
∂
I2 ( )W , ,I1 I2 I3  

 := ( )D ,W I3  = 
∂
∂
I3 ( )W , ,I1 I2 I3 0  

An renaming them to simpler forms 
>  := W1 ( )D ,W I1  >  := W2 ( )D ,W I2  > := W3 0  
Defining the initial radius in the function of radial displacement  
> rho(r):=r*Q(r); 
The strain field, the derivative of ρ according to r 
> d(rho):=diff(rho(r),r); 
The covariant metric tensor of the initial configuration 
> gij := array([[(d(rho))^2,0,0],[0,r^2*Q(r)^2,0],[0,0,1]]); 
The determinant of the covariant metric tensor of the initial configuration 
> g:= det(gij); 
The contravariant metric tensor of the initial configuration 
> cij:= inverse(gij); 
The covariant metric tensor of the reference configuration (after deformation)  
> Gij := array([[1,0,0],[0,r^2,0],[0,0,1]]); 
> The determinant of the covariant metric tensor of the reference configuration 
> G:=det(Gij); 
The contravariant metric tensor of the reference configuration 
> Cij:= inverse(Gij); 
The deformation tensor with covariant components  
> gammaij:= evalm(1/2*(Gij-gij)); 
The deformation tensor with mixed components  
> Gammaij:=evalm(1/2*((cij&*Gij)-kronekker)); 
Because the incompressibility condition holds, the next equation is valid: 
> eq11:=g=G; 
and further simplifying it so eq12=1. 
> eq12:=simplify(eq11)/r^2; 
> This is a separable differential equation that can be solved analytically and have a general solution, 
however the initial condition of Q(0) is not known so it will be determined from a cycle. 
The ψ, φ parameters are determined from W1 and W2 and put in a set. 
> halmaz:={phi=(2*W1),psi=(2*W2)}; 
Setting the initial variables to zero/  
> rho2:=0:W:=0:xy:=0:zz:=0: tt:=0: 
> cyc[tt]:=0; 
Starting a cycle for the needle radiuses (for needles 0.9 to 1.6) by steps of 0.05mm, xy being the diameter 
of the needle. 
> for xy from (0.9/2) by 0.05 to (1.6/2) do 
tt:=0: 
Starting an imbedded cycle for determining the initial radius of ρ/2 by comparing the unified stresses 
cyc[tt] to the calculated unified stresses at the boundary 
for rho2 from xy-0.01 by -0.01 while cyc[tt] <= 0.1126  do  
setting more cycle variables zz and tt, and defining W to be the ratio of the initial hole/needle diameter 
zz:=zz+1: tt:=tt+1:  W:=rho2/xy: 
Solving the differential equation eq12 according to the variable W 
 R0[xy][W] := dsolve([eq12,Q(xy)=W],[Q(r)]): 
 limit(rhs(R0[xy][W][1]), r=0.00000000000001): 
 limit(rhs(R0[xy][W][2]), r=infinity): 
 pca[xy][W]:=subs(r=0.01,rhs(R0[xy][W][1])): 
 pcb[xy][W]:=subs(r=0.01,rhs(R0[xy][W][2])): 
Selecting the appropriate solution for the task from the four possible general solution. 
if is (pca[xy][W],real)= false then r0[xy][W][1]:=rhs(R0[xy][W][1]) fi: 
 if is (pca[xy][W],real)<>false then r0[xy][W][1]:=rhs(R0[xy][W][2]) fi: 
 if is (pca[xy][W],real)= false then r0[xy][W][2]:=rhs(R0[xy][W][2]) fi: 
 if is (pca[xy][W],real)<>false then r0[xy][W][2]:=rhs(R0[xy][W][1]) fi: 
  pp[xy][W]:=(subs(Q(r)=(r0[xy][W][1]),gij[1,1])): 
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  hh[xy][W]:=(subs(Q(r)=(r0[xy][W][1]),gij[2,2])): 
Substituting the results into the metric tensors 
gij2[xy][W]:=array([[pp[xy][W],0,0],[0,hh[xy][W],0],[0,0,1]]): 
cij2[xy][W]:=inverse(gij2[xy][W]): 
Simplifying the results and determining the strain invariants and the tensor Bij 
 simplify(det(gij2[xy][W])): 
  I2[xy][W]:=sum(gij2[xy][W][l,l]*Cij[l,l]*I3,l=1..3): 
  I1[xy][W]:=sum(cij2[xy][W][k,k]*Gij[k,k],k=1..3): 
  Bij[xy][W] := matrix([[0, 0, 0], [0, 0, 0], [0, 0, 0]]): tauij[xy][W] := matrix([[0, 0, 0], [0, 0, 0], [0, 0, 0]]): 
Determining the contravariant components of the stress tensor 
  for i to 3 do for j to 3 do if i = j then Bij[xy][W][i,j] :=simplify (I1[xy][W]*cij2[xy][W][i,j]-
cij2[xy][W][i,j]*cij2[xy][W][i,j]*Gij[i,j])   end if end do end do; 
  evalm(Bij[xy][W]):    
for i to 3 do for j to 3 do if i = j then tauij[xy][W][i,j] := 
phi*cij2[xy][W][i,j]+psi*Bij[xy][W][i,j]+p(r)*Cij[i,j] end if end do end do; evalm(tauij[xy][W]): 
Creating the equation of equilibrium with the variable p(r) 
eq2[xy][W] := simplify(diff(tauij[xy][W][1,1],r)+tauij[xy][W][1,1]/r-r*tauij[xy][W][2,2] = 0): 
 R2[xy][W] := dsolve(eq2[xy][W],[p(r)]): 
Picking out the symbolic components of the stress tensor 
tauij[xy][W][1,1]: tauij[xy][W][2,2]: tauij[xy][W][3,3]: 
eq5[xy][W]:=simplify(subs(p(r)=rhs(R2[xy][W]),(eq2[xy][W]))): 
Taukl[xy][W] := ZeroMatrix(3): Taukl[xy][W] := convert(Taukl[xy][W],matrix): 
for i to 3 do Taukl[xy][W][i,i] := simplify(subs(p(r)=rhs(R2[xy][W]),tauij[xy][W][i,i]),symbolic) end do; 
evalm(Taukl[xy][W]): 
Substituting ψ, φ 
Tauij[xy][W] := ZeroMatrix(3): Tauij[xy][W] := convert(Tauij[xy][W],matrix): 
for i to 3 do Tauij[xy][W][i,i] := simplify(subs(halmaz,Taukl[xy][W][i,i]),symbolic) end do; 
evalm(Tauij[xy][W]): 
Picking out the components of the stress tensor 
Tauij[xy][W][1,1]: Tauij[xy][W][2,2]: Tauij[xy][W][3,3]:  
Substituting the material coefficients GE1 and GE2 (for foam 1 in this case) 
Taupq[xy][W] := ZeroMatrix(3): Taupq [xy][W]:= convert(Taupq[xy][W],matrix): 
for i to 3 do Taupq[xy][W][i,i]:=simplify(subs({_C1=0, GE1=0.01291, 
GE2=0.00323},Tauij[xy][W][i,i]),symbolic) end do:  
evalm(Taupq[xy][W]): 
Taupq[xy][W][1,1]: Taupq[xy][W][2,2]: Taupq[xy][W][3,3]: 
Determining the stresses at the limit of infinity with physical components 
 Taupqinf[xy][W][1,1]:=limit(Taupq[xy][W][1,1],r=infinity): 
 Taupqinf[xy][W][3,3]:=limit(Taupq[xy][W][3,3],r=infinity): 
 Taupqinf[xy][W][2,2]:=limit((r^2*Taupq[xy][W][2,2]),r=infinity): 
 Taurad[xy][W]:=Taupq[xy][W][1,1]-Taupqinf[xy][W][1,1]: 
Determining the radial, tangential and unified stresses parametrically 
 limit(Taurad[xy][W], r=infinity): 
 Tautang[xy][W]:=r^2*(Taupq[xy][W][2,2])-Taupqinf[xy][W][2,2]: 
 limit(Tautang[xy][W], r=infinity): 
 mohr[xy][W]:=Tautang[xy][W]-Taurad[xy][W]: 
mohr[zz]:=mohr[xy][W]: 
 limit(mohr[xy][W],r=infinity): 
Renaming the stresses for easier analysing 
 Radialstress[xy][W]:=Taurad[xy][W]: 
 Totalstress[xy][W]:=mohr[xy][W]: 
 Tangentialstress[xy][W]:=Tautang[xy][W]: 
Calculating the stresses at the boundary of the needle 
Radialstress[xy][W][bound]:=limit(Taurad[xy][W],r=xy); 
Tangentialstress[xy][W][bound]:=limit(Tautang[xy][W],r=xy); 
The unified stress is: 
Totalstress[xy][W][bound]:=limit(mohr[xy][W],r=xy); 
Totalstress1[xy][W]:=limit(mohr[xy][W],r=xy); 
Calculating the stresses at 2mms from the axis of the needle 
Tangentialstress[xy][W][2]:=limit(Tautang[xy][W],r=2); 
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Totalstress[xy][W][2]:=limit(mohr[xy][W],r=2); 
Radialstress[xy][W][2]:=limit(Taurad[xy][W],r=2); 
Calculating the percentages of the stresses of the boundary and at 2 mms. 
radialpercentage[xy][W][0.2]:=(Radialstress[xy][W][2])/Radialstress[xy][W][bound]*100; 
tangentialpercentage[xy][W][0.2]:=(Tangentialstress[xy][W][2])/Tangentialstress[xy][W][bound]*100; 
totalpercentage[xy][W][0.2]:=(Totalstress[xy][W][2])/Totalstress[xy][W][bound]*100; 
Radialstress[xy][W][inf]:=limit(Taurad[xy][W],r=infinity); 
Making the cycle variant (for the determining of the initial hole) equal to the unified stress  
cyc[tt]:=Totalstress1[xy][W]; 
Printing the results  
print(xy,rho2,W,Radialstress[xy][W][bound],Tangentialstress[xy][W][2],radialpercentage[xy][W][0.2], 
Tangentialstress[xy][W][bound],Radialstress[xy][W][inf] ): 
Making a new cycle variant for the needle diameter 
xyxy[zz]:=xy: 
rhorho[zz]:=rho2: 
Radstress[zz]:= Radialstress[xy][W][bound]: tangstress[zz]:=limit(Tautang[xy][W],r=xy): 
radiperc[zz]:=(Radialstress[xy][W][2])/Radialstress[xy][W][bound]*100: 
Printing the results for each needle diameter (diameter, initial hole’s diameter, radial stresses unified 
stresses, diameter ratio, etc.) 
print(zz,xyxy[zz]*2,rhorho[zz],Radstress[zz],Totalstress1[xy][W],xy,W,tt,limit(Taurad[xy][W],r=infinity),
radiperc[zz]): 
od;od; 
ending the cycle and the program 
end 

A.8.3 Determining the a,b,c parameters for the compression response function 
Determining the parameters for the compression curve from measured data with regression 
Restarting Maple and loading packages 
> restart:with(linalg)::with(plots):with(CurveFitting); 
> N:=NULL: 
Inputting the measured data, x (normal compression strain), y compression stress in MPa.  
> x:=[0, 0.0125, 0.035, 0.06, 0.085, 0.135, 0.21, 0.285, 0.36, 0.435, 0.51, 0.585, 0.66, 0.71]: 
> y:=[0, 0.00024, 0.00064, 0.00124, 0.0016, 0.002, 0.00244, 0.00284, 0.00332,0.00392, 0.0048, 0.00624, 
0.00872, 0.01148]: 
Establishing the equations 
> var:=[a,b,c]: 
> p[i]:=evalf((Pi/2)*x[i]): 
> F:=sum((a*x[i]^b+c*tan(p[i])-y[i])^2,i=1..nops(x)): 
Derrivating the equations according to the three variables  
for to do end doi 3  := eqi ∂

∂
vari

F
 

Solving the system of equations  
> sol:=fsolve({eq[1],eq[2],eq[3]},{a,b,c},a=-900..50,b=0..3,c=0..500); 
Assigning the solution for the proper values and defining the response function 
> ( )assign sol  
> Y:=a*X^b+c*tan((Pi/2)*X); 
Plotting the result curve in MPa, blue the original points and red the result curve, 
>  := pic1 ( )pointplot , ,[ ]( )seq ,[ ],xi yi  = i  .. 1 ( )nops x  = connect true  = color blue  
> pic2:=plot(Y,X=0..0.8,color=red,labels=["Epsilon [-]", "Stress [MPa]"]): 
> display(pic2,pic1); 
> end: 
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A.8.4 The behaviour of a conic shape foam inside a cylinder 
The solution of demoulding force 
Restarting Maple 
 restart:with(linalg):with(plots): 
 The parameters of the calculation, the two radii of the angular cone and the friction coefficient 
> R:=40: r[0]:=20: H:=35: mu:=0.65: 
The parameters of the compression function 
> a:=-767.5144974; b:=1.752181818; c:=679.9156974; 
The height of the cone is M: 
>  := M R H

 − R r0

 

 := The slope of the cone side is m ( )tan α  
>  := s R

M  
The parametric vector equation of the cone is v(r, phi) the radius is parameterized according to z 
>  := Rcone ( )simplify s ( ) − M z  
>  := ( )v ,z φ [ ], ,Rcone ( )cos φ Rcone ( )sin φ z  
Plotting the cone. 
> plot3d([(s*(M-z))*cos(phi), (s*(M-z))*sin(phi),z], z=0..H, phi=0..2*Pi, scaling=constrained, 
axes=normal); 

,A parametricequationof thecylindersurfaceon whichthesurfaceintegralis performed ( )is ( )h ,z φ Theradiusof thecylinderis r
 

>  := ( )h ,z φ [ ], ,r0 ( )cos φ r0 ( )sin φ z  
Plotting the cylinder 
> ( )plot3d , , , ,[ ], ,r0 ( )cos φ r0 ( )sin φ z  = z .. 0 2 H  = φ .. 0 2 π  = scaling constrained  = axes normal  
The derivative of the cylinder in the direction of z 
>  := Dhz ∂

∂
φ ( )h ,z φ  

The derivative of the cylinder in the direction of φ  
>  := ( )Dh φ ∂

∂
z ( )h ,z φ  

The infinitesimal surface of the cylinder ( )is ,( )Dh φ Dhz  
The vector product of the vectors with an inward drawn normal  

( )linalg matrix , ,3 3 [ ], , , , , , , ,i j k R ( )cos φ R ( )sin φ 0 0 0 1  
>  := surface −1 ( )crossprod ,( )Dh φ Dhz  
The function that is used for the surface integral which has an implicit function of the equation of the cone 
>  := σ1  + a εb c 






tan

ε π
2

 

The compression strain function along the cone In %  
>  := ε

 − Rcone r0

Rcone  
The strain is renamed to ε1 
> >  := ε1 ε  
The function used for the surface integral which has the implicit function as the equation of the deformed cone 
>  := σ1  + a ε1 b c 






tan ε1

π
2

 

Substituting into the equation of the cone  
> deform:=([sigma1*cos(phi),sigma1*sin(phi),z]); 
The scalar product of the defromation function and the infinitesimal surface element is the integrand of 
the surface integral of the normal force acting on the surface: 
> integral:=combine((dotprod(deform, surface,'orthogonal'))); integrand:=(combine(integral)); 
>Calculating the integral from 0 to H and from 0 to 2*Pi and multiplying it with the friction factor of 0.65. 
> Fdef:=mu*(2*Pi*(Int(integrand,z=0..H))); 



Peter Zentay: The Behaviour of Polyurethane Foams During Robotic Demoulding 

 lv

> evalf(Int((fdef), z=0..50, 10, _NCrule)); 
> ppr:=([(r+5)*cos(phi),(r+5)*sin(phi),1]); rrr:=([(r+5)*cos(phi),(r+5)*sin(phi),0]); 
> uuk:=dotprod(ppr, rrr,'orthogonal'); simplify(uuk); 
>  Fdef:=Int(Int(integrand,z=0..H),phi=0..2*Pi); def:=2*Pi*(int(funct,z=0..H)); 
> The final result  
> solution:=evalf(def)*mu; 
Defining the function with the original parameters as equation 1 
> equation1:=(a*def^b+c*tan(def))/6; 
The deformation in 3D 
deform:=([equation1*cos(phi),equation1*sin(phi),z]); 
Plotting the force distribution in 3D 
> plot3d([equation1*cos(phi),equation1*sin(phi),z], z=0..H, phi=0..2*Pi, scaling=constrained, 
axes=normal); end: 

A.8.5 Calculating the parameters (ΩF, ξ, η) for the fractal model 
Restarting Maple and loading packages 
> restart:with(plots):with(CurveFitting); N:=NULL: 
>Entering the measured values for the needles (l = length [mm], d = diameter [mm] y = maximum 
pull-out force [N]. 
> l:=[39,55,47,61,42,32]; d :=[0.5, 0.6, 0.8, 0.9, 1.5, 1.6]; y:=[0.980, 2.000, 1.792, 2.652, 2.41, 2.040]; 
Establishing the variables a = ΩF, c = ξ, b = η. The renaming of the variables is done to make it more 
suitable for Maple. 
> var:=[a, b, c]: 
Establishing the equations for all the values and taking the logarithm of both sides of the equations to 
make the calculations simpler:  
>  := F ∑

 = i 1

6

( )evalf ( ) +  +  − ( )ln a c ( )ln di b ( )ln li ( )ln yi
2  

> Derivations of the equations according to the variables  
> for j from 1 to 3 do  
eq[j]:=diff(F,var[j]):od; 
> sol:=solve({eq[1],eq[2],eq[3]},{a,b,c}); 
Assigning the solution for the variables  
> ( )assign sol  
> for to do end dok 6  := Fk a lk

b
dk

c

 
Plotting the results. Blue points are the original measured data, the red are the calculated points. 
pic1:=pointplot([seq([d[j],y[j]],j=1..6)],connect=true,color=blue): 
> pic3:=pointplot([seq([d[j],F[j]], j=1..6)],connect=true,color=red): 
> display(pic1,pic3);  end. 
NOTE: The valus calculated with this program can be seen in Table 19. 

A.8.6 Numerical values of the parameters for fractal foams 
Table 19: Values for fractal dimension calculated with regression anlysisi of measured data 

Foam Ω [N/mmγ] ξ η γ (ξ+ η) 
1. 0.02015 0.7362 1.2145 1.8607 

6. 0.01824 0.6611 1.3215 1.9826 

7. 0.017589 0.6975 1.28325 1.9808 

12. 0.02096 0.6954 1.30022 1.9957 

15. 0.02109 0.6947 1.296869 1.9915 
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A.8.7 LabView Diagram panel, realizing the simulation. 
Part of LabView Diagramm panel that realises the simulation for the Constant Kinetic Energy motion. 
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A.8.8 Calculation results of the initial stresses using different elastic potentials in 
continuum theory  

Table 20: Initial stresses of different needle diameters using different material models 

Needle Diameter 0.5 
Foam  GE kPa GBK SP1 SP2 An1 An2 Mooney 

1  16,14 0,075 0,0999 0,0493 0,096 0,023 0,0361 
6  60,07 0,103 0,138 0,071 0,141 0,0237 0,078 
7  21,19 0,0803 0,108 0,051 0,104 0,032 0,0323 

12  28,5 0,077 0,1041 0,052 0,101 0,033 0,0473 
15  34,45 0,0891 0,119 0,059 0,112 0,04 0,0573 

Needle Diameter 0.8 
Foam  GE kPa GBK SP1 SP2 An1 An2 Mooney 

1  16,14 0,075 0,1001 0,049 0,092 0,023 0,0344 
6  60,07 0,105 0,10392 0,0714 0,1367 0,0563 0,073 
7  21,19 0,0803 0,1082 0,052 0,1057 0,031 0,0306 

12  28,5 0,077 0,10403 0,0507 0,102 0,033 0,0473 
15  34,45 0,0889 0,1201 0,059 0,117 0,038 0,0533 

Needle Diameter 0.9 
Foam  GE kPa GBK SP1 SP2 An1 An2 Mooney 

1  16,14 0,0748 0,1002 0,0492 0,095 0,0236 0,0335 
6  60,07 0,104 0,1399 0,071 0,137 0,05617 0,076 
7  21,19 0,08 0,1079 0,052 0,107 0,0309 0,0306 

12  28,5 0,077 0,1039 0,051 0,102 0,0331 0,0445 
15  34,45 0,0891 0,1187 0,0584 0,118 0,039 0,0538 

Needle Diameter 1 
Foam  GE kPa GBK SP1 SP2 An1 An2 Mooney 

1  16,14 0,07509 0,1006 0,04931 0,098 0,0237 0,0344 
6  60,07 0,105 0,1389 0,0714 0,134 0,0559 0,073 
7  21,19 0,08 0,10815 0,052 0,098 0,0308 0,0308 

12  28,5 0,0774 0,1041 0,0509 0,103 0,0332 0,0447 
15  34,45 0,089 0,1192 0,0589 0,114 0,039 0,05414 

Needle Diameter 1.2 
Foam  GE kPa GBK SP1 SP2 An1 An2 Mooney 

1  16,14 0,0755 0,0994 0,0495   0,0331 
6  60,07 0,1052 0,1388 0,0719   0,0734 
7  21,19 0,08 0,10789 0,0525   0,0311 

12  28,5 0,0772 0,1042 0,0507   0,0452 
15  34,45 0,0894 0,1189 0,058   0,052 

Needle Diameter 1.6 
Foam  GE kPa GBK SP1 SP2 An1 An2 Mooney 

1  16,14 0,0755 0,1001 0,0494   0,0335 
6  60,07 0,105 0,1393 0,071   0,0734 
7  21,19 0,079 0,1081 0,052   0,0306 

12  28,5 0,0773 0,1041 0,0506   0,0457 
15  34,45 0,0893 0,1201 0,058   0,0533 

GBK is the general Blatz-Ko material, SP1,SP2 its two simplifications, An1, An2 are the two analyti-
cal solutions and Mooney is the Mooney-Rivlin material. All the stresses are given in N/mm2 and GE 
is the initial shear modulus in [kPa].  
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A.8.9 The table of calculated forces using different elastic potentials 
Table 21: Pull-out forces of different needle diameters using different material models in the continuum 
theory. 

Needle Diameter 0.5 
Foam Lout GE  FGBK FSP1 FSP2 FAn1 FAn2 Fmooney Fout

1 39 16,14 2,29729 3,05999 1,963111 3,82269 0,915853 1,437491 0,98 
6 36 60,07 2,912256 3,901858 2,609721 5,182685 0,871132 2,867017 1,28 
7 39,5 21,19 2,491165 3,350509 2,05684 4,19434 1,290566 1,302665 0,99 

12 38,5 28,5 2,328313 3,147758 2,044077 3,970227 1,297203 1,859324 1,4 
15 39,5 34,45 2,76417 3,691764 2,379482 4,516982 1,613208 2,31092 1,4 

Needle Diameter 0.8 
Foam Lout GE  FGBK FSP1 FSP2 FAn1 FAn2 Fmooney Fout

1 47 16,14 4,429646 5,9121 4,341053 8,150548 2,037637 3,047596 1,79 
6 42 60,07 5,541769 5,484768 5,652605 10,82228 4,457166 5,779274 2,22 
7 41 21,19 4,137226 5,574693 4,018725 8,168832 2,395779 2,364865 2,04 

12 53 28,5 5,128336 6,928582 5,065064 10,19007 3,296787 4,725395 2,58 
15 49 34,45 5,474037 7,395183 5,449407 10,80645 3,509787 4,922939 2,68 

Needle Diameter 0.9 
Foam Lout GE  FGBK FSP1 FSP2 FAn1 FAn2 Fmooney Fout

1 61 16,14 6,450507 8,640919 6,36427 12,28873 3,05278 4,333395 3,07 
6 62 60,07 9,115645 12,2623 9,334771 18,01216 7,384987 9,99215 4,32 
7 63 21,19 7,125132 9,610022 6,947004 14,2948 4,128123 4,088045 3,92 

12 64 28,5 6,966796 9,400651 6,921557 13,84311 4,492226 6,039398 4,68 
15 64 34,45 8,061578 10,73972 7,925861 16,01458 5,292955 7,301564 4,71 

Needle Diameter 1 
Foam Lout GE  FGBK FSP1 FSP2 FAn1 FAn2 Fmooney Fout

1 61 16,14 7,195017 9,639349 7,087221 14,08533 3,40635 4,944239 3,97 
6 62 60,07 10,22588 13,52738 10,4304 19,57526 8,166099 10,66414 5,73 
7 63 21,19 7,916813 10,70254 7,718893 14,54714 4,57196 4,57196 4,12 

12 64 28,5 7,781097 10,46527 7,675539 15,53203 5,006442 6,740601 4,98 
15 64 34,45 8,947256 11,98329 8,881911 17,1908 5,881061 8,16412 5,11 

Needle Diameter 1.2 
Foam Lout GE  FGBK FSP1 FSP2   Fmooney Fout

1 61 16,14 8,681163 11,42924 8,537435   5,708871  
6 62 60,07 12,29443 16,22117 12,60413   12,86708  
7 63 21,19 9,500176 12,81218 9,351736   5,53979  

12 64 28,5 9,313189 12,57039 9,174456   8,179199  
15 64 34,45 10,78496 14,34376 10,49543   9,409698  

Needle Diameter 1.6 
Foam Lout GE  FGBK FSP1 FSP2   Fmooney Fout

1 32 16,14 6,07207 8,05052 5,959476   4,041345 2,04 
6 32 60,07 8,444601 11,20317 8,565238   8,854767 2,8 
7 29,5 21,19 5,857185 8,014706 5,783044   3,403099 2,29 

12 32,5 28,5 6,313973 8,503035 6,199619   5,599261 2,86 
15 34 34,45 7,630803 10,2627 7,434265   6,831833 3,12 

GBK is the force calculated by the general Blatz-Ko material, SP1,SP2 are the forces calculated by the 
two simplifications of GBK, An1, An2 are the forces calculated by the two analytical solutions and 
Mooney are the forces calculated using the Mooney-Rivlin material and Fout are the forces measured 
by tests. All the forces are given in [N] GE is the initial shear modulus in [kPa] and Lout is the active 
length of the needle that was measured in the tests. 


