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Introduction

The thesis consists of three strongly intertwining chapters. Each of them uses
optimization techniques, spectral clustering tools, and mixture models to assign
scores or estimate parameters assigned to the vertices of large unweighted or
weighted graphs, which correspond to networks.

In Chapter 1, the objective of the investigation is an interaction network,
which is the collection of so-called agents with pairwise connections descri-
bed by a weighted or unweighted graph. In the economics literature, see
e.g., [1, 24, 25, 26], the authors assign (usually non-negative) real-valued para-
meters, so-called strategies to the agents so that their common utility function
is maximized. They distinguish between complement and substitute strategies,
depending on whether the actions (goals) of neighboring (connected) agents
are the same or opposite (the action of the neighbor stimulates or suppresses
his/her action). In the classical setup, the main part of the objective function
is quadratic, and maximized under linear constraints. In this case, the agents'
actions are nonnegative real numbers, however, without exact meaning, the
scaling and the actual values of them do not carry too much information for
the physical or economic features of them. In fact, they are rather compared
with respect to the agents, and in this way, give important information about
agent groups that follow similar strategies, and hence about the overall struc-
ture of the network from the point of view of the underlying activity towards
which the strategies are considered.

It has been proved that these strategies mainly depend on the structure of
the underlying graph, the properties of which are captured by its eigenvalues
and eigenvectors (if the number of agents is large, it su�ces to consider only
the signi�cant ones). Therefore, we consider the so-called spectral relaxation of
the maximization problem, and the quadratic objective functions will be max-
imized subject to certain orthogonality constraints, where the solutions can be
rescaled, as if they were measured in di�erent units. We investigate general
social networks, given in the form of an undirected, weighted graph, and also
multiple strategies that are real vectors. The maxima are given in terms of
the top or bottom eigenvalues of the transformed edge-weight matrix, whe-
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reas the optimal multiple strategies are derived by means of the corresponding
eigenvectors. The two extremes, corresponding to strategic complements or
substitutes are uni�ed into a multiway clustering problem, where we are look-
ing for groups of agents pursuing similar strategies with respect to the other
groups, and in this case, strategies can be assigned to the agents, depending
on their group memberships. We also generalize the problem to the case, when
the relationship between the agents di�er under di�erent strategies.

In the social networks literature, many parametric and nonparametric met-
hods have been proposed for so-called community detection in networks. In
the nonparametric scenario, hierarchical or spectral methods were applied to
maximize the two- or multiway Newman�Girvan modularity [62, 11]; more
generally, spectral clustering tools (SC), based on Laplacian or modularity
spectra, proved to be feasible to �nd community, anticommunity, or regular
structures in networks [12]. In the parametric setup, certain model parameters
are estimated, usually via maximizing the likelihood function of the graph, i.e.,
the joint probability of our observations under the model equations. This so-
called ML estimation is a promising method of statistical inference, has solid
theoretical foundations [69, 57], and also supports the common-sense goal of
accepting parameter values based on which our sample is the most likely.

In Chapter 2, we estimate the parameters of two models. First we intro-
duce a semiparametric block model for graphs, where the within- and between-
cluster edge probabilities are not constants within the blocks, but are described
by logistic type models, reminiscent of the 50 years old Rasch model and the
newly introduced α�β models. Our purpose is to give a partition of the verti-
ces of an observed graph so that the induced subgraphs and bipartite graphs
obey these models, where their strongly interlaced parameters give multiscale
evaluation of the vertices at the same time. In this way, a profoundly hetero-
geneous version of the stochastic block model is built via mixtures of the above
submodels, while the parameters are estimated with a special EM iteration. In
Theorem 9, we state the convergence of the iteration, while in Theorem 10, we
formulate an interesting statement about the rank of the matrix taking part in
the algorithm. The starting clustering is obtained by SC.

Second we introduce a directed, weighted random graph model, where the
edge-weights are independent and beta-distributed with parameters depending
on their endpoints. We show that in this model the row- and column-sums of
the transformed edge-weight matrix are su�cient statistics for the parameters
by the Neyman�Fisher factorization theorem. We use the theory of exponential
families to prove that the ML estimate of the parameters exists and is unique.
Then we present an algorithm that uses a �x point iteration to �nd this estimate
and prove its convergence by the properties of the digamma function. Lastly
we show simulation results and applications on that model.
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In Chapter 3, we will discuss how graph based matrices are capable to
�nd classi�cation of the graph vertices with small within- and between-cluster
discrepancies. The structural eigenvalues together with the corresponding
spectral subspaces of the normalized modularity matrix are used to �nd a block-
structure in the graph. We also investigate relations between spectral proper-
ties, multiway discrepancies, and degree distribution of generalized random and
quasirandom graphs.

In the simulations, as the pure cases, we use the generalized random graphs.
We will show that a generalized random graph with a convenient pattern ma-
trix almost surely exhibits a k-partite k-regular graph. We prove that the
between-cluster average degrees are highly concentrated on their expectations
as the number of vertices tends to in�nity, under some balancing conditions
on the cluster sizes. We discuss the relation between the spectra and multi-
way discrepancy in the more general framework of rectangular matrices with
nonnegative entries. As special (quadratic, but not symmetric cases), directed
graphs are also treated. In Theorem 14, we give an upper estimate for the k-th
non-trivial largest singular value of the normalized matrix by means of its k-
way discrepancy. For this purpose, we construct Lemma 5, and use some other
known theorems. The spectrally equivalent generalized quasirandom graphs
of [55] are also considered.

Throughout the thesis, we use linear algebra, probability, and statistical
methods. Simulation results and real-life examples are also presented. The
chapters of this thesis correspond to four papers. Chapter 1 corresponds to [4],
chapter 2 corresponds to [1, 5], and chapter 3 is based on [2].

I thank Dr. Marianna Bolla for supervising my thesis, guidance, and her
continuous support. She always o�ered her time when I needed it, and I learned
a lot from her. I am indebted to Prof. Bálint Tóth who applied me for half
a year in his Stochastics Research Group, and to Prof. Károly Simon who
provided me with an o�ce space and other facilities during my PhD studies
here.

We would like to thank Gábor Tusnády and Róbert Pálovics for fruitful
discussions and making the music recommendation data available; further,
Despina Stasi for suggesting us the fraternity data to be processed. We also
wish to thank Vera T. Sós and Gergely Kiss for useful advises on the quasi-
random graph construction.

5



Chapter 1

Multiple interaction strategies in

networks related to graph spectra

and dominant sets

An interaction network is a collection of agents with pairwise connections des-
cribed by a graph. Our objective is to maximize the payo� of the agents
simultaneously. In the classical strategic complements or substitutes setup,
the objective function has a linear and a quadratic part, and maximized under
linear constraints. To address this task, we use quadratic objective functi-
ons on linear or quadratic constraints. We will show how existing results of
combinatorial graph theory and spectral clustering can be used to solve the
optimization problems, where solutions are closely related to dominant sets or
spectral clusters. Our primary focus is on the graph and show how certain mo-
del parameters can be built into the edge-weight matrix to get a new objective,
thus modifying the interactions between the agents.

We mainly consider edge-weighted graphs and extend existing results on
strategic interactions [1, 26] to them. In the classical papers on this topic
there are unweighted interactions between the agents, and their actions � we
are looking for � are nonnegative real numbers. However, without exact mea-
ning, the scaling and the actual values of these actions do not carry too much
information for the physical or economic features of them. In fact, they are
rather compared with respect to the agents, and in this way, give important
information about agent groups that pursue similar strategies, and hence about
the overall structure of the network from the point of view of the underlying
activity towards which the strategies are considered.

Here we rather investigate the problem from the point of the view of the
graph. Based on the spectral properties of a graph based matrix, we are able
to tell how many and what kind of strategies can be optimal for the agents,

6



and �nd agent groups pursuing similar strategies. Since the agents form a
social network, the optimal or nearly optimal strategies should inevitably be
adopted to the structure of the underlying graph. Together with clustering, we
also use evaluation of the vertices and edges, which give optima of potential
functions, sometimes related to eigenvectors or weighted characteristic vectors
of dominant sets.

The structure of this chapter is as follows. In Section 1.1, we introduce
the basic notions and some graph related matrices together with spectra. In
Section 1.2, we discuss the classical models of strategic complements and sub-
stitutes. In Section 1.3, we consider quadratic objective function on linear
constraints. If we optimize over the standard simplex, we can use the results of
Motzkin and Straus [61] to unweighted and those of Pavan and Pelillo [65] to
edge-weighted graphs. In this way, unweighted and weighted indicator vectors
of dominant sets enter into the solution. In Section 1.4, quadratic constraints
are considered, under which our quadratic optimization has an explicit solu-
tion based on eigenvalues and eigenvectors of graph based matrices. Here we
use multiple strategies and spectral clustering tools of [12]. We will show that
the existence of large positive eigenvalues makes rise to a complementary, whe-
reas that of outstanding negative eigenvalues to a substitute strategy. Some
coordinates of the multi-dimensional strategies of some agents can be negative
here, but with appropriate rotations the strategy vectors can be substituted by
vectors close to weighted indicator vectors of agent groups. Simulation results
on generalized random graphs are also presented.

1.1 Basic notions and notation

Any undirected graph can be completely determined by its weighted or un-
weighted adjacency matrix which can be used e�ciently to extract important
properties and characteristics of the weighted or unweighted graph. Matrix re-
presentations also link graph computations to linear algebra-based algorithms.

For a weighted graph G = (V,W ) with vertex-set V = {1, . . . , n}, the
weighted adjacency matrix W = (wij) is an n × n matrix with zero diagonal
as there are no self-loops at the moment, and wij = wji ≥ 0, where wij = 0
if vertices i and j are not connected, otherwise it re�ects the strength of the
connection between vertices i and j. The vertices correspond to the agents,
while the weights represent their pairwise similarity or cohesiveness. The simple
(unweighted) graph G = (V,A) is a special case, where the weights are 0 or 1.
In this chapter we deal with undirected graphs, so W and A are symmetric.

Let di =
∑n

j=1wij be the generalized degree of vertex i; the degrees are

sometimes collected in the degree-vector d = (d1, . . . , dn)T or in the diago-
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nal degree-matrix D = diag(d). In the edge-weighted case we assume that∑n
i=1 di = 1, since the normalized edge-weight matrix, D−1/2WD−1/2, is

not a�ected by this normalization. W is a Frobenius type matrix. Deno-
ting its eigenvalues by λ1 ≥ · · · ≥ λn,

∑n
i=1 λi = 0, λ1 is strictly positive,

dmin ≤ λ1 ≤ dmax, and λ1 > |λn|, where λn < 0.
The Laplacian matrix L and its eigenvalues have variety of applications in

graph theory and play important role in solving quadratic placement problems
in physics and chemistry. It is de�ned as L = D −W . The Laplacian matrix
is positive semide�nite, and the multiplicity of its 0 eigenvalue is equal to the
number of connected components of G, see [37], [60]. If G is connected, then
0 is a single eigenvalue with corresponding eigenvector 1, where 1 denotes the
all 1's vector (the vectors are column vectors).

The normalized Laplacian matrix is de�ned as

LD = D−1/2LD−1/2 = In −D−1/2WD−1/2.

Its spectrum lies in the interval [0, 2], and again, the multiplicity of its 0 eigen-
value is equal to the number of connected components of G. If G is connected,
then 0 is a single eigenvalue with corresponding unit-norm eigenvector

√
d,

where
√
d denotes the vector of coordinates

√
di, i = 1, . . . , n.

With the convention
∑n

i=1 di = 1, the modularity matrix is de�ned as

M = W − ddT ,

see [62] for the unweighted, and [11] for the weighted case. It is important
that the edge-weight matrix W is normalized so that the sum of its entries is
1. The (i, j) entry ofM just measures the deviation of wij (actual connection
of vertices i and j) from didj (their connection under independent attachment
with the vertex-degrees as probabilities). It is easy to see that 0 is always an
eigenvalue of M with corresponding eigenvector 1. In case of simple graphs,
M is usually inde�nite, and it is negative semide�nite only for complete or
complete multipartite graphs, see [16].

In [11], the following normalized version of the modularity matrix was in-
troduced, that will be intensively used in the discrepancy estimates of Chapter
3. The matrix

MD = D−1/2MD−1/2 = WD −
√
d
√
d
T

= D−1/2WD−1/2 −
√
d
√
d
T

(1.1)

is called normalized modularity matrix of G. It is easy to see that the ei-
genvalues of the normalized edge-weight matrix WD = D−1/2WD−1/2 are in
the [−1, 1] interval and the largest eigenvalue is always 1 with corresponding
unit-norm eigenvector

√
d. The only non-zero eigenvalue of the rank 1 term
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√
d
√
d
T
is also 1 with the same eigenvector. Therefore, the spectrum of the

matrixMD is the same as the spectrum ofWD, with the only exception that �

due to the subtraction of the term
√
d
√
d
T
� the eigenvalue 1 ofWD becomes

an eigenvalue 0 of MD with eigenvector
√
d. Hence, the spectrum of MD is

in [−1, 1] and includes the 0.
There is an exact relation between the normalized Laplacian and the nor-

malized modularity spectrum. If the eigenvalues of LD are 0 = λ′0 ≤ λ′1 · · · ≤
λ′n−1 ≤ 2, then the spectrum of MD consists of the numbers 1 − λ′i (i =

1, . . . , n− 1) and the 0 with corresponding eigenvector
√
d. Further, the mul-

tiplicity of 0 is one more than the multiplicity of the eigenvalue 1 of LD. The
multiplicity of 1 is one less than multiplicity of the eigenvalue 0 of LD; hence,
1 cannot be an eigenvalue of MD if G is connected, or equivalently, W is
irreducible.

Now, examples of adjacency and modularity spectra of some special graphs
follow that we shall use in the sequel.
Examples 0

• The adjacency matrix A of the complete graph Cn is

A = 1n1
T
n − In = n(

1√
n

)(
1√
n

)T − ((
1√
n

)(
1√
n

)T +
n∑
i=2

1 · uiuTi ),

hence,

A = (n− 1)(
1√
n

)(
1√
n

)T +
n∑
i=2

(−1) · uiuTi ,

where u2, . . .un is an arbitrary orthonormal set in 1⊥n . Therefore the
eigenvalues of A: λ1 = n−1 with eigenvector 1n and λ2 = · · · = λn = −1
with multiplicity n− 1 and eigenspace 1⊥n .

• The adjacency matrix of the path graph Pn on n vertices is a tridiago-
nal matrix with zero diagonal and all 1's above and below the diagonal
entries. Its eigenvalues are 2 cos πj

n+1
, j = 1, . . . , n, see [12].

• The adjacency matrix of the complete bipartite graph Kn,m is(
On 1n1

T
m

1m1
T
n Om

)
which is a rank 2 matrix, therefore there are n+m− 2 zero eigenvalues.
The two non-zero eigenvalues have piecewise constant eigenvectors: the
coordinates of such an eigenvector are x's over V1 and y's over V2, where
V1 and V2 are the independent vertex-subsets.
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For i ∈ V1: λx = my.

For i ∈ V2: λy = nx.

Consequently, λ2 = nm and λ = ±
√
nm.

The eigenvector belonging to
√
nm has coordinates: x =

√
m over V1

and y =
√
n over V2.

The eigenvector belonging to −
√
nm has coordinates: x =

√
m over V1

and y = −
√
n over V2.

These two eigenvectors are obviously orthogonal, and they are also ort-
hogonal to the eigenspace corresponding to the 0 eigenvalue:

{x ∈ Rn+m :
∑
j∈V1

xj = 0,
∑
j∈V2

xj = 0}

which has dimension (n− 1) + (m− 1) = n+m− 2.

• The star graph Sd = K1,d has n = d + 1 vertices and the following

nonzero adjacency eigenvalues:
√
d with eigenvector (

√
d, 1, . . . , 1)T and

−
√
d with eigenvector (

√
d,−1, . . . ,−1)T .

The dual graph of Sd is: S̄d is not connected, it consists of a single vertex
and the other component is Cd. Therefore its spectrum is: 0, d − 1 and
−1 with multiplicity d− 1, since the sum of the eigenvalues (the trace of
A) is 0.

• The modularity matrix of a complete k-partite graph is negative semi-
de�nite, with k − 1 negative eigenvalues and the rest are zeros. The
normalized modularity matrix has k − 1 negative eigenvalues in the in-
terval (−1, 0) and the rest are zeros if k > 2; and the only negative
eigenvalue is −1 if k = 2, see [16].

• If G is the union of k graphs (components), then its Laplacian and nor-
malized Laplacian spectrum is the union of the spectra of its components.
However, it does not hold for the modularity and normalized modularity
spectra.

For example, if G is the union of k complete graphs, then its modularity
matrix has k − 1 positive eigenvalues the eigenvalue 0, and the rest are
repeated negative eigenvalues (they take on at most k−1 di�erent values).
The normalized modularity matrix has eigenvalue 1 with multiplicity
k−1, the eigenvalue 0, while the rest of the eigenvalues lie in the interval
(−1, 0) and they take on at most k − 1 di�erent values.
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1.2 Strategic interactions

Strategic interaction is a game in which groups of players are looking for a
common goal such as pro�t, see [1]. This process is happening by using some
sort of communication between players, and this communication can be repre-
sented by a graph (network), an edge between two players in which represent
a direct communication between these two players. In many scenarios of stra-
tegic interactions, an agent's bene�t of taking a certain action depends on the
other agents' in the same game, where players are connected through a graph.
The interaction between agents in a game consisting of n agents is described
in two main cases (see [27]); games with strategic complements, in which the
payo� (bene�t) of an agent increases as a result of the actions of the other
agents, and games with strategic substitutes, in which the payo� of an agent
decreases due to the actions of the other agents. For example when a student
buys a book, his friends do not have to buy it anymore because they can bor-
row it from him for free which is a complementary situation, while a company
which expands its market in new country hurts the other companies working
in the same �eld in that country and this is a substitute case. The main goal
is to reach the equilibrium state that no player has bene�t to change his action
taking in consideration the actions of the other agents.

1.2.1 Game of strategic complements

Based on [1, 26], the strategic complements setup is the following. We genera-
lize their model to an edge-weighted graph G = (V,W ); the agents correspond
to the vertices and they act with continuous strategies: xi ≥ 0 (i = 1, . . . , n),
x := (x1, . . . , xn)T . The payo� of player i is

ui(x) = αxi −
1

2
x2
i + φ

n∑
j=1

wijxixj,

where α and φ are given positive constants (model parameters). The �rst term
is the bene�t of agent i using strategy xi, the second is the cost of agent i, and
the last term is his/her utility (under strategic complementarity in e�orts),
i.e., the payo� due to his/her collaboration with the neighbors. The neighbors
of i are vertices of the set {j : wij > 0}, and they are connected to i with
strengths proportional to the edge-weights. The players are equivalent, only
their network positions di�er.

Agents want to maximize their payo�s at the same time, but they can rule
only their own strategies. Therefore, we have to maximize ui(x) with respect
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to xi for i = 1, . . . , n. Via

∂ui(x)

∂xi
= α− xi + φ

n∑
j=1

wijxj = 0, i = 1, . . . , n,

for the optimal x∗ we have x∗ = α1+φWx∗, or equivalently, (I−φW )x∗ = α1,
where 1 is the all 1's vector, and the vectors are column vectors. Consequently,

x∗ = α(I − φW )−11 (1.2)

is a unique and inner solution (equilibrium) if I − φW is positive de�nite, see
also the forthcoming potential function view of (1.3). Denoting by λ1 ≥ · · · ≥
λn the eigenvalues ofW , this condition holds if and only if 1− φ‖W ‖ > 0, or
equivalently, φ < 1

λ1
. Then the following expansion works:

(I − φW )−1 =
∞∑
k=0

φkW k = I + φW + φ2W 2 + . . . .

Consequently, when α > 0, then

x∗ = α(
∞∑
k=0

φkW k)1.

Note that the ith coordinate ofW1 is di, whereas the ith coordinate ofW k1,
denoted by di(k,W ), is the sum of the positive edge-weights of walks of length
k emanating from vertex i; in particular, di(1,W ) = di. Hence, all the coordi-
nates of x∗ are positive:

x∗i = α

(
1 +

∞∑
k=1

φkdi(k,W )

)
, i = 1, . . . , n.

When W is the usual 0-1 adjacency matrix A of an unweighted graph,
then di(k,A) is the number of walks of length k emanating from i, and 1 +∑∞

k=1 φ
kdi(k,A) is called the Katz�Bonacich centrality of vertex i, which is

a way among many others that measure how central a vertex is in a social
network and a player with highest centrality is sometimes called key player
of a network. Therefore, x∗i ≥ α, and equality holds if and only if φ = 0.
Observe that now di is the usual degree of vertex i, and as a consequence of
the Frobenius theory, dmin ≤ λ1 ≤ dmax, therefore λ1 ≥ 1 and φ < 1. The
closer φ to 0, the more rapidly φk decreases, and the shorter walks dominate
this centrality. The following example explains how the scalar φ control the
importance of the direct and indirect connections.
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Example of Ballester et al. [1]. In �gure 1.1, there are three di�erently
connected types of players such as (1,2,3). Player 2 has the largest number of
direct connections and he should have the highest Bonacich centrality due to
a wide range of indirect connections, while player 1 will cause a sever e�ect on
the network in case of its removal. With low φ, player 2 may be the key player
in the network, but in case of high φ, player 1 should be the key player because
of the e�ect of indirect connections.

Figure 1.1: Network setup: player 1 is key player if φ is high, and player 2 is
key player if φ is low

If α = 0 (no individual bene�t, the payo� is only due to collaboration
with others), then x∗i = φ

∑n
j=1wijx

∗
j , and the payo� is maximal when φ is

the largest eigenvalue λ1 of W and x∗ is the corresponding eigenvector (with
nonnegative coordinates, due to the Frobenius theory).

An equivalent way of reasoning is via potential function (the sum of the
utilities corrected by a term which takes into account the network extremalities
exerted by each player) as follows:

P (x) =
n∑
i=1

ui(x)− φ

2

n∑
i=1

n∑
j=1

wijxixj = αxT1− 1

2
xT (I − φW )x. (1.3)

It is easy to verify that ∂ui(x)
∂xi

= ∂P (x)
∂xi

for i = 1, . . . , n. The above P (x) has a
unique interior maximum if P is strictly concave, i.e., −(I − φW ) is negative
de�nite. Equivalently, I − φW is positive de�nite, for which fact a necessary
and su�cient condition is that φλ1 < 1. After di�erentiating P with respect
to x, we get back (1.2).

1.2.2 Game of strategic substitutes

This type of an interaction, de�ned in [1], is computationally less tractable,
but indicates real competition between the agents, where agents want to use
their neighbors' bene�t instead of their own actions; in particular, free-riders.
We adopt the setup of [26] to edge-weighted graphs, with the strategies xi ≥ 0

13



(i = 1, . . . , n) and given positive parameters α, δ. In view of this model, the
payo� (utility) of player i is

ui(x) = αxi −
1

2
x2
i − δ

n∑
j=1

wijxixj,

where the �rst term is the bene�t of agent i using strategy xi, the second is the
cost of agent i, and the last term is his/her utility (under strategic substitute
in e�orts), i.e., the payo� due to the competition with the neighbors. Here
e�orts are decreased by the actions of the neighbors; for example, farmers do
not want to plant the same crop as their neighbors do.

Agents again want to maximize their payo�s ui(x) with respect to xi at
the same time (i = 1, . . . , n). This is equivalent to maximizing the potential
function:

P (x) =
n∑
i=1

ui(x) +
δ

2

n∑
i=1

n∑
j=1

wijxixj = αxT1− 1

2
xT (I + δW )x.

Via di�erentiation, we get

∂P (x)

∂xi
= α− xi − δ

n∑
j=1

wijxj = 0, i = 1, . . . , n.

This yields the system of equations

x = α1− δWx if x ≥ 0. (1.4)

P has a unique interior maximum if it is strictly concave, i.e., −(I + δW ) is
negative de�nite. Equivalently, I + δW is positive de�nite, for which fact a
necessary and su�cient condition is that δ < −1

λn
= 1
|λn| . However, we have to

ensure that the coordinates of the optimizing x∗ are nonnegative. Hence we
get the quadratic programming task:

maximize P (x) = αxT1− 1

2
xT (I + δW )x

subject to x ≥ 0,

where x ≥ 0 means that xi ≥ 0, i = 1, . . . , n. In accord with [5] and Lemma 1
of [26]: x is a Nash equilibrium of the substitute game if and only if x satis�es
the following Kuhn�Tucker conditions:

∂P

∂xi
= 0 and xi > 0 or

∂P

∂xi
≤ 0 and xi = 0.
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By Proposition 1 of [26], in the Nash equilibrium, there will be active agents
with xi > 0 (i ∈ U), and inactive ones with xi = 0 (i ∈ U); such an x is called
corner solution with support U . Then the above conditions are equivalent to

(IU + δWU)xU = α1 and δWU,UxU ≥ α1,

where the set in the lower index indicates the corresponding segment of the
vector or matrix. The authors of [26] recommend maximizing over all subsets
U , but it is computationally intractable. In Section 1.3 we will show how corner
solutions are obtained, at least approximately, by using iterative algorithms.

In [26], it is also shown how partial transformations between substitutes and
complements can be applied when δ is `small'. Based on this, they distinguish
between di�erent types of solutions according to the range of δ. Actually, local
substitutes can be changed into global substitutes and local complements in
the following way; we adopt their reasoning to an edge-weighted graph in the
case when 0 ≤ wij ≤ 1 (i 6= j). Let G = (V,W ) denote the complementary
graph of G = (V,W ) with edge-weights w̄ij = 1−wij for i 6= j and w̄ii = 0 for
i = 1, . . . , n. If C is the adjacency matrix of the complete graph Cn, i.e., its
adjacency matrix is C = 11T − I, then W = C −W . Therefore,

ui(x) = αxi −
1

2
x2
i − δ

n∑
j=1

[1− (1− wij)]xixj

= αxi −
1

2
x2
i − δ

n∑
j=1

xixj + δ
n∑
j=1

(1− wij)xixj

= αxi −
1

2
x2
i − δ

n∑
j=1

xixj + δ
∑
j 6=i

(1− wij)xixj + δx2
i

= αxi −
1

2
x2
i − δ

n∑
j=1

xixj + δ

n∑
j=1

w̄ijxixj + δx2
i

= αxi −
1

2
(1− 2δ)x2

i − δ
n∑
j=1

xixj + δ
n∑
j=1

w̄ijxixj,

(1.5)

which is a game of global substitutes and local complements investigated by
[1]. Here the complementarities are realized via G.

In view of Theorem 1 of [1], there is a unique equilibrium if 1 − δ >
δλmax(W ). Hence,

δ <
1

1 + λmax(W )
. (1.6)

For �nding the unique equilibrium x∗, the constant of the Katz-Bonacich cen-
trality is λ∗ = δ

1−δ . Now, let us solve (1.4), i.e., α1 − x − δWx = 0. Making
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use of the previous transformations,

α1− x− δCx + δ(C −W )x = α1− δIx− (1− δ)x− δCx + δWx = 0

and

α1− δ(I +C)x− (1− δ)(I − δ

1− δ
W )x = 0.

We will use that

(I +C)x = (11T )x = (1Tx)1 = x1,

where x = 1Tx =
∑n

i=1 xi. Therefore,

(α− δx)1 = (1− δ)(I − δ

1− δ
W )x,

consequently,

x =
α− δx
1− δ

(I − δ

1− δ
W )−11 =

α− δx
1− δ

y.

The inverse exists under (1.6), and can be expanded like the Katz-Bonacich
centrality. However, the right hand side also depends on x through x. To get
rid of this dependence, we introduce y and y =

∑n
i=1 yi. Summing up the

coordinates, x = α−δx
1−δ y, and consequently, x = αy

1−δ+δy . This implies that

x =
α− δαy

1−δ+δy

1− δ
y =

α

1− δ + δy
y,

where

y = (I − δ

1− δ
W )−11 =

[
∞∑
k=0

(
δ

1− δ

)k
W

k

]
1.

Therefore,

x∗i =
α

1− δ + δy

[
1 +

∞∑
k=1

(
δ

1− δ

)k
di(k,W )

]
,

where di(k,W ) is the sum of the positive edge-weight of walks of length k
emanating from vertex i of G. Since δ

1−δ < 1 (it decreases with δ), it su�ces to
consider the �rst terms. Consequently, x∗i is `large' if i has `strong' connections
in the complementary graph, or equivalently, `weak' connections in the original
graph. Hence, it seems reasonable, that a set close to the maximal independent
one carries the leading strategies.

Summarizing, the following cases of [26] apply to the edge-weighted setup
too:
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• If δ < 1
1+λmax(W )

, then a unique inner equilibrium exists and xi > 0

(i = 1, . . . , n).

• If 1
1+λmax(W )

≤ δ < − 1
λmin(W )

, then a unique equilibrium exits which is a

corner or inner point.

• If − 1
λmin(W )

≤ δ < 1, then there are multiple equilibria among those
there can be corners. In this case, only corner equilibria can be stable.

If δ = 1 (see [24, 25]), the stable equilibrium is corner: xU = 1, where U
is a maximal independent set of G. Note that the maximal independent
sets of G are the maximal cliques of G, and to �nd them we recommend
algorithms in Section 1.3.

We remark that the lower range of δ can be made wider and the middle range
1

1+λmax(A)
≤ δ < − 1

λmin(A)
narrower by using results of [41, 67], when we have an

unweighted graph G = (V,A) at the beginning. In view of these, we are able to
�nd an edge-weighted graph (V,W ) with the same skeleton as G, i.e., wij = 0
whenever aij = 0, for which λmin(W ) is the largest possible. Likewise, for the
complementary graph G = (V,A) we are also able to �nd an edge-weighted
graph (V,W ), with the same skeleton as G, for which λmax(W ) is the smallest
possible. To �nd the optimal edge-weights, the authors of [41, 67] suggest the-
ory and algorithms. Roughly speaking, we have to decompose the underlying
graph into odd cycles and balanced bipartite graphs, and assign symmetric
evaluations to their vertices, which in turn give the optimal evaluations of the
edges.

In the following two examples we �nd the equilibria for two types of graphs
with di�erent values of δ of the model for strategic substitutes.

Example 1 Consider a cycle graph with 5 vertices (agents). The adjacency
matrix is

A =


0 1 0 0 1
1 0 1 0 0
0 1 0 1 0
0 0 1 0 1
1 0 0 1 0


Table 1.1 shows the values of the vector α (I + δA)−1 1 which is the unique
equilibrium vector only in the �rst part of the range δ, and also shows the results
of the algorithm in [26] for each δ. The boundaries of δ are 1

1+λmax(A)
= 0.333,

− 1
λmin(A)

= 0.618, then the range of δ can be divided into three parts separated
by double lines in the table.
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In the �rst part, when δ < 0.333, Theorem 1 in [1] ensures that α (I + δA)−1 1
is a unique equilibrium, so no need to run the algorithm. In the second part,
when 0.333 ≤ δ < 0.618, we got unique inner equilibrium for each δ. In the
third part, when 0.618 ≤ δ < 1, we got one inner and multiple corners for each
δ.

Example 2 Consider the complete 3-partite graph K2,3,4 with adjacency ma-
trix

A =



0 0 1 1 1 1 1 1 1
0 0 1 1 1 1 1 1 1
1 1 0 0 0 1 1 1 1
1 1 0 0 0 1 1 1 1
1 1 0 0 0 1 1 1 1
1 1 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0 0
1 1 1 1 1 0 0 0 0


and boundaries 1

1+λmax(A)
= 0.25, − 1

λmin(A)
= 0.28.

In table 1.2, in the �rst part, when δ < 0.25, there is a unique inner
equilibrium, while in the second part, when 0.25 ≤ δ < 0.28, there is corner
equilibrium. In the third part, when 0.28 ≤ δ < 1, there are multiple equilibria
for each δ. We can see that vertices of the same independent set take on the
same value in the equilibrium vector.

1.3 Optimizing over the unit simplex

1.3.1 Cliques

De�nition 1 Let G = (V,E) be an undirected graph. A subset U ⊆ V is
said to be a clique if and only if U represents a complete graph: every pair of
vertices is connected by an edge.

Due to the nature of cliques' structure, they are hardly observable in real world
networks specially social network. In 1941, Paul Turán [80] gave an answer to
the following innocently-looking question. What is the maximal number of
edges in a graph on n vertices not containing a clique of order k as a subgraph,
for a given k? His theorem gives a su�cient condition for the existence of
cliques with certain sizes with respect to the size of the graph.
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δ α (I + δA)−1 1 Algorithm
0.1 {0.83,0.83,0.83,0.83,0.83} exact solution
0.2 {0.71,0.71,0.71,0.71,0.71} exact solution
0.3 {0.625,0.625,0.625,0.625,0.625} exact solution

0.4 {0.56,0.56,0.56,0.56,0.56} same
0.5 {0.5,0.5,0.5,0.5,0.5} same
0.6 {0.45,0.45,0.45,0.45,0.45} same

0.7 {0.417,0.417,0.417,0.417,0.417} same
{0.59,0.59,0,1,0}
{1,0,0.59,0.59,0}
{0.59,0,1,0,0.59}
{0,0.59,0.59,0,1}
{0,1,0,0.59,0.59}

{0.83,0.25,0.25,0.83,0}
{0.25,0.25,0.83,0,0.83}
{0.25,0.83,0,0.83,0.25}
{0.83,0,0.83,0.25,0.25}
{0,0.83,0.25,0.25,0.83}

0.8 {0.38,0.38,0.38,0.38,0.38} same
{0.56,0.56,0,1,0}
{1,0,0.56,0.56,0}
{0.56,0,1,0,0.56}
{0,0.56,0.56,0,1}
{0,1,0,0.56,0.56}

{0.86,0.17,0.17,0.86,0}
{0.17,0.17,0.86,0,0.86}
{0.17,0.86,0,0.86,0.17}
{0.86,0,0.86,0.17,0.17}
{0,0.86,0.17,0.17,0.86}

0.9 {0.36,0.36,0.36,0.36,0.36} same
{0.53,0.53,0,1,0}
{1,0,0.53,0.53,0}
{0.53,0,1,0,0.53}
{0,0.53,0.53,0,1}
{0,1,0,0.53,0.53}

{0.92,0.92,0.92,0.92,0}
{0.92,0.92,0.92,0,0.92}
{0.92,0.92,0,0.92,0.92}
{0.92,0,0.92,0.92,0.92}
{0,0.92,0.92,0.92,0.92}

1 {0.33,0.33,0.33,0.33,0.33} same
{1,0,1,0,0}
{1,0,0,1,0}
{0,1,0,1,0}
{0,1,0,0,1}
{0,0,1,0,1}

Table 1.1: Equilibria for the 5-cycle graph at di�erent values of δ, where its
boundaries are 1

1+λmax(A)
= 0.333 and − 1

λmin(A)
= 0.618. These boundaries are

marked in the table by double lines. In the �rst section, the explicit solution
is obtained by the formula α (I + δA)−1 1, and the algorithm is not used. If a
result given by the algorithm is the same as that obtained by the formula, we
just write `same'.

Theorem 1 (Turán, 1941) Let G = (V,E) be an undirected graph, |V | = n.
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δ α (I + δA)−1 1 Algorithm
0.1 {0.53,0.53,0.61,0.61,0.61,0.71,0.71,0.71,0.71} exact solution
0.2 {0.23,0.23,0.35,0.35,0.35,0.69,0.69,0.69,0.69} exact solution

0.25 {0,0,0,0,0,1,1,1,1} exact solution

0.3 {0.45,0.45,1.82,1.82,1.82,-0.91,-0.91,-0.91,-0.91} {0,0,0,0,0,1,1,1,1}
0.4 {-1.36,-1.36,1.36,1.36,1.36,0.45,0.45,0.45,0.45} {0,0,1,1,1,0,0,0,0}

{0,0,0,0,0,1,1,1,1}
{0,0,0.65,0.65,0.65,0.2,0.2,0.2,0.2}

0.5 {1,1,0,0,0,0,0,0,0} {1,1,0,0,0,0,0,0,0}
{0,0,0.5,0.5,0.5,0.25,0.25,0.25,0.25}

0.6 {0.56,0.56,0.14,0.14,0.14,0.08,0.08,0.08,0.08} same
{1,1,0,0,0,0,0,0,0}
{0,0,1,1,1,0,0,0,0}
{0,0,0,0,0,1,1,1,1}

{0.69,0.69,0.17,0.17,0.17,0,0,0,0}
{0.74,0.74,0,0,0,0.12,0.12,0.12,0.12}

{0,0,0.42,0.42,0.42,0.24,0.24,0.24,0.24}
0.7 {0.42,0.42,0.15,0.15,0.15,0.09,0.09,0.09,0.09} same

{1,1,0,0,0,0,0,0,0}
{0,0,1,1,1,0,0,0,0}
{0,0,0,0,0,1,1,1,1}

{0.57,0.57,0.21,0.21,0.21,0,0,0,0}
{0.62,0.62,0,0,0,0.14,0.14,0.14,0.14}

{0,0,0.37,0.37,0.37,0.23,0.23,0.23,0.23}

Table 1.2: Equilibria for the complete 3-partite graph K2,3,4 at di�erent values
of δ, where its boundaries are 1

1+λmax(A)
= 0.25 and − 1

λmin(A)
= 0.28. These

boundaries are marked in the table by double lines. In the �rst section, the
explicit solution is obtained by the formula α (I + δA)−1 1, and the algorithm
is not used. If a result given by the algorithm is the same as that obtained by
the formula, we just write `same'.
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If

|E| > n2(k − 2)

2(k − 1)
,

then the graph G contains a clique of size k.

The condition in the above theorem implies that the network needs to be dense
enough in order to be able to contain a large clique, which contradicts to the
nature of social networks that are usually sparse. In 1965, in another classical
paper [61], T.S. Motzkin and E. G. Straus provided a novel proof of Turán's
theorem using a continuous characterization of the problem.

A maximal clique is a clique that cannot be extended by including one more
adjacent vertex, in other words, it is not a subset of a larger clique. An upper
bound for the number of maximal cliques in an undirected graph is established
in the following theorem.

Theorem 2 (Moon and Moser, 1965) There are at most 3d
n
3
e maximal cli-

ques in an undirected graph with n vertices.

Enumerating all maximal cliques in a graph needs exponentially increasing
time with the number of vertices. However, there is a useful property called
polynomial delay which can be used in an algorithm �nding the cliques one by
one in some graph such that the delay until the �rst clique appears, the delay
between any two consecutive cliques, and the delay until the algorithm stops
after the last clique is bounded by a polynomial function of the graph's size.

Theorem 3 (Tsukiyama, Ide, Ariyoshi, and Shirakawa, 1977) There is
an algorithm enumerating all maximal cliques of a graph in some order with
polynomial delay O(n3) using only O(n+ |E|) space.

It was proved that polynomial delay property cannot be used to produce a
lexicographically ordered output, since the algorithm needs to look for the next
lexicographically larger maximal clique after each output which is actually a
NP-complete problem.

A clique is calledmaximum clique inG if it has maximum cardinality among
all cliques in G. Note that a maximal clique is not necessarily a maximum one.
The maximum clique problem MCP is to �nd a maximum clique in a graph G.
MCP is NP-hard, algorithms available for this problem guarantee to return a
solution in a time which increases exponentially with the number of vertices in
the graph.

There are some algorithms available that run in polynomial timeO(n+|E|),
they can determine for a given subset of vertices if it is a clique, or whether
a given clique is maximal in G. Finding some maximal cliques in a given
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graph also is not time demanding process, however �nding cliques of certain
sizes or �nding maximum cliques raise algorithmic di�culties. A basic way to
�nd a maximum clique is using an exhaustive search algorithm, which searches
through all the available cliques to �nd the largest. Finding a clique with
size k by this algorithm needs a running time O(nk), and the estimated time
complexity of this algorithm is up to O(n2 · 2n), which makes this algorithm
an ine�cient one.

Instead of computing maximum cliques, there were some e�orts for ap-
proximation, for example by formulating an algorithm that can approximate
kmax(G), the size of the largest clique in G, within a factor f(n), i.e. the algo-
rithm uses an input G to produce a clique C in G such that kmax ≤ f(n) · |C|.
A trivial approximation for maximum clique in G would be O(n) since the
cardinality of a maximum clique is at most n. The best approximation ratio
so far is stated in the following theorem.

Theorem 4 (Feige, 2004) There exists a polynomial-time algorithm whose
output, for graph G with n vertices, is a clique of size within factor O( n

(logn)2
)

of kmax(G), where kmax(G) is the size of the maximum clique of G.

Actually, this ratio cannot be improved, and many heuristic techniques for
�nding maximum cliques exist but they cannot improve the theoretical ap-
proximation ratio, see [51]. Pavan and Pelillo [64] introduced an approach for
approximating the maximal clique problem by using the so-called replicator
equations, a class of dynamical systems developed in mathematical biology.
Now, it will be discussed in more details.

1.3.2 Maximal cliques and interactions

First, let us consider the simplest case of an edge-weighted graph G = (V,W )
when the agents have only mutual bene�ts and there are complementarities
between them. Then the utility of agent i is

ui(x) = b
n∑
j=1

wijxixj

with positive normalizing constant b, and we maximize it with respect to xi,
the strategy of agent i, for i = 1, . . . , n over the simplex

S = {xi ≥ 0 (i = 1, . . . , n),
n∑
i=1

xi = 1} = {x ≥ 0, xT1 = 1}.
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This is equivalent to the following quadratic programming task:

maximize P (x) =
1

2
bxTWx

subject to x ∈ S.
(1.7)

Apart from the constant b > 0, the quadratic form xTWx maximizes the
cohesiveness of a cluster of vertices with fuzzy membership vector x ≥ 0 under
the simplex constraint. With a `small' value of the coordinate xi, vertex i
is weakly, while with a `large' value, it is strongly associated with the cluster.
Under cluster we understand internal homogeneity and external inhomogeneity
of the vertices included in it.

Motzkin and Straus were the �rst to consider this quadratic programming
task for simple graphs as the continuous relaxation of the maximal clique pro-
blem. A maximal clique C is strictly maximal if no vertex i external to C has
the property that the enlarged set C∪{i} contains a clique of the size |C|. The
characteristic vector of a vertex-subset U ⊂ V is denoted xU and is de�ned
with the following coordinates: xUi = 1

|U | if i ∈ U and 0 otherwise.

Theorem 5 (Motzkin�Straus theorem as formulated in [21]) Let G =
(V,A) be a simple graph and C ⊂ V . Then (xC)TA(xC) = 1− 1

|C| if and only
if C is a clique. Moreover,

• xC is a strict local maximizer of xTAx over S if and only if C is a strictly
maximal clique.

• xC is a global maximizer of xTAx over S if and only if C is a maximum
clique.

In case of an unweighted graph G = (V,A), Motzkin and Straus [61] furt-
her generalized the maximization problem to what they called non-square-free
quadratic form. Their theorem solves the problem of maximizing the utility
function

ui(x) = dix
2
i +

∑
j∼i

x2
j + bxi

∑
j∼i

xj

with respect to xi (i = 1, . . . , n) over S. Here the �rst term is the bene�t of
agent i proportional to his/her number of ties (di is the degree of vertex i), the
second term is the sum of the bene�ts of the neighbors, while the last term is
the mutual bene�t due to collaboration with the neighbors multiplied with the
constant b > 0. This model may not be applicable in economy, but in cultural
collaborations and co-authorships, where personal costs are not counted and
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the agents are glad with the success of their neighbors, it indeed has rational.
Since

ui(x) =
n∑
i=1

n∑
j=1

aij(x
2
i + x2

j + bxixj),

in the potential function context this is equivalent to

maximize P (x) =
1

2
xT (D +

b

2
A)x

subject to x ∈ S,
(1.8)

where D is the diagonal degree-matrix. The solution is given in [61], and de-
pending on the relation between dmax and

b
2
, local maxima are again related to

characteristic vectors supported by maximal cliques or vertices having maximal
degree.

Theorem 6 (Theorem 4 of [61]) Let G = (V,A) be an unweighted graph,
and let dmax denote its maximal vertex degree. Then a strict local maximum of
(1.8) is the following:

• If dmax >
b
2
then maxS P (x) = dmax, and the maximum is attained at an

x which is the characteristic vector of a vertex of degree dmax.

• If dmax = b
2
, then maxS P (x) = dmax and the maximum is attained at the

characteristic vector of a complete subgraph, all of whose vertices have
degree dmax.

• If dmax <
b
2
, then maxS P (x) = b

2
− c

2
with 1

c
= maxG′

∑
G′(b − 2di)

−1,
where G′ ranges over the cliques of G; the maximum is attained at an x
with coordinates xi = c

b−2di
for i ∈ G′ and xj = 0 for j /∈ G′.

1.3.3 Dominant sets and weighted characteristic vectors

Now let G = (V,W ) be an edge-weighted graph. We will use the notion of a
dominant set as introduced by Pavan and Pelillo [65] as follows. Let U ⊂ V
and j /∈ U . Let

ϕU(i, j) = wij −
1

|U |
∑
l∈U

wil, i ∈ U

be the relative similarity between vertices i and j with respect to the average
similarity between vertex i and its neighbors in U , where the second term
is the average weighted degree of i with respect to vertices of U . Note that
ϕU(i, j) is positive if the connection between vertices i and j is stronger than
the connection between vertex i and its neighbors in U , and it is negative,
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otherwise. Using this relative similarity, the weight of vertex i with respect to
U is de�ned by the following recursive formula:

wU(i) =


1, if |U | = 1∑
l∈U\{i}

ϕU\{i}(l, i)wU\{i}(l), otherwise.

The total weight of U is W (U) =
∑
i∈U

wU(i). The function wU(i) measures the

relative similarity between vertex i and the vertices of U \ {i} with respect to
the overall similarity among the vertices in U \ {i}. It increases if the vertex
i ∈ U is connected to its neighbors with high weights, i.e. wU(i) > 0 when the
vertex i is strongly connected to the rest of vertices in U ; on the contrary, if
wU(i) < 0, then the vertex i is weakly connected to the rest of vertices in U .

De�nition 2 If W (T ) > 0 for any nonempty T ⊆ U , U ⊆ V , then U is a
dominant set if

• wU(i) > 0, for all i ∈ U ,

• wU∪{i}(i) < 0, for all i /∈ U .

These two conditions correspond to the main properties of a cluster: inter-
nal homogeneity and external inhomogeneity. The �rst condition ensures that
vertices in U are strongly connected to each other, i.e., U induces a strongly
connected subgraph, while the second condition ensures that the set U indu-
ces the most strongly connected subset in G. This de�nition shows that in a
dominant set, the overall similarity among its vertices is higher than the simi-
larity between its vertices and the rest of the vertices in V . Note that in an
unweighted graph (with 0-1 weights) dominant sets correspond to the strictly
maximal cliques.

The following example shows a single dominant set in an edge-weighted
graph.

Example
In Figure 1.2, the set {1, 2, 3} is a dominant set since it has the strongest

connections among its vertices and these connections are also stronger than
the connections between its vertices and the rest of vertices in the graph.

The quadratic programming task

maximize P (x) = xTWx

subject to x ∈ S,
(1.9)

is the generalization of the problem (1.7) and it favors pairs of vertices with
similar coordinates in x that also have strong connection in W . Pavan and
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Figure 1.2: Edge-weighted graph exhibiting a single dominant set

Pelillo [65] characterized the strict local maxima of the above task by means
of weighted characteristic vectors.

De�nition 3 The weighted characteristic vector of a set U , also denoted by
xU , has the following coordinates:

xUi =

{
wU (i)
W (U)

, if i ∈ U
0, otherwise.

Note that the weighted characteristic vector satis�es the simplex constrains,
and it also corresponds to a corner solution of Section 1.2.2.

Theorem 7 (Theorem 1 of [65]) Let G = (V,W ) be an edge-weighted graph.

• If U is a dominant set of G, then its weighted characteristic vector xU is
a strict local solution of the program (1.9).

• Conversely, if x∗ is a strict local solution of the program (1.9), then its
support σ = {i : x∗i 6= 0} is a dominant set, provided that wσ∪{i}(i) 6= 0
for all i /∈ σ.

In [64, 65], the authors recommend the so-called replicator dynamics to
solve the problem (1.9) numerically. With the initial vector x(0) they de�ne
the following iteration:

xi(t+ 1) = xi(t)
(Wx(t))i

x(t)T (βW )x(t)
(1.10)

for i = 1, . . . , n and t = 0, 1, 2, . . . , until convergence. The simplex S is invari-
ant under the above dynamics, which means that every trajectory starting in
S will remain in S for the eternity. Further, if W is symmetric, the objective
function is strictly increasing along any nonconstant trajectory of (1.10), and
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its asymptotically stable points are in one-to-one correspondence to the strict
local solutions of (1.9).

To avoid spurious solutions (that are not characteristic vectors), in the
unweighted case (0-1 weights) Bomze et al. [21] suggested the following regu-
larization of (1.7) with introducing a positive parameter α:

maximize xT (A+ αI)x

subject to x ∈ S.
(1.11)

They proved the following.

Theorem 8 (Theorem 10 of [21]) Let G = (V,A) be an unweighted graph
and 0 < α < 1. Then

• the only strict local maximizers of xT (A + αI)x over S (i.e., the only
attracting stationary points under the replicator dynamics with A + αI
instead of A) are characteristic vectors xC where C is a maximal clique
of G;

• conversely, if C is a maximal clique of G, then xC represents a strict
local maximizer.

Therefore, when selecting an α ∈ (0, 1), e.g., α = 1
2
, all local maximizers

of (1.11) are strict and are in one-to-one correspondence with the characteristic
vectors of the maximal cliques of the unweighted graph G = (V,A).

It is an open question, what kind of regularization is useful when we have
an edge-weighted graph G = (V,W ). Since the argmax xTWx is invariant
under scaling the entries of W , we may assume that 0 ≤ wij ≤ 1 (i 6= j).
We conjecture that the regularization with α ∈ (0, 1) will have the same e�ect.
Alternatively, without normalizingW , we could run the dynamics forW +αI,
where 0 < α < maxi 6=j wij.

1.3.4 Interactions and dominant sets

First, let us consider the simplest case when the agents have individual costs
and mutual bene�t based on complementarities between them. The connecti-
ons between the agents is described by the edge-weighted graph G = (V,W ).
The utility of agent i is

ui(x) = βxi
∑
j∼i

xj − αx2
i = β

n∑
j=1

wijxixj − αx2
i (1.12)
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with positive constants α and β, balancing between the bene�t of agent i due
to collaborations and its individual quadratic cost; further, we maximize it
with respect to xi for i = 1, . . . , n over the simplex S.

In potential function view, (1.12) is equivalent to the following quadratic
programming task:

maximize P (x) =
1

2
βxTWx− 1

2
αxTIx =

1

2
xT (βW − αI)x

subject to x ∈ S.
(1.13)

Proposition 1 The programming task (1.13) can be solved by replacing the
matrix βW −αI with βW −αI+κ11T , where κ is an arbitrary real number1.
Putting κ = α, Theorem 7 is applicable, and implies that the strict local maxima
of (1.13) are weighted characteristic vectors of dominant sets for the scaled
edge-weight matrix βW + α(11T − I) having zero diagonal and o�-diagonal
entries equal to βwij + α ≥ 0 (i 6= j).

For the proof see [64]. Let us denote by G′ this new edge-weighted graph:
G′ = (V, βW + α(11T − I)).

In [64, 65], the authors adopted the replicator dynamics (1.10) to maxi-
mize (1.13) over S. Starting with x(0), they recommended the following itera-
tion:

xi(t+ 1) = xi(t)
(βWx(t))i − αxi(t)
x(t)T (βW − αI)x(t)

(1.14)

for i = 1, . . . , n and t = 0, 1, 2, . . . , until convergence.
However, α could basically change the scale that would result in excluding

dominant sets under a certain size. When α is large, namely α > βλmax(W ),
then the regularization term dominates, and the only solution is an x having all
positive coordinates, and hence, being the weighted characteristic vector of the
whole V . If α gets smaller, but α > βλmax(WU), whereWU is the edge-weight
matrix of the induced subgraph of G on the vertex-set U ⊂ V , then there is
no maximizing x with support which is the subset or equal to U . Therefore,
if one wants to avoid too small clusters, we select an α according to this rule.
Starting with α = β(n − 1) ≥ βλmax(W ), we can decrease α one by one to
obtain smaller and smaller clusters, which support the weighted characteristic
vector of the solution. However, if α > β(m−1), then we exclude characteristic
vectors of dominant sets with |U | ≤ m. Nonetheless, if α is very small, the

1the solutions of (1.13) remain the same if the matrix βW − αI is replaced with βW −
αI + κ11T , where κ is an arbitrary real number. Indeed, κxT11Tx = κ(xT1)2 = κ, since
xT1 = 1 due to x ∈ S. In particular, if κ = α, the resulting matrix has nonnegative entries
and zero diagonal.
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e�ect of regularization becomes negligible and dominant sets of G = (V, βW ),
or equivalently, those of G = (V,W ) will enter into the solution.

Summarizing, the parameters α and β are built into the edge-weight matrix
of G, hence reshaping its structure, and suppressing the ties wij's if α is large
relative to β. The smaller α, the smaller dominant sets of agents will pursue a
non-zero strategy (with the coordinates of the support of their weighted charac-
teristic vectors). This means that if the individual costs are large compared to
the mutual bene�t, then larger sets of agents can collaborate fruitfully. On the
contrary, when the individual costs are small compared to the mutual bene�ts,
then the e�ect of the original edge-weights dominates, and smaller dominant
sets � close to the ones of the original graph � of agents maximize their payo�s
at the same time. However, in this case, a larger number of agents is rendered
to have zero strategy.

We illustrate this process on a so-called generalized random graph.

De�nition 4 Let n be a natural number and k ≤ n be a positive integer. The
graph Gn(P ,Pk) is a generalized random graph with probability matrix P and
proper k-partition Pk = (V1, . . . , Vk) of the vertices if it satis�es the following.
The vertex set is V , |V | = n; the k × k symmetric matrix P is such that its
entries satisfy 0 ≤ pij ≤ 1 (1 ≤ i ≤ j ≤ k). Then vertices of Vi and Vj are
connected independently, with probability pij, 1 ≤ i ≤ j ≤ k.

With the probability matrix

P =

 0.8 0.1 0.15
0.1 0.75 0.2
0.15 0.2 0.7


a random graph on 50 vertices was generated, where the vertices formed three
loosely connected clusters; particularly, Cluster 1 (V1)is loosely connected to
Cluster 2 (V2) and Cluster 3 (V3). Depending on the initialization, we obtained
indicator vectors of subsets of V1, V2, or V3. The support of them is indicated
by red points in Figures 1.3,1.4,1.5. With β = 1 and decreasing values of α,
smaller and smaller supports appeared, but they were concentrated on one
of the clusters. The weighted characteristic vectors supported on parts of the
�rst cluster appeared soon, whereas those supported on parts of the second and
third clusters were separated later. With α = −0.5, the result of Theorem 8 is
applicable, and we indeed obtained the support of a strongly maximal clique
within one of the clusters.
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α ∈ (3.5, 6.5) α ∈ (1.5, 3) α = 1

α = 0.6 α = 0 α = −0.5

Figure 1.3: Dominant sets with weighted characteristic vectors concentrated
on the �rst cluster. Vertices of the three clusters are denoted by O,�,4 and
red dots indicate the support of the weighted characteristic vector obtained by
the dynamics with the actual values of α.
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α = 6.5 α = 3 α ∈ (1.5, 2)

α = 1 α = 0 α = −0.5

Figure 1.4: Dominant sets with weighted characteristic vectors concentrated
on the second cluster. Vertices of the three clusters are denoted by O,�,4 and
red dots indicate the support of the weighted characteristic vector obtained by
the dynamics with the actual values of α.
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α = 6.5 α = 5 α = 4

α ∈ (3, 3.5) α = 1.5 α ∈ (0.5,−0.5)

Figure 1.5: Dominant sets with weighted characteristic vectors concentrated
on the third cluster. Vertices of the three clusters are denoted by O,�,4 and
red dots indicate the support of the weighted characteristic vector obtained by
the dynamics with the actual values of α.
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1.4 Optimizing over spheres and ellipsoids

From now on, we consider multiple strategies. The k-dimensional strategies of
the agents can be thought of as intensities of buying/selling k di�erent stocks
or borrowing/lending k di�erent goods (they may have negative coordinates).

Now the quadratic objective function of Section 1.3 or its multidimensio-
nal extension will be maximized with respect to quadratic constraints. Here
we have explicit solutions: the maxima are given in terms of the bottom or
top eigenvalues of the transformed edge-weight matrix, whereas the optimal
multiple strategies are derived by means of the corresponding eigenvectors.
The two extremes, corresponding to strategic complements or substitutes are
uni�ed into a multiway clustering problem, where we are looking for groups
of agents following similar strategies with respect to the other groups, and in
this case, strategies can be assigned to the agents, depending on their group
memberships.

We saw that in the classical setup of strategic complements (see Section 1.2.1)
when the parameter δ is small (δ < 1

1+λmax(Ḡ)
), a unique inner equilibrium

exists (∀xi > 0), and it can be found by matrix inversion, also using the
Katz�Bonacich centrality. However, in the case of strategic substitutes (see
Section 1.2.2), for larger δ's corner equilibria appear, and these are the only
stable equilibria. To �nd corner equilibria, in [26] the authors de�ne an al-
gorithm which examines all subsets of vertices for possible corner solutions.
This is computationally not tractable, since the computational demand grows
exponentially with the number of the vertices. Instead, we may approximate
corner equilibria by spectral clustering tools of [12] in polynomial time.

1.4.1 When there are complementarities between the agents

The k-dimensional strategies s1, . . . , sn ∈ Rk of the agents are collected as row
vectors in the n× k matrix X. The coordinate si` of si denotes the strategy of
agent i towards the `-th subject (` = 1, . . . , k). The utility function of agent i
is de�ned by

ui(X) =
k∑
`=1

αs2
i` −

1

2

k∑
`=1

s2
i` + φ

k∑
`=1

n∑
j=1

wijsi`sj` (1.15)

where α and φ are given positive parameters. The �rst term is the bene�t of
agent i using strategy xi, the second is the cost of agent i, and the last one
is the utility (under strategic complementarity in e�orts), i.e., the payo� due
to his/her collaboration with the neighbors. The constant α now scales the
quadratic gain of the agents. We assume that 0 < α ≤ 1

2
, so the gain would
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not exceed the costs for solitary agents; further, φ > 0 is a constant that serves
to regulate the e�ect of complementarities.

The simultaneous maximization of ui(X)'s with respect to s1, . . . , sn subject
to
∑n

i=1 sis
T
i = XTX = Ik is equivalent to maximizing the following potential

function under the same constraint:

P (X) =
n∑
i=1

ui(X)− φ

2

n∑
i=1

k∑
`=1

n∑
j=1

wijsi`sj`

=
1

2

k∑
`=1

xT` [(2α− 1)I + φW ]x` =
1

2
trXT [(2α− 1)I + φW ]X,

where x1, . . . ,xk denote the column vectors of the suborthogonal matrix X. So
we have the following task:

maximize trXT [(2α− 1)I + φW ]X

subject to XTX = Ik.

Irrespective of the de�niteness of the matrix in brackets, the maximum is at-
tained by an X∗ which contains pairwise orthogonal, unit-norm eigenvectors,
corresponding to the k largest eigenvalues of (2α − 1)I + φW in its columns,
and the maximum is

∑k
l=1(2α − 1 + φλl), where λ1 ≥ · · · ≥ λn are the eigen-

values of W , and it is attained by the corresponding eigenvectors u1, . . . ,uk
as columns of X∗. These may contain negative coordinates, but they can be
approximated by stepwise constant vectors of mainly nonnegative coordinates
if the following condition is met: the subspace of these partition-vectors is
close to the subspace spanned by u1, . . . ,uk. This is the case if there is a gap
between λk and λk+1, i.e. |λk − λk+1| > |λi − λi+1|, i = 0, 1, · · · , k − 1. In
this case, the squared distance between these two subspaces is the k-variance
of the clusters (see [12]), which is the minimum of the objective function of
the k-means algorithm. Hence, the clusters of agents following similar strate-
gies are obtained by applying the k-means algorithm to the optimum strategy
vectors, row vectors of X∗. Note, that the representatives can as well be ro-
tated so that the column vectors of the matrix X∗ are near to characteristic
vectors of the optimizing vertex clusters, giving the same representation, but
resulting in near zero or positive strategies. In this way, a k-partition of the
vertices is obtained, so that each cluster of the partition is specialized to a
particular strategy out of the k ones. Members of the same cluster pursue
the same strategy with the same (positive) intensity, and the others do almost
nothing. There are di�erent groups responsible for di�erent strategies (it is
possible, since the number of clusters is equal to the number of strategies). In
view of [53], when there is a remarkable gap between λk and λk+1 these clusters
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are loosely connected, but themselves de�ne dense subgraphs. Consequently,
neighbors, or agents with strong connections will follow similar strategies in all
the k respects. In Tables 11,12,13, one rotated eigenvector is concentrated on
one cluster, and after suitable normalization it shows good agreement with the
weighted characteristic vector obtained in Section 1.3.4, in terms of the MSE.

Ev1 0.034 0.058 0.044 0.025 0.058 0.006 0.055 0.041 0.003 0.066 -0.007 0.005 0.019 0.065 0.002

Ev2 -0.022 -0.067 -0.043 0.016 -0.085 0.032 -0.065 0.009 0.035 -0.050 0.016 -0.019 -0.019 -0.086 -0.020

Ev3 0.245 0.188 0.281 0.243 0.266 0.275 0.253 0.269 0.290 0.242 0.226 0.259 0.242 0.272 0.196

Wcv 0.065 0.040 0.081 0.063 0.075 0.073 0.069 0.077 0.081 0.065 0.054 0.069 0.060 0.079 0.040

Table 1.3: Coordinates of the three rotated leading eigenvectors corresponding
to the �rst cluster. The third one (Ev3) is concentrated on Cluster 1, and
the MSE between its normalized version and the weighted characteristic vector
(Wcv) of this cluster (its non-zero coordinates are in the last line) is 0.0674341.

Ev1 0.263 0.262 0.288 0.190 0.178 0.226 0.201 0.230 0.248 0.234 0.232 0.214 0.216 0.295 0.22 0.191 0.21

Ev2 -0.105 0.008 -0.111 0.021 -0.087 -0.006 -0.004 0.025 -0.065 -0.039 -0.008 -0.013 0.005 -0.039 -0.047 -0.014 -0.047

Ev3 -0.04 -0.048 -0.033 -0.040 -0.0008 -0.03 -0.016 -0.064 -0.052 -0.068 -0.023 -0.013 -0.031 -0.069 0.005 0.022 -0.053

Wcv 0.082 0.100 0.103 0.027 0.023 0.032 0.073 0.066 0.068 0.084 0.065 0.064 0.106 0.0216 0.046 0.031 0

Table 1.4: Coordinates of the three rotated leading eigenvectors corresponding
to Cluster 2. The �rst one (Ev1) is concentrated on Cluster 2, and the MSE
between its normalized version and the weighted characteristic vector (Wcv)
of this cluster (its non-zero coordinates are in the last line, except the last
coordinate, instead of which we have a non-zero coordinate corresponding to a
vertex of Cluster 3) is 0.135404.

Ev1 0.066 0.019 0.057 -0.008 0.015 0.037 0.076 0.050 -0.006 0.003 0.058 0.053 0.139 0.076 0.056 0.077 0.024 0.024

Ev2 0.224 0.270 0.205 0.260 0.213 0.268 0.270 0.187 0.299 0.290 0.190 0.150 0.120 0.122 0.253 0.135 0.172 0.296

Ev3 0.045 -0.020 0.011 -0.016 0.026 -0.004 0.006 0.081 0.011 0.070 0.003 0.029 -0.008 0.009 0.034 0.044 0.015 0.006

Wcv 0.061 0.079 0.051 0.072 0.032 0.085 0.089 0.036 0.093 0.080 0.057 0.011 0.038 0.080 0.023 0.018 0.087 0

Table 1.5: Coordinates of the three rotated leading eigenvectors corresponding
to Cluster 3. The second one (Ev2) is concentrated on Cluster 3, and the MSE
between its normalized version and the weighted characteristic vector (Wcv)
of this cluster (its non-zero coordinates are in the last line, except the last
coordinate, instead of which we have a non-zero coordinate corresponding to a
vertex of Cluster 2) is 0.129198.

In the case of k = 1 we optimize over the sphere ‖x‖=1, and the above
maximum is 2α− 1 + φλ1, which is positive if and only if φ > 1−2α

λ1
, in view of

λ1 > 0 (sinceW is a Frobenius-type matrix). Because of 0 < α < 1
2
, this gives

a positive lower bound for φ. Consequently, the above maximum is positive.
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When k > 1 is such that λ1 ≥ · · · ≥ λk > 0, then
∑k

`=1(2α − 1 + φλ`) > 0

holds if φ > k(1−2α)∑k
`=1 λ`

. Therefore, the number of strategies cannot exceed the

number of positive eigenvalues of W to get a positive optimum. However,
when the size of G is large, it su�ces to select a k such that λk > 0 and it is
much `larger' that λk+1.

The utility function can be further generalized to

ui(X) =
k∑
`=1

αs2
i` −

1

2

k∑
`=1

s2
i` +

k∑
`=1

φ`

n∑
j=1

aijsi`sj` (1.16)

with positive parameters α, φ1, . . . , φk. The potential function becomes

P (X) =
n∑
i=1

ui(X)−
k∑
`=1

φ`
2

n∑
j=1

w
(`)
ij si`sj`

=
1

2

k∑
l=1

xTl [(2α− 1)I + φ`W
(`)]x`,

whereW (`) is the edge-weight matrix of the agents under strategy `, (these con-
nections are given, and they may di�er for di�erent strategies, ` = 1, . . . , k).
For maximizing the sum of the inhomogeneous quadratic forms we can use
the so-called compromise vectors and an algorithm of [8]. In particular, when
W (1) = · · · = W (k) = W , i.e., the matrices in the brackets commute, we select
their largest eigenvalues (assuming that φ`'s are di�erent) with the correspon-
ding eigenvectors.

Another possibility is to take into consideration the vertex degrees in G.
Then the modi�ed utility is

ui(X) =
k∑
`=1

αdis
2
i` −

1

2

k∑
`=1

dis
2
i` + φ

k∑
`=1

n∑
j=1

aijsi`sj`. (1.17)

The simultaneous maximization of ui(X)'s (i = 1, . . . , k) subject to XTDX =
Ik is equivalent to maximizing the following potential function under the same
constraint:

P (X) =
n∑
i=1

ui(X)− φ

2

k∑
`=1

n∑
j=1

aijsi`sj`

=
1

2

k∑
`=1

(D1/2x`)
T [(2α− 1)I + φWD](D1/2x`)

=
1

2
tr(D1/2X)T [(2α− 1)I + φWD](D1/2X).
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Its maximum subject to XTDX = Ik (ellipsoid) is attained by an X∗ that
maximizes

tr(D1/2X)T [(2α− 1)I + φWD](D1/2X)

on the constraint XTDX = Ik. Irrespective whether the matrix in brackets
is positive semide�nite, it is attained at D−1/2X∗, where the columns of X∗

are pairwise orthogonal, unit-norm eigenvectors, corresponding to the k lar-
gest eigenvalues of (2α − 1)I + φWD (see Section 1.1), and the maximum is∑k

l=1(2α − 1 + φλ′l), where λ
′
1 ≥ · · · ≥ λ′n are the eigenvalues of WD, and

it is attained by the corresponding eigenvectors u′1, . . . ,u
′
k as columns of X∗.

Since the eigenvalues of WD are in the [-1,1] interval and 0 ≤ 2α− 1 ≤ 1, the
eigenvalues of (2α− 1)I + φWD are in the [−φ− 1, φ] interval.

1.4.2 When there are substitutes between the agents

The utility function of agent i is now de�ned by

ui(X) =
k∑
`=1

αs2
i` −

1

2

k∑
`=1

s2
i` − δ

k∑
`=1

n∑
j=1

aijsi`sj` (1.18)

with parameters 0 < α ≤ 1
2
and δ > 0 to regulate the e�ect of substitutes.

The simultaneous maximization of ui(X)'s subject to
∑n

i=1 sis
T
i = XTX = Ik

is equivalent to maximizing the following potential function under the same
constraint:

P (X) =
n∑
i=1

ui(X) +
δ

2

n∑
i=1

k∑
`=1

n∑
j=1

aijsi`sj`

= −1

2

k∑
`=1

xT` [(1− 2α)I + δW ]x`

= −1

2
trXT [(1− 2α)I + δW ]X.

Its maximum subject to XTX = Ik is attained at the same X that gives the
minimum of

trXT [(1− 2α)I + δW ]X

on the same constraint. Irrespective of the de�niteness of the matrix in brac-
kets, the minimum is attained at an X∗ which contains pairwise orthogo-
nal, unit-norm eigenvectors, corresponding to the k smallest eigenvalues of
(1− 2α)I + δW in its columns, and the minimum is

∑k
`=1(1− 2α+ δλn−`+1),

where λ1 ≥ · · · ≥ λn are the eigenvalues of G, and it is attained by the cor-
responding eigenvectors un, . . . ,un−k+1 as columns of X. These may contain
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negative coordinates, but they can be approximated by stepwise constant vec-
tors of nonnegative coordinates. The subspace of these partition-vectors is close
to the subspace spanned by un, . . . ,un−k+1 if there is a gap between λn−k+1

and λn−k. In this case, the clusters of agents following similar strategies are
obtained by applying the k-means algorithm to the optimum strategy vectors,
row vectors of the optimum X∗.

In the case of k = 1, this minimum is 1− 2α+ δλn, which is negative if and
only if δ > 2α−1

λn
, in view of λn < 0 and 0 < α < 1

2
. It means that the above

maximum is positive.
The inequality δ > 2α−1

λn
can be restricted to the range of δ where corner

equilibria are stable. The corresponding 2-partition of the vertices is obtained
by the k-means algorithm applied for the coordinates of un. In the k > 1
case the same holds with applying the k-means algorithm with the optimal
s∗1, . . . , s

∗
n as row vectors of the n× k matrix X∗.

When k > 1 is such that λn ≤ · · · ≤ λn−k+1 < 0, then
∑k

`=1(1 − 2α +

δλn−`+1) < 0 holds if δ > k(2α−1)∑k
`=1 λn−`+1

. Therefore, the number of strategies

cannot exceed the number of negative eigenvalues of G to get a positive opti-
mum. However, when the size of G is large, it su�ces to select a k such that
λn−k+1 < 0 and it is much `smaller' that λn−k.

Further generalizations, e.g., taking into consideration the vertex degrees,
can also be considered, like in Section 1.4.1.

1.5 Discussion

When maximizing the mutual bene�t of agents in a network of interactions, we
consider edge-weighted graphs describing pairwise relations of the agents. We
show how the graph structure determines the optimal strategies with respect
to quadratic objective functions maximized on linear or quadratic constraints.
Under simplex constraints, dominant sets of an edge-weighted graph will give
the solution, where the model parameters are built into the edge-weights. Un-
der quadratic constraints, the spectrum of the unnormalized or normalized
edge-weight matrix decides which strategy to follow. Large positive eigen-
values favor complementary strategies in as many respect as the number of
the structural positive eigenvalues; while negative eigenvalues of large absolute
value favor substitute strategies in as many respect as the number of the struc-
tural negative eigenvalues. This is also supported by social network studies,
see, e.g., [11, 62].
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Chapter 2

Estimating parameters of a

probabilistic heterogeneous block

model and a directed weighted

graph model with beta-distributed

edge-weights

Parameter Estimation is a process involves estimating the values of the pa-
rameters of some distribution based on measured or observed empirical data.
For such purpose, several methods came to exist to suit di�erent settings such
that Maximum Likelihood, Bayes, Moments, ...etc. Through our study in this
chapter we will use the method of Maximum Likelihood (ML) in the context of
estimating the parameters of two di�erent models; probabilistic heterogeneous
block model and directed weighted graph model.

This chapter is organized as follows. In Section 2.1 we �rst describe the
building blocks of our model in subsection 2.1.1 . In the context of the α-β
models we refer to already proved facts about the existence of the ML esti-
mate and if it exists, we discuss the algorithm proposed by [35] together with
convergence facts; while, in the context of the β-γ model, we introduce a no-
vel algorithm and prove its convergence. In Subsection 2.1.2 we use both of
the above algorithms for the subgraphs and bipartite subgraphs of our sample
graph, and we connect them together in the framework of the EM algorithm.
In Subsection 2.1.3 the algorithm is applied to randomly generated and real-
world data, while Subsection 2.1.4 is devoted to a brief discussion about the
�rst section. In Section 2.2 We introduce a directed, weighted random graph
model, where the edge-weights are independent and beta-distributed with pa-
rameters depending on their endpoints and prove that the ML estimate of the
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parameters exists and is unique. In Subsection 2.2.2 we show an algorithm that
�nds this estimate and prove its convergence. At last we present simulation
results and applications.

2.1 Estimating parameters of a probabilistic he-

terogeneous block model via the EM algo-

rithm

In the parametric scenario, in the 2010s α and β models [30, 35] were developed
as the unique graph models where the degree sequence is a su�cient statistic:
given the degree sequence, the distribution of the random graph does not de-
pend on the parameters any more (microcanonical distribution over the model
graphs). This fact makes it possible to derive the ML estimate of the para-
meters in a standard way [72]. Indeed, in the context of network data, a lot
of information is contained in the degree sequence, though, perhaps in a more
sophisticated way. The vertices may have clusters (groups or modules) and
their memberships may a�ect their a�nity to make ties. We will �nd groups
of the vertices such that the within- and between-cluster edge-probabilities
admit certain parametric graph models, the parameters of which are highly
interlaced. Here the degree sequence is not a su�cient statistic any more, only
if it is restricted to the subgraphs. When making inference, we are partly inspi-
red by the stochastic block model, partly by the Rasch model, the rectangular
analogue of the α-β models.

The generalized random graph model, sometimes called stochastic block-
model (SBM), was �rst introduced in [47], and discussed later in [7, 73, 48,
50, 20]. This model is the generalization of the classical Erd®s�Rényi random
graph Gn(p), the �rst random graph of the history introduced in [39] which
corresponds to the one-cluster case: between any pair of the n vertices edges
come into existence independently, with the same probability p. For the gene-
ralized random graph Gn(P ,Pk), see De�nition 4, where Pk = (C1, . . . , Ck) is
the convenient k-partition of the vertices. Sometimes we refer to Pk as cluste-
ring, where C1, . . . , Ck are the clusters. The subgraph of Gn(P ,Pk) con�ned
to the vertex set Cu is an Erd®s�Rényi type random graph, while the bipar-
tite subgraphs connecting vertices of Cu and Cv (u 6= v) are random bipartite
graphs of edge probability puv.

In fact, the seminal Szemerédi's regularity lemma [76] guarantees the exis-
tence of such a structure in any huge graph, albeit with an enormously large
number of clusters; therefore, it is not applicable for practical purposes.

Though, in [20] the SBM is called heterogeneous, it is, in fact, a homo-
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geneous one: the probability to make ties is the same within the clusters or
between the cluster-pairs. Nonetheless this probability depends on the actual
cluster memberships, given the memberships of the vertices, the probability
that they are connected is a given constant, for the estimation of which an al-
gorithm (maximizing the likelihood modularity) is proposed in [7] and the the
EM algorithm is described in [12]. Here we want to model more complicated
within- and between-cluster relations.

Here we propose a profoundly heterogeneous block model by carrying on
the Rasch model developed more than 50 years ago for evaluating psycholo-
gical tests [70, 71]. We will call it Logistic Block Model (LBM). Given the
number of clusters and a classi�cation of the vertices, we will use the Rasch
model for the bipartite subgraphs, whereas the α-β models for the subgraphs
themselves, and process an iteration (inner cycle) to �nd the ML estimate of
their parameters. Then, based on their contributions to the overall likelihood,
we �nd a new classi�cation of the vertices via taking conditional expectation
and using the Bayes rule. Eventually, the two steps are alternated, giving the
outer cycle of the iteration.

Our algorithm �ts into the framework of the EM algorithm [38, 57], in
the context of exponential families. The method was originally developed for
missing data, and the name comes from the alternating expectation (E) and
maximization (M) steps, where in the E-step (assignment phase) we complete
the data by substituting for the missing data via taking conditional expectation,
while in the M-step (estimation phase) we �nd the usual ML estimate of the
parameters based on the so completed data. The EM algorithm naturally
extends to situations, when not the data itself is missing, but it comes from
a �nite mixture, and the grouping memberships are the missing parameters.
This special type of the EM algorithm developed for mixtures is often called
collaborative �ltering [81, 46] or Gibbs sampling [29], the roots of which method
can be traced back to [59].

After proving the convergence of the inner cycle to the unique solution
of the likelihood equation in each block separately, the convergence of the
outer cycle to a local maximum of the likelihood function is easily seen. The
advantage of the LBM is that, unlike spectral clustering SC, above clustering
the vertices, it also assigns parameters to them, which parameters depend on
their cluster memberships. Therefore we call is semiparametric. In the context
of social networks, the clusters can be identi�ed with social strata and the
parameters with attitudes of people of one group towards people of the other,
which attitude is the same for people in the second group, but depends on
the individual in the �rst group. The number of clusters is �xed during the
iteration, but an initial number of clusters is obtained by SC, via inspecting
the normalized modularity spectrum of the graph. We apply the algorithm to
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randomly generated and real-world data, where the initial clustering was the
one obtained by SC. Then we compare the results of SC, SBM, and LBM by
the Rand index, and our LBM shows a better agreement with the SC clusters
than the SBM. It seems that SC gives a solution close to a local maximum of
LBM, which can be regarded as a �ne tuning of SC. In fact, without a good
starting clustering, LBM can run into a local maximum (there are many) far
from the global one. Therefore, it needs an SC starting; however, its advantage
is that, in addition, it is able to estimate parameters too.

2.1.1 The building blocks of the LBM

Log-linear and logistic type models to describe contingency tables in a combi-
natorial fashion were proposed, e.g., by [47, 52] and widely used in statistics.
Together with the Rasch model, they give the foundation of the unweighted
graph and bipartite graph models which are the building blocks of our EM
iteration.

α-β models for undirected random graphs

With di�erent parameterization, [30] and [35] introduced the following random
graph model, where the degree sequence is a su�cient statistic. We have an
unweighted, undirected random graph on n vertices without loops, such that
edges between distinct vertices come into existence independently, but not with
the same probability as in the classical Erd®s�Rényi model [39]. This random
graph can uniquely be characterized by its n× n symmetric adjacency matrix
A = (Aij) which has zero diagonal and the entries above the main diagonal are
independent Bernoulli random variables whose parameters pij = P(Aij = 1)
obey the following rule. Actually, we formulate this rule for the

pij
1−pij ratios,

the so-called odds :

pij
1− pij

= αiαj (1 ≤ i < j ≤ n), (2.1)

where the parameters α1, . . . , αn are positive reals. This model is called α
model in [35]. With the parameter transformation βi = lnαi (i = 1, . . . n), it
is equivalent to the β model of [30] which applies to the logits :

ln
pij

1− pij
= βi + βj (1 ≤ i < j ≤ n) (2.2)

with real parameters β1, . . . , βn.
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Conversely, the probabilities pij and 1 − pij can be expressed in terms of
the parameters, like

pij =
αiαj

1 + αiαj
and 1− pij =

1

1 + αiαj
(2.3)

which will be intensively used in the subsequent calculations.
We are looking for the ML estimate of the parameter vectorα = (α1, . . . , αn)

or β = (β1, . . . , βn) based on the observed unweighted, undirected graph as a
statistical sample. (It may seem that we have a one-element sample here,
however, there are

(
n
2

)
independent random variables, the adjacencies, in the

background.)
Let D = (D1, . . . , Dn) denote the degree-vector of the above random graph,

where Di =
∑n

j=1Aij (i = 1, . . . n). The random vector D, as a function of the
sample entries Aij's, is a su�cient statistic for the parameter α, or equivalently,
for β. Roughly speaking, a su�cient statistic itself contains all the information
� that can be retrieved from the data � for the parameter. More precisely, a
statistic is su�cient when the conditional distribution of the sample, given the
statistic, does not depend on the parameter any more. By the Neyman�Fisher
factorization theorem [69], a statistic is su�cient if and only if the likelihood
function of the sample can be factorized into two parts: one which does not
contain the parameter, and the other, which includes the parameter, contains
the sample entries merely compressed into this su�cient statistic. Consider
this factorization of the likelihood function (joint probability of Aij's) in our
case. Because of the symmetry of A, this is

Lα(A) =
n−1∏
i=1

n∏
j=i+1

p
Aij
ij (1− pij)1−Aij =

{
n∏
i=1

n∏
j=1

p
Aij
ij (1− pij)1−Aij

}1/2

=

{
n∏
i=1

n∏
j=1

(
pij

1− pij

)Aij n∏
i=1

n∏
j=1

(1− pij)

}1/2

=

{
n∏
i=1

α
∑n
j=1 Aij

i

n∏
j=1

α
∑n
i=1 Aij

j

∏
i 6=j

(1− pij)

}1/2

=

{∏
i 6=j

1

1 + αiαj

}1/2{ n∏
i=1

αDii

n∏
j=1

α
Dj
j

}1/2

=

{∏
i<j

1

1 + αiαj

}{
n∏
i=1

αDii

}
= Cα ×

n∏
i=1

αDii

where we used (2.3) and the facts that Aij = Aji, pij = pji (i < j) and
Aii = 0, pii = 0 (i = 1, . . . , n). Here the partition function Cα =

∏
i<j

1
1+αiαj
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only depends on α, and the whole likelihood function depends on the Aij's
merely through Di's. Therefore, D is a su�cient statistic. The other factor
is constantly 1 . The whole model comes from the so-called log-linear way
of model building, see [52]. In [30, 72] the converse statement is also proved:
the above α model (reparametrized as β model) is the unique one, where the
degree sequence is a su�cient statistic.

Let (aij) be the matrix of the sample realizations (the adjacency entries
of the observed graph), di =

∑n
j=1 aij be the actual degree of vertex i (i =

1, . . . , n) and d = (d1, . . . , dn) be the observed degree-vector. The above facto-
rization also indicates that the joint distribution of the entries belongs to the ex-
ponential family, and hence, with natural parameterization [38], the maximum
likelihood estimate α̂ (or equivalently, β̂) is derived from the fact that, with
it, the observed degree di equals the expected one, that is E(Di) =

∑n
i=1 pij.

Therefore, α̂ is the solution of the following maximum likelihood equation:

di =
n∑
j 6=i

αiαj
1 + αiαj

(i = 1, . . . , n). (2.4)

The ML estimate β̂ is easily obtained from α̂ via taking the logarithms of its
coordinates.

Before discussing the solution of the system of equations (2.4), let us see,
what conditions a sequence of nonnegative integers should satisfy so that it
could be realized as the degree sequence of a graph. The sequence d1, . . . , dn
of nonnegative integers is called graphic if there is an unweighted, undirected
graph on n vertices such that its vertex-degrees are the numbers d1, . . . , dn
in some order. Without loss of generality, di's can be enumerated in non-
increasing order. The Erd®s�Gallai theorem [40] gives the following necessary
and su�cient condition for a sequence to be graphic. The sequence d1 ≥
· · · ≥ dn ≥ 0 of integers is graphic if and only if it satis�es the following two
conditions:

∑n
i=1 di is even and

k∑
i=1

di ≤ k(k − 1) +
n∑

i=k+1

min{k, di}, k = 1, . . . , n− 1. (2.5)

Note that for nonnegative (not necessarily integer) real sequences a con-
tinuous analogue of (2.5) is derived in [30]. For given n, the convex hull of
all possible graphic degree sequences is a polytope, to be denoted by Dn. Its
extreme points are the so-called threshold graphs. It is interesting that for
n = 3 all undirected graphs are threshold, since there are 8 possible graphs
on 3 nodes, and there are also 8 vertices of D3; the n = 2 case is also not of
much interest, therefore we will treat the n > 3 cases only. The number of
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vertices of Dn superexponentially grows with n [75], therefore the problem of
characterizing threshold graphs has a high computational complexity. Its facial
and cofacial sets are fully described in [72]. Apart from the trivial cases (when
there is at least one degree equal to 0 or n − 1), in [44], the authors give the
following equivalent characterization of a threshold graph for n ≥ 4: it has no
four di�erent vertices a, b, c, d such that a, b and c, d are connected by an edge,
but a, c and b, d not, i.e., it has no two disjoint copies of the complete graph
K2.

The authors of [30, 35] prove that Dn is the topological closure of the set
of expected degree sequences, and for given n > 3, if d ∈ int(Dn) is an interior
point, then the maximum likelihood equation (2.4) has a unique solution. La-
ter, it turned out that the converse is also true: in [72] the authors prove that
the ML estimate exists if and only if the observed degree vector is an inner
point of Dn. On the contrary, when the observed degree vector is a boundary
point of Dn, there is at least one 0 or 1 probability pij which can be obtained
only by a parameter vector such that at least one of the βi's is not �nite. In
this case, the likelihood function cannot be maximized with a �nite parameter
set, its supremum is approached with a parameter vector β with at least one
coordinate tending to +∞ or −∞.

The authors in [35] recommend the following algorithm and prove that,
provided d ∈ int(Dn), the iteration of it converges to the unique solution of
the system (2.4). To motivate the iteration, we rewrite (2.4) as

di = αi
∑
j 6=i

1
1
αj

+ αi
(i = 1, . . . , n).

Then starting with initial parameter values α
(0)
1 , . . . , α

(0)
n and using the observed

degree sequence d1, . . . , dn, which is an inner point of Dn, the iteration is as
follows:

α
(t)
i =

di∑
j 6=i

1
1

α
(t−1)
j

+α
(t−1)
i

(i = 1, . . . , n) (2.6)

for t = 1, 2, . . . , until convergence.

β-γ model for bipartite graphs

This bipartite graph model, since there is a one-to-one correspondence between
bipartite graphs, and 0-1 rectangular arrays, traces back to Haberman [45],
Lauritzen [52], and Rasch [70, 71] who applied it for psychological and educati-
onal measurements, later market research. According to the Rasch model, the
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entries of an m×n binary table A are independent Bernoulli random variables,
where for the parameter pij of the entry Aij the following holds:

ln
pij

1− pij
= βi − δj (i = 1, . . .m; j = 1, . . . , n) (2.7)

with real parameters β1, . . . , βm and δ1, . . . , δn. As an example, Rasch in [70]
investigated binary tables where the rows corresponded to persons and the
columns to items of some psychological test, whereas the jth entry of the ith
row was 1 if person i answered test item j correctly and 0, otherwise. He also
gave a description of the parameters: βi was the ability of person i, while δj
the di�culty of test item j. Therefore, in view of the model equation (2.7),
the more intelligent the person and the less di�cult the test, the larger the
success/failure ratio was on a logarithmic scale.

Given an m×n random binary table A = (Aij), or equivalently, a bipartite
graph, our model is

ln
pij

1− pij
= βi + γj (i = 1, . . . ,m, j = 1, . . . , n) (2.8)

with real parameters β1, . . . , βm and γ1, . . . , γn; further, pij = P(Aij = 1).
In terms of the transformed parameters bi = eβi and gj = eγj , the mo-

del (2.8) is equivalent to

pij
1− pij

= bigj (i = 1, . . . ,m, j = 1, . . . , n) (2.9)

where b1, . . . , bm and g1, . . . , gn are positive reals.
Conversely, the probabilities can be expressed in terms of the parameters:

pij =
bigj

1 + bigj
and 1− pij =

1

1 + bigj
. (2.10)

Observe that if (2.8) holds with the parameters βi's and γj's, then it also
holds with the transformed parameters β′i = βi+c (i = 1, . . . ,m) and γ′j = γj−c
(j = 1, . . . , n) with some c ∈ R. Equivalently, if (2.9) holds with the positive
parameters bi's and gj's, then it also holds with the transformed parameters

b′i = biκ and g′j =
gj
κ

(2.11)

with some κ > 0. Therefore, the parameters bi and gj are arbitrary to within
a multiplicative constant.
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Here the row-sums Ri =
∑n

j=1Aij and the column-sums Cj =
∑m

i=1Aij
are the su�cient statistics for the parameters collected in b = (b1, . . . , bm) and
g = (g1, . . . , gn). Indeed, the likelihood function is factorized as

Lb,g(A) =
m∏
i=1

n∏
j=1

p
Aij
ij (1− pij)1−Aij =

{
m∏
i=1

n∏
j=1

(
pij

1− pij

)Aij} m∏
i=1

n∏
j=1

(1− pij)

=

{
m∏
i=1

b
∑n
j=1 Aij

i

}{
n∏
j=1

g
∑m
i=1 Aij

j

}
m∏
i=1

n∏
j=1

(1− pij)

=

{
m∏
i=1

n∏
j=1

1

1 + bigj

}{
m∏
i=1

bRii

}{
n∏
j=1

g
Cj
j

}
.

Since the likelihood function depends on A only through its row- and column-
sums, by the Neyman�Fisher factorization theorem, R1, . . . , Rm, C1, . . . , Cn is
a su�cient statistic for the parameters. The �rst factor (including the parti-
tion function) depends only on the parameters and the row- and column-sums,
whereas the seemingly not present factor � which would depend merely on A �
is constantly 1, indicating that the conditional joint distribution of the entries,
given the row- and column-sums, is uniform (microcanonical) in this model.
Note that in [3], the author characterizes random tables sampled uniformly
from the set of 0-1 matrices with �xed margins. Given the margins, the con-
tingency tables coming from the above model are uniformly distributed, and a
typical table of this distribution is produced by the β-γ model with parameters
estimated via the row- and column sums as su�cient statistics. In this way,
here we obtain another view of the typical table of [3].

Based on an observed binary table (aij), since we are in exponential family,
and β1, . . . , βm, γ1, . . . , γn are natural parameters, the likelihood equation is
obtained by making the expectation of the su�cient statistic equal to its sample
value. Therefore, with the notation ri =

∑n
j=1 aij (i = 1, . . . ,m) and cj =∑m

i=1 aij (j = 1, . . . , n), the following system of likelihood equations is yielded:

ri =
n∑
j=1

bigj
1 + bigj

= bi

n∑
j=1

1
1
gj

+ bi
, i = 1, . . .m;

cj =
m∑
i=1

bigj
1 + bigj

= gj

m∑
i=1

1
1
bi

+ gj
, j = 1, . . . n.

(2.12)

Note that for any sample realization of A,

m∑
i=1

ri =
n∑
j=1

cj (2.13)
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holds automatically. Therefore, there is a dependence between the equations
of the system (2.12), indicating that the solution is not unique, in accord with
our previous remark about the arbitrary scaling factor κ > 0 of (2.11). We will
prove that apart from this scaling, the solution is unique if it exists at all. For
our convenience, let (b̃, g̃) denote the equivalence class of the parameter vector
(b,g), which consists of parameter vectors (b′,g′) satisfying (2.11) with some
κ > 0. So that to avoid this indeterminacy, we may impose conditions on the
parameters, for example,

m∑
i=1

βi +
n∑
j=1

γj = 0. (2.14)

Like the graphic sequences, here the following su�cient conditions can be
given for the sequences r1 ≥ · · · ≥ rm > 0 and c1 ≥ · · · ≥ cn > 0 of integers to
be row- and column-sums of an m× n matrix of 0-1 entries (see, e.g., [4]):

k∑
i=1

ri ≤
n∑
j=1

min{cj, k}, k = 1, . . . ,m;

k∑
j=1

cj ≤
m∑
i=1

min{ri, k}, k = 1, . . . , n.

(2.15)

Observe that the k = 1 cases imply r1 ≤ n and c1 ≤ m; whereas the k = m
and k = n cases together imply

∑m
i=1 ri =

∑n
j=1 cj. This statement is the

counterpart of the Erd®s-Gallai conditions for bipartite graphs, where � due to
(2.13) � the sum of the degrees is automatically even. In fact, the conditions
in (2.15) are redundant: one of the conditions � either the one for the rows, or
the one for the columns � su�ces together with (2.13) and c1 ≤ m or r1 ≤ n.
The so obtained necessary and su�cient conditions de�ne bipartite realizable
sequences with the wording of [44]. Already in 1957, the author [42] determined
arithmetic conditions for the construction of a 0-1 matrix having given row-
and column-sums. The construction was given via swaps.

The convex hull of the bipartite realizable sequences r = (r1, . . . , rm) and
c = (c1, . . . , cn) form a polytope in Rm+n, actually, because of (2.13), in an
(m + n − 1)-dimensional hyperplane of it. It is called polytope of bipartite
degree sequences and denoted by Pm,n in [44]. It is the special case of the
transportation polytope describing margins of contingency tables with nonne-
gative integer entries.

Analogously to the considerations of the α-β models, and applying the
thoughts of the proofs in [30, 35, 72], Pm,n is the closure of the set of the
expected row- and column-sum sequences in the above model. In [44] it is
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proved that an m × n binary table, or equivalently a bipartite graph on the
independent sets of m and n vertices, is on the boundary of Pm,n if it does not
contain two vertex-disjoint edges. In this case, the likelihood function cannot
be maximized with a �nite parameter set, its supremum is approached with a
parameter vector with at least one coordinate βi or γj tending to +∞ or −∞,
or equivalently, with at least one coordinate bi or gj tending to +∞ or 0. Based
on the proofs of [72], and stated as Theorem 6.3 in the supplementary material
of [72], the maximum likelihood estimate of the parameters of model (2.9) exists
if and only if the observed row- and column-sum sequence (r, c) ∈ ri (Pm,n), the
relative interior of Pm,n i.e. the interior of P with respect to the smallest a�ne
set containing P , satisfying (2.13). In this case for the probabilities, calculated
by the formula (2.10) through the estimated positive parameter values b̂i's and
ĝj's (solutions of(2.12)), 0 < pij < 1 holds ∀i, j.

Under these conditions, we de�ne an algorithm that converges to the unique
(up to the above equivalence) solution of the maximum likelihood equation
(2.12).

Theorem 9 If (r, c) ∈ ri (Pm,n), then the following algorithm gives a unique
equivalence class of the parameter vectors as the �xed point of the iteration,
which therefore provides the ML estimate of the parameters.

Starting with positive parameter values b
(0)
i (i = 1, . . . ,m) and g

(0)
j (j =

1, . . . , n) and using the observed row- and column-sums, the iteration is as
follows:

I. b
(t)
i =

ri∑n
j=1

1
1

g
(t−1)
j

+b
(t−1)
i

, i = 1, . . .m

II. g
(t)
j =

cj∑m
i=1

1
1

b
(t)
i

+g
(t−1)
j

, j = 1, . . . n

for t = 1, 2, . . . , until convergence.

Proof. To show the convergence, we rewrite the iteration as the series of
(φ, ψ) : Rm+n → Rm+n maps, where φ = (φ1, . . . , φm) and ψ = (ψ1, . . . , ψn),
further ψ depends on φ such that

b
(t)
i = φi(b

(t−1),g(t−1)), i = 1, . . .m

g
(t)
j = ψj((b

(t),g(t−1))

= ψj(φ(b(t−1),g(t−1)),g(t−1)), j = 1, . . . n.
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We de�ne

ρ((b,g), (b′,g′)) = max

{
max{ max

1≤i≤m

bi
b′i
, max

1≤i≤m

b′i
bi
},max{max

1≤j≤n

gj
g′j
, max

1≤j≤n

g′j
gj
}
}
.

(2.16)
It is easy to see that ρ ≥ 1 and ρ = 1 if and only if (b,g) = (b′,g′); further,
log ρ is a metric. We will use the following lemma of [35].

Lemma 1 For any integer n > 1 and arbitrary positive real numbers u1, . . . , un
and v1, . . . vn we have

u1 + · · ·+ un
v1 + · · ·+ vn

≤ max
1≤i≤n

ui
vi
,

and equality holds if and only if the ratios ui
vi

have the same value.

Now we prove that the (φ, ψ) map is a weak contraction in the log ρ metric.

• Step I. Applying Lemma 1 twice (�rst with n, then with two terms),

φi(b,g)

φi(b′,g′)
=

ri

(∑n
j=1

1
1
gj

+bi

)−1

ri

(∑n
j=1

1
1
g′
j

+b′i

)−1 =

∑n
j=1

1
1
g′
j

+b′i∑n
j=1

1
1
gj

+bi

≤ max
1≤j≤n

1
1
g′
j

+b′i

1
1
gj

+bi

= max
1≤j≤n

1
gj

+ bi
1
g′j

+ b′i

≤ max
1≤j≤n

max

{
g′j
gj
,
bi
b′i

}
= max

{
max
1≤j≤n

g′j
gj
,
bi
b′i

}
.

Likewise,

φi(b
′,g′)

φi(b,g)
≤ max

1≤j≤n
max

{
gj
g′j
,
b′i
bi

}
= max

{
max
1≤j≤n

gj
g′j
,
b′i
bi

}
.

Assume that ρ((b,g), (b′,g′)) = κ and κ > 1; otherwise, when κ = 1, we
already have the �xed point and there is nothing to prove. In view of the
above calculations and Equation (2.16),

ρ((φ(b,g),g), (φ(b′,g′),g′)) ≤ κ,

and the inequality can be attained with equality only if at least one of
the following holds:
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1.

(a) max
i

φi(b,g)

φi(b′,g′)
= κ or

(b) max
i

φi(b
′,g′)

φi(b,g)
= κ;

2. (a) maxj
gj
g′j

= κ or (b) maxj
g′j
gj

= κ.

1(a) is equivalent to: there is an i such that bi
b′i

= κ and
g′j
gj

= κ, ∀j;
whereas, 1(b) is equivalent to: there is an i such that

b′i
bi

= κ and
gj
g′j

= κ,

∀j. 1(a) implies 2(b) and 1(b) implies 2(a). However, it cannot be that

2(a) or 2(b) hold, but 1(a) and 1(b) do not, since maxi
φi(b,g)
φi(b′,g′)

= κ′ with

1 < κ′ < κ would result in
g′j
gj

= κ′, ∀j that contradicts to 2(b); likewise,

maxi
φi(b

′,g′)
φi(b,g)

= κ′ with 1 < κ′ < κ would result in
gj
g′j

= κ′, ∀j that

contradicts to 2(a). Therefore, it su�ces to keep condition 1.

• Step II. Again applying Lemma 1 twice (�rst with m, then with two
terms),

ψj(φ(b,g),g)

ψj(φ(b′,g′),g′)
=

cj

(∑m
i=1

1
1

φi(b,g)
+gj

)−1

cj

(∑m
i=1

1
1

φi(b
′,g′)+g′j

)−1

=

∑m
i=1

1
1

φi(b
′,g′)+g′j∑m

i=1
1

1
φi(b,g)

+gj

≤ max
1≤i≤m

1
1

φi(b
′,g′)+g′j

1
1

φi(b,g)
+gj

= max
1≤i≤m

1
φi(b,g)

+ gj
1

φi(b′,g′)
+ g′j

≤ max
1≤i≤m

max

{
φi(b

′,g′)

φi(b,g)
,
gj
g′j

}
= max

{
max

1≤i≤m

φi(b
′,g′)

φi(b,g)
,
gj
g′j

}
.

Likewise,

ψj(φ(b′,g′),g′)

ψj(φ(b,g),g)
≤ max

1≤i≤m
max

{
φi(b,g)

φi(b′,g′)
,
g′j
gj

}
= max

{
max

1≤i≤m

φi(b,g)

φi(b′,g′)
,
g′j
gj

}
.
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Therefore, in view of Equation (2.16),

ρ((φ(b,g), ψ(φ(b,g),g)), (φ(b′,g′), ψ(φ(b′,g′),g′)))

≤ ρ((φ(b,g),g), (φ(b′,g′),g′)) ≤ κ
(2.17)

and both inequalities can be attained with equality only if at least one
of the following holds:

1.

(a) max
j

ψj(φ(b,g),g)

ψj(φ(b′,g′),g′)
= κ or

(b) max
j

ψj(φ(b′,g′),g′)

ψj(φ(b,g),g)
= κ;

2.

(a) max
i

φi(b,g)

φi(b′,g′)
= κ or

(b) max
i

φi(b
′,g′)

φi(b,g)
= κ.

1(a) is equivalent to: there is a j such that
gj
g′j

= κ and φi(b
′,g′)

φi(b,g)
= κ,

∀i; whereas, 1(b) is equivalent to: there is a j such that
g′j
gj

= κ and
φi(b,g)
φi(b′,g′)

= κ, ∀i. Here again, 1(a) implies 2(b) and 1(b) implies 2(a), and

it cannot be that 2(a) or 2(b) hold, but 1(a) and 1(b) do not. Therefore,
it su�ces to keep condition 1 again. But conditions I.1 and II.1 together

imply that either
b′i
bi

= κ, ∀i and gj
g′j

= κ, ∀j; or bi
b′i

= κ, ∀i and g′j
gj

= κ,

∀j. In either case this means that (b,g) and (b′,g′) belong to the same
equivalence class, and in two steps, we already obtained a �xed point
with due regard to the equivalence classes. This �xed point cannot be
else but the unique solution of the system of likelihood equations (2.12),
which is guaranteed (up to equivalence) if (r, c) ∈ ri (Pm,n).

Otherwise, both inequalities in (2.17) cannot hold with equality, but there
must be a strict inequality. Consequently,

ρ((φ(b,g), ψ(φ(b,g),g)), (φ(b′,g′), ψ(φ(b′,g′),g′)))

< ρ((b,g), (b′,g′)),

and hence, f = (φ, ψ) is a weak contraction. �

Observe that f((b(t),g(t))) = (b(t+1),g(t+1)), and under the condition (r, c) ∈
ri (Pm,n), the ML estimate (b̂, ĝ) is a unique �xed point of f , that is f(b̂, ĝ) =
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(b̂, ĝ). Therefore, we have

ln ρ((b(t+1),g(t+1)), (b̂, ĝ)) < ln ρ((b(t),g(t)), (b̂, ĝ)).

This means that ln ρ((b(t),g(t)), (b̂, ĝ)) is a strictly decreasing sequence of
nonnegative entries, and so it has a limit c ≥ 0. But this implies that
limt→∞ ln ρ((b(t),g(t)), (b∗,g∗)) = 0, where (b∗,g∗) is in the equivalence class
of (b̂, ĝ), with scaling constant κ = ec.

On the contrary, when (r, c) /∈ ri (Pm,n), the sequence cannot converge
to a �xed point, since then it were the solution of the maximum likelihood
equation (2.12). But we have seen, that no �nite solution can exist in this
case. It means that at least one coordinate of the sequence {(b(t),g(t))} tends
to in�nity. We remark, that even in this case, we obtain convergence in the
other coordinates, which issue will emerge when solving the multipartite graph
model, and further discussed in Subsection 2.1.4.

2.1.2 Parameter estimation in the LBM

In the several clusters case, we are putting the bricks together. The above
discussed α-β and β-γ models will be the building blocks of the LBM to be
introduced. Here the degree sequences are not any more su�cient for the whole
graph, only for the building blocks of the subgraphs.

Given 1 ≤ k ≤ n, we are looking for k-partition, in other words, clusters
C1, . . . , Ck of the vertices such that

• di�erent vertices are independently assigned to a cluster Cu with proba-
bility πu (u = 1, . . . , k), where

∑k
u=1 πu = 1;

• given the cluster memberships, vertices i ∈ Cu and j ∈ Cv are connected
independently, with probability pij such that

ln
pij

1− pij
= βiv + βju, (2.18)

for any 1 ≤ u, v ≤ k pair. Equivalently,

pij
1− pij

= bicjbjci ,

where ci is the cluster membership of vertex i and biv = eβiv .

The parameters are collected in the vector π = (π1, . . . , πk) and the n× k
matrixB of biu's (i ∈ Cu, u = 1, . . . , k). The likelihood function is the following
mixture: ∑

1≤u,v≤k

πuπv
∏

i∈Cu,j∈Cv

p
aij
ij (1− pij)(1−aij).
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Here A = (aij) is the incomplete data speci�cation as the cluster memberships
are missing. Therefore, it is straightforward to use the EM algorithm, proposed
by [38], also discussed in [57], for parameter estimation from incomplete data.
This special application for mixtures is sometimes called collaborative �ltering,
see [46, 81], which is rather applicable to fuzzy clustering.

First we complete our data matrix A with latent membership vectors
µ1, . . . ,µn of the vertices that are k-dimensional i.i.d. Multy(1,π) (multi-
nomially distributed) random vectors. More precisely, µi = (mi1, . . . ,mik),
where miu = 1 if i ∈ Cu and zero otherwise. Thus, the sum of the coordinates
of any µi is 1, and P(miu = 1) = πu.

Note that, if the cluster memberships where known, then the complete
likelihood would be

k∏
u=1

n∏
i=1

k∏
v=1

n∏
j=1

[p
mjvaij
ij · (1− pij)mjv(1−aij)]miu (2.19)

that is valid only in case of known cluster memberships.
Starting with initial parameter values π(0), B(0) and membership vectors

µ
(0)
1 , . . . ,µ

(0)
n , the t-th step of the iteration is the following (t = 1, 2, . . . ).

• E-step: we calculate the conditional expectation of each µi conditioned
on the model parameters and on the other cluster assignments obtained
in step t− 1, and collectively denoted by M (t−1).

The responsibility of vertex i for cluster u in the t-th step is de�ned
as the conditional expectation π

(t)
iu = E(miu |M (t−1)), and by the Bayes

theorem, it is

π
(t)
iu =

P(M (t−1)|miu = 1) · π(t−1)
u∑k

v=1 P(M (t−1)|miv = 1) · π(t−1)
v

(u = 1, . . . , k; i = 1, . . . , n). For each i, π
(t)
iu is proportional to the nume-

rator, therefore the conditional probabilities P(M (t−1)|miu = 1) should
be calculated for u = 1, . . . , k. But this is just the part of the likeli-
hood (2.19) e�ecting vertex i under the condition miu = 1. Therefore,

P(M (t−1)|miu = 1) =
k∏
v=1

∏
j∈Cv , j∼i

b
(t−1)
iv b

(t−1)
ju

1 + b
(t−1)
iv b

(t−1)
ju

∏
j∈Cv , j�i

1

1 + b
(t−1)
iv b

(t−1)
ju

=
k∏
v=1

{
b

(t−1)
iv b

(t−1)
ju

1 + b
(t−1)
iv b

(t−1)
ju

}evi {
1

1 + b
(t−1)
iv b

(t−1)
ju

}|Cv |·(|Cv |−1)/2−evi

,

where evi is the number of edges within Cv that are connected to i.
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• M-step: We update π(t) and µ(t): π
(t)
u := 1

n

∑n
i=1 π

(t)
iu and m

(t)
iu = 1 if

π
(t)
iu = maxv π

(t)
iv and 0, otherwise (in case of ambiguity, we select the

smallest index for the cluster membership of vertex i). This is an ML
estimation (discrete one, in the latter case, for the cluster membership).
In this way, a new clustering of the vertices is obtained.

Then we estimate the parameters in the actual clustering of the vertices.
In the within-cluster scenario, we use the parameter estimation of mo-
del (2.1), obtaining estimates of biu's (i ∈ Cu) in each cluster separately
(u = 1, . . . , k); as for cluster u, biu corresponds to αi and the number
of vertices is |Cu|. In the between-cluster scenario, we use the bipartite
graph model (2.9) in the following way. For u < v, edges connecting ver-
tices of Cu and Cv form a bipartite graph, based on which the parameters
biv (i ∈ Cu) and bju (j ∈ Cv) are estimated with the above algorithm;
here biv's correspond to bi's, bju's correspond to gj's, and the number of
rows and columns of the rectangular array corresponding to this bipar-
tite subgraph of A is |Cu| and |Cv|, respectively. With the estimated
parameters, collected in the n× k matrix B(t), we go back to the E-step,
etc.

As in the M-step we increase the likelihood in all parts, and in the E-step
we relocate the vertices into the cluster where their likelihoods are maximized,
the nonnegative likelihood function is increased in each iteration. Since the
likelihood function is bounded from above (unless in some inner cycle we start
from the boundary of a polytope of the �rst part of Subsection 2.1.1), it must
converge to a local maximum.

Note that here the parameter βiv with ci = u embodies the a�nity of vertex
i of cluster Cu towards vertices of cluster Cv; and likewise, βju with cj = v
embodies the a�nity of vertex j of cluster Cv towards vertices of cluster Cu.
By the model, this a�nities are added together on the level of the logits. This
so-called k-β model, introduced in [36], is applicable to social networks, where
attitudes of individuals in the same social group (say, u) are the same toward
members of another social group (say, v), though, this attitude also depends
on the individual in group u. The model may also be applied to biological
networks, where the clusters correspond, for example, of di�erent functioning
synopses or other units of the brain.

After normalizing the βiv (i ∈ Cu) and βju (j ∈ Cv) to meet the requirement
of (2.14), for any u 6= v pair, the sum of the parameters will be zero, and the
sign and magnitude of them indicates the a�nity of nodes of Cu to make ties
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with the nodes of Cv, and vice versa:∑
i∈Cu

βiv +
∑
j∈Cv

βju = 0.

This becomes important when we want to compare the parameters correspon-
ding to di�erent cluster pairs. For selecting the initial number of clusters we
can use considerations of [82], while for the initial clustering, spectral clustering
tools of [12].

Theorem 10 Let the n×n symmetric matrix S contain the log-odds satisfying
the model equation (2.18) as its entries. Then rankS ≤ 2k.

Proof. Let B̃ denote the n × k matrix of βiv's for i ∈ Cu, u, v = 1, . . . , k.
We de�ne the n × n matrix U as follows: uij := βicj (i, j = 1, . . . , n). Then
S = U +UT . This is obvious if we understand the structure of the matrix U ;
actually, it is the one-sided blow-up of the matrix B̃ as the columns j1 and j2 of
U contain the same entries whenever cj1 = cj2 . Therefore, there are k di�erent
types of columns of U , as many as the number of the clusters, and the columns
occur with multiplicities nv = |Cv| (v = 1, . . . , k). Consequently, rank(U) =
rank(UT ) ≤ k, and, by applying rank theorems, rankS = rank(U +UT ) ≤ 2k
that �nishes the proof. �

2.1.3 Applications

Now we illustrate the performance of our algorithm via randomly generated
and real-world data. Note that while processing the iteration, we sometimes
run into threshold subgraphs or bipartite subgraphs on the boundary of the
polytope of bipartite degree sequences. Even in this case our iteration conver-
ged for most coordinates of the parameter vectors, while some biv coordinates
tended to +∞ or 0 (numerically, when stopping the iteration, they took on a
very `large' or `small' value). This means that the a�nity of node i towards
nodes of the cluster j is in�nitely `large' or `small', i.e., this node is liable to
always or never make ties with nodes of cluster j.

First we generated a random graph on n = 580 vertices and with k = 3
underlying vertex-clusters C1, C2, C3 in the following way. Let |C1| := 190,
|C2| := 193, |C3| := 197. The parameters βi1 (i ∈ C1), βi2 (i ∈ C1), and βi3
(i ∈ C1) were chosen independently at uniform from the intervals [0, 1], [−1, 1],
and [−1, 0.5], respectively. The parameters βi1 (i ∈ C2), βi2 (i ∈ C2), and βi3
(i ∈ C2) were chosen independently at uniform from the intervals [−0.75, 0.5],
[−1, 0], and [−0.5, 1], respectively. The parameters βi1 (i ∈ C3), βi2 (i ∈ C3),
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Figure 2.1: Data were generated based on parameters βiv's chosen uniformly
in di�erent intervals, k = 3, |C1| = 190, |C2| = 193, |C3| = 197. The estimated
versus the original parameters βiv's are shown for i ∈ Cu (u, v = 1, . . . , k),
where βi1 ∼ U [0, 1] (i ∈ C1), βi1 ∼ U [−0.75, 0.5] (i ∈ C2), βi1 ∼ U [−0.25, 0.75]
(i ∈ C3), βi2 ∼ U [−1, 1] (i ∈ C1), βi2 ∼ U [−1, 0] (i ∈ C2), βi2 ∼ U [−0.25, 0.25]
(i ∈ C3), βi3 ∼ U [−1, 0.5] (i ∈ C1), βi3 ∼ U [−0.5, 1] (i ∈ C2), and βi3 ∼
U [−0.5, 0.5] (i ∈ C3), respectively. MSE=1.14634.

and βi3 (i ∈ C3) were chosen independently at uniform from the intervals
[−0.25, 0.75], [−0.25, 0.25], and [−0.5, 0.5], respectively.

Starting with 3 clusters, obtained by spectral clustering tools, and initial
parameter values collected in B(0) of all 1 entries, after some outer steps, the
iteration converged to B̂ = (b̂iv). With β̂iv = ln b̂iv, we plotted the βiv, β̂iv pairs
for i ∈ Cu, u, v = 1, 2, 3. Fig. 2.1 shows a good �t with MSE = 1.14634 of the
estimated parameters to the original ones. Indeed, by the general theory of the
ML estimation [69], for `large' n, the ML estimate should approach the true
parameter, based on which the model was generated. So the good �t means
that our algorithm �nds estimates close to the true parameters.

Then we generated the same size of a random graph, where the initial para-
meters followed Gaussian distribution, with di�erent parameters for the within-
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and between-cluster relations. Based on the parameters we calculated the edge
probabilities, and we generated a random graph with them. Eventually, we
estimated the parameters with our algorithm, see Fig. 2.2. The Gaussian data
are about in the same ranges as the uniform ones, however, are better concen-
trated to their means. It can be the cause of a bit smaller MSE = 1.12556.

Fig. 2.3 shows the resulting clusters obtained by applying the LBM algo-
rithm to the B&K fraternity data [6] with n = 58 vertices, see also
http://vlado.fmf.uni-lj.si/pub/networks/data/ucinet/ucidata.htm#bkfrat. The
data, collected by Bernard and Killworth, are behavioral frequency counts, ba-
sed on communication frequencies between students of a college fraternity in
Morgantown, West Virginia. We used the binarized version of the symmetric
edge-weight matrix. When the data were collected, the 58 occupants had been
living together for at least three months, but senior students had been living
there for up to three years. We used our normalized modularity based spectral
clustering algorithm [11] to �nd the starting clusters. In the normalized modu-
larity spectrum we found a gap after the third eigenvalue (in decreasing order
of their absolute values), therefore we applied the algorithm with k = 4 clus-
ters. The four groups are likely to consist to persons living together for about
the same time period.

While processing the iteration, occasionally we bumped into the situation
when the degree sequence lied on the boundary of the convex polytopes de�ned
in the two parts of Subsection 2.1.1. Unfortunately, this can occur when our
graph is not dense enough. In these situations the iteration did not converge
for some coordinates βiv, but they seemed to tend to +∞ or −∞. Equivalently,
the corresponding biv for some i ∈ Cu and v tended to +∞ or 0, yielding the
situation that member i ∈ Cu had +∞ or 0 a�nity towards members of Cv.
Another way, recommended in [30], is to add a small amount to each degree
to avoid this situation. However, we did not want to manipulate the original
graph, which was too sparse to produce degree sequences in the interior of one
or more polytopes.

We also analyzed the network based on the friendships between the users of
the Last.fm music recommendation system [63]. Last.fm is an online service in
music based social networking. Each user may have friends inside the Last.fm
social network, and so, they form a timestamped undirected graph. In 2012,
there were 71,000 users and 285,241 edges between them. Actually, we only
used the 15-core of this graph. Starting with SC, the LBM iteration re�ned
the three underlying clusters, see Fig. 2.4.

We clustered the vertices of the above networks with the EM algorithm,
and estimated the parameters both in the LBM and SBM model (for the
iteration of the letter one, see Chapter 5 of [12]). For the initial clustering we
used SC with number of clusters k such that we found a remarkable gap in the
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Figure 2.2: Data were generated based on parameters βiv's following Gaus-
sian distribution with di�erent parameters for the within- and between-cluster
relations, k = 3, |C1| = 190, |C2| = 193, |C3| = 197. The estimated ver-
sus the original parameters βiv's are shown for i ∈ Cu (u, v = 1, . . . , k),
where βi1 ∼ N (0.5, 0.25 (i ∈ C1), βi1 ∼ N (−0.125, 0.312) (i ∈ C2),
βi1 ∼ N (0.25, 0.25) (i ∈ C3), βi2 ∼ N (0, 0.5) (i ∈ C1), βi2 ∼ N (−0.5, 0.25)
(i ∈ C2), βi2 ∼ N (0, 0.125) (i ∈ C3), βi3 ∼ N (−0.25, 0.375) (i ∈ C1),
βi3 ∼ N (0.25, 0.375) (i ∈ C2), and βi3 ∼ N (0, 0.25) (i ∈ C3), respectively.
MSE=1.12556.
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Figure 2.3: The 4 clusters found by the LBM algorithm in the B&K fraternity
data, with 10, 9, 20, and 19 students in the clusters, respectively. RAND index
= 1 between the SC and LBM.

Figure 2.4: The 3 clusters found by the LBM algorithm in the network of the
Last.fm users with 1012, 97, and 53 users in the clusters, respectively. RAND
index = 0.99205 between the SC and LBM.
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normalized modularity spectrum between |µk−1| and |µk|. We introduced the
notion of the normalized modularity matrix in Section 1.1, and will discuss the
spectral relaxation technique in details in Chapter 3.

During the iteration some clusters may become empty that reduces k; it
was not the case in our iterations. It is also possible to start with di�erent
values of k; here we started with the smallest possible k which indicated a
gap. In case of the B&K fraternity data, the leading eigenvalues in decreasing
absolute values (apart from the trivial 1) were

µ1 = 0.235826, µ2 = −0.228652, µ3 = 0.223039, µ4 = −0.198867,

µ5 = 0.194783, . . .

indicating a gap between |µ3| and |µ4|, so we selected k = 4. In case of the
Last.fm data, the leading eigenvalues in decreasing absolute values (apart from
the trivial 1) were

µ1 = 0.97061, µ2 = 0.942929, µ3 = 0.892111, µ4 = 0.862594, . . .

indicating a gap between |µ2| and |µ3|, so we selected k = 3.
After some outer iterations both the LBM and SBM converged to a local

maximum. We compared the clustering obtained by SC versus LBM and SC
versus SBM via the Rand index introduced in [68]. This index is between 0
and 1, and the larger it is, the better the agreement between the two clustering
is. We found a good agreement between the SC clusters and those of the
LBM: RAND = 1 in Fig. 2.3 and RAND = 0.99205 in Fig. 2.4; whereas,
between the SC and SBM clusterings we obtained RAND = 0.61525 for the
B&K fraternity data, and RAND = 0.96912 for the Last.fm data. This shows
that LBM is a better �ne tuning of the spectral clustering than SBM; at least,
in these examples, where the diversity of the degrees is present.

2.1.4 Discussion

Our model is a profoundly heterogeneous kind of a block model, where the
subgraphs and bipartite subgraphs obey parametric graph models, within which
the connections are mainly determined by the degrees. The EM type algorithm
introduced here �nds the blocks and estimates the parameters at the same time.

When investigating controllability of large networks, the authors of [54]
observe and prove that a system's controllability is to a great extent encoded
by the underlying network's degree distribution. In our model, this is true only
for the building blocks. Possibly, the blocks could be controlled separately,
based on the degree sequences of the subgraphs.
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Our model is applicable to large inhomogeneous networks, and above �nding
clusters of the vertices, it also assigns multiscale parameters to them. In social
networks, these parameters can be associated with attitudes of persons of one
group towards those in the same or another group. The attitudes are, in fact,
a�nities to make ties.

We prove the convergence of the inner cycle of the algorithm to the glo-
bal maximum within the subgraphs and bipartite subgraphs; further, by the
iteration of the EM algorithm the convergence of the outer cycle to a local
maximum of the overall likelihood is straightforward. As there can be several
local maxima, a good starting is important. Our �nal clusters show a good
agreement with the spectral clusters; therefore, the algorithm can be considered
as a re�nement of the spectral clustering and gives estimates of the parameters
which provide a local maximum of the overall likelihood with clusters near to
the spectral ones.

2.2 Probabilistic models for edge-weighted graphs

with continuously distributed edge-weights

The theory of ML estimation in the following types of exponential family
random graph models has frequently been investigated in the last decade, see,
e.g., [15, 30, 83, 84]. The graph has n vertices, and the adjacency relations
between them are given by the n × n random edge-weight matrix W = (wij)
of zero diagonal. IfW is symmetric, then we have an undirected graph; other-
wise, our graph is directed, where wij is the nonnegative weight assigned to the
i → j edge according to the model. We assume that the edge-weights (above
or out of the main diagonal) are completely independent (but their distribu-
tion usually depends on di�erent parameters), and have an exponential family
distribution Pθ. So the likelihood function has the general form

Lθ(W ) = e<θ,t(W )>−Z(θ) · h(W ), (2.20)

with the canonical parameter θ, log-partition (cumulant) function Z(θ), and
canonical su�cient statistic t. In these random graph models, components of
t = t(W ) are the row-sums and/or column-sums of W or some W -related
matrix, i.e., they are vertex-degrees or in- and out-degrees of the observed
undirected or directed, weighted or unweighted graph (in the weighted case,
the edge-weights may undergo a suitable transformation). Also, h(W ) is usu-
ally 1 over the support of the likelihood function, indicating that given the
canonical su�cient statistics, the joint distribution of the entries is uniform
(microcanonical) in these models.
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To make inferences on the parameters, typically we have only one observa-
tion for the graph. As in Section 2.1.1, we have

(
n
2

)
samples in the undirected,

and n(n − 1) in the directed case. The number of parameters, contained in
θ, is n in the undirected and 2n in the directed case. The parameters can be
considered as a�nities or potentials of the vertices to make ties in the undi-
rected, and to emanate or adsorb edges in the directed case. It is important
that we divide the components of the canonical parameter θ of the underlying
distribution of the ij or i→ j edge between the connected vertices, like αi+αj
in the undirected and αi + βj in the directed case (i 6= j), see Section 2.2
and [30, 83].

In regular exponential families (Θ is open), the ML equation∇θ lnLθ(W ) =
0 is equivalent to

∇θZ(θ) = t. (2.21)

Since ∇θZ(θ) = Eθt, the ML equation (2.21) means that the canonical su�-
cient statistic is made equal to its expectation. But when is it possible? Now
we brie�y summarize existing theoretical results on this issue. LetM = {Eθt :
θ ∈ Θ} denote the so-called mean parameter space in the model; it is necessa-
rily convex. Let M0 denote its interior. When the canonical statistic is also
complete, and hence, minimal su�cient, the representation (2.20) is minimal
(i.e., the model is not overparametrized).

Proposition 2 (Proposition 3.2 of [84]) In exponential family, the gradient
mapping ∇Z : Θ→M is one-to-one if and only if the exponential family re-
presentation is minimal.

Proposition 3 (Theorem 3.3 of [84]) In a minimal exponential family, the
gradient mapping ∇Z is ontoM0.

By Propositions 2.2 and 3, any parameter in M0 is uniquely realized by the
Pθ distribution for some θ ∈ Θ. Also, in a regular and minimal exponential
family,M is an open set and is identical toM0.

As the ML estimate of θ is the solution of (2.21), we have the following.

Proposition 4 (Proposition 5 of [83]) Assume, the (canonical) parameter
space Θ is open. Then there exists a solution θ̂ ∈ Θ to the ML equation
∇θZ(θ) = t if and only if t ∈ M0; further, if such a solution exists, it is also
unique.

Note that in regular and minimal exponential families,M0 is also the inte-
rior of T , which is the convex hull of all possible values of t, see, e.g., [30, 52].
In the case of discrete distributions, it frequently happens that the boundary
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of T has positive measure. For instance, the so-called threshold graphs are
located on the boundary of the polyhedron, determined by the Erd®s�Gallai
conditions, in the model of [30] which uses Bernoulli distributed entries. Ho-
wever, in the case of an absolutely continuous Pθ distribution, the boundary of
T has zero Lebesgue measure, and so, probability zero with respect to the Pθ
measure. Therefore, in view of Proposition 4, the ML equation has a unique
solution with probability 1.

We remark that edge-weighted graphs of uniformly bounded edge-weights
are prototypes of real-world networks, see e.g., [12]. Without loss of generality,
if the edge-weights are transformed into the [0,1] interval, the beta-distribution
for them, with varying parameters, is capable to model a wide range of possible
probability densities on them. This indicates the soundness of the model to be
introduced in Subsection 2.2.1.

2.2.1 A random graph model with beta-distributed edge-

weights

Let W = (wij) be the n× n (usually not symmetric) edge-weight matrix of a
random directed graph on n vertices: wii = 0 (i = 1, . . . , n) and wij ∈ [0, 1] is
the weight of the i → j edge (i 6= j). Our model is the following: the i 6= j
weight obeys a beta-distribution with parameters ai > 0 and bj > 0. The
parameters are collected in a = (a1, . . . an) and b = (b1, . . . bn), or brie�y, in
θ = (a,b). Here ai can be thought of as the potential of the vertex i to send
messages out, and bi is its resistance to receive messages in.

The likelihood function is factorized as

La,b(W ) =
∏
i 6=j

Γ(ai + bj)

Γ(ai)Γ(bj)
wai−1
ij (1− wij)bj−1

= C(a,b)
∏
i 6=j

exp[(ai − 1) lnwij + (bj − 1) ln(1− wij)]

= exp[
n∑
i=1

(ai − 1)
∑
j 6=i

lnwij +
n∑
j=1

(bj − 1)
∑
i 6=j

ln(1− wij)− Z(a,b)],

where C(a,b) is the normalizing constant, and Z(a,b) = − lnC(a,b) is the
log-partition (cumulant) function. Since the likelihood function depends on
W only through the row-sums of the n × n matrix U = U(W ) of general
entry lnwij and the column-sums of the n × n matrix V = V (W ) of general
entry ln(1− wij), by the Neyman�Fisher factorization theorem, the row-sums
R1, . . . , Rn of U and column-sums C1, . . . , Cn of V are su�cient statistics for
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the parameters. Moreover, t = (R,C) = (R1, . . . , Rn, C1, . . . , Cn) is the ca-
nonical su�cient statistic, which is also minimal. Note that U contains the
log-weights of the original graph, while V contains the the log-weights of the
complement graph of edge-weight matrixW with entries 1−wij (i 6= j). The
�rst factor in the Neyman�Fisher factorization (including gamma-functions)
depends only on the parameters and on the sample through these su�cient
statistics, whereas the seemingly not present other factor � which would me-
rely depend on W � is constantly 1, indicating that the conditional joint dis-
tribution of the entries, given the row- and column-sums of the log-weight and
log-complement matrix is uniform (microcanonical) in this model. So under
the conditions on the margins of U and V , the directed graphs coming from
the above model are uniformly distributed.

The system of likelihood equations is obtained by making the derivatives
of La,b(W ) with respect to the parameters equal to 0:

∂La,b(W )

∂ai
=
∑
j 6=i

ψ(ai + bj)− (n− 1)ψ(ai) +Ri = 0, i = 1, . . . , n;

∂La,b(W )

∂bj
=
∑
i 6=j

ψ(ai + bj)− (n− 1)ψ(bj) + Cj = 0, j = 1, . . . , n.

(2.22)

Here ψ(x) = ∂ ln Γ(x)
∂x

= Γ′(x)
Γ(x)

for x > 0 is the digamma function.
To apply the theory of exponential families, we utilize that the parameter

space Θ ⊂ R2n
+ is open, akin to the canonical parameter space, (−1,∞)2n. Note

that the canonical parameter is, in fact, (a′,b′) = θ′ = θ − 1, where 1 ∈ R2n

is the vector of all 1 coordinates. With it, the log-partition function is

Z(a′,b′) = −
∑
j 6=i

Γ(ai
′ + bj

′ + 2) +
∑
j 6=i

Γ(ai
′ + 1) +

∑
i 6=j

Γ(bj
′ + 1).

In view of (2.21), the ML equation is equivalent to

∂Z(a′,b′)

∂ai′
= −

∑
j 6=i

ψ(ai
′ + bj

′ + 2) + (n− 1)ψ(ai
′ + 1) = Ri, i = 1, . . . , n;

∂Z(a′,b′)

∂bj
′ = −

∑
i 6=j

ψ(ai
′ + bj

′ + 2) + (n− 1)ψ(bj
′ + 1) = Cj, i = 1, . . . , n.

But this system of equations is the same as (2.22), in terms of the parameter
θ′ instead of θ.

In view of the introduction of Section 2.2, the mean parameter space M
consists of parameters (A1, . . . An, B1, . . . , Bn) obtained by the gradient map-
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ping, that is,

Ai = Ai(a,b) = −
∑
j 6=i

[ψ(ai + bj)− ψ(ai)] , i = 1, . . . , n;

Bj = Bj(a,b) = −
∑
i 6=j

[ψ(ai + bj)− ψ(bj)] , j = 1, . . . , n.
(2.23)

M is an open set, whose boundary is determined by the limit properties bet-
ween the digamma and the log functions. There we also �nd a correspondence
between the points on the boundary ofM and those on the boundary of the
convex hull T of the possible su�cient statistics t = (R,C) within R2n

− . It is
interesting that while the boundary points of M do not belong to the open
setM, the boundary points of T do belong to T , and can be realized as row-
and column-sums of the U(W ) and V (W ) matrices with aW of o�-diagonal
entries in (0, 1). However, this boundary has 0 probability, and so, any cano-
nical su�cient statistic t of the observed graph is in M, with probability 1.
Therefore, by Proposition 4, we can state the following.

Theorem 11 The system of the ML equations (2.22) has a unique solution
θ̂ = (â, b̂), with probability 1.

Later we will use the following trivial upper bound for the sum of row- and
column-sums (of the U and V matrices):

n∑
i=1

Ri +
n∑
j=1

Cj =
n∑
i=1

∑
j 6=i

lnwij +
n∑
j=1

∑
i 6=j

ln(1− wij)

=
∑
i 6=j

ln[wij(1− wij)] ≤ −2 ln 2n(n− 1)

(2.24)

due to rearranging the terms and the relation wij(1−wij) ≤ 1/4 for wij ∈ [0, 1]
with equality if and only if wij = 1

2
(i 6= j).

Also note that the Hessian of the system of ML equations (consisting of
the second order partial derivatives of Lθ) at θ̂) does not contain the su�cient
statistics any more, therefore the negative of it is the Fisher-information matrix
at θ̂. Because of the regularity conditions, the information matrix is positive,
and so, the Hessian is negative de�nite. This is also an indication of the
existence of a unique ML estimate.
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2.2.2 Iteration algorithm to �nd the parameters

To use a �xed point iteration, now we rewrite the system of likelihood equations
in the form θ = f(θ), where θ = (a,b), as follows:

ai = ψ−1

[
1

n− 1
Ri +

1

n− 1

∑
j 6=i

ψ(ai + bj)

]
=: gi(a,b), i = 1, . . . , n

bj = ψ−1

[
1

n− 1
Cj +

1

n− 1

∑
i 6=j

ψ(ai + bj)

]
=: hj(a,b), j = 1, . . . , n.

(2.25)
Here gi's and hj's are the coordinate functions of f = (g, h) : R2n → R2n.
Then, starting at θ(0), we use the successive approximation θ(it) := f(θ(it−1)

for it = 1, 2, . . . , until convergence. Now the the statement of convergence of
the above iteration to the theoretically guaranteed unique θ̂ (see Theorem 11)
follows.

Theorem 12 Let θ̂ = (â, b̂) be the unique solution of the ML equation (2.22).
Then the above mapping f = (g, h) is a contraction in some closed neighborhood
K of θ̂, and so, starting at any θ(0) ∈ K, the �xed point of the iteration
θ(it) = f(θ(it−1)) exists and is θ̂.

Proof. It su�ces to prove that some induced matrix norm of the matrix of
the �rst derivatives J of f at θ̂ is strictly less than 1. We prove this for the
L1-norm. From (2.25) we obtain that

∂gi
∂ai

(â, b̂) =

1

n− 1

∑
j 6=i

ψ′(âi + b̂j)

ψ′

[
ψ−1

(
1

n− 1

∑
j 6=i

ψ(âi + b̂j) +
Ri

n− 1

)] . (2.26)

From (2.22) we have 1
n−1

∑
j 6=i ψ(âi + b̂j) + Ri

n−1
= ψ(âi). Substituting it

into (2.26), we get

∂gi
∂aj

(â, b̂) =


∑
s 6=i

1

n− 1
ψ′(âi + b̂s)

ψ′(âi)
if j = i

0 if j 6= i.

Likewise,

∂gi
∂bj

(â, b̂) =


0 if j = i

1

n− 1
ψ′(âi + b̂j)

ψ′(âi)
if j 6= i.
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Further,

∂hi
∂aj

(â, b̂) =


0 if j = i

1

n− 1
ψ′(âj + b̂i)

ψ′(b̂i)
if j 6= i

and

∂hi
∂bj

(â, b̂) =


∑
s 6=i

1

n− 1
ψ′(âs + b̂i)

ψ′(b̂i)
if j = i

0 if j 6= i.

Observe that J(â, b̂) has nonnegative entries. Therefore, its L1-norm is the
maximum of its column-sums. The jth column-sum of J(â, b̂) is equal to∑
s 6=j

1

n− 1
ψ′(âj + b̂s)

ψ′(âj)
+
∑
s 6=j

1

n− 1
ψ′(âj + b̂s)

ψ′(b̂s)
=

1

n− 1

∑
s 6=j

ψ′(âj+b̂s)

(
1

ψ′(âj)
+

1

ψ′(b̂s)

)
(2.27)

for j = 1, . . . , n; and likewise, the (n+ j)th column-sum of J(â, b̂) is

1

n− 1

∑
s 6=j

ψ′(âs + b̂j)

(
1

ψ′(âs)
+

1

ψ′(b̂j)

)
(2.28)

for j = 1, . . . , n. As (2.27) and (2.28) are of similar appearance, it su�ces to
prove that the right hand side of (2.27) is less than 1.

Lemma 2 1
ψ′(x+y)

> 1
ψ′(x)

+ 1
ψ′(y)

for x, y > 0.

By Lemma 2 ψ′(âj + b̂s)

(
1

ψ′(âj)
+

1

ψ′(b̂s)

)
< 1 holds, and we have n − 1

terms in the summation.
Since f : R2n → R2n is continuously di�erentiable in a neighborhood of

θ̂ = (â, b̂), Theorem 3 of [43] implies that there is a closed neighborhood K
of θ̂ such that f is a contraction on K. In particular, the �xed point iteration
f(θ(it−1)) = θ(it) (it → ∞) converges for every θ(0) ∈ K to θ̂, which is the
unique solution of (2.25). �

Since K is only theoretically guaranteed, we need some practical consi-
derations about the choice of θ(0), which should be adapted to the su�cient
statistics. In the sequel, for two vectors x = (x1, . . . , xn), y = (y1, . . . , yn) we
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use the notation x > y if xi > yi for each i = 1, . . . , n. Likewise, x ≥ y is the
shorthand for xi ≥ yi for each i = 1, . . . , n.

Recall that f = (g, h) is the mapping (2.25) of the �xed point iteration, and
θ̂ = (â, b̂) > 0 is the (only) solution of the equation f(θ) = θ, where 0 ∈ R2n

is the vector of all 0 coordinates.

Proposition 5 Let

M := max

{
max

i∈{1,...,n}

(
− Ri

n− 1

)
, max
i∈{1,...,n}

(
− Ci
n− 1

)}
(2.29)

and ε > 0 be the (only) solution of the equation ψ(2x) − ψ(x) = M . Then
(â, b̂) ≥ ε1.

Proof. In view of (2.24) we have that M ≥ ln 2. Since equality in (2.24) is
attained with probability 0, we have that M > ln 2 with probability 1.

Lemma 3 The function ψ(2x)− ψ(x), x ∈ (0,∞) is decreasing and its range
is (ln 2,∞).

By Lemma 3, there exists an ε, with probability 1, such that ψ(2ε)−ψ(ε) = M .
Without loss of generality we can assume that

âi0 = min

{
min

i∈{1,...,n}
âi, min

i∈{1,...,n}
b̂i

}
.

Then by the ML equation, the monotonicity of ψ, and Lemma 3, we get

(n− 1)M ≥ −Ri0 =
∑
j 6=i0

ψ(âi0 + b̂j)− (n− 1)ψ(âi0) ≥ (n− 1)[ψ(2âi0)−ψ(âi0)].

Therefore, âi0 ≥ ε, whence âi, b̂i ≥ ε holds for every i = 1, . . . , n. �

Proposition 6 With the solution ε of ψ(2x) − ψ(x) = M of (2.29), we have
f(ε1) ≥ ε1.

Proof.

gi(ε1) = ψ−1

(
ψ(2ε) +

Ri

n− 1

)
≥ ψ−1 (ψ(2ε)−M) = ε.

Likewise,

hi(ε1) = ψ−1

(
ψ(2ε) +

Ci
n− 1

)
≥ ψ−1 (ψ(2ε)−M) = ε. �

It is also clear that we have the following.
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Proposition 7 If (a,b) ≥ (x,y) > 0, then f(a,b) ≥ f(x,y).

Theorem 13 With ε satisfying ψ(2ε) − ψ(ε) = M of (2.29), and starting at
θ(0) = ε1, the sequence θ(it) of the iteration θ(it) = f(θ(it−1)) for it → ∞
converges at a geometric rate to the unique solution (â, b̂) of the ML equation.

Proof. From Propositions 5 and 6 we obtain that the sequence θ(it) is coordinate-
wise increasing. Moreover, it is clear that (θ(it)) is bounded from above by
(â, b̂), due to Proposition 7. Therefore, the convergence of θ(it) follows, and
by the continuity of f , the limit is clearly a �xed point of f . However, in view
of Subsection 2.2.1, the solution of the ML equation is a �xed point of f , and
it cannot be else but the unique solution (â, b̂), guaranteed by Theorem 11.
Further, from Theorem 12 we get that the rate of convergence is (at least)
geometric. �

Therefore, a good starting can be chosen by these considerations. Also
note that at the above θ(0) and possibly at its �rst (�nitely many) iterates, f
is usually not a contraction. It becomes a contraction only when some iterate
θ(it0) gets into the neighborhood K of θ̂ of Theorem 12, which is inevitable
in view of the convergence of the sequence θ(it). So, Theorem 12 is literally
applicable only if we start the iteration at θ(it0). In practice, however, we do
not know the theoretically guaranteed neighborhood K. The practical merit
of Theorem 13 is just that it o�ers a realizable starting.

2.2.3 Applications

First we generated a random directed edge-weighted graph on n = 100 vertices.
The edge-weight matrixW had zero diagonal, and the o�-diagonal entries wij's
were independent. Further, for i 6= j, the weight wij was generated according
to beta-distribution with parameters ai > 0 and bj > 0, where ai's and bj's
were chosen randomly in the interval [1,5].

Then we estimated the parameters based on W , and plotted the ai, âi
(i = 1, . . . , n) and bj, b̂j (j = 1, . . . , n) pairs.

Figure 2.5 shows a good �t between them.
We also applied the algorithm to migration data between 34 countries. Here

wij is proportional to the number of people in thousands who moved from
country i to country j (to �nd jobs) during the year 2011, and it is normalized
so that be in the interval (0,1). The estimated parameters are in Table 2.1.

In this context, ai's are related to the emigration and and bi's to the counter-
immigration potentials. When ai is large, country i has a relatively large
potential for emigration. On the contrary, when bi is large, country i tends to
have a relatively large resistance against immigration.
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Figure 2.5: Panel (a) shows the original versus the estimated parameters ai's
with MSE = 0.0628806, while Panel (b) shows the original versus the estima-
ted parameters bj's with MSE = 0.0768382.

i Country ai bi i Country ai bi
1 Australia 0.26931 1475.75242 18 Japan 0.23211 9926.91644
2 Austria 0.27403 632.81653 19 Korea 0.22310 4199.25005
3 Belgium 0.33380 46.01197 20 Luxembourg 0.17543 107.91399
4 Canada 0.27383 2363.23435 21 Mexico 0.26706 4655.95370
5 Chile 0.21236 28940.59777 22 Netherlands 0.37754 39.52320
6 Czech Rep. 0.31188 470.28651 23 New Zealand 0.20542 2568.00582
7 Denmark 0.26514 847.34887 24 Norway 0.22646 519.12451
8 Estonia 0.23235 25602.33371 25 Poland 0.62846 1106.55946
9 Finland 0.29357 1100.00568 26 Portugal 0.31011 1606.59979
10 France 0.52721 37.92122 27 Slovak Rep. 0.27871 42451.19093
11 Germany 0.62020 1.64064 28 Slovenia 0.19720 6824.54028
12 Greece 0.29708 6319.19184 29 Spain 0.39732 182.47160
13 Hungary 0.31443 32750.88310 30 Sweden 0.39627 57.34509
14 Iceland 0.18051 2950.72653 31 Switzerland 0.33611 4524.67821
15 Ireland 0.27555 364.52781 32 Turkey 0.25900 146175.82805
16 Israel 0.25854 1926.04551 33 United Kingdom 0.49301 48.61626
17 Italy 0.50522 135.14076 34 United States 0.38019 2433.78269

Table 2.1: Estimated parameters for migration data, 2011

It should be noted again that edge-weighted graphs of this type very fre-
quently model real-world directed networks.

71



Chapter 3

Matrix and discrepancy view of

generalized random and

quasirandom graphs

One may think of random graphs as very disordered. However, we will show,
that generalized random graphs have almost sure properties which are related
to their spectra, discrepancies, vertex-degrees, and exhibit regular patterns
at the expectation. The generalized random graph model, sometimes called
stochastic block-model, was �rst introduced in [48], and discussed later in [7,
34, 50, 58, 73, 20]. This model is the generalization of the classical Erd®s�
Rényi random graph, the �rst random graph of the history introduced in [39]
and also discussed in [18], which corresponds to the one-cluster case.

The generalized random graph Gn(P ,Pk) was introduced in De�nition 4
and discussed in the previous chapters. In Chapter 3 of [12] it was proved that
for a given positive integer k ≤ n, there are almost surely k outstanding, so-
called structural eigenvalues in the adjacency, and k−1 outstanding ones in the
normalized modularity spectrum of the generalized random graph Gn(P ,Pk)
as n → ∞ under some balancing conditions on the cluster sizes. Under the
same conditions, the k-variances of the vertex representatives, constructed by
the eigen-subspaces corresponding to the structural eigenvalues, is o(1). The
k-way discrepancy of Gn(P ,Pk) also tends to 0, and the subgraphs and bi-
partite subgraphs de�ned on the vertex classes are asymptotically regular and
biregular, respectively. These properties can be regarded as so-called generali-
zed quasirandom properties, provided their equivalence can be proved for any
graph sequence. More precisely, we focus on an expanding family of graphs
such that, for them, any of the above properties implies the others, regardless
of stochastic models. In the k = 1 case these are called quasirandom or pseudo-
random graph sequences and were �rst discussed by Thomason [77], later, by
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Chung, Graham and Wilson [31, 32], also by Lovász [56]. In the k > 1 case, the
deterministic counterparts of the generalized random graphs were �rst de�ned
in [55] as graph sequences converging to a vertex- and edge-weighted graph
(vertex-weights correspond to the relative sizes of the partition-members, whe-
reas edge-weights to the probability matrix) in the sense of the homomorphism
densities. Due to convergence facts on spectra [23], the generalized quasi-
random graphs are spectrally equivalent to the generalized random graphs.

In the spirit of the Szemerédi regularity lemma [76], given a large graph,
we look for a k-partition of its vertices, such that the induced subgraphs and
bipartite subgraphs be nearly quasirandom, in terms of the discrepancy. For
this purpose, we de�ne the k-way discrepancy that can be related to spectra.
Based on the multiway discrepancy and spectra together with spectral sub-
spaces, we will formulate quasirandom properties and conjecture their equiva-
lences, irrespective of stochastic models. Real-life expanding graph sequences
asymptotically capturing one of these properties are random-like, con�ned to
the subgraphs and bipartite subgraphs of them. The equivalences also suggest
that spectral methods are capable to �nd k-partitions of the vertices with small
within- and between-cluster discrepancies; further, help us to �nd the optimal
k based on gaps within the spectrum. The novel idea is that large, real-life
graphs are instances of expanding graph sequences, and if there is a cluster
structure behind them, then we are able to recover it by spectral techniques.

The scope of this chapter is twofold: partly we want to establish the equi-
valence of generalized quasirandom properties based on former results of ot-
hers [31, 32] and Chapter 3 of [12], and partly to make up for the missing
chains in the implications. In Proposition 9, we also give a short proof for the
Expander Mixing Lemma for irregular graphs, and in Theorem 14, we esti-
mate the k-th largest singular value of the normalized matrix with the k-way
discrepancy. We will also extend the notion of multiway discrepancy to rectan-
gular arrays, of which undirected or directed, unweighted or weighted graphs
are special cases. The results are supported by computer simulations and pro-
cessing migration data on the directed graph of which the spectral relaxation
technique is illustrated.

The organization of this chapter is as follows. In Section 3.1, we introduce
the notion of graph-based matrices, together with their spectra, spectral sub-
spaces, and corresponding spectral clustering techniques. In Section 3.2, we
discuss the generalized random and quasirandom graphs, together with pro-
perties related to spectra, discrepancies and vertex degrees. In Conjecture 1 we
state the equivalence of these properties, which are partly known, partly pro-
ved in this chapter; in fact, only the relation to the vertex-degrees is missing.
Particularly, in Section 3.3, we prove a relation between the k-th largest singu-
lar value of the normalized matrix and the k-way discrepancy of this matrix,
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which is the key to prove an important implication between the quasirandom
properties. In Section 3.4, we summarize the ideas of the paper.

3.1 Some further notions

In this nonparametric scenario, the role of the degree sequence is the best
enhanced in the normalized Laplacian or normalized modularity based SC. In
Section 1.1 we already introduced some grap -based matrices.

In [11], the following spectral relaxation technique to approximate the
k-partition of the vertices minimizing the within- and between-cluster dis-
crepancies in the spirit of the Szemerédi's regularity lemma was introduced.
Let the eigenvalues of MD, enumerated in decreasing absolute values, be
1 > |µ1| ≥ |µ2| ≥ · · · ≥ |µn| = 0. Assume that |µk−1| > |µk|, and denote
by u1, . . . ,uk−1 the corresponding unit-norm, pairwise orthogonal eigenvec-
tors. Let r1, . . . , rn ∈ Rk−1 be the row vectors of the n × (k − 1) matrix of
column vectors D−1/2u1, . . . ,D

−1/2uk−1; they are called (k − 1)-dimensional
representatives of the vertices. The weighted k-variance of these representatives
is de�ned as

S̃2
k = min

(C1,...,Ck)

k∑
u=1

∑
j∈Cu

dj‖rj − cu‖2, (3.1)

where cu = 1
Vol(Cu)

∑
j∈Cu djrj is the weighted center of cluster Cu. It is the

weighted k-means algorithm that gives this minimum, and the point is that the
optimum S̃k is just the minimum distance between the eigensubspace corre-
sponding to µ0, . . . µk−1 and the one of the suitably transformed step-vectors
over the k-partitions of V . In Chapter 2 of [12] it was also discussed that, in
view of subspace perturbation theorems, the larger the gap between |µk−1| and
|µk|, the smaller S̃k is.

Note that the normalized modularity based spectral clustering is the same
as the the normalized Laplacian based one (see [12]) with the exception that
here not only the bottom, but the large absolute value eigenvalues are con-
sidered; further, the heterogeneity of the vertex degrees is encoded into the
diagonal degree matrix D. With the above technique we embed the vertices
into a low dimensional space (spectral relaxation via eigenvectors) and hence,
perform metric clustering. However, above the spacial location, SC does not
assign any parameters to the vertices. Our method to be introduced �nds
parameters and classi�es the vertices at the same time.

In Section 3.2, we will also need the plain k-variance of the representatives
r1, . . . , rn ∈ Rk that are row-vectors of the matrix, the columns of which are
the unit-norm, pairwise orthogonal eigenvectors corresponding to the k largest
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absolute value eigenvalues of W . This k-variance is

S2
k = min

(C1,...,Ck)

k∑
u=1

∑
j∈Cu

‖rj − cu‖2, (3.2)

where cu = 1
|Cu|
∑

j∈Cu rj is the center of the cluster Cu. It is the usual k-means
algorithm that �nds this minimum. In fact, under some conditions, there are
variants of this algorithm which �nd a clustering `close' to the optimal one in
polynomial time. We will not discuss these algorithmic aspects, see, e.g., [49]
for details.

3.1.1 Discrepancy

Let A = (aij) be an m× n matrix with aij ≥ 0. We assume that AAT (when
m ≤ n) or ATA (when m > n) is irreducible. Consequently, the row-sums
drow,i =

∑n
j=1 aij and column-sums dcol,j =

∑m
i=1 aij of A are strictly posi-

tive, and the diagonal matrices Drow = diag(drow,1, . . . , drow,m) and Dcol =
diag(dcol,1, . . . , dcol,n) are invertible. Without loss of generality, we mostly as-
sume that

∑n
i=1

∑m
j=1 aij = 1, since the normalized table

AD = D−1/2
row AD

−1/2
col , (3.3)

is not a�ected by the scaling of the entries of A. It is well known (see e.g., [14])
that the singular values of AD are in the [0,1] interval. Enumerated in non-
increasing order, the positive ones are the real numbers

1 = s0 > s1 ≥ · · · ≥ sr−1 > 0,

where r = rank(A). Under the above conditions, 1 is a single singular value,
and it is denoted by s0, since it belongs to the trivial singular vector pair.
The multiway discrepancy was �rst introduced in [17]. In [14] and [17] some
estimates are presented between this kind of discrepancy and the singular values
of A.

De�nition 5 The multiway discrepancy of the rectangular array A of nonne-
gative entries in the proper k-partition R1, . . . , Rk of its rows and C1, . . . , Ck
of its columns is

disc(A;R1, . . . , Rk, C1, . . . , Ck) = max
1≤u,v≤k

max
X⊂Ru, Y⊂Cv

disc(X, Y ;Ru, Cv), (3.4)

where

disc(X, Y ;Ru, Cv) =
|a(X, Y )− ρ(Ru, Cv)Vol(X)Vol(Y )|√

Vol(X)Vol(Y )

= |ρ(X, Y )− ρ(Ru, Cv)|
√

Vol(X)Vol(Y ).

(3.5)
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Here a(X, Y ) =
∑

i∈X
∑

j∈Y aij is the cut between X ⊂ Ra and Y ⊂ Cb,
Vol(X) =

∑
i∈X drow,i is the volume of the row-subset X, Vol(Y ) =

∑
j∈Y dcol,j

is the volume of the column-subset Y , whereas ρ(X, Y ) = a(X,Y )
Vol(X)Vol(Y )

denotes
the density between X and Y . The minimum k-way discrepancy of A is

disck(A) = min
R1,...,Rk
C1,...,Ck

disc(A;R1, . . . , Rk, C1, . . . , Ck).

3.2 Generalized random and quasirandom graphs

Generalized random and quasirandom graphs are specimens, where the `large'
spectral gap an and the `small' k-variance show up together with `small' k-
way discrepancy. The notion of a generalized random graph was introduced
in De�nition 4. With di�erent notation, this de�nition can be found, e.g.,
in [7, 34, 50, 58, 73]. Sometimes it is called stochastic block-model that was
�rst mentioned in [48], and discussed much later in [20] as a special case of an
inhomogeneous random graph. Note that this model is the generalization of
the classical Erd®s�Rényi random graph, the �rst random graph of the history
introduced in [39] and also discussed in [18], which corresponds to the k = 1
case. In this case, the probability matrix boils down to the number 0 < p < 1,
whereas edges come into existence independently, with the same probability p;
it is denoted by Gn(p).

Note that De�nition 4 makes sense if the probability matrix P contains at
least one non-zero entry. In many cases, one or more entries of P are zeros.
In particular, when puu = 0 (u = 1, . . . k) and puv = p ∈ (0, 1), then the graph
Gn(P ,Pk) has a so-called soft-core multipartite structure, de�ned in [16]. In
the special case when p = 1, it is the complete k-partite graph Kn1,...,nk over
the independent vertex classes of Pk, where ni = |Ci| (i = 1, . . . , k).

If k = n and pij := didj/
∑n

m=1 dm (i, j = 1, . . . n), then the model gives the
random graph with expected degree sequence d1, . . . , dn, �rst discussed in [33]
on the condition that maxi d

2
i ≤

∑n
i=1 di. This is a good model for capturing

power law graphs in that the random power law graph, introduced in [54], is a
special case of it.

However, the generalized random graph model can better be exploited in
applications where k is much less than n. Now, we keep k and P �xed, while
n→∞ under some balancing conditions on the cluster sizes. In [9, 10, 12] the
following properties of a generalized random graph was proved.

Proposition 8 Let Gn(P ,Pk) be a generalized random graph on n vertices
with vertex-classes Pk = (C1, . . . , Ck) of sizes n1, . . . nk and k × k symmetric
probability matrix P . Let k be a �xed positive integer and n → ∞ in such a
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way that nu
n
≥ c (u = 1, . . . , k) with some constant 0 < c ≤ 1

k
(called balancing

condition). Then the following hold almost surely for the adjacency matrix An

and the normalized modularity matrix MD,n of Gn(P ,Pk).

1. An has k so-called structural eigenvalues that are Θ(n), while the remai-
ning eigenvalues are O(

√
n) in absolute value. Further, the k-variance

S2
k,n of the k-dimensional vertex representatives, based on the eigenvectors

corresponding to the structural eigenvalues of An (see (3.2)), is O( 1
n
).

2. There exists a positive constant 0 < δ < 1 independent of n (it only
depends on k) such that MD,n has exactly k − 1 structural eigenvalues
of absolute value greater than δ, while all the other eigenvalues are less
than n−τ in absolute value, for every 0 < τ < 1

2
. Further, the weighted k-

variance S̃2
k,n of the (k − 1)-dimensional vertex representatives, based on

the transformed eigenvectors corresponding to the structural eigenvalues
of MD,n (see (3.1)), is O(n−τ ).

3. There is a constant 0 < θ < 1 (independent of n) such that disc1(Gn(P ,Pk)) >
θ, . . . , disck−1(Gn(P ,Pk)) > θ, and the k-way discrepancy
disck(Gn(P ,Pk);C1, . . . , Ck) is O(n−τ ).

4. (a) For every 1 ≤ u ≤ v ≤ k and i ∈ Cu:∑
j∈Cv

aij = puvnv + o(n).

(b) For every 1 ≤ u ≤ v ≤ k and i, j ∈ Cu:∑
t∈Cv

aitajt = p2
uvnv + o(n).

For the proofs of Properties 1-2 see Theorems 3.1.6, 3.1.8 and Propositions
3.1.10, 3.1.12 of [12]. The 2-3 relation between discrepancy and spectra will be
discussed in Section 3.3, whereas the proof of Property 4 is as follows. We will
use the following version of the Bernstein's inequality.

Lemma 4 (Bernstein inequality for large deviations) Let X1, . . . , Xn be
independent random variables, |Xi| ≤ K, X :=

∑n
i=1Xi. Then for every a > 0:

P (|X − E(X)| > a) ≤ e−
a2

2(Var(X)+Ka/3) .

Proof of Property 4. Consider the generalized random graph sequence
Gn(P ,Pk), the subgraphs and the bipartite subgraphs of which have the fol-
lowing expected degrees. We will drop the index n, and use the notation
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A = (aij) for the entries of its adjacency matrix. As for the Cu, Cv pair
(1 ≤ u ≤ v ≤ k), for any i ∈ Cu, the average degree of i with regard to Cv is

E(
∑
j∈Cv

aij) = nvpuv,

each vertex in Cu has the same expected number of neighbors in Cv.
Observe that for i ∈ Cu, the sum

∑
j∈Cv aij has binomial distribution with

the above expectation and variance nvpuv(1−puv). Therefore, by Lemma 4, the
between-cluster average degrees are highly concentrated on their expectations
as n→∞ under the balancing conditions nu

n
≥ c (u = 1, . . . , k) for the cluster

sizes. Indeed, for any 0 < ε < 1:

P(| 1

nv

∑
j∈Cv

aij − puv| > ε) = P(|
∑
j∈Cv

aij − nvpuv| > nvε) ≤ e−
n2vε

2

2(nvpuv(1−puv)+ε/3)

that tends to 0 even with the choice ε = n−τ , 0 < τ < 1
2
. Therefore, it holds

almost surely that

|
∑
j∈Cv

aij − nvpuv| ≤ nvn
−τ =

nv
n
n1−τ = o(n).

This �nishes the proof of Property 4 (a).
As for every 1 ≤ u ≤ v ≤ k, the number of common neighbors in Cv of

any i, j ∈ Cu (i 6= j) pair has binomial distribution with expectation nvp
2
uv and

variance nvp
2
uv(1− p2

uv), with the same calculations as above we obtain that

|
∑
t∈Cv

aitajt − p2
uvnv| = o(n)

almost surely. This �nishes the proof Property 4 (b). �
Consequently, the subgraphs con�ned to the vertex-classes exhibit regular,

while the induced bipartite subgraphs of a generalized random graph exhibit
biregular structure asymptotically.

Now we will discuss similar properties of the generalized quasirandom graphs,
which are the deterministic counterparts of the generalized random graphs and
are spectrally equivalent to them.

Let us start with the k = 1 case. Quasirandom or pseudorandom graph
sequences were �rst discussed by Thomason [77]. Later, Chung, Graham and
Wilson [31] used the term quasirandom for simple graphs that satisfy any of
some equivalent properties, where these properties are closely related to the
properties of expander graphs, including the `large' spectral gap. For a sampler
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of these quasirandom properties see also Lovász [56]. Chung and Graham [32]
investigated quasirandom graphs with given degree sequences. Among others,
they proved that `small' discrepancy is caused by a `large' spectral gap, which
is 1− ‖MD‖. This relation is summarized in the following proposition that is
a straightforward generalization of the Expander Mixing Lemma for irregular
graphs.

Proposition 9

disc(G) = disc1(G) ≤ ‖MD‖ = |µ1|,

where ‖MD‖ is the spectral norm of the normalized modularity matrix of G.

Though, with di�erent notation, even a stronger version of this proposition is
proved in [32], we give another short proof here.
Proof. Via separation theorems for singular values, the largest singular value
|µ1| ofMD is the maximum of the bilinear form vTMDu over the unit sphere.
Let X, Y ⊂ V be arbitrary, and denote by 1X ,1Y ∈ Rn the indicator vectors
of them. Then

‖MD‖ = max
‖u‖=‖v‖=1

|vTMDu| ≥

∣∣∣∣∣
(
D1/21X
‖D1/21X‖

)T
MD

(
D1/21Y
‖D1/21Y ‖

)∣∣∣∣∣
=

|1TXM1Y |
‖D1/21X‖ · ‖D1/21Y ‖

=
|w(X, Y )− Vol(X)Vol(Y )|√

Vol(X)
√

Vol(Y )
.

Taking the maxima on the right-hand side over subsets X, Y ⊂ V , the desired
relation follows. Note that the estimate is also valid if we take maxima over
disjoint X, Y pairs only. �

In [32], the authors also proved that in the case of dense enough graphs
(the minimum degree is cn for some constant c and number of vertices n) the
converse implication is also true. In view of the Expander Mixing Lemma, a
'large' spectral gap is an indication that the weighted cut between any two
subsets of the graph is near to what is expected in a random graph, the ver-
tices of which are connected independently, with probability proportional to
their generalized degrees. The notion of discrepancy together with the Ex-
pander Mixing Lemma was �rst used for simple (sometimes regular) graphs,
and extended to Hermitian matrices. Historically, Thomason [77, 78] was the
�rst to prove equivalences between quasirandom properties, though, with a bit
di�erent notions: he used the term jumbled graph and not discrepancy.

The multiclass extension of quasirandomness (k > 1) is discussed throughly
in Lovász and Sós [55], where the generalized quasirandom graphs are de�ned.
Here the clusters or cluster-pairs of small discrepancy behave like expanders
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or bipartite expanders. In fact, these are the deterministic counterparts of
the generalized random graphs. Much earlier, in [74] the authors established
valuable relations between quasirandomness and the partitions of the seminal
Szemerédi regularity lemma [76]. For the de�nition, the notion of the conver-
gence of edge- and vertex-weighted graph sequences is needed. Without going
into details, we will use the notion of graph convergence as discussed in [22].

The sequence (Gn) of edge- and possibly vertex-weighted graphs is said to
be convergent if the sequence t(F,Gn) of homomorphism densities converges
for any simple graph F as n → ∞. They also de�ne the limit object that
is a symmetric, bounded, measurable function W : [0, 1] × [0, 1] → R, called
graphon. The stepfunction graphon WG is assigned to the weighted graph
G in the following way: the sides of the unit square are divided into intervals
I1, . . . , In of lengths of the relative vertex-weights, and over the rectangle Ii×Ij
the stepfunction takes on the value that is the edge-weight between vertices
i and j. The convergence of (Gn) is also equivalent that the stepfunction
graphon WG converges to the limiting graphon in the so-called cut-metric.
Roughly speaking, the members of a convergent graph sequence become more
and more similar in small details. In terms of the graph convergence, in Section
4 of [12] the following was proved.

Proposition 10 Consider the generalized random graph sequence Gn(P ,Pk)
with Pk = (C1, . . . , Ck), |Cu| = nu (u = 1, . . . , k). Let n → ∞ in such a way
that nu

n
→ ru with some r1, . . . , rk > 0,

∑k
u=1 ru = 1. Then Gn(P ,Pk) → WH

as n → ∞, where H is a vertex- and edge-weighted graph on k vertices with
vertex-weights r1, . . . , rk, the edge-weights are the entries of P , and WH is the
step-function graphon corresponding to H.

In [55] the following de�nition of a generalized quasirandom graph sequence
was given.

De�nition 6 Given a model graph H on k vertices with vertex-weights r1, . . . , rk
and edge-weights puv = pvu, 1 ≤ u ≤ v ≤ k (entries of P ), (Gn) is H-
quasirandom if Gn → WH as n→∞ in terms of the homomorphism densities.

The authors of [55] also proved that the vertex set V of a generalized qua-
sirandom graph Gn can be partitioned into classes C1, . . . , Ck in such a way
that |Cu||V | → ru (u = 1, . . . , k) and the subgraph of Gn induced by Cu is the
general term of a quasirandom graph sequence with edge-density tending to puu
(u = 1, . . . , k), whereas the bipartite subgraph between Cu and Cv is the gene-
ral term of a quasirandom bipartite graph sequence with edge-density tending
to puv (u 6= v) as n→∞.
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Because of the limit relation in the de�nition of the generalized quasirandom
graphs, and the spectral equivalence of convergent graph sequences, the pro-
perties, discussed in Proposition 8, are as well valid for the generalized qua-
sirandom graphs. Actually, the authors in [23] proved that for any k, the k
largest absolute value normalized adjacency eigenvalues of a convergent graph
sequence converge (to the corresponding eigenvalues of the limiting graphon).
In [13] the same was proved for the normalized modularity spectra of conver-
gent graph sequences.

How to construct a generalized quasirandom graph with given k, P , and
vertex-weights of the model graph H? Consider the instance when there are
k clusters C1, . . . , Ck of the vertices of sizes n1, . . . , nk such that nu

n
= ru (u =

1, . . . , k). Let us choose the independent irrational numbers αuv (1 ≤ u ≤ v ≤
k). Then the subgraph on the vertex-set Cu is constructed as follows: i, j ∈ Cu,
i < j are connected if and only if

{(i− j)2αuu} < puu (u = 1, . . . , k),

where {.} denotes the fractional part of a real number. The bipartite subgraph
between Cu and Cv is constructed as follows: i ∈ Cu and j ∈ Cv are connected
if and only if

{(i− j)2αuv} < puv (1 ≤ u < v ≤ k).

Analytical number theoretical considerations (see, e.g., [18, 66]) guarantee that,
for any 1 ≤ u ≤ v ≤ k, the sequence

yt := ({(t− i)2αuv}, {(t− j)2αuv})

is well-distributed symmetrically in [0, 1]2, uniformly in i, j ∈ Cu (i 6= j).
Therefore, with the considerations of [66],∣∣{t ∈ Cv : {(t− i)2αuv} < puv and {(t− j)2αuv} < puv}

∣∣ = p2
uvnv+o(nv) = p2

uvnv+o(n)

if n → ∞ and nu
n
→ ru (u = 1, . . . , k). For more examples of quasirandom

graphs in the k = 1 case see [18, 77].
Therefore, a large random graph, constructed in this way, will be `nearly'

k-partite, k-regular, and its normalized modularity spectrum contains k − 1
structural eigenvalues, whereas, all the other eigenvalues are o(1), akin to the
weighted k-variance of the optimal (k−1)-dimensional representatives. In this
case, the k-way discrepancy in the optimal spectral clustering is o(1). As for
the complete k-partite graph Kn1,...,nk (pure case), its normalized modularity
spectrum contains k − 1 structural negative eigenvalues and n − k + 1 zeros.
Also, the above k-variance is zero; further, disck(Kn1,...,nk) = 0 and sk = 0.
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Figure 3.1: Generalized
random graph generated
with k = 5, cluster sizes
60, 80, 100, 120, 140 and
probability matrix P be-
low. The �rst non-trivial
eigenvalues of AD are
0.304, 0.214, 0.17, 0.153,
− 0.097,−0.094,−0.093,
− 0.092,−0.091, . . . ,
with a gap after the 4th
one.

Figure 3.2: Gene-
ralized quasirandom
graph constructed with
k = 5, cluster sizes
60, 80, 100, 120, 140 and
probability matrix P be-
low. The �rst non-trivial
eigenvalues of AD are
0.318, 0.207, 0.154, 0.115,
− 0.100,−0.099,−0.091,
− 0.090, 0.084, . . . ,
exhibiting decreasing
eigenvalues up to the 4th
one.

Figure 3.3: The former
generalized quasirandom
graph obtained by ap-
propriate permutation of
the vertices within the
blocks.

For an illustration of generalized random and quasirandom graphs see Fi-
gures 3.1, 3.2, 3.3.

P =


0.7 0.1 0.15 0.2 0.25
0.1 0.75 0.3 0.35 0.4
0.15 0.3 0.8 0.45 0.5
0.2 0.35 0.45 0.85 0.55
0.25 0.4 0.5 0.55 0.9


The properties of Proposition 8 can be regarded as generalized quasirandom

properties provided their implications can be proved for any graph sequence.
To make the idea more precise, we formulate the following conjecture.

Conjecture 1 Consider the sequence of graphs Gn with vertex-set Vn, adja-
cency matrix An, and normalized modularity matrix MD,n. Let k be a �xed
positive integer and |Vn| = n → ∞. Then the following properties are equiva-
lent:
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PI. (a) An has k structural eigenvalues that are Θ(n) in absolute value,
while the remaining eigenvalues are o(n).

(b) The k-variance S2
k,n of the k-dimensional vertex representatives, ba-

sed on the eigenvectors corresponding to the structural eigenvalues
of An, is o(1). The k-partition Pk = (C1, . . . , Ck) minimizing this k-
variance is such that nu

n
≥ c (u = 1, . . . , k) holds with some constant

c, where nu = |Cu|.

PII. (a) There exists a constant 0 < δ < 1 (independent of n, it only depends
on k) such thatMD,n has k−1 structural eigenvalues that are greater
than δ in absolute value, while the remaining eigenvalues are o(1).

(b) The weighted k-variance S̃2
k,n of the (k − 1)-dimensional vertex re-

presentatives, based on the transformed eigenvectors corresponding
to the structural eigenvalues of MD,n, is o(1). The k-partition
Pk = (C1, . . . , Ck) minimizing the above weighted k-variance is such
that nu

n
≥ c (u = 1, . . . , k) holds with some constant c, where

nu = |Cu|.

PIII. There are vertex-classes Pk = (C1, . . . , Ck) of sizes n1, . . . nk, satisfying
nu
n
≥ c (u = 1, . . . , k) and a constant 0 < θ < 1 (independent of n) such

that disc1(Gn), . . . , disck−1(Gn) > θ, and disck(Gn;C1, . . . , Ck) = o(1).

PIV. There are vertex-classes Pk = (C1, . . . , Ck) of sizes n1, . . . nk, satisfying
nu
n
≥ c (u = 1, . . . , k) and a k×k symmetric probability matrix P = (puv),

such that every vertex of Cu has asymptotically nvpuv neighbors in Cv for
any 1 ≤ u ≤ v ≤ k pair. Further, for the codegrees (number of common
neighbors) the following holds: every two di�erent vertices i, j ∈ Cu have
asymptotically p2

uvnv common neighbors in Cv for any 1 ≤ u ≤ v ≤ k
pair. More exactly, for every 1 ≤ u ≤ v ≤ k and i, j ∈ Cu:∑

t∈Cv

ait = puvnv + o(n);

and for every 1 ≤ u ≤ v ≤ k and i, j ∈ Cu:∑
t∈Cv

aitajt = p2
uvnv + o(n).

The PI-PII implications follow from the statements of Chapter 3 [12].
Particularly, statement (a) implies (b) by subspace perturbation theorems both
in PI and PII. The PII→PIII implication is proved in [13], and discussed in
Section 3.3. As for the PIII→PII implication, we will prove Theorem 14 in
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Section 3.3. Based on the results of [31, 78] we guess that PIII implies PIV,
and vice versa. With some transformation, theorems of [77, 78] about (p, α)-
jumbled graphs may be applicable for the subgraphs and bipartite subgraphs,
where p is some puv and α is related to the k-way discrepancy.

3.3 Discrepancy versus spectra

Here we extend the notion of discrepancy to rectangular matrices of nonnega-
tive entries, like microarrays or contingency tables. Edge-weighted and directed
graphs are special cases.

Consider the setup in 3.1.1. In [14], it was proved that given the m × n
rectangular array A, the following spectral biclustering results in row-column
cluster pairs of small discrepancy. The clusters R1, . . . , Rk of the rows and
C1, . . . , Ck of the columns are obtained by applying the weighted k-means al-
gorithm for the (k − 1)-dimensional row- and column representatives, de�ned

as the row vectors of the matrices of column vectors (D
−1/2
row v1, . . . ,D

−1/2
row vk−1)

and (D
−1/2
col u1, . . . ,D

−1/2
col uk−1), respectively, where vi,ui is the unit norm sin-

gular vector pair corresponding to si (i = 1, . . . , k − 1). Recall that these
partitions minimize the weighted k-variances S̃2

k,row and S̃2
k,col of these row-

and column-representatives introduced in (3.1). Then, under some balan-
cing conditions for the margins and for the cluster sizes, it was proved that
disck(A) = O(

√
2k(S̃k,row + S̃k,col) + sk).

In the special case when m = n and A is symmetric of zero diagonal, we
have the edge-weight matrix of an undirected graph. For the k-way discrepancy
of the edge-weighted graph G = (V,An), where the singular values of MD,n

are the numbers si = |µi| (i = 1, . . . , n), the following was proved in [13].

Proposition 11 Let G = (V,W ) be a connected edge-weighted graph on n
vertices, with generalized degrees d1, . . . , dn and degree matrix D. Assume that
Vol(V ) = 1, and there are no dominant vertices, i.e., di = Θ(1/n), i = 1, . . . , n,
as n → ∞. Let the eigenvalues of MD,n, enumerated in decreasing absolute
values, be

1 ≥ |µ1,n| ≥ · · · ≥ |µk−1,n| > ε ≥ |µk,n| ≥ · · · ≥ |µn,n| = 0.

The partition (C1, . . . , Ck) of V is de�ned so that it minimizes the weighted
k-variance S̃2

k of the optimum vertex representatives obtained as row vectors of

the n× (k−1) matrix of column vectors D
−1/2
n ui,n, where ui,n is the unit-norm

eigenvector corresponding to µi,n (i = 1, . . . , k − 1). Assume that there is a
constant 0 < K ≤ 1

k
such that |Ci| ≥ Kn, i = 1, . . . , k. With the notation
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s =
√
S̃2
k, the (Ci, Cj) pairs are O(

√
2ks + ε)-volume regular (i 6= j) and for

the clusters Ci (i = 1, . . . , k) the following holds: for all X, Y ⊂ Vi,

|w(X, Y )− ρ(Ci)Vol(X)Vol(Y )| = O(
√

2ks+ ε)Vol(Ci),

where ρ(Ci) = w(Vi,Vi)

Vol2(Vi)
is the relative intra-cluster density of Ci.

Then, by Proposition 11, PII implies PIII, under some balancing conditions
for the margins and for the cluster sizes. Conversely, we are able to estimate
sk with the k-way discrepancy.

Theorem 14 With the above notation,

sk = O(
√

logm log n) disck(A)

for any positive integer k < rank(A).

For the proof we need the following lemmas. Lemma 3 of Bollobás and Ni-
kiforov [19] states that to every 0 < ε < 1 and vector x ∈ Cn, ‖x‖ = 1,
there exists a vector y ∈ Cn such that its coordinates take no more than⌈

8π
ε

⌉ ⌈
4
ε

log 2n
ε

⌉
distinct values and ‖x − y‖ ≤ ε. Lemma 3 of Butler [28] can

be traced back to this one. It states that to any vector x ∈ Cn, ‖x‖ = 1
and diagonal matrix D of positive real diagonal entries, one can construct a
step-vector y ∈ Cn such that ‖x −Dy‖ ≤ 1

3
, ‖Dy‖ ≤ 1, and y has at most

Θ(log n) distinct coordinates.

Theorem 15 (Thompson 1976 [79]) Let the n×n matrix A have singular
values α1 ≥ · · · ≥ αn and 1 ≤ k ≤ n be a �xed integer. Then an n × n
matrix X exists with rank(X) ≤ k such that B = A + X has singular values
β1 ≥ · · · ≥ βn if and only if

αi+k ≤ βi ≤ αi−k, i = 1, . . . , n

with the understanding that αj = +∞ if j ≤ 0 and αj = 0 if j ≥ n.

We will also use the following lemma that we constructed just for this purpose.

Lemma 5 Let A be an m × n matrix of real entries and let the rows and
columns have positive real weights dr,i's and dc,j's (independently of the entries
of A), which are collected in the main diagonals of the m×m and n×n diagonal
matrices Dr and Dc, respectively. Let R1, . . . , Rk and C1, . . . , C` be proper
partitions of the rows and columns; further, x ∈ Cm and y ∈ Cn be stepwise
constant vectors having equal coordinates over the index sets corresponding to
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the partition members of R1, . . . , Rk and C1, . . . , Cl, respectively. The k×` real
matrix A′ = (a′uv) is de�ned by

a′ab :=
a(Ru, Cv)√

VOL(Ru)VOL(Cv)
, u = 1, . . . k; v = 1, . . . , `,

where a(Ru, Cv) is the usual cut of A between Ru and Cv, whereas VOL(Ru) =∑
i∈Ru dr,i and VOL(Cv) =

∑
j∈Cv dc,j. Then

|〈x,Ay〉| ≤ ‖A′‖ · ‖D1/2
r x‖ · ‖D1/2

c y‖,

where ‖A′‖ denotes the spectral norm, that is the largest singular value of the
real matrix A′, and the squared norm of a complex vector is the sum of the
squares of the absolute values of its coordinates.

Note that here the row- and column-weights have nothing to do with the entries
of A, and the volumes are usually not the ones de�ned in Section 3.1; this is
why they are denoted by VOL instead of Vol.

Proof of Lemma 5. For the distinct coordinates of x and y we introduce

xi :=
x′a√

VOL(Ra)
if i ∈ Ra and yj :=

y′b√
VOL(Cb)

if j ∈ Cb

with x′a and y′b that are coordinates of x′ ∈ Ck and y′ ∈ Cl. Obviously,

‖D1/2
r x‖ = ‖x′‖ and ‖D1/2

c y‖ = ‖y′‖. Then, using¯ for the complex conjuga-
tion,

|〈x,Ay〉| =

∣∣∣∣∣
m∑
i=1

n∑
j=1

xiȳjcij

∣∣∣∣∣ =

∣∣∣∣∣
k∑
a=1

l∑
b=1

x′a√
VOL(Ra)

ȳ′b√
VOL(Cb)

c(Ra, Cb)

∣∣∣∣∣
=

∣∣∣∣∣
k∑
a=1

l∑
b=1

x′aȳ
′
bc
′
ab

∣∣∣∣∣ = |〈x′,A′y′〉| ≤ smax(A
′) · ‖x′‖ · ‖y′‖

= ‖A′‖ · ‖D1/2
r x‖ · ‖D1/2

c y‖

by the well-known extremal property of the largest singular value, which �nis-
hes the proof.

Proof of Theorem 14. Assume that α = disck(A) is attained with the proper
k-partition R1, . . . , Rk of the rows and C1, . . . , Ck of the columns of A; i.e., for
every Ra, Cb pair and X ⊂ Ra, Y ⊂ Cb we have

|c(X, Y )− ρ(Ra, Cb)Vol(X)Vol(Y )| ≤ α
√

Vol(X)Vol(Y ). (3.6)
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Introducing the m× n matrix

F = A−DrowRDcol, (3.7)

where R = (ρ(Ru, Cv)) is the m× n block-matrix of k × k blocks with entries
equal to ρ(Ru, Cv) over the block Ru × Cv, Equation (3.7) yields

D−1/2
row FD

−1/2
col = D−1/2

row AD
−1/2
col −D

1/2
rowRD

1/2
col = AD −D1/2

rowRD
1/2
col .

Since the rank of the matrix D
1/2
rowRD

1/2
col is at most k, by Theorem 15, des-

cribing the e�ect of rank k perturbations for the singular values, we obtain
the following upper estimate for sk, that is the (k+ 1)th largest (including the
trivial 1) singular value of AD:

sk ≤ smax(D
−1/2
row FD

−1/2
col ) = ‖D−1/2

row FD
−1/2
col ‖,

where ‖.‖ denotes the spectral norm.
Let v ∈ Rm be the left and u ∈ Rn be the right unit-norm singular vector

corresponding to the maximal singular value of D
−1/2
row FD

−1/2
col , i.e.,

|〈v, (D−1/2
row FD

−1/2
col )u〉| = ‖D−1/2

row FD
−1/2
col ‖.

In view of Butler [28], there are stepwise constant vectors x ∈ Cm and y ∈ Cn
such that ‖v−D1/2

rowx‖ ≤ 1
3
, ‖u−D1/2

col y‖ ≤ 1
3
, ‖D1/2

rowx‖ ≤ 1, and ‖D1/2
col y‖ ≤ 1;

further,

‖D−1/2
row FD

−1/2
col ‖ ≤

9

2

∣∣∣〈(D1/2
rowx), (D−1/2

row FD
−1/2
col )(D

1/2
col y)〉

∣∣∣ =
9

2
|〈x,Fy〉|.

Then using the above discussed argument and Butler's results, with the matrix
F de�ned in (3.7) and the constructed step-vectors x ∈ Cm, y ∈ Cn, we have

sk ≤ ‖D−1/2
row FD

−1/2
col ‖ ≤

9

2
|〈x,Fy〉|.

With the preliminary argument, x takes on at most r1 = Θ(logm), and y takes
on at most r2 = Θ(log n) distinct values, which de�ne the proper partitions
P1, . . . , Pr1 of the rows and Q1, . . . , Qr2 of the columns. Let us consider the
subdivision of them with respect to R1, . . . , Rk and C1, . . . , Ck. In this way,
we obtain the proper partition P ′1, . . . , P

′
`1
of the rows and Q′1, . . . , Q

′
`2
of the

columns with at most `1 = kr1 and `2 = kr2 parts.
Now, we apply Lemma 5 to the matrix F and to the step-vectors x and

y, which are also stepwise constant with respect to the above partitions. The
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row-weights and column-weights are the drow,i's and dcol,j's, respectively. In
view of the lemma, the entries of the `1 × `2 matrix F ′ are

f ′uv :=
f(P ′u, Q

′
v)√

Vol(P ′u)Vol(Q′v)

and
|〈x,Fy〉| ≤ ‖F ′‖ · ‖D1/2

rowx‖ · ‖D
1/2
col y‖ ≤ ‖F

′‖.
But by a well-known linear algebra fact we get that

‖F ′‖ = smax(F
′) ≤

√
`1`2 max

u∈[`1]
max
v∈[`2]

|f ′uv| ≤ ` · disc(A;R1, . . . , Rk, C1, . . . , Ck),

where ` =
√
`1`2 and we used Formula (3.4) for the discrepancy. Consequently,

sk ≤
9

2
`disck(A)

follows. �
Note that, by Theorem 14, for the undirected, edge-weighted graph Gn, the

relation |µk| = O(log n)disck(Gn) holds; therefore, if in addition disck(Gn) =
O(n−τ ) with some 0 < τ < 1

2
, as in the case of generalized random and quasi-

random graphs, then PIII implies PII.
The discrepancy of a directed graph G = (V,W ) is a special case of that

of a rectangular array in that its edge-weight matrix W = (wij) is quadratic,
but asymmetric: wij ≥ 0 is the weight of the i → j edge (i 6= j) and wii = 0
(i = 1, . . . , n).

We used the spectral clustering algorithm to same migration data between
34 countries used in Subsection 2.2.3. The row- and column-clusters are the
out- and in-clusters, corresponding to countries exhibiting similar emigration
and immigration patterns; wij represents the number of persons in thousands
who moved from country i to country j during the year 2011.

Based on the singular values

s0 = 1, s1 = 0.79067, s2 = 0.769678, s3 = 0.61489, s4 = 0.584317, s5 = 0.56072,

. . . , s33 = 0.000523946

of the normalized (asymmetric) 34 × 34 edge-weight matrix WD, there was
indeed a gap after s2, so we found three clusters for both the rows and the
columns. The row-clusters (emigration trait clusters) were the following:

1. Australia, Austria, Canada, Chile, Czech Republic, Estonia, Greece,
Hungary, Israel, Japan, Korea, Luxembourg, Mexico, New Zealand, Po-
land, Slovak Republic, Slovenia, Turkey, United States.
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2. Belgium, France, Germany, Ireland, Italy, Netherlands, Portugal, Spain,
Switzerland, United Kingdom.

3. Denmark, Finland, Iceland, Norway, Sweden.

The column-clusters (immigration trait clusters) were:

1. Australia, Austria, Belgium, France, Greece, Israel, Italy, Luxembourg,
Poland, Portugal, Spain, Switzerland, United Kingdom.

2. Canada, Chile, Czech Republic, Germany, Hungary, Iceland, Ireland,
Japan, Korea, Mexico, Netherlands, New Zealand, Slovak Republic, Slo-
venia, Turkey, United States.

3. Denmark, Estonia, Finland, Norway, Sweden.

Figure 3.4 shows the results, where we can spot some dense and sparse edge-
densities within the subgraphs and bipartite subgraphs. For example, there
is a high edge-density between out-cluster 2 and in-cluster 1, which indicates
frequent migration between the countries of the European Union. Also, high
edge-density is shown between out-cluster 3 and in-cluster 3, i.e., between
the countries of Northern Europe, in 2011. However, their separation is not
so spectacular, since with n = 34 the asymptotic properties are not clearly
e�ectuated.

Figure 3.4: Asymmetric adjacency matrix of the migration graph, where dar-
ker spots mean larger numbers while lighter spots mean smaller ones. Rows
and columns are ordered according to the out- and in-cluster memberships,
respectively; further, the clusters and separated by red lines.
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3.4 Discussion

We characterized spectra and discrepancies of generalized random and quasi-
random graphs. Properties, like `large' spectral gap, `small' within-cluster va-
riances of the vertex representatives, and `small' within- and between-cluster
discrepancies were formulated with graph based matrices, for a given number
of clusters. However, our theory helps the practitioners to �nd the optimal
number of clusters.

As a generalization of quasirandomness, that applies to the one-cluster
situation, we also considered generalized quasirandom properties, and proved
some implications between them, irrespective of stochastic models. Real-life
expanding graph sequences asymptotically capturing one of these properties are
random-like, con�ned to the subgraphs and bipartite subgraphs of them. The
equivalences also suggest that spectral methods are capable to �nd partitions
of the vertices with `small' multiway discrepancy. We extended these notions to
rectangular arrays of nonnegative entries, of which directed graphs are special
cases.
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