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ŝ propagation unit vector of a geometrical ray or a plane-wave compo-
nent

θs, φs spherical polar and azimuthal angles of ŝ
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Chapter 1

Introduction

“If light is man’s most useful tool,
polarized light is the quintessence of
utility.”

W. A. Shurcliff [2, p. 2]

In present-day applied optics, it is common to focus a collimated laser beam to a tiny spot
in order to decrease the area (or volume) in which light-matter interaction takes place, and also
to simultaneously increase the density of electromagnetic energy. Laser scanning optical micro-
and nanoscopy [3, 4], optical data storage [5], material processing [6, 7], photolithography [8,
9] and optical trapping [10–12] are just a few application examples to name.

The continuous development of these techniques has given rise to the need for controlling
not only the approximate size of the focal spot but also finer details, such as the shape of
its intensity profile or its polarization pattern. In order to achieve such a level of control,
experiments have to be backed up by reasonably accurate theoretical models, which, at the
same time, have to be paired with efficient numerical computational methods.

This thesis reports about a novel computational approach for strongly focused fields that
is suitable for solving both the forward and the inverse problem of focusing, i.e. calculating
the focal electric field from a given incident field that illuminates the focusing optical system,
and retrieving the incident field required to produce a prescribed focal field, respectively1.

1.1 Preliminaries

Focusing can happen in an on-axis or an off-axis configuration, depending on whether the
incident beam propagates parallel to the optical axis of the focusing system or not. Throughout

1The term focal field refers to the field in the small neighborhood of the focus, i.e. in a spatial region with
linear dimensions of a few ten wavelengths at most.
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Θ

y

z
O

Figure 1.1: Illustrating an on-axis focusing configuration. The rear focal point coincides with the
origin O. Only marginal rays are shown.

this thesis, I restrict myself to the investigation of the on-axis configuration2 that is shown in
Fig. 1.1. Such a configuration is typical, for instance, of optical recording or of stage-scanning
laser scanning microscopy [15, p. 173].

The angle Θ in Fig. 1.1 is the half apex-angle of the cone of light exiting the lens (in a
ray optics sense) and is usually referred to as convergence angle or the angular semi-aperture
of the lens as seen from the rear geometrical focal point. A related dimensionless quantity
that is widely used to characterize focusing systems is their numerical aperture (NA). It is
defined as NA := n sin Θ [16, p. 200], where n is the (homogeneous) refractive index in image
space at the wavelength of the illumination. Note that the illumination is assumed to be
monochromatic throughout this thesis. Numerical aperture can be generally regarded as high
for (NA/n) & 0.5, equivalent to Θ & 30◦, but this limit is somewhat arbitrary.

1.2 Why high numerical aperture focusing?

1.2.1 The diffraction limit

In order to achieve the smallest possible focal spot, the focusing system needs, first of all, to
be well-corrected for optical aberrations. Theoretically, this means in the above configuration
the elimination of on-axis aberrations, most importantly, spherical aberration. Nevertheless,
some off-axis aberration correction (e.g. for primary coma) is desirable due to alignment im-
perfections occuring in practice (and for off-axis focusing, it is essential) [15, p. 171]. While
even a single aspheric lens may be sufficiently corrected for high-NA on-axis focusing pur-
poses, e.g. plastic lenses used in Digital Versatile Disc (DVD) pickup units [17], very often
microscope objectives are employed that also feature state-of-the-art correction for off-axis as
well as chromatic aberrations (and, in order to achieve that, may include more than a dozen
lens elements [18, 19]). These two kinds of focusing systems are illustrated in Fig. 1.2.

2Although it has to be noted that results carry over to off-axis setups, too, provided the focusing system
can be considered shift-invariant, or in other words, isoplanatic [13, 14].
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Figure 1.2: High-NA focusing systems: (a) pickup lens of DVD±RW optical drive, NA = 0.6, (b)
microscope objectives: Leitz NPL Fluotar 50×, NA = 0.85 (left) and 100×, NA = 0.9 (right) (own
photos).

It is well-known that geometrical optics is not suitable to describe focusing phenomena
of such well-corrected systems3. It is the phenomenon of diffraction, that determines the size
and shape of the focal spot of these systems, and arises because the incident wave is limited
spatially by the finite aperture of the optical system.

Historically, the earliest significant results in the diffraction treatment of focusing can be
attributed to Airy [21] and Lommel [22] who considered aberration-free focusing by a uniformly
illuminated ideal lens and approached the problem using paraxial scalar diffraction theory4.
On the one hand, Airy was the first to describe the diffraction pattern in the focal plane, a
bright central spot surrounded by faint rings, known today as the Airy pattern. Lommel, on
the other hand, investigated light distribution in the whole three-dimensional region around
the focus and supplied closed-form formulas for the intensity in the focal plane and along the
optical axis5,6. Lommel’s formulas could thus be used to theoretically estimate characteristic
sizes of the focal spot, however, they are — strictly speaking — only valid for small values of
Θ due to paraxiality.

More recently, Sheppard and Matthews [23] showed that by suitably rescaling Lommel’s
paraxial intensity distribution in the direction parallel to the optical axis (the z-axis), the
resulting focal intensity distribution can serve as a good approximation even for nonparaxial
setups with a larger Θ [23][4, p. 24]. Based on their results, it can be shown that the full-width
at half maximum (FWHM) values of the intensity distribution along the coordinate axes —
where the z-axis coincides with the optical axis and the z = 0 plane with the focal plane —
are

∆xFWHM = ∆yFWHM ≈ 0.51
λ0

n sin Θ
and ∆zFWHM ≈ 0.44

λ0

n sin2(Θ/2)
,

3For the ideal aberration-free case, it incorrectly predicts that the energy density is infinite at the geomet-
rical focal point and zero elsewhere in the focal plane [20, p. 12].

4Scalar diffraction theory describes monochromatic light using a single complex scalar field ψ(r), with
|ψ(r)|2 being the observable optical intensity.

5Airy had specified the intensity distribution in the focal plane in form of an infinite series.
6For further mathematical details, see Ref. [16, p. 484–491].
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where λ0 is the wavelength of the incident beam in free space. For far-field focusing setups
considered in this thesis, where the distance between the focal point and the diffracting aper-
ture is much larger than the wavelength, the above FWHM sizes can also be regarded as an
approximate lower limit for the size of the focal spot (a “diffraction limit”), assuming one
wishes to concentrate as much energy in the focal volume as possible [24]7.

In summary, the above formulas reveal two ways to reduce the characteristic size of the
focal spot: one applies an illumination with a smaller wavelength and/or chooses a setup with
a large angular semi-aperture (higher NA). The evolution of commercial optical disk storage
technologies, demonstrated in Table 1.1, is one particular manifestation of this principle.

Technology CD DVD BD

Year 1983 1995 2006
λ0 (nm) 785 650 405
NA of the optical pickup unit 0.45 0.60 0.85

Table 1.1: Characteristic focusing parameters of Compact Disc (CD), Digital Versatile Disc (DVD)
and Blu-ray Disc (BD) optical data storage systems [5].

1.2.2 Polarization effects

While the above analytical expressions of scalar focusing theory have helped us to justify
the necessity of high-NA systems, scalar theory itself (even with sophisticated nonparaxial
enhancements [23, 39, 40][41, pp. 151–157]) is inadequate for describing strongly focused fields,
because vectorial (polarization) effects become important if the NA of the system is sufficiently
large. In other words, polarization of the converging focused wave that leaves the lens may
namely differ from the polarization of the incident beam, which the scalar theory cannot
account for.

There may be multiple reasons for this phenomenon, however, the most significant one is a
rotation of purely geometrical origin as illustrated in Fig. 1.3. A theoretical justification for this
effect can be given based on the geometrical optics approximation of electromagnetic fields,
which states that the electric field E and the magnetic field H must be oriented perpendicularly
to the local direction of propagation [16, p. 119].

7At this point, two remarks have to be made. Firstly, far-field focusing implies that evanescent waves
raised by the lens contribute negligibly to the field in the vicinity of the focal point [25], otherwise they
could also be exploited to surpass the above diffraction limit [26, pp. 121–122], as demonstrated by various
near-field techniques [26, pp. 147–157, 163–165][27–31]. Secondly, there exist modulation techniques, known
as superresolving filters or masks [32–37], which are also not considered here. While they may substantially
decrease the FWHM values of the spot, at the same time, they also drastically reduce energy concentration
in the vicinity of the focus and increase the sensitivity of the focal intensity profile to fabrication errors of the
mask [3, 32, 38].
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It is thus plausible that high-NA focusing inevitably demands a vectorial treatment in
terms of electromagnetic field quantities that satisfy Maxwell’s equations. Such vectorial tech-
niques will be presented briefly in §1.3 and discussed in detail later in Chapter 2.

y

z
O

Figure 1.3: Illustrating polarization conditions in high-NA focusing for an incident field with uniform
linear polarization.

Polarization changes typical to high-NA focusing imply various effects that can neither be
predicted by scalar focusing theory, nor can they be easily observed under low-NA conditions.
For instance, the Airy pattern of scalar diffraction theory possesses rotational symmetry, while
high-NA focusing of a linearly polarized beam results in a focal spot that is asymmetrical,
namely, it is slightly elongated in the direction of the incident polarization. This effect was
predicted theoretically by Richards and Wolf in the 1950s [42] and can mainly be attributed to
the appearance of an axially (z-) polarized field component in the focal plane, as also verified
later experimentally by Dorn et al. [43].

Figure 1.4: Illustrating polarization of the incident field (in front of the lens), the focused wave
(behind the lens), and at the rear focal point, when focusing (a) a radially and (b) an azimuthally
polarized incident beam, respectively.

While the presence of a nonnegligible axial (z-) component of E in the focal region could
be seen as some “parasitic” phenomenon in the linearly polarized case above, it can also be
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enhanced — by appropriately choosing the polarization of the incident field — to the point
that E becomes purely axially (longitudinally) polarized along the optical axis.

Such a focal spot can be produced, for instance, by focusing a radially polarized incident
beam [34, 44–49] (as illustrated in Fig. 1.4(a)). This kind of beam not only produces a purely
z-polarized on-axis focal electric field, but the time-averaged Poynting vector also vanishes
identically along the optical axis; quoting Novotny et al., “it is remarkable that a longitu-
dinal nonpropagating field can be generated by a propagating beam” [45]. The orthogonally
polarized counterpart of radially polarized beams are those with azimuthal polarization (see
Fig. 1.4(b)). They are also special from the point of view that they are completely unaffected
by the geometrical rotation effect and produce a purely transverse focal field (i.e. one polarized
completely in the xy-plane) that vanishes along the optical axis, yielding a “doughnut-shaped”
focal spot.

Both radially and azimuthally polarized beams belong to the broader family of cylindri-
cal vector (CV) beams [44, 50] whose focusing properties have sparked considerable research
interest in recent years (see Refs. [50–52] for an extensive review). Besides serving here as ex-
amples for peculiar high-NA polarization effects, radial and azimuthal incident fields and the
corresponding focal fields will play a special role throughout this thesis, both in the theoretical
results and in the numerical examples.

1.2.3 Focal field engineering

As already mentioned at the beginning of this chapter, it is often desirable — from the view-
point of applications — to alter the shape of the intensity profile as well as the polarization
properties of the focal spot. Fine-tuning the electromagnetic field in the focal region (com-
monly referred to as focal field engineering) is usually achieved by modifying the transverse
profile of amplitude, phase and/or polarization of the incident beam, using — among others
— spatial light modulators, diffractive optical elements, special phase plates, and birefringent
waveplates (see, e.g. Refs. [J8, 50, 53–58]).

In recent years, lots of computational and experimental results in high-NA focus shaping
have been published. Popular topics include: (1) producing focal spots with a diffraction limited
transverse size but an extended depth of focus (& 5λ), e.g. a z-polarized “optical needle” or
an “optical tube” [48][52, pp. 147–153][59–65]; (2) creating a focal spot that has a perfectly
dark core which is completely surrounded by light (an “optical bubble” or “optical cage”) [52,
pp. 45–51][66–71]; or (3) creating an arbitrary state of polarization at the focal point [52,
pp. 141–146][72–74]. The optical needle and tube may find uses, e.g., in high resolution optical
microscopy and atomic optics [52, p. 157][75], and, in general, any kind of application where
the lateral size of the focal spot needs to be kept as small as possible while less stringent
positioning tolerances are desired in the axial direction. The optical bubble is mainly used as a
depletion spot in three-dimensional super-resolution fluorescence microscopy techniques, such
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as stimulated emission depletion (STED) microscopy [53, 76, 77] and fluorescent up-conversion
microscopy [J8, 69, 78, 79], and in super-resolution STED lithography [9]. Finally, controlling
the polarization at the focal point is beneficial, for instance, in probing the orientation of single
molecules [45, 80, 81], in polarization-based information encryption [74], and in volumetric
optical data storage techniques that combine both wavelength and polarization multiplexing
for increased storage capacity [82–87]. For additional exotic focal spots, see Ref. [52, pp. 153–
157].

All these examples demonstrate the ever-increasing role of high-NA focusing in modern
optics. For a more comprehensive review of applications and high-NA focusing literature in
general, see the two-part article by Singh et al. [88, 89].

1.3 Theoretical representations of strongly focused fields

Perhaps the most often used vectorial theory of focusing is an integral representation of the fo-
cused field known as the Debye–Wolf integral or vectorial Debye integral [25, 42]8. It represents
the focal field as superposition of homogeneous plane waves with each plane-wave component
propagating in the same direction as a corresponding geometrical ray that reaches the focal
point9.

Figure 1.5: Illustrating plane-wave directions allowed by the Debye–Wolf theory, associated with
geometrical rays reaching the focal point O. Only marginal rays are shown, and aberration-free focusing
is assumed.

8The Debye–Wolf integral was, in fact, first derived by Ignatowsky [90] and later re-derived quite a few times
in the literature, for instance, by Luneburg [91][92, pp. 321–323], Wolf [25], Sheppard et al. [93], Stamnes [20,
pp. 450–451] and Török [94, pp. 108–116]. However, Wolf and his colleagues were the first to use this integral
representation to study the electromagnetic field in the focal volume of a high-NA aplanatic lens in detail [25,
42, 95].

9For experimental verifications of this concept, see e.g. Refs. [J8, 43, 45, 47, 49, 96–104].
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If we visualize propagation directions of plane-wave components (geometrical rays) on a
unit sphere, and at the same time, assume aberration-free focusing, the tips of direction vectors
ŝ allowed by the Debye–Wolf theory are restricted to a spherical cap Ω with a half apex angle
equal to the angular semi-aperture Θ (as illustrated in Fig. 1.5).

The mathematical details of the Debye–Wolf theory will be presented later in §A.3.2. Here
I only note that in order to calculate the focal field, the Debye–Wolf theory requires us to
evaluate a two-dimensional oscillatory integral for all field components and for every spatial
point in the focal volume. Historically, before utilizing the fast Fourier transform (FFT) to
perform these computations [J6, 105, 106], the evaluation of the Debye–Wolf integral (espe-
cially for volumetric calculations) was a rather time-consuming task (see, e.g., Ref. [105] for
a comparison of computation times). Several series expansion methods have thus been devel-
oped to ease or completely circumvent the evaluation of the integral itself (see Refs. [107–113]
for examples).

One of these methods with deep physical roots is the so-called multipole theory of focusing,
introduced by Sheppard and Török [112]. It relies on an expansion of the focal field in terms of
source-free vector multipole fields, which are closed-form solutions of the homogeneous (source-
free) vector Helmholtz equation [114, p. 418][115] and are also used in the calculation of Mie
scattering by nanoparticles [116] and the calculation of trapping forces in optical tweezers [117,
118]. The multipole theory constitutes the foundation of all new scientific results of this thesis
and will thus be presented in detail in §2.4.

It has already been illustrated by Figs. 1.1 and 1.5 that by using a single lens (objective)
for focusing, the focal field is a traveling wave, propagating — to a good approximation —
inside a cone from the −z-half space into the +z-one. Following Moore and Alonso, we may
refer to this property of the focused field briefly as directionality. As already stated above,
the plane-wave amplitudes of such directional focal fields are — according to the Debye–Wolf
theory — only significant within a spherical cap around the +z-direction (i.e. θs = 0, where θs
is the angle that direction vector ŝ of a plane-wave component encloses with the optical (z-)
axis).

We will see in §2.4 that the basis functions of the multipole theory of focusing, source-free
vector multipole fields, however, do not universally possess this directional property (they are
standing waves). In this respect, they are better suited to describe a situation where the focal
point is illuminated from (nearly) all directions, e.g., in 4π-microscopy10 [119, 120].

In the case of focusing by a single lens, choosing different basis functions with directionality
can significantly decrease the number of basis functions needed to achieve accurate field esti-
mations [115]. While this fact alone is enough to motivate the search for such basis functions,
there is an additional benefit for inverse focusing problems that involve optimization of the

10In the classical 4π-setup [119, 120], two counter-propagating beams are focused by two separate microscope
objectives with a common focal point and facing each other. Recently this setup has been generalized to three
beams (and three objectives), too [121].
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expansion coefficients (an example for such a problem is prescribing the similarity of the focal
intensity distribution to a given one). Namely, using vector multipole fields as basis functions,
we are explicitly required to ensure that the focused field, resulting from the optimization
process, is directional, in addition to fulfilling the optimization goal itself. With help of basis
functions that already exhibit directionality, the need for introducing an extra constraint to
achieve this property is eliminated.

One notable way to create such basis functions is to shift the vector multipole fields by
an imaginary vector iqẑ, i.e. to evaluate them at complex positions r − iqẑ [115, 122, 123].
Such a shift can be shown to enhance the amplitudes of the plane-wave components of vector
multipole fields by an exponential weighting factor exp(kq cos θs) where k is the wavenumber in
the image space11 [115]. Consequently, plane-wave components propagating at smaller angles
θs with respect to the z-axis are emphasized more, resulting in a directional focal field on the
whole.

Unfortunately, the above imaginary displacement destroys favorable orthogonality prop-
erties of the plane-wave amplitudes of multipole fields, which led Moore and Alonso [115] to
propose modified multipole fields with directionality (subject to a complex displacement) for
which the orthogonality of their plane-wave amplitudes is restored [115]. However, when one
wishes to minimize the approximation error for a given incident field, the displacement pa-
rameter q has to be adjusted appropriately, since its optimal value has been shown to depend
not only on the NA but also on the incident field itself and on the number of basis functions
used [115].

In this thesis, I follow another route and construct different basis functions with direc-
tionality that also originate from the vector multipole fields but do not need the tuning of an
artificial parameter besides specifying the angular semi-aperture Θ and the number of basis
functions used.

1.4 Slepian’s concentration problem

Directionality of the focused field means the following constraint on its plane-wave repre-
sentation: the squared magnitude (“energy”) of plane-wave amplitudes has to be localized to
the axially symmetric spherical cap Ω as much as possible. On the other hand, (vectorial)
plane-wave amplitudes can be expanded in terms of so-called tangential12 vector spherical
harmonics, which constitute an orthonormal basis of square-integrable vector functions on the
sphere, and, at the same time, are intimately connected to the multipole theory of focusing.
For computational reasons, only a finite number of basis functions can be considered; such

11The above exponential weighting results from expressing the phase factor of plane-wave components as
exp[ikŝ · (r− iqẑ)] = exp(ikŝ · r) exp(kqŝ · ẑ) and substituting cos θs := ŝ · ẑ.

12The tangential condition for plane-wave amplitudes follows from the fact that homogeneous vector plane
waves must be polarized perpendicularly to their direction of propagation.
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an expansion is said to be bandlimited13 [124]. In order to produce multipole-like fields with
directionality dictated by the focusing system, I will solve the so-called (energy) concentration
problem for bandlimited tangential vector fields within the spherical cap Ω.

Similar concentration problems of scalar fields within various geometrical domains and
one- and multiple dimensions have been studied in a series of pioneering papers by Slepian,
Landau, and Pollak [125–129]. Among others, they have shown that solving the concentration
problem actually yields a whole orthogonal set of functions as a byproduct which are nowadays
frequently referred to under the common name “Slepian functions” [124, 130].

It has to be noted that the occurrence of Slepian functions in optics is not without prece-
dent. Slepian himself investigated the relation between the light distribution in the exit pupil
and the concentration of energy in the image plane in the scalar approximation [131]. Later,
Sheriff, Foreman, and Török showed that the eigenfunctions of Cartesian components of the
Debye–Wolf integral operator actually coincide with Slepian functions of the concentration
problem within a two-dimensional disk [111, 132]. Nevertheless, the above vector concentration
problem, which is central to this thesis, has much more in common with scalar concentration
problems on the sphere than the concentration problem on the 2D disk.

The spherical scalar problem (including energy concentration within a spherical cap) has
been discussed extensively in the mathematical as well as geophysical literature [124, 133, 134],
and its key results and solution schemes — which I will revisit in §2.5 — will prove invaluable
in dealing with the difficulties of the vector concentration problem.

1.5 Structure and aims

Chapter 2 lays down the theoretical foundation for the novel methods discussed in this thesis,
while Chapters 3 and 4 contain my original results and are organized as follows.

Chapter 3 is entirely devoted to the discussion of the concentration problem of bandlimited
tangential vector fields within a spherical cap. The main goal of this chapter is to create vector
functions concentrated to Ω, the so-called vector Slepian harmonics, which can then be used
for approximating the plane-wave amplitudes of focused fields. The concentration problem is
solved in three ways, ranging from the most plausible solution to the numerically most efficient
one. The resulting vector Slepian harmonics are general in the sense that their utility is not
limited to the narrow problem of focusing but extends to other areas of physics, too, e.g. to
geophysics.

In Chapter 4, I discuss the optical outcomes of the results of Chapter 3. In particular, I
introduce another set of vector basis functions, the so-called vector Slepian multipole fields, that
are focal fields corresponding to vector Slepian harmonics, exhibit the desired directionality,
and can represent an arbitrary focal field. I apply the newly obtained Slepian basis functions

13Bandlimitedness is meant here in a general sense, in analogy with the one dimensional Fourier series of a
periodic function that contains only a finite number of terms (spectral components).
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to forward focusing problems and compare the results to those yielded by the multipole theory
of focusing. Last but not least, I show how to use the new Slepian functions to solve inverse
focusing problems with a prescribed intensity distribution in the focal region and apply this
procedure to the optical needle, tube, and bubble focal spots mentioned in §1.2.3.

Finally, in Chapter 5, I specify the thesis statements associated with new scientific re-
sults, and point out possibilities for further development of the vector Slepian focusing theory
presented in this thesis.





Chapter 2

Theoretical background

“One of the principal objects of
theoretical research in any department
of knowledge is to find the point of view
from which the subject appears in its
greatest simplicity.”

J. W. Gibbs [135, p. 97]

This chapter discusses existing theories that constitute the basis to the novel vector Slepian
theory of focusing proposed in this thesis. Since the latter connects two disctinct disciplines,
vectorial focusing theories and Slepian’s concentration theory of bandlimited functions, an
introduction to both topics will follow.

The first part of the chapter concentrates on focusing. Following §2.1, a brief section dealing
with notational issues, I revisit a simple geometrical optics model in §2.2 for describing the
propagation of light through the focusing system. This model is then coupled with the Debye–
Wolf vectorial diffraction integral in §2.3 for expressing the field in the vicinity of the focus.

Next, in §2.4, the multipole theory of focusing is presented that can be seen as an approx-
imation to the Debye–Wolf representation. This section introduces important basis functions
that will be used throughout this thesis.

Finally, in order to pave the way for the solution of the vector concentration problem within
a spherical cap, the analogous scalar Slepian concentration problem is discussed in §2.5. Since
this problem is substantially simpler than its vectorial counterpart, it facilitates the gradual
introduction of important concepts that will reoccur later in the vector case, too.
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2.1 On the notation of spherical coordinates and unit vectors

Functions defined on the (unit) sphere

S2 :=
{
n̂ ∈ R3 : |n̂| = 1

}
(2.1)

are essential to this thesis. They may occur in contexts where their arguments (spherical
coordinates) carry a specific physical meaning, e.g. they represent the propagation direction
of a plane wave, but quite often, some general mathematical relations are formulated where the
arguments simply refer to an arbitrary point on S2. This short section summarizes notational
details of distinguishing between such cases.

Figure 2.1: Illustrating the spherical unit vectors n̂, θ̂, and φ̂.

In general, position n̂ of each point on the unit sphere can be characterized by a spherical
polar angle θ (0 ≤ θ ≤ π) and an azimuthal angle φ (0 ≤ φ < 2π) as

n̂ = sin θ cosφ x̂ + sin θ sinφ ŷ + cos θ ẑ. (2.2a)

Unit vector n̂ points in the radial direction and is thus locally perpendicular to the sphere.
Besides n̂, two further coordinate unit vectors can be defined that are tangential:

θ̂ = cos θ cosφ x̂ + cos θ sinφ ŷ − sin θ ẑ, (2.2b)

φ̂ = − sinφ x̂ + cosφ ŷ. (2.2c)
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These unit vectors are illustrated in Fig. 2.1. They are mutually orthogonal and form a right-
handed system, hence the following vector identities hold:

n̂× θ̂ = φ̂, and n̂× φ̂ = −θ̂. (2.3)

Last but not least, the differential surface area element (or, in other words, differential solid
angle) dΩ, which arises when integrating functions over the sphere, can be written as

dΩ := sin θ dθ dφ. (2.4)

The above notation is a general one; whenever considering an actual spatial point with
position vector r or a propagation direction ŝ, the role of n̂ is taken by the (radial) unit
vectors r̂ = r/|r| and ŝ, respectively, and a further subscript, “r” or “s”, is added to θ, φ, θ̂, φ̂,
and dΩ, as also shown in the table of notations in the front matter (see page xi). It must be
stressed that the spherical unit vectors depend on the respective polar and azimuthal angles,
therefore, to emphasize this fact, polar and azimuthal unit vectors are also distinguished by
the appropriate subscript.

2.2 Modeling light propagation through the focusing system

2.2.1 Simplifying assumptions

So far, the high-NA focusing system has been illustrated with a single perfect lens for simplic-
ity; in practice, however, one often uses a compound system — predominantly, a microscope
objective — that consists of several lens elements. Although one could in principle model the
entire focusing problem (including light propagation through the optical system) using rig-
orous computational methods of electromagnetism (such as the finite-difference time-domain
(FDTD) method [136] or the method of moments (MoM) [137]), it is much more common to
model light propagation through a traditional compound focusing system in the geometrical
optics approximation, using vectorial (polarization) ray tracing [20, pp. 12–13][42][138]. Note
that this approach requires the linear dimensions of the system to be much larger than the
wavelength, which is implicitly assumed throughout the whole thesis. With help of vectorial
ray tracing, field distribution at some predefined surface is calculated, and it is then used as a
boundary condition for a wave optical computational method — e.g. the evaluation of a vector
diffraction integral — that ultimately yields the sought focal field.

In order to establish a connection between these two computational stages, one may as-
sociate all diffraction effects mentally with the exit pupil1 only [139, p. 128]. Furthermore,

1The image of the “most severely limiting” physical aperture of the system (the aperture stop) (XP), formed
by the optical elements following it [139, pp. 411–412].
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Figure 2.2: A generalized model of the focusing system. The “black-box” focusing system is not shown
explicitly.

since the exit pupil and the entrance pupil2 (EP) are conjugates, they alone may be used to
represent the entire system, with all the optics between them treated as a “black box” [25][139,
p. 127] (see Fig. 2.2 for an illustration).

Following Refs. [42, 94, 140], I make a few assumptions on the black-box focusing system
considered in this thesis. Specifically, I assume that

(i) it is rotationally symmetric with respect to the optical axis;

(ii) it is telecentric from the image side;

(iii) it is aplanatic, i.e. it satisfies Abbe’s sine condition and forms — in the geometrical optics
sense — a stigmatic image of an axial object point at infinity [16, pp. 179–180][42];

(iv) it does not exhibit any Fresnel losses or birefringence; and

(v) it is situated in air.

The consequences of assumptions (ii)–(iv) can be explained as follows. Image-side telecen-
tricity means that the exit pupil is virtual and appears at infinity when viewed from the rear
focal point (d→∞, using the notation of Fig. 2.2). This is achieved by placing the aperture
stop in the front focal plane of the part of the system that follows the stop [16, p. 200]. At this
point, it is worth noting that although the entrance pupil is depicted to lie left of the exit pupil
in Fig. 2.2, it is not necessary to be this way, as in the present case as well. Regardless of the
order of the pupils, the concept that the optical system maps the wavefront incident on the en-
trance pupil onto the wavefront leaving the exit pupil remains valid [139, p. 127]. Furthermore,
the condition on aplanatism implies that the wavefronts in image space are spherical, with
a common center at the rear Gaussian focal point O [16, p. 180][42]. Finally, the absence of

2The image of the aperture stop, formed by the optical elements preceeding it [139, pp. 411].
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Fresnel losses could be associated with surfaces coated by “perfect” anti-reflection coatings [26,
p. 61].

With all the above assumptions, the black-box system could essentially be seen as some
kind of ideal microscope objective [4, p. 22][141, pp. 329–332][142]. Moreover, these conditions
greatly simplify the mathematical treatment of light propagation through the system, as it
will be shown in the next subsection3.

For the sake of clarity, I note that the term “incident field” is used throughout the whole
thesis as a synonym for the distribution of the electric field over the entrance pupil. It is
assumed that the wavefront crossing the entrance pupil is essentially planar and polarized
in the xy-plane. In addition, the time-dependence of monochromatic fields is assumed to be
exp(−iωt) (ω denoting the angular frequency), which will be dropped for brevity. Note that
more general time-dependencies could be handled by Fourier superposition.

As discussed at the beginning of this section, the first stage of our focal field calculation
process involves tracing the incident field through the focusing system by means of vectorial
ray tracing. Based on the assumptions above, the next subsection revisits a simplified form of
this ray tracing process and presents the most essential relations.

2.2.2 Vectorial ray tracing

Performing vectorial ray tracing assumes that we represent the electromagnetic field in the
geometrical optics approximation (see Ref. [16, pp. 117–121]), i.e. field quantities are written
in the form [16, p. 118]

EGO(r) = E(r) exp[ik0 S(r)], and HGO(r) = H(r) exp[ik0 S(r)], (2.5)

where k0 = 2π/λ0 is the wavenumber in free space, and function S(r) is the eikonal that
satisfies the equation (∇S)2 = n2 [16, p. 119] (in our case, n = 1 holds both in the object and
the image space). By introducing the local direction of propagation ŝ = ŝ(r) := ∇S/|∇S| [16,
p. 121], the amplitude vectors E and H can be shown to satisfy relations [16, p. 119]

ŝ · E = 0 and H = Z−1 ŝ× E (2.6)

3Conditions (iii)–(v) can actually be modified or relaxed, allowing for a more general treatment: weak
aberrations can be included as described, e.g., in Refs. [25, 42]; systems other than aplanatic but with a known
equation of the rear principal surface (see the next subsection) can be considered by following Refs. [41, p. 152–
157][143–145]; Fresnel losses may be taken into account by introducing effective Fresnel coefficients, as shown
in Refs. [26, pp. 58–59][140, 146]; general homogeneous media in image space can be handled based, e.g., on
Ref. [26, p. 57], while focusing through stratified media is described in Refs. [140, 147].
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where Z denotes the intrinsic (wave) impedance4 of the medium (in our case Z ≈ Z0, Z0 being
the intrinsic impedance of free space). Since the vector amplitude H can simply be expressed
with help of ŝ and E as described above, further expressions for the magnetic field are omitted.

Our goal is to determine EGO at the exit pupil based on EGO at the entrance pupil (the
incident field). However, due to image-side telecentricity of the focusing system, the exit pupil
is a virtual image of the aperture stop, “infinitely far away” in front of the focusing system.
Therefore, in practice, one actually calculates EGO over a spherical surface having a finite
radius. This surface is traditionally chosen to be the focal sphere (FS), the sphere centered
at O with a radius equal to the (effective) rear focal length f of the system [42]. Following
Luneburg [92, pp. 309, 321–322], the geometrical optics field distribution on the focal sphere is
then virtually extended backwards to yield the virtual field at the exit pupil which is formally
used as a boundary condition for diffraction integration.

At first glance, determining how the incident field at the entrance pupil is mapped onto the
focal sphere seems a nontrivial task. Fortunately, as we will see below, Abbe’s sine condition
allows us to solve this problem in a relatively simple way, and most importantly, without the
need to know the internal structure of our black-box focusing system5.

If we extend both incident rays that travel parallel to the optical axis and corresponding
focused rays, points of intersection define a principal surface, analogously to the principal
plane of Gaussian optics6 [149, pp. 67–68]. This hypothetical surface is also called equivalent
refractive locus [149, p. 67], because all the refractions associated with the system may be
replaced by a single virtual refraction of incoming rays at this surface [26, p. 58].

Specifically for an aplanatic system, the principal surface coincides with the focal sphere,
which follows from Abbe’s sine condition. When formulated for an on-axis object point in
infinity, the sine condition reads [16, p. 180][26, p. 58]

ρe = f sin θs, (2.7)

where ρe is the distance of an incident ray from the optical axis and θs is the angle enclosed by
the direction of propagation of the ray in the image space and the z-axis, as seen in Fig. 2.3.

In general, an arbitrary ray is characterized by polar coordinates (ρe, φe) of the point at
which it crosses the entrance pupil and, in addition, by the propagation unit vector ŝ after
refraction, as shown in Fig. 2.3(a). This vector can be expressed using the spherical polar
angle θs and azimuthal angle φs as ŝ = sin θs cosφs x̂ + sin θs sinφs ŷ + cos θs ẑ (cf. Eq. (2.2a)).
Furthermore, azimuthal angle φe at the entrance pupil is related to its directional counterpart

4Z :=
√
µ/ε for a homogeneous, isotropic, and lossless dielectric [114, p. 283], where µ is the magnetic

permeability and ε is the dielectric permittivity of the medium.
5Considering that high-NA microscope objectives often contain more than a dozen lens elements [18, 19,

148], this fact leads to a vast simplification of the problem.
6In the nonparaxial case, however, the principal surface is not necessarily planar.
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Figure 2.3: Three-dimensional illustration of (a) the ray tracing model for an aplanatic system, (b)
the unit vectors used to describe polarization in the entrace pupil plane and after focusing, respectively.

φs — as also seen in Fig. 2.3(a) — as

φe = φs − π. (2.8)

This relation and Eq. (2.7) together define a transformation between directional spherical
coordinates (θs, φs) and EP polar coordinates (ρe, φe).
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Due to conditions (iii) and (iv) of the previous subsection, both the amplitude and the
polarization of the incident wave may change only due to geometrical optics reasons while
being focused. There are two distinct effects that have to be taken into account.

Firstly, energy conservation dictates that there is a nontrivial mapping of field amplitudes
at the entrance pupil onto the focal sphere, which is discussed in detail in Appendix A.1. The
effect is expressed mathematically using the so-called apodization factor a(θs) [143], which is
the ratio of field amplitudes at corresponding points of the focal sphere and the entrance pupil,
respectively. Specifically for an aplanatic system, a(θs) takes the form [143][41, p. 154][26, p. 57]

a(θs) :=
|EFS|
|EEP|

=
√

cos θs, (2.9)

as shown in Appendix A.1.
Secondly, as stated at the beginning of this subsection, the geometrical optics amplitude

vectors E and H must always be perpendicular to the local direction ŝ of propagation, hence
a geometrical rotation effect occurs, which has already been illustrated in the Introduction
(see Figs. 1.3 and 1.4). Strictly speaking, the rotation effect only affects the component of the
field vector that is lying in the meridional plane (the p-component, pointing in the direction
ρ̂e); the other component which is perpendicular to the plane (the s-component, pointing in
the direction φ̂e) is left intact. The transformation of unit vectors is illustrated in Fig. 2.3(b),
from which we can deduce the substitutions ρ̂e ⇒ −θ̂s and φ̂e ⇒ −φ̂s required to derive the
polarization on the focal sphere.

Ultimately, the position-dependent rotation of polarization can be described by a matrix
acting on the Cartesian components of EEP. By also taking the apodization factor into account,
the entire geometrical transformation yielding the field over the focal sphere can be distilled
into the formula



EFS,x

EFS,y

EFS,z


 = a(θs)




cos θs cos2 φs + sin2 φs (cos θs − 1) sinφs cosφs

(cos θs − 1) sinφs cosφs cos θs sin2 φs + cos2 φs

− sin θs cosφs − sin θs sinφs



[
EEP,x

EEP,y

]
, (2.10)

as derived in Appendix A.2. Note that this relationship is used together with Eqs. (2.7)
and (2.8), which allow us to express EEP(ρe, φe) using angles θs and φs.

2.3 The Debye–Wolf diffraction integral

In order to obtain an integral expression for the focal electric field, we follow the approach
by Luneburg [92, pp. 321–323] (see also Ref. [94, pp. 113–116]). First, we virtually extend
the geometrical approximation of the field on the focal sphere backwards to the plane of the
exit pupil (as already mentioned at the beginning of the previous subsection). Afterwards,
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we apply the vector Rayleigh–Sommerfeld diffraction integral to the electric field over this
plane, which includes Kirchhoff’s boundary conditions for E (initially, the exit pupil plane is
formally considered to be located at a finite distance d from the focal point; the limit d→∞
is only taken at the end). This procedure is described in more detail in §A.3 of Appendix A.
The integral formula obtained is the Debye–Wolf diffraction integral mentioned in §1.3, which
reads [25][150, p. 115]7

E(r) = − ikf

2π

ˆ 2π

0

ˆ Θ

0
EFS(θs, φs) exp(ik ŝ · r) sin θs dθs dφs. (2.11)

By introducing the plane-wave amplitudes

Ẽ(θs, φs) := − ikf

2π
EFS(θs, φs) Π(θs) (2.12)

where

Π(θs) :=





1 if 0 ≤ θs ≤ Θ,

0 otherwise,
(2.13)

is a cut-off function, the integral can be written concisely as

E(r) =

¨
Ω

Ẽ(θs, φs) exp(ik ŝ · r) dΩs. (2.14)

where
ŝ · Ẽ(θs, φs) = 0. (2.15)

The explicit inclusion of the cut-off function Π(θs) in Eqs. (2.12) is actually redundant at
this point, it is there for future convenience. The domain of integration is the axisymmetrical
spherical cap Ω with a half-apex angle Θ.

The diffraction integral formula (2.14) represents — as already outlined in §1.3 — the focal
field as a superposition of homogeneous vector plane waves only, whereas evanescent ones are
neglected since the diffracting aperture, the exit pupil, is “infinitely far away” from the focus.
Moreover, only those homogeneous plane waves are taken into account that propagate in the
same directions as geometrical rays.

7In contrast to Luneburg, Wolf [25] derived the integral representation (2.11) with help of the principle of
stationary phase as an approximate solution for a general system that is not necessarily telecentric from the
image side (i.e. with a finite value of d). Wolf and Li [151] showed using the same principle that formula (2.14)
provides a good approximation to the focal field if d/λ � (2 sin2(Θ/2))−1. For example, for NA = 0.95 in
air (Θ ≈ 72◦) Wolf and Li’s condition translates into the requirement d/λ � 12. They also proved that if
the angular semi-aperture is sufficiently small, these conditions essentially reduce to the requirement that the
paraxial Fresnel number (d/λ) tan2 Θ [20, p. 456] be much larger than 1. Note that there exists a modified
version of the Debye–Wolf integral, the so-called scaled Debye–Wolf integral [94, pp. 111-112][152] that correctly
describes the focal field even if the above condition is not satisified.
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Being expressed as a superposition of electromagnetic plane waves, E(r) of Eq. (2.14)
automatically satisfies the vector Helmholtz equation

(∇2 + k2) E(r) = 0, (2.16a)

accompanied by the divergence condition

∇ ·E(r) = 0. (2.16b)

In addition, an integral expression that is analogous to Eq. (2.14) can be obtained for the
magnetic field, too, using the relation

ZH(r) =
1

ik
∇×E(r). (2.16c)

Since Eqs. (2.16a)–(2.16c) form a system that is equivalent to the time-harmonic Maxwell
equations in a homogeneous medium [153, p. 429], it follows that the electromagnetic field
obtained by Debye–Wolf integration is a rigorous solution to Maxwell’s equations.

2.4 The multipole theory of focusing

While the Debye–Wolf theory represents the focal field as a superposition of plane waves, the
vector multipole theory [112] uses alternative closed-form solutions to Eqs. (2.16a)–(2.16c),
the so-called source-free vector multipole fields [114, p. 418][115, 154]. These vector fields are
traditionally derived from analogous scalar fields, the scalar multipole fields that involve the
well-known (scalar) spherical harmonics; in addition, source-free vector multipole fields (and
their plane-wave amplitudes) are intimately connected to vector spherical harmonics, too [115,
154].

Accordingly, in the first (larger) part of the section, all these special functions are intro-
duced systematically, with special emphasis placed on vector spherical harmonics and vector
multipole fields. At the end of the section, the multipole representation of focused fields is
presented and connection to the Debye–Wolf integral of the previous section is established.

2.4.1 Scalar spherical harmonics

The scalar spherical harmonics Ylm(θ, φ) of degree l and order m are defined as [153,
p. 108] [155, pp. 756–758]

Ylm(θ, φ) := P̄lm(cos θ)
exp(imφ)√

2π
, (2.17)
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where P̄lm(cos θ) are normalized associated Legendre functions described in detail in Ap-
pendix B, and the indices satisfy l ≥ 0 and |m| ≤ l. The scalar spherical harmonics are
eigenfunctions of the spherical (scalar) surface Laplacian (also called Laplace–Beltrami oper-
ator) [155, p. 192][153, p. 428]

∇2
S2 :=

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

sin2 θ

∂2

∂φ2
, (2.18)

that is to say,
∇2

S2Ylm(θ, φ) = −l(l + 1)Ylm(θ, φ). (2.19)

Furthermore, they obey the orthogonality relation
¨

S2
Y ∗lm(θ, φ)Yl′m′(θ, φ) dΩ = δll′δmm′ (2.20)

and form an orthonormal basis of the Hilbert space of square-integrable functions on S2 [155,
pp. 760–761], hence any such function f(θ, φ) can be expanded in terms of them (often called
Fourier–Laplace expansion) as

f(θ, φ) =

∞∑

l=0

l∑

m=−l
flmYlm(θ, φ). (2.21)

Orthogonality relation (2.20) allows us to obtain each expansion coefficient by projecting
f(θ, φ) onto the corresponding scalar spherical harmonic, i.e.

flm =

¨
S2
Y ∗lm(θ, φ)f(θ, φ) dΩ. (2.22)

Relations (2.19) and (2.20) as well as expansion (2.21) will play an important role in §2.5 but
it is included here for the sake of completeness. Next I introduce tangential vector spherical
harmonics which play a very similar role in the representation of tangential vector functions
on S2.

2.4.2 Tangential vector spherical harmonics

There are, unfortunately, several coexisting definitions of vector spherical harmonics, which dif-
fer in polarization and normalization [115, 156–158][159, pp. 796–799][160, pp. 1898–1899][153,
p. 431]. Here I adopt the definition by Jackson [153, p. 431] (also used by Moore and
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Alonso [115]) and define tangential vector spherical harmonics as

Ylm(θ, φ) :=
1√

l(l + 1)
LS2 Ylm(θ, φ), (2.23a)

Zlm(θ, φ) := n̂×Ylm(θ, φ), (2.23b)

where the integer degree l and order m satisfy l ≥ 1 and |m| ≤ l. Note that minimal degree is
1 in contrast to the scalar spherical harmonics where l starts at 0.

The operator LS2 on the right-hand side of Eq. (2.23a) is the angular momentum opera-
tor [157]

LS2 := −in̂×∇S2 = i

(
1

sin θ
θ̂
∂

∂φ
− φ̂

∂

∂θ

)
, (2.24)

where ∇S2 is the surface gradient on S2. In terms of spatial coordinates, this definition is
equivalent to L = −ir × ∇, which is the orbital angular momentum operator of quantum
mechanics divided by the reduced Planck constant ~.

Vector spherical harmonics Ylm(θ, φ) and Zlm(θ, φ) can be expressed in a less concise form
by using the second expression of LS2 in Eq. (2.24), definition (2.17) of the scalar spherical
harmonics, and relations (2.3) on the spherical unit vectors. This way, we obtain

Ylm(θ, φ) =
−1√
l(l + 1)

exp(imφ)√
2π

[
m
P̄lm(cos θ)

sin θ
θ̂ + i

dP̄lm(cos θ)

dθ
φ̂

]
, (2.25a)

Zlm(θ, φ) =
−1√
l(l + 1)

exp(imφ)√
2π

[
−i

dP̄lm(cos θ)

dθ
θ̂ +m

P̄lm(cos θ)

sin θ
φ̂

]
. (2.25b)

It can be verified immediately that both Ylm(θ, φ) and Zlm(θ, φ) are tangential to the unit
sphere, i.e.

n̂ ·Ylm(θ, φ) = 0, n̂ · Zlm(θ, φ) = 0. (2.26)

In addition, they obey the symmetry relations

Yl,−m(θ, φ) = (−1)m+1 Y∗lm(θ, φ), (2.27a)

Zl,−m(θ, φ) = (−1)m+1 Z∗lm(θ, φ), (2.27b)

and parity relations

Ylm(π − θ, φ+ π) = (−1)lYlm(θ, φ), (2.28a)

Zlm(π − θ, φ+ π) = (−1)l+1Zlm(θ, φ), (2.28b)

which follow from Eqs. (2.25) and the symmetry properties of the functions P̄lm(cos θ) (see
Eqs. (B.4) and (B.5) of Appendix B). The squared magnitude of the first few vector spherical
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harmonics is shown in Fig. 2.4. Because of definitions (2.23) and symmetry relations (2.27),
|Ylm(θ, φ)|2 = |Yl,−m(θ, φ)|2 = |Zlm(θ, φ)|2 = |Zl,−m(θ, φ)|2.
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Figure 2.4: The squared magnitude of the vector spherical harmonics Ylm(θ, φ) and Zlm(θ, φ) (l ≤ 3)
as a function of θ (and for an arbitrary value of φ due to rotational symmetry). Note that |Ylm(θ, φ)|2 =

|Zlm(θ, φ)|2.

Similarly to how the scalar spherical harmonics are eigenfunctions of the spherical scalar
surface Laplacian, the tangential vector spherical harmonics are eigenfunctions of the spherical
vector surface Laplacian [155, p. 192], i.e.

∇2
S2 Ylm(θ, φ) = −l(l + 1) Ylm(θ, φ), (2.29a)

∇2
S2 Zlm(θ, φ) = −l(l + 1) Zlm(θ, φ), (2.29b)

where the action of ∇2
S2 on an arbitrary tangential vector function f(θ, φ) = fθ(θ, φ) θ̂ +

fφ(θ, φ) φ̂ is defined as

∇2
S2 f :=

[
∇2

S2fθ −
fθ

sin2 θ
− 2

cos θ

sin2 θ

∂fφ
∂φ

]
θ̂ +

[
∇2

S2fφ −
fφ

sin2 θ
+ 2

cos θ

sin2 θ

∂fθ
∂φ

]
φ̂. (2.30)

Vector spherical harmonics Ylm(θ, φ) and Zlm(θ, φ) obey the orthogonality relations [115]
¨

S2
Y∗lm(θ, φ) ·Yl′m′(θ, φ) dΩ = δll′δmm′ , (2.31a)

¨
S2

Z∗lm(θ, φ) · Zl′m′(θ, φ) dΩ = δll′δmm′ , (2.31b)
¨

S2
Y∗lm(θ, φ) · Zl′m′(θ, φ) dΩ = 0, (2.31c)

and form an orthonormal basis of the Hilbert space of square-integrable tangential vector
functions on S2 [157]. Therefore, any such function f(θ, φ) can be expanded in terms of them
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as

f(θ, φ) =

∞∑

l=1

l∑

m=−l

[
f I
lmYlm(θ, φ) + f II

lmZlm(θ, φ)
]
, (2.32)

where each expansion coefficient can be obtained by projecting f(θ, φ) onto the corresponding
vector spherical harmonic, i.e.

f I
lm =

¨
S2

Y∗lm(θ, φ) · f(θ, φ) dΩ, (2.33a)

f II
lm =

¨
S2

Z∗lm(θ, φ) · f(θ, φ) dΩ. (2.33b)

2.4.3 Source-free scalar multipole fields

As mentioned at the beginning of the section, source-free vector multipole fields — which are
key basis functions in the multipole theory of focusing — are traditionally derived from the
source-free scalar multipole fields. Therefore, these scalar fields are introduced first.

The source-free scalar multipole fields Λlm(r) can be defined as [115]8

Λlm(r) := 4πiljl(kr)Ylm(θr, φr), (2.34)

where (r, θr, φr) are spherical coordinates of position vector r, and the integer indices l and m
satisfy l ≥ 0 and |m| ≤ l. Functions

jl(kr) :=

√
π

2kr
Jl+1/2(kr) (2.35)

are spherical Bessel functions of the first kind [153, p. 426] [155, p. 699], where Jl+1/2(kr)

denote cylindrical Bessel functions of the first kind of half-integer orders.
Functions Λlm(r) are separable solutions to the source-free scalar Helmholtz equation in

spherical coordinates [153, p. 427], i.e.

(∇2 + k2)Λlm(r) = 0. (2.36)

To avoid confusion, the attribute “source-free” is used to distinguish these fields from similar
solutions of the inhomogeneous Helmholtz equation with a point source at the origin [157],
which, too, are usually referred to as multipole fields.

8Following Moore and Alonso [115], the factor 4πil is included in the definition (2.34) of Λlm(r), which is
for convenience only in order to simplify a number of related formulas to follow.
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Whittaker showed that scalar multipole fields Λlm(r) can be represented as a superposition
of homogeneous plane waves9 that travel in all possible directions [161][162, pp. 397–398], i.e.

Λlm(r) =

¨
S2
Ylm(θs, φs) exp(ik ŝ · r) dΩs. (2.37)

We see that the plane-wave amplitudes of this superposition are exactly the scalar spherical
harmonics themselves. This relation will be “vectorized” in the next subsection and will play
a significant role later on. In our context, scalar multipole fields only serve as a springboard
to their vectorial counterparts, therefore we do not discuss them any further.

2.4.4 Source-free vector multipole fields

Source-free vector multipole fields can be defined with help of the scalar multipole fields Λlm(r)

as [115]10

Mlm(r) :=
i√

l(l + 1)
∇× [rΛlm(r)], (2.38a)

Nlm(r) :=
1

ik
∇×Mlm(r), (2.38b)

where l ≥ 1 holds this time, because for k 6= 0, there do not exist spherically symmetric (l = 0)
solutions to Maxwell’s equations [153, p. 431]. Vector multipole fields Mlm(r) and Nlm(r) are
solutions to vector Helmholtz equation (2.16a) [114, pp. 414–416], and they automatically
satisfy divergence condition (2.16b), because ∇ · (∇× f) vanishes for any vector field f = f(r).

In addition to definitions (2.38), the relation

Mlm(r) = − 1

ik
∇×Nlm(r) (2.39)

holds as well due to Eq. (2.16a). It follows from Eq. (2.16c) that if Mlm represents E then
Nlm describes ZH and, conversely, if Nlm represents E then −Mlm describes ZH.

One can rewrite the expressions of Eqs. (2.38) to eliminate the curl on the right-hand
side of Eq. (2.38a) and obtain alternative expressions of Mlm(r) and Nlm(r), which are use-
ful from both a theoretical and a numerical point of view. By expressing the curl term as
∇ × [rΛlm(r)] = −i(−ir ×∇)Λlm(r), we recognize the spatial representation of the angular
momentum operator (2.24), which only acts on the scalar spherical harmonics Ylm(θr, φr) ap-
pearing inside Λlm(r). Consequently, the vector multipole fields can also be expressed with

9It is stressed that there are no evanescent plane waves in this expansion.
10In Ref. [115], the vector multipole fields Mlm(r) and Nlm(r) are denoted by ΛII

lm(r) and ΛI
lm(r), respec-

tively.
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help of the vector spherical harmonics as [115]

Mlm(r) = 4πil jl(kr)Ylm(θr, φr), (2.40a)

Nlm(r) = 4πil
{√

l(l + 1)
jl(kr)

kr
Ylm(θr, φr) r̂− i

[
jl−1(kr)− l jl(kr)

kr

]
Zlm(θr, φr)

}
. (2.40b)
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Figure 2.5: The squared magnitude of the vector multipole fields (a) Mlm(r) and (b) Nlm(r) for l ≤ 3.
Note that the distributions are rotationally symmetric with respect to the z-axis and are normalized
individually by their own maximal value.

Since jl(0) = 0 for l ≥ 1 [153, p. 427][155, pp. 700–701], fields Mlm(r) vanish at the origin.
The majority of functions Nlm(r) also behave this way with the exception of a few fields Nlm(r)

with l = 1 which are, however, nonzero at r = 0. This property of the vector multipole fields
can be verified with help of Figs. 2.5(a) and 2.5(b) that show the squared magnitude of the first
few vector multipole fields Mlm(r) and Nlm(r), respectively. To obtain explicit expressions of
Nlm(r) at the origin, the limit kr → 0 has to be taken, since formula (2.40b) has a removable
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singularity there. This yields

Nlm(r = 0) =





0 if l > 1,

2i

√
2π

3

x̂− iŷ√
2

if l = 1,m = −1,

2i

√
2π

3
ẑ if l = 1,m = 0,

− 2i

√
2π

3

x̂ + iŷ√
2

if l = 1,m = 1,

(2.41)

thus N1,m(r = 0) is linearly polarized in the z-direction if m = 0, and exhibits left and right
circular polarization if m = 1 and m = −1, respectively11.

To gain more insight into the physical picture behind vector multipole fields, it is worth
examining their asymptotic approximation for large values of kr. If kr � l(l+ 1)/2, functions
jl(kr) can be approximated as [155, p. 703]

jl(kr) '
sin(kr − lπ/2)

kr
=

1

2i

{
exp[i(kr − lπ/2)]

kr
− exp[−i(kr − lπ/2)]

kr

}

=
(−i)l+1

2

[
exp(ikr)

kr
+ (−1)l+1 exp(−ikr)

kr

]
.

(2.42)

Therefore, the asymptotic forms of Mlm(r) and Nlm(r) for large values of kr become

Mlm(r) ' −2πi

[
exp(ikr)

kr
+ (−1)l+1 exp(−ikr)

kr

]
Ylm(θr, φr), (2.43a)

Nlm(r) ' −2πi

[
exp(ikr)

kr
− (−1)l+1 exp(−ikr)

kr

]
Zlm(θr, φr), (2.43b)

respectively12.
It is these asymptotic expressions describe the behavior of source-free vector multipole

fields in the far zone (i.e. for values of r much larger than λ)13. We see that they are spherical
standing waves, and can be interpreted as a superposition of a divergent (outgoing) and a
convergent (incoming) spherical vector wave of the same direction-dependent amplitude. In
fact, diverging parts of Mlm(r) and Nlm(r) essentially describe the electromagnetic field of
radiating ideal multipoles situated at the origin [165, p. 232], hence the naming “multipole
field”. Note that such diverging fields are singular at the origin due to the presence of a source.

11Following Jackson [153, p. 300], left circular polarization is associated with the unit vector (x̂ + iŷ)/
√

2
and right circular polarization with (x̂− iŷ)/

√
2.

12These expressions can also be seen as a special case of the vector generalization of Jones’ lemma [16,
p. 719][163, 164].

13At this point, it is worth returning to Figs. 2.4 and 2.5 and comparing distributions of the squared
magnitude of vector spherical harmonics and corresponding vector multipole fields with the same indices l and
m.
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On the other hand, converging parts of source-free multipole fields describe fields that are
absorbed by some kind of ideal sink and are also singular at the origin, similarly to diverging
radiation fields. These two parts are combined in the source-free vector multipole fields in such
a way, that the latter become well-behaved at the origin, in accordance with their source-free
property14.

A particularly important feature of the vector multipole fields Mlm(r) and Nlm(r) is that
they give rise to a modal representation of a source-free electromagnetic field [154],

E(r) =
∞∑

l=1

l∑

m=−l

[
aI
lmMlm(r) + aII

lmNlm(r)
]
, (2.44)

where aI,II
lm are complex coefficients. Note that an analogous expansion exists for ZH(r) as

well. It is instructive to investigate this expansion for large values of kr. Accordingly, we may
thus substitute Mlm(r) and Nlm(r) in Eqs. (2.44) with their asymptotic forms (2.43) and
separate the resulting expansions into outgoing (diverging) and incoming (converging) terms
as E(r) = Eout(r) + Ein(r), yielding

Eout(r) = −2πi
exp(ikr)

kr

∑

l,m

[
aI
lmYlm(θr, φr) + aII

lmZlm(θr, φr)
]
, (2.45a)

Ein(r) = −2πi
exp(−ikr)

kr

∑

l,m

(−1)l+1
[
aI
lmYlm(θr, φr)− aII

lmZlm(θr, φr)
]

= 2πi
exp(−ikr)

kr

∑

l,m

[
aI
lmYlm(π − θr, φr + π) + aII

lmZlm(π − θr, φr + π)
]
, (2.45b)

where the direction (π− θr, φr +π) is associated with −r̂ and relations (2.28) have been used.
There are a few remarks to be made about decomposition (2.45).

Firstly, since individual vector multipole fields Mlm(r) and Nlm(r) are spherical standing
waves containing both an outgoing and an incoming part, the question may arise how they can
represent focused fields that are incoming in the z < 0 half-space and outgoing in the z > 0

half-space. By looking at the sums on the right-hand side of Eq. (2.45a), it seems plausible that
the coefficients aI,II

lm may be chosen in such a nontrivial way that the net field Eout becomes
negligible in the z < 0 half-space. Because of Eq. (2.45b), Ein then automatically vanishes in
the z > 0 half-space (to a good approximation). In fact, it is the main goal of the next chapter
to construct multipole-like basis functions which incorporate this behavior.

14For the nonasymptotic form of such an outgoing-incoming field decomposition that is also valid in the
vicinity of the origin, rewrite jl(kr) above as jl(kr) = 1

2

[
h
(1)
l (kr) + h

(2)
l (kr)

]
, where h(1,2)

l (kr) are spherical
Hankel functions of order l (see, e.g., Refs. [153, p. 426] [155, p. 703]).
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Secondly, it can be verified that asymptotic expressions (2.45) and their magnetic coun-
terparts15 satisfy the geometrical optics equations (2.6) with the substitutions ŝ = −r̂ and
ŝ = r̂ for the incoming and outgoing parts, respectively. This property is rooted in the fact
that asymptotic expressions (2.45) for large values of kr = 2πr/λ not only describe the field
in the far zone but also in the geometrical optics (i.e. small wavelength) limit. Consequently,
it was legitimate in §2.3 to specify the boundary conditions at the exit pupil (“infinitely far
away” from the focal point) using geometrical optical methods [94, p. 7][140].

Thirdly, we can see from Eqs. (2.45) that the expansion coefficients of E(r) could be
obtained by expanding either the outgoing or the incoming part of the asymptotic field in
terms of the vector spherical harmonics at some given radius r. The field Ein(r) may thus be
identified with the electric field over a (virtual) spherical wavefront emerging from the exit
pupil in order to determine the expansion coefficients. It was essentially this procedure that
Sheppard and Török originally proposed [112]. Here, I follow a slightly different approach to
obtain the expansion coefficients [113, 115, 154], which is presented in the next subsection.

2.4.5 Whittaker representation and the approximation of the Debye–Wolf
integral

Based on the Whittaker relation (2.37), Devaney and Wolf derived analogous relations for the
vector multipole fields Mlm(r) and Nlm(r), too, i.e. [157]

Mlm(r) =

¨
S2

Ylm(θs, φs) exp(ik ŝ · r) dΩs, (2.46a)

Nlm(r) =

¨
S2

Zlm(θs, φs) exp(ik ŝ · r) dΩs, (2.46b)

hence vector multipole fields can also be represented by superpositions of homogeneous (vector)
plane waves that travel in all directions. We can also observe that — analogously to the scalar
case — the (vector) amplitudes of plane-wave components are vector spherical harmonics.

Now, consider the Whittaker representation [157] specified for E(r) of Eq. (2.44), i.e.

E(r) =

¨
S2

Ẽ(θs, φs) exp(ik ŝ · r) dΩs. (2.47)

Equations (2.46) imply that plane-wave amplitudes Ẽ(θs, φs) corresponding to the field E(r)

can be written as

Ẽ(θs, φs) =

∞∑

l=1

l∑

m=−l

[
aI
lmYlm(θs, φs) + aII

lmZlm(θs, φs)
]
, (2.48)

15They are not explicitly listed here but can be obtained with help of Eqs. (2.16c), (2.38b), (2.39), (2.40),
and (2.44).
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where the coefficients aI,II
lm are the same as in Eq. (2.44). Therefore if we know the plane-

wave amplitudes Ẽ(θs, φs), we can readily obtain the corresponding multipole coefficients as
(cf. (2.33))

aI
lm =

¨
S2

Y∗lm(θs, φs) · Ẽ(θs, φs) dΩs, (2.49a)

aII
lm =

¨
S2

Z∗lm(θs, φs) · Ẽ(θs, φs) dΩs. (2.49b)

It might have already caught the readers attention that Eq. (2.47) is very similar to
the Debye–Wolf formula (2.14), the only difference being in the domain of integration. In
fact, we can use the multipole theory to approximately evaluate the Debye–Wolf integral: we
specify Ẽ(θs, φs) first by substituting the Debye–Wolf plane-wave amplitude (2.12), and then
expand the latter using vector spherical harmonics Ylm(θs, φs) and Zlm(θs, φs). Expansion
coefficients are calculated from Eqs. (2.49) and then substituted into the vector multipole
field expansion (2.44) that yields the focal field.

Regarding the calculation of the expansion coefficients, recall that there is an abrupt cut-
off in the Debye–Wolf plane-wave amplitudes (2.12) at θs = Θ which means that the domain
of integration in Eqs. (2.49) can be changed freely from S2 to Ω.

2.4.6 Concluding remarks

In this section, the multipole theory of focusing has been introduced along with special func-
tions that are essential to the theory, in particular, vector spherical harmonics and vector
multipole fields. We have seen that the focal field can be expanded in terms of the vector mul-
tipole fields and the expansion coefficients can be obtained, for instance, from the plane-wave
representation of the focused field. When using plane-wave amplitudes that are associated
with the Debye–Wolf theory and thus truncated to the spherical cap Ω, the vector multipole
expansion of the focal field becomes equivalent to Debye–Wolf integration. In practice, when
considering a finite number of terms, the former serves as an approximation to the latter.

The main benefits of the multipole theory are (1) that the basis functions are given in
a closed form and can be calculated relatively easily, (2) the above approximation converges
rapidly in the vicinity of the focal point (this will be demonstrated by examples in Chapter 4),
and (3) the theory provides insight into the nature of focal fields in high-NA focusing. For
instance, Eq. (2.41) readily accounts for the appearance of an axial polarization component
at the focal point and also suggests the possibility of achieving complete control over the
polarization at the focal point, which has been highlighted in §1.2.3 as an important problem
in focal field engineering.

The theory has, however, some shortcomings as well. In practical calculations, we are
forced to terminate the series (2.44) and (2.48) at some maximal degree L, which gives the
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above approach its approximative nature. We called such an approximation bandlimited in
§1.4. Consequently, the abrupt cut-off of the Debye–Wolf plane-wave amplitudes at θs = Θ

is approximated by a continuous function, similarly to the one-dimensional situation when a
step function is approximated by a finite sum of its Fourier components (see, e.g., Ref. [155,
pp. 935–961]). In analogy with this latter case, the approximate plane-wave amplitudes thus
exhibit oscillations commonly known as Gibbs’ phenomenon16. This is an inherent property
of harmonic expansions in general and will be illustrated later in Chapter 4 by numerical
examples.

Another shortcoming of the vector multipole method is that vector multipole fields lack
directionality, which makes them suboptimal for approximating the focal fields of a (single)
focusing system with Θ less than 90◦. This fact has already been mentioned in §1.3 of the
Introduction and could also be observed in Fig. 2.5 depicting the squared magnitude (intensity)
of vector multipole fields as well as in Fig. 2.4 showing the squared magnitude of vector
spherical harmonics (that represent both the plane-wave amplitudes and the far field of vector
multipole fields).

It is the main goal of this thesis to overcome this limitation by constructing new vectorial
basis functions. This procedure will be based on the solution of the Slepian concentration
problem for bandlimited tangential vector fields. In preparation to that, a simpler scalar
forerunner of the above vectorial concentration problem is revisited in the next section.

2.5 The Slepian concentration problem for bandlimited scalar
fields within a spherical cap

In the final section of this chapter, we solve the problem of finding bandlimited scalar func-
tions, whose energy is concentrated to a spherical cap as much as possible. This problem
serves as a preparation for its vectorial counterpart discussed in the next chapter. Important
concepts and solution schemes will be introduced here that will later be adapted to the vector
case. Throughout the whole section, I loosely follow the treatment of Simons, Dahlen, and
Wieczorek [124].

2.5.1 Bandlimitedness

Bandlimitedness is a well-known property in traditional Fourier analysis of univariate func-
tions, which can be generalized to other domains and harmonic expansions, too. Below I
give a mathematical definition of bandlimitedness in connection with the spherical harmonic
expansion of scalar functions over the unit sphere S2.

We have already seen in §2.4.1 that a basis of scalar spherical harmonics Ylm(θ, φ) can be
used to expand an arbitrary square-integrable function on S2. Specifically, a function b(θ, φ) is

16For scalar spherical harmonic expansions, this phenomenon has been described e.g. by Weyl [166].
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called bandlimited, if its spherical harmonic expansion contains a finite number of terms, i.e.

b(θ, φ) =
L∑

l=0

l∑

m=−l
blmYlm(θ, φ), (2.50)

where the maximal degree L is a finite nonnegative integer. The number of basis functions
participating in expansion (2.50) is

∑L
l=0(2l + 1) = (L+ 1)2.
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m

0
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l
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Figure 2.6: The order of double summation in (a)
∑L
l=0

∑l
m=−l and (b)

∑L
m=−L

∑L
l=|m| for L = 3.

The filled circles represent terms with corresponding indices l and m.

Let us change the order of summation in Eq. (2.50) as illustrated in Fig. 2.6 and rather
write

b(θ, φ) =

L∑

m=−L

L∑

l=|m|

blmYlm(θ, φ). (2.51)

The introduction of this form of the bandlimited sum is for future convenience, as it will turn
out that the rotational symmetry of the spherical cap allows us to treat terms with different
orders m separately, which is better reflected in the form (2.51) of the expansion.

2.5.2 Mathematical formulation of the problem, scalar Slepian harmonics

It is a known fact that a bandlimited function cannot be strictly localized to a finite spatial
region Γ whose area is smaller than that of the whole domain, in our case, the entire sphere
S2 [167]. Therefore, it is reasonable to ask what bandlimited function U = U(θ, φ) has the
maximal relative “energy” inside Γ, which is precisely Slepian’s concentration problem. We
restrict ourselves here to the case where Γ = Ω, i.e. an axisymmetrical spherical cap of half-
apex angle Θ.

Mathematically, the concentration problem is the variational problem of maximizing the
energy concentration ratio

η :=

˜
Ω |U |

2 dΩ˜
S2 |U |

2 dΩ
=

˜
Ω U

∗U dΩ˜
S2 U

∗U dΩ
. (2.52)
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We are going to rewrite both the numerator and the denominator by expanding U(θ, φ) ac-
cording to Eq. (2.51) as

U(θ, φ) =
L∑

m=−L

L∑

l=|m|

ulmYlm(θ, φ). (2.53)

Let us deal with the numerator first and express it as

¨
Ω
U∗U dΩ =

L∑

m=−L

L∑

l=|m|

u∗lm

L∑

m′=−L

L∑

l′=|m′|

ul′m′

¨
Ω
Y ∗lmYl′m′ dΩ.

Using definition (2.17) of the scalar spherical harmonics, the integral on the right-hand side
becomes

¨
Ω

Y ∗lm(θ, φ)Yl′m′(θ, φ) dΩ =
1

2π

ˆ 2π

0

exp[i(m′ −m)φ] dφ

ˆ Θ

0

P̄lm(cos θ)P̄l′m′(cos θ) sin θ dθ,

which can be simplified due to the orthogonality of the complex exponentials, i.e.

1

2π

ˆ 2π

0
exp[i(m′ −m)φ] dφ = δmm′ , (2.54)

to
¨

Ω
Y ∗lm(θ, φ)Yl′m′(θ, φ) dΩ = δmm′

ˆ Θ

0
P̄lm(cos θ)P̄l′m′(cos θ) sin θ dθ (2.55)

= δmm′

ˆ 1

cos Θ
P̄lm(ξ)P̄l′m(ξ) dξ, (2.56)

where the substitution ξ = cos θ is used and m′ is replaced by m in the integrand owing to
the presence of the Kronecker delta δmm′ . The numerator can thus be written as

¨
Ω
U∗U dΩ =

L∑

m=−L

L∑

l=|m|

u∗lm

L∑

l′=|m|

Bm,ll′ul′m, (2.57)

where

Bm,ll′ :=

ˆ 1

cos Θ
P̄lm(ξ)P̄l′m(ξ) dξ. (2.58)

The right-hand side of Eq. (2.57) can actually be expressed as a vector-matrix-vector
product. Therefore, let us introduce a (L + 1)2 × (L + 1)2 block-diagonal matrix B (referred
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to as concentration matrix) and a corresponding column vector u as follows:

B :=




B−L

B−L+1

. . .

BL



, u :=




u−L

u−L+1

...
uL




(2.59)

where each (L−|m|+ 1)× (L−|m|+ 1) block Bm and the corresponding column vector block
um are written as

Bm :=




Bm,|m|,|m| · · · Bm,|m|,L
...

. . .
...

Bm,L,|m| · · · Bm,L,L


 , um :=




u|m|,m
...

uL,m


 . (2.60)

As seen, the matrix blocks Bm and the column vector blocks um contain coefficients of a single
order m only. With help of the large matrix B and the corresponding vector u, Eq. (2.57) can
be written as ¨

Ω
U∗U dΩ = u†Bu, (2.61)

where the dagger sign denotes the conjugate transpose of the vector.
We now move on to the denominator, which can be expressed as

¨
S2
U∗U dΩ =

L∑

m=−L

L∑

l=|m|

u∗lm

L∑

m′=−L

L∑

l′=|m′|

ul′m′

¨
S2
Y ∗lmYl′m′ dΩ.

The integral on the right-hand side evaluates simply to δll′δmm′ because of orthonormality
condition (2.31). Hence

¨
S2
U∗U dΩ =

L∑

m=−L

L∑

l=|m|

u∗lmulm = u†u. (2.62)

Using Eqs. (2.61) and (2.62), η of Eq. (2.52) becomes

η =
u†Bu

u†u
, (2.63)

hence the variational problem of maximizing η turns into a Rayleigh–Ritz matrix variational
problem (see Ref. [168, p. 176])

max
u

u†Bu

u†u
, (2.64)
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which can be solved in principle by considering the eigenvalue problem

Bu = η u. (2.65)

In practice, however, the block-diagonal nature of B allows us to separately solve multiple
“smaller” fixed-order eigenvalue problems

Bmum = ηmum (2.66)

instead [169, pp. 557–559].
Each of these problems yields L−|m|+1 eigenvalues and independent eigenvectors, which

are distinguished by an additional index j (1 ≤ j ≤ L − |m| + 1), i.e. the jth eigenvalue
is denoted by ηmj and the corresponding eigenvector by umj . The traditional ordering of
eigenvalues and eigenvectors of Slepian concentration problems is by decreasing values of
η [124, 130, 170]. We follow the same principle on a per order basis, so that j = 1 for some
given fixed order m refers to the solution of the eigenvalue problem with the highest energy
concentration among all solutions of the same order m.

Furthermore, each eigenvector umj gives rise to a corresponding Slepian function Umj(θ, φ)

through expansion (2.53). These functions are referred to in this thesis as scalar Slepian
harmonics. They are thus composed of scalar spherical harmonics of a single order m only
and can therefore be written, using definition (2.17), as

Umj(θ, φ) = umj(cos θ)
exp(imφ)√

2π
, (2.67)

where umj(cos θ) reads — by applying the substitution ξ = cos θ —

umj(ξ) :=

L∑

l=|m|

ulmjP̄lm(ξ). (2.68)

We see that it is thus the corresponding function umj(ξ) that determines the behavior of
scalar Slepian harmonic Umj(θ, φ) in the polar (θ-) direction, hence also the concentration of
its energy within Ω.

It will be useful later on that the fixed-order eigenvalue problem can not only be formulated
as a matrix equation on the expansion coefficients but also as an integral equation directly
on the functions themselves (more precisely, on the θ-, or equivalently, the ξ-dependent part).
This can be shown as follows. Let us write the eigenvalue equation (2.66) component-wise as

L∑

l′=|m|

Bm,ll′ul′m = ηm ulm, |m| ≤ l ≤ L, (2.69)
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and then multiply both sides by P̄lm(ξ) and sum over l:

L∑

l=|m|

L∑

l′=|m|

Bm,ll′ul′mP̄lm(ξ) = ηm

L∑

l=|m|

ulmP̄lm(ξ). (2.70)

The left-hand side can be rewritten as

L∑

l=|m|

L∑

l′=|m|

Bm,ll′ul′mP̄lm(ξ)

=
L∑

l=|m|

L∑

l′=|m|

[ˆ 1

cos Θ
P̄lm(ξ′)P̄l′m(ξ′) dξ′

]
ul′mP̄lm(ξ)

=

ˆ 1

cos Θ








L∑

l=|m|

P̄lm(ξ)P̄lm(ξ′)




L∑

l′=|m|

ul′mP̄l′m(ξ′)



dξ′.

Equation (2.70) can thus be expressed as a Fredholm eigenvalue equation for a general function
um(ξ) =

∑L
l=|m| ulmP̄lm(ξ), i.e.

ˆ 1

cos Θ
Bm(ξ, ξ′)um(ξ′) dξ′ = ηm um(ξ), (2.71)

where the kernel function Bm(ξ, ξ′) is defined as

Bm(ξ, ξ′) :=
L∑

l=|m|

P̄lm(ξ)P̄lm(ξ′). (2.72)

The integral operator on the left-hand side of Eq. (2.71) will be referred to as the fixed-
order concentration operator. Equation (2.71) can be seen as the spatial domain equivalent of
Eq. (2.66).

Strictly speaking, the solution of the variational problem is the scalar Slepian harmonic
with the highest concentration ratio η among all Slepian harmonics, which happens to be
U0,1(θ, φ).17 Nevertheless it is worth taking a closer look at the whole set of eigenvectors and
scalar Slepian harmonics obtained, because they have fairly interesting and useful properties.

2.5.3 Properties of scalar Slepian harmonics

It follows from Eq. (2.58) that matrices Bm are real and also symmetric, since Bm,ll′ = Bm,l′l.
Therefore, their L− |m|+ 1 eigenvalues, ηmj , are always real and the associated eigenvectors

17It can be shown that only the normalized associated Legendre functions with m = 0 are nonzero at
θ = 0 [155, p. 746]. Hence it is plausible that the best concentrated scalar Slepian harmonic among the m = 0
subset is also the best concentrated one with respect to whole set of scalar Slepian harmonics.
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umj can be chosen to be real and orthonormal, i.e.

uTmjumj′ = δjj′ and uTmjBmumj′ = ηmjδjj′ , 1 ≤ j, j′ ≤ (L− |m|+ 1). (2.73)

These relations imply that scalar functions umj(ξ) are doubly orthogonal, i.e.

ˆ π

0
umj(cos θ)umj′(cos θ) sin θ dθ =

ˆ 1

−1
umj(ξ)umj′(ξ) dξ = δjj′ , (2.74a)

ˆ Θ

0
umj(cos θ)umj′(cos θ) sin θ dθ =

ˆ 1

cos Θ
umj(ξ)umj′(ξ) dξ = ηmj δjj′ . (2.74b)

Consequently, because of Eq. (2.54), scalar Slepian harmonics Umj(θ, φ) are doubly orthogonal,
too, expressed as

¨
S2
U∗mj(θ, φ)Umj′(θ, φ) dΩ = δjj′ , (2.75a)

¨
Ω
U∗mj(θ, φ)Umj′(θ, φ) dΩ = ηmj δjj′ . (2.75b)

The above orthogonality relations are important from the viewpoint of function approxima-
tion, but not too surprising in the light of the symmetry properties of concentration matrices
Bm. The shape of the eigenvalue spectrum, on the other hand, is far less obvious and is the
main peculiarity of all Slepian-type concentration problems [124, 130].

Since the eigenvalues ηmj are — at the same time — energy concentration ratios, they are
expected to fall into the interval (0, 1). Note that η = 0 and η = 1 cannot be attained for
bandlimited functions and a nondegenerate spherical cap Ω, explaining the openness of the
interval18.
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(a) Θ = 45◦
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(b) Θ = 60◦

NS
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Figure 2.7: Ordered eigenvalue spectrum that includes the eigenvalues of all blocks Bm, −L ≤ m ≤ L,
for (a) Θ = 45◦, (b) Θ = 60◦, and (c) Θ = 75◦, and L = 20. The vertical gridlines mark the
corresponding Shannon numbers NS (see Eqs. (2.77) and (2.78)).

18We also assume that Ω 6= S2.
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We have seen that each fixed-order eigenvalue problem can be solved separately and that
its solutions are ordered by decreasing concentration ratio as 1 > ηm,1 ≥ ηm,2 ≥ · · · ≥
ηm,L−|m|+1 > 0. However, we may momentarily rank all eigenvalues for all orders, too, in a
descending order ((L + 1)2 eigenvalues altogether). The entire eigenvalue spectrum obtained
this way is depicted in Fig. 2.7 for three different values of Θ and L = 20. It is apparent at
first sight that these spectra have a special distribution: the majority of the eigenvalues is
very close either to 0 or to 1, i.e. the corresponding scalar Slepian functions are either very
well localized to Ω or very poorly, and there are only a few that belong to the transition band
between these two extremal parts of the spectrum. This kind of step-like distribution of the
eigenvalues can be observed in other Slepian-type concentration problems, too [130, 171].

Figure 2.7 suggests that the number of reasonably well-concentrated scalar Slepian har-
monics (η ≥ 0.5) could be approximately characterized by the (rounded) sum of all eigenvalues.
This quantity is usually referred to as the Shannon number (or total Shannon number), de-
noted here by NS [124]. One can calculate the Shannon number for a single order m as well,
usually called partial Shannon number [124]

NS,m :=

L−|m|+1∑

j=1

ηmj = TrBm =

ˆ 1

cos Θ
Bm(ξ, ξ) dξ. (2.76)

Shannon number NS can then be expressed as

NS :=
L∑

m=−L
NS,m =

L∑

m=−L

L−|m|+1∑

j=1

ηmj = TrB =

ˆ 1

cos Θ

L∑

m=−L
Bm(ξ, ξ) dξ. (2.77)

The subfigures of Fig. 2.7 also mark the corresponding values of NS, and the reader may verify
that it indeed describes the position of the transitional band in the eigenvalue spectrum.

The Shannon number NS has, in fact, a simpler and more expressive form, which can be
derived as follows. Using the addition theorem (B.6) of the functions P̄lm(ξ) (see Appendix B),
we may write

L∑

m=−L
Bm(ξ, ξ) =

L∑

m=−L

L∑

l=|m|

[P̄lm(ξ)]2 =

L∑

l=0

{
l∑

m=−l

[P̄lm(ξ)]2

}
=

L∑

l=0

2l + 1

2
=

(L+ 1)2

2
.

Therefore, NS can be written as

NS = (L+ 1)2AΩ

4π
, (2.78)

where AΩ := 2π(1 − cos Θ) is the area of the spherical cap Ω, or in other words, the solid
angle subtended by the cap. The Shannon number is thus expressed as the product of the
total number of basis functions for a maximal degree L, i.e. (L+ 1)2, and the relative area of
the cap, AΩ/(4π). This explains why the cut-off is shifted to the right for larger values of Θ

in Fig. 2.7.
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Figure 2.8: Four eigenfunctions umj(cos θ), j = 1, 3, 5, 7 of each order 0 ≤ m ≤ 3. The maximal
degree is L = 20 and Θ = 60◦. The black and gray curves mark the contributions of umj(cos θ) to the
interior of the spherical cap (0 ≤ θ ≤ 60◦) and the rest of the sphere (60◦ < θ ≤ 180◦), respectively.
The labels in the upper right corner of each subplot show the eigenvalues ηmj which measure energy
concentration (localization) within Ω.

To gain more insight into the behavior of scalar Slepian harmonics in the polar direction
(that is relevant from the viewpoint of concentration), I have plotted a small number of eigen-
functions umj(ξ) = umj(cos θ) in Fig. 2.8, corresponding to different parts of the eigenvalue
spectrum, for Θ = 60◦ and L = 20. The upper left function is the best concentrated one
with η0,1 = 1− 6.1× 10−18. The concentration ratio ηmj decreases both for increasing values
of |m| and j. Since there are fewer functions for higher values of |m| for a given bandlimit
L (recall that the number of functions for a given order m is L − |m| + 1), the number of
well-concentrated ones is less, too.

In general, roughly the first NS scalar Slepian harmonics with eigenvalues close to 1 provide
an essentially uniform coverage of Ω and are well-suited for the approximation of bandlimited
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functions that are localized to Ω [124]. At the same time, their number is smaller than (L+1)2,
the number of spherical harmonics for a given maximal degree L. It can thus be said that the
number of degrees of freedom is reduced from (L + 1)2 to NS, which, quoting Simons et al.,
“is really the essence of the concentration problem” [124].
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Figure 2.9: Variation of the gap 1− η0,j for the eigenvalue η0,j of the three best-concentrated eigen-
functions u0,j(ξ) (j = 1, 2, 3) with respect to the maximal degree L, for (a) Θ = 45◦, (b) Θ = 60◦, and
(c) Θ = 75◦. Note the logarithmic vertical scale.

Finally, a few words have to be said about the numerical consequences of the step-like
shape of the eigenvalue spectrum. There is a question we have not explored yet: how close are
the largest eigenvalues to 1 and how does this gap vary when changing L or Θ? Figure 2.9 aims
to give an answer by showing the variation of the gaps 1− η0,j(j = 1, 2, 3) when increasing L,
where η0,j(j = 1, 2, 3) are the three largest eigenvalues for m = 0. The angular semi-apertures
Θ are the same as in Fig. 2.7. As seen, the gap between 1 and the eigenvalues closes roughly
exponentially as L increases and so does the difference between neighboring eigenvalues, too
(note the logarithmic vertical scale).

The fact that well-concentrated eigenvalues are so close to 1 and to each other implies
that the numerical calculation of the eigenvalue spectrum has to be performed with special
care. As formulated by Bell et al., “once the theoretical limits on the size of the eigenvalues
are broken (i.e., they are estimated to have values exceeding unity) the problem of estimating
the corresponding eigenvectors becomes unstable” [170]. But even if L is low enough so that
all eigenvalues are less than 1 even at finite precision, the calculated eigenvectors may still
exhibit low relative accuracy. Loosely speaking, the smaller is the absolute gap

gap(ηmj) := min
j′ 6=j

∣∣ηmj − ηmj′
∣∣ (2.79)
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between a particular eigenvalue ηmj and the nearest neighboring one, the larger may be the
inaccuracy of the corresponding eigenvector [172, p. 104]19 (see also Ref. [173, p. 16]). Unfortu-
nately, as we have seen in Fig. 2.9, a very strong clustering of the eigenvalues can be observed
in the neighborhood of one and zeros. This makes the direct calculation of well-concentrated
eigenvalues and eigenvectors of Bm rather difficult. For moderate values of L (say a few tens),
one can conveniently get along simply by using arbitrary precision arithmetic (i.e. comput-
ing with greater precision than standard double precision with help of dedicated software).
However, it would be advantageous to have a computation method where no such extended
precision is required.

Fortunately, for certain domains including the spherical cap, there exists such a computa-
tionally efficient, simple, and numerically stable technique (the “holy grail” of our concentration
problem20). This computational method is presented in the next subsection.

2.5.4 The commuting differential operator approach

In order to circumvent the above difficulties of solving the eigenvalue problems of symmetric
matrices Bm, it would be beneficial to find alternative symmetric matrices Gm which share
the same set of eigenvectors with Bm but have a different, simple eigenvalue spectrum. Its is
known from matrix theory that two symmetric matrices have a complete set of eigenvectors in
common if and only if they commute under matrix multiplication [155, p. 315]. Fortunately,
it is indeed possible to construct such matrices Gm that commute with Bm as shown below.

Let us start with the spatial (continuous) counterpart of the above problem, i.e. to find
a Sturm–Liouville differential operator21 Gm that commutes with the concentration integral
operator on the left-hand side of Eq. (2.71) [124], i.e.

ˆ 1

cos Θ
Bm(ξ, ξ′)

[
G′m f(ξ′)

]
dξ′ = Gm

ˆ 1

cos Θ
Bm(ξ, ξ′)f(ξ′) dξ′

=

ˆ 1

cos Θ
GmBm(ξ, ξ′)f(ξ′) dξ′ (2.80)

for any square-integrable function f(ξ). It follows that the two operators share a common set of
eigenfunctions. Note that in the above equation Gm and G′m are formally the same differential
operators, the first one acting on the variable ξ and the second one on ξ′. Sturm–Liouville
theory guarantees that Gm has a simple spectrum of distinct eigenvalues with an accumulation
point at infinity [124][176, p. 724].

19More precisely, Ref. [172, p. 104] gives an upper bound on the acute angle between the exact and the
computed eigenvector which is inversely proportional to the eigenvalue gap, where the acute angle δ between
two n-dimensional vectors x and y is understood as δ := arccos[

∣∣xTy∣∣/(√xTx√yTy)].
20Grünbaum actually called it a “miracle” [174, 175].
21A Sturm–Liouville operator is a second-order linear differential operator of the form d

dξ

[
p(ξ) d

dξ

]
+ q(ξ)

with p(ξ) > 0 and q(ξ) being nonsingular inside the range of ξ [176, p. 719].
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Such an operator Gm was proposed by Grünbaum, Longhi and Perlstadt [133], and I will
henceforth refer to it simply as the Grünbaum operator. It is defined as

Gm := (cos Θ− cos θ)∇2
S2,m + sin θ

d

dθ
− L(L+ 2) cos θ, (2.81)

where ∇2
S2,m is the fixed-order (spherical) surface Laplacian defined as (cf. definition (2.18))

∇2
S2,m :=

1

sin θ

d

dθ

(
sin θ

d

dθ

)
− m2

sin2 θ
=

d

dξ

[
(1− ξ2)

d

dξ

]
− m2

1− ξ2
. (2.82)

Using the second form of ∇2
S2,m, operator Gm can equivalently be expressed as

Gm =
d

dξ

[
(cos Θ− ξ)(1− ξ2)

d

dξ

]
− L(L+ 2)ξ − m2(cos Θ− ξ)

1− ξ2
. (2.83)

To confirm that the proposed operator (2.81) satisfies commutation relation (2.80), one is
required to prove two identities as follows [133]. First, one shows that

ˆ 1

cos Θ
f1(ξ) [Gm f2(ξ)] dξ =

ˆ 1

cos Θ
[Gm f1(ξ)] f2(ξ) dξ (2.84)

for any two square-integrable functions f1(ξ) and f2(ξ). This implies that the left-hand side
of commutation relation (2.80) can be rewritten as

ˆ 1

cos Θ
Bm(ξ, ξ′)G′m f(ξ′) dξ′ =

ˆ 1

cos Θ

[
G′mBm(ξ, ξ′)

]
f(ξ′) dξ′ (2.85)

for any square-integrable function f(ξ). Finally, one verifies that

GmBm(ξ, ξ′) = G′mBm(ξ, ξ′). (2.86)

A detailed proof can be found in Refs. [124, 133].
Since Gm commutes with the concentration integral operator of Eq. (2.71), any function

umj(ξ) is eigenfunction of Gm, too, i.e. it satisfies the eigenvalue equation

Gmum(ξ) = χmum(ξ). (2.87)

Figure 2.10 shows the χ-eigenvalue spectrum for all ordersm for the same values of Θ and L as
in the case of the η-spectra of Fig. (2.7). Note that χ0,1, corresponding to the most concentrated
eigenfunction, is in this case the smallest one. As seen in the figure, the χ-spectra indeed do
not exhibit such an accumulation of eigenvalues that can be seen in Fig. 2.7 for the η-spectra,
therefore, the matrix eigenvalue problem corresponding to Eq. (2.87) is expected to cause no
numerical difficulties.
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Figure 2.10: Rank-ordered eigenvalue spectrum that includes the eigenvalues of all blocks Gm, −L ≤
m ≤ L, for (a) Θ = 45◦, (b) Θ = 60◦, and (c) Θ = 75◦, and L = 20. The vertical gridlines mark the
corresponding Shannon numbers NS (see Eqs. (2.77) and (2.78)).

To derive this matrix eigenvalue problem, we have to substitute um(ξ) =∑L
l′=|m| ul′mP̄l′m(ξ) into eigenvalue equation (2.87). After that, we multiply both sides by

P̄lm(ξ), integrate over −1 ≤ ξ ≤ 1, and exploit the orthonormality of P̄lm(ξ) (see Eq. (B.3)).
In this way, we arrive at the equation

L∑

l′=|m|

Gm,ll′ul′m = χmulm, |m| ≤ l ≤ L, (2.88)

where

Gm,ll′ :=

ˆ 1

−1
P̄lm(ξ)

[
Gm P̄l′m(ξ)

]
dξ. (2.89)

Similarly to Bm, we may arrange Gm,ll′ into a matrix Gm as

Gm :=




Gm,|m||m| · · · Gm,|m|L
...

. . .
...

Gm,LL · · · Gm,LL


 , (2.90)

and express eigenvalue equation (2.88) in a compact form as

Gmum = χmum, −L ≤ m ≤ L. (2.91)

With help of relations (B.3) and (B.9)–(B.11) of P̄lm (see Appendix B), the matrix ele-
ments (2.89) can, in fact, be evaluated in a closed form. It can be shown that the only nonzero
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matrix elements are [124]

Gm,ll = −l(l + 1) cos Θ, (2.92a)

Gm,l,l+1 = Gm,l+1,l = [l(l + 2)− L(L+ 2)]

√
(l + 1)2 −m2

(2l + 1)(2l + 3)
, (2.92b)

hence Gm is real and tridiagonal. Not only is the numerical solution of eigenvalue prob-
lem (2.91) trouble-free (because its eigenvalues χmj are well-separated), but computing the
nonzero elements of sparse matrices Gm is also significantly simpler and faster than computing
all the elements of dense matrices Km (using Eq. (2.58)).

In summary, the expansion coefficients ulmj (|m| ≤ l ≤ L) of the eigenfunctions umj(ξ)
may be evaluated in a numerically stable way as follows. One first computes the matrices Gm
using the explicit formulas (2.92) and then solves the eigenvalue problem (2.91). The resulting
eigenvectors umj contain the expansion coefficients ulmj , which, when substituted into expan-
sions (2.68), yield the eigenfunctions umj(ξ). If necessary, the corresponding energy concen-
tration ratio ηmj can then be calculated using either of the relations ηmj =

´ 1
cos Θ

[
umj(ξ)

]2
dξ

or ηmj = uTmjBmumj .

2.6 Summary

In the first part of this chapter, two significant high-NA focusing theories have been introduced:
the Debye–Wolf theory and the multipole theory of focusing, where the latter one has been used
as an approximation to the former one. It has also been demonstrated that the basis functions
of the multipole theory do not exhibit directionality in general. Therefore, in the next chapter,
we will solve the Slepian concentration problem for tangential bandlimited vector fields within
the spherical cap Ω, whose well-concentrated solutions will later become Whittaker plane-wave
amplitudes of new focal field basis functions with directionality.

In preparation to solving that concentration problem, we revisited the Slepian concen-
tration problem for scalar fields in the second part of this chapter. Discussing this problem
served two purposes: firstly, solution schemes were presented that will be adapted to the vector
problem, and secondly, various quantities, functions, and operators were introduced that are
specific to concentration problems on the sphere and will have their respective counterparts
in the vectorial problem, too.



Chapter 3

The Slepian concentration problem for
bandlimited tangential vector fields
within a spherical cap

“Mathematics is an experimental
science, and definitions do not come
first, but later on. They make
themselves, when the nature of the
subject has developed itself."

Oliver Heaviside [177]

This chapter is devoted to the solution of the vector concentration problem mentioned in
the title. Three solution methods will be presented, the first being perhaps the most plausible
one, since it is based on the vector spherical harmonics expansion introduced in connection
with the multipole theory of focusing in §2.4. This approach was chronologically the first one,
too, published in 2012 [J1]. The other two methods, presented later in Ref. [J5], represent
simplified and improved techniques to solve the very same problem: in the second approach,
the solution of the vector concentration problem is reduced to the solution of a related scalar
problem, while the third method is analogous to Grünbaum’s commuting differential operator
technique. In comparison to Refs. [J1, J5], this chapter presents these three approaches in a
slightly more uniform and streamlined way.

It has to be noted that concentrated spherical vector Slepian fields have previously been
constructed by Maniar and Mitra [178, 179] in the 2000s for bioelectromagnetic applications.
They restricted themselves, however, to fields expanded in terms of vector spherical harmonics
Ylm(θ, φ) only. Therefore, both the concentration problem they considered and its solutions
are notably different from those obtained in this chapter. The theory presented here is complete
in the sense that it incorporates the entire set of tangential vector basis functions, i.e. both



48 Chapter 3. The Slepian concentration problem for bandlimited tangential vector fields within a cap

Ylm(θ, φ) and Zlm(θ, φ). Plattner and Simons [180–182] also solved the vector concentration
problem independently in a way very similar to my first approach that had been published
in Ref. [J1] and is also presented below. Their solution was, however, more general in the
sense that they also included radial vector spherical harmonics in their expansion, considered
a concentration region of arbitrary shape, and solved the spectral concentration problem of
functions with strict spatial localization as well. While these enhancements are undoubtedly
significant to geophysical applications (e.g. to the approximation of geomagnetic fields over
continents [182]), they bring no improvement to the focusing theory presented in the next
chapter.

Similarly to §2.5, the chapter starts with a short introduction to bandlimited representa-
tions in the vectorial context. This is followed by the presentation of the three above solution
methods in §3.2, §3.4, and §3.5, interrupted by an “intermezzo” on auxiliary special functions
in §3.3. Finally, a summary of new scientific results is given in §3.6.

3.1 Bandlimitedness

The formulation of the concentration problem for the vector case will be similar to its scalar
counterpart presented in §2.5. Accordingly, we again consider bandlimited functions that can
be expanded using a finite number of terms with respect to the eigenfunctions of the corre-
sponding Laplacian. However, while we considered an expansion in terms of the eigenfunctions
of the scalar surface Laplacian in §2.5 (the scalar spherical harmonics Ylm(θ, φ)), we now uti-
lize the eigenfunctions of the vector surface Laplacian (2.30), namely, the vector spherical
harmonics Ylm(θ, φ) and Zlm(θ, φ) of §2.4.2. An arbitrary square-integrable bandlimited vec-
tor function b(θ, φ) can thus be written as

b(θ, φ) =

L∑

l=1

l∑

m=−l

[
bIlmYlm(θ, φ) + bIIlmZlm(θ, φ)

]
, (3.1)

where L is the maximal degree (bandlimit). Note that the vector spherical harmonics expan-
sion (3.1) lacks an l = 0 term, hence the number of basis functions participating in expan-
sion (3.1) is

∑L
l=1(2l + 1) = (L + 1)2 − 1 = L(L + 2) for both Ylm(θ, φ) and Zlm(θ, φ), thus

the total number of basis functions (and coefficients) is 2L(L+ 2).
Regarding Eq. (3.1), we follow the same route as in the scalar case and change the order

of summation for future convenience, as illustrated in Fig. 3.1. Hence

b(θ, φ) =

L∑

m=−L

L∑

l=`m

[
bIlmYlm(θ, φ) + bIIlmZlm(θ, φ)

]
, (3.2)
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Figure 3.1: The order of double summation in (a)
∑L
l=1

∑l
m=−l and (b)
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l=`m

for L = 3.
The filled circles represent terms with corresponding indices l and m.

where
`m := max(1, |m|). (3.3)

Again, due to the lack of the l = 0 term described above, there is a slight difference in the
lower limit of the inner sum in comparison with Eq. (2.51).

3.2 Solution based on the concentration matrix of vector spher-
ical harmonics

3.2.1 General procedure, vector Slepian harmonics

Our starting point in the mathematical formulation of the spatial concentration problem is
the same as in the scalar case, that is to say, solving the variational problem of maximizing
the energy concentration ratio with respect to the axisymmetrical polar cap Ω. The energy
concentration ratio is defined here as

η :=

˜
Ω |U|

2 dΩ˜
S2 |U|

2 dΩ
=

˜
Ω U∗ ·U dΩ˜
S2 U∗ ·U dΩ

, (3.4)

where U = U(θ, φ) is a bandlimited tangential vector function, i.e. n̂ ·U(θ, φ) = 0.
In accordance with §3.1, we expand U(θ, φ) both in the numerator and in the denominator

of Eq. (3.4) in terms of Ylm(θ, φ) and Zlm(θ, φ) as

U(θ, φ) =
L∑

m=−L

L∑

l=`m

[
uI
lmYlm(θ, φ) + uII

lmZlm(θ, φ)
]
. (3.5)
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Let us discuss the numerator first. By straightforward yet lengthy algebra, it becomes

¨
Ω

U∗ ·U dΩ =




L∑

m=−L

L∑

l=`m

uI∗
lm

L∑

m′=−L

L∑

l′=`m′

uI
l′m′

¨
Ω

Y∗lm ·Yl′m′ dΩ




+




L∑

m=−L

L∑

l=`m

uII∗
lm

L∑

m′=−L

L∑

l′=`m′

uII
l′m′

¨
Ω

Z∗lm · Zl′m′ dΩ




+




L∑

m=−L

L∑

l=`m

uI∗
lm

L∑

m′=−L

L∑

l′=`m′

uII
l′m′

¨
Ω

Y∗lm · Zl′m′ dΩ




+




L∑

m=−L

L∑

l=`m

uII∗
lm

L∑

m′=−L

L∑

l′=`m′

uI
l′m′

¨
Ω

Z∗lm ·Yl′m′ dΩ


 ,

(3.6)

which can be rewritten as follows. Using definitions (2.23b) of the vector spherical harmon-
ics and exploiting the orthogonality relation (2.54) of complex exponentials exp(imφ), the
integrals on the right-hand side become (cf. Eq. (2.55) of the scalar problem)
¨

Ω

Y∗lm ·Yl′m′ dΩ =

¨
Ω

Z∗lm · Zl′m′ dΩ

= δmm′ [l(l + 1)l′(l′ + 1)]
−1/2

×
ˆ Θ

0

[
dP̄lm(cos θ)

dθ

dP̄l′m′(cos θ)

dθ
+mm′

P̄lm(cos θ)P̄l′m′(cos θ)

sin2 θ

]
sin θ dθ

= δmm′ [l(l + 1)l′(l′ + 1)]
−1/2

ˆ 1

cos Θ

[
(1− ξ2)P̄ ′lm(ξ)P̄ ′l′m(ξ) +m2 P̄lm(ξ)P̄l′m(ξ)

1− ξ2

]
dξ, (3.7a)

¨
Ω

Y∗lm · Zl′m′ dΩ = −
¨

Ω

Z∗lm ·Yl′m′ dΩ

= −i δmm′ [l(l + 1)l′(l′ + 1)]
−1/2

×
ˆ Θ

0

[
m
P̄lm(cos θ)

sin θ

dP̄l′m′(cos θ)

dθ
+m′

dP̄lm(cos θ)

dθ

P̄l′m′(cos θ)

sin θ

]
sin θ dθ

= imδmm′ [l(l + 1)l′(l′ + 1)]
−1/2

ˆ 1

cos Θ

[
P̄lm(ξ)√

1− ξ2
P̄ ′l′m(ξ) + P̄ ′lm(ξ)

P̄l′m(ξ)√
1− ξ2

]
dξ, (3.7b)
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and the numerator can thus be expressed as (cf. Eqs. (2.57) and (2.58) of the scalar problem)

¨
Ω

U∗ ·U dΩ =




L∑

m=−L

L∑

l=`m

uI∗
lm

L∑

l′=`m

Dm,ll′ u
I
l′m




+




L∑

m=−L

L∑

l=`m

uII∗
lm

L∑

l′=`m

Dm,ll′ u
II
l′m




+




L∑

m=−L

L∑

l=`m

uI∗
lm

L∑

l′=`m

Cm,ll′ u
II
l′m




−




L∑

m=−L

L∑

l=`m

uII∗
lm

L∑

l′=`m

Cm,ll′ u
I
l′m


 ,

(3.8)

where

Dm,ll′ := [l(l + 1)l′(l′ + 1)]
−1/2

ˆ 1

cos Θ

[
(1− ξ2)P̄ ′lm(ξ)P̄ ′l′m(ξ) +m2 P̄lm(ξ)P̄l′m(ξ)

1− ξ2

]
dξ, (3.9a)

Cm,ll′ := im [l(l + 1)l′(l′ + 1)]
−1/2

ˆ 1

cos Θ

[
P̄lm(ξ)√

1− ξ2
P̄ ′l′m(ξ) + P̄ ′lm(ξ)

P̄l′m(ξ)√
1− ξ2

]
dξ. (3.9b)

Note that to ease the computation of these integrals, the integrands can be transformed into a
linear combination of products of normalized associated Legendre functions using recurrence
relation (B.14) together with either relation (B.15) or (B.16) of Appendix B1.

The denominator can be expressed similarly to Eq. (3.6), but with the integration perfomed
over S2 instead of Ω. Using the orthogonality relations (2.31) of the vector spherical harmonics,
the denominator becomes

¨
S2

U∗ ·U dΩ =
L∑

m=−L

L∑

l=`m

(
uI∗
lmu

I
lm + uII∗

lmu
II
lm

)
. (3.10)

In analogy with the scalar problem, one can again construct a large concentration matrix
and a column vector from coefficients Dm,ll′ , Cm,ll′ and uI

lm, u
II
lm, respectively. These can then

be used to express the concentration problem as a Rayleigh–Ritz matrix variational problem,
the solution of which leads to the eigenvalue problem of the large concentration matrix. I have
spared the reader from having to puzzle out the structure of this large matrix2, since it is
block-diagonal anyway due to Eqs. (3.9), just as in the scalar case (see Eqs. (2.59) and (2.60)).
Therefore, in order to obtain the expansion coefficients of Slepian functions of the vector
problem, referred to as vector Slepian harmonics, we only need to solve separate fixed-order

1Details of this transformation can be found in Ref. [J1] where recurrence relations (B.14) and (B.16) were
used.

2See Ref. [J1] for details.
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eigenvalue problems [
Dm Cm

−Cm Dm

][
uI
m

uII
m

]
= ηm

[
uI
m

uII
m

]
, (3.11)

where the (L − `m + 1) × (L − `m + 1) blocks Dm and Cm and the column vector blocks uI
m

and uII
m, each of length L− `m + 1, are defined as

Dm :=




Dm,`m,`m · · · Dm,`m,L

...
. . .

...
Dm,L,`m · · · Dm,L,L


 , Cm :=




Cm,`m,`m · · · Cm,`m,L
...

. . .
...

Cm,L,`m · · · Cm,L,L


 (3.12)

and

uI
m :=




uI
`m,m
...

uI
L,m


 , uII

m :=




uII
`m,m
...

uII
L,m


 , (3.13)

respectively. As seen, the matrix of the fixed-order problem is itself a 2 × 2 block diagonal
matrix because of the vectorial nature of the problem, and the column vector is also composed
of two column vector blocks, uI

m and uII
m (cf. Eq. (2.66) of the scalar case).

In order to distinguish between individual solutions of these fixed-order concentration
problems, let us introduce the additional index i (1 ≤ i ≤ 2(L− `m + 1)) where solutions (i.e.
eigenvalues and eigenvectors) are ordered again by decreasing values of η, just the same way
as in the scalar case. Since components uI,II

lmi of the individual eigenvectors are at the same
time expansion coefficients, vector Slepian harmonics can be written as

Umi(θ, φ) =

L∑

l=`m

[
uI
lmiYlm(θ, φ) + uII

lmiZlm(θ, φ)
]
, (3.14)

which formally completes the solution of the problem.

3.2.2 The special case of m = 0

The vector concentration problem for m = 0 represents a special case. With help of expres-
sions (2.25) of the vector spherical harmonics, it is easy to see that Yl,0(θ, φ) and Zl,0(θ, φ)

are purely φ̂- and θ̂-polarized vector fields, respectively. Hence any Yl,0(θ, φ) is orthogonal
to any Zl′,0(θ, φ), implying that the off-diagonal block C0 vanishes (see also Eq. (3.9b), where
the factor m appears explicitly). The corresponding eigenvalue problem thus becomes

[
D0 0

0 D0

][
uI

0

uII
0

]
= η0

[
uI

0

uII
0

]
, (3.15)
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which demonstrates clearly that the concentration problem is completely decoupled for the φ̂-
and θ̂-polarized solutions. In addition, they are expected to differ only in polarization since
they are associated with the same concentration matrix D0. As shown below, we can go even
further.

Using recurrence relation (B.14) of the normalized associated Legendre functions (found
in Appendix B), it can be verified that −

√
1− ξ2P̄ ′l,0(ξ) =

√
l(l + 1)P̄l,1(ξ), hence (following

from definitions (2.23))

Yl,0(θ, φ) =
−i√
2π
P̄l,1(cos θ)φ̂, (3.16a)

Zl,0(θ, φ) =
i√
2π
P̄l,1(cos θ)θ̂. (3.16b)

For the same reason, matrix elements D0,ll′ (see Eq. (3.9a)) reduce to

D0,ll′ :=

ˆ 1

cos Θ
P̄l,1(ξ)P̄l′,1(ξ) dξ. (3.17)

Upon comparing this equation with Eq. (2.58), we can conclude that D0 is identical to the
concentration matrix B1 of the scalar problem. However, this also means that we may replace
the eigenvalue problem of D0 by the eigenvalue problem of G1, the matrix of the Grünbaum
operator G1 of the scalar case. Hence for the m = 0 case, we have an efficient method to
calculate the expansion coefficients uI

l,0,i and u
II
l,0,i of the vector Slepian harmonics. Unfortu-

nately, for all other cases, we have to resort to the numerically more difficult task of solving
the eigenvalue problems (3.11) at this point.

3.2.3 Properties of vector Slepian harmonics

It follows from Eqs. (3.9) and (3.12) that the fixed-order concentration matrices are Hermitian,
therefore, their 2(L− `m + 1) eigenvalues are always real and the associated eigenvectors can
be chosen to be orthonormal. Similarly to the scalar case, these properties imply that vector
Slepian harmonics, too, are doubly orthogonal, i.e.

¨
S2

U∗mi(θ, φ) ·Um′i′(θ, φ) dΩ = δmm′ δii′ , (3.18a)
¨

Ω
U∗mi(θ, φ) ·Um′i′(θ, φ) dΩ = ηmi δmm′ δii′ . (3.18b)

If we rank all energy concentration ratios (eigenvalues) for all orders −L ≤ m ≤ L into
a descending order (2L(L + 2) values altogether), we again obtain a step-like spectrum (see
Fig. 3.2) that is very similar to its scalar counterpart depicted in Fig. 2.7. We may therefore
introduce the partial Shannon number and a (total) Shannon number in this case, too, in
order to characterize the number of reasonably well-concentrated vector Slepian harmonics
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Figure 3.2: Ordered eigenvalue spectrum which includes the eigenvalues of all blocks Bm (−L ≤ m ≤
L) for (a) Θ = 45◦, (b) Θ = 60◦, and (c) Θ = 75◦, and L = 20. The vertical gridlines mark the
corresponding Shannon numbers NS (see Eqs. (3.20) and (3.21)).

(for a single order m and for all orders together, respectively). They read

NS,m :=

2(L−`m+1)∑

i=1

ηmi = 2 TrDm = 2

L∑

l=`m

Dm,ll

= 2

L∑

l=`m

1

l(l + 1)

ˆ 1

cos Θ

{
(1− ξ2)

[
P̄ ′lm(ξ)

]2
+m2 [P̄lm(ξ)]2

1− ξ2

}
dξ

(3.19)

and

NS :=

L∑

m=−L
NS,m =

L∑

m=−L

2(L−`m+1)∑

i=1

ηmi (3.20)

respectively.
In analogy with Eq. (2.78) of the scalar case, we may express NS alternatively as

NS = 2L(L+ 2)
AΩ

4π
, (3.21)

i.e. as the product of the total number of vector Slepian harmonics for a maximal degree L,
i.e. 2L(L+ 2), and the relative area of the cap. This formula can be derived by inserting the
last expression on the right-hand side of Eq. (3.19) into Eq. (3.20) and suitably interchanging
the order of integration and summation so that addition theorems (B.7) and (B.8) of the
normalized associated Legendre functions (see Appendix B) can be used. Details are omitted
here because a more concise derivation of formula (3.21) will be presented in §3.4.3.

In summary, approximately the first NS vector Slepian harmonics with eigenvalues close
to 1 lend themselves to the approximation of bandlimited tangential vector fields that are
concentrated to Ω. At the same time, their number is smaller than 2L(L+ 2), the number of
vector spherical harmonics for a given maximal degree L, hence — similarly to the scalar case
— a reduction in the number of degrees of freedom can be achieved.
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3.2.4 Concluding remarks

As already mentioned at the beginning of the chapter, it was the approach described above
that I initially followed in order to solve the vector concentration problem within a spherical
cap [J1], and a very similar procedure was carried out by Plattner and Simons, too, when they
considered the vector concentration problem on the sphere in its most general form [180–182].

While this approach is straightforward in the sense that we have readily used the vector
spherical harmonic basis familiar from Chapter 2, the reader may well ask: could we not
simplify the whole problem by using some other basis functions and thereby making the fixed-
order concentration matrices block-diagonal for any value of m, not just for m = 0? The
answer is positive; the next section aims to introduce alternative basis functions (considered
in Ref. [J5]) which enable us to achieve this goal. It will even turn out later, that using this
new basis, the vector concentration problem reduces nicely to a scalar one.

3.3 Mixed vector spherical harmonics and Sheppard–Török
functions

In preparation for further enhanced solution methods of the vector concentration problem that
will be presented in §3.4 and §3.5, it is necessary to introduce additional special functions and
several relations involving them.

3.3.1 Mixed vector spherical harmonics

Let us define the following linear combinations of vector spherical harmonics, which I call
mixed vector spherical harmonics [J5]:

Q+
lm(θ, φ) :=

1√
2

[Ylm(θ, φ) + i Zlm(θ, φ)] , (3.22a)

Q−lm(θ, φ) :=
(−1)m+1

√
2

[Ylm(θ, φ)− i Zlm(θ, φ)] . (3.22b)

By substituting formulas (2.23) for Ylm(θ, φ) and Zlm(θ, φ), they can be written as

Q+
lm(θ, φ) :=

−1√
l(l + 1)

[
dP̄lm(cos θ)

dθ
+ m

P̄lm(cos θ)

sin θ

]
exp(imφ)√

2π

1√
2

(
θ̂ + i φ̂

)
,

Q−lm(θ, φ) :=
−1√
l(l + 1)

[
dP̄l,−m(cos θ)

dθ
+ (−m)

P̄l,−m(cos θ)

sin θ

]
exp(imφ)√

2π

1√
2

(
θ̂ − i φ̂

)
,

where symmetry relation (B.4) of functions P̄lm(cos θ) (see Appendix B) has been used in
order to obtain the second equation. These expressions of Q±lm(θ, φ) can be rewritten in a
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compact way as

Q±lm(θ, φ) = Fl,±m(cos θ)
exp(imφ)√

2π
ê±, (3.23)

where
ê+ :=

1√
2

(
θ̂ + i φ̂

)
and ê− :=

1√
2

(
θ̂ − i φ̂

)
(3.24)

are (θ, φ)-dependent unit vectors that describe circular polarization that is tangential to the
sphere, and Flm(cos θ) are special functions that have been introduced by Sheppard and Török
in connection with the multipole theory of focusing and are defined as3 [112]4

Flm(cos θ) :=
−1√
l(l + 1)

[
dP̄lm(cos θ)

dθ
+m

P̄lm(cos θ)

sin θ

]
. (3.25a)

I will henceforth call functions these functions Sheppard–Török functions. Using the substitu-
tion ξ = cos θ), they can be expressed as

Flm(ξ) =
1√

l(l + 1)

[
√

1− ξ2 P̄ ′lm(ξ)− m√
1− ξ2

P̄lm(ξ)

]
. (3.25b)

Since
ê∗± · ê∓ = 0, (3.26)

it follows that
Q±∗lm(θ, φ) ·Q∓l′m′(θ, φ) = 0 (3.27)

for any combination of l, l′, m, and m′ and any value of θ and φ, i.e. the mixed vector spherical
harmonics (unlike Ylm(θ, φ) and Zlm(θ, φ)) exhibit complete local vector orthogonality. Of
course, due to their construction (3.22), the mixed vector spherical harmonics also satisfy

¨
S2

Q±∗lm(θ, φ) ·Q±l′m′(θ, φ) dΩ = δll′δmm′ , (3.28a)
¨

S2
Q±∗lm(θ, φ) ·Q∓l′m′(θ, φ) dΩ = 0, (3.28b)

and form a basis of the Hilbert space of square-integrable vector fields that are tangential
to the unit sphere, just like “traditional” vector spherical harmonics Ylm(θ, φ) and Zlm(θ, φ).
Therefore, an arbitrary bandlimited tangential vector function b(θ, φ) can be represented as

b(θ, φ) =
L∑

m=−L

L∑

l=`m

[
b+lmQ+

lm(θ, φ) + b−lmQ−lm(θ, φ)
]
. (3.29)

3Actually, the normalization in Ref. [112] differs by constant factor of 1/
√

2π.
4While I was writing this chapter, I discovered a paper by Risbo [183] from which it can be deduced that the

Sheppard–Török functions are actually a special case of the (normalized) Wigner d-functions (or equivalently,
the Wigner D-functions): Flm(cos θ) = (−1)m+1

√
(2l + 1)/2 d lm,1(θ) = (−1)m+1

√
(2l + 1)/2D l

m,1(0, θ, 0).
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Like in Eqs. (2.33), the coefficients b±lm can be expressed as

b±lm =

¨
S2

Q±∗lm(θ, φ) · b(θ, φ) dΩ

=
1√
2π

¨
S2
Fl,±m(cos θ) exp(−imφ)

[
ê∗± · b(θ, φ)

]
dΩ. (3.30)

If one wishes to switch to a representation in terms of Ylm(θ, φ) and Zlm(θ, φ), defini-
tions (3.22) have to be inserted into expansion (3.29) and the resulting expression rearranged
in order to bring it to a form (3.2). Coefficients bI,IIlm associated with the {Ylm,Zlm} basis then
read

bIlm =
1√
2

[
b+lm + (−1)m+1 b−lm

]
, (3.31a)

bIIlm =
i√
2

[
b+lm − (−1)m+1 b−lm

]
, (3.31b)

or, expressed in a matrix form,

[
bIlm
bIIlm

]
=

[
1√
2

(−1)m+1 1√
2

i√
2

(−1)m+1 −i√
2

][
b+lm
b−lm

]
. (3.32)

It can be shown that the transformation matrix is unitary, hence we can think of transition
from the {Ylm,Zlm} basis to the {Q+

lm,Q
−
lm} basis and vice versa simply as a “complex

rotation” of the coefficient vectors.
Finally, since the mixed vector spherical harmonics Q±lm(θ, φ) are simple linear combina-

tions of Ylm(θ, φ) and Zlm(θ, φ) and the vector surface Laplacian (2.30) is a linear operator,
functions Q±lm(θ, φ), too, satisfy the same eigenvalue equations as Ylm(θ, φ) and Zlm(θ, φ) (see
Eqs. (2.29)), i.e.

∇2
S2 Q±lm(θ, φ) = −l(l + 1) Q±lm(θ, φ). (3.33)

3.3.2 Properties of the Sheppard–Török functions

Before returning to the matrix formulation of the vector concentration problem, I take the
opportunity to present several essential relations of the Sheppard–Török functions Flm(ξ),
which I have discovered in Ref. [J5]5. Some of these facilitate the numerical evaluation functions
Flm(ξ) while others will play a major role in proving further relations associated with the
concentration problem.

5Proofs of these relations can be found in Ref. [J5]. The majority of them are also included in Appendix C,
except the lengthy and tedious proofs of recurrence relations.
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Symmetry

With help of the symmetry and parity relations of the normalized associated Legendre func-
tions (see Eqs. (B.4) and (B.5) of Appendix B, respectively), as well as definition (3.25a) of
the Sheppard–Török functions, it is straightforward to show that

Fl,−m(−ξ) = (−1)l+1Flm(ξ). (3.34)

As seen, Sheppard–Török functions have a different symmetry than normalized associated Leg-
endre functions P̄lm(ξ), for which P̄l,−m(ξ) = (−1)mP̄lm(ξ). Symmetry dictated by Eq. (3.34)
can also be observed in Fig. 3.3 which shows the first few Sheppard–Török functions (l ≤ 3).

Expressions for special values of the indices

Two cases are discussed here. Firstly, restricting ourselves to m = 0 and applying recurrence
relation (B.14) of the normalized associated Legendre functions (see Appendix B) to defini-
tion (3.25a) (along the same lines as in §3.2.2) yields

Fl,0(ξ) = −P̄l,1(ξ), (3.35)

hence, disregarding the negative sign, functions Fl,0(ξ) are essentially identical to the normal-
ized associated Legendre functions with m = 1. Note that this implies that (cf. Eqs. (3.16))

Q+
l,0(θ, φ) =

−1√
2π
P̄l,1(cos θ)ê+, (3.36a)

Q−l,0(θ, φ) =
−1√
2π
P̄l,1(cos θ)ê−. (3.36b)

Secondly, a closed-form expression can be obtained for the Sheppard–Török functions
when l = `m. By combining the closed-form formula (B.17) for P̄mm(ξ) of Appendix B with
definition (3.25b) of Flm(ξ), and also using symmetry relation (B.4), we get (cf. the explicit
formulas of Fig. 3.3)

F`m,m(ξ) =





(−1)m+1(1 + ξ)Φm(ξ) if m > 0,
√

3

2

√
1− ξ2 if m = 0,

(1− ξ)Φ|m|(ξ) if m < 0,

(3.37)

where

Φm(ξ) :=

√
m

m+ 1

√
2m+ 1

2

1

(2m)!
(2m− 1)!! (1− ξ2)(m−1)/2, (3.38)

and (2m− 1)!! = (2m− 1)(2m− 3) · · · (1) is the double factorial.
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Figure 3.3: Sheppard–Török functions Flm(ξ) for l ≤ 3. For |m| > 0, the solid and dotted curves
correspond to the function of positive and negative m, respectively.

Orthogonality

By considering orthogonality relation (3.28a) of Q±lm(θ, φ) for m′ = m, it follows that the
Sheppard–Török functions defined in Eq. (3.25a) are orthonormal, i.e.

ˆ π

0
Flm(cos θ)Fl′m(cos θ) sin θ dθ =

ˆ 1

−1
Flm(ξ)Fl′m(ξ) dξ = δll′ . (3.39)

Note that this orthogonality relation has also been proven by Sheppard and Török in a different
way [112].
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Differential equation

Let us express the vector surface Laplacian (2.30) in the ê± basis, which thus becomes

∇2
S2 f =

[
∇2

S2f+ −
f+

sin2 θ
− 2i

cos θ

sin2 θ

∂f+

∂φ

]
ê+

+

[
∇2

S2f− −
f−

sin2 θ
+ 2i

cos θ

sin2 θ

∂f−
∂φ

]
ê−, (3.40)

where f = f(θ, φ) = f+(θ, φ)ê+ + f−(θ, φ)ê− denotes an arbitrary tangential vector function.
Note that in this form of the vector surface Laplacian, the “+”-component of the result involves
only f+ and the “–”-component of the result involves only f−. We can thus say that this is a
diagonal form of the operator, unlike its previous form (2.30) where each component of the
result contained both fθ and fφ.

Consider now the fixed-order version of this operator, which can be obtained by expressing
the action of the vector surface Laplacian on a function of the form g(θ) exp(imφ) where
g(θ) = g+(θ)ê+ + g−(θ)ê− (technically, this means performing the substitution ∂/∂φ ⇒ im

in Eq. (3.40)). The fixed-order vector surface Laplacian can thus simply be written as [J5]

∇2
S2,m g = (∆S2,m g+)ê+ + (∆S2,−m g−)ê−, (3.41)

where ∆S2,m is a fixed-order scalar differential operator, defined as

∆S2,m := ∇2
S2,m −

1− 2m cos θ

sin2 θ
= ∇2

S2,m −
1− 2mξ

1− ξ2
. (3.42)

Note that the operator ∇2
S2,m on the right-hand side of Eq. (3.42) is the fixed-order scalar

surface Laplacian of Eq. (2.82), for which the identity ∇2
S2,m = ∇2

S2,−m applies. The bottom
line of Eq. (3.41) is that both its components have been expressed using the same scalar
differential operator (3.42).

Consequently, by inserting form (3.23) of Q±lm(θ, φ) into expression (3.41) of the vector
surface Laplacian, we obtain that the Sheppard–Török functions Flm(ξ) are eigenfunctions of
∆S2,m, i.e. they satisfy the second-order ordinary differential equation

∆S2,m Flm(ξ) = −l(l + 1)Flm(ξ). (3.43)

This equation will prove essential later, for instance, when constructing the commuting differ-
ential operator corresponding to the vector concentration problem.

Recurrence relations and Christoffel–Darboux formula

Upon examining the proofs of various theorems associated with the scalar concentration prob-
lem of §2.5 [124], one can observe that they heavily rely on recurrence relations of the nor-
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malized associated Legendre functions. We will see that in the vector concentration problem,
their role will be taken by the Sheppard–Török functions. Therefore, finding certain recurrence
relations of these functions is highly beneficial.

Specifically, I have discovered the following three of them6 of Flm(ξ), which will prove
particularly useful:
[
ξ − m

l(l + 1)

]
Flm(ξ) = ζlmFl−1,m(ξ) + ζl+1,mFl+1,m(ξ), (3.44)

(1− ξ2)F ′lm(ξ) = l
(
ξ − m

l2

)
Flm(ξ)− (2l + 1)ζlmFl−1,m(ξ), (3.45)

(1− ξ2)F ′lm(ξ) = −(l + 1)

[
ξ − m

(l + 1)2

]
Flm(ξ) + (2l + 1)ζl+1,mFl+1,m(ξ), (3.46)

where F ′lm(ξ) := dFlm(ξ)/ dξ and

ζlm :=
1

l

√
(l + 1)(l − 1)(l +m)(l −m)

(2l + 1)(2l − 1)
. (3.47)

The three-term recurrence relation (3.44) is particularly important, because it can be
used to derive a Christoffel–Darboux formula [186, p. 42] specialized for Flm(ξ) (see §C.1 of
Appendix C for details):

(ξ − ξ′)
L∑

l=`m

Flm(ξ)Flm(ξ′) = ζL+1,m

[
FL+1,m(ξ)FLm(ξ′)− FLm(ξ)FL+1,m(ξ′)

]
, (3.48)

and also enables us to numerically calculate Flm(ξ) in an efficient way. Namely, by setting
F`m−1,m(ξ) = 0 and starting from the closed-form expression (3.37) for F`m,m(ξ), recurrence
relation (3.44) can be used repeatedly in the upward direction until one obtains Flm(ξ).

Addition theorem

Last but not least, we can formulate an addition theorem for Flm(ξ) by using addition theorems
(B.7) and (B.8) of the normalized associated Legendre functions (see Appendix B):

l∑

m=−l
[Flm(ξ)]2 =

2l + 1

2
. (3.49)

The details of its derivation can be found in §C.2 of Appendix C.

6Recurrence relations above can be proven either by exploiting similar recurrence relations for P̄lm(ξ) (see
Eqs. (B.10)–(B.12) of Appendix B), as I have done in Ref. [J5], or — as I have recently discovered — by
adapting appropriate recurrence relations of the Wigner d− and D−functions [184, p. 90–94][185].
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3.4 Solution based on the concentration matrix of mixed vector
spherical harmonics

3.4.1 General procedure, vector Slepian harmonics

We now return to the problem of maximizing the energy concentration ratio η of a bandlimited
tangential vector function, which was proposed at the beginning of §3.2. This time, however,
instead of using representation (3.2) in terms of Ylm(θ, φ) and Zlm(θ, φ), we employ the basis
{Q+

lm(θ, φ),Q−lm(θ, φ)}. Specifically, we would like to maximize

η :=

˜
Ω |V|

2 dΩ˜
S2 |V|

2 dΩ
=

˜
Ω V∗ ·V dΩ˜
S2 V∗ ·V dΩ

, (3.50)

where V = V(θ, φ) is a bandlimited vector function expressed as

V(θ, φ) =
L∑

m=−L

L∑

l=`m

[
v+
lm Q+

lm(θ, φ) + v−lm Q−lm(θ, φ)
]
. (3.51)

The reader may wonder at this point why I have introduced notation V(θ, φ) for the sought
vector function (which was denoted by U(θ, φ) in the previous section); after all, the solution
of the variation problem should not depend on the choice of basis functions — one may think at
first glance. The reason for this slight distinction will be clarified later. For now, it is enough to
note that — due to the degeneracy of the m = 0 case with respect to polarization — solutions
to the vector concentration problem in the form (3.51) will not be entirely identical to those
obtained in the previous section and the indexing scheme will differ, too.

Returning to the concentration ratio, the numerator of Eq. (3.50) can thus be expressed
as follows:

¨
Ω

V∗ ·V dΩ =




L∑

m=−L

L∑

l=`m

v+∗
lm

L∑

m′=−L

L∑

l′=`m′

v+
l′m′

¨
Ω

Q+∗
lm ·Q+

l′m′ dΩ




+




L∑

m=−L

L∑

l=`m

v−∗lm

L∑

m′=−L

L∑

l′=`m′

v−l′m′

¨
Ω

Q−∗lm ·Q−l′m′ dΩ


 . (3.52)

As seen, unlike Eq. (3.6), cross terms are completely eliminated here due to the vector orthog-
onality relation (3.27). Using expression (3.23) of the mixed vector spherical harmonics, the
integrals on the right-hand side become

¨
Ω

Q±∗lm (θ, φ) ·Q±l′m′(θ, φ) dΩ =
1

2π

ˆ 2π

0

exp[i(m′ −m)φ] dφ

ˆ Θ

0

Fl,±m(cos θ)Fl′,±m′(cos θ) sin θ dθ

= δmm′

ˆ Θ

0

Fl,±m(cos θ)Fl′,±m′(cos θ) sin θ dθ,
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and the numerator can thus be written as

¨
Ω

V∗ ·V dΩ =
L∑

m=−L

[
L∑

l=|m|

(
v+∗
lm

L∑

l′=|m|

Km,ll′ v
+
l′m

)

+
L∑

l=|m|

(
v−∗lm

L∑

l′=|m|

K−m,ll′ v
−
l′m

)]
, (3.53)

where

Km,ll′ :=

ˆ Θ

0
Flm(cos θ)Fl′m(cos θ) sin θ dθ =

ˆ 1

cos Θ
Flm(ξ)Fl′m(ξ) dξ. (3.54)

Note that the integrand of Km,ll′ is a polynomial of degree l + l′, hence it can be exactly
integrated numerically, for instance, using a Gauss–Legendre quadrature formula of d(l+ l′ +

1)/2e nodes [187, p. 182]. Regarding the denominator, integration has to be performed over
S2 instead of Ω, yielding

¨
S2

V∗ ·V dΩ =

L∑

m=−L

L∑

l=`m

(
v+∗
lm v

+
lm + v−∗lm v

−
lm

)
. (3.55)

With help of the above expressions, we may once again formulate a Rayleigh–Ritz matrix
variational problem that ultimately leads to the following fixed order eigenvalue problems due
to block-diagonality: [

Km 0

0 K−m

][
v+
m

v−m

]
= η±m

[
v+
m

v−m

]
, (3.56)

where the (L − `m + 1) × (L − `m + 1) blocks Km and the column vector blocks v±m, each of
length L− `m + 1, are defined as

Km :=




Km,`m,`m · · · Km,`m,L

...
. . .

...
Km,L,`m · · · Km,L,L


 , and v±m :=




v±`m,m
...

v±L,m


 . (3.57)

As seen, the off-diagonal blocks in Eq. (3.56) vanish, unlike blocks Cm in Eq. (3.11), hence we
have fulfilled our goal we have set at the end of §3.2.

In the following, individual solutions of these fixed-order concentration problems will be
distinguished using the additional index j (1 ≤ j ≤ L − `m + 1). Hence the vector Slepian
harmonics corresponding to the expansion coefficients given by the eigenvectors can be written
as

V±mj(θ, φ) =

L∑

l=`m

v±lmjQ
±
lm(θ, φ). (3.58)
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It is important to note that the upper limit on j is only half of the upper limit on i of the
vector Slepian harmonics Umi(θ, φ). This is a consequence of the block-diagonality of the
concentration matrix of Eq. (3.56), because it enables us to clearly separate vector Slepian
harmonics with polarizations ê+ and ê−, respectively, whereas such a separation (on the
notational level) was not possible for vector Slepian harmonics Umi(θ, φ) in general (except
for the m = 0 case).

Furthermore, it also follows from Eq. (3.56) that each block Km actually occurs twice when
considering the eigenvalue problems of all orders together, so that v+

mj and v−−m,j are actually
eigenvectors of the same block Km, which implies that they have identical components. In this
respect, let us rather consider the eigenvalue problem of the individual blocks Km instead,

Km vm = ηm vm, (3.59)

with a general eigenvector written as

vm :=




v`m,m
...

v`m,L


 . (3.60)

Column-vector blocks v±mj of the individual eigenvectors of Eq. (3.56) can then be expressed
as v±mj = v±m,j , which can be written component-wise as v±lmj = vl,±m,j where vl,±m,j are the
components of the jth eigenvector vmj of Eq. (3.59).

Expansion (3.58) of vector Slepian harmonics V±mj(θ, φ) can thus be rewritten as

V±mj(θ, φ) =

L∑

l=`m

vl,±m,jQ
±
lm(θ, φ), (3.61)

or, by inserting formula (3.23) for Q±lm(θ, φ) (cf. Eq. (3.14)),

V±mj(θ, φ) =
L∑

l=`m

vl,±m,jFl,±m(cos θ)
exp(imφ)√

2π
ê±. (3.62)

Introducing the real scalar functions (and utilizing the substitution ξ = cos θ)

vmj(ξ) :=
L∑

l=`m

vlmjFlm(ξ), (3.63)

Eq. (3.62) can be reformulated as

V±mj(θ, φ) = v±m,j(cos θ)
exp(imφ)√

2π
ê±, (3.64)
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hence we have obtained vector Slepian harmonics V±mj(θ, φ) in a simple product form that is
somewhat similar to Eq. (2.67) of the scalar concentration problem. This is the main benefit
of having switched to the mixed vector spherical harmonics as basis functions.

To put in another way, we have just managed to reduce the vector concentration problem
within a spherical cap to the one-dimensional fixed-order scalar concentration problem of
maximizing the concentration ratio

ηm =

´ Θ
0 [vm(cos θ)]2 sin θ dθ´ π
0 [vm(cos θ)]2 sin θ dθ

=

´ 1
cos Θ[vm(ξ)]2 dξ´ 1
−1[vm(ξ)]2 dξ

, (3.65)

where bandlimited function vm(ξ) belongs to the subspace spanned by functions Flm(ξ) for
which l ≤ L. Note that in order to distinguish this newly obtained scalar concentration
problem from the original scalar problem considered in §2.5, I will henceforth refer to this
scalar problem as the vector-related scalar concentration problem and to its solutions vmj(ξ)
as vector-related scalar Slepian functions.

Instead of eigenvalue equation (3.59), which is solved for eigenvectors vm, we can directly
formulate an eigenvalue equation in terms of the functions vm(ξ), too, essentially following the
same procedure how Eq. (2.71) was constructed for functions um(ξ) in the scalar concentration
problem of §2.5. Therefore, we first write the eigenvalue equation (3.59) component-wise as

L∑

l′=`m

Km,ll′vl′m = ηm vlm, `m ≤ l ≤ L. (3.66)

Now let us multiply both sides by Flm(ξ) and sum over l:

L∑

l=`m

L∑

l′=`m

Km,ll′vl′mFlm(ξ) = ηm

L∑

l=`m

vlmFlm(ξ). (3.67)

The left-hand side can be rewritten as

L∑

l=`m

L∑

l′=`m

Km,ll′vl′mFlm(ξ)

=

L∑

l=`m

L∑

l′=`m

[ˆ 1

cos Θ
Flm(ξ′)Fl′m(ξ′) dξ′

]
vl′mFlm(ξ)

=

ˆ 1

cos Θ








L∑

l=`m

Flm(ξ)Flm(ξ′)




L∑

l′=`m

vl′mFl′m(ξ′)



dξ′.
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(a)

Umi Corresponding η

U1,1 9.99972521321837116× 10−1

U1,2 9.89047370809732040× 10−1

U1,3 9.77574532724008627× 10−1

U1,4 4.63544182057548881× 10−1

U1,5 3.59093011692327102× 10−1

U1,6 8.32568631362433711× 10−3

U1,7 4.59718629475971280× 10−3

U1,8 1.05803298639568166× 10−5

U1,9 4.29862194672182497× 10−6

U1,10 1.47162057617931958× 10−9

(b)

V±mj Corresponding η

V+
1,1 9.99972521321837116× 10−1

V+
1,2 9.77574532724008627× 10−1

V+
1,3 3.59093011692327102× 10−1

V+
1,4 4.59718629475971280× 10−3

V+
1,5 4.29862194672182497× 10−6

V−1,1 9.89047370809732040× 10−1

V−1,2 4.63544182057548881× 10−1

V−1,3 8.32568631362433711× 10−3

V−1,4 1.05803298639568166× 10−5

V−1,5 1.47162057617931958× 10−9

Table 3.1: Energy concentration ratios corresponding to vector Slepian functions (a) U1,i(θ, φ) (1 ≤
i ≤ 10) and (b) V±1,j(θ, φ) (1 ≤ j ≤ 5). The maximal degree is L = 5.

Equation (3.67) can thus be expressed as a Fredholm eigenvalue equation for a general function
vm(ξ) =

∑L
l=`m

vlmFlm(ξ), i.e.

ˆ 1

cos Θ
Km(ξ, ξ′) vm(ξ′) dξ′ = ηm vm(ξ), (3.68)

where the kernel function Km(ξ, ξ′) is defined as (cf. Eq. (2.72))

Km(ξ, ξ′) :=
L∑

l=`m

Flm(ξ)Flm(ξ′). (3.69)

This formulation of the eigenvalue problem will prove useful in the remaining part of the
chapter whenever we want to exploit analogies with the scalar concentration problem.

I will now give a mid-term summary on how to obtain solutions to the vector concentration
problem in the above formalism. First, one has to solve the eigenvalue problems (3.59) yielding
coefficients vlmj . These give rise to functions vmj(ξ) of Eq. (3.63), which are — at the same
time — the θ-dependent part of the vector solutions V±mj(θ, φ) of the concentration problem,
as shown by Eq. (3.64). By constructing the functions vmj(ξ), the vector Slepian harmonics
V±mj(θ, φ) are fully determined.

The reader may still ask, how are vector Slepian harmonics V±mj(θ, φ) of Eq. (3.64) con-
nected to vector Slepian harmonics Umi(θ, φ) of Eq. (3.14), introduced in the previous section.
The answer is different depending on whether we compare functions with m = 0 or not. Let
us discuss the latter case first.

If m 6= 0, the two sets of vector Slepian harmonics are essentially the same, as also
illustrated by a comparison of energy concentration ratios in Table 3.1. Why essentially?
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Because the expansion coefficients — which are obtained as components of eigenvectors —
are unique only up to a complex phase factor of unit magnitude (or a factor of ±1 in the
real case). Hence the value of a vector Slepian harmonic V±mj(θ, φ) may differ from the value
of the corresponding vector Slepian harmonic Umi(θ, φ) by a complex phase factor. Without
loss of generality, we can, however, assume henceforth that these complex phase factors have
been fixed in such a way that the values of corresponding Slepian harmonics V±mj(θ, φ) and
Umi(θ, φ) become equal.

In the m = 0 case, polarization is also different. This circumstance is discussed more
thoroughly in the next subsection.

3.4.2 The special case of m = 0

We have seen in §3.2.2 and §3.3.2, that the θ-dependence of both {Yl,0(θ, φ),Zl,0(θ, φ)} and
{Q+

l,0(θ, φ),Q−l,0(θ, φ)} are determined by the same functions, the normalized associated Leg-
endre functions P̄l,1 (as shown in Eqs. (3.16) and (3.36), respectively). In accordance with that
fact, we have also realized in §3.2.2 that the vector concentration problem for the m = 0 case
essentially reduces to the m = 1 case of the scalar concentration problem of §2.5. Regarding
the matrix elements K0,ll′ , we can express this fact — with help of Eqs. (3.35) and (3.54) — as

K0,ll′ =

ˆ 1

cos Θ
Fl,0(ξ)Fl′,0(ξ) dξ =

ˆ 1

cos Θ
P̄l,1(ξ)P̄l′,1(ξ) dξ = D0,ll′ . (3.70)

In other words, matrices K0 and D0 (and B1 of the scalar concentration problem of §2.5)
are identical. Therefore, exactly the same expansion coefficients are obtained for both the
vector Slepian harmonics U0,i(θ, φ) and the respective functions V±0,j(θ, φ). This means that
their θ-dependence is identical, while their polarizations differ: the former set includes θ̂- and
φ̂-polarized functions, while polarizations of the latter are ê+ = (θ̂ + i φ̂)/

√
2 and ê− =

(θ̂− i φ̂)/
√

2, respectively. This is the main reason — besides the differing indexing scheme —
why the sets of vector Slepian harmonics Umi(θ, φ) and V±mj(θ, φ) are not quite identical and
have thus been distinguished notationally.

3.4.3 Properties of the vector-related scalar Slepian functions

As also seen from Table 3.1, vector Slepian harmonics V±mj(θ, φ) exhibit the same concentration
properties as Umi(θ, φ). These however, can also be derived from corresponding relations of
the vector-related scalar Slepian functions vmj(ξ) (recall that these functions determine the
behavior of V±mj(θ, φ) in the θ-direction). Let us therefore briefly discuss the properties of
these scalar functions.

First of all, it follows from Eq. (3.54) that (L − `m + 1) × (L − `m + 1) matrices Km are
real and symmetric unlike the 2(L − `m + 1) × 2(L − `m + 1) concentration matrix of §3.2,
which was complex and Hermitian. Therefore, not only are the L− `m + 1 eigenvalues of Km
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always real but the associated eigenvectors vmj can be chosen to be real, too. Consequently,
vector-related scalar Slepian functions vmj(cos θ) are real-valued functions as well.

Enforcing orthonormality of the eigenvectors yields the relations

vTmjvmj′ = δjj′ , vTmjKmvmj′ = ηmjδjj′ , 1 ≤ j, j′ ≤ (L− `m + 1), (3.71)

which lead to the double orthogonality of vector-related scalar functions (cf. Eqs. (2.74)), i.e.

ˆ π

0
vmj(cos θ) vmj′(cos θ) sin θ dθ =

ˆ 1

−1
vmj(ξ) vmj′(ξ) dξ = δjj′ , (3.72a)

ˆ Θ

0
vmj(cos θ) vmj′(cos θ) sin θ dθ =

ˆ 1

cos Θ
vmj(ξ) vmj′(ξ) dξ = ηmj δjj′ . (3.72b)

These relations — together with Eqs. (2.54) and (3.26) — directly imply the double orthogo-
nality of vector Slepian harmonics V±mj(θ, φ), too:

¨
S2

V±∗mj(θ, φ) ·V±m′j′(θ, φ) dΩ = δmm′ δjj′ , (3.73a)
¨

S2
V±∗mj(θ, φ) ·V∓m′j′(θ, φ) dΩ = 0, (3.73b)

¨
Ω

V±∗mj(θ, φ) ·V±m′j′(θ, φ) dΩ = ηmj δmm′ δjj′ , (3.73c)
¨

Ω
V±∗mj(θ, φ) ·V∓m′j′(θ, φ) dΩ = 0. (3.73d)

Equations (3.73) are analogous to Eqs. (3.18) of vector Slepian harmonics Umi(θ, φ).
The eigenvalue spectra of blocks Km associated with the vector-related scalar concentration

problem are again step-like, just as those shown in Figs. 2.7 and 3.2. Let us therefore define
partial Shannon numbers, denoted by N ′S,m, as (cf. Eq. (2.76))

N ′S,m :=

L−`m+1∑

j=1

ηmj = TrKm =

ˆ 1

cos Θ
Km(ξ, ξ) dξ. (3.74)

Hence the Shannon number of the entire vector problem can be expressed as

NS = 2
L∑

m=−L
N ′S,m = 2

L∑

m=−L

L−|m|+1∑

j=1

ηmj = 2

ˆ 1

cos Θ

L∑

m=−L
Km(ξ, ξ) dξ, (3.75)

where the factor 2 takes into account that both ê+-polarized functions of order m and ê−-
polarized functions of order −m are connected to the eigenvalue problem of the same matrices
Km.

In the integrand of the last step of Eq. (3.75), we may insert definition (3.69) of Km(ξ, ξ′),
interchange the order of double summation and use addition theorem (3.49) of the functions
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Flm(ξ) as

L∑

m=−L
Km(ξ, ξ) =

L∑

m=−L

L∑

l=`m

[Flm(ξ)]2 =

L∑

l=1

{
l∑

m=−l

[Flm(ξ)]2

}
=

L∑

l=1

2l + 1

2
=
L(L+ 2)

2
.

Therefore, NS can be written as

NS = 2L(L+ 2)
AΩ

4π
,

as we have already seen in §3.2.3.
I have plotted a small number of vector-related scalar Slepian functions vmj(cos θ) in

Fig. 3.4, corresponding to different parts of the eigenvalue spectrum, for Θ = 60◦ and L = 20.
These are very similar to the functions umj(cos θ) of the scalar concentration problem (see
Fig. 2.8 of §2.5). However, unlike the scalar case, the best concentrated function is v1,1(cos θ)

with η1,1 = 1−6.4×10−18. Without going into a detailed analysis, the same conclusions can be
drawn as in the scalar case, i.e. the gap between 1 and η of well-concentrated Slepian functions
again closes roughly exponentially as L is increased. Therefore, solving the eigenvalue problem
of fixed-order concentration matrices presents the same numerical difficulties as discussed in
§2.5.3.

3.4.4 Concluding remarks

In this section, we have seen another formulation of the concentration problem for bandlimited
tangential vector fields on the sphere that superseded the approach of the previous section [J1]
and was originally published in Ref. [J5]. The significance of this formulation lies in yielding
vector Slepian harmonics in a simple product form and allowing to reduce the vector concen-
tration problem to a scalar one.

In fact, as we have seen, this scalar problem is very similar to the scalar concentration
problem of §2.5. By comparing Eqs. (3.54) and (3.63) with Eqs. (2.58) and (2.68) of §2.5,
we get the impression that the Sheppard–Török functions Flm(ξ) play the same role in the
scalar problem of this section as the normalized associated Legendre functions P̄lm(ξ) in the
original problem considered in §2.5. By further exploiting this analogy, we will even be able to
construct a commuting differential operator for the vector-related scalar problem, as presented
in the next section.

3.5 Solution based on a commuting differential operator

Having constructed the concentration integral operator (3.68) of the vector-related scalar prob-
lem of the previous section, we seek in this section a commuting Sturm–Liouville differential
operator Jm — similar to the Grünbaum operator Gm of §2.5 — that commutes with the
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Figure 3.4: Four eigenfunctions vmj(cos θ), j = 1, 3, 5, 7 of each order −2 ≤ m ≤ 2. The maximal
degree is L = 20 and Θ = 60◦. The black and gray curves mark the contributions of vmj(cos θ) to the
interior of the spherical cap (0 ≤ θ ≤ 60◦) and the rest of the sphere (60◦ < θ ≤ 180◦), respectively.
The labels in the upper right corner of each subplot show the eigenvalues ηmj which measure the
concentration within Ω.

concentration integral operator on the left-hand side of Eq. (3.68). Consequently, their ma-
trices in the Sheppard–Török basis, i.e. Jm and Km, respectively, commute under the matrix
multiplication, implying that they share the same set of eigenvectors7 [155, p. 315]. Since the
Sturm–Liouville character of Jm guarantees that Jm has a simple eigenvalue spectrum with
no such accumulation of the eigenvalues as in the case of Km [124][176, p. 724], this approach

7It is implicitly assumed that both Km and Jm are symmetric. We have already seen that Km is symmetric
because of Eq. (3.54), and we will see below that this is indeed true for Jm, too.
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would allow us to obtain the eigenvectors of Km in an alternative trouble-free way for all
possible orders m.

We follow the strategy of first making an ansatz on the commuting differential operator
Jm based on the analogy with the scalar concentration problem of §2.5, and then prove that
this operator indeed commutes with the concentration integral operator on the left-hand side
of Eq. (3.68).

3.5.1 The commuting differential operator of the vector-related scalar con-
centration problem

We have previously seen that the differential equation of the Sheppard–Török functions Flm(ξ)

contains the operator ∆S2,m (see Eq. (3.43)) whereas the differential equation of the normalized
associated Legendre functions P̄lm(ξ) contains the fixed-order scalar surface Laplacian ∇2

S2,m
(see Appendix B). We have also observed that the Grünbaum operator Gm of the scalar case
(see Eq. (2.81)), too, contains ∇2

S2,m. This raises the following question: could the commuting
differential operator Jm be constructed by simply exchanging ∇2

S2,m in Gm for ∆S2,m?
To find out, we thus make the following ansatz on Jm:

Jm := (cos Θ− cos θ)∆S2,m + sin θ
d

dθ
− L(L+ 2) cos θ, (3.76)

which can be expressed equivalently — with help of Eqs. (3.42) and (2.82) — as

Jm =
d

dξ

[
(cos Θ− ξ)(1− ξ2)

d

dξ

]
− L(L+ 2)ξ − (cos Θ− ξ)m

2 − 2mξ + 1

1− ξ2
. (3.77)

Our task now is to prove the following commutation relation (cf. Eq. (2.80)):

ˆ 1

cos Θ
Km(ξ, ξ′)

[
J ′m f(ξ′)

]
dξ′ = Jm

ˆ 1

cos Θ
Km(ξ, ξ′)f(ξ′) dξ′

=

ˆ 1

cos Θ
JmKm(ξ, ξ′)f(ξ′) dξ′ (3.78)

for any square-integrable scalar function f(ξ). This can be accomplished by following the same
strategy as in §2.5.4 (originating from Grünbaum et al. [133]), i.e. first proving the identity

ˆ 1

cos Θ
f1(ξ) [Jm f2(ξ)] dξ =

ˆ 1

cos Θ
[Jm f1(ξ)] f2(ξ) dξ, (3.79)

which holds for any two functions f1(ξ) and f2(ξ) that are nonsingular at the interval endpoints
(see C.3 for details). Therefore, the left-hand side of the commutation relation (3.78) can be
rewritten as ˆ 1

cos Θ
Km(ξ, ξ′)J ′m f(ξ′) dξ′ =

ˆ 1

cos Θ

[
J ′mKm(ξ, ξ′)

]
f(ξ′) dξ′. (3.80)
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Finally, one verifies that
JmKm(ξ, ξ′) = J ′mKm(ξ, ξ′). (3.81)

The proof of (3.81), like the proof of (3.79), closely resembles its counterpart from the scalar
concentration problem [124]. The key steps are the same, with the main difference that the as-
sociated Legendre functions are replaced by Flm(ξ) together with the corresponding identities.
The details can be found in C.4.

We have also seen in the previous sections that the m = 0 eigenvalue problem associated
with the vector concentration problem reduces to the m = 1 eigenvalue problem of the scalar
case. Therefore, operator J0 should thus also reflect this property. It can be verified upon
inserting m = 0 into Eq. (3.77) that J0 is indeed identical to G1 (see Eq. (2.83))!

Since Jm commutes with the integral operator of (3.68), the functions vm(ξ) satisfy the
eigenvalue equations of Jm that can be written as

Jmvm(ξ) = χmvm(ξ). (3.82)

3.5.2 The matrix of the commuting differential operator

Now we would like to obtain a matrix equation similar to Eq. (3.59) of Km. Therefore, we
substitute expansion vm(ξ) =

∑L
l′=`m

vl′mFl′m(ξ) into eigenvalue equation (3.82). After that
we multiply by Flm(ξ), integrate over −1 ≤ ξ ≤ 1, and invoke orthogonality relation (3.39) of
functions Flm(ξ). In this way, we arrive at the equation

L∑

l′=`m

Jm,ll′vl′m = χmvlm, `m ≤ l ≤ L, (3.83)

where

Jm,ll′ :=

ˆ 1

−1
Flm(ξ) [JmFl′m(ξ)] dξ. (3.84)

Similarly to Km, we can arrange Jm,ll′ into a matrix Jm as

Jm =




Jm,`m`m · · · Jm,`mL
...

. . .
...

Jm,L`m · · · Jm,LL


 . (3.85)
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However, the only nonzero matrix elements, as proven in §C.5 of Appendix C, are

Jm,ll = −l(l + 1) cos Θ +m

[
1− L(L+ 2) + 1

l(l + 1)

]
(3.86a)

Jm,l,l+1 = Jm,l+1,l =
[
l(l + 2)− L(L+ 2)

]
ζl+1,m

=
l(l + 2)− L(L+ 2)

l + 1

√
[(l + 1)2 − 1][(l + 1)2 −m2]

(2l + 1)(2l + 3)
, (3.86b)

hence Jm is real, symmetric and tridiagonal, just like Gm of the scalar case. The eigenvalue
equations (3.83) can thus be written as

Jmvm = χmvm, −L ≤ m ≤ L. (3.87)

1 129 880
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300
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NS
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Figure 3.5: Rank-ordered eigenvalue spectrum that includes the eigenvalues χm of all blocks Jm,
−L ≤ m ≤ L (each eigenvalue with a multiplicity of 2 due to the vector problem), for (a) Θ = 45◦,
(b) Θ = 60◦, and (c) Θ = 75◦, and L = 20. The vertical gridlines mark the corresponding Shannon
numbers NS (see Eq. (3.21)).

Similarly to the eigenvalue problem of the matrix Gm of the Grünbaum operator Gm, the
χ-spectrum of Jm does not exhibit an accumulation of eigenvalues either, as demonstrated by
Fig. 3.5. Therefore the eigenvectors vmj , which Jm share with Km, can be easily calculated
numerically by solving the eigenvalue problem of Jm.

3.5.3 Accuracy analysis

In order to demonstrate the numerical stability of the above approach, I conducted the fol-
lowing numerical experiment. First I calculated the eigenvectors vmj for m = 1, L = 20 and
Θ = 60◦ using high-precision arithmetic (with the relative error of each coefficient being less
than 10−23). Let vexact

1,j denote these vectors. Afterwards, I computed both matrices K1 and
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J1 in double precision and solved the eigenvalue problem using LAPACK8 to again yield the
eigenvectors. Let vK

1,j and vJ
1,j stand for these results, respectively.
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Figure 3.6: (a) Eigenvalue gaps (2.79) for K1 (circles) and J1 (squares). (b) Errors (3.88) of the
eigenvectors of K1 (circles) and J1 (squares). The half apex-angle of the spherical cap is Θ = 60◦; the
maximal degree is L = 20. The vertical grid-lines mark the partial Shannon number N ′S,1 of the m = 1

scalar eigenvalue problem associated with the vector concentration problem, while uDP ≈ 1.11×10−16

is the unit roundoff for double precision.

Figure 3.6(a) plots the eigenvalue gaps (see Eq.(2.79)) of eigenvalues η1,j and χ1,j , respec-
tively, where 1 ≤ j ≤ L. Figure 3.6(b) shows the errors9

δvK
1,j :=

∥∥vK
1,j − vexact

1,j

∥∥ and δvJ
1,j :=

∥∥vJ
1,j − vexact

1,j

∥∥ (3.88)

of the eigenvectors, where ‖v‖ :=
√
vTv. In Fig. 3.6(a), we clearly see the accumulation of

eigenvalues η1,j of K1 for both small and large values of j. The decrease in the eigenvalue
gap by many orders of magnitude is accompanied by a rapid increase in the error δvK

1,j , as
seen in Fig. 3.6(b). Therefore by naively feeding K1 into the eigenvalue solvers of LAPACK,
we failed to calculate the coefficients of well-concentrated eigenfunctions accurately; precisely
those that will play a major role later on in the approximation of functions localized to Ω.

On the other hand, Fig. 3.6(a) demonstrates that the eigenvalues χ1,j of J1 are well sepa-
rated, hence we can expect the accuracy of eigenvectors vJ

1,j to stay reasonably close to machine
precision. Indeed, the error is below 25uDP = 2.8 × 10−15 where uDP = 2−53 ≈ 1.11 × 10−16

denotes the unit roundoff for double precision (i.e. upper bound on the relative error due to
rounding in double precision floating-point arithmetic) [188, p. 3].

8Both the implicitly shifted QR algorithm and Cuppen’s divide-and-conquer algorithm were used via
the driver routines DSYEV and DSYEVD of LAPACK [172, p. 40], respectively, yielding practically identical
eigenvectors, with a maximal absolute element-wise difference of 5.6× 10−16.

9It is assumed here that the sign indeterminacy of eigenvectors has been fixed, e.g. by demanding that the
first element of both vectors be positive.
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We have seen that a naive calculation of the eigenvectors of matrix K1 ended in a failure
for L = 20. The reader may wonder at this point: how does the accuracy of vK

1,j deteriorate
when increasing L? For what range of L can we expect reasonably accurate results from this
approach? How does the error of vJ

1,j change when increasing L? Figure 3.7 gives an answer
to these questions for the special case Θ = 60◦ and m = 1.
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Figure 3.7: Maximum of the error (3.88) of the eigenvectors of K1 (circles) and J1 (squares) as a
function of the maximal degree L. The half apex-angle of the spherical cap is Θ = 60◦, the order is
m = 1. Quantity uDP ≈ 1.11× 10−16 is the unit roundoff for double precision.

We can observe in the figure that the maximal error of the eigenvectors of K1 (denoted by
max(δvK

1,j)) quickly reaches a plateau at L = 12. Consequently, we may say that for L > 10, the
eigenvectors with η ≈ 1 suffer a severe loss of accuracy, when they are calculated directly using
the double precision routines of LAPACK. On the other hand, max(δvJ

1,j) remains relatively
close to uDP for the entire range of L considered. Note that even for L = 200 (not shown
in the figure), max(δvJ

1,j) is merely 1550uDP = 1.7 × 10−13. These facts again underline the
superiority of the commuting differential operator approach for the numerical construction of
the vector Slepian harmonics V±mj(θ, φ).

3.5.4 Concluding remarks

We may summarize the advantages of the commuting differential operator approach over pre-
vious methods as follows: the elements (3.86) of the sparse tridiagonal matrices Jm are easy to
compute, therefore, these matrices provide a more cost-effective way to obtain the eigenvectors
than calculating the elements of the dense matrices Km and solving their eigenvalue problem.
Furthermore, this computational advantage is also paired with superior numerical stability.
In conclusion, the commuting differential operator approach presented in this section is the
method of choice for solving the vector-related scalar concentration problem, and based on
that, the concentration problem of bandlimited tangential vector fields within a spherical cap.



76 Chapter 3. The Slepian concentration problem for bandlimited tangential vector fields within a cap

Let us outline the current state-of-the-art process to construct the solutions to the vector
concentration problem. First we calculate the tridiagonal matrices Jm using formulas (3.86)
and then solve the corresponding eigenvalue problems (3.87) numerically. Each resulting eigen-
vector vmj then contains the expansion coefficients vlmj , `m ≤ l ≤ L of a vector-related scalar
Slepian function vmj(ξ). As previously stated in Eq. (3.64), these functions are then used as the
θ-dependent parts of the vector Slepian harmonics V±mj(θ, φ), which can thus be evaluated for
arbitrary arguments. The energy concentration ratios ηmj corresponding to vmj(cos θ) (and the
corresponding vector Slepian harmonics) can be calculated as either ηmj =

´ 1
cos Θ[vmj(ξ)]

2 dξ

or ηmj = vTmjKmvmj .

3.6 Summary

3.6.1 New scientific results

The main scientific results of this chapter are three solution methods for the concentration
problem of bandlimited tangential vector fields within a spherical cap. These methods represent
a process of evolution.

The first approach that was presented in §3.2 is perhaps the most obvious one as it adapts
the solution method for the scalar problem that was presented in §2.5. Namely, instead of con-
sidering scalar spherical harmonics Ylm(θ, φ), I constructed fixed-order concentration matrices
based on an expansion in terms of vector spherical harmonics {Ylm(θ, φ),Zlm(θ, φ)}. The
eigenvalue problem of these concentration matrices yielded eigenvectors that contained the
expansion coefficients of vector spherical harmonics Umi(θ, φ). I revealed the doubly orthogo-
nal property of these functions, examined their concentration properties, and — in connection
with that — I introduced partial and total Shannon numbers of the vector problem. Last but
not least, I demonstrated that the vector problem in the m = 0 case reduces (for each polar-
ization direction of θ̂ and φ̂) to the m = 1 case of the scalar concentration problem (that can
be calculated efficiently using the commuting differential operator approach of Grünbaum, as
shown in §2.5.4).

The second approach was presented in §3.4, and it is basically an enhanced version of the
first one. I switched from the vector spherical harmonics basis {Ylm(θ, φ),Zlm(θ, φ)} to the
mixed vector spherical harmonic basis {Q+

lm(θ, φ),Q−lm(θ, φ)}, which implied that the vector
concentration problem could be solved separately for two orthogonal vector components ê+

and ê−, and it reduced to a scalar one that involved the special functions Flm(cos θ) by Shep-
pard and Török. This approach yielded the vector-related scalar Slepian functions vmj(cos θ)

and vector spherical harmonics V±mj(θ, φ) that were shown to take a simple product form.
I briefly discussed the correspondence between functions Umi(θ, φ) and V±mj(θ, φ) and con-
cluded that they are largely identical (provided their phase is synchronized), save for the
special case of m = 0 where their state of polarization differs. Nevertheless, V±mj(θ, φ) are
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more useful because of their simple product form. Moreover, their state of polarization can be
deduced easily and is already reflected in their notation. Furthermore, I discussed important
properties of vector-related scalar Slepian functions vmj(cos θ) such as double orthogonality
and introduced a Fredholm integral equation (eigenvalue equation) whose solution are the
functions vmj(cos θ). The kernel function of the integral operator of this equation (which I call
concentration integral operator) led to a rigorous proof of the Shannon number introduced
previously in a heuristic way. Furthermore, in preparation to §3.5, I derived a number of rela-
tions involving the Sheppard–Török functions (its differential equation, recurrence relations,
an explicit expression for the case l = `m, a Christoffel–Darboux formula, and an addition
theorem) in §3.3. They allow for a numerically stable computation of these functions and are
used in the third method for solving the vector concentration problem.

The third method, presented in §3.5 relies on commuting differential operator Jm of the
vector-related scalar problem that I proposed by exploiting analogy with the scalar case.
This analogy was revealed with help of the formalism of the previous method. I proved that
the proposed operator commutes with the concentration integral operator of the above Fred-
holm equation. I also constructed the matrix Jm of the commuting differential operator and
demonstrated that by solving the eigenvalue problem of this matrix, the eigenvectors (i.e.
expansion coefficients of vmj(cos θ)) can be obtained in a simple and numerically stable way
using ordinary double precision arithmetic. This way, I avoided the numerical instability issues
associated with the previous two methods, which arose due to the heavy accumulation of the
eigenvalues (energy concentration ratios) near 0 and 1.

3.6.2 Reception and utilization of the results

It has to be noted that the utilization of the above results is not restricted to optical focus-
ing problems. In general, they can be useful to any approximation problem which assumes
tangential vector fields restricted to a spherical cap.

One area of physics where such problems arise is geophysics [134, 189]; in fact, the theory
and application of Slepian functions is actively researched in the geophysical community (see,
e.g., Refs. [124, 130, 134, 171, 180–182, 189–191]). Plattner and Simons who independently
solved the vector concentration problem in a more general way [180–182] (but very similarly to
Ref. [J1])10, praised the commuting differential operator approach of §3.5 (that was published

10“To the historians of science we like to mention that we discovered reference [79] only after concluding our
analysis, when completing our manuscript for submission” [182]. Reference [79] of the quotation is Ref. [J1] of
this thesis.
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in Ref. [J5]) later in a book chapter that appeared in the second edition of the Handbook of
Geomathematics [192, pp. 2564–2608]11.

Furthermore, paper [J5] has also been cited by Grünbaum and his colleagues [175, 193–
195], and Ventimiglia showed in his Master of Science thesis [196] — based on results from
paper [J5] — that Sheppard–Török functions are intimately connected to Heun’s polynomials.

The present thesis is centered around the optical application of the above results for high-
NA focal field calculation. The next chapter will therefore discuss this topic in detail.

11“As this chapter went to press, Jahn and Bokor (2014) reported the exciting discovery of a differential
operator that commutes with the tangential part of the concentration operator (55), and a tridiagonal matrix
formulation for the tangential vectorial concentration problem to axisymmetric domains. They achieve this
feat by a change of basis by which to reduce the vectorial problem to a scalar one that is separable in θ and φ,
using the special functions X ′lm±m(sin θ)−1Xlm (Sheppard and Török 1997). Hence they derive a commuting
differential operator and a corresponding spectral matrix for the concentration problem. By their approach, the
solutions to the fixed-order tangential concentration problem are again solutions to a Sturm–Liouville problem
with a very simple eigenvalue spectrum, and the calculations are always fast and stable, much as they are
for the radial problem which completes the construction of vectorial Slepian functions on the sphere.” [192,
p. 2583]. Note that Plattner and Simons use the notation Xlm(·) for normalized associated Legendre functions.



Chapter 4

The vector Slepian theory of focusing
and its applications

“The abstract mathematical theory has
an independent, if lonely, existence of its
own. But when a sufficient number of its
terms are given physical definitions, it
becomes a part of a vital organism
concerning itself at every instant with
matters full of human significance."

Oswald Veblen [197]

Having introduced the vector Slepian harmonics in the previous chapter, we now use these
to solve high-NA focusing problems. Since vector Slepian harmonics form an orthonormal basis
and may be constructed in such a way that a subset of them is localized to the spherical cap
Ω of the Debye–Wolf theory of focusing, they lend themselves to approximating plane-wave
amplitudes Ẽ(θs, φs) of focal fields.

However, the plane-wave amplitude distribution of the focal field is an abstract concept
that is also somewhat difficult to visualize properly, since it is defined on a curved surface (the
unit sphere of propagation directions), to which it is tangential. In contrast, the corresponding
incident field distribution over the entrance pupil — that can be obtained by performing the
polarization ray tracing procedure of §2.2.2 backwards — is more tractable due to its fully
two-dimensional nature. The first section of this chapter, §4.1 is devoted to the description of
well-concentrated vector Slepian harmonics through their associated incident fields.

In order to characterize general focal fields, we also have to introduce focal fields corre-
sponding the plane-wave amplitudes represented by the vector Slepian harmonics. These focal
fields — called vector Slepian multipole fields — are discussed in §4.2, and constitute, together
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with the vector Slepian harmonics, the building blocks of the vector Slepian theory of focusing
presented in this chapter.

In the last two sections, §4.3 and §4.4, the theory is used to solve forward and inverse
focusing problems. In connection with forward problems, the convergence properties of vec-
tor Slepian harmonic and multipole field representations will be examined and compared to
the original vector spherical harmonic and multipole field representations of §2.4. Regarding
inverse problems, special emphasis is placed on the solution of such problems where only the
focal intensity distribution is known in advance. In both §4.3 and §4.4, the general descrip-
tion of the solution method is accompanied by several numerical examples that justify the
usefulness of the presented focusing theory and demonstrate its versatility.

Last but not least, a few words have to be said about the choice of basis functions. In
the previous chapter, we have obtained two kinds of vector Slepian harmonics: Umi(θ, φ) and
V±mj(θ, φ). We have seen that these two sets of functions are essentially identical for m 6= 0,
while for m = 0, they differ in polarization. We have also seen that vector Slepian harmonics
V±mj(θ, φ) are easier to use because — unlike variants Umi(θ, φ) — their polarization can be
immediately deduced from their notation. For clarity, vector Slepian harmonics V±mj(θ, φ) are
therefore favored in this chapter for presenting the vector Slepian theory of focusing and the
related numerical examples. It must be noted, however, that it was vector Slepian harmonics
Umi(θ, φ) that were originally used to present these examples in Refs. [J1, J3, J4]. Yet, since
V±mj(θ, φ) are at most simple linear combinations of Umi(θ, φ) (for m = 0) and their concen-
tration properties are completely identical, V±mj(θ, φ) behave exactly the same way from the
viewpoint of applications as their predecessors, Umi(θ, φ). In summary, the theory presented
in this chapter is equivalent to that published in papers [J1, J3, J4].

4.1 Incident fields corresponding to vector Slepian harmonics

In the context of focusing, vector Slepian harmonics serve as a basis for plane-wave amplitudes
to focal fields. Let us restrict ourselves to well-concentrated vector Slepian harmonics that
generate directed focal fields. Such focal field can thus be realized by our focusing system with
limited Θ.

Instead of examining the vector Slepian harmonics on the sphere, we may then take a look
at the corresponding two-dimensional incident fields that can be obtained by performing the
vectorial ray tracing procedure of §2.2.2 backwards, as already mentioned at the beginning of
the chapter. Such a point of view will also allow us to easily relate the polarization states of
vector Slepian harmonics to common beam polarizations (such as linear, circular, etc.).
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Back-projection to the entrance pupil formally means inverting Eq. (2.10), i.e. evaluating

[
EEP,x

EEP,y

]
=

1

a(θs)

[
cos θs cos2 φs + sin2 φs (cos θs − 1) sinφs cosφs − sin θs cosφs

(cos θs − 1) sinφs cosφs cos θs sin2 φs + cos2 φs − sin θs sinφs

]

EFS,x

EFS,y

EFS,z


 , (4.1)

where EFS(θs, φs) is related to the plane-wave amplitude Ẽ(θs, φ) as described in Eq. (2.12).
The incident field corresponding to a particular well-concentrated vector Slepian harmonic
can thus be obtained by replacing Ẽ in these formulas with the vector function of the Slepian
harmonic under consideration. For explanatory purposes, however, we will obtain the input
polarization state in a more elementary way as described below.

In preparation to that, recall that — according to Eq. (3.64) — vector Slepian harmonics
V±mj(θs, φs) can be expressed in a product form where their behavior in the θs-direction is
described by real scalar functions v±m,j(cos θs), their azimuthal behavior by complex expo-
nentials exp(imφs), and their polarization by unit vectors1 ê±,s.

In order to study the polarization state of the incident field, we may use — instead of
the above matrix formalism — the substitutions φs ⇒ φe + π, θ̂s ⇒ −ρ̂e, and φ̂s ⇒ −φ̂e

from §2.2.2, where ρ̂e and φ̂e are radial and azimuthal unit vectors in the entrance pupil
plane, respectively. Unit vectors ê+,s and ê−,s thus turn into −(ρ̂e + iφ̂e)/

√
2 and −(ρ̂e −

iφ̂e)/
√

2, respectively, while the helical phase factor exp(imφs) becomes exp[im(φe + π)] =

(−1)m exp(imφe). Transformation of part exp(imφs)ê±,s of vector Slepian harmonics can be
described as

exp(imφs)ê±,s ⇒ (−1)m+1 exp[i(m∓ 1)φe]
x̂± iŷ√

2
, (4.2)

hence the corresponding field at the entrance pupil is circularly polarized and modulated by
an m-dependent helical phase factor.

Polarizations for −2 ≤ m ≤ 2 are listed explicitly in Table 4.1 and illustrated in Fig. 4.1.
Strictly speaking, the figure displays the polarization state of the most-concentrated vector
Slepian harmonic with j = 1. Namely, as it has also been shown in Fig. 3.4, real-valued
scalar functions vmj(cos θs) oscillate with θs, taking both positive and negative values, hence
the entrance pupil field has an annular structure, where EEP points in either the direction
displayed in the figure or the opposite one, depending on the sign of vmj(cos θs) for the annulus
considered.

The annular structure can also be observed in the (rotationally symmetric) intensity pat-
terns of the incident fields that are depicted in Fig. 4.2. There are as many bright rings as
the value of j and the radius of the outermost bright ring increases with j (this circumstance
is accompanied by a decreasing energy concentration ratio ηmj of the corresponding vector
Slepian harmonic V±mj(θs, φs)). We also see that the incident field of the best concentrated

1The “s” subscript on the unit vectors reminds us that they now depend on the plane-wave direction angles
θs and φs.
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m = −2: exp(−2iφs)ê+,s ⇒ − exp(−3iφe)(x̂ + iŷ)/
√

2

exp(−2iφs)ê−,s ⇒ − exp(−iφe)(x̂− iŷ)/
√

2

m = −1: exp(−iφs)ê+,s ⇒ exp(−2iφe)(x̂ + iŷ)/
√

2

exp(−iφs)ê−,s ⇒ (x̂− iŷ)/
√

2

m = 0: ê+,s ⇒ − exp(−iφe)(x̂ + iŷ)/
√

2

ê−,s ⇒ − exp(iφe)(x̂− iŷ)/
√

2

m = 1: exp(iφs)ê+,s ⇒ (x̂ + iŷ)/
√

2

exp(iφs)ê−,s ⇒ exp(2iφe)(x̂− iŷ)/
√

2

m = 2: exp(2iφs)ê+,s ⇒ − exp(iφe)(x̂ + iŷ)/
√

2

exp(2iφs)ê−,s ⇒ − exp(3iφe)(x̂− iŷ)/
√

2

Table 4.1: Transformation of the helical phase factor and the polarization unit vector of the vector
Slepian harmonics V±mj(θs, φs) of various orders m, as they are projected back from the sphere of
plane-wave directions to the entrance pupil.

Slepian harmonic with j = 1 is practically negligible in the vicinity of the edge of the entrance
pupil, which is covered by Slepian harmonics with higher values of j. These latter functions
are therefore important from the viewpoint of vectorial (high-NA) focusing phenomena2 that
become more pronounced for larger values of θs (or, equivalently, larger values of ρe).

Regarding the intensity distribution of the incident fields of Fig. 4.2, it is also worth noting
that only the circularly polarized incident fields of V+

1,j(θs, φs) and V−−1,j(θs, φs) are nonzero
at the center of the entrance pupil. The incident fields corresponding to other vector Slepian
harmonics vanish there, in accordance with their helical (“vortex”) phase factor.

By carefully examining Table 4.1 and Fig. 4.1, describing polarization states at the entrance
pupil for a relatively small range of m, we may notice that they are sufficient to describe quite
a few commonly used input polarization states. In particular, the following significant beam

2See §1.2.2 of the Introduction.
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Figure 4.1: Illustrating the time evolution of the instantaneous polarization at the entrance pupil,
for the incident fields corresponding to V±m,1(θs, φs) (−2 ≤ m ≤ 2). T = 2π/ω is the time period. The
visualization scheme was inspired by Fig. 2 of Ref. [99].
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Figure 4.2: Intensity distributions at the entrance pupil corresponding to well-concentrated vector
Slepian harmonics V±mj(θs, φs), for which −2 ≤ m ≤ 2 and 1 ≤ j ≤ 5. Back-projection was performed
assuming an aplanatic focusing system with Θ = 60◦. The edge of each subfigure corresponds to the
radius of the entrance pupil, and each intensity distribution is normalized to its own maximal value.
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types can be identified:

Vrad
j :=

1√
2

(
V+

0,j + V−0,j

)
=

L∑

l=1

vl,0,j
1√
2

(
Q+
l,0 + Q−l,0

)
, (4.3a)

Vazi
j :=

−i√
2

(
V+

0,j −V−0,j

)
=

L∑

l=1

vl,0,j
−i√

2

(
Q+
l,0 −Q−l,0

)
, (4.3b)

VLCP
j := V+

1,j =
L∑

l=1

vl,1,j Q+
l,1, (4.3c)

VRCP
j := V−−1,j =

L∑

l=1

vl,1,j Q−l,−1, (4.3d)

VLPx
j :=

1√
2

(
V+

1,j + V−−1,j

)
=

L∑

l=1

vl,1,j
1√
2

(
Q+
l,1 + Q−l,−1

)
, (4.3e)

VLPy
j :=

−i√
2

(
V+

1,j −V−−1,j

)
=

L∑

l=1

vl,1,j
−i√

2

(
Q+
l,1 −Q−l,−1

)
, (4.3f)

VLCV
j := V+

2,j =
L∑

l=2

vl,2,j Q+
l,2, (4.3g)

VRCV
j := V−−2,j =

L∑

l=2

vl,2,j Q−l,−2, (4.3h)

where the superscripts refer to the polarization of the corresponding incident field and not
to the polarization state of the vector function itself (that is tangential to the sphere)! Func-
tions (4.3a) to (4.3f) correspond to the following input polarization states: radial, azimuthal,
left and right circular, and x- and y-directed linear polarizations. Finally, the input beams cor-
responding to the last two functions, (4.3g) and (4.3h), are circularly polarized “vortex” ones
with a helical phase exp(iφe) and exp(−iφe), respectively. Note that first-order Laguerre–
Gaussian beams with appropriate circular polarization exhibit the same polarization pat-
tern [99, 198]. Such beams are used as depletion (erase) beams in two-dimensional fluorescence
depletion microscopy [53, 99, 199], because — similarly to azimuthally polarized beams — they
yield a “doughnut-shaped” focal spot with zero intensity at its center (we will examine focal
fields in the next section).

Finally, it is important to note that vector functions Vrad
j (θs, φs) and Vazi

j (θs, φs) together
form a set that is identical to the set of original m = 0 vector Slepian harmonics U0i(θs, φs).
Namely, U0i(θs, φs) are either polarized in the θ̂s or the φ̂s directions (see §3.2.2 and §3.4.2)
that correspond to radially and azimuthally polarized incident fields, respectively.
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4.2 Vector Slepian multipole fields

Thinking of vector Slepian harmonics as plane-wave amplitudes, we can not only construct
the corresponding incident fields, but the associated focal fields, too. I call these latter fields
vector Slepian multipole fields, and they can be defined formally with help of Whittaker’s (2.47)
formula, since vector Slepian harmonics are linear combinations of (mixed) vector spherical
harmonics.

Specifically, vector Slepian multipole fields Φmi(r) corresponding to Umi(θs, φs) are thus
defined as

Φmi(r) :=

¨
S2

Umi(θs, φs) exp(ik ŝ · r) dΩs, (4.4)

while vector Slepian multipole fields associated with V±mj(θs, φs) as

Ψ±mj(r) :=

¨
S2

V±mj(θs, φs) exp(ik ŝ · r) dΩs. (4.5)

The vector Slepian theory of focusing was formulated initially in Refs. [J1, J3, J4] using
functions Φmi(r), however, in the current streamlined presentation of the theory, vector Slepian
multipole fields Ψ±mj(r) are favored instead. Analogously to vector Slepian harmonics, the set
{Ψ±mj(r)} for a fixed value of m is essentially identical to the set {Φmi(r)} if m 6= 0. If
m = 0, they are different due to the different polarization of the corresponding vector Slepian
harmonics (but still related through a linear transformation).

With help of vector multipole fields, vector Slepian multipole fields can also be expressed
in a form that is more useful for computations. For Φmi(r), this representation reads (cf. (3.14)
of Umi(θs, φs)):

Φmi(r) =

L∑

l=`m

[
uI
lmiMlm(r) + uII

lmiNlm(r)
]
, (4.6)

where uI,II
lmi are the expansion coefficients of Umi(θs, φs) obtained by solving the Slepian con-

centration problem described in §3.2. Similarly, fields Ψ±mj(r) can also be written as a linear
combination of Mlm(r) and Nlm(r) if we transform their coefficients, v±lmj (which are the
coefficients of vector Slepian harmonics V±mj(θs, φs)), using Eqs. (3.31).

Alternatively, we may introduce the mixed vector multipole fields

T+
lm(r) :=

1√
2

[Mlm(r) + i Nlm(r)] =

¨
S2

Q+
lm(θs, φs) exp(ik ŝ · r) dΩs (4.7a)

T−lm(r) :=
(−1)m+1

√
2

[Mlm(r)− i Nlm(r)] =

¨
S2

Q−lm(θs, φs) exp(ik ŝ · r) dΩs (4.7b)
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Figure 4.3: Illustrating interrelations between the vector functions occuring in the vector Slepian
theory of focusing.

analogously to the mixed vector spherical harmonics (3.22), and use these focal fields to express
Ψ±mj(r) as (cf. Eqs. (3.58) and (3.61))

Ψ±mj(r) =

L∑

l=`m

v±lmjT
±
lm(r) =

L∑

l=`m

vl,±m,jT
±
lm(r), (4.8)

Vector Slepian multipole fields Ψ±mj(r) can be computed in a straightforward way with help of
expressions (D.1) for T±lm(r) that are included in §D.1 of Appendix D and contain the mixed
vector spherical harmonics Q±lm(θr, φr).

While the introduction of the mixed vector multipole fields is a logical move, together
with the newly introduced vector Slepian multipole fields, there are already eight kinds of
vector functions used, which may be confusing. Therefore, Fig. 4.3 tries to somewhat clarify
the relations between them.

Figure 4.4 illustrates the intensity distributions of focal fields Ψ±mj(r) corresponding to
vector Slepian harmonics V±mj(θs, φs) with −2 ≤ m ≤ 2 and 1 ≤ j ≤ 5. Being rotationally
symmetric about the z-axis, only the meridional cross section (in the yz-plane) is shown in
the figure. The focal intensity distributions depicted are precisely those that correspond to
the incident fields illustrated in Fig. 4.2.

Firstly, if we compare all the subfigures with similar illustrations of the vector multipole
fields (see Fig. 2.5), we can see the directional character of the distributions

∣∣Ψ±mj(r)
∣∣2 that

was specified in the Introduction as one goal to be achieved. Similarly to how vector spherical
harmonics represent both the plane-wave amplitudes and the far-field of vector multipole
fields (see §2.4), V±mj(θ, φ) also determine both the plane-wave amplitudes and the far-field
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Figure 4.4: Intensity distributions
∣∣Ψ±mj(0, y, z)

∣∣2 of vector Slepian multipole fields with −2 ≤ m ≤ 2
and 1 ≤ j ≤ 5. Note that the distributions are rotationally symmetric with respect to the z-axis and
each intensity distribution is normalized to its own maximal value.
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of vector Slepian multipole fields Ψ±mj(r). Hence the directionality of Ψ±mj(r) stems from the
fact that vector Slepian harmonics V±mj(θ, φ) are concentrated to Ω (see Fig. 3.4 that depicted
vmj(cos θ), i.e. the scalar functions that determine the behavior of vector Slepian harmonics
with respect to the polar angle θ as described in Eq. (3.64)).

Secondly, we can also observe in Fig. 4.4 (and it can also be proven rigorously) that only
fields Ψ±0,j(r), Ψ+

1,j(r), and Ψ−−1,j(r) are nonzero along the optical (z-) axis. This fact may be
important when deciding which subset of vector Slepian harmonics to include in the solution
of a problem. In addition, we can see that the main lobe (the central spot) becomes narrower
laterally for increasing values of j. This phenomenon is in accordance with our observation
regarding the intensity distributions of the incident fields in Fig. 4.2. Namely, the incident
fields with small j have basically a smaller “effective aperture” (a lower “effective NA”), which
implies that — according to the Introduction — their lateral focal spot size is also higher. This
property can be seen when comparing, for instance,the first and last columns of Fig. 4.4.

In addition to Ψ±mj(r), we may also introduce the focal fields corresponding to the special
vector Slepian harmonics combinations (4.3) as (cf. Eqs. (4.3))

Ψrad
j :=

1√
2

(
Ψ+

0,j + Ψ−0,j

)
=

L∑

l=1

vl,0,j
1√
2

(
T+
l,0 + T−l,0

)
, (4.9a)

Ψazi
j :=

−i√
2

(
Ψ+

0,j −Ψ−0,j

)
=

L∑

l=1

vl,0,j
−i√

2

(
T+
l,0 −T−l,0

)
, (4.9b)

ΨLCP
j := Ψ+

1,j =
L∑

l=1

vl,1,j T+
l,1, (4.9c)

ΨRCP
j := Ψ−−1,j =

L∑

l=1

vl,1,j T−l,−1, (4.9d)

ΨLPx
j :=

1√
2

(
Ψ+

1,j + Ψ−−1,j

)
=

L∑

l=1

vl,1,j
1√
2

(
T+
l,1 + T−l,−1

)
, (4.9e)

ΨLPy
j :=

−i√
2

(
Ψ+

1,j −Ψ−−1,j

)
=

L∑

l=1

vl,1,j
−i√

2

(
T+
l,1 −T−l,−1

)
, (4.9f)

ΨLCV
j := Ψ+

2,j =
L∑

l=2

vl,2,j T+
l,2, (4.9g)

ΨRCV
j := Ψ−−2,j =

L∑

l=2

vl,2,j T−l,−2, (4.9h)

It is again important to note that vector functions Ψrad
j (r) and Ψazi

j (r) together form a
set that is identical to the set of m = 0 vector Slepian multipole fields Φ0,i(r). Corresponding
to a radially polarized incident field, functions Ψrad

j (r) are axially (z-) polarized along the
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optical axis, while Ψazi
j (r) vanish there identically (recall the explanatory figure 1.4 of the

Introduction). Similarly, one could also examine the behavior of ΨLCP
j (r), ΨRCP

j (r), ΨLPx
j (r),

and ΨLPy
j (r) along the z-axis, and would find that they have preserved the polarization of

their corresponding incident field.
Now that all elements (fundamental incident fields, plane-wave amplitude functions, and

focal fields) of the vector Slepian theory are defined, we may proceed to solving actual forward
and inverse focusing problems with their help, which is the topic of the next two sections.

4.3 Solution of forward focusing problems

In the following, we apply the vector Slepian harmonics V±mj(θs, φs) and multipole fields
Ψ±mj(r) to forward focusing problems, i.e. when an approximation of the plane-wave am-
plitudes in terms of V±mj(θs, φs) is known and we would like to obtain the corresponding focal
field.

4.3.1 General solution scheme

In general, the vector Slepian harmonic approximation Ẽ
Slep

(θs, φs) to known plane-wave
amplitudes Ẽ(θs, φs) can be written as

Ẽ
Slep

(θs, φs) =
∑

m

jmax,m∑

j=1

[
c+
mjV

+
mj(θs, φs) + c−mjV

−
mj(θs, φs)

]
. (4.10)

Based on a priori information about the incident field, we may use selected orders m only,
or include only one of the two polarization states (“+” or “–”). Alternatively, if applicable, we
may use one of the specialized functions (4.3a)–(4.3h) instead, but for the sake of generality,
we assume in this subsection the general form (4.10). The maximal number of terms for each
order, jmax,m, may depend on the order m because the cut-off of the energy concentration
spectrum of vector Slepian harmonics also depends on m. As a rule of thumb, jmax,m should
be chosen to be close to the corresponding partial Shannon number3.

How to obtain the coefficients c±mj depends on the actual problem, whether it is straightfor-
ward focal field calculation for a given illumination, a fitting problem or some other optimiza-
tion one. In this thesis, we will only consider the first case where the incident field EEP(ρe, φe)

over the entrance pupil is given (in the geometrical optics approximation). Next we immedi-
ately construct the corresponding plane-wave amplitudes Ẽ(θs, φs) with help of relations (2.10)
and (2.12).

A straightforward approach to obtain the expansion coefficients c±mj is to exploit the or-
thonormality of vector Slepian harmonics over S2 (see Eqs. (3.73a) and (3.73b)), and use the

3Note that regarding the exact value of the jmax,m, there is a trade-off between energy leakage of the vector
Slepian harmonic approximations outside Ω and the approximation accuracy.
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relation
c±mj =

¨
S2

V±∗mj(θs, φs) · Ẽ(θs, φs) dΩs. (4.11)

Then, based on the Whittaker representation (4.5), we can express the vector Slepian multipole
field approximation ESlep(r) to the (exact) focal field E(r) as

ESlep(r) =
∑

m

jmax,m∑

j=1

[
c+
mjΨ

+
mj(r) + c−mjΨ

−
mj(r)

]
. (4.12)

According to Eq. (3.61), V±mj(θs, φs) themselves are a linear combination of mixed vector
spherical harmonics Q±lm(θs, φs), hence we may write

Ẽ
Slep

(θs, φs) ≈
jmax,m∑

j=1

[
c+
mjV

+
mj(θs, φs) + c−mjV

−
mj(θs, φs)

]

=

jmax,m∑

j=1

L∑

l=`m

[
c+
mjvlmj Q+

lm(θs, φs) + c−mjvl,−m,j Q−lm(θs, φs)
]

=
L∑

l=`m

[
a+
lm Q+

lm(θs, φs) + a−lm Q−lm(θs, φs)
]
, (4.13)

where

a±lm =

jmax,m∑

j=1

vl,±m,jc
±
mj . (4.14)

Therefore, coefficients c±mj may alternatively be obtained by first expanding Ẽ(θs, φs) in terms
of Q±lm(θs, φs) with help of the relation a±lm =

˜
S2 Q±∗mj(θs, φs) · Ẽ(θs, φs) dΩs, and then solving

the linear system (4.14) for c±mj
4. This approach may be computationally cheaper than the

former one, since evaluating the vector Slepian harmonics inside the integrals (4.11) requires
a summation of a mixed vector spherical harmonic series anyway.

4.3.2 Numerical results and discussion

We now examine the behavior of the vector Slepian approximations for a few selected forward
focusing problems. Specifically, we consider the following three incident fields: a homogeneously
illuminated entrance pupil with a left circularly polarized field, a Gaussian beam with linear

4In §3.4, coefficients vlmj were elements of the eigenvectors vmj of the symmetric matrices Km. Real column
eigenvectors vmj themselves form an orthogonal transformation matrix, a submatrix of which appears in the
matrix form of Eq. (4.14). Exploiting the orthogonal property of the original “eigenvector matrix” simplifies
the solution of Eq. (4.14).



92 Chapter 4. The vector Slepian theory of focusing and its applications

y-polarization, and a radially polarized “hollow” beam that is constructed as a superposition
of x-polarized HG10 and y-polarized HG01 Hermite–Gaussian modes [50]5.

The incident fields can be written as

ELCP
EP (ρe, φe) := E0

x̂ + i ŷ√
2

, (4.15a)

ELPy
EP (ρe, φe) := E0 exp

[
−
(
ρe

w0

)2
]

ŷ, (4.15b)

Erad
EP(ρe, φe) := E0

(
ρe

w1

)
exp

[
−
(
ρe

w1

)2
]
ρ̂e, (4.15c)

where 0 ≤ ρe ≤ Re (Re being the entrance pupil radius), w0 = 0.93198Re, and w1 = 0.71706Re,
so that approximately 90% of the total power of the incident beams falls over the entrance
pupil. The constant factor E0 is only present to make the expressions dimensionally correct,
however, since all results will be normalized, its actual value is not important6. The focusing
system was aplanatic, with Θ = 60◦ (corresponding to NA = 0.866).

Since the polarization of the above incident fields is known explicitly, instead of the general
expressions (4.10) and (4.12), I used functions VLCP

j (θs, φs), VLPy
j (θs, φs), Vrad

j (θs, φs) (see
Eqs. (4.3c), (4.3f) and (4.3a)) as well as ΨLCP

j (r), ΨLPy
j (r), Ψrad

j (r) (see Eqs. (4.9c), (4.9f)
and (4.9a)), respectively. Values of L considered were 20, 40, and 60. I also constructed a mixed
vector spherical harmonic approximation of the plane-wave amplitudes using these bandlimits.

Let us first compare the normalized L2-approximation errors of the vector Slepian harmonic
and multipole field series of jmax terms with the errors of the mixed vector spherical harmonic
and multipole field approximations of bandlimit L, respectively. The normalized L2-errors
with respect to the plane-wave amplitudes and the field in the focal plane are defined as

ε̃(jmax) :=

˜
S2
∣∣ẼSlep

(θs, φs; jmax)− Ẽ(θs, φs)
∣∣2 dΩs˜

S2
∣∣Ẽ(θs, φs)

∣∣2 dΩs

, (4.16)

ε(jmax) :=

˜
A
∣∣ESlep(x, y, 0; jmax)−E(x, y, 0)

∣∣2 dx dy˜
A
∣∣E(x, y, 0)

∣∣2 dx dy
, (4.17)

respectively, where Ẽ(θs, φs) and E(x, y, 0) denote the exact values (the latter ob-
tained numerically by high-precision Debye–Wolf integration7), and Ẽ

Slep
(θs, φs; jmax) and

ESlep(x, y, 0; jmax) stand for the Slepian approximations that include jmax terms, respectively.
In the integrals of Eq. (4.17), A refers to a square region of side-lengths 20λ, with the focal

5In Ref. [J1], only the last two problems are discussed. The first one is included here to increase the variety
of input polarizations considered and to illustrate the effect of a large intensity drop (cut-off) at the edge of
the angular aperture, i.e. θs = Θ.

6In the numerical simulations, E0 was chosen simply as 1 V/m.
7The Debye–Wolf integral was evaluated with both an absolute and relative precision of O(103 uDP) =

O(10−13).
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point at its center. The results are shown in Figs. 4.5 and 4.6, respectively, for a bandlimit L
of 20, 40, and 60.

In these figures, the horizontal gray lines indicate the approximation errors of the
mixed vector spherical harmonic and multipole field approximations denoted by ε̃VSH(L) and
εVMF(L), respectively. In addition, the vertical dashed lines mark the corresponding partial
Shannon numbers. As more terms are included in the vector Slepian approximations (jmax

is increased), the approximation errors reach the level of ε̃VSH(L) and εVMF(L), respectively,
when jmax is roughly equal to the partial Shannon number of the particular concentration
problem, i.e. N ′S,1 for the cases (a) and (b), and N ′S,0 for case (c). Examining the figures
carefully, N ′S,m + 2 seems a reasonable (and cautious) choice for jmax for all cases considered.
Since N ′S,m + 2 is significantly smaller than the total number of terms of the vector spheri-
cal harmonic and multipole field series, in this case equal to L, we can conclude that vector
Slepian harmonics and multipole fields indeed allow for a more economic representation of
the plane-wave amplitudes and focal fields than the vector spherical harmonics and multipole
fields, regarding the number of terms needed8.

We can also observe in Fig. 4.5 that ε̃VSH(L) decreases slowly as L is increased9. The reason
for that is our attempt to perform harmonic approximation on a discontinuous function, a
situation that has been thoroughly studied in Fourier analysis [155, p. 951][200, p. 21]. We
also know from the theory of Fourier series that in the vicinity of the discontinuity, oscillations
appear, which is known as Gibbs’ phenomenon. Such oscillations can also be observed in
vector spherical harmonic approximations of piecewise discontinuous vector functions, as it
has already been mentioned briefly in §2.4.6, and the anomaly carries over to the vector Slepian
harmonic approximation, too. An illustration of the phenomenon is given in Fig. 4.7. As seen,
oscillations are more pronounced for case (a) where the discontinuity at the edge of the pupil
(and the angular aperture) is relatively large.

While the plane-wave amplitude approximations have been shown to suffer from oscilla-
tions, the significantly better approximation error levels of Fig. 4.6 suggest that these oscil-
lations might not spoil the approximation of the focal field though. In fact, if we plot the
intensity distributions in the vicinity of the focal point, (1) as given by high-precision Debye–
Wolf integration and (2) also by evaluating our vector Slepian multipole field approximation,
these intensity distributions cannot be distinguished visually on a linear magnitude scale for
the examples considered in this subsection (as illustrated for L = 20 in Fig. 4.8). Therefore,
let us plot the normalized point-wise approximation error

∣∣ESlep(r)−E(r)
∣∣2/max |E(r)|2 on

a logarithmic scale. Figure 4.9 shows this point-wise error in the yz meriodional plane for each
incident field and value of L considered (jmax = N ′S,m + 2).

8When counting the number of terms, it is assumed that vector spherical harmonics and multipole fields
themselves have been combined similarly to Eqs. (4.15a)–(4.15c).

9Detailed numerical investigations suggest an algebraic rate of convergence, i.e. that ε̃VSH(L) decays as
O(1/L).
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Figure 4.5: Normalized L2-approximation error ε̃(jmax) of the vector Slepian harmonic approximation
of the plane-wave amplitudes, corresponding to incident fields (a) Eq. (4.15a), (b) Eq. (4.15b), and
(c) Eq. (4.15c). The gray horizontal lines mark ε̃VSH(L), i.e. the analogous L2-error of a mixed vector
spherical harmonic approximation with bandlimit L. The vertical dashed lines mark the corresponding
partial Shannon numbers (3.74), i.e. (a)–(b) N ′S,1 and (c) N ′S,0.
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Figure 4.6: Normalized L2-approximation error ε(jmax) of the vector Slepian multipole field approx-
imation of the field in the focal plane, corresponding to incident fields (a) Eq. (4.15a), (b) Eq. (4.15b),
and (c) Eq. (4.15c). The gray horizontal lines mark εVMF(L), the analogous L2-error of a mixed vector
multipole field approximation with bandlimit L. The vertical dashed lines mark the corresponding
partial Shannon numbers (3.74), i.e. (a)–(b) N ′S,1 and (c) N ′S,0.
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Figure 4.7: Comparison of the squared magnitudes of the exact plane-wave amplitudes (dashed line)
of (a) Eq. (4.15a), (b) Eq. (4.15b), and (c) Eq. (4.15c), and those obtained by a vector Slepian harmonic
approximation of jmax = N ′S,m + 2 terms (solid line). The dashed vertical line marks the edge of Ω at
θs = Θ.

As seen in the figure, the above normalized point-wise approximation error is indeed very
low in the vicinity of the focal point: it is less than 10−9 in an ellipsoid-like region, regardless
of the incident field considered. Moreover, the size of this ellipsoid-like region grows when
L is increased. Restricting ourselves to the focal plane, this phenomenon can be explained
with help of the Debye–Wolf integral, which can be cast into the form of a two-dimensional
Fourier transform [J6, 105]. Accordingly, the high-frequency Gibbs oscillations of the plane-
wave amplitudes necessarily give rise to a “bright ring” in the focal plane. The larger is the value
of L, the faster are the Gibbs oscillations. Consequently, the radius of the intensity maximum
of the corresponding bright ring is expected to increase, too, as it is seen in Fig. 4.9. The
existence of the ellipsoid-like region around the focus where the approximation is especially
accurate is a nice property of the vector Slepian multipole field approximation (and also of
the vector multipole field approximation that behaves the same way), because it is precisely
this region of the focal volume where we are usually interested in the behavior of the field.

While we have seen that vector Slepian functions allow us to represent plane-wave ampli-
tudes and focal fields using fewer terms than traditional (mixed) vector spherical harmonics
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Figure 4.8: Squared magnitude of the focal field E(r) obtained by high-precision Debye–Wolf inte-
gration (first column) and squared magntitude of the Slepian multipole field approximation ESlep(r)
of the focal field (L = 20) (second column) in the yz meridional plane, corresponding to the incident
fields (a) Eq. (4.15a), (b) Eq. (4.15b), and (c) Eq. (4.15c). The number of vector Slepian multipole
fields considered is jmax = N ′S,m + 2. The plots in each row are normalized by the maximal value of
|E(r)|2 corresponding to that row.

and multipole fields, the reader may still be skeptical about their usefulness: if both the ex-
pansion of the plane-wave amplitudes and the evaluation of vector Slepian harmonics can
be accomplished with help of the mixed vector spherical harmonic basis, as we have seen
previously, is there any real benefit of using vector Slepian functions for forward problems?

In fact, for a simple one-time focal field calculation task, there is not any, except for
the (rare) case when the incident field may be very costly to evaluate, hence the number of
integrations performed when calculating the expansion coefficients must be kept at a minimum.
However, when the expansion has to be done repeatedly (e.g. when performing a parameter
scan on the incident field or doing iterative optimization) and vector Slepian harmonics (and
possibly also vector Slepian multipole fields) can be precomputed at predefined points, then
the smaller number of vector Slepian functions needed gives them an advantage over the
traditional vector spherical harmonic approach. Moreover, the smaller number of coefficients
is also beneficial in optimization and fitting problems, too.

Finally, it has to be noted that traditional FFT-based methods (see, e.g. Refs. [J6, 105]) are
the method of choice when minimizing the computational time is top priority. However, unlike
FFT-based methods, both the traditional multipolar and the vector Slepian approach supply
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Figure 4.9: Normalized point-wise error of the vector Slepian multipole field approximation ESlep(r)
of the focal field in the yz meridional plane, corresponding to the incident fields (a) Eq. (4.15a),
(b) Eq. (4.15b), and (c) Eq. (4.15c). The number of vector Slepian multipole fields considered is
jmax = N ′S,m + 2.

a semi-analytical expression of the focal field that can, e.g., be evaluated directly at arbitrary
(nonequispaced) spatial points, which is essential, for instance, in high-precision numerical
integration.

Having discussed the usage of vector Slepian functions for forward focusing problems and
the accuracy of the associated approximations, in the next section we are going to apply the
vector Slepian harmonics and multipole fields to inverse focusing problems.

4.4 Solution of inverse focusing problems

In the previous sections, we have learned that representations in terms of vector Slepian har-
monics and multipole fields require fewer terms than those utilizing the traditional multipolar
basis. In addition, the well-concentrated subset of vector Slepian harmonics is inherently ad-
justed to match the NA of the focusing system, hence it naturally yields directed focal fields.
The significance of these properties can really be appreciated when considering inverse prob-
lems, i.e. when searching for an incident field that produces (when focused by the high-NA
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system) a prescribed focal field. An example for such a problem that occurs in practice is the
generation of a so-called depletion spot in three-dimensional fluorescence depletion microscopy.
This kind of application requires a bubble-like focal spot, i.e. a nearly uniform light shell with
an intensity minimum of zero intensity at its center (the focal point) and preferably with an
approximately parabolic intensity profile near the minimum [66, 69, 201].

Very often in the literature, when optimizing properties of the focal field (e.g. its intensity
profile), a suitable incident beam is assumed that is modulated, for instance, by an annular
diffractive optical element consisting of a few rings with different transmission properties (see,
e.g. Refs. [59, 65, 68, 202, 203]). The optimization of the transmission coefficients and radii
of the annuli thus requires the repeated evaluation of the Debye–Wolf integral in the forward
direction to obtain incrementally refined focal fields in each iteration. Other optimization
techniques include iterative Fourier transform approaches [J6, 106, 204] and the dipole array
method that constructs the required incident field from the far-field pattern of a suitably
chosen array of radiating dipoles in the focal volume [60, 62]. While this technique does not
rely on the repeated evaluation of the Debye–Wolf integral, it is tailored for specific problems
such as the inverse problem of an optical needle [60] and tube [62].

There are only a few series expansion methods that enable us the direct inversion of the
Debye–Wolf integral [61, 132, 205], however, most of them have limited applicability: Ref. [61]
lets us perform the inversion from the field distribution along the optical axis only, while the
component-wise inversion method of Ref. [132] is not suitable to intensity-only prescriptions
in the focal volume.

In the light of these circumstances it is particularly interesting to investigate the possibility
of using the vector Slepian harmonics and multipole fields for the solution of inverse problems,
since they have several properties that are beneficial for such tasks.

Firstly, in contrast to the traditional multipolar basis, using the well-concentrated subset
of vector Slepian harmonics automatically ensures that plane-wave amplitudes are restricted
to Ω, as required by the Debye approximation. Moreover, as we have seen in the previous
section, fewer terms are sufficient to achieve similar accuracy as the vector multipole field
representation (for a given bandlimit L), which means fewer expansion coefficients to be op-
timized.

Secondly, inverse problems essentially reduce to approximation problems in the focal re-
gion; once a good approximation of the focal electric field in terms of vector Slepian multipole
fields is known, the sought illumination can be obtained in a straightforward way. One first
constructs the appropriate plane-wave amplitude function as a linear combination of corre-
sponding vector Slepian harmonics and, finally, calculates the incident field at the entrance
pupil by backward vectorial ray tracing.

Thirdly, vector Slepian multipole fields are rigorous divergence-free solutions to the vector
Helmholtz equation (2.16a), therefore they guarantee a physically valid solution in the focal
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volume even if the prescribed focal field is nonphysical, i.e. it violates Eqs. (2.16a) and (2.16b)
(and, consequently, Maxwell’s equations).

If the desired electric field E0(r) were fully known, e.g., at discrete points in the focal
region, on a spherical shell with some fixed radius or inside some predefined volume, then
approximating it by a linear combination of vector Slepian multipole fields would lead to a
linear least-squares problem that could be solved by well-known methods [206, p. 250]. Such
a prescription of E0 is, however, not too realistic: it is unlikely that one could come up with
a — more or less — physically valid strongly focused field in the focal region (a complete
description including amplitude, polarization, and phase distribution).

Instead, applications, such as fluorescence microscopy in the example above, frequently
dictate conditions on the intensity distribution and/or polarization only. Moreover, even if
one makes an educated guess on the |E|2-intensity of the field, it may be nonphysical or not
satisfiable using the chosen number of basis functions, hence the inverse problem is generally
an optimization one, that is to say, to find an incident field associated with a physically valid
focal field, whose intensity distribution is as close as possible to the prescribed one according to
a suitably chosen cost function (e.g. the integrated squared difference of the intensity profiles).

4.4.1 Problem statement and solution scheme for general intensity pre-
scriptions

In this section, I restrict myself to approximating a prescribed intensity profile in the focal
region and present a method to solve these particular kinds of optimization problems [J3, J4].
The prescribed intensity distribution is given in form of a function I0(r) that is defined inside
some predefined volume V in a small neighborhood of the focal point (typically less than a few
tens of the wavelength in linear dimensions). As mentioned above, this function does not need
to describe an intensity profile that exactly corresponds to a solution of Maxwell’s equations
in the focal region.

Next, suitable parameters of the vector Slepian multipole approximation have to be chosen.
First, one has to set a suitable maximal degree L that determines — loosely speaking — (1)
how fast the intensity of the retrieved illumination will oscillate at the entrance pupil in the
radial direction, and (2) the ellipsoidal region around the focal point within which the vector
Slepian multipole approximation is particularly accurate, as it has been shown in the previous
section.

In addition, one has to select values of the order m that are to be considered in the
approximation. We have seen in §4.1 that different values of the orderm correspond to different
polarization distributions of the plane-wave amplitudes (and, consequently, the incident field)
and of the focal field. Therefore, one may judiciously consider possible restrictions on the
polarization of the illumination (based, for instance, on practical feasibility) and select values
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of m accordingly10. Instead, one may, of course, also use previous predefined combinations
of vector Slepian multipole fields for common polarization states, defined in Eqs. (4.9). As a
general rule of thumb, if nonzero intensity is prescribed along the optical axis, at least one of
orders −1, 0, or 1 must be included in the vector Slepian multipole field expansion (see §4.2).

Finally, one has to decide for each order the number jmax,m of well-concentrated functions
to be used. The partial Shannon numbers N ′S,m again provide a guideline, but one may decide
to include a slightly lower number of functions in this case (corresponding to, say, η > 0.95)
in order to trade off increased approximation error inside Ω against decreased energy leakage
outside.

The focal field is then written, similarly to Eq. (4.12), as

E(r; c±mj) =
∑

m

jmax,m∑

j=1

[
c+
mjΨ

+
mj(r) + c−mjΨ

−
mj(r)

]
. (4.18)

Formally, both kinds of polarizations (“+” and “–”) have been included in the sum, but, of
course, any of them may be left out if desired. Note that c±mj may be chosen to be complex or
purely real. The latter case corresponds to restricting ourselves to binary phase modulation
in the radial direction at the entrance pupil.

The cost function (also called objective function in optimization theory [206, p. 2]) that
measures the goodness of the approximation is the squared error of the intensity integrated
over the volume V , i.e.

G(c±mj) :=

˚
V

{∣∣∣E(r; c±mj)
∣∣∣
2
− I0(r)

}2

d3r

=

˚
V

{
E∗(r; c±mj) ·E(r; c±mj)− I0(r)

}2
d3r.

(4.19)

Minimizing this cost function is a nonlinear least-squares optimization problem, which can be
solved by global optimization techniques (see, e.g., Refs. [187, 206]). One can introduce extra
constraints into the optimization as well, e.g. demanding that E(r = r0; c±mj) = 0 at some

10Although one may in principle include all values ofm ranging from −L to L, the reader is warned that this
way, the number of basis functions (and coefficients to be optimized) grows quickly, as O(L2), possibly resulting
in a slow optimization process. In addition, the larger is m, the smaller is the contribution of corresponding
vector Slepian multipole fields in the immediate neighborhood of the focal point. In the end, these terms may
not improve the approximation in the vicinity of the focal point.
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point r0. This latter condition corresponds to the linear constraints

∑

m

∑

j

[
c+
mjΨ

+
mj,x(r0) + c−mjΨ

−
mj,x(r0)

]
= 0,

∑

m

∑

j

[
c+
mjΨ

+
mj,y(r0) + c−mjΨ

−
mj,y(r0)

]
= 0,

∑

m

∑

j

[
c+
mjΨ

+
mj,z(r0) + c−mjΨ

−
mj,z(r0)

]
= 0,

where Ψ±mj,x, Ψ±mj,y, and Ψ±mj,z are Cartesian components of Ψ±mj , respectively.
Having obtained the coefficients c±mj , the plane-wave amplitudes can be expressed as

Ẽ(θs, φs; c
±
mj) =

∑

m

jmax,m∑

j=1

[
c+
mjV

+
mj(θs, φs) + c−mjV

−
mj(θs, φs)

]
. (4.20)

The corresponding illumination at the entrance pupil can then be found — as already men-
tioned before — by backward vectorial ray tracing, i.e. with help of Eqs. (2.7), (2.8), (2.12),
and (4.1).

4.4.2 Problem statement and parameter values for selected examples

The illumination retrieval method outlined above is applied to three particular focal intensity
distributions that have been mentioned in §1.2.3 of the Introduction: the optical needle, tube
and bubble focal spots. These kinds of focal spots have been obtained in multiple ways in the
literature (see §1.2.3 and the references therein); results generally differ in their lateral and
axial sizes and polarization properties. In the case of bubbles, the uniformity of the intensity
distribution of the light shell may also differ appreciably. It is, however, common to all these
spots that their intensity distribution is rotationally symmetric with respect to the optical
axis.

The intensity prescriptions used here for these focal spots are educated guesses that have
been constructed with reasonable mathematical simplicity in mind, thus using simple Gaussian
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and super-Gaussian factors [J3]11:

IN
0 (ρ, z) ∝ exp

{
−
[(

ρ

ρ0

)2

+

(
z

z0

)10
]}

(needle), (4.21a)

IT
0 (ρ, z) ∝

(
ρ

ρ1

)2

exp

{
−
[(

ρ

ρ1

)2

+

(
z

z0

)10
]

+ 1

}
(tube), (4.21b)

IB
0 (ρ, z) ∝

[(
ρ

ρ1

)2

+

(
z

z1

)2
]

exp

{
−
[(

ρ

ρ1

)2

+

(
z

z1

)2
]

+ 1

}
(bubble), (4.21c)

where (ρ, z) are cylindrical coordinates in the focal region. They are illustrated in Fig. 4.10
and choices for parameters ρ0, ρ1, z0, and z1 are given below.
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Figure 4.10: The prescribed (a) “optical needle”, (b) “optical tube”, and (c) “optical bubble” focal
intensity profiles, as given by Eqs. (4.21).

The above prescriptions intend to imitate the optical needle [60, Fig. 2(b)] and tube [62,
Fig. 2] by Wang, Chen, and Zhan, and the optical bubble by Bokor and Davidson [69, Figs. 1
and 2(b)]. Note, however, that the above Gaussian and super-Gaussian profiles are nonphysical,
because the intensity of real focal fields definitely cannot exhibit exponential decay in all
directions. Therefore it is not expected that the intensity distributions of the optimized focal
fields will exactly match these prescriptions.

Parameter values ρ0, ρ1 and z0 were chosen to roughly reproduce the sizes of the spots
referenced above: ρ0 = 0.24022λ and ρ1 = 0.41526λ were set in a way that the lateral FWHM
of each focal spot in the focal plane is 0.4λ, which is understood as the FWHM of the dark
inner core in case of the tube and the bubble. Parameter z0 = 5.1867λ was chosen in such a way
that the length of the needle and the tube, i.e. the FWHM measured along the optical axis and
the radius of maximal intensity (ρ = ρ1), is 10λ, respectively. Finally, the axial FWHM of the
bubble was set to be three times larger than its lateral one, equivalent to setting z1 = 3ρ1. This

11The approach to solving these inverse problems is the same in both Refs. [J3] and [J4], however, the
prescribed intensity distributions are somewhat different: those of Ref. [J3] are slightly improved versions of
the prescriptions of Ref. [J4], by also including a super-Gaussian cut-off in the axial direction. This change
resulted in optimized focal fields that were less oscillatory. Therefore it is the intensity prescriptions and
optimization results of Ref. [J3] that are presented here, in §4.4.2 and §4.4.4, respectively.
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choice was based on the observation, that, not only the bubble of Ref. [69] (with sin Θ = 0.92),
but also the bubbles of Refs. [68] and [70] (with sin Θ = 0.8 and sin Θ = 0.9, respectively)
possess an aspect ratio of approximately 3 : 1 (for the numerical examples considered in this
section, sin Θ = 0.95)12. Note that an ideal bubble with a spherical shape can only be obtained
in a 4π-setup with two counter-propagating beams [207].

The domain V of integration for evaluating cost function G of Eq. (4.19) was the cylinder
{(ρ, φr, z) : 0 ≤ ρ ≤ 2λ, 0 ≤ φr < 2π, −6λ ≤ z ≤ 6λ} for the needle and the tube, and
the prolate ellipsoid {(ρ, φr, z) : 0 ≤ ρ ≤

√
(2λ)2 − (z/3)2, 0 ≤ φr < 2π, −6λ ≤ z ≤ 6λ}

for the bubble, respectively. In each case, V was large enough for the prescribed intensity
distributions to decay sufficiently at the boundary of V .13

Furthermore, I used combinations Ψrad
j (r) and Ψazi

j (r) of vector Slepian multipole fields
(see Eqs. (4.9a) and (4.9b)) to represent the focal field. This choice was motivated by the
fact that cylindrical vector beams with radial and azimuthal polarization (or their linear
combination) are commonly used to create the needle, tube, and bubble, and Refs. [60, 62, 69]
considered such incident fields, too. The maximal degree was L = 30 and fields corresponding
to vector Slepian harmonics with η > 0.98 were used. This condition translated into the
number of basis functions as follows: for the needle and tube, only Ψrad

j (r) and Ψazi
j (r),

respectively, were included in the approximation, 11 of each14. For the bubble, both sets were
utilized (as suggested by Ref. [69]), i.e. a total of 22 functions.

Focal field approximations for the different spots can thus be written as

EN(r; cN
j ) =

11∑

j=1

cN
j Ψrad

j (r), cN
j ∈ R (needle), (4.22a)

ET(r; dT
j ) =

11∑

j=1

dT
j Ψazi

j (r), dT
j ∈ R (tube), (4.22b)

EB(r; cB
j , d

B
j ) =

11∑

j=1

[
cB
j Ψrad

j (r) + dB
j Ψazi

j (r)
]
, cB

j , d
B
j ∈ R (bubble). (4.22c)

In addition, for the bubble, the linear constraint EB(r = 0; cB
j , d

B
j ) = 0 was prescribed to

achieve a perfectly dark core at the focal point. The coefficients in the above approxima-
tions were chosen to be real in order to simplify optimization and avoid complicated phase
modulation at the entrance pupil.

12In comparison, formulas (1.2.1) of scalar diffraction yield an aspect ratio of 2.38 : 1 for homogeneous
illumination and sin Θ = 0.95. While this ratio can only be used as a rough estimate for high NA, it also
predicts the axial elongation of the focal spot.

13Their maximal value at the boundary of V is less than ≈ 1% of their maximal value over V .
14In comparison, the partial Shannon number N ′S,0 is 12 for this case.
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4.4.3 Optimization method

Optimization was performed using a simple multistart method [208, p. 80]: local optimization
was started several times from random initial values of the coefficients, and the best local
minimum found was returned as the solution. The local optimization technique that was em-
ployed in these examples was the sequential least-squares programming (SLSQP) algorithm15

by Kraft [209]. Search was stopped after 40 runs for each kind of focal spot and yielded ac-
ceptable results in all cases. Surprisingly, only a few clearly distinct local minima were found
in each case. Yet, it has to be noted that multistart optimization is a stochastic algorithm,
hence finding the global minimum of the cost function G is not guaranteed this way.

4.4.4 Numerical results and discussion

Coefficients obtained from the optimization process yielded the optimized focal fields according
to Eqs. (4.22), and also their plane-wave amplitudes, given by

Ẽ
N

(θs, φs; c
N
j ) =

11∑

j=1

cN
j Vrad

j (θs, φs) (needle), (4.23a)

Ẽ
T

(θs, φs; d
T
j ) =

11∑

j=1

dT
j Vazi

j (θs, φs) (tube), (4.23b)

Ẽ
B

(θs, φs; c
B
j , d

B
j ) =

11∑

j=1

[
cB
j Vrad

j (θs, φs) + dB
j Vazi

j (θs, φs)
]

(bubble), (4.23c)

whereas the actual solutions to the inverse problem, the corresponding incident fields, were
obtained from the plane-wave amplitudes, as described in §4.4.1.

Figure 4.11 illustrates the retrieved entrance-pupil intensity patterns and the local direc-
tions of EEP, where the rows of the figure correspond to the needle, tube, and bubble focal
spots, respectively. The local direction of EEP is characterized by the angle enclosed by EEP

with ρ̂e, measured in the counter-clockwise direction, and denoted by αN(ρe), αT(ρe), and
αB(ρe), respectively. Accordingly, 0◦ corresponds to EEP pointing in the ρ̂e direction, 90◦ in
the φ̂e direction, 180◦ in the −ρ̂e direction, etc. These angles are shown in the second column
of Fig. 4.11.

As seen in the figure, the optimized incident fields have an annular structure. For the
needle and the tube (rows (a) and (b)), the local direction of EEP is constant within a given
annulus and reverses when going to a neighboring one. In the case of the bubble, however, the
local direction of polarization varies continuously with ρe, since we have allowed both Ψrad

j (r)

and Ψazi
j (r) to participate in the vector Slepian multipole field approximation (4.22c).

15Via the scipy.optimize module of the Python package SciPy.
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Figure 4.11: The intensity distribution and polarization of the electric field at the entrance pupil for
the optical (a) needle, (b) tube and (c) bubble (Re is the radius of the entrance pupil). The second
column depict the variation of α, which is the angle enclosed by the local direction of polarization with
the (outward) radial direction, measured counter-clockwise. The insets show two-dimensional intensity
distributions (first column) and the value of α (second column) in the entrance pupil, respectively.
Their edge corresponds to Re, and each intensity distribution is normalized to its own maximal value.

In Refs. [60] and [62], Wang et al. used an array of on-axis electric and magnetic dipoles
with axially oriented dipole moments for the needle and tube, respectively, and calculated each
incident field from the far field of the corresponding dipole array. Their optimized incident-field
intensity distributions are characterized by annular bright zones separated by dark rings, sim-
ilarly to those depicted in Figs. 4.11(a) and 4.11(b). However, unlike Figs. 4.11(a) and 4.11(b),
the brightest zones in the solutions of Refs. [60] and [62] are located at the edge of the pupil,



106 Chapter 4. The vector Slepian theory of focusing and its applications

likely due to the radiation pattern of the axially oriented dipoles (i.e. since the radiated power
of a dipole varies as sin2 θ [153, p. 411]).

Compared to the incident field proposed by Bokor and Davidson [69], the optimized in-
cident field is different in the case of the bubble, too (both in its intensity and polarization
distributions). The incident field of Ref. [69] exhibits a polarization pattern with two annu-
lar zones, and the state of polarization is locally linear and uniform within each zone. In
Fig. 4.11(c), however, the local direction of polarization varies continuously with ρe.

Note that an experimental realization of the incident fields displayed in Fig. 4.11 requires
careful control of amplitude, phase and polarization, which could be achieved, for instance, by
the polarization modulation techniques of Refs. [54, 210, 211] extended by additional ampli-
tude modulation, or the methods proposed in Refs. [57, 58, 73] that allow the simultaneous
modulation of amplitude and polarization.

Let us now move on to the focal spots, and discuss the intensity distributions in the
focal region, too, which are illustrated in Fig. 4.12. The first column contains intensity cross-
sections in the radial direction and in the focal plane, while the second column shows intensity
cross-sections in the axial direction (measured along the optical axis at ρ = 0 for the needle
and the bubble, and along the peak radius ρ = 0.48λ for the tube). The dashed curves
depict the intensity distribution calculated from the vector Slepian multipole field expansions,
while the solid curves show the intensity distribution obtained from high-precision Debye–Wolf
integration on the optimized plane-wave amplitudes (4.23) (with a sharp cut-off at the edge
of Ω). Debye–Wolf integration was performed in order to validate the Slepian approximations
of focal fields. The prescribed intensity functions are depicted by the dotted curves (4.21),
whereas the insets show two-dimensional intensity distributions in the focal plane and in a
meridional plane, respectively.

Qualitatively, all prescribed focused fields are reproduced adequately and they are similar
to those published by Wang et al. [60, 62], and by Bokor and Davidson [69]. The needle
(illustrated in Fig. 4.12(a)) has an axial length (FWHM) of 9.7λ, and a lateral FWHM of
0.41λ in the focal plane and remains below 0.45λ over its entire length. The tube (shown in
Fig. 4.12(b)) has an axial length (FWHM) of 9.7λ, too, and its dark core has a lateral FWHM
of 0.47λ in the focal plane and remains below 0.48λ over its entire length. Finally, for the
bubble, which is depicted in Fig. 4.12(c), the lateral and axial FWHM is 0.42λ and 1.22λ,
respectively. The maximal intensity along the optical axis is 95% of the maximal intensity in
the focal plane (which is also the global maximum for the whole focal volume). In addition,
the peak value of the intensity along an arbitrary line through the focal point is no less than
87% of the global maximum. Hence the dark spot can be regarded as approximately uniformly
surrounded by light.

Especially in Figs. 4.12(a) and (b), there is a significant difference in the magnitude of the
prescribed intensity and that obtained from the vector Slepian multipole field approximation.
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Figure 4.12: Radial and axial intensity cross-sections of the optical (a) needle, (b) tube and (c) bubble,
respectively. For the radial cross-sections, z = 0, while for the axial ones, (a-b) ρ = 0 and (c) ρ = 0.48λ.
The solid line marks the result of high-precision Debye–Wolf integration and the dashed line marks
the optimized vector Slepian multipole field approximation (everywhere except in the second column
of (a) the two curves overlap). The dotted line corresponds to the prescribed intensity. The insets
show two-dimensional intensity distributions in the focal plane (first column) and yz meridional plane
(second column), respectively.

However, we should remember that the prescribed intensities are nonphysical due to their
exponential decay, hence only a qualitative reproduction of the prescribed intensity profile
has been expected anyway. Yet, the FWHM values prescribed above for the profiles (4.21) are
reproduced to a good approximation.

The reader may have noticed that in the axial cross-section of Fig. 4.12(a) the difference
between the vector Slepian multipole field approximation and the result of the Debye–Wolf
integration is visible, if small, in contrast to Figs. 4.12(b) and (c) where the two calculations
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Figure 4.13: Squared magnitude of the expansion coefficients for the optical (a) needle, (b) tube and
(c)-(d) bubble.

give overlapping curves. This can be explained with help of the expansion coefficients, the
squared magnitude of which is depicted in Fig. 4.13.

The expansion coefficients are related to the relative “energy leakage” of plane-wave am-
plitude spectrum (the fraction of energy falling outside Ω) as

˜
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respectively, where the above relations follow from definitions (4.3a) and (4.3b), and orthog-
onality relations (3.73).

As seen, the contribution of the last two terms to the approximation is by far the largest in
the case of the needle (shown in Fig. 4.13(a)). These terms, however, correspond to the least
concentrated vector Slepian harmonics among the significant vector Slepian harmonics used
(with energy concentration ratios 0.99982 and 0.98896), hence the relative energy leakage is
also larger (6.48×10−3) as compared to the tube (2.50×10−4) and bubble (6.19×10−4). This
explains why the deviation between the two calculated intensity distributions is larger for the
needle than for the other two cases.

In summary, the above examples have demonstrated that, by following the procedure
described in §4.4.1, the vector Slepian theory indeed enables us to retrieve the incident field
corresponding to a prescribed intensity distribution in the focal region. Importantly, the focal
spots produced by the retrieved incident field are physically valid, regardless of the intensity
prescriptions. This property is guaranteed by the fact that vector Slepian multipole fields,
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used in the optimization process, are rigorous solutions to the homogeneous vector Helmholtz
equation.

4.5 Summary

4.5.1 New scientific results

This chapter introduced the vector Slepian theory of focusing whose main idea is to apply
the vector Slepian harmonics as basis functions to approximate the (vectorial) plane-wave
amplitudes of focused fields.

The chapter began with an explanatory section that discussed incident fields at the en-
trance pupil corresponding to individual vector Slepian harmonics. This way one could gain
more insight on how these functions are related to incident beams with common states of
polarization.

Next the main scientific results were presented. To complete the focusing theory, vector
Slepian multipole fields were defined that are the focal fields associated with vector Slepian
harmonics. Their linear combination can be used to approximate the focal field of an arbi-
trary incident field, hence the vector Slepian harmonics and multipole fields are suitable for
approximately solving forward and inverse problems of focusing.

The last two sections of the chapter presented the details of how to approach these problems
using the above two sets of vector Slepian functions. To justify the utility of the theory, three
numerical examples were presented in each section, and the vector Slepian multipole field
approximation of focal fields were validated by high-precision evaluation of the Debye–Wolf
integral.

These examples have assured us that, in comparison with the mixed vector spherical har-
monics and multipole fields, significantly less terms of vector Slepian functions V±mj(θs, φs) and
Ψ±mj(r) are needed to approximate the plane-wave amplitudes and focal field corresponding to
a given incident field, respectively, with essentially the same L2-errors (as shown by Figs. 4.5
and 4.6). This fact gives the vector Slepian functions V±mj(θs, φs) and Ψ±mj(r) an advantage
over the mixed vector spherical harmonic and multipole field bases in the solution of both
forward and inverse problems16.

In addition to that, well-concentrated vector Slepian harmonics and the corresponding
multipole fields approximately satisfy the Debye approximation, too, which allows a straight-
forward (approximate) inversion of the Debye–Wolf integral and simplifies the solution of
inverse problems.

16The same conclusion can be drawn for Umi(θs, φs) and Φmi(r), too, when compared to the “traditional”
bases {Ylm(θs, φs),Zlm(θs, φs)} and {Mlm(r),Nlm(r)}, respectively.
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4.5.2 Reception and utilization of the results

Although the vector Slepian theory of focusing has only been utilized in my own publica-
tions [J1, J3, J4] so far, several recent papers [56, 212–217] refer to the theory as one that is
potentially applicable to high-NA focusing problems, especially inverse ones.

The simple and numerically stable calculation method of vector Slepian harmonics pre-
sented in §3.5 (and originally in Ref. [J5]) is expected to significantly lower the barrier to a
more widespread usage of these functions in optics, too.



Chapter 5

Conclusion and thesis statements

“In light of knowledge attained, the
happy achievement seems almost a
matter of course, and any intelligent
student can grasp it without too much
trouble. But the years of anxious
searching in the dark, with their intense
longing, their alterations of confidence
and exhaustion and the final emergence
into the light — only those who have
experienced it can understand it."

Albert Einstein [218, pp. 289–290]

In this thesis, I have presented a novel focusing theory based on vector Slepian multipole
fields and vector Slepian harmonics, which were used to approximate the focal field and its
plane-wave amplitudes, respectively. In addition to the introduction of the theory itself, I have
also demonstrated its usefulness in forward and inverse focusing problems.

In preparation to the vector Slepian theory of focusing, i.e. to obtain the vector Slepian
harmonics, I solved the concentration problem of tangential vector fields within a spherical
cap in three separate ways. The third one (the “commuting differential operator approach”)
has proven to be the most important one as it enables a cost-effective and numerically sta-
ble computation of the expansion coefficients of vector Slepian harmonics. In addition, it is
important to emphasize again that these results are not only useful to the focusing theory of
this thesis but also to other fields of physics, most importantly geophysics.

I have already given a detailed summary of new scientific results and their utilization in
§3.6 and §4.5, therefore, in the next section, I restrict myself to a concise formulation of their
essence only, in form of thesis statements.
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5.1 Thesis statements

1. I have solved the Slepian concentration problem of bandlimited tangential vector fields
within a spherical cap by reducing it to eigenvalue problems of fixed-order concentration
matrices in the vector spherical harmonics basis {Ylm(θ, φ),Zlm(θ, φ)}. The eigenvectors
contain the expansion coefficients of the solutions of the concentration problem (the so-
called vector Slepian harmonics). I have shown that (1) the eigenvalue spectrum exhibits
the step-like shape that is characteristic to Slepian concentration problems in general,
and that (2) the vector Slepian harmonics obtained are doubly orthogonal. Related
publication: [J1]

2. I have constructed alternative solutions to the Slepian concentration problem of band-
limited tangential vector fields within a spherical cap by solving the eigenvalue prob-
lems of fixed-order concentration matrices in the mixed vector spherical harmonic ba-
sis {Q+

lm(θ, φ),Q−lm(θ, φ)}. I have shown that in this latter formalism, (1) the vector
concentration problem reduces to a scalar problem, the so-called vector-related scalar
concentration problem; (2) vector Slepian harmonics can be written in a product form
that involves the Sheppard–Török functions Flm(cos θ). I have proposed an efficient com-
putational method for the numerical evaluation of vector Slepian harmonics, which is
based on special relations of the Sheppard–Török functions I have discovered (an explicit
formula for the lowest degree functions and a three-term recurrence relation). Related
publication: [J2, J5]

3. I have shown that in the Sheppard–Török basis, the matrix Jm of the differential operator
Jm is tridiagonal (sparse) and commutes under matrix multiplication with the dense
fixed-order concentration matrix Km of the vector-related scalar concentration problem.
By solving the eigenvalue problem of sparse matrices Jm, the expansion coefficients of
vector Slepian harmonics can be computed with a lower computational cost than using
the corresponding dense fixed-order concentration matrices Km. Unlike matrices Km,
matrices Jm have a simple eigenvalue spectrum, hence their eigenvalue problem can be
solved using double precision arithmetic and does not exhibit the numerical instability
associated with the eigenvalue problem of concentration matrices. Related publication:
[J5]

4. Using vector Slepian harmonics as plane-wave amplitudes, I have defined novel vector
Slepian multipole fields, which represent the associated focal fields and are rigorous solu-
tions to the source-free vector Helmholtz equation. I have used vector Slepian multipole
fields and vector Slepian harmonics as basis functions to approximate strongly focused
fields and their plane-wave amplitudes, respectively. I have shown that with help of the
above vector Slepian functions, one can achieve L2-approximation errors of the same or-
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der of magnitude — compared to a vector spherical harmonic and vector multipole field
approximation, respectively, having the same bandlimit — using a significantly smaller
number of expansion terms. The number of terms is approximately given by the sum of
partial Shannon numbers associated with the orders involved in the above approxima-
tions. Related publication: [J1]

5. By representing the focused field as a linear combination of vector Slepian multipole
fields, I have proposed a general approach to solving the inverse problem of high nu-
merical aperture focusing in an approximate way, i.e. computing an electric field at the
entrance pupil of the focusing system that produces a prescribed focal field. Importantly,
I have demonstrated that this method is also well-suited to inverse optimization prob-
lems where only the squared magnitude of the electric field is specified inside a given
volume in the focal region. Related publications: [J3, J4]

5.2 Outlook and possibilities for further development

There are several problems that could be investigated in connection with the theory presented
in this thesis, which itself can be improved in many ways, too. Similarly to the structure of
the thesis itself, let us look at the computational aspect of the vector concentration problem
first and then on possibilities regarding the vector Slepian focusing theory.

As already indicated in the footnotes on pages 56 and 61, the Sheppard–Török functions
Flm(ξ) (and the normalized associated Legendre functions P̄lm(ξ), too) can be expressed us-
ing the Wigner d-functions. This fact opens up the possibility to create a unified theory of
both scalar and vector-related scalar concentration problems on the sphere (not necessarily
restricted to a spherical cap). It is likely that existing formulas on the Wigner D- and d-
functions (e.g. those in Ref. [184]) could further simplify the numerical computation of vector
Slepian harmonics.

Regarding the focusing theory, a particularly “low-hanging fruit” for improvement would be
adapting more general vectorial ray tracing formulas than Eq. (2.10), i.e. including apodization
functions a(θs) of focusing systems other than aplanatic (e.g. those satisfying the Herschel
condition [41, p. 155][143]), taking Fresnel losses into account, considering focusing in media
other than air, or allowing weak aberrations (respective references are listed in a footnote
on page 17). Solutions for including the first three features are shown in §A.1 and §A.2 of
Appendix A, too.

Further comparison studies with other vectorial theories (in particular, the extended
Nijboer–Zernike theory [109, 110] and the theory of Moore and Alonso [115]) could also be
conducted.

Finally, the inverse optimization technique could be improved by considering more sophis-
ticated global optimization algorithms [206]. The retrieved incident fields could be discretized
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(similarly to Ref. [60]) in order to simulate more realistic modulation conditions, and a toler-
ance analysis could also be performed to test the robustness of the optimized focal fields with
respect to inaccuracies in the modulation of the incident field.
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Appendix A

Derivations of Chapter 2

A.1 Derivation of the apodization factor (2.9)

In this section, the derivation of the apodization factor (2.9) is presented, which is based
on Refs. [26, p. 57–58] and [41, p. 151–152]. First, a general formula is constructed that is
applicable to arbitrary (rotationally symmetric) focusing systems for which the equation of
the principal surface can be written as

ρe = fg(θs), (A.1)

where g(θs) is a strictly monotonic smooth function (for examples, see Refs. [41, pp. 152–157]
or [143]). Formula (2.9) for an aplanatic system is then obtained as a special case.

For time-harmonic fields in lossless media which contain no sources or sinks, the time-
averaged net flux of energy through any closed surface Σ is zero, i.e.

‹
Σ
〈S〉 · σ̂ dΣ = 0, (A.2)

where 〈S〉 is the time-averaged Poynting vector, σ̂ is the outward surface unit normal of Σ, and
dΣ is the surface element. This equation is merely a specialized form [16, p. 35] of Poynting’s
theorem [153, p. 265].

Figure A.1: A narrow bundle of rays intersecting two wavefronts.
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Let us replace 〈S〉 with its geometrical optics approximation

〈
SGO

〉
:=

1

2
Re

{
EGO ×

[
H(GO)

]∗}
=

1

2Z
(E · E∗) ŝ =

1

2Z
|E|2 ŝ, (A.3)

where Z denotes the intrinsic (wave) impedance of the medium, and apply Eq. (A.2) to a
narrow bundle of rays which intersects two arbitrary wavefronts [16, p. 123], as seen in Fig. A.1.
The two endcaps, formed by the intersection points, are numbered 1 and 2, respectively. Since
ŝ · σ̂ is equal to −1 on the first endcap, +1 on the second one, and vanishes elsewhere, the
following conservation law can be derived:

1

Z1
|E1|2 dΣ1 =

1

Z2
|E2|2 dΣ2, (A.4)

where Z1 and Z2 are the intrinsic impedances, dΣ1 and dΣ2 the area elements, and E1 and
E2 the geometrical optics amplitude vectors of E for the respective endcaps.

Consider now a hypothetical narrow bundle of rays which travels parallel to the optical
axis in the object space and then propagates through our focusing system. We are going to
treat the system analogously to the model of §2.2.2. The bundle is assumed to undergo a single
virtual refraction at the principal surface (described by Eq. (A.1)), as illustrated in Fig. A.2
(which only shows a meridional cross-section of the bundle).

z

f

focal sphere

principal surface

entrance pupil

O
ρe

dρe

θs

dθs

dΣ1 dΣ2

Figure A.2: Illustration for the derivation of the apodization factor. A meridional cross-section of
the bundle of rays is shown.

The bundle specifies an infinitesimal surface element both in the entrance pupil (EP) plane
and on the focal sphere (FS), with dΣ1 = ρe dρe dφe and dΣ2 = f2 sin θs dθs dφs, respectively.
Furthermore, let E1 = EEP and ZEP stand for the local geometrical optical vector amplitude
and the intrinsic impedance at the entrance pupil, respectively, while the same quantities at
the focal sphere are written as E2 = EFS and ZFS. Substituting these into Eq. (A.4) yields

1

ZEP
|EEP|2ρe dρe dφe =

1

ZFS
|EFS|2f2 sin θs dθs dφs. (A.5)
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If we now switch coordinates on the left-hand side of Eq. (A.5) by using Eq. (A.1) of the
principal surface and relation φe = φs − π, we obtain the equation

1

ZEP
|EEP|2f2g(θs)g

′(θs) dθs dφs =
1

ZFS
|EFS|2f2 sin θs dθs dφs, (A.6)

where g′(θs) := dg(θs)/dθs. Since the optical system is assumed to be rotationally symmetric,
the relative change in the magnitude of the amplitude vector only depends on the angle θs,
and can be characterized by the apodization factor a(θs) :=

∣∣EFS

∣∣/
∣∣EEP

∣∣, which thus becomes

a(θs) =

√
ZFS

ZEP

√
g(θs)g′(θs)

sin θs
. (A.7)

Substituting g(θs) = sin θs of an aplanatic system and assuming ZEP = ZFS yields

a(θs) =
√

cos θ. (A.8)

A.2 Derivation of the vectorial ray tracing formula (2.10)

In this section, the derivation of the vectorial ray tracing formula (2.10) is presented, which
is based on Ref. [26, p. 58–59]. First, a general formula is constructed. This includes effective
Fresnel coefficients that take polarization- and angle-dependent transmission into account.
Formula (2.10) for a perfect system is then obtained as a special case.

We may express the incident electric field at any point (ρe, φe) inside the entrance pupil
as

EEP = EEP,x x̂ + EEP,y ŷ. (A.9)

By introducing the polar unit vectors

ρ̂e = cosφe x̂ + sinφe ŷ, (A.10a)

φ̂e = − sinφe x̂ + cosφe ŷ, (A.10b)

which are depicted in Fig. 2.3(b) of §2.2.2, Eq. (A.9) becomes,

EEP = (EEP,x cosφe + EEP,y sinφe) ρ̂e + (−EEP,x sinφe + EEP,y cosφe) φ̂e. (A.11)

The rotated state of polarization after the virtual refraction at the principal surface is
represented using the spherical polar and azimuthal basis vectors

θ̂s = cos θs cosφs x̂ + cos θs sinφs ŷ − sin θs ẑ, (A.12a)

φ̂s = − sinφs x̂ + cosφs ŷ, (A.12b)
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also shown in Fig. 2.3(b). As discussed in §2.2.2, the geometrical rotation effect only affects
the component of the field vector that is lying in the meridional plane (traditionally called
the p-component); the other component which is perpendicular to the plane (traditionally
called the s-component) is left intact. Hence the rotated state of polarization after the virtual
refraction at the principal surface may be obtained by performing the substitutions ρ̂e ⇒ −θ̂s

and φ̂e ⇒ −φ̂s. In addition, the factors sinφe and cosφe are replaced by − sinφs and − cosφs

because of Eq. (2.8).
Including the apodization effect together with polarization dependent effective transmis-

sion coefficients τ⊥ and τ‖, the geometrical amplitude vector EFS at the focal sphere can be
written as

EFS = a(θs)
[
τ‖ (EEP,x cosφs + EEP,y sinφs) θ̂s

+ τ⊥ (−EEP,x sinφs + EEP,y cosφs) φ̂s

]
.

(A.13)

By substituting the Cartesian form (A.12) of the spherical unit vectors, Eq. (A.13) may be
rewritten in matrix form as



EFS,x

EFS,y

EFS,z


 = a(θs)



τ‖ cos θs cos2 φs + τ⊥ sin2 φs (τ‖ cos θs − τ⊥) sinφs cosφs

(τ‖ cos θs − τ⊥) sinφs cosφs τ‖ cos θs sin2 φs + τ⊥ cos2 φs

−τ‖ sin θs cosφs −τ‖ sin θs sinφs



[
EEP,x

EEP,y

]
.

(A.14)
Assuming a(θs) =

√
cos θs and τ⊥ = τ‖ = 1, the above formulas become

EFS =
√

cos θs

[
(EEP,x cosφs + EEP,y sinφs) θ̂s + (−EEP,x sinφs + EEP,y cosφs) φ̂s

]
(A.15)

and


EFS,x

EFS,y

EFS,z


 =

√
cos θs




cos θs cos2 φs + sin2 φs (cos θs − 1) sinφs cosφs

(cos θs − 1) sinφs cosφs cos θs sin2 φs + cos2 φs

− sin θs cosφs − sin θs sinφs



[
EEP,x

EEP,y

]
, (A.16)

respectively. The same transformation matrix can alternatively be obtained by using the ma-
trix method of Török et al. [146, 219], which relies on 3× 3 generalized Jones matrices.

A.3 Derivation of the Debye–Wolf integral (2.11)

In this section, the Debye–Wolf integral is derived for an aberration-free system that is tele-
centric from the image side. First the geometrical optics field on the focal sphere is extended
backwards to the (virtual) exit pupil, following Luneburg [92, pp. 309, 321–322]. Afterwards,
the vectorial Rayleigh diffraction integral is applied (together with Kirchhoff’s boundary con-
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ditions for the electric field) in the plane of the exit pupil, which ultimately yields the Debye–
Wolf integral. This latter calculation borrows key ideas from Luneburg [92, pp. 321–323] and
Török [94, pp. 113–116].

A.3.1 Backward virtual extension of the focused wave

As already stated in §2.2.1, due to image-side telecentricity, the exit pupil is virtual and located
“in infinity”, i.e. with d denoting its distance from the rear focal point (see Fig. A.3), d→∞.
Within this section, we temporarily assume, however, that d is finite and we will take the limit
d→∞ only at the end. Backward virtual extension of the geometrical optics field at the focal
sphere can be derived as follows.

Figure A.3: Illustrating the geometry of the backward virtual extension of a focused ray.

Let r′ denote the position vector of the intersection point at which the backward extension
of an arbitrary focused ray pierces the exit pupil plane. With ŝ denoting the propagation unit
vector of the ray, we can express r′ as

r′ = −r′ ŝ, (A.17)

where
r′ :=

∣∣r′
∣∣ =

d

cos θs
. (A.18)
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According to Eq. (2.5), we may write the field in the exit pupil plane as

EGO(r′ ∈ XP) = EXP(r′) exp[ik0 S(r′)]. (A.19)

Since our converging wave is assumed to be perfectly spherical, E is inversely proportional to
the distance from O, therefore

EXP =
f

r′
EFS. (A.20)

In addition, the value of the eikonal at r′ can be expressed as

S(r′) = S(0)− nr′, (A.21)

where n is the refractive index in the image space. Suppressing the constant phase factor
arising from the first term on the right-hand side, the geometrical optics field inside the exit
pupil can thus be expressed using EFS, the geometrical optics amplitude vector at the focal
sphere, as

EGO(r′ ∈ XP) =
f

r′
EFS(θs, φs) exp(−ikr′). (A.22)

A.3.2 Diffraction at the exit pupil

Having expressed the geometrical optics field at the exit pupil in Eq. (A.22), we now apply the
vector Rayleigh diffraction integral [94, p. 104], which can be seen as a vector generalization
of the first scalar Rayleigh integral [16, pp. 512–514], and provides a rigorous integral repre-
sentation for E. The exit pupil plane is located at z′ = −d where d is still formally taken to
be finite. The focal field can then be expressed as1

E(r) =
1

2π

¨
z′=−d

E(r′)
∂

∂z′

[
exp(ik|r− r′|)
|r− r′|

]
dx′ dy′, (A.23)

which requires that r be restricted to the half-space z > −d and all sources be located in the
opposite one. In addition, the field in the half-space z > −d must vanish at least as fast as
r−1 and it must represent a purely outgoing wave at infinity (i.e. there is no back-radiation
towards the focal point)2. These conditions, however, are automatically satisfied in our model
problem.

1Essentially, the scalar Rayleigh integral is applied to each Cartesian component of E, however, it must
be taken into account that these components are not independent but connected through the divergence
condition ∇ ·E = 0. In fact, some authors [92, pp. 319–320][220] prefer to incorporate the divergence condition
into their formulation of the Rayleigh integral in such a way that only Ex(r′) and Ey(r′) are required to be
specified, and Ez(r′) is expressed in terms of these two components.

2For a rigorous mathematical formulation of these conditions, which may be called vectorial radiation
conditions [94, p. 95] in analogy to the scalar radiation conditions of Sommerfeld [221, p. 189][16, p. ][222],
see Ref. [94, p. 95] as well as Refs. [222][223, p. 15]. These conditions can be seen as vectorial counterparts of
Sommerfeld’s scalar radiation condition.
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In the next step, let us substitute the exact (unknown) electric field in the exit pupil plane
by a simpler approximate one. Therefore, we specify Kirchhoff’s boundary conditions on E in
the exit pupil plane [20, p. 449], i.e. assume that the presence of the pupil does not perturb
the field inside the pupil, and, at the same time, we replace the field inside the pupil with its
geometrical optics approximation:

E(x′, y′, z′=−d) =





EGO(x′, y′, z′=−d) if (x′, y′) ∈ XP,

0 otherwise,
(A.24)

where EGO is geometrical optics approximation of the incident electric field that would occur
in place of the pupil if the latter were absent3. With boundary conditions (A.24), the vectorial
Rayleigh integral (A.23) becomes

E(r) =
1

2π

¨
XP

EGO(r′)

{
∂

∂z′

[
exp(ik|r− r′|)
|r− r′|

]}

z′=−d
dx′ dy′. (A.25)

Recall that r′ = x′ x̂ + y′ ŷ − d ẑ and r = x x̂ + y ŷ + z ẑ are the position of arbitrary points
inside the exit pupil and in the vicinity of the focus, respectively. After performing the partial
differentiation with respect to z′, the formula reads:

E(r) = − 1

2π
(z + d)

¨
XP

EGO(r′)
exp(ik|r− r′|)
|r− r′|2

(
ik − 1

|r− r′|

)
dx′ dy′. (A.26)

Now, we express the exit pupil field in the geometrical optics approximation using Eq. (A.22),
hence Eq. (A.26) becomes

E(r) = − f

2π
(z + d)

¨
XP

EFS(θs, φs)

r′
exp(−ikr′)

× exp(ik|r− r′|)
|r− r′|2

(
ik − 1

|r− r′|

)
dx′ dy′.

(A.27)

Since we are going to take d to infinity below, in accordance with image-side telecentricity, we
may use the approximations (z + d) ' d as well as |r− r′| ' r′ in the denominators and

∣∣r− r′
∣∣ =

√
r′2 − 2 r′ · r + r2 = r′

√
1 +
−2 r′ · r + r2

r′2
' r′

(
1− r′ · r

r′2

)
= r′ + ŝ · r (A.28)

3Appreciable departure from Eq. (A.24) (which manifests itself in „diffraction fringing”) is only expected
in the immediate neighborhood of the aperture edge, i.e. within a distance on the order of the wavelength [16,
p. 116]. Therefore, the above approximate boundary conditions are justified if both the characteristic size
of the aperture and the distance of the observation point from the aperture plane are much larger than the
wavelength (as for the focusing problem discussed in this thesis). In such a case, the contribution of the edge
to the integral (hence the error introduced by the Kirchhoff boundary conditions) is practically negligible [224,
pp. 205–206].
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inside the exponential function in the numerator, where the last step of Eq. (A.28) fol-
lows from Eq. (A.17) and r := |r|. The exponential term thus becomes exp(ik|r− r′|) '
exp(ikr′) exp(ik ŝ ·r), where the first factor on the right-hand side cancels the term exp(−ikr′)

in the integrand. Applying all the above approximations yields

E(r) = − f

2π

¨
XP

EFS(θs, φs) exp(ik ŝ · r)

(
ik − 1

r′

)
d

r′3
dx′ dy′. (A.29)

In the following, we wish to express the integral in terms of the spherical angles θs and φs

of ŝ rather than with the exit pupil coordinates x′ and y′. With help of Eqs. (A.17) and (A.18),
components x′ and y′ of r′ can be written as

x′ = −r′ sin θs cosφs = −d tan θs cosφs, (A.30a)

y′ = −r′ sin θs sinφs = −d tan θs sinφs, (A.30b)

which also implies that

d

r′3
dx′ dy′ =

cos3 θs

d2

∣∣∣∣∣
∂x′

∂θs
∂x′

∂φs
∂y′

∂θs
∂y′

∂φs

∣∣∣∣∣dθs dφs = sin θs dθs dφs. (A.31)

Thus, substituting (x′, y′) with (θs, φs) in the integral yields

E(r) = − f

2π

ˆ 2π

0

ˆ Θ

0
EFS(θs, φs) exp(ik ŝ · r)

(
ik − 1

r′

)
sin θs dθs dφs. (A.32)

We now take the limit d→∞. The second term inside the parentheses on the right-hand side
vanishes, because 1/r′ = cos θs/d→ 0. As a result, we obtain the Debye–Wolf integral

E(r) = − ikf

2π

ˆ 2π

0

ˆ Θ

0
EFS(θs, φs) exp(ik ŝ · r) sin θs dθs dφs. (A.33)
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Normalized associated Legendre
functions

Definition

The normalized form of the associated Legendre functions, denoted here by P̄lm(ξ), is defined
as [155, p. 757]1

P̄lm(ξ) :=

√
2l + 1

2

(l −m)!

(l +m)!
Pml (ξ), (B.1)

where Pml (ξ) are the “traditional” associated Legendre functions [153, p. 108][155, p. 743]

Pml (ξ) :=
(−1)m

2ll!
(1− ξ2)m/2

dl+m

dξl+m
(ξ2 − 1)l. (B.2)

Orthogonality

With the above normalization, functions P̄lm(ξ) satisfy the orthogonality relation [155, p. 757]

ˆ 1

−1
P̄lm(ξ)P̄l′m(ξ) dξ = δll′ , (B.3)

where δll′ is the Kronecker delta symbol.

Symmetry and parity

It follows from the corresponding relation of the associated Legendre functions Pml (ξ) that
functions P̄lm(ξ) obey the symmetry relation [153, p. 108][155, p. 743]

P̄l,−m(ξ) = (−1)mP̄lm(ξ), (B.4)

1Arfken et al. use the notation Θlm [155, p. 757].
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and the parity relation
P̄lm(−ξ) = (−1)l+mP̄lm(ξ). (B.5)

Addition theorems

The normalized associated Legendre functions satisfy the addition theorem

l∑

m=−l
[P̄lm(ξ)]2 =

2l + 1

2
, (B.6)

which can be seen as a special case to the addition theorem for scalar spherical harmonics [155,
p. 798].

Winch and Roberts [225] derived two further addition theorems for the Schmidt quasi-
normalized form of the associated Legendre functions [226]. By adapting these to our fully
normalized case, we obtain

(1− ξ2)
l∑

m=−l

[
P̄ ′lm(ξ)

]2
=
l(l + 1)(2l + 1)

4
, (B.7)

1

1− ξ2

l∑

m=−l

[
mP̄lm(ξ)

]2
=
l(l + 1)(2l + 1)

4
, (B.8)

where P̄ ′lm(ξ) := dP̄lm(ξ)/dξ.

Differential equation

Differing from functions Pml (ξ) only by a (l− and m−dependent) constant factor, the nor-
malized associated Legendre functions satisfy the same second-order differential equation as
Pml (ξ), commonly known as the Legendre equation [153, p. 96][155, p. 741]. The fixed-order
scalar surface Laplacian

∇2
S2,m =

d

dξ

[
(1− ξ2)

d

dξ

]
− m2

1− ξ2

allows us to write the equation in a compact form as (cf. (2.19))

∇2
S2,mP̄lm(ξ) = −l(l + 1)P̄lm(ξ). (B.9)
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Recurrence relations

From well-known recurrence relations for Pml (ξ) [155, p. 744], the following recurrence relations
can be derived for P̄lm(ξ):

ξP̄lm(ξ) = νlmP̄l−1,m(ξ) + νl+1,mP̄l+1,m(ξ), (B.10)

(1− ξ2)P̄ ′lm(ξ) = −lξP̄lm(ξ) + (2l + 1)νlmP̄l−1,m(ξ), (B.11)

(1− ξ2)P̄ ′lm(ξ) = (l + 1)ξP̄lm(ξ)− (2l + 1)νl+1,mP̄l+1,m(ξ), (B.12)

where

νlm :=

√
(l +m)(l −m)

(2l + 1)(2l − 1)
(B.13)

Additionally, the following lesser known recurrence relations hold, too [227, 228]:

−
√

1− ξ2 P̄ ′lm(ξ) = α+
lmP̄l,m+1(ξ) + α−lmP̄l,m−1(ξ),

α±lm := ±
√

(l ∓m)(l ±m+ 1)

2
, (B.14)

mP̄lm(ξ)√
1− ξ2

= β+
lmP̄l−1,m+1(ξ) + β−lmP̄l−1,m−1(ξ),

β±lm := −
√

2l + 1

2l − 1

√
(l ∓m)(l ∓m− 1)

2
. (B.15)

mP̄lm(ξ)√
1− ξ2

= γ+
lmP̄l+1,m+1(ξ) + γ−lmP̄l+1,m−1(ξ),

γ±lm :=

√
2l + 1

2l + 3

√
(l ±m+ 1)(l ±m+ 2)

2
. (B.16)

Explicit expression for the l = m case

For l = m, the associated Legendre functions can be written in a closed-form [155, p. 745].
The corresponding expression for P̄mm(ξ) reads

P̄mm(ξ) = (−1)m

√
2m+ 1

2

1

(2m)!
(2m− 1)!! (1− ξ2)m/2 (m ≥ 0). (B.17)





Appendix C

Proofs of Chapter 3

C.1 Proof of Christoffel–Darboux formula (3.48)

We start from recurrence relation (3.44) and multiply both sides by Flm(ξ′). Then we take
the same recurrence relation again, but this time, substitute ξ′ for ξ and multiply both sides
by Flm(ξ). In this way, we obtain the following two equations:

[
ξ − m

l(l + 1)

]
Flm(ξ)Flm(ξ′) = ζl+1,mFl+1,m(ξ)Flm(ξ′) + ζlmFl−1,m(ξ)Flm(ξ′),

[
ξ′ − m

l(l + 1)

]
Flm(ξ′)Flm(ξ) = ζl+1,mFl+1,m(ξ′)Flm(ξ) + ζlmFl−1,m(ξ′)Flm(ξ).

Taking their difference and summing over l yields

(ξ − ξ′)
L∑

l=`m

Flm(ξ)Flm(ξ′) =

L∑

l=`m

{
ζl+1,m

[
Fl+1,m(ξ)Flm(ξ′)− Flm(ξ)Fl+1,m(ξ′)

]

+ ζlm
[
Fl−1,m(ξ)Flm(ξ′)− Flm(ξ)Fl−1,m(ξ′)

]}
.

We can see that consecutive terms cancel in the sum on the right-hand side. Moreover,
F`m−1,m(ξ) = 0 by definition, thus only one term corresponding to ζL+1,m remains:

(ξ − ξ′)
L∑

l=`m

Flm(ξ)Flm(ξ′) = ζL+1,m

[
FL+1,m(ξ)FLm(ξ′)− FLm(ξ)FL+1,m(ξ′)

]
. Q.E.D.
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C.2 Proof of addition theorem (3.49)

Upon inserting definition (3.25a) of Flm(ξ) into the left-hand side of addition theorem (3.49),
we obtain

l∑

m=−l

[
Flm(ξ)

]2
=

1

l(l + 1)

{
l∑

m=−l
(1− ξ2)

[
P̄ ′lm(ξ)

]2
+

1

1− ξ2

l∑

m=−l

[
P̄lm(ξ)

]2
}

+
2

l(l + 1)

l∑

m=−l
mP̄ ′lm(ξ)P̄lm(ξ).

Next we use addition theorems (B.7) and (B.8) of the normalized associated Legendre func-
tions, hence the first term on the right-hand side yields (2l + 1)/2, while the second term
vanishes because of symmetry relation (B.4). Therefore,

l∑

m=−l
[Flm(ξ)]2 =

2l + 1

2
. Q.E.D.

C.3 Proof of integral identity (3.79)

Inserting expression (3.77) of Jm into both sides of integral identity (3.79) yields

ˆ 1

cos Θ

f1(ξ) [Jmf2(ξ)] dξ =

ˆ 1

cos Θ

f1(ξ)
d

dξ

[
(cos Θ− ξ)(1− ξ2)

df2(ξ)

dξ

]
dξ

+

ˆ 1

cos Θ

[
L(L+ 2)− (cos Θ− ξ)m

2 − 2mξ + 1

1− ξ2

]
f1(ξ)f2(ξ) dξ, (C.1a)

ˆ 1

cos Θ

[Jmf1(ξ)] f2(ξ) dξ =

ˆ 1

cos Θ

d

dξ

[
(cos Θ− ξ)(1− ξ2)

df1(ξ)

dξ

]
f2(ξ) dξ

+

ˆ 1

cos Θ

[
L(L+ 2)− (cos Θ− ξ)m

2 − 2mξ + 1

1− ξ2

]
f1(ξ)f2(ξ) dξ. (C.1b)

Next we perform integration by parts on the first term of the right-hand side in both equations:

ˆ 1

cos Θ
f1(ξ)

d

dξ

[
(cos Θ− ξ)(1− ξ2)

df2(ξ)

dξ

]
dξ = f1(ξ)(cos Θ− ξ)(1− ξ2)

df2(ξ)

dξ

∣∣∣∣
1

cos Θ

−
ˆ 1

cos Θ

df1(ξ)

dξ
(cos Θ− ξ)(1− ξ2)

df2(ξ)

dξ
dξ,

ˆ 1

cos Θ

d

dξ

[
(cos Θ− ξ)(1− ξ2)

df1(ξ)

dξ

]
f2(ξ) dξ = (cos Θ− ξ)(1− ξ2)

df1(ξ)

dξ
f2(ξ)

∣∣∣∣
1

cos Θ

−
ˆ 1

cos Θ
(cos Θ− ξ)(1− ξ2)

df1(ξ)

dξ

df2(ξ)

dξ
dξ.
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The first term on the right-hand side of both equations vanishes and the rest is identical, hence

ˆ 1

cos Θ
f1(ξ)

d

dξ

[
(cos Θ− ξ)(1− ξ2)

df2(ξ)

dξ

]
dξ

=

ˆ 1

cos Θ

d

dξ

[
(cos Θ− ξ)(1− ξ2)

df1(ξ)

dξ

]
f2(ξ) dξ.

(C.2)

Upon inserting (C.2) into (C.1a) we find that

ˆ 1

cos Θ
f1(ξ) [Jmf2(ξ)] dξ =

ˆ 1

cos Θ
[Jmf1(ξ)] f2(ξ) dξ. Q.E.D.

C.4 Proof of identity (3.81)

First we apply expression (3.77) of Jm to the kernel function Km(ξ, ξ′) and then use eigenvalue
equation (3.42) of ∆S2,m:

JmKm(ξ, ξ′) =

[
(cos Θ− ξ)∆S2,m − (1− ξ2)

d

dξ
− L(L+ 2)ξ

] L∑

l=`m

Flm(ξ)Flm(ξ′)

= − cos Θ
L∑

l=`m

l(l + 1)Flm(ξ)Flm(ξ′) + ξ
L∑

l=`m

[
l(l + 1)− L(L+ 2)

]
Flm(ξ)Flm(ξ′)

− (1− ξ2)
L∑

l=`m

F ′lm(ξ)Flm(ξ′).

Likewise, we also apply Jm′ to K(ξ, ξ′) and subtract the resulting equation from the previous
one, yielding

(Jm − Jm′)Km(ξ, ξ′) = (ξ − ξ′)
L∑

l=`m

[
l(l + 1)− L(L+ 2)

]
Flm(ξ)Flm(ξ′)

−
L∑

l=`m

(1− ξ2)F ′lm(ξ)Flm(ξ′)

+

L∑

l=`m

Flm(ξ)(1− ξ′ 2)F ′lm(ξ′).
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Using recurrence relation (3.46) on the terms containing the derivatives of Flm(ξ) and per-
forming some straightforward algebra, we get

(Jm − Jm′)Km(ξ, ξ′) = (ξ − ξ′)
L∑

l=`m

[
l2 − (L+ 1)2

]
Flm(ξ)Flm(ξ′)

+

L∑

l=`m

(2l + 1)ζl+1,m

[
Fl+1,m(ξ)Flm(ξ′)− Flm(ξ)Fl+1,m(ξ′)

]
.

Applying Christoffel–Darboux formula (3.48) to the second term on the right-hand side yields

(Jm − Jm′)Km(ξ, ξ′) = (ξ − ξ′)
L∑

l=`m

Flm(ξ)Flm(ξ′)
[
l2 − (L+ 1)2

]

+ (ξ − ξ′)
L∑

l=`m

(2l + 1)
l∑

l′=`m

Fl′m(ξ)Fl′m(ξ′).

(C.3)

In the last term of the right-hand side, the summation can be interchanged as

L∑

l=`m

(2l + 1)

l∑

l′=`m

Fl′m(ξ)Fl′m(ξ′) =

L∑

l′=`m

Fl′m(ξ)Fl′m(ξ′)

L∑

l=l′

(2l + 1), (C.4)

which is illustrated in Fig. C.1.

`m L
l

`m

L

l′

(a)

`m L
l

`m

L

l′

(b)

Figure C.1: The order of double summation in (a)
∑L
l=`m

∑l
l′=`m

and (b)
∑L
l′=`m

∑L
l=l′ . The filled

circles represent terms with corresponding indices l and l′.

Relabeling the sums on the right-hand side of Eq. (C.4), so that l becomes l′ and vice
versa, and inserting the resulting expression into the right-hand side of (C.3), we obtain

(Jm − Jm′)Km(ξ, ξ′) = (ξ − ξ′)
L∑

l=`m

Flm(ξ)Flm(ξ′)

[
l2 − (L+ 1)2 +

L∑

l′=l

(2l′ + 1)

]
.
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Since
∑L

l′=`m
(2l′ + 1) = (L+ 1)2 − l2, the right-hand side vanishes. Hence

JmKm(ξ, ξ′) = Jm′Km(ξ, ξ′). Q.E.D.

C.5 Proof of expressions (3.86) for the matrix elements of Jm
We start by inserting expression (3.77) of Jm into the integral expression (3.84) for the matrix
elements and use the eigenvalue equation (3.42) of ∆S2,m:

Jm,ll′ =

ˆ 1

−1
Flm(ξ)

[
(cos Θ− ξ)∆S2,m − (1− ξ2)

d

dξ
− L(L+ 2)ξ

]
Fl′m(ξ) dξ

= −l′(l′ + 1) cos Θ

ˆ 1

−1
Flm(ξ)Fl′m(ξ) dξ +

[
l′(l′ + 1)− L(L+ 2)

]ˆ 1

−1
ξFlm(ξ)Fl′m(ξ) dξ

−
ˆ 1

−1
Flm(ξ)(1− ξ2)F ′l′m(ξ) dξ (C.5)

The first integral is equal to δll′ because of orthonormality relation (3.39). The remaining two
integrals can be evaluated by using recurrence relations (3.44) and (3.45) and orthonormality
relation (3.39):

ˆ 1

−1
ξFlm(ξ)Fl′m(ξ) dξ = ζl′mδl,l′−1 + ζl′+1,mδl,l′+1 +

m

l′(l′ + 1)
δll′ ,

ˆ 1

−1
Flm(ξ)(1− ξ2)F ′l′m(ξ) dξ = (l′ + 1)ζl′mδl,l′−1 − l′ζl′+1,mδl,l′+1 +

m

l′(l′ + 1)
δll′ .

Thus for Eq. (C.5), we get

Jm,ll′ =

{
−l′(l′ + 1) cos Θ +m

[
1− L(L+ 2) + 1

l′(l′ + 1)

]}
δll′

+ ζl′m
[
(l′ − 1)(l′ + 1)− L(L+ 2)

]
δl,l′−1

+ ζl′+1,m

[
l′(l′ + 2)− L(L+ 2)

]
δl′,l′+1.

Because of the Kronecker deltas, this expression is nonzero for index pairs (l, l), (l+ 1, l) and
(l, l + 1) only. The corresponding matrix elements are

Jm,ll = −l(l + 1) cos Θ +m

[
1− L(L+ 2) + 1

l(l + 1)

]

Jm,l,l+1 = Jm,l+1,l = ζl+1,m

[
l(l + 2)− L(L+ 2)

]

=
l(l + 2)− L(L+ 2)

l + 1

√
[(l + 1)2 − 1][(l + 1)2 −m2]

(2l + 1)(2l + 3)
. Q.E.D.





Appendix D

Supplementary material to Chapter 4

D.1 Additional expressions of the mixed vector multipole fields
T±lm(r)

In this short section, I present additional expressions of the mixed vector multipole fields
T±lm(r) that make their computation simpler. By inserting expressions (2.40) of Mlm(r) and
Nlm(r) into the definition (4.7) of the mixed vector multipole fields, and then expressing
vector spherical harmonics Ylm(θr, φr) and Zlm(θr, φr) using mixed vector spherical harmonics
Q±lm(θr, φr) using Eqs. (3.22), we obtain the following expressions:

T+
lm(r) = 2πil

[
T r
l (kr)Ylm(θr, φr)r̂

+ T+
l (kr)Q+

lm(θr, φr) + (−1)m+1 T−l (kr)Q−lm(θr, φr)
]
, (D.1a)

T−lm(r) = 2πil
[
(−1)m T r

l (kr)Ylm(θr, φr)r̂

+ (−1)m+1 T−l (kr)Q+
lm(θr, φr) + T+

l (kr)Q−lm(θr, φr)
]
, (D.1b)

where

T r
l (kr) := i

√
2l(l + 1)

jl(kr)

kr
, (D.2a)

T±l (kr) := jl(kr)± i

[
jl−1(kr)− l jl(kr)

kr

]
. (D.2b)

D.2 Optimized expansion coefficients of §4.4.4

Table D.1 contains the optimized coefficients for the needle, tube and bubble focal spots of
§4.4.4 to full double precision. These coefficients have to be used in linear combinations (4.22).

Note, however, that specifying the optimized coefficients of Table D.1 alone is not enough
for reproducing the results of §4.4.4, since coefficients vl,0,j of Eqs. (4.3a), (4.3b), (4.9a),
and (4.9b) are only determined up to global factor of ±1 for each value of j. Therefore, it is
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assumed here that the first coefficient v1,0,j is nonnegative for all j, which resolves the above
sign ambiguity.

j cNj dTj

1 −1.941 797 830 672 653 6× 10−3 1.330 449 174 633 379 0× 10−2

2 9.719 312 236 961 931 8× 10−3 1.947 919 904 185 689 3× 10−1

3 −3.505 300 506 668 949 2× 10−2 1.185 294 492 116 033 1× 100

4 7.040 000 421 369 326 0× 10−2 1.142 320 675 782 484 9× 100

5 −9.615 979 126 119 715 6× 10−2 2.668 508 498 469 437 9× 10−1

6 1.118 193 496 005 830 7× 10−1 −8.917 496 457 312 647 0× 10−1

7 −1.993 440 268 414 156 4× 10−1 1.456 203 695 844 075 5× 10−1

8 3.008 908 810 228 520 5× 10−1 2.410 174 780 755 964 8× 10−1

9 −4.397 254 436 384 753 8× 10−1 8.446 772 481 564 866 8× 10−2

10 −5.234 881 624 557 329 3× 10−1 −3.074 355 284 118 601 7× 10−1

11 −9.378 505 070 315 906 7× 10−1 1.452 735 439 563 122 6× 10−1

j cBj dBj

1 1.777 864 772 618 435 2× 10−1 −1.050 911 243 983 527 6× 10−1

2 4.751 142 994 761 530 8× 10−1 −3.007 957 343 431 140 7× 10−1

3 3.494 964 954 115 786 8× 10−1 −3.088 303 690 070 040 0× 10−1

4 5.079 720 186 513 149 2× 10−1 −4.772 845 782 474 095 5× 10−1

5 −6.100 592 054 628 026 2× 10−2 −3.990 082 192 902 890 7× 10−1

6 7.742 281 303 813 047 8× 10−2 −2.664 292 292 499 270 1× 10−1

7 −4.459 789 105 392 384 4× 10−1 −2.943 602 385 520 328 0× 10−1

8 −3.387 974 723 716 568 5× 10−2 −1.952 097 443 095 487 9× 10−1

9 −4.561 996 087 728 383 8× 10−1 −1.043 227 156 521 345 2× 10−1

10 5.067 208 831 673 662 0× 10−2 −4.151 760 556 985 613 4× 10−2

11 −3.286 884 391 738 718 0× 10−1 −4.198 674 814 954 057 2× 10−2

Table D.1: Optimized coefficients of the optical needle, tube, and bubble of §4.4.4.
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