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Nomenclature
Lower case Latin letters
b

proportionality factor

c

damping coefficient

𝑑

missile diameter

𝑒

perforation limit

∆𝑒𝑎𝑏𝑠

absolute deviation of perforation limit

𝑒𝐹𝐸

perforation limit in the finite element model

𝑒𝑓𝑖𝑡

perforation limit calculated by our empirical formula

∆𝑒𝑟𝑒𝑙

relative deviation of perforation limit

〈∆𝑒𝑎𝑏𝑠 〉

mean absolute deviation of perforation limit

〈∆𝑒𝑟𝑒𝑙 〉

mean relative deviation of perforation limit

𝑓

dimensionless reaction force

𝑓𝑐

compressive strength of the target

𝑓𝐹𝐸

dimensionless reaction force in the finite element model

𝑓𝑚𝑎𝑥

maximum value of the dimensionless reaction force

𝑓𝑅

dimensionless reaction force in the Riera model

𝑓𝑡

tensile strength of the target

𝑓𝑦

strength of missile material

𝑓𝑦𝑛

strength of missile material at the nose an tail

𝑓𝑦𝑤

strength of missile material at the wing

∆𝑓

relative difference between reaction forces in the Riera and finite element models

〈∆𝑓〉

temporal average of relative difference between reaction forces in the Riera and
finite element models
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i

lost dimensionless momentum

k

spring constant

kx

proportionality factor

m

instantaneous mass of the missile (in case of hard missiles, m=m0=const.)

𝑚
̃

instantaneous dimensionless mass of the missile

𝑚0

total initial mass of soft missile

𝑚
̃0

total dimensionless initial mass of soft missile

dm

infinitesimal mass of aircraft that crushes at a time instant

𝑝

hydrostatic pressure

𝑠

scabbing limit

𝑡

time

𝑡̃

dimensionless time

𝑡𝑡

target thickness

𝑡𝑤

wall thickness of missile

u

velocity of target structure

𝑢̃𝑚𝑎𝑥

maximum dimensionless velocity of target structure

𝑣

missile velocity

𝑣̃

dimensionless missile velocity

𝑣0

initial impact velocity (velocity of the missile at the beginning of the impact)

𝑥

length of intact part of missile

𝑥̃

dimensionless length of intact part of missile

𝑥𝑝

penetration depth

𝑥𝑝,𝐹𝐸

penetration depth in the finite element model

𝑥𝑝,𝑓𝑖𝑡

penetration depth calculated by our empirical formula
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𝑥𝑝1
𝑥𝑝2

critical value of penetration depth (if 𝑥𝑝 = 𝑥𝑝1 then resistance starts to decrease)
critical value of penetration depth (if 𝑥𝑝 = 𝑥𝑝2 then perforation occurs)

∆𝑥𝑝,𝑎𝑏𝑠

absolute deviation of penetration depth

∆𝑥𝑝,𝑟𝑒𝑙

relative deviation of penetration depth

〈∆𝑥𝑝,𝑎𝑏𝑠 〉

mean absolute deviation of penetration depth

〈∆𝑥𝑝,𝑟𝑒𝑙 〉

mean relative deviation of penetration depth

𝑦

displacement of the target

𝑦̃

dimensionless displacement of the target

𝑧

displacement of the missile relative to impact point

Capital Latin letters
𝐴

cross-sectional area of the missile

𝐴𝜏

lateral surface area of the shear cone

𝐷

damage potential

𝐷(𝑃𝑎𝑣 )

damage potential calculated by the average crushing force as characteristic value

𝐷(𝑃𝑚𝑎𝑥 ) damage potential calculated by the maximum crushing force as characteristic
value
𝐷𝑐

damage number in the RHT material model (Appendix 2)

𝐸

Young’s modulus of missile material

𝐸ℎ

hardening modulus of missile material

𝐸𝑡,𝑝𝑙𝑎𝑡𝑒

Young’s modulus of ‘plate type’ elastic target

𝐹

reaction force

𝐹𝑝

resisting force against penetration

𝐻

critical value of undamaged target thickness

𝐼

impact factor (Haldar and Hamieh, 1984)
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𝐿

total length of missile (aircraft)

M

(effective) mass of the target structure

𝑁

nose shape factor

𝑃

crushing force of the aircraft

𝑃𝑎𝑣

average value of the crushing force of the aircraft

𝑃𝑚𝑎𝑥

maximum value of the crushing force of the aircraft

𝑃0

characteristic value of the crushing force of the aircraft

Greek letters
𝛼

shear cone angle

𝛽

Rambach’s coefficient (Rambach et al., 2005)

𝛾

dimensionless damping coefficient

𝜀

ratio of aircraft to target mass

𝜀𝑝

plastic deformation

𝜀𝑒𝑙

elastic limit strain

𝜀𝑢

ultimate strain

𝜗

shape function of the crushing force

𝜅

dimensionless target stiffness parameter

𝜇

mass per unit length

𝜇𝑚𝑎𝑥

maximum value of mass per unit length

𝜇̃

dimensionless mass per unit length

𝜈

Poisson’s ratio

𝜌

density of missile material

𝜌𝑛

density of missile material at the nose and tail

𝜌𝑡

target density
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𝜌𝑡,𝑝𝑙𝑎𝑡𝑒

density of ‘plate type’ elastic target

𝜌𝑡,𝑠𝑝𝑟𝑖𝑛𝑔

density of ‘spring type’ elastic target

𝜌𝑤

density of aircraft wing material

𝜎

deviatoric stress

𝜏

impact duration

𝜏̃

dimensionless duration of impact

𝜏𝑐

shear strength of the target

𝜔

natural frequency of the target

𝜔
̃

dimensionless natural frequency of the target

Other symbols that appear in the Appendices are explained there.
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1. Introduction
1.1. Motivation
Analysing the consequences of potential aircraft impact into engineering structures is an issue
of high importance. Probability of an accidental aircraft crash is low, but the consequences can
be extremely severe. An example used throughout this dissertation is the case of Nuclear Power
Plants (NPPs), where this issue is crucial (IAEA (International Atomic Energy Agency) Safety
Guide, 2003; DOE (U.S. Department of Energy) Standard, 2006; NEI (Nuclear Energy Institute), 2011). Therefore, the analysis of impacts is included in the design basis of high importance structures such as NPPs. Moreover, terrorist attacks have also increased the actuality
of this field of research since September 11, 2001. The topic has a wide background in the
literature, but there are open questions that need to be answered. One of the most important
aspects is the global understanding of the phenomena that occur during an aircraft impact. Due
to increasing computational capacity, more and more complex models are applicable to analyse
one or more aspects of the impact (structural response, behaviour of concrete material, explosions, fire, etc.). These computational techniques are efficient, however, the large number of
parameters that appear in the models can cause high uncertainties. It is not obvious to see the
role, importance and connections of different parameters. In my PhD thesis I aim to find the
most important parameters and analyse their effect on the course of the impact and, by this, to
contribute to the better understanding of the aircraft impact phenomenon.

1.2. Effects of an aircraft impact
1.2.1. Soft and hard impacts
Consequences of an impact highly depend on the relative stiffness of the missile (aircraft) and
the target (structure). This PhD thesis mainly focuses on the effects of aircraft impact into relatively rigid structures with thick (larger than 1 m) reinforced concrete (RC) walls.
Impact of high velocity military missiles into thick protecting barriers started to be tested before
the 1950s, while aircraft impact analysis only became important in the 1960s when a large
number of NPPs were built in the United States and in Europe. After 1974, because of the large
number of military jets positioned on both sides of the iron curtain, NPPs in Switzerland, Belgium and Germany had to be specifically designed for accidental impact of a Phantom F4 military aircraft (Riera, 1980, Henkel and Klein, 2007). Nowadays, new NPPs have to be designed

–1–

for small civil or military aircraft impact (in Hungary, for a small aircraft that has impact probability 10-7 1/year). Impact of a large commercial aircraft is a beyond-design-basis event for
NPP design, but it also has to be taken into account and safe shutdown of the reactor and prescribed structural integrity has to be provided. Detailed introduction and description of national
and international regulations regarding impact analysis of NNPs are not included in the dissertation, because our findings are independent of these regulations. We neither detail the methods
of filtering the possibly impacting aircrafts, their properties and the impact zones that are done
by probabilistic analyses since the first regulations (Chelapati et al., 1971, Carden, 1982).
An aircraft impact can cause various types of failures. According to the IAEA Safety Guide
(2003), global and local primary effects, vibrations and secondary effects (fire, explosion, etc.)
have to be examined. Global effects include the overall response of the entire structure (collapse, overturning, excessive structural deformations and displacements), while local effects
(penetration, perforation, scabbing, spalling, etc.) occur in the vicinity of the impact zone (see
Fig. 1). In the dissertation, both global and local primary effects are discussed.
The damage caused by the aircraft or its parts depends to a great extent on the stiffness of the
missile and the target. Usually, an aircraft fuselage that impacts a rigid concrete structure with
thick walls implies a deformable (soft) missile causing global effects (Sugano et al., 1993-1),
while the engine can be considered as a non-deformable (hard) missile that penetrates into or
perforates the structure (Sugano et al., 1993-2,3). In general, different models and methods are
used for the analysis of global or local effects, therefore, in the dissertation we also discuss
them separately.

Fig. 1: Local effects: (a) penetration, (b) cone cracking (penetration-plugging), (c) spalling,
(d) cracks, (e) scabbing, (f) perforation and global effect (g) of missile impact (Li et al., 2005)
Before discussing the global and local effects in details, the possible classification methods of
impacts and missiles are reviewed. It is not obvious how to divide the missiles and impacts into
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subcategories, the most frequently used expressions are hard or soft missiles, or hard or soft
impacts.
For hard missiles, a possible definition is that a hard, non-deformable missile is a projectile that
remains undamaged during the impact. According to Yankelevsky (1997), its deformation is
small compared to the deformation of the target.
A possible definition for soft impacts is that if the missile impacts the target then there is no
rebound, so soft impact means a plastic collision, compared to elastic collisions that are hard
(Koechlin, 2009). For aircraft impacts, the definition of Eibl (1987) seems to be more adequate.
It assumes the impact to be soft if the missile is totally destroyed and the strains and displacements of the target are very small compared to the strains and displacements of the missile. This
definition still cannot predict the effect caused by the impact, because the strength of the target
(resistance against local effects) does not appear in it.
Koechlin (2009) suggests that the impact is hard if penetration occurs, therefore hard impact
causes local effects. He sets the following dimensionless equation as the limit for soft impact:
𝑓𝑦 𝜌𝑣02
+
< 1,
𝑓c
𝑓c

(1)

where fy, ρ and v0 are the strength, density and velocity of the missile, respectively, while fc is
the compressive strength of the target. It is important that fy also includes the effects of local
buckling. Eq. (1) shows two specific cases: if fy=0, then the missile behaves as a fluid that
impacts the target surface, while if v0=0, then static pressure acts between the target and the
missile.
In addition to the basic classification, at very high impact velocities both the missile and target
can behave as fluids (hydrodynamic shock). Li and Chen (2003) classified such high velocity
impacts into rigid, semi-hydrodynamic and hydrodynamic subcategories.

1.2.2. Global effects of aircraft impact
For the analysis of global structural response, two methods are suggested by the Nuclear Energy
institute (2011): the force time-history analysis (FTHA) and the missile-target interaction analysis (MTIA). In the first method (FTHA), the aircraft appears as a time-dependent load that acts
on the target structure, while in the second one (MTIA) the aircraft and target appear in a detailed, coupled (usually finite element (FE), discrete element (DE), smooth particle hydrodynamics (SPH)) model. Different modelling techniques of the last decades are reviewed and
compared in the summarising article of Jiang and Chorzepa (2014).
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The load-time function for FTHA can be determined by various models in which normal impact
and perfectly rigid target are typically assumed. The development of these models started at the
end of the 1960s and developed fast, in such a way that in 1977 an entire session in the SMiRT4 Conference (International Conference on Structural Mechanics in Reactor Technology) was
devoted to problems related to aircraft impact (Bahar and Rice, 1978). Since then, each SMiRT
Conference had specific sessions devoted to aircraft and missile impacts.
As examples, Fig. 2 shows the reaction (impact) force-time F(t) functions of a Phantom F4
military jet with impact velocity v0=215 m/s as obtained in a full-scale experiment (Fig. 3) by
Sugano et al. (1993-1), in a lumped-mass model by Wolf (1978), where both the aircraft and
target are modelled by masses and springs (Fig. 4), and by the model of Riera (1968) discussed
in detail in Chapter 2.
The Riera model is the most widely used method to determine the reaction force that acts on a
perfectly rigid target during normal impact of a rigid–perfectly plastic aircraft. There are several
load—time functions, determined by the Riera model, available for different aircrafts and impact velocities (Bangash, 1993). Several research papers are focused on the analysis, justification and modification of the Riera model. Drittler and Gruner (1976-1,2) extended the Riera
model and applied bi-linear aircraft material model instead of a rigid–perfectly plastic material
model and applied it for the impact analysis of military and small civil aircrafts. Wolf (1978)
compared the Riera model to his lumped-mass model and found good agreement. He also examined the effect of target elasticity on the reaction force, and in the examined range he found
that its effect is negligible. Wolf’s lumped-mass model was also modified: instead of longitudinal springs, visco-elastic bars and visco-elastic rotational springs were included (Bignon and
Riera, 1980). Gardner (1984) proved that the effect of gravity is negligible during the impact.
The full-size aircraft impact test by Sugano et al. (1993-1) meant a breakthrough in the justification of the Riera model, because the results of the model showed good agreement with the
reaction force measured during the test.

Fig. 2: Impact force—time functions of a Phantom F4 aircraft (v0=215 m/s)
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Fig. 3: Full-scale impact test of a Phantom F4 fighter (Sugano et al., 1993-1)

Fig. 4: Lumped-mass model of aircraft impact (Wolf, 1978)
The model of the target structure, on which the time dependent load acts, depends on the purpose of the analysis and on the available calculation methods. According to the Standard of the
DOE (2006), an equivalent lumped mass and spring model or a linear finite element model is
adequate for global structural analysis of reactor buildings. During the last 50 years, several
FTHA calculations used the Riera type reaction force—time functions (Schalk and Wölfel,
1976; Rebora and Zimmermann, 1976; Chadmail et al., 1985; Brandes, 1988; Abbas et al.,
1995; Abbas et al., 1996; Kukreja, 2005; Chauvel et al., 2005; Dundulis et al., 2007; Forasassi
and Lofrano, 2010; Iqbal et al., 2012; Sadique et al., 2013; Andonov et al., 2013; etc.). Other
analytic calculation methods were also introduced by Drittler and Gruner (1976), Schmidt et al.
(1977), Hornyik (1977), Bahar and Rice (1978), etc., but the Riera model with its simplicity
remained the mostly used one with different target structures.
In MTIA, detailed numerical models are used that include realistic parameters and provide detailed information on the course of the impact. The effect of target deformation on the course
of the impact can be examined in details, which is an advantage compared to FTHA. An other
advantage of MTIA is that in FTHA, the shape and size of the loaded area has to be changed
during the impact, which is directly implied in MTIA (Heckötter and Sievers, 2012). On the
other hand, a multitude of parameters appear in these codes. This increases the uncertainties of
the results because the role and importance of these parameters can be unclear. In order to
decrease uncertainties, even very detailed simulations (Rambach et al., 2005; Vuorien et al.,
2011; Arros and Doumbalski, 2007; Wilt et al., 2011; Tennant et al., 2011; Lee et al., 2013;
Kirkpatric et al., 2013; Lee et al., 2014; Siefer and Henkel, 2014) use the Riera approach as a
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benchmark to validate the results. This means that the parameters of the aircraft are set so that
the contact force between the impacting aircraft and a rigid target is equal to the reaction force
determined by the Riera model. Hence, it is very important to have reliable theoretical results
to provide solutions to aid the validation of numerical investigations.

1.2.3. Local effects of aircraft impact
Beside overall structural response and global damage, local effects caused by an aircraft impact
can also be critical. In this dissertation, mainly robust reinforced concrete structures are examined, therefore, local failure types, typical for thick concrete walls, are discussed. Local effects
are dominant in case of hard impacts, when the deformation of the missile is negligible during
the impact. Typical local effects caused by impact into reinforced concrete walls are (see
Fig. 1): penetration, perforation, cone cracking (penetration-plugging), cracking, scabbing,
spalling.
The required resistance of a concrete wall depends on its protective function. Usually, perforation and secondary projectile formation have to be prevented, but for protected spaces with
special functions (e.g. NPP containments) other effects on the distal side have to be excluded,
too. The most important parameters that influence the effect of a hard missile impact are the
velocity (v0), mass (m), diameter (d), nose shape (N) of the missile, and thickness (tt), tensile
and compressive strength (ft, fc), reinforcement of the target. The most important quantities that
characterize the impact are the penetration depth (xp), perforation limit (e) and scabbing limit
(s). Penetration depth is the distance to which the nose of the missile penetrates into a very thick
target (infinite half-space). Perforation and scabbing limits are the minimum required thicknesses to prevent perforation or scabbing, respectively.
Concrete structures have been used as shelters since the beginning of the 20th century, therefore,
their resistance against military missile impacts has also been important. The first experiments
in this field mainly focused on the impact of smaller, but high velocity missiles. Later, as large
number of NPPs were constructed, the testing of lower speed, but medium and larger size missile impacts (such as impact of turbine missiles, tornado generated missiles, aircraft engines
etc.) became important. Analytic, semi-empirical and numerical calculation methods have been
derived for the determination of the penetration depth, perforation limit and scabbing limit.
The most important summarizing articles on local failure calculations were published by Kennedy (1976), Teland (1998), Li et al. (2005) and Murthy et al. (2010). In these papers, the important formulae are collected, compared and the results are analysed. The formulae used in
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Chapter 5 are mainly taken from these summarizing papers, the formulae are detailed in Appendix A1.
Most of the calculations assume a perfectly rigid (non-deformable) missile that remains intact
during the impact. It is also assumed that the kinetic energy of the missile causes the local
effects. Penetration xp is the penetration of the missile impacting into an infinite half-space, so
the target thickness has no effect on the penetration depth. If the thickness of the target is finite,
then on the distal side the compressive waves induced by the impact are reflected as tensile
waves and scabbing may occur. If the target thickness is smaller than the perforation limit, then
the missile perforates the target and if it still has kinetic energy then it leaves on the distal side
with some residual velocity.
The first analytic models to calculate penetration aimed to determine the force that acted on the
target during penetration and compared it to the resistance (load bearing capacity) of the structure (Fp). Poncelet (1829) and Kennedy (1976) assume that the resistance is a polynomial function of the velocity of impact, while the National Defense Research Council (NDRC) formula
(Kennedy, 1976) writes it as the product of two functions:
𝑥𝑝 ′
𝐹𝑝 = 𝑔 ( ) ∙ 𝑓(𝑣),
𝑑

(2)

where g depends on the ratio of the actual penetration depth xp’ to missile diameter d and f
depends on the actual missile velocity v. Haldar and Hamieh (1984) and Hughes (1984) write
penetration depth xp as a function of a dimensionless impact factor (I):
𝑚𝑣0 2
𝐼=
.
𝑓𝑐 𝑑 3

(3)

Hughes (1984) assumes a linear-parabolic resistance vs. penetration curve, his model will be
discussed in details in Chapter 5.
An alternative definition of the impact factor is introduced by Riera (1989), where the tensile
strength ft of the target appears instead on the compressive strength fc. Although this definition
seems to be more appropriate if we consider the dependence of crack propagation on the tensile
strength, but in the dissertation we will follow the more commonly applied definition of Haldar
and Hamieh (1984) and Hughes (1984).
Analytic perforation calculations usually assume that perforation occurs as a result of shear
cone formation. After certain penetration, the intact thickness of the target reaches a critical
value (H) and cone failure and perforation occur (Fig. 5).
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Fig. 5: Penetration followed by perforation (penetration-plugging model) (Hughes, 1984).
The figure shows the situation when the perforation just occurs, in this limiting case the
thickness tt coincides with the perforation limit e.
In such a multi-phase model, dimensionless perforation limit (e/d) can be calculated as:
𝑒 𝑥𝑝 𝐻
=
+ ,
𝑑
𝑑
𝑑

(4)

where H depends on the target and missile properties. Li and Tong (2003), the UK Atomic
Energy Authority (UKAEA) (Li and Chen, 2003) and Li et al. (2006) used such multi-phase
models in their calculations.
Parallel to the development of analytic formulae, several tests have been carried out to help the
modelling of local failure methods. Based on the test results, empirical formulae were constructed. Limits of applicability of these formulae highly depend on the original experiment.
Unfortunately, background documentation of the tests that give the basis of the formulae is not
always accessible. Beside several small-scale tests, some medium and larger scale experiments
were done during the Meppen slap tests (Nachtsheim and Stangenberg, 1982; Rüdiger and
Riech, 1983), by Kojima (1991) and by Sugano et al. (1993-2,3). During the Meppen slab tests
(Nachtsheim and Stangenberg, 1982; Rüdiger and Riech, 1983) tubular projectiles with 600
mm diameter and ~1000 kg mass were impacted into thick reinforced concrete panels to examine the effect of aircraft impact loads. Their soft missiles caused combined global and local
effects. Kojima (1991) mainly used rigid missiles that is advantageous if we concider pure local
effects. The test series of Sugano et al. (1993-2,3) focused on the effects of aircraft engine
impact into thick concrete walls. In Chapter 5, the results of Sugano’s experiment are used for
model validation and calibration, because it is well documented and includes hard and deformable missiles that can occur during an aircraft impact. The results of this experiment are detailed
in Section 1.2.4.
Due to the rapid development of FE and DE methods, virtual experiments have become a powerful tool for hard impact calculations. The most problematic parts of these models are the material model of the concrete target and the contact problem handling. The resistance of concrete
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material highly depends on the impact velocity, therefore, rate dependent material properties
are required. The model also has to follow the different behaviour of concrete under tension
and compression, therefore, behaviour of concrete is usually modelled by a multi-stage material
model. Crack propagation can be modelled by fixed crack propagation (crack direction is predetermined), arbitrary crack propagation (mesh-free methods, DE models) or a continuous material parameter modification (smeared crack models) (Bojtár, 2015). Crack propagation induced failure and strain-softening must also be taken into account. On the proximal side, in
front of the missile, concrete is compressed and compacted, but can still have some residual
strength, therefore a constitutive model for compaction is also needed.
Local effects and hard impact of larger missiles was simulated by various numerical techniques
by Sawamoto et al. (1998) Itoh et al. (2001), Mizuno et al. (2005), Cox et al. (2005), Lepannen
(2006), Shiu et al. (2009), Oliveira et al. (2009), Heckötter et al. (2010) and others. Within the
framework of the international programme IRIS_2010 (Improving Robustness Assessment of
Structures Impacted by Missiles) different commercial numerical codes were applied to reproduce the results of the medium and large scale Meppen tests (Nachtsheim and Stangenberg,
1982; Rüdiger and Riech, 1983) and tests of the VTT-Technical Research Centre of Finland
(NEA, 2012).

1.2.4. Aircraft engine impact into RC wall—Sugano’s experiment
One of the best documented multi-scale experiment series was executed by Sugano et al. (19932,3). Their test results are applied for model calibration in Chapter 5. They used flat-nose, cylindrical, hard and semi-hard models of a GE J-79 military jet engine in three different scales
(1/7.5, 1/2.5, 1/1) and concrete target plates with various size, thickness (tt) and reinforcement.
In this dissertation, we focus on perfectly hard missiles, therefore, results of hard 1/7.5 and
1/2.5 scale experiments are used as basic data for model calibration. Missile deformation and
loss of missile mass is neglected, therefore missile mass is constant (𝑚(𝑡) ≡ 𝑚0 ). Properties of
hard missiles used by Sugano et al. are summarized in Table 1.
Table 1: Properties of hard missiles used in the experiments of Sugano et al. (1993-2,3)
scale
1/7.5
1/2.5
mass (m)
3.6 kg
100 kg
diameter (d)
101 mm
300 mm
length (L)
110 mm
400 mm
planned impact velocity (v0) 100, 150, 215 m/s 100, 150, 215 m/s
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During the experiments, penetration depth (xp), perforation limit (e) and level of scabbing were
registered. Experimental results are summarized in Tables 2 and 3.
Table 2: Experimental results by Sugano et al. (1993-2,3) (1/7.5 scale hard missiles).
The values used for model calibration in Chapter 5 are bold.
test
v0
tt
fc
xp [mm]
scabbing [mm×mm]
[m/s] [mm] [MPa]
S1
350
radial cracks
42
S2
300
39
radial cracks
200S5
210
23.5
37
660×572
215
S8
610×675
180
perforation
S11
150
perforation 660×880 (av.: 675×675)
S4
210
550×525
24
125S7
180
23.5
19
530×505
140
S10
150
23
440×590 (av.: 520×520)
S3
210
cracks
11
S6
80180
10
470×513
23.5
S9
100
150
10
520×485
S12
120
14
445×460 (av.: 480×480)
Table 3: Experimental results by Sugano et al. (1993-2,3) (1/2.5 scale hard missiles).
The values used for model calibration in Chapter 5 are bold.
test
v0
tt
fc
xp [mm]
scabbing [mm×mm]
[m/s] [mm] [MPa]
M4
250
600
23.5
250×160
140
M11
250
550
35.3
140
250×220
M3
600
130×120
120
210M5
550
23.5
125
200×150
220
M6
240×220
450
perforation
M7
600
33
110×115
M10 210550
95
140×120
35.3
M12
220
450
215
250×170
M13
350
perforation
240×150
Perforation limit and penetration depth can be calculated by the formulae listed in Appendix A1, formulae are taken from the summarizing articles of Kennedy (1976), Teland (1998),
Li et al. (2005) and Murthy et al. (2010). In Figs. 6 and 7, dimensionless penetration depth—
impact velocity and dimensionless perforation limit—impact velocity curves determined by
different formulae for the small and medium scale Sugano experiment missiles are represented
(concrete compressive strength is fc=23.5 MPa).
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(a)

(b)

Fig. 6: Dimensionless penetration depth— impact velocity curves of (a) 1/7.5 and (b)1/2.5
scale Sugano experiment missiles measured during the tests and calculated by different semiempirical formulae
(a)

(b)

Fig. 7: Dimensionless perforation limit— impact velocity curves of (a) 1/7.5 and (b) 1/2.5
scale Sugano experiment missiles measured during the tests and calculated by different semiempirical formulae
The different semi-empirical formulae shown in Figs. 6 and 7 correspond to missiles with different nose shapes. Effect of missile nose is taken into account by the nose shape factor N. This
factor is 0.72 for flat nose, while it is 0.84 for blunt nose and 1.00 for sharper nose shape that
is typical in case of military missiles (Sugano et al., 1993-2). Note that the nose shape factor is
not taken into account in all the formulae detailed in Appendix A1 so direct comparison of them
is not possible. Therefore, the original results of Sugano’s experiments (that have flat nose corresponding to N=0.72) and results transformed to missiles with general projectile nose (N=1.0)
are also represented. For the transformation, penetration depth and perforation limit values of
the experiments of Sugano et al. are multiplied by 1.0/0.72=1.39.
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Figures 6 and 7 show that there are significant differences between the results of the formulae
that is caused by the fact that they are calibrated by tests in different parameter ranges. In other
words, the range of applicability may not cover the experiments of Sugano et al. (1993-2,3).
Note that the range of applicability is not known for most formulae.

1.3. Objectives of the dissertation
The main objective of the dissertation is to provide better understanding of the course of aircraft
impact into robust engineering structures. Both global effects of soft impacts and local effects
of hard impacts are analysed and the role and importance of different parameters and parameter
combinations are examined both in the well-known Riera model and in finite element models.
Despite the fact that the Riera model is widely used and included in standards and guidelines,
the effect of parameters that appear in the model had not been clarified, there are no detailed
parametric test series to examine the effect of individual parameters. The basic case of a cylindrical missile with homogenous properties along the length had not been discussed in details
either. The main reason for this is that Riera and his followers aimed to solve the specific problems of aircraft impact modelling, therefore, realistic aircraft profiles have been analysed by
the model since the 1960s.
In order to clarify the effect of different parameters, the Riera model in this dissertation is simplified and then extended step-by-step, while effects are analysed and results are evaluated and
compared after each modification. The most important questions that we aim to answer concerning the global effects of a soft impact are the following:
1. Which are the important parameters and parameter combinations that characterise the
course and outcome of an aircraft (soft missile) impact in the Riera model?
2. Is the assumption of a perfectly rigid target in the Riera model conservative?
3. Does the importance of the relevant parameter combinations depend on the model applied?
4. In what range of the parameters do the Riera and the finite element models give similar
results?
5. What is the consequence of real aircraft parameters and shape, including nose and tail
as well as wings and engines, on the course of the impact?
In Chapter 2, we make a step back and, instead of a missile with geometry and parameters of a
real aircraft, we investigate the simplest case of a uniform missile (cylindrical rod). To find the
governing parameters and parameter combinations of the impact, we write the Riera model
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equations to a dimensionless form, which makes it possible to shed light on the relative importance of the various parameters. To analyse the effect of target elasticity, the original Riera
model is extended by an elastic target (Wolf, 1978), therefore, parameters of the target also
appear in the calculations. We also analyse whether the rigid target assumption of the original
Riera model results in a conservative estimate concerning the safety of target structures like
NPPs, as it has been already questioned (Abbas et al, 1995; Siefert and Henkel, 2014).
Next, in Chapter 3, we take a step forward and investigate a model of the uniform aircraft fuselage impact using a FE model, which includes more parameters than the Riera model. We investigate the governing parameters of this FE model, and the similarities and differences between the results of the Riera model and our FE simulations in case of rigid and elastic target
structure are evaluated.
To see the effects of real fuselage and aircraft profiles, in Chapter 4 the uniform missile is
extended by a nose and a tail part and later by wings and engines.
Motivated by the significant differences between the results of the different formulae shown in
Figs. 6 and 7, the question that we aim to answer concerning the local effects of a hard impact
are the following:
6.

How do different input parameters and parameter combinations affect the local failure
modes (penetration, perforation) that occur during impact of a hard missile into a relatively softer but massive structure?

In order to analyse the effect of different parameters of the missile and the target on the local
effects caused by a hard missile impact, in Chapter 5 we execute a numerical test series in a
wide range of input parameters. Results of Sugano’s experiments are applied for calibration of
our numerical tests and then the original parameter regime is extended. We use a commonly
applied FE environment and also introduce and apply a commonly used concrete material
model that can follow the special behaviour of concrete subjected to impact. Based on our FE
model calculations, new semi-empirical formulae are deduced that can be applied for hard missile impacts.
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2. Parametric study of the Riera model
In this Chapter, the commonly used Riera model is analysed. We intend to get a better understanding of the aircraft impact phenomenon and the Riera model by finding the most important
parameters characterising the course of the impact. In order to do it, the basic equations of the
Riera model are overviewed and then casted into a dimensionless form. The importance and
effect of different parameters are examined by a systematic parametric study of a simplified
uniform aircraft fuselage (cylindrical missile) impacting into rigid or a one degree-of-freedom
elastic target.

2.1. Basic equations of the Riera model with elastic target
In the Riera model (Riera, 1968) the aircraft, impacting the target in normal direction, is assumed to be a deformable missile of rigid–perfectly plastic material, and the structure is assumed to be perfectly rigid. It is also assumed that the aircraft crushes only at the cross-section
adjacent to the target. Therefore, at time t after the start of the impact, the missile consists of
two parts: an uncrushed part of length x(t) and of mass m(t), and an infinitesimally small part
of mass (−dm) > 0 that crushes in the next time instant, see Fig. 8(a). Note that dm < 0 means it
is a loss of mass concerning the aircraft. The instantaneous velocity of the intact part is
v(t) = dz/dt with z(t) as the displacement of the intact part since the start of the impact. The
impact force to be determined is F(t), while the force acting between the intact and the crushing
parts is the crushing force P(x) which depends on the length x(t), the actual intact length of the
aircraft. In principle, P(x) depends on the load bearing capacity of the cross-section at a distance
x measured from the rear of the aircraft and also on the possible dynamic buckling that occurs
during the impact. In the model, the distribution of P(x) is an input parameter that characterize
the specific missile (aircraft).

Fig. 8: (a) Original and (b) elastic Riera model
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The crushing force P(x) was estimated by Bignon and Riera (1980) as the harmonic mean of
the elastic buckling load and the yield strength, while Drittler and Gruner (1976) and Zorn and
Schueller (1986) calculated it from the yield strength. Both calculations turned out to overestimate the crushing force when it was determined by Sugano et al. (1993-1) during their fullscale experiment.
The Riera model has been extended by Wolf (1978) to include a one degree-of-freedom
damped, elastic system modelling the flexibility of the target, see Fig. 8(b). The (modal) mass
of the target is M, the spring constant is k, the damping coefficient is c. The displacement and
velocity of the target are y(t) and u(t) = dy/dt, respectively. We assume that, during the impact
the crushed parts of the aircraft disintegrate and do not sticks to the target, as it was experienced
during the test of Sugano et al. (1993-1), therefore, mass of the target is assumed to be constant
during the impact.
First, we briefly derive the governing equations of the model. The equations in Section 2.1 are
based on the original paper by Riera (1968), although detailed systematic derivation was not
found in the literature. Since z+x = L+y, L being the original length of the aircraft, we find the
velocity dx/dt of the crushing as the velocity difference between the target and the uncrushed
part of the aircraft:
𝑑𝑥
𝑑𝑦 𝑑𝑧
=𝑢−𝑣 =
− .
𝑑𝑡
𝑑𝑡 𝑑𝑡

(5)

Introducing μ(x) as the mass per unit length at x, we find
𝑑𝑚
𝑑𝑥
𝑑𝑦 𝑑𝑧
= 𝜇(𝑥)
= 𝜇(𝑥) ( − ).
𝑑𝑡
𝑑𝑡
𝑑𝑡 𝑑𝑡

(6)

At time t, crushing force P(x) acts on the intact part of the aircraft and breaks mass (−dm) off
the aircraft. The balance of momentum right before and after the break off of (-dm) is
−𝑃(𝑥(𝑡))𝑑𝑡 + 𝑚(𝑡)𝑣(𝑡) = [𝑚(𝑡) + 𝑑𝑚][𝑣(𝑡) + 𝑑𝑣] − 𝑑𝑚[𝑣(𝑡) + 𝑑𝑣],

(7)

or, after simplifying it:
𝑑𝑣
𝑑 2 𝑧(𝑡)
−𝑃(𝑥(𝑡)) = 𝑚(𝑡)
= 𝑚(𝑡)
.
𝑑𝑡
𝑑𝑡 2

(8)

Force P(x) and reaction force F(t) act on mass (−dm) that slows from velocity v(t) to u(t) during
time dt. The balance of momentum is written as:
[𝑃(𝑥(𝑡)) − 𝐹(𝑡)]𝑑𝑡 − 𝑑𝑚 ∙ 𝑣(𝑡) = −𝑑𝑚 ∙ 𝑢(𝑡),

(9)

𝑑𝑚 𝑑𝑥
𝑑𝑥 2
𝑃(𝑥(𝑡)) − 𝐹(𝑡) = −
∙
= −𝜇(𝑥) ( ) .
𝑑𝑡 𝑑𝑡
𝑑𝑡

(10)

leading to
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Reaction force F acts on the target, which is a linear vibrating system:
𝐹(𝑡) − 𝑘𝑦(𝑡) − 𝑐

𝑑𝑦
𝑑2 𝑦
=𝑀 2.
𝑑𝑡
𝑑𝑡

(11)

From Eqs. (5), (8) (10) and (11) we obtain the differential equations
𝑑 2 𝑥 𝑃(𝑥(𝑡)) 𝑃(𝑥(𝑡)) 𝜇(𝑥(𝑡)) 𝑑𝑥 2 𝑐 𝑑𝑦 𝑘
=
+
+
∙( ) − ∙
∙ 𝑦(𝑡),
𝑑𝑡 2
𝑚(𝑡)
𝑀
𝑀
𝑑𝑡
𝑀 𝑑𝑡 𝑀

(12)

𝑑2 𝑦 𝑃(𝑥(𝑡)) 𝜇(𝑥(𝑡)) 𝑑𝑥 2 𝑐 𝑑𝑦 𝑘
=
+
∙( ) − ∙
− ∙ 𝑦(𝑡)
𝑑𝑡 2
𝑀
𝑀
𝑑𝑡
𝑀 𝑑𝑡 𝑀

(13)

with initial conditions
𝑥(0) = 𝐿,

𝑑𝑥
(0) = −𝑣0 ,
𝑑𝑡

𝑦(0) = 0,

𝑑𝑦
(0) = 0,
𝑑𝑡

(14)

where v0 is the impact velocity, that is, the velocity of the aircraft at the start of the collision.
Reaction force F(t) can be expressed from Eq. (10) as
𝑑𝑥 2
𝐹(𝑡) = 𝑃(𝑥(𝑡)) + 𝜇(𝑥(𝑡)) ∙ ( ) ,
𝑑𝑡

(15)

which can directly be computed once x(t) is obtained.

2.2. Dimensionless form of the equations
As already mentioned, despite the wide application of the Riera model, there is a lack of detailed
analysis of the effect of different parameters on the behaviour of the model and on the outcome
of the impact. In order to find the combination of parameters that characterises the course and
outcome of the impact, we cast the governing equations into dimensionless form. The application of dimensionless forms is a general technique, but neither Riera, nor his followers analysed
the Riera model in such a detailed way. Length L is used as the unit distance and the characteristic crushing force P0 as the unit force. Dimensionless actual length 𝑥̃ of the aircraft and target
displacement 𝑦̃ are defined as:
𝑥
𝑦
, 𝑦̃ = .
𝐿
𝐿
The shape of P(x) is characterised by function ϑ(𝑥̃):

(16)

𝑃(𝑥) = 𝑃0 𝜗(𝑥̃).

(17)

𝑥̃ =

If we use √𝐿𝑚0 /𝑃0 as time unit, where 𝑚0 = 𝑚(0) is the initial mass of the aircraft, then the
dimensionless time variable 𝑡̃ is:
𝑡

𝑡̃ =

𝐿𝑚0
𝑃0

.

√

– 16 –

(18)

The dimensionless form of the distributed mass can also be defined as
𝐿
(19)
𝜇(𝑥) .
𝑚0
Using the new dimensionless variables, Eqs. (12) and (13) can be rewritten in the following
𝜇̃(𝑥̃) =

form:
𝑑2 𝑥̃ 𝜗(𝑥̃)
𝑑𝑥̃ 2
𝑑𝑦̃
=
+
𝜀
(𝜗(𝑥
̃)
+
𝜇
̃(𝑥
̃)
(
)
−
𝛾
− 𝜅𝑦̃),
𝑑𝑡̃ 2 𝑚
̃ (𝑥̃)
𝑑𝑡̃
𝑑𝑡̃
𝑑2 𝑦̃
𝑑𝑥̃ 2
𝑑𝑦̃
=
𝜀
(𝜗(𝑥
̃)
+
𝜇
̃(𝑥
̃)
(
)
−
𝛾
− 𝜅𝑦̃),
𝑑𝑡̃ 2
𝑑𝑡̃
𝑑𝑡̃
where the dimensionless actual and initial mass of the intact part of the aircraft are:
𝑥̃

(20)
(21)

(22)

𝑚
̃ (𝑥̃) = ∫ 𝜇̃(𝑥̂)𝑑 𝑥̂,
0
1

(23)

𝑚
̃0 = 𝑚
̃ (0) = ∫ 𝜇̃(𝑥̂)𝑑 𝑥̂ = 1.
0

In Eqs. (20) and (21), the following new dimensionless parameters appeared:
𝑚0
𝜀=
,
𝑀

𝑐2𝐿
𝛾=√
,
𝑚0 𝑃0

(24)

𝑘𝐿
𝜅= .
𝑃0

Parameter γ characterises the damping, if γ=0 then structural damping is neglected during the
duration of the impact. Parameter κ shows the rigidity of the target, while ε is the ratio of the
mass of the aircraft to that of the target.
The initial conditions in dimensionless form are:
𝑥̃(0) = 1,

𝑑𝑥̃
𝑚0
(0) = 𝑣̃(0) = −𝑣0 √
,
𝑑𝑡̃
𝐿𝑃0

𝑦̃(0) = 0,

𝑑𝑦̃
(0) = 0.
𝑑𝑡̃

(25)

We define a new dimensionless parameter, the damage potential as:
1
(26)
𝑚0 𝑣02
2
𝐷=
.
𝐿𝑃0
This dimensionless parameter is the ratio of the kinetic energy of the missile to the work required to crush it. With this new parameter, the dimensionless initial condition for 𝑑𝑥̃/𝑑𝑡̃ can
be written as 𝑑𝑥̃/𝑑𝑡̃(0) = −√2𝐷.
The dimensionless form of the reaction force is
𝐹(𝑡)
𝑑𝑥̃ 2
𝑓(𝑡̃) =
= 𝜗(𝑥̃(𝑡̃)) + 𝜇̃(𝑥̃(𝑡̃)) ( ) .
𝑃0
𝑑𝑡̃
If 𝑥̃(𝑡̃) is computed from Eqs. (20) and (21) then 𝑓(𝑡̃) is obtained from Eq. (27).
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(27)

In our calculations, two different conditions are taken into account as the end of the impact:
either the whole aircraft crushes (𝑥̃ = 0 is reached) or the crushing stops (𝑑𝑥̃/𝑑𝑡̃ = 0).

2.3. The simplest case: uniform aircraft fuselage impacting a rigid target
In the corresponding literature, the Riera model was applied for the analysis of missiles with
geometry and input data close to those of realistic aircrafts and other specific missiles. Therefore, there is a lack of examination of a simplified basic case that helps the global understanding
of the course of the impact. In order to examine the effect of the different parameters, we make
a step back and analyse a uniform aircraft fuselage: 𝜗(𝑥̃) ≡ 1, 𝜇̃(𝑥̃) ≡ 1, 𝑚
̃ (𝑥̃) = 𝑥̃. Further
simplification can be done if target elasticity is neglected hence ε=0 is used. In this case,
Eqs. (20) and (21) simplify to:
𝑑 2 𝑥̃ 1
= ,
𝑑𝑡̃ 2 𝑥̃
𝑦̃ = 0,

(28)
(29)

with initial conditions
𝑑𝑥̃
(30)
(0) = −√2𝐷.
̃
𝑑𝑡
Eq. (28) is equivalent to the equation of motion of a particle in logarithmic potential field. In
𝑥̃(0) = 1,

this case the potential function has the form 𝑉 = −𝐴ln𝑟 + 𝐵, and based on Newton’s second
law, 𝑚𝑟̈ = −𝑑𝑉/𝑑𝑡 = 𝐴/𝑟, so the force that acts is proportional to the reciprocal of the distance. Such logarithmic potential field belongs to a particle with electric charge in the proximity
of a long charged cylindrical conductor. Similar examples appear in the papers of Hooverman
(1963), Morita (1988), Campisi et al. (2012) and the Bachelor thesis of Berestneva (2016).
It can be seen that Eqs. (28) and (29) contain no parameters, only the damage potential D appears in the initial conditions. This means that in case of a uniform aircraft fuselage impacting
a rigid target, only a specific combination of aircraft length L, crushing force P0 and mass m0
determines the behaviour of the aircraft and the course of the impact. The 𝑥̃(𝑡) solution curves
are the same for such impacts, only the initial point along the curve changes according to the
damage potential.
Eq. (28) can be solved analytically, integrating it once results in:
𝑑𝑥̃
= ±√2 𝑙𝑛𝑥̃ + 𝐶1 ,
𝑑𝑡̃
where 𝐶1 =2𝐷 from the initial conditions.

(31)

In the right-hand side of Eq. (31), the negative sign is physically relevant because the length of
the intact part decreases (𝑑𝑥̃/𝑑𝑡̃ ≤ 0), therefore
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𝑑𝑥̃
= −√2 𝑙𝑛𝑥̃ + 2𝐷 .
𝑑𝑡̃

(32)

If we integrate Eq. (32) again, we find
𝜋
𝑥̃ + 𝐶2 = √ 𝑖𝑒 −𝐷 erf(𝑖√𝑙𝑛𝑥̃ + 𝐷) ,
2

(33)

where i is the imaginary unit and erf(z) is the Gauss error function (Kovach, 1984):
erf(𝑧) =

2

𝑧

(34)

2

∫ 𝑒 −𝜉 𝑑𝜉 ,

√𝜋 0
In Eq. (33), we obtain 𝐶2 = 𝑖√𝜋/2exp(−𝐷)erf(𝑖√𝐷) from the initial conditions. If Eq. (33) is
rearranged, then we find
2

(35)

2
−{inverf[−𝑖√ 𝑒 𝐷 𝑡̃+erf(𝑖√𝐷)] }
𝜋
−𝐷

𝑥̃(𝑡̃) = 𝑒 𝑒
.
Despite i appearing in the formulae, the result is real at all values of 𝑡̃.
The velocity of crushing can be obtained if Eq. (35) is differentiated with respect to time:
(36)

𝑑𝑥̃
2
(𝑡̃) = 𝑖√2inverf [−𝑖√ 𝑒 𝐷 𝑡̃ + erf(𝑖√𝐷)].
𝑑𝑡̃
𝜋
Substituting it into Eq. (27), the reaction force as a function of time is
2

2

𝑑𝑥̃
2
𝑓(𝑡̃) = 1 + ( (𝑡̃)) = 1 − 2 {inverf [−𝑖√ 𝑒 𝐷 𝑡̃ + erf(𝑖√𝐷)]} .
𝑑𝑡̃
𝜋

(37)

The solution only depends on damage potential D. The dimensionless reaction force 𝑓(𝑡̃) as a
function of time for different damage potentials is shown in Fig. 9. The force—time curves start
with a roughly horizontal gradient from the maximum value at the start of the impact.
For a uniform aircraft fuselage, the maximum reaction force occurs at the beginning of the
impact, when the velocity is the maximum. The value of the maximum reaction force is
2

𝑑𝑥̃
𝑓(0) = 1 + ( (0)) = 1 + 2𝐷.
𝑑𝑡̃

(38)

For higher values of D, D>>1, the maximum force is proportional to D, hence mainly depends
on the square of the impact velocity. This result looks contradicting to the statement in Riera et
al. (1982) that the maximum force would depend exponentially on the impact velocity.
We found these results for a uniform missile impacting a rigid target. However, we show in the
next section that the important parameter characterizing the properties of the impact of a uniform missile is the same dimensionless combination of the parameters in case of elastic targets
as well.
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Fig. 9: Dimensionless reaction force functions of a uniform aircraft fuselage impacting a rigid
target for different values of D

2.4. Uniform aircraft fuselage impacting an elastic target
2.4.1. Role of the damage potential
If target elasticity is taken into account (ε>0), then we solve the system of Eqs. (20) and (21)
numerically. We used the 4th order Runge-Kutta method with absolute error tolerance 10-6. We
assumed that damping plays a minor role during the short duration of the impact and neglected
it (γ=0). This way only three independent parameters remained: 𝐷, ε and κ. Fig. 10(a) and (b)
show some representative reaction force—time curves for various parameter values.
Initially, the reaction force vs. time curves oscillate around a roughly horizontal plateau, the
oscillations are due to the elasticity of the target. During the latter part of the impact, the reaction
force starts to decrease rapidly, see Fig. 10. The shapes of the curves depend quite strongly on
the damage potential D. We can see in Fig. 10 that the overall shape of the curves is very similar,
independent of ε and κ for the same fixed values of D. Comparing the results with those presented in Fig. 9, we see that the damage potential D has the major effect on the impact.

Fig. 10: Dimensionless reaction force functions of a uniform aircraft fuselage impacting an
elastic target with different values of (a) 𝐷 and 𝜀 (𝜅=2000); (b) 𝐷 and 𝜅 (𝜀=0.5)
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We also investigate how the duration of the impact depends on parameters 𝐷, ε and κ. It can be
seen in Fig. 11 that the impact time essentially does not depend on ε and κ, but highly depends
on 𝐷, which seems to be the parameter that characterises dominantly the course of the impact.
The maximum impact time occurs if 𝐷 is between 0.5 and 2. In order to get more information
about the course of the impact, the length of the part of the aircraft that crushes during the
impact is also examined. Figure 12 shows that there is a quite sharp transition between the
regime where the full length of the aircraft is crushed during the impact and the regime where
a part of the aircraft remains intact after the impact. The transition seems to depend only on the
value of the damage potential D, it is again in the range between 0.5 and 2.

Fig. 11: Colour coding of the impact time as a function of
(a) ε and 𝐷 (κ=10 000) and (b) κ and 𝐷 (ε=0.5)

Fig. 12: Colour coding of the crushed length as a function of
(a) ε and 𝐷 (κ=10 000) and (b) κ and 𝐷 (ε=0.5)
Comparing Fig. 11 to Fig. 12, we see that the maximum in the impact time occurs at the same
damage potential as the transition between cases of fully crushed aircraft (crushed length is 1)
and partially crushed aircraft at the end of the impact. This critical 𝐷 value between 0.5 and 2
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seems to be close to the limit set by Rambach et al. (2005) for an impact to be hard. They state
that impacts are hard when 𝛽 = 2𝑃0 /𝜇𝑣02 > 1. From Eq. (26), we find 𝐷 = 1/𝛽, therefore the
limit for hard impacts in terms of the damage potential becomes 𝐷 < 1. The limit value 𝐷 = 1
is precisely in the range where the impact time has its maximum and where the crossover between partially and fully crushed aircraft regimes is found. Indeed, if the damage potential is
below this limit, for example, if the crushing force P0 of the aircraft is large, then the impact
can be considered hard, hence only part of the aircraft is crushed. In case of such hard impacts,
when a relatively rigid aircraft collides with the structure, local damage effects might need to
be considered and the behaviour is out of the scope of the Riera model. This means that D can
be applied as a measure of the softness or hardness of the impact. This is not very surprising if
one considers the physical meaning of the damage potential D. It is the ratio of the initial kinetic
energy of the aircraft, that is the energy available to cause damage, to the energy required to
crush the aircraft, which is the energy lost for disintegrating the missile. Hence, D is a measure
of the portion of energy available to damage the target.

2.4.2. Resonant behaviour of the target
The maximum displacement of the target 𝑦̃𝑚𝑎𝑥 is also an important parameter, as the possible
structural damage during the impact is in correlation with the displacement. Fig. 13 shows maximum (dimensionless) displacement of the target as a function of mass ratio ε for fixed values
of κ and 𝐷.

Fig. 13: Maximum dimensionless displacement 𝑦̃𝑚𝑎𝑥 as a function of the mass ratio 𝜀 for
various values of (a) the damage potential D (𝜅=2000 fixed) and (b) the dimensionless target
stiffness 𝜅 (D=4.5)
We see that there is a peak in the maximum target displacement at a finite mass ratio ε. For
smaller ε values than this critical mass ratio, the target is large, hence its displacement is small
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because a relatively small aircraft impacts it. On the other hand, for larger values of ε, the mass
of the target is small, therefore, its natural frequency is high. Consequently, the target starts to
move backward, towards the aircraft, hence the crushing becomes faster, more intense. This
implies that the loss of energy increases due to crushing, and hence less kinetic energy can be
transferred to the target. In the intermediate range, there is a value for ε where the maximum
displacement 𝑦̃𝑚𝑎𝑥 of the target is the largest. This can be considered as a resonant effect, at
this mass ratio the natural frequency of the target is such that it gives the maximum displacement.
An estimation for the resonant mass ratio can be given as follows. The natural frequency of the
target is 𝜔 = √𝑘/𝑀. If we assume that maximum displacement occurs when the whole impact
of duration τ takes place during half of the period 2𝜋/𝜔 of the natural vibration of the target,
then we get
(39)
𝜏 = 𝜋/𝜔 = 𝜋/√𝑘/𝑀.
The dimensionless form of the total impact time and the natural frequency are, respectively,
𝑃0
𝜏̃ = 𝜏√
𝐿𝑚0

(40)

and
𝐿𝑚0
𝑘 𝐿𝑚0
𝜅𝑃0 𝜀 𝐿𝑚0
√
𝜔
̃ = 𝜔√
=√ √
=√
∙
= √𝜅𝜀 ,
𝑃0
𝑀 𝑃0
𝐿 𝑚0 𝑃0
therefore, the resonant mass ratio can be expressed as:
𝜔
̃2
𝜋2
𝜀=
= 2 .
𝜅
𝜏̃ 𝜅

(41)

(42)

We find that this estimation is indeed valid when the aircraft is completely crushed during the
half period of the target’s natural vibration. This is the case when the total length L of the aircraft
is crushed during a time period τ (Eq. 39). Assuming that the aircraft still travels at its initial
velocity 𝑣0 during this short time, we find that the whole aircraft is crushed if 𝑣0 √𝑀/𝑘 > 𝐿,
or, in dimensionless form, if 𝜋√2𝐷 > √𝜅𝜀 . We verified numerically that this is indeed the case:
if 𝜋√2𝐷 > √𝜅𝜀 holds, the largest target displacement occurs for 𝜀 = 𝜋 2 /(𝜏̃ 2 𝜅).
This resonant behaviour is not desirable, so we intend to keep the displacements of the target
minimal. Hence the value of the mass ratio should be chosen not to fall close to the critical
value resulting in maximum target displacement. However, it is to be noted in Fig. 13 that for
higher values of ε the maximum displacement does not decrease dramatically, hence smaller
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values of ε are better. Smaller values of ε imply larger target mass, which is usually the case for
robust structures like NPP containments.

2.4.3. Maximum value of the reaction force
It is important to observe, that the elasticity of the target can also play a role in the maximum
reaction force during the impact. As shown in Fig. 10, as the flexibility of the missile increases
(ε becomes larger or κ decreases), oscillations of the reaction force increase, which results in
peaks of 𝑓(𝑡̃) higher than the maximum reaction force for a rigid target occurring at the start of
the impact. Based on Fig. 10, this means that the target can only be assumed rigid if its mass is
more than twice the mass of the missile (ε < 0.5). Otherwise, the Riera model, based on the
rigid target assumption, may not be conservative. This proves the conjecture of Abbas et al.
(1995) and Siefert and Henkel (2014) that the assumptions of the Riera model not always result
in a conservative estimate concerning the safety of target structures like NPPs. Note that ε < 0.5
typically holds for robust structures like containment buildings of NPPs even in case of large
aircraft fuselages as missiles.
The ratio fmax/ f(0) of the maximum to the initial value of the reaction force is represented as a
function of 𝐷, ε and κ in Figs. 14 and 15.
According to Fig. 14, fmax≈f(0) if D or ε is low. As 𝐷 or ε increases, fmax/f(0) also increases.
However, the effect of κ is not obvious (see Fig. 15). If κ is low, then the target always moves
in the same direction as the aircraft, consequently the crushing is less intense than in case of a
rigid target, hence fmax≈f(0) and fmax/f(0) ≈1. This case is also visible in Fig. 10(b), when κ=200.
If κ is increased (κ>20000, if ε =0.1 or κ>2000, if ε =0.5), then the target starts to move opposite
to the aircraft. In this case, the fluctuation of the reaction force curves (see Fig. 10) can cause
higher local maximum values than the initial value, so fmax/f(0)>1. If κ is very high, in the range
of κ>5×105 (see Fig. 15(a)), then the target is relatively rigid, the fluctuation of 𝑓(𝑡̃) is negligible and fmax≈f(0), again. This means that if D and ε are fixed then fmax/f(0) has a maximum value
as a function of κ (Fig. 15).
Some additional parametric studies (Laczák and Károlyi, 2015) showed that the maximum
fmax/f(0) ratio occurs if the target is rigid enough to start to move opposite to the aircraft and
maximum negative target velocity 𝑑𝑦̃/𝑑𝑡̃ is reached at the end of the impact. If target rigidity
is lower than the κ value of this case, then maximum negative target velocity does not occur. If
target rigidity is higher than this κ, then the amplitudes of fluctuation will be lower and fmax/f(0)
decreases as κ increases.
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Fig. 14: Colour coding of the ratio fmax/ f(0) as a function of
(a) ε and 𝐷 (κ=104) (b) ε and 𝐷 (κ=105)

Fig. 15: Colour coding of the ratio fmax/ f(0) as a function of
(a) κ and 𝐷 (ε =0.1) (b) κ and 𝐷 (ε =0.5). Dashed white curves show Eq. (48).

A simplified formula can be derived for the critical ε and κ pairs that result in the maximum
fmax/f(0) values. If decrease of missile velocity and alteration of the reaction force is neglected,
then the target behaves as a one degree-of-freedom elastic system excited by a constant force
f(0). Therefore, the displacement can be expressed as:
𝑦̃(𝑡̃) =

𝑓(0)
(1 − cos(𝜔
̃𝑡̃)),
𝜅

(43)

where 𝑓(0)/𝜅 is the static displacement and 𝜔
̃ is the natural frequency. We know from Eq. (41),
that in this case the natural frequency is 𝜔
̃ = √𝜅𝜀 , therefore, the displacement and the velocity
of the target are, respectively:
𝑓(0)
(1 − cos(√𝜅𝜀 𝑡̃)),
𝜅
𝑑𝑦̃
𝑓(0)
(𝑡̃) = √𝜅𝜀
sin(√𝜅𝜀 𝑡̃).
𝑑𝑡̃
𝜅
𝑦̃(𝑡̃) =
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(44)
(45)

The maximum negative velocity of the target 𝑢̃𝑚𝑎𝑥 is:
𝜀
𝑢̃𝑚𝑎𝑥 = −√ 𝑓(0).
𝜅

(46)

Equation (46) shows that lower κ causes higher target velocity. 𝑢̃𝑚𝑎𝑥 can occur if the duration
of the impact (1/√2𝐷 if constant velocity is assumed) is longer than 3/4 of the period of the
harmonic motion, therefore
3 2𝜋 3 2𝜋
1
= ∙
≤
,
4𝜔
̃
4 √𝜅𝜀
√2𝐷

(47)

and hence
2

(1.5𝜋√2𝐷)
𝜅≥
.
𝜀

(48)

The corresponding κ—D graph obtained from Eq. (48) is represented in Fig. 15 by white dashed
lines. If the damage potential is high, then decrease in the velocity of crushing can be neglected
and Eq. (48) gives a good estimation for the critical combinations of ε, D and κ.

2.5. Conclusions
Our main goal was to find the important parameters that characterise the global structural response during an aircraft impact. Therefore, a systematic parametric study of a simplified (uniform) rigid–perfectly plastic aircraft fuselage was carried out. For the analysis of the uniform
aircraft fuselage, we followed the assumptions of the Riera model (Riera, 1968). In order to
find the most important combination of parameters, we cast the governing equations of the
Riera model into a dimensionless form.
For the simple case of a uniform aircraft fuselage (cylindrical missile) and rigid structure, we
derived an analytical solution. In this case, the course of the impact depended only on the damage potential D.
The damage potential is similar to Johnson’s damage number (Corbett et al., 1996), but in our
damage potential the parameters of the missile appear instead of the properties of the target.
This is not very surprising as in our case the target is very rigid compared to the missile, hence
its parameters are less important. Recently, based on experimental results, a similar dimensionless number was suggested to characterize the dynamic response of box-shaped structures under
internal blast loading (Yao et al., 2016). This dimensionless number is the ratio of the total
explosive energy to the energy required to yield one side of the container. In spirit, it is similar
to our damage potential, but it contains a mixture of parameters characterizing both the cause
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of the blast and the properties of the target. A dimensionless number, similar to our damage
potential, was also found to play an important role in fragmentation processes (Kun and Hermann, 1999). This number depends on the ratio of the initial kinetic energy of colliding solid
bodies to the total energy required to disintegrate them. It has been shown that the fragmentation
process of colliding solid bodies depends on this ratio (Kun and Hermann, 1999) or on parameters that appear in this ratio (Timár et al., 2010).
For elastic structures, we also found that the course of the impact dominantly depended on the
damage potential, neither the ratio of the aircraft mass to that of the target structure nor the ratio
of the target’s stiffness to the crushing force of the aircraft affected the course of the impact
significantly. However, target elasticity could influence the maximum value of the reaction
force, which could be higher than the maximum reaction force in case of a rigid target. This
means that the rigid target assumption is not always conservative. The parameter combinations
that caused the maximum target deformation and maximum reaction force have also been determined. These findings lead to the following theses:
Thesis 1 Based on the dimensionless form of the Riera model, I derived explicit formulae both
for the course of the impact and for the reaction force acting on the target in case of a uniform
aircraft fuselage (cylindrical rod) impacting a rigid target.
Based on (Laczák and Károlyi, 2017-1)
Thesis 2 Based on the Riera model, I carried out a systematic parametric study of a uniform
aircraft fuselage (cylindrical rod) impacting rigid or one degree-of-freedom elastic targets and
found that the only relevant combination of the parameters that defines the course of the impact
is the damage potential defined as the ratio of the initial kinetic energy of the missile to the
work required to crush it.
Based on (Laczák and Károlyi, 2017-1)
Thesis 3 In the Riera model, extended to one degree-of-freedom elastic targets, the elasticity of
the target affects the maximum value of the reaction force, which can be higher than the maximum reaction force in case of a perfectly rigid target. This result proves, that application of
perfectly rigid target for the computation of the impact force is not always conservative.
Based on (Laczák and Károlyi, 2015; Laczák and Károlyi, 2017-1)
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3. The role of the damage potential in a finite element model of soft impacts
In order to clarify the importance of different parameters, in the previous chapter we made a
step back, neglected the effects of real aircraft geometry and investigated the simplest case of a
uniform missile by the widely used Riera model.
In this Section, we take a step forward and investigate a model of aircraft impact using more
parameters than those used in the Riera model to see if the sole dependence on the damage
potential remains. The model we construct in this Chapter is a FE model of a uniform (cylindrical) aircraft fuselage impacting either a rigid or an elastic target. The model contains much
more parameters than the Riera model used in the previous analysis, but it still contains less
parameters than a full-scale simulation of a real aircraft impact. The reduced number of parameters makes it possible to identify which parameters or parameter combinations have important
effect on the course of the impact. As we show below, the main finding that the damage potential has the major effect on the course of the impact, remains valid. The other parameters in the
FE model have only a secondary effect on the impact. We also find that if the parameters are
varied so that the damage potential remains the same then the course of the impact remains
similar. We also investigate the similarities and differences between the results of the widely
used Riera model and our FE simulations.
To analyse the effect of target elasticity, two types of FE targets (a simplified target with elastic
support and a simply supported circular plate) are used and compared to the Riera model. The
results of the different models show good agreement and confirm that the effect of elasticity is
secondary compared to the effect of the damage potential.

3.1. Finite element model of a uniform aircraft fuselage
The impact of a uniform aircraft fuselage into a target structure is examined in ANSYS Workbench Explicit Dynamics environment (Ansys Workbench Help, 2015). The uniform fuselage
used in the FE simulations is a hollow cylinder composed of hexahedral 8 node linear volume
elements (Fig. 16). The cylinder has length L=17.5 m, mean diameter d=2.0 m and, in most
simulations, wall thickness tw=0.025 m. These values are characteristic for a small fighter jet,
like Phantom F4. The accidental impact of Phantom F4 aircraft was the design basis case of the
NPPs in Germany since the 1970s (Eibl, 2003), therefore, it has been extensively studied (Drittler and Gruner, 1976; Schalk, 1976; Wolf, 1978; Gardner, 1984; Zorn and Schueller, 1986;
Abbas et al., 1996; Forasassi and Lofrano, 2010).
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For the fuselage, we assume a simple bilinear, strain hardening material model (Fig. 17) with
strength fy, ultimate strain εu, Poisson’s ratio ν and density ρ. The hardening modulus is negligible (Eh=1000 Pa) compared to elastic modulus E (in the range of 2.5×107–8×1011 Pa, see
Tables 4 and 5) therefore the material model is linearly elastic–quasi perfectly plastic. Mass per
unit length μ and total mass m0 of the aircraft can directly be calculated from the diameter,
thickness, length and density of the cylindrical fuselage. However, the definition of the crushing
force, 𝑃(𝑥) ≡ 𝑃0 is not obvious (Sugano et al., 1993-1), in our calculations we use Afy, where
A is the cross-sectional area of the cylinder.
The effect of the FE mesh was tested by the application of 0.08, 0.16 and 0.25 m average FE
size for the missile. the effect of mesh size was negligible, therefore, 0.16 m average FE size
was used in our further calculations.

Fig. 16: FE model of uniform aircraft fuselage and rigid target plate

Fig. 17: Stress-strain diagram of aircraft material
To survey the dependence of the course of the impact on various parameters, we carry out
extensive numerical simulations in a wide range of parameter values. Input data for the different
cases are summarized in Tables 4 and 5.
Case E1 with damage potential D=2.25 corresponds to aircraft material properties close to the
parameters measured and calculated by Sugano et al. (1993-1) for the fuselage of a Phantom
F4 fighter.
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Table 4: Input data of cases A1-D1. Values that differ from base values of case B1 are coloured.
case
A1
B1
B2
B3
B4
B5
B6
B7
B8
B9
B10
B11
B12
B13
B14
B15
B16
C1
D1

v0
ρ
E
3
(m/s) (kg/m ) (109 Pa)
150 8000
200
150 8000
200
150 8000
0.025
150 8000
0.1
150 8000
1
150 8000
10
150 8000
200
150 8000
200
150 8000
200
150 8000
200
150 8000
200
150 4000
200
150 16000
200
100 8000
200
215 8000
200
100 18000
200
215 3900
200
150 8000
200
150 8000
200

ν
0.3
0.3
0.3
0.3
0.3
0.3
0.1
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3

fy
(106Pa)
1
5.00
5.00
5.00
5.00
5.00
5.00
5.00
5.00
5.00
5.00
2.50
10.00
2.20
10.30
5.00
5.00
7.50
27.50

εu
1.0
1.0
1.0
1.0
1.0
1.0
1.0
0.8
0.6
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

tw
(m)
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.1
0.05
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.025

µ
m0
(kg/m) (103 kg)
1241
21.72
1241
21.72
1241
21.72
1241
21.72
1241
21.72
1241
21.72
1241
21.72
1241
21.72
1241
21.72
4775
83.57
2450
42.88
620
10.86
2482
43.43
1241
21.72
1241
21.72
2792
48.86
605
10.59
1241
21.72
1241
21.72

P0
D
(106 N)
0.16
90
0.78
18
0.78
18
0.78
18
0.78
18
0.78
18
0.78
18
0.78
18
0.78
18
2.98
18
1.53
18
0.39
18
1.55
18
0.34
18
1.59
18
0.78
18
0.78
18
1.17
12
4.27 3.27

Table 5: Input data of cases E1-F1. Values that differ from base values of case E1 are coloured.
case
E1
E2
E3
E4
E5
E6
E7
E8
E9
E10
E11
E12
E13
E14
E15
E16
F1

v0
ρ
E
3
(m/s) (kg/m ) (109 Pa)
150 8000
200
150 8000
0.2
150 8000
0.8
150 8000
8
150 8000
800
150 8000
200
150 8000
200
150 8000
200
150 8000
200
150 8000
200
150 4000
200
150 16000
200
100 8000
200
215 8000
200
100 18000
200
215 3900
200
150 8000
200

ν
0.3
0.3
0.3
0.3
0.3
0.1
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3
0.3

fy
(106Pa)
40
40
40
40
40
40
40
40
40
40
20
80
17.8
82
40
40
70

εu
1.0
1.0
1.0
1.0
1.0
1.0
0.8
0.6
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

tw
(m)
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.025
0.1
0.05
0.025
0.025
0.025
0.025
0.025
0.025
0.025

µ
(kg/m)
1241
1241
1241
1241
1241
1241
1241
1241
4775
2450
620
2482
1241
1241
2792
605
1241

m0
(103 kg)
21.72
21.72
21.72
21.72
21.72
21.72
21.72
21.72
83.57
42.88
10.86
43.43
21.72
21.72
48.86
10.59
21.72

P0
(106 N)
6.2
6.2
6.2
6.2
6.2
6.2
6.2
6.2
23.88
12.25
3.1
12.41
2.76
12.72
6.2
6.2
10.86

D
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
2.25
1.29

We carry out groups of simulations with equal damage potential D. Within each group, D is the
same, but it is different for groups A-F as shown in Tables 4 and 5. Although D is the same
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within a group, the input parameters are different. Either the varied parameters are independent
of D (e.g. Poisson’s ratio or elastic modulus of aircraft material), or they are modified such that
the same value for D is obtained (e.g. density and strength are modified proportionally). Cases
B1–B8 and E1–E8 are examples where parameters independent of D are modified. Cases B11–
B16 and E11–E16 are examples where pairs of parameters are varied but lead to the same D.
In cases B9–B10 and E9–E10, only one parameter is modified, the wall thickness tw, but it
results in a proportional change in m0, and P0, hence D remains the same.

3.2. Uniform aircraft fuselage impacting a rigid target
Now we investigate the uniform aircraft fuselage model, detailed in the previous section, impacting a rigid target. The target is a linearly elastic disk-like plate of thickness 0.1 m and diameter 2.4 m, modelled by quadrilateral volume elements. In order to have a rigid target, nodes
at the front surface are fixed against rotations and translations. The case of an elastic target is
detailed in Section 3.3.
The applied ANSYS Workbench Explicit Dynamics program uses an explicit solver, consequently time steps are determined and altered automatically by the solver. The average time
step in our case is around 3×10-6 s. Reaction force F is calculated by Eq. (15), where the velocity
of crushing is defined as the difference between the average velocity of the intact part of the
missile and the velocity of the target, which is 0 in case of a rigid target. In order to compare
the results obtained with various input parameters, we use dimensionless variables. Note that
in case of a uniform aircraft fuselage, the dimensionless reaction force f cannot be smaller than
1 in the Riera model, because reaction force F cannot be smaller than 𝑃(𝑥) ≡ 𝑃0 (see Eqs. (15)
and (27)).
Cases B1–B16 (D=18.00), E1–E16 (D=2.25) are discussed first in details. In the Riera model,
the missile is rigid except for an infinitesimally small part of mass that crushes at the actual
time instant (see Fig. 8). However, the missile is linearly elastic–quasi perfectly plastic in the
FE model, therefore, the effect of missile elasticity is discussed. Figure 18(a) and (b) represent
dimensionless reaction force—time 𝑓(𝑡̃) functions of FE missiles with different elastic limit
εel=fy/E.
Figure 18(b) shows that missile elasticity is not important if εel<5% in case of D=2.25 (cases
E1, E3–E5). In case of εel=20% (case E2) the energy loss caused by the internal strains is significantly smaller, therefore deceleration of the intact part is smaller, so the velocity of crushing
and the reaction force are quasi-constant. In case of D=18 (cases B1–B5), the elasticity of the
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missile has negligible effects, because deceleration of the missile during the impact is negligible
in all cases (see Fig. 18(a)).

Fig. 18: Dimensionless reaction force functions 𝑓(𝑡̃) of cases (a) B1-B5 (D=18.00),
(b) E1-E5 (D=2.25)
Figure 19 shows the 𝑓(𝑡̃) functions of quasi rigid–quasi perfectly plastic (εel <0.02%) FE cases
B1; B6–B16 and E1; E6–E16, together with the result of the Riera model. It is visible in Fig. 19
that in the examined parameter range, within one group of coinciding D, none of the altered
parameters affects significantly the course of the impact, therefore, the damage potential seems
to be the only parameter that qualitatively defines it. In the figures, the dashed lines show the
results obtained by the Riera model with parameter values corresponding to the FE model. In
the D=18 cases (B1; B6–B16), the reaction force in the models remains quasi-constant during
the impact, while decrease of force is more intense in cases E1; E6–E16 (D=2.25).

Fig. 19: Dimensionless reaction force functions 𝑓(𝑡̃) of cases (a) B1; B6-B16
(D=18.00), (b) E1; E6-E16 (D=2.25)
The dotted lines show the extreme cases, between which all other diagrams lay. The least intense decrease in velocity and consequently in the reaction force occurs in cases B8 and E8,
when ultimate strain is εu=0.6. It is because finite elements are deleted before being totally
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crushed, consequently energy is lost in the model without causing deceleration of the intact part
of the missile. The lower extreme cases (B9 and E9) belong to wall thickness tw=0.1 m.
We can compare the Riera and FE results if the temporal average 〈Δ𝑓(𝑡̃)〉 of the relative difference Δ𝑓(𝑡̃) of the reaction forces is calculated. The relative difference is calculated at each time
instant as
Δ𝑓 =

𝑓𝐹𝐸 − 𝑓𝑅
,
𝑓𝑅

(49)

where fR and fFE are the instantaneous dimensionless reaction force values obtained from the
Riera and the FE model, respectively. Then Δ𝑓(𝑡̃) is averaged over the whole time span of the
impact to obtain 〈Δ𝑓(𝑡̃)〉. The FE model is more sensitive to the parameters if D is lower: for
D=18 (cases B1-B16), 〈Δ𝑓(𝑡̃)〉 is between 1.2% and 2.3%, while for D=2.25 (cases E1-E16)
〈Δ𝑓(𝑡̃)〉 is between (-12.2%) and 14.5%.
The effects of different damage potential values on the course of the impact are shown in
Fig. 20, where both FE and Riera model results are represented. Dashed lines represent the
Riera, while solid lines show FE model results. Note that in cases A1, B1, … F1, missile elasticity is negligible (εel=0.0005%-0.035%), the missiles are quasi rigid–quasi perfectly plastic.
While results in Fig. 19 for the same damage potential coincide despite having different other
parameters, in Fig. 20 we see that different damage potential implies qualitatively different
courses of impact.
It can be seen in Fig. 20(a) and (b) that the reaction force obtained by the FE model decreases
somewhat less intensely in time than that calculated by the Riera model. Case A1 is not represented, but in this case the Riera and FE model reaction forces are quasi-constant, except for
the last part of the impact, where intense deceleration occurs, similarly to case B1. Cases A1C1 of the FE model are close to the region where hydrodynamic impact occurs, behaviour of
the missile is close to the behaviour of fluid rods (Tate, 1967) and deceleration of the missile is
negligible.
In case of low damage potential (D<2, case F1), in the FE model, the course of crushing changes
after some time, local effects become dominant and the FE model becomes unstable (see Fig.
20(b)). This may be a consequence of the soft impact assumption of both the Riera approach
and the FE model, which breaks down at this parameter regime. The dimensionless crushed
length—time (1-𝑥̃(𝑡̃)) curves of the Riera and FE models are shown in Fig. 20(c), where some
difference is visible between the Riera and FE models in cases D1 and E1. Dimensionless momentum—time functions of cases B1-F1 are shown in Fig. 20(d) obtained by both the Riera
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and the FE models. The initial dimensionless momentum of the missile can be calculated as
𝑚
̃ (0)𝑣̃(0) = 𝑣̃(0), where 𝑚
̃ (0)=1 is the initial dimensionless mass of the missile. During the
impact, the momentum of the missile decreases as its mass and velocity decrease. Instantaneous
dimensionless momentum of the intact part of the missile is:
𝑖(𝑡̃) = 𝑚
̃ (𝑡̃)𝑣̃(𝑡̃).

(50)

In the FE model, the program automatically calculates the momentum, which then is transformed into dimensionless form. The FE and Riera model results match well in Fig. 20(d), even
in case D1, where there is a small difference in the crushed length obtained from the two models, see Fig. 20(c).

Fig. 20: Dimensionless reaction force functions 𝑓(𝑡̃) of cases B1 (D=18), C1 (D=12) and D1
(D=3.27); (b) 𝑓(𝑡̃) of cases E1 (D=2.25) and F1 (D=1.29); (c) dimensionless crushed length
functions 1-𝑥̃(𝑡̃) of cases B1-F1 (D=18-1.29); (d) dimensionless momentum 𝑖(𝑡̃) of cases B1F1 (D=18-1.29). Solid and dashed lines show FE and Riera model results, respectively.
Figure 21 shows the temporal averages 〈Δ𝑓(𝑡̃)〉 of the relative difference Δ𝑓 between the Riera
and FE model results, as a function of damage potential D. Beside cases A1-F1, results of additional cases with D= 1.5, 4.5, 6, 9, 60 are also shown. In cases A1, B1,…F1 the missile is
quasi rigid–quasi perfectly plastic (εel<0.035%), but we have seen that the effect of missile
elasticity can have a significant effect, therefore, results of elastic–quasi perfectly plastic missiles (with εel=20%) are also represented in Fig. 21.

– 34 –

In case of negligible missile elasticity (εel<0.035%) at low D values (D<2), hard impact occurs,
therefore, local effects has to be taken into account. In this range, neither the Riera nor the FE
models are reliable, because they both neglect potential local failure of the target. Around D
values of 2-2.5 the reaction force obtained from the two models show good agreement, but the
difference between the two models increases as D increases. If D is higher, in the range of
2.5<D<10, only a slight decrease in velocity is visible in the FE model, while there is a more
intense deceleration in the Riera model. In this regime, the two models show different behaviour, as already discussed in relation to Fig. 20. The maximum difference between the two
models is around 13%, this peak is around D=4.5. If D is high (D>10) then the difference between the Riera and the FE models becomes smaller and independent of D. In this regime, the
deceleration in the Riera model and in the FE model is negligible, quasi-hydrodynamic impact
occurs (Tate, 1967), Eq. (15) can be applied without taking into account crushing force P when
computing the reaction force: 𝐹 ≈ 𝜇𝑥̇ 2 , and deceleration of the missile is negligible:
dx/dt=const.

Fig. 21: Temporal average 〈∆𝑓(𝑡̃)〉 of the relative difference ∆𝑓(𝑡̃) between instantaneous reaction force functions 𝑓(𝑡̃) obtained from the Riera and FE models as a function of the damage potential, quasi rigid–quasi perfectly plastic missiles A1, B1,….F1 (D=90.0-1.29, black
squares) and elastic–quasi perfectly plastic missiles with εel=20% (grey squares)
Concerning results of elastic–quasi perfectly plastic missiles (εel=20%) we can see that if D<4.5
then missile elasticity has a large effect, because the deceleration of elastic missiles is much
smaller than deceleration of quasi rigid–perfectly plastic missiles (see Fig. 18(b) also). If D>4.5
then elastic–quasi perfectly plastic and rigid–quasi perfectly plastic FE missiles behave similarly, because deceleration of the missile in the FE model becomes negligible. This statement
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is consistent with the finding of Lu et al. (2015): the behaviour of aircraft models are more
sensitive to the input parameters in case of lower impact velocities.
The experimental results of Sugano et al. (1993-1) show good agreement with the Riera model.
Our case E1 (D=2.25) has similar geometrical and material parameter values as those obtained
by Sugano et al. (1993-1) for a Phantom fighter fuselage, but we observe in Fig. 21 some difference between the results obtained from the FE and Riera models. This difference is caused
by several differences between the experiment and our simulations. First of all, in the experiment the applied impact velocity was 215 m/s, therefore D was (215/150)2=2.05 times higher
than in our case. Secondly, Sugano fitted the crushing force so that the Riera method leads to
the measured reaction force, and the crushing force of the nose and tail of the aircraft obtained
this way turned out to be negligible. This means that there is no decrease in velocity in the first
and last quarters of the impact in the real aircraft impact test. In our case E1, a 5-10% velocity
decrease occurred in the FE and the Riera models during the first quarter of the impact, and at
the end of the impact deceleration was also significant. However, if the crushing force of the
nose and tail was negligible, this intense deceleration would not occur.

3.3. Uniform aircraft fuselage impacting an elastic target
The effect of target elasticity is examined by using case B1 missile impacting into different
elastic targets. Case B1 is used because Riera and FE model results show good agreement in
this case (〈∆𝑓(𝑡̃)〉=0.3%). The first type of elastic target, referred to as ‘spring type’, is a FE
model of a circular plate with diameter 2.4 m and thickness 0.5 m (Fig. 22(a)). Material of the
target is linearly elastic, modulus of elasticity is 2×1012 Pa, Poisson’s ratio is 0.3. The rear
surface of the target is connected to the front surface of a rigid circular plate by a linear elastic
spring (with spring constant k, without damping). The target plate is constrained for translations
perpendicular to the direction of the impact. Elastic deformations of the target are negligible
compared to elastic deformation of the spring. Spring constant k, density of target ρt,spring and
consequently target mass M are varied across the simulations. The second type of elastic targets
(Fig. 22(b)), referred to as ‘plate type’, is a circular plate with thickness 0.2 m, diameter 5.0 m,
Poisson’s ratio 0.2, modulus of elasticity and density Et,plate and ρt,plate, respectively.
The target used in the corresponding Riera model is a simple one degree-of-freedom elastic
system. Initial data of our examined cases are summarized in Table 6. Ratio of masses ε=m0/M
and relative stiffness κ=kL/P0 that characterise the elastic target in the dimensionless form of
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the Riera model are also included in the table. Corresponding properties of different targets
were determined by additional numerical test.
Figures 23 and 24 show the dimensionless reaction force—time (f(𝑡̃)) and target deformation—
time (𝑦̃(𝑡̃)) curves for cases BE1-4, respectively. Reaction force f is calculated by Eq. (15),
where the velocity of crushing is defined as the difference between the average velocity of the
intact part of the missile and the velocity of the target. In case of ‘plate type’ target, the target
velocity is measured along the circular zone where the edge of the uniform missile impacts.
Dimensionless target deformation is defined as 𝑦̃ = 𝑦/𝐿, where y is the deformation of the
target. In case of the elastic plate, the target deformation is defined as the average deflection of
the finite elements along the circular zone where the edge of the uniform missile impacts.

Fig. 22: FE model of a uniform aircraft fuselage with (a) ‘spring type’ elastic target,
(b) ‘plate type’ elastic target
Table 6: Data of the examined elastic targets
Riera
spring type
plate type
case
k
M
ρt,spring
ρt,plate
Et,plate
κ
ε
9
3
3
(10 N/m)
(kg)
(kg/m ) (kg/m ) (1011 Pa)
BE1
22564
4.8
1.0
4524
2000
2800
2.40
BE2
11282
4.8
0.5
4524
2000
2800
1.20
BE3
11282
0.6
0.5
36191
16000
22400
1.20
BE4
22564
0.6
1.0
36191
16000
22400
2.40
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Fig. 23: Dimensionless reaction force functions 𝑓(𝑡̃) of cases (a) BE1 and BE4
(𝜅=22564, 𝜀=4.8 and 0.6); (b) BE2 and BE3 (𝜅=11282, 𝜀=4.8 and 0.6)

Fig. 24: Dimensionless target deformation functions 𝑦̃(𝑡̃) of cases (a) BE1 and BE4
(𝜅=22564, 𝜀=4.8 and 0.6); (b) BE2 and BE3 (𝜅=11282, 𝜀=4.8 and 0.6)
It can be seen in Fig. 23 and 24 that reaction forces and deformations in the Riera and FE
methods match well in the examined parameter range. This means that the effect of target elasticity on the reaction force is similar in the Riera and FE models. If Fig. 23 and Fig. 20(a) and
(b) are compared, it is visible that the effect of target elasticity on the f(𝑡̃) function is secondary
compared to the effect of the damage potential. In all cases BE1-BE4 (D=18), the f(𝑡̃) curves
are similar. This means that the parameters varied in cases BE1-BE4 have only secondary effect
on the course of the impact, it is the damage potential D that plays a major, decisive role in
determining the outcome of the impact.
It can be observed in Fig. 23 that the maximum value of the reaction force acting on the elastic
target can be higher than the reaction force in case of the rigid target, as it was already noticed
in Chapter 2. Consequently, the reaction force can be somewhat underestimated in some cases
using the model assumption of a perfectly rigid target.
As it can be seen in Fig. 24, there is a difference between the deformations of the FE model
with ‘spring type’ target and that of the Riera model. This difference can be explained by the

– 38 –

observation that in the FE model the piecewise crushing and the contact force between the
missile and the target is different from those in the Riera model. In the Riera model, the reaction
force acts continuously, while in the FE model, the contact between the missile and the target
is discontinuous (because of shock waves), consequently they cause different deformations.
If target stiffness κ is higher (cases BE1 and BE4), then maximum displacement in the FE
models with ‘spring’ and ‘plate type’ targets are closer to each other than in lower stiffness
cases (see Fig. 24). This can be a consequence of energy stored by internal strains and secondary
vibration modes of the ‘plate type’ FE target. In case of lower stiffness, these internal strains
and the energy stored by them is higher therefore difference between deformations is more
significant.

3.4. Conclusions
In Chapter 3, a dimensionless form of the widely used Riera model and a FE model with different initial parameters were examined. A simplified uniform aircraft fuselage impacting either
a perfectly rigid or a linearly elastic target was investigated. We could see that the course of the
impact dominantly depended on the damage potential D in the different models.
The results lead to the following two theses:
Thesis 4 In a wide range of parameters, I compared the results obtained from the Riera model
to those obtained from a finite element model of a uniform, quasi rigid–quasi perfectly plastic
aircraft fuselage impacting rigid or linear elastic targets. I found that, within the examined
parameter range, the damage potential is the most important parameter that determines the
course of the impact. This means that,
– if the parameters of either the missile or the target are altered in a way that the damage
potential remains the same, or
– if parameters that only appear in the finite element model are altered,
then the course of the impact remains similar.
Based on (Laczák and Károlyi, 2017-2)
Thesis 5 The difference between the results of the Riera and finite element models for the impact
of a uniform, quasi rigid–quasi perfectly plastic aircraft fuselage depends on the value of the
damage potential D. If D<2 then hard impact occurs, therefore, the local effects are dominant
and both models are out of range of soft impacts. If D is between 2 and 10 then slight or negligible decrease in velocity is visible in the FE model, while there is an intense deceleration in
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the Riera model, which implies a marked difference between the reaction forces predicted by
the two models. If D is high (D>10), then the difference between the Riera and the FE model
results becomes quasi-constant. In this region, the deceleration obtained from both models is
negligible, and a quasi-hydrodynamic impact occurs.
Based on (Laczák and Károlyi, 2017-2)
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4. Effects of realistic aircraft profiles
In the previous chapters, effects of realistic aircraft profiles were neglected and uniform fuselages were analysed. However, we could see in relation to case E1 (Section 3.2) that uniform
aircraft fuselages can behave differently from real aircraft profiles. In Chapter 4, effects of real
aircraft profiles are examined in two steps: at first, the uniform aircraft fuselage is extended by
nose and tail, then in the second step, by wings and engines. For uniform aircraft fuselages, the
damage potential D proved to be the parameter that governs the course of the impact, therefore,
its concept is extended to non-uniform aircraft profiles. The effects of the damage potential and
of other parameters are analysed.

4.1. Analysis of the effects of aircraft nose and tail
In the previous calculations, only uniform aircraft fuselages were used. However, in case of a
real aircraft, the nose and tail of the aircraft are usually weaker and lighter than the fuselage
(body) as it was already mentioned in Section 3.2. In order to examine the effect of nose and
tail, the uniform aircraft fuselage of Chapter 3 is changed to a fuselage with more realistic nose
and tail geometry (Fig. 25).

Fig. 25: FE model of aircraft fuselage with nose and tail
The length of the nose and the tail are 4.5 m and 4 m, respectively. Total length of the fuselage
is equal to the length of the uniform aircraft fuselage, that is, 17.5 m. Table 7 shows the properties of the examined cases. Uniform aircraft fuselage cases B1 and E1 of Chapter 3 are used
as references, parameter values (v0, E, ν) that do not appear in the table are equal to the values
used in cases B1 and E1 (see Tables 4 and 5). Beside the geometry, the ratio of the density and
strength of the nose and tail (ρn, fyn) and body (ρ, fy) are also altered. In cases BN1, EN1 only
the cross-section changes along the length, in cases BN2, EN2 fy is reduced to 25%, in cases
BN3, EN3 ρn is reduced to 25%, while in cases BN4, EN4 ρn and fn are both reduced to 25% of
the corresponding values at the central segment of the fuselage. Initial velocity of the missile is
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v0=150 m/s in each case. Total mass m0, maximum Pmax and average value Pav of crushing force,
and damage potential D calculated by Pav as characteristic value P0 (see Eq. (26)) of the crushing force are also included in the table. If P0=Pav is used then the definition of D, as the ratio of
the kinetic energy of the missile to the work required to crush it, still stands. Figure 26 shows
the shape function of mass distribution (µ(x)/µmax, where µmax is the maximum mass per unit
length of the fuselage) and crushing force (ϑ(x)=P(x)/Pmax) of cases BN1-4, EN1-4 and uniform
fuselages (cases B1, E1 of Chapter 3).
Table 7: Input data of cases BN1-4 and EN1-4:
body
case
BN1
BN2
BN3
BN4
EN1
EN2
EN3
EN4

nose, tail

ρ
fy
(kg/m3) (106 Pa)
8000

5

8000

40

ρn/ρ

fny/fy

1.00
1.00
0.25
0.25
1.00
1.00
0.25
0.25

1.00
0.25
1.00
0.25
1.00
0.25
1.00
0.25

m0

Pmax

Pav

(103 kg)
17.82
17.82
14.49
14.49
17.82
17.82
14.49
14.49

(106 N)
0.78
0.78
0.78
0.78
6.2
6.2
6.2
6.2

(106 N)
0.64
0.52
0.64
0.52
5.09
4.14
5.09
4.14

D (Pav)
18.00
22.16
14.64
18.00
2.25
2.77
1.83
2.25

Fig. 26: Shape function of (a) mass distribution; (b) crushing force of cases BN1-BN4, EN1EN4 and uniform fuselages B1, E1.
The effects of nose and tail geometry, reduced crushing force and density on the dimensionless
reaction force functions 𝑓(𝑡̃) of the Riera and the FE models are computed, using the methods
detailed in Chapters 2 and 3. In the FE model, the reaction force f is calculated from Eq. (27),
where the velocity of crushing is defined as the average velocity of the intact part of the missile.
Reaction force 𝑓(𝑡̃) of the different cases are represented in Figs. 27 and 28.
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Figures 27(a) and (b) represent dimensionless reaction force—time 𝑓(𝑡̃) functions of cases
BN1-4 together with cylindrical missiles with the same properties in the central segment of the
fuselage. We can see that the Riera and the FE model results are close to each other, deceleration
of the missile is negligible in all cases. It is visible that the effect of reduced strength is much
smaller than the effect of reduced density: results of cases BN1 and BN2 are close to each other,
while results of cases BN1 and BN3 are significantly different. In cases BN1-4, the effect of
the crushing force is negligible: in Eq. (27), the maximum value of 𝜗(𝑥̃) is 1, while the maximum value of f is 36. Consequently, the behaviour of the missile is close to the behaviour of a
fluid rod, which has no strength, only mass and velocity (Tate, 1967).
Figures 28(a) and (b) show 𝑓(𝑡̃) functions of cases EN1-4 and uniform fuselages. Note that
strength fy of cases EN1-4 is eight times higher than that of cases BN1-4.

Fig. 27: Dimensionless reaction force functions 𝑓(𝑡̃) of cases (a) BN1 (D=18), BN2
(D=22.16) and uniform fuselage B1 (D=18); (b) BN3 (D=14.64), BN4 (D=18) and uniform
fuselage B1 (D=18). Solid and dashed lines show FE and Riera model results, respectively.

Fig. 28: Dimensionless reaction force functions 𝑓(𝑡̃) of cases (a) EN1 (D=2.25), EN2
(D=2.77) and uniform fuselage E1 (D=2.25); (b) EN3 (D=1.83), EN4 (D=2.25) and uniform
fuselage E1 (D=2.25). Solid and dashed lines show FE and Riera model results, respectively.
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In cases EN1-4, due to the increased strength and crushing force, the missiles significantly decelerate during the impact, and consequently not the whole missiles disintegrate. In cases EN1
and EN2, deceleration is more intense in the Riera model than in the FE model, therefore, 𝑓(𝑡̃)
functions of the Riera model also decrease more intensely. Effect of strength cannot be neglected in cases EN1-4, in Eq. (27) the maximum value of 𝜗(𝑥̃) is 1, while the maximum value
of f is 5.5. If Figs. 28(a) and (b) are compared, then effect of reduced strength is still less significant (case EN2 compared to case EN1) than effect of reduced density (case EN3 compared
to case EN4). FE and Riera model result of cases EN3 and EN4 (see Fig. 28(b)) are closer to
each other than FE and Riera model result of cases EN1 and EN2 (see Fig. 28(a)). It is advantageous because in case of real aircrafts the nose and tail parts are lighter and weaker than the
central segment of the fuselage, consequently, case EN4 is the closest to real aircraft fuselage
properties.
Figure 29 shows the temporal averages 〈|Δ𝑓(𝑡̃)|〉 of the absolute value of the relative difference
|Δ𝑓| between the Riera and FE model results (see Eq. (49)), as a function of the damage potential D. The represented cases include uniform missiles and fuselages with nose and tail geometry and with density and strength ratio ρn/ρ= fyn/fy=0.25. In case of missiles with nose and tail,
the strength values fy and fyn are varied to obtain different D values, other parameters are the
same as in cases BN4 and EN4. As we have seen in Chapter 3, in case of uniform missiles the
damage potential D characterises the impact and the difference between the Riera and FE model
results also depends on it.

Fig. 29: Temporal average 〈|∆𝑓(𝑡̃)|〉 of the absolute value of the relative difference (Eq.(49))
between instantaneous reaction force functions 𝑓(𝑡̃) obtained from the Riera and FE models
as a function of the damage potential, in case of uniform missiles (black squares) and fuselages with nose and tail and with density and strength ratio ρn/ρ= fyn/f=0.25 (green squares)
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We can see that 〈|∆𝑓(𝑡̃)|〉—D curves are similar in case of uniform missiles and fuselages with
nose and tail: at high D values (D>10) the difference between the Riera and FE models is small,
the impact is soft and both models are valid. As D decreases, the difference increases and has a
local maximum around D=3-6. In this regime, in the Riera model, there is an intense deceleration during the impact, while deceleration is smaller or negligible in the FE model. If D is
further decreased (D<2-2.5) then the collision in both models becomes a hard impact, and local
effects become dominant, consequently, neither the Riera nor the FE models are reliable in this
regime.

4.2. Analysis of the effects of wings and engines
In this Section, the effects of real aircraft geometry are examined. The geometry of the investigated aircrafts is close to the geometry of a Phantom F4 fighter applied in the real experiment
by Sugano et al. (1993-1). In the FE and the Riera models, beside the fuselage, wings and engines also appear (Figs. 30 and 31).

Fig. 30: Geometry of a Phantom F4 (Sugano et al., 1993-1) and our simplified aircraft model

Fig. 31: FE model of the aircraft
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Vertical and horizontal tail wings are neglected, because their mass and crushing force is negligible compared to the other parts of the aircraft (Sugano et al., 1993-1). The length and geometry of the fuselage are the same as in cases BN1 and EN1 (see in Section 4.1), the length and
the outer diameter of the engines are 3.6 m and 0.3 m, respectively. As a simplification, the
density and the strength of each part are kept constant in the FE model. The wall thicknesses of
the parts are set to make mass distributions of the aircraft close to the distributions measured
by Sugano et al. (1993-1). In the FE model, the wall thickness of the engines and wings are 0.16
m and 0.025 m, respectively, while finite element sizes in the longitudinal direction are 0.2 m
in the wing and 0.15 m in the engine, while there is only one layer of elements along the thickness.
In our analyses, three different aircraft models are applied (see Table 8). Cases BT and ET have
the same density, strength and velocity as cases BN1 and EN1, respectively (see Table 7). The
density and the strength of the PH aircraft model are set to have similar input data to the Phantom F4 of Sugano et al. (1993-1). In case PH, the velocity of impact is 215 m/s, which is the
same as in Sugano’s experiment. Table 8 also includes the total mass m0, the maximum Pmax
and average value Pav of the crushing force and the damage potential D(Pav). In the calculation
of the crushing force and the damage potential, all parts of the aircrafts are included.
Table 8: Initial data of examined aircrafts (cases BT, ET, PH)
nose, tail,
wing, engine

body
case

ρ
(kg/m3)

BT
8000
ET
PH

5500

m0

fy
ρn,w/ρ fyn,yw/fy
(106 Pa)
(103 kg)
5
28.6
1
1
40
28.6
30

1

1

19.66

Pmax

Pav

(106 N) (106 N)
2.57
1.01

D (Pav)
18

20.57

8.06

2.25

15.42

6.05

4.29

The shape function of the crushing force and the distributed mass along the length that corresponds to cases DT1, GT1 and PH are represented in Fig. 32.
Dimensionless reaction force—time functions 𝑓(𝑡̃) of cases BT and ET are represented in
Fig. 33. The shape of the curves follows the shape of the distributed mass and crushing force
curves (Fig. 32), the crushing of the wings and engines cause a maximum reaction force around
half of the total impact time. In case of ET aircraft, due to the high crushing force of the engines
and the central segment of the fuselage, the velocity and consequently the reaction force intensely decrease at the last part of the impact. It is visible that the FE and Riera model results
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are close to each other in both cases, 〈|Δ𝑓(𝑡̃)|〉=0.046 and 0.067 for cases BT and ET, respectively. It is advantageous if we concern the applicability of the Riera and FE models in case of
realistic aircrafts.

Fig. 32: Shape function of crushing force and mass distribution of cases BT, ET and PH. For
reference, cases BN1, EN1, BN4, EN4 are also shown.

Fig. 33: Dimensionless reaction force functions 𝑓(𝑡̃) of (a) case BT (b) case ET. Solid and
dashed lines show FE and Riera model results, respectively.
The distribution of the crushing force and the unit mass along the length of the Phantom F4
fighter tested by Sugano et al. (1993-1) and our PH case aircraft model are represented in
Figs. 34 and 35, respectively. Differences between the curves measured by Sugano and applied
in our models are caused by the simplified geometry and the uniform strength and density applied.
Fig. 36 shows the reaction force-time functions F(t) measured by Sugano along with those we
obtained by our PH case calculated by the Riera and the FE model. In the Riera model, the
aircraft intensely decelerates (from v(0)=215 m/s to v(0.06 s)=165 m/s), while there is no deceleration in the FE model and in the real experiment. Difference between the Riera and the FE
models is mainly caused by this deceleration.
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Fig. 34: Crushing force distribution of the Phantom F4 fighter calculated by Sugano et al.
(1993-1) (brown) and applied in our Riera and FE model calculations (black)

Fig. 35: Mass distribution of the Phantom F4 fighter measured by Sugano et al. (1993-1)
(brown) and applied in our Riera and FE model calculations (black)

Fig. 36: Reaction force—time function F(t) of a Phantom F4 fighter measured by Sugano et
al. (1993-1) (brown) and calculated by our Riera (dashed black) and FE model (solid black)
Differences between the real experiment and our models can be attributed to the differences of
crushing force distributions, mass distributions and to the deceleration that occurs in the Riera
model. Another reason of the difference between the experiment of Sugano et al (1993-1) and

– 48 –

our simulations is that in their experiment, the width of the target block was 7 m, while maximum width of the Phantom F4 was 11.77 m, therefore edges of the wings did not crush into the
target. This resulted in a reduced measured reaction force in the experiment as compared to our
simulations.
The average value of the relative difference of case PH is 〈|∆𝑓(𝑡̃)|〉=0.136. We can see in
Fig. 37 that 〈|∆𝑓(𝑡̃)|〉 values of the realistic aircraft cases BT, ET and PH fit well to the difference functions of uniform aircrafts and missiles with nose and tail.

Fig. 37: Temporal average 〈|∆𝑓(𝑡̃)|〉 of the absolute value of the relative difference (Eq.(49))
between instantaneous reaction force functions 𝑓(𝑡̃) obtained from the Riera and FE models
as a function of the damage potential. Values corresponding to uniform missiles (black
squares), to fuselages with nose and tail and with density and strength ratio ρn/ρ= fyn/f=0.25
(green squares) and to simplified aircraft cases ET, BT and PH (brown diamonds) are represented.
We can see in Fig. 37 that if the damage potential D(Pav), based on the average crushing force,
is applied to characterize the impact, then 〈|∆𝑓(𝑡̃)|〉 of aircraft models with wings and engines
(cases BT, ET and PH) show similar behaviour to uniform missiles and missiles with nose and
tail. Hence we conclude that the damage potential, that is, the ratio of the initial kinetic energy
of the missile to the work required to crush it, can characterize the impact not only in case of
uniform missiles, but also in case of missiles with geometry and parameters closer to those of
real aircrafts.

4.3. Conclusions
In this Chapter, the effects of realistic aircraft fuselage profiles (including nose and tail) and
effects of real aircraft profiles (including wings and engines) were analysed by the Riera model
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and by FE models. Beside the effect of geometry, different mass and crushing force distributions were also applied.
The obtained results lead to the following thesis:
Thesis 6 Using the Riera and a finite element model, I carried out a parametric study of a
simplified aircraft fuselage with realistic nose, tail, wing and engine profiles. I found that, similarly to uniform missiles, the damage potential also characterizes the impact in case of fuselages with nose, tail, wing and engine profiles .
Based on (Laczák and Károlyi, 2014; Laczák and Károlyi, 2017-2)
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5. Local effects of hard missiles
In Chapters 2-4 of the dissertation, we analysed the parameters of a soft aircraft impact causing
global effects to the target structure. In Chapter 5, we discuss the local effects of (perfectly)
hard missiles generated during an aircraft impact or during other accidental events (tornado,
turbine crash, etc.). The effect of various parameters on local damage (penetration, perforation)
of concrete targets are analysed by commonly applied semi-empirical formulae (summarized
in Appendix A1) and by a numerical test series. The well documented real experiments of
Sugano et al. (1993-2,3) introduced in Section 1.2.4, are used for the verification and calibration
of our FE model. Based on the results of a wide range parametric numerical study, new empirical formulae are introduced for the calculation of the penetration depth and of the perforation
limit. A simple heuristic theoretical model is presented that supports our new formulae.

5.1. Finite element model to investigate the local damage caused by a
hard missile impacting concrete target
5.1.1. Geometry and material model
Our model is created in ANSYS Workbench Explicit Dynamics FE program. Contrary to the
flat-nose missile applied in Sugano’s experiments (1993-2,3), our FE model of the missile consists of a cylinder with spherical nose. The missile has the same length and mass as in the real
experiments (see Table 1). In order to reduce computation time, a quarter-model with symmetry
is used and the size of the target is reduced to the smallest possible size to prevent boundary
effects. See Fig. 38 for an overview of the FE model.

Fig. 38: Overview of the FE model of the concrete target and the hard missile
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Reinforcement is not modelled at this stage, because, according to experimental results (Sugano
et al., 1993-2,3), it hardly affects the perforation and penetration properties (in case of high
velocity impacts and normal amount of reinforcement). The chosen material model is Concrete
35 MPa explicit multi-stage material model of Ansys Workbench Explicit Dynamics that includes the RHT (Riedel-Hiermaier-Thoma) strength model together with an equation of state
model for compacted material (Ansys Workbench Help, 2015). The RHT strength model includes rate-dependent behaviour, post-elastic hardening and strain-softening of concrete. If the
behaviour is represented in the space of hydrostatic pressure (p) and deviatoric stress (σ), then
a yield surface models the post-elastic hardening region (plastic deformation 𝜀𝑝 > 0), while the
failure (limit) surface sets the beginning of strain-softening and damage cumulation. Damage
cumulation is measured by a damage number Dc>0 that can be calculated as the ratio of the
integral of post-hardening plastic strains to the plastic stain limit corresponding to failure. Fully
damaged elements can still have a lower residual strength, modelled by the residual strength
surface. Detailed explanation and parameters of the applied material model are included in Appendix A2. The RHT material model was applied and extensively tested in case of numerical
impact experiments in the report GRS-A-3667 of the German Society for Plant and Reactor
Safety (Heckötter and Sievers, 2012).

5.1.2. Results of calibration
In our numerical tests, the built-in values of the parameters of the Concrete 35 MPa material
model are used for the target, only the compressive and tensile strain rate exponents (see Appendix A2) were changed according to the recommendation of Tu and Lu (2010). The material
model has a fixed tensile to compressive strength ratio and shear to compressive strength ratio,
therefore, tensile and shear strength change proportionally when compressive strength fc is varied. In Sugano’s experiments (1993-2,3), planned compressive strength of concrete was
23.5 MPa, but they measured higher actual strength values with mean values 25.5 MPa and
32.3 MPa in case of 1/7.5 and 1/2.5 scale tests, respectively. The type of concrete specimens
used in strength tests in Sugano’s experiment was not described, which also makes the definition of fc unclear. During model calibration, we used fc as a fit parameter to obtain the best match
to the experimental data for penetration depth. Finally, in our simulations, fc turned out to be 40
MPa for the 1/7.5 scale tests and 45 MPa for the 1/2.5 scale tests. Finite element size dependency was also examined in the FE model and the effect of change in FE sizes was acceptable.
Table 9 compares the results of Sugano’s experiment to our FE model. In the table, penetration
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depth values from the experiments of Sugano et al. (1993-2,3) are modified because of the noseshape difference. Nose shape factor N for flat nose is 0.72, that for blunt nose it is 0.84, therefore
experimental penetration values are multiplied by 0.84/0.72=1.17. The first three rows of Table
9 are the result of the 1/7.5 scale tests, while the last three correspond to the 1/2.5 scale tests.
Table 9: Sugano and FE test results
xp
v0
t
fc
[mm]
[m/s] [mm] [MPa]
Sugano*
350
180
200220
(210)

23.5
(40**)

150
600
550
450

23.5
(45**)

xp

scabbing

scabbing

[mm]

[mm×mm]

[mm×mm]

FEM

Sugano

FEM

47

49

-

cracks

perf.

59

260×260

610×675

perf.

perf.

200×200

660×880

140

150

360×360

130×120

146

perf.

400×400

200×150

perf.

perf.

400×400

240×220

*corrected results that take into account the nose-shape factor
(see main text)
**modified strength in the FE model (see main text)
It can be seen in Table 9 that penetration depths xp and perforation limits e of the FE model
agree well with the experimental results. Perforation limits e are not precisely found by the
experiments of Sugano et al. (1993-2,3), however, they can be estimated as the maximum thickness where perforation still occurs.
The 180 mm thick target is the only case where perforation occurred in the experiments, but no
perforation occurred in the FE model. Figure 39 shows the result of the FE model of this case,
the colours show the level of damage in the target material. Red colour represents the totally
damaged elements (Dc=1), blue colour shows the intact parts (Dc=0). It is visible that the impact
causes penetration and compaction on the proximal side, while the reflection of shock waves
causes scabbing on the distal side. If the two fully damaged zones merge, then perforation happens. In Fig. 39 the two zones are almost merged and thus the target is almost perforated. As a
result, the 180 mm target thickness case is also modelled quite adequately in our FE model.
For the 550 mm thick target, the corrected experimental result for penetration depth is 146 mm
(see Table 9), while the FE model predicts perforation. In this case, the exact perforation limits
of the real specimens and the level of damage in the not perforated zone is unavailable from the
experiments, hence the measured and the FE results cannot be compared directly.
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The difference between the scabbing zone sizes of the experiments and the FE model can be
explained by the fact that we neglect the reinforcement in the FE simulation. Contrary to perforation and penetration, scabbing is strongly affected by the reinforcement, because it holds
together the damaged, cracked zone at the distal side.

Fig. 39: Damage of 180 mm thick target. Red colour represents the totally damaged
elements (Dc=1), blue colour shows the intact parts (Dc=0).

5.2. Parametric study of local damage
After the FE model calibration, a parametric study is carried out. The most important parameters that appear in the model (impact velocity v0, mass m and diameter d of the missile, concrete
strength fc) are varied in a wide range of values. In the following diagrams, results of different
empirical and analytic formulae are shown together with our numerical and Sugano’s experimental results. Only those formulae appear on the graphs that have results close to the results
of the experiments. Dimensionless penetration depth (xp/d) and dimensionless perforation limit
(e/d) values of the 1/7.5, 1/2.5 and 1/1 tests are shown. On each graph, only one parameter is
changed while all the other parameters are kept at the basic values used in the experiments of
Sugano et al. (1993-2,3).

5.2.1. Small scale (1/7.5) tests
Figures 40 and 41 represent the dimensionless penetration depth values of the 1/7.5 tests as a
function of missile and target parameters. Results of the UKAEA (UK Atomic Energy Authority), Adeli-Amin, Hughes, TBAA (British Textbook of Air Armament) and Li formulae (Kennedy, 1976; Teland, 1998; Li et al., 2005; Murthy et al.,2010) are also shown as well as the
original and corrected results of Sugano et al. (1993-2,3). It is visible that the various formulae
fit differently to the test results. The Hughes formula and TBAA formula fit quite well to the
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FE model and to the experimental results, however, usually they give higher xp/d values than
either the FE model or the experiments. Adeli-Amin and UKAEA formulae overestimate, while
the Li formula underestimates the FE and the experimental results. In all the graphs, the dasheddotted line shows the result of a new semi-empirical formula fitted to the FE model results. This
new formula is detailed in Section 5.3.
(a)

(b)

Fig. 40: (a) Dimensionless penetration depth—velocity and
(b) dimensionless penetration depth—missile mass curves (1/7.5 case)
(a)

(b)

Fig. 41: (a) Dimensionless penetration depth—concrete strength and
(b) dimensionless penetration depth—missile diameter curves (1/7.5 case)
Figures 42 and 43 show the dimensionless perforation limit values e/d of the 1/7.5 test together
with the results of the Hughes, Chang, CEA (French Atomic Energy and Alternative Energies
Commission), Criepi formulae (Kennedy, 1976; Teland, 1998; Li et al., 2005; Murthy et al.,
2010). Criepi and CEA formulae results are in good agreement with the FE model and the
experimental results, the Hughes formula moderately, and Chang formula significantly overestimates them. Penetration depth values vary between 2-8 cm (xp/d≈0.2-0.8), the experimentally
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observed value is 4.7 cm (xp/d=0.47) (Sugano et al., 1993-2,3). Perforation limits from the formulae are between 10-30 cm (e/d≈1-3), while the experimentally obtained value is around 18
cm (e/d=1.8) (Sugano et al., 1993-2,3).
(a)

(b)

Fig. 42: (a) Dimensionless perforation limit—velocity and
(b) dimensionless perforation limit —missile mass curves (1/7.5 case)
(a)

(b)

Fig. 43: (a) Dimensionless perforation limit— concrete strength and
(b) dimensionless perforation limit —missile diameter curves (1/7.5 case)

5.2.2. Medium scale (1/2.5) tests
Dimensionless penetration depth values of the 1/2.5 scale tests care shown in Figs. 44 and 45
together with the result obtained from the UKAEA, TBAA, Adeli-Amin, Hughes and Li formulae (Kennedy, 1976; Teland, 1998; Li et al., 2005; Murthy et al., 2010). Figures 46 and 47
represent perforation limit curves of the FE, Chang, Hughes, CEA, Criepi models (Kennedy,
1976; Teland, 1998; Li et al., 2005; Murthy et al., 2010). In some cases, convergence problems
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occurred in the FE model, mainly when missile with low density or low velocity impacts were
simulated, therefore fewer FE results appear in the graphs than in case of the 1/7.5 tests.
(a)

(b)

Fig. 44: (a) Dimensionless penetration depth—velocity and
(b) dimensionless penetration depth—missile mass curves (1/2.5 case)
(a)

(b)

Fig. 45: (a) Dimensionless penetration depth—concrete strength and
(b) dimensionless penetration depth—missile diameter curves (1/2.5 case)
(a)

(b)

Fig. 46: (a) Dimensionless perforation limit—velocity and
(b) dimensionless perforation limit —missile mass curves (1/2.5 case)
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(a)

(b)

Fig. 47: (a) Dimensionless perforation limit— concrete strength and
(b) dimensionless perforation limit —missile diameter curves (1/2.5 case)
Based on Figs. 44 and 45, penetration values of the Hughes formula are the closest to the FE an
experimental results. TBAA, UKAEA and Adeli-Amin formulae results are significantly
higher, while the Li formula results are lower than the xp values observed in the Fe model or in
experiments. In case of the perforation limit calculations, similarly to the 1/7.5 test results,
Criepi and CEA formulae results are in good agreement with the FE model and with the experimental results, the Hughes formula moderately and the Chang formula significantly overestimate them.
Compared to the smaller missile test results, both penetration depths and perforation limits are
much larger in the 1/2.5 test cases. Penetration values are between 1-30 cm (xp/d≈0.03-0.1) in
the FE model, experimentally obtained result was 14 cm (xp/d=0.47) (Sugano et al., 1993-2,3).
The FE model perforation limit values are between 20-80 cm (e/d~0.6-2.6), while they are
found to be 45-55 cm in Sugano’s experiment (e/d~1.5-1.8).
Size effect is not significant: basic case xp/d and e/d values of the 1/7.5 test are 0.49 and 1.7,
while they are 0.44 and 1.9 in case of the 1/2.5 test.

5.2.3. Full scale (1/1) tests
Dimensionless penetration depth values of the 1/1 scale tests are shown in Figs. 48 and 49
together with the result obtained from the UKAEA, TBAA, Adeli-Amin, Hughes and Li formulae (Kennedy, 1976; Teland, 1998; Li et al., 2005; Murthy et al., 2010). Figures 50 and 51
represent perforation limit curves of the FE, Chang, Hughes, CEA, Criepi models (Kennedy,
1976; Teland, 1998; Li et al., 2005; Murthy et al., 2010).
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(a)

(b)

Fig. 48: (a) Dimensionless penetration depth—velocity and
(b) dimensionless penetration depth—missile mass curves (1/1 case)
(a)

(b)

Fig. 49: (a) Dimensionless penetration depth—concrete strength and
(b)dimensionless penetration depth—missile diameter curves (1/1 case)
(a)

(b)

Fig. 50: (a) Dimensionless perforation limit—velocity and
(b) dimensionless perforation limit —missile mass curves (1/1 case)
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(a)

(b)

Fig. 51: (a) Dimensionless perforation limit— concrete strength and
(b) dimensionless perforation limit —missile diameter curves (1/1 case)
Experimental results are not available for full-size rigid missiles, only for real aircraft engines
and simplified deformable models of engines. Therefore, the experimental results have to be
modified because of target deformability and nose shape. To transform the results of a deformable missile into rigid missile results, the multiplication factors defined by Sugano et al. (19932,3) and the DOE Standard (2006) are used, they are 1/0.5 for penetration and 1/0.7 for perforation limit. Note that this transformation from deformable to hard missiles increases the uncertainty of the results. In this case, in the FE model, instead of calibration to the experimental
results, the concrete strength determined for the 1/2.5 scale tests were applied.
The penetration depth values of the FE model are between the results obtained from the Li and
Hughes formula. The UKAEA and Adeli-Amin formulae overestimated the penetration depth.
The penetration depth values from the FE model are between 8.5 cm and 70 cm (xp/d≈0.111.84).
Dimensionless perforation limit values of the FE model are between the results of the CEA,
Criepi and Hughes models, while the Chang model gives much higher e/d values. Perforation
limit values in the FE model of full-scale missiles are between 95 cm and 360 cm (target thicknesses rounded to 5 cm were tested for perforation).

5.3. New empirical formulae for penetration depth and perforation limit
New dimensionless empirical formulae are fitted to the results of our FE model. Figures 52 and
53 show Sugano’s experimental results and those of our FE tests as a function of the dimensionless impact factor 𝐼 = 𝑚𝑣0 2 /(𝑓𝑐 𝑑3 ) of Eq. (3) in log-log scale.
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Fig. 52: Dimensionless penetration depth as a function of the impact factor (log-log graph)

Fig. 53: Dimensionless perforation limit as a function of the impact factor (log-log graph)
It is visible that all FE and experimental data more or less fall on a single line, indicating that
both xp/d and e/d indeed depend on the impact factor I, on this dimensionless combination of
the parameters. This is not surprising, as this combination is the only dimensionless quantity
that can be constructed from m, v0, fc and d, the parameters that determine the outcome of the
impact. That all data points fit quite well to a straight line on the log-log diagrams shown in
Figs. 52 and 53 indicates that there is a power law dependence of both xp/d and e/d on I. We
find that the exponent is close to 1/2 in case of xp/d and 1/3 in case of e/d. The fitted formulae
are the following:
𝑥𝑝
= 0.18√𝐼 ,
𝑑
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(51)

𝑒
3
= 1.08√𝐼 .
𝑑

(52)

The best fit functions are represented in Figs. 40—51 by dashed-dotted lines. We see that our
simple formulae fit much better to the FE results and experimental observations than any of the
formulae published this far. The quite good fit spans in the whole parameter range, hence our
formulae seem to have a wide range of applicability.
Table 10 shows the absolute and relative mean deviation of our formula from the FE model
results.
Table 10: Absolute (〈∆𝑥𝑝,𝑎𝑏𝑠 〉, 〈∆𝑒𝑎𝑏𝑠 〉) and relative (〈∆𝑥𝑝,𝑟𝑒𝑙 〉, 〈∆𝑒𝑟𝑒𝑙 〉) mean deviation of our
formulae from the FE model results

1/7.5
1/2.5
1/1

〈∆𝑥𝑝,𝑎𝑏𝑠 〉
[mm]

〈∆𝑥𝑝,𝑟𝑒𝑙 〉
[-]

〈∆𝑒𝑎𝑏𝑠 〉
[mm]

〈∆𝑒𝑟𝑒𝑙 〉
[-]

4.7
18.0
55.4

14.5%
15.9%
16.6%

15.5
50.6
196.5

10.8%
11.5%
9.4%

Absolute deviation Δxp,abs, Δeabs and relative deviation Δxp,rel, Δerel of penetration depth and
perforation limit values are defined as:
∆𝑥𝑝,𝑎𝑏𝑠 = |𝑥𝑝,𝐹𝐸 − 𝑥𝑝,𝑓𝑖𝑡 |, ∆𝑒𝑎𝑏𝑠 = |𝑒𝐹𝐸 − 𝑒𝑓𝑖𝑡 |

(53)

|𝑥𝑝,𝐹𝐸 − 𝑥𝑝,𝑓𝑖𝑡 |
|𝑒𝐹𝐸 − 𝑒𝑓𝑖𝑡 |
, ∆𝑒𝑟𝑒𝑙 =
,
𝑥𝑝,𝐹𝐸
𝑒𝐹𝐸

(54)

∆𝑥𝑝,𝑟𝑒𝑙 =

where xp,FE and eFE are the penetration depth and perforation limit values of the FE model,
respectively, while xp,fit and efit are those obtained by the fitted formulae (Eqs. (51) and (52)),
respectively.
The mean values of relative deviations are 〈∆𝑥𝑝,𝑟𝑒𝑙 〉=0.14-0.17 and 〈∆𝑒𝑟𝑒𝑙 〉=0.1-0.12, the relative deviations are approximately the same for small, medium and large missiles. Beside the
small relative deviations for each missile size, the proposed new formulae are valid for all different parameter values both in case of xp and e, see Figs. 40-51. Our formulae show good
agreement not only with the FE model results, but also with the experimental results of Sugano
et al. (1993, 2-3). These new formulae, Eqs. (51) and (52) are non-dimensional, which implies
that the possible scale effects are included in the equations. They are simple to compare to other
formulae, and, as shown in Figs. 40-51, they fit very well to other formulae in parameter ranges
where those methods give results comparable to experimental results. Also, due to their simplicity, Eqs. (51) and (52) are practically applicable.
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The simple power law we found indicates that there is a simple physical connection between
1

the penetration or perforation and the ratio of the impact energy 2 𝑚𝑣02 to the resistance of the
target fcd2. In the following, we give a possible explanation of this connection.
Figure 54 represents the penetration depth xp—resisting force Fp function as proposed by
Hughes (1984).

Fig. 54: Resistance—penetration depth function based on the Hughes model (Hughes, 1984)
According to the Hughes model, if the penetration is small enough compared to the target thickness, then penetration resistance will be similar to the resistance of an infinite half space. In this
case, penetration resistance linearly increases with penetration depth until a critical penetration
depth xp1 is reached:
𝐹𝑝 (𝑥𝑝 ) = 𝑘𝑥 𝑥𝑝 , if 𝑥𝑝 ≤ 𝑥𝑝1 .
If we assume that the kinetic energy of the missile causes the penetration, then:
𝑥𝑝
1
1
𝑚𝑣02 = ∫ 𝐹𝑝 (𝑥𝑝 )d𝑥𝑝 = 𝑘𝑥 𝑥𝑝2 ,
2
2
0

(55)
(56)

therefore, xp is proportional to the square root of the kinetic energy:
𝑚𝑣02
𝑥𝑝 = √
,
𝑘𝑥

(57)

therefore,
𝑥𝑝
𝑑𝑓𝑐
=√
√𝐼,
𝑑
𝑘𝑥

(58)
if 𝑥𝑝 ≤ 𝑥𝑝1

which gives the same square root dependence of xp/d on the impact factor I as our fitted formula
Eq. (51).
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If x> xp1, the finite thickness of the target starts to affect the resisting force. The resistance
decreases due to the decrease of the undamaged thickness (tt- xp). The resistance at this decreasing phase assumed to be equal to the resistance against shear cone failure (see Fig. 5) that has
the following form:
𝑑(𝑡𝑡 − 𝑥𝑝 )
2 tg𝛼
𝐹𝑝 (𝑥𝑝 ) = 𝜏𝑐 𝐴𝜏 = 𝜏𝑐 𝜋 (
+ (𝑡𝑡 − 𝑥𝑝 )
),
cos𝛼
cos𝛼

(59)

where τc is the shear strength of the target, which is a function of strength fc; Aτ is the lateral
surface area of the shear cone, and α is the shear cone angle (Fig. 5). If the undamaged thickness
reaches the critical value H, then resistance drops to 0 and perforation occurs. If tt=e, i.e., when
perforation occurs, no residual kinetic energy remains. We assume that perforation occurs when
a given portion b of the thickness is penetrated, so penetration depth xp2 is proportional to e:
𝑥𝑝2 = 𝑒 − 𝐻 = 𝑏𝑒,

(60)

If we neglect the linearly increasing first part as suggested by Hughes (1984) and write the
kinetic energy consumption during penetration, we obtain
𝑥𝑝2
𝑏𝑒
(61)
𝑑(𝑒 − 𝑥𝑝 )
1
2 tg𝛼
𝑚𝑣02 = ∫ 𝐹𝑝 (𝑥𝑝 )d𝑥𝑝 = ∫ 𝜏𝑐 𝜋 (
+ (𝑒 − 𝑥𝑝 )
) d𝑥𝑝 .
2
cos𝛼
cos𝛼
0
0
3
Performing the integration, we find e on the right-hand side, which implies that 1/2mv02, and

hence I is a cubic function of e. This is what we found numerically in Eq. (52).

5.4. Conclusions
In this Chapter, new semi-empirical formulae for penetration and perforation caused by hard
impact are introduced. They are based on our calibrated FE model calculations and on experimental results by Sugano et al. (1993, 2-3). The calculation neglected the effect of reinforcement and missile deformation, but included the study of a wide range of parameters. The most
important parameters of hard impact into concrete structure (missile size, mass, impact velocity,
concrete strength) were examined and an excellent agreement of our new formulae with numerical and experimental results was found. Our formulae seem to be applicable for smaller, medium and aircraft engine size hard missiles (with mass in the range of 0.5-3000 kg) that impact
at a speed of 50-300 m/s. The examined parameter range contained the usual parameter values
of tornado and aircraft impact generated hard missiles. We also presented a simple heuristic
theoretical model that supported our new formulae. These findings lead to the following thesis:

– 64 –

Thesis 7 I built, calibrated and verified a finite element model for hard missiles with spherical
nose impacting a concrete target. Based on parametric numerical test series I introduced new
semi-empirical formulae to connect the penetration depth, perforation limit to the input parameters of the impact (size, mass and impact velocity of missile, and strength of concrete target).
According to the formulae, the penetration depth is proportional to the square root, the perforation limit to the cubic root of the dimensionless impact factor.
Based on (Laczák and Károlyi, 2016-2)
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6. Conclusions of the dissertation
6.1. Results
Analysis of the effects of an aircraft impact into robust structures is an issue of high importance
in case of specific engineering structures (e.g. nuclear power plants). By the development of
numerical techniques and the increase of computational capacities, detailed modelling and numerical analysis of the different effects (e.g. global and local primary effects, secondary effects,
etc.) of the impact are possible. However, a multitude of parameters appear in these numerical
codes, which increases the uncertainties, because the importance and effects of individual parameters or certain parameter combinations can become unclear and difficult to investigate.
The main objective of this dissertation was to provide better understanding of the course of
aircraft impact into robust (e.g. reinforced concrete) engineering structures. We aimed to find
the role of different parameters and parameter combinations that characterise the global and
local effects of impacts.
The reaction force that acts on the target structure during a soft impact was analysed by the
well-known Riera model (Riera, 1986) and by finite element models. To clearly see the effects
of different parameters and relevant parameter combinations, first a dimensionless form of the
equations of the Riera model were developed and the simplest case of a uniform aircraft fuselage (cylindrical rod) was examined. In order to examine the effects of target deformations, the
Riera model was extended by the addition of a one degree-of-freedom elastic target.
The analysis of the Riera model of a uniform missile with rigid or elastic target lead to the
following theses:
Thesis 1 Based on the dimensionless form of the Riera model, I derived explicit formulae both
for the course of the impact and for the reaction force acting on the target in case of a uniform
aircraft fuselage (cylindrical rod) impacting a rigid target.
Based on (Laczák and Károlyi, 2017-1)
Thesis 2 Based on the Riera model, I carried out a systematic parametric study of a uniform
aircraft fuselage (cylindrical rod) impacting rigid or one degree-of-freedom elastic targets and
found that the only relevant combination of the parameters that defines the course of the impact
is the damage potential defined as the ratio of the initial kinetic energy of the missile to the
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work required to crush it.
Based on (Laczák and Károlyi, 2017-1)
Thesis 3 In the Riera model, extended to one degree-of-freedom elastic targets, the elasticity of
the target affects the maximum value of the reaction force, which can be higher than the maximum reaction force in case of a perfectly rigid target. This result proves, that application of
perfectly rigid target for the computation of the impact force is not always conservative.
Based on (Laczák and Károlyi, 2015; Laczák and Károlyi, 2017-1)
Thesis 1 helps to better understand the commonly applied Riera model extended to elastic targets and provides a possible benchmark to validate numerical codes. Thesis 2 shed light to the
specific role of the newly defined damage potential, that governs the course of the impact in
case of uniform fuselages analysed by the Riera model. In practice, reaction force—time functions applied on different models of the target as time dependent loads are typically determined
by rigid target assumption. In Thesis 3, we proved that this assumption is not always conservative therefore cannot be applied automatically.
In the Riera model, the damage potential has major, decisive role in determining the outcome
of the impact. Our next aim was to investigate whether the choice of the model applied for the
investigation of the impact affects the importance of the parameter combinations. A wide range
parametric study was carried out by the application of the Riera and FE models of uniform
fuselages. The results of different models were evaluated and compared. The analysis lead to
the following theses:
Thesis 4 In a wide range of parameters, I compared the results obtained from the Riera model
to those obtained from a finite element model of a uniform, quasi rigid–quasi perfectly plastic
aircraft fuselage impacting rigid or linear elastic targets. I found that, within the examined
parameter range, the damage potential is the most important parameter that determines the
course of the impact. This means that,
– if the parameters of either the missile or the target are altered in a way that the damage
potential remains the same, or
– if parameters that only appear in the finite element model are altered,
then the course of the impact remains similar.
Based on (Laczák and Károlyi, 2017-2)
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Thesis 5 The difference between the results of the Riera and finite element models for the impact
of a uniform, quasi rigid–quasi perfectly plastic aircraft fuselage depends on the value of the
damage potential D. If D<2 then hard impact occurs, therefore, the local effects are dominant
and both models are out of range of soft impacts. If D is between 2 and 10 then slight or negligible decrease in velocity is visible in the FE model, while there is an intense deceleration in
the Riera model, which implies a marked difference between the reaction forces predicted by
the two models. If D is high (D>10), then the difference between the Riera and the FE model
results becomes quasi-constant. In this region, the deceleration obtained from both models is
negligible, and a quasi-hydrodynamic impact occurs.
Based on (Laczák and Károlyi, 2017-2)
Thesis 4 extends the observations of Thesis 2: the crucial role of the damage potential is also
valid in our applied FE models. In Thesis 5, the effect of the damage potential on the behaviour
of the Riera and our FE models are detailed. In the regime where difference between the results
of the Riera and the FE models are high (D between 2 and 10), the models have to be applied
with caution, parallel application and comparison of different models are suggested. This critical regime corresponds to cases where intense deceleration of the uniform missile occurs in the
Riera model, but does not occur in the FE models. Limits for applicability of the different models and limit values of the damage potential for different impact types (hard, soft, quasi-hydrodynamic) are also set.
The parametric study of the Riera and the FE models showed that the damage potential has
dominant effect on the outcome of the impact of uniform missiles. In order to examine the
effects of realistic aircraft profiles, the models were extended in two steps. At first, the uniform
aircraft fuselage was extended by nose and tail segments. Then in the second step, extension by
wings and engines was carried out. The definition of the damage potential was applied for nonuniform aircraft profiles. The results lead to the following thesis:
Thesis 6 Using the Riera and a finite element model, I carried out a parametric study of a
simplified aircraft fuselage with realistic nose, tail, wing and engine profiles. I found that, similarly to uniform missiles, the damage potential also characterizes the impact in case of fuselages with nose, tail, wing and engine profiles.
Based on (Laczák and Károlyi, 2014; Laczák and Károlyi, 2017-2)
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As stated in Thesis 6, it was shown that in case of more realistic aircraft profiles the damage
potential remained the most important parameter that characterizes the impact. Differences between the Riera and FE model results were similar in case of uniform missiles and more realistic
aircraft profiles. The limits of applicability of the models also turned out to be similar in case
of uniform missiles and realistic aircraft profiles, which means that the conclusions drawn for
uniform missiles can be applied for realistic aircraft profiles too. This shows the general applicability of the damage potential as the main parameter that characterizes the impact.
In the first part of the dissertation, global effects of soft aircraft impacts were analysed. However, in case of relatively hard missiles and hard impacts, local effects can also be dominant. In
the second part of the dissertation, local damage (penetration and perforation) of concrete structures by hard missiles was examined. A FE model including a hard missile and concrete target
was calibrated, and a wide range parametric study was carried out for the determination of
penetration depth and perforation limit. The parametric study and evaluation of its results lead
to the following thesis:
Thesis 7 I built, calibrated and verified a finite element model for hard missiles with spherical
nose impacting a concrete target. Based on parametric numerical test series I introduced new
semi-empirical formulae to connect the penetration depth, perforation limit to the input parameters of the impact (size, mass and impact velocity of missile, and strength of concrete target).
According to the formulae, the penetration depth is proportional to the square root, the perforation limit to the cubic root of the dimensionless impact factor.
Based on (Laczák and Károlyi, 2016-2)
The new semi-empirical equations for penetration and perforation are dimensionless, general
formulae that are practically applicable. Their results are close to results of the FE simulations
and to real experimental results. They follow the dependency of penetration depth and perforation limit on the different parameters of the impact of small, medium size and large hard missiles. They are also supported by simple heuristic theoretical models.

6.2. Proposals for further research
In the dissertation, global and local primary effects of aircraft impacts were separately analysed.
This separate analysis is common in practical applications, therefore, our planned future work
related to impact analyses follows two different directions.
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Concerning soft impacts, application of different numerical techniques (discrete element modelling, smooth particle hydrodynamics) and analysis of the effect of different parameters on the
outcome of the impact are planned. These analyses, in comparison to the Riera and FE results,
can lead to further conclusions on the applicability of different modelling techniques and on the
role of different parameters and their combinations. We anticipate that the importance of the
damage potential, introduced in this dissertation, will be strengthened by these studies.
In further work concerning hard impacts, we aim to examine the effect of further parameters on
the local damage of concrete targets. The numerical model for hard impact shall be extended
by steel reinforcement that makes the analysis of scabbing possible. Beside the numerical
model, real small-scale experiments are also planned to examine the effects of concrete composition (e.g. type and size of aggregate, water-cement ratio, etc.) on the resistance against
penetration and perforation. An impact test series has already been executed (Laczák, 2017-3)
on concrete panels with different aggregate types and showed that effect of the aggregate can
be significant not only via the compressive strength that is typically applied in the semi-empirical calculations.
The detailed numerical analysis of semi-hard missiles (such as real aircraft engines) is also
planned.
Furthermore, by the development of numerical techniques, combined analysis of global and
local effects extended by the examination of secondary effect (explosion, fire, secondary missile formation, etc.) also becomes possible. Among long term plans, the study of such combined
analyses is also included. We further remark that our results can directly be applied for the
design or verification of the Paks II project. In fact, such applications have already been carried
out.
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Theses in Hungarian
1. tézis A Riera-modell dimenziótlanított változatára alapozva analitikus megoldást adtam homogén repülőgéptörzs (körhenger alakú lövedék) merev céltárgyba történő ütközésekor az ütközés lefolyásának és a fellépő reakcióerőnek a leírására.
(Laczák és Károlyi, 2017-1) alapján
2. tézis A Riera-modell alapján szisztematikus paramétervizsgálatot hajtottam végre homogén
repülőgéptörzs (körhenger alakú lövedék) merev, illetve egy szabadságfokú rugalmas célszerkezetbe történő ütközése esetén. A vizsgálat alapján az ütközési folyamatot egyetlen paraméterkombináció, a károsodási potenciál határozza meg, ami a lövedék kezdeti mozgási energiájának és az összetöréséhez szükséges munkának a hányadosa.
(Laczák és Károlyi, 2017-1) alapján
3. tézis Az egy szabadságfokú rugalmas célszerkezettel kibővített Riera-modellben a célszerkezet rugalmassága befolyásolja a célszerkezetre ható reakcióerő maximális értékét, ami nagyobb
lehet, mint a tökéletesen merev célszerkezet esetén kapott reakcióerő. Ez igazolja, hogy tökéletesen merev célszerkezet feltételezése a Riera-modellben nem mindig közelít a biztonság javára.
(Laczák és Károlyi, 2015; Laczák és Károlyi, 2017-1) alapján
4. tézis Homogén repülőgéptörzs merev vagy lineárisan rugalmas célszerkezetbe történő becsapódása esetén széles paramétertartományon összehasonlítottam a Riera-modell és egy kvázi
merev-tökéletesen képlékeny anyagmodellt alkalmazó végeselemes modell eredményeit. Az
eredmények alapján a vizsgált paramétertartományon a károsodási potenciál a legfontosabb
paraméter, ami meghatározza az ütközési folyamatot. Ez azt jelenti, hogy
– ha a lövedék vagy a célszerkezet paraméterei úgy változnak, hogy a károsodási potenciál
értéke változatlan marad, vagy
– ha csak a végeselemes modellben szereplő paraméterek változnak, akkor az ütközési folyamat
jellegében változatlan marad.
(Laczák és Károlyi, 2017-2) alapján
5. tézis Homogén, kvázi merev-tökéletesen képlékeny repülőgéptörzs esetén a Riera-modell és
a végeselemes modell eredményei közti eltérés függ a D károsodási potenciáltól. Ha D<2, akkor kemény ütközés történik, a lokális hatások dominánsok, így az alkalmazott modellek kívül
esnek a puha ütközésekre alkalmazható modellek tartományán. Ha D értéke 2 és 10 közé esik,
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akkor a végeselemes modellben a lassulás kis mértékű vagy elhanyagolható, míg a Riera-modellben intenzív lassulás tapasztalható, így nagy az eltérés a két modell segítségével számított
reakcióerőben . Ha D nagy (D>10), akkor a két modell közti eltérés lényegében független Dtől. Ezen a tartományon mindkét modellben elhanyagolható a lassulás, így kvázi-hidrodinamikus ütközés alakul ki.
(Laczák és Károlyi, 2017-2) alapján
6. tézis A Riera-modell és egy végeselemes modell segítségével paramétervizsgálatot hajtottam
végre orr- és farokrészt, valamint szárnyakat és hajtóműveket tartalmazó egyszerűsített repülőgép-modellek esetén. Az eredmények alapján a károsodási potenciál orr- és farokrészt, valamint szárnyakat és hajtóműveket tartalmazó repülőgépmodellek esetén is meghatározza az ütközési folyamatot.
(Laczák és Károlyi, 2014; Laczák és Károlyi, 2017-2) alapján
7. tézis Félgömb alakú orral rendelkező, kemény lövedékek beton célszerkezetbe történő ütközésének vizsgálatára kalibrált és validált végeselemes modellt készítettem. Numerikus kísérletsorozat segítségével új fél-empirikus összefüggést határoztam meg a penetrációs mélység és a
perforációs határvastagság, illetve az ütközés paraméterei (lövedék mérete és tömege, ütközési
sebesség, beton szilárdsága) között. Az összefüggések alapján a penetrációs mélység a dimenziótlan ütközési tényező négyzetgyökével, míg a perforációs határvastagság a köbgyökével arányos.
(Laczák and Károlyi, 2016-2) alapján
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Appendix A1
Local impact formulae
In the following tables, the semi-empirical formulae applied in Chapter 5 are detailed. The formulae are taken from the reviewing articles by Kennedy (1976), Teland (1998), Li et al. (2005)
and Murthy et al. (2010). Table A1-1 includes the nomenclature, while the formulae are included in Tables A1-2 to A1-6 together with the original unit system of each formula.

Table A1-1: Description of the parameters that appear in the semi-empirical formulae for local
impact
sign

dimension

description

𝑣0

m/s, ft/s

impact velocity

𝐾

-

concrete permeability factor (3.5)

𝑚

kg, lb

missile mass

𝑑

m, in

missile diameter

𝐷𝑚

kg/m3, lb/in3

calibre density, 𝐷𝑚 = 𝑚/𝑑 3

𝑥𝑝

m, ft

penetration depth

𝑒

m, ft

perforation limit

𝑠

m, ft

scabbing limit

𝜌𝑡

kg/m3, lb/in3

target density

𝑓𝑐

Pa, psi

target compressive strength

𝑁

-

nose shape factor (0.72 for flat, 0.84 for blunt, 1.0 for
ordinary, 1.14 for sharp missile)

𝑡𝑡

m, in

target thickness

𝑑𝑎𝑔𝑔

m, in

aggregate size

-

impact factor, Eq. (3)

𝐼
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Table A1-2: Semi-empirical formulae for the calculation of local effects (1)
formulae
Adeli-Amin

system

𝑥𝑝
= 0.0416 + 0.16 ∙ 𝐼 − 0.0045 ∙ 𝐼 2 if 0.3 < 𝐼 ≤ 4
𝑑
𝑥𝑝
= 0.0123 + 0.196 ∙ 𝐼 − 0.008 ∙ 𝐼 2 + 0.0001𝐼 3 if
𝑑

-

4 < 𝐼 ≤ 21
𝑒
= 1.8685 + 0.4035 ∙ 𝐼 − 0.0114 ∙ 𝐼 2 if
𝑑
0.3 < 𝐼 ≤ 21
𝑠
= 0.9060 + 0.3214 ∙ 𝐼 − 0.0106 ∙ 𝐼 2 if
𝑑
0.3 < 𝐼 ≤ 21
Ballistic Research Laboratory (BRL)
British formula

CEA-EDF

Chang

𝑥𝑝
𝑑 0.2 𝑣0 1.33
= 427𝐷𝑚 0.5 (
)
𝑑
1000
𝑓𝑐

imperial

𝑥𝑝
𝑒
= 1.3
𝑑
𝑑
𝑥𝑝
𝑓𝑐
𝑚 ∙ 𝑣01.5
= 4.81 ∙ 10−8 (1 −
)∙
𝑑
166MPa 𝑑𝑎𝑔𝑔 0.2 ∙ 𝑑 2.8

SI

𝑒
𝑚0.5 ∙ 𝑣0 0.75
= 0.82 0.125 0.375
𝑑
𝜌𝑡
𝑓𝑐
𝑑1.5

SI

0.5

𝑒
200 0.25 𝑚 ∙ 𝑣0 2
=(
)
(
)
𝑑
𝑣0
𝑓𝑐 ∙ 𝑑 3

𝑠
200 0.13 𝑚 ∙ 𝑣0 2
= 1.84 (
)
(
)
𝑑
𝑣0
𝑓𝑐 ∙ 𝑑 3

– 84 –

imperial

0.4

Table A1-3: Semi-empirical formulae for the calculation of local effects (2)
Criepi

𝑥𝑝 0.0265𝑁 ∙ 𝑚 ∙ 𝑑
=
𝑑
∙

0.2

2

∙ 𝑣0 2 (114 − 6.83 ∙ 10−4 𝑓𝑐 3 )

SI

2

𝑓𝑐 3

(𝑑 + 1.25 ∙ 0.2meter) ∙ 0.2meter
(𝑑 + 1.25 ∙ 𝑡𝑡 ) ∙ 𝑡𝑡

meter 0.25
0.5
61
𝑒
𝑚 ∙ 𝑣0 2
sec
= 0.90 (
)
(
)
𝑑
𝑣0
𝑓𝑐 ∙ 𝑑 3
meter 0.13
0.4
61
𝑠
𝑚 ∙ 𝑣0 2
sec
= 1.75 (
)
(
)
𝑑
𝑣0
𝑓𝑐 ∙ 𝑑 3

Degen

𝑥𝑝
𝑥𝑝
𝑒
= 0.69 + 1.29
if 1.52 <
< 13.4
𝑑
𝑑
𝑑

-

𝑥𝑝
𝑥𝑝 2 𝑥𝑝
𝑒
= 2.2 − 0.3 ( ) if
≤ 1.52
𝑑
𝑑
𝑑
𝑑
Haldar-Hamieh

𝑚 ∙ 𝑣0 2 ∙ 𝑁
𝐼=
𝑓𝑐 ∙ 𝑑 3
𝑥𝑝
= −0.0308 + 0.2251 ∙ 𝐼 if 0.3 < 𝐼 ≤ 4
𝑑
𝑥𝑝
= 0.6740 + 0.056 ∙ 𝐼 if 4 < 𝐼 ≤ 21
𝑑
𝑥𝑝
= 1.1875 + 0.0299 ∙ 𝐼 if 21 < 𝐼 ≤ 455
𝑑
𝑠 𝑠(𝑁𝐷𝑅𝐶)
=
if 𝐼 ≤ 21
𝑑
𝑑
𝑠
= 3.343 + 0.0342 ∙ 𝐼 if 21 < 𝐼 ≤ 385
𝑑

– 85 –

-

Table A1-4: Semi-empirical formulae for the calculation of local effects (3)
𝑥𝑝
𝑁 ∙ 𝐼ℎ
= 0.19
𝑑
𝑆ℎ

Hughes

-

𝑒 = 3.6𝑥𝑝 if 𝑥𝑝 ≤ 0.7𝑑
𝑒 = 1.58𝑥𝑝 + 1.4𝑑 if 𝑥𝑝 > 0.7𝑑
𝑠
= 0.9060 + 0.3214 ∙ 𝐼ℎ − 0.0106 ∙ 𝐼ℎ 2 if
𝑑
0.3 < 𝐼 ≤ 21
𝑚 ∙ 𝑣0 2
𝐼ℎ =
0.1𝑓𝑐 ∙ 𝑑 3
𝑆ℎ = 1.0 + 12.3ln(1 + 0.03𝐼ℎ )
Li

𝑘𝜋
1 + 4 ∙ 𝑠𝑁 4𝑘
𝑥𝑝
𝑥𝑝
𝑠
𝐿𝑖
=√
∙
∙ 𝐼𝐿𝑖 if 0.5 <
≤5
1
𝑑
𝜋
𝑑
1+𝑁
𝐿𝑖
𝑘 𝜋
1 + 4 ∙𝑑𝑁 4𝑘
𝑥𝑝
𝑥𝑝
𝑑
𝐿𝑖
=√
∙
∙ 𝐼𝐿𝑖 if
>5
1
𝑑
𝜋
𝑑
1+𝑁
𝐿𝑖
𝑘𝜋
1 + 4 ∙ 𝑠𝑁

𝑥𝑝
=(
1
𝑑
1+𝑁

𝐿𝑖

1.395

∙

4𝑘𝑠
∙𝐼 )
𝜋 𝐿𝑖

𝐿𝑖

𝑠𝐿𝑖 = 72𝑓𝑐 −0.5
𝐼𝐿𝑖 =

𝐼
𝑠𝐿𝑖

𝑁𝐿𝑖 =

1 𝑚
𝑁 𝜌𝑡 ∙ 𝑑 3

𝑘𝑑 = 2, 𝑘𝑠 = 0.707
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𝑖𝑓

𝑥𝑝
≤ 0.5
𝑑

SI

Table A1-5: Semi-empirical formulae for the calculation of local effects (4)
𝑥𝑝
𝑥𝑝
NDRC (National
= √𝐺2, if
<2
𝑑
𝑑
Defense Research
𝑥𝑝
𝑥𝑝
= 𝐺 + 1, if
≥2
Committee)
𝑑
𝑑

imperial

𝐺 = 𝐾𝑁𝑑𝑚𝑖𝑠 0.2 𝐷𝑚 (𝑣0 /1000)1.5 + 0.5,
𝐾 = 180/𝑓𝑐 0.5 ,
𝑒
𝑑
𝑒
𝑑
𝑠
𝑑
𝑠
𝑑
BAA (British
Textbook for Air
Armament)

UKAEA

𝑥𝑝
𝑥𝑝 2 𝑥𝑝
− 0.718 ( ) if
< 1.35
𝑑
𝑑
𝑑
𝑥𝑝
𝑥𝑝
= 1.32 + 1.24 ( ) if 1.35 ≤
≤ 13.5
𝑑
𝑑
𝑥𝑝
𝑥𝑝 2 𝑥𝑝
= 7.91 − 5.06 ( ) if
< 0.65
𝑑
𝑑
𝑑
𝑥𝑝
𝑥𝑝
= 2.12 + 1.36 ( ) if 0.65 ≤
≤ 11.75
𝑑
𝑑
= 3.19

𝑥𝑝
𝑚
𝑑
= 2.6104 ∙
(
)
𝑑
𝑑 3 𝑓𝑐 0.5 𝑑𝑎𝑔𝑔

0.1

𝑣0
∙(
meter )
533.4 sec

97.51𝑓𝑐 −0.25

𝑥𝑝
= 0.275 − (0.0756 − 𝐺𝑈𝐾𝐴𝐸𝐴 )0.5 if
𝑑

imperial

𝐺𝑈𝐾𝐴𝐸𝐴 < 0.0726
𝑥𝑝
= (4𝐺𝑈𝐾𝐴𝐸𝐴 − 0.242)0.5 if 0.0726 ≤ 𝐺𝑈𝐾𝐴𝐸𝐴
𝑑
< 1.065
𝑥𝑝
= 𝐺𝑈𝐾𝐴𝐸𝐴 + 0.9395 if 1.065 ≤ 𝐺𝑈𝐾𝐴𝐸𝐴
𝑑
𝑠𝑈𝐾𝐴𝐸𝐴 = 5.3𝐺𝑈𝐾𝐴𝐸𝐴 0.33
𝐺𝑈𝐾𝐴𝐸𝐴 = 180𝑁𝑚/𝑑√𝑓𝑐 (𝑣0 /1000𝑑)1.8
UMIST

𝜎𝑡 = 4.2𝑓𝑐 + 135 ∙ 106 + (0.014𝑓𝑐 + 0.45 ∙ 106 ) ∙ 𝑣0

SI

𝑥𝑝 2 𝑁 𝑚 ∙ 𝑣0 2
= ∙
∙
𝑑
𝜋 0.72 𝜎𝑡 ∙ 𝑑 3
Whiffen

0.1

𝑥𝑝 2.61
𝑑
= 0.5 𝐷𝑚 (
)
𝑑
𝑑𝑎𝑔𝑔
𝑓𝑐
𝑛 = 97.51/𝑓𝑐 0.25
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𝑣0 𝑛
) ,
533.4

(

SI

Appendix A2
Material model applied for numerical tests of hard missile impact
The following short summary of the Concrete 35 MPa material model is based on Borrvall and
Riedel (2011), the model descriptions of the Shared Hierarchical Academic Research Computing Network (SHARCNET), program help of Ansys Wrokbench and the Autodyn Composite
Modelling Help of the program Autodyn. The symbols applied are different from the ones used
in the main text of the dissertation, their explanation is included in this Appendix.
The Concrete 35 MPa explicit material model contains three different sub-models with recommended values of the different parameters: polynomial equations of state, p-alpha equation of
state and RHT strength model. The model can follow compaction of a porous material, strain
and pressure hardening, strain softening, strain rate dependence of strength.
Connection between the internal energy per unit mass (e) and pressure (p) is characterised by a
polynomial equation of state:
𝑝 = 𝐴1 𝜀𝑣𝑜𝑙 + 𝐴2 𝜀𝑣𝑜𝑙 2 + 𝐴3 𝜀𝑣𝑜𝑙 3 + (𝐵0 + 𝐵1 𝜀𝑣𝑜𝑙 )𝜌0 𝑒, in case of compression;

(1)

𝑝 = 𝑇1 𝜇 + 𝑇2 𝜇 2 + 𝐵0 𝑝0 𝑒, in case of tension,

(2)

where 𝜀𝑣𝑜𝑙 is the volumetric strain, defined by the actual and initial density (𝜌 and 𝜌0 ) as:
𝜀𝑣𝑜𝑙 =𝜌/𝜌0 − 1.
If pore compaction is also taken into account, then volumetric strain is defined as:
𝛼𝜌
𝜀𝑣𝑜𝑙 =
−1,
𝛼0 𝜌0

(3)

(4)

where 𝛼 and 𝛼0 are the actual and initial porosity.
Pore compaction hardening is modelled by a p-α equation of state model. This volumetric compaction model is included to follow the behaviour of compacted porous material (see Fig. A2-1).
Below the pore crush (initial compaction) pressure pcrush the model is elastic. If pcrush is reached,
then inelastic behaviour begins with decrease in the effective bulk modulus. Unloading and
reloading follows the current elastic stiffness. When the pressure reaches pcomp compression
(solid compaction) pressure, then the material is fully compacted and a conventional equation
of state model describes it.
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Fig. A2-1: Schematic description of volumetric compaction (p-α) model
(Ansys Workbench Help, 2015)
Variable α represents the porosity (fraction of the density of matrix material and porous concrete), it is initialized to 𝛼0 ≥ 1, the evolution of α in time is given as:
𝑁

𝑝𝑐𝑜𝑚𝑝 − 𝑝(𝑠)
𝛼(𝑡) = max (1, min (𝛼0 , min (1 + (𝛼0 − 1) [
] )))
𝑠≤𝑡
𝑝𝑐𝑜𝑚𝑝 − 𝑝𝑐𝑟𝑢𝑠ℎ

(5)

In the formula 𝑠 ≤ 𝑡 is applied to make the compaction irreversible.
The RHT material model, that is also included in the Concrete 35 MPa model, is a macro-scale
material model for concrete. Strain-rate and pressure dependency of strength properties are included in it. Shear strength σ of the model is described by three surfaces: yield, failure and
residual surface that depend on the hydrostatic pressure p (Figs. A2-2 and A2-3).

Fig. A2-2: Static compressive meridian surfaces in RHT strength model with a typical loading
scenario (Ansys Workbench Help, 2015)

Fig. A2-3 (a) Failure and residual surfaces;
(b) failure and elastic limit surfaces (right) in 3D (Ansys Workbench Help, 2015)
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Strain hardening and damage can also be included in the model. The failure surface depends on
the (tensile, compressive, shear) strength, on other material parameters of concrete and on the
strain rate.
The initial yield surface is typically defined as a fraction of the failure surface along the tensile
and compressive meridian, with a cap at the current pore crush pressure. At the beginning, the
model is elastic until the stress reaches the initial yield surface and then plastic deformations
occur (𝜀𝑝 > 0). During the calculation, from the plastic strains and hardening behaviour, an
effective yield surface is defined by interpolating the initial yield surface and the failure surface:
𝜀𝑝
(6)
𝜎𝑦 = 𝜎𝑦,𝑖𝑛𝑖 + ℎ (𝜎𝑓𝑎𝑖𝑙 − 𝜎𝑦,𝑖𝑛𝑖 ),
𝜀𝑝
where 𝜎𝑦 , 𝜎𝑦,𝑖𝑛𝑖 , 𝜎𝑓𝑎𝑖𝑙 are the effective (actual) yield surface, initial yield surface, and failure
surface, respectively, 𝜀𝑝 , 𝜀𝑝ℎ are the actual plastic strain and the plastic strain when failure surface is reached. Via 𝜀𝑝ℎ , 𝜎𝑓𝑎𝑖𝑙 and 𝜎𝑦,𝑖𝑛𝑖 , the effective yield surface depends on the strength,
stress state and rate of loading.
When the failure surface is reached, then a parametric damage model governs the evolution of
damage, by a plastic strain governed interpolation between the failure surface and the residual
friction model:
𝜎𝑑 = (1 − 𝐷𝑐 )𝜎𝑓𝑎𝑖𝑙 + 𝐷𝑐 𝜎𝑟𝑒𝑠 ,

(7)

where 𝜎𝑑 , 𝜎𝑓𝑎𝑖𝑙 , 𝜎𝑟𝑒𝑠 are the actual fracture surface, failure surface, and residual surface, respectively. Damage parameter Dc can be calculated as the ratio of the integral of post-hardening
plastic strains (𝜀𝑝 , 𝜀𝑝ℎ are the actual plastic strain and the plastic strain when failure surface is
reached) to the plastic stain corresponding to failure:
𝜀𝑝

𝐷𝑐 = ∫

ℎ
𝜀𝑝

𝑑𝜀𝑝
𝜀𝑝,𝑓𝑎𝑖𝑙

.

(8)

Shear modulus is also reduced at each step in the softening regime (with a residual fraction
defined as a parameter).
Parameters and their values that appear in the applied Concrete 35 MPa model are included in
Tables A2-1—A2-3. During our calculations in Chapter 5 basic values are only modified in
case of the compressive strength fc and strain rate exponents α and δ, in this cases the applied
values are written in brackets in the tables.
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Table A2-1: Parameters of the polynomial equation of state, in the Concrete 35 MPa model. In
our calculations basic values were applied.
polynomial EOS
parameter
value
A1
35.27 GPa
A2
39.58 GPa
A3
9.04 GPa
B0
1.22
B1
1.22
T1
35.27 GPa
T2
0

Table A2-2: Parameters of the RHT strength model, in the Concrete 35 MPa model. In our
calculations mainly basic values were applied, if not, then applied values are represented in
brackets.
parameter

RHT model
symbol

density
compressive strength
relative tensile strength
relative shear strength
intact failure surface constant
intact failure surface exponent
brittle-ductile transition
tens./compr. meridian ratio
hardening slope
relative elastic tensile strength
relative elastic compressive
strength
fracture strength constant
fracture strength exponent
compressive strain rate exponent
tensile strain rate exponent
maximum fracture strength ratio
damage constant
damage constant
min. strain to failure
residual shear modulus fraction
shear modulus

fc
ft/fc
fs/fc
AFAIL
nFAIL
BQ
Q2.0
σel,t/ft
σel,c/fc
B
M
α
δ
SFMAX
D1
D2
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value
2314 kg/m3
35 MPa (40-45 MPa)
0.1
0.18
1.6
0.61
0.0105
0.6805
2
0.7
0.53
1.6
0.61
0.032 (0.1)
0.036 (0.1)
1E20
0.04
1
0.01
0.13
16.7 GPa

Table A2-3: Parameters of the p-α compaction model, in the Concrete 35 MPa model. In our
calculations basic values were applied.
parameter
initial compaction pressure
solid compaction pressure
compaction exponent
solid (compacted) density
porous sound speed

p-α model
symbol
pcrush
pcomp
N

value
23.3 MPa
6000 MPa
3
2750 kg/m3
2920 m/s

From the parameters that appear in Table A2-2, AFAIL and nFAIL appear in the calculation of the
failure surface. Q2.0 defines the ratio of strength at zero pressure and BQ defines the rate at
which the failure surface transitions from approximately triangular in form a circular form with
increasing pressure. These are used for representing the difference between the compressive
and tensile meridian curves (Q2=BQ+Q2.0, see Fig. A2-4).
The hardening slope is 𝐺𝑒𝑙 /(𝐺𝑒𝑙 − 𝐺𝑝𝑙 ), that appears in the calculation of 𝜀𝑝ℎ , that is:
𝜀𝑝ℎ =

𝜎𝑓𝑎𝑖𝑙 − 𝜎𝑒𝑙 𝐺𝑒𝑙
,
3𝐺
𝐺𝑒𝑙 − 𝐺𝑝𝑙

(9)

where G is the original shear modulus of the concrete.

Fig. A2-4: Compressive and tensile meridian curves (Ansys Workbench Help, 2015)
Residual strength is calculated in the following way:
𝜎𝑟𝑒𝑠 = min(𝐵𝑝𝑀 , 𝜎𝑓𝑎𝑖𝑙 𝑆𝐹𝑀𝐴𝑋 ),

(10)

where B and M are fracture strength parameters and SFMAX sets a maximum ratio of 𝜎𝑟𝑒𝑠 and
𝜎𝑓𝑎𝑖𝑙 (in the basic case this limit for the ratio is neglected). Effect of strain rate is taken into
account by a multiplying factor FRATE that contains strain rate exponents α and δ, FRATE is used
for the calculation of concrete strength values:
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𝐹𝑅𝐴𝑇𝐸 =

𝑓𝜀̇
,
𝑓𝑠𝑡𝑎𝑡

(11)

where 𝑓𝜀̇ and 𝑓𝑠𝑡𝑎𝑡 are the strength values under dynamic and static loading, respectively.
In the model FRATE is:
∝

𝜀̇

1

𝐹𝑅𝐴𝑇𝐸 = 1 + (30×10−6 ) 𝑖𝑓 𝑝 > 3 𝑓𝑐 (for compression),
𝜀̇

𝛿

1

𝐹𝑅𝐴𝑇𝐸 = 1 + (3×10−6 ) 𝑖𝑓 < 3 𝑓𝑡 ( for tension).

(12)
(13)

Between the two values linear interpolation can be used. By the modification of the exponents
(that is based on Tu and Lu (2010)), the rate dependent strength values fit better to the values
given by the fib Model Code 2010 for the strain rate regime 𝜀̇~103 1/s (see Fig. A2-5).

Fig. A2-5: Strain rate dependence of compressive and tensile strength of concrete (Ansys
Workbench help, 2015 and fib Model Code 2010)
Damage constants D1 and D2 appears in the calculation of 𝜀𝑝,𝑓𝑎𝑖𝑙 :
𝜀𝑝,𝑓𝑎𝑖𝑙 = 𝐷1 (

𝑝 − 𝑝𝑠𝑝𝑎𝑙𝑙 𝐷2
) ,
𝑓𝑐

where pspall is the hydrodynamic tensile limit.
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(14)

