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1 Introduction

1.1 Discrete memoryless channel model

Shannon’s seminal work [46] established information theory. He has introduced several
models. Below we summarize the model known as discrete memoryless channel (DMC)
and state Shannon’s fundamental result.

Let X and Y be finite sets. A channel with input alphabet X and output alphabet
Y is defined as a stochastic matrix tW py|xq, x P X , y P Yu with rows W p¨|xq which
are distributions on Y . It will be denoted by W : X Ñ Y or simply by W . The n’th
extension W n : X n Ñ Yn of channel W is defined by

W npy|xq “
nź

i“1
W pyi|xiq,x “ x1x2 . . . xn P X n,y “ y1y2 . . . yn P Yn. (1)

With a slight abuse of notation, the sequence of channels tW n : X n Ñ Ynu is called
discrete memoryless channel W with input alphabet X and output alphabet Y .

It will be convenient to distinguish a DMC W and the corresponding DMC model.
In the latter model the sender has access to the DMCW . If he sends a sequence of input
symbols x P X n through the DMC W then the probability that the receiver receives
y P Yn is W npy|xq.
Definition 1.1. A codebook A of block-length n with rate R is a collection of sequences
tx1,x2, . . . ,xNu, where N “ X

2nR
\
, xi P X n, i P t1, 2, . . . , Nu. The sequences in the

codebook are called codewords.

The elements of the index set t1, 2, . . . , Nu are called messages. The sender chooses a
message a P t1, 2, . . . , Nu, assigns to it the a’th codeword xa of the codebook, and sends
the assigned codeword through the DMC W .

Definition 1.2. A decoder of block-length n is a mapping g : Yn Ñ t1, 2, . . . , Nu.
The receiver uses the decoder mapping to guess which message was sent by the sender.
The error probability is defined as average over the possible message choices:

Err “ 1

N

ÿ

aPN
ea, where ea “

ÿ

y:gpyq‰a
W npy|xaq. (2)

Another possibility would be to take the maximum of ea. We note that via a simple
expurgation argument it can be seen that all results cited in this chapter for DMC model
remain valid also if (2) is replaced by this maximal error (this, however, does not extend
to more general models such as multiple access channels).

The codebook and the decoder mapping form an n-length coding/decoding system.

Definition 1.3. A nonnegative number R is an achievable rate for the DMC W if for
every ε ą 0, δ ą 0 and every sufficiently large n there exists a coding/decoding system of
length n with rate exceeding R´δ and error less than ε. The supremum (which is actually
a maximum) of achievable rates, denoted by CpW q, is called the capacity of DMC W .
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Given a DMCW : X Ñ Y and a distribution P on X let IpP,W q be the mutual infor-
mation IV pX ^Y q when the underlying joint distribution equals V px, yq “ P pxqW py|xq,
x P X , y P Y .

Theorem 1.4 (Shannon’s noisy channel coding theorem).

CpW q “ max
P

IpP,W q. (3)

The proof of this fundamental theorem is only outlined in Shannon [46]. The first rigorous
proof appeared in Fenstein [28] where the converse part of the proof (i.e., the proof that
rates exceeding maxP IpP,W q are not achievable) is attributed to Fano.

1.2 Notation

The notation follows Csiszár and Körner [16] and Nazari, Anastasopoulos and Pradhan
[41] whenever possible. All alphabets are finite and log denotes logarithm to the base
2. R` denotes the set of nonnegative real numbers. The set t1, 2, . . . ,Mu is denoted by
rM s. In assertions involving a subexponential sequence or a sequence approaching 0, the
parameters on which this sequence depends will be indicated in parentheses.

Random variables U , X, Y , etc., with alphabets U , X , Y , etc., will be assigned
several different (joint) distributions. These will be denoted by PU , PUX , PUXY , etc.
or VU , VUX , VUXY , etc., and corresponding conditional distributions by PX|U or VX|U ,
etc. The first notation will typically refer to a distinguished (joint) distribution, the
second one refers to distributions introduced for technical purposes such as representing
joint types. The family of all distributions on U ˆ X , say, is denoted by PpU ˆ X q,
and the family of all conditional distributions on X conditioned on U by PpX |Uq. If a
multivariate distribution, say VUXY P PpU ˆX ˆ Yq is given then VU , VUX , VX|U , VY |U ,
etc. will denote the associated marginal respectively conditional distributions.

The type of an n-length sequence x “ x1x2 . . . xn P X n is the empirical distribution
Px P PpX q where Pxpxq is the relative frequency of the symbol x in x. The joint type
of two or more n-length sequences is defined similarly and, for pu,xq P Un ˆ X n, say,
it is denoted by Ppu,xq. The family of all possible types of sequences x P X n is denoted
by PnpX q, and for P P PnpX q the set of all x P X n of type Px “ P is denoted by
T nP . For u P Un of type Pu, the set of conditional distributions VX|U P PpX |Uq for which
PuVX|U P PnpUˆX q is denoted by PnpX |Puq. The set of all x P X n with Ppu,xq “ PuVX|U ,
non-empty if and only VX|U P PnpX |Puq, is denoted by T nVX|U puq.

Denote HV pX, Y q, HV pU,X, Y q, IV pX ^Y q etc. the entropy and mutual information
when the random variables U , X, Y have joint distribution VXY , VUXY etc. Denote
Ipx^yq the empirical mutual information, i.e., the mutual informatuon IV pX ^Y q with
VXY “ Ppx,yq.
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1.3 Universal error exponent for the DMC model

In section 1.1 we have seen that for any R below capacity, there exists a sequence of
coding/decoding systems with rates converging to R and error probability converging to
0 as the blocklength n tends to infinity. In this section we outline the standard universal
results (these are the ones that are relevant to the thesis) about the convergence speed
of error probability. They first appeared in Csiszár, Körner and Marton [12]. The
presentation here is based on Csiszár and Körner [16], but the form of the statements
are altered in order to be more consistent with the statements of the thesis.

Definition 1.5. A codebook of block-length n is called constant composition codebook of
type P P P npX q if the types of the codewords coincide and the common type is P .

All universal channel coding results rely on packing lemmas asserting the existence of
a contant composition codebook (or several codebooks) satisfying certain conditions that
do not involve channel transition probabilities. For standard block coding the following
packing lemma suffices. It bounds for each possible joint type of two sequences of length
n, the number of codeword pairs having this joint type.

Lemma 1.6 (Csiszár, Körner and Marton). For each n let a rate R and a type
P P P npX q be given. Then there exist a sequence δ1np|X |q Ñ 0 and for each n a constant
composition codebook of rate R and type P such that for each V P P npX ˆ X q

KrV s fi
ÿ

aPrNs
âPrNs,â‰a

1Tn
V
X̂X

pxâ,xaq ď 2´npIV pX^X̂q´2R´δ
1
nq. (4)

Note that KrV s equals 0 if the marginals of V are not equal to P .
Let n be fixed and let A “ tx1,x2, . . . ,xNu be a codebook. Let g : Yn Ñ t1, 2, . . . , Nu

be the mapping with gpyq “ a if a uniquely satisfies

Ipxa ^ yq “ max
bPrNs

Ipxb ^ yq, (5)

and if the maximum is attained for at least two indices, then, for definiteness, let gpyq be
the smallest such index. The mapping g is called maximal emprirical mutual information
decoder.

Let a DMC W : X Ñ Y and P P PpX q be given. The random coding error exponent
at rate R for the given P and W is

ErpR,P,W q fi min
V PPpXˆYq

VX“P

DpVY |X ||W |P q ` | IV pX ^ Y q ´R|`. (6)

The following theorem shows that the codebook provided by Lemma 1.6 and the
decoder defined above achieve simultaneously for each DMC W the random coding error
exponent.
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Theorem 1.7 (Csiszár, Körner and Marton). For each n let a rate R and a type
P P P npX q be given. Then there exist a sequence δnp|X |, |Y |q Ñ 0 such that the codebook
provided by Lemma 1.6 and the maximal empirical mutual information decoder specified
above yield for each DMC W : X Ñ Y

Err ď 2´n¨pErpR,P,W q´δnq. (7)

Note that ErpR,P,W q is positive if and only if IpP,W q ą R. If R is not less than a critical
rate R̃pP,W q then, as Haroutunian [40] proved, no better exponent than ErpR,P,W q
can be achieved even with channel-dependent decoders; for smaller rates, however, this
exponent could be improved. For details, including the relation of ErpR,P,W q to the
random coding exponent of Gallager [29], see Csiszár and Körner [16], Chapter 10.

1.4 Discrete memoryless multiple access channel

Multiple-access channels (MACs) model the scenario when two or more senders send
messages to a common receiver. In this section we give a short introduction into the
2-sender MAC. For additional details, see Csiszár and Körner [16], Chapter 14.

The 2-sender discrete memoryless MAC with input alphabets X , Y and output al-
phabet Z is defined in terms of a DMC W : X ˆ Y Ñ Z. With a slight abuse of notion
the term MAC will be used for the underlying DMC W and also for the model defined
below.

One of the senders has access to the channel input with alphabet X while the other
has access to the channel input with alphabet Y . If the senders send sequences of symbols
x P X n and y P Yn, respectively, then the probability that the receiver receives z P Zn
is W npz|x,yq.
Definition 1.8. A codebook system of block-length n with rate pair pR1, R2q consists
of a codebook pair pA,Bq with A “ tx1,x2, . . . ,xN1u, B “ ty1,y2, . . . ,yN2u, where
N1 “

X
2nR1

\
, N2 “

X
2nR2

\
, xi P X n, i P t1, 2, . . . , N1u, yi P Yn, i P t1, 2, . . . , N2u. The

sequences in A and B are called codewords of the first respectively second sender.

The first respectively second sender chooses message a P rN1s respectively b P rN2s. The
assigned codewords xa and yb go through the MAC W .

Definition 1.9. A decoder of block-length n is a mapping g : Yn Ñ rN1s ˆ rN2s.

The receiver uses the decoder mapping to guess which messages were sent by the senders.
As is standard for MAC we assume that the message choices of the senders are

independent and uniform. The corresponding error probability is

Err “ 1

N1N2

ÿ

aPN1,bPN2

ea,b, where ea,b “
ÿ

z:gpzq‰pa,bq
W npz|xa,ybq. (8)

The codebook system and the decoder mapping form an n-length coding/decoding sys-
tem.
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Definition 1.10. A rate pair pR1, R2q is achievable for the MAC W if for every ε ą 0,
δ ą 0 and every sufficiently large n there exists coding/decoding system of length n with
rates coordinate-wise exceeding pR1´δ, R2´δq and error less than ε. The set of achievable
rate pairs is the capacity region of MAC W .

Theorem 1.11 (Ahlswede [2] and Liao [35]). The capacity region of MACW equals
the convex closure of the union of the pentagons of form

0 ď R1 ď IV pX ^ Z|Y q
0 ď R2 ď IV pY ^ Z|Xq
R1 `R2 ď IV pX, Y ^ Zq (9)

for some V P P pX ˆ Y ˆ Zq with

V px, y, zq “ VXpxqVY pyqW py|x, zq, x P X , y P Y , z P Z. (10)

Note that the pentagons above can be degenerate, see Ninoslav and Rimoldi [42] for the
details. Note also that the convex closure operation appears due to the technique of time
sharing (for details see Lemma 14.2 of Csiszár and Körner [16]).

Given a MAC W : X ˆ Y Ñ Z, auxiliary alphabet U , distribution PU P PpUq and
conditional distributions PX|U P PpX |Uq and PY |U P PpY |Uq, let CrW,PU , PX|U , PY |U s
denotes the pentagon

$
’&
’%

pR1, R2q : 0 ď R1 ď IV pX ^ Z|U, Y q
0 ď R2 ď IV pY ^ Z|U,Xq
R1 `R2 ď IV pX, Y ^ Z|Uq

,
/.
/-
, (11)

where

V pu, x, y, zq “ PUpuqPX|Upx|uqPY |Upy|uqW pz|x, yq, u P U , x P X , y P Y , z P Z. (12)

Corollary 14.4 relying on Lemma 14.4+ in Csiszár and Körner [16] shows that the ca-
pacity region of MAC W can be reformulated as the union of sets CrW,PU , PX|U , PY |U s
for all possible U , PU , PX|U , PY |U with |U | “ 2. It is the latter cardinality assumption
that makes the characterization single-letter.

1.5 Background

The dissertation is related to the following two lines of research.

• In the classical information theoretic MAC model the senders and the receiver
choose jointly a specified information rate for each sender and construct code-
books according to these rates before starting the communication. Then these
codebooks are used repeatedly over a long communication session. On the other
hand, packet based random access communication models (e.g. in Abramson [1])

5



try to describe situations where the demands of the senders change rapidly over
time (e.g. sometimes they do not want to send packets). Luo and Ephremides [39]
introduce a model which brings classical information theory closer to this commu-
nication situation. The results of Luo and Ephremides [39] are strengthened by
Wang and Luo [53]. They derive Gallager type error exponents using a modified
maximum likelihood decoder.

The mathematical model of Luo and Ephremides [39] and Wang and Luo [53]
is similar to that studied for one-way channels by Csiszár [13], at a time when
the "random access" interpretation was not yet available. In the terminology of
the thesis, the main technical theorem of Csiszár [13] analyzes the performance
of a codebook library consisting of several constant composition codebooks. It
shows that simultaneously for each codebook, the same error exponent can be
achieved as the random coding exponent of this codebook alone. This theorem
is used in Csiszár [13] to the different engineering problem of joint source-channel
coding (JSCC). An error exponent is derived for block transmission of a discrete
memoryless source over a discrete memoryless channel, which is larger than that
achievable by the composition of a source and a channel code, and tight under
certain conditions.

• MAC is most frequently studied under the assumption that the senders cannot
communicate with each other but are able to maintain frame synchronism. An
asynchronous MAC (AMAC) arises when this assumption fails, causing delays
between the starting times of the codewords of the different senders. This version
of MAC was introduced in Cover, McEliece and Posner [10], Poltyrev [43], and Hui
and Humblet [34].

1.6 New results and publications

Following the struxture of the Ph.D. thesis the outline presents the new results in Chap-
ters 2-4. We note that the formulations of the models also contain new elements.

The results of the second and third chapters are published in Farkas and Kói [23]
and [27], respectively. The last chapter is a substantially extended version of conference
paper Farkas and Kói [19], and some part of Farkas and Kói [22] was also used.

2 Random Access and Source-Channel Coding Error
Exponents for Multiple Access Channels

2.1 Introduction

The chapter addresses two problems about discrete memoryless multiple access channels
(MACs) with two senders. These are different engineering problems that are mathemat-
ically closely related.
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First, in Section 2.2, a two senders random access model is introduced in which the
senders have codebook libraries for multiple rate choices. It generalizes the one-sender
model of Csiszár [13] to MACs, using constant composition codebooks and a univer-
sal (modified maximum mutual information) decoder. We prove that the error expo-
nent obtained by Liu and Hughes [37] for an individual codebook pair is simultaneously
achievable for each codebook pair in the codebook libraries, supplemented with collision
detection when reliable transmission is not possible. As we employ a universal decoder,
our result gives (up to differences in the model) a positive answer to the question in Luo
and Ephremides [39] whether or not the results there are still valid if the receiver does
not know the channel.

The second addressed problem is the transmission of independent sources over a
MAC. In Section 2.3 achievable joint source-channel coding (JSCC) error exponents are
given by formally applying the theorem proved in Section 2.2 (without any change, but
not using the assertion about collision). The most direct extension of the JSCC result
in Csiszár [13] is given in the second part of Section 2.3, where a slightly modified JSCC
model is analyzed. A special error free 0 rate communication is allowed between the two
senders. More exactly, the encoders of the senders are allowed to depend not only on
the output of the assigned source but also on the empirical distribution of the output of
the other source.

While I do not believe in separating individual contributions of joint works, at this
point I feel I should mention that the idea of allowing 0 rate communication was proposed
by Lóránt Farkas during a consultation. In this respect my contribution has been to work
out the mathematical consequences of this idea including Theorem 2.11.

2.2 Random Access with collision detection

In this model two transmitters try to communicate over a MAC W with one common
receiver. Both senders have multiple codebooks of block length n. We assume that a
common auxiliary sequence u is given, and the codewords’ conditional type on u is fixed
within codebooks, but can vary from codebook to codebook.

Definition 2.1. Let a finite set U , a sequence u P Un of type PU P PnpUq, positive
integers M1 and M2, conditional distributions tP i

X|U P PnpX |Puq, i P rM1su, tP j
Y |U P

PnpY |Puq, j P rM2su, rates tRi
1, i P rM1su and tRj

2, j P rM2su be given parameters.
A constant composition codebook library pair of length n with the above parameters is

a pair pA,Bq where A and B consist of constant composition codebooks pA1, A2, . . . , AM1q
resp. pB1, B2, . . . , BM2q such that Ai “ txi1,xi2, . . .xiN i

1
u and Bj “ tyj1,yj2, . . .yjNj

2

u with
xia P T n

P i
X|U
puq and yjb P T nP j

Y |U
puq, i P rM1s, j P rM2s, N i

1 “
Y
2nR

i
1

]
, N j

2 “
Y
2nR

j
2

]
,

a P rN i
1s, b P rN j

2 s.
Remark 2.2. In the above definition all parameters can depend on n. Note that U is
fixed in Theorem 2.4 and it is assumed that M1 and M2 grow at most subexponentially
with n.
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Before sending messages, each transmitter chooses one of its codebooks independently
of the other sender. Denote this selection by pi, jq P rM1s ˆ rM2s. The transmitters
do not share the result of their selections with each other, neither with the receiver.
The senders send codewords xia, yjb. The decoder’s output m̂ is either a quadruple
p̂i, â, ĵ, b̂q or "collision". The receiver is required to decode quadruple pi, a, j, bq if the
rate pair pRi

1, R
j
2q of the chosen codebooks is in the interior of CrW,PU , P i

X|U , P
j
Y |U s and

to declare "collision" otherwise; cf. Luo and Ephremides [39]. Here, interior is meant in
the relative topology of the nonnegative quadrant. In particular, the rate pairs pR1, 0q
with 0 ď R1 ă IpX ^ Z|U, Y q belong to the interior of the pentagon (11). Hence, two
types of error are defined, one of them should be small according as pRi

1, R
j
2q is in the

interior of CrW,PU , P i
X|U , P

j
Y |U s or not.

Definition 2.3. For the codebooks pAi, Bjq, the average decoding error probability is

Errdpi, jq fi 1

N i
1N

j
2

|Ai|ÿ

a“1

|Bj |ÿ

b“1
Prtm̂ ‰ pi, a, j, bq|xia,yjb are sentu. (13)

The average collision declaration error probability is

Errcpi, jq fi 1

N i
1N

j
2

|Ai|ÿ

a“1

|Bj |ÿ

b“1
Prtm̂ ‰ "collision"|xia,yjb are sentu. (14)

To state our main theorem we need the following notations:

VLH “ VLHpW,PU , PX|U , PY |Uq fi
#
VUXY Z P PpU ˆ X ˆ Y ˆ Zq :
VUX “ PUPX|U , VUY “ PUPY |Uu

+
(15)

EXLHpR1, R2,W, PU , PX|U , PY |Uq
fi min

VUXY ZPVLH

rDpVZ|XY U ||W |VXY Uq ` IV pX ^ Y |Uq ` |IV pX ^ Y Z|Uq ´R1|`s (16)

EYLHpR1, R2,W, PU , PX|U , PY |Uq
fi min

VUXY ZPVLH

rDpVZ|XY U ||W |VXY Uq ` IV pX ^ Y |Uq ` |IV pY ^XZ|Uq ´R2|`s (17)

EXYLHpR1, R2,W, PU , PX|U , PY |Uq fi min
VUXY ZPVLH

rDpVZ|XY U ||W |VXY Uq ` IV pX ^ Y |Uq
` |IV pX, Y ^ Z|Uq ` IV pX ^ Y |Uq ´R1 ´R2|`s (18)

ELHpR1, R2,W, PU , PX|U , PY |Uq fi mintEXLH , EYLH , EXYLHu. (19)

In (15)-(19) the index LH refers to Liu and Hughes who proved in [37] that (19) is an
achievable error exponent for the classical MAC model with each sender having one code-
book. Theorem 2.4 extends this result to the current general setting, also guaranteeing
that the probability of collision declaration error goes to 0 when it is required.

Theorem 2.4. For each n let constant composition random access codebook library pa-
rameters as in Definition 2.1 be given with a common set U , and with 1

n
logM1 Ñ 0,

1
n
logM2 Ñ 0 as n Ñ 8. Then there exist a sequence δnp|U |, |X |, |Y |, |Z|,M1,M2q Ñ 0
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and for each n a constant composition codebook-library pair pA,Bq with the given param-
eters, and a universal decoder mapping such that the following statements hold for each
MAC W :

(i) For all pi, jq P rM1s ˆ rM2s

Errdpi, jq ď 2´npELHpRi
1,R

j
2,W,PU ,P

i
X|U ,P

j
Y |U q´δnq. (20)

(ii) If the rate pair pRi
1, R

j
2q is not in the interior of CrW,PU , P i

X|U , P
j
Y |U s then

Errcpi, jq ă δn. (21)

Remark 2.5. The exponent ELHpRi
1, R

j
2,W, PU , P

i
X|U , P

j
Y |Uq in part (i) of Theorem 2.4 is

positive iff pRi
1, R

j
2q is in the interior of CrW,PU , P i

X|U , P
j
Y |U s.

A technical point is that while in our main result the probability of incorrectly not
declaring collision goes to 0, we have no exponent for it. The thesis demonstrates in
Proposition 2.13. that this shortcoming may be due not to loose calculation. A mod-
ification of the decoder can give an exponent also for collision, however, it is not well
suited for the universal setting.

2.3 Error exponents in source-channel coding

Let two independent discrete memoryless sources with alphabets S1, S2 and generic
distributions Q1, Q2 be given. We want to transmit these sources over MAC W . This
problem appears unrelated to that in Section 2.2 but the underlying mathematics is
very similar. Indeed, a formal application of the main result in Section 2.2 will directly
provide achievable error exponents in the JSCC setting.

For notational convenience, we consider source-channel codes with codeword length
equal to source block length. The results extend to the case when these lengths have
any fixed ratio. A standing assumption in this section is that pHpQ1q, HpQ2qq is in the
interior of the capacity region of MACW , hence, the sources can be reliably transmitted
over the MAC W .

Definition 2.6. A source-channel code of length n is a mapping triple pf1, f2, ϕq with
encoders f1 : Sn1 Ñ X n, f2 : Sn2 Ñ Yn and decoder ϕ : Zn Ñ Sn1 ˆ Sn2 .

Definition 2.7. The error probability of a source-channel code pf1, f2, ϕq of length n is
defined by

Errpf1, f2, ϕq “
ÿ

ps1,s2qP
Sn
1 ˆSn

2

Qn
1 ps1qQn

2 ps2qpeps1, s2q, where (22)

peps1, s2q “ W nptz P Zn : ϕpzq ‰ ps1, s2qu|f1ps1q, f2ps2qq. (23)
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Definition 2.8. A number E ą 0 is called achievable error exponent for transmission
of sources Q1, Q2 over channel W if for every δ ą 0 and every sufficiently large n there
exists source-channel code pf1, f2, ϕq of length n with Errpf1, f2, ϕq less than 2´npE´δq.

For arbitrary U let G1pUq and G2pUq be the set of all mappings r0, log |S1|s Ñ PpX |Uq
and r0, log |S2|s Ñ PpY |Uq respectively, and define

EjpQ1, Q2,W q fi sup
U

PUPPpUq

sup
g1PG1pUq
g2PG2pUq

EjpQ1, Q2,W, PU , g1, g2q (24)

where

EjpQ1, Q2,W, PU , g1, g2q
fi min

0ďR1ďlog |S1|
0ďR2ďlog |S2|

”
e1pR1, Q1q ` e2pR2, Q2q ` ELHpR1, R2,W, PU , g1pR1q, g2pR2qq

ı
, (25)

and e1pR1, Q1q, e2pR2, Q2q are the source reliability functions

eipRi, Qiq fi min
P :HpP qěRi

DpP }Qiq, i P t1, 2u. (26)

It is shown in the thesis that EjpQ1, Q2,W q ą 0.
In (24), j stands for "joint". The following theorem shows that EjpQ1, Q2,W q is

an achievable error exponent for this JSCC scenario. More exactly, we show that for
any choice of PU , g1, g2, the exponent EjpQ1, Q2,W, PU , g1, g2q is achievable even if the
senders and the receiver do not know Q1, Q2,W ; if they do know them, they can optimize
in PU , g1, g2, to achieve EjpQ1, Q2,W q (the supremum of achievable error exponents is
an achievable error exponent). Note that in both cases the alphabets S1, S2, X , Y , Z
are assumed to be known by the senders and the receiver.

Theorem 2.9. Let U , PU P PpUq, g1 P G1pUq and g2 P G2pUq be given. There exist a
source-channel code pf1, f2, ϕq for each n and a sequence νnp|S1|, |S2|, |U |, |X |, |Y |, |Z|q Ñ
0 with

Errpf1, f2, ϕq ď 2´npEjpQ1,Q2,W,PU ,g1,g2q´νnq. (27)

The most direct extension of the JSCC result in Csiszár [13] is given when we allow
error free 0 rate communication between the senders. More exactly, as the following
definition shows, it is assumed that the senders are able to inform each other about the
types of their source sequences.

Definition 2.10. A type-informed source-channel code of length n is a mapping triple
pf1, f2, ϕq with encoders f1 : Sn1 ˆ PnpS2q Ñ X n, f2 : Sn2 ˆ PnpS1q Ñ Yn and decoder
ϕ : Zn Ñ Sn1 ˆ Sn2 .

In this modified model error probability and achievable error exponent can be defined
analogously to Definitions 2.7 and 2.8. Then the modification of Theorem 2.9 and a
technical trick give:
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Theorem 2.11. The following exponent is achievable for type-informed transmission if
Q1, Q2 and W are known by the senders and the receiver

min
0ďR1ďlog |S1|
0ďR2ďlog |S2|

re1pR1, Q1q ` e2pR2, Q2q ` ELHpR1, R2,W qs. (28)

3 Universal Random Access Error Exponents for Code-
books of Different Word-Lengths

3.1 Introduction

This chapter generalizes the mentioned result of Csiszár [13] in a different direction,
not addressing MACs. Codebook libraries are considered where not only the rate and
type but also the codeword length may vary across codebooks, thus our model is in
between fixed and variable length coding. We are aware of only one prior work extending
results in Csiszár [13] in a direction like here, by Balakirsky [3] on joint source-channel
coding error exponent for variable length codes, in a non-universal setting. Its main
similarity with this thesis lies in the definition of error event. Our model appears natural
for communication situations where a channel is used alternatingly for transmitting
messages of different kinds such as audio, data, video etc. In particular, the freedom
of using codebooks of different wordlengths admits to tailor error probability bounds
and encoding delays to possibly different requirements of different message kinds, such
as transmitting more sensitive messages via longer codewords (thereby decreasing error
probability even when the error exponent is fixed).

It is not obvious what to mean by decoding error in our model. By the definition
we adopt, the j’th message is correctly decoded if the decoder correctly assigns this
message to the time slot where the corresponding codeword is sent, including correct
identification of the codeword boundaries. The receiver is not required to learn that this
message has been sent as the j’th one (taking care of the possibility that at previous
instances erroneously less or more messages have been decoded than actually sent).

Our main result, Theorem 3.2, extends the mentioned result in Csiszár [13] to this
scenario under the technical assumption that no codeword is shorter than a constant
times the length n of the longest codeword. Since even in the standard case of a single
codebook with codewords of type P , a positive error exponent is achievable only for rate
R ă IpP,W q, it is desirable that when this condition fails, the decoder can report that
reliable decoding is not possible. This feature is present in Luo and Ephremides [39]
(but not in Csiszár [13]). In the previous chapter, addressing MACs, the term collision
detection is used, in our one-sender context we will use the term overload detection.
As part of the main result, our decoder is shown suitable also for overload detection:
When the chosen codebook has codeword type P and rate R ě IpP,W q, decoding failure
is reported with probability approaching 1, though here we do not obtain exponential
speed of convergence. Let us emphasize that in Theorem 3.2 neither the design of the
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codebook library nor the decoder depends on the channel.
A corollary (due to its technical nature it is not detailed in this ouline) of the main

theorem provides a stronger result when the sender knows the channel while maintaining
the universality of the decoder. In this case, for each message kind the random coding
error exponent of the channel, i.e., the maximum of ErpR,P,W q over P is achievable, and
when that exponent is 0, i.e., when the rate is not below channel capacity, an exponent
is obtained for the overload detection failure probability. Even the special case of this
corollary for transmitting messages of a single kind is of interest: If the sender but
not the receiver knows the channel, the random coding exponent of the actual channel
(i.e., the random coding exponent maximized over input distribution) is achievable. In
the literature, this fact is usually stated only when both sender and receiver know the
channel. Note that this special case of the corollary also follows from Csiszár [13], though
not explicitly stated there.

Our model with codebooks of different word-lengths requires a more complex packing
lemma. Instead of individual joint types, subtype sequences as in Farkas and Kói [21],
[24] have to be considered, and the concept of pl , qq arrays is needed. In the proof
of the packing lemma the new concept of γ-independent sequences is used to handle
the possibility of coincidences among the codewords in the array. In addition to a
more complex packing lemma, also a more complex decoder is needed: a two-stage
generalization of the universal decoder of Csiszár [13] is introduced to meet the challenges
of estimating the boundaries of the codewords and avoid error propagation.

3.2 Model and main theorem

The transmitter has a codebook library with multiple constant composition codebooks.
The codewords’ length and type are fixed within codebooks, but can vary from codebook
to codebook, subject to a bound on permissible codeword length ratios.

Definition 3.1. Let c P p0, 1s, positive integers n, M , l1, l2, . . . , lM with cn ď li ď n

for all i P rM s, distributions tP i P P lipX q, i P rM su and rates tRi, i P rM su be given
parameters. A codebook library with the above parameters, denoted by A, consists of
constant composition codebooks pA1, . . . , AMq such that Ai “ txi1,xi2, . . .xiN iu with xia P
T liP i, i P rM s, N i “

Y
2l

iRi
]
, a P rN is. In the sequel, n will be referred to as maximum

length.

The parameters in Definition 3.1 will depend on n, except for the constant c, but this
dependence will be suppressed for brevity. In some cases the dependence of M on n will
be emphasized by writing Mn. The proof of Theorem 3.2 works also if c “ cn goes to 0

appropriately slowly, depending on the number of codebooks. For the sake of simplicity
we have chosen to fix c.

The transmitter continuously sends messages to the receiver through a DMC W :

X Ñ Y . Before sending a message, the transmitter arbitrarily chooses one codebook
of the library. This choice is not known to the receiver, who is cognisant only of the
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codebook library. The transmitter’s choices are described by an infinite codebook index
sequence h “ ph1, h2, h3, . . . , hj, . . . q where hj P rM s. In the sequel, h will be referred to
as codebook schedule. To each fixed codebook schedule h there corresponds a sequence
B1, B2, . . . of mutually independent random messages, where Bj is uniformly distributed
on rNhj s. To transmit Bj “ b, the encoder assigns to it the b’th codeword of the codebook
of index hj. The transmission of this message starts at instance sj “

řj´1
i“1 l

hi ` 1,
depending on the codebook schedule but not on the actual messages.

...

Figure 1: Outline of the model

A decoder is defined as a mapping of infinite channel output sequences y “ y1, y2, . . .

into decoder output sequences o “ o1, o2, . . . , where each ot either equals a pair ph, bq
with h P rM s, b P rN lhs, or dash -, or the symbol f. Decoder output ot “ ph, bq means
the decision that t has been the starting instance of a message transmission using the
h’th codebook, i.e., t “ sj for some j with hj “ h, and the transmitted message has been
Bj “ b. The symbol f means failure declaration. The dash symbol has only a formal role
of marking time, each decoder output of form ph, bq is followed, by definition, by lh ´ 1

dashes.
When a message sequence B1, B2,... is transmitted using codebook schedule h, and

a decoder as above is applied to the corresponding channel output sequence Y1, Y2,..., let
O1, O2,..., be the sequence of decoder outputs. The probability of decoding error for the
j’th message is

Errhj fi Pr
`
Osj ‰ phj, Bjq

˘
. (29)

This error probability can not be small when the employed codebook has codeword
type and rate with R ě IpP,W q. In that case a good decoder should detect overload,
outputting f with probability close to 1. The probability of erroneously not detecting
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overload when Rhj ě IpP hj ,W q is

Edfhj fi Pr
`D i P tsj, . . . , sj ` lhj ´ 1u with Oi ‰ f

˘
. (30)

Theorem 3.2. For each n let codebook library parameters as in Definition 3.1 be given
with c fixed and 1

n
logMn Ñ 0 as nÑ 8. Then there exist a sequence νnp|X |, |Y |,Mn, cq

with 1
n
log νn Ñ 0 and for each n a codebook library A with the given parameters, and

universal decoder mappings such that for all DMC W , codebook schedule h and index j

(i)
Errhj ď νn ¨ 2´lhj ErpRhj ,Phj ,W q, (31)

where ErpR,P,W q is defined in (6).

(ii) If Rhj ě IrW,P hj s then
Edfh

j ď
1

n
log νn. (32)

Remark 3.3. We emphasize that the error bound in (31) depends on the codebook sched-
ule only through hj, it is not affected by which codebooks are used before and after the
j’th transmission.

Remark 3.4. The universal decoder in the proof of Theorem 3.2 does not use the whole
channel output sequence to determine ot but only yt and the preceding 2n ´ 2 and the
subsequent 2n ´ 2 output symbols. This can be seen to imply that the error events in
(29) (or in (30)) corresponding to message transmission indices j1, j2 are independent
if |j1 ´ j2| exceeds a constant times 1

c
. It follows that there is no error propagation in

long-term.

4 Capacity regions of partly asynchronous multiple ac-
cess channel

4.1 Introduction

As we have mentioned in Section 1.4 Ahlswede [2] and Liao [35] showed that the capacity
region of the 2-sender discrete memoryless MAC W is the convex closure of the union of
pentagons of form (9).

The discrete memoryless asynchronous multiple access channel (AMAC) arises when
the senders cannot synchronize the starting times of their codewords, rather, there is an
unknown delay between these starting times. Cover, McEliece and Posner [10] showed
that if the delay is bounded by bn depending on the codeword length n such that bn

n
Ñ 0

then the convex closure is still achievable by a generalized time sharing method.
Poltyrev [43] and Hui and Humblet [34] addressed models with arbitrary delays known

(in Poltyrev [43]) or unknown (in Hui and Humblet [34]) to the receiver. For such totally
asynchronous models, the capacity region was shown to be the union of the pentagons
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above although with some gaps in the proofs. The gaps has been filled in Farkas and
Kói [18] and [22], and in El Gamal and Kim [30], see Appendix A of Farkas and Kói [22]
for details.

In this chapter a single letter characterization (see the last paragraph of Section 1.4) is
given for the capacity region of discrete memoryless partly asynchronous multiple access
channels (PAMACs). These are AMACs with the senders divided into groups, the senders
belonging to the same group are synchronized but the groups are not synchronized with
each other.

Achievability is proved combining the techniques of rate splitting and successive de-
coding developed by Grant, Rimoldi, Urbanke and Whiting [31] and Rimoldi [45] with
time sharing. The converse part is derived using the general delay dependent converse
of Farkas and Kói [22].

4.2 Model of coding for the PAMAC

First we define the K-senders asynchronous discrete memoryless multiple-access channel
(K-AMAC) in general. Then the K-senders partly asynchronous discrete memoryless
multiple-access channel (K-PAMAC) is introduced as a special case.

A K-AMAC with input alphabets Xm,m P rKs, and output alphabet Y , is defined
by a DMC W : X1 ˆ X2 ˆ ¨ ¨ ¨ ˆ XK Ñ Y describing the probability distribution of the
output given the inputs, and by a delay system D as in Definition 4.3.

Definition 4.1. A codebook system of block-length n for a K-AMAC consists of K
codebooks C1, C2, . . . , CK, where the codebook Cm of the m-th sender has t2nRmu code-
words of length n whose symbols are from Xm. The rate vector of this codebook system
is R “ pR1, R2 . . . , RKq.

The senders have two-way infinite sequences of random messages, and assign code-
words to their consecutive messages. Formally, we use the following definitions, where n
denotes the block-length in Definition 4.1.

Definition 4.2. For each integer j P Z and for each m P rKs let Mm,j be a uniformly
distributed random variable taking values in the set

“
t2nRmu

‰
. All these random variables

are mutually independent. The two-way infinite sequence tMm,j, j P Zu represents the
message flow sent by the m-th sender. For each integer j P Z and for each m P rKs let
Xm,j denote the Mm,j-th codeword in the codebook of sender m. Let Xm,nj`i be the i-th
symbol of Xm,j where i P t0, 1, . . . , n´ 1u.

The codewords go through the channel. The system is symbol synchronized but not
frame synchronized, thus the starting times of the codewords of different senders may be
different. Fix the location of the 0-th output symbol. The message of sender m P rKs
whose codeword affects the 0’th output is denoted byMm,0. The time difference between
the 0-th output and the first output influenced by the message Mm,0 is referred to as the
delay of sender m, denoted by Dmpnq see Figure 2.
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Definition 4.3. Let
Dpnq “ pD1pnq, D2pnq, . . . , DKpnqq (33)

be a K-tuple of random variables, not necessarily independent of each other but indepen-
dent of the message random variables Mm,j (and hence also of Xm,j), taking values in
the set t0, 1, . . . , n ´ 1u. Dmpnq will represent the delay of sender m relative to the re-
ceiver’s timing. The joint distribution of delays is known to the senders and the receiver.
The realizations of the random variables D1pnq, D2pnq, . . . , DKpnq are not known to the
senders and, depending on the model, may be known or unknown to the receiver. The
sequence D “ tDp1q,Dp2q, . . . ,Dpnq, . . . u will be called the delay system.

For fixed blocklength n, the output sequence is defined as follows:

Definition 4.4. Let Ynj`i be the output random variable of the channel with transition
matrix W when the inputs are X1,nj`i`D1pnq, X2,nj`i`D2pnq, . . . , XK,nj`i`DKpnq where
i P t0, 1, . . . , n´ 1u.
Formally, the conditional distribution of Ynj`i given all messages, delays (hence also all
inputs) and other outputs, only depends on the values x1, x2, . . . , xK of X1,nj`i`D1pnq,
X2,nj`i`D2pnq, . . . , XK,nj`i`Dkpnq, and equals W p¨|x1, x2, . . . , xKq.

It is possible to define the decoder in (at least) four ways depending on whether the
receiver is informed or uninformed on the realization of the delays, and whether the whole
infinite output sequence or only a finite part may be used to estimate the messages. The
essence of the model is that the senders are not aware of the message transmission times
of each other. Hence, for the sake of simplicity, attention will be restricted to informed
decoders. We note that the additional technical difficulties in case of uninformed decoder
can be overcome as in Farkas and Kói [22] leading to the conclusion that the capacity
region of the PAMAC remains the same if the decoder is not aware of the delays.

Definition 4.5. An informed L-block decoder, L P Z`, is defined as a function which
assigns to each p2Ln ` 1q-tuple tyl, l P t´Ln, . . . , 0, . . . , Lnuu of possible output realiza-
tions and each realization of Dpnq “ pD1pnq, D2pnq, . . . , DKpnqq a K-tuple of messages
tm̂m,0,m P t1, 2, . . . , Kuu.

Definition 4.6. An informed infinite decoder is defined as a function which assigns
to each two way infinite output sequence tyl, l P Zu and each realization of Dpnq “
pD1pnq, D2pnq, . . . , DKpnqq, a K-tuple of messages tm̂m,0,m P rKsu.

The codebooks and the decoder form an n-length coding/decoding system.
The definitions above determine the probability structure of the model, for each

fixed n P Z`. For each m P rKs the random variable sequence tMm,j, j P Zu is the two
way infinite message flow of the m-th sender. The corresponding flow of codewords is
tXm,j, j P Zu. The flows of the senders, the channel transition and the delaysDpnq, define
a two way infinite output random variable sequence tYl, l P Zu. In case of informed L-
block decoder the receiver examines the output block Y´Ln`1, Y´Ln`2, . . . , Y0, Y1, . . . YLn´1
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from which relying also on the realizations of delays estimates tM̂m,0,m P rKsu are
created. In case of an informed infinite decoder, beside the realizations of delays the
whole output sequence can be used to form estimates tM̂m,0,m P rKsu. The receiver is
assumed to perform the same but shifted decoding procedure at each time instance tnk,
k P Zu. Hence the estimates tM̂m,j,m P rKs , j P Zu are also defined. See Fig. 2. for
this model, in case K “ 2.

Figure 2: The Setting for Two Senders

We will consider two different error definitions. As is standard for multiple-access
channels, both errors are averages over messages. However, our first error type also
involves averaging over delays, while the second one takes maximum over the possible
delays.

Definition 4.7. The average error is:

P n
e “ Pr

#
Kď

m“1

!
Mm,0 ‰ M̂m,0

)+
. (34)

Definition 4.8. The maximal error is:

P n
e p˚q “ max

dpnq:PrtDpnq“dpnquą0
Pr

#
Kď

m“1

!
Mm,0 ‰ M̂m,0

)
|Dpnq “ dpnq

+
. (35)

We have defined four types of models according to the different definitions both of decoder
and of error. For the sake of brevity, the following definition is meant to define a capacity
region simultaneously for all cases. Here, in case of L-block decoder, a proper choice of
L is understood (not depending on n).

Definition 4.9. A vector pR1, R2, . . . , RKq is an achievable rate vector for a K´AMAC

if for every ε ą 0, δ ą 0 for all N0 P Z` there exists a coding/decoding system with
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blocklength n ą N0 with rates coordinate-wise exceeding pR1´ δ, R2´ δ, . . . , RK ´ δq and
with error less than ε. The set of achievable rate vectors is the capacity region of the
K-AMAC.

Remark 4.10. As opposed to Sections 1.1 and 1.4 in the definition above we used the
’optimistic’ definition of capacity region, rather than the more usual ’pessimistic one’
(in short, in the ’optimistic’ definition it is enough to show that there is a "good"
coding/decoding system for a sequence of blocklength nk Ñ 8). In case of PAMAC
the ’pessimistic’ definition leads the same capacity region. The reason of using the
’optimistic’ definition is to highlight that in case of certain AMAC the capacity regions
under the two versions can differ. See Theorem 5.1 of Farkas and Kói [22] for the detail.

After having discussed the K-AMAC in general we give the definition of K-PAMAC.
This special case is analyzed in this chapter.

Definition 4.11. Let tG1, G2, . . . , Glu be a partition of the set rKs of the senders. The
K-PAMAC with partition tG1, G2, . . . , Glu is defined as the K-AMAC with following de-
lay system. Let DG1pnq, DG2pnq, . . . , DGl

pnq be independent random variables uniformly
distributed on the set t0, 1, . . . , n ´ 1u. For all m P rKs, define Dmpnq “ DGj

pnq where
m P Gj.

Note that the classical synchronous MAC, and the totally asynchronous MAC are
special cases of PAMAC: in the first case all senders belong to the same group, in the
latter case all senders belong to different groups.

Figure 3: 4-PAMAC with partition t1, 2u, t3, 4u

4.3 Capacity region of the PAMAC

For a non-empty subset S Ă t1, 2, . . . , Ku of the senders, as in Grant, Rimoldi, Urbanke
and Whiting [31] write

Sc “ rKs zS, XS “ pXiqiPS, RpSq “
ÿ

iPS
Ri. (36)
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Theorem 4.12. Let a partition tG1, G2, . . . , Glu of rKs be given. The capacity region
of the K-PAMAC with the given partition is the same for all four model versions. It
consists of those rate tuples pR1, R2, . . . , RKq for which there exist auxiliary sets U1, U2,
. . . , UK and random variables U1, U2, . . . , Ul, X1, X2, . . . , XK, Y with values in U1,
U2, ¨ ¨ ¨ , Ul, X1, X2, . . . , XK and Y, respectively, whose joint distribution V factorizes as

V pu1, u2, . . . , ul, x1, x2, . . . , xK , yq “
lź

i“1
VUi
puiq

ź

rPGi

VXr|Ui
pxr|uiqW py|x1, x2, . . . , xKq,

(37)
such that for all S Ď t1, 2, . . . , Ku:

0 ď RpSq ď IV pXS ^ Y |XSc , U1, U2, . . . , Ulq. (38)

Furthermore, |Ui| ď 2K ´ 1, i P rls can be always assumed, and if |Gi| “ 1 then one can
take |Ui| “ 1 thus Ui “ constant.
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