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1 Objective and outline
There are several situations in our world when the classical physical laws
loose their validity. Such conditions are in materials at low temperatures
(around 10 K) or on nanoscale together with fast transient phenomena. In
order to describe these non-classical cases of transport one needs to derive
an extension of constitutive equations, i.e. find a way to understand how a
particular material works under these conditions.

In this work, non-equilibrium thermodynamics with internal variables and
Nyíri-multipliers was applied to extend the classical theory out of local equi-
librium. The second law of thermodynamics as a basic physical principle is
the only constraint in our work, the theory does not introduce any particular
condition regarding the structure of the material. In the following, we restrict
ourselves to heat conduction in solids and rarefied gases.

The classical Navier-Stokes-Fourier system of equations can be derived
from non-equilibrium thermodynamics assuming local equilibrium. However,
the different fields in isotropic materials, these constitutive equations are not
coupled, only through the balances. In classical irreversible thermodynamics
the coupling is forbidden between a vectorial and a tensorial thermodynamical
interaction due to Curie principle. With the help of internal variables and
Nyíri-multipliers one can overcome this condition. This is the key aspect of
our theory of heat conduction out of local equilibrium.

One of the mentioned non-classical phenomenon is the wave form of heat
propagation, called second sound, predicted in 1940 and measured first by
Peshkov in 1944. The second one is called as ballistic propagation. It is
a thermo-mechanical wave and propagates with the corresponding speed of
sound. It is first found by Jackson et al. and measured in NaF samples in
1968. This experiment was followed by several other measurements until the
end of 70’s. However, in spite of the number of experiments, the theoretical
modeling of these propagation modes is incomplete.

Our goal was to derive a unifying continuum theory in the framework of
non-equilibrium thermodynamics. The application of internal variables and
Nyíri-multipliers allows us to obtain coupling between thermal and mechanical
fields along with different tensorial order quantities in isotropic media. The
basis of this idea is the generalization of the entropy density s and entropy
current density J i:

s(e, qi, Qij) = seq(e) − m1

2 qiqi − m2

2 QijQij , (1)

J i = bijqj +BijkQjk, (2)
where seq corresponds to the classical local equilibrium term, qi is the heat
flux and Qij is an internal variable, bij and Bijk are the Nyíri-multipliers.
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This generalization leads to the ballistic-conductive model in 1+1 dimension:

τq∂tq + q + λ∂xT + κ∂xQ = 0,
τQ∂tQ+Q+ κ∂xq = 0, (3)

where T is the temperature, λ is the thermal conductivity, τq, τQ are called
thermal relaxation times, κ is the dissipation parameter and the boxed terms
denote the classical Fourier equation. Using the balance equation of internal
energy and eliminating the variables q and Q, one obtains for the temperature
field:

τqτQ∂tttT + (τq + τQ)∂ttT + ∂tT = α∂xxT + (κ2 + τQ)∂txxT, (4)

where the boxed terms correspond to the Fourier equation.
This Ph.D. thesis has two parts regarding the experiments. The first part

deals with the low temperature measurements of Jackson et al. and analyzes
the wave nature of heat conduction. The other part is devoted to the so-
called EGR-experiments at room temperature. These were performed at the
Department of Energy Engineering, BME by our research group. Here, the
goal was to find the theoretically predicted non-Fourier heat conduction. The
conditions at room temperature are common and the material inhomogeneity
plays a significant role. It is found that several different material types show
deviation from Fourier’s law, for example metal foams and rocks.

The comparison of our theoretical results with other theories and presenta-
tion of the experimental discovery of the mentioned non-classical phenomena
is the subject of this Ph.D. dissertation.

2 Methods
Experimental, numerical and theoretical methods are used to achieve our
goals. From the theoretical point of view, our framework to derive the
ballistic-conductive equation is already presented. The solution of the equa-
tion is provided by a numerical method based on shifted fields. From the
practical point of view, heat pulse experiments are performed to find the de-
viation from Fourier heat conduction predicted by our non-equilibrium ther-
modynamical theory.

2.1 Heat pulse experiments
The heat pulse experiments form the basis of the practical part of this thesis.
This method is used to determine the thermal diffusivity of a material. In
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non-classical cases the Fourier’s law is not applicable, but the same method
can be used to determine the new parameters due to its transient characteris-
tic. The new parameters are the thermal relaxation time and the dissipation
parameter. The schematic arrangement of the experiment is shown on Fig. 1.

Figure 1: The schematic arrangement of EGR-experiment, taken from [1].

The same schematic setup is valid for low temperature experiments, hence
these results can be evaluated in the same way. Dimensionless parameters
are introduced to make the extended heat conduction model more suitable
for heat pulse experiments and to reduce the number of parameters.

2.2 Numerical method

In order to solve the partial differential equations of ballistic-conductive model
one needs to define initial and boundary conditions. Nevertheless, in case of
non-Fourier heat conduction the classical definition and approach of bound-
ary conditions does not hold. There are two requirements regarding this
question. The first one is the application of physical boundary conditions of
the heat pulse experiments. Therefore, boundary conditions are specified only
for the heat flux. The second requirement is to avoid unphysical results and
incompatible definition of boundary conditions of different fields. In order to
overcome this situation the concept of shifted fields (Fig. 2) is introduced.
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Figure 2: Discretization method.

Fig. 2 shows that different fields are shifted by half step in space. This
method allows to define only the necessary boundary conditions for the phys-
ical system.

In the developed numerical scheme the discretization is explicit. It was
inevitable to determine the corresponding stability conditions to keep the
scheme stable during calculations. In order to develop a complete frame-
work the weak consistency of the scheme was proved. By exploiting the
Lax-Richtmyer theorem, the numerical stability and the consistency together
warrants the convergence of the scheme.

3 Results and theses
The theoretical background offers a basis to describe non-Fourier heat con-
duction in different materials regardless the type of heterogeneity and state
of the matter. The introduction of Nyíri-multipliers and internal variables
leads to a continuum model which unifies the known deviations from classical
Fourier’s law. The Thesis 1 formulates this result.

Thesis 1

I have applied a vectorial and a second-order tensorial internal vari-
able along with generalized entropy current by Nyíri-multipliers in
the framework of non-equilibrium thermodynamics and derived the
ballistic-conductive model of heat conduction. I have compared this
theory of non-equilibrium thermodynamics to the kinetic theory
based Rational Extended Thermodynamics in case of heat conduc-
tion in solids and rarefied gases in 1+1 dimensions. I have deter-
mined the conditions of equivalence of these two theories.
Related publications: [2, 3]
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The derived ballistic-conductive model is solved numerically with an ex-
plicit finite difference scheme. The first and second theses are foundation of
understanding non-Fourier heat conduction. Moreover, these are inevitable
to evaluate the experiments.

Thesis 2/A

I have developed an explicit finite difference scheme based on the
discretization of shifted fields to solve the ballistic-conductive model
of the Thesis 1.

Thesis 2/B

I have derived the stability criteria of the developed numerical
scheme with the help of Neumann method and Jury conditions.
I have proved the weak consistency of the developed numerical
scheme. The convergence of the scheme follows.
Related publications: [2, 3]

First, the ballistic-conductive model is tested on NaF experiments of Jack-
son et al. [4–6]. The goal was to model the wave forms of heat conduction,
namely the phenomena of second sound and ballistic propagation (Fig. 3).
The numerical modeling demonstrated that our theory is competitive with
the Rational Extended Thermodynamical one. Moreover, the temperature
dependency of relaxation times is shown, too.

Thesis 3

I have applied the ballistic-conductive system of equations to model
ballistic heat propagation in NaF crystals observed by Jackson et
al. [4–6]. I have calculated the material parameters and the tem-
perature dependency of thermal relaxation times.
Related publications: [3, 7]

The non-equilibrium thermodynamical theory does not exclude non-
Fourier heat conduction under different, more common conditions, e.g. be-
cause of material inhomogeneity at room temperature. Our prediction was
confirmed by experiments (Fig. 4). The simplified ballistic-conductive model,
namely the Guyer-Krumhansl equation is used to evaluate the measured de-
viation. Here, the hierarchy of Fourier equation was helpful to introduce a
parametrization of the deviation from Fourier’s law. The investigation of
room temperature experiments covers the organic and inorganic materials as
well.
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Figure 3: The summarized results of NaF experiments and simulations.

Thesis 4

I have recognized the hierarchical structure of Guyer-Krumhansl
equation. I have introduced the parametric characterization of de-
viation from Fourier’s law at room temperature based on the exper-
iments performed at the Department of Energy Engineering, BME
and the experiments of Tang et al. [8].
Related publications: [1, 3, 9–11]
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Figure 4: The measurement result of a heat pulse experiment, measured
on metal foam, fitted with Fourier equation.
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