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Introduction

Introduction
Fluorescent imaging is a powerful tool for a wide range of applications in biology and
medicine. The basic principles of this method can be easily understood: small fluorescent
probes (also known as fluorescent biomarkers) are chemically attached to the molecule of
interest. Exposed to light, these fluorescent probes emit photons at certain wavelengths
that are characteristic to the given biomarker. By the detection of the fluorescence, realtime imaging of the targeted molecules, proteins and cells is achievable. This method
offers a comparatively cheap but powerful alternative to other biosensing approaches.
The significance of the fluorescent imaging method is highlighted by the two Nobel-prizes
in Chemistry that were awarded for scientific research related to it. In 2008, Osamu
Shimomura, Martin Chalfie and Roger Y. Tsien was awarded jointly “for the discovery
and development of the green fluorescent protein, GFP”. Just a couple years later in 2014,
the Nobel-prize in Chemistry was awarded to Eric Betzig, Stefan W. Hell and William
E. Moerner “for the development of super-resolved fluorescence microscopy”.
Compared to the traditional fluorescent agents like organic dyes and fluorescent proteins, semiconductor nanocrystals (often referred as quantum dots / QDs) posses superior
optical properties [1–3], thus their applications in fluorescent imaging became widespread.
These nanocrystals have broad absorption spectra and a narrow emission band, but their
biggest advantage over their organic alternatives1 is their exceptional photostability [1].
These small nanocrystals exhibit the so-called quantum confinement effect (QCE), i.e.
their optical properties depend on their size [4]. Most notably, the emission wavelengths
of these nanocrystals depend on the diameter, allowing tunable emission from ultraviolet
to the near infrared (NIR) region [1, 5]. Their fluorescent lifetimes are typically longer
compared to the organic dyes, allowing the temporal discrimination of their signal and
the cellular autofluorescence background [1, 6]. Up to date, fluorescent nanocrystals comprised of a large variety of semiconductor compounds were successfully synthesized. The
most notable compound materials are CdS, CdSe, CdTe, CdHgTe, InP, InAs, ZnS, ZnSe
or PbSe [5, 7]. Non-compound group-IV semiconductor nanoparticles such as diamond,
Si, SiC and Ge nanocrystals were also successfully manufactured, but their applicability
as fluorescent biomarkers was much less investigated until the recent years [8].
The potential applications of fluorescent biomarkers can be divided into two distinct
families: (i) in vitro applications where the experiments are carried out under laboratory
1
Organic fluorophores loose their fluorescent property as they are illuminated for a longer period
of time. This process is called photobleaching, and likely the largest limitation of fluorescent imaging
with organic dyes. In addition, a related phenomena is phototoxicity where the light induced chemical
transformation results in toxic by-products.
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conditions and typically fluorescent microscopy is utilized to study small samples. (ii)
in vivo applications where the biomarkers are introduced into living organism. Labeling cells, intracellular molecules, nuclear antigens, microtubes and actin filaments with
nanocrystals can be considered as routine under in vitro conditions. On the other hand,
in vivo fluorescent imaging offers a cost-effective alternative to more conventional imaging methods such as magnetic resonance imaging, photo emission tomography, and X-ray
computer tomography. These small nanocrystals were successfully applied under in vivo
conditions for cell tracking, vasculatiure imaging, and most notably tumor imaging [2,
9–11].

Schematic figure of in vitro and in vivo biological imaging. Under in vitro conditions, the fluorescent marking agents are introduced into a cell culture which is
studied by means of fluorescent microscopy. On the other hand, the biomarkers are
introduced into a living organism in in vivo applications. Appropriately bioconjugated biomarkers may allow the detection of cancer in the early pre-symptomatic
stage. In this work, we propose that in vivo biomarkers can be realized by ultrasmall SiC nanocrystals.

Semiconductor nanocrystals intended for in vivo applications have to meet stringent
requirements, thus their design and fabrication poses a great challenge. The most important issue is toxicity, which rules out many fluorescent biomarkers that may perform well
under in vitro circumstances from in vivo applications. Biologically inert, stable nanocrystals without any short- or long-term side effects are required before they can routinely
utilized in the medicine. The toxicity assessment is probably the most studied problem in
the research area related to the biological applications of semiconductor nanocrystals but
due to the ambiguous results of these experiments, no consensus has yet been reached
on the toxicity of different semiconductor nanocrystals [10]. Considering the enormous
amounts of studies published in this topic, we are not even attempting to give a com2
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prehensive overview of this research area and only mention the results that motivated
our research on the potential application of SiC nanocrystals as biomarkers. According
to the studies, the material, size, surface treatment and environment are all important
factors in the toxicity of these nanocrystals [10, 12, 13]. Although this issue is not fully
understood yet, the chemical degradation of the nanocrystals leading to the release of
heavy metal ions is considered as the most important source of toxic effects [10]. The
full elimination of toxicity has not yet been solved despite of many attempts to reduce
the chemical degradation of heavy metal containing nanocrystals such as the ZnS shell
coating method [14].
Another very important requirement for in vivo applications is the colloidal stability
of the nanocrystals in aqueous environment. Nanocrystals made of most of the aforementioned semiconductor compounds are hydrophobic and tend to aggregate in water, which
has to be prevented by appropriate treatment of their surface, i.e., by adding long carbon
chains [15].
The size of the nanocrystals is also a very important parameter: recent studies showed
that the hydrodynamical diameter of the nanoparticles should be smaller than 5.5 nm
for efficient clearance from the body through urine and bile [16–18]. It is worth mentioning that the II-VI or III-V compound semiconductor nanocrystals are often coated
with long polymer chains in order to slower their chemical degradation and to prevent
their aggregation in aqueous solutions [19]. This procedure can significantly enlarge their
hydrodynamical diameter. Small size can be also advantageous for certain applications
such as cell nucleus-targeting [20, 21].
The fluorescent wavelength of the nanocrystals determines the efficiency of the signal
detection. For in vivo applications, emission in near-infrared window is highly desirable to
allow imaging deeper regions of the body, since in this optical window (700 nm-1350 nm)
the absorption, autofluorescence and Rayleigh-scattering of the body is minimal [22, 23].
The first biological window is defined between 650 nm and 950 nm, and emission in
this interval is the most accessible for semiconductor nanocrystals. The second biological
window is defined between 1000 nm and 1350 nm and it was argued [23] that better
signal-to-noise ratio can be achieved with biomarkers that emit in this longer wavelength
interval. Recently a third biological window was proposed [24] between 1550 nm and
1870 nm, based on a new study [25] that demonstrated background-free imaging in this
region. Most of the appropriately small-sized compound semiconductors are not able to
emit in near-infrared region [5, 7], with the exception of nanocrystals made of InP [26],
PbSe [27, 28], PbS [28, 29] and InAs [30]. Although their optical properties are indeed
promising for in vivo applications, their toxic side-effects still pose a major issue.
3
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It is worth noting that the application of biomakers with fluorescent wavelengths
longer than 1000 nm has been stemmed by the lack of sensitive and high-resolution CCD
cameras because the conventional silicon-based CCDs are not sensitive in this range.
Nowadays CCD sensors made of lower band-gap materials such as InGaAs and HgCdTe
are becoming more and more affordable at resolutions suitable for bioimaging.
We summarize the most important requirements for the properties of nanocrystals
that should be applied for in vivo bioimaging applications:
• they should be non-toxic and biologically inert
• their hydrodynamical diameter should be less than 5.5 nm
• they should have strong, stable fluorescent emission in the near-infared range
• they should be produced cost-efficiently in large quantities
Despite the intense on-going research, no such candidate has yet been found that
meets all the criteria listed above. As the properties of these ultrasmall nanocrystals
cannot be explained by empirical models or by the quasi-classical workhorse-equations of
semiconductor technology, first-principles simulation can significantly contribute to the
design of semiconductor nanocrystals that are suitable for in vivo biological applications.
In my work, I investigated the optical properties of SiC nanocrystals by means of firstprinciples computer simulations, and assessed their applicability for biological application
based on the results of the calculations. During my work, my efforts were spent towards
the better understanding of the rich surface chemistry of the fabricated nanocrystals, but
also proposed and investigated possible modifications of the as-prepared nanocrystals
that are yet to be realized experimentally.
Silicon carbide is a wide (indirect) band gap group-IV semiconductor and has more
than 200 crystalline forms. The three most abundant and technologically important crystalline forms of silicon-carbide are 3C (β), 4H and 6H (α). The silicon and carbon atoms
are tetrahedrally bonded in all of the aforementioned crystalline forms, but the symmetries of the crystal belong to different point (space) groups: Td (F 43m), C6v (P 63 mc), C6v
(P 63 mc) for 3C (β), 4H and 6H (α) SiC, respectively. They all exhibit relatively similar
physical properties, but their (indirect) band gap differ widely among polytypes ranging
from 2.3 eV through 3 eV to 3.3 eV for the 3C, 6H, 4H polytypes, respectively. 6H is
the most common and easily prepared, while 4H has the biggest potential for electronic
applications. Having the smallest band gap of the three common polytypes 3C-SiC is the
most interesting for biological applications, where the fluorescent biomarkers are expected
to emit photons in the visible-NIR region (∼ 3 eV - 1 eV). Therefore I will refer by SiC to
4
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the 3C-SiC polytype of SiC if not explicitly stated otherwise. Silicon carbide has a wide
range of applications, ranging from being used as an abrasive material through car brake
discs to high-power electronic devices such as Schottky diodes, FETs and MOSFETs.
Amongst its other advantageous properties, SiC also shows excellent biocompatibility.
Listing all the applications of SiC in biotechology and medicine is out of the scope of
this work, but we mention that various forms of SiC found application in dental and
orthopedic implant technology, realization of myocardial heart probes and coronary heart
stents, bio- and electrochemical sensing, glucose monitoring and neural interface or DNA
detection2 . The biocompatibility of 3C-SiC was investigated through strict adherence to
the ISO 10993 set of standard which is used to evaluate to biocompatibility of medical
devices. According to the results of cell culture studies, 3C-SiC performs almost as well
culture-treated polycarbonate plastics which are considered the gold standard for such
benchmarks [31].
These relatively recent results all highlight the upside of SiC for biotechnology, as SiC
is not only comprised of non-toxic elements, but it is the most biocompatible semiconductor alongside diamond. This motivates the application of SiC nanocrystals for in vivo
fluorescent imaging. The cytotoxicity of very small SiC nanocrystals was evaluated [8,
32, 33] and it was found that the presence of SiC nanocrystals does not affect cell growth
even for large concentrations.
Finally, we mention that despite of their outstanding biocompatibility the SiC
nanocrystals are not ideal for fluorescent imaging as they are not without disadvantages. Currently the most significant detriment standing in the way of their applications
for biological imaging is their relatively poor optical performance. The PL emission of
SiC nanocrystals falls into the visible range as the dominant fluorescent wavelength is
typically ≈ 450-500 nm. In addition, the emission intensity is significantly quenched by
non-radiative relaxation pathways. This can be partially attributed to the indirect band
gap of SiC3 , but the various defects on the surface are also suspected to contribute to
this effect.
During my PhD studies I have performed extensive numerical studies on the electronic
and optical properties of small (d ≈ 1-2 nm ) SiC nanocrystals. In these simulations, I
utilized density functional theory (DFT) and time-dependent density functional theory
(TDDFT). In Section 1, I provide a short overview of these methods focusing on those
2

See Ref. [31] for a comprehensive overview of the (potential) biological applications of SiC.
Due to the quantum confinement effect, even nanocrystal comprised of indirect band gap semiconductors show luminescence. However, the overlap between the valence and conduction band-like states
is small compared to the direct band gap III-V and II-VI nanocrystals, which results in slower radiative
relaxation rates which in turn favors non-radiative relaxation.
3
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aspects that were the most relevant to my results. In Section 2, I present my results
on the optical properties of SiC nanocrystals introduced with color centers, where these
color centers are realized as intrinsic or transition metal related point defects. In Section
3, the effect of co-doping of the SiC nanocrystals is investigated, focusing on the optical
properties of nanocrystals doped with Al-N and B-N donor acceptor pairs in particular.
Finally, in Section 4 I present the outcome of my numerical studies aimed to achieve
an improved comprehension of the intricate surface chemistry of SiC nanocrystals. The
results of this section are directly related to the results of experiments that were carried
out concurrently with my simulations. Particularly, I studied the anhydride formation on
the nanocrystal surface and the correlation between the emission wavelength and surface
chemistry of SiC nanocrystals.

6
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1
1.1

Modeling the optical properties of nanocrystals

Computational methods
Modeling the optical properties of nanocrystals

In the introduction, I listed the most important properties of the nanocrystals that they
have to posses in order to be good candidates for biological sensing applications. Although
all of them are equivalently important, I focused on the simulation of the optical properties
in my thesis work. The reason for this is twofold. First, the green-blue emission of SiC
nanocrystals seems to be the biggest obstacle to their biological applications as the other
criteria are fulfilled, and second: in the recent times first principles simulation of the
electrical and optical properties of small nanostructures consisting of a couple hundreds
of atoms has become accessible, while the computational ascertainment of toxicity (or
other biological properties) is still too complex for these powerful techniques.
As it became evident in the Introduction, it is very difficult to understand the mechanism behind the optical properties of SiC nanocrystals purely by means of experimental
methods. This is mainly due to the rich surface chemistry of the nanocrystals made of SiC.
Besides the contribution to the understanding of the optical properties of experimentally
already realized nanostructures, an other important motivation for computational efforts
is to explore experimentally uncharted territories, where comparatively cheap simulations
can motivate new experiments or prevent the experimentalists from waste of resources
by identifying dead ends of a research area.
During my PhD work, I studied the optical properties of SiC nanocrystals. In this
section, I give a short overview of the computational techniques used during my work,
introducing the steps needed in order to gain information about the optical properties of
nanocrystals. In later sections, I provide a more detailed description of the key computational methods utilized during my work.
In the computational modeling of materials, the first step is always to create a model
of the system to be studied. This model is usually motivated by experimental results
(transmission electron microscopy (TEM) images, fourier transform infrared spectroscopy
(FTIR) and X-ray photoelectron spectroscopy (XPS) measurements, etc.), or results of
previous computational studies. As I did not utilize any “brute-force” methods4 to discover promising nanostructures, I had to rely on intuitive arguments when choosing models to investigate. Therefore, the relevance of the models entering my calculations has a
huge impact on the importance of the results.
4
Such as molecular dynamics simulations or methods where a large set of structures are created and
characterized, and the most promising ones are kept [34]. These methods are generally very expensive,
but are able to provide a starting point if little is known about the system to be studied.
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Once a model is chosen, the first task was to create an initial geometry and perform
a so-called ground state calculation utilizing Density Functional Theory (DFT). The
ground state calculation determines the ground state structure, total energy and electronic
properties (for example the band gap5 of the system). Comparing total energies of different
system with the same stoichiometry can give insight about the thermodynamic stability of
given models. There is no strict correspondence between the energy gap of the system and
its optical properties, yet it is a useful quantity since the “larger band gap means higher
energy emission” rule of thumb usually holds. Once the ground state geometry is known,
the vibrational spectra can be calculated by means of density functional perturbation
theory (DFPT) or finite differences method, and the calculated vibrational spectra can
be compared to the results of IR measurements.
In principle, ground state calculations are not adequate for the calculations of the
optical properties, since the emission and absorption are fundamentally time-dependent
processes. To understand the optical properties of molecules and nanocrystals, we rely
on the Franck-Condon principle which is spectroscopic a principle, instrumental for the
interpretation of optical spectra. The Franck-Condon principle is based on the BornOppenheimer approximation where we assume that the full wave function can be written
as a product of the electronic and vibrational wave functions: Ψ = θψe φs , where θ, ψe
and φs are the vibronic, electronic space and spin wave functions. The excitations of
a molecule can be obtained as probability amplitudes between two different states by
calculating the matrix elements of the molecular dipole operator µ̂: PΨ→Ψ0 = hΨ0 |µ̂|Ψi,
where µ̂ is just the sum of the electrical and nuclear dipole operators:
µ̂ = µ̂e + µ̂N = −e

X

ri +

i

X

(1.1)

eZI RrI

I

To arrive at the Franck-Condon rule, the expression for the hΨ0 |µ̂|Ψi matrix element has
to expanded:
0

hΨ |µ̂e + µ̂N |Ψi =

Z

ψe0∗ θ0∗ φ0∗
s µ̂e ψe θφs dξ

+

Z

ψe0∗ θ0∗ φ0∗
s µ̂N ψe θφs dξ

(1.2)

In the Franck-Condon scheme we assume, that the integrals in Eq. 1.2 can be approximated as a product of three integrals:
Z
|

0∗

θ θdξθ
{z

}

Franck-Condon factor

Z
|
|

ψe0∗ µ̂e ψe dξψ
{z

orbital

Z

φ0∗
s φs dξφ

}|
{z

selection rules

{z

spin

+

}

Z

0∗

θ µ̂N θdξθ

Z
|

ψe0∗ ψe dξψ
{z
0

Z

φ0∗
s φs dξφ

(1.3)

}

}

5
In the case of discrete systems, the equivalent of the band gap is the HOMO-LUMO energy difference,
where HOMO and LUMO stands for the highest occupied and lowest unoccupied molecular orbital,
respectively.
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Here dξ = dξψ dξθ dξφ denotes the integration variables for the full, electronic, vibrational and spin wave functions, respectively, and we took advantage of the orthogonality
of the electronic states. In this electronic dipole approximation, the spin is conserved in
the absence of spin-orbit interaction and the probability of a transition is the product
of the overlap between the initial and final vibrational wave functions (called FranckCondon factor) and the electric dipole matrix element (dipole selection rule). It is important to note, that due to the several approximations hidden behind the final result, the
Franck-Condon principle is not exact, but the allowed transitions have orders of magnitude larger intensities than the forbidden ones, thus the application of of this scheme is
well-established for the interpretation of vibronic spectra as shown in Fig. 1.1.
E

m=2
m=1
m=0

Eex

I
Stokes-shift

ZPL
n=2
n=1
EGS

n=0
ZPE
qGS

q

qex

Eemission

EZPL

Eabsorption

E

Figure 1.1: (a) The energy (E) versus configuration coordinate (q) diagram of
the excitation and emission according to the Franck-Condon principle. The two
quadratic-like functions depict the total energy in the ground and excited state
as a function of the configuration coordinate. The blue shaded areas depict the
eigenfunctions of the quantum harmonic oscillator. The vertical green and red
arrows and the blue arrow represent the vertical excitation and emission energies
and the Zero Phonon Line (ZPL), respectively. The gray dashed arrow symbolizes
the non-emitting transitions. (b) The absorption (green) and emission (red) spectra
of a molecule in the Franck-Condon picture. The most probable transitions are
vertical emission and absorption. The ZPL is equal to the lowest energy absorption
and the highest energy emission. Apart from dilute gases, the sharp vibronic peaks
are usually not visible in the experiments as the inhomogeneous processes6 broaden
the distinguishable peaks into a smooth spectra.

6

“Inhomogenous processes” is collective term for processes that are not included in our calculations.
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The so-called optical gap is the most important quantity regarding the absorption
of the system. The optical gap is the energy of lowest vertical excitation depicted by a
green and red arrows at the ground state and excited state geometries in Fig. 1.1. These
vertical excitations are the lowest energy transitions where no vibrations participate to
the excitation process. Upon excitation, the geometry relaxes due to the forces induced
by the change of the electron density (see gray arrow in Figure 1.1). During this process,
the system does not emit any photons and relaxes through the creation of phonons (or
molecular vibrations in finite systems), and the energy loss of the excited electron is
turned into heat. At the end of this relaxation process, the system reaches a metastable
geometry, which we refer to as “excited state geometry”. At this geometry, the system
“rests” for a short period before the excited electron finally relaxes to the ground state by
the emission of a photon. The lifetime of the excited electron is usually large compared
to the speed of the phonon-assisted transitions, so the system can be considered to be
in a sort of “quasi-equilibrium” when it reaches the excited state geometry. Up to this
point, we only considered vertical excitations and emissions. To have a slightly more
nuanced picture, it is important to recognize that not only the vertical transition are
allowed but usually they are the ones with the largest probability as the largest phonon
wave function overlap occurs in this case7 . To obtain the full emission spectra, we have
to consider non-vertical excitations too. These processes are always phonon-assisted and
their probabilities are determined by the Franck-Condon factor which depends on the
difference between the configurational coordinates of the initial and the final state. It
is important to note that our previous description of the excitation process assumed
that the electronic transition occurs between the ground and lowest energy excited state.
Fortunately, this picture does not change for higher energy excitations. Kasha’s rule [35]
states that the photon emission is almost exclusively observed from the lowest excited
electronic state. The phenomenological picture behind this principle is that for higher
energy excitations, the excited electron loses its extra energy very rapidly with the help
of phonon-assisted processes. Once again, we presume that the speed of these processes
is very fast compared to the lifetime of the excited state, which is true in most of the
cases.
Finally, we introduce some terminology in order to help the reader in the interpretation
of our results. The vertical excitation and emission energies were already mentioned as
the vertical transition energies at the ground and excited state geometries, respectively.
For example, the interaction between the nanocrystal/molecule and its environment introduces inhomogenous broadening.
7
This is not strictly true, but often useful as a rule of thumb.
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Density functional theory
Time-dependent density
functional theory
Model creation
Franck-Condon theory
Relaxation of the ground
state structure; calculation of GS properties

Vibrational properties

Optical gap and the
fluorescent lifetime

Optical properties: ZPL,
fluorescent lineshape

Relaxation of the
excited state structure

Raman spectra

Comparison with
experiments

Figure 1.2: The simulation of the optical properties of nanostructures can be summarized by this flow diagram. The colors of the boxes indicate the underlying theory utilized to perform a given task. Density Functional Theory (DFT) and TimeDependent Density Functional Theory (TDDFT) were the two ab−initio electronic
structure methods we utilized to obtain the results presented in this work. The
Franck-Condon approximation enables the calculations of absorption/emission line
shapes or the resonance Raman spectra. While it may not be obvious, but the
model creation and the evaluation of the results are usually the most difficult and
most important steps of the process.

In our computational studies, these quantities are calculated utilizing Time-Dependent
Density Functional Theory (TDDFT). The Zero-Phonon Line (ZPL) is also an important
quantity that is often mentioned in experimental studies. This is the difference between
the molecule’s total energy in its ground state equilibrium and its excited state quasiequilibrium, depicted with a blue arrow in Figure 1.1. Because at zero temperature the
molecule is in its vibrational ground state after reaching the (quasi-)equilibrium, the ZPL
energy is equal to the onset of the absorption and emission spectra, as shown in Figure 1.1.
At higher temperatures the molecule is no longer in its vibrational ground state, thus the
absorption and emission spectra start slightly before/after the ZPL energy8 . The last
8

At T = 0K, the energy of lowest energy absorbed photon and of the highest energy emitted photon
is equal to the ZPL. At finite temperatures, this rule is slightly violated.
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quantity we wish to introduce is the so-called Stokes-shift, which is the energy difference
between the peaks of the absorption and emission spectra (see Figure 1.1). Because the
absorption spectra contains contributions from higher energy excitations, care has to
be taken to correctly identify the peak which belongs to the first electronic excitation.
The Stokes-shift is a very useful quantity as it is relatively easy to measure, but also
very important because it can impact the applicability of the molecule/nanocrystal for
a particular task. We depicted the typical work flow during the computation of optical
properties of nanostructures in Figure 1.2, explaining the utilization of DFT, TDDFT
and the Franck-Condon principle.

1.2

Quantum-mechanical many-body problem and the BornOppenheimer approximation

To obtain qualitatively and quantitatively accurate results on the structural and electronic
properties of nanometer-sized objects, one has to solve the Schrödinger equation for the
problem of non-relativistic interacting electrons and atomic nuclei. In the absence of
time-dependent external-fields, the time-independent Schrödinger equation describes the
stationary states of the system:
HΨ({ri }; {Ra }) = EΨ({ri }; {Ra })

(1.4)

where {ri } and {Ra } denotes the sets of coordinates of the electrons and nuclei, respectively. In the general non-relativistic case, the Hamilton-operator is
H=−

N
n
N
n
n X
∇2ri X
∇2Ra 1 X
Za
Za Zb
1 X
1
1X
−
+
+
−
(1.5)
2 a,b=1 |Ra − Rb | 2 i,j=1 |ri − rj | 2 i=1 a=1 |ri − Ra |
a=1 2ma
i=1 2

n
X

written in atomic units, where the electron mass, elementary charge, reduced Planck’s
constant and Coulomb’s constant are unity by definition. In the majority of first-principles
calculations an additional compromise, the Born-Oppenheimer approximation [36] (BOA)
is made, which factorizes the full wave function as the product of an electronic wavefunction and nuclear wave-function:
Ψ({ri }; {Ra }) = ψ({ri })|{Ra } θ({Ra }).

(1.6)

Here the nuclear coordinates are only parameters in the electronic wave-function ψ({ri }),
in contrast to the full wave function Ψ where the nuclear coordinates are variables. The
BOA is based on the fact that the nuclear masses are 3-5 orders of magnitudes larger
than the electron mass, thus a hand waving justification can be made that the motion of
12
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the nuclei is much slower compared to the electrons, or equivalently the kinetic energy of
electrons is much larger than the kinetic energy of the nuclei. Although there are special
cases where the BOA approximation breaks down [37], eq. 1.6 is the standard ansatz for
first-principles calculations. The time-independent Schrödinger-equation for the electrons
in the potential of nuclei is given by




n
n X
n X
N
n
1X
1X
Za
1
1X
 ψk ({ri }) = εk ψk ({ri })
−
+
∇2ri −
2 i
2 i a |ri − Ra | 2 i j |ri − rj |

(1.7)

where the Hamilton operator and the energy eigenvalue εk are often referred as adiabatic
Born-Oppenheimer Hamiltonian and its corresponding energy.
The Schrödinger equation is a partial differential equation, which is impossible to solve
numerically due to the large dimensionality of the wave function: a system of N electrons
has a 3N -dimensional wave function. For example, the numerical representation (with
100 samples in each dimension) of the wave-function of a small molecule with 10 valence
electrons requires 10030 double-precision numbers, requiring 1049 Tera bytes of computer
memory. To overcome the computational complexity of the Schrödinger equation, several
approximate schemes were developed. Generally there are two different approaches to
tackle the many-body problem of interacting electrons: (i) approximation of the manyelectron wave-function with an antisymmetric product of single-electron wave-functions
(ii) formulate the many-electron problem in terms of the total electron density instead of
the wave function.
The oldest, most successful wave function based method is the Hartree-Fock theory,
which casts the wave function in the form of antisymmetrized product of one-electron
Q
orbitals: ψ(r1 , . . . , rn ) = Â ni=1 ϕ(ri ) where Â is the antisymmetrizing operator. This antisymmetrized product is called Slater-determinant, as it can be written in a determinant
form:
ψ1 (r1 ) ψ2 (r1 )
1 ψ1 (r2 ) ψ2 (r2 )
ψ(r1 , . . . , rn ) = Â ϕ(ri ) = √
..
..
N!
.
.
i=1
ψ1 (rn ) ψ2 (rn )
n
Y

· · · ψn (r1 )
· · · ψn (r2 )
..
..
.
.
· · · ψn (rn )

(1.8)

The Slater-determinant is an exact solution in the case of non-interacting electrons.
In the Hartree-Fock approach, the electron-electron interaction is taken into account
through the first-order (Hartree and Fock) diagrams/terms of many-body perturbation
theory (MBPT). The self-energy contributions of the Hartree and Fock diagrams are
called Hartree-energy (which is just the classical Coulomb-repulsion of electrons) and
13
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exchange-energy (which is the first non-classical energy contribution) respectively, while
the self-energy originating from the infinite sum of higher-order diagrams is coined as
correlation-energy and is completely neglected in the Hartree-Fock approximation. A relatively straightforward way to improve the results of Hartree-Fock method is to involve
higher-order contributions of the MBPT (which is often referred as Møller–Plesset perturbation theory in quantum chemistry). MP2, MP3 and MP4 are second, third and fourth
order MBPT methods, with substantially improved accuracy over Hartree-Fock method
at the expense of increasing computational cost. Another approach to go beyond the
Hartree-Fock approximation is to expand the ansatz wave function with the linear combination of excited Slater-determinants (configuration-interaction approximation) or to
cast the wave function in an exponential form (coupled-cluster method). These methods
became the standard tool to study the quantum-mechanics of relatively small molecules
of tens of atoms, as they can provide very accurate reaction energies. Unfortunately, one
has to pay the price for this improved accuracy because these methods scale unfavorably
with the number of electrons of the system9 .
The other branch of electronic-structure approaches attempt to tackle the manyelectron problem by formulating the ground state energy as a functional of the total
electron density, which only depends on 3 spatial variables. This is not only advantageous because of drastic reduction of computational complexity, but also makes easier to
understand the results compared the full wave function which is too complex for intuitive
interpretation. It is easy to show [38] that the ground state energy of an N electron system
can be expressed in terms of one- and two-particle density operators, which only depend
on 3 and 6 spatial dimensions, respectively (4 and 8 including the spin coordinate). This
is already a great improvement over the necessity to solve a partial differential equation
of 3N variables but raises the question if the total energy can be expressed as a functional of the electron-density. The first attempt to create such theory by Thomas and
Fermi dates back to as early as 1927. The Thomas-Fermi model expresses the approximate kinetic energy of electrons as a functional of the total-density [39], and treats the
electron-nuclei and electron-electron interaction classically (neglects the exchange and
correlation energy). Unfortunately, this model is not able to describe molecular binding
or provide accurate results for atoms. There were numerous attempt to eliminate the
shortcomings of the Thomas-Fermi theory but none of them were successful, thus the
9
A computational method is considered to scale as ns if the CPU time scales with O(ns ), meaning that
for large-enough systems the computational time will be proportional to the sth power of the number
of electrons. Hartee-Fock theory scales as n4 . The CCSD(T) method is often considered as the goldstandard of quantum chemistry, but scales as n7 . We note that the theoretical scaling is not always the
most important factor in practice as the lower exponents can have large prefactors.
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method was considered as an oversimplified model of many electron systems. However in
1964 Hohenberg and Kohn proved that the ground state energy is indeed a functional of
the total electron density, which is a remarkable result and paved the way for densityfunctional theory (DFT). In this section I attempt to summarize the most important
aspects of DFT, mentioning the fundamental theoretical concepts while focusing on the
practical implications. In my description of DFT, I mostly follow the books [39, 40].
1.2.1

The foundations of Density Functional Theory

The essential building blocks of the theoretical background for DFT are the first and
second Hohenberg-Kohn (HK) theorems. The first HK theorem states that (up to an
additive constant) there is a one-to-one correspondence between the ground state density
and the external potential (potential of the nuclei end external fields). The proof is rather
simple and based on reductio ad absurdum. Since the ground state density determines
the external potential and the number of electrons, it also determines the Hamiltonian
and thus all properties of the ground state. The kinetic energy and potential energies are
also a functional of the ground state density: : E[ρ0 ] = T [ρ0 ] + W [ρ0 ] + Vext [ρ0 ] where
T , W and Vext denotes the kinetic energy term, the electron-electron interaction energy
and the potential energy originating from the interaction with the external potential. It
is worth noticing that the kinetic energy term and the electron-electron interaction are
universal functionals in the sense that they only depend on the number of electrons. With
this in mind, it is convenient to cast the total energy as a sum of an universal functional
and an external potential dependent term:
Ev [ρ0 ] = FHK [ρ0 ] + Vext [ρ0 ] = FHK [ρ0 ] +

Z

ρ0 (r)v(r)dr

(1.9)

where v(r) is the external potential, Ev is the energy functional for a system of N electrons
and v external potential and FHK [ρ] = hΨ|T + Wee |Ψi is the Hohenberg-Kohn functional.
The second Hohenberg-Kohn theorem states that for any systems of N electrons with v
external potential, E0 ground state energy and ρ0 ground state electron density and for
R
any trial ρ0 density (which satisfies ρ(r)dr = N and ρ(r) > 0, ∀r ∈ <) E0 ≤ E[ρ0 ] and
E0 = E[ρ0 ]) only if ρ0 = ρ0 . This result is similar to the variational principle for wave
functions.
According to the variational principle, the variation of the energy in the ground state
density should disappear:


δ Ev [ρ] − µ

Z





ρ(r)dr − N = 0
15

(1.10)
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where µ is the chemical potential, which is the Lagrange multiplier which forces the
R
constraint of ρ(r)dr = N on the ground state density. This equation leads to the EulerLagrange equation for
δEv [ρ]
FHK [ρ]
µ=
= v(r) +
(1.11)
δρ(r)
ρ[r]
This equation is the fundamental equation of DFT, if one knows the explicit form of FHK
then the ground state electron density and energy can be obtained. Equation (1.11) is
exact in the non-relativistic approximation, but it would be very important even with
an approximate Hohenberg-Kohn functional. Unfortunately the functional FHK is not
known in an explicit form, and equation (1.11) is not very useful in practice.
There is an important problem in this formulation of DFT, which is the vrepresentability problem. A density is v-represantable if it is the density of an antisymmetric ground state wave function of a Hamiltonian with v(r) external potential.
The variational principle only stands for v-representable trial densities, and there is no
general method of deciding if a density is v-representable.
To circumvent this problem Levy [41] redefined the Hohenberg-Kohn density functional in the constrained-search manner. The inverse of the v-representability problem is
trivial as it is easy to check if the |Ψ(r)|2 = ρ(r) equation stands.
FHK [ρ0 ] = hΨ0 |T + Wee |Ψ0 i = min hΨ|T + Wee |Ψi
Ψ→ρ0

(1.12)

In this constrained-search approach, the variational principle is restricted to the wave
functions that give ρ0 . This formulation eliminates the requirement of a non-degenerate
ground state in the original Hohenberg-Kohn approach, and also lifts the issue of vrepresentability as ρ is inherently v-representable. Instead of v-representability, only N representability is required, which is a much weaker condition: ρ(r) is N -representable if
R
R
ρ(r) ≥ 0, ρ(r)dr = N and |∇ρ(r)1/2 |2 dr < ∞. In the constrained-search method, the
minimization of the ground state energy becomes a two-step procedure:
*

E0 = min Ψ T + Wee +
Ψ

N
X
i=1

+



v(ri ) Ψ = min minhΨ |T + Wee | Ψi +
ρ

Ψ→ρ

Z



v(r)ρ(r)dr = E0 [ρ]
(1.13)

So far we have shown that the ground state-energy of a many-electron system can
be obtained by the minimization of a density functional. Unfortunately, we are not able
to construct the E[ρ] energy functional because we have no clues about the nature of
FHK [ρ]. The Thomas-Fermi model and its derivatives attempted to create such energy
functionals, however none of them were able to realize sufficient accuracy, mostly due to
the very drastic approximations made in the kinetic-energy.
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In 1965 Kohn and Sham came up with an idea which became the cornerstone for
the practical applications of DFT: they proposed that one could treat the many-electron
system as system of N non-interacting quasiparticles, and collect the corrections into a
single one-electron potential, resulting in a non-interacting reference system:
H=

N
X
1
vs (r)
− ∇2i +
2
i=1
i=1

N
X

(1.14)

The great advantage of this approach is that we can calculate the exact kinetic energy
PN
P
1
2
for a non-interacting system: Ts [ρ] = N
i=1 |ψi (r)| . The
i=1 hψi | − 2 ∇i |ψi i with ρ =
Q
ground state wave-function takes the usual Slater-determinant form Ψ = Â i ϕi (r) In
this non-interacting picture we have to repartition FHK [ρ]
FHK [ρ] = T [ρ] + Wee [ρ] = Ts [ρ] + J[ρ] + Exc [ρ]

(1.15)

where Ts [ρ] is the kinetic-energy of the effective non-interacting system, J[ρ] is the
Hartree-energy and Exc [ρ] is referred as exchange-correlation (xc) energy and is defined
by:
Exc [ρ] = (T [ρ] − Ts [ρ]) + Wee [ρ] − J[ρ]
(1.16)
The one-electron potential is called effective Kohn-Sham potential and is defined by:
vs (r) = vext (r) +

Z
δJ[ρ] δExc [ρ]
ρ(r0 )
+
= vext (r) + dr0
+ vxc (r)
δρ(r)
ρ(r)
|r − r0 |

(1.17)

We obtain the following non-interacting effective Schrödinger equations for the KohnSham equations:


N
X
1 2
εij ψj (r) = εi ψi (r)
(1.18)
− ∇ + vs (r) ψi (r) =
2
j
where we took advantage of the fact that the effective Hamiltonian is Hermitian, thus
εij can be diagonalized by unitary transformations resulting in the canonical form of the
Kohn-Sham equations: ĥψi (r) = εi ψi (r). The expression for the total energy is
E=

N
X
i

Z
1 Z ρ(r)ρ(r0 )
0
εi −
drdr + Exc [ρ] − vxc (r)ρ(r)dr
2
|r − r0 |

(1.19)

Apparently, the total energy is not equal to the sum of Kohn-Sham eigenenergies. The
Kohn-Sham equations can be solved self-consistently:
(n+1)

(n)

(n)
(r) → ĥ(n) −−−−−−−−−−→ ψi
ψi (r) −−−
−−−→ ρ(n) (r) −−−→ vxc
P
ρ=

|ψi |2

(n)
(n) (n)
ĥ(n) ψi =εi ψi

vxc [ρ]

(r)

(1.20)

where X (n) is the nth approximation of X in the self-consistent scheme. The initial
guess for ψ (0) is often based on the results of fast, semi-empirical methods. The iteration
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stops once the change of the total energy or the Kohn-Sham eigenvalues becomes smaller
than the initially set convergence criteria. The orbital occupancies are normally chosen
according to the Fermi-Dirac distribution, for example at T = 0 the n lowest-energy
orbitals are chosen to be occupied. This choice of occupation works well in most of the
cases, but does not lead to the minimal total energy in general [41].
It is worth noting, that the exchange-correlation energy is not restricted to depend
only on the total density, instead it can be dependent also on the Kohn-Sham orbitals.
The justification of orbital dependent functionals are based on Levy’s constrained search
approach [42].
1.2.2

Exhange-correlation functionals, their properties and shortcomings

Density functional theory and its Kohn-Sham formulation is exact in principle, but the explicit form of the exchange-correlation energy is not known. Generally, the accuracy and
reliability of DFT calculations depends on the legitimacy of the approximations made
to get the simple and easily solvable Kohn-Sham equations: neglecting the relativistic
effects (most notably the spin-orbit interaction which is small for light elements), applying the Born-Oppenheimer approximation (which is sound for non-metals) and finally
choosing an approximation for the exchange-correlation functional. In most of the cases,
the latter is the most significant compromise since the exchange-correlation energy is in
principle a fully non-local functional of the density, which makes it very difficult to find
a good approximation. There are myriads of different approximate exchange-correlation
functionals, a satisfying review would exceed the scope of this work. In this chapter, I
will focus on the historically and conceptually most important schemes developed to approximate vxc [ρ]. The first successful xc-functional was the local-density approximation
(LDA). The LDA approximates the exchange-correlation potential as a simple function
LDA
of the electron-density: vxc
[ρ](r) ≈ vxc (ρ(r)). Neglecting all nonlocal effects, the xc energy density at a given coordinate is equal to the xc energy density of the homogeneous
LDA
HEG
(ρ(r∗ )) = Exc
|ρ=ρ(r∗ ) . Sometimes it is
electron gas (HEG) of the same density: Exc
useful to write the exchange correlation energy in following form:
Exc [ρ] =

Z

LDA

drρ(r)εxc [ρ] −−−→

Z

drρ(r)εLDA
xc (ρ(r))

(1.21)

Here εxc is the exchange correlation energy density which in the LDA can be expressed
as
LDA
0
1Z
0 ρxc (r, r )
dr
(1.22)
εLDA
(ρ(r))
=
xc
2
|r − r0 |
0
where ρLDA
xc (r, r ) is the so-called exchange-correlation hole, which contains all the nonclassical effects packed into the exchange-correlation energy as Exc is the Coulomb inter18
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action between the electrons and the exchange-correlation hole:
1 Z 3 Z 3 0 ρ(r)ρxc (r, r0 )
dr dr
Exc [ρ] =
2
|r − r0 |

(1.23)

There is an important sum rule for the exchange-correlation hole: d3 rρxc (r, r) = −1.
The exchange energy can be calculated analytically for the HEG, while the correlation
energy is obtained from highly accurarate Quantum Monte-Carlo (QMC) methods. The
local spin-density approximation (LSDA) is a straightforward extension of LDA, where
the xc-energy not only depends on the electron density but also on the spin density
which is defined by the difference between the spin-up and spin-down electron densities:
R
LSDA
(ρ, ζ) where ζ(r) = (ρ↑ (r) − ρ↓ (r))/(ρ↑ (r) + ρ↓ (r)) is the dimen[ρ, ζ] = d3 reLSDA
Exc
xc
sionless spin-polarisation and eLSDA
is the exchange-correlation energy density in the
xc
LSDA approximation. The LSDA is exact for the HEG, and works well for simple metals,
where the electron density varies slowly (this condition can be expressed in terms of the
Fermi wavenumber |∇ρ|/ρ  kF ). Remarkably, the LSDA proved to be very useful for
also the description of atoms and molecules, where the electron density is far from being
homogeneous. This fact is often attributed to the fact that the nonlocality of the exchange
and correlation cancels out each other to a large extent [43], leading to a cancellation of
errors in the local approximation.
The simplest way to improve over the accuracy of LSDA is to make the xc-energy
depend not only on electron and spin densities, but also on their gradients. These approaches are called Generalized Gradient Approximation (GGA). In this name the term
“generalized” is added to differentiate from the family of Gradient Expansion Approximations (GEA), which were originally constructed to replace LSDA, but were not able
to improve upon its accuracy.
In the GEA, the exchange-correlation energy is systematically expanded in even powers of the gradient operator: s = |∇ρ|/2kf ρ. Surprisingly the GEA approach was not able
to improve over the results of LDA, in fact, it provided significantly worse approximation for Exc [44]. The reason for this is that it proved to be impossible to reproduce the
various formal properties of the LDA regarding the scaling and asymptotic behavior of
the exchange-correlation energy. To eliminate these shortcomings of the GEA, the Generalized Gradient Expansion (GGA) was developed, which casts the exchange-correlation
energy in the general form of
R

GGA
Exc
=

Z

d3 reGGA
xc (ρ, ζ, ∇ρ, ∇ζ).

(1.24)

The GGA xc energy is not a systematic order-by-order expansion in terms of the density
and its gradients, instead a non-systematic approach where the mathematical expressions
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are chosen to satisfy as many properties of the exact exc as possible. GGA
for eGGA
xc
functionals can be viewed as “heuristic resummations of the infinite gradient expansion
series” [45]. While the construction of LDA and GEA functionals is straightforward, there
exists no general approach the generate GGAs. The result of this “freedom” is the large
number of existing and more or less successfully applicable GGA functionals, contrary
to the LDA and GEA which are uniquely defined. The existing GGA functionals can be
separated into two major categories based on the philosophy behind their creation: a) nonempirical functionals derived from first-principles and b) empirical functionals designed to
perform for a set of benchmark many-electron systems (metals, semiconductors, organic
molecules etc.). During my research, I always used the GGA functional of Perdew, Burke
and Ernzerhof [46] (PBE) which belongs to the class of non-empirical GGA functionals.
GGA functionals are often called semi-local, since the exchange-correlation energy
density at a given coordinate not only depends on the electron density at that coordinate,
but also on its small environment. Generally speaking, the nonlocalities of the exchange
and the correlation energy have opposite sign, and they tend to cancel out approximately
for typical valence-electron densities [47].
There are several approaches to further improve the accuracy of local and semi-local
functionals, most of them belongs to the family of orbital-dependent functionals. Despite
their dependence on the Kohn-Sham orbitals they are also “true” density functionals, since
the orbitals are implicit functionals of the density. Several of these functionals were developed, giving an extensive review is out of the scope of this work. I will only describe the
class of hybrid functionals, since I utilized them extensively during my calculations. The
idea behind hybrid-functionals is to make use of the known form of the Fock-exchange,
but build it from Kohn-Sham orbitals instead of the Hartree-Fock orbitals:
ExF ock [ρ] =

Z
N Z
ϕi (r)ϕj (r0 )ϕi (r0 )ϕj (r)
1X
d3 r d3 r 0
2 i,j
|r − r0 |

(1.25)

This approximation is often called exact exchange in the DFT nomenclature, but it
is not exact in the sense that it is constructed from Kohn-Sham orbitals of the noninteracting reference system. The total exchange-correlation energy can be written as
hybrid
Exc
= aExF ock + (1 − a)ExGGA + EcGGA = ExF ock + (1 − a)(ExGGA − ExF ock ) + EcGGA (1.26)
hybrid
The latter expression for Exc
in Eq. 1.26 motivates us to think of the correlation
energy as a sum of two terms different in their nature: EcGGA is the short range dynamical correlation which concerns the reduction of the wave function’s value as electrons
approach each other, while (1 − a)(ExGGA − ExF ock ) approximates the long-range static
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correlation energy which causes the electrons of a dissociating molecule to go to different
atoms [48]. The parameter a is not close to 1 since the nonlocality of the exchange and
correlation tends to cancel out each other. A value for a is often fitted empirically, or can
be universally determined from first principles. The empirical hybrid functionals enjoy
great popularity in quantum chemical applications, where a is chosen to work well for
some benchmark set of molecules. The most popular empirical hybrid is B3LYP, where
a = 0.2. The theoretical value for a is not universal [49, 50], in my research I used the
PBE0 hybrid functional of Perdew, Ernzerhof and Burke [51, 52]. They arrived at a = 1/4
based on fourth-order Møller–Plesset perturbation theory, and choose the PBE functional
to provide the GGA base of the approximation. Generally speaking the mixing parameter
falls into the 0.15 < a < 0.33 interval for the large majority of the hybrid functionals
regardless of having empirical or theoretical origin.
The Kohn-Sham orbitals are mathematical objects without a strict physical meaning.
However, they proven to be very useful in qualitative interpretation of molecular orbitals
and electronic bands. This raises the question if the one-electron eigenvalues hold any
physical significance? In the strict sense the answer is also no. However, it can be shown
for the exact exchange-correlation functional that the eigenvalue of the highest occupied
Kohn-Sham orbital equals to the negative of the ionization energy for a finite system:
εN (N ) = E(N ) − E(N − 1) = −I(N )

(1.27)

where E(N ) and E(N −1) are the total energies of N and N −1 electron systems, εN (N ) is
the N -th Kohn-Sham eigenvalue of the system. This is the DFT-Koopmans’ theorem and
is a consequence of the long range behavior of the charge density [53]. This rule is often
violated for approximate functionals due to their incorrect long range asymptotics. There
are xc-functionals which “impose” the Koopmans’ theorem by tuning a parameter in the
exchange-correlation formula [54]. The other eigenvalues can not be attributed to physical
electron energies, which is the reason that almost all of the simple DFT approximations
underestimate the band gap. This phenomenon is often called the DFT band-gap error,
which limits the usefulness of DFT for certain types of problems such as band structure
calculations or estimation of excitation energies.
The quantitatively and sometimes even qualitatively incorrect band-structure obtained from DFT calculations is one of the manifestations of the so-called self-interaction
error (SIE). The SIE is a collective term for the shortcomings of the Kohn-Sham DFT
scheme related to the fact that electrons (or more precisely, the Kohn-Sham eigenstates)
interact with themselves as the self-interaction of the approximate exhcange-correlation
functional and that of the Coulomb-functional do not cancel out each other completely
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(opposed to other approaches, for example the Hartree-Fock method where the Coulomb
self-interaction and the self-interactions coming from the exchange cancels completely).
This residue of spurious self-interaction vanishes for delocalized orbitals, but can be significant for finite systems or localized orbitals of extended systems. Lots of effort were
made in order to develop exchange-correlation functionals without SIE, the most notable example being the scheme of Perdew and Zunger [55]. While the basic idea of the
Perdew-Zunger self-interaction correction (PZ-SIC) method is relatively simple, the implementation becomes difficult as energy functional is not invariant under the rotations
of the occupied orbitals.
Finally, we mention one other commonly encountered deficiency of local and semi-local
approximations, which is their incorrect long-range asymptotics. The electronic density
decays exponentially in the asymptotic regime of finite systems. As a consequence, the
exchange potential also decays exponentially for the LDA (the same is true for the correlation potential too). For a neutral molecule, the electrostatic potential of the electrons
and the ionic potential cancels out (at least in the monopole order) resulting in an effective Kohn-Sham potential which decay faster than −1/r implying that a neutral atom
is not able to bind an additional electron to form a negative ion. While not as obvious
the GGA functionals also show incorrect asymptotic behavior [56]. The −1/r behavior
for the exact exchange potential is true for all finite systems and one can easily see10
that a local or semi-local approximation for vx is not sufficient to fulfill this criteria.
While hybrid-functionals somewhat alleviate this issue by the inclusion of the non-local
exchange, their asymptotic behavior is still incorrect −a/r where 0.1 < a < 0.33 is the
mixing parameter.
Another frequently encountered problem while performing DFT calculations11 is the
poor description of systems whose electronic structure cannot be described with a single
Slater-determinant. The most famous prototype of this failure is dissociation of the H2
molecule, where DFT fails similarly to the one-determinant wave-function methods. Systems with open-shell singlet electronic structure are an other prominent example, where
conventional DFT tends to fail. It is important to emphasize that DFT is in principle
exact, meaning that it is able to describe the electronic structure of systems which are
not well described with single-determinant wave-function methods if the exact exchnagecorrelation functional is known. However, with the available approximate functionals, the
description of such multi-determinant systems remains problematic in DFT. There were
10

For example, see 2.1.2 of Ref. [47]
Multideterminant states pose a great challange for wave-function based approaches such as the CI
and CC method too.
11
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efforts made in order to improve the applicability of DFT to such problematic cases [57,
58], but these methods are yet to find their ways into mainstream first-principles codes.

1.2.3

Excitations energies from DFT, constrained DFT and ∆SCF method

DFT became the standard tool of calculating the structural properties and electronic
structure of molecules and solids in the ground state. This success raises the question whether it can be utilized to calculate properties in the excited state? Since the
Hohenberg-Kohn theorem is only valid for the ground state, the answer seems to be a
resounding “no” at first glance. However, the one-to-one correspondence between the
ground state density and the external potential means that the ground state density
determines the full many-body Hamiltonian, and thus all many-body eigenstates and excitation energies. The problem is that there is no straightforward method to obtain these
excitation energies within the standard DFT scheme. This is the main reason why alternative methods, most notably the time-dependent density functional theory (TDDFT)
are more capable of the description of excited states.
Nevertheless, there is an interest to develop DFT methods for the excited state both
from the fundamental and practical standpoint. A comprehensive review of the attempts
to formulate such DFT-based tools is out of the scope of this work, but most of them fall
in to one of the two following categories: some of them are somewhat ad-hoc approaches
and have limited range of applications in turn of being computationally efficient and
practical, others are formulated on rigorous theoretical grounds but have little practical
applicability. I will only focus on methods falling onto the first category, namely on
the constrained DFT [59] and ∆SCF methods. The idea behind constrained DFT is to
introduce a physical constraint (in the form of a Lagrange multiplier) which causes the
new ground state to become equivalent with an excited state of the non-constrained
system. In most of the cases, the constrain is forced on the total electron density in the
spirit of DFT. Charge-transfer excitations are a good example where other methods (most
notably TDDFT, see Section 1.3) may struggle, but constrained DFT performs well: one
can apply constraints which forces one less/more electron in a given volume around the
donor/acceptor atom, respectively.
A straightforward extension of this idea is to apply the constraint on the occupation
numbers instead of the electron density. By forcing non-Aufbau occupation numbers, the
excited states can be mimicked. This is the ∆SCF method, which is sometimes referred
as ∆DFT or (incorrectly) constrained DFT. It has been shown [60] that Hohenberg-Kohn
theorem can be generalized for the lowest excited state belonging to any of the symmetries
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of the system12 . Unfortunately, the exchange-correlation energy loses its universality in
this scheme as it becomes dependent on the symmetry-related quantum numbers [61]. In
practice, the conventional ground state functional can be applied for the excited states,
but this further limits the range of excitations where this method is applicable: within
this naive approach, the only excitations that can be studied are the ones that can be
described with a single Slater-determinant. For example, the first optical excitation of a
closed-shell molecule results in an open-shell singlet system, which builds up from two
determinants. This multi-determinant structure can be estimated with a relatively simple
spin purification procedure [62], but the reliability of these approaches is questionable.
Nevertheless, the ∆SCF method found to be able to reproduce the results of TDDFT
calculations (which may be computationally prohibitive for large systems) with good
accuracy if a certain set of criteria are fulfilled.

1.3

Time-dependent density functional theory and linear response

According to the Hohenberg-Kohn theorems, DFT is a theory of the ground state and it is
not able to tell anything about the excited states of an interacting electron system. Even
if the exchange-correlation functional is able to reproduce the band-structure reasonably
well, DFT is not able to describe excitonic effects such as the electron-hole interaction.
In order to calculate the optical properties of nanocrystals these effects have to be taken
into account. Time-dependent density functional theory (TDDFT) is a straightforward
extension of the conventional DFT and it is a powerful tool for the calculation of excited
states properties such as the absorption spectra.

1.3.1

The time-dependent many-electron problem

TDDFT is a method that provides an approximate solution to the time-dependent
Schrödinger-equation:
∂
(1.28)
i Ψ({ri }, t) = Ĥ({ri }, t)Ψ({ri }, t)
∂t
where similarly to the time-independent case, the coordinates of the nuclei are considered
as parameters and not variables in the Born-Oppenheimer approximation. The Hamiltonian is almost the same as in the time-independent case (Eq. 1.7) with an additive
12

Two states have the same symmetry if they have the same spin multiplicity and belong to the same
irreducible representation of the group that desribes the spatial symmetry.
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time-dependent external field:
Ĥ({ri }, t) = Ĥ({ri }) + Vext (r, t)

(1.29)

During my research my aim was to calculate the optical absorption spectra of materials,
so the time dependent external field originated from the photon field of a laser. Usually
the external potential of the laser is treated in the dipole approximation:
Vext (r, t) = Af (t)sin(ωt)rα

(1.30)

where α is the polarization of the laser, A is the amplitude, ω is the photon frequency
and f (t) is the envelope that describes the time-dependence of the excitation-pulse. This
dipole approximation is sound if the laser frequency is larger than the size of the molecule,
which is always true for the relatively small systems (< 5 nm) for which TDDFT calculations are feasible. We note that our treatment of the laser field is purely classical and
the photons are not considered as a quantized field.
To transform the time-dependent Schrödinger equation of a many-electron system
into an equation based on the time-dependent electron density, we need the analog of the
Hohenberg-Kohn theorems for out-of-equilibrium systems. This theorem is named after
Runge and Gross and dates back to 1984 [63]. The Runge-Gross theorem states that two
densities evolving from the same initial state, but under the influence of two different
time-dependent potential will differ if the difference between the potential is more than
a function which only depends on time and constant in space. This theorem declares the
one-to-one mapping between time-dependent densities and time-dependent potentials,
meaning that the time-dependent potential is a functional of the density analog to the
Hohenberg-Kohn theorem of the time-independent case.
1.3.2

The time-dependent Kohn-Sham equations and exchange-correlation
functionals

With the correspondence between the time-dependent density and potential established,
we can construct the time-dependent Kohn-Sham equations:
"

#

∇2
∂
+ vKS (r, t) ϕi (r, t)
i ϕi (r, t) = −
∂t
2

(1.31)

where we introduced the effective time-dependent Kohn-Sham potential vKS (r, t). The
electron density can be obtained from the time-dependent Kohn-Sham states:
n(r, t) =

X
i
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The time-dependent effective one-electron Kohn-Sham potential can be written as a sum
of the following terms, similarly to the time-independent case:
vKS (r, t) = vext (r, t) +

Z

d3 r 0

n(r, t)
+ vxc (r, t)
|r − r0 |

(1.33)

where the vext (r, t), and vxc (r, t) are the external and exchange-correlation potential, while
the second term is the Hartree-potential. Equation 1.33 defines the exchange-correlation
potential: the sum of the Hartree and exchange-correlation potential is difference between
the external potential which generates the density n(r, t) in an interacting system and
the one-electron effective potential which leads to the same density in a non-interacting
system. The time-dependent exchange-correlation potential is very complex even compared to the exchange-correlation potential of the conventional DFT. The knoweldge of
vxc would imply the solution of all time-dependent interacting many-electron problem.
As the exact exchange-correlation functional is unknown, we have to approximate it.
In the most general time-dependent case vxc [n(r, t)] at a given time not only depends on
density at that exact moment but on the history of the density. Unfortunately, the timedependent exchange-correlation potential proved to be extremely difficult to approximate.
While we have many time-independent approximation at our hands that work very well,
no straightforward time-dependent extension of them exists. Because of this, a very drastic
approximation is made: we neglect all of the memory effects of the exchange-correlation
potential. This approximation is called the adiabatic approximations and it is applied in
almost all TDDFT calculations nowadays. In the adiabatic TDDFT scheme, the density
in time t0 is plugged into a ground state functional:
adaibatic
GS
vxc
[n(r, t)] = vxc
[n(r, t = t0 )]

(1.34)

One of the reasons that the adiabatic TDDFT scheme became very successful is that it can
utilize many conventional and readily-available DFT exchange-correlation functionals.
1.3.3

The linear response

With the time-dependent Kohn-Sham equations at hand, one can already calculate the
excitation spectra of an interacting-electron system: turn on the perturbation at t = 0,
propagate the time-dependent Kohn-Sham (TDKS) equations in time and obtain the
excitation-spectra as Fourier-transform of the time-dependent polarizability. While this
method is often used in TDDFT studies, an alternative route is much more popular: the
linear-response approximation can be applied if the perturbation is small, which leads to
an efficient computational scheme and allows us to only calculate the first n excitation
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of interest. Let’s write the external potential as the sum of a time-independent and timedependent term:
vext (r, t) = vext (r) + δvext (r, t)
(1.35)
where δvext (r, t) = 0 for t ≤ 0. The density (and any other physical quantity) can be
written as a Taylor-series with respect to δvext (r, t).
n(r, t) = n(0) (r, t) + n(1) (r, t) + n(2) (r, t) + . . .

(1.36)

where n(i) is proportionate to the i−th power of δvext . If δvext is small enough, the i ≥ 2
terms can be neglected, and n(1) can be written as a functional of the δvext :
n(1) (r, ω) =

Z

d3 r0 χ(r, r0 , ω)v (1) (r0 , ω)

(1.37)

where we introduced the linear density-density response function (or susceptibility)
χ(r, r0 , ω) which can be defined by the following expression,
χ(r, t, r0 , t0 ) =

δn(r, t)
.
δvext (r0 , t0 )

(1.38)

From ordinary time-dependent perturbation theory χ(r, r0 , t, t0 ) can be expressed as
0

0

χ(r, t, r0 , t0 ) = −iΘ(t − t0 )hΨ0 |[eiH0 t n̂(r)e−iH0 t , eiH0 t n̂(r)0 e−iH0 t ]|Ψ0 i

(1.39)

where Ψ is the ground state, n̂(r) = ψ̂ † (r)ψ̂(r) is the density operator and Θ is the step
function which ensures causality. From this, the spectral representation of the densitydensity response function can be constructed utilizing the identity of completeness of the
P
interacting states, n̂ = n |Ψn ihΨn |,
"
0

χ(r, r , ω) =

X
n

hΨ0 |n̂(r)|Ψn ihΨn |n̂(r0 )|Ψ0 i hΨ0 |n̂(r0 )|Ψn ihΨn |n̂(r)|Ψ0 i
−
~ω − (En − E0 ) + iη
~ω + (En − E0 ) + iη

#

(1.40)

where η is an infinitesimal number. Since the quantities of eq. 1.38 are not known, one
has to formulate the density response in the TDKS scheme. This is possible because
the TDKS equations formally allow the calculation of the exact time-dependent density.
The density-density response in frequency space can be expressed in terms of the noninteracting Kohn-Sham response function χKS and the Kohn-Sham one-electron potential,
(1)

n (r, ω) =

Z

(1)

d3 r0 χKS (r, r0 , ω)vKS (r0 , ω),

(1.41)

where χKS is the density-density response of the non-interacting particles with the nonperturbed density nGS :
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δn(r, t)
vKS (r0 , t0 )

χKS (r, t, r0 , t0 ) =

(1.42)

.
vKS [nGS ]

The initial density and Kohn-Sham orbitals can be obtained by solving the timeindependent Kohn-Sham equation which allows us to construct χKS ,
χKS (r, r0 , ω) = lim

∞
X

(fk − fj )

η→0+ j,k

ϕj (r)ϕ∗j (r0 )ϕk (r0 )ϕ∗k (r)
,
ω − (εj − εk ) + iη

(1.43)

where ϕi (r) and fi are ground state Kohn-Sham orbitals and occupation numbers, respectively. Unlike Eq. 1.40, the poles of the Kohn-Sham response function are just the
Kohn-Sham eigenvalues, and not real excitation energies. In order to calculate the real
excitation spectrum, let’s write the first-order change in the effective one-electron KohnSham potential for a given δvext ,

(1)

(1)

(1)
vKS (r, t) = δvext (r, t) + vHartree (r, t) + vxc
(r, t),

(1.44)

where the (first-order) change in the Hartree and exchange-correlation term is given
by
(1)
vHartree (r, t)

=

Z

d3 r 0

n(1) (r0 , t)
|r − r0 |

(1.45)

and
(1)
vxc
(r, t)

=

Z

0

dt

Z

d3 r 0

δvxc [n](r, t) (1) 0 0
n (r , t ).
δn(r0 , t0 )

(1.46)

Let’s define the exchange-correlation kernel fxc by the functional derivative of the
exchange-correlation functional
fxc (r, t, r0 , t0 ) =

δvxc [n](r, t)
δn(r0 , t0 )

(1.47)

,
n=nGS

evaluated at the ground state density. Substituting Eq. 1.44 into Eq. 1.41, setting it
equal to Eq. 1.37 and taking its Fourier transform in the time-domain, we arrive at the
following equations for the first-order change in the density and the interacting densitydensity response function,

n(1) (r, ω) =
+

Z
Z

d3 r0 χKS (r, r0 , ω)v (1) (r0 , ω) +
3

dx

Z

"

#

1
d r χKS (r, x, ω)
+ fxc (x, r0 , ω) n(1) (r0 , ω) (1.48)
|x − r0 |
3 0
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"

#

1
χ(r, r , ω) = χKS (r, r , ω) + d x d x χ(r, x, ω)
+ fxc (x, x0 , ω) χKS (x0 , r0 , ω).
|x − x0 |
(1.49)
The latter equation strongly resembles the Dyson-equation of many-body perturbation
theory, but here 1/r + fxc plays the role of the self-energy13 . This equation forms the
backbone of TDDFT calculations in the linear-response regime. However, the straightforward solution of Eq. 1.49 is difficult, therefore an alternative approach is utilized in
practice. Eq. 1.49 can be cast in a form of matrix equation, and the excitation energies
(the poles of χ(ω)) can be obtained by solving the eigenvalue problem. This method is
usually referred as the Casida equation, and it is described in more detail in Appendix B.
0

0

Z

3

Z

3 0

Similarly to the ground state DFT, all of the quantum-mechanical effects are packed
into a single term fxc whose proper approximation is a great challenge and is of great
importance. It is easy to recognize (see Eq. 1.47 ) that fxc (ω) = fxc (ω = 0) in the adiabatic
approximation. While the complete neglect of the memory effects may seem like an overly
crude approximation, it proved to be sufficient with the exception of few special cases
such as double excitations14 [65, 66] or very rapid and high-frequency dynamics [67, 68].
On the other hand, the spatial deficiencies of fxc inherited from vxc have large impact
on the calculated absorption spectra. In fact, the poor description of extended solids and
charge-transfer excitations originating from the incorrect long-range asymptotic behavior
of fxc are one of the biggest shortcomings of the TDDFT method when it is utilized with
local, semi-local or regular hybrid-functionals. To solve this problem, the so called rangecorrected density functionals were developed [54, 69] which utilize a range-dependent
mixing parameter15 . These functionals proved to be successful in the description of chargetransfer excitations, but are yet to be implemented in mainstream ab-initio codes.
In addition, as TDDFT treats the time-dependent many-electron system as an initial
value problem, all inaccuracies of the DFT description of the ground state carry on to
the time-dependent properties.
13
More precisely eq. 1.49 is the DFT-based analog of the Bethe-Salpeter equation (BSE) of many-body
perturbation theory. The BSE equation describes the relation between the exact polarization and its
independent quasiparticle approximation. The main advantage of TDDFT over the many body approach
is that it describes a Dyson-like equation with one- and two-point functions, while the BSE equation
contains two- and four-point functions as the polarization and the generalized response function are
described by two- and four-point functions in MBPT, respectively. See Ref. [64] for a comprehensive
overview of TDDFT and the MBPT approach for the calculation of the absorption spectra of materials.
14
Double excitations are processes where two electron-hole pairs are formed simultaneously upon
excitation.
15
The range-corrected functionals interpolate the description of the exchange energy between the regular hybrid-functionals (short range interaction) and the Fock-exchange (long-range asymptotic behavior).
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Once the density-density susceptibility χ(ω) is obtained from TDDFT calculations,
one can relate to experimental spectrum by calculating the frequency dependent absorption coefficient α(ω),
4π 00
ωχ (ω).
(1.50)
α(ω) =
c

1.4

Geometry optimization and molecular vibrations

Geometry optimization is the most elementary task for first principles calculations. There
are multitude of geometry relaxation algorithms, all sharing the same two fundamental
steps; i) calculate the forces acting on the nuclei, ii) move them according to a specific
algorithm. The intramolecular forces are calculated according to the Hellmann-Feynman
theorem:
+
*
∂ Ĥ
∂E
FRk = −
ψ
(1.51)
=− ψ
∂Rk
∂Rk
where Fk is the force acting on the atom with position Rk . After substituting the Hamiltonian from Eq. 1.7 into Eq. 1.51 we obtain
FRk = −Zk

Z

drρ(r)

X
r − Rk
Ra − Rk
+ Zk
Za
3
|r − Rk |
|Ra − Rk |3
a6=k

(1.52)

since the differential operator in Eq. 1.51 only acts on the potential energy, the forces can
be expressed with the density and without the knowledge of the wave function, meaning
that DFT is very capable of geometry optimization. When the interatomic forces are obtained, the atoms are moved using a minimization algorithm or molecular mechanics. The
most common minimization methods are the Quasi-Newton and the conjugate gradient
algorithm with the latter being the most commonly utilized geometry relaxation scheme
thanks to its relative robustness. In the case of molecular dynamics, the nuclei are accelerated proportional to the net force acted on them utilizing the Verlet algorithm with an
optional friction term introduced to the equation of motion. To achieve fast convergence,
the friction term has to be optimal.
The geometry relaxation in the ground state is relatively straightforward, although
the convergence can be very slow for certain systems, where the potential energy surface
is very shallow. To calculate the ZPL or the Stokes-shift, the geometry must be determined in the lowest excited state. As standard DFT is ill-suited for the description of
the excited state, the determination of the excited state-geometry poses a much bigger
challenge. The most common approach is the relaxation of geometry utilizing the ∆SCF
method, which has a limited range of applicability (see Section 1.2.3). Despite the lack of
sound theoretical foundation, the ∆SCF scheme proved to be a useful tool for geometry
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relaxation in the excited state [59]. If the ∆SCF method fails to describe the excited state
(for example in the case of excitation with multi-determinant character) then TDDFT
can be utilized to obtain the interatomic forces acting in the excited state [70]. However, these methods are rather inefficient for large systems as every ionic step requires a
computationally expensive TDDFT calculation.
The calculation of vibrational spectra (or the phonon dispersion relation) is also of
great interest. The vibrational frequencies are determined by the eigenvalues of dynamical
matrix DIJ :
det √
|

1
∂ 2E
−ω 2 = 0
MI MJ ∂RI ∂RJ
{z

(1.53)

}

DIJ

The Hessian matrix in Eq. 1.53 is obtained by differentiating the Hellmann-Feynmann
forces with respect to nuclear coordinates,
Z
∂E
∂FI
∂ρ(r) ∂Vext (r) Z
∂ 2 VN (r)
∂ 2 VN
=−
= dr
+ drρ(r)
+
,
∂RI ∂RJ
∂RJ
∂RJ ∂RI
∂RI ∂RJ
RI ∂RJ

(1.54)

where we introduced Vext and VN referring to the electron-nuclei and nuclei-nuclei
Coulomb interaction, respectively. Albeit the nuclear coordinates are not variables of
the Born-Oppenheimer Hamiltonian, the electron density still changes with the displacement of nuclei which makes the calculation of the Hessian more difficult compared to the
case of forces. There are two practical approaches to calculation of the Hessian matrix.
In the finite differences scheme, the nuclei are displaced along the x, y, z directions with
a small positive and negative distance and the matrix element is obtained as a numerical
derivative.
via perturbation theory. The density funcAn alternative approach is to obtain ∂ρ(r)
∂RJ
tional perturbation theory [71] is method to calculate the change of the density ∆ρ(r)
P
2
upon a perturbing potential ∆v(r). Linearization of ρ = N
i=1 |ψi (r)| leads to
∆ρ(r) = 2Re

N
X

ψi∗ (r)∆ψi (r)

(1.55)

n=1

where we introduced a finite difference operator ∆
∆F (RI ) =

X
I

∂F (RI )
∆RI .
∂RI

(1.56)

The variation of the Kohn-Sham orbitals is obtained by first order RayleighSchrödinger perturbation theory
(H − εn )|∆ψn i = −(∆vs − ∆εn )|ψn i
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where H is the Kohn-Sham Hamiltonian, ∆εn = hψn |∆vs |ψn i is the first order correction
to the Kohn-Sham eigenvalue and
∆εn (r) = ∆v(r) +

Z

∆n(r0 ) 0 dvxc [n]
dr +
|r − r0 |
dn

∆n(r)

(1.58)

n=n(r)

is the first order variation of the one-electron effective potential. Equations 1.55-1.58 form
a set of self-consistent equations analogous to the Kohn-Sham equations (Eq. 1.20). The
DFPT method is often considered advantageous compared to finite-differences approach
because of its efficiency, but its implementation in the VASP code describes the low-energy
excitations less accurately. Because of this, we utilized the finite-differences method in
calculations where accurate low energy eigenvalues were required16 .

1.5

Basis sets, pseudopotentials and the PAW method

DFT is the most efficient first-principles method, but solving the Kohn-Sham equations in
real space is still very inefficient, thus most of the time17 the wave functions are expanded
using some artificial basis set. There are two basic approaches to the expansion of the wave
functions: the linear-combination-of-atomic-orbitals (LCAO) ansatz and the plane-wave
expansion.
In the LCAO scheme, the basis functions are expressed as linear combination of atomic
orbitals centered on each nuclei:
ψi (r) =

X

Cj,{n,l,m} φ{n,l,m} (r − Rj )

(1.59)

{n,l,m}

where {n, l, m} are the orbital quantum numbers, Rj is the coordinate of the jth nucleus and atomic orbitals are usually composed as the product of a radial function and
spherical harmonics, φ{n,l,m} (r) = Θ(r)Ylm (ϑ, φ). For a given chemical element, the sum
in Eq. 1.59 has to contain all the atomic orbitals with angular momentum up to the
angular momentum of the valence electrons, in order to obtain a suitable approximation.
Most of the time, an additional subshell is added in order to improve the accuracy. For
example, the basis for an oxygen atom (1s2 2s2 2p4 ) must contain atomic orbitals up to
at least φ{n=2,l=1,m} , but most of basis sets will also contain atomic orbitals of the 3d
16
For the calculation of IR spectra, the low energy excitations are often not critical as infrared spectroscopy does not cover this energy range. On the other hand, low energy vibrations can play an important
role in the vibronic broadening of the emission line shape motivating the utilization of the finite-differences
approach.
17
Although not as widespread as plane-wave and atomic-basis methods, the real-space finite-difference
approach gained some popularity [72] in the recent years mostly because its potential for parallelization
in distributed memory systems with thousands of processors and GPUs.
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shell φ{n=3,l=2,m} . Basis sets containing atomic orbitals of higher angular momenta than
the valence electron are called polarized basis set. The other important aspect of the
localized basis sets is the radial part of the atomic orbitals. In the case of Slater-type
atomic orbitals (STOs), Θ(r) = N rn−1 e−ζr where n, ζ and N are the principal quantum
number, the effective charge of the nucleus (which is smaller than the nuclear charge for
valence electrons due to the shielding of inner electrons) and a normalization constant,
respectively. The STOs are advantageous since they decay exponentially and also satisfy Kato’s cusp condition at the r → 0 limit, while having no radial nodes unlike the
hydrogen-like atomic orbitals. Despite its favorable features, the STOs are not the most
popular choice when it comes to atom centered basis sets. Most applications utilize the
2
so called Gaussian-type basis sets, because the choice of Gaussian-like Θ(r) = Nl,α rl e−αr
radial functions allows the analytical evaluation of Coulomb-type integrals leading to
massive improvements in terms of computational efficiency. Unfortunately, a single GTO
is not able to provide reasonable description of the wave function near the nuclei as it
has no cusp at r = 0, thus the radial part of the basis is constructed as a sum of mulP
2
tiple Gaussian-like functions Θ(r) = i Nl,αi rl e−αi r called contracted basis sets. These
contracted GTOs are by far the most popular choice of atom centered basis sets in firstprinciples calculations. It should be noted that a third approach also exist to radial part
of the atomic basis sets. There are methods where Θ(r) is a general numerically represented function, highly optimized for a given element. In this case smaller number of
basis functions can be sufficient for the accurate expansion of the wave functions, but
the Coulomb-integrals have to be evaluated numerically similarly to the case of STOs. In
my calculations, I dominantly used double-ζ polarized (DZP) contracted GTO basis sets.
In the basis set nomenclature, double-ζ polarized means that the basis set contains two
contracted Gaussians per orbital (for example in the case of oxygen, each of the 1s, 2s, 2p
subshell is expanded in two Gaussians; one with faster and one with slower exponential
decay), and one extra polarization function of higher angular momentum (for example
l = 1 for hydrogen or l = 2 for carbon, oxygen or silicon). In benchmark calculations, I
also used triple- and quadruple-polarized basis sets (TZP, QZP). The main advantage of
the contracted GTOs is that number of basis elements is relatively low, and the Coulomb
integrals are calculated analytically resulting in very fast algorithms compared to the
plane-wave approach. However, atomic-centered basis sets have their own caveats: most
notably, the basis elements are not orthogonal to each other which can lead the serious
convergence problems. This issue can become especially problematic if high quality basis
sets containing slowly decaying orbitals are utilized.
A completely different approach to the wave function expansion is to use a plane wave
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basis set. Plane waves are solutions of the Schrödinger equation of a free particle, and an
obvious choice for the expansion of the wave functions and electron densities of periodic
systems as the plane wave basis sets inherently assumes periodic boundary conditions
(PBC). The Kohn-Sham orbitals are expanded as:
ψik (r) =

N
X

ciGn ei(k+Gn )r

(1.60)

n=1

where k is the wavenumber of the ψik state. The N number of plane waves of the basis
, 3π , . . . , NLπ ) is determined by the periodic length L and the plane wave
set |Gn | ∈ ( Lπ , 2π
L L
π
cutoff Gc = nmax
) which is reciprocally related to the spatial resolution of the basis set
L
∆r ≈ G1c . The most advantageous property of the plane-wave expansion approach is that
the plane waves form an orthogonal basis set, and essentially exact representation of the
states can be easily achieved by increasing the cutoff energy of the basis set. Plane wave
basis sets also have some disadvantageous properties. The number of basis elements is
usually 1-2 orders of magnitude larger compared to the case of atom-centered basis sets.
The PBC further limits the efficiency of the plane wave approach when it is applied to
systems that are non periodic at least in one direction (surfaces, slabs and clusters). In this
case, a sufficiently large vacuum has to be applied between the periodic images in the non
periodic direction, which results in the increase of the number of basis elements without
increasing the accuracy of the basis expansion. There are hybrid approaches where the
localized and plane wave basis sets are combined in order to alleviate this issue, but plane
wave based methods remain the most popular choice for solid-state calculations while the
LCAO approach dominates the quantum-chemistry world.
First-principles DFT calculations for systems of N electrons scale as N 3 and N 4 for
semi-local and hybrid functionals, respectively. Even for the most efficient implementations, this puts an upper limit on the number of atoms that can be treated with these
methods. While GGA calculations can be performed for thousand of atoms (or more than
20000 electrons), accurate hybrid functional studies are limited to couple thousands of
electrons. The Casida method of LR-TDDFT calculations have an even worse, N 5 scaling
in floating point operations and N 4 scaling in memory requirements, further reducing the
maximum number of electrons entering into the simulation. Although quantum-chemical
effects are the most prominent at the nanoscale, there is still a size interval where interesting quantum phenomena occurs but it is too expensive to simulate from first principles.
Because of this, there is an incentive to reduce the number of electrons which enters explicitly in the Kohn-Sham equation for a given system. This motivated the introduction
of the so-called pseudopotentials, which split the electrons of an atom into two groups:
the inner, low energy electrons are taken into account only as a shielding potential for
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outer, higher energy electrons. For elements with smaller atomic index the distinction
between the classically and quantum-mechanically treated electrons is rather easy: the
core electrons are treated as a shielding potential around the nucleus and the quantummechanically treated valence electrons are moving in the partially shielded potential of
the nuclei. The shielding potential of the core atoms can be determined by first-principles
calculations. With increasing atomic index, the distinction between core and valence electrons becomes less clear, resulting that it is often not sufficient to treat only the valence
electrons at quantum-mechanical level, but also some of the inner shells for larger atoms
such as transition metals. The introduction of pseudopotentials is not only advantageous
for the significant reduction of the number of explicitly treated electrons, but also makes it
much easier to reach the basis set limit where the error coming from the non-completeness
of the basis set becomes negligible. The core states oscillate the fastest in space meaning
that they are harder to represent numerically compared to the smoother valence electrons. In the case of localized basis sets, the quantum-mechanical treatment of the core
electrons require GTOs with a lot of contractions (typically 5 and 4 contraction for the
1s and 1p orbitals) while already a few contractions (typically 1 or 2 ) are sufficient for
the description of valence electrons. In the plane wave approach, the cutoff energy can
be lowered if the rapidly oscillating core states are built into a pseudo-potential and the
plane wave basis set only expands the much smoother valence states. The usage of pseudopotentials is justifiable because the rapidly decaying core states are practically zero
at the typical length of atomic interaction. On the other hand, all of the information
carried by the wave function is lost close to the nuclei, which limits the capabilities of
the method to calculate some specific properties such as the hyperfine tensor and electric
field gradients.

A similar but slightly more advanced approach to the treatment of the core electrons
is the projector-augmented wave (PAW) method proposed by Blöchl [73], which became
the most popular choice for the description of core-states in plane wave calculations.
PAW method can be viewed as a generalization of the PP method, where -contrary to its
predecessors - the full wave function can be recovered while only the valence electrons have
to be considered in the DFT calculations. The basic idea behind the PAW method is to
define so called augmentation-spheres (Ra for each element), inside which the pseudo wave
functions are smooth and outside which the pseudo wave functions and the all-electron
wave functions are identical. The all-electron wave functions |ψk i and the pseudo wave
functions |ψ̃k i are connected through a linear transformation |ψk i = T̂ |ψ̃k i which reads
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as
|ψk i = |ψ̃k i +

X

(|φai i − |φ̃ai i)hp̃ai |ψ̃k i

(1.61)

a,i

where |ψk i and |ψ̃k i are the all-electron and pseudo wave functions, φai and φ̃ai all-electron
and pseudo atomic orbitals, respectively and hp̃ai | are the projector functions which are
localized inside the augmentation sphere (pai (r) = 0 ∀ r > Ra ) and orthogonal to the
pseudo atomic orbitals: hp̃ai |φ̃ai i = δij . After the pseudo wave functions are obtained from
the DFT calculations, the expectation value of operators can be obtained either by the
transformation of the pseudo wave functions O = hψk |Ô|ψk i, |ψk i = T̂ |ψ̃k i or by the
transformation of the operator O = hψ̃k |T̂ † ÔT̂ |ψ̃k i. Notwithstanding all the favorable
properties of the PAW approach, it is important to be aware of the approximations made
during of its typical utilization: (i) frozen core approximation, i. e. the pseudo-atomic
orbitals are kept fixed regardless of the environment18 (ii) finite number of projectors
(typically two projectors per angular momentum are used) (iii) finite angular momentum
expansion.

1.6

The generating function approach to the calculation of the
emission spectra

In this section, we briefly describe the method we utilized for the calculation of the
emission spectra. In addition to the Born-Oppenheimer approximation, we also apply
the Franck-Condon approximation, introduced earlier in Section 1.1. We assume that
the oscillator strengths do not change significantly with the distortion of the geometry
thus can be approximated as constants19 . We employ the harmonic approximation to the
calculation of vibrational eigenvectors and eigenvalues and we approximate the excited
state vibrational properties with those calculated at the ground state geometry20 . With
these approximations, the absolute luminescence21 intensity I(ω) is given by [76]:
I(ω) =

X
nω 3
|µ|2
|hχgm |χen i|2 δ(EZP L − Egm − ~ω).
3
30 πc ~
m,n

18

(1.62)

It is possible to go beyond this approximation [74].
We neglect the so called Herzberg-Teller term.
20
This approximation is not mandatory, but greatly reduces the computational cost of such calculations. If the eigenvalues and eigenvectors of the dynamical matrix are significantly differ in the ground
and excited state, the Dushinski-rotation matrix can be defined which describes the relation between the
ground and excited state normal modes. In Ref. [75] Mukamel et al. presented a method to calculate the
absorption spectra in the presence of non-negligible Dushinski-rotation. This method was however never
utilized for large systems where the vibrational degrees of freedom reach 1000.
21
The shape of the absorption edge can be also calculated with the same method. Changing the sign
of ~ω in the Dirac-delta results in the absorption line shape of the first electronic excitation.
19
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Here ~ω is the photon energy, n is the refractive index, c is the speed of light and µ is
transition dipole moment assumed to be constant. If the normal modes of the ground and
excited state are equal χgi = χei ∀i, the overlap integrals hχgm |χen i become diagonal in
n, m, which allows the efficient calculation of the emission spectra utilizing the generating
function approach [77] first proposed by Lax [78] and Kubo and Toyozawa [79]. First, the
spectral function of the electron-phonon coupling has to be calculated:
S(ω) =

X

Sk δ(ω − ωk )

(1.63)

k

where the sum is over all phonon modes, and Sk is the so-called partial Huang-Rhys
factor and it is defined as:
q2
(1.64)
Sk = ωk k
2~
with
X√
gr
qk =
mi (Rex
(1.65)
i − Ri )uk;i
i
gr/ex

Here i indexes the degrees of freedom, mi is the mass of the atom, Ri
is the equilibrium
position in the initial and final states, and uk is the kth normal mode, thus qk is the scalar
product of the kth normal mode with the vector ∆R which describes the distortion of
the geometry during the absorption or emission of a photon. Because of this, the partial
Huang-Rhys factor of a given mode is a number which measures the extent of the node’s
participation in the transition between the ground and excited state. Next we define two
auxiliary functions f + (t) and f − (t):
f ± (t) =

Z ∞

S(ω)

−∞





 nω




nω 

exp(±iωt)dω

(1.66)


+ 1

where n is the Bose-Einstein statistics nω (T ) = [exp(~ω/kb T )−1]−1 . With these auxiliary
functions, the generating function G(t) can be constructed:
G(t) = ef

+ (t)+f − (t)−f + (0)−f − (0)

(1.67)

After we obtained the generating function, we can finally calculate the emission line
shape:
Z ∞
nω 3
2
I(ω) =
|µ|
G(t)eiωt−γ(t) dt
(1.68)
3
30 πc ~
−∞
where γ(t) is chosen appropriately to describe the inhomogeneous broadening. γ(t) =
γ1 |t| result in Lorentzian-broadening while γ(t) = γ2 t2 gives Gauss-broadening. At zero
temperature, the expression for the generating function simplifies:
G(t) = eS(t)−S(0) ,
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where S(t) is the inverse Fourier-transform of the spectral function. S(0) can recognized
R∞
P
as the total Huang-Rhys factor: S ≡ S(0) = −∞
S(ω)dω = k Sk . This allows us an
intuitive interpretation of the method. The spectral function is the quantity which describes the contribution of each phonon-mode to the transition. For example, if S(ω) is
almost zero for all but the lowest energy vibrations, we can conclude that the emission
process is mediated by acoustic-like vibrations. The spectral function is not the same as
the lineshape though as it only contains information of the single-phonon processes. To
include processes involving more phonons, the generating function method is applied. The
same result could be obtained with the infinite convolution of the single-photon peaks
of the spectral function, but it would take considerably more computational resources to
obtain a convergent result.
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Silicon-vacancy, divacancy and transition-metal related point-defects in SiC nanocrystals

Related publications:
[T1 ] Near-infrared luminescent cubic silicon carbide nanocrystals for in vivo biomarker applications:
an ab initio study
Bálint Somogyi, Viktor Zólyomi, and Adam Gali
Nanoscale 4 7720-7726 (2012)
[T2 ] Introducing Color Centers to Silicon Carbide Nanocrystals for In Vivo Biomarker Applications: A
First Principles Study
Bálint Somogyi, Viktor Zólyomi and Adam Gali
Mater. Sci. Forum 740-742 641-644 (2013)
[T3 ] Transition Metal Defects in Cubic and Hexagonal Polytypes of SiC: Site Selection, Magnetic and
Optical Properties from ab initio Calculations
V. Ivády, B. Somogyi, V. Zólyomi, A. Gällström, N.T. Son, E. Janzén, and A. Gali
Mater. Sci. Forum 717-720 205-210 (2012)

2.1

Introduction

Silicon carbide is a wide band-gap semiconductor which has great potential for various
biology and medicine related technologies. As was explained earlier in the Introduction,
very small SiC nanocrystals can be fabricated opening the route for possible application
as fluorescent biomarkers. While SiC nanocrystals possess many advantageous physical
properties that can potentially make them a better alternative than the currently existing
solutions, the as-fabricated samples also have some major drawbacks. The most important
deficiencies of SiC nanocrystals which hinder their biological application are all related to
their optical properties. Their fluorescence emission typically falls into the green/yellow
visible range, which is not ideal for in vivo biological imaging where NIR emission is
desired. In addition, their quantum-efficiency is disappointingly small, on the scale of
1%. These facts motivated us to concentrate our efforts to the modification of the optical
properties of SiC nanocrystals.
In this Section, we explore the consequences of the introduction of various color centers
into SiC nanocrystals. These so called color centers can be realized as point defects inside
the nanocrystal. We investigated the two most common intrinsic point defects in SiC,
the negatively charged Si-vacancy and the divacancy defect. We also studied various
interstitial point defects, where a transition metal substitutes a Si atom. Some of these
defects were already characterized in bulk SiC although most of the experimental studies
were carried out in 4H- and 6H-SiC.
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Nanocrystal geometries were constructed by cutting approximately spherical clusters
out of bulk cubic SiC crystal, with varying diameter in the 1.1-2 nm range: Si31 C41
(d=1.1 nm), Si79 C68 (d=1.4 nm), and Si177 C176 (d=2.0 nm) as shown in Figure 2.1.
The spherical shape can be justified by transmission electron microscopy (TEM) measurements as the manufactured SiC nanocrystals are approximately spherical. With this
choice of spherical symmetry, the Td symmetry of the bulk 3C-SiC crystal is conserved
which is advantageous for multiple reasons. First, this can significantly reduce the ionic
and electronic degrees of freedom, accelerating the geometry relaxation procedure, the
calculation of the vibration spectrum and the calculation of the vertical excitation energies. Also, as the defect-free nanoparticles possess the point-group symmetry of the
perfect cubic-crystal, the global symmetry of the defect-containing nanocrystals is the
same as the local-symmetry of the point defect if the defect is introduced in the center
of the SiC nanocrystals.
We passivated the dangling bonds at the nanocrystal surface by hydrogen atoms.
These SiC nanocrystals are considered as pristine ones. Pristine SiC nanocrystals possess
excitation energies in the ultraviolet region [80]. It is important to note already at this
point that the hydrogen-terminated surface is far from being realistic. We justify our
choice of this overly simplified description of the nanocrystal surface by noting that the
accurate description of the surface chemistry is already a very challenging task without
the introduction of point-defects of any kind. In this section, we focus solely on the
electronic structure of point defects introduced into few-nanometer-sized SiC nanocrystal
and deal with their surface chemistry in later sections.
We introduced several different point defects in SiC nanocrystals. If not noted otherwise, the point defect is introduced in the center of the nanocrystal. The first two investigated defects were the two most relevant intrinsic point-defects in SiC: the Si-vacancy
and divacancy, which is a pair defect with an adjacent Si-vacancy and C-vacancy nearby.
In the text, we label vacancy and divacancy by
and ◦, respectively. In addition
to the native Si-vacancy and divacancy, we also studied some selected tranistion-metal
related point-defects. These point defects are closely related to the Si-vacancy and divacancy defects: for each selected metallic element M , we considered the M defect where
M substitutes a Si-atom, and the M ◦ defects, where M substitutes a Si-atom with an
adjacent C-vacancy. In other words, the M and M ◦ defects are the direct derivatives of
the
and ◦ defects where we fill the site of the vacant Si-atom with the choosen metal
atom. We considered Vanadium (V), Molybdenum (Mo) and Tungsten (W) related point
defects.
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Figure 2.1: (a) The geometries of the three different-sized SiC nanocrystals considered in our calculations. (b) shows the typical size distribution of fabricated SiC
nanocrystals (data taken from Ref. [32]): our model SiC nanocrystals are in the
experimentally accessible size range. (c) A picture of a single digit SiC nanocrystal
was taken by high resolution transmission electron microscopy [81].

It was shown in previous calculations that only V is stable while both Mo and Mo ◦,
or W and W ◦ may be stable in bulk SiC [82], thus we considered both configurations
for these elements. We note that the formation energy of M ◦ defects are expected to be
higher than that of M defects in cubic SiC [82]. Other configurations such as interstitial
or C-substitution configurations possess even much higher formation energies in bulk SiC,
and thus are not considered in SiC nanocrystals.
The geometry of the studied structures was optimized by using the PBE functional
[46] within density functional theory (DFT). For this task, we have utilized the VASP
code with its standard plane-wave cutoffs for each element. Usually, this cutoff was set to
400 eV in our calculations. As VASP utilizes the supercell method22 , we ensured at least
10 Å distance between the nanocrystal and its periodic images. This distance proved to
22
In the supercell method, periodic boundary conditions are chosen for the approximation of an infinite
system. Because our model systems are clusters, we have to compensate for this by choosing the unit
cell’s size significantly larger than the nanocrystals’ diameter to minimize the interaction between the
periodic images. See Appendix A for a convergence test.
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be large enough so the overlap between the electron-densitites (or Kohn-Sham orbitals)
of the mirror images is negligible. The atoms were allowed to relax until the forces acting
on all atoms fell below at least 0.02 eV/Å. In some calculations, we enforced a stricter
tolerance criterion. In particular, a geometry optimization with a force tolerance of at
least 0.001 eV/Å preceded the calculations of vibrational spectra.
To determine the geometry in the excited state, we applied the ∆SCF method. The
utilized the same method as for the ground state optimization, but set non-Aufbau occupation numbers to constrain the electronic structure in the excited state. The occupation
numbers were choosen the reflect the nature of the first excitation which was determined
from TDDFT calculations.
We note that spin-orbit interaction may be not negligible for metal related defects.
It is computationally prohibitive for us to calculate the TDDFT spectrum together with
spin-orbit effect for systems with relatively large number of atoms. Thus, we applied
the following strategy. We carried out scalar relativistic PBE calculations with VASP
code in order to compute the spin-orbit coupling for the defects, particularly, focusing
our attention to the change in the calculated single particle gap (∆so ) with respect to
that without spin-orbit coupling. Then, we estimated the possible error in the calculated
lowest excitation energy due to the neglect of spin-orbit coupling by ∆so .
To calculate the optical gap (which is the lowest vertical excitation energy in the
ground state) of the investigated systems, we applied adiabatic linear-response timedependent density functional theory (TDDFT). These calculations were performed by
using the PBE0 hybrid-functional utilizing the Turbomole code with DZP (double-ζ
plus polarization) basis sets, and effective core potentials (ECPs). We performed benchmark calculations to assess the numerical accuracy of the localized basis set used in the
TDDFT calculations. We compared the Kohn-Sham energies obtained from plane-wave
VASP calculations (where the basis set error is just a couple of meV) and Turbomole
calculations with DZP+ECP basis sets. We found that the Kohn-Sham orbital energies
of the occupied orbitals and the lowest unoccupied orbitals are within 0.1 eV with the
two methods. On the other hand, we found that the localized basis set becomes rather inaccurate for unoccupied orbitals with higher energies, especially for smaller nanocrystals.
This means that the higher energy excitations energies are expected to be inaccurate as
long as the DZP basis set is utilized. See Appendix A for a more detailed assessment of
the utilized DZP(ECP) basis set.
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First, we describe the ground state electronic structure of each defect qualitatively then
quantitatively. We use group theory to describe the symmetries of the considered point
defects, which in turn is manifested in the electronic-structure. A detailed characterization
of the electronic structure and NIR emission of Si-vacancy and divacancy embedded in
a 1.1 nm SiC nanocrystal has been already provided in a previous publication [83]. In
the case of the negatively charged Si-vacancy, the four dangling-bonds introduce a single
triple-degenerate t2 and a non-degenerate a1 level in the gap of the bulk 3C-SiC or SiC
nanocrystal [84]. Here t2 level is an electronic orbital whose symmetries can be described
by the t2 irreducible representation of the Td point group. As we populate these two levels
with five electrons (four originating from the dangling bonds and one from the negative
charge), we end up with a fully occupied a1 level (which has the lower energy) and half
occupied t2 level with three electrons and an overall spin of 3/2 according to Hunds’
rules. As the ground state is non-degenerate, we do not expect Jahn-Teller distortion.
The neutral Si-vacancy on the other hand has a degenerate ground state in Td symmetry
as there are only 2 electrons on the triply-degenerate t2 level. This leads to the Jahn-Teller
distortion of the symmetry to C3v .
In (neutral) divacancy, the removal of two neighbor atoms reduces the symmetry to
C3v and creates six dangling bonds. These build two a1 and two e levels, where the two a1
levels are lowest in energy and thus fully occupied. The remaining two electrons occupy
the lower-energy double-degenerate e level, creating a non-degenerate ground state with
S = 1 spin according to Hunds’ rules.
The electronic structure of W and Mo defects is the same qualitatively as Mo is above
W in the periodic table of elements. In neutral V -defect, there is one less electron in
the system. We use the defect-molecule diagram in Figure 2.2: for Mo and W defects (a)
shows the interaction between the C-dangling bond states of Si-vacancy and the valence
s and d electrons of the metal atom. The highest occupied molecular orbital (HOMO)
is double degenerate e-state which is very atomic-like because there is no interaction
between the host dangling bonds and the corresponding d-orbitals of the metal atom
due to symmetry reasons. For Mo and W atoms two electrons will occupy this e-state
resulting in a high spin (S = 1) ground state. The lowest unoccupied molecular orbital
(LUMO) is an anti-bonding three-fold degenerate t∗2 state that is also mostly atomic-like
(see Figure 2.2(b)). In V atom only single electron occupies the HOMO e-state that is
Jahn-Teller unstable, thus V distorts to D2d symmetry. However, the nature of HOMO
and LUMO states of V remains basically the same as those of Mo and W . Figure 2.2 (c)
shows the defect-molecule diagram for the Mo ◦ and W ◦ defects. The double degenerate
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Figure 2.2: The electronic structure of metal dopants (M ) in cubic SiC nanocrystals in the defect-molecule diagram. “VBM” and “CBM” represents schematically
the position of the HOMO and LUMO states of the host cubic SiC nanocrystal without the color centers. (a) M defect and (b) the corresponding localized
HOMO and LUMO single particle states in the smallest SiC nanocrystal. The most
dominant contribution to the electronic excitation is the e → t∗2 transition between
the HOMO and LUMO. (c) M ◦ defect and (d) and the corresponding localized
HOMO and LUMO single particle states. The most dominant contribution to the
electronic excitation is the e → e∗ transition between the HOMO and LUMO.
Color codes for (b) and (d): small cyan, larger yellow and tiny white balls represent carbon, silicon and hydrogen atoms, respectively. Isosurface of the square of
the corresponding single particle wave functions are depicted. The occupation of
states in (a) and (c) are relevant for Mo and W atoms while HOMO state has one
electron less for V atom.
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HOMO e-state is a combination of atomic-like d-orbitals of the metal atom and the
silicon dangling bonds of divacancy. In contrast, the double degenerate LUMO e-state is
originated from the anti-bonding combination of the covalent bonds between d-orbitals of
the metal atom and C-dangling bonds of divacancy (see Figure 2.2(d)). Both for Mo and
W atoms the HOMO e-state is fully occupied resulting in a singlet (S = 0) ground state.
According to the above mentioned analysis occupied and empty, well-localized defect
states appear in the gap of SiC nanocrystals, so they may act as color centers under
optical excitation. According to the group theory analysis all the transitions are electric
dipole allowed between the HOMO and LUMO states shown in Figure 2.2. V merits
further consideration as its symmetry is reduced to D2d in the ground state. The HOMO
e-state will split as a1 + b1 where b1 will be occupied by a single electron whereas LUMO
t∗2 -state splits as b2 + e. The b1 → b2 transition is dipole forbidden, however, b1 → e is
allowed. Indeed, optical transition can occur between split HOMO and LUMO states of
V color center in SiC nanocrystal.
We plotted the Kohn-Sham eigenvalues obtained from PBE0 Turbomole calculations in Figure 2.3 for Si-vacancy and M -type defects introduced into a 1.4 nm sized
nanocrystals. As a reference, we also show the electronic structure of the same nanocrystal without point-defects. Figure 2.4 contains the same information for divacancy and
M ◦-type defects. We also listed the calculated values in Table 2.2. As it is apparent from
Figure 2.2, , ◦ and M defects have open-shell electronic structure while M ◦ defects
are closed-shell singlets.
To gain more insight about the nature of the one-electron Kohn-Sham orbitals it
is very useful to plot them. Figure 2.2(b) and (d) depicts the HOMO and LUMO of
the W defect embedded in the center of the smallest, 1.1 nm model nanocrystal. The
HOMO and LUMO states are localized on the point defect for all the investigated cases,
but we choose not to include figures of these orbitals because it is difficult to extract
quantitative information from them. Instead, we introduce a quantity P related to the
Inverse Participation Ratio (IPR). IPR is a quantity which describes the localization
of electronic states, for example it can be used to distinguish Anderson localized and
R
R
extended states [85]. The IPR is defined as I = |Ψ|4 dr3
|Ψ|2 dr3 . For the description
R
of the one-particle states we define P as the inverse of IPR: P = 1/I = ( |Ψ|4 dr3 )−1
3
for normalized states. This quantity has a dimension of Å and can be identified as the
3
spatial extension of an orbital (an orbital with P = 1.0 Å is confined in a cube with edge
length 1 Å). In Table 2.1 we listed the calculated P values of the HOMO and LUMO
for all of the investigated point defects introduced into the 1.4 nm model nanocrytal.
3
3
The value of P is ≈ 0.10 − 0.12 Å and 0.25 − 0.45 Å for the occupied and unoccupied

/
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Figure 2.3: Calculated Kohn-Sham energies of various point defects embedded
in the 1.4 nm SiC nanocrystal.
refers to the negatively charged Si-vacancy,
while × stand for the pristine nanocrystal. Up and down arrows indicate the
spin channels. Filled and empty circles depict occupied and unoccupied states,
respectively. In the case of the negatively charged Si-vacancy the energies were
shifted by -1.9 eV in order to make the comparison with other systems easier.
Green arrows indicate the initial and final Kohn-Sham states of the first excitation.
The green arrows are labeled with the excitation energies obtained from PBE0TDDFT calculations. Note that the length of the arrows is not proportional to
the excitation energies as the strength of the electron-hole interaction differs for
the different point defects.

3

orbitals with the exception of the HOMO where P = 0.07 Å . In contrast, we find highly
localized HOMO and LUMO for
, Mo , W and V . For the negatively charged Si3
3
vacancy PHOM O = 0.03 Å and PLU M O = 0.02 Å . For Mo , W and V , we find that
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Figure 2.4: Calculated Kohn-Sham energies of various point defects embedded in
the 1.4 nm SiC nanocrystal.
◦ refers to the divacancy defect, while × stand for
the pristine nanocrystal. Up and down arrows indicate the spin channels. Filled
and empty circles depict occupied and unoccupied states, respectively. Green arrows indicate the initial and final Kohn-Sham states of the first excitation. The
green arrows are labeled with the excitation energies obtained from PBE0-TDDFT
calculations. Note that the length of the arrows is not proportional to the excitation energies as the strength of the electron-hole interaction differs for the different
point defects.

3

the HOMO is even more localized with P ≈ 0.005 Å . In contrast, P becomes smaller
for the LUMO by an order of magnitude for the Mo and W defects. Unlike Mo and W ,
the V defect possesses remarkably localized LUMO and LUMO+1 orbitals. The HOMO
and LUMO of the divacancy center are also well localized on the dangling bonds of the
3
defect with P ≈ 0.02 Å . Not surprisingly at this point, we also find localized HOMO
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and LUMO states for the Mo ◦ and Mo ◦ defects as well.
d = 1.12 nm

HOMO-1

HOMO

LUMO

LUMO+1

0.0718
0.0250

0.0261
0.0203

0.0183
0.0224

0.2271
0.0207

d = 1.47 nm

HOMO-1

HOMO

LUMO

LUMO+1

pristine

V

0.1255
0.1186
0.1186
0.1192
0.0042

0.0725
0.0292
0.0041
0.0050
0.0075

0.2944
0.0207
0.0385
0.0443
0.0055

0.2617
0.3859
0.1099
0.1270
0.0010

◦
Mo ◦
W◦

0.0510
0.1003
0.0927

0.0227
0.0124
0.0170

0.0215
0.0087
0.0105

0.0265
0.0087
0.0123

d = 1.90 nm

HOMO-1

HOMO

LUMO

LUMO+1

pristine

0.2190
0.1570
0.0847

0.1333
0.0300
0.0236

0.5303
0.0217
0.0227

0.4881
0.6799
0.0367

pristine
◦

Mo
W

◦

Table 2.1: Calculated P values for various point-defects introduced into a 1.4 nm
3
SiC nanocrytal. All values are given in units of Å . For open-shell systems we
only list P values for the spin-channel where the first-excitation occurs (see Figure 2.3, 2.4). The listed values were calculated from Kohn-Sham orbitals obtained
from DFT calculations utilizing the PBE0 functional.

After the detailed analysis of the Kohn-Sham states near the HOMO-LUMO gap, we
turn our attention to the description of the first vertical excitations. In Figures 2.3 and 2.4,
the green arrows indicate the lowest energy vertical excitations with the excitation energy
indicated in the middle. Note that the vertical excitation energy is not equal to the
energy difference between the relevant Kohn-Sham orbitals, as the attractive interaction
between the generated electron and hole lowers the excitation energy. This electronhole interaction can be negligible if the electron and hole densities are delocalized or
separated by large distances. However, for the point-defects considered in this study both
the generated electron and hole are strongly localized on the defect resulting in a rather
large electron-hole interaction energy (exciton binding energy). In LR-TDDFT theory
the excitations can be described as a combination of transitions between Kohn-Sham
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orbitals. The simplest case is when the excitation occurs between a single initial and a
single final state. In practice, the excitations are always involve more than one occupied
and unoccupied Kohn-Sham state, but we can very often identify a dominant contribution.
If one calculates the absolute squares of the elements of an excitation eigenvector, the
resulting numbers give the weights of every possible transition between an occupied and
an unoccupied Kohn-Sham orbital, which allows the easy identification of important
contributions. In the following analysis of the vertical transitions we refer to excitations
with a dominant transition (where the weight between two Kohn-Sham states is at least
0.9) as single-determinant transitions. For example, if the transition between the HOMO
and LUMO orbitals has a weight of 0.96, we simply describe it as a HOMO-LUMO
excitation.
In most of the cases the first excitation occurs between the HOMO and LUMO states.
An exception is the V defect, where the HOMO and LUMO levels belong to the b1 and
a1 irreducible representations of the D2d point group and the transition between them is
dipole-forbidden. The first excitation in this case occurs between the HOMO and a couple
of unoccupied e levels, with the most dominant transitions being HOMO → LUMO + 1
(74.6%) and HOMO → LUMO + 3 (11.2%). The first excitation of the Mo ◦ defect is also
more complicated: the most important contributions are HOMO→LUMO+1 (63.8%) and
HOMO→LUMO (32.8%).
Our TDDFT calculations indicate that the lowest optical excitation indeed occurs
between the HOMO and LUMO states, and are responsible for excitation energies in
the NIR region. Apparently, these states are very localized on the dopant atoms where
the atomic d-states of metal atoms could experience an effective spin-orbit splitting. We
computed the spin-orbit splitting in SiC nanocrystals. We found in our smallest SiC
nanocrystal that the single particle HOMO-LUMO gap is decreased by about 0.02 and
0.07 eV for W and Mo defects, respectively, due to the spin orbit splitting (∆SO ). Since
the HOMO and LUMO states contribute predominantly to the lowest excitation energy
we estimate that the excitation wave lengths may be longer by about 10-30 nm than those
obtained without spin-orbit coupling shown in Figure 2.5. In d=1.4 nm SiC nanocrystal,
∆SO reduces to 0.003 eV and 0.001 eV for W and Mo defects, respectively, which is a
minute difference that becomes negligible in larger SiC nanocrystals. In the case of Vdefect we considered the energy difference between b1 and e orbitals where the dipole
transition is allowed. Here, the corresponding gap was reduced by not larger than 0.02 eV
depending on the size of SiC nanocrystals. Our calculations indicate that the spin-orbit
coupling only acts as a small perturbation on the electronic states and other than the
small reduction of the HOMO-LUMO gap and the vertical excitation energy it is not
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likely have a significant effect on other quantities related to the optical properties of
point-defects embedded in SiC nanocrystals. We note that the spin-orbit coupling can
enable excitations which violate the conservation of the spin quantum number. These spinforbidden excitations could further lower the optical or quench the fluorescent emission
efficiency. As the computation of excitation energies and oscillator strength with the
inclusion of the spin-orbit coupling exceeded our computational resources, we were not
able to obtain the rates of these processes. The small spin-orbit splitting suggests that
the relativistic effects are weak, we feel justified to neglect the relativistic corrections in
the following discussion of the quantum-confinement effect.
Looking at the excitation energies of different transition metal related point defects
introduced to the 1.4 nm nanocrystal we can make a couple of observations. While the
qualitative picture of the M or M ◦ defects barely changes as we substitute the Si with
V, Mo or W, we can recognize some trends in the calculated physical properties. For
the HOMO-LUMO gap we find that V > Mo > W . On other hand, the excitonic binding
energy also follows a similar trend: it is the largest for V and the smallest for W . Here
we refer to our results on the localization of the HOMO and LUMO states. We found
that Mo has slightly more localized HOMO and LUMO states than W . In the case of
V although the HOMO is less localized, the LUMO+1 state (which participates in the
first excitation) has a very high degree of localization. This is in good agreement with
the trend we found for the excitonic binding energy as the more the HOMO and LUMO
localized on the defect the stronger the electron-hole attraction is expected to be.
Overall, these two effects for the HOMO-LUMO gap and for the excitonic energy
cancel out to some extent that results in small variation in the optical gap for the V ,
defect possesses lower HOMO-LUMO gap
Mo and W defects. By comparison, the
and smaller exciton binding energy leading to similar excitation energy as the Mo defect.
Once again, we are able to explain the weaker electron-hole introduction by observing
that the HOMO state of
is pronouncedly less localized. For example, embedding
these defects into 1.4 nm SiC nanocrystals leads to lowest excitation energies of 1.57 eV,
, Mo , V and W , respectively. As for point defects
1.57 eV, 1.34 eV and 1.15 eV for
with an adjacent C-vacancy next to the substitute metal atom, we find slightly larger
HOMO-LUMO gap for W ◦ and somewhat larger exciton binding energy for Mo ◦.
After comparing the electronic structures of various point defects introduced into our
medium sized model nanocrystal, we turn our attention towards the size dependence of
the optical properties. This is a very important issue as our model nanocrystals are rather
small thus the possible interpolation of the observed trends towards larger diameters is
very useful for the practical applications. The optical gap’s dependency on the nanocrys50
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Table 2.2: Summary of our most important results regarding the electronic structure and optical properties of SiC nanocrystals containing various point-defects.
The descriptions of the systems are given in the first column. Second column: the
HOMO-LUMO energy gap calculated with PBE0 functional utilizing the Turbomole code. Third, fourth column: first vertical excitation energy and transition
dipole moment obtained from PBE0-TDDFT PBE0 Turbomole calculations.
Fifth, sixth and seventh columns: the same quantities calculated with the excited
state geometry. Last column: Zero-Phonon Line. Energies (GHL , E1st , ZPL) are
given in eV, transition dipole moments in Debye.
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tal diameter is plotted in Figure 2.5. As was discussed earlier, the manufactured SiC
nanocrystals show strong quantum confinement effect (QCE) with their emission peak
wavelengths growing with the diameter. Our results on the pristine SiC nanocrystals
show even stronger size dependence: we find that the first excitation energy is 5.2 eV for
the smallest, 1.1 nm sized model nanocrystal and only 3.6 eV for the largest one with
1.9 nm diameter. Converting these values to wavelength, we find that the optical gap is
around 230 nm, 300 nm and 350 nm for the small, medium and large model nanocrystal.
This deviates significantly from the experiments both in absolute value and in terms of
the strength of the QCE as the manufactured SiC nanocrystals emission peak falls into
450-600 nm range and show a less pronounced size dependence. This discrepancy can
be attributed to our oversimplified description of the nanocrystal surface because both
experiments (see Section 4.1) and calculations (see Section 4.3 and 4.4) highlighted the
important role that surface chemistry plays in the optical properties of SiC nanocrystals.
For the defect containing SiC nanocrystals, our TDDFT calculations with PBE0 functional unraveled that the excitation energies are about 1-2 eV lower than the energy difference between the single particle HOMO-LUMO gaps. This shows the excitonic nature
of the excitation with a considerable binding energy of the exciton. We find that as the
size of the host SiC nanocrystals increase both the HOMO-LUMO gaps and the binding
energy of the exciton decreases. These two effects partially compensate each other, so the
final QCE on the lowest excitation energy is less pronounced than that for pristine SiC
nanocrystals.
◦ defect shows
Interestingly we find that while the energy of the first excitation of
little size-dependence, this is not the case for the HOMO-LUMO gap and the electron-hole
interaction. Both the HOMO-LUMO gap and the exciton energy is significantly larger
◦ defect in the 1.9 nm nanocrystal compared to the two smaller sizes. This is
for the
an unexpected result as both the HOMO-LUMO energy difference and the electron-hole
interaction is expected to decrease with the size.
Up to this point we were only concerned with the electronic structure and optical
gap of the nanocrystals. These are already important results as the optical gap determines the onset of the absorption. However, to evaluate the real feasibility of a biological
imaging application of these defect containing SiC nanocrystals, one has to calculate the
emission spectra. This is generally more difficult because the effect of the vibrations has
to be accounted for. To achieve this, we calculated the partial Huang-Rhys factors in the
usual Franck-Condon picture, and utilized the generating function method described in
Section 1.6 . As the calculation of the vibrational spectra is rather expensive, we did not
perform this analysis for all of the previously mentioned systems. As the intrinsic defects
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Figure 2.5: The optical gaps of the investigated systems: (b) Si-vacancy ( )
and a single metal atom (M ) substituting Si-vacancy ( M ); (c) adjacent Siand C-vacancies, i.e., divacancy ( ◦) and M substituting divacancy ( M ◦) with
M =Vanadium(V), Molybdenum (Mo), and Tungsten (W). Shaded area represents
the desired range of fluorescence for in vivo bioimaging.

are arguably the most promising for practical applications, we invested an extra effort in
their characterization. Figure 2.6 shows the calculated electron-phonon spectral functions
and luminescent line-shapes for the negatively charged Si-vacancy defect introduced into
the three differently sized nanocrystals.
First we compare the calculated spectral functions shown in Figure 2.6(a). Apparently,
there are no obvious trends in the size dependence of the Huang-Rhys factor or the
spectral-function. The low energy vibrations play an important role for all the three
cases but the relative strength of the lowest energy contributions decreases as the size of
the nanocrystal increases. This can be explained with the observation that the excitation
induced geometry distortion spreads through the whole 1.1 nm nanocrystal, but becomes
more localized for the 1.4 nm and 1.9 nm sized nanocrystals. It is difficult to provide
a more detailed analysis of the vibration that contribute to the emission spectra as the
lower energy vibrations are a mixture of acoustic modes and surface related vibrations.
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Figure 2.6: Comparison of the electron-vibration coupling of the emission for
three different sized SiC nanocrystals containing the negatively charged Si-vacancy
defect. (a) The left column shows the calculated electron-phonon spectral function
defined by Equation 1.63. For the sake of better visibility we applied a Gaussbroadening of 1 meV to S(ω). The indicated Rtotal Huang-Rhys factors can be
identified as the area under the curve: S = S(~ω)d(~ω) (b) The calculated
emission line shapes are shown for the different sized nanocrystals next to their
spectral functions. The y-axis has a different scale for the each system thus the
strength of the emission is not comparable. The green arrows below the energy
axis indicate the position of the calculated ZPL values. We applied a Gaussian
broadening of 2 meV to make the line shapes smoother.

We can recognize that the lowest energy vibrations with significant Huang-Rhys factor
“soften” as we increase the nanocrystal size. This resonates with the findings of Alkauskas
[46], who found that a very large supercell was required to correctly describe to line shape
of the NV- center23 which is a similar point defect in diamond with well localized defect
23

Nitrogen vacancy center in diamond.
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states. In this case, this effect was only a consequence of the supercell model for bulk
systems while in our case the line shape of the Si-vacancy containing SiC nanocrystal
is expected to change with the diameter. The peaks around 40 meV can be identified
as high wavenumber TA modes, while the small peaks appearing around 70 meV for
the larger nanocrystals as high wavenumber LA modes. As expected, the Si-H and CH stretching modes do not contribute to the line shape24 . For the largests nanocrystal
a small peak appears at the characteristic TO phonon mode of 3C-SiC (≈ 100 meV).
Next we discuss the calculated emission line shapes for the negatively charged Si-vacancy
defect shown in Figure 2.6(b). We applied an ad-hoc chosen 1 meV Gaussian broadening
which corresponds to the inhomogeneous processes not included in our methods. As these
inhomogeneous processes can be large if the interaction between the nanocrystal and its
environment is strong, the sharp peaks might not be observable experimentally. Similarly
to the optical gap, the weak quantum confinement effect can be observed for the emission
peaks too. Our calculations predict 1.42 eV, 1.40 eV and 1.35 eV characteristic emission
for the smallest, medium-sized and largest nanocrystal respectively, while the FWHM of
the emission peaks is approximately 0.15-0.2 eV and shows no significant size-dependence.
According to our results, ensembles of fabricated SiC nanocrystals with Si-vacancy
defects are expected to have a relatively sharp fluorescent spectra with an emission peak
at around 1.3 eV. The sharpness of the emission peak ultimately depends on the homogeneity of the sample, but the localized nature of the electronic states participating in
the emission suggests that the fluorescent properties are robust and might be insensitive
to the variation of the nanocrystal size or its surface chemistry.
Figure 2.7 shows the results of our calculations of the luminesence line shapes of the divacancy defect introduced into the three-different sized SiC nanocrystals. Apparently the
energy and shape of the calculated emission spectra depends on the nanocrystal size drastically. In fact, we obtain unphysical results for the smallest nanocrystal as the spectrum
extends into the negative energy range25 . This can indicate non-radiative relaxation or
breakdown of our approximation, implying the need for a more detailed analysis which is
not included in our current work. It is important to note, that the electronic defect states
are very similar for the three different sized model nanocrystal, thus the cause for the
pronounced size-dependence lies in the structural properties of the investigated systems.
We can provide a hand-waving explanation of the surprisingly significant size-dependence
24
The characterstic energy of Si-H and C-H stretching modes is ≈ 260 meV and ≈ 370 meV, respectively,
thus are not depicted in Figure 2.6(a).
25
While the emission line shape plotted in Figure 2.7 might not appear unphysical, the emission spectra
extends into the negative energy range for the smallest nanocrystal. The ω 3 factor in Eq. 1.68 ensures
that the emission intensity is zero at ~ω = 0 eV, but does not eliminates the intensity for ~ω < 0 eV.
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Figure 2.7: Comparison of the electron-vibration coupling of the emission for
three different sized SiC nanocrystals containing the divavancy defect. (a) The
left column shows the calculated electron-phonon spectral function defined by
Equation 1.63. For the sake of better visibility we applied a Gauss-broadening of
1 meV to S(ω). The indicated
R total Huang-Rhys factors can be identified as the
area under the curve: S = S(~ω)d(~ω) (b) The calculated emission line shapes
are shown for the different sized nanocrystals next to their spectral functions. The
y-axis has a different scale for the each system thus the strength of the emission is
not comparable. The green arrows below the energy axis indicate the position of
the calculated ZPL values. We applied a Gaussian broadening of 2 meV to make
the line shapes smoother.

of the calculated emission spectra. For the smallest model, the divacancy forms a large
void compared to the size of the nanocrystal. Because of the nanocrystalline “shell” is
rather thin around this void, the structural stability attributed to crystalline material is
lost, which manifests in the substantial geometry relaxation in the excited state and thus
the large Huang-Rhys factor. For the medium sized nanocrystal this structural weakness
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becomes less pronounced as the crystalline shell around the divacancy becomes thicker.
As apparent, the PL peak becomes rather sharp for the divacancy defect embedded into
our largest nanocrystal with a recognizable ZPL at low temperatures. We note that our
findings not only give indications on the size-dependence of the divacancy containing
SiC nanocrystals, but can also imply that divacancies proximate to the surface of SiC
nanocrystals have different PL emission than those that are embedded deeply in them.
Finally, we present our results for the Mo , W , Mo ◦ and W ◦ defects embedded in
the center of the medium-sized model nanocrystal. Figure 2.8 shows the results for Mo
and W . In contrast to the other defects, the significant peaks around 60 meV indicate
that the high wavenumber LO modes play a significant role in this transition. The total
Huang-Rhys factor is small similarly to the
defect resulting in a well recognizable
ZPL. At T = 300 K the PL spectrum of the Mo defect is Gaussian-like with a FWHM
of approximately 0.2 eV. In contrast, the W defect has a structured spectrum even at
room temperature26 , with a sharper FWHM of 0.1 eV. Both defects’ emission falls into
the desired NIR interval, with Mo emitting light closer to the visible spectrum at 900 nm
and W in the NIR II region around 1150 nm.
As apparent from Figure 2.9, both Mo ◦ and W ◦ possesses a rather broad, Gaussianlike PL spectrum, similarly to the
◦ defect. The FWHM is 0.30 eV and 0.35 eV for
Mo ◦ and W ◦, respectively, significantly larger compared to the M -type defects. The
most significant dissimilarity between the optical properties of Mo ◦ and W ◦ originates
from the difference between the ZPL values: Mo ◦ has a ZPL of 0.9 eV in contrast to the
ZPL of W ◦ at 1.23 eV. This results in that the PL emission of Mo ◦ defect is not in the
conventional biological window27 , while the W ◦ defects emission peaks around 1250 nm,
still well within the NIR region.
The fluorescent lifetime is the last important quantity that can be derived from the
results of our TDDFT calculations. According to the Weisskopf-Wigner theory [86], the
spontaneous decay rate of the excited state (also known as the Einstein-coefficient A) can
be calculated by
nω 3 |µ|2
(2.1)
A=
3π0
where n is the refractive index of the system28 , ω is the angular frequency of the emitted
photon and 0 is the vacuum permittivity. Since we obtained relatively broad emission
spectra from our calculations, we cannot simply substitute into Eq. 2.1. Instead, we use
26

The inhomogeneous effects can still suppress the calculated peaks in the PL spectrum.
Peak of the calculated emission spectra is at ≈ 1750-1800 nm, which is at the very far end of the
1550-1870 nm NIR-III window defined in Ref. [24].
28
We approximate the refractory index by n ≈ 1 as we are modeling nanocrystals in vacuum.
27
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Figure 2.8: Calculated spectral function and fluorescent spectra for the Mo and
W defect embedded into the 1.4 nm nanocrystal.

the calculated normalized PL intensity as a probability distribution function and calculate
the average emission rate as
Z
nω 3 |µ|2
A = I(ω)
dω
(2.2)
3π0
Once the transition rate is calculated, the characteristic spontaneous emission lifetime
can be obtained as its inverse: τ = 1/A. The calculated lifetimes are listed in Table 2.3.
First, we find that the transition dipole moments are not necessary equal in the ground
and excited states. This indicates that our initial assumption about the weak configuration coordinate dependence of the transition dipole moment, and thus the neglect of
the Herzberg-Teller effect is not justified. Unfortunately, taking the Herzberg-Teller effort into account far exceeds our computational capabilities for systems of this size. Even
with the significant change of the dipole moment for systems W and Mo ◦, the Herzberg58
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Figure 2.9: Calculated spectral function and fluorescent spectra for the Mo ◦ and
W ◦ defect embedded into the 1.4 nm nanocrystal.

Teller effect is still expected to have small contribution the PL intensity, maybe adding
extra peaks to the line shape but not changing the overall shape of the spectra. For the
calculation of the fluorescent lifetime, we approximated the refractive index with unity
as the size of the nanocrystal is very small relative to the incident photon’s wavelength.
The fluorescent lifetimes obtained from our PBE0-TDDFT calculations show rather large
variations for the different systems. The excited electrons of the defect-free nanocrystal
decay very slowly due to the small overlap between the HOMO and LUMO. Indeed this
is a major drawback for all indirect band-gap semiconductor nanocrystals. While the
quantum confinement enables their photoluminescence, in term of brightness they still
cannot compete with their direct band-gap III-V or II-VI type counterparts. The introduction of color centers alleviate this deficiency by reducing the fluorescent lifetimes by
multiple orders of magnitude. Because the intrinsic defects have the largest transition
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moments, their decay rates are the fastest. Mo and W ◦ also act as rather bright color
centers, while W and Mo ◦ are the least luminous point defects according to our calculation. All in all, all of the investigated point defects increase the transition rate between
the ground and excited state significantly. It is important to underline the significance of
this result. The physical processes that determine the brightness of a biomarker can be
broken into three defining factors: i) The biomarker should possess a strong absorption
in order to be excited efficiently. We did not studied the absorption cross section of our
model nanocrystals but we strongly suspect that their absorption properties are not one
of the most important limiting factors obstructing their way towards applications in the
medicine. While one cannot increase the intensity of the light source excessively without
damaging the tissue, the successfully demonstrated two-photon experiments [87] indicate
that the absorption of SiC nanocrystals is strong enough for in vivo biological use. ii)
Although barely mentioned in this work, there are non-radiative processes which can
quench the photoluminescence of semiconductor nanocrystals. The mechanisms behind
these processes are hard to understand and are subject of intensive scientific research. Unfortunately, these processes are typically rather fast resulting in low quantum efficiency29 .
These non-radiative processes are often related to surface defect-states such as dangling
bonds and they might be suppressed by the appropriate treatment of the nanocrystal.
iii) Even if we are able to get rid of the majority of these unwanted defects thus overcome the non-radiative relaxation, the effective brightness of a biomarker is still limited
by its radiative lifetime. Assuming that the absorption is very strong compared to the
spontaneous emission, the intensity of a single nanocrystal is I = 1/τ [photon/µs]. In addition, the complete elimination of non-radiative processes is utopistic in practice. Thus
the easiest way to improve the quantum-efficiency is to engineer the biomarkers to have
radiative relaxation rates that can be compared to the non-radiative relaxation rate.
Having presented our results on the optical properties of SiC nanocrystals introduced
with point defects, we end this section by assessing the stability of these systems. From
a computational point of view, this is a very difficult task as the kinetics of these defects
is just as important as the energetics30 . The ab initio calculation of diffusion barriers is
very difficult even for the bulk case, therefore we rely on phenomenological arguments and
experimental results. The activation energies for substitutional metal atoms are large in
SiC, thus diffusion of the M defects is negligible at moderate temperatures. The mobility
of M ◦ point defects is expected to be larger due to the presence of the vacancy near
29
Quantum efficiency is the ratio between the absorbed and emitted photons. For example, if every 8
out of 10 photons relaxes through a non-radiative channel, the overall quantum efficiency is only 20%.
30
Thermodynamic stability is not required for these systems if the diffusion of the defects is very slow
and the system remains in its metastable state for a sufficiently long period of time.
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d = 1.47 nm

~ω (eV)

µ (Debye)

µ∗ (Debye)

τ (µs)

pristine
Si-vacancy
W

4.01
1.41
1.40
1.09

0.042
3.263
0.907
1.023

0.0210
3.5594
0.7279
0.4539

216.07
0.18
4.38
24.70

divacancy
Mo ◦
W◦

0.60
0.62
0.93

2.956
1.251
1.178

3.0857
0.6749
1.0151

2.21
51.12
7.26

Mo

Table 2.3: The calculated transition dipole moments and spontaneous emission
lifetimes of various defects embedded into the 1.4 nm SiC nanocrystal. ~ω denotes
the characteristic emission energy; µ and µ∗ are calculated transition dipole moments in the ground and excited state, respectively. The lifetimes were calculated
by Equation 2.2.

the metal atom. The bonding energy between the vacancy and substitutional defect were
calculated in case of Mo ◦ and W ◦ defect, the resulting 3.1 and 3.6 eV values suggest
bounded thus immobile substitutional-vacancy complex at near-room temperatures. The
mobility of Si-vacancy and divancancy in SiC had been investigated earlier, and found to
be very small at room temperature [88]. Because of their very low mobility the investigated
defects can be considered uniformly distributed in the volume of SiC nanocrystals in the
case of top-down manufacturing process [32, 89–91]. Since the point defects were in the
center of the model nanocrystals in our calculations, we investigated the dependence of the
excitation energies on the location of the point defects in the nanocrystal for some cases.
We did not perform a comprehensive study on the influence of the location of different
point defects on the absorption spectra, but considering the similar electronic structure of
the different point defects (the HOMO and LUMO are well localized), we expect roughly
the same behavior in all cases. We calculated the optical gap for Mo defect occupying
different positions in the 1.4 nm nanocrystal, only considering the configurations where
all of the four neighboring atoms were carbon atoms. The lowest absorption energies
were all in the 1.53-1.59 eV interval, thus we do not expect a significant broadening
in the absorption or emission spectra due to the fact that the point defects are likely
distributed randomly in the nanocrystals.
As a final remark, we mention that the localized defect states of the considered point
defects are expected to be problematic for DFT, because the self-interaction error tends
to be rather large for these cases. While the PBE0 hybrid-functional is known to be
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reliable for organic molecules and semiconductors, less is known about its performance
for such strongly localized states. For these relatively large systems the application of
more accurate methods (such as the GW method or various correlated approaches) is
not straightforward due to the computational cost. Fortunately, the HSE06 functional—
closely related to PBE0—was able to provide rather accurate excitation energies for
similar localized states in bulk semiconductors (for example, NV− center in diamond
[92], or the Si-vacancy in 4H-SiC [93]), which gives us confidence in our results.
As the investigated color centers are yet to be introduced into few nanometer sized
SiC nanocrystals, we cannot directly compare our results to experimental data. In Appendix E, we list the experimental results for color centers in bulk SiC which are known
or believed to be associated with the point defects studied in this Section.

2.4

Summary

We computed the electronic levels and the lowest excitation energies of the selected siliconcarbide nanoparticles. In addition, we also calculated the photoluminescent intensity for
some selected systems. We found that
• The introduction of color centers to the SiC nanocrystals can lower their absorption
and emission spectra toward to NIR region.
• QCE is measurable for color centers in ultrasmall SiC nanocrytals (d <2 nm)
but significantly weaker than for pristine nanocrystals of 1.1 nm< d <2.0 nm,
i.e., 0.05 eV-0.35 eV vs. 1.6 eV [80]. This property may lead to a relatively sharp
luminescence spectrum even in the case of disperse size-distribution of host SiC
nanocrystals.
• Most of the color centers are paramagnetic in their ground state, so they may be
tracked and manipulated by external magnetic field that provides an additional
degrees of freedom of probing the biomolecules.
• SiC nanocrystals with various color centers centers exhibit distinguishable PL emission spectra in the NIR region, thus multicolor imaging in the desired region of wave
length for in vivo measurements is feasible.
Our results suggest that one can expect a strong, relatively narrow emission spectra
in the NIR region for M defects, vacancy and divacancy in SiC nanocrystals, while the
M ◦ defects posses a rather broad emission spectra, which only partially overlap with
the desired frequency range. We also note, that the 0.2-0.3 eV value of the Stokes-shift
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is favorable for biological imaging, since it makes the emitted and the excitation light
separable using simple optical filters.
These point defects should be introduced at high concentrations in microcrystalline
SiC matrix if the usual top-down methodology [32, 89–91] is applied to fabricate ultrasmall SiC nanocrystals with embedding the appropriate color centers. Preliminary studies
in bulk and nanosized SiC indicate that this goal might be achieved. For instance, native
defect induced ferromagnetism was found in neutron irradiated SiC single crystals where
the origin of the magnetism was tentatively assigned to the high concentration of divacancies [94]. According to the analysis, the defect concentration was close to 0.5% [94]
where the corresponding SiC volume per a single divacancy defect corresponds to about
d=1.6 nm SiC nanocrystal. Native defect induced ferromagnetism was also found in larger
nanocrystalline cubic SiC fabricated by milling after an open plasma synthesis [95] where
either divacancies or Si-vacancies could induce magnetism. Metal dopants may be introduced either in growth of SiC or by implantation [96] of SiC. The former process is not
trivial as the solubility of metals may be lower than needed. Nevertheless, silicon-poor
conditions in physical vapor transport growth might allow high level of doping. This may
work particularly for Vanadium which is used as a compensating defect against parasitic
dopants in SiC [97, 98]. Alternatively, nanosized SiC may be synthesized by sol-gel and
carbothermal reduction method together with the desired dopant as was demonstrated
for Manganese-doped cubic SiC nanoparticles [99].
We also note, that certain point defects such as Si-vacancy [100], divacancy [101]
and the carbon antisite-vacancy pair31 defect [102] gathered rather large interest in the
recent years, due to their potential applications in metrology and quantum information
processing. We hope that the intensive research of these defects can provide useful result
for biological applications too. Until now, a promising experimental realization related
to our study was done by Castelletto et al. [103]. They found that the carbon antisite
vacancy pair introduced into 3C-SiC nanocrystals acts as a very bright color center with
a PL peak around 650 nm. They used large nanoparticles with diameters in the range
45-500 nm. Even more relevant to our results, Muzha et al. [104] were able to introduce
silicon vacancy defects into SiC nanocrystals at a concentration estimated to be of the
order of 1015 cm−3 . The size of the nanocrystals was once again rather large (30-600 nm),
but they were able to produce samples with a size distribution of 60±30 nm. Their samples
exhibited a strong, but rather broad emission band in the 850-1100 nm range, indicating
potential for biological applications. We also note that while this result compares well
with our calculations (see Figure 2.6) their samples were fabricated from the 6H-SiC,
31

Not studied in this work
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making the direct comparison less meaningful. While the SiC nanocrystal of this size are
not yet ideal for biological application, these results are certainly promising for future
developments even if the introduction of color centers into ultrasmall nanocrystals remains
a difficult technological challenge.
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3.1

Introduction

In the previous section, we demonstrated that certain point defects introduced into SiC
nanocrystals act as bright color centers in the NIR region opening the possibility for in
vivo biological applications. The major technological difficulty in the experimental realization of these systems is the introduction of point defects into the nanocrystals. The
simplest route to the creation of point defects in SiC nanocrystals is to introduce them
into the bulk32 SiC sample as the mobility of these defects is low and they are expected
to stay intact during the wet chemical etching process. If we assume that the defects are
randomly distributed in the bulk crystal and do not show any significant clustering, we
can give a crude approximation for the desired defect density depending on the average
size of the nanocrystals: one defect per nanocrystal requires approximately n/N defect
density where n is the atomic density of 3C-SiC33 and N is the average number of Si/C
atoms of the nanocrystals. Utilizing this approximation we estimate a lower bound desired defect density at 1019 cm−3 -1020 cm−3 for nanocrystals with diameters in the range
2-5 nm. As the introduction of arbitrarily chosen defects at such high concentrations can
be challenging, it is reasonable to take a look at defects which can be introduced into SiC
at very high concentrations and determine whether they alter the fluorescent properties
of SiC nanocrystals favorably for biological applications. Aluminum, nitrogen and boron
doping of 3C-SiC was studied extensively in the recent years. In 2000, SiC nanopowder of
paritcles with diameter in the range 20-30 nm was synthesized from hexamethyldisilazane
by laser introduced gas-phase reaction [105]. The nitrogen concentration of the nanoparticles was estimated to be larger than 0.3%. In 2007, it was discovered that heavily
doped SiC shows superconductivity [106]. Boron doped 3C- and 6H-SiC was successfully prepared by substitutional reaction sintering and revealed type-I superconductivity
[107]. The concentration of boron was estimated at ∼ 1021 cm−3 and it was concluded
that boron substitutes carbon. Similarly synthesized aluminum doped 3C-SiC was found
the act as type-II superconductor. The concentration of Al was measured in the range
32
33

Or microcrystalline
n = 9.47 × 1022 cm−3
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of 1020 cm−3 [107]. Simultaneously, combustion synthesis was utilized to synthesize SiC
doped with N with concentration of nitrogen estimated at 0.13 % [108]. Using the same
combustion synthesis process, heavy Al doping of SiC was demonstrated in Ref. [109]. At
lower defect-concentrations, codoped SiC is a promising candidate for white light-emitting
diodes (LED)[110]. The fluorescence of B-N doped 6H-SiC [111, 112], Al-N doped 6H-SiC
[110] and 4H-SiC [113] was investigated. For lighting applications, the B-N codoped 6HSiC holds the biggest potential as it shows strong yellow34 luminescence and the internal
quantum efficiency can exceed 90% as demonstrated in [110].
To summarize the available experimental results on the donor-acceptor doping of
SiC, it was found that SiC can be heavily doped by B, N and Al up to concentrations
in the range of 1%. The introduced donor-acceptor pairs result in a relatively sharp
photoluminescence with quantum efficiencies up to 90%. These results motivated us to
study donor-acceptor pairs introduced into SiC-carbide nanocrystals. Our ultimate goal
is to assess the viability of biological applications of SiC-nanocrystals doped with donoracceptor pairs.

3.2

Models and methods

In 3C-SiC, two types of DAPs exist: type I (when the donor and the acceptor both
substitute the same host atom) and type II (when the donor and acceptor substitute
different host atoms). In the case of N and Al dopants, only type II DAP exists since
the nitrogen atom always substitutes the carbon atom while the aluminum atom always
substitutes the silicon atom. In contrary, the boron atom can substitute both the carbon
and silicon atoms, with BC defect being the deeper acceptor [114]. We only studied the
type I DAP for N-B doping as experimental studies suggest that the observed PL emission
comes from recombination between BC and NC defects.
Similarly to our study on intrinsic and transition metal defect related point defects, we introduced the donor-acceptor pairs into spherical, hydrogen terminated 3CSiC nanocrystals. We have chosen four different sized model nanocrystals with diameters
1.1 nm, 1.47 nm, 1.90 nm and 2.3 nm. The chemical formulas of the defect containing
nanocrystals are Si31 C41 , Si79 C68 , and Si177 C176 and Si321 C312 .
The geometry of the selected structures were optimized using the PBE [46] functional
within DFT, utilizing the VASP [115–117] code with convergent35 plane-wave basis set.
The obtained geometries were then used for standard linear-response TDDFT calcula34
B-N codoped 6H-SiC shows a relatively broad emission spectra centered around 580 nm with a
FWHM of 120 nm.
35
We utilized the Projector Augmented-Wave method [73] with 400 eV plane-wave cutoff.
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tions with the PBE0[51] hybrid-functional. These calculations were performed utilizing
the Turbomole code using a Gaussian type basis set with effective core potential to
reduce the computational cost. We found that a DZP-level36 basis set already provides
satisfactory numerical accuracy as the calculated one-electron Kohn-Sham energies were
within 0.1 eV compared to our benchmark calculation carried out by VASP.
We calculated the photolumiescent spectra for a few characteristic cases. A more
comprehensive investigation of the PL line shapes and their dependence of the structural
properties were not feasible as the calculation of the vibrational energies and eigenvectors
is very demanding for large systems with low symmetry. The ground and excited state
geometries were obtained from VASP(PBE) calculations utilizing the standard DFT and
∆SCF method, respectively. The convergence thresholds were set to a relatively high
precision 10−4 eV/Å and 10−3 eV/Å in the ground and excited state, respectively. We
utilized the finite-differences method the calculate the Hessian-matrix in order to obtain
accurate results for the low-energy vibrations which are proven to contribute significantly
to the emission line shapes. Finally, we calculated the partial Huang-Rhys factors and
obtained the emission line shapes utilizing the generating function method described in
Section 1.6.

3.3

Results

In a bulk semiconductor, the fluorescence energies of a given DAP defect can be described
with the formula [118]
~ω = Eg − (ED + EA ) − EC − EvdW

(3.1)

where Eg is the gap, ED and EA are the ionization energies of the donor and acceptor, EC
is the Coulomb interaction between the donor and acceptor ions after the electron-hole
recombination and EvdW is the interaction between neutral donor and acceptor atoms before the recombination. If we neglect the multipole terms, the Coulomb-interaction energy
can be written as EC = −e2 /r, where  is the static dielectric constant and r is the donor
acceptor distance. The van der Waals term is usually written as EvdW = (−e2 /)(α5 /r6 )
and can be neglected for large r, where α is an effective coefficient. This formula gives an
accurate description for the donor-acceptor emission energies for relatively distant pairs,
as it was experimentally demonstrated in e.g. Refs. [118–120].
In the case of nanocrystals, the situation is much more complicated. The gap depends on the size of the system, the dielectric constant is not known, thus the Coulombinteraction energy cannot be easily calculated. Apart from the influence of the nanocrystal
36

Double-ζ plus an additional polarization orbital
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surface, we can identify the three most important factors which determine the excitation
(and emission) energies of the system: (i) because of the Quantum Confinement Effect
(QCE), the HOMO-LUMO gap, vertical excitation energies and the fluorescent spectra
all depend on the diameter of the nanocrystal. We aim to determine whether the QCE
is also prominent for nanocrystals with donor-acceptor defects, and thus the size of the
SiC nanocrystals matters. (ii) In bulk SiC, the position of the PL peak depends on the
donor-acceptor separation and this observation is expected to be true for SiC nanocrystals
too. (iii) The position of the defects within the nanocrystal can be also influential on the
optical properties as the proximity of the surface can alter the donor and acceptor states.
In our study, we particularly investigated (i) and (ii), and due to (iii) we were forced to
restrict our calculations to geometries where both the donor and acceptor is relatively
far from the surface, in order to extrapolate our results for larger SiC nanocrystals. This
restriction allows us to focus on (i) and (ii) by carrying out systematic analysis of the
size- and donor-acceptor separation-dependence of the optical properties.
In the ground state, the donor donates its fifth valence electron to the acceptor. This
electron hybridizes with the other three valence electron of acceptor and the four dangling
bonds of the neighboring carbon/silicon atoms, resulting four sp3 bonds. These four sp3
bonds split to an a1 and t2 level in the crystal-field, since the substitutional point defect
has Td symmetry in cubic SiC. In the case of nanocrystals, the Td symmetry of the system
is broken, but the t2 level remains quasi-degenerate, since the local symmetry of the point
defect is still very close to Td . We found that the HOMO is a nearly-degenerate t2 level
localized on three sp3 bonds between the acceptor and the neighboring carbon/silicon
atoms, while the LUMO is an s-like state localized on the donor. This picture is slightly
different for Al-N defect when the Al and N are adjacent. In this case, the approximate Td
symmetry of the AlSi defect is reduced to C3v because it bonds to three C and one N atom.
As a consequence, the quasi-degenerate t2 level splits to an e and a1 state, resulting in a
double-degenerate HOMO with e symmetry. In the excited state, the donor atom has five
electrons, while only four of them are able to create bonds with the neighboring unpaired
electrons of the atoms of the SiC host. The t2 and a1 levels of the donor-defect are fully
occupied, meaning that the excited electron can occupy their anti-bonding counterparts,
t∗2 or a∗1 .
Table 3.1 contains the most important results of our computational study where we
listed the calculated HOMO-LUMO gaps, first vertical excitation energies and transition
dipole-moments. In some cases we also included the total energies and excitation energies
obtained by means of ∆SCF method.
We also plotted the computed Kohn-Sham eigenvalues for the different systems to
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d = 1.1 nm

GHL (eV)

E1st (eV)

µ (Debye)

pristine
Al-N (2.05 Å)
B-N (3.17 Å)

5.98
5.56
5.06

5.17
4.72
4.17

0.2286
0.1043
0.2056

∆E (eV)

GHL (eV)

E1st (eV)

µ (Debye)

pristine
Al-N (2.03 Å)
Al-N (3.67 Å)
Al-N (6.54 Å)

0.0
0.737
-1.768

4.94
4.61
4.46
4.24

4.19
3.87
3.74
3.58

0.0422
0.0818
0.2551
0.1105

B-N (3.14 Å)
B-N (6.27 Å)

0.0
-2.341

4.08
3.81

3.32
3.19

0.0484
0.3125

d = 1.9 nm

∆E (eV)

GHL (eV)

E1st (eV)

µ (Debye)

pristine
Al-N (2.03 Å)
Al-N (6.53 Å)
Al-N (9.60 Å)

0.0
-5.956
-5.380

4.24
4.04
3.74
3.46

3.62
3.42
3.18
3.08

0.0775
0.0242
0.1049
0.0384

B-N
B-N
B-N
B-N
B-N

0.0
0.264
0.321
0.002
0.192

3.63
3.56
3.47
3.40
3.06

2.96
2.92
2.86
2.85
2.66

0.1124
0.2087
0.0918
0.1619
0.1488

2.93
2.89
2.81
2.82
2.67

∆E (eV)

GHL (eV)

E1st (eV)

µ (Debye)

∆SCF(eV)

3.85
3.26

3.31
2.90

0.0201
0.0006

3.26
3.04

2.72
2.61

0.2398
0.2426

d = 1.4 nm

(3.14 Å)
(4.41 Å)
(5.40 Å)
(6.24 Å)
(12.13 Å)

d = 2.3 nm
pristine
Al-N (13.39 Å)
B-N (6.23 Å)
B-N (10.34 Å)

0.0
0.311

∆SCF(eV)

2.56

Table 3.1: The most important results for the AlSi − NC , and BC − NC pointdefects embedded into different sized SiC nanocrystals. The first column describes
the systems; for example B-N (3.14 Å) is the BC − NC defect with 3.14 Å donoracceptor separation. ∆E stands for the total energy of the system relative to the
system with the same stoichiometric composition, but minimal donor-acceptor distance. GHL , E1st and µ stand for the HOMO-LUMO gap, first vertical excitation
energy and the transition dipole moment, respectively. In some cases we calculated
the energy of the first excitation via the ∆SCF method. All energy values are given
in eV, the transition dipole moments are given in Debye. All values were obtained
utilizing the Turbomole code with DZP basis sets and PBE0 functional.

69

Donor-acceptor pairs in SiC NCs

Results

Figure 3.1: The HOMO and LUMO of the BC − NC DAP embedded in the
1.9 nm SiC nanocrystal. (a) The three quasi degenerate acceptor states localized
on the B-Si bonds. Technically only one of these orbitals is the true HOMO of the
cluster but these nearly-degenerate orbitals are almost identical. (b) The rather
delocalized LUMO surrounding the NC defect. We do not show the full nanocrystal
in (a) and (b) in order to make the HOMO and LUMO states easier to see. Red
and green lobes show the positive and negative isosurfaces of the HOMO/LUMO
state, respectively. (c) The whole nanocrystal with the acceptor and donor states.
In order to make this figure more clear, the brown and purple lobes indicate the
isosurfaces related to the absolute value of the HOMO and LUMO states. White,
yellow, light blue, dark blue and pink balls represent H, Si ,C, N and B atoms,
respectively.

help understand the effect of the introduction of donor-acceptor pairs on the electronic
properties. Figure 3.2 illustrates the QCE for pristine and co-doped nanocrystals. For this
analysis we have chosen two sets of models: one for minimal donor-acceptor separation
(Fig. 3.2 (a)) and one for moderate distance (Fig. 3.2 (b)). The minimal donor-acceptor
separation is ≈ 2.0 Å between Al and N as the Al and N substitutional defects are adjacent
in these configurations. For the type II B-N DAP, the minimal separation is ≈ 3.1 Å. We
introduced the type II Al-N defects into SiC nanocrystals with diameters 1.1 nm, 1.4 nm
and 1.9 nm and the type I B-N defects into nanocrystals with diameters 1.4 nm, 1.9 nm
and 2.3 nm. In accordance with our expectations we found that the DAP introduces an
occupied acceptor state near the “valence band edge”37 , and an unoccupied donor state
37

More precisely for finite systems, the DAP introduces an acceptor state in the HOMO-LUMO gap
near the HOMO.
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near the “conduction band edge”.
We find that the acceptor state is significantly deeper for BC compared to AlSi which
is also not surprising as BC is known to be a relatively deep defect in bulk 3C-SiC [121].
We listed the calculated donor and acceptor activation energies for the AlSi − NC and
BC − NC which we defined as the difference between the HOMO/LUMO energies between pristine and co-doped nanocrystals. The AlSi , NC and BC related levels all show
some degree of size dependence both for minimal and moderate donor-acceptor separation. Generally we find that the donor and acceptor activation energies decrease as the
nanocrystal size increases. This can be attributed to the more effective screening of the
Coulomb-interaction as we approach the bulk limit. Both AlSi and BC acceptor states are
significantly deeper for large donor-acceptor separation, while the NC donor state shows
much weaker dependence on the distance between the donor and acceptor.
“close”

AlSi (eV)

NC (eV)

Bexc (eV)

BC (eV)

NC (eV)

Bexc (eV)

d = 1.1 nm
d = 1.4 nm
d = 1.9 nm

0.27
0.20
0.09

0.16
0.13
0.11

0.83
0.74
0.63

0.58
0.70
0.51

0.34
0.16
0.09

0.89
0.76
0.67

“far”

AlSi (eV)

NC (eV)

Bexc (eV)

BC (eV)

NC (eV)

Bexc (eV)

d = 1.4 nm
d = 1.9 nm
d = 2.3 nm

0.50
0.33
0.40

0.20
0.17
0.19

0.66
0.56
0.36

0.94
0.70
0.55

0.18
0.15
0.04

0.62
0.55
0.54

Table 3.2: Calculated donor and acceptor activation energies and exciton binding
energies for the AlSi − NC (2-4. columns)and BC − NC (5-7. columns). Here XY
stands for the activation energy of the XY defects while Bexc denotes the excitonic
binding energy. The “close” and “far” labels refer to small and moderate donoracceptor separation, just as depicted in Fig. 3.2 (a) and (b). All values are given
in eV and were calculated utilizing the Turbomole code with DZP basis set and
PBE0 functional.

To gain further insight on the impact of the donor-acceptor separation, we analyze
the Kohn-Sham eigenvalues of the BC − NC defect introduced into the 1.9 nm nanocrystal at different B-N distances. Figure 3.3 shows the plotted eigenvalues, while Table 3.3
contains the donor and acceptor activation energies, HOMO-LUMO and optical gaps.
The activation energies of the defect states are calculated as energy difference between
the HOMO/LUMO level and the HOMO/LUMO level of the pristine nanocrystal. The
excitonic binding energy was defined as the difference between the HOMO-LUMO gap
and first vertical excitation energy as the first excitations occurred between the HOMO
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(a)
1
0
-1
Energy / eV

-2
-3

5.17 eV 4.72 eV 4.17 eV

-4

3.32 eV
4.19 eV 3.87 eV

3.62 eV 3.42 eV

2.96 eV

-5
-6
-7
-8
d = 1.1 nm

d = 1.4 nm

d = 1.9 nm

(b)
0
-1

Energy / eV

-2
-3
-4

3.19 eV
4.19 eV 3.58 eV

3.62 eV 3.18 eV

2.85 eV
3.31 eV 2.90 eV

2.72 eV

-5
-6
-7
d = 1.4 nm

d = 1.9 nm

d = 2.3 nm

Figure 3.2: Kohn-Sham eigenvalues of AlSi − NC (red) and BC − NC (green) defect containing nanocrystals compared to the pristine (black) ones. Figure (a) and
(b) show the results obtained for minimal and moderate donor-acceptor distance.
The green arrows indicate the initial and final Kohn-Sham states of the first excitation. The green arrows are labeled with the excitation energies obtained from
TDDFT calculations. Note that the length of the arrows is not strictly proportional
to the excitation energies as the strength of the electron-hole interaction can differ
for the different systems. These results were obtained utilizing the Turbomole
code with DZP basis sets and the PBE0 functional.

and LUMO in all cases. At this point, we remind the reader that increasing the distance between the donor and acceptor inevitably leads to the defects approximating the
nanocrystal surface. Other than for the largest donor-acceptor separation, both dopants
are relatively far from the surface thus the donor and acceptor states are not exposed
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to any potential proximity effects. In the case of the largest donor-acceptor distance, the
BC defects are relatively close to the surface, where its bonds become slightly distorted38
resulting in a significant splitting of the quasi-degenerate HOMO level related to the t2
acceptor state. The activation energies and the HOMO-LUMO gap indeed shows significant dependence on the distance between the donor and acceptor atom. This is especially
pronounced for the BC acceptor level as its activation energy increases from 0.51 eV to
0.97 eV between the minimal and maximal donor-acceptor separation in our models. As
we mentioned earlier, the proximity of the surface causes the relatively large splitting
of the t2 acceptor state for the largest separation. As we want to focus on the impact
of the donor-acceptor distance and compensate for the surface related phenomena, we
average the activation energy and HOMO-LUMO gap for the three acceptor states. The
averaging lowers the activation energy to 0.83 eV.

d
d
d
d
d

=
=
=
=
=

(3.14 Å)
(4.41 Å)
(5.40 Å)
(6.24 Å)
(12.13 Å)

BC (eV)

NC (eV)

GHL (eV) E1st (eV) Bexc (eV)

0.51
0.61
0.66
0.70
0.97

0.09
0.08
0.12
0.15
0.22

3.63
3.56
3.47
3.40
3.06

2.96
2.92
2.86
2.85
2.66

0.67
0.64
0.61
0.55
0.40

Table 3.3: The activiation energies of the BC and NC defects, HOMO-LUMO gap,
first vertical excitation energy and excitonic binding energy of the BC − NC DAP
introduced into the same 1.9 nm SiC nanocrystal with different donor-acceptor
separations. All values are given in eV. These results were obtained utilizing the
Turbomole code with DZP basis set and the PBE0 functional.

After analyzing the one-electron Kohn-Sham states and their dependence on the
nanocrystals size and donor-acceptor separation, we turn our attention to the first excitation energies obtained from linear-response TDDFT calculations utilizing the PBE0
functional with the usual adiabatic approximations. As was hinted earlier in the discussion
of the Kohn-Sham spectra, the TDDFT calculations confirmed that the first excitation
indeed occurs between the acceptor and donor states. This is not surprising because the
systems generally do not have any symmetries. The inclusion of the electron-hole interaction is the most important extra information that the TDDFT method offers compared
to the ground state calculations. Because of the simple HOMO-LUMO excitations we
can calculate electron-hole interaction energy by simply subtracting the excitation en38

The four B-Si bondlengths are 1.935 Å, 1.942 Å, 1.944 Å, and 1.960 Å, respectively.
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Figure 3.3: Calculated Kohn-Sham energies of the BC − NC DAP introduced into
the 1.9 nm SiC nanocrystal. We label the donor-acceptor separation distance by
d alongside the x-axis. The green arrows indicate the initial and final Kohn-Sham
states of the first excitation. The green arrows are labeled with the excitation energies obtained from TDDFT calculations. Note that the length of the arrows is not
strictly proportional to the excitation energies as the strength of the electron-hole
interaction can differ for different systems. These results were obtained utilizing
the Turbomole code with DZP basis sets and the PBE0 functional.

ergy from the HOMO-LUMO gap. This exciton binding energy is expected to depend
both on the size of the nanocrystal and on the distance between the donor-acceptor. In
Table 3.2 and 3.3 we listed the calculated exciton binding energies. The values listed in
Table 3.2 show the exciton binding energy shows rather strong QCE both for AlSi − NC
and BC − NC . We find that for the systems with small donor-acceptor separation the
binding energy is almost identical and shows the same trend for the two considered
DAPs. While one might be tempted to connect this finding to the properties of the AlSi
and BC acceptor state, we note that the minimal donor-acceptor distance is different
for AlSi − NC and BC − NC (see Table 3.1) thus the correlation can be accidental. In
Figure 3.4 (a) and (b), we plotted the optical gap as a function of the nanocrystal diameter and donor-acceptor separation, respectively. For moderate donor-acceptor separation,
we find that the electron-hole interaction decreases fast for the AlSi − NC pair with the
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nanocrystal diameter, while it shows almost no QCE for BC − NC . While the QCE of
the HOMO-LUMO gap or the exciton binding energy is a quantum mechanical phenomena, the dependence of the electron-hole interaction on the donor-acceptor distance can
be explained by the Coulomb-interaction between the electron and the hole. In accordance with the expectations, the exciton energy does indeed decrease with increasing
donor-acceptor separation. On the other hand, one expects the exciton energy to be proportional to the inverse of the donor-acceptor distance which is definitely not the case for
our results listed in Table 3.3. We attribute this apparent discrepancy to the following
oversimplifications of the classical picture: i) the Coulomb-like decay of the electron-hole
interaction is only valid if the electron and hole are well separated thus their interaction
can be approximated as the attraction between point charges. In our case, the donor state
is rather delocalized (see Figure 3.1). ii) The 1/r decay also assumes that the screening of
the dielectric material can be characterized by a constant (i.e. the relative permittivity)
which is true for bulk materials but incorrect for small nanocrystals where the QCE is
prominent39 . iii) Finally, we have to mention that donor-acceptor excitations are notoriously difficult to describe by the TDDFT approach. As was mentioned in Section 1.3.3,
local and semi-local exchange-correlation functionals have spurious long-range behavior
which leads to the underestimation of the energies of charge-transfer excitations. In our
case the donor-acceptor excitation takes place between two distant, localized states, thus
the incorrect decay of the TDDFT kernel can introduce an error. Because of this, we
utilized the ∆SCF method described in Section 1.2.3.
In the ∆SCF approach, the excitation energy is calculated from ground state DFT
results: the total energy of the ground state is compared to the total energy of the
ground state of a constrained system, where the constrains must be chosen to give a
ground state density which is the same as the excited density of the non-constrained
system. We relied on the results of the TDDFT calculations to determine the non-Aufbau
occupation numbers in our ∆SCF calculations: in the excited state, one electron from
the nearly-degenerate HOMO level is excited to the LUMO. In Figure 3.4 c) we compare
the results of the TDDFT and ∆SCF calculations and we listed the numerical values
in Table 3.1. The ∆SCF results are in very good agreement with the excitation energies
obtained with TDDFT method with a relative difference smaller than 2% in whole donoracceptor distance range. This outcome can be interpreted in two ways: we could argue
that the remarkable agreement validates our TDDFT results, or note that the ground
39
In discrete systems the Coulomb-screening cannot be described by a single constant, thus the concept
of dielectric constant is not well defined for nanocrystals. Instead many-body methods can be utilized to
calculate the screening (for an example of such approach, see Ref. [122])
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Figure 3.4: The calculated first excitation energies of DAP containing SiC
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state exchange-correlation functional has the same bogus long-range decay as the TDDFT
kernel40 thus the agreement between the TDDFT and ∆SCF approaches should not be
surprising. Ultimately, we are not able to resolve this dilemma in this work, but we refer
to the fact that constrained DFT calculations are able to describe such charge-transfer
excitations where TDDFT fails [59]. For example in Ref. [123] it was demonstrated that
while TDDFT severely underestimated the energies of charge-transfer transitions in large
organic molecules, the ∆SCF method was able to provide accurate results even with
semi local exchange-correlation functional. They argued that the “electron-transfer selfinteraction” originating from the spurious long-range asymptotics manifests itself in the
40

We utilized the PBE0 exchange-correlation functional for both the ∆SCF and TDDFT calculations.
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TDDFT spectra but not in the total energies of the ground and charge-transfer states.
Later Qin Wu et al. investigated [124] the same systems utilizing a more sophisticated
constrained DFT approach41 and found good agreement between the results of their
method and ∆SCF. All in all we strongly believe that our results are qualitatively correct
and the error introduced by the generally poor description of charge-transfer excitations is
small compared to other possible error sources (inaccuracies of the PBE0 functionals not
related to its long range behavior and the error introduced by the finite basis set). We also
note that regardless of the accuracy of TDDFT/∆SCF approaches for the description of
charge-transfer excitations, the agreement between them is quite remarkable confirming
the legitimacy of the ∆SCF method despite the lack of its theoretically sound foundations.
We only discussed electronic structure related properties of DAPs embedded in SiC
nanocrystals up to this point. It was already demonstrated in Section 2 that the first
vertical excitation energy is often a poor approximation of the characteristic photoluminescence energy. The relaxation of the structure in the excited state can lead to large
Stokes-shifts and broad emission spectra. Unfortunately, the calculation of the emission
line shape is computationally very demanding, especially for large systems with low symmetry where the ionic degrees of freedom is on the scale of thousands. Because of this,
we have chosen a few characteristic cases to study effect of relaxation in the excited
state and listed our results in Table 3.4. The emission spectra was only calculated for
DAPs embedded in the 1.4 nm nanocrystal. We plotted the calculated PL lines shapes
in Figure 3.5 and 3.6 for the AlSi − NC and BC − NC defects, respectively.
We obtained relatively small total Huang-Rhys factors for the AlSi − NC DAP. The
Huang-Rhys factors slightly smaller for the case where the Al and N atoms are adjacent
(S = 3.15) compared to the case where they are well separated (S = 3.60). In both cases,
our calculations indicate that the emission is structured with a well distinguishable ZPL
at low temperatures but becomes smooth and Gaussian-like at room temperature. It is
worthwile to recognize that the peak of the calculated PL emission at room temperature
approximately coincides42 with the vertical excitation energy calculated at the excited
state geometry. This is not surprising, because for roughly Gaussian line shapes the
average energy of the emitted photon is equal to the peak energy. With this observation,
we can predict the emission peak energy for larger systems, where the explicit calculation
of the emission spectra is too costly. We determined the excited state geometry for the
AlSi − NC DAP embedded into the larger, 1.9 nm nanocrystal and calculated the energy
41
In their constrained DFT study, they constrained the charge density on the donor and acceptor to
ensure the convergence the charge-transfer state.
42
We find that the peak energy of the calculated emission spectra is ≈ 0.1 eV larger than the vertical
excitation energy calculated at the excited state geometry.

77

Donor-acceptor pairs in SiC NCs

B-N d=1.4 nm (3.14 Å)
B-N d=1.4 nm (6.27 Å)
B-N d=1.9 nm (6.24 Å)
Al-N d=1.4 nm (2.03 Å)
Al-N d=1.4 nm (6.54 Å)
Al-N d=1.9 nm (6.53 Å)

Results

E1st
(eV)

∗
µ
E1st
(Debye) (eV)

ZPL
µ∗
(Debye) (eV)

Stokes
(eV)

3.32
3.19
2.85
3.87
3.58
3.18

0.048
0.313
0.162
0.082
0.111
0.105

0.566
0.496
0.296
0.110
0.187
0.101

0.56
1.06
0.64
0.37
0.49
0.40

2.76
2.13
2.20
3.49
3.09
2.78

3.05
2.70
2.48
3.71
3.32
2.96

Table 3.4: Our results regarding the vertical excitation energies and transition
dipole moments in the ground and excited geometries. E1st and µ labels the energy
∗
and transition dipole moment of the first vertical excitation. Columns labeled E1st
and µ∗ contain the results obtained in the excited state geometry. We defined
∗
the Stokes-shift as E1st − E1st
. All energies are given in eV, the transition dipole
moments are given in Debye. These values were obtained from TDDFT calculations
utilizing the Turbomole code with PBE0 hybrid-functinal and DZP basis set.

of the first vertical excitation. We approximate the energy of the PL peak with this value,
2.78 eV. The Stokes-shift43 shows a mild size dependence as it decreases from 0.49 eV
to 0.40 eV as we increase the diameter of the nanocrystal from 1.4 nm to 1.9 nm (see
Table 3.4).
For the BC − NC DAP, we obtain relatively larger Huang-Rhys factors. Similarly to
the trend recognized for AlSi − NC , the larger donor-acceptor distance results in larger
Huang-Rhys factor (S = 5.84 vs. S = 8.55). As shown in Figure 3.6, the calculated spectra
are rather broad and structureless even at low temperatures. We find once again that the
peak of the PL spectra and the calculated vertical excitation energy (Table 3.4) almost
coincide. Because of this, we approximate the PL peak of the larger, 1.9 nm B-N doped
nanocrystal to ≈ 2.2 eV. Interestingly, this is a slightly larger value than the one obtained
for the 1.4 nm nanocrystal with the same donor-acceptor separation, breaking the trend
expected from the QCE. Obviously, the reason behind this is the significant decrease of
the Stokes-shift for the larger nanocrystal. While this is a rather interesting result, we do
not have enough sample points to draw conclusions about the size dependence of the PL
emission.
The electron-phonon spectral functions are fairly similar for all the four investigated
models. The vibrational modes with the largest partial Huang-Rhys factors can be clas43

We define the Stokes-shift as the difference between the vertical excitation energies at the ground
and excited state geometries.
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Figure 3.5: Electron-phonon spectral functions and photoluminescent line shapes
of the AlSi − NC defect introduced into a 1.4 nm SiC nanocrystal. The green
arrows below the energy axis indicate the position of the calculated ZPL values.
We applied a Gaussian broadening of 1 and 2 meV to the spectral function and
PL line shapes to make the curves smoother.

sified into three distinct groups: i) the peaks around 15-20 meV identified as the soft
acoustic modes of the SiC nanocrystal. ii) The ≈ 110 meV peak is the LO mode of
3C-SiC. Finally, the peak around 60-65 meV can be recognized as short wavelength LA
modes44 .
Up to this point we did not considered the fluorescent lifetimes of the systems described in this section. While we listed the calculated transition dipole moments in Ta44

See Ref. [125] for the phonon dispersion relation of bulk 3C-SiC.
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Figure 3.6: Electron-phonon spectral functions and photoluminescent line shapes
of the BC − NC defect introduced into a 1.4 nm SiC nanocrystal. The green arrows
below the energy axis indicate the position of the calculated ZPL values. We
applied a Gaussian broadening of 1 and 2 meV to the spectral function and PL
line shapes to make the curves smoother.

ble 3.1, we did not find the results very useful as the values vary significantly depending
on the nanocrystal size and donor-acceptor distance. The transition rates are expected
to be slower than those of the nanocrystals introduced with Si-vacancy or divacancy as
the transition dipole moments are 1-2 orders of magnitude smaller, but even an approximative determination of these lifetimes would require more effort as one would have to
average over many different configurations to obtain a meaningful value.
After having presented our findings for a few chosen model systems, all is left to discuss
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the relevancy of the results to the possible future experimental realization of co-doped
SiC nanocrystals. Similarly to the case of donor-acceptor pairs in bulk semiconductors, we
showed that the donor-acceptor distance plays an important role in the optical properties.
We listed the relative total energies of stoichiometrically identical DAP containing SiC
nanocrystals. Apparently, there is no clear-cut correlation between the donor-acceptor
distance and the formation energy, especially because it is once again difficult to distinguish the role of the donor-acceptor distance from the surface proximity effect. Generally
we find that it is energetically unfavorable for Al and N atoms to be next to each other,
while we can recognize a slight preference for the B and N atoms to be first neighbors.
Rather than trying draw conclusions from our few data points, we refer to experimental
results for bulk 3C-SiC. In Refs. [121, 126] Kuwabara et al. provided a detailed analysis
of the type I donor-acceptor pair emission of B and N doped 3C-SiC. They estimated the
ionization energies of the nitrogen donor and boron acceptor to be 0.055 eV and 0.735 eV,
respectively, and the photon energy corresponding to infinite separation to be 1.614 eV (∼
770 nm). They also found that recombinations related to large donor-acceptor distance
dominate the emission spectrum45 Interestingly, they found that recombination between
free conduction electrons and the boron acceptor states also contribute to the emission
spectra. They measured a rather broad46 emission spectra even at 77 K, and recognized
that the broadening can be attributed to the LA and LO modes of SiC.
A similar analysis was performed for type II Al-N DAPs in 3C-SiC by Choyke et
al.[119], and the measurements were later repeated by Ivanov et al.[127]. The photon
energy corresponding to infinite separation was measured to be 2.094 eV. It was found that
the large-distance recombinations dominate the emission peak. Similarly to the case of
type I B-N DAPs, they observed strong LA, TO, LO phonon replicas. The measurements
indicate that the 3C-SiC co-doped with Al-N does not emit light in the NIR region.
All in all, the experiments indicate that the emission of donor-acceptor recombinations
originates from distant donor-acceptor pairs for both AlSi − NC and BC − NC DAPs. This
can be attributed to the low defect concentrations of the experimental samples. The
emission spectrum falls is in the NIR range for the type I B-N pair, underlining their
potential for biological applications. In contrast, the type II Al-N recombination does not
yield NIR emission even in the bulk limit.
We listed the most important experimental results for the considered donor-acceptor
pairs in Table E.2 of Appendix E.
45
This can be a consequence of the relatively small defect concentration (nN ≈ 6.5 × 1017 cm−3 ) in
their samples. If the concentration is low, it is very unlikely that there is a donor in the proximity of an
acceptor.
46
The energy of the PL peak is ≈ 1.45 eV, with a FWHM of ≈ 0.3 eV
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We characterized the electronic structure of SiC nanocrystals with diameters in the range
of 1.1-2.3 nm containing a single type I B-N or type II Al-N donor-acceptor pair. We found
that both the quantum confinement effect and the donor-acceptor distance has significant
impact on the optical properties. The activation energies of donor and acceptor states
were found to decrease with increasing nanocrystal diameter but increase with the donoracceptor distance. Our time-dependent density functional calculations confirmed that the
lowest excitation occurs between the acceptor and donor states. Similarly to the case of
bulk SiC, our calculations predict that the BC acceptor level is much deeper than the
AlSi level resulting in lower excitation values. In accordance with the expectations, we
found that the strength of the electron-hole interaction decreases with the nanocrystal
diameter and donor-acceptor distance. We also utilized the ∆SCF scheme to calculate the
first excitation energies and found that results agree with the predictions of TDDFT with
high precision (<2% relative error). This finding suggests that the spurious long-range
behavior of the PBE0 functional does not introduce a significant error in the energies
of donor-acceptor excitations for our systems, in contrast to certain charge-transfer excitations frequently encountered in quantum-chemistry where simple exchange-correlation
functional give qualitatively wrong result. The good agreement between the ∆SCF approach and TDDFT also encourages the future applications of the ∆SCF method for
large systems where TDDFT calculations are not feasible.
To relate our results directly to the emission spectra of the nanocrystals, we calculated
the photolumiescent line shapes in some selected cases utilizing the generating function
method in the Franck-Condon approximation. Our results imply that both the AlSi − NC
and BC − NC pair has stable fluorescence but the vibrations broaden the emission spectra
significantly at room temperatures.
As our initial goal was to assess the applicability of SiC nanoparticles containing
donor-acceptor defects for in vivo biological applications, we end with our final verdict.
All in all, the results indicate that SiC nanocrystals containing BC − NC defects are
promising for biological applications as the shorter-wavelength, 650-800 nm interval of
the biological window seems to be in the reach of their photoluminescence. Unfortunately,
we were not able to explicitly demonstrate this as the calculation of emission line shape
was only feasible for the smaller nanocrystals (d = 1.4 nm) where the QCE is still very
prominent. As for the AlSi − NC donor-acceptor pair, our results imply higher energy
luminescence making them less promising for biological applications.
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4.1

Introduction

In this introduction, we attempt to briefly summarize the literature regarding the fabrication, experimental characterization and computational study of silicon carbide nanocrystals. While admittedly not all of this information is directly related to our research on
the surface chemistry of SiC nanocrystals, we believe that this concise overview of the
short history of SiC nanocrystal related research provides valuable context for our work.
As the hope to create porous silicon with strong blue light emission started to wane,
various nanocrystalline forms of silicon carbide gained attention as a possible alternative (see Ref. [128] and references therein). Since SiC has a significantly wider band gap
compared to Si, they believed that it would enable strong and stable blue light emission
critical for optoelectronic applications. In 2005, Wu et al. [128] were the first to fabricate SiC nanocrystals small enough to achieve strong photoluminescence showing signs
of the quantum confinement effect (QCE). They used electrochemical etching of 3C-SiC
followed with ultrasonic treatment to achieve a size distribution in the range of 1-6 nm.
They found that the shape of the nanocrystals was almost spherical, with a Gaussian-like
size distribution. Electrochemical etching became the standard fabrication method of SiC
nanocrystals [128–130], but other methods such as electroless wet chemical etching [32,
131–133] became popular and methods using sol-gel precursors [134] are also promising.
The fabrication process of very small SiC nanocrystals can be broken down into two
major steps: first, the surface of bulk or microcrystalline SiC is etched, either via electrochemical etching, or electroless chemical etching. During this process the surface is
exposed to an acid mixture of hydrofluoric (HF) acid and nitric (HNO3 ) acid. In the case
of electrochemical ethcing, an etching current is also applied alongside the hydrofluoric
acid. This step creates a highly porous layer on the surface of the bulk (microcrystalline)
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SiC. In the second step, the sample is treated in an ultrasonic bath, which results in a
suspension containing small (< 10nm) nanocrystals.
Experimental characterization of SiC nanocrystals poses a significant challenge, since
their surface chemistry is still not fully understood. As the surface of nanocrystals is very
sensitive to the fabrication procedure, contradicting proposals appeared about the surface
of SiC nanocrystals and nature of their luminescence. The size-dependency of the optical
properties is also of great interest, but difficult to determine since the colloidal samples
contain nanocrystals with a wide range of diameters. To confirm the QCE, the luminescent
spectra is measured at different excitation wavelengths. According to the QCE, at low
excitation energies only the largest nanocrystals absorb (and then emit) light, whereas
at higher energies the majority of the nanocrystals become active. Because of this, the
energy of the emission peak is expected depend on the excitation energy as increasing
the energy of the excitation causes a blue-shift in the fluorescent spectra. Unfortunately,
it has proven to be very difficult to create a quantitative relation between the excitation
dependent emission spectra and the QCE. Besides the QCE, the (possibly) size-dependent
Stokes-shift, the size dependent FWHM47 and the size dependent brightness (absorption
cross section and quantum yield) are also contributing factors to the fluorescent spectrum
of a single nanocrystal, thus it is currently impossible to determine the size distribution
of the nanocrystals that contribute to a measured emission spectra at a given excitation
wavelength.
Originally the luminescence of SiC nanocrystals was fully attributed to the QCE [128],
as the emission spectra of the colloidal samples depended on the excitation length. This
behavior was predicted earlier by calculations [135] based on effective mass theory. In
Ref. [129] the role of the solvents in the luminescence was investigated, and it was found
that the energy of the emission peak does not depend the choice of the solvent (water,
ethanol, toulene) to a significant degree. However, it quickly became evident that the
emission characteristics of SiC nanocrystals cannot be purely attributed to the size of the
particles. According to Ref. [89, 128] the absorption of sample containing SiC nanocrystals
of an average diameter of 3.9 ± 1.1 nm started about 420 nm, while its emission peak
was measured at 475 nm upon excitation at 400 nm. When a different group managed to
fabricate SiC nanocrystals with the average diameter smaller than 2 nm, they found [32]
that the emission already started around 680 nm while the emission peak fell at 510 nm
at the excitation wavelength of 400 nm. Comparing the results of the two experiments,
the size-dependency of the optical properties seemingly went against the trend following
from the QCE, namely that smaller nanocrystals expected to have their absorption edge
47

Full width at half maximum, a quantity often used the describe the broadness of line shapes.
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and emission peak at higher energies compared to the larger ones. This discrepancy
suggested that the luminescent properties of SiC nanocrystals cannot be fully explained
by the QCE, and made it clear that it is essential to understand the effect of the surface
chemistry. In Ref. [136], the chemical properties of oxidized SiC upon HF etching were
investigated. Using nuclear reaction analysis (NRA), XPS measurements, ATR and FTIR
methods supported by DFT calculations, they found that the HF-etched SiC surfaces are
hydrophilic with stable hydroxyl (OH) termination. It was also found, that both the CSiC and Si-SiC OH-terminated surfaces are remarkably stable against further oxidation.
Wu et al. argued [132] that the observed photoluminescence rises as the sum of two
distinguishable emission bands. According to pH dependent PL measurements, XPS and
X-ray absorption near edge structure (XANES) analysis, the authors observed that there
is a “blue band” at 450 nm arising from the QCE effect, while an other PL band appears
(“green band”) around 510 nm if the excitation wavelength exceeds 350 nm. They found,
that the green band occurs mainly in acidic environment and disappears in the alkaline
suspensions. Aided by the help of DFT calculations, they concluded that the green band
is associated with OH groups bonding to the reconstructed (001) Si-terminated surface
of the SiC nanocrystals. This claim was supported by earlier work [137] of Cicero et al.,
who studied the interaction of water with SiC(001) surfaces utilizing DFT. Zakharko
et al. investigated [138] the influence of chemical environment on the luminescence of
SiC nanocrystals. According to the results of FTIR measurements, they confirmed the
presence of carboxylic acid groups (-COOH) and Si-OH groups on the nanocrystal surface,
and found that the presence of silane groups (Si-H) is not detectable. They measured
the optical absorption and emission spectra in water, ethanol and dichloromethane and
found that the peak of the emission spectra was at 530 nm, 560 nm and 605 nm for the
three solvent, respectively. They argued that this is due to the different static dielectric
constants of the three materials, as the solvents with higher dielectric constants are able
to screen the radiative states more efficiently (water = 80, ethanol = 24, dichloromethane =
9.1) The role of the surface charges was also investigated in Ref. [132], by using anionic
and cationic surfactants. It was found that the emission spectra of nanocrystals in water
and water solutions of anionic surfactants were similar and differed significantly from the
spectra of nanocrystals solvated in water plus cationic surfactants. Zakharko et al. argued,
that as the surface charge of the SiC nanocrystals becomes positive (nanocrystals with
cationic surfactant), the number of states in the band gap increases leading to a stronger
emission in the lower energies.
Our group started doing research on SiC nanocrystals in 2009, first by means of
first-principles calculations and later by experiments too. Vörös et al. studied the QCE
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[80] and identified the important role of the oxygen bonding the nanocrystal surface by
TDDFT calculations [139, 140]. From the experimental side, Beke et al. prepared SiC
nanocrystals by wet chemical etching and characterized them utilizing Raman and infrared measurements and PL spectroscopy [133]. They investigated their biocompatibility
and applicability in two photon spectroscopy [33]. Recently, our group demonstrated [141]
that the luminescence of the fabricated SiC nanocrystals is not due to the QCE.
In summary, a great deal of effort was made to understand the surface chemistry of
SiC nanocrystals, but we still do not have the full picture. The reason behind this is
that the surface chemistry of SiC is very rich compared to other semiconductors, and
the fabrication process greatly influences the properties of the SiC nanocrystals. Because
of this, the most likely reason behind the seemingly contradicting experiments and theories is that samples fabricated by different research groups fabricated differ from each
other considerably. In addition, the measurements are performed on rather inhomogeneous ensembles obfuscating the correlation between the experimental findings and the
properties of SiC nanocrystals. Because of these circumstances, first-principles modeling
of SiC nanocrystals can potentially provide invaluable insight towards the understanding
of their surface chemistry.

4.2

Models and methods

Our reference model was a spherical, hydrogen terminated nanocrystal with a diameter
of 1.4 nm and a chemical formula of Si79 C68 . Nanocrystals of this size are abundant in
experimental samples, thus the results are expected to be relevant for comparisons with
the measurements. We are not able to perform calculations for larger nanocrystals with
oxygenated surface, as the computational demand rapidly increases with adding oxygen
atoms. During our work we placed -OH, -COOH, -COO- and anhydride groups on the
surface of the 1.4 nm nanocrystal. Where it was not possible to exchange Si-H bonds with
-OH or -COOH groups due to the strong steric interaction between the larger groups48 ,
we introduced Si-O-Si bridges on the surface instead. For a more detailed description of
the chosen models, we refer to the next two sections where they are described alongside
the results of our study.
We utilized DFT theory with and the VASP code for the optimization of the ground
state geometry. We applied the PBE exchange-correlation functional and convergent
plane-wave basis sets within the PAW method. We relaxed the geometries until all forces
were smaller than 0.02 eV/Å. The vibrational eigenvalues and eigenvectors were also ob48

For exmple, the (100) facets of SiC nanocrystals cannot be fully terminated by -OH or -COOH
groups.
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tained from VASP(PBE) calculations, where the dynamic matrix was obtained utilizing
Density Functional Perturbation theory (DFPT). Before calculating the vibrational properties, the structures were further relaxed with a convergence threshold of 0.001 eV/Å
in order to minimize the error originating from the inaccuracies of the ground state geometry. In addition to the already demanding task of solving the Kohn-Sham equations
for the oxygenated systems, we found that finding the minimum of the potential energy
surface is much more difficult for nanocrystals covered with organic groups compared to
the hydrogenated case49 . We computed the first vertical excitation energy for our models utilizing the linear-response TDDFT method implemented in Turbomole. We used
DZP basis sets and the PBE0 functional which already proved to be rather accurate for
the description of both group IV semiconductors [142] and organic molecules [143]. For
the calculation of density of states (DOS) and projected density of states (PDOS), we also
utilized the Turbomole code. The density of states is simply obtained by broadening
the Kohn-Sham eigenvalues (calculated using the PBE0 exchange-correlation functional)
with Gaussians. The width of the Gaussians were set to be 0.15 eV. The PDOS was calculated by projecting each Kohn-Sham orbital to the selected atoms utilizing the standard
Mulliken procedure [144].

4.3

Anhydrid formation on the surface of SiC nanocrystals

In a close collaboration with the experimental branch of our research group, we characterized [T5] the formation of acid anhydride groups from two neighboring carboxyl groups.
First we give a brief summary of the experimental results in order to provide context for
the simulational results. It was found, that the surface chemistry of SiC nanocrystals goes
through a drastic transformation if the sample is heated above 370 K. This change was
characterized by two different experimental methods: i) IR spectroscopy measurements
showed that the above 370 K, there is a strong decrease in intensity of the carboxylic C=O
band (1720 cm−1 ), while a doublet band appears at 1792 and 1860 cm−1 . This doublet IR
band is characteristic for the anhydride group50 . ii) The photoluminescence spectra were
also found to be dependent on the temperature. Upon heating the samples above 370 K,
the PL spectra goes through a substantial blue-shift. The peak of the emission spectra
49
For hydrogenated nanocrystals, the geometry relaxes during the first 50-100 ionic steps very close
to the ground state. In contrast, it can take 300-1500 ionic steps to approach the ground state for SiC
nanocrystals with -OH and -COOH groups. This phenomenom can be attributed to the fact that the
-OH and -COOH groups can (almost) freely rotate on the nanocrystal surface. This results in a very
shallow potential energy surface for the system. If we consider that these groups interact with not only
the nanocrystal but also with each other, the potential energy surface becomes not only shallow but very
complex too.
50
Anhydride group: R-(C=O)-O-(C=O)-R group where R stands for carbon substituents.
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is originally around 500 nm, but shifted to 400 nm after annealing the nanocrystals to
450 K.
First, we focus on the theoretical confirmation of the anhydride formation by calculating the vibrational density of states (VDOS) of the anhydride group on the nanocrystal
surface. While the peaks in the IR spectra clearly indicated the presence of anhydride
groups, this was still necessary as the IR bands of the anhydride group were characterized for a lot of different chemical compounds, but not for the case where it bonds
to the surface of SiC. In addition, the anhydride can bond to the SiC surface in three
different ways (see Figure 4.1): by second neighbor (a) Si-Si or (b) C-C atoms forming a
six-member ring or it can bond to first-neighbor Si-C (c) atoms forming a five-membered
ring. The first two configurations can occur on the (111) facets of the nanocrystals. The
latter configuration can take place where an adjacent Si-C pair is at the surface which is
most likely to occur at the edges of different facets of the SiC nanocrystal. The calculated
characteristic vibrational frequencies for configurations a), b) and c) are (1715, 1770),
(1702, 1770) and (1737, 1835) cm−1 , respectively. We compare the calculated vibrational
peaks with the peak position obtained from IR spectroscopy in Figure 4.1. Apparently,
there is no obvious correspondence between the experimental and theoretical results. This
is not surprising because the PBE functional is not expected to give accurate absolute
fundamental vibrational frequencies51 . To gain some insight regarding the accuracy of
the calculated frequencies, we performed benchmark calculations for a small set of anhydrides. We listed these benchmarks in Table C.1. Unfortunately, these efforts did not help
us to draw better correlation between our results and the experimental frequencies. In
our benchmarks the DFPT method consistently overestimates the higher energy IR band,
and almost always underestimates the lower energy band. The discrepancies between the
benchmark results obtained from finite-differences approach and DFPT method underlines that the PBE approximation is not solely responsible for the inaccuracies of our
result. The numeric, basis set related errors seem to be difficult to circumvent within
our PAW approach (most fitting for the study of bulk matter), indicating that different methodologies (such as analytical gradients from localized basis sets) are required in
the future in order to accurately determine the anhydride IR bands. Because our benchmarks indicate that the DFPT approach consistently overestimates the energy difference
between the two IR bands, we exclude the five-member ring as possible candidate to be
51
To lessen the inaccuracies of vibrational energies obtained from DFT, the so-called Frequency Scale
Factors were introduced. These factors indicate the trend observed between the calculated and measured
frequencies of molecules. For example, Merrick et al. [145] found a frequency scale factor of 0.9948 for the
PBE functional and a highly convergent Gaussian basis by comparing 1066 theoretical and experimental
vibrational frequencies belonging to 166 molecules.
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the origin of the experimental signal. At the same time, the accuracy of our calculations
does not seem to be sufficient to differentiate between anhydride groups bonding to Si-Si
or C-C pairs, as both configurations result in a six-member ring and rather similar dual
frequency band. It is possible, that the measured IR spectra itself contains contribution
from both configurations.

Figure 4.1: The skeletal formulas and calculated vibrational energies for the three
possible anhydride group configurations on the surface of a SiC nanocrystal. Black,
red and green colors represent anhydride configurations a), b) and c), respectively.
We applied an artificial Lorentz broadening of 10 cm−1 for the sake of visibility.
The blue vertical arrows mark the positions of the experimentally measured absorption peaks. The differences between the characteristic vibrational frequencies
of the anhydride group are labeled over the horizontal arrows in all the three cases.

To reproduce the blue-shift of the photoluminescence, we set up a minimal model
according to the hypothesis formulated by the experimentalist. In an attempt to make
the simulations more economical, we did not cover the whole surface with functional
groups but focused on a single carboxyl-carboxyl pair (below the transition temperature)
and a single anhydride group (above the transition temperature). In order to make the
local environment of these groups more realistic, we replaced the nearest Si-H bonds by
Si-OH groups. It was already known from earlier calculations [140] that a Si-COO- defect
significantly lower the optical gap of SiC nanocrystals. Because of this, we deprotonated
on of the carboxyl groups. We note that the deprotonation of these carboxyl surface
groups is likely in aqueous as the pKa value for formic acid and acetic acid 3.75 and 4.76,
respectively52 . The negatively charged carboxylate group introduces a defect level in the
52

pKa = −log10 Ka is the logarithm of the acid dissociation constant. For example, 0.4 % of acetic
acid molecules are dissociated in a 1 M solution.
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Figure 4.2: The HOMO, the total (DOS) and projected density of states (PDOS)
around the Fermi level for the pair of COO− and COOH groups (a), and for the
anhydride group on the Si side of SiC nanocrystals (b). The PDOS is generated by a
projection of the Kohn-Sham orbitals to the atoms of the relevant functional groups
in both cases. The COO− group introduces a defect level localized on the oxygen
atoms. In contrast, for the anhydride group the LUMO remains a delocalized, and
can be described as a hybridization of a bulklike state and a defect state similar
to the one observed for the COO− group. The PDOS values are multiplied by a
factor of 5 for the sake of visibility. An artificial broadening of 0.15 eV was applied
for the visualization of DOS and PDOS. White, cyan, yellow and red balls depict
H, C, Si and O atoms, respectively. The positive and negative isovalues of the
HOMO states are represented by orange and green clouds, respectively.

HOMO-LUMO gap of the SiC nanocrystal roughly 0.55 eV above the “valence band edge”
of the pristine nanocrystal (see Figure 4.2). This HOMO state is strongly localized on the
-COO- moiety. The LUMO of this model is almost identical to the LUMO of the pristine
nanocrystal with negligible contribution from the surface defects.
For the anhydride group, we found that both the HOMO and LUMO can be described
as hybridized orbitals of the the surface-related bonding and anti-bonding states and the
bulk-like HOMO and LUMO of the hydrogenated nanocrystal. Despite of this hybridization, the HOMO-LUMO gap of the anhydride model is barely decreased compared to the
hydrogenated nanocrystal.
According to our TDDFT calculations, the first excitation occurs between the HOMO
and LUMO for both model systems. We obtained 3.57 eV and 4.05 eV values for the first
excitation energy of carboxyl-carobylate model and for the anhydride model, respectively.
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We also calculated the optical gap of two adjacent (but not protonated) carboxyl groups
which resulted in a value of 4.13 eV for first vertical excitation. For reference, we mention
that same-sized nanocrystal with fully hydrogenated surface has an optical gap of 4.19 eV.
All in all, our results indicate that the neutral carboxyl groups or the anhydride group
barely reduces the optical gap of the hydrogenated nanocrystal, while the (negatively
charged) anhydrate group introduces a defect level in the LUMO, reducing the optical
gap by ∼ 0.5 eV.
Utilizing the ∆SCF method, we also relaxed the model structures in their excited
states. We calculated the vertical excitation energies in the excited geometries, and approximate the peak of the PL line shape with this value. We found exceptionally large
Stokes-shift for the anhydrate defect, as the vertical excitation energy reduced to 1.51 eV
(820 nm) in the excited state from the initial value of 3.57 eV. This is a consequence of
the localized nature of the defect state. Upon excitation, a significant change takes place
in the electron density around the -COO- group resulting in a very significant distortion
of the geometry. In particular, the Si-C bond bridging the COO- group to the surface of
the nanocrystal stretches from to 1.99 Å to 2.39 Å.
For the model with the anhydride group the Stokes-shift is slightly less substantial
but still very strong: the first vertical excitation energy decreases from 4.05 eV to 2.38 eV
(520 nm). Once again, the large Stokes-shift can be attributed to the change of the
electronic density in the vicinity of the anhydride group as both the HOMO and LUMO
are partially localized on its carbon and oxygen atoms.
All in all, the calculated change in the emission energy induced by the carboxyl →
anhydride transformation shows the same trend as the experiments. However, the theoretical simulations indicate a much more drastic change than it was seen in the PL
measurements. This apparent contradiction can be resolved by the following arguments:
• The diameter of our nanocrystal is 1.4 nm, thus it represents the smallest nanocrytals in the fabricated sample. The impact of the surface is expected to be less
significant for larger nanocrystals with smaller surface/volume ratios.
• We only placed a single carboxyl-carboxylate pair and a single anhydride on the
surface of our nanocrystals in order to keep the computational cost low as possible.
The realistic surface of the nanocrystal can be expected to have tens or hundreds of
these moieties53 . Because of this, the HOMO and LUMO of more realistic nanocrystals are expected to be less localized, leading to less pronounced Stokes-shift.
53

We note however, that the large Coulomb interaction energy prevents the formation of adjacent
carboxyxlate groups.
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• The environment of the SiC nanocrystal is also very important. In polar solvents
such as water, the surface charges are expected to be shielded by the high dielectric constant of the aqueous solution (εH2 O ≈ 80). We note however, that the PL
measurements were performed for both samples in water and SiC nanocrystals in
solid form on a silicon wafer. While the change in the optical properties was indeed
found to be more pronounced for the solid sample, it was still not as drastic as one
would predict from our theoretical results.

4.4

Optical properties of SiC nanocrystals with different surface
chemistries

The results presented here were achieved in collaboration with the experimentalists of
our group similarly to those in the preceding section, therefore, we start once again with
the short overview of the experimental results which motivated our calculations. The
surface of the fabricated SiC nanocrystal samples were modified [T6] by chemical reduction, and the resulting products were various experimental techniques such as ATR-IR54
spectroscopy, steady-state PL measurements and titrimetric investigation. In addition,
wavelength-dependent time-resolved emission spectroscopy methods such as TRANES 55
and DAS56 were performed, but these results will not be discussed in this work. First
we introduce the different samples produced by experimentalists. SiC nanocrystals fabricated by the standard wet chemical etching will be referred as the “as-prepared” sample.
These as-prepared samples were reduced by NaBH4 in aqueous solution. We refer to the
+
product of this procedure as ‘BH−
4 reduced’. The so-called “Zn/H reduced” nanocrystals were produced by reducing as-prepared samples dispersed in HCl by dissolving Zn
powder. This sample was exposed to a 2-hour illumination, which resulted in apparently
oxidized SiC nanocrystal, thus we refer to this sample as “reoxidized”. Bases on the results of IR spectroscopy measurements and potentiometric titration investigation, the
experimentalists set up the following hypothesis regarding the surface chemistry of the
different samples:
• As prepared SiC nanocrystals are fully covered by -OH and -COOH groups
• BH−
4 reduced samples are fully covered by -OH, but the (majority of the) carboxyl
groups are removed from the surface during the reduction procedure
54

Attenuated Total Reflectance Infrared Spectroscopy
Time-Resolved Area-Normalized Emission Spectroscopy
56
Decay Associated Spectrum
55
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• Zn/H+ reduced samples are partially -OH and partially hydrogen terminated. The
stronger reducing agent reduces the C-OH surfaces to C-H, but likely leaves Si-OH
surfaces intact as the Si-O bond is very strong compared to Si-H
• The reoxidized sample shows a strong IR peak at the characteristic Si-O-Si vibrational bands which can be explained by the oxidation of the Si terminated surfaces.
In order to verify the claims deduced from the results of experiments, we created
several models related to the aforementioned assumptions about the surface chemistry of
the different samples. Table 4.1 contains the detailed description of our models an the
most important results regarding their optical properties.
Description

Si-X

C-X

∗
E1st (eV) E1st
(eV)

pristine
Zn/H+ reduced
BH−
4 reduced
as-prepared

-H
-OH
-OH
-OH
-OH
-OH
-OH,
-OH,
-OH,
-OH
-OH,
-OH,
-OH,

-H
-H
-OH
-OH,
-OH,
-OH,
-OH
-OH
-OH
-OH,
-OH
-OH,
-

4.19
4.42
3.53
3.54
3.53
3.60
3.46
3.44
3.18
3.35
3.06
3.29
4.51

reoxidized

-COOH(× 1)
-COOH(× 2)
-COOH(× 8)
-COOH(× 8) (-)
-COOH(× 8)
Si-O-Si

-COOH(×1)
-COOH(×2)
-COOH(×8)

-COOH(×8) (-)
-COOH(×8)

4.29
3.23

?
?
?

3.26
3.26

?

2.60
2.50
1.15
2.97

?

?

Table 4.1: Summary of the surface models considered in our work. Columns Si-X
and C-X refer to the Si and C terminated facets of the SiC nanocrystal, where X is
for the terminating chemical groups. For example, -COOH(×8) in the Si-X column
describes a surface where eight of the Si-OH groups are substituted by carboxyl
groups. For models marked with (-), we deprotonated one of the carboxyl groups.
Systems labeled with ? are depicted in Figure 4.3 and their calculated DOS and
∗
PDOS are plotted in Figure 4.4. E1st and E1st
denotes the first vertical excitation
energies in the ground and excited state geometries, respectively, obtained from
TDDFT (PBE0) calculations.

In Figure 4.3 we depict the most characteristic models we built up to represent the
experiments. Unlike the experiments (where the as-prepared samples are reduced lowering
the degree of surface oxidation), we start with the hydrogenated nanocrystal, and advance
towards the as-prepared sample by replacing the hydrogen atoms on the surface by -OH
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.3: Ball and stick representation of the characteristic models we created
associated with the experiments. (a) is an idealized, pristine nanocrystal which
does not exist, but useful as a reference point as many ab-initio studies use similar
models for SiC (or even Si) nanocrystals. (b) The Zn/H+ reduced sample, where
the strong reducing agent remove all but the Si-OH oxygen atoms from the surface.
(c) The BH−
4 reduced sample, where the weaker reducing agent removes the COOH groups but leaves -OH groups intact. (d)-(e) The as-prepared sample, where
-OH and -COOH groups cover the surface. As there is little known about the
preference of Si-COOH and C-COOH configurations, we considered both case in
our calculations. (f) The reoxidized sample, where the outermost layer of C atoms
are substituted by O atoms, resulting in the formation of Si-O-Si bridges and it
resembles a thin amorphous SiO2 layer on the surface.

and -COOH groups. For our first oxygenated model, we replaced the Si-H bonds by SiOH groups, and the result is a model that we assign to the Zn/H+ reduced sample of
the experiments. By replacing the C-H bonds by C-OH groups, we fully oxygenate the
surface. This is the model that can be correlated to the BH−
4 reduced sample of the
experiments. Next, we started to exchange to -OH groups with -COOH moieties. This
resulted in numerous models differing only by the number of Si-COOH and C-COOH
groups at the surface. Finally, we created the reoxidized model by removing the C atoms
at the surface and replacing them by O atoms in a manner, that no dangling-bond remain
at the end of this procedure.
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Apparently, replacing the Si-H bonds with -OH groups does not decrease the optical
gap; rather it leads to a slight increase of the first excitation energy. On the other hand, the
introduction of C-OH bonds results in a significant red-shift of the optical gap. This can
be attributed to a defect state that is localized on the C-OH bonds (see Figure 4.4). The
effect of these C-OH bonds is even more pronounced for a smaller, 1.1 nm nanocrystal.
We highlighted the important role of the C-OH groups by considering two, fully covered
SiC nanocrystals with the same diameter, but different stoichiometry. We oxygenated
both Si31 C40 and Si40 C31 by replacing the H atoms at the surface with -OH groups. We
calculated the optical gaps and obtained 3.64 (2.54) eV and 4.14 (3.53) eV values for
the first excitation energies in the ground (excited) state geometries for the Si31 C40 and
Si40 C31 models, respectively. We observed the opposite trend for the same nanocrystals
but with hydrogenated surfaces: the Si31 C40 model possesses a larger optical gap (5.17 eV)
than Si40 C31 (4.69 eV) as the Si/C ratio is the primary factor that determines optical
properties (besides the diameter, which is the same for both models). This contradiction
can be resolved by recognizing that the oxygenated Si31 C40 model has 48 C-OH groups
resulting the red-shift of the optical gap from 5.17 eV to 3.64 eV. On the other hand, the
oxygenated Si40 C31 model has only 12 C-OH groups at the surface, which explains the
more moderate change of the optical gap (4.69 eV → 4.14 eV).
In the next step, we started replacing -OH groups with -COOH groups. Here we can
identify an interesting trend, as the optical gap slightly increases upon the substitution
of an C-OH by and C-COOH, while slightly decreases for Si-OH → Si-COOH. It is not
unexpected that the replacement of C-OH groups results in the increase of the optical
gap because the HOMO of the oxygenated nanocrytals is localized on these moieties. On
the other hand, it is not straightforward how Si-OH → Si-COOH causes a red-shift of
the optical properties as the HOMO remains localized on the C-OH groups even with the
introduction of Si-COOH. This change in the optical gap can be explained by the chargetransfer between the Si-COOH groups and the rest of the nanocrystal. We calculated the
partial charges on each atom, and approximated the change of the HOMO-LUMO gap
by first-order perturbation theory:
∆GHL

e2 X
=
4π0 i

*

+

*

+!

δqi
δqi
H(r)
H(r) − L(r)
L(r)
|r − ri |
|r − ri |

.

(4.1)

Here H(r) and L(r) are the HOMO and LUMO Kohn-Sham orbitals, δqi is change of
the total charge localized on the ith atom between the models with no and partial Si-OH
→ Si-COOH substitution (for a more detailed description, see Appendix D). We note
that a similar approach was able to explain the effect of sulfurization of diamondoids on
their optical properties [146]. The results of this approximation are listed in Table D.1,
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and the linear fit between the ab-initio results and our simplified description is presented
in Figure D.1. It is clear that the Si-COOH induced red-shift of the optical gap can be
explained by our simple charge transfer model. While perturbation theory overestimates
the magnitude of this blue-shift by a factor of ≈ 2.5, this is not surprising as our simple
model completely neglects any shielding effects.
full DOS

(d)

full DOS
PDOS: C−COOH
PDOS: C−OH
PDOS: Si−OH

full DOS
PDOS: Si−OH

(e)

full DOS
PDOS: Si−COOH
PDOS: C−OH
PDOS: Si−OH
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Figure 4.4: Calculated DOS and PDOS for the models depicted in Figure 4.3.
The Kohn-Sham eigenvalues were obtained utilizing the Turbomole code with
PBE0 functional and DZP basis sets. The Kohn-Sham energies were broadened
by 0.15 eV in order to realize a smooth DOS. The PDOS were calculated by the
Mulliken projection of Kohn-Sham states onto atomic orbitals. The calculated
DOS/PDOS were shifted alongside the x-axis until ELU M O = 0 eV in order to
help the comparison between the different models.

As the carboxyl group has weak acidic character, they are expected to dissociate
in aqueous solutions. Therefore we also considered models where a carboxyl group is
deprotonated. We found that the HOMO remains localized on the C-OH groups even with
the introduction of these negatively charged defects. This is in contrast with the results
of the previous section, where we found that these carboxylate groups introduce defect
states that are strongly localized on negatively charged group. Here, the full -OH coverage
of the nanocrystal modified this picture, highlighting the complicated interplay between
various functional groups. We note however that energies of these states associated with
charged defects are expected to shift toward the conduction band if we consider that the
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nanocrystals are immersed in a polar solvents57 .
For our “reoxidized” model, we found that the optical gap is significantly blue-shifted
compared to the as-prepared sample. This is in disagreement with the experimental findings as PL spectroscopy only indicated a very mild blue-shift. This can be the consequence
that our nanocrystal is rather small thus surface related phenomena manifests rather pronouncedly. It is also possible that our model for the “reoxidized” sample needs further
refinements. The calculated blue-shift itself is a consequence of the quantum confinement
effect, as with the substitution of the outermost layer of C atoms by O atoms, the effective
size of the nanocrystal decreases because the HOMO and LUMO states are confined into
the SiC core of the nanocrystal and do not penetrate the SiO2 -like surface.
We also determined the excited state geometries for some selected models. The negatively charged -COO− groups relax significantly upon excitation. This resulted in large
Stokes-shifts, especially for the Si-COO− defect. Once again we note that polar solvents
are expected to mitigate this effect which would explain that the fabricated samples do
not show PL emission in the red-NIR range. As the explicit calculation of the PL line
shapes proved to be too expensive, we once again approximate the position of the PL
peak by the calculated vertical excitation energy in the excited state geometry. We obtained 385 nm PL wavelngth for the BH−
4 model, and 380-475 nm emission peak for
our “as-prepared” models. We note that PL wavelength of the “as-prepared” sample was
measured ≈ 450 nm, which is in good agreement with our results. Care has to be taken
in direct comparison of the results obtained in our calculations to the experimental data
because our models are rather small nanocrystals in vacuum while the experiments are
performed on ensembles of typically larger nanocrystals in water. Keeping this in mind,
our calculations clearly indicate that the hypotheses set up by our experimentalist colleagues regarding the surface chemistry of SiC nanocrystals is indeed correct. Our results
show the same trend as can be inferred from PL measurements58 :
• removing the carboxyl groups from the surface does indeed lead to the blue-shift of
the PL emission;
• further removal of the C-OH groups from the surface results in an even stronger
blue-shift of the PL emission;
57
Our results regarding the solvation effect of SiC nanocrystals are yet to be published. The effect of
water was taken into consideration by either placing a couple of H2 O molecules nearby to the charged defect or by the application of quantum mechanical continuum solvation models. Both approaches indicated
that the charged defect states become much shallower in polar solvents.
58
See Appendix E for a short comparison between our results and the measured PL spectra.
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• the reoxidized nanocrystals’ PL spectra remains blue-shifted compared to the asprepared samples,
but the blue-shift calculated for the reoxidized sample is much more pronounced than one
would expect from the experiments indicating that our model for the Si-O-Si oxidization
needs further iterations.

4.5

Summary

In the last sections, we presented two studies related to the surface chemistry of SiC
nanocrystals. Both studies were born from a close collaboration with the experimentalist
of the research group, thus most of our models and calculations were directly motivated
by experiments.
First we investigated the formation of anhydride groups on the surface of SiC
nanocrystals from adjacent carboxyl groups as it was conjectured. We calculated the
characteristic IR frequencies and the optical gaps of the models systems utilizing DFPT
and TDDFT, respectively. Our results were in good agreement with the outcome of the
experiments indicating the initial picture was indeed correct.
Continuing our close cooperation, we utilized our ab-initio methodology to characterize the change of the surface chemistry of SiC nanocrystal that occurs as the fabricated samples were exposed to different reducing agents. Once again we relied on the
insight provided by our chemist colleagues during the construction of the model nanocrystals. Or results regarding the optical properties of SiC nanocrystal with different surface
chemistries were in good agreement with the PL measurements.
We hope that the reader was able to gain a little appreciation for the rich surface
chemistry of SiC nanocrystals and the scientific challenge that comes with it. Although
we believe that our results presented in the previous two sections are important steps
towards the full understanding of this area, the work is far from being done. The most
significant deficiency of our models is the complete neglect of the solvent and its effects.
As a defense, we note that it is very difficult to take the solvent into consideration at
ab-initio levels of theory, but hopefully we are going to be able to present our results on
the SiC nanocrystal-related solvation effects in the near future.
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Thesis points
1. Color centers in ultrasmall SiC nanocrystals
(a) I characterized various transition metal-related color centers in small (1 nm<d<2 nm) cubic
silicon carbide nanocrystals utilizing computational methods based on density functional
theory. I found that these color centers introduce deep defect levels in the HOMO-LUMO
gap of the nanocrystal that are localized on the point-defects and provided a group-theoretic
description of the symmetries of these states. I demonstrated that the quantum confinement
effect is rather weak for these localized states, as the localization and energy of these states
shows only a light dependence on the nanocrystal diameter. I also performed the same
analysis for the Si-vacancy and divacancy defects and found that localized states of these
intrinsic color centers also exhibit weak quantum confinement effect. I calculated the lowest
dipole-allowed excitations for both the transition-metal related and the intrinsic defects
utilizing adiabatic linear-response time-dependent density functional theory and the PBE0
exchange-correlation functional. The results confirmed that due to the introduction of the
color-centers, the size-dependence of the optical gaps of the SiC nanocrystals becomes weak.
In addition, our calculations indicated that SiC nanocrystals hosting these color centers are
indeed very promising for in vivo biological imaging applications as their absorption edge
shifted into the NIR region which is considered the ideal biological window as the absorption
and scattering of the blood and tissue is minimal in this energy range [T1,T2,T3].
(b) I determined the geometry relaxation upon excitation of the aforementioned point defects
embedded into SiC nanocrystals. I obtained the excited state geometries utilizing the ∆SCF
method. I also calculated the dynamical matrix, the vibrational frequencies and normal
modes of these systems. This allowed the calculation of the emission lines shapes in the
Franck-Condon approximation using the generating function method. I found that the absorption spectra do indeed fall into the NIR range for most of the investigated defects. I
identified that the excited state relaxation and vibrational broadening shows a rather drastic
size-dependence for the divacancy defect, at least for small nanocrystals. I also calculated the
radiative lifetimes of these systems and found that the introduction of point defects lowers
the lifetime by orders of magnitudes compared to pristine SiC nanocrystals. I found especially fast relaxation rate for the negatively charged Si-vacancy defect, indicating that the
brightness of SiC nanocrystals containing Si-vacancy defects can rival nanocrystals’ made
of direct band gap semiconductors. These result directly indicate that the introduction of
various point defects can greatly enhance the otherwise relatively poor optical performance
of the host SiC nanocrystals for in vivo biological imaging applications. The proposed colorcenter containing SiC nanocrystals have excellent biocompatibility, sufficiently small size
and strong PL emission in the biological window.
2. Donor-acceptor pairs in ultrasmall SiC nanocrystals
(a) I investigated the optical properties of SiC nanocrystal co-doped with type II Al-N and type
I B-N donor-acceptor pairs. I found that similarly to the bulk case, the BC defect introduces
a rather deep acceptor level, the AlSi defect a much shallower one, while NC donor state
remains very close to the conduction band edge oven for very small SiC nanocrystals. I
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focused on the impact of the quantum confinement effect and the donor-acceptor distance on
the optical properties. Aided by density functional theory, time-dependent density functional
theory and the ∆SCF method, I was able to show that first excitation energy decreases with
both the nanocrystal size and the donor-acceptor distance [T4].
(b) I utilized the ∆SCF approach to calculate the excited state geometries of co-doped SiC
nanocrystals, and calculated the vibrational frequencies and normal modes. Employing the
results of these calculations I determined the PL emission spectra of for both the Al-N and
B-N donor-acceptor pair. Combining these results with the previously determined trend
regarding the size dependence of the optical properties, I conclude that SiC nanocrystals
co-doped with B-N are very promising for applications in in vivo biological imaging.
3. Anhydride formation on the surface of SiC nanocrystals My calculations confirmed that
the experimentally observed change in the IR spectra and PL emission of SiC nanocrystals upon
annealing the samples over 370 K can indeed be explained by the formation of anhydride groups
from neighboring carboxyl groups on the surface of SiC nanocrystals. I calculated the IR density
of states for various possible anhydride configurations, and identified that the measured IR double
band originates from carboxyl groups bonding to (111) facets of the SiC nanocrystal. Utilizing
density functional theory, I was able to demonstrate the impact of deprotonated carboxylate groups
on the optical properties which explained the blue-shift experienced at higher temperatures [T5].
4. Optical properties of SiC nanocrystals with different surface chemistries Utilizing density functional theory and time-dependent density functional theory, I investigated the surfacechemistry dependence of the optical properties of SiC nanocrystals. I showed that Si-OH groups
do not play an important role in the emission spectra, while C-OH groups introduce a relatively
deep defect level above the HOMO of the nanocrystal. In addition, I demonstrated that the substitution of Si-OH groups by Si-COOH groups further reduces the optical gap even though the
surface related defect level remains localized on the C-OH groups. I was able to explain this by the
charge transfer between the COOH groups and nanocrystal utilizing a simple phenomenological
model. I created a model for reoxidized SiO2 -like surface of SiC nanocrystals and found that the
emission of these systems are blue-shifted compared to the as-prepared samples. My results are
in good agreement with the outcome of experiments performed simultaneously [T6].
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Conclusions and outlook
In summary, I have investigated silicon carbide nanocrystals by means of first principles simulation methods. I characterized the optical properties of SiC nanocrystals that
contain Si-vacancy, divacancy or transition metal related point-defects. I studied SiC
nanocrystals co-doped with donor-acceptor pairs. Finally, I performed numerous computational studies in order to achieve a better comprehension of the surface chemistry of
SiC nanocrystals. My work was directly related to a very promising potential application
of small SiC nanocrystals, namely fluorescent biological imaging. I hope that these results can motivate experimentalist to continue their work in this research area, thus my
efforts hopefully contribute to future real-world applications of SiC nanocrystals in the
medicine.
As for future plans, there is still plenty to do in order to fully understand the physics of
small SiC nanocrystals. Our knowledge about their surface is still not sufficient, therefore
surface-related studies are expected to remain a main direction of our SiC nanocrystal
related research. In my opinion, the most pressing issue is to investigate the effect of
solvents, and determine whether our results regarding SiC nanocrystals in vacuum hold
for nanocrystals in more realistic environments.
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Frequently used a abbreviations:
(3C)-SiC
BOA
DFPT
DFT
DZP
ECP
FTIR
FWHM
GGA
HOMO
LDA
LR-TDDFT
LUMO
NIR
PAW
QCE
QD
SCF
TDDFT
TEM
XPS
ZPL

-

Cubic Silicon Carbide
Born-Oppenheimer Approximation
Density Functional Perturbation Theory
Density Functional Theory
Double Zeta Polarized
Effective Core Potential
Fourier Transform Infrared Spectroscopy
Full Width at Half Maximum
Generalized Gradient Approximation
Highest Occupied Molecular Orbital
Local Density Approximation
Linear-Responese TDDFT
Lowest Unoccupied Molecular Orbital
Near Infrared
Projector Augmented Wave method
Quantum Confinement Effect
Quantum Dot
Self-Consistent Field
Time-Dependent Density Functional Theory
Transmission Electron Microscope
X-ray Photoelectron Spectroscopy
Zero-Phonon Line
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Basis set benchmarks

I utilized the VASP code to optimize the geometries of the studied systems and to calculate the vibrational frequencies and normal modes. The PAW method was utilized for the
treatment of the core electrons and the plane-wave cutoff energy was automatically set
to the default value provided in the projector files. As VASP utilizes periodic boundary
conditions (PBCs), the studied nanocrystal can interact with its mirror images. If this
interaction is significant, the obtained results are not going to be valid for isolated clusters. To prevent this, we ensured at least 10 Å distance between the nanocrystal and its
periodic images. The results listed in Table A.1 indicate that this distance is more than
enough to render the unwanted cluster-cluster interaction negligible.
L (Å)

d (Å)

Etotal (eV)

GHL (eV)

h Si-C i(Å)

19
22
25
28

8
11
14
17

-762.7574
-762.7884
-762.7850
-762.7828

4.0773
4.0760
4.0767
4.0759

1.893080
1.893392
1.893233
1.893367

Table A.1: Results obtained for a ≈1.1 nm sized SiC nanocrystal with different
supercell sizes. L is the size of the supercell, d is the separation between the
nanocrystal and its periodic images, Etotal is the total energy, GHL is the HOMOLUMO gap and h Si-C i is the average Si-C bond length. The results indicate that
the total energy, Kohn-Sham gap and the average bond length all converge quickly
with the size of the supercell.

Unfortunately, while the semi-local PBE functional provides good results for the structure and vibronic properties of the nanocrystals, it severely underestimated the HOMOLUMO gap. The PBE0 functional provides much better results for the HOMO-LUMO
gap (and thus it performs better for excitations), but it is much more computationally expensive. Because of this, we were not able utilize the plane-wave VASP code for
computation of the electronic structure , instead we used the Turbomole code for the
computation of the Kohn-Sham spectra and excitation energies. We performed our Turbomole simulations utilizing a rather efficient double-ζ basis set with additional polarization orbitals (DZP). In order to demonstrate that our relatively small basis set is able
to describe the Kohn-Sham orbitals accurately, we plotted the Kohn-Sham energies of a
small and a large SiC nanocrystal calculated by VASP and Turbomole in Figure A.1.
Both VASP and Turbomole energies were obtained with the PBE functional. For the
smaller nanocrystal, the occupied orbitals are very well described by both the DZP and
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the highly convergent QZVP basis sets, while the energy of the unoccupied orbitals are
overestimated by these localized basis sets. This is especially the case for the DZP basis
set which provides reasonably accurate energy for the LUMO, but severely overestimates
the energies of higher lying orbitals. The QZVP basis set also overestimates the energies
of unoccupied orbitals, but to a much lesser extent. For the larger nanocrystal, the QZVP
basis set is too large for efficient calculations, but the DZP(ECP) basis already provides
relatively accurate results for both the occupied and unoccupied states. This improved
accuracy can be contributed to the unoccupied orbitals becoming more bulk-like for the
larger nanocrystals.
(b)
1

VASP − Plane−Wave
Turbomole − DZP(ECP)
Turbomole − QZVP

0

0

−1

−1
Energy (eV)

Energy (eV)

(a)
1

−2
d = 1.1 nm
−3

−2
d = 1.9 nm
−3

−4

−4

−5

−5

−6

−6

−7

VASP − Plane−Wave
Turbomole − DZP(ECP)

−7
−3 −2 −1 H L +1 +2 +3
Eigenvalue

−3 −2 −1 H L +1 +2 +3
Eigenvalue

Figure A.1: The calculated Kohn-Sham energies resulting from a plane-wave
VASP calculation, and calculations utilizing the Turbomole code with Gaussian basis sets. The DZP(ECP) basis set was used throughout our studies of SiC
nanocrystals, while the QZVP basis set is a highly connvergent all-electron basis
set. H and L labels the HOMO and LUMO orbitals. (a) For the smaller nanocrystal, the occupied orbitals are very well described with both the DZP and QZVP
basis sets. On the other hand, the localized basis sets overestimate the energy of the
unoccupied orbitals. This is especially the case for the DZP basis set, which only
provides reasonable energy for the first unoccupied orbital, while severely overestimates the energy of the higher lying orbitals. (b) As apparent, the DZP(ECP)
basis set provides much more accurate energies for the unoccupied Kohn-Sham
orbitals in case of the larger, 1.9 nm SiC nanocrystal.
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Casida equation

The Casida formalism [147] recasts Eq. 1.49 into a matrix equation. The Casida equation
is the following59






X
−I
0
X
A
B


 = Ω

,
(B.1)
B A
Y
0 I
Y
which is a pseudo eigenvalue equation (its eigenvalues and eigenvectors come in pairs as
Xn , Yn , Ωn and X∗n , Y∗n , −Ωn ) where the building blocks of the matrix are defined as
Aiaσ,i0 a0 σ0 (Ω) = δii0 δaa0 δσσ0 ωa0 i0 σ0 + Kiaσ,i0 a0 σ0 (Ω)

(B.2)

Biaσ,i0 a0 σ0 (Ω) = Kiaσ,i0 a0 σ0 (Ω).

(B.3)

and
The matrix elements of K are defined by:
Kjkσ,j 0 k0 σ0 =

Z

d3 r

Z

!

1
+ fxc,σσ0 (r, r0 , Ω) Φ∗j 0 k0 σ0 (r),
d3 r0 Φjkσ (r)
|r − r0 |

(B.4)

where we introduced the so-called pseudo densities: Φjkσ (r) = ϕjσ (r)ϕkσ (r) (ϕjσ are the
Kohn-Sham orbitals). This pseudo eigenvalue problem is infinite dimensional in principle,
but it becomes finite dimensional with finite basis sets. In practice, Eq. B.1 is usually
recast in the following alternative form if the adiabatic approximation is applied:
CZ = Ω2 Z

(B.5)

C = (A − B)1/2 (A + B)(A − B)1/2

(B.6)

Z = (A − B)1/2 (X − Y).

(B.7)

where C is given by:
and Z is defined as
This transformation results in the following equation expressed using the explicit matrix
elements:
i
X h
√
δii0 δaa0 δσσ0 ωa20 i0 σ0 + 2 ωaiσ ωa0 i0 σ0 Kiaσ,i0 a0 σ0 Zi0 a0 σ0 = Ω2 Ziaσ
(B.8)
i0 a0 σ 0

where ωiaσ = εiσ − εaσ is the energy difference between the Kohn-Sham eigenvalues, i and
a labels occupied and unoccupied Kohn-Sham states, respectively. After the solution of
Eq. B.8 is obtained, the oscillator strengths can be derived from
2
2 X
fn =
rTα (A − B)1/2 Zn ,
(B.9)
3 α=x,y,z
where rα,iaσ = d3 rαΨiaσ and α = x, y, z.
R

59

For a more detailed description and the derivation of the method, see Ref. [45].
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C

Benchmark results regarding the accuracy of the
calculated anhydride-related vibrations

Exp.
(cm−1 )

FD
(cm−1 )

err.

DFPT
(cm−1 )

err.

Maleic acid

ω1
ω2
∆ω

1858
1788
70

1836
1778
57

-1.21%
0.53%
-18.45%

1868
1777
91

0.51%
-0.63%
29.70%

Acetic anhydride

ω1
ω2
∆ω

1833
1761
72

1837
1764
73

0.20%
0.17%
1.03%

1867
1763
104

1.86%
0.10%
45.03%

Phthalic
anhydride

ω1
ω2
∆ω

1850
1760
90

1836
1783
53

-0.77%
1.30%
-41.26%

1865
1782
83

0.82%
1.26%
-7.79%

Propanoic acid,
anhydride

ω1
ω2
∆ω

1829
1770
59

1831
1758
72

0.09%
-0.65%
22.25%

1859
1757
102

1.64 %
-0.74%
72.92%

Naphthalenetetracarboxylic
dianhydride

ω1
ω2
ω3
ω4
∆ω

1778
1764
1728
50

1787
1780
1751
1750
33

0.48%
0.93%
%
1.25%
-35.29%

1822
1813
1748
1746
71

2.49 %
2.78 %
-%
1.03 %
39.22%

Pyromellitic
dianhydride

ω1
ω2
ω3
ω4
∆ω

1872

1851
1837
1793
1789
53

-1.13%
%
-1.23%
%
-6.54%

1881
1873
1790
1787
89

0.49%
%
-1.37%
%
55.35%

1815
57

Table C.1: Calculated energies of the anhydride IR band compared to the experiments for various small molecules. Before the calculation of the dynamical matrix,
we relaxed the geometries with a convergence threshold of 10−4 eV/Å. The frequencies were determined by finite-differences method (FD) and density functional
perturbation theory (DFPT) as well. The experimental values are taken from the
NIST Chemistry WebBook [148]. Columns with err. headers show the relative error of the calculated results. Note that for molecules with two anhydride groups, we
obtain 4 frequencies related to the anhydride IR band. For these systems, the frequency difference between the two bands is defined as ∆ω = (ω1 + ω2 − ω3 − ω4 )/2.
These 4 frequencies cannot be resolved in the experimental IR spectra.
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The effect of carboxyl groups by simple perturbation theory

The effect of charge transfer on a given Kohn-Sham eigenvalue can be approximated by
+
*
δρ(r0 )
e2 Z 3 0
ϕi (r) ,
d r ϕi (r)
∆Ei =
4π0
|r − r0 |

(D.1)

from first-order perturbation theory where Ei , ϕi and δρ(r) are the Kohn-Sham eigenvalues, Kohn-Sham orbitals and the total charge-difference, respectively. As ϕi and δρ are
represented on large grids, the computation of this double integral is rather expensive.
To reduce the computational cost, we approximate Eq. D.1 by
+

*

δqi
e2 X
ϕi (r) ,
ϕi (r)
∆Ei ≈
4π0 i
|r − ri |

(D.2)

where δqi is the change of the charge localized on the ith atom. This approximation of
the double integral by the sum of single integrals greatly reduces the computational cost,
but still cannot be applied straightforwardly because δq is ill-defined as the number of
atoms differs in different systems. Instead, we calculated the following quantity,
∆XHL

e2 X
=
4π0 i

*

+

*

+!

qi
qi
H(r) − L(r)
L(r)
H(r)
|r − ri |
|r − ri |

,

(D.3)

where H and L are the HOMO and LUMO orbitals, respectively and qi is the total
charge localized around the ith atom, including the ionic contribution. Therefore, for
P
a neutral system qi = 0. The absolute value of ∆XHL is irrelevant, as the charges
in Eq. D.3 are related to the total charge density instead of the charge-transfer. To
relate ∆XHL to the charge-transfer induced change in the HOMO-LUMO gap, we simply
calculate its difference between our reference model (a sytem with full hydroxil coverage
but no carboxyl groups) and other models with added carboxyl groups at the surface.
While we obtained large absolute values for ∆XHL (≈ 17 eV), the calculated relative
differences show good correlation with the ab initio values indicating that the reduction
of the HOMO-LUMO gap upon the introduction of Si-COOH groups can be explained
by the charge-transfer between the nanocrystal and the carboxyl groups. The atomic
charges were calculated utilizing the Bader charge allocation approach [149], as it was
implemented [150] by Henkelman et al. for the VASP code. We found that a (Si)-OH
group has a total charge of -0.77 e, while the total charge of a (Si)-COOH group is only
-0.66 e, therefore the substitution of Si-OH groups by Si-COOH groups donates ∼ 0.1
electron/group to the rest of the nanocrystal. As a result, we found that the total charges
localized on the C-OH groups increased from -0.43 e to -0.45 e. This explains the change
of the HOMO energy as it is a defect state localized on the C-OH groups.
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Description

∆GHL (eV)
(DFT-PBE0)

∆GHL (eV)
(perturbation)

Si-OH (reference)
Si-COOH×1
Si-COOH×2 (close)
Si-COOH×2 (distant)
Si-COOH×3 (close)
Si-COOH×3 (distant)
Si-COOH×8

0.00
-0.07
-0.10
-0.14
-0.21
-0.19
-0.39

0.00
-0.25
-0.23
-0.34
-0.68
-0.47
-0.92

Table D.1: Decrease of the HOMO-LUMO gap upon the Si-OH → Si-COOH
substitution calculated by DFT(PBE0) and simple perturbation theory utilizing
Eq. 4.1. The distance between the carboxyl groups is indicated by (close) and
(distant) for Si-COOH×2 and Si-COOH×3. The energies are given in eV.

Perturbation [eV]

0

y = 2.415 × x − 0.032 eV

−0.2
−0.4
−0.6
−0.8
−1
−1

−0.8 −0.6 −0.4 −0.2
DFT [eV]

0

Figure D.1: Linear fit of the gap renormalization values calculated by Eq. 4.1, as
a function of the ab-initio values. Our charge-transfer model provides an adequate
explanation for the optical gap’s red-shift upon the Si-OH → Si-COOH substitution. The ≈ 2.5 factor between ab-initio results and our model can be attributed
to the total neglect of screening effects in our phenomenological calculations.
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Comparison of our results with experiments

We summarize the relevant experimental results related to this thesis. This is by no means
meant to be a comprehensive overview, instead we attempted to list the experimental
results that are the most relevant to our work.
Description

ZPL
(this work)

Experimental
sample

ZPL
(experiments)

Experimental
method

Ref.

V

1.3 eV

bulk, 3C-SiC
bulk, 4H-SiC
bulk, 6H-SiC

0.83 eV
0.93-97 eV
0.89-0.95 eV

MCD60 abs.
PL
PL

[151]
[152]
[152]

Mo

1.5 eV

bulk, 6H-SiC

1.11 eV

PL

[153]

bulk, 4H-SiC
bulk, 6H-SiC
bulk, 4H-SiC
bulk, 6H-SiC
bulk, 4H-SiC
bulk62 , 6H-SiC
bulk, 3C-SiC
bulk, 4H-SiC
bulk, 6H-SiC

1.15 eV
1.00 eV
1.06 eV
1.37-1.43
1.35-1.44
1.37-1.43
1.12 eV
1.09-1.15
1.09-1.13

PL
PL
PL
PL/ODMR61
PL/ODMR
PL
PL
PL/ODMR

[153]
[154]
[154]
[155, 156]
[155, 156]
[104]
[157]
[101]
[158]

1.1 eV

W

1.36 eV
1.36 eV
◦

0.99 eV
0.99 eV
0.99 eV

eV
eV
eV
eV
eV

Table E.1: Available experimental information related to our results for color
centers embedded into SiC nanocrystals. We choose the ZPL to be the basis of
comparison as it can be measured very accurately. As these point defects are yet
to be introduced into few nanometer sized SiC nanocrystals, we were only able to
list experimental results for bulk SiC. Because of this, the calculated ZPL values
are only presented for the largest model nanocrystal.

As the color centers investigated in Section 2 and donor-acceptor pairs described in
Section 3 are yet to be introduced into few nanometer sized SiC nanocrystals, we list
the available data for bulk SiC. The calculated ZPL energies of color centers embedded
into SiC nanocrystals are compared to the experimental results concerning the same
color centers introduced in the 3C, 4H or 6H polytypes of (bulk) SiC. Note that one
might find two and three ZPLs associated with the same defect for 4H-SiC and 6H-SiC,
respectively63 . The ZPL energy can be dependent of the charge state of the point defect.
Because of this, we have chosen experimental results where the charge state is believed
60

Magnetic Circular Dichroism absorption
Large, 60±30 nm 6H-SiC nanocrystals, where the QCE is negligible.
62
Optically Detected Magnetic Resonance
63
There are 2(3) inequivalent lattice sites in 4H(6H)-SiC.
61
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to be the same as it was in our calculations. Finally, we mention that the unoccupied
defect state of the M defects is believed to fall into the conduction band of bulk 3C-SiC
for V defects [159]. For W defects, this unoccupied defect state is believed to fall into
the conduction band for both 3C-SiC and 6H-SiC [160]. The calculated ZPL is fairly
close to the experimental one for the W defect, but overestimates the ZPL of the Mo by
0.4 eV. This discrepancy can be the result of the QCE, but a more detalied analysis would
be required to arrive at the final verdict. We find the biggest discrepancy between the
experiments and calculations for the V defect, where our result is ≈0.5 eV larger that
the measured ZPL in bulk 3C-SiC. We doubt that this deviation between the calculated
and measured values can be explained just by the QCE. All in all, our results indicate
that the V defect needs further considerations.
At the time, the authors are not aware of any experimental ZPL lines that were
unambiguously identified to originate from the W ◦ or the Mo ◦ defects in bulk SiC64 .
Interestingly, our results for the Si-vacancy and divacancy defects are much closer to
the experimental results. For Si-vacancy, the ZPL of the negatively charged Si-vacancy
was not identified experimentally65 . However, considering the little deviation between the
ZPL energies of Si-vacancy in the 4H and 6H polytypes, along with the almost identical
ZPL energies measured for divacancy in 3C, 4H and 6H SiC, it is reasonable to expect
that the ZPL of the negatively charged Si-vacancy is at ≈ 1.3-1.4 eV. For divacancy, our
result slightly underestimates the bulk ZPL energy, which is unexpected for nanocrystals.
This might be attributed to the large (and size-dependent) structural relaxation upon
excitation (see Figure 2.7) but also can be the result of our TDDFT based simulation’s
shortcomings.
Table E.2 contains the relevant experimental results for the AlSi - NC and BC - NC
defects. In this case, the spectra is more complicated due to ZPLs dependence on the
donor-acceptor distance. Because of this, we list multiple experimental values: the peak
energy of the PL spectra and ZPL∞ which is the excitation energy for infinitely distant
donor-acceptor pairs. ZPL5 is the energy of the 5th ZPL66 , where the donor-acceptor
distance is comparable to our model for the largest, 2.3 nm nanocrystal. The indicated
hZPLi energies are not attributed to a specific donor-acceptor distance, instead they are
the superpositions of numerous individual ZPLs. For comparison, we listed the calculated
64
As these defects have singlet spin configuration, they cannot be identified by electron spin resonance
methods.
65
Originally, the so called E-center was attributed to Si-vacancies [161], with a dominant PL line at
1.913 eV. However, it is now believed [103] that this E-line is associated with the carbon-antisite vacancy
pair.
66
The first ZPL—which can be associated with adjacent donor and acceptor atoms—cannot be observed in experiments, because the probability of this configuration is too low.
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excitation energies for the DAPs introduced into the largest nanocrystal. These results
might be compared to the experimental values of ZPL5 . As apparent, we obtained significantly larger energy values compared to the experimental data. This is the consequence
of the QCE, as the relative position of the donor and acceptor levels to the conduction
and valence band edges seem to be almost constant for differently sized nanocrystals (see
Figure 3.2).
Description

E1st
(this work)

ZPL∞ / ZPL5
(experiments)

hZPLi
(experiments)

PL peak
(experiments)

Ref.

AlSi - NC
BC - NC

2.9
2.6

2.09 / 2.29 eV
1.61 / 1.81 eV

2.13 eV
1.64 eV

2.0 eV
1.4 eV

[119, 127]
[121, 126]

Table E.2: Experimental results for AlSi -NC and BC -NC donor-acceptor pairs
in bulk 3C-SiC. ~ω∞ and ~ω5 are the ZPL energies attributed to infinite and
moderate (6-7Å) donor-acceptor separation, respectively. hZPLi is the PL peak
composed as the superposition of the individual ZPLs, while the “PL peak” denotes
the maximum of the (vibrationally broadened) PL spectra.

Finally, we compare our results presented in Section 4.4 to the experimental PL spectra published in Ref. [T6]. Once again, the comparison is not straightforward as the
experimental samples contain nanocrystals with relatively broad size distribution and
our understanding of the surface is not complete. We compare the experimental PL peak
energies with the calculated vertical excitation energies at the excited state geometry
∗
in Table 4.1, as we expect this quantity to be a good estimate for the PL peak
(see E1st
energy). For the Si-OH/C-OH covered nanocrystal model, we obtained 3.2 eV, while the
experiments indicate 2.85 eV. For the model nanocrystals with carboxyl groups on their
surfaces, we obtained 2.5-3.0 eV, while the PL peak was measured at 2.73 eV. Finally,
the calculated energy was 4.3 eV for our model with Si-OH and C-H coverage, while
the peak of the measured photoluminescence was at 3.26 eV indicating that this model
needs further refinements67 . The theoretical results are in a reasonable accordance with
the experimental values. The discrepancies may be attributed to the QCE, to the inhomogeneity of the experimental sample or to our surface models being too simplified. Our
calculations however show a very similar trend to the experiments, indicating that we are
on the right track to achieve a good comprehension of the SiC nanocrystals’ surface and
to understand how it influences the PL spectra.
67
The trend is correctly captured by our model, but the blue shift is overestimated compared to the
C-OH covered nanocrystal. This can indicate that some C-OH groups remain on the nanocrystal surface
even after the strong chemical reduction.
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