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Összefoglaló

A kutatás elsődleges célja az ember nélküli légi járművek (UAV) irányító rend-
szereit segítő, korszerű módszerek kidolgozása.

Mivel a repülőgépekbe épített vezérlőrendszerek egyre inkább az ember nélkü-
li platformok irányába fejlődnek, bízom benne, hogy az elért kutatási eredmények
hasznos megoldásokkal szolgálhatnak egy sor különleges, tipikusan az UAV ve-
zérlőrendszerek tervezési fázisaiban jelentkező kihívásra.

Egy megbízható vezérlőrendszer kialakítása specifikusan egy adott repülőgép
típushoz kell legyen kifejlesztve ahhoz, hogy megfelelő robusztussággal rendel-
kezhessen. Ez érvényes egy autópilóta rendszer vagy a stabilitást és kontrollt
segítő rendszerek esetében is, ahol az adott repülőgéphez való "testre szabásához"
szükséges a repülőgép nemlineáris dinamikus modelljének ismerete. Továbbá, el-
engedhetetlen a repülőgép állapotváltozóinak ismerete, hiszen enélkül a legjobb
vezérlőrendszer is képtelen egy referenciajel követésére. A repülőgép dinamikus
modelljének és állapotainak ismerete nem csupán a vezérlőrendszer kialakításá-
hoz szükséges. Felhasználásuk kiterjedhet a pilótaképzésére használt szimuláto-
rokra vagy repülőgépek vezérlési karakterisztikáinak meghatározására is.

Mindezek figyelembevételével a kitűzött feladatok gyakorlatias megoldását ke-
restem egy teljes méretű, emberi irányítású repülőgép valós repülési adatainak
felhasználásával. A kiválasztott kísérleti platform egy R26-S típusú vitorlázógép,
amely méreteiben és aerodinamikus tulajdonságaiban hasonlít a nagy méretű, kö-
zepes és nagy repülési magasságokon működő, hosszú távú repülésre tervezett
merev szárnyú ember nélküli repülőgépekhez. Az elért eredmények kiterjeszthe-
tőek a fent említett kialakítású UAV-okra, illetve (a megfelelő módosítások elvég-
zésével) motoros hajtású, konvencionális repülőgépekre is.

A tesztrepülések során a repülőgép fedélzetére egy költséghatékony szenzor-
rendszer került felszerelésre, amely GPS vevőből, MEMS alapú háromtengelyes
gyorsulás- és szögsebesség mérőkből, illetve egy háromtengelyes mágneses szen-
zorból állt. A szenzorrendszer kiegészítéséhez egy menetirányba néző, széles látó-
szögű videó kamerarendszer is felszerelésre került.

A kutatómunka első lépésként a repülőgép kontroll felület-kitéréseiből álló be-
menő jeleinek meghatározására fejlesztettem ki egy újszerű megoldást. Az adat-
gyűjtés egy különleges megkötésnek tesz eleget: a bemenő jelek meghatározása
csak a pilóta kezelőszerveinek vizuális megfigyelése által törtéhet. Igy a kidol-
gozott módszer nem invazív: csupán két vizuális marker elhelyezését igényli a
botkormány, illetve az oldalkormány pedálok egyikén, egyetlen videó kamera lá-
tóterében. A módszer előnye nyilvánvalóvá válik a klasszikus, ember által veze-
tett repülőgépek esetén, amikor a végső cél csak a repülőgép dinamikus modelljé-
nek identifikációjából áll. A legfontosabb akadály a botkormányra szerelt vizuális
marker 3D pozíciójának meghatározása egyetlen videó kamera által szolgáltatott
2D képi adatokból. A feladat megoldása magas szintű képfeldolgozási technikák
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kidolgozását igényelte, a botkormány kinematikájának és a pilóta kezelőszerv-
kontroll felület függvények igénybevételével. Mindez az adatgyűjtés gyors, gond
nélküli megvalósítását teszi lehetővé, jóformán tetszőleges kameraállás mellett.

A repülőgép állapotváltozóinak meghatározásához egy újszerű és robusztus,
szenzorfúzió alapú állapotbecslési algoritmust dolgoztam ki. A teljes állapotvek-
tor meghatározásához kidolgozott állapotbecslő több üzemmódú, többszintű archi-
tektúrával rendelkezik, összesen négy Kiterjesztett Kalman Szűrő (EKF) alkal-
mazásával. Mivel a repülőgép gyorsulása és a gravitációs gyorsulás a mérések
alapján nem szeparálható, egy széleskörű kinematikai differenciálegyenlet rend-
szert dolgoztam ki a két érték elkülönítéséhez. Az eljárás megoldja az állapotok
integrálását, korlátozott idejű GPS jelek kiesése esetén is szolgáltatva a navigá-
ciós megoldást. Mindeközben kezeli a GPS és inerciális szenzorok nagyban eltérő
mintavételezési problémáját. Az állapotbecslő kialakítása lehetővé teszi a repülő-
gép kinematikai állás- és oldalcsúszási szögeinek maghatározását.

Az állapotbecslő teljesítményének ellenőrzését a menetirányba néző videó ka-
mera képeinek felhasználása által, magas szintű képfeldolgozás bevonásával ol-
dottam meg. A koncepció lényege az, hogy a repülőgép abszolút állása (dőlés és
állásszög) meghatározható a képeken látható horizontvonal pozíciójából és dőlés-
szögéből. Ehhez szükségessé vált a videó kamera virtuális kollimációjának meg-
oldása a repülőgép koordináta-rendszeréhez képest. A horizontvonal detektálását
változó fényviszonyok és exponálási szintek, illetve alternáló földi minták esetén
egy robusztus, adaptív elemeket tartalmazó képfeldolgozási rendszer kidolgozásá-
val oldottam meg. A képi adatgyűjtésre használt erős torzítású széles látószögű
kamera esetén egy megoldást javasolok a kamera-világ és világ-kamera koordi-
nátarendszerek közötti áttérések helyes megoldására. Mindezek alkalmazásával,
egy heurisztikus algoritmus kidolgozása által megvalósítottam az állapotbecslő
hangolását és teljesítményének javítását.

Kidolgoztam egy bővített valóságon alapuló kijelző rendszert, amely megvaló-
sítja egy ember nélküli légi jármű videó kapcsolaton keresztüli vezérlését a becsült
állapotok alapján. Egy új eljárást vezettem be, amely a pilóta számára könnyen
értelmezhető grafikus formátumban jelzi a szél hatását a röppályára.

A már ismert bemenő jelek és állapotok ismeretében kidolgoztam egy módszert
a repülőgép nemlineáris dinamikus modelljének identifikációjához. Statisztikai
elemzésre alapozva, a módszer automatikusan meghatározza a modell optimális
struktúráját. A hasonló, ugyanazt a dinamikát leíró regresszorok közül a legrele-
vánsabbak automatikusan vannak kiválasztva. Ezáltal a modellstruktúra megha-
tározásának bizonyos lépéseihez már nem válik elengedhetetlenné egy tapasztalt
szakember bevonása. Az identifikációs eljáráshoz a szél hatásainak korrekcióját
is bevezettem.

A jelen disszertációban bemutatott identifikációs algoritmus másik újdonsága
a repülőgép ismeretlen inerciális paramétereinek meghatározása csupán repülési
adatokból. A tömegközéppont pozíciója a repülőgép mozgásegyenletei segítségével
van meghatározva az IMU pozíciójához képest. Eljárást javasoltam a repülőgép
inerciamátrix paramétereinek meghatározására a feladathoz kidolgozott nyoma-
tékegyenletek és korlátolt nemlineáris optimumkeresés felhasználásával.

V



Abstract

The primary scope of this thesis is the development of new methods in sup-
port of control system development in the field of unmanned aerial vehicle (UAV)
control.

As the focus of aircraft control system development is expanding towards un-
manned systems, the motivation behind this research is in finding solutions to a
particular set of problems encountered before designing the control algorithm of
the UAV.

The elaboration of custom made aircraft type-specific control algorithms in the
form of autopilot, stability augmentation or control augmentation systems require
the prior knowledge of the nonlinear dynamic model of the aircraft. Knowledge
regarding the control inputs and aircraft states is also required in the feedback
loop of the control algorithm as well as for the identification process.

The thesis approaches the control system preparation process from a practical
viewpoint by building on the actual flight data of a full-sized, piloted glider air-
craft. The aircraft had been fitted with a cost sensitive sensory system including
GPS receivers, onboard three axis acceleration and angular velocity sensors and a
magnetometer. An additional forward facing wide angle lens camera system has
been fitted on the airframe, in support of gathering visual information in a large
field of view format.

As the size and flight dynamics of a glider are similar to large scale, fixed
winged unmanned aircraft, the obtained results can be extended to UAV-s, but
also to conventional, engine powered airplanes.

In keeping with the above mentioned goals, firstly, an engineering solution is
developed to obtain the aircraft input signals in the form of control surface de-
flections. Information gathering is performed with an additional constraint: to
determine the input signals relying only on visually observable pilot control po-
sitions. The problem is approached through image processing, employing visual
markers on the control column and rudder pedals. Only a single, cockpit mounted
video camera is used. The difficult task of 3D control column position determina-
tion from the 2D image plane coordinates of the visual marker is solved through
high level image processing also involving the kinematics of the control column.
The design allows an almost arbitrary camera placement and orientation.

The aircraft state variables are determined by the fusion of GPS, inertial and
magnetic data through the development of a novel, multi-mode, multilevel state
estimator design. The state estimator employs a number of three Extended Kalman
Filters (EKF), with an additional EKF running in an external correction loop. The
design also allows the estimation of angles of attack and sideslip. The proposed
approach is intended for long range navigation, employing a newly developed, com-
prehensive kinematic model of the aircraft.

The performance of the state estimator is enhanced through a heuristic tuning
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method based on image processing. For this, the visual information provided by
the external, forward facing video camera is used to obtain the aircraft attitude,
obtained through horizon line detection. The process also involves the correction
of the heavy, nonlinear distortion induced by the wide angle lens optics of the
camera system. A procedure to detect and correct the angular offsets between
camera and aircraft coordinate systems is also proposed. Finally, a proven method
for obtaining an alternate distance between camera and horizon line is offered to
obtain the unbiased angular values of aircraft attitude.

Video link dependent UAV remote control solutions are provided in the form of
an augmented reality based Heads Up Display using the images provided by the
forward facing video camera. The flight related information is obtained from the
state estimation process, while the proposed distortion correction and coordinate
transformation methods are used to superimpose a set of visual ques overlaying
their actual positions on the outside scene.

In knowledge of the aircraft control inputs and state variables, the aircraft
nonlinear dynamic model is identified. Here, an automated model structure deter-
mination method is proposed allowing the obtainment of a model structure that is
accurate in terms of the underlying physics while also maintaining a reasonable
complexity. A correction method for wind effects of the aerodynamic variables is
also presented.

Since only the aircraft mass is known, an identification method is developed
to determine the position of the aircraft’s center of gravity and its inertial matrix
parameters. This is achieved by employing the aircraft force-torque model and a
set of constrained global search based optimization techniques with appropriately
chosen objective functions. The method can be used in the case of aircraft having
an uneven payload distribution or payloads mounted in places other than its center
of gravity.
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Nomenclature

αc control column deflection around the xcc axis
βc control column deflection around the ycc axis
xcc, ycc, zcc coordinate frame belonging to the aircraft control column
δa combined aileron deflection
δaL, δaR left and right aileron deflections
δe elevator deflection
δr rudder deflection
δp1, δp2 left and right rudder pedal deflections
XB, YB, ZB aircraft body coordinate frame axes
KBODY , KB aircraft body coordinate system
KNED North, East, Down coordinate system
KNED0 fixed North, East, Down coordinate system
KECI Earth Centered Inertial coordinate system
KECEF Earth Centered Earth Fixed coordinate system
Kc camera coordinate system
K0 calibration object coordinate system
Φ,Θ,Ψ Euler Roll, Pitch, Yaw angles, expressed in KNED

U , V , W aircraft velocity values in the KBODY frame
VT total velocity component in the KBODY frame
X, Y , Z aircraft force component values in the KBODY frame
l, m, n aircraft torque components in the KBODY frame
ωe Earth rotation rate
u, v, w image frame X, Y and Z coordinates
K camera calibration matrix
ri position of video camera in KC

R orthonormal rotation matrix
t vector pointing from camera to the calibration object origin
rcb vector pointing from camera to visual marker
Q optimal LS solution
Λ Lagrange multiplier
Ts IMU and State estimator sampling time
x̂ estimated state vector
yi measurements
p aircraft geodetic position vector
ϕ, λ, h geodetic latitude, longitude and altitude
x, y, z coordinates in KECEF

a, e Earth’s rotational ellipsoid main axis and eccentricity
Sϕ, Cϕ, Tϕ sin(ϕ), cos(ϕ) and tan(ϕ)
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M radius of the Earth’s curvature in meridian
N transverse radius of Earth curvature
RECEF,NED, Re

n orientation of KNED relative to KECEF , in KECEF

Rn0
b , RNED0,BODY orientation of KNED0 relative to KBODY , in KBODY

Rn0
b orientation of the aircraft KBODY relative to KNED0

vn, ve, vd aircraft velocity expressed the KNED frame
anib KBODY based acceleration relative to KECI , in KNED

f̃ i specific force expressed in KECI

ḡi gravitational acceleration expressed in KECI

ba accelerometer bias value
γ position dependent acceleration correction value
Hb
x, Hb

y, Hb
z measured magnetic field values in KBODY

Tδ position dependent magnetic declination
q quaternion based aircraft orientation description
||q|| unit norm quaternion
s, w quaternion scalar and vector parts
I3 3× 3 identity matrix
P , Q, R measured angular velocity values
bω angular velocity bias
Ωq state transition matrix for quaternion
x aircraft state vector
u state estimator input vector
y state estimator output vector
v, nx, ny system noises
ãnoise additive acceleration noise component
ω̃noise additive angular velocity noise component
ã measured acceleration
ω̃T measured angular velocity
f(x, u, nx) state function in case of noise
g(x, ny) output function in case of noise
fp, fv, fq state equation derivatives
Fpp aircraft position derivative with respect to position
Fpv aircraft position derivative with respect to velocity
Fvp aircraft velocity derivative with respect to position
Fvv aircraft velocity derivative with respect to velocity
Fvs velocity derivative with respect to quaternion scalar part
Fvw velocity derivative with respect to quaternion vector part
A(s, w) quaternion description of the aircraft orientation
fq, q̇ aircraft angular velocity expressed in KBODY

f continuous function
fd discrete function
Tc correction loop sampling time
TGPS GPS sampling time

XI



x̂k estimated state vector
x̄k predicted state vector
Ak−1 state transition matrix
Bk−1 input transition matrix
Ck−1, Hk measurement sensitivity or observation matrix
Rv,k−1, Rz,k system– and measurement noise covariance matrices
Mk−1, P−k predicted covariance matrix
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CHAPTER 1

Introduction

1.1 Overview of the thesis, motivation and problem state-
ment

The research presented in this thesis is focused on paving the way for aircraft control system
development, applicable on large scale unmanned aerial vehicles.

I have been a pilot for most of my adult life, therefore, as soon as I’ve got acquainted with
engineering practice, the subject of aircraft flight performance improvement has been one of
my main occupational interests. Thus, being able to design the experiment, pilot the airplane
and further the field of aircraft control engineering gave me a lot of motivation during my
research.

In keeping to the scale of a large size unmanned aerial vehicle, the research platform of
choice is the R26-S Góbé type sailplane (glider), the characteristics of which are presented
further in this chapter.

Selecting a piloted glider aircraft for study comes with its share of advantages. Firstly, the
R26-S is similar in size to a number of unmanned aerial platforms currently in use, therefore,
besides manned aircraft, most of the results can be applied in the control system design process
of a fixed wing, unmanned aerial vehicle. Secondly, the lack of an engine considerably reduces
the complexity of the identification problem, however, the achieved results can be extended for
use on engine-powered aircraft.

At first glance, perfecting a new control algorithm can seem as ’the’ topic in aircraft control
system design. A reliable flight control system, however, should be developed specifically for
the given aircraft type in order to possess a certain degree of robustness when implemented in
the form of an autopilot, stability augmentation or control augmentation system. Therefore,
in ’tailoring’ the flight controller for a specific aircraft, the nonlinear dynamic model of the
aircraft needs to be determined. The use of the identified aircraft model does not stop at control
system development as it can also be used for the development of simulators intended for flight
training, aircraft design and development and research into aircraft handling qualities.

In the identification process, the aircraft is perceived as an input-output system. This re-
quires the knowledge of the aircraft control inputs in the form of control surface deflections,
while the aircraft states are viewed as the outputs. Obtaining the aircraft states plays an equal

1
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importance in the feedback loop of the control system.
Thus, it can be argued, that it is vital to find viable solutions to a series of separate, but

equally important problems preceding control algorithm design. This constitutes the main
research focus of the current thesis with the presented work structured as follows:

Chapter 2 presents a method for aircraft control input estimation. The proposed method is
designed to be non invasive, only requiring two visual markers placed on the control column
and rudder pedals in view of a single video camera. The use of this approach is indeed limited
in the case of unmanned vehicles where sensors are fitted on the control surfaces. However, its
utility does become evident when trying to determine the input signals of manned aircraft (for
identification purposes only) without the need for mounting additional sensory equipment on
the airframe. Regarding the problem of marker position determination, the difficulties caused
by the continually changing lighting conditions prevalent during flight impose the development
of an adaptive image recognition algorithm, which is discussed in Section 2.5. A further obsta-
cle lies in obtaining the 3D coordinates of the control column position from the 2D image data
provided by the single camera. This problem is solved using high level image processing with
the inclusion of control column kinematics and pilot control – actuator deflection functions in
Section 2.6. The process is prepared to use an almost arbitrary video camera mounting position
and orientation, only requiring an unobstructed view of the visual markers.

Chapter 3 solves the problem of aircraft state determination. As flight data is gathered
using GPS, inertial and magnetic sensors using micro-electo-mechanical systems (MEMS) de-
vices, the measurements typically suffer from integrated error results, known as drift or bias.
Knowing that the control system is only as good as the sensory system it relies on, a robust
state estimation design is developed to obtain the complete state vector in the form of aircraft
position, velocity, acceleration and orientation values through sensor fusion. The design has a
multilevel, multi-mode construction using several extended Kalman filters and also estimates
the bias terms. Since the aircraft acceleration and gravitational acceleration cannot be sepa-
rated in the acceleration measurements, a comprehensive set of kinematic equations has been
proposed to separate the two values. The state estimator also solves the integration of aircraft
states, providing a navigation solution in cases of limited time GPS signal outages while also
managing the large difference between GPS and inertial sensor sample rates.

Chapter 4 has several major goals: The first is the verification of state estimation results with
a focus on aircraft orientation. This is achieved by using high level image processing techniques
on the images captured with a forward facing wide angle lens camera. Thus, absolute values
of aircraft attitude (roll and pitch angles) are obtained from the position and inclination of the
visible horizon line. To obtain aircraft attitude from visual data, the orientation of the video
camera with respect to the aircraft coordinate frames needs to be determined. A solution for this
problem is proposed in Section 4.3. The problem of horizon line detection in changing visual
conditions, varying exposure levels and alternating ground patterns is solved in Section 4.4,
where a robust image processing algorithm containing adaptive elements is proposed. Using
a wide angle lens camera automatically induces a high degree of nonlinear distortion in its
captured images. Section 4.5 gives answers for handling the transformation between camera
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and world and world – camera coordinate frames using nonlinear distortion corrections which
are ultimately used in the fine tuning of the state estimator in Section 4.7.

The second goal of Chapter 4 is to provide an enhanced, augmented reality based display
useful in controlling an unmanned aircraft through a video link. The design is elaborated in
Section 4.8 and also introduces a new concept in the visual display of wind related aircraft drift
by showing its actual direction and magnitude.

Chapter 5 focuses on obtaining the nonlinear dynamic model of the aircraft. This is achieved
through system identification and relies on the results obtained in the previous Chapters. The
thesis addresses several specific problems regarding the aircraft identification problem: Firstly,
an automated model structure determination algorithm is presented in Section 5.4. Section 5.5
solves the specific problem of unknown center of gravity position determination, while 5.6 pro-
vides an answer in finding the unknown inertia matrix parameters using the torque–model and
constrained nonlinear optimization.

During my research, I have often encountered works providing flight related data and state
estimation results in a format that is both unintuitive and difficult to verify. Therefore a consid-
erable effort went into the correct detailing of results, complementing the conventional 2D plots
with 3D plots of flight path and aircraft orientation to deliver an immediate comprehension of
the underlying phenomenon.

In extension, the current chapter offers a presentation of the aircraft type used as a platform
for state estimation and nonlinear dynamic model identification. A presentation of the actuator
and control system kinematics, together with the deployed onboard data gathering instruments
will also be provided. Additionally, it includes a brief description of the aircraft coordinate
systems and navigational frames.

1.2 Aircraft used for research
The Rubik R-26 Góbé is a Hungarian shoulder-wing, two-seater training sailplane, currently
used in many Hungarian gliding clubs for instruction in basic piloting techniques. It is predom-
inately of aluminum monocoque construction, having a Goettingen 549 airfoil and Schempp-
Hirth type air brakes extending from the top and bottom surfaces of the wings. The landing
gear consists of a fixed mono-wheel and a tail skid. The rudder is notably large and effective.
The control forces are transferred to the control surfaces by push-rods. The piloting posts in
the cockpit are arranged in a tandem configuration, meaning that the secondary piloting post is
right behind the primary one. This also means that all of the flight controls found in the cockpit
are duplicated and move simultaneously when engaged. [1].
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General characteristics and performance of the R-26-S type aircraft:

Wingspan: 14.0 m
Wing area: 18.0 m2

Fuselage length: 9 m
Aspect ratio: 10.88:1
Chord (root): 1.3 m
Chord (tip): 1.3 m
Empty weight: 206 kg
Max takeoff weight: 400 kg
Stall speed: 56 km/h
VNE: 165 km/h
Min. sink: 0.95 m/s at 76 km/h
Best L/D: 23.7 m at 81 km/h

The flights have been performed at Budaörs Airfield near Budapest from a starting altitude
of 166 m above sea level, with the pilot being the author of this thesis. The glider was launched
using a stationary ground-based winch with airfield relative release altitudes between 447 and
506 meters. Additional height was gained with the use of thermals. Flight duration for the
three flights was 698, 355 and 309 seconds respectively. In order to maximize the information
content required for identification, the flight maneuvers had been designed to include a thor-
ough excitation of the system. This was performed without trying to expand the performance
envelope of the airplane but with a consideration for time constraints. Flight maneuvers in-
cluded steady flight, two sided single inputs, doublets, multiple inputs, left and right hand turns
and spirals ensuring sufficient information needed for accurate modeling. Landing has been
performed with the use of the glider’s air brakes, parallel to the takeoff position.

1.3 Aircraft actuator and control system kinematics
Conventionally, the main flight control system of an airplane is composed of an elevator,
ailerons and rudder acting as its main control surfaces. These are hinged surfaces mounted
on the wings and tail section of the airplane as seen in Figure 1.1. The control surfaces can be
rotated about their hinge lines by the pilot via the control column and rudder pedals and are re-
sponsible for the change in the applied aerodynamic forces and moments acting on the aircraft
during flight. The conventions for the pilot controls and resulting control surface deflections
are determined in this thesis as follows:

The control column of the pilot is operated around two joints with its deflection being
described by the αc and βc angles. The deflection of the control column by the pilot around
the xcc axis in the ycczcc plane by an αc angle, will result in the operation of the ailerons.
See Figure 1.1 with the respective angles, control surfaces and corresponding control column
deflection color-coded with green. During flight, this action will result in a change in the Φ roll
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angle of the aircraft (also see Figure 1.2). To achieve better controllability, the aircraft has two
ailerons, one mounted on each wing. When engaged, these are deflected simultaneously in an
asymmetric manner with the individual deflection angles having opposite signs. In this text,
the positive deflection will be defined using the right hand rule along the axis representing the
hinge line of the ailerons. Although there is no universal standard, the aileron deflection will
be defined according to [2] as:

δa ≡
1

2
(δaR − δaL). (1.1)

It should also be noted that the control column and aileron ensemble characteristic is non-
linear, a detail elaborated more in Section 2.3.

By moving the control column forward or backward around the ycc axis with a βc angle, the
elevator will be engaged, resulting in a change of pitch Θ of the aircraft (control column and
control surface deflections color-coded in blue in Figure 1.1).

The yaw angle of the aircraft is controlled by the rudder, mounted on the vertical stabilizer
of the aircraft. This can be engaged by the pilot with the help of two rudder pedals which move
simultaneously and in opposite directions according to: −δp1 = δp2. The rudder pedal-rudder
surface deflection is color coded in orange in Figure 1.1.

During flight, the pilot or automatic control system engages all of the mentioned controls
simultaneously, resulting in the dynamic effects of control surface deflections acting on the
aircraft in a superimposed manner. As an example, Figure 1.1 shows the aircraft having the
control column in a forward-right position coupled with a right rudder command. The actual
position of the control column is marked with yellow, with its individual aileron and elevator
commands displayed separately as projections on their respective planes of operation. This
action will result in the roll of the aircraft to the right, together with a lowering of its nose with
respect to the horizon line. The engagement of the right side rudder pedal will result in a rota-
tion around the ZB axis of the aircraft. In the presented case, all of the described actions take
place simultaneously. Regarding Figure 1.1, note that the orientation of the coordinate system
is defined differently from that of the KBODY frame.
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1.4 Flight data gathering methods
Flight data logging had been performed using several types of onboard data gathering systems
as follows:

For position determination and state estimation a Garmin GPS-15L type Global Positioning
System receiver was mounted on the nose of the aircraft. Flight data regarding three dimen-
sional acceleration and angular velocity was logged using a MEMS (Micro-Electro-Mechanical
System) technology based Inertial Measurement Unit (IMU). The direction of gravitational ac-
celeration is defined to be −9.81 [m/s2]. The main processing unit of the data logger is based
on the Atmel AT91SAM6260 microprocessor, running at 198 [MHz]. The CPU is embedded
on an Olimex SAM-L9260 board running a real-time Linux operating system. In addition,
data regarding magnetic field had also been collected with a Honeywell HMC-5843 triple-axis
magnetometer. The IMU and magnetic sensors are contained in a single unit and were firmly
mounted on the main support structure inside the aircraft as close as possible to the center of
gravity. After mounting the IMU and before flight, a calibration process was employed in or-
der to have the inertial measurements coincide with the KB vehicle axes, forming a so called
strap-down platform. The hardware and software design and methodology of data gathering
was developed at the Department of Control Engineering and Information Technology of the
Budapest University of Technology and Economics and is described in [3]. It should be noted
that airspeed (aircraft velocity relative to air mass) has not been measured during flight.

Since the mounting of sensors on the control surfaces or pilot controls was prohibited, a
noninvasive method for logging the input signals of the pilot is proposed, based on image pro-
cessing. Consequently, a Logitech 2MP video camera was mounted inside the cockpit, facing
the workspace of the rear pilot controls, recording at 30 frames per second.

In addition, a second, high resolution, wide angle lens video camera in the form of a GO-
PRO Hero 2 had been mounted on the vertical stabilizer of the airplane, facing in the direction
of flight. The field of view of the camera also contains the aircraft wings, recording the move-
ment of the ailerons and the position of the horizon line with a frequency of 30 [fps]. The
recorded images of the external camera are used to validate the results obtained by the in-
put signal determination method proposed in Chapter 2 and the results obtained by the state
estimation method proposed in Chapter 3.

1.5 Coordinate frames used for aircraft navigation
Before developing the aircraft equations of motion, the definition of reference frames and sign
conventions becomes necessary. All of the used reference frames are right handed, having
mutually orthogonal axes.

The aircraft KB body axes have their origin at the center of gravity with the XB axis point-
ing forward through the fuselage and in the direction of flight. YB points outwards along the
right wing, with ZB pointing downwards as shown in Figure 1.2. The body axes are fixed with
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Figure 1.2: Aircraft fixed Body reference frame with kinematic force/torque variables

respect to the aircraft body, having the OXBZB plane as the plane of symmetry of the aircraft.
In Figure 1.2, Φ,Θ,Ψ denote the Euler roll, pitch, yaw angles, U , V , W represent velocity
along the Body axes, X , Y , Z and l, m, n are the aerodynamic forces and torques respectively.
The total velocity component of the aircraft is denoted by vT and is dependent on the angle of
attack and sideslip angle noted by α and β in Figure 1.2. For angular velocities and applied
moments, the sign convention also follows the right hand rule.

A glider is subject to the forces of lift, drag, and weight. A powered aircraft has an engine
that generates thrust, while the glider has no engine and, therefore, no thrust.

The accelerometers and angular velocity meters measure the acceleration of the KB plat-
form relative to an inertial frame of reference. The KECI (Earth-Centered-Inertial) frame is a
reference frame where Newton’s laws of motion apply. As a consequence, the inertial frame is
not accelerating, but may be in a uniform linear motion. The inertial x and z axes point toward
the vernal equinox and along the Earth’s spin axes respectively, with the y axis defined so that
it completes the right-handed coordinate system [4].

The GPS measurements are based on the Earth-Centered Earth-Fixed (ECEF) frame which
has its origin fixed to the center of the Earth. The axes of the KECEF rotate relative to the
inertial frame with a fixed frequency of ωie ≈ 7.292115 × 10−5 [rad/s] owing to a daily Earth
rotation and yearly revolution around the Sun. The zECEF axis is defined as the Earth’s rota-
tional axis pointing North, perpendicular to the plane of the Equator. The xECEF axis is inter-
secting the surface of the Earth at the crossing of the Equator (0◦ latitude) and prime meridian
(0◦ longitude in Greenwich). Finally, the yECEF axis is determined as to complete the right
handed Cartesian frame.
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Figure 1.3: Coordinate systems used for navigation

As the Earth is a geoid, it is usually approximated as a revolution of an ellipsoid around
its minor axis. This necessitates a correction of the IMU’s gravitational readings with a model
containing gravitational parameters, based on the location of the aircraft. Note that due to its
rotation, the KECEF is not an inertial frame. The ECEF coordinate system can be geodetic,
with the vehicle position described by angle values of latitude and longitude or orthogonal,
using distances.

The local geodetic (or tangent) frame is the North-East-Down (KNED) coordinate system
determined by fitting a tangent plane fixed to the geodetic reference frame at an arbitrary lo-
cation. This will represent the origin of the KNED frame having its xNED axis pointing in the
direction of true North, yNED pointing East and zNED pointing downwards to the center of the
Earth, completing the right handed coordinate system. Note that the RPY angles of the aircraft
depicted in Figure 1.2 represent KBODY with its orientation relative to the KNED frame. The
downside of this representation is that the altitude of the aircraft will increase in the negative
direction. In this work, this awkward representation is corrected in the figures as aircraft flight
paths will be displayed in the North-West-Up (KNWU ) frame [5] with the aircraft orientation
described relative to the KNED frame.

Most applications operate with a fixed KNED origin; however, in this thesis a so called
wandering KNED is developed as a method more suitable for long distance inertial navigation.
The various coordinate systems used for inertial navigation can be seen in Figure 1.3.

The development of the state estimator presented in Chapter 3 requires the use of different
coordinate transformation models. These represent methods used for appropriately transform-
ing vectors of measurements or results from one coordinate system into another. The mentioned
transformations generally involve various translations (for coordinate systems having different
origins), rotations and transformations (between Cartesian and polar or geometric coordinates)
which are described in detail in references [5], [4] and [2].



CHAPTER 2

Actuator signal determination using high
level image processing

2.1 Introduction and problem statement
As stated in the Introduction, input signal determination is the first step in the process of aircraft
nonlinear dynamic system description as the development of an appropriate control system will
rely heavily on the identified model.

In the case of automatic aircraft control system development, control surface deflections
can be measured with the use of sensors mounted on the control surfaces. However, there
are cases when this is not possible due to safety concerns regarding alterations on the aircraft
frame. Or it is simply not necessary: consider the development of a flight simulator used to
train the flight crew of a certain type of aircraft. If we consider aircraft identification as the end
result, no sensors need to be permanently installed on the aircraft.

It has been proven that the use of simulators is responsible for consistently producing su-
perior training for pilots, relative to aircraft-only training. Consequently, simulator based flight
training is gaining more ground due to its inherent safety and cost effectiveness. By using a
flight simulator, certain safety critical but probable scenarios can be replicated which are too
dangerous to perform on real aircraft. [6], [7].

With this in mind, it should be noted that realistic flight simulation can only be achieved
with the accurate knowledge of the respective aircraft’s dynamic model.

Therefore, a system engineering method is proposed to determine the aircraft’s input signals
in a novel, non-invasive manner using high level image processing. The advantage of the
proposed method lies in the cost effective and easy installation of the data gathering hardware
and is compatible with virtually any aircraft. The method assumes that no sensors are mounted
on the control surfaces. With regards to hardware, only a video camera and a calibration object
is necessary, coupled with the completion of certain measurements before flight. Note, that
there are no prerequisite conditions regarding camera placement, the only requirement being
that its field of view contains the complete workspace of the pilot controls.

Due to its design, this data acquisition process can be applied on aircraft already in service,
as well as in the early stages of control system development.

In obtaining accurate results, two main difficulties need to be overcome:
With regards to primary image processing, the determination of visual marker positions is

10



2.2. Short description of the proposed method 11

a considerable challenge given the ever changing lighting conditions prevalently encountered
during flight. Therefore, searching for a single color, or a predetermined shape may not always
bring about satisfactory results. The second problem is the impossibility of achieving stereo-
scopic vision with the use of a single video camera. The proposed method however, overcomes
these shortcomings with an adaptive image processing algorithm, a precise calibration method
and the use of control column kinematics.

2.2 Short description of the proposed method
It is implied that the linkages between pilot controls and control surfaces are non-elastic. This
means that for any given control column or rudder pedal position, a unique control surface
deflection can be attributed (see Figure 1.1). Beyond this assumption, there is an undetermined
mechanical structure between pilot controls and control surfaces, however these (often nonlin-
ear) characteristics can be measured before flight. On the other hand, the mechanical structure
of the control column is assumed to be known as it can be inspected with relative ease. This will
be referred to as the kinematic model of the control column. Note, that the proposed method
does not require sensors for the (joint) variables of this model.

With this knowledge, the control surface positions can be determined based on pilot control
positions using high level image processing:{

video sequences
} image processing−−−−−−−−→

{
actuator signals

}
For this, a video camera was mounted inside the aircraft cockpit above the (empty) sec-

ondary piloting post, facing downward. For more consistent results, two, differently colored
spherical visual markers have been fitted on the pilot controls. One was mounted directly on the
end of the control column, while the second one, used for rudder pedal position determination
was brought in the field of view of the camera using a pushrod. The method can also be adapted
for single seat aircraft by using an appropriate camera placement and a slightly modified rudder
pedal marker configuration.

In order to perform high level image processing, the internal camera parameters are a priori
determined using a chessboard like picture rendition.

The homogenous transformations between video camera and aircraft coordinate systems is
performed with the aid of a calibration object. The calibration object consists of a number of
non coplanar visual markers with known reciprocal coordinates and is temporarily placed in
the cockpit before flight.

The image processing is performed in several steps as follows:
First, the 2D positions of the visual markers have to be determined on the image plane

using primary image processing. As a result of the ever-changing lighting conditions usually
encountered during flight, this is achieved using dynamically placed workspaces enhanced with
an adaptive color and shape selection design.
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Figure 2.1: Linear characteristic of the control column – elevator ensemble
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Figure 2.2: Nonlinear characteristic of the control column – aileron ensemble

This is followed by the determination of the 3D positions of the control column from the 2D
coordinates based on the kinematic model of the control column. The procedure is supported
by the use of a look-up table.

2.3 Control surface characteristics of the airplane
As seen in Section 1.3, the deflection of the elevator is changed by moving the control column
forward or backward by the βc angle. This will result in a change of pitch of the aircraft, that
is a rotation around the YB axis. The control column–elevator characteristic is a linear function
as seen in Figure 2.1.

By moving the control column laterally (αc angle), the ailerons are deflected. This results
in a change of aircraft roll or a rotation around its XB axis. The control column – elevator
characteristic is slightly nonlinear, as seen in Figure 2.2.

The rudder is controlled using rudder pedals and it is responsible for the change of yaw of
the aircraft translated into a rotation around its ZB axis. The visual marker of the rudder pedals
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Figure 2.3: Control column kinematics, video camera and temporarily placed calibration object

was brought in the field of view of the camera using a pushrod, and has a linear movement.
This way, its 2D marker positions can immediately be converted into rudder positions based on
the linear rudder pedal – rudder characteristics (not plotted).

The above characteristics can been measured before flight on the stationary aircraft.

2.4 Technical solutions for data gathering
The kinematic structure of the two control columns belonging to the primary and secondary
piloting posts and camera setup can be seen in Figure 2.3. The temporarily placed calibration
object marking the origin of the aircraft coordinate system is also illustrated.

At the start of image recording and before takeoff, both the control column and rudder
controls are moved from endpoint to endpoint. This action, coupled with the knowledge of
corresponding control surface characteristics results in the function relations between the de-
termined marker positions and control surface deflections.

A captured image of the video camera can be seen in Figure 2.4. The centered, neutral
position of the control column is marked with a red ’+’, while the green and yellow boundaries
represent the areas covered by the control column and rudder pedal visual markers. The red
boundary represents the area where the secondary visual marker of the rudder controls operates.
Here, the red tape mounted on the pushrod acts as a visual marker, with the distance between
the yellow and red markers easily calculated.

By studying the image, two things can be observed: firstly, that the camera is not centered
above the control column; and secondly, that there is a chance of the control column’s visual
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Figure 2.4: Control column and rudder pedal visual markers with displacement boundaries as
observed by the video camera

marker overlapping that of the rudder pedal. The high level image processing algorithm solves
the camera orientation problem in the calibration phase, while the primary image processing is
robust enough to handle the problems posed by overlapping markers.

2.5 Determining the 2D control column and rudder visual
marker positions using primary image processing

Differentiation between the two flight controls is achieved by using a white visual marker for
the control column and a yellow one fixed to the pushrod of the rudder pedal.

To eliminate the need to search the complete image, marker position determination is aided
by the introduction of workspaces. The workspaces are masks that allow only a certain portion
of the frame to be analyzed. Therefore, image recognition is performed only in the respective
workspaces, defined as follows:

As the control column can move in any direction during flight, its workspace has a circular
shape. The workspace is mobile with its position determined adaptively, based on previous
positions. The radius is set with the aim of always containing the visual marker while achieving
the best compromise between its size and marker dynamics.

Inasmuch as the visual marker of the rudder is only capable of translational movement, it
has a parallelogram shaped workspace. Its position is defined adaptively, based on previous
marker positions. The placement and movement directions of the defined workspaces can be
viewed in Figure 2.5. Note that the workspaces belonging to the rudder, pictured in Figure 2.5
represent only small portions of the total area of movement available to their respective visual
markers, as seen in Figure 2.4.

It should be noted, that the coordinate system attributed to the image plane is of a right hand
type, oriented in such a way as to have the origin in the upper left corner of the image with its
u(X) pixel coordinates increasing to the right, and its v(Y ) coordinates increasing downwards.
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u (X)
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Figure 2.5: Workspaces attributed to the visual markers of the control column and rudder pedals

At startup, the positions of the two workspaces have to be determined manually, after which
the image processing algorithm determines the marker coordinates, and based on this informa-
tion, the workspace positions for the following frames. In exceptional instances, when the
marker positions can’t be determined automatically, human intervention is necessary. This is
possible, since image processing is performed offline.

The use of several separate workspaces also enables local exposure metering, consider-
ing that during flight, the orientation of the aircraft with respect to the Sun is continuously
changing. The continuous change in lighting conditions results in the shading or overexposure
of the visual markers, changing their color and homogeneity. This renders successful image
recognition set for a single color spectrum impossible.

Exposure metering is accomplished by adding the pixel values in all three channels (Red +
Green + Blue) in the current workspace, considering that colors closer to white have a value
closer to 1, and those closer to black have values closer to 0. In the case of overexposed images,
not only the markers turn completely white, but also most parts of the background, resulting in
the impossibility of marker separation without corrective measures.

Following local exposure level determination, the RGB format’s 256 colors are simplified to
only 6, improving marker separation from the background whilst homogenizing marker colors.

In the case of underexposed workspaces, the white visual marker corresponding to the
control column has both white and gray areas. For successful image recognition, of the six
colors, both the whitest and second whitest colors have to be found (maximum red, green and
blue). The merging of the marker with the background is prevented by adding the condition to
keep the second whitest color only in case it is 51% darker than the first. Any darker and only
the whitest color is taken into account. If correctly- or overexposed, only the whitest color is
preserved.

In the following step, only the regions containing the selected colors are kept, united in a
black and white image rendering.

During the process, some artifacts remain, and for complete marker separation an erosion-
dilation based routine is applied. The magnitude of correction is also determined adaptively,
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based on exposure metering. In case of circularly shaped visual markers, the dilation of the
binary image is performed according to a disk shaped structuring element.

Subsequently, using blob analysis, the algorithm searches for ellipse shaped objects having
an eccentricity of less than 0.6 and an area close to that of the visual marker. If successfully
found, the center of the object is determined according to the ellipse’s center of mass.

The process is finished by drawing a crosshair on the marker’s center of mass and by plot-
ting its circumference. The marker coordinates are also saved. The same procedure applies
for determining the marker positions of the rudder control, with slight differences. Here, three
exposure levels are set for the current workspace. In case of a normally exposed workspace,
the visual marker has an inhomogeneous yellow color. In this instance, the RGB color map
is simplified to 5 colors, of which the two colors closer to yellow are selected (maximum red,
maximum green and minimal blue values).The second yellow color is taken into account only
if it is more than 32% closer to yellow than the first one.

In the case of a slightly overexposed workspace, two colors prevail due to the marker’s
gleaming: white and yellow. Therefore the search is based on these two colors and only these
two colors will be retained in the black and white rendition of the image. In case of a severely
overexposed workspace, the yellow marker looks completely white and can be very difficult
to separate from the background, as the background is also overexposed. In this case, the
workspace is darkened and only the whitest color is taken into account for marker identification.

Before defining the marker position, the black and white image is enhanced using a dynam-
ically determined erosion-dilation filtering. Afterwards, the algorithm searches for elliptical
objects with an eccentricity of less than 0.7 and an area close to that of the visual marker. The
center of the visual marker is determined by finding the marker’s center of mass.

If the yellow visual marker belonging to the rudder cannot be identified due to exposure
problems, or by being overlapped by the control column, the algorithm automatically searches
for the secondary (red) marker in its respective workspace. The workflow is similar, the only
differences being in color selection and marker shape detection. In this instance, the erosion-
dilation process is defined to emphasize morphologically structured elements of a rectangular
shape, having an inclination of 71◦ from horizontal. This is consistent with the shape and incli-
nation of the marker on the pushrod. Consequently, instead of circular patterns, the algorithm
searches for rectangular shapes having the inclination and size matching with that of the visual
marker. This is followed by the plotting of marker boundaries and center of mass calculation.
By knowing the distance between the two rudder markers placed on the pushrod, the coordi-
nates of the main (spherical) visual marker can be easily calculated and marked. Finally, the
issue concerning the oblique path of the visual marker in the image plane is addressed. The
absolute values of marker displacement are calculated by solving a linear equation using the
u, v endpoint coordinates of the main marker together with its actual position.

The frames are saved as a video sequence for result verification. The determined rudder
pedal marker’s positions are shown in Figure 2.6. On the right side image, successful main
visual marker separation can be seen. On the left, the workspace belonging to the rudder’s
primary visual marker is severely overexposed. This causes the appearance of artifacts that
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Figure 2.6: Examples of successful image recognition

alter the shape of the selected regions, rendering marker recognition impossible. However, the
position of the rudder can be successfully determined owing to the robustness of the proposed
algorithm.

2.6 Determining elevator and aileron deflection using high
level image processing

2.6.1 Camera calibration

The interior parameters of the video camera are apriori determined using a chess-board like
picture rendition, therefore its K calibration matrix is regarded as known [8], [9], [10].

The problem lies in determining the homogenous transformation between the Kc of the
video camera and the aircraft’s K0 coordinate systems. For this, a calibration object is needed
that has various spatially distributed visual markers, and a known origin coinciding with a
known control column position. This is the neutral control column position corresponding to
0◦ aileron and elevator deflections. The calibration object used has 7 visual markers, 3 of which
being non coplanar, while the rest are situated in the same plane. The reciprocal coordinates
of the visual markers are known and the position and orientation of the video camera can
be determined after the calibration process. During data collection, but before takeoff, the
calibration object is temporarily placed in the cockpit. After the images required for offline
calibration are captured by the camera, the calibration object is removed from the cockpit as it
is no longer necessary. The video camera and calibration object setup is illustrated in Figure 2.3
while Figure 2.7 shows the marked coordinates on the calibration object as seen by the video
camera. Note that pointO1 is the initial coordinate system of the calibration object, while point
O3 is the coordinate system of the aircraft derived from O1, shifted through O2.

Let’s use ri as the visual marker’s position in K0; rci as the video camera’s position in Kc,
and (ui, vi, wi)

T as their coordinates in the camera sensor’s plane. If the unknown homoge-
neous transformation between the camera and calibration object is defined by the orthonormal
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Figure 2.7: Calibration object used for camera calibration

rotation matrix R and position t, than their relationship is:

λiK
−1

 ui/wi
vi/wi

1

 = λirci = Rri + t (2.1)

The appearance of the λi parameter is due to the fact that re-projecting the point from
the sensor plane, will result in infinite ri points that form on the vector between the visual
marker and camera center. Otherwise, the relationship between the R and t parameters is
linear. Thus considering for every rci its own perpendicular ni1 and ni2 vectors in the base of
Kc, the relationship is substituted for the following linear homogeneous equation system for
nij:

nTij(Rri + t) = 0, j = 1, 2 i = 1, ..N (2.2)

Thus, if we have a number of N ≥ 6 ri points, then using the LS (Least Squares) method,
an optimal R, t solution can be determined. Unfortunately it is not to be expected that the R
matrix will be orthonormal; therefore the approximation of an orthonormal R of the optimal
LS solution Q for R must be determined. This is an abstract optimization problem using a
Frobenius norm and constraints:

min
R
‖R−Q‖F such that RTR− I = 0 (2.3)

The problem can be solved with the Lagrange multiplier method, where the Lagrange mul-
tiplier Λ is a symmetrical matrix. Transforming the problem to the form:

L = trace((R−Q)T )(R−Q) + (RTR− I)Λ) (2.4)

and completing the derivations yields

R(I + Λ) = RS = Q and (I + Λ) is symmetrical (2.5)
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Figure 2.8: The kinematic model of the control column from a robotics point of view

The solution can be determined with the use of singular value decomposition [11]:

QTQ := S2 → SV D → S2 = US2ΣS2US2
T → S = US2Σ

1/2

S2 US2
T

Ropt = QS−1 (2.6)

Knowing the resulting Ropt, the previous linear equation can be considered when the Ropt

has a fixed value. This can be solved again for topt using the LS method.
The results for Ropt and topt can be further refined using constrained nonlinear numerical

optimization techniques.
Determining the control column’s 3D marker positions from 2D pixel values requires the

knowledge of the video camera’s calibration matrix - previously determined by identification -
and the control column’s physical characteristics.

2.6.2 The kinematic model of the control column

Owing to the control column assembly structure having offset joints, its visual marker does
not determine a regular spherical surface. The kinematic model of the 2 degree-of-freedom
structure is shown from a robotics point of view in Figure 2.8. Here l2 = 420 [mm], l1 =

80 [mm] and d = 100 [mm] are the distances in the joint model and αc, βc r the joint variables.
According to the control column’s kinematic model, the following relations can be derived:

T01 =


1 0 0 0

0 Cαc −Sαc −Sαcl1
0 Sαc Cαc Cαcl1
0 0 0 1

 (2.7)
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T12 =


Cβc 0 Sβc 0

0 Cαc 0 0

−Sβc Sαc Cβc 0

0 0 0 1

 (2.8)

where Sαc ,Cαc etc. stand for sin(αc), cos(αc).
By knowing the l1, l2 and d distances and αc, βc joint angles, the T02 homogeneous trans-

formation and the dependence of visual marker’s 3D position on αc and βc can be determined:

T02 = T01 · T02 =


Cβc 0 Sβc 0

SαcSβc Cαc −SαcCβc −Sαcl1
−CαcSβc Sαc CαcCβc Cαcl1
−0 0 0 1

 (2.9)

T02


0

0

l2
1

 =


Sβcl2

−SαcCβcl2 − Sαcl1
CαcCβcl2 + Cαcl1

1

 =


x0

y0

z0

1

 (2.10)

 x00

y00

z00

 =

 x0

y0

z0 − (l1 + d)

 (2.11)

Notice that K0, with axes x0, y0, z0 is the fixed frame regarding the kinematics while K00

with axes x00, y00, z00 is its shifted version considered as the aircraft’s reference coordinate
system for our purposes. For simplicity, the 3D coordinates of the control column marker
according to equation (2.11) are also denoted by x00,y00 and z00, respectively.

2.6.3 Look-up table construction for inverted control column position de-
termination

Since the αc and βc range of the control column spans to ±30◦ and ±20◦ respectively, the 3D
workspace defined by the visual marker of the control column is determined by the x00(αc, βc),
y00(αc, βc), z00(αc, βc) surface, shown in Figure 2.9 with axes in mm.

This illustrates the relation between the αc, βc joint variables and the 3D position of the
control column. This follows from the kinematic model of the control column, see equations
(2.9)-(2.11). Unfortunately, αc, βc cannot be measured, and should be determined with the use
of image processing.

As a result of the control column’s kinematics, according to several αc and βc angles, the
control column’s visual marker position r = (x00, y00, z00)T can be determined based on the
coordinate systems, matrices and vectors drawn in Figure 2.10 where:

Kc - coordinate system of the camera K00 - aircraft coordinate system Ropt - optimal orien-
tation matrix of the video camera r - vector pointing from the originK00 to the marker position,
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Figure 2.9: The x00(αc, βc) surface determined by control column (axes in [mm])

expressed in the base of K00 topt - vector pointing form the Kc origin to the K00 origin, ex-
pressed in the base of Kc rc - vector pointing form the control column marker’s position to the
Kc origin, expressed in the base of Kc

From here, the following expressions can be determined, expressed in the base of Kc:

rc = Roptr + topt (2.12)

To be able to determine the u,v, w values formed in the camera plane expressed in the base
of Kc for any given angle, we apply the K calibration matrix:

(u, v, w)T = K(Roptr + topt) (2.13)

The u, v and w values of (u, v, w)T are divided by w, and by applying the inverse of the K
camera matrix, we can determine the vector pointing from the video camera’s center point to
the control column’s visual marker in the base of Kc. This is normalized for later steps:

rcb = K−1

 u/w

v/w

1

 (2.14)

rcb := rcb/‖rcb‖ (2.15)

As an example, for the numerical values of αc = −20◦ and βc = 25◦, the rcb direction unit
vector’s coordinates for the look-up table are:

rcb =

 0.2058

−0.1949

0.9590

 (2.16)
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Figure 2.10: Relations between camera and the aircraft coordinate system

For the fine resolution of the (αc, βc) pairs, a look-up table can be constructed as follows:

(αc, βc)
2DOF kinematics−−−−−−−−→ (x00, y00, z00)

Ropt, topt,K−−−−−−−→ (u, v)
K−1

−−→ rcb (2.17)

The rcb unit vector has the direction of a straight line starting in the point (u, v, 1)T , going
through the camera center and intersecting the r(αc, βc) surface through a single point. There-
fore, by using this method, a single video camera is sufficient for control column deflection
determination.

After having constructed the look-up table (LUT), the unit vector rcb can be computed from
the 2D pixel positions (u, v). Then, the (αc, βc) belonging to rcb is computed according to the
look-up table, resulting in the 3D position (x00, y00, z00) of the control column. The control
surface deflections are identified from the forward/backward and left/right movement of the
control column by using the control column - control surface characteristics:

(u, v, 1)
K−1

−−→ rcb
LUT−−→ (αc, βc)

2DOF kinematics−−−−−−−−→ (x00, y00)

(x00, y00)
control characteristics−−−−−−−−−−→ (aileron, elevator deflections) (2.18)

Since the visual marker of the rudder only performs a translational movement, its positions
can immediately be determined from the 2D pixel values of the pedal’s marker.
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2.7 Illustration of visual processing results
The achieved results can be viewed on Figures 2.11, 2.12, 2.13, and 2.14 and are detailed as
follows:

The top part of Figure 2.11 presents the primary image processing results concerning the
forward-backward movement of the control column’s visual marker. As the video camera is
positioned, an increase in the v(X) pixel coordinates equates to a backward control column de-
flection (pulled) while a decrease in the v(X) coordinates is consistent with a forward (pushed)
control column deflection. The midpoint of the control column is marked with a black dotted
line. This is not at 0, however, but equals the neutral v(X) coordinate position represented by
the red ’+’ of Figure 2.4.

The control surface characteristics and the geometrical parameters of the control column
kinematics have been determined manually with a precision of 1 mm..

The corresponding control column deflection, described by the βc joint angle is plotted in
the second part of Figure 2.11. The resolution of the αc, βc joint angles is chosen to 0.5◦ in the
LUT, but can be set higher with an increase in computational cost.

The movement of the visual marker and respective control column deflection corresponds
to a change in elevator deflection defined in Section 1.3 and detailed in Figure 1.1.

It should be noted, that the data record includes large amplitude signals as are required at
takeoff, landing and for the thorough excitation of the aircraft. As the signals are plotted for a
relatively long time period, this can make the data set seem noisy. This, however is disproved
when viewing the data in an equal axis format.

For Figures 2.12 and 2.13 the same conditions apply, with Figure 2.12 showing the control
column left-right movement described by the αc joint angle and the resulting complementary
left and right aileron deflections.

Figure 2.13 illustrates the deflections of the rudder with respect to the 2D coordinates of
the rudder pedal marker. Since the absolute pedal deflection is calculated using both the u(X)

and v(Y ) pixel values of the visual marker, these image coordinates are shown as well.
Finally, the validation of the method is performed visually with the aid of a video sequence,

a frame of which is presented in Figure 2.14. Here, the top right part of the image shows the
view of the cockpit mounted camera. The recognized visual markers are displayed with red and
green contours. This is complemented by the 3D position of the control column on the surface
generated using the control column kinematics. The resulting control surface deflections of the
ailerons and elevator plotted on the predetermined control surface characteristics are shown in
the bottom-right side of the image. The correct position of the generated αc, βc joint angles
can be checked by viewing the simultaneous movement of the recognized visual markers and
re-generated control column deflections.

In the left side of the frame capture, the view of the wide angle lens camera can be seen,
containing the actual aileron deflections, while in the bottom-left side, a model of the aircraft
control surface positions is found, showing the re-generated control surface deflections. This
allows a qualitative visual verification by cross-checking the reconstructed aileron deflections
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Figure 2.11: Results detailing control column visual marker positions, calculated control col-
umn deflection (βc), and derived elevator deflections

with the actual aileron movements of the airplane.
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Figure 2.12: Results detailing control column visual marker positions, calculated control col-
umn deflections (αc), and derived aileron deflections
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Figure 2.13: Results detailing positions of the rudder pedal markers, calculated absolute rudder
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Figure 2.14: Frame capture of the video sequence used for result verification

2.8 Summary of results and discussion
This section has presented an innovative system engineering method useful for aircraft input
signals determination. The input signals are required for aircraft model identification, consist-
ing of elevator, aileron and rudder deflections. The proposed method relies heavily on image
processing, determining the control surface deflections from the positions of visual markers
mounted on the pilot controls. Firstly, the 2D positions of the visual markers are determined
using primary image recognition.

Using high level image processing, the 3D positions of the visual markers are determined
from their respective 2D positions on the image plane. The actual control column deflection is
derived from the 3D positions of the control column visual marker with the involvement of a
look-up table and control column kinematics. The control surface deflections are determined
based on the pilot control - control surface characteristics.

The strength of the method lies in the noninvasive manner with which it acquires input data.
Consequently, the input signals are determined without the need to alter the aircraft frame
by mounting sensors on all of the control surfaces. Instead, the onboard hardware consists
only of a single video camera and a set of two visual markers. Additionally, a calibration
object is required for the pre-flight determination of camera position with respect to the aircraft
coordinate system. The kinematics of the control column can be quickly determined by a few
measurements of the control column ensemble.
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A further advantage is the quick, hassle free setup of the data acquisition system as the
camera can be mounted in an almost arbitrary position and orientation as long as it has the
complete working area of the visual markers in its field of view.

As a practical implementation, this approach is mainly intended to find its use as a first step
in the system identification of aircraft already in service, where accurate modeling is crucial
for the development of an automated control algorithm or a flight simulator for pilot training.

With regards to lessons learned and future improvements, it can be argued that the addition
of a dark background helps marker separation to a great extent. This becomes evident by
studying the captured images of the video camera as one can see that the black background does
not cover the entire working area of the visual markers. When the workspaces are overexposed,
finding the marker on a light colored background can lead to considerable difficulties in fine
tuning the image recognition algorithm. A second improvement could be found in the addition
of a cockpit canopy cover. This will greatly reduce light intensity variation in the recorded
images and with the addition of light emmiting color coded visual markers, image recognition
can be made a lot easier. Of course, covering a side of the cockpit can be a hazard in some
cockpit configurations an issue that is taken into account in the adaptive design of the primary
image processing algorithm.

It has been shown that the results regarding aileron deflections can be validated using a
video sequence (with a frame capture being shown in Figure 2.14). The validation of deter-
mined elevator and rudder deflection results can be achieved using the same method and by
adding a secondary, appropriately oriented video camera.

As far as I have not found any examples of aircraft input signal determination similar to
the concept presented here, either as an application or in the currently available literature, I
would venture to say that this method indeed proposes a novel way for aircraft input signal
determination.
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Thesis Group 1. I have developed a novel method for determining the input signals of
an aircraft using primary and high level image processing. All the results are based on real
flight data gathered onboard a sailplane with the input signals consisting of aileron, elevator
and rudder surface deflections. These are dependent on the positions of the pilot controls
composed of the control column and rudder pedals. The nature of control surfaces and pilot
control linkages are considered unknown. The method assumes that no sensors are, or can
be placed on the control surfaces or pilot controls. It is assumed that the pilot controls can
only be observed visually, therefore the final control surface deflections are calculated from
the positions of visual markers placed on the control column and rudder pedals. For this, the
nonstandard 3D surface determined by the control column is calculated based on the easily
determinable control column kinematics. The actual position of the control column’s visual
marker on the 3D surface is then determined from the 2D image plane pixel coordinates of
the visual marker based on the control column kinematics and the homogenous transformation
between camera and world coordinates. This approach enables the proposed method to use
only a single video camera to obtain 3D positions from 2D image data.

Related publications: [S1], [S2], [S3], [S4].

Thesis 1.1 I have developed an adaptive image processing method determining the 2D pixel
coordinates of the control column and rudder pedal’s visual marker. The approach reliably de-
termines the positions of the visual markers even in the continuously changing lighting condi-
tions prevalent during flight. Its robustness is owed to the use of adaptively placed workspaces
on the image frame which reduce the search areas of the algorithm.

Thesis 1.2 I have developed a coordinate transformation method of camera coordinates to
aircraft body coordinates using a calibration object, temporarily placed in the cockpit before
flight and a video camera.

Thesis 1.3 I have developed a transformation method between the 2D image plane co-
ordinates of the control column’s visual marker to 3D control column deflections, based on
which, the control surface deflections of the aircraft can be determined using the pilot control
– actuator deflection functions.

Thesis 1.4 I have developed a verification method for the achieved results based on the
synchronized combination of image frames showing recognized marker positions, generated
3D position of the respective marker, an external view of the aircraft showing aileron move-
ments during flight and a generated model with moving control surfaces. The actual position
regarding the control surface – pilot control characteristics are also documented.



CHAPTER 3

State estimation for aircraft navigation and
control

3.1 Introduction, motivation and problem statement
According to present-day engineering practice, the art of getting an aircraft from point A to
point B can be divided into three interrelated technologies classified as navigation, guidance
and control [5]. Aerial navigation in its modern usage defines the method of determining
the current location of the vehicle together with its dynamic state variables. With regards to
an aircraft, the state variables describe its position, orientation, velocity and angular velocity
components. Going further, solving the problem of getting from point A to B can be achieved
by using several navigational modes:

Dead reckoning relies on knowing an initial starting position paired with heading infor-
mation and supplemented by an estimate of speed and elapsed time to determine the distance
traveled.

Navigation using GPS signals can be considered as a form of celestial navigation using
artificial satellites with observations using radio navigation aids.

Inertial navigation constitutes an evolved form of dead reckoning. It relies on the knowl-
edge of the initial aircraft state variables while measuring and integrating acceleration rates
and orientation to maintain an estimate of velocity, position and orientation. As the sensory
platform is self-contained, the Inertial Navigation System (INS) has the potential for stealthy,
secure, and independent operation. This requires extremely accurate sensors, currently out of
reach of cost effective, civilian applications.

However, low cost Inertial Measurement Unit (IMU) sensors are readily available but com-
monly suffer from slowly varying accumulated errors or ’bias’, paired with measurement noise.
This becomes a problem in a stand-alone INS as the measurement errors (however small) are
integrated by several differential equations leading to large errors in determined position and
velocity. Using measurements corrupted by integrated errors will result in an ever-increasing
difference between where the system thinks it is located and its actual position. This will be
referred to as ’drift’ or ’integrated bias’. For the complete elimination of drift, a procedure to
estimate acceleration and angular velocity biases becomes necessary.

State estimation results can be further improved by combining the pure inertial navigation
method with GPS position and velocity readings [4]. GPS readings can be considered as bias

30
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free or absolute measurement values, corrupted only by measurement noise.
Consequently, the fusion of different sensor readings becomes necessary and can be per-

formed using a stochastic state estimator or deterministic observer methods:{
sensor signals

} state estimator / observer−−−−−−−−−−−−−−−→ state variables

Since the aircraft kinematic model is known to be nonlinear, the state estimation process can
use Extended Kalman Filtering (EKF). The addition of an external complementary filter loop
can also improve result convergence when GPS measurements are available. Alternatively,
deterministic nonlinear state observers can also be used based on Lyapunov stability theory
[12] or transformation Lie-groups [13].

Since GPS measurements are relative to the KECEF frame, IMU measurements are per-
formed with regards to the KECI inertial frame and those of the magnetometer are described
in the KBODY , the kinematic model of the aircraft needs to address the transformation of these
values into a common, convenient frame of reference. For aircraft navigation this is usually the
KNED frame.

The approach of using an EKF is documented in [14], however the state estimation method
is developed only for land vehicles. In [15] and [16], a multi-mode attitude estimation method
is presented, based on a single EKF with fixed angles of attack and sideslip. The approach
discussed in [3] uses multi-level EKF for state estimation without an external correction loop,
having based the navigation on a fixed KNED frame.

The motivation for this chapter consists in the development of a multi-mode, multilevel
EKF based state estimation method appropriate for the inertial navigation and control of clas-
sical or unmanned aircraft. This is achieved by deploying the nonlinear kinematic model of the
aircraft, together with the fusion of low cost GPS, IMU and magnetometer data. For improved
results, the multilevel EKF routine is complemented by an external Extended Kalman Filter
(EKF).

As the EKF performs best with appropriately chosen covariance matrices, a novel, image
processing based tuning method for the EKF is also developed and presented in Chapter 4.

Usually, aircraft orientation is described using Euler’s Roll, Pitch and Yaw angles, as in
[17]. However, as opposed to Euler’s RPY angles, in this thesis, the orientation representation
is unit norm quaternion based, resulting in a virtually singularity free orientation description.
Granted, that the use of quaternions is non intuitive, but this is outweighed by the accompanying
reduction in computational cost. Ultimately, final aircraft orientation is transformed to Euler
RPY angles for result representation.

To make the developed state estimation method qualitatively appropriate for working with
real flight data, the accelerometer and angular velocity sensor biases are estimated while also
calculating the kinematic side-slip angles and angle of attack values of the aircraft. The dy-
namic angle of attack and side-slip angle values are then calculated from the kinematic ones by
taking wind direction and intensity into consideration.

Using a fixed KNED frame can achieve appropriate results, but only for short distance
navigation. Therefore, a further improvement in this thesis is represented by the employment
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of a so called ’wandering’ KNED, more suitable for long distance aerial navigation.
Finally, results regarding the estimated orientation of the aircraft are verified using a 3D

reconstruction of its flight path. This is supplemented with a second orientation result validation
method based on the high level image processing of flight data captured with the wide angle
lens camera.

Complemented with the appropriate input signals, the estimated aircraft states can also
be used in the identification process of the nonlinear dynamic model of the aircraft, which is
presented in Chapter 5.

Note that the data gathering method is described in Section 1.4 and the signals belonging
to the aircraft KBODY frame are discussed in Section 1.5 and detailed in Figure 1.2. Section
1.5 also gives an introduction to the different coordinate frames used for inertial navigation.

3.2 Short description of the proposed method
As discussed in [4], GPS and IMU measurements have complementary characteristics. GPS
measurements are currently available at all times and in all weather conditions, but have rel-
atively low sample rates. It is important to note, however, that periodical GPS signal outages
can be expected, due to obstruction (i.e. in valleys or urban areas) or jamming. IMU sensor
sample rates are sufficiently high, but are corrupted by bias and measurement noise that, if left
unchecked, accumulate during the integration process. Therefore, the state estimator period-
ically needs to correct the IMU measurements with the absolute GPS values of position and
velocity. In the event of GPS signal unavailability, the aircraft should be able to rely only on
its inertial sensors for limited periods of time, permitting a stealthy and passive operation.

The state estimation workflow is presented in Figure 3.1 and is shortly detailed as follows:
The kinematic equations required for the calculation of position, velocity, acceleration,

attitude and angular velocity of the aircraft require the development of specific differential
equations and rely on the transformations between different coordinate frames. To improve
navigation accuracy, a localized gravitational model based on Earth geoid parameters is used to
determine the acceleration. This is supplemented with position specific magnetic field models
when managing acceleration measurements.

The multi-mode nature of the application is owed to the different states of the aircraft with
regards to its velocity. The aircraft is considered stationary when its velocity is below a 0.2

[m/s] threshold.
The starting covariance matrices of acceleration, angular velocity, magnetic field and angu-

lar velocity biases are determined based on mean measurement values.
Since there is no acceleration when the aircraft is stationary, the state estimator updates only

the two relevant states consisting of orientation and angular velocity biases. The covariance
matrices are also updated.

Initial aircraft orientation is calculated based on magnetic field and angular velocity mea-
surement values and converted to quaternions for further EKF iterations.
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Figure 3.1: Multi-mode, multilevel state estimation flowchart
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Stationary mode EKF based state estimation is then performed, updating relevant states and
biases until the predetermined velocity threshold is exceeded.

The multilevel construction of the flight mode state estimator is designed to use two separate
EKFs with an additional Extended Kalman Filter in the following configuration:

• EKF1 runs on every IMU sample to estimate the partial state of aircraft orientation and
angular velocity bias

• EKF2 runs when GPS measurements are available to correct the estimated orientation of
the aircraft, its kinematic equations also taking GPS based position and velocity infor-
mation into account.

• The additional EKF runs at fixed time intervals, between GPS measurements to correct
the estimated position and velocity values in an external loop. This is achieved using
the difference of the calculated and measured position and velocity values, the result of
which is consequently added to the whole state of the running kinematic equations.

It is worth mentioning that the state estimation process employs actual EKFs, meaning that
the actual predicted x̂i state is obtained based on the actual yi measurements.

The flight mode state estimation procedure utilizes the complete set of aircraft states of
position, velocity, orientation and angular velocity together with estimated acceleration and
angular velocity biases.

To fully utilize the complementary nature of GPS and inertial/magnetic measurements, an
algorithm performing the integration of the complete state was developed. It incorporates the
high sample rate of the IMU/magnetometer measurements with low rate GPS readings to form
an improved state estimation and inertial navigation solution.

Here, similarly to the stationary mode, the starting covariance values are determined based
on the mean of measured values while in stationary mode. The starting covariance matrices
belonging to the correcting EKF are also determined here. These are continuously updated
later in the estimation loop.

In the main loop, firstly, the integration of the state equations is performed. The aircraft po-
sition derivatives and orientation propagation is calculated using tangent plane mechanization.
These are then used in the quaternion based differential equations used for state integration and
GNSS/INS navigation.

Finally, the aircraft orientation is transformed from quaternions to Euler RPY angles for
ease of interpretation. This is followed by kinematic angle of attack and slip angle calculation.
The state estimation method was realized on a PC. The data filtering and differentiation calcu-
lations required 0.0431 ms for each data point, while the flight mode state estimation (3 EKFs)
required 1.6 ms for a complete loop. This ensures an adequate reserve in processing time as
(IMU) measurements are taken at 10 ms intervals. The algorithm is designed in a way to enable
an easy conversion for online state estimation tasks running on an embedded system.
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3.3 Primary processing of GPS, IMU and magnetometer data

3.3.1 Data resampling and filtering

The nominal sampling rates are 10 [ms] for the IMU’s 3D acceleration and 3D angular velocity
data, 20 [ms] for the 3D magnetometer and 200 [ms] for the GPS receiver. The magnetometer
data is obtained in Gauss and is converted to micro Tesla. As the IMU and magnetometer
frequencies are different, the latter was interpolated and resampled for the sampling rate of
the IMU, which is more preferable for state estimation. The distribution of different sensor
readings can be seen in Figure 3.2.

0.00 0.01 0.02 0.03... 0.190.18...0.17 0.2 0.21

GPS data

Magnetometer data

IMU data

t [sec]

Figure 3.2: GPS, IMU and magnetic sensor data distribution

Since the GPS sampling rate is slower than that of the IMU by several orders of magnitude,
it will not be resampled.

3.3.2 Reference frames and transformations

Due to the large magnitude (6.37 · 106 [m]) of r = (x, y, z)T GPS positions in the KECEF

frame, the GPS positions are converted to localized KNED coordinates. This is achieved by
introducing the tangential plane at point Q on the rotational ellipsoid (see Figure 1.3) nearest
to the KBODY frame. The characterization of aircraft position in the KNED frame will be
achieved through p = (ϕ, λ, h)T , where ϕ, λ and h represent the geodetic latitude, longitude
and altitude, respectively. This KECEF to geodetic KNED conversion describes the position of
the aircraft using a ’wandering’ NED frame, more suitable to long distance navigation than the
’fixed’ NED. The conversion is performed using the following algorithm:

(x, y, z)TECEF −→ (ϕ, λ, h)TNED (3.1)

Initialization:
h := 0, N := a, p :=

√
x2 + y2, Tλ =

y

x

atan−−→ λ (3.2)
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Then cycle:

Sϕ :=
z

N(1− e2)h
, Tϕ :=

z + e2NSϕ
p

=
(N + h)Sϕ
(N + h)Cϕ

atan−−→ ϕ

N :=
a√

1− e2S2
ϕ

, h :=
p

Cϕ
−N

(3.3)

where Sϕ, Cϕ denote sin(ϕ) and cos(ϕ), a = 6378137.0 [m] represents the main axis and
e = 0.0818 is the eccentricity of the Earth’s rotational ellipsoid. As experience has shown,
convergence is quicker if ϕ is computed by atan instead of asinwhile getting to [cm] precision
requires a number of 25 iterations.

Let p = (ϕ, λ, h)T denote the position of the aircraft in the fixed KNED coordinate frame.
This corresponds to an r = (x, y, z)T KECEF position, while the orientation of the fixedKNED

frame is R = RECEF,NED, where:

(ϕ, λ, h)T −→ (x, y, z)T (3.4)

with the fixed KECEF position as:

N :=
a√

1− e2S2
ϕ

x = (N + h)CϕCλ

y = (N + h)CϕSλ

z = (N(1− e2) + h)Sϕ

(3.5)

The R = RECEF,NED orientation matrix can be calculated using two rotations. A rotation
around zECEF axis by λ, followed by a rotation around the yECEF by −(π

2
+ ϕ) sets the axes

of the KNED frame.

R = RECEF,NED = Rot(z, λ) ·Rot(y,−(
π

2
+ ϕ))

=

 Cλ −Sλ 0

Sλ Cλ 0

0 0 1

 ·
 −Sϕ 0 Cϕ

0 1 0

Cϕ 0 −Sϕ



=

 −CλSϕ −Sλ −CλCϕ−SλSϕ Cλ −SλCϕ
Cϕ 0 −Sϕ


(3.6)

In order to simplify notations, the KECI , KECEF , KNED and KBODY coordinate frames
will be referred to with i, e, n, b. The lower subscript will be used for relative values, while the
superscript expresses the base of the coordinate frame for the given value. As an example, ωnnb
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denotes relative angular velocity between the KNED and KBODY reference frames, written in
the base of the KNED frame.

The geodetic position of the airplane in flight is denoted by p = (ϕ, λ, h)T , and by r =

(x, y, z)T in KECEF with R := RECEF,NED = Re
n as the orientation of the KNED frame rela-

tive toKECEF . The transformation (ϕ, λ, h)T −→ (x, y, z)T is performed similarly to (3.5), with
the R rotation matrix similarly constructed to R, but with appropriately chosen coefficients.

Converting from KECEF to KNED is performed by inverting Re
n and applying ωe to the ze

axis:

Rn
e = (Re

n)−1 =

 −CλSϕ −Sλ −CλCϕ−SλSϕ Cλ −SλCϕ
Cϕ 0 −Sϕ

−1

(3.7)

Due to the orthonormality of R, by using the property (Re
n)−1 = (Re

n)T we finally arrive
to:

Rn
e = (Re

n)−1 =

 −Cλ0Sϕ0 −Sλ0Sϕ0 Cϕ0

−Sλ0 Cλ0 0

−Cλ0Cϕ0 −Sλ0Cϕ0 −Sϕ0

 (3.8)

For short distance navigation, a fixed KNED0 can be used with the position (3.9) and orien-
tation (3.10) of the aircraft relative to KNED0 is obtained from: xNED,NED0

yNED,NED0

zNED,NED0

 = RT
0 (r − r0) (3.9)

Rn0
b = RNED0,BODY = R−1

0 RRb
n = RT

0RR
b
n (3.10)

where Rb
n0

represents aircraft KBODY orientation relative to KNED0 .
State estimation also needs velocity information derived from GPS positions. Aircraft ve-

locity will be noted with vnb = (vN , vE, vD)T and is expressed in the KNED frame. Numerical
differentiation of aircraft KNED positions is performed using the Savitzky-Golay (polynomial)
finite impulse response (FIR) filter [18] which is also applied with the purpose of smoothing
the data. The method also increases the signal-to-noise ratio without distorting the signal. Ad-
ditional modifications have been performed to the Savitzky-Golay extension for the correct
handling of the initial and ending parts of data records.

Two cases can be distinguished: In case the entire data set is available (offline state esti-
mation), the advantage of having access to the ‘right side’ of the data point of interest, that is
accessing the k + 1-th data can be exploited in the filtering and numerical differentiation of in-
put signals. For a real time application however (online state estimation), this impediment can
be overcome by estimating the ‘right side’ data point values using time based differentials to
determine the rate of change of input data. The proposed state estimation algorithm is prepared
to operate in both cases.
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State estimation methods should take into consideration that the KECEF frame is not an
inertial frame due to its rotation around the z-axis of the quasi-inertialKECI frame with angular
velocity ωe, while the IMU measurements are relative to the inertial frame. Especially, if the
aircraft is stationary (steady state) the IMU measures negative gravity acceleration with its
vector pointing upwards. The differences between ECEF and ECI need to be considered as
they are important for aircraft maneuvering at high speeds.

As the designed state estimator needs to work in a unified reference frame, the IMU and
magnetometer measurements in KBODY need to be transformed to KNED. This transition
regarding the measured and estimated values is possible by introducing the Rn

b = Rb2n trans-
formation matrix and using the Rodriguez formula [12] (with Rn

b already using quaternions).

Rn
b = Rb2n =

 CΨCΘ CΨSΘSΦ − SΨCΦ CΨSΘCΦ + SΨSΦ

SΨCΦ SΨSΘSΦ + CΨCΦ SΨSΘCΦ − CΨSΦ

−SΘ CΘSΦ CΘCΦ

 (3.11)

Similarly, when converting from KNED to KBODY :

Rb
n = Rn2b = [Rb2n]−1 = [Rb2n]T (3.12)

3.4 Developing the kinematic equations of the aircraft
Airplane kinematics are based on the movement of a rigid body relative to an inertial coordinate
system (i.e. KECI). The rigid body has its own KBODY coordinate system fixed to its center
of gravity as seen in Figure 1.2. As such, the acceleration, velocity and angular velocity of the
aircraft is defined relative to the inertial frame.

As the proposed state estimation method makes use of the combined resources of GPS,
inertial and magnetic sensors, a unified model is needed to allow all the different sensor config-
urations to work together. This is where the proper development of aircraft kinematic equations
really comes into play.

3.4.1 Aircraft velocity in the NED frame

The position of the airplane is identified by the vector p, pointing from the common origin of
KECEF and KECI to the aircraft center of gravity, although expressed in a different basis. The
velocity of the aircraft expressed in the KECEF frame is (ẋ, ẏ, ż)T , while in the KNED frame it
will be vN , vE, vD, where the vertical velocity is a function of altitude vD = −ḣ. On the other
hand, owing to the coordinate transformation of (vN , vE, vD)T = (Rn

e )T (ẋ, ẏ, ż)T , the NED
velocity will be: vN

vE
vD

 =

 −CλSϕ −SλSϕ Cϕ
−Sλ Cλ 0

−CλCϕ −SλCϕ −Sϕ

 ẋ

ẏ

ż

 =

 −CλSϕẋ− SλSϕẏ + Cϕż

−Sλẋ+ Cλẏ

−CλCϕẋ− SλCϕẏ − Sϕż


(3.13)
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Hereafter, the calculation of the following derivatives is needed:

dN(ϕ)

dt
=

(
−1

2

)
a

(1− e2S2
ϕ)3/2

(−e22SϕCϕϕ̇) =
ae2

(1− e2S2
ϕ)3/2

SϕCϕϕ̇

ẋ = (N + h)(−SϕCλϕ̇− CϕSλλ̇) +

(
ae2

(1− e2S2
ϕ)3/2

SϕCϕϕ̇+ ḣ

)
CϕCλ

ẏ = (N + h)(−SϕSλϕ̇− CϕCλλ̇) +

(
ae2

(1− e2S2
ϕ)3/2

SϕCϕϕ̇+ ḣ

)
CϕSλ

ż = [N(1− e2) + h]Cϕϕ̇) +

(
ae2(1− e2)

(1− e2S2
ϕ)3/2

SϕCϕϕ̇+ ḣ

)
Sϕ

(3.14)

By introducing the expressions in the vN , vE , vD statements of (3.13) and determining
the coefficients of ϕ̇, λ̇ and ḣ, it can be concluded that in the expression regarding vN the
coefficients of λ̇ and ḣ will be zero. Similarly, both the coefficients of ϕ̇ and ḣ in the expression
of vE and the coefficients of ϕ̇ and λ̇ in the expression of vD are zero. The remaining equation
terms give rise to the following velocity vector components:

vN =

(
a(1− e2)

(1− e2S2
ϕ)3/2

+ h

)
ϕ̇

vE = (N + h)Cϕλ̇

vD = −ḣ

(3.15)

Here, (vN , vE, vD)T represents aircraft velocity in the KNED frame, N is the transverse
radius of curvature (see (3.5)) and M is the radius of Earth’s curvature in meridian at a given
latitude:

M =
a(1− e2)

(1− e2S2
ϕ)3/2

(3.16)

where h represents the altitude of the aircraft and e is the Earth geoid eccentricity.
Written as a function of latitude, longitude and altitude derivatives, the aircraft velocity in

the KNED frame will be: vN
vE
vD

 =

 M + h 0 0

0 (N + h)Cϕ 0

0 0 −1

 ϕ̇

λ̇

ḣ

 (3.17)

From here the derivatives of position p = (ϕ, λ, h)T will be:

 ϕ̇

λ̇

ḣ

 =


1

M + h
0 0

0
1

(N + h)Cϕ
0

0 0 −1


 vN

vE
vD

 (3.18)
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3.4.2 Differential equations of aircraft acceleration

Accelerometer readings on a stationary aircraft reflect the sensed gravitational acceleration
as a negative value. During flight, the accelerometer measures inertial acceleration in the
KBODY frame, without being able to separate aircraft acceleration from gravitational accel-
eration. What it does measure is modeled by Newton’s second law as a = F/m, where F/m
is called the specific force; F being the physically applied force that does not include gravity.
In order to correctly interpret the accelerometer sensor measurements, this required the devel-
opment of a set of kinematic equations that separate the net acceleration of the aircraft from
gravitational acceleration.

Consider the aircraft p position in the inertial frame as described using vector riib (pointing
from O to P in Figure 1.3:

riib = Ri
er
e
eb (3.19)

As velocity is the derivative of position, the aircraft KBODY velocity relative to KECEF ,
described in the KNED frame will be:

veeb =
dreeb
dt

,

viib = Ri
e (veeb + ωeie × reeb) = Ri

ev
e
eb + ωiie × riib,

vneb = Rn
e v

e
eb = Rn

eR
e
i

(
viib − ωiie × riib

)
where the constant ωe = 7.2921151467 · 10−5 [rad/s] represents the magnitude of the Earth
rotation rate.

By applying (Re
i )
T = Ri

e and the following transformation sequence vi
Rei−→ ve

Rne−→ vn, we
finally arive to:

vneb = Rn
i

(
viib − ωiie × riib

)
(3.20)

The componentwise (i.e. taking the relative acceleration) differentiation of the velocity equa-
tion leads to:

dvneb
dt

= Rn
i

(
dviib
dt
− ωiie ×

driib
dt

)
+ Ṙn

i

(
viib − ωiie × riib

)
. (3.21)

In continuation, the following property is used: Ṙ2
1 = R2

1[ω1
21×] = −[ω2

12×]R2
1

dvneb
dt

= Rn
i

(
aiib − ωiie × viib

)
− [ωnin×]Rn

i

(
viib − ωiie × riib

)
= anib − [ωnie×]Rn

i v
i
ib − [ωnie×]Rn

i v
i
ib + [ωnin×]Rn

i (ωiie × riib)

= anib − [(ωnie + ωnin)×]
(
vneb +Rn

i (ωiie × riib)
)

+ [ωnin×]Rn
i (ωiie × riib)

= anib − (2ωnie + ωnen)× vneb − [ωnie×]Rn
i (ωiie × riib)

(3.22)



3.4. Developing the kinematic equations of the aircraft 41

Knowing that Re
i ·Ri

e = I3 we get:

dvneb
dt

= anib − (2ωnie + ωnen)× vneb − [ωnie×]Rn
eR

e
i

(
ωiie × (Ri

er
e
eb)
)

(3.23)

Finally, all the components of the equation are transformed in the KNED base:

dvneb
dt

= anib − (2ωnie + ωnen)× vneb − [ωnie×]Rn
e (ωeie × reeb)

= anib − (2ωnie + ωnen)× vneb −Rn
e [ωeie×][ωeie×]reeb

(3.24)

It is worth noticing that the last term of (3.24) contains the centrifugal acceleration arisen
as a consequence of the Earth’s rotation.

As previously stated, the inertial frame based measurement values of the acceleration sensor
need to be separated as a sum comprised of the specific force (f̃ ) measured by the acceleration
sensor and gravitational acceleration:

aiib = f̃ i + ḡi (3.25)

which can be expressed in the NED frame as:

anib = Rn
i (f̃ i + ḡi) = Rn

i f̃
i +Rn

e ḡ
e

= Rn
b f̃

b +Rn
e ḡ

e
(3.26)

By introducing the notation:

gn := Rn
e (ḡe − [ωeie×][ωeie×]reeb) (3.27)

where the first part describes the effect of gravity, while the second part is the centrifugal effect
resulting from the Earth’s rotation.

Introducing (3.27) in (3.24) while considering the sign and direction of the measured gravity
vector on the stationary aircraft, we obtain the aircraft acceleration described in KNED:

dvneb
dt

= Rn
b f̃

b − (2ωnie + ωnen)× vneb + gn (3.28)

The accelerometer values (containing the negative gravitational effect) are obtained from
3.26:

f̃ b = ab − gb (3.29)

By taking the accelerometer bias into consideration (also expressed in the KBODY frame),
the accelerometer values can be transformed to KNED using (3.11):

fn = Rn
b (f̃ b − ba) (3.30)

Considering eq. (3.8), the Earth’s angular velocity in KNED will be:

ωnie = Rn
e

 0

0

1

ωe =

 Cϕ
0

−Sϕ

ωe (3.31)
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On the other hand, from a robotics perspective, the λ (latitude) and ϕ (longitude) angles
can be considered as successive joint variables between KECEF and KNED. Consequently,
following an interpretation of the Jacobian from a robotics standpoint and considering the rules
for partial angular velocity calculations we obtain:

ωnen =

 Cϕ 0

0 −1

−Sϕ 0

( λ̇

ϕ̇

)
(3.32)

Note that similarly to (3.8) and (3.31), the first column of (3.32) corresponds to a rotation
around the z axis by λ, while the second column corresponds to a rotation around y by ϕ.
Therefore, the corresponding terms in equation (3.24) will amount to:

2ωnie + ωnen =

 2ωeCϕ + Cϕλ̇

−ϕ̇
−2ωeSϕ − Sϕλ̇

 (3.33)

The −(2ωnie + ωnen) × vneb term containing the Coriolis effect from (3.24) can be expanded
as:

−(2ωnie + ωnen)×

 vN
vE
vD

 =

 0 (2ωe + λ̇)Sϕ −ϕ̇
−(2ωe + λ̇)Sϕ 0 −(2ωe + λ̇)Cϕ

ϕ̇ (2ωe + λ̇)Cϕ 0

 vN
vE
vD



=

 −vE(2ωe + λ̇)Sϕ + vDϕ̇

vN(2ωe + λ̇)Sϕ + vD(2ωe + λ̇)Cϕ
−vN ϕ̇− vE(2ωe + λ̇)Cϕ


(3.34)

Finally, by considering equations (3.30), (3.27), (3.15), (3.16) and (3.34) the relative aircraft
acceleration in the KNED frame is obtained:

v̇ =

 v̇N
v̇E
v̇D

 = fn + gn +



−vE
[
2ωe +

vE
(N + h)Cϕ

]
Sϕ +

vNvD
M + h[

vE
(N + h)Cϕ

+ 2ωe

]
vNSϕ + vD

[
2ωe +

vE
(N + h)Cϕ

]
Cϕ

− v2
N

(M + h)
− 2vEωeCϕ −

v2
E

(N + h)


(3.35)

3.4.3 Modeling the effects of gravity

The gravity vector represents the vector sum component of the gravitational force of the Earth’s
mass and the centrifugal force due its to rotation. This variation is owed to the fact that gravi-
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tational acceleration is a function of geocentric radius, while centripetal acceleration will vary
according to latitude and radius and a nonuniform Earth mass distribution [19].

For short range INS navigation, it is possible to substitute the value of gravitational accel-
eration with the nominal ’average’ value at the Earth’s surface, known as the standard gravity
of gb = 9.80665 [m/s2] [20]. This however, will disregard the fact that the size and orientation
of the gravity vector is dependent on the point of evaluation, and is only valid for the constant
altitude of h = 0.

In this thesis, the interpretation of the acceleration sensor readings have been improved and
the aircraft has been prepared for long distance navigation by supplementing the tangent plane
mechanization equation with a gravity model. This is performed by taking into account that
the accelerometer measurements contain the gravitational acceleration.

The gravity model includes centrifugal acceleration due to the rotation of the Earth coupled
with the true gravitational acceleration due to the uneven mass distribution of the Earth. The
position-dependent gravitational acceleration in the KNED frame will thus be:

gn =

 0

0

γ(ϕ, h)

 (3.36)

where, according to WGS84 (World Geodetic System 1984) and [19]:

γ = a1

(
1 + a2S

2
ϕ + a3S

4
ϕ

)
+
(
a4 + a5S

2
ϕ

)
h+ a6h

2 (3.37)

the coefficients are:

a1 = 9.7803267715 a4 = −0.0000030876910891

a2 = 0.0052790414 a5 = 0.0000000043977311

a3 = 0.0000232718 a6 = 0.0000000000007211

Note that cruising altitude is also taken into account in the last term of equation (3.37).
In order to obtain the correct geodetic velocity equations in theKNED frame, the sensed ac-

celerometer values are then taken into account with the consideration of the position-dependent
gravitational acceleration and acceleration sensor bias to obtain the net acceleration of the air-
craft.

3.4.4 Compensating magnetic deviation

The magnetometer measures the Earth’s magnetic field around the aircraft in theKBODY frame.
If the measured magnetic field is denoted with Hb = (Hb

x, H
b
y, H

b
z)
T then its transformation to

the KNED frame would be:

Hn = Rn
bH

b =

 CΨCΘ CΨSΘSΦ − SΨCΦ CΨSΘCΦ + SΨSΦ

SΨCΦ SΨSΘSΦ + CΨCΦ SΨSΘCΦ − CΨSΦ

−SΘ CΘSΦ CΘCΦ

 Hb
x

Hb
y

Hb
z

 (3.38)
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where:

Hn
x = (CΘH

b
x + SΘSΦH

b
y + SΘCΦH

b
z)CΨ + (−CΦH

b
y + SΦH

b
z)SΨ =: a1CΨ + a2SΨ

Hn
y = (CΦH

b
y − SΦH

b
z)CΨ + (CΘH

b
x + SΘSΦH

b
y + SΘCΦH

b
z)SΨ =: b1CΨ + b2SΨ

(3.39)

can be used to calculate the a1, a2, b1, b2 parameters.
Since in the NED coordinate system the directions of geographic (true) and magnetic north

are not overlapping, the angle between the two can be denoted with δ. As δ is a function of
position in the KNED frame, the position dependent magnetic declination will be:

Tδ =
Hn
y

Hn
x

=
b1CΨ + b2SΨ

a1CΨ + a2SΨ

⇒ SΨ(−Tδa2 + b2) = CΨ(−Tδa1 + b1) (3.40)

TΨ =
Tδa1 − b1

−Tδa2 + b2

(3.41)

from which the Ψ Euler yaw angle can be determined using the atan function.
The value of the magnetic declination parameter can be obtained from databases as it expe-

riences a slow variation over time.

3.4.5 Quaternion based aircraft kinematic model

Vehicle attitude description can be most reliably performed with the use of unit norm quater-
nions as they present a near singularity free attitude description. This is opposed to the singu-
larity occurring at Θ = ±π/2 when using Euler (RPY) angles. Its value is maintained using
incremental rotations from the rotation vector representation, using the resulting values to gen-
erate the coordinate transformation matrix. With regards to quaternions, notice that in the case
of q = (s, 0) and ||q|| = 1, than s can either be +1 or −1 (which is a singularity). Such cases
are solved by the developed state estimation algorithm.

The four element quaternion vector can be defined as:

q =
(
cos

ϕ

2
, t · sinϕ

2

)
= (s, w)⇒ s = Cϕ/2, w = t · Sϕ/2 (3.42)

where t = (tx, ty, tz)
T .

By using the cross product related formulas of t × (t × r) = t < t, r > −r < t, t >=

{t · tT− < t, t > I}r and knowing that ||t|| = 1, [t×][t×]t · tT − I can be obtained. Secondly,
based on basic trigonometric relations, the following hold true: Cϕ = C2

ϕ/2−S2
ϕ/2 = 1−2S2

ϕ/2

and Sϕ = 2Sϕ/2Cϕ/2. Inserting these into the Rodriguez formula,

R = CϕI3 + (1− Cϕ)t · tT + Sϕ[t×] (3.43)

the relations for transforming Euler RPY based orientation to quaternions is obtained:

R = I3 + (1− Cϕ)[t×][t×] + Sϕ[t×]

= I3 + 2Sϕ/2Cϕ/2

[
w

Sϕ/2
×
]

+ 2S2
ϕ/2

[
w

Sϕ/2
×
] [

w

Sϕ/2
×
]

= I3 + 2s[w×] + 2[w×][w×]

(3.44)



3.4. Developing the kinematic equations of the aircraft 45

Applying Equation (3.44) to (3.11):

Rn
b = I + 2s[w×] + 2[w×][w×] (3.45)

while the inverse transformation based on (3.12) will have the form:

Rb
n = [Rn

b ]−1 = [Rn
b ]T = I3 − 2s[w×] + 2[w×][w×] (3.46)

By using ω̃b for the angular velocity sensor values and bω as the zero order bias, the true
angular velocity will be composed of:

ω := ωbnb = ω̃b − bω −Rb
n(ωnie + ωnen) (3.47)

where:

ωnin = ωnie + ωnen =


Cϕ

0

−Sϕ


ωe +



vE
N + h

− vN
M + h

− vETϕ
N + h


(3.48)

The quaternion based differential equation relies on the interconnectedness of the angular
velocity ω = ωB = (P,Q,R)T and the q = (s, w) quaternion derivative with the true angular
velocity clearly separated in the identity [21]:

q̇ = −1

2

[
0 ωT

−ω [ω×]

](
s

w

)
= −1

2

[
ωTw

−sω + ω × w

]

= −1

2

[
wT

−sI3 − [w×]

]
ω

(3.49)

Since the 3D angular velocity measurements are relative to the inertial frame, the angular
velocity in the KBODY frame can be expressed by:

q̇ = −1

2

[
wT

−sI3 − [w×]

]{
ω̃b − bω − [I3 − 2s[w×] + 2[w×][w×]] (ωnie + ωnen)

}
(3.50)

Alternatively, the propagation of aircraft orientation can also use the form [21]:

q̇ = −1

2


0 P Q R

−P 0 −R Q

−Q R 0 −P
−R −Q P 0

 q := Ωqq (3.51)

where P , Q and R are the angular velocity components. The properties of the ωB dependent
Ωq matrix are:

Ω2
q = −(P 2 +Q2 +R2)I4 = −||ωB||2I4,

Ω2n
q = (−1)n||ωB||2nI4,

Ω2n+1
q = (−1)n||ωB||2nΩq

(3.52)
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The acceleration and angular velocity biases are viewed as constants, therefore:

ḃω = 0, ḃa = 0. (3.53)

3.5 EKF based multilevel state estimation

3.5.1 Nonlinear equation development for INS navigation

In the case of GPS assisted INS navigation, the nonlinear navigation equations are stated in the
KNED frame of reference and are constructed having the following states:

x = (pT , vT , qT , bTa , b
T
ω)T (3.54)

The inputs and outputs are the following:

u = (ãT , ω̃T )T

y = (pT , vT )T
(3.55)

where the components are:

ãT −measured acceleration,

ω̃T −measured angular velocity,

p = (ϕ, λ, h)T − position,

v = (vN , vE, vD)T − velocity,

q = (s, w)T − quaternion based orientation,

bTa − acceleration bias,

bTω − angular velocity bias,

The first five parameters will be the variables of interest used for inertial navigation, while bTa
and bTω can be referred to as nuisance variables of no intrinsic interest but still necessary to the
estimation process.

This way, the state equations used for INS navigation will be the following:

ẋ = f(x, u, nx)

y = g(x, ny)
(3.56)

with nx and ny representing system noises.
The state estimator needs the function derivatives of the nonlinear equation with respect

to specific variables. The functions of the linearized form will be noted with capital letters
and two subscripts. The first subscript represents the derivative of a specific variable, while the
second subscript denotes the variable with respect to which the differentiation is performed. For
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example, the pv index will represent the partial derivative of the state equation fp belonging
to ṗ, with respect to v. The partial derivatives will find their use in the development of the
Extended Kalman Filter and its correction loop.

From the system noises, ãnoise is additively contained in f̃ b = ã and ω̃noise is additively
contained in ω̃. The outputs contain the additive noises p̃noise and ṽnoise which have zero
expected values and can be added in turn to the state equations.

3.5.2 Determining the state equation partial derivatives

In the following, the derivatives of the fp, fv, fq state equations are determined with respect to
their corresponding variables. The values of M and N are considered constant while perform-
ing the differentiations. The linearized system according to x, u and nx will have the following
form:

δẋ = F (t)δx+B(t)nx

δy = C(t)δx+ ny
(3.57)

Firstly, the aircraft position derivatives based on eq. (3.18) are presented with respect to
position:

Fpp =


0 0

−vN
(M + h)2

veSϕ
(N + h)C2

ϕ

0
−ve

(N + h)C2
ϕ

0 0 0

 (3.58a)

The position derivatives with respect to velocity is:

Fpv =


1

M + h
0 0

0
1

(N + h)Cϕ
0

0 0 −1

 (3.58b)

Fpq = 03×4, (3.58c)

Fpba = 03×3, Fpbω = 03×3, (3.58d)

Bpãnoise = 03×3, Bpω̃noise = 03×3. (3.58e)

When defining the derivatives of aircraft velocity, the fact that fv contains the values of
fn = Rn

b (ã− ba) and gn = (0, 0, γ(ϕ, h))T can be used, hence these are defined first.
By applying the ra := ã− ba notation and by differentiating the accelerometer values with
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respect to the quaternion one obtains:

∂fn

∂q
=

∂

∂q
{(I3 + 2s[w×] + 2[w×][w×])ra}

=
∂

∂q
{ra + 2sw × ra + 2w × (w × ra)}

=
∂

∂q

{
ra + 2sw × ra + 2(wrTaw − rawTw

}
,

(3.59)

Separating the differentials to the scalar and vector elements of the quaternion yields:

∂fn

∂s
= 2w × ra

∂fn

∂w
= −2s[ra×] + 2[rTawI3 + wrTa − 2raw

T ].

(3.60)

Based on the Schwarz and Wei model [22], the partial derivatives are:

∂γ

∂ϕ
=
[
a1(2a2Sϕ + 4a3S

3
ϕ) + 2a5Sϕh

]
Cϕ

∂γ

∂h
= (a4 + a5S

2
ϕ) + 2a6h

(3.61)

After vigorous application of matrix differentiation rules, the partial derivatives of velocity
with respect to the relevant variables can be obtained:

Fvp =



−2ωevECϕ −
v2
E

(N + h)C2
ϕ

0
v2
ETϕ

(N + h)2
− vNvD

(M + h)2

2ωe(vNCϕ − vDSϕ) +
vEvN

(N + h)C2
ϕ

0
−vE(vNTϕ + vD)

(N + h)2

2ωevESϕ +
∂γ

∂ϕ
0

v2
N

(M + h)2
+

v2
E

(N + h)2
+
∂γ

∂h


(3.62a)

Fvv =



vD
M + h

−
[
2ωe +

2vE
(N + h)Cϕ

]
Sϕ

vN
M + h

2ωeSϕ +
vETϕ
N + h

vNTϕ + vD
N + h

2ωeCϕ +
vE

N + h

−2vN
M + h

−
[
2ωeCϕ

2vE
N + h

]
0


(3.62b)

(3.62c)
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Differentiating velocity with respect to the s, w components of the quaternion one gets Fvs
and Fvw:

Fvs = 2w × ra

Fvw = −2s[ra×] + 2
[
rTawI3 + wrTa − 2raw

T
] (3.62d)

Fvba = −Rn
b = −(I + 2s[w×] + 2[w×][w×]), Fvbω = 03×3 (3.62e)

Bvãnoise = Rn
b = I + 2s[w×] + 2[w×][w×], Bvω̃noise = 03×3 (3.62f)

By applying the partial differentiation rules to equations (3.47), (3.48), and denoting the
quaternion based angular velocity from (3.49) with fq the partial differential of the quaternion
equation with respect to its s and w components will be:

∂fq
∂s

= −1

2

∂

∂s

([
wT

−sI3 − [w×]

])
ω − 1

2

[
wT

−sI3 − [w×]

]
∂ω

∂s

= −1

2

[
0

−I3

]
ω − 1

2

[
wT

−sI3 − [w×]

]
∂ω

∂s

∂fq
∂w

= −1

2

∂

∂w

([
wT

−sI3 − [w×]

])
ω − 1

2

[
wT

−sI3 − [w×]

]
∂ω

∂w

(3.63)

where:

∂ω

∂s
= − ∂

∂s
(Rb

nrω) = − ∂

∂s
(I − 2s[w×] + 2[w×][w×])rω = −2rω × w

∂ω

∂w
= − ∂

∂w
(Rb

nrω) = − ∂

∂w
(I − 2s[w×] + 2[w×][w×])rω =

= −2s[rω×] + 2[rTωwI3 + wrTω − 2rωw
T ]

(3.64)

Denoting the first part of (3.49) with A(s, w) one obtains the quaternion description of
aircraft orientation:

A(s, w) = −1

2

[
wT

−sI3 − [w×]

]
=

1

2

[
−wT

sI3 + [w×]

]
=: T (q) (3.65)
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The missing derivatives can then be obtained:

Fqp = A(s, w)(−Rb
n)
∂rω
∂p

= A(s, w)(−Rb
n)



−ωeSϕ 0
−vE

(N + h)2

0 0
vN

(M + h)2

−ωeCϕ −
vE

(N + h)C2
ϕ

0
vETϕ

(N + h)2


(3.66a)

Fqv = A(s, w)(−Rb
n)
∂rω
∂v

= A(s, w)(−Rb
n)


0

1

N + h
0

− 1

M + h
0 0

0 − Tϕ
N + h

0

 (3.66b)

Fqs = −1

2

[
0

−ω

]
+ A(s, w)

∂ω

∂s
(3.66c)

Fqw = −1

2

[
ωT

[ω×]

]
+ A(s, w)

∂ω

∂w
(3.66d)

Fqba = 04×3, Fqbω = A(s, w)(−I3) = −A(s, w) (3.66e)

Bqãnoise = 04×3, Bqω̃noise = A(s, w) (3.66f)

3.5.3 Performing state estimation on the stationary aircraft

Based on GPS measurements, the aircraft is determined to be stationary when its vT total
velocity is below a 0.2 [m/s] threshold. As the aircraft is stationary, its velocity and acceleration
is assumed to be zero; therefore, out of the complete state vector x shown in (3.54), only the
aircraft orientation and angular velocity bias will be updated.

The measured acceleration when the aircraft is stationary will register as the negative grav-
itational acceleration. Scaled for G in the KNED frame this will be:

ã = f̃ = −

 −SΘ

CΘSΦ

CΘCΦ

 (3.67)
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from which:

Φ = arctan(ay/az), (3.68)

Θ = arctan(−CΦax/az) (3.69)

which, accompanied by Ψ yaw angle calculated in (3.41) can represent one way of obtaining
the trio of Euler RPY angles. For reasons already stated, during the state estimation process,
calculations regarding aircraft orientation are performed using quaternions with the Euler an-
gles only being used as output data.

Gravitational acceleration and magnetic declination readings are corrected using the GPS
position of the stationary aircraft with equations (3.36) and (3.40).

The initial covariance matrices belonging to the acceleration and angular velocity biases
required by the EKF are calculated first, based on the diagonalized mean of their respective
sensor readings.

For the stationary aircraft, the states, inputs and noises will be denoted as:

x = (qT , bTω)T

u = ω̃b
v = (vax , vay , vaz , vωx , vωy , vωz)

T

(3.70)

The noises are in turn contained in the second part of (3.71), which is based on (3.50),
considering that the aircraft is stationary:

fq = q̇ = −1

2

[
wT

−sI3 − [w×]

]
(ω̃b − bω −Rn

b ) (3.71)

In the knowledge of the Ts = 10 [ms] sampling time, and f continuous function, the
following discrete time state equation is calculated using Euler’s formula and vk = nx,k and
zk = ny,k:

xk+1 = xk + Tsf(xk, uk, vk) =: fd(xk, uk, vk) (3.72)

yk = g(xk, zk) (3.73)

The state estimation loop runs continually while the aircraft is stationary with the EKF
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using the known notations:

Ak−1 :=
∂fd(x̂k−1, uk−1, 0)

∂x
= I + Ts

∂fd(x̂k−1, uk−1, 0)

∂x
(3.74)

Bv,k−1 :=
∂fd(x̂k−1, uk−1, 0)

∂v
= I + Ts

∂fd(x̂k−1, uk−1, 0)

∂v
(3.75)

Ck :=
∂g(x̄k, 0)

∂x
(3.76)

Cz,k :=
∂g(x̄k, 0)

∂z
(3.77)

Rv,k−1 := Bv,k−1Rv,k−1B
T
v,k−1 (3.78)

Rz,k := Cz,kRz,kC
T
z,k (3.79)

where x̂k is the estimated value of xk, x̄k is the predicted state x̄ = fd(x̂k−1, uk−1, 0) and
I = ∂x

∂x
. Ak−1 is the state transition matrix and Ck represents the measurement sensitivity or

observation matrix. Rv,k−1 and Rz,k represent the system noise and measurement noise covari-
ance matrices. Note that the noise variables are regarded as zero-mean white noise processes.

The elements containing the partial derivatives rely on the previously described kinematic
equations, namely (3.66c), (3.66d) and (3.66e):

Ak−1 = I + Ts



∂fq
∂q

∂fq
∂bω

∂bω
∂q

∂bω
∂bω


= I + Ts


−1

2

 0 ωT

−ω [ω×]


 −wT

sI3 + [w×]


03×4 03×3


(3.80)

The Bk−1 variable represents the derivatives of the continuous function with respect to the
noise nx = (vTa , v

T
ω )T and discretized according to Ts. Based on these considerations and on

equations (3.66f), one obtains:

Bv,k−1 = Ts



∂Bqãnoise

∂va

∂Bqãnoise

∂vω

∂bω
∂va

∂bω
∂vω


= Ts


04×3 −

1

2

 −wT

sI3 + [w×]


03×3 I3×3


(3.81)
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Similarly, the discrete time Ck will be:

Ck =



∂g1

∂q

∂g1

∂b̂ω

∂g2

∂q

∂g2

∂b̂ω


=



∂g1

∂s

∂g1

∂w
01×3

∂g2

∂s

∂g2

∂w
03×3


(3.82)

with the g1, g2 components based upon:

g1 =
[
Tδ −1 0

]
Rn
b

 Hb
x

Hb
y

Hb
z



g2 = Rn
b

 abx
aby
abz


(3.83)

When calculating the partial derivatives composing the Ck matrix partitions, the corrections
for magnetic declination are also performed where necessary:

∂g1

∂s
=
[
Tδ −1 0

]
2(w ×H)

∂g1

∂w
=
[
Tδ −1 0

]
{−2s[H×] + 2(HTwI3 + wHT − 2HwT )}

∂g2

∂s
= 2(w × a)

∂g2

∂w
= −2s[a×] + 2(aTwI3 + waT − 2awT )

(3.84)

After calculating the Bv,k−1 matrix, the Rv,k−1 covariance matrix can also be calculated:

Rv,k−1 = Bv,k−1

 cov(ωIMU) 03×3

03×3 cov(bω)

BT
v,k−1 (3.85)

The Rz,k covariance has a block diagonal construction having the following form:

Rz,k = Cz,k

 cov(n1) 01×3

03×1 cov(n2)

CT
z,k (3.86)
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As it can be seen, the covariance quantities are arranged as diagonal entries with the relevant
covariance sub-matrices detailed as follows:

cov(n1) =
([

Tδ −1 0
]
Rn
b

)
cov(H)

([
Tδ −1 0

]
Rn
b

)T
cov(n2) = Rn

b cov(a)(Rn
b )T

(3.87)

In the estimation loop, a user defined scale factor is introduced to both covariance matrices
as a tuning option.

The idea is to estimate the x̂k state of a system based on the yk noisy measurements while
performing the fusion of different sensor readings through the additive information matrix of
the combined measurement likelihood functions.

Extended Kalman filtering is a two step process of prediction and correction. The sequence
of determining the EKF parameters in this thesis allows an optimal online state estimation
performance on embedded processors.

The first step is the time update between measurements, where the value of the predicted
state vector (x̄k) is determined:

x̄k = x̂k−1 + Tsf(x̂k−1, uk−1, 0) = fd(x̂k−1, uk−1, 0) (3.88)

This is followed by the update of the prediction uncertainty:

Mk = Ak−1Σk−1A
T
k−1 +Rv,k−1 (3.89)

where Mk denotes the predicted covariance matrix based on the xk − x̄k prediction error.
The corrected covariance matrix belongs to the xk − x̂k estimation error:

Σk = Mk −MkC
T
k (CkMkC

T
k +Rz,k)

−1CkMk = Mk −GkCkMk (3.90)

The successive estimates of Mk uncertainties in the x̂k estimates of the state vector are
needed to calculate the Kalman gain matrix. This is based on the uncertainties (due to noise)
in the estimated state variables and the yk measurements:

Gk = MkC
T
k (CkMkC

T
k +Rz,k)

−1 = ΣkC
T
k R
−1
z,k (3.91)

The state estimate is corrected for the effects of noisy measurements by applying the opti-
mal weighting of the Gk gain matrix in the measurement update step:

x̂k = x̄k +Gk(yk − g(x̄k, 0)) (3.92)

In equation (3.92), (yk−g(x̄k, 0)) represents the innovations vector formed by the difference
between the measurement vector (yk) and the g(x̄k, 0) nonlinear function having:

y =


0

0

0

−1

 (3.93)
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where the lower part of the y matrix represents the negative acceleration in the case of a sta-
tionary aircraft in KNED.

The nonlinear g(x̄k, 0) function is represented by the vertical partitioning of the g1, g2

elements from (3.83):

g(x̄k, 0) =

[
g1

g2

]
(3.94)

Before the end of each estimation cycle, the quaternion based orientation description is
removed from the x̂i estimated state vector to be converted to Euler RPY angles using (3.11)
for a more direct representation. The b̂ω estimated bias values are ultimately used to correct the
estimated states.

3.5.4 Performing state estimation during flight

The algorithm automatically switches to flight mode when the GPS velocity is above the 0.2

[m/s] threshold.
State estimation during flight relies on the aircraft kinematics developed in Section 3.4,

and applies the appropriate corrections in the determination of gravitational acceleration and
magnetic declination. The difference in state estimation between the stationary mode and flight
mode operation is the reliance on periodical GPS correcting signals. This requires a multilevel
construction using the full state x from (3.54) paired with the complete set of inputs and outputs
of (3.55). The basics of the multilevel construction lie in the use of two separate EKFs, one
for estimation between GPS measurements, running at the 10 [msec] sample rate of the IMU,
while the second EKF corrects the estimated state when GPS measurements are available. An
extra step has been introduced in an external loop to prepare the correction of the covariance
matrices while also considering the nonlinear state equations. This extra correction loop is
running at 50 [msec] intervals to improve the quality of estimation of the whole state. The
details are given subsequently.

The two complementary EKFs use the notations presented in Section 3.5.3 and (3.74),
while the time and measurement update steps used for extended Kalman filtering are described
by equations (3.88) through (3.92).

The discrete time derivatives of the fd(xk, uk, vk) and g(xk, zk) functions are defined ac-
cording to aircraft position, velocity and orientation using the already constructed Ak−1 and
Bv,k−1 matrices. Similarly, the derivatives of the g(x̄k, 0) needed for the Ck and Cz,k compo-
nents are determined in a symbolic form. The partial derivatives are calculated based on the
developed aircraft kinematic equations and are detailed in Section 3.5.2.

The measured or calculated output observation is assumed in the form:

y = g(x) + ny (3.95)
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The following output mappings are used:

y1 = g1(x) + ny1 =
[
Tδ −1 0

]
Rn
b H

b + ny1 (3.96)

y2 = g2(x) + ny2 = Rn
b (ãb − ba) + ny2 (3.97)

y3 = g3(x) + ny3 = Rn
b

[
1 0 0

]T
+ ny3 (3.98)

y4 = g4(x) + ny4 = p+ ny4 (3.99)

y5 = g5(x) + ny5 = v + ny5 (3.100)

These mappings reflect the following concept:

• Equation (3.96) is equivalent to TδHn
x = Hn

y where δ is the declination angle.

• Equation (3.97) is the image of the acceleration sensor measurement with its bias re-
moved. This will be the acceleration minus the gravity acceleration gn = (0, 0, γ)T in
the NED frame, i.e. fn (see Equation (3.30)).

• Equation (3.98) assumes that the direction of the xB axes is equal to the direction of
the velocity vector vb = (U, V,W )T in the KBODY frame, i.e. V = W = 0. The
approximation means that the kinematic angle of attack α and the kinematic side slip
angle β is ‘moved’ to the noise ny3 . This is performed since the α and β angles cannot
be measured using the proposed setup, therefore their values need to be estimated. Notice
that g3 = (Rn

b,11, R
n
b,21R

n
b,31)T which is a unit vector.

• y4 and y5 are readily available as GPS measurements of position and velocity.

The output measurements are as follows:

y1 = 0 (3.101)

y2 = −gn +

 v̇N
v̇E
v̇D

− (3.102)



−vE
[
2ωe +

vE
(N + h)Cϕ

]
Sϕ +

vNvD
M + h[

vE
(N + h)Cϕ

+ 2ωe

]
vNSϕ + vD

[
2ωe +

vE
(N + h)Cϕ

]
Cϕ

− v2
N

(M + h)
− 2vEωeCϕ −

v2
E

(N + h)


(3.103)
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y3 =
[
vN/‖v‖ vE/‖v‖ vD/‖v‖

]T
(3.104)

y4 = p (3.105)

y5 = v (3.106)

For long distance navigation the implementation will be as follows:

• The integration of the nonlinear kinematic state equations is performed for the whole
state x = (pT , vT , qT , bTa , b

T
ω)T using the Runge-Kutta method (RK4).

• EKF1 is used for orientation estimation based on unit norm quaternion. It works with
sampling time Ts = 10 [ms], uses x1 = (qT , bTω)T based on the IMU and magnetometer
sensor inputs. The output mappings of the observation model are g1, g2. The output
measurements are y1, y2 while the output noises are ny1 , ny2 . The estimated state x̂1

of EKF1 overwrites the portion of x containing qT and bTω of the running kinematic
equations.

• EKF2 is used for improving the estimate of x1 = (qT , bTω)T . Working with the TGPS
sampling time of GPS measurements as it uses the sensor inputs of IMU, magnetometer
and GPS. The output mappings of the observation model are g1, g2, g3. The output
measurements are y1, y2, y3 while the output noises are represented by ny1 , ny2 , ny3 .
The estimated state x̂ of EKF2 overwrites the actual value of x of the running kinematic
equations which contain the qT quaternion and bTω angular velocity bias.

• The additional outer loop EKF is used to correct the whole state in an external loop
when a GPS measurement is available as it takes the difference between the calculated
position and velocity (determined through integration of the kinematic equations) and
GPS measured position and velocity.

GPS/INS integration

As stated earlier, state estimation relies on the fusion of GPS and INS data. GPS pseudorange
measurements are currently available at all times and weather conditions but at relatively low
sample rates to provide position and velocity estimates with a bounded estimation error. How-
ever, short term loss of GPS signal can be expected due to jamming, blockage or interference.
In contrast, IMU measurements have high sample rates and their estimates can be calculated
based on a variety of sensor outputs that are independent of external fields, making INS nav-
igation immune to external interference. The downside of pure INS navigation is represented
by the amplification of low frequency noise, especially sensor bias. This can leave the unaided
INS navigation corrupted with unbounded position and velocity errors [4].

Instead, the complementary nature of purely inertial solutions and GPS-based navigation
can be used advantageously in the design of a state estimation system by the development
of an effective integration method. Therefore, in this thesis the implementation concept for
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long range INS navigation begins with the integration of state equations for the whole state
x = (pT , vT , qT , bTa , b

T
ω)T based on the Runge-Kutta method RK4 [23]. This helps the EKF to

incorporate the high rate IMU and magnetometer information with the low rate GPS measure-
ments in order to propagate the full estimated state between measurements according to the
mechanized kinematic equations.

This requires finding the x(t) solution to the ordinary differential equation (ODE)

dx(t)

dt
= f(t, x(t)) (3.107)

from a known starting point and progressing through t with a known step size h. Here, x is

an unknown function of time t to be approximated and
dx(t)

dt
is the rate of change of x based

on time and x itself. If the solutions up to point tn are already known, the function can be
evaluated, yielding x(tn) with the solution for x(tn + h) to be determined next. In order to
simplify notations, the dependence on the sensor data u(t) is also represented by t in f(t, x).

The method estimates the change rate of the function by calculating derivatives at four
increments of the interval: at the left and right sides and twice at the midpoint, based on k1 and
k2, respectively:

k1 = hf(tn, x(tn)),

k2 = hf(tn +
h

2
, x(tn) +

1

2
k1),

k3 = hf(tn +
h

2
, x(tn) +

1

2
k2),

k4 = hf(tn + h, x(tn) + k3)

(3.108)

While averaging the four increments, greater weight is given to the midpoint derivatives.
The approximation is performed using weights with the result being averaged to determine

the solution for the right side of the interval [24]:

x(tn + h) ≈ x(tn) +
1

6
(k1 + 2k2 + 2k3 + k4) (3.109)

Based on (3.108), state integration is performed using the h = Ts step size.
The integration step of estimated state equations is concluded by averaging the increments

using Equation (3.109). The integrated values also ensure that the navigation system is capable
of maintaining the availability of the navigation solution during GPS outages. This also means
that the GPS aided INS can provide the navigation solution in real time at higher rates than those
achievable by the GPS receiver. Another advantage is the availability of the full state with 6
degrees of freedom as opposed to the limited GPS based state lacking orientation information.

State estimation between GPS measurements

When GPS pseudorange measurements are unavailable, the kinematic equations regarding air-
craft acceleration (3.35) are calculated based on IMU and magnetometer data only. The starting
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covariance matrices are taken over by EKF1 from the stationary mode estimates. Note that even
tough the stationary mode uses the reduced state vector, the propagation of the full state covari-
ance vector is performed in the background, see (3.87). The state estimator employed between
GPS measurements is identical to the one used when the aircraft is stationary and provides an
estimate of aircraft orientation.

In-flight sate estimation with GPS aided measurements

When GPS measurements are available, EKF2 uses the reduced state with the following inputs
and outputs:

x = (qT , bTω)T

u = ω̃b

v = (vax , vay , vaz , vωx , vωy , vωz)
T

(3.110)

Note that despite using the reduced state, the state estimation results are improved by using
GPS based velocity information in accordance with (3.102).

This lets the Ak and Bk matrices use the symbolic form partial derivatives introduced in
(3.80) and (3.81), while the differences between EKF1 and EKF2 are as follows:

In the construction of Ck, the xBODY axes velocity is introduced as per (3.98), leading to
the following configuration:

Ck =



∂g1

∂q

∂g1

∂b̂ω

∂g1

∂q

∂g2

∂b̂ω

∂g3

∂q

∂g3

∂b̂ω



=



∂g1

∂s

∂g1

∂w
01×3

∂g2

∂s

∂g2

∂w
03×3

∂g3

∂q
03×3


(3.111)

The
∂g1

∂s
,
∂g1

∂w
,
∂g2

∂s
and

∂g2

∂w
matrix elements are described beforehand in (3.84) with the

additional element being:

∂g3

∂q
=

[
∂Rn

b1,1

∂q

∂Rn
b2,1

∂q

∂Rn
b3,1

∂q

]T
(3.112)
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having
∂Rn

b1,1

∂q
=
[

0 0 −4w2 −4w3

]
∂Rn

b2,1

∂q
=
[

2w3 2w2 2w1 2s
]

∂Rn
b2,1

∂q
=
[
−2w2 2w3 −2s 2w1

]
(3.113)

with (Rb1,1 , Rb2,1 , Rb3,1)
T representing the first column of Rn

b , while s, w1, w2 and w3 represent
the four elements of the quaternion q = (s, w1, w2, w3)T (see (3.42)).

Similarly to EKF1, the Rv,k−1 covariance matrix is calculated based on Bv,k using (3.85).
The block diagonal construction of the Rz,k covariance matrix is augmented with a new

element:

Rz,k = Cz,k


t1 cov(n1) 0 01×3

03×3 t2 cov(n2) 03×3

03×3 03×3 t3 cov(n3)


CT
z,k (3.114)

where cov(n1), cov(n2) are previously described by (3.87) and cov(n3) = || cov(ω)||I3. The
t1, t2, t3 variables represent the tuning parameters for the EKF, the use of which is detailed in
Chapter 4.

As opposed to EKF1, the yk − Ckx̄k innovations vector used for the correction of the
estimate is modified according to (3.104), making the measurement update step

x̂k = x̄k +Gk(yk − g(x̄k, 0)) (3.115)

where yk is:
yk = [y1, y2, y3]T (3.116)

with y1, y2 and y3 having been described in equations (3.101), (3.102) and (3.104).

State estimation correction in an external loop

The external loop correction of the whole estimated state is achieved in two steps, its main
function being the correction of errors stemming from possible infrequent GPS data. The first
step is performed between GPS measurements at a preset time interval, while the second step is
taken by an additional, actual Extended Kalman Filter when GPS measurements are available.
For the additional EKF, a different set of notations will be introduced in order to separate it
from the EKF based notations.

The idea is to take the difference between the calculated position and velocity values (ob-
tained through the integration of aircraft kinematics) and measured position and velocity values
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(based on GPS pseudorange data):

δy = (δpT , δvT )T (3.117)

Then δy is used as an output measurement to produce δx̂. This correction will be added to
the actual value of the whole state of the running kinematic equations:

x := x+ δx̂ (3.118)

After correction, δx̂ will be zeroed for the next GPS step.
The relatively large difference between TGPS and Ts can have a detrimental effect on the

behavior of the state estimator, making it inaccurate for direct application.
Let the time interval between two neighboring GPS samples, tk−1 and tk be considered,

where TGPS = tk − tk−1. In [tk−1, tk] the system is time varying, hence the interval is divided
into N subintervals in order to obtain a finer approximation.

tk−1 = τ0 < τ1 ... < τN = tk,

τi+1 − τi = Tc = ncTs
(3.119)

Therefore, a finer step of Tc = TGPS/N is chosen in order for Tc to be the integer multiple
of Ts. For example, if Ts = 10 [msec], TGPS = 200 [msec], then Tc = 50 [msec] can be chosen
in the above example where nc = 5 and N = 4. This way, in every integer multiple of Tc, a
correction step will be performed, compensating the difference between linear approximation
and nonlinear behavior by updating the full state and covariances of the additional EKF. If a
[τi, τi+1] subinterval is considered, the following approximations can be applied to the time
varying system:

[τi, τi+1] : ẋ(t) =F (t)x(t) +G(t)w(t)

F (t) ≈Fi, G(t) ≈ Gi

Φi =eFiTc

(3.120)

The discrete time noise component will be:

di =

∫ τi+1

τi

eFi(τi+1−ϑ)Giw(ϑ)dϑ (3.121)

where eFi(τi+1−ϑ)Giw(ϑ) represents the effect of the input signal and w(ϑ) is the time varying
noise component. Furthermore,

x(τi+1) = Φi x(τi) + di (3.122)

The discrete time covariance matrix will be:

E[di d
T
i ] =

∫ τi+1

τi

∫ τi

τi+1

eFi(τi+1−ϑ)GiE[w(ϑ)w(τ)]GT
i e

FTi (τi+1−ϑ)d(τ)d(ϑ)

=

∫ τi+1

τi

∫ τi

τi+1

eFi(τi+1−ϑ)GiQδ(τ − ϑ)GT
i e

FTi (τi+1−ϑ)d(τ)d(ϑ)

(3.123)
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By taking into consideration the property of the Dirac delta function in the integral, the
covariance matrix will be:

E[di d
T
i ] =

∫ τi+1

τi

eFi(τi+1−ϑ)GiQG
T
i e

FTi (τi+1−ϑ)d(ϑ)

=

∫ Tc

0

eFiσGiQG
T
i e

FTi σd(σ)

≈GiQG
T
i Tc

(3.124)

where Q is the Power Spectral Density (PSD) of the noise w(t).
Here it is assumed that the noise component is white noise and eFi(τi+1−ϑ) ≈ I , which is

satisfied if Tc = τi+1 − τi is small.
Hence it can be written (using the simplified notation of x(τi) = xi):

x1 =Φ0x0 + d0

x2 =Φ1(Φ0x0 + d0) + d1 = Φ1Φ0x0 + Φ1d0 + d1

x3 =Φ2(Φ1Φ0x0) + Φ2(Φ1d0 + d1) + d2

x4 =Φ3Φ2(Φ1Φ0x0) + Φ3[Φ2(Φ1d0 + d1) + d2] + d3

(3.125)

The accumulated values will be:

xi+1 = ΦiΦi−1,0x0 + d̄i (3.126)

with
Φi,0 = ΦiΦi−1,0, Φ0,0 = I. (3.127)

The accumulated discrete noise will be:

d̄i = Φid̄i−1 + di, d̄−1 = 0. (3.128)

Assuming white noise, which is uncorrelated with the system (process) noise, we obtain:

E[xi+1x
T
i+1] = Φi,0E[xox

T
0 ] ΦT

i,0 + ΦiE[d̄i−1 d̄
T
i−1] ΦT

i + E[did
T
i ] (3.129)

Q̄i = ΦiQ̄i−1ΦT
i +GiQG

T
i Tc, Q̄−1 = 0. (3.130)

Reintroducing τ0 = tk−1 and τN = tk, it follows:

E[x(tk)x
T (tk)] = ΦN−1,0E[x(tk−1)xT (tk − 1)]ΦT

N−1,0 + Q̄N−1 (3.131)

Based on the above result, the state estimation correction can be performed by the following
algorithm. The first step is the time propagation in the continuous time system, performed in
TC partial substeps. The second step realizes the correction in the external loop.
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At every Tc (first step):
Firstly, the 16 by 16 Φk block matrix is constructed using the partial derivatives of the full

state with respect to the full state vector elements:

Fi =


Fp
Fv
Fq
Fba
Fbω

 =


Fpp Fpv Fpq Fpba
Fvp Fvv Fvq Fvba
Fqp Fqv Fqq Fqba
Fbap Fbav Fbaq Fbaba
Fbωp Fbωv Fbωq Fbωba

⇒ Φi = eFiTc (3.132)

By knowing that the bias derivative is zero: Fba = 03×16 and Fbω = 03×16. The differ-
ent elements of the Φi matrix reflect the kinematics of the aircraft as they are obtained using
Equations (3.58a) through (3.66e).

Secondly, Φi,0 and Q̄i will be refreshed according to:

Φi,0 =ΦiΦi−1,0 (3.133)

Q̄i =ΦiQ̄i−1ΦT
i +GiQG

T
i Tc (3.134)

G is used in the linearization of the state equation as the partial derivative of the state
equation with respect to the nx noise. G is partitioned in a block diagonal matrix form.

The 16 by 16 Q covariance matrix has a block diagonal form:

Q =



cov(p)i 0 · · · 0

0 cov(v)i
... cov(q)i

. . . ...
. . . cov(q)i

... cov(ba)i 0

0 · · · 0 cov(bω)i


(3.135)

here, the velocity and orientation covariance matrices are corrected according to the IMU read-
ings:

cov(v)i = cov(v)i−1 +

(
∂v

∂a
cov(ba)

∂v

∂a

T)
i−1

(3.136a)

cov(q)i = cov(q)i−1 +

(
∂q

∂ω
cov(bω)

∂q

∂ω

T)
i−1

(3.136b)
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When GPS measurements are available (second step):
The complete state is corrected using the additional EKF prediction and correction steps in

the external loop:

δx̂− = 0 (3.137)

Φk = ΦN−1,0, Qk−1 = Q̄N−1 (3.138)

P−k = Φk P
+
k−1ΦT

k +Qk−1 (3.139)

with P−k representing the predicted covariance matrix.
The Kalman gain will be:

Kk = P−k H
T
k (Hk P

−
k H

T
k +Rn,k)

−1 (3.140)

where the Hk measurement sensitivity matrix and sensor noise covariance matrix Rn,k is con-
structed in a way to correct the position and velocity of the whole state:

Hk =

[
I3 0 · · · 0

0 I3 0 · · · 0

]

Rn,k =

[
I3 0 · · · 0

0 I3 0 · · · 0

] (3.141)

The corrected covariance matrix of the external loop EKF will be:

P+
k = (I −KkHk)

−1 P−k (3.142)

The difference between measured and calculated position and velocity is weighted using
the Kalman gain followed by the correction of the estimated state:

δp = p− pGPS, δv = v − vGPS (3.143)

δx+ = K

(
δp

δv

)
(3.144)

x̂ := x̂− δx+ (3.145)

After the correction is performed, a re-initialization follows according to: Φ0,0 := In and
Q̄−1 := 0n×n where n = dim(x).
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3.6 Kinematic angle of attack and sideslip angle calculation
Considering that the airplane is subjected to aerodynamic forces during flight, for control pur-
poses its orientation relative to the air current has to be taken into account. Therefore, the
calculation of the angle of attack and sideslip angle is also necessary. The angle of attack α
represents the angle between the chord of the airfoil and the direction of airflow [25]. This
can also mean the angle between the reference line of the aircraft body (xBODY ) and the vec-
tor representing the relative motion between body and airflow. Among other things, this is an
important variable in flight mechanics as it determines the magnitude of the forces of lift.

The sideslip angle β represents the angle between the plane of symmetry and the direction
of aircraft motion. It describes weather there is a lateral component to the aircraft velocity,
also known as sideslip. As the airplane is streamlined from nose to tail to reduce drag, it
is advantageous to keep the sideslip angle close to zero, though there are instances when an
aircraft needs to be ‘sideslipped’ deliberately (for example in the case of a controlled rapid
altitude loss).

The kinematic angle of attack and sideslip angle are illustrated in Figure 1.2 and can be
calculated from the absolute airspeed value VNED using the quaternion based spatial orientation
(in KBODY ). Firstly, the transition of VNED from KNED to KBODY is realized according to
(3.12), resulting in:

VBODY :=

 UB
VB
WB

 = Rb
n VNED (3.146)

The total velocity of the aircraft expressed in KBODY is:

VT =
√
U2
B + V 2

B +W 2
B (3.147)

where UB, VB and WB are the x, y and z axis velocity components in the KBODY frame.
The resulting kinematic αk and βk angles are:

αk = arctan(WB/UB), (3.148)

βk = arcsin(VB/VT ) (3.149)

3.7 Experimental investigations
The following results are determined from real flight data using the presented setup and the
developed state estimation algorithm described in the previous sections. Data gathering has
been performed during three flights based on a total of 22 minutes of flight time.

Inasmuch as the proposed state estimation and inertial navigation method is oriented to-
wards low cost MEMS based inertial sensor technology, besides tackling measurement noise,
the problem of ’bias’ corrupted sensor readings also needs to be solved. Therefore, the accel-
eration and angular velocity sensor biases are also managed in the kinematic equations
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State estimation has been performed for all three flights with the results detailed for the
third flight.

In the first operating mode, the orientation of the stationary aircraft is determined using a
single Extended Kalman filter. This concept can be easily extended for use on slow moving
vehicles or hand-held devices. Since the only force acting on the aircraft is the result of grav-
itational acceleration, only the orientation of the aircraft is determined relying on the fusion
of angular acceleration and magnetic sensor data. The results are transformed to Euler RPY
angles for a direct orientation description. The stable, bias free orientation results can be seen
in Figure 3.3.
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Figure 3.3: Estimated aircraft orientation angles (Flight no. 3, stationary aircraft)

Since it cannot be measured, the measurement ’bias’ of the angular velocity readings is
estimated in the state estimation loop. Figure 3.4 gives an insight into the magnitude of the bias
values in steady state. During flight, the complete state vector also contains the angular velocity
and acceleration sensor biases which are estimated and the navigation solution is corrected
accordingly. The second part of Figure 3.5 demonstrates that during flight, the angular velocity
bias increases significantly.
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Figure 3.4: Estimated angular velocity bias (Flight no. 3, stationary aircraft)

As at the time of data recording no sensory equipment allowing wind direction and intensity
readings as well as measurements concerning airflow relative orientation were onboard the
aircraft, the corrections for wind effects were needed to be calculated based on pre-flight air
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Figure 3.5: Estimated acceleration and angular velocity biases (Flight no. 3, during flight)

traffic control reports.
The state estimation results regarding the orientation of the aircraft can be viewed in Figures

3.6 and 3.7 as the orientation of the aircraft is represented along its flight path at fixed time
intervals. Owing to the fact that the position description of the wandering KNED reference
frame is through ϕ, λ geodetic angles describing latitude and longitude, the evaluation of results
in this format is not desirable for short flights distance. This is due to the small variation in the
geodetic angles of latitude and longitude for the duration of flight.

Therefore, result verification in this thesis is aided with 3D representation, allowing a for
more intuitive evaluation. Flightpath and orientation representation is performed using a ’fixed’
KNED, having its origin at the takeoff position of the airplane. The estimated orientations of
the aircraft KBODY coordinates are plotted relative to the KNED frame in the form of the three
vectors describing the KBODY coordinate system of the aircraft (detailed in Figure 1.2). In
order to be more realistic, the flight path is shown in the KNWU (North West Up) frame.

Figures 3.6 and 3.7 show the orientation results of flight number 2 and 3. The takeoff and
landing positions are found north of the virtual windsock, oriented to show the actual wind
direction registered during flights.

The proposed method also allows the estimation of sideslip angles and angles of attack, the
results of which can be seen in Figure 3.8. It should be noted that the estimated angles of attack
and sideslip are kinematic, therefore are ‘unaware’ of the actual direction of airflow acting on
the aircraft, where the KBODY relative airflow also depends on wind direction and intensity.
The estimated kinematic sideslip angle value is analogous to the value indicated by the slip-
skid indicator found in most aircraft. Among other things, its use is to help balance the turn of
the aircraft, so the acceleration acts on the aircraft zBODY axis. The airflow relative angles of
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attack and sideslip need the knowledge of aircraft orientation relative to the wind. These are
used for long distance navigation where flying with near zero sideslip angle is needed to reduce
drag as much as possible.
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For reasons detailed in Chapter 5, the determined kinematic velocity values are usable for
flight control only at zero wind conditions or indoor flight. The correct airspeed and airflow-
relative α and β values are determined in Section 5.2

Regarding Figure 3.8, it can be noticed that the β angles have a near zero mean. The high
values around the 450 [sec] mark are the result of deliberate maneuvers performed to aid the
identification process. The high amplitude β values around the 530 [sec] mark represent the
deliberate slipping of the aircraft performed to lose altitude on the landing approach.
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Figure 3.8: Calculated and estimated aircraft KNED α and β angles (Flight no. 3)

The α and β angles are put into context in the 3D rendering of the aircraft flight path and
orientation shown in Figure 3.9. The figure shows the projected α and β angles between the
430 and 460 [sec] marks of flight number 3, where the deliberate high amplitude rudder and
elevator excitations result in increased variations in angles of attack and sideslip.
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The quality of the state estimation results can also be verified by cross-referencing the GPS
based (calculated using the kinematic equations) and estimated acceleration and velocity values
shown in Figures 3.10 and 3.11. Since the GPS signals employ carrier phase tracking enhance-
ments, their readings can be used as references in lieu of more precise absolute velocity and
acceleration data. The plots show a reasonable correlation between calculated and estimated
values except for the discrepancies seen in the zBody axis accelerations and velocities. The
reasons for the discrepancies are to be found in the vertical channel instability that constitutes
the ‘dark side’ of inertial navigation due to its naturally unstable errors. The results can be
improved if one employs barometric altimeter aiding [5].
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Figure 3.11: Calculated and estimated aircraft KNED velocities (Flight no. 3)

3.8 Summary of results
The scope of the current section is to present a state estimation approach based on a multi-mode,
multilevel design, employing several Extended Kalman filters to estimate the full state of the
aircraft comprised of position, velocity, orientation and the sensor biases. The proposed method
uses actual flight data based on IMU/magnetometer and GPS measurements and can be used
on unmanned aerial vehicles as well as on conventional fixed wing aircraft. The knowledge of
the full estimated state and nonlinear dynamic model are necessary for the development of a
control system for the given aircraft.

The EKF based algorithm combines all sensor measurements using the developed kine-
matic equations while also performing corrections regarding local gravitational and magnetic
field deviations as well as the management of sensors operating in different reference frames.
Since IMU measurements are relative to the inertial frame, Earth rotation rate and Coriolis
effects are also compensated processing the inertial measurements. The acceleration and an-
gular velocity sensor biases are also managed here. For aircraft orientation description, the use
of quaternions is chosen, offering a reduced computational cost with a near singularity free
orientation description.

The chief aim in the development of the kinematic equations was to provide a model that is
as accurate as possible, while keeping in balance with computational demands in order to allow
real time state estimation running on embedded systems. To enable long range navigation,
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the navigation solution is considered relative to the moving KNED frame - also known as the
wandering NED. Owing to the short flight range the advantages of using the wandering NED
could not be emphasized, however the developed state estimation design can handle long range
navigation tasks.

The joint implementation of IMU, magnetic and GPS based measurements is solved by the
proposed integration method. It allows the combination of all subsystems into a unified model
taking advantage of the complementary nature of IMU, magnetometer and GPS properties. The
proposed integration method also allows for operation between GPS measurements and when
GPS measurements are temporarily unavailable.

The developed state estimation implementation relies on all sensor measurements while
taking into account the measurement noise and error variables associated with sensor bias that
could affect the precision of the estimation. Since the GPS and IMU/magnetometer sensors
have different sampling rates, the flight mode state estimation algorithm employs a multi-
level construction. This way, between GPS measurements, the combined solution is updated
from IMU and magnetometer sensor data by EKF1 to provide the orientation of the aircraft.
When GPS data is available, the solution is corrected using GPS pseudorange measurements by
EKF2. The covariances of state estimation uncertainty required by the EKFs are also updated.

The navigation solution is further improved by using a two step method in an external
loop. The first step runs between GPS measurements at preset time intervals with the task
of linearizing the state equations and updating the covariance matrices, while the second step
employs the use of an additional Extended Kalman filter to correct position and velocity based
on the difference between calculated values and GPS measurements of position and velocity.
This way, the whole state is continually estimated and corrected.

The proposed method is designed to allow for accurate angle of attack and sideslip angle
estimation, however these values are kinematic and need to be corrected for wind effects. The
estimated aircraft velocity is also ground relative and needs wind data for correction.

Since the onboard sensor array did not include wind/air data measurements, the corrections
for aircraft velocity and α, β angles is performed with the measured wind direction and in-
tensity reported by air traffic control before takeoff. Wind direction and intensity can also be
estimated from aircraft flight path. A method for obtaining the airspeed and airflow relative α,
β angles is detailed in Section 5.2.

A considerable effort went into the development of a method suitable for improved result
interpretation. This has been achieved by the use of 3D plots for flight path and aircraft orien-
tation representation, providing an immediate comprehension of the solution.

The precision of the proposed method can also be verified by the graphical projection of es-
timated values on the images recorded with the forward facing wide angle lens camera mounted
on the aircraft fuselage. This has been achieved in the form of a Heads Up Display (HUD) so-
lution, where a virtual horizon line is superimposed on the visible horizon in addition to the
basic flight instrumentation required for flying an aircraft. Details about the HUD design along
with a screenshot of the video is presented in Chapter 4.

Regarding future developments and possible improvement areas of the design, a substantial
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improvement can be made with the addition of a fluid flow velocity sensor or pitot tube not
available at the time of data recording. This enables the measurement of airflow related air-
speed, without the need for additional estimation techniques. It should be noted however that
the addition of a pitot tube does not provide any information regarding the aerodynamic slip
angle since it cannot determine wind direction. Therefore, a technique where the aircraft can
be operated without airflow measurements is especially useful as it increases the redundancy
of the control system in cases where the designated sensor is damaged.

The minor differences between the estimated and calculated accelerations shown in Figure
3.10 can be linked to the form of the output mappings and output measurements, their resulting
effect being the estimated state vector. For example, the g3 function and y3 measurements
are only approximately valid, although this correspondence is often used by other authors.
Unfortunately a better concept is not available yet.

The filtered and estimated velocities are compared in Figure 3.11. The differences in the z
axis can be related to the third function and the third measurement.

The addition of a barometric altimeter can also be added to improve vertical channel stabil-
ity, a source of errors regarding the zB axis acceleration and velocity estimates.

The task of the external loop EKF (EKF3) is the correction of errors stemming from infre-
quent GPS data or GPS signal outages.

The expansion of the system to provide attitude information based on horizon line detection
techniques using a forward facing wide angle lens camera can provide food for thought. As
such, a version where the estimated orientation values are improved using image processing
exists, and was used for the successful tuning of the EKFs, resulting in improved estimator
performance. The image processing based EKF tuning technique is presented in Chapter 4.
Unfortunately, image processing based horizon line detection for use in the determination of
aircraft attitude cannot be relied upon for low altitude flight in mountainous areas, cities or
low visibility in general. However, high level image processing using a stereoscopic setup
and optical flow analysis can constitute one research direction to augment the state estimation
technique.

In conclusion I would state that I have developed an estimation method that constitutes a
key component in the process of identifying the nonlinear dynamic model of an aircraft with
the potential to serve in the development of both manned and unmanned aircraft flight control
systems and as a basis for long range inertial navigation.
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Thesis Group 2 I have developed an improved method for aircraft state estimation and
inertial navigation using actual flight data. The algorithm relies on acceleration and angular
velocity sensor readings as well as magnetometer and GPS position and velocity data to esti-
mate the state variables of an aircraft composed of position, velocity, orientation and angular
velocity. The state estimation method relies on a multilevel, multi-mode approach employing
several Actual Extended Kalman filters (EKF) to estimate the state variables both when the
aircraft is stationary and during flight. I have developed a comprehensive set of kinematic
equations to obtain a navigation solution as precise as possible, while striding to minimize
computational demand. During flight, the state estimator depends on two EKFs: EKF1 es-
timates aircraft orientation based on every IMU and magnetometer measurements and EKF2
runs when GPS readings are available to correct the result based on both IMU and GPS pseu-
dorange measurements and the proposed aircraft kinematics. To improve accuracy, I have
developed an additional two step method for correcting the estimates in an external loop, lin-
earizing the state equations and correcting the estimated states using an additional Extended
Kalman filter. I have proposed a state integration method to manage the propagation of the
whole aircraft state between GPS measurements and to provide a navigation solution for lim-
ited time GPS outages. The integration method also manages the relatively large difference
between IMU and GPS sample rates. The acceleration and angular velocity bias values are
also estimated to correct the non-measurable integrated errors of the navigation solution. The
proposed state estimation method can be used primarily for unmanned or conventional aerial
vehicle control and as a first step in nonlinear aircraft model identification.

Related publications: [S5], [S2], [S1], [S3], [S6], [S7], [S8].

Thesis 2.1 I have developed a novel algorithm that clearly separates the net acceleration
from gravitational acceleration in accelerometer readings during flight. This is necessary,
since during flight, accelerometer measurements register the combination of both effects as
specific force, without the possibility of distinction between the two.

Thesis 2.2 I have constructed a set of kinematic equations to provide an accurate and ro-
bust solution for GPS aided inertial navigation and state estimation. The navigation solution
is prepared for long distance navigation by using a so called wandering NED frame. The
kinematic equations encompass position and altitude based magnetic and gravitational field
corrections as well as the joint management of inertial and ECEF based sensor measurements.
The kinematic equations also include the management of acceleration and angular velocity
sensor biases. A quaternion based aircraft orientation description is used to increase robust-
ness and reduce computational cost.

Thesis 2.3 I have developed a multilevel, multi-mode state estimation algorithm based on
the proposed set of kinematic equations using multiple Extended Kalman filters to estimate the
position, velocity and orientation of an aircraft. The estimated values are further corrected
using an additional Extended Kalman filter in an external loop. The process also estimates the
unmeasured biases of the IMU data, performing the correction of estimated states accordingly.
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Thesis 2.4 I have developed a state integration method to solve the joint implementa-
tion of IMU/magnetic sensor readings and GPS measurements, combining all subsystems into
a unified model. The integration method takes advantage of the complementary nature of
IMU/magnetometer and GPS pseudorange measurements and is capable of handling the dif-
ferent sampling rates of the IMU and GPS, allowing the state estimator to perform even when
GPS measurements are temporarily unavailable. In addition, the method is able to calculate
the kinematic angle of attack and sideslip angles of the aircraft based on the determined aircraft
states.



CHAPTER 4

Augmented reality system for aircraft control
and state estimation improvement

4.1 Introduction, motivation and problem statement
In the development process of a state estimator, an in-depth insight regarding the quality of the
estimation process becomes indispensable before deploying the system for real world applica-
tions. Therefore, I have developed a novel procedure that can help in the validation of estimated
orientation results based on high level image processing. The algorithm has been tested using
the flight data captured by a forward facing wide angle lens camera mounted on the aircraft
fuselage, employing the previously presented state estimation results. This goal is achieved
by the graphical superposition of estimated aircraft attitude and heading information on the
captured images. This is then compared with the actual aircraft attitude which is determined
from image processing. Regarding terminology, aircraft attitude is used to describe pitch and
bank angle information, with the term differing from orientation, as the latter also includes a
heading value. As mentioned, aircraft attitude is derived from the position and inclination of
the horizon line visible on the images captured by the external camera using a robust image
processing algorithm. This approach mimics the piloting techniques used when Visual Flight
Rules apply (VFR) as both approaches use the orientation of the aircraft relative to the visible
horizon line to determine aircraft bank and pitch angle. The state estimator can than be tuned
to obtain the best possible performance based on the minimization of these differences.

The monitoring of estimator health is possible through several methods involving the re-
jection of anomalous sensor data, covariance analysis, checking covariance symmetry, check-
ing the means and autocorrelations of innovation, as described in [5]. However, this is not a
straightforward process in the case of multilevel state estimation, where the process requires
the employment of several, complementary operating estimators.

A similar aircraft attitude estimation problem is discussed in [26] but approached differently
as the paper uses optical flow for tracking multiple horizon line candidates on the captured
image. In the case of [26], the primary image rendering is based on individual morphological
smoothing for all three color channels (R, G, B), whereas the primary image processing method
proposed in this thesis employs adaptive techniques using local exposure metrics. The paper
also differs in the horizon line perception concept assuming the world to be locally similar to
a flat disk. Both concepts simplify the horizon line as a point and slope (or as a direction in

77
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case of [26]) but the distance from camera to horizon line is determined differently. The optical
flow-based horizon line detection method discussed in the paper can have some advantages
in the taxiing phase of the airplane, right before takeoff, but assumes an absolute coincidence
between the camera and aircraft body frames, while using a camera with a narrow field of view.

The solution proposed in this thesis offers an improvement over a state estimation quality
control process based only on the analysis of 2D plots by allowing a comprehensive under-
standing of the achieved results while also putting them into context.

On the other hand, the system is also developed with the aim of aiding the control and
navigation of unmanned aerial vehicles controlled via video link. The video system of an
unmanned aerial vehicle can consist of one or more video cameras for aircraft control. The
limitations of using video cameras for aiding the manual control of UAVs consist mainly in
their narrow fields of view limiting the situational awareness of the UAV operator. In this
application, this problem has been addressed by using a wide angle lens to increase the pilot’s
field of view.

The proposed Heads Up Display (HUD) application can also be used on manned aircraft in
low visibility conditions when Instrumental Flight Rules (IFR) apply.

Commercial Heads Up Displays are in most cases comprised of fixed units mounted inside
an aircraft cockpit to project flight related data in a visual format. The data is projected on an
angled, semi-transparent surface (also called a combiner) located directly in front of the pilot.
Acting as a beam splitter, this redirects the projected image from the projector in a way that
allows the pilot to see the outside scenery and the projected image at the same time [27].

In this Chapter, a method of displaying crucial aircraft navigation and control information
on a HUD is presented that enables pilots to obtain flight related information. This elimi-
nates the need to continually transition the pilot’s view to the instrument panel while flying
the aircraft. In the developed HUD system, the main navigational and control aids will form
an augmented reality system, the first element of which is represented by the ’virtual horizon
line’ projected on the image plane. This helps the pilot to determine aircraft attitude, while
the precise aircraft pitch angle is determined using vertically spaced objects comprising the
’aircraft attitude indicator’, detailed later in the text. Navigational information is displayed by
projecting the heading values on the image plane in a way as to overlap the real-world reference
points of cardinal directions as seen from the aircraft. As the direction of flight does not always
coincide with the direction of the aircraft XBODY axis (see Figure 1.2), the actual flight path is
shown with the use of a so called Flight Path Vector (FPV). The effectiveness of the proposed
method had been validated using real flight data as well as using a dedicated laboratory setup.

The difference between commercially available HUD systems and the method proposed in
this thesis is that commercial HUDs project the visual flight data onto a flat surface, where no
distortion effects are encountered. Similarly, in order for it to work properly, combiner based
HUD systems need to be viewed from a fixed head position to avoid parallax issues. In contrast,
the proposed HUD design can be used to project these visual elements on the captured images
of a wide angle lens camera system deployed on a UAV, with the projected values based on the
estimated aircraft states.
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Why is this problem difficult?

1. The favorable properties provided by the extended field of view of the wide angle lens
camera present obvious advantages for aircraft control. This advantage, however, is off-
set by the nonlinear, radial distortion of the image. Consequently, one of the imple-
mentation difficulties lie in the proper correction and management of the nonlinear lens
distortion. Solving this problem will help achieve two objectives:

• Correctly place the aforementioned graphical control and navigation aides on the
image plane based on estimated aircraft attitude and heading values. This needs to
be achieved as to superimpose their real world reference point positions seen from
the aircraft (horizon line, heading, aircraft flight path angle, drift information) -
given a reliable state estimator operation.

• Correctly determine aircraft attitude from the position of the actual horizon line
through image processing.

2. Relating to the horizon line detection process, a robust image processing algorithm is
needed that is able to operate reliably through the continuously changing lighting condi-
tions prevalent during flight. The algorithm must appropriately manage the appearance
of differently lit patches of ground in the vicinity of the horizon line. These can be en-
countered when operating above urbanized areas. The algorithm must also discern the
horizon line from a potentially darker cloud base. To be able to achieve this, the imple-
mentation of an adaptive image processing approach is required.

3. The correct placing of augmented reality objects on the image frame and the correct
interpretation of aircraft attitude values gained from image processing can only be en-
joyed if the collimated HUD elements seen by the pilot overlay the outside scene. This
is achieved after correcting the orientation offsets between the camera and aircraft co-
ordinate frames. The process will be referred to as ’boresighting’ and in this thesis is
achieved through high level image processing.

4. Finally, regarding state estimation, a tuning method needs to be elaborated to obtain
improved state estimation results.



80 4. Augmented reality system for aircraft control and state estimation improvement

4.2 Short description of the proposed method

Figure 4.1: State estimator tuning and Heads Up Display (HUD) projection concept

The proposed method can be briefly described using Figure 4.1 showing the modular construc-
tion of the algorithm and the clearly separated main modules clearly.

Since the design allows for the achievement of two goals, (both highlighted using double
boundaries) these will be presented separately:

The state estimator tuning algorithm workflow is the following:

• The first step is the determination of the actual horizon line position on the image plane.
This is performed using a robust image processing method, where the vertical position
of the horizon line can be translated into aircraft pitch and its inclination into aircraft roll
angles.

• The identification of internal camera parameters then becomes necessary for the distor-
tion correction and coordinate transformation algorithms.

• Based on the camera K matrix, the camera to world coordinate transformations can be
performed.
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• Relying on the results provided by the above mentioned methods, the aircraft KNED rel-
ative θNED pitch angle is determined from the vertical image coordinates of the horizon
line (θCam [pixel]) through the introduced projection method.

• As the horizon line position and inclination in the image plane had been transformed to
the θNED, φNED angle values, these can be compared to the estimated aircraft attitude
values since all are described relative to the common KNED frame.

• To obtain accurate θNED, φNED values, the orientation offset between camera and air-
craft body coordinate frames is corrected.

• The state estimator can then be tuned based on the difference between its estimated atti-
tude values and the actual aircraft attitude obtained through image processing.

The augmented reality based Heads Up Display employs the following workflow:

• The first step requires the identification of internal camera parameters, the elements of
which accurately describe the complete distortion model of the camera, together with its
focal length, principal point position and skew.

• In the knowledge of the internal camera parameters, a method is to be developed that
transforms the position of 3D world coordinates into (u, v) image plane pixel coordinates
while correcting the nonlinear, radial distortion induced by the wide angle lens construc-
tion. The procedure needs to make the transformation to a pinhole camera model while
also solving the correct scaling of the displayed images.

• The correct positioning of HUD elements on the image plane requires the knowledge
of the world coordinates of said elements. For example, in placing the virtual horizon
line on the image plane, the aircraft φ roll and θ pitch angles are needed. These angle
values need to be transformed into (X, Y, Z)T world coordinates with the projection pro-
cess requiring the knowledge of the distance between camera center and actual horizon
line, which is unknown. To solve this problem, a novel method is introduced that calcu-
lates a substitute value for the unknown distance to complete the transformation method.
Since the world coordinates are ’undistorted’, the determined distortion model is used to
superimpose the HUD elements on their corresponding projections on the image plane.

• The correct projection of augmented reality elements also needs the correction of the
offset between KC camera frame and KBODY aircraft body frame. Some degree of
orientation offset will inevitably be present during the mounting of the camera on the
aircraft frame. This correction is also required for the determination of the fixed aircraft
reference symbol position, the function of which is detailed in a subsequent section.

• Finally, the HUD projection algorithm will rely on data provided by the state estimator,
where the aircraft orientation will use the estimated roll, pitch angles for attitude descrip-
tion and yaw angles for heading as these are described relative to the KNED frame.
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4.3 Video camera calibration and boresighting
The knowledge of the internal camera parameters together with the knowledge of its orientation
relative to the aircraft KBODY frame is required for both the estimator tuning procedure and
for the Heads Up Display projection algorithm. These procedures only need to be performed
once, before the installation of the camera system (however the alignment of the camera with
respect to the aircraft coordinate system may require occasional checking).

Camera calibration

The internal parameters of the video camera are: image size, focal length, principal point
position, skew, radial and tangential distortion coefficients. The internal parameters of the
video camera are a priori identified using a chess board like picture rendition with known tile
dimensions. The identification of the video camera parameters has been performed using 8

calibration images and the Camera Calibration Toolbox for Matlab. Therefore, the K matrix
of the video camera is regarded as known [8]:

K =

fx αc · fx cx
0 fy cy
0 0 1

 (4.1)

where the identified components are:
fx, fy - identified focal length in pixels,
cx, cy - principal point position in pixels,
αc - skew.
By viewing the complete distortion model of the lens (see Figure 4.2) it becomes evident

that a relevant radial distortion of up to 250 pixels is present in certain areas.

Complete Distortion Model

Figure 4.2: Identified complete distortion model of the wide angle lens camera
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Video camera boresighting

In order for the HUD elements to be displayed overlaying the real world scene as seen by
the pilot, the aircraft camera system needs to be very accurately aligned to the pitch, roll and
heading axis of the aircraft. Usual practice requires the installation and alignment of the HUD
attachment bushings or hardpoints directly on the aircraft frame. This procedure requires spe-
cial tooling and an alignment with a precisely located target board located near the rear of the
fuselage [27].

In this thesis however, an arbitrary camera mounting orientation is assumed, with the re-
quirement that the camera is facing in the direction of flight with a certain deviation of camera
alignment with respect to the KBODY frame being allowed. For this to work, the precise mis-
alignment between the two coordinate frames needs to be known and the position of HUD
elements needs to be corrected accordingly in order to achieve a collimated symbolic infor-
mation with the outside scene. An example of precise alignment is in the overlaying of the
estimated (or measured) zero pitch line with the real-world horizon when the aircraft is par-
allel to the ground. It goes without saying that knowing the angular relationships between
the two reference frames will also be crucial for the image processing based aircraft attitude
determination algorithm used for the tuning of the state estimator.

Since the camera had been mounted on the vertical stabilizer of the aircraft, a number of
non-coplanar KBODY fixed reference points can be singled out which are visible by the video
camera. The world coordinates of the 15 selected aircraft-fixed reference points are determined
based on the aircraft design, and are considered having the known location of the video camera
as their point of origin. The reference points can be located on the captured images, therefore
their pixel-coordinates can be measured. When viewing the marked reference points on Figure
4.3, notice the misalignment of the camera orientation with respect to the aircraft KBODY axes
as the left wingtip is missing from the image frame.
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Figure 4.3: Aircraft KBODY based visual reference points used for boresighting
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The spatial arrangement of the video camera, IMU and selected visual reference points used
for boresighting the HUD and aircraft attitude determination process can be seen in Figure 4.4
expressed in the base of the KC camera frame.

Figure 4.4: 3D rendering of visual reference points used for boresighting [mm]

In knowledge of both the world- and pixel coordinates of the selected reference points and
internal camera parameters, the orientation of the video camera relative to the aircraft KBODY

axes can be determined. This is achieved using a Least Squares method, forming an abstract
optimization problem solvable with the Lagrange multiplier method. This will yield an optimal
result when solving the problem with Singular Value Decomposition. The process is detailed
in Section 2.6 and yields the optimal Ropt rotation matrix, with the application of which the
correcting Φcorr, Θcorr and Ψcorr angles can be obtained.

For the current camera orientation setup, the orientation correction values needed to achieve
alignment with the aircraft KBODY axes are: Φcorr = −6.043, Θcorr = 7.406 and Ψcorr =

−2.784 [deg].

4.4 Image processing based horizon line detection
To obtain accurate aircraft orientation data from the captured images, the position of the visible
horizon line on the image screen needs to be determined and transformed into KNED based
relative aircraft orientation. Due to lens distortion, the horizon line is represented as a straight
line only when it runs trough the principal axes of the camera. In all other cases it is perceived
either as a convex or concave curve depending on weather it is above or below the Zc camera
principal axis, as seen in Figure 4.5.

The horizon line also appears curved at higher altitudes owing to the curvature of the Earth,
however, for aircraft attitude determination and as a visual aid for aircraft control, it needs to
be represented as a straight line. As such, by analyzing Figure 4.6, it can be concluded that
the visible horizon line can be reduced on the image plane as a projection of a straight line
intersecting a single point PH . The position of point PH on the image plane is a function
of the roll and pitch angles of the aircraft and can be found on the intersection between the
horizon line and an orthogonal straight line originating from point PH0 a-priori determined
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Figure 4.5: Position of the horizon line on the image plane, as perceived by the wide angle lens
video camera

for the zero pitch attitude of Θ = 0. Thus, the coordinates of PH can be calculated from the
PH0 , PH1 , PH right angle triangle, with segment PH0PH1 situated on the xB–zB plane of the
aircraft’s KBODY system of reference. The length of PH0PH1 can be calculated in knowledge
of the PH0 coordinates and intersection of the xB–zB plane with the horizon line. Finally, the
pixel coordinates of PH are calculated as a function of PH0PH1 and Φ roll angle.

If the XC , YC , ZC camera coordinates lay parallel (or are corrected – see Section 4.3) to the
KBODY aircraft frame, segment PH0PH1 will be situated on the YC , ZC , camera plane (repre-
sented in Figure 4.7 as a dashed vertical line). By taking into account the distortion of the wide
angle lens, the vertical position and inclination of the visible horizon line can be transformed
to pitch and yaw Euler angles.

Xb

Yb

Zb

Xc

Yc

Zc

Θ

 

Φ

 

Ѱ 

PH

Camera

Figure 4.6: Video camera setup and horizon line perception concept

On the captured images, the vertical position of the visible horizon line is determined using
several workspaces, depending on the attitude of the aircraft. Owing to the position of the
camera on the aircraft, the wings and fuselage can obstruct the position of the horizon line
from view at specific pitch angles. This way, for determining the position and inclination of the
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horizon line, three cases are possible from which the image processing algorithm selects one
automatically. The shape and placement of the above mentioned workspaces can be viewed in
Figure 4.7.

Figure 4.7: Shape and placement of workspaces required for image processing

The polygonal shaped first (upper) workspace is used when the horizon line is located above
the wings of the aircraft. Its width is constrained by the dihedral angle of the wings and the area
of lower distortion near the principal point of the camera. Vertically it starts from the top of the
image frame and ends as close to the fuselage as possible. The second and third workspaces
are situated under the wings and are polygons having their areas and placement determined by
the fuselage and wings.

The concept for determining the horizon line is that the earth is usually darker than the sky,
thus looking for the line separating lighter and darker colors is a sensible approach. However
things become more complicated when lighter patches of ground appear (i.e. urban areas) in
combination with a darker cloud base. To correct this, an approach is proposed that selects the
relevant colors using an adaptive algorithm.

Since for normal flight conditions and maneuvers of this type of aircraft, the horizon line
is situated prevalently above the wings, the image processing algorithm starts its search in the
first workspace according to the following workflow:

The current workspace polygon is cropped from the image and has its colors reduced to
7 RGB components using uniform quantization. The selected RGB colors are then sorted
according to color and exposure and are indexed as such. The pixels containing the darkest
and second darkest colors are always considered together, and are coupled with the third and
fourth darkest areas automatically, depending on the exposure level of the workspace. This
has been performed since selecting only a single dark color as the ground did not yield usable
results. The selected pixels are then merged and are considered as the ground viewed from the
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aircraft – as opposed to the lightly colored pixels constituting the sky and clouds. The search
for the horizon line is aborted in this workspace if: the darkest color available is lighter – or the
lightest color is darker than a set of predefined thresholds.

The workspace is then transformed into a black and white image with the selected regions
in white. An erosion and dilation process follows, the levels of which are performed adaptively
according to local exposure levels and the selected color setup. The boundaries of the white
regions are then considered and selected according to the following criteria:

Since the pilot is not expected to perform inverted flight maneuvers during this flight, the
selected regions having darker pixels are considered as the ground, but only if the lower part
of the region is situated on the bottom of the workspace. Regions not merged with the lower
part of the workspace are considered as part of the darker cloud-base and are not taken into
consideration.

Figure 4.8: Image processing steps involving the ground recognition process

Figure 4.8 represents the initial image processing steps of the captured frame shown in
Figure 4.7, where the search for the horizon line is performed in the first workspace. The
first segment of the image represents the color-reduced workspace, the middle segment shows
the black and white rendering of the image with (in this case) the three darkest colors merged
and rendered as the white regions. It can be seen, that parts of clouds and sky also contain
dark regions, much of which are reduced after an appropriate erosion-dilation process. The
regions of interest are marked with dashed lines and are seen on the third part of the figure.
The algorithm then looks for regions that are merged with the bottom of the workspace and
according to Figure 4.6, the search for points PH1 and PH is performed on the upper part of
the selected region. In Figure 4.8, the algorithm correctly selects the lower region (marked
with blue dashed contour) while discarding the rest (red dashed contours). The next step is
the optimal fitting of the horizon line on the top part of the selected region. For this, eight
equidistant points are selected on the upper part of the region of interest. The optimal fit of the
line is then determined through the equidistant points. The optimization is then performed in a
Least Squares sense to find a βopt, that satisfies:

AT · A · βopt = AT · b (4.2)
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where:
A contains the xC coordinates with an extra column of ones, b contains the yC coordinates

of the equidistant points and βopt is the optimal solution in a least squares sense:

βopt = (AT · A)−1 · AT · b (4.3)

Finally, the slope and intercept of the line of best fit is calculated using linear equations:

Y = βopt(1) · x+ βopt(2) (4.4)

where x is a vector of the selected equidistant xC coordinate points.
The Euler roll angle in KNED can be directly determined from the βopt(1) slope:

Φ = atan(βopt(1)) (4.5)

As it can be seen in Figure 4.6, point PH1 is situated on the intersection between the above
mentioned line and the YC–ZC plane of the camera frame.

The robustness of the proposed method is demonstrated in Figure 4.9, with the interme-
diate steps for image processing detailed in Figure 4.10. The equidistant points used for LS
optimization are represented as green crosses on the third part of the image. Also note, that
due to the increased contrast between ground and sky, there are no cloud generated artifacts
present (as opposed to Figures 4.7 and 4.8). In this case, the lighter ground colors are not taken
into consideration due to the shadow of the clouds darkening certain parts of the workspace.
This issue, coupled with lighter patches of ground where the urban areas are present may prove
difficult to process, but the method proves to be robust enough to re-project the horizon line
correctly on the image.

Figure 4.9: Determined horizon line position for noisy workspace
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Figure 4.10: Horizon line recognition for a noisy workspace

Regarding workspaces 2 and 3, the workflow is similar with several minor differences:

• The algorithm is searching for light colors representing the sky, with the regions of in-
terest being selected if they are merged with the top of the workspace. This is performed
since these workspaces usually contain images of the ground. Also, the dilation process
is stronger in the lower workspaces.

• The equidistant points are selected as previously described and are merged for both lower
workspaces, but can also be considered for a single workspace. This can be the case
when the aircraft performs a turn with its wings above the horizon, but with the horizon
line registered in only one of the workspaces. The results concerning successful horizon
line detection in the second and third workspaces are presented in Figure 4.8. In case
the aircraft wings occasionally obscure the horizon line, orientation data from image
processing can not be gathered, therefore that section of data is not taken into account in
the tuning process. This of course can be easily solved with a different camera placement
(although not possible in the current configuration).

An example of successful horizon line detection is shown in Figure 4.11.

Figure 4.11: Horizon line detection in workspaces 2 and 3
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4.5 Correcting the distortion in captured images
As seen in the previous section, the Φ roll angle of the aircraft can be determined directly from
image processing. The Θ pitch angle can be obtained from the horizon line position after the
distortion of the video camera is corrected. As an example, if the aircraft flies with its wings
level, having angles Φ = 0 and Θ = 0, and has the camera is aligned with the axes of symmetry
of the aircraft, the projection of the visible horizon would be as a straight, horizontal line in the
center of the image. As it can be seen in Figure 4.2, the distortion of the lens is mainly radial,
meaning that when the pitch of the aircraft is altered, a linear change in pitch will correspond
to a non-linearly increasing change in the position of the horizon line on the image due to the
distortion of the camera lens. As such, a solution needs to be found that converts the u,v pixel
values of the perceived horizon line to the correct Θ angles of the KNED frame, while reducing
the camera model to a pinhole camera model as in Figure 4.12.
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Figure 4.12: Transformation between world and camera coordinate frames

According to [28], the direct method for an Euclidian transformation between world and
camera coordinate frames is used, taking into account the identified internal parameters of the
camera. Here, the position and orientation of the camera is also considered: x

y

z

 = R ·

 X3D

Y3D

Z3D

+

 tx
ty
tz

 (4.6)

The right side of Equation (4.6) is considered known, with R representing the camera ori-
entation matrix which can be determined based on the boresighting process mentioned in Sec-
tion 4.3:

R =

 1 0 0

0 CΦC −SΦC

0 SΦC CΦC

 ·
 CΘC 0 SΘC

0 1 0

−SΘC 0 CΘC

 ·
 CΨC −SΨC 0

SΨC CΨC 0

0 0 1

 (4.7)

(X3D, Y3D, Z3D)T are the world coordinates of point P to be transformed to u,v pixel coor-
dinates, where Z3D is the distance of the point of interest from the camera and (tx, ty, tz)

T is
the camera translation matrix.



4.5. Correcting the distortion in captured images 91

The mapping of the (X3D, Y3D, Z3D)T point from world coordinates to image plane is per-
formed by using the direct mapping method:

x′ =
x

z

y′ =
y

z

(4.8)

Introducing the notations:
x′′ =x′ · (1 + k1 · r2 + k2 · r4)

y′′ =y′ · (1 + k1 · r2 + k2 · r4)
(4.9)

where:

r2 = x′
2

+ y′
2 (4.10)

The transformed u,v coordinates will then be:

u =fx · x′′ + cx

v =fy · y′′ + cy
(4.11)

Where fx, fy represent the focal length of the camera, cx, cy is the principal point and k1, k2

are the distortion coefficients, all of which are obtained from the camera identification process.
To obtain the Θ pitch angle of the aircraft from the position of the horizon line on the

image plane, the application of the inverse mapping method is required, where the Θ angle can
be obtained in the knowledge of X3D, Y3D, Z3D coordinates of point PH using trigonometrical
functions. From (4.11), the following notations are used:

x′′ =
u− cx
fx

y′′ =
v − cy
fy

(4.12)

and from (4.9) the following can be obtained:

K(r) = (1 + k1 · r2 + k2 · r4)

x′′
2

= x′
2 ·K2(r)

y′′
2

= y′
2 ·K2(r)

(4.13)

Rearranging (4.13) one obtains:

x′′
2

+ y′′
2

= (x′
2

+ y′
2
) ·K2(r) (4.14)

Using (4.10), equation (4.14) will become:

x′′
2

+ y′′
2

= K2(r) · r2 (4.15)



92 4. Augmented reality system for aircraft control and state estimation improvement

By substituting the known parameters from (4.12) into (4.15):

x′′
2

+ y′′
2

=
u− cx
fx

2

+
u− cy
fy

2

= K2(r) · r2 (4.16)

K(r) · r =

√
u− cx
fx

2

+
u− cy
fy

2

(4.17)

where:

(1 + k1 · r2 + k2 · r4) · r =

√
u− cx
fx

2

+
u− cy
fy

2

(4.18)

Rearranging (4.18), the polynomial containing the solution can be obtained:

k2 · r5 + k1 · r3 + r −

√
u− cx
fx

2

+
u− cy
fy

2

= 0 (4.19)

By selecting the real part of the roots in (4.19), the elements of K(r) become known and
by reintroducing the also known x′′, y′′ terms from (4.12) into (4.9) one gets:

x′ =
x′′

K(r)

y′ =
y′′

K(r)

(4.20)

Finally, since both x′ and y′ are known, rearranging (4.8), theX3D, Y3D distortion corrected
world coordinates can be obtained:

X3D =
x′

z

Y3D =
y′

z

(4.21)

Of course, to be able to employ the proposed method for aircraft attitude determination, the
Z3D distance from the video camera to the actual horizon line needs to be known. Since this
distance cannot be measured, a corresponding substitute value must be found. This value has
been determined using the laboratory setup detailed in the next Section.

4.6 Experimental setup and method validation
Once the transformation method from u,v pixel coordinates to 3D world coordinates has been
established, an experimental setup has been elaborated, reproducing the visual effect of the
horizon line as perceived by the airplane mounted wide angle lens camera. A study of the
captured frames (see Figures 4.5, 4.7, 4.10 and 4.11) has concluded that a change in pitch of
the aircraft, can be approximated with a vertical movement of the horizon line across the image
plane.
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The experimental setup is then used to determine the alternate distance value between the
video camera - visible horizon line, required to obtain the aircraft pitch angle from image
processing.

This simplification is performed with regards to the fact that for pitch control, the position
of a single point PH moving on the YC axis of the camera is sufficient, noting that PH is formed
by the intersection of the visible horizon line and PH0PH , as seen in Figure 4.6. Due to the fact
that PH is a point, no perspective issues arise.

Figure 4.13 shows the laboratory experiment using the same camera facing a chessboard
like picture rendition, where the distance from camera to chessboard and the dimensions of the
chessboard squares are known. Here, Z1 is the distance from camera center to chessboard, and
Y1 and X1 (the latter not shown) are the distances from P0 to P1 in world coordinates. Point P0

is set on the principal axis of the camera, corresponding to Θ = 0 and having X1 = 0, Y1 = 0

and ty1 = 0, tx1 = 0, where X1, Y1, Z1 and tx1, ty1, tz1 are the terms used in (4.6). The angular
corrections are contained in R.

C

xcam

Ycam

Θ 
Zcam

P0

Figure 4.13: Re-projection of point P1 on the image plane using a chessboard-like image

By using the proposed transformation method between pixel and world coordinates and
by knowing the world coordinates of P1, its undistorted coordinates can be obtained with Θ

derived from the C,P0, P1 triangle. Conversely, in the same C,P0, P1 triangle, if the Θ angle
and the X1, Z1 world coordinates are known, the vertical position of point P1 can be calculated
in function of Y1. This can be reprojected on the image plane, superimposing P1 as a means
for verification. Since the tangent function is not linear, its linearization had been performed in
order to precisely follow the chessboard pattern.
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Figure 4.14: Re-projected world coordinate points on the image plane

The verification method includes the reprojection of the chessboard tile corners on the im-
age plane, with the results of an aligned chessboard rendering with the XC , YC axes of the
camera shown in Figure 4.14. It can be seen that even in areas of heavy distortion, the markers
are superimposed on the intersections between chessboard tiles. The red + marker in the mid-
dle of the image is set on the principal point, while the green circle is the first visual marker to
be superimposed on the image. The green circle represents the horizon line at Θ = 0 and will
be referred to as the ’base point’ further in the Section. Its position is corrected to the near-
est tile intersection by fine-tuning of the tx1, ty1 values and all other visual markers are placed
relative to this point by calculating their X3D, Y3D, Z3D world coordinates.

If the chessboard rendition is rotated simulating a nonzero roll angle of the aircraft, the
slope of the virtual horizon line is redrawn by changing the roll angle in the camera orientation
matrix to the value of Φ. The laboratory test results with a Φ = 69◦ roll angle can be verified
using Figure 4.15 with the red line representing the horizon line.

By applying the inverse mapping method to the chessboard image, in knowledge of the u,v
coordinates, the Θ angles and world coordinates had been re-calculated from the base point to
each tile intersection as the real world coordinates are moved on the Z3D world axis. These
had been verified concluding that they match with the measurements taken from the laboratory
setup. The sources of small errors are possibly derived from the internal parameter identifica-
tion process of the camera.

The method had been tested for multiple distances between camera and chessboard image,
establishing the concept for image recognition based aircraft attitude determination.

The transition from laboratory setup to real world application is based on the hypothesis
that the actual horizon line is always at a fixed distance from the aircraft: at a constant altitude,
the objects beyond the horizon line come into view at the traveling speed of the aircraft.

Figure 4.16 illustrates the concept for aircraft attitude determination, whereC represents the
camera center, P0, P1 are seen as the world coordinate points found on the chessboard rendition
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Figure 4.15: Re-projected world coordinate points on the image plane having a Φ = 69◦ roll
angle

with P0 determined for Θ = 0 and ( ̂C,P0, P1∗ = 90◦. In this concept, angle ( ̂C,PH0 , PH) is
also considered as a right angle. This way, the C,PH0 , PH and C,P0, P1 triangles can be
regarded as similar right angle triangles sharing the Θ acute angle. Coordinates of point PH0

represent the position of the horizon line when Θ = 0 and PH is the position of the horizon
line at a nonzero pitch angle.
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Figure 4.16: Re-projected world coordinate points on the image plane

By viewing the horizon line projection as a similar right angle triangle problem, it can be
concluded that at any given Θ, the required tz2 camera distance variable can be substituted with
the determined tz1 camera distance from the experimental setup. This is performed with the
u,v projected image coordinates of the detected horizon line, recalculated as the X3D, Y3D, Z3D

world coordinates on the chessboard image using the inverse transformation method.
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Finally, the aircraft pitch angle Θ is determined from the triangle composed of tz1 camera
distance and P0 (corresponding to Θ = 0), with P1 determined from image processing. The Φ

roll angle is determined in the early phases of image processing. The attitude determined using
the proposed image processing method describe the orientation of the aircraft in the KNED

frame.

4.7 Image processing based state estimator tuning
The quality of results based on the multilevel EKF based state estimator also depend on the
initial covariance matrices provided to the estimator. As stated previously, state estimation uses
GPS, IMU and magnetic field measurements with the state estimator using the following states:
acceleration, angular velocities, magnetic field, position, velocity, quaternion based orientation
and estimated acceleration– and angular velocity biases. As discussed in Section 3.5.3, all
of the mentioned states need a set of predetermined covariance matrices, the values of which
also determine which sensor reading is taken more into consideration. During development,
it has been found that altering the set of said covariance matrices can greatly affect the results
provided by the estimator.

The state estimator process has absolute measurements of position and velocity, however
the acceleration and angular rate values are relative measurements with incremental errors de-
rived from unknown sensor drift (also estimated by the EKF). Magnetic field measurements
are improved by considering local magnetic declination and could be regarded as bias free.

State estimation is performed when the aircraft is stationary and when in flight, with differ-
ent estimation methods for the two modes of operation. For flight mode, the initial covariance
matrices’ values rely on measurements performed in steady state. In order to achieve better
results, the fine tuning of flight mode covariance matrix values should lead to improved esti-
mates.

Due to the fact that no direct correlation could be determined between the manual changing
of covariance matrix values and the quality of estimation, the need for an automatic estimator
tuning method has arisen. This is performed by first finding the variation of the set of values
N and iteratively performing the state estimation of a flight with the values of the covariance
matrices multiplied by Ci as follows:

CN
K =

N !

(N −K)!
(4.22)

where: N = [0.001 : 10 : 100] and K is the number of covariance matrices to be tuned,
with the process providing a set of 46656 variations constituting the factors multiplying the
covariance matrices. Factors K influence the covariance matrices of acceleration, angular ve-
locity, magnetic field measurements, aircraft position and velocity. These influence the aircraft
states, including its spatial orientation in the KNED frame and are provided by the state esti-
mation process at a sample rate of 10 ms. Accordingly, only the states estimated at the 30 fps
frame rate of the video camera can be considered. The synchronization between the recorded
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image sequence and sensor data had been performed based on specific visual ques matching
singularities in acceleration and angular velocity values.

The quality of estimation is determined by the correlation between estimated Φ and Θ

angles and those determined using image processing while the correlation of estimated and
measured xN , yN and zN acceleration values (see Figure 3.8) are also taken into account,
together with the standard deviation of the kinematic β angle.

It must be emphasized that although state estimation is performed offline for each set of
variations of N , this process only needs to be completed once for a particular system before
operational use.

Based on the results, it has been determined that no single set of covariance matrix values
achieves the highest correlations for the complete set of test elements. Therefore, the optimal
result of the cost function to be minimized is Kopt according to:

Kopt = min
∥∥∥∑ ρ(VE, VM)

∥∥∥ (4.23)

where: ∑
ρ(VE, VM) = ρ(axE , axM ) + ρ(ayE , ayM ) + ρ(azE , azM )+

+ρ(vxE , vxM ) + ρ(vyE , vyM ) + ρ(vzE , vzM )+

+ρ(ΦE,ΦM) + ρ(ΘE,ΘM) +min ‖τβ‖ (4.24)

Here ρ(VE, VM) denotes the correlation between the estimated (VE) and measured (VM )
values and τβ denotes the standard deviation of the kinematic β angle.

The optimal tuning coefficients are determined based on Kopt which is calculated using
weighting factors favoring the best Φ, Θ orientation results.

4.8 Flight data based Heads Up Display application
Besides laboratory testing, the distortion correction method presented in Sections 4.5 and 4.6
has been verified by constructing a working Heads Up Display. The HUD is using the in-flight
captured images of the aircraft mounted wide angle lens video camera, while the navigation
and control information is obtained from the state estimation process presented in Chapter 3.

The main reason for the HUD construction is the development of a new toolset for the
visual verification of state estimation performance, notably the verification of estimated aircraft
orientation data.

On the other hand, as the aircraft orientation related flight data is projected on images
showing the outside scenery, the presented Heads Up Display can be viewed as an augmented
reality system displaying the flight related information without requiring users to look away
from their usual viewpoints. For this to be valid, the positions of the projected virtual horizon
line, attitude indicator, heading values must overlap their corresponding positions in the real
world. The velocity vector position on the image frame must also be accurately determined.
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The position of the non-fixed HUD elements need to be considered with regards to the
fixed aircraft reference symbol, the position of which can be determined using the boresighting
method presented in Section 4.3.

The flight data supplied to the HUD is obtained from state estimation, and the position of the
non static HUD elements on the image frame are determined using the direct mapping method
presented in Section 4.5. The idea is to transform theKNED based estimated flight data into the
u, v pixel coordinates of the camera frame. The u, v pixel positions of the HUD elements are
determined by taking into account the nonlinear radial distortion of the wide angle lens. The
alternate distance value from camera to horizon line is determined using the laboratory setup
and reprojection method presented in Section 4.6.

The developed HUD uses the symbology presented in Figure 4.17 required to efficiently
pilot the aircraft in low visibility flight conditions when Instrumental Flight Rules apply.

Figure 4.17: Projected Heads Up Display symbology using actual flight data

The HUD elements in Figure 4.17 and their functions are detailed as follows:

1 The fixed aircraft reference, or ’waterline’ symbol represents a small aircraft, positioned
on the image plane in a way that its center is projected on the XB aircraft body axis
and having its ’wings’ laying parallel to YB (see Figure 4.6). In case of KC − KBODY

misalignment, its position on the image plane can be determined using the boresighting
procedure.

2 The artificial (virtual) horizon line is the main visual reference provided for the pilot for
aircraft attitude control. It is used in conjunction with the aircraft reference symbol to
determine the pitch angle, where the vertical distance between the virtual horizon line
and reference symbol translates to the pitch angle expressed in degrees. The roll of the
aircraft is determined by the angle between the ’wings’ of the reference signal and the
virtual horizon line. The vertical placement of the virtual horizon line on the image frame
is critical as it needs to overlap the position of the actual horizon line, visible from the
aircraft. For instance, pointing the aircraft nose to a neutral pitch is achieved by placing
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the fixed aircraft reference symbol on– and aligned with the virtual horizon line. In the
provided example, the aircraft is performing a left-hand turn having a 38◦ bank angle.

3 The aircraft attitude indicator or ’ladder’ is used in conjunction with the aircraft refer-
ence symbol for the determination of attitude as the 10◦ increments between ’ladder’
elements above and below the virtual horizon line help determine aircraft pitch. The de-
sired pitch can be obtained by aligning the waterline symbol with the ’ladder’ element
corresponding to the desired Θ pitch angle. In this example, the fixed aircraft reference
symbol is slightly bellow the −10◦ ’ladder’ element owing to a 13.5◦ negative pitch an-
gle. The same group of symbols can help determine aircraft attitude in cases of extreme
pitch angles, where the artificial horizon line cannot be projected on the image frame
and the actual horizon line lies outside the pilot’s view. In these cases the orientation
of the ladder ’brackets’ give a quick indication towards the position of the horizon line.
To achieve functionality, the position and nonlinear spacing between ’ladder’ elements is
also determined using the proposed projection method.

4 During flight, the direction of the aircraft nose (shown using 1 ) does not always coincide
with the direction of travel. Therefore, the Flight Path Vector (FPV) is introduced to
represent the direction where the aircraft is actually moving. The position of the FPV
on the image plane and its deviation from its neutral position is also determined with the
proposed method according to the angular values of kinematic α and β. A placement
of the FPV along the pitch axis indicates the Flight Path Angle (FPA). When the FPV
is on the horizon line, the FPA is zero, indicating level flight. If the FPV is above the
horizon line, the aircraft is climbing; below the horizon line indicates descent, regardless
of where the aircraft nose is pointing. The angle of climb or descent corresponds to
where the center of the FPV intersects the pitch scale, so flying the FPV to below the
horizon always produces a glidepath.

5 The aircraft heading can be read from the compass, which in this case has a rotating
bezel.

6 The heading of the aircraft can be directly monitored using the heading and cardinal
direction values projected on the virtual horizon line, the positions of which overlap the
real world cardinal values as seen from the aircraft. The positioning of the cardinal value
markers is achieved using the proposed projection method with a spacing of 10◦ between
compass points. The desired heading value can be achieved by placing the fixed aircraft
reference symbol onto or vertically inline with the desired heading value projected on
the virtual horizon.

7 Altitude indicator.

8 Vertical velocity indicator.
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9 Airspeed indicator. The altitude, vertical velocity and airspeed indicators all have moving
bezels with the actual values being displayed numerically above the indicator boxes. The
moving scales of the three indicators have an advantage over numerical displays in being
able to conveniently display the operating ranges of the aircraft, for example, by using
color coding on the airspeed indicator. In this case, the 60 [km/h] stall speed of the
aircraft is visible in orange to help the pilot intuitively determine how close the aircraft
is to a stall. Minimum and maximum flaps and landing gear retraction and extension
velocities can also be displayed using this method.

4.9 Detailing of results and discussion
The current Chapter sets to propose solutions for two related, but quite different problems. As
detailed in Figure 4.1, the first aim is the tuning of state estimator performance using high level
image processing. The second problem is the development of an evaluation tool for the visual
assessment of state estimator performance through the design of a Heads Up Display, or HUD.

Both processes share a number of common problems to be solved, notably the identification
of internal camera parameters of the wide angle lens camera, the requirement for the knowl-
edge and correction of camera and airframe axis orientation offsets and a need to tackle the
significant, nonlinear radial distortion of the images taken with a wide angle lens camera.

The image processing based algorithm relies on the frames captured by the forward fac-
ing wide angle lens camera, mounted on the vertical stabilizer of the aircraft and a complex
workflow to determine aircraft attitude (roll and pitch angles).

The requirement for this to work is for the aircraft KBODY and camera KC frames to be
parallel (collimated), or for their relative orientations to be known. This design assumes a
certain degree of freedom in the mounting and orientation of the video camera with respect to
the aircraft frame as a method is proposed to obtain the offset between the orientation of aircraft
KBODY and KC frames. The method requires the knowledge of the camera mounting position
on the airframe, the a priori identified internal camera parameters and a set of known, non-
coplanar 3D coordinate points singled out on the aircraft body, but also visible on the captured
images. Boresighting is achieved relying on the method proposed in Section 2.6 by obtaining
a set of three-axis offset angles.

After discussing the similar traits of the two procedures, the two approaches and related
results are reviewed separately:

The state estimator tuning algorithm and related results:

The current Chapter proposes a method for unbiased aircraft attitude determination based on
multilevel image processing.

Since the aircraft state estimator performance regarding acceleration and velocity has been
evaluated at the end of Chapter 3 (see Figures 3.10 and 3.11), the quality of aircraft orientation
estimates remained to be verified.
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For this, a novel, image processing based heuristic approach has been developed quantify-
ing estimation quality based on the correlation between estimated aircraft attitude values and
the unbiased attitude values obtained through image processing.

Mimicking standard piloting practice, the image processing algorithm determines aircraft
attitude based on the position of the horizon line visible on the captured images. For this,
an algorithm has been developed to obtain the vertical position and slope of the visible hori-
zon line in the camera coordinate frame. The proposed image processing algorithm has been
designed to overcome the problems posed by the ever changing lighting conditions owing to
varying aircraft orientation, different meteorological conditions, alternate ground illumination
and ground color patterns. Its robust operation is owed to a design encompassing the use of sep-
arate workspaces determined on the image when searching for the horizon line. Additionally,
the algorithm encompasses an adaptive color management process in order to accurately de-
termine the horizon line position even in the case of a darker cloud base and/or lighter patches
of ground usually found when operating over urban areas. Finally, using a Least Squares ap-
proach, the detected horizon line is optimally fitted on the actual horizon line.

After determining the pixel position of the actual horizon line, its real world coordinates
need to be established. For this, a method mapping world 3D coordinates in the camera frame
has been presented. The method takes into account the nonlinear distortion of the wide angle
lens and is referred to as the ’inverse mapping method’. The main problem is defining the
unknown distance from the camera center to the actual horizon line. Considering that this
distance value can be regarded as constant at a given altitude, a solution is proposed to find
an alternate value, the use of which will yield the same results as using the actual camera to
horizon line distance. For this, an experimental laboratory setup has been developed, which
can also be used for the validation of the proposed method.

This technique serves as the transformation solution between the projected horizon line
position on the image plane to real world KNED based aircraft attitude values, while also
solving the nonlinear distortion problem posed by the wide angle lens setup.

The tuning of the developed state estimator can then be accomplished based on verifiable
references by finding the optimal starting covariance matrix values responsible for its best
performance.

If the optimal result of the cost function is to be minimized,Kopt is calculated using weight-
ing factors favoring the best Φ,Θ orientation results. The determined correlations between the
estimated and measured set will be as follows:

ρ(axE , axM ) = 0.8402,

ρ(ayE , ayM ) = 0.7881,

ρ(azE , azM ) = 0.37863,

ρ(vxE , vxM ) = 0.99985,

ρ(vyE , vyM ) = 0.99993,
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ρ(vzE , vzM ) = 0.95219,

ρ(ΦE,ΦM) = 0.92624,

ρ(ΘE,ΘM) = 0.90134,

τβ = 2.0252

where axE , ayE and azE represent the estimated aircraft acceleration values, while axM , ayM and
azM are the GPS based acceleration values calculated using the developed kinematic equations
(see Equation (3.35)). Similarly ΦE and ΘE represent the estimated roll and pitch angle, while
ΦM and ΘM are determined through the presented image processing method.

Figure 4.18 shows the correlations between estimated and measured control values with the
positions of highest correlation between related sets marked with dashed lines.

The final starting covariance value coefficients used for the measurement values are as
follows:

cov(popt) = cov(p) · 0.001,

cov(vopt) = cov(v) · 10,

cov(qopt) = cov(q) · 0.001,

cov(aopt) = cov(a) · 1,

cov(ωopt) = cov(ω) · 1,

cov(Hopt) = cov(H) · 10,

cov(bopt) = cov(ba) · 10,

cov(bωopt) = cov(bω) · 0.01.

The final results of the estimated Φ and Θ aircraft attitude angles plotted together with
the attitude angles determined using image processing can be seen in Figure 4.19 with a good
match between estimated and measured values.

The camera mounting position does constitute a problem since the aircraft wings obscure
the visible horizon line at certain times. During these phases the horizon line detection algo-
rithm cannot operate. The problem, however is minor since the glide path of the aircraft mostly
enables an unrestricted vision for the camera, with the mentioned issues arising only when per-
forming exceptional maneuvers. This problem can of course be solved by a different camera
placement position, not available, however during data gathering.

Since the aircraft operated at fairly low altitudes, the intermediary value determined with
the laboratory setup as the distance between camera center and visible horizon line did not
require additional compensation. Nonetheless, this value will need additional compensation
for aircraft operating at a wider range of altitudes.
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Figure 4.18: State estimation results obtained for the variation of the complete set of covariance
matrix multiplication factors

As it can be seen, the dataset pairs shown in Figure 4.19 present a satisfactory match as
the estimated roll angles correspond to the maneuvers performed by the aircraft. The plot
presenting the estimated end measured Θ pitch angles show some discrepancies owing to small



104 4. Augmented reality system for aircraft control and state estimation improvement

300 350 400 450 500 550

�40

�20

0

20

40

60

Correlation: 0.92624

time [sec]

Φ
[d

eg
]

Φ angle values: estimated and determined using image processing[deg], (NED)

Aircraft Φ � from image processing

Aircraft Φ � estimated

300 350 400 450 500 550
�60

�40

�20

0

20

40

Correlation: 0.90134

time [sec]

Θ
[d

eg
]

Aircraft Θ angle values: estimated and determined using image processing[deg], (NED)

Aircraft Θ � from image processing

Aircraft Θ � estimated

Figure 4.19: Estimated aircraft attitude results and results obtained from image processing

errors in state estimation.
These errors also show up in the video sequence showing the operation of the augmented

reality based Heads Up Display used to verify the performance of the state estimator and are
mostly present at high amplitude maneuvers. The reasons for the discrepancies regarding
higher amplitude changes in aircraft pitch can be linked with the vertical channel instability
(see Figures 3.10 and 3.11), the possible improvement possibilities of which being discussed
in Section 3.7.
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The HUD based augmented reality system and related results:

By using the proposed transformation method of KNED based flight data obtained through
state estimation to the KC based u, v image coordinates, a working Heads Up Display has been
developed. The method solves the heavy nonlinear distortion and scaling issues introduced by
the use of a wide angle lens video camera. The positioning of non-fixed HUD elements on
the recorded images is in a format that superimposes the flight data on their visible real world
projections on the image, forming an augmented reality system.

The designed use of the image projection system is twofold:

1. Firstly, it serves as an additional tool for the verification and validation of correct state
estimator operation in a real world scenario involving flight data. This can be accom-
plished by comparing the estimated aircraft attitude (represented by the position of the
virtual horizon line on the image based on estimated Φ and Θ Euler angles in KNED)
with the determined (measured) aircraft attitude represented by the actual horizon line
as seen from the aircraft. Additionally, the evaluation of estimator performance can be
completed by cross-checking the estimated aircraft heading (Euler Ψ angle in KNED)
represented by the cardinal direction values placed on the virtual horizon line with actual
visual references of known coordinates visible on the captured images.

2. Secondly, its use can be found in the control of unmanned aerial vehicles through a video
link or for piloting conventional aircraft in low visibility conditions, providing a user
friendly, parallax free solution.

As an example, the estimated flight data based HUD operation is presented through a
screenshot from the video sequence shown in Figure 4.20. The presented example shows
the same instance and HUD element positions detailed in Figure 4.17, but projected on the
appropriate image capture. Note the unequal spacing between ’ladder’ elements needed to
compensate the nonlinear distortion of the image.

Figure 4.21 details the operation of the Flight Path Vector, which shows actual information
of the aircraft regarding its heading and orientation. Here, the difference between pitch angle
defined as the vertical distance (in degrees) between virtual horizon line and the fixed aircraft
reference symbol, as well as the kinematic flight path angle, defined as the vertical distance
(in degrees) between the virtual horizon line and FPV become obvious. The kinematic drift
angle is determined from the horizontal distance in degrees between the fixed aircraft reference
symbol and the FPV.

Traditionally, the aerodynamic slip angle is visualized with the aid of a device is called the
’yaw string’, consisting of a short piece of string, placed in the free air stream where it is visible
to the pilot. Even though it is known as the earliest flight instrument, it is still in use today,
employed on the most modern glider aircraft [29], [30] to some jet powered airplanes, notably
the Lockheed U-2 high-altitude surveillance aircraft. Its use also extends to light, twin-engine
airplanes aiding in the control of the airplane in the event of an engine failure [31] as with



106 4. Augmented reality system for aircraft control and state estimation improvement

Figure 4.20: Screenshot of HUD projected on a wide angle lens captured image during flight

an inoperative engine, the centered slip-skid indicator ball is no longer the indicator of zero
sideslip due to asymmetrical thrust.

In this thesis, the modernization of this instrument is developed in the form of the Wind
Relative Flight Path Vector (WRFPV), shown in Figure 4.21 as the yellow filled red triangle
icon located to the left of the kinematic FPV. The WRFPV provides the pilot with a visual aid
as to the effect of the wind acting on the aircraft, and is calculated as a function of airspeed and
wind relative aerodynamic angles determined in Section 5.2 using Equation (5.2). It is intended
to show the aerodynamic slip angle of the aircraft with respect to wind direction. Its proper use
can help the pilot to fly the aircraft with the least amount of aerodynamic slip, thus at maximal
aerodynamic efficiency. It also indicates the actual aerodynamic angle of attack.

Deployed in its actual form it can indicate the direction and magnitude of the aircraft drift at
the current wind velocity and direction in function of the actual airspeed values. For example,
as the airspeed increases with respect to the wind, the wind relative drift will decrease for the
given distance.

The position of the WRFPV icon is determined on the image plane using the previously
proposed methods with additional requirements of airspeed and actual wind direction and in-
tensity values that can be determined using the methods discussed in Section 5.2, while the fill
color of the triangle alternates between yellow and red as the aircraft heads into the wind or
flies with a tailwind.

Figure 4.21 is exported from flight data showing the instance where the aircraft is at 30
[m] altitude before landing. Here, the aircraft lands with a slight crosswind. In this case it is
standard practice to purposely slip the aircraft facing the wind, while the actual glidepath lies
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in parallel with the runway. This case is clearly visible in the figure by the position of the FPV
relative to the Fixed Reference Symbol, as the aircraft nose is not pointing in the direction of
travel. In addition, due to the aircraft not facing the wind completely, it is drifting to the left, a
the magnitude of which is shown by the Wind Relative Flight Path Vector.

Figure 4.21: FPV and WRFPV operation together with wind effects on the aircraft

Based on estimated flight data, the developed augmented reality system has the ability to
show the direction the aircraft is actually going, even if the nose of the aircraft is not pointing
in the direction of travel. The use of this feature can be considered an important feedback and
control element on sideslipped crosswind landing and takeoff procedures.

During my research I have not found any examples of state estimator tuning or performance
evaluation methods involving image processing based orientation data similar to the presented
concept, either as an application or in the currently available literature. I have not met a similar
method to establish a useable intermediary value used as the distance between camera I would
venture to say that this method does propose a novel solution to this problem.

Regarding the Heads Up Display application, during my research, I have not encountered
an updated, digital version of the yaw string instrument in the form proposed in this thesis.
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Thesis Group 3 I have developed a novel method for unbiased aircraft attitude determina-
tion based on multilevel image processing. The method relies on the images captured with a
video camera mounted on the aircraft airframe, facing in the direction of flight. A new method
is proposed to achieve the virtual collimation of camera and aircraft coordinate frames, thus
correcting the angular offsets between the respective frames. The aircraft attitude values of
pitch and roll angles are determined based on the visible horizon line position and inclination
on the image plane. The pixel position of the horizon line is determined through primary image
processing. Since the captured images are taken with a wide angle lens camera, the heavy
nonlinear distortion and scaling errors need to be corrected when transforming from world to
camera coordinates. Therefore, an algorithm is proposed to solve the problems created by the
heavy nonlinear distortion and scaling issues present in the captured images when performing
the conversion from image based to real world coordinate frames. The distortion correction
procedure includes a newly developed method for determining an alternate, usable value as the
distance between camera center and visible horizon line. This way, the performance of the state
estimator can be evaluated based on the correlation of estimated aircraft attitude and attitude
determined through image processing as both data sets are expressed in the same coordinate
frames. A heuristic state estimation tuning method is also proposed, based on the correlation
values to achieve optimal orientation estimation performance. An additional method for state
estimator performance evaluation is proposed based on the construction of an augmented re-
ality based Heads Up Display also usable for the control of unmanned aerial vehicles through
a video link. I have proposed a novel method to supply the pilot with visual ques regarding the
effects of the wind on the aircraft in function of air- and wind speed and aircraft orientation in
the form of the Wind Relative Flight Path Vector.

Related publications: [S9], [S10], [S11].

Thesis 3.1 I have designed a novel image processing based method useful in the process
of boresighting an aircraft mounted video camera. The method yields the offset orientation
angles between the camera frame and aircraft body frame based on the known camera posi-
tion, known internal camera parameters and a set of non-coplanar points on the aircraft body
also visible from the viewpoint of the video camera. Since the orientation of the camera is
regarded as arbitrary, allowing a certain offset between the two coordinate frame orientations,
the implementation of the method is required in the fusion of image processing data based in
the reference frame of the camera with estimated or measured data described in the aircraft
body reference frame.

Thesis 3.2 I have developed a method that determines an alternate (finite) distance value
between the video camera and horizon line visible from the aircraft which is useful in the
process of performing the camera to world and world to camera coordinate transformations
for the given application. The method has been tested and validated both in the laboratory for
different distances and in actual flight conditions.
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Thesis 3.3 I have proposed a method to improve state estimator performance based on
the tuning of starting measurement covariance values. The developed method uses a heuristic
approach in finding the best covariance coefficients responsible for improved state estimator
performance using the correlations of measured and estimated acceleration, velocity and ori-
entation values.

Thesis 3.4 I have developed an augmented reality based Heads Up System useful for both
estimated orientation evaluation and for the control of unmanned aerial vehicles. The system
projects the values obtained using state estimation in a visual format on the images taken with
the wide angle lens camera to enable enhanced control capabilities. To control the aircraft
in low visibility, an artificial horizon line is projected on the image, overlapping the actual
horizon line. Heading information is projected as cardinal direction values overlapping their
corresponding real world reference points visible on the image capture. Additional orientation
information is displayed using a free moving visual marker indicating the actual travel direc-
tion of the aircraft regardless of where the aircraft nose is pointing. I have also proposed a
novel method for the visualization of wind effects on the aircraft flight path in the form of a
flight instrument that allows pilots to fly the aircraft at optimal aerodynamic efficiency. The
method can also be used in the control of multi-engine aircraft in case of an engine failure to
help center the aircraft in asymmetrical thrust conditions.



CHAPTER 5

Identification of the aircraft nonlinear
dynamic model

5.1 Introduction, motivation and problem statement
The motivation behind this chapter’s work is the identification of the aircraft’s nonlinear dy-
namic model based on the work and results of previous chapters. The second goal is the devel-
opment of a new method to determine the unknown inertial parameters of the aircraft consistent
of the center of gravity location and the parameters of the inertia matrix. The identification re-
sults can then be used as the basis for the development of a control system (autopilot) or a flight
simulator to be used for pilot training.

In this thesis, the aircraft identification process can be defined as a highly versatile proce-
dure used for efficiently extracting an accurate dynamic model of the aircraft from its measured
response to specific control inputs, characterizing the measured responses in a least squared
sense.

As described in Figure 5.1, the aircraft is viewed as an input-output system. The control
inputs are the aileron, elevator, rudder deflections and throttle settings (absent in gliders) which
are obtained in Chapter 2. The outputs are determined through the state estimation method
developed in Chapter 3 and refined in Chapter 4 in the form of three axis translational ve-
locities and accelerations, Euler attitude angles and angular velocities, complemented by the
aerodynamic angles of attack and slip angles.

Figure 5.1: The aircraft viewed as an input-output system

110
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In this case, a special problem is considered when the aircraft mass, wing reference area,
wing span and the mean geometric cord are known but the center of mass location and the
inertia matrix elements are unknown.

Why is this problem difficult?

• First, lacking onboard fluid flow velocity measurements during test flights, the wind rel-
ative aircraft velocity is yet unknown. These are needed to correct the kinematic velocity
and kinematic angles of attack and sideslip angles for wind effects.

• Second, a method for the determination of the unknown aircraft inertial parameters con-
sisting of center of mass location and inertia matrix elements (belonging to the yet un-
known center of mass) needs to be developed. Being a light aircraft, the location of the
center of mass is highly dependent on the weight of the pilot (or pilots).

• Third, during the identification process, an optimal, parsimonious model structure needs
to be chosen from a class of competing models.

5.2 Compensating for wind effects
It is worth considering that state estimation results employing GPS pseudorange corrections
without additional sensory equipment used to detect wind direction and intensity do not take the
wind effect into consideration. Therefore, the presence of wind is considered as a disturbance
by the state estimation process. The VT total aircraft velocity is determined relative to the
ground and cannot be referred to as true airspeed except on a perfectly still day.

Why is this important?
During flight, in the absence of a fluid flow velocity sensor, true airspeed cannot be directly

measured based on ground relative GPS velocity values. Therefore, the airspeed needs to be
calculated relative to the KBODY frame using both ground– and wind speed values. Consider
the aircraft used for study having its (load dependent) stall speed of 56 [km/h] (see Section
1.2). During flight, if the GPS based ground speed is 80 [km/h] and the aircraft flies with a
tailwind of 20 [km/h], the vector difference between ground speed and wind speed will lead
to an airspeed of 60 [km/h], just above the stall speed. Conversely, flying in a headwind, the
airspeed will be the vector sum of the ground speed and wind velocity.

Denoting absolute wind velocity in theKNED frame aswabs withwϕ = 135◦ wind direction
measured clockwise from the North axis, the following variables can be introduced:
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wNED = wabs
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VTrel := ‖Vrel‖

where VTrel represents the corrected, wind relative aircraft velocity - or airspeed. The approxi-
mated aerodynamic angle of attack and aerodynamic side-slip angle can now be calculated:

αr = arctan(Wr/Ur), (5.2)

βr = arcsin(Vr/VTrel) (5.3)

Since no sensory information regarding wind velocity and direction was available during
data gathering, this information was provided by the control tower right before takeoff and
assumed to be of constant value during data gathering.

The difference between kinematic and wind relative α and β angles is worth taking into
consideration as both types have specific roles when used for aircraft control, long distance
navigation and nonlinear model identification.

In Figure 5.2 the actual direction of the wind can be verified as the lower left part of the
Figure shows the constant drifting of the aircraft due to wind, as it circles to gain altitude using
rising thermals. Wind direction can be double checked in the upper right part of the Figure, as
the aircraft drifts in the same direction while performing several left hand turns. Ultimately it
is possible to estimate wind direction and intensity based on the drift of the aircraft, although
this is not a scope of this dissertation. The takeoff and landing positions are found North of the
virtual windsock in Figure 5.2, which is oriented to show the actual wind direction registered
during flights.
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Figure 5.2: Estimated aircraft flight path viewed from above (Flight no. 1)

The results showing the correction of kinematic angles of attack and sideslip can be viewed
in Figure 5.3. As for the α angles, both the kinematic and wind relative values are fairly similar.
The real difference can be found between the kinematic and wind relative β angles where the
sideslip value is largely influenced by the aircraft orientation relative to the wind.

300 350 400 450 500 550
�20

0

20

40

α
[d

eg
]

Estimated wind relative and kinematic angles of attack (Body)

α
rel

α
kinem

300 350 400 450 500 550
�50

0

50

time [sec]

β
[d

eg
]

Estimated wind relative and kinematic sideslip angles (Body)

β
rel

β
kinem

Figure 5.3: Estimated kinematic and relative α, β angles

The results detailing the corrected airspeed values can be seen in Figure 5.4 and show a
significant difference in comparison with the kinematic velocity of the aircraft.

The results of the correction process can be verified in Figure 5.5, where the values of XB
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and YB axis velocities can be compared with the aircraft orientation and wind direction during
maneuvers. The upper subplot shows the aircraft flight path as it performs the takeoff with a
Northeastern wind direction. In this case, the wind blowing from the right and forward side
of the aircraft registers as an additional airspeed value compared to the estimated kinematic
velocity, in accordance with equation (5.2). This is correct, since it shows the airspeed as a
nonzero, positive value on the stationary aircraft in a headwind situation. The results also apply
to the corrected YB axis velocities and can be verified in Figure 5.4 as the airspeed presents a
lower degree of variation during flight when compared to the kinematic velocity determined by
the state estimator.

Figure 5.4: Estimated kinematic and relative aircraft velocity
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5.3 System identification concept
In this thesis, the aircraft will be regarded as a single, fully-coupled rigid body with six degrees
of freedom (three translations and three rotations), the motion of which is governed by the laws
of Newtonian physics. System identification will then be used to characterize the unknown
applied aerodynamic forces and torques acting on the aircraft.

TheKS sensor frame is assumed to be parallel to the aircraftKBODY frame with the sensors
used for state estimation mounted in the vicinity of the aircraft COG. Note, that the sensory
information is available in the sensor frame with the state estimation results also belonging
to the sensor frame. Optionally, the state estimation results can be easily transformed to the
KBODY frame since the pose (position and orientation) ofKS is fixed inKBODY . For simplicity
of discussion it will be assumed that KS = KBODY , hence the center of mass is considered
relative to KBODY .

The vector pointing from the origin of KS to the COG will be denoted by rc, thus, finding
the aircraft COG will be equivalent with finding the components of rc. In the first step, the air-
craft model structure is determined assuming that rc = 0, meaning that the origin of the sensor
frame coincides with that of the aircraft COG. After the optimal regressor set composing air-
craft model structure is determined, the location of the center of gravity is calculated based on
modified Newton-Euler equations of movement and employing nonlinear convex optimization
techniques using the interior point method.

It can be agreed, that most real-world systems are nonlinear, which, when operating over
a restricted range of conditions can be approximated using linear models. When such an ap-
proximation is not possible, a suitable nonlinear model needs to be postulated. For a stochastic
time-varying system, the model equations take the form:

ẋ(t) =f [x(t), u(t), w(t), t]

y(t) =h[x(t), u(t), t]
(5.4)

where x(t) is the time varying state vector, u(t) represents the inputs, w(t) is the noise and y(t)

are the outputs of the system.
As the aircraft is a nonlinear dynamic system [2], the mathematical model used to describe

its dynamic motion is also composed of nonlinear differential equations. Restricting the aircraft
motion to small perturbations enables it to be modeled as a linear dynamic system. This way,
the linear equations need to be augmented with a model for x(t0) and w(t), which in case of a
deterministic, time invariant system will be simplified to:

ẋ(t) =f [x(t), u(t)] x(0) = x0

y(t) =h[x(t), u(t)]
(5.5)

These models belong to the class of (finite dimensional) parametric models and can be
implemented as state space equations, differential equations and transfer functions. If the model
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structure is known, the determination of the unknown coefficient values in the model equations
is required. This will reduce the problem of system identification to a more restricted problem
of parameter estimation which requires certain a priori assumptions [32] as:

• The order of the model necessary to capture key dynamics.

• The degree of coupling of dynamic degrees of freedom.

• The proper structure regarding the equations of motion.

• Good initial guesses for the identification parameters.

Therefore, parametric modeling requires an added focus on the understanding of the system
being modeled to ensure the appropriateness of the adopted model structure. The upside is that
this model type is fully characterized by the state space model.

The equivalence of the model with the physical system is expressed in terms of a scalar cost
function

J = J(z, y), (5.6)

quantifying the equivalence between the z observed physical system output and y model output.
The model needs to be simple enough to be useful and complex enough to capture important

dependencies and features present in the observations. The search for the best model based on
the cost function will ultimately lead to the evaluation of a large number of model candidates.
This can be simplified into an optimization problem to find the appropriate model from a class
of models in a way that minimizes the cost function. Note that the candidate models can have
the same structure, and are set apart only by the values of θ model parameters [33]. Thus, a
model should abide by the parsimony principle in order to retain a good prediction capability,
while adequately representing the physics of the aircraft. The parsimony principle states that
of the candidate models exhibiting the desired characteristics, the simplest one should be se-
lected. A description using low-order polynomials is preferred even if a high-order polynomial
approximates the aerodynamic function sufficiently. With regards to quality, it should be noted
that the model can be called adequate if it fits the data well, promotes the successful estimation
of unknown model parameters and has good prediction capabilities.

The thesis relies on time-response methods of identification that are suitable for obtaining
both linear and nonlinear models [34]. These methods must start by assuming or identifying
the parametric model structure.

In this thesis, the selection of the appropriate aerodynamic model is performed using step-
wise regression, proceeding in the following steps: postulation of terms entering the model,
selection of an adequate model and validation of the selected model. The proposed stepwise
regression algorithm is optimized to automatically include the most relevant terms.

Parameter estimation is performed based on the equation-error method, a linear regression
process using the ordinary least-squares principle. Here, the unknown aerodynamic parameters
are estimated by minimizing the sum of squared differences between measured and modeled
aerodynamic forces and moments [2]. Since the model output is linearly dependent on the
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model parameters, the required optimization problem is simplified to finding the estimate pa-
rameters as the solution of an overdetermined set of linear equations.

A few words need to address the correlation issues between model parameters as in practical
applications of linear regression the model terms are correlated to a certain degree. This can
be most worrying when the model terms are almost linearly related. To avert the effects of
possibly misleading data in the final model, data collinearity will be diagnosed among model
terms.

The quality of results with regards to the determined nondimensional components is vali-
dated using several statistical metrics, checking model fit and employing additional 3D plots.
A further insight with respect to the location of the determined COG can be gained by super-
imposing its location on the aircraft design blueprints.

5.3.1 The aircraft equations of motion

As previously stated, the aircraft can be considered as a single rigid body with a fixed mass
distribution and a constant mass with its motion describable by Newton’s second law of motion
[35]:

F =
d

dt
(mV ) (5.7)

M =
d

dt
(I ω) (5.8)

where F is the applied force describing translational motion, m is the aircraft mass, V is the
translational velocity and consequently mV is the linear momentum. In (5.8), M is the applied
moment vector about the center of gravity, ω is the angular velocity, I is the inertia matrix,
while Iω represents the angular momentum around the center of gravity.

In this thesis, the KNED frame will be considered as approximating the inertial frame, with
the aircraft motion described using the so called Flat-Earth-Equations neglecting the ωe Earth
rotation rate [2], [12].

The body axis components of (5.7) and (5.8) are:

F = (Fx, Fy, Fz)
T V i

b = (u, v, w)T (5.9)

M = (Mx,My,Mz)
T ωib = (p, q, r)T (5.10)

where the components of F and M need to be determined through identification. The compo-
nents of V i

b and ωib are determined through state estimation and represent the aircraft motion
relative to the inertial frame, but expressed in the KBODY frame. As both F and M are three
component vectors, this results in a total of six degrees of freedom that describe the motion of
the aircraft. The downside of considering the aircraft as a fully coupled, single rigid body is in
the significant coupling between its degrees of freedom [32].
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One of the principal problems to be solved is the unknown aircraft center of gravity location
in relation to the location of the IMU, and unknown inertia matrix, the latter having the form:

I =

 Ix −Ixy −Ixz
−Iyx Iy −Iyz
−Izx −Izy Iz

 (5.11)

Owing to the symmetric construction of the aircraft frame relative to its Oxz plane, the
inertia matrix can be simplified to [35], [36]:

Ic =

 Ix 0 −Ixz
0 Iy 0

−Izx 0 Iz

 , (5.12)

which leads to:

Iω =

 Ixp− Ixzr
Iyq

−Izxp+ Izr

 , (5.13)

Applying the derivative operator to vectors results in two parts, one accounting for the rate
of change of the vector components (expressed in the rotating system) and the other accounting
for the axis system notation. Equations (5.7) and (5.8) can be expressed as [37]:

F =mV̇ + ω × V (5.14)

M =Iω̇ + ω × Iω (5.15)

The body-axis component form of the (5.14) force equation has the form:

F = m

 u̇v̇
ẇ

+

pq
r

×m
uv
w

 (5.16)

or:
Fx =m(u̇+ qw − rv)

Fy =m(v̇ + ru− pw)

Fz =m(ẇ + pv − qu)

(5.17)

The (5.15) applied moment equation becomes:

M =

 Ix 0 −Ixz
0 Iy 0

−Izx 0 Iz

ṗq̇
ṙ

+

pq
r

×
 Ixp− Ixzr

Iyq

−Izxp+ Izr

 (5.18)

having the following components:

Mx =ṗIx − ṙIxz + qr(Iz − Iy)− qpIxz

My =q̇Iy + pr(Ix − Iz) + (p2 − r2)Ixz

Mz =ṙIz − ṗIxz + pq(Iy − Ix) + qrIxz

(5.19)
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The applied Fx, Fy, Fz forces and Mx, My, Mz moments arise from aerodynamics (FA)
and contain the effects of gravity (FG) and thrust (FT ) as:

FA + FG + FT =mV̇ + ω × V (5.20)

MA +MT =Iω̇ + ω × Iω (5.21)

It should be noted that as gravity acts through the center of gravity, there is no gravity
moment acting on the aircraft. Since the aircraft in question is a glider, no thrust effects are
present, therefore FT = 0, MT = 0.

Aerodynamic Forces and Moments:

The aerodynamic force and moment components acting on the aircraft depend on the aerody-
namic α, β angles and true airspeed resulting from the motion of the aircraft relative to the air
mass. These components can be expressed as nondimensional coefficients based on the known
Swa wing reference area, b wing span and c̄ wing chord and the yet unknown CX , CY , CZ force
coefficients and rolling (Cl), pitching (Cm), and yawing (Cn) moments:

FA = q̄Swa

CXCY
CZ

 (5.22)

MA = q̄Swa

 bClc̄Cm
bCn

 (5.23)

where the dynamic pressure:
q̄ = (1/2)ρV 2, (5.24)

is dependent on the V airspeed, ρ air density [38].

The effects of gravity:

It is important to note, that the aircraft weight components along its KBODY axes change with
the orientation of the aircraft relative to the KNED frame. This effect can be described using
previously presented correspondences:

FG =

gxgy
gz


b

= Rb
ng

n, (5.25)

where the expression for Rb
n are detailed in (3.12) and gn is detailed in (3.36), therefore:

FG = m

gxgy
gz


b

=

 −mgSθmgSφCθ
mgCφCθ

 (5.26)
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By combining (5.22) and (5.26), one gets the expressions describing the applied aerody-
namic forces: FxFy

Fz

 =

q̄SwaCXq̄SwaCY
q̄SwaCZ

+

 −mgSθmgSφCθ
mgCφCθ

 (5.27)

with the applied aerodynamic moment equation being:Mx

My

Mz

 = q̄Swa

 bClc̄Cm
bCn

 (5.28)

By substituting (5.27) into (5.17) and (5.28) into (5.19) one gets the force and moment
equations of the glider in a matrix form:

m

 u̇v̇
ẇ

 =m

rv − qwpw − ru
qu− pv

+ q̄Swa

CXCY
CZ

+

 −mgSθmgSφCθ
mgCφCθ

 (5.29)

ṗIx − ṙIxzq̇Iy
ṙIz − ṗIxz

 =q̄Swa

 bClc̄Cm
bCn

−
qr(Iz − Iy)pr(Ix − Iz)
pq(Iz − Ix)

−
 −qpIxz

(p2 − r2)Ixz
qrIxz

 (5.30)

5.3.2 Determining the location of aircraft center of gravity

Force effects

The well known Newton - Euler equations can be written either in the origin of the KBODY or
in the origin of the KC frame, which is parallel to KBODY but is shifted to the aircraft center
of mass.

The starting point for this concept is the relative acceleration of the KBODY frame around
the KC frame, with the assumption that the aircraft is viewed as a rigid body. Here, rc denotes
the vector pointing from KBODY to KC .

The velocities of the KBODY and KC coordinate frames relative to a given inertial frame
can be expressed as VC = VB + VBC , having their time derivatives as aC = aB + aBC , where
aB, aC are the accelerations of the two frames relative to the inertial frame, while aBC is the
acceleration of the sensor frame relative to the COG.

As the velocity of KC relative to KBODY in terms of the ωb angular velocity vector is
VBC = ωb × rc, the time derivative of the equation will be:

aBC =
dω

dt
× rc + ω × VBC

=ω̇ × rc + ω × (ω × rc)
(5.31)
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The acceleration of the KC center of gravity will thus be:

aC = aB + ω̇ × rc + ω × (ω × rc) (5.32)

Denoting F∗,ext as the resultant external force, one gets:

m
(
aB + ω̇ × rc + ω × (ω × rc)

)
= F0,ext (5.33)

mac = F +mg = FC,ext (5.34)

Here, F0,ext denotes the force effects considered in the origin of the KBODY frame, which
coincides with that of the sensor frame. FC,ext describes the force effects based in the yet
unknown center of gravity of the aircraft. Note that F0,ext = FC,ext, means that the force
effects can be shifted arbitrarily.

The gravity effect included in F0,ext can now be moved to the left side of (5.33) with the
consideration that the acceleration sensor measures the difference between the real acceleration
and the gravity effect i.e. ã = aB − g. Henceforth, for sake of simplicity in notations, the
resulting term will also be denoted by a

m
[
(aB − g) +

(
[ω̇×] + [ω×][ω×]

)
rc

]
= FA (5.35)

The remaining force components in F0,ext consists of the aerodynamic (5.22) and propulsive
effects (FT = 0) and will be modeled as:

m

axay
az

 = q̄Swa

CXCY
CZ

−m([ω̇×] + [ω×][ω×]rc
)

(5.36)

Finally, the nondimensional aerodynamic force components can now be separated in their
individual forms:

m

q̄S
ax =CX −

m

q̄S

(
[ω̇×] + [ω×][ω×]

)
1
rc (5.37)

m

q̄S
ay =CY −

m

q̄S

(
[ω̇×] + [ω×][ω×]

)
2
rc (5.38)

m

q̄S
az =CZ −

m

q̄S

(
[ω̇×] + [ω×][ω×]

)
3
rc (5.39)

where
(
[ω̇×] + [ω×][ω×]

)
i

denotes the i-th row of the
(
[ω̇×] + [ω×][ω×]

)
, i ∈ 1, 2, 3 matrix.

TheCX , CY , CZ dimensionless aerodynamic force coefficients are based in theKBODY ori-
gin and can be expressed as weighted sums of the selected functions from a pool of regressors.
The problem can than be converted into a linear parameter estimation problem as previously
discussed.
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5.4 Model structure determination
Concerning the nondimensional aerodynamic force and moment coefficients, the initial calcu-
lations regarding the structure of the model are based on the output equations of the aircraft,
specifying the analytical connections between the output variables and the aircraft states and
controls. The output variables are the measured (or estimated) aircraft responses employed as
the dependent (response) variables in the linear regressions. The output variables include the
V airspeed, α, β relative aerodynamic angles, Φ, Θ, Ψ Euler orientation angles, p, q, r angular
velocities, ṗ, q̇, ṙ angular accelerations, ax, ay, az accelerations along the KBODY axes and h
altitude. The altitude has only an indirect effect on aerodynamics, manifesting itself in changes
of air density, while the Ψ heading is irrelevant. The aircraft NED position is also irrelevant,
with the exception of acceleration and magnetic field measurement corrections performed dur-
ing state estimation (see Sections 3.4.3 and 3.4.4).

The airspeed, aerodynamic angles of attack and sideslip angles are influenced by wind
velocity and direction, therefore the wind relative α and β angles will be used, see (5.2).

The mathematical construct used to describe the aerodynamic model equations is that of
multivariate polynomial, however polynomial splines can also be used. The parameters in these
models are the unknown quantities to be determined through estimates based on measured flight
data.

Denoting the vector pointing from the sensor frame origin to the aircraft center of gravity
(COG) with rc, the identification of the force components will be performed in two steps. First,
rc = 0 is assumed for the determination of the nondimensional force model structure. Then, rc
is determined using the optimization method discussed later in the text.

The accelerometer outputs can be related to the applied forces and in the case of an engine-
less airplane are:

a =
FA
m
, (5.40)

which can be expressed in scalar form as:

ax =
q̄SwaCX
m

(5.41)

ay =
q̄SwaCY
m

(5.42)

az =
q̄SwaCZ
m

(5.43)

For aircraft system identification, the choice of using nondimensional force and moment
coefficients helps remove the dependence on airspeed and air density (which translates into dy-
namic pressure). It can be noticed, that by rearranging (5.41), the dimensionless force compo-
nents can be obtained (already contained in Equations (5.37) through (5.39)) as the dependent
variables for the linear regression problem:
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CX =
1

q̄Swa
(max) (5.44)

CY =
1

q̄Swa
(may) (5.45)

CZ =
1

q̄Swa
(maz) (5.46)

here, q̄, Swa, andm are known and ax, ay and az are obtained through state estimation and have
their estimated biases subtracted.

The nondimensional torque components are expressed as:

Clc =
1

q̄Swab
[Ixṗ− Ixz(ṙ + pq) + (Iz − Iy)qr] (5.47)

Cmc =
1

q̄Swac̄
[Iy q̇ + (Ix − Iz)pr + Ixz(p

2 − r2)] (5.48)

Cnc =
1

q̄Swab
[Iz ṙ + Ixz(ṗ− qr) + (Iy − Ix)pq] (5.49)

with b known, andClc, Cmc andCnc denoting the dimensionless moment coefficients belonging
to the aircraft center of mass.

Aircraft aerodynamic modeling will ultimately raise the question regarding the composition
of the model structure. It is true, that an accurate description can justify the use of a complicated
model structure, but the inclusion of too many model parameters for a limited amount of data
can reduce the accuracy of the parameter estimates [2].

Generally, the nondimensional force and moment coefficients nonlinearly depend on air-
speed values, airflow relative angles of incidence, air relative linear and angular accelerations
and angular velocities, control surface deflections and a variety of nondimensional quantities.
These are called independent variables, although it can be stated that except in a wind tunnel,
these variables cannot be changed independently during flight. The independent variables will
constitute the regressors in the identification process and are assumed to be measured without
error.

For dimensional consistency, the aircraft angular rates are nondimensionalized as follows:

p̂ ≡ b

2VT
p (5.50)

q̂ ≡ c̄

2VT
q (5.51)

r̂ ≡ b

2VT
r (5.52)
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The effect of aircraft velocity is nondimensionalized as the Mach number:

M =
VT
V0

(5.53)

where V0 is the speed of sound in the air at a given altitude.
It is worth remembering that errors in any of the measured or estimated quantities show up

as errors in the dependent variables of the regression problem.
The investigation of relationships among measured flight-test variables is performed using

linear regression techniques. The linear regression is referred to the linearity of the output
model equation with respect to its model parameters and not with respect to the independent
variables. The quantities present in the model can of course be linear or nonlinear functions of
the independent variables.

For instance, modeling the values of the CX , x axis force equation in a least squares sense
will ultimately minimize the squared error in the x axis force equation when an identified
model is substituted for CX . The model structure is not known a priori, but is chosen from
the measured data sets using a model structure determination procedure based on statistical
analysis.

The least squares (LS) estimate of the real parameter vector popt is calculated [2] using:

popt = (XTX)−1XT z (5.54)

where X is a matrix composed of regressors and an additional column of ones, while z denotes
the measured output vector composed of the dependent variables calculated in (5.44) through
(5.49). The individual regressors, constituting the columns of X will be denoted by ξj , where
j denotes the column number.

However, the optimal solution in a least squares sense can also be calculated using the
following method. Let the SVD of X be:

X = U
[
Σ1 0

]
V T (5.55)

where Σ1 contains the nonzero singular values and U , V are orthonormed. Then, the Moore-
Penrose pseudoinverse [39] will be as follows:

X+ =V

[
Σ−1

1

0

]
UT

popt =X+z

(5.56)

With popt denoting the optimal solution, then:

ŷ = X+popt, (5.57)

will be the optimal model output in a LS sense and:

v = z − ŷ, (5.58)
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will be the corresponding residual in a vector form.
The estimated parameter covariance matrix Corr(popt) can be calculated using:

Corr(popt) = Msp cov(popt)Msp, (5.59)

where :

Msp =



1

s(popt,1)
0 · · · 0

0
1

s(popt,2)
· · · 0

...
... · · · ...

0 0 · · · 1

s(popt,np)


(5.60)

and np is the number of regressor columns in X . The s(popt,i) model fit error for a given
regressor pool will be used to indicate the proximity of the ŷi estimates to the zi measured
values and is expressed as:

s =

√
vTv

(N − np)
(5.61)

The testing for significance of a single model parameter can be performed using the partial
F statistic [40]:

F0 =
pToptX

T (z −Nz̄2)

(ns2)
(5.62)

where z̄ is the mean value of z.
The partial correlation value with a given response variable is given by:

r =

∑N
i=1(ξj,i − ξ̄)(Cm,i − C̄m)√∑N

i=1(xj,i − ξ̄)2

√∑N
i=1(Cm,i − C̄m)2

(5.63)

m ∈ X, Y, Z, l,m, n (5.64)

During the identification process, the model terms with the highest partial correlation values
with a response variable will be included in the model first.

The closeness of the estimates to the measured values will also be described using the R2

coefficient of determination metric expressed as a percentage:

R2 =
pToptX

T z −Np2
opt,np

zT z −Np2
opt,np

(5.65)

where N is the number of data points and nP is the number of regressor columns. The model
fit can be characterized by R2 expressed as a percentage.

The presented calculations make possible the estimation of the CX , CY and CZ nondi-
mensional force coefficients and Cl, Cm and Cn moment coefficients based on the vector of
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parameter estimates. These coefficients will then be expressed as weighted sums of selected
functions from the pool of candidate regressors.

Considering the construction of X , it is important to choose an appropriate mathematical
model structure for the regression equation. This raises the question of which regressors are
relevant and which are not worth taking into consideration.

One answer to this question lies in the proper analysis of the estimated parameter covari-
ance matrix (5.59), which helps determine the partial correlations between candidate regres-
sors. Here, care should be exercised as highly correlated regressors usually result in a weak
parameter. This means that only a relatively small part of the variation in the dependent variable
will then be explained by the associated term.

After an initial selection of regressors based on pair-wise correlations, a further selection
has been performed using stepwise regression based on statistical modeling metrics.

The process has been automated based on the F statistics (5.62) and the partial correlation
statistics (5.63) of each regressor, with the actual response variable calculated using Equations
(5.44) through (5.46). Note, that since the inertial properties of the aircraft are yet unknown, up
until this point, only the nondimensional force coefficients can be determined and consequently
the aircraft COG location.

The model terms have been incrementally included in the order of highest partial correlation
values, with a preference for linear terms.

The Predicted Sum of Squares (PRESS) and Predicted Square Error (PSE) metrics de-
fined in [2] are then used as stopping rules regarding parameter inclusion, considering that the
minimization of PRESS and PSE values will lead to a model structure with good predictive
capabilities.

Finally, the accuracy of model parameter estimation is also obtained by the visual analy-
sis of the fit of the predicted model to the respective data set (calculated response variable).
Additional information is obtained by analyzing the residuals plotted against time, where a
nondeterministic or random pattern will indicate a good model.

Numerical information regarding the quality of parameter estimation is obtained by calcu-
lating the coefficient of determination (5.65) and fit error statistics (5.61).

Using the above presented method for the aircraft in question, the nondimensional force
coefficients have been determined as follows:

For the identification procedure a flight interval has been chosen where, starting from a
steady trim condition, all the aircraft commands are excited individually using a series of ele-
vator pulses followed by rudder and aileron doublets. The inputs are marked in Figure 5.6 as
the subplots of elev, rdr and ail and have been obtained using the methods presented in Chapter
2.

Certain outputs are also plotted to show the correlation between output values, especially
the correlation between wind relative α angles of attack and q pitch rates and wind relative β
slip angles and r yaw rates. These will also show up in the partial correlation statistics.
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Figure 5.6: Aircraft inputs and corresponding output values

Next, for each force component, a pool of candidate regressors is assembled based on the
aircraft state and control variables. A column vector of ones is also included as the bias term
in the model. As the bias term is already used to account for the constant part of the dependent
variable, other regressors with a constant part will be correlated with the bias term. For this,
the independent variables have their constant parts removed, therefore the modeling will be
referenced to the nonzero values of the independent variables.

The candidate regressors for the CX force component are the following:

• M nondimensional Mach number,

• α wind relative angle of attack and α2

• nondimensional pitch rate q̂

• δe and δa, elevator and aileron deflections
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• αq̂ dynamic stability variable

• α̇ angle of attack derivative

It should be noted that the α and β aerodynamic angles are inherently nonlinear terms.
Nonlinear terms can be added to the model when identifying large amplitude maneuvers or
rapid excursions from the reference flight conditions in order to extend the linear model.

The candidate regressors for the CX force coefficient are plotted in Figure 5.7 and can be
selected based on the experience of the analyst, and/or based on statistical metrics as discussed
later.

Figure 5.7: Pool of candidate regressors for the CX force coefficient
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The pair-wise correlations for terms in the regressor pool is shown in Table 5.1.

Table 5.1: Parameter correlation matrix of the CX axis force coefficient

CM Cα Cα2 Cq̂ Cδe Cαq̂ δa α̇ C0

CM 1 -0.3 0.2 0.33 -0.16 -0.27 -0.38 0.1 -0.23
Cα — 1 -0.63 -0.59 0.19 0.26 -0.01 0.1 -0.28
Cα2 — — 1 0.16 0 -0.79 0.13 0.27 0.2
Cq̂ — — — 1 -0.7 0.11 -0.1 0.01 0.48
Cδe — — — — 1 -0.05 -0.02 -0.42 -0.57
Cαq̂ — — — — — 1 -0.09 -0.48 -0.17
δa — — — — — — 1 0.08 0.62
α̇ — — — — — — — 1 0.21
C0 — — — — — — — — 1

Here, a pronounced correlation can be seen between the Cα and Cα2 , Cα and Cq̂, Cα2 and
Cαq̂ term pairs. The high correlations mean that one of the associated parameters can express a
low level of significance, due to the fact that the other will already account for that part of the
variation that can be explained by either parameter. Keeping this in mind, the most significant
model terms are incrementally added to the model. The incremental addition of model terms
is due to the fact that they are not mutually orthogonal. It should be noted, that the negative
values indicate only the difference in sign between the residuals.

Here, an automated stepwise regression method has been developed, where the addition of
model terms is based firstly on the pair-wise correlation matrix and their placement order is set
according to the r partial correlation with theCX response variable. For each step, the regressor
term having the highest partial correlation is included in the model. As the terms are included,
both the corresponding parameter estimate value and F0 statistics are computed, along with
the fit error, and R2 metric expressed as a percentage. The PRESS and PSE statistics are also
updated while including terms in the model. In case of dominant factors, the change of PRESS
is significant.
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Table 5.2: Starting position for the stepwise regression of CX

Θ̂ F0 r

CM 0 — 0.755
Cα 0 — 0.047
Cα2 0 — 0.009
Cq̂ 0 — 0.176
Cδe 0 — 0.075
Cαq̂ 0 — 0.001
δa 0 — 0.148
α̇ 0 — 0.027
s = 49.60 [%] R2 = 0.00 [%]
PRESS = 6.527

The term to be selected first is the M nondimensional Mach number, based on its high
partial correlation with the CX response variable as seen in Table 5.2.

After adding the Mach number in the model, the Θ̂ estimated parameter value is calculated
and a sharp increase in theR2 metric can be observed, while the following regressor is prepared
to be added into the model (see Table 5.3).

Table 5.3: Stepwise regression of CX , step 1.

Θ̂ F0 r

CM 2.273 15406.95 0
Cα 0 — 0.695
Cα2 0 — 0.289
Cq̂ 0 — 0.519
Cδe 0 — 0.203
Cαq̂ 0 — 0.169
δa 0 — 0.002
α̇ 0 — 0.040
s = 24.55 [%] R2 = 75.50 [%]
PRESS = 1.600

Upon adding the α term into the model, a further increase in the R2 coefficient of determi-
nation can be observed while both the nondimensional q̂ or the δe elevator deflections can be
added into the model (see Table 5.4). Out of the two, the q̂ term is selected.
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Table 5.4: Stepwise regression of CX , step 2.

Θ̂ F0 r

CM 2.510 58650.45 0
Cα -0.130 11362.33 0
Cα2 0 — 0.122
Cq̂ 0 — 0.186
Cδe 0 — 0.186
Cαq̂ 0 — 0.018
δa 0 — 0.008
α̇ 0 — 0.140
s = 13.57 [%] R2 = 92.52 [%]
PRESS = 0.489

Viewing Table 5.5, it can be seen that the addition of the q̂ term resulted in an increase in
model fit, judging by the R2 and s metrics. Also, the addition of the Cq̂ nondimensional pitch
rate term has already accounted for the effect of the Cδe elevator, and this can be seen in the
pronounced drop in the significance of the elevator term.

It can be noticed, however that the remaining terms are weak, and their addition will not
yield a great influence on the model. The rate of decrease in the PRESS metric value can also
be used as a stopping rule.

Table 5.5: Stepwise regression of CX , step 3.

Θ̂ F0 r

CM 2.423 62334.49 0
Cα -0.098 4671.00 0
Cα2 0 — 0.083
Cq̂ -0.099 1140.82 0
Cδe 0 — 0.022
Cαq̂ 0 — 0.045
δa 0 — 0.028
α̇ 0 — 0.031
s = 12.25 [%] R2 = 93.91 [%]
PRESS = 0.398
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The results after adding the α2 term into the model can be seen in Table 5.6.

Table 5.6: Stepwise regression of CX , step 4.

Θ̂ F0 r

CM 2.427 68184.35 0
Cα -0.132 39558.43 0
Cα2 0.096 453.42 0
Cq̂ -0.085 879.25 0
Cδe 0 — 0.025
Cαq̂ 0 — 0.001
δa 0 — 0.043
α̇ 0 — 0.062
s = 11.73 [%] R2 = 94.41 [%]
PRESS = 0.365

It can be concluded that in light of the parsimony principle, based on the increase of only
0.5% in model fit improvement, the addition of the α2 term can be argued as unnecessary.

The pair wise correlations for terms in the nonlinear model structure of the CX nondimen-
sional force coefficient can be seen in Table 5.7. There are some high correlations, especially
between the M mach number and the C0 bias term. The high correlation between Cα and Cα2

can be partially responsible for the low significance of Cα2 as seen in Table 5.5. The rele-
vance of specific parameters can also be determined from their F0 statistics and Θ̂ estimated
parameter values seen in Table 5.6.

Table 5.7: Parameter correlation matrix of the CX axis force coefficient

CM Cα Cα2 Cq̂ C0

CM 1 -0.23 0.02 0.26 -0.98
Cα — 1 -0.75 -0.58 0.31
Cα2 — — 1 0.22 -0.11
Cq̂ — — — 1 -0.31
C0 — — — — 1

If all the regressors are added, the variation of the PRESS metric for the CX coefficient will
take the form plotted in Figure 5.8 where the decrease in the PRESS value becomes insignifi-
cant after the addition of the Cα̇ term.
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Figure 5.8: Model structure determination using PRESS statistics

Finally, for the aircraft in question, by using the above presented method, the nondimen-
sional x axis force coefficient is determined having the following parameters:

CX =CXMM + CXαα + CXα2α
2 + CXq̂ q̂ + CX0

=CXMM + CXαα + CXα2α
2 + CXq̂

c̄

2VT
q + CX0

(5.66)

A separate linear regression problem is solved for the remaining force coefficients, corre-
sponding to minimizing the equation error in each individual equation, with the obtained CY
and CZ force coefficients also relying on the usage of nondimensionalized rates obtained using
(5.50).

5.5 Determining the aircraft COG
After the determination of the aerodynamic force coefficients as weighted sums of selected
regressor functions for rc = 0, the problem is then converted into a linear parameter estima-
tion problem employing optimization techniques to find the aircraft Center of Gravity (COG).
Note that the three dimensional rc vector points from the origin of the KS sensor frame to the
unknown aircraft COG. The process can use a different flight data interval with the previously
obtained regressor functions. After determining the regressor functions in Section 5.4 for CX ,
CY and CZ , their compositions are no longer altered.

For the CX component expressed in (5.66), the following linear state estimation problem is
obtained:

z(i) = ϕT1 (i)p1 + ϕT2 (i)p2 =
[
ϕT1 (i) ϕT2 (i)

](p1

p2

)
z(i) =

m

q̄Swa
ax(i) (5.67)

with ϕT1 using the selected regressor functions, and also 1:

ϕT1 (i) =

[
M(i), α(i), α2(i),

c̄

2VT
q(i), 1

]
, (5.68)
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ϕT2 has already been defined in (5.37) as:

ϕT2 (i) = −
(
[ω̇×] + [ω×][ω×]

)
1

(5.69)

Consequently, p1 and p2 will be:

p1 =
[
CXM , CXα , CXα2 , CXq̂ , CX0

]T
(5.70)

p2 =

rc,xrc,y
rc,z

 (5.71)

The appearing LS problem is then vectorized as:

Z = Φp (5.72)

with Z as the output data and Φ as the regressor data.
The optimal solution in the LS sense can be determined by using the Moore-Penrose pseu-

doinverse of Φ.
If the optimal solution is denoted by:

popt = Φ+Z, (5.73)

then the optimal solution in the LS sense will be:

Y = Φ+popt (5.74)

and Z − Y will be the residual.
The output data and the residuals can then be plotted to perform a visual verification of the

results.
Let the SVD of Φ be:

Φ = U
[
Σ1 0

]
V T , (5.75)

with Σ1 containing the nonzero singular values, and U , V are decomposed based on Σ1, then:

Φ+ = V

[
Σ−1

1

0

]
UT , (5.76)

which is realized using the pseudoinverse.
The composite problem of linear parameter estimation and the finding of the optimal rc

vector is then divided into three steps:

1. Find the optimal rc = p2 vector, while

2. Use the Φ+ pseudoinverse in each optimization sub-step to find the best choice of p1

belonging to CX .
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3. Repeat Step 2 for CY and CZ .

The optimization is performed using the scatter-search based global optimization solver of
the MATLAB Global Optimization Toolbox called GlobalSearch to locate the solution with
the lowest objective function value. Firstly, a set of trial points are generated by the solver, em-
ploying the Scatter Search method [41]. The trial points are filtered and the fmincon MATLAB
function is then started from each of the filtered points to find the constrained minimum of the
function.

Before optimization, the problem is prepared in a vectorized form to minimize the calcula-
tions during the optimization process. In each iteration step of fmincon, when the value f(p2)

of the objective function is needed for the actual p2 = rc, the CX , CY and CZ force effects are
separately optimized using the pseudoinverse. The separate LS optimization assures that the
fixed dominant regressors remain active for each force component. The resulting least squares
errors are determined in each direction and the sum of their normalized values (division by the
number of data) will be the objective function to be optimized. For this, only lower bound (lb)
and upped bound (ub) constraints are considered in each component. These define the bounded
domain in which rc is meaningful.

If the constraint set by C and the number of data points is N , then the optimum problem to
be solved will be as follows:

min f(p2) =
1

N

∑
i∈X,Y,Z

||Φ2ip2 − Φ1ip1i,opt||2 s.t. p2 ∈ C (5.77)

The following algorithm can be formulated:

1. For each call of GlobalSearch, the optimization will be performed for many ran-
domly chosen initial values.

2. Three methods can be applied for fmincon in the form of internal-point, active set or
sequential programming. These methods can be periodically interchanged after each call
of GlobalSearch.

3. For the next call of GlobalSearch, the starting initial value is externally perturbed
around the last optimum solution. This adds an additional robustness to the internal
strategy of the optimization method in order for the robustness of the optimal rc and the
validity of the global search to be tested.

5.6 Torque effects and inertia matrix identification
In order to obtain the parameters of the simplified Ic unknown inertia matrix of the aircraft (see
equation (5.12)), the well known Newton - Euler equations can be used, written for the torque
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effects with M∗,ext acting as the resultant external moment:

I0ω̇ + ω × (I0ω) +mrc × a = M0,ext (5.78)

mac = Fc,ext (5.79)

Icω̇ + ω × (Icω) = Mc,ext (5.80)

Here, M0,ext are the torque effects expressed in the origin of the sensor frame, while Mc,ext

defines the torque effects based in the aircraft COG. Note that M0,ext 6= Mc,ext, meaning that
contrary to the force effects, the torque effects cannot be shifted freely.

Employing the unknown Ic inertia matrix of the sailplane (see (5.12)) and (5.80), the aero-
dynamic torque equations can be written as: Ix 0 −Ixz

0 Iy 0

−Izx 0 Iz

ṗq̇
ṙ

+

pq
r

×
 Ixp− Ixzr

Iyq

−Izxp+ Izr

 =

b 0 0

0 c̄ 0

0 0 b

 q̄Swa
ClCm
Cn

 (5.81)

where Cl, Cm, Cn are the dimensionless aerial torque components belonging to Mc,ext, which
can be expressed as weighted sums of selected functions from a pool of known computable
functions. If the elements of Ic are known, the problem becomes a least square problem which
can be solved similarly to that of the dimensionless force components. Notice that in the case
of UAVs, due to the small geometrical dimensions, the elements of Ic can be experimentally
determined. This is not possible, however for larger aircraft.

Assuming a symmetrical construction of the aircraft, the Ixz element of the Ic inertia matrix
is relatively small.

The terms in Equation (5.81) can then be gathered as: ṗIx − ṙIxz + qrIz − qpIxz − qrIy
q̇Iy + rpIx − r2Ixz − rpIz + p2Ixz
ṙIz − ṗIxz + pqIy − pqIx + qrIxz

 = q̄Swa

 bClc̄Cm
bCn

 (5.82)

Now, the torque equation expressed in (5.81) can be decomposed to its individual torque
components as:

ṗIx − ṙIxz + qrIz − qpIxz − qrIy =q̄SwabCl

q̇Iy + rpIx − r2Ixz − rpIz + p2Ixz =q̄Swac̄Cl (5.83)

ṙIz − ṗIxz + pqIy − pqIx + qrIxz =q̄SwabCn

By redistributing the elements in (5.83) one obtains: ṗ −qr qr −ṙ − pq
pr q̇ −pr p2 − r2

−pq pq ṙ −ṗ+ qr

 Ivec =

b 0 0

0 c̄ 0

0 0 b

 q̄Swa
ClCm
Cn

 (5.84)
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Denoting p2 = (Ix, Iy, Iz, Ixz)
T , and p1i as the weighting factors in the torque components,

i ∈ l,m, n, then (5.83) can be decomposed into three LS problems:

φ2ip2 = φ1ip1i, i ∈ l,m, n (5.85)

This however can lead to a homogeneous linear equation

φ2ip2 − φ1ip1i = 0, i ∈ l,m, n (5.86)

in the elements of the inertia matrix and the weights of the selected functions, therefore the
problem has infinitely many solutions. Fortunately, this can be expressed as an optimization
problem. However, optimizing the squares of the equation errors would result in the zero
parameter vector which is meaningless.

To solve the problem, the inertia vector needs to be normalized prescribing ||Ivec||2 =: 1

while the algorithm searches for the optimal LS solution. The problem can then be solved
via GlobalSearch using fmincon as to satisfy the nonlinear constraint ||Ivec||2 =: 1,
additionally constraining the Ivec elements to be positive.

Moreover, the relations for the magnitudes of its elements can also be prescribed regarding
the physical proportions of the aircraft. In this respect, Ixz is considered very small, Ix smaller
than Iy and Iz with the proportions convertible to linear inequalities. Similarly, lower and upper
bounds for the elements of p2 = Ivec can also be prescribed.

The optimum problem is stated as follows: All elements from the right hand side of (5.81)
are moved to the left hand side, expecting that the right hand side to be zero. Any nonzero
elements found in the right hand side can then be considered as errors, the square of which is
to be minimized.

Thus, denoting the constraint by C, the optimum problem has the following form:

min f(p2) =
1

nd

∑
i∈{l,m,n}

||Φ2ip2 − Φ1ip1i,opt||2 (5.87)

s.t. p2 ∈ C

Therefore, GlobalSearch, and within it fmincon can be used to solve the nonlinear
optimization problem under both linear and nonlinear constraints based on the above presented
algorithm.

Notice, that as Equation (5.80) already contains the torque effects expressed in the aircraft
center of gravity, there is no need to rely on the rc vector determined separately using the force
equation optimization method. This will have the added benefit of eliminating any potential
errors arisen in the determination of the rc vector from corrupting the final Ic values determined
using the torque equations.

The objective function of the algorithm determines the left side of equation (5.84) in a
vectorized form based on the pseudoinverse, obtaining the optimal solution in a LS sense.
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This is similar to (5.74), with the results normalized using the Euclidean norm. The nonlinear
equality constraint Ceq and its Jacobian GCeq are computed using:

Ceq = ||Ic||2 − 1 (5.88)

GCeq = 2Ic (5.89)

while the linear inequality constraints Mineqp2 ≤ 0 belonging to the chosen proportions of the
inertia matrix elements are defined using:

Mineq =

 1 −1 0 0

0 1 −1 0

−1 0 0 1

 (5.90)

As this is a nonlinear convex optimization problem, the interior point method has been used
[42] with the fmincon solver of MATLAB to find the minimum of the constrained nonlinear
multivariable function.

The method is then periodically varied for each GlobalSearch call. For each new call,
a new initial parameter (or perturbation) is chosen randomly as a potential starting point for the
optimization, giving the dimensionality of the problem.

Notice that the number of scalar variables is limited, hence the cost of objection function
derivative calculations using finite differences is small. On the other hand, the nonlinear con-
straint and its Jacobian can be easily determined in an analytical form.

5.7 Summary of identification results
The goal of this Section is the identification of the nonlinear dynamic model of the aircraft
through the determination of nondimensional force and torque parameters expressed for all
three axes. The values for the aerodynamic force and moment coefficients cannot be measured
directly in flight, but instead must be calculated from other measurements and the equations of
motion.

In this thesis, the particularities of the onboard data gathering system and the aircraft design
required the introduction of several innovations in order to obtain the aircraft model.

Firstly, since the aircraft did not have any sensory equipment onboard from which direct
measurements of airspeed could be gathered, its wind relative velocity or airspeed had to be
estimated. This involves knowledge about wind velocity and direction obtained from ground
based measurements or estimated during flight as detailed in Section 5.2.

The knowledge of wind velocity and direction is also useful for determining the relative α
and β aerodynamic angles that have a direct influence on the lift coefficient and the aerody-
namic efficiency of the aircraft during flight. The nonlinearity of the determined incindence
angles stems from their nonlinear dependence on air relative velocity and KBODY based single
axis velocities, reflected in Equations (5.2).
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Going further, the determined wind relative aircraft velocity and aerodynamic angles are
important ingredients to be used in the identification of nondimensional aircraft forces and
torques. The results regarding the effects of the wind acting on the aircraft are presented in
Section 5.2.

The nondimensional force and moment components are determined as the solutions of a set
of separate linear regression problems for each force and moment coefficient. This corresponds
to the minimizing of the equation error in each individual equation of motion describing the six
degrees of freedom of the aircraft. The estimation problem is nonlinear in the parameters since
the parameters also appear in the equations of motion.

The aircraft model itself is nonlinear in nature due to its dependence on the nondimensional
aerodynamic force and moment coefficients which depend nonlinearly on present and past
values of airspeed, aerodynamic angles, aircraft rigid-body rotation rates, air-relative linear
and angular accelerations, control surface deflections, their time derivatives and a series of
nondimensional quantities such as Mach number.

However, when the motion of the aircraft is restricted to small perturbations, the aircraft
nonlinear dynamic model can be approximated by linear systems.

The identification of nondimensional force components can been achieved based on mea-
sured and estimated values and certain geometrical parameters of the airplane, namely its mass,
wingspan, cord length and wing surface area. This process can be completed without require-
ments regarding the inertial properties of the aircraft, which are considered as unknown.

Therefore, the force components are determined through linear regression techniques based
on the available literature. Here, stepwise regression techniques are employed with the regres-
sors chosen from a predetermined pool of candidate regressors. The main problem is that the
effects of each candidate regressor on the determined model cannot be known beforehand and a
human analyst with considerable experience is required to construct a useful pool of candidate
regressors.

To solve this problem, an automated model structure determination process is proposed
in this thesis which helps to choose the influential regressors from a large pool of candidates.
The process is iterative, selecting the regressors according to their relevance based on statistical
metering. The algorithm also employs a set of stopping rules computed from the measured data
in order to avoid the overparametrization of the model. The stopping rules are automatically
determined by a joint reliance on both the F metric and Predicted Sum of Squares statistics.
The nonlinear force coefficients are then determined based on the above described manner
using the best regressors available.

Based on this method, the nondimensional xBODY , yBODY and zBODY force coefficients of
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the aircraft have been determined as follows:

CX =CXMM + CXαα + CXα2α
2 + CXq̂

c̄

2VT
q + CX0 (5.91)

CY =CYββ + CYβ̇ β̇ + CYδrδr + CYδaδa+ CXˆ̇r

b

2VT
ṙ + CY0 (5.92)

CZ =CZMM + CZαα + CZα2α
2 + CXδeδe + CX0 (5.93)

The quality of the identification results can be verified in Figures 5.9 through 5.11. The
upper subplot of each figure shows the comparison between each force coefficient and the
identified model, while the lower subplots represent the residuals plotted against time. The
dashed lines in the lower subplots represent the average 95% confidence intervals for the pre-
diction. The random character of the residuals and their placement inside the 95% confidence
bounds are representative of well described models.

The quantification of the model fit is performed through the R2 coefficient of determination
metrics, which indicate that the identified models show good prediction capabilities described
by the following numerical values:

R2
CX =94.18%

R2
CY =92.23%

R2
CZ =92.17%
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Figure 5.9: Identification results for the CX force component
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Figure 5.10: Identification results for the CY force component
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Figure 5.11: Identification results for the CZ force component

Since the location of the aircraft center of gravity is unknown, a new method is proposed to
determine the relative position of the aircraft COG with respect to the location of the onboard
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inertial measurement unit mounted in the close proximity of the COG. The known placement
of the IMU is described in the aircraft KBODY coordinate frame. The process determines the
three dimensional vector pointing from the onboard IMU to the aircraft COG based on Newton
- Euler equations while employing nonlinear convex optimization techniques, simultaneously
performed for each aircraft axis. The prerequisites for the identification of the COG location
are that this remains constant during measurements and the IMU sensor frame lies parallel to
that of the aircraft KBODY .

After obtaining the set of relevant regressors, the location of the aircraft COG is determined
using the optimization algorithm. For best results however, the same flight interval should be
used as the interval used in the determination of the relevant regressors. This is due to the
aircraft operating around a certain flight envelope for which the determined model applies.
Since the aircraft plane of symmetry is determined by its KX , KZ plane, the search has been
constrained with regards to the yBODY axis.

 

 
IMU pos.
COG pos.
rc bounds

Figure 5.12: Identified aircraft center of gravity location
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The location of the determined COG is displayed using multiple views of the R26-S type
aircraft in Figure 5.12 as a green circle. The known IMU location is marked by a red dot, while
the dashed lines represent the upper and lower bounds of the optimization algorithm for each
aircraft view. Finally, the numerical values in meters of the three dimensional rc vector are:

rcX =− 0.2110

rcY =− 0.2210

rcZ =− 0.0609

The process of identifying the aircraft torque components is similar to the one used for
nondimensional force component identification in certain aspects. The similarities are in the
automatic process of regressor selection as described beforehand. The problem is complicated,
however by the required, but unknown elements of the inertia matrix belonging to the geom-
etry of the airplane. As the Ic inertia matrix needs to be expressed in the aircraft COG, the
proposed method harnesses the fact, that the location of the COG is already contained within
the expressions used for determining the torque effects. This way, the Ic matrix elements can
be determined without the need to rely on the rc matrix determined through force equations.
This will minimize the risk of working with any possible errors of the rc vector through the
optimization iterations.

The main difficulty was the need to find the set of relevant torque model regressors without
the knowledge of the Ic matrix. This brings about a peculiar solution that determines the inertia
matrix while simultaneously calculating the aircraft torque components in parallel for all three
axes. For this, the model structure determination process needs to have a well constructed set
of regressors at the start of the process. The optimal model structure is then determined itera-
tively, based on the determined Ic, while the model is improved with the addition or removal of
extra regressors in an automated fashion based on the model structure determination algorithm
described in Section 5.4.

In the end, the final choice of dimensionless torque components has been determined as
follows:

Cl = CLββ + CLp
b

2VT
p̂+ CLr

b

2VT
r̂ + CLδaδa+ CLδrδr + CLδaαδaα + CLMM

Cm = CMαα + CMq

c̄

2VT
q̂ + CMr

b

2VT
r̂ + CLδeδe+ CLMM

Cn = CNββ + CNp
b

2VT
p̂+ CNr

b

2VT
r̂ + CNδaδa+ CNδrδr + CLβ3β

3

Notice that the terms are multiplied in the torque model by 1
2
ρV 2

T Swa (see the first three
terms on the right side of Equation (5.81) and (5.24) to obtain the torque in [Nm], hence:

1

2
ρV 2

T SwaMi,0/(VT/332)2 =
ρSwa

2/(332)2
Mi,0, i ∈ {l,m, n}
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are useful terms in the torque model for compensating offset errors.
On the other hand (1/2)ρV 2

T SwaCi,0 is not constant.
Utilizing the above identified torque components, the optimal normalized inertia matrix is

obtained as:

Ic =

 0.0768432 0 −0.0599991

0 0.699999 0

−0.0599991 0 0.707458

 (5.94)

The identification results for the nonlinear moment components can be viewed in Figures
5.13 to 5.15.

A further insight into the quality of identification results can be gained by analyzing Fig-
ure 5.16, which shows the residuals plotted against their respective nondimensional force and
moment components (see Equations 5.49 through 5.44) in the upper subplots. Here too, the
random character of the residuals in each subplot and their placement inside the 95% average
confidence interval bounds are the indicatives of a model with good prediction capabilities.

The lower subplots of Figure 5.16 show the cumulative probability plots for the respective
force and moment coefficient residuals. Here, the mostly small deviations from a straight line
indicate that the residuals are normally distributed.

The identified force and moment components are displayed according to the spacial ori-
entation of the airplane and can be viewed in Figure 5.17. The torques are plotted as curved
arrows oriented according to the sign of the identified torque components. The arrows are ex-
pressed as a percentage, having the maximum radius and length at the maximal torque values
in the given data set. Thus it becomes easier to see the correspondence between large torque
and force values at the instances of large amplitude maneuvers performed by the pilot during
test flights, for which see Figure 5.6.
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Figure 5.13: Identification results for the Cn moment component
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Figure 5.14: Identification results for the Cm moment component
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Figure 5.15: Identification results for the Cn moment component
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5.8 Conclusions
The current chapter focuses on the development of methods and algorithms useful in solving
the nonlinear dynamic model identification problem for airplanes. The proposed identification
method first needs to determine the effect of the wind on the aircraft. For this, a solution
is given to manage the wind relative aircraft velocity and wind relative aerodynamic angles
from ground based wind speed measurements. The wind velocity and direction can also be
determined during flight from aircraft drift for which methods have been suggested.

In the relevant regressors, instead of the kinematic angle of attack and sideslip angle, the
dynamic angle of attack and sideslip angle corrected for wind effects have to be applied. For
this, the wind effect known in the NED frame has to be transformed into the aircraft BODY
frame. The two types of angle of attack and sideslip angles and the corrected velocities are
illustrated in Figures 5.5, 5.4 and 5.3.

In this chapter, solutions have been proposed in order to allow the automation of the model
structure determination process, with a especial emphasis on the selection of influential re-
gressors from a large pool of candidate regressors. The model structure is determined using
stepwise regression techniques, iteratively adding the regressors into the model in order of
relevance. The algorithm employs a set of stopping rules to maintain a parsimonious model
structure.

The most difficult problems have undoubtedly been linked to the lack of knowledge regard-
ing the location of the aircraft center of mass and the lack of knowledge regarding the aircraft
inertia matrix elements. This required the elaboration of separate identification concepts for
the nondimensional force and moment model coefficients. In this case, the aircraft is viewed
as a rigid body with known mass, wingspan, chord, and wing surface area values. The location
and orientation of the IMU is known with regards to the aircraft body frame and is mounted in
the proximity of the center of mass.

Since the identification process of the nondimensional force coefficients does not directly
require the knowledge of either the center of mass location or inertia matrix elements, the force
related model structure has been identified first. The advantage of the proposed method consists
in the reduced reliance on an experienced human analyst and is achieved through an automated
process.

After obtaining a force model with good predicting capabilities, the aircraft center of mass
could be determined using the selected regressors and a constrained global search based op-
timization technique. The technique employs the dynamic equations of the rigid body and
additional weighted nonlinear terms for the forces. This is performed simultaneously for all
three axes. The precision of the results can also be increased by limiting the yBODY axis upper
and lower bounds of the optimization algorithm closely around the plane of symmetry of the
aircraft.

Finally, the proposed method returns the solution as a three dimensional vector pointing
from the origin of the sensor frame to the aircraft COG.

The method shows promising results, verifiable by plotting the location of the identified
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COG with respect to the IMU and the aircraft frame.
The determination of the center of gravity location is of paramount importance since with-

out its knowledge the sensor signals cannot be transformed to the aircraft COG (if the motion
equations are written to the COG as usual).

The inertial parameters of the aircraft are computed using constrained global search based
optimization techniques with appropriately chosen objective functions. In the case of unavail-
able inertia matrix values, the process of nonlinear torque model parameter identification and
inertia matrix calculation needs to be performed simultaneously for all three axes. This means
that the starting set of regressors cannot be selected automatically in the first step as it was the
case of the force model coefficients. Instead, an iterative algorithm is introduced, needing some
prior knowledge with regards to the inclusion of initial regressors. After the first step, the pre-
viously presented automated process can be employed for the further refinement of the model
structure. The successive improvement of the model fit enables the improvement of the inertia
matrix parameter values obtained through optimization. For added robustness and the validity
testing of the determined COG value, the initial values are locally perturbed at the beginning
of each successive optimization iteration. The convergence of the global search is quick (2-4
iterations) and the obtained optimal inertia parameters are robust.

The rigid body moment equations used for the torque model determination are expressed
as to contain within them the location of the aircraft COG, therefore, this does not need to be
imported from the previously described force model determination process. This annuls the
probability of incrementing its eventual errors.

In the case of small scale UAVs the diagonal elements of the inertia matrix can be deter-
mined by suspending the aircraft from three points and measuring the period of oscillation
around its vertical centroidal axis. Even in this case, the determination of Ixz inertia moment
values require additional calculations. Unfortunately, in the case of larger aircraft (as in our
case) the diagonal values of the inertia matrix cannot be measured, therefore the identification
of all inertia matrix elements becomes necessary. The resulting mathematical problem requires
the normalization of the inertia matrix and the simultaneous, global search based identification
of aircraft inertia values and moment regressors.

The COG and inertia matrix identification methods can be useful for aircraft model iden-
tification and control system development in the case of aircraft having an uneven payload
distribution or payloads mounted in other places than its center of gravity. In the case of light
aircraft, the payload can be considered the pilot(s) itself.

The quality of the identified nonlinear dynamic force-torque model has been verified using
multiple statistical methods and has been found that the model covers with satisfactory pre-
cision the flight data. This shows that model identification in the case of an unknown inertia
matrix is possible with the fusion of evolutionary and classical optimization techniques.

After having found the model parameters, the nonlinear model allows the obtainment of
linearized longitudinal, lateral or more complex models for robust design purposes.
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Thesis Group 4 In this thesis group, I have developed a comprehensive solution for the
identification of the nonlinear dynamic model of an aircraft. The method also takes into con-
sideration the effect of the wind on the aircraft. The proposed identification method determines
the force-torque model of the airplane based on dynamic rigid body equations and appropri-
ately chosen weighted nonlinear terms for 3D forces and torques. The optimal selection of
regressor functions for both the force and torque models are determined using an automated
algorithm, dispensing with the need for an experienced human analyst. As results have shown,
this produces an adequately determined model structure leading to a model with good predic-
tion capabilities. The identification of unknown inertial parameters and force-torque models is
performed simultaneously using a constrained global search based optimization technique and
an appropriately chosen objective function. The proposed algorithms show promising results,
which have been verified using several statistical metrics, collinearity diagnostics, model fit
plots, and residual analysis. Additionally, an easily understandable 3D plot method has been
developed, putting the results into context by superimposing the identified force-torque values
on the aircraft flightpath and orientation. The proposed solution is best suited for cases where
the aircraft center of mass and inertia matrix element values are unknown, due to an uneven or
varying payload distribution.

Related publications: [S1], [S7], [S12], [S13].

Thesis 4.1 I have developed an automated method useful in the process of aircraft model
structure determination. The relevant aerodynamic output functions of the aircraft are cor-
rected for wind effects. The algorithm automatically selects the most relevant regressors adding
them iteratively into the model using stepwise regression techniques. Testing for relevance is
performed using several statistical metrics. Optimal model structure determination is achieved
based on a set of stopping rules. The advantage of the developed solution is the ability to select
the best regressors from a large number of candidate regressors composed from aircraft input,
output and state functions and their nonlinear combinations.

Thesis 4.2 I have proposed a novel method for the determination of the unknown center
of gravity of an aircraft. The design employs linear regression based equation error methods
to determine the aircraft force equations using an optimal regressor set. The position of the
aircraft COG is then obtained using constrained nonlinear optimization techniques, based on
the identified force components expressed as terms in rigid body equations of motion.

Thesis 4.3 I have developed a method useful in the identification of an aircraft’s unknown
inertia matrix elements based on rigid body equations of motion and equation error based
torque model identification techniques. The proposed method identifies the nonlinear torque
model simultaneously for all three axes employing the fusion of evolutionary and classical
constrained optimization techniques.



CHAPTER 6

Summary and final conclusions

6.1 Summary
The major objective of this research has been the preparation of a fixed wing aircraft or un-
manned aerial vehicle for the development of a custom designed robust control system. The
research platform is a full-sized glider aircraft with all primary data used in the development
of the presented engineering solutions gathered during actual flight conditions.

The proposed state estimation method can be used in the automatic control feedback loop of
an aircraft, while the identification method provides the nonlinear dynamic model, an essential
ingredient in the development of a well established control system.

The proposed heads up display solution can be used for the validation of estimated aircraft
orientation values but is also intended for the control of an unmanned aerial vehicle using a
video link. In this case, the developed augmented reality based HUD can be invaluable in
controlling the aircraft in conditions of low visibility.

Besides providing a starting point for control system development, the proposed aircraft
input signal determination, coupled with the presented state estimation and nonlinear dynamic
model identification methods, the research can be used for aircraft flight simulator develop-
ment. Using a simulator provides a risk free, cost effective extension to conventional flight
training while providing a realistic feel of the handling characteristics of the specific aircraft
type.

The aircraft selected for study is a classically piloted airplane, but the research results can be
extended for larger scale, fixed wing unmanned aerial vehicles operating either autonomously
or remotely controlled through a video link.

An added effort went into the development of a comprehensive set of result verification and
validation tools and methods which can give an additional insight into the inner mechanisms
of the presented developments.

6.2 Conclusions
As far as the input signal determination problem is concerned, the problem can be considered
completely solved. The proposed solution determines the 3D position of the control column
visual marker using only a single camera while relying on the control column kinematics.
Further, the method accommodates an arbitrary camera position and orientation as long as
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an unrestricted view of the visual markers is provided. The obtained results are verifiable
through a video sequence containing both the inner and outer views of the airplane. The video
sequence shows the control surface (aileron) and pilot control positions during flight as well as
the modeled control surface deflections. The synchronous movement and identical actual and
modeled control surface amplitudes state the efficiency of the proposed method.

The state estimation process involves a multilevel, multi-mode estimator construction, em-
ploying a total of four extended Kalman filters to estimate a number of twelve aircraft states.
The state estimator employs a newly developed, comprehensive set of kinematic equations and
a novel, complex structure to obtain the state vector of the aircraft and a precise, long dis-
tance navigation solution. The performance of the state estimation method can be considered
satisfactory, with the results having been verified using the difference between GPS (with car-
rier phase tracking) based kinematic equations of acceleration and velocity and their estimated
counterparts. Further verification has been performed by checking the magnitude of estimated
bias values, estimated kinematic aerodynamic angles and additional 3D plots showing the air-
craft flightpath and orientation. The precise verification of estimated aircraft attitude results has
been realized using high level image processing. With the addition of extra sensory informa-
tion in the form of a fluid flow velocity meter, the airspeed can be determined without reliance
on wind direction and velocity corrections, although certain aerodynamic variables will still
require a correction for wind effects. An additional altitude sensor should also alleviate the
instability in the acceleration and velocity estimates of the vertical channel.

The primary image processing based horizon line detection method shows promising results
as the robust, adaptive design of the developed algorithm can reliably determine the position
and slope of the horizon line visible on the image plane. The process is successful even for
noisy images and altering image exposure levels. A novel method is proposed to help determine
an alternate, usable value for the unknown distance between the aircraft mounted video camera
and horizon line. The distance value, together with the image processing data is then employed
in the camera to world coordinate frame transformation algorithm that to calculate the unbiased
aircraft attitude values as roll and pitch angles. This way, the operational performance of
the state estimation process with regards to estimated aircraft attitude can be quantified and
improved. This has been achieved by altering the covariance matrix values to achieve optimal
estimation performance.

The novelty of the presented HUD method is in the employment of a wide angle lens
video camera, which provides an increased field of view, but has the downside of inducing a
considerable nonlinear distortion in the captured images. The solution to this problem needed
the integration of additional correction measures in the camera to world and world to camera
coordinate frame transformation procedures.

The augmented reality based HUD application shows the virtual horizon line, the displayed
heading and cardinal values overlapping outside scenery waypoints and a velocity vector -
a symbol indicating the aircraft flight path regardless of its orientation. Additionally, a new
concept is introduced in the form of the Wind Relative Velocity Vector which has the ability to
show the effect, direction and magnitude of wind related aircraft drift in real time.
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The developed aircraft identification method provides a solution to the automatic model
structure determination problem. Relying on statistical metrics, the method automatically se-
lects the most relevant regressors from a set of arbitrarily constructed pool of regressors and
regressor combinations. Employing a set of stopping rules, the obtained model is parsimonious,
achieving the balance between a good prediction capability and an overly complex structure.
The algorithm employs covariance analysis to determine which regressor needs to be selected
from several related regressors describing the same aircraft dynamic. This way, certain steps
of the model structure determination problem can be solved without needing to involve an
experienced human analyst.

In Chapter 5, the nonlinear dynamic force-torque model of the aircraft is determined. It
should be noted, however that the determined model is available only for a portion of the com-
plete flight envelope of the aircraft. Based on the presented method, the aircraft model for the
complete flight envelope can be determined, but the process involves more flight testing. The
identification procedure introduced in Chapter 5 is also novel with respect to its ability to cal-
culate the unknown inertial parameters of an aircraft from flight data. The center of gravity is
calculated from the aircraft equations of motion using constrained nonlinear optimization tech-
niques. The results can be verified by superimposing the location of the determined COG to
the aircraft blueprints. In this case, as the aircraft is of symmetrical construction with the load
(in the form of the pilot) located in the plane of symmetry, better results have been achieved
by imposing stricter limits for constraints regarding lateral dimensions. The identification of
inertia matrix components is achieved by employing constrained nonlinear optimization tech-
niques and the aircraft moment equations. The results regarding both force and moment aircraft
dynamic models are promising, with the determined models showing good prediction capabil-
ities.

To the best of my knowledge, my research led to the following main contributions to the
field of aircraft control system development:

• The development of a nonintrusive method to determine an aircraft’s control inputs
through high level image processing. The method transforms the 2D image plane co-
ordinates of the control column’s visual marker to 3D control column deflections using
a single video camera and kinematics of the control column. The design has a high level
of insensitivity regarding camera placement and orientation.

• The development of a novel algorithm that clearly separates the net acceleration from
gravitational acceleration in accelerometer readings during aircraft flight.

• The development of a set of kinematic equations that provide an accurate and robust
solution for GPS aided inertial navigation and state estimation.

• The development of a multilevel, multi-mode state estimation algorithm based on the
proposed set of kinematic equations employing multiple Extended Kalman Filters and
external loop corrections to estimate the position, velocity, orientation and inertial mea-
surement biases of an aircraft.
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• I have developed a state integration method to solve the joint implementation of IMU
and magnetic sensor readings and GPS measurements combining all subsystems into
a unified model, also determining the kinematic angles of attack and slip angles of an
aircraft.

• The development of several, intuitive and user friendly methods to verify the effective-
ness of the state estimation process involving 3D plots and the construction of a Heads
Up Display.

• The development of an advanced image processing based method, combined with a
heuristic approach to effectively tune the state estimator, achieving improved perfor-
mance.

• The development of a method useful in the collimation process of a wide angle lens video
camera mounted on the aircraft exterior with the body axis coordinates of the aircraft.

• The development of an image processing based method to determine an alternate (finite)
distance value between camera and horizon line, that has been tested both in laboratory
conditions as well as with actual flight data.

• The development of an augmented reality based Heads Up Display specifically designed
to be used with video images provided by wide angle lens video cameras where heavy
nonlinear distortion is evident.

• The development of a method used for the visualization of the aircraft flight path with
relation to wind effects on a Heads Up Display that has the ability to help pilots achieve
optimal aerodynamic efficiency during flight.

• The development of an automated model structure determination algorithm useful in the
process of aircraft identification.

• The development of a method that calculates the center of gravity of an aircraft from
flight data employing force equations and constrained nonlinear optimization techniques.

• The development of a method that calculates the inertial matrix parameters of an air-
craft from flight data using torque equations and constrained nonlinear optimization tech-
niques.
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