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Introduction

Since the end of the last century, nanomagnetism has obtained a central position in

technological applications. After the discovery of giant magnetoresistance (GMR) [1, 2]

and its subsequent rapid application in hard disk drive technology—essentially marking

the birth of spintronics—ever more experimental and theoretical effort has been made

to harness magnetism, and more generally, the electron spin, in electronic applications.

Following the employment of GMR and tunnelling magnetoresistence [3,4] in spin valves,

magnetic alternatives to semiconductor-based memories have also been sought, leading

to the invention of the magnetoresistive random access memory (MRAM) [5] and the

racetrack memory [6]. Second-generation MRAM techniques are already being developed,

which are based on thermal-assisted switching [7] and the spin-transfer torque [8]. The

latter effect is also a primary candidate for the manipulation of more exotic spintronic-logic

devices implemented through the use of magnetic nanostructures, including nanoskyrmion

lattices [9], paving the way for ‘skyrmionics’. Magnetic effects are being exploited also

outside electronics, with ongoing research in areas such as magnetic shape-memory alloys

[10] and magnetic refrigeration [11], in close relation to the magnetocaloric effect [12].

Besides the emerging new branches of industrial applications the already existing tech-

nologies also provide huge fields for progress, not to mention the aspects of basic theo-

retical research. More and more candidates for magnetic recording applications are being

sought, especially since the currently used materials often contain substantial amounts

of noble metals, an obvious obstacle for cheap mass production. One aim of theoretical

investigations is thus to broaden the spectrum of available materials for spintronics appli-

cations. Other aspects concern the basic understanding of the physics behind the relevant

effects, such as the superparamagnetism of nanoclusters and how that could be tailored

in order to increase bit density in magnetic data storage applications.

Due to obvious practical reasons, such theoretical efforts must involve finite-temperature

calculations, as in the great majority of applications the system is at or near room tem-

perature. While potential candidates for magnetic recording can be filtered through zero-

temperature ab initio calculations by studying the magnetocrystalline anisotropy (MCA)

of materials, a complete description from a technical point of view must include the
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high-temperature (or at least room-temperature) behaviour of the candidates. For inves-

tigations regarding the magnetocaloric effect, the impact of finite temperature need not

be explained.

While there is a multitude of techniques allowing for the accurate description of real

materials in their ground states from first principles, finite-temperature effects pose a much

less tractable problem, especially for magnetic materials. Practical finite-temperature de-

scriptions either introduce some kind of mean-field approximation or step away from the

ab initio approach by introducing spin models. The former approach, since ab initio,

provides a much more accurate description of the system under investigation if the ap-

proximations involved are compatible with the physics of the system. Apart from the huge

computational effort involved in this approach, it is also incapable of treating complex

non-collinear spin configurations. As an advantage, effects of finite temperature on the

electronic structure are directly included in the calculation, without the need to assume

anything about, for instance, the nature of local moments in the system.

Spin models, on the other hand, can give detailed information about crucial finite-

temperature behaviour such as susceptibilities, specific heats and temperature-induced

phase transitions. While the corresponding simulations are generally fast compared to

first-principles calculations, there are many subtleties stemming, for instance, from finite

sample size which can affect the outcome of simulations. Furthermore, the assumption

of fixed local moments in a classical spin model can be blatantly wrong in systems with

induced local moments, which restricts the applicability of these models (although efforts

are being made to circumvent this issue [13]). Even if the parameters of the spin model are

extracted directly from the electronic structure, for which several methods are available,

it is not necessarily obvious that the obtained spin model indeed describes the original

system at the entire temperature scale under investigation. Then again, skyrmionics and

studies of other related exotic spin states necessitate the use of spin models, albeit often

quite complicated ones. Especially in case of systems with novel spin structures, the use

of spin models with multi-spin interactions is becoming common [14–16].

In the first part of the results detailed in this thesis we use a self-consistent relativis-

tic disordered local moment (relativistic DLM, RDLM) method implemented within the

Korringa–Kohn–Rostoker (KKR) multiple scattering theory to give a finite-temperature

ab initio description of bulk magnets. The DLM theory, developed by Györffy et al. [17]

with a relativistic generalization by Staunton et al. [18,19], deals with magnetically disor-

dered itinerant systems as sets of fluctuating local moments within the adiabatic approx-

imation. The basic notion of RDLM, according to the coherent potential approximation

(CPA), is to construct an ordered ‘coherent’ medium in which the scattering of an electron

resembles the average scattering in the disordered system. An initial set of calculations
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performed with the self-consistent RDLM method is first shown for bulk bcc-Fe, investi-

gating the rigidity of the local moment with changing temperature.

The ferromagnetic (FM) alloy FePt crystallizing in the L10 structure has gained large

experimental and theoretical interest due to its magnetocrystalline anisotropy, which,

apart from being quite large, also exhibits non-trivial dependence on temperature and

chemical composition. Specifically, the MCA drops off rapidly with chemical disorder,

while its low-temperature dependence on the sample magnetization appears to be ac-

cording to ∝ M2.1 [20, 21], in between what is expected for pure on-site and two-site

anisotropy [22]. We use our self-consistent RDLM code to map the dependence of the

MCA on temperature and chemical disorder in stoichiometric FePt, as well as assessing

the induced nature of the Pt local moments.

Bulk CsCl-ordered FeRh has gained extensive attention with its first-order meta-

magnetic transition near room temperature (around 340 K [23]), whereby the high-

temperature FM phase changes to antiferromagnetic (AFM), which is the ground-state

spin configuration. FePt/FeRh bilayer investigations [24] and experiments suggesting the

possibility of the ultrafast generation of FM order by laser pulses [25] highlight the pos-

sibilities in FeRh for thermally assisted magnetic recording applications. The mechanism

behind the metamagnetic transition is the subject of much debate, and it is yet unclear

exactly what role the induced Rh moments play in the transition. Using self-consistent

RDLM theory, we compare the free energies of the FM and AFM phases to map the phase

diagram of FeRh as a function of lattice parameter and temperature.

As a final application of the self-consistent RDLM theory, the rare earth hcp-Gd is

investigated. Gadolinium and its compounds are very well known for their exceptionally

high magnetocaloric effect [12], making them ideal candidates for magnetic cooling appli-

cations. Being in the middle of the f -block, Gd has a half-filled 4f shell, comprising a

localized band, energetically well separated from the delocalized conduction band. The

precise relationship between the f states and the conduction band has been the subject

of a heated debate [26–30], arguing whether the localized and the itinerant local moments

can be regarded as independent degrees of freedom, or rather the latter are enslaved by

the former. We use our RDLM code to investigate the local moments in bulk Gd and

on the (0001) surface, both in the FM ground state and in the paramagnetic (PM) state.

This is made possible by the recent implementation of the LSDA+U method into our

program package, allowing the treatment of electron correlations present on the Gd 4f

shell.

Then we explore the magnetic interactions in the Fe1/Rh(001) monolayer. Due to

the reduced dimensions of the magnetic sublattice, the RDLM method would have to

be used with extreme caution because of its mean-field approximation, and in any way
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the system is expected to assume a complex non-collinear spin structure with a 4 × 3

magnetic unit cell according to recent spin-polarized scanning tunneling microscopy (SP-

STM) measurements [31]. These features suggest that a spin model extracted from a

simpler magnetic configuration could lead to a more accurate description of the magnetic

ordering in this system. For this reason we use two separate methods, the relativistic

torque method (RTM) and the spin-cluster expansion (SCE) combined with RDLM (SCE-

RDLM) based on FM and PM reference states, respectively, to obtain ab initio spin model

parameters. The spin models are then used in spin dynamics simulations to find the

ground-state spin configuration. We compare the two calculational schemes which show

how subtle changes in the geometry, in particular inward relaxation of the Fe monolayer,

affect the obtained results. These calculations can be regarded as a direct follow-up to

our earlier investigations of the closely related Fe/Ir(001) thin films [32]. We also assess

the applicability of the simple tensorial Heisenberg model to this system by considering

higher-order interactions in the form of isotropic biquadratic couplings extracted from the

SCE calculations.

The marked difference between the spin models derived for Fe1/Rh(001) using the

SCE and the RTM highlights the need for the incorporation of temperature-induced ef-

fects into the exchange interactions, as these two methods represent a high- and zero-

temperature limit of the electronic structure, respectively. In systems displaying consid-

erable longitudinal spin fluctuations, the temperature-dependence of the local moments

can heavily affect the extracted exchange couplings, leading to considerable differences

in the models derived using these two methods. A single theory to extract spin mod-

els from the finite-temperature electronic structure is thus preferable. This has already

been attempted by Böttcher et al. [33] who combined partial DLM electronic structure

calculations (in which partial magnetic order is approximated by mixing up and down

spins non-stoichiometrically) with subsequent spin dynamics calibrations in order to infer

a kind of temperature dependence for their calculated spin models. As it would be highly

advantageous to devise a unified theory which produces temperature-dependent exchange

couplings in a direct and self-consistent way, we attempt to perform this in the final

calculations detailed in this thesis. A natural generalization of the SCE-RDLM method

below the Curie temperature is first developed, but test calculations for bcc-Fe suggest

that this otherwise very charming theory is incomplete. As a less self-contained sub-

stitute approach, we combine also the RTM with a finite-temperature DLM description,

and corresponding calculations are shown again for bcc-Fe with ultrafast demagnetization

processes in mind.

The structure of the thesis is the following. In Chapter 1, the theoretical methods

used throughout the thesis are reviewed. Section 1.1 briefly introduces the KKR method,
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with its extension by the RDLM theory in Section 1.2. Section 1.3 specifies the spin

model we use and describes the RTM and SCE-RDLM methods for calculating exchange

interactions. The final methodological Section 1.4 is devoted to the LSDA+U method.

The computational results are detailed in Chapter 2. Section 2.1.1 through Section 2.1.4

discuss the bulk magnets Fe, FePt, FeRh, and Gd, respectively. The following Section 2.2

presents our findings for the Fe1/Rh(001) thin film system. The final Section 2.3 of

this chapter concerns our attempts at extracting spin model parameters from the finite-

temperature electronic structure. The thesis is concluded by the conclusions drawn in

Chapter 3.
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Chapter 1

Theoretical methods

1.1 Multiple scattering theory

We aim to realistically describe magnetic crystals in terms of the spin density functional

theory (SDFT). In a relativistic setting the system of interest—more precisely, a substitute

system of non-interacting fermions—is governed by the Kohn–Sham–Dirac Hamiltonian

H(r) = cαp+ βmc2 + U(r) , (1.1.1)

where [34]

α =

(
0 σ

σ 0

)
, β =

(
I2 0

0 −I2

)
, (1.1.2)

and

U(r) = βΣB(r) + V (r) I4, (1.1.3)

with

Σ =

(
σ 0

0 σ

)
. (1.1.4)

Here In is the n-dimensional unit matrix, σ denotes the vector of the three Pauli matrices,

V (r) is the effective potential, and B(r) is the effective (exchange) magnetic field. The

Hamiltonian is a 4 × 4 matrix operator, and correspondingly its solutions are bispinors

having four components.

Rather than concentrating on the wavefunction ψ corresponding to the Hamiltonian
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H of the system for a given eigenenergy E,

(E −H)ψ = 0, (1.1.5)

the Korringa–Kohn–Rostoker method as a Green’s function method appoints the resolvent

operator of the Hamiltonian as the central object of interest, defined as

G(z) = (zI −H)−1 , (1.1.6)

where z is a complex energy outside of the spectrum of H, and I stands for identity. For

an effective single-electron Hamiltonian the real space representation of the corresponding

resolvent operator is the single-particle Green’s function G(z; r, r′). The expectation value

A of an operator A in a system of non-interacting fermions can be evaluated in terms of

the resolvent as

A = − 1

π
Im

∞∫

−∞

f(ε;µ) Tr (AG(ε+ ı0)) dε

= − 1

π
Im

∫

y

f(z;µ) Tr (AG(z)) dz, (1.1.7)

and its local density A(r) from the Green’s function as

A(r) = − 1

π
Im

∫

y

f(z;µ) Tr 〈r| (AG(z)) |r〉 dz = ITr (AG(z; r, r)) , (1.1.8)

where f(z;µ) is the Fermi function for complex energy z and chemical potential µ, and

we introduced the simplified notation

Ig(z) ≡ − 1

π
Im

∫

y

f(z;µ) g(z) dz (1.1.9)

for the ubiquitous energy integrals appearing throughout multiple scattering theory. A

brief account of relativistic KKR will be given in the following [35,36].

Multiple scattering theory describes solid state systems as perturbations with respect

to a chosen reference system (usually free space). Suppose that the Hamiltonian of the

system is composed of two parts,

H = H0 + V , (1.1.10)

whereH0 is the Hamiltonian of the reference system and V is the rest. Choosing a suitable



CHAPTER 1. THEORETICAL METHODS 11

reference state (one for which the resolvent, G0, is known) permits to expand the resolvent

of the system as an infinite Born series,

G(z) = G0(z) + G0(z)VG0(z) + G0(z)VG0(z)VG0(z) + . . .

= G0(z) + G0(z) T (z)G0(z) , (1.1.11)

where the so-called T -operator was defined as

T (z) = V + VG0(z)V + VG0(z)VG0(z)V + . . . , (1.1.12)

or, in a formally equivalent way,

T (z) = V + VG0(z) T (z) ,

T (z) = [I − VG0(z)]−1 V . (1.1.13)

Eq. (1.1.11) shows that the T -operator contains the same amount of information as the

resolvent. AssumingH0 to be the free-space single-electron Hamiltonian, the perturbation

V is actually the single-electron effective potential describing the system. We now divide

real space into disjoint domains, referred to as cells in the following, indexed by lattice

vectorsRn. The potential is then constructed as the sum of single-site potentials restricted

to each cell,

V =
∑

n

Vn. (1.1.14)

In the so-called muffin-tin approximation it is further assumed that the potentials Vn are

supported by a sphere inside each cell with radius Sn, the muffin-tin radius.

Entering this disjoint partitioning of the potential into the definition of the T -operator,

Eq. (1.1.12), after some lengthy transformations it is possible to rewrite the T -operator

in a new, more meaningful form,

T =
∑

n

tn +
∑

n,m

tnG0 (1− δnm) tm +
∑

n,m,k

tnG0 (1− δnm) tmG0 (1− δmk) tk + . . . ,

(1.1.15)

where we introduced the single-site t-operators

tn = [I − VnG0]−1 Vn (1.1.16)

corresponding to a scattering from a single cell, and we omitted the energy dependence of
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the resolvent, the T - and t-operators for clarity. The physical picture behind Eq. (1.1.15)

is that scatterings at each site described by the t-operators are connected by strictly site

off-diagonal propagations between cells involving the free-particle resolvent.

The operator comprising every possible scattering event between two given sites is the

so-called scattering path operator (SPO),

τnm = tnδnm + tnG0 (1− δnm) tm +
∑

k

tnG0 (1− δnk) tkG0 (1− δkm) tm + . . . , (1.1.17)

with which the T -operator can be conveniently expressed as

T =
∑

n,m

τnm. (1.1.18)

Similarly to the SPO, we may define the operator describing every possible propagation

between two given sites, the so-called structural resolvent operator,

Gnm = G0 (1− δnm) +
∑

k,j

G0 (1− δnk) τ kjG0 (1− δjm) , (1.1.19)

so that according to Eq. (1.1.17) we have

τnm = tnδnm + tnGnmtm. (1.1.20)

For any practical application, we need the real space representation of the operators

defined above. The free-particle Green’s function corresponding to the free-particle re-

solvent depends only on the geometry of the sites in the system, while the t-operators

contain the information of single scatterers comprising the system, so these correspond

to fairly simple scattering problems that can be treated independently. Using these two

types of quantities, the Green’s function and the representation of the SPO can be pieced

together.

In a fully relativistic calculation one has to solve the Kohn–Sham–Dirac equation

Eq. (1.1.1), either for free space or for the problem of atomic scatterers. At any given

complex energy z, both right and left scattering solutions (generalized eigenfunctions)

solving the equations

(z −H)ψ = 0, (1.1.21)

ψ̃† (z −H) = 0, (1.1.22)

respectively, are needed for a general formulation of the Green’s function. Since the Dirac
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Hamiltonian is Hermitian, we may take the adjoint of Eq. (1.1.22) to show that the left

and right solutions of the equation are related as ψ̃(z; r) = ψ(z∗; r).

The relativistic free-particle Green’s function in its general form at complex energy z

may be expressed as

G0(z; r +Rn, r
′ +Rm) =

z +mc2

2mc2

∑

Q,Q′

JQ(z; r)Gnm
0,QQ′(z) J̃Q′(z; r′)

†
+

+δnm

(
−ıpz +mc2

2mc2

)∑

Q

[
JQ(z; r) H̃Q(z; r′)

†
Θ(r′ − r)

+HQ(z; r) J̃Q(z; r′)
†
Θ(r − r′)

]
, (1.1.23)

where Q,Q′ are composite angular momentum indices in the relativistic (κ, µ) represen-

tation [37]; p = 1
c

√
z2 −m2c4 with Im p > 0; JQ (J̃†Q) and HQ (H̃†Q) are Bessel- and

Hankel-type bispinors solving the free-particle Dirac equation from the right (left); Θ is

the Heaviside step function; and Gnm
0,QQ′ are the real space relativistic structure constants

which can be calculated directly from the geometry.

As for the single-site scattering problem, obtaining the real-space representation of the

t-operator is equivalent to solving the atomic scattering problem. The matrix elements of

the t-operator are defined as

tnQQ′(z) =
z +mc2

2mc2

∫∫

|r|,|r′|≤Sn

J̃Q(z; r)† tn(z; r +Rn, r
′ +Rn) JQ′(z; r′) d3r d3r′. (1.1.24)

These matrix elements may be determined by the matching between the free-space so-

lutions of the Dirac equation in interstitial space and the scattering solutions inside the

muffin-tin sphere at the muffin-tin radius Sn.

Having solved the single-site scattering problem, combining it with the geometry en-

coded in the structure constants permits us to calculate the Green’s function. Entering

the free-particle Green’s function, Eq. (1.1.23), into the definition of the structural Green’s

function, Eq. (1.1.19), we may obtain

Gnm(z; r +Rn, r
′ +Rm) =

=
z +mc2

2mc2

∑

Q,Q′

JQ(z; r)Gnm
QQ′(z) J̃Q′(z; r′)

†
, (1.1.25)

where Gnm
QQ′(z) are matrix elements of the structural Green’s function matrix, which can
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be expressed as

Gnm(z) = Gnm
0 (z) (1− δnm) +

∑

k(6=n)
j(6=m)

Gnk
0 (z) τ kj(z)Gjm

0 (z) . (1.1.26)

Here we introduced matrices in angular momentum space denoted with single under-

line, so that, for instance, [Gnm]QQ′ = Gnm
QQ′ . The matrix elements of the scattering path

operator matrix appearing in Eq. (1.1.26) are defined as

τ kjQQ′(z) =
z +mc2

mc2

∫

|r|≤Sk

∫

|r′|≤Sj

J̃Q(z; r)† τ kj(z; r +Rk, r
′ +Rj)

×JQ′(z; r′) d3r d3r′, (1.1.27)

where the specification of the integration domain is actually redundant, because the SPO,

τ kj(z; r +Rk, r
′ +Rj), is by definition zero if any of its arguments lies outside the cor-

responding muffin-tin sphere.

With the definition of the above matrices, it can be shown that they preserve the

operator equations between the corresponding quantities, for instance Eq. (1.1.20),

τnm(z) = δnmt
n(z) + tn(z)Gnm(z) tm(z) . (1.1.28)

Introducing matrices in site and angular momentum space denoted with double un-

derlines, we define

t(z) = {tn(z) δnm} =
{
tnQQ′(z) δnm

}
,

G
0
(z) = {Gnm

0 (z) (1− δnm)} =
{
Gnm

0,QQ′(z) (1− δnm)
}
,

τ(z) = {τnm(z)} =
{
τnmQQ′(z)

}
,

G(z) = {Gnm(z)} =
{
Gnm
QQ′(z)

}
.

(1.1.29)

With these quantities, we arrive at the Dyson equation,

τ(z) = t(z) + t(z)G(z) t(z)

= t(z) + t(z)G
0
(z) t(z) + t(z)G

0
(z) t(z)G

0
(z) t(z) + . . .

= t(z) + t(z)G
0
(z) τ(z) , (1.1.30)

the formal solution of which is the fundamental equation of multiple scattering theory,

τ(z) =
[
t(z)−1 −G

0
(z)
]−1

, (1.1.31)
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or, equivalently,

G(z) = G
0
(z)
[
I − t(z)G

0
(z)
]−1

. (1.1.32)

The main task of KKR is thus the determination of the t-matrix and the real space

structure constants, as the SPO matrix can be calculated from the KKR equation, which

then in turn may be used to express the Green’s function. The final result for the Green’s

function in relativistic KKR is

G(z; r +Rn, r
′ +Rm) =

z +mc2

2mc2

∑

Q,Q′

Zn
Q(z; r) τnmQQ′ Z̃

m
Q′(z; r′)

†

−δnm
z +mc2

2mc2

∑

Q

[
Zn
Q(z; r) J̃nQ(z; r′)

†
Θ(r′ − r)

+ JnQ(z; r) Z̃n
Q(z; r′)

†
Θ(r − r′)

]
,

(1.1.33)

where now ZQ (Z̃†Q) and JQ (J̃†Q) are regular and irregular scattering solutions (referring

to the behaviour of the functions at the origin) to the Dirac equation from the right (left)

side, respectively, with a specific normalization to the free-space solutions outside the

muffin-tin radius. In principle, every single-particle quantity can be computed from the

Green’s function G(z; r, r′). Note that for the charge and spin density and the density

of states (DOS) we only need the Green’s function at equivalent real space arguments

(r = r′), implying that only site-diagonal elements of the SPO matrix are needed to

calculate these quantities.

In a bulk system with three-dimensional translational invariance, the infinite matrix

equations can be treated by using the lattice Fourier transform of the appearing quantities.

In a homogeneous system, considering a simple lattice for simplicity, it can be shown that

the Fourier transform of the SPO matrix,

τ(z;k) =
∑

n

τn0(z) e−ıkRn , (1.1.34)

can actually be calculated in a very familiar manner, as

τ(z;k) =
[
t(z)−1 −G0(z;k)

]−1
, (1.1.35)

where t(z) is simply the t-matrix for the uniform scatterers comprising the system. The

reciprocal space structure constants appearing in Eq. (1.1.35) can be directly calculated

by means of the so-called Ewald summation method.

In case of layered systems with only two-dimensional (2D) translation invariance, we
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may only employ Fourier transformation within each layer. Then we still have infinitely

large matrices in the remaining real space direction, corresponding to layer indices. The

so-called screened KKR (SKKR) method provides a tractable calculational scheme.

The basic idea of SKKR is that it sets up an intermediate reference system made up of

a lattice of high repulsive potentials, ensuring that no states of this reference system are

located at the valence band of the physical system. Due to this construction, the Green’s

function of the reference system decays exponentially in real space, reducing the infinite

matrices to sparse band matrices (once a real-space cutoff is specified), with which the

KKR equations may be solved in practice. The transformation between the screened rep-

resentation and the physical one involves only multiplications with site-diagonal matrices,

and doesn’t present any further numerical difficulty.

In a practical first-principles calculation, the above procedure is repeated in successive

iterations until a self-consistent set of potentials and densities is obtained in the spirit

of SDFT. In a given iteration, the potentials are used in the single-site scattering prob-

lems, and from the resulting Green’s function the new charge and spin densities can be

determined (cf. Eq. (1.1.8)) as

ρ(r) = ITr 〈r| G(z) |r〉
s(r) = ITr 〈r| βΣG(z) |r〉 .

(1.1.36)

Via the Poisson equation and the SDFT exchange-correlation functional the new effective

potential and exchange field corresponding to the densities can be calculated for the next

iteration,

V (r) = V [ρ(r) , s(r)] ,

B(r) = B [ρ(r) , s(r)] .
(1.1.37)

Once a set of converged potentials and exchange fields is obtained, any quantity of

interest may be computed. In particular, the density of states at energy z is given by

n(z) =
∑

i

ni(z) (1.1.38)

with the local density of states corresponding to cell i,

ni(z) = − 1

π
Im

∫
Tr 〈ri| G(z) |ri〉 d3ri, (1.1.39)

where the spatial integration is restricted to the volume of the cell. Owing to the angular

momentum expansion inherent in the formula for the Green’s function, Eq. (1.1.33), the
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local DOS can be further naturally decomposed into partial DOS contributions according

to the (κ, µ) representation (i.e., `jµ-like DOS contributions). With a suitable transfor-

mation (involving Clebsch–Gordan coefficients), an `ms-like DOS can also be derived,

but it should be emphasized that the density matrix is not diagonal in spin space, so the

interpretation of DOS contributions according to ‘spin channels’ is somewhat limited in

a fully relativistic theory.

The integrated density of states for a real energy z = ε+ ıδ (δ → 0+),

N(ε) =

ε∫

−∞

n(ε′) dε′, (1.1.40)

can be expressed in terms of the N0(ε) integrated DOS of the reference system (empty

space) as

N(ε) = N0(ε) + δN(ε) , (1.1.41)

and the correction is famously given by the so-called Lloyd formula [38],

δN(ε) =
1

π
Im ln det T +(ε) , (1.1.42)

containing the upper side-limit of the T -operator at real energy ε. A long and far from

trivial derivation results in the widely used form of the Lloyd formula within KKR, namely

δN(ε) =
1

π
Im ln det τ(ε) , (1.1.43)

where we implicitly note that the upper side-limit is taken in the energy argument of the

SPO matrix.
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1.2 Relativistic disordered local moment theory

The DLM theory and its implementation within the Korringa–Kohn–Rostoker multiple

scattering theory was given by Györffy et al. [17], with a relativistic generalization by

Staunton et al. [18, 19]. The DLM scheme describes a magnetic system as a set of fluc-

tuating local moments within the adiabatic approximation, according to which slow spin

degrees of freedom (with a characteristic time scale given by the inverse spin-wave fre-

quency 1/ωs ∼ 10−13 s) are decoupled from the fast (electronic) degrees of freedom (with

a time scale given by the hopping ~/w ∼ 10−15 s with the relevant bandwidth w). In

between these two time scales the fluctuation of the itinerant electrons leads to a nonzero

time-averaged net magnetic moment at each atomic site due to the correlated dance of

the electrons. These moments can then change direction on the slower time scale, leading

to the basic notion of local moment formation in itinerant systems.

tiα(eiα)

(a)

tc,i

(b)

Figure 1.1: Disorder within RDLM theory: (a) the disordered environment (white and
dotted circles represent atoms of different species) described by the set of single-site
t-matrices tiα(eiα) sorrounding a given spin is substituted with (b) a chemically and
magnetically ordered coherent medium described by tc,i.

In the adiabatic approximation, it is meaningful to assume a set of unit vectors

{e} = {e1, e2, . . . eN} describing the spin configuration of the fluctuating system, see

Fig. 1.1(a). RDLM theory describes the fluctuations of the finite-temperature system in

terms of single-site probabilities, inherently providing a local mean-field description of

spin disorder. Besides the spin disorder, chemical disorder can be treated on an equal

footing in terms of the coherent potential approximation.

Within the DLM theory, the statistical probability of the disordered spin system is
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approximated by independent single-site concentrations and orientational probabilities,

P({ξ} , {e}) =
∏

i

∑

α

ξiαciαPiα(eiα) , (1.2.1)

where {ξ} and {e} describe a specific chemical and orientational configuration, respec-

tively. Here ciα is the probability of finding a chemical component of type α at site i, eiα

is the spin direction of component α at the same site, and ξiα is a binary random variable

for the chemical species α at site i, i.e. ξiα = 1 if site i is occupied by species α, otherwise

it is zero. The single-site orientational probability densities are sought for as canonical

distributions at temperature T ,

Piα(eiα) =
1

Ziα
e−βhiα(eiα), (1.2.2)

where Ziα is the canonical partition function and β−1 = kBT . The exponent hiα(eiα) is

chosen to give the ‘best’ approximation of the disordered system, in a variational sense.

This should be determined by the Feynman–Peierls–Bogoliubov inequality [39], which

relates the free energy (F ) corresponding to the Hamiltonian of interest (H) to the free

energy (F0) of an approximating trial Hamiltonian (H0):

F 6 F0 + 〈H −H0〉 , (1.2.3)

where the average has to be taken with the canonical distribution corresponding to H0.

For a mean-field (i.e., single-site) trial Hamiltonian

H0({ξ} , {e}) =
∑

i,α

ξiαhiα(eiα) (1.2.4)

the optimal parameters are given by the conditional average [17]

hiα(eiα) = 〈H({ξ} , {e} ;Bext)〉eiα , (1.2.5)

for which the chemical species and its spin is kept fixed at site i during averaging. In

general the Hamiltonian entering Eq. (1.2.5) may contain an external field Bext to allow

for the computation of response functions.

For a given chemical and orientational configuration, the electronic charge and mag-

netization densities are determined from a self-consistent-field KKR calculation. In prin-

ciple, one has to perform a constrained local moment density functional theory calcula-

tion [40, 41] with every possible set of {ξ} and {e}. Within the KKR Green’s function
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method, this provides us with the charge and spin density (cf. Eq. (1.1.36))

ρ(r; {ξ} , {e}) = ITr 〈r| G(ε; {ξ} , {e}) |r〉
s(r; {ξ} , {e}) = ITr 〈r| βΣG(ε; {ξ} , {e}) |r〉

(1.2.6)

for each configuration, with the G(ε; {ξ} , {e}) resolvent of the disordered system for

energy ε.

Within the RDLM scheme, the conditional average of these charge densities,

ρiα(ri; eiα) = ITr 〈ri| 〈G(ε; {ξ} , {e})〉eiα |ri〉 , (1.2.7)

is used at site i for chemical species α. Similarly, the conditional average of the longitu-

dinal component of the spin density is given by

siα(ri; eiα) = ITr 〈ri| eiα·βΣ 〈G(ε; {ξ} , {e})〉eiα |ri〉 . (1.2.8)

The closely related spin magnetization density,

msp
iα(ri; eiα) = eiα ·msp

iα(ri; eiα) = µB siα(ri; eiα) , (1.2.9)

can be used to define the average magnitude of the local spin moment,

µsp
iα =

∫
〈msp

iα(ri; eiα)〉 d3ri

= µB ITr

∫∫
Piα(eiα) 〈ri| eiα·βΣ 〈G(ε; {ξ} , {e})〉eiα |ri〉 d2eiα d3ri, (1.2.10)

where µB stands for the Bohr magneton. Although RDLM theory is directly concerned

with transversal spin fluctuations, through the self-consistent procedure the longitudinal

fluctuations can also be assessed, leading to the variation of the local moment with spin

disorder.

Using the average charge and spin densities, one obtains the chemical species and

spin-direction-dependent effective potentials and exchange fields,

Viα(ri; eiα) = V [ρiα(ri; eiα) , siα(ri; eiα)] ,

Biα(ri; eiα) = B [ρiα(ri; eiα) , siα(ri; eiα)] .
(1.2.11)

The solution of the Dirac equation with these potentials for a given energy ε determines the

configuration-dependent single-site t-matrices tiα(ε; eiα) used in the single-site problem of

KKR. The energy arguments of the appearing matrices will be omitted in the following.
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The local CPA is employed to describe the disordered system, in accordance with the

mean-field nature of the probability density. The strategy of the local CPA is to substitute

the disordered system with an effective (coherent) medium, characterized by the coherent

t-matrices, tc,i, which are independent of the orientation of local moments and the chemical

configuration (see Fig. 1.1(b)), such that the scattering of an electron in the effective

medium should resemble the average scattering in the disordered physical system [42].

The matrix of the scattering path operator of the effective medium is naturally defined

as

τ
c

=
(
t−1

c
−G

0

)−1

, (1.2.12)

cf. Eq. (1.1.31), where again t
c

is site-diagonal. The single-site CPA condition can then

be formulated as

τ c,ii =
∑

α

ciα

∫ 〈
τ iα,iα({ξ} , {e})

〉
eiα
Piα(eiα) d2eiα, (1.2.13)

or by introducing the excess scattering matrices

X iα(eiα) =
[(
t−1
c,i − t−1

iα (eiα)
)−1 − τ c,ii

]−1

, (1.2.14)

as

〈X iα(eiα)〉 =
∑

α

ciα

∫
Piα(eiα)X iα(eiα) d2eiα = 0. (1.2.15)

The CPA condition has to be solved self-consistently along with the probability densities

describing spin disorder. The single-site Hamiltonian hiα(eiα) can be expanded as

hiα(eiα) =
∑

L

hLiαYL(eiα) , (1.2.16)

where the YL stand for real spherical harmonics with the composite quantum number

L = (`,m). The expansion coefficients hLiα have to be chosen according to Eq. (1.2.5),

where the role of the Hamiltonian of the disordered system should be played by the grand

potential of the system [17],

Ω({ξ} , {e}) = Etot({ξ} , {e})− µN({ξ} , {e}) , (1.2.17)

where Etot({ξ} , {e}) and N({ξ} , {e}) are the total energy and the number of states for

a given configuration of the system, respectively, while µ is the chemical potential. The
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total energy of the system is given within SDFT as [35]

Etot({ξ} , {e}) = Ekin + EH + Eext + Exc, (1.2.18)

where Ekin is the kinetic energy, EH is the Hartree energy, Exc is the exchange-correlation

energy and Eext is the energy of external potentials and magnetic fields (including the

contributions from the nuclear potential). By using the Kohn–Sham equations, the kinetic

energy Ekin can be decomposed as

Ekin = Es −
∑

iα

ξiα

∫
Viα(ri; eiα) ρiα(ri; eiα) d3ri

−
∑

iα

ξiα

∫
Biα(ri; eiα)msp

iα(ri; eiα) d3ri, (1.2.19)

where Es is the single-particle energy:

Es = Ecore({ξ} , {e}) + Eband({ξ} , {e}) . (1.2.20)

Here Ecore({ξ} , {e}) stands for the sum of the energies of the core eigenstates, and the

band energy reads as

Eband({ξ} , {e}) =

∫
f(ε;µ) ε n(ε; {ξ} , {e}) dε, (1.2.21)

with the density of states

n(ε; {ξ} , {e}) =
∑

i,α

ξiαniα(ε; eiα) . (1.2.22)

Note that every term in Eq. (1.2.18) depends on the orientation of the local moments

through the densities. In addition, the single-particle energy, Es, implicitly depends on

{e} through the DOS.

Equation (1.2.16) together with Eq. (1.2.5) prescribes the single-site expansion coeffi-

cients as

hLiα =

∫
YL(eiα) 〈Ω({ξ} , {e})〉eiα d2eiα. (1.2.23)

By finding the relationship between the orientational probability and the electronic

structure, a self-consistent treatment of spin disorder is possible. A self-consistent-field

calculation consists of starting from a set of initial probabilities, potentials and exchange

fields, performing the CPA to obtain the t-matrices and scattering path operator of the



CHAPTER 1. THEORETICAL METHODS 23

coherent medium, calculating the new expansion coefficients using Eq. (1.2.23), then

starting a new iteration with the resulting probability densities and potentials. Once

convergence of the densities and probabilities is achieved, the required physical quantities

can be calculated.

It should be mentioned that the local moments in most itinerant magnets can be

classified either as ‘strong moments’ or ‘induced moments’, depending on their stability.

The former ones are assumed to have nearly constant magnitudes up to the magnetic

ordering temperature, such as in Fe or Co. Induced moments, on the other hand, are

generated by the average magnetization (or Weiss field) of the strong moments, thus

their magnitude and orientation are enslaved to the stable moments. Many magnetically

polarizable non-magnetic metals show induced-moment behaviour in their alloys with

good-moment constituents, such as Pt or Rh in FePt or FeRh, respectively. Notably, in

case of induced moments the adiabatic approximation might not be valid at all. For this

reason, in our calculations only the strong-moment constituents are described according

to DLM, while induced moments are always described by the usual SDFT. In some cases

a similar distinction can be made among the components of a single local moment, as we

will discuss in Section 2.1.4 for the case of hcp-Gd, in which the conduction band local

moments are strongly influenced by the strong localized 4f moments. In this context the

induced nature of the conduction band moment is often termed as Stoner behaviour.

Since for good moments the magnitude of local moments is usually considered indepen-

dent of their orientation, as a further approximation, we neglect the direction dependence

of the densities (and hence of the effective potential and exchange field). We note that

this is just a reasonable computational simplification, but not a methodological necessity

as the self-consistent procedure could be performed as described above. The resulting

direction-averaged densities,

ρiα(ri) = I

∫
Piα(eiα) Tr 〈ri| 〈G(ε; {ξ} , {e})〉eiα |ri〉 d

2eiα, (1.2.24)

siα(ri) = I

∫
Piα(eiα) Tr 〈ri| βeiα·Σ 〈G(ε; {ξ} , {e})〉eiα |ri〉 d

2eiα, (1.2.25)

can be used in a conventional SDFT calculation to obtain Viα and Biα which now only

depend on the chemical species (in effect an averaged Green’s function provides the den-

sities). The component- and site-resolved average spin magnetization,

Miα(T ) = I

∫∫
Piα(eiα) Tr 〈ri|µBβΣ 〈G(ε; {ξ} , {e})〉eiα |ri〉 d

3ri d
2eiα, (1.2.26)

is zero in the PM phase due to symmetry, whereas its magnitude approaches the size of

the local spin moment as the temperature tends to zero. The total magnetization of the
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system is then given by

M(T ) =
∑

i,α

ciαMiα(T ) . (1.2.27)

Neglecting the orientational dependence of the densities and effective potentials implies

that the direction dependence of the grand potential entering the expansion coefficients,

Eq. (1.2.23), comes from the band energy contribution to the single-particle energy only.

The band energy part of the grand potential is given by

Ω({ξ} , {e}) ≈ −
∫
f(ε;µ)N(ε; {ξ} , {e}) dε (1.2.28)

using the integrated DOS N(ε; {ξ} , {e}), thus the grand potential of the disordered sys-

tem can be expressed by making use of the Lloyd formula, Eq. (1.1.43). Straightforward

calculation leads to the expression [43]

Ω({ξ} , {e}) ≈ Ωc + I
∑

i,α

ξiα ln detDiα(eiα)

+ I

∞∑

k=2

1

k

∑

i1 6=i2 6=... 6=ik 6=i1
α1,α2,...,αk

(
k∏

l=1

ξilαl

)

× Tr
[
X i1α1

(ei1α1) τ c,i1i2X i2α2
(ei2α2) . . . X ikαk

(eikαk) τ c,iki1
]

(1.2.29)

with the configuration-independent constant

Ωc = −
∫
f(ε;µ)N0(ε) dε+ I ln det τ

c
(ε) (1.2.30)

in which N0(ε) is the integrated DOS of free electrons, and the impurity matrix is defined

as

Diα(eiα) = I +X iα(eiα) τ c,ii, (1.2.31)

from which

hLiα = I

∫
YL(eiα) ln detDiα(eiα) d2eiα. (1.2.32)

For finite temperatures the relevant thermodynamic potential is the free energy defined
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within the RDLM scheme as

F (T ) = 〈Etot({ξ} , {e} ;T )〉 − TSc − TSel, (1.2.33)

where 〈Etot({ξ} , {e} ;T )〉 is the statistically averaged SDFT total energy, Sc stands for

the configurational entropy of the system (both spin and chemical),

Sc = −kB 〈lnP({ξ} , {e})〉 , (1.2.34)

which can be calculated from Eqs. (1.2.1) and (1.2.2), and Sel denotes the electronic

entropy,

Sel = −kB

∫
〈n(ε; {ξ} , {e})〉

×
[
f(ε;µ) ln f(ε;µ) + (1− f(ε;µ)) ln(1− f(ε;µ))

]
dε. (1.2.35)

Since the temperature ranges associated with magnetic ordering (for instance, Curie or

Néel temperatures) are much smaller than the temperature scale of electronic degrees of

freedom (i.e., the Fermi temperature), contributions arising from finite electronic tem-

perature can be treated in terms of a Sommerfeld expansion. In our simulations, the

electronic structure is assumed to be in the ground state (i.e., the Fermi function in the

energy integrals is substituted with a step function), correspondingly the free energy we

have to use is given by

F (T ) ≈ 〈E({ξ} , {e} ; 0)〉 − TSc + ∆Fel(T ) , (1.2.36)

where 〈E({ξ} , {e} ; 0)〉 denotes the averaged total energy with zero electronic tempera-

ture, and

∆Fel(T ) = −π
2

6
(kBT )2 n(εF ) (1.2.37)

is the excess free energy contribution of the electrons at temperature T with the averaged

total density of states at the Fermi energy, n(εF ).

Our RDLM program employs the local spin density approximation (LSDA) of SDFT

within the atomic sphere approximation (ASA). In the language of the KKR method, the

ASA together with the use of orientationally averaged densities implies that in any step

of the self-consistency procedure, the orientations {e} of the local moments are accounted
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for only by the similarity transformation of the single-site t-matrices,

tiα(eiα) = R(eiα) tiα(ez)R(eiα)† , (1.2.38)

where tiα(ez) is the t-matrix with exchange field along the z axis, and R(eiα) is the

representation of the SO(3) rotation that transforms ez into eiα.

It should be noted that we only treat ‘good’ local moments according to the RDLM

scheme detailed above, therefore, the spin disorder entropy part of Eq. (1.2.34) only con-

tains contributions from strong-moment sites, and not from species with induced moments.

Furthermore, the configurational entropy only includes the transversal fluctuations of lo-

cal moments independent of their magnitude, as only the Piα(eiα) probability densities

enter Eq. (1.2.34). However, a crucial effect arising from the longitudinal variation of local

moments (or, more generally, the variation of the magnetization densities), both stable

and induced, is included in the temperature dependence of the total energy and, through

the variation of the single-site Hamiltonian (cf. Eqs. (1.2.16) and (1.2.23)), also in the

configurational entropy.

We also note that in our implementation of the self-consistent RDLM scheme, the

order parameter

miα = |〈eiα〉| =
∣∣∣∣
∫
eiαPiα(eiα) d2eiα

∣∣∣∣ (1.2.39)

is fixed at a specific site i (and chemical species α), and the mean-field temperature T is

set by solving the corresponding implicit equation

miα =

∣∣∣∣
1

Ziα

∫
eiα e

− 1
kBT

∑
L
hLiαYL(eiα)

d2eiα

∣∣∣∣ (1.2.40)

once the new single-site expansion coefficients hLiα are computed (see Eq. (1.2.32)). An

advantage of this approach is that no a priori knowledge is needed about the temper-

ature scale of a given system, as the magnetization rather than temperature is the free

parameter. This approach also implies that setting the order parameter miα to zero will

yield T = ∞, and the corresponding probability density will be a uniform distribution

with Piα = 1
4π

at every fluctuating site. However, by setting a small order parameter

(miα ∼ 0.001-0.01), we can find the high-temperature limit of the ordered phase (i.e., the

Curie or Néel temperature in case of simpler types of magnetic order).

In our calculations, we use an angular momentum cutoff of `max=2 for KKR with the

exception of Gd (due to the f states present in Gd, see Section 2.1.4), but the single-

site coefficients are expanded to ` = 8 (cf. Eq. (1.2.16)), giving full convergence of the
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mean-field Hamiltonian. The discretization of spin directions on the unit sphere is done

by using a Lebedev–Laikov grid [44] typically consisting of 350 points, providing an ex-

ceptionally efficient quadrature for the necessary angular integrals, and precise even in

cases of peaklike statistical distributions at low temperatures. Numerical energy integrals

are computed along a semicircular contour in the upper complex semiplane using 12 to

16 points depending on the system under consideration. We use the LSDA parametriza-

tion of Vosko, Wilk and Nusair [45]. Brillouin-zone (BZ) integrations are carried out

in the irreducible wedge of the BZ by utilizing the symmetry transformations of the

single-site t-matrices, with around 50-150 k points in the wedge for self-consistent-field

calculations depending on the system. In cases where an accurate evaluation of the DOS

is paramount (specifically, applications based on the magnetic force theorem, see later),

a high k-resolution calculation is performed with convergence of the relevant quantities,

with typically up to 5000 k points in the irreducible wedge of the BZ.
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1.3 Spin models

1.3.1 Classical spin Hamiltonian

Despite the rapid development of available computational resources, many aspects of non-

collinear magnetism are too cumbersome to treat with first-principles methods, meaning

high demand both in memory and in CPU time. Furthermore, finite-temperature spin

correlations cannot be described beyond simple (usually mean-field) approximations. For

this reason, the use of classical spin models aids greatly in the understanding and predic-

tion of the behaviour of magnetic materials. Combining ab initio methods with classical

spin models leads to a multiscale description of magnetic systems.

Classical spin models consider the orientational state {e} of a spin system as indepen-

dent degrees of freedom, in accordance with the adiabatic approximation. In the spirit

of the rigid spin approximation, the magnitude of the spins in the system is assumed

constant, in itself giving a limit to the applicability of spin models. The energy of the

interacting spin system is often defined as a tensorial Heisenberg Hamiltonian

H({e}) = H0 +
∑

i

eiKi
ei −

1

2

∑

i 6=j

eiJ ijej (1.3.1)

where the i and j indices sweep over the N sites in the sample and double underlines

now denote matrices in Cartesian space. The constant term H0 does not contribute to

the dynamics of the spin system and can be omitted. The K
i

traceless symmetric matrix

describes the second-order on-site anisotropy and J
ij

is the exchange tensor. The latter

can be decomposed as

J
ij

= J I
ij I + JA

ij
+ JS

ij

=
1

3

(
Tr J

ij

)
I +

1

2

(
J
ij
− JT

ij

)
+

1

2

(
J
ij

+ JT
ij
− 2

3

(
Tr J

ij

)
I

)
(1.3.2)

to an isotropic, and antisymmetric and a traceless symmetric matrix, corresponding to the

spherical tensor decomposition of the general matrix J
ij

. The scalar component describes

the isotropic Heisenberg coupling,

ei J
I
ij I ej = Jijei · ej, (1.3.3)

the axial vector component describes the Dzyaloshinskii–Moriya (DM) interaction [46,47],

ei J
A

ij
ej = Dij (ei × ej) , (1.3.4)
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and the traceless symmetric tensor component JS

ij
corresponds to the second-order two-

site anisotropy.

The spin Hamiltonian in Eq. (1.3.1) is the most general function (respecting time-

reversal symmetry) up to second order in spin components, and it also corresponds to

a second-order expansion of the energy in powers of the spin-orbit interaction strength,

from a perturbational approach. Generalizations of this second-order pair interaction

model can be given both by introducing higher-order pair interactions and by allowing

multi-spin interactions.

Once a set of model parameters are obtained, zero-temperature Monte Carlo or Landau–

Lifshitz–Gilbert (LLG) spin dynamics simulations can be performed to determine the

ground-state spin configuration of the model, and finite-temperature simulations can re-

veal phase transitions and dynamic correlations. There are two substantially different

methods that we use to obtain spin model parameters from first principles, namely the

relativistic torque method and the spin-cluster expansion, to be detailed in the following.
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1.3.2 Relativistic torque method

The RTM determines spin model parameters by computing the energy of infinitesimal

rotations of specific spins with respect to the ground-state reference. The derivative

of the ab initio energy is then compared to the derivative of the assumed spin model,

providing expressions for the model parameters. Due to this approach the RTM is well

suited for the description of low-temperature behaviour. If the spin model lacks some

terms which are actually significant in the ab initio energy, this can lead to the artificial

renormalization of model parameters [48]. However, depending on the intended use of the

model, this feature can even be advantageous, for instance it might be more capable of

reproducing low-energy excitations (magnon spectra).

Infinitesimal rotations within the RTM are introduced at one or two sites simultane-

ously [49], with the change in total energy approximated by the change in band energy

contributions according to the framework of the magnetic force theorem [50,51]. Two or-

thogonal basis vectors are selected which span the two-dimensional space orthonormal to

the ground-state orientation of each spin. Independent infinitesimal rotations of the spins

around these pairs of basis vectors span every infinitesimal perturbation of the ground-

state spins while keeping the size of the spin vectors fixed, and the two rotation angles

(referred to as ϑ and ϕ in the following) parametrize the orthogonal 2D space for each

spin.

We compute the change of the grand potential due to the perturbations in terms of

the Lloyd formula, for which the perturbation of the SPO and its logarithm has to be

assessed. The rotations induce single-site changes in the t−1 matrix of the system, by

definition leading to site-diagonal changes ∆t−1
i and so on. The perturbed SPO at a

given fixed energy is then

τ ′ =
(
t−1 + ∆t−1 −G

0

)−1

=
(
1 + τ∆t−1

)−1
τ , (1.3.5)

and its logarithm

ln τ ′ = ln τ − ln
(
1 + τ∆t−1

)
, (1.3.6)

which can be expanded up to second order using the power series of the logarithm:

ln τ ′ − ln τ ≈ −τ∆t−1 +
1

2
τ∆t−1τ∆t−1. (1.3.7)

This in turn provides the differential of the grand potential up to second order through
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the Lloyd formula, Eq. (1.1.43),

∆Ω = −∆

∫
f(ε;µ)N(ε) dε = ∆ITr ln τ ≈ −ITr τ∆t−1 +

1

2
ITr τ∆t−1τ∆t−1. (1.3.8)

The perturbation of the single-site inverse t-matrix up to second order in infinitesimal

rotation angles can be expressed as

∆t−1
i =

∂t−1
i

∂ϑi
dϑi +

∂t−1
i

∂ϕi
dϕi +

1

2

∂2t−1
i

∂ϑi∂ϑi
(dϑi)

2 +
∂2t−1

i

∂ϑi∂ϕi
dϑidϕi +

1

2

∂2t−1
i

∂ϕi∂ϕi
(dϕi)

2 .

(1.3.9)

The on-site second derivatives of the grand potential contain second-order terms of ∆t−1
i

through the first term of the right hand side (rhs) of Eq. (1.3.8) and first-order terms of

∆t−1
i through the second term of the rhs of Eq. (1.3.8). Specifically,

∂2Ω

∂αi∂βi
= −ITr τ ii

∂2t−1
i

∂αi∂βi
+ ITr τ ii

∂t−1
i

∂αi
τ ii
∂t−1
i

∂βi
, (1.3.10)

where αi and βi are either ϑi or ϕi, and the site-diagonal blocks of the SPO matrix are

selected by the ∆t−1 matrices concentrated to a single site. These on-site derivatives

are related to the on-site anisotropy terms incorporated in the spin model, but we are

usually more interested in the nature of magnetic order in the system, for which exchange

interactions are crucial.

In order to derive interactions between spins, we have to assess two-site second deriva-

tives of the grand potential. For this, we have to include two perturbations simultaneously,

at fixed sites i and j. The corresponding change in the inverse t-matrix can be thought of

as the sum of two site-diagonal perturbations, ∆t−1 = ∆t−1
i

+ ∆t−1
j

. The corresponding

change in the SPO,

ln τ ′ − ln τ = − ln
[
1 + τ

(
∆t−1

i
+ ∆t−1

j

)]
, (1.3.11)

can be further decomposed as

ln τ ′ − ln τ = − ln
[(

1 + τ∆t−1

i

)(
1 + τ∆t−1

j

)
− τ∆t−1

i
τ∆t−1

j

]

= − ln
(

1 + τ∆t−1

i

)
− ln

(
1 + τ∆t−1

j

)

− ln

[
1− τ∆t−1

i

(
1 + τ∆t−1

i

)−1

τ∆t−1

j

(
1 + τ∆t−1

j

)−1
]
, (1.3.12)

where use was made of the commutation of τ∆t−1
i

with
(

1 + τ∆t−1
i

)−1

. A second-order
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expansion now gives

ln τ ′ − ln τ = −τ
(

∆t−1

i
+ ∆t−1

j

)
+ τ∆t−1

i
τ∆t−1

j
, (1.3.13)

from which the last term contributes to the two-site second derivatives of the grand

potential, through first-order corrections in ∆t−1
i

and ∆t−1
j

. The final result for the two-

site second derivatives reads as

∂2Ω

∂αi∂βj
= ITr

∂t−1
i

∂αi
τ ij
∂t−1
j

∂βj
τ ji, (1.3.14)

where again α and β are either ϑ or ϕ. Thus every second derivative of the ab initio

grand potential can be computed in a given magnetic reference state.

The mapping to a classical spin model is available through the same second derivatives

of the spin model, Eq. (1.3.1). For instance, if the reference system is FM and magnetized

along the z axis, then the specific two-site second derivatives of the spin model are

∂2H
∂ϑi∂ϑj

= −Jxxij ,
∂2H
∂ϕi∂ϕj

= −Jyyij ,

∂2H
∂ϕi∂ϑj

= −Jyxij ,
∂2H
∂ϑi∂ϕj

= −Jxyij .
(1.3.15)

The remaining elements of the J
ij

tensor may be obtained by performing the same calcu-

lations for different magnetic reference states, typically for FM states magnetized along

x and y. The second-order approximation above implies that the resulting interactions

depend on the reference state used. In systems lacking cubic symmetry the choice of x, y

and z as reference might be incompatible with the point group of the system, leading to

the J
ij

tensor violating symmetry. In such cases, special care has to be taken to preserve

the point group symmetry of the system.

While the RTM is most often used with collinear (FM or AFM) reference states, the

method can be used with non-collinear reference states as well, as long as the mapping to

the spin model is performed with due care. In Section 2.3.2, we show how the procedure

of the RTM can be replicated in a finite-temperature RDLM state, whereby infinitesimal

rotations of spins embedded in a coherent medium can be used to obtain a spin model at

finite temperatures.
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1.3.3 Spin-cluster expansion

An efficient method to obtain the parameters of a model spin Hamiltonian based on

a single ab initio electronic structure calculation is the so-called spin-cluster expansion

originally developed by Drautz and Fähnle [52] and combined with RDLM theory by

Szunyogh et al. [43]. The SCE is an extension of the cluster expansion method of alloy

theory, providing a practical parametrization of the adiabatic magnetic energy surface.

The key idea is that the grand potential is expanded in terms of an orthogonal complete

system of functions over the 2N -dimensional space defined by {e}, based on a set of

single-spin basis functions. By choosing a suitable system, orthogonality ensures that

different orders of the expansion are clearly separated from one another. In the following,

the SCE shall be developed according to Refs. [52] and [43]. Note that while the theory

can be naturally extended to systems with chemical disorder, in the following we will

assume chemical order in the system under investigation for clarity.

Let us first define a scalar product of two functions defined on the N -spin system,

〈
f(e1, . . . , eN)

∣∣g(e1, . . . , eN)
〉

:=

∫
· · ·
∫
f ∗({e}) g({e}) d2e1 · · · d2eN . (1.3.16)

Let Θµ(e) denote orthonormal and complete single-spin basis functions with quantum

number µ = 0, . . . ,∞,

∫
Θ∗µ1(e) Θµ2(e) d2e =δµ1µ2 , (1.3.17)

∞∑

µ=0

Θ∗µ(e) Θµ(e′) =δ(e− e′) , (1.3.18)

and let us specify

Θ0(e) := const. =
1√
4π
. (1.3.19)

A set of basis functions for the entire N -spin system is trivially defined by the product

of the single-spin basis functions. Now suppose that for a given configuration of quantum

numbers µ1, µ2, . . . , µN there are in total K indices for which µi = 0. Then the corre-

sponding N -spin basis function in effect only depends on the other n = N − K spins,

since Eq. (1.3.19) implies that

Θµ1(e1) Θµ2(e2) · · ·ΘµN (eN) =

(
1√
4π

)K ∏

ik∈α

Θµk(eik) , (1.3.20)
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where α := {i1, . . . , in} denotes the n-spin cluster for which all the µi indices are nonzero,

i.e. all the corresponding single-spin basis functions are nontrivial.

It is thus worth defining cluster expansion functions Φαµ for every n-spin cluster con-

taining the spins α = {i1, . . . , in}, with the set of quantum numbers µ = {µ1, . . . , µn}, all

of which are nonzero,

Φαµ(ei1 , . . . , ein) :=
1

(4π)
N−n

2

Θµ1(ei1) Θµ2(ei2) · · ·Θµn(ein) . (1.3.21)

Together with the constant cluster function of index zero,

Φ0 :=
1

(4π)
N
2

, (1.3.22)

these form an orthonormal basis set,

〈
Φαµ

∣∣Φβν

〉
= δαβδµν , (1.3.23)

furthermore, they are complete in the sense that for any fixed cluster α (of size n),

Φ0Φ0 +
∑

γ⊆α

∑

µ(γ)

Φ∗γµ(ei1 , . . . , ein)Φγµ

(
e′i1 , . . . , e

′
in

)
=

=
1

(4π)N−n

∏

ik∈α

δ
(
eik − e′ik

)
. (1.3.24)

Equation (1.3.24) can be easily verified by noting that the left hand side is just a refor-

mulation of

1

(4π)N−n

(
∞∑

µ1=0

∞∑

µ2=0

. . .

∞∑

µn=0

Θ∗µ1(ei1) Θµ1

(
e′i1
)
. . .Θ∗µn(ein) Θµn

(
e′in
)
)
, (1.3.25)

which, along with the single-site completeness relation Eq. (1.3.18), leads directly to

Eq. (1.3.24). Writing this completeness relation for the special cluster {1, . . . , N} com-

prising the entire system (in other words, for the cluster of size n = N),

Φ0Φ0 +
∑

α

∑

µ(α)

Φ∗αµ({e}) Φαµ({e′}) =
N∏

i=1

δ(ei − e′i) , (1.3.26)

where in the summation, as usual, µ(α) always contains only nonzero quantum numbers

over the entire cluster α.

It should be noted that all we have done is a special regrouping of the basis functions
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created from the product of single-site basis functions. The utility of the procedure unfolds

when a spin-dependent function, say, the grand potential is expanded over this basis set,

Ω({e}) = Ω̃0Φ0 +
∑

α

∑

µ

JαµΦαµ({e}) . (1.3.27)

Thanks to the method of the expansion, now the terms in the summation for n-spin

clusters α depend exactly on n spins from the entire system. Thus n-spin contributions

for n = 1, 2, . . .∞ are neatly separated in Eq. (1.3.27), and what is more, orthogonality

of the SCE functions (i.e., Eq. (1.3.23)) immediately gives us the coefficients,

Ω̃0 =
〈
Φ0

∣∣Ω({e})
〉

Jαµ =
〈
Φαµ

∣∣Ω({e})
〉
.

(1.3.28)

A convenient choice of Θµ single-site basis functions is the system of real spherical har-

monics YL(e) (L = 0, 1, . . . ). Note that complex spherical harmonics would be an equally

good choice, then L would denote a composite index L = (`,m). Using Eq. (1.3.28),

we may derive the connection between the grand potential (obtainable from an ab initio

theory) and coefficients of the SCE. The coefficient of the constant term reads as

Ω̃0 =
〈
Φ0

∣∣Ω({e})
〉

=

∫
· · ·
∫

1

(4π)
N
2

Ω({e}) d2e1 · · · d2eN

= (4π)
N
2 〈Ω({e})〉 , (1.3.29)

where 〈f〉 denotes the directional average of a function f with respect to every spin in

the system,

〈f〉 :=
1

(4π)N

∫
· · ·
∫
f({e}) d2e1 · · · d2eN . (1.3.30)

Together with the constant cluster function, we are pleased to recover the expected con-

stant term of the SCE, Eq. (1.3.27),

Ω0 := Ω̃0Φ0 = (4π)
N
2 〈Ω({e})〉 · 1

(4π)
N
2

= 〈Ω({e})〉 . (1.3.31)

For a general n-spin term of the expansion, with a cluster α = {i1, . . . , in} and indices
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µ = {L1, . . . , Ln},

Jαµ =
〈
Φαµ

∣∣Ω({e})
〉

=

∫
· · ·
∫

1

(4π)
N−n

2

YL1(ei1) · · ·YLn(ein) Ω({e}) d2e1 · · · d2eN , (1.3.32)

Jαµ = (4π)
N−n

2

∫
· · ·
∫
YL1(ei1) · · ·YLn(ein) 〈Ω({e})〉ei1 ...ein d2ei1 · · · d2ein , (1.3.33)

where we introduced the notation

〈f〉ei1 ...ein :=
1

(4π)N−n

∫
· · ·
∫
f({e})

∏

ik /∈α

d2eik (1.3.34)

for the restricted directional average of a function f , meaning that the averaging is carried

out with the direction of the spins ei1 , . . . , ein kept fixed. Again, pairing this coefficient

with its expansion function in Eq. (1.3.27) results in a more transparent form,

JαµΦαµ = YL1(ei1) · · ·YLn(ein)

×
∫
· · ·
∫
YL1(ei1) · · ·YLn(ein) 〈Ω({e})〉ei1 ...ein d2ei1 · · · d2ein . (1.3.35)

The final form of the expansion can then be rewritten as

Ω({e}) = Ω0 +
∑

i

∑

L6=0

JLi YL(ei) +
1

2

∑

i 6=j

∑

L,L′ 6=0

JLL
′

ij YL(ei)YL′(ej) + · · · , (1.3.36)

by which arbitrarily complex spin interactions may be taken into consideration. According

to Eq. (1.3.35) the parameters in Eq. (1.3.36) are calculated as

JLi =

∫
〈Ω〉ei YL(ei) d2ei

JLL
′

ij =

∫ ∫
〈Ω〉eiej YL(ei)YL′(ej) d2ei d

2ej

...

(1.3.37)

Clearly the key quantities are the restricted directional averages of the grand potential.

In principle, it is possible to perform a series of ab initio calculations to perform the

averages of the first-principles grand potential manually, but it is obvious that a tractable

method of obtaining averages over N − n spin variables is necessary. It should be noted

at this point that the SCE by itself is a clear mathematical expansion of functions defined

over the 2N -dimensional space spanned by the classical spin variables of the system, and
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that the directional averages appearing above are due to the orthogonality properties of

the single-spin basis functions. These averages are not in any way related to a possible

paramagnetic state of the system, all information regarding the magnetic behaviour is

encoded in the directional averages of the grand potential. Whether the parametrization is

suitable for a given system (magnetically ordered or not) only depends on the goodness of

the guess for 〈Ω〉ei... and the choice of termination of the infinite SCE series in Eq. (1.3.36).

Combining the SCE with paramagnetic RDLM by computing the restricted averages

of the grand potential within the framework of RDLM makes for an efficient mapping

procedure providing spin model parameters directly from the electronic structure. For

this we only need to evaluate the directional averages of Eq. (1.2.29) up to two restricted

sites, and note that these averages are exactly in accordance with the RDLM single-site

probabilities in a uniform paramagnetic state. During the evaluation of these averages,

we will neglect the so-called backscattering contributions, i.e. terms in which every site

outside the fixed cluster appears at least twice. This approximation is consistent with the

single-site CPA [53].

The constant term of the SCE, Eq. (1.3.31), is given by the average of the grand

potential,

Ω0 = 〈Ω({e})〉 = Ωc +
∑

i

I

∫
1

4π
ln detDi(ε; ei) d2ei. (1.3.38)

The single-site restricted average reads as

〈Ω({e})〉ei = Ωc + I ln detDi(ε; ei)

+ I
∑

j( 6=i)

1

4π

∫
ln detDj(ε; ej) d2ej, (1.3.39)

leading to the formula for the single-site SCE coefficients (through Eq. (1.3.37)),

JLi =

∫
〈Ω〉ei YL(ei) d2ei = I

∫
YL(ei) ln detDi(ε; ei) d2ei. (1.3.40)

Note that after determining the impurity matrices on a sufficiently dense mesh for the

spherical integrations, it is only a matter of choice at which L we stop in the expansion.

Given the matrices Di(ε; ei), we may include on-site anisotropies of arbitrary order with

virtually the same amount of computational effort.

For a spin Hamiltonian containing up to two-spin interactions, only two-site restricted
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averages of the grand potential are left to determine. These can be expressed as

〈Ω({e})〉eiej = Ωc + I
[
ln detDi(ε; ei) + ln detDj(ε; ej)

]

+ I
∑

k(6=i,j)

1

4π

∫
ln detDk(ε; ek) d2ek

+ I

∞∑

k=1

2

2k
Tr
[
X i(ε; ei) τ c,ij(ε)Xj(ε; ej) τ c,ji(ε)

]k
.

(1.3.41)

Note that most of the terms in the final sum of Eq. (1.2.29) visit at least one included

site only once, and these contributions are exactly zero in the restricted average due to

the CPA condition, a special case of Eq. (1.2.15):

〈X i(ε; ei)〉 =
1

4π

∫
X i(ε; ei) d2ei. (1.3.42)

The neglect of backscattering terms refers to the rest of the terms, where every site outside

the two fixed spins appears at least twice. Similarly to the previous cases, orthogonality

of the spherical harmonics implies that only the last term of Eq. (1.3.41) contributes to

the two-site SCE coefficient,

JLL
′

ij =

∫ ∫
〈Ω〉eiej YL(ei)YL′(ej) d2ei d

2ej

= I

∞∑

k=1

1

k

∫∫
YL(ei)YL′(ej)

× Tr
[
X i(ε; ei) τ c,ij(ε)Xj(ε; ej) τ c,ji(ε)

]k
d2ei d

2ej

= −I
∫∫

YL(ei)YL′(ej)

× Tr ln
[
I −X i(ε; ei) τ c,ij(ε)Xj(ε; ej) τ c,ji(ε)

]
d2ei d

2ej. (1.3.43)

While on paper more concise in its final form, the logarithm in Eq. (1.3.43) is actually

computed in terms of the power series. This series converges quite rapidly, as the site

off-diagonal elements of the SPO, like those of the real space Green’s function, decay with

distance, and with each consecutive order of the power series two more propagations are

included between sites i and j. Correspondingly, the largest contributions come from the

first order term, and higher orders can be optionally neglected to obtain the so-called

simplified pair interactions. A huge technical benefit of this approximation is that the

angular integrals in Eq. (1.3.43) can be performed independently, substantially reducing

computational time. From a theoretical point of view, the simplified SCE-RDLM pair

interactions are what correspond to our formulation of the RTM-RDLM method to be
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detailed in Section 2.3.2.

All that is left is to map the SCE to the usual form of the spin Hamiltonian, i.e., a

second-order tensorial Heisenberg model as seen in Eq. (1.3.1). For this we have to consider

the connection between the basis functions and the Cartesian coordinates. The explicit

forms of the real spherical harmonics will be needed; the functions up to L = 8 (` = 2)

are listed in Table 1.1.

Y0(x, y, z) =
1√
4π

Y1(x, y, z) =

√
3

4π
x Y2(x, y, z) =

√
3

4π
y

Y3(x, y, z) =

√
3

4π
z Y4(x, y, z) =

√
15

4π
xy Y5(x, y, z) =

√
15

4π
xz

Y6(x, y, z) =

√
15

4π
yz Y7(x, y, z) =

√
15

16π

(
x2 − y2

)
Y8(x, y, z) =

√
5

16π

(
3z2 − 1

)

Table 1.1: Real spherical harmonics up to ` = 2.

In order to relate the SCE two-site terms to the usual Heisenberg couplings, we ob-

viously have to match the two-site parameters of the spin Hamiltonian with the two-site

SCE terms. For this we have to perform the matching to ensure that

−eiJ ijej =
∑

L,L′∈L

JLL
′

ij YL(ei)YL′(ej) (1.3.44)

for an appropriate set of indices L. Strictly speaking, we would have to match the full SCE

to a complete spin Hamiltonian (of infinite order) containing the usual model Eq. (1.3.1),

determine the connection between the two sets of infinite coefficients (leading to, in gen-

eral, an infinite system of linear equations connecting the two sets of coefficients), then

dispose of the unnecessary coefficients that go beyond the tensorial Heisenberg model.

The reason why this isn’t necessary is because of the clear bijection between real spheri-

cal harmonics for ` = 1 and the linear functions x, y, z,

ei ≡
(
e1
i , e

2
i , e

3
i

)
≡ (xi, yi, zi) =

√
4π

3

(
Y1(ei) , Y2(ei) , Y3(ei)

)
, (1.3.45)

implying

−eiJ ijej = −
3∑

αβ=1

eαi

(
J
ij

)
αβ
eβj = −4π

3

3∑

L,L′=1

(
J
ij

)
LL′

YL(ei)YL′(ej) . (1.3.46)
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Comparing this with Eq. (1.3.44), we see that the L,L′ = 1, 2, 3 (or ` = `′ = 1) subspace

of real spherical harmonics give exactly the tensorial exchange interaction, there is only

a numerical factor between the two sets of coefficients. We have now arrived at the final

form of the tensorial exchange coupling within the SCE-RDLM scheme:

(
J
ij

)
αβ

=− 3

4π
Jαβij

=− 3

4π
I

∫∫
Yα(ei)Yβ(ej)

× Tr ln
[
I −X i(ε; ei) τ c,ij(ε)Xj(ε; ej) τ c,ji(ε)

]
d2ei d

2ej

=− 9

16π2
I

∫∫
eαi e

β
j

× Tr ln
[
I −X i(ε; ei) τ c,ij(ε)Xj(ε; ej) τ c,ji(ε)

]
d2ei d

2ej. (1.3.47)

We note that the two-site contributions can also be extended to higher orders in L,L′

without much effort, and for many novel systems the Heisenberg model seems insufficient.

The SCE allows for the natural extension of the tensorial Heisenberg model with higher-

order interactions, the simplest form of which is an isotropic biquadratic coupling between

spins in the form of −1
2

∑
i 6=j

Bij (ei · ej)2, expected to dominate among biquadratic terms.

The mapping for these terms reads as [32]

Bij = − 3

8π

8∑

L=4

JLLij , (1.3.48)

clearly showing that no additional information is needed from the electronic structure as

compared to the bilinear interactions. We also note that the usual tensorial Heisenberg

model could also be extended with multi-spin interactions, however, these include very

complex terms originating from Eq. (1.2.29), and it is not clear how such couplings could

be computed using SCE-RDLM in a tractable way. For reference, the SCE coefficient of

a general n-spin interaction within SCE-RDLM would be given by [43]

JL1,L2,...,Ln
i1,i2,...,in

= I

∞∑

k≥n

1

k

∑

j1 6=j2 6=... 6=jk 6=j1
1≤j1,j2,...,jk≤n

∫
· · ·
∫ ( n∏

l=1

YLl(el)

)

× Tr
[
X ij1

(ej1) τ c,ij1 ij2X ij2
(ej2) . . . X ijk

(ejk) τ c,ijk ij1

]
d2e1 · · · d2en.

(1.3.49)

The SCE-RDLM can be extended to the FM phase, i.e. to systems with nonzero net

magnetization. This would allow the spin model to be determined at finite temperatures,
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and thermal effects in the electronic structure (in particular, longitudinal spin fluctua-

tions) could be naturally incorporated into the model parameters. Our attempts at this

generalization are detailed in Section 2.3.1, although preliminary calculations suggest that

some approximations used above might fail in the ordered phase.
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1.4 LSDA+U approximation

The LSDA+U method is one of the simplest options to treat systems with strong electron

correlations, for the description of which the SDFT is known to be insufficient. The

strategy of LSDA+U is to separate a subset of valence states—based on the angular

momentum quantum number `—for which correlations are assumed to be important,

and to subject those states to an additional orbital-dependent effective potential. In the

following, it will be assumed that the eigenstates corresponding to a specific azimuthal

quantum number ` are to be treated according to LSDA+U (typically ` = 2 for correlated

transition metals and ` = 3 for rare earths). We further assume that there is a suitably

chosen orthonormal basis of localized states on this ` subspace,

R`mσ(r) = R`m(r)φσ, (1.4.1)

with the spinor basis functions φσ. Since ` is fixed, in the following we will omit the

explicit notation of ` in matrix elements computed over this basis set.

In the LSDA+U approach, the energy functional is given in terms of the charge density

ρ(r), the spin density s(r) and the set of occupation numbers of the correlated states {n}
as [54]

ELSDA+U [ρ(r) , s(r) , {n}] = ELSDA [ρ(r) , s(r)] + EU [{n}]− Edc [{n}] , (1.4.2)

where ELSDA [ρ(r) , s(r)] is the usual LSDA energy functional, EU [{n}] is the Hartree–

Fock-type energy correction due to correlations in channel `,

EU [{n}] =
1

2

∑

m,m′

m′′,m′′′

∑

σ,σ′

[
〈mm′′ |Vee|m′m′′′〉nσσm′mnσ

′σ′

m′′′m′′

−〈mm′′ |Vee|m′′′m′〉nσ
′σ
m′mn

σσ′

m′′′m′′

]
, (1.4.3)

containing the matrix elements of the Coulomb interaction 〈mm′′ |Vee|m′m′′′〉, and the

final term Edc [{n}] is the double counting term correcting for the amount of correlation

already included in LSDA [55],

Edc [{n}] =
1

2
Un (n− 1)− 1

2
J
∑

σ

nσ (nσ − 1) , (1.4.4)

in which nσ =
∑

m n
σσ
mm is the spin-resolved occupation number (with n = n↑ + n↓), and

the on-site Coulomb interaction parameter U and the exchange parameter J are defined
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as

U =
1

(2`+ 1)2

∑

m,m′

〈mm′ |Vee|mm′〉 (1.4.5)

J = U − 1

2` (2`+ 1)

∑

m 6=m′
[〈mm′ |Vee|mm′〉 − 〈mm′ |Vee|m′m〉] . (1.4.6)

The occupation numbers of the correlated (localized) states with angular momentum

quantum number ` are defined by the projection

nσσ
′

mm′ =
∑

i
(occ.)

∫
R`mσ(r)† ψi(r) d3r

∫
ψi(r

′)
†
R`m′σ′(r

′) d3r′ (1.4.7)

where the summations include only occupied eigenstates ψi(r). In relativistic KKR, a

natural choice for basis is the set of scattering solutions corresponding to the weighted

center of the valence band, although the corresponding relativistic functions Rκµ have

to be transformed to a non-relativistic representation. The occupation matrix can be

computed from the KKR Green’s function (Eq. (1.1.33)),

nσσ
′

mm′ =

∫∫
R`mσ(r)†

∑

i
(occ.)

ψi(r)ψi(r
′)
†
R`m′σ′(r

′) d3r d3r′

= − 1

2πı

(
Gσσ′

mm′ −
(
Gσ′σ
m′m

)∗)
= − 1

π
[ImG]σσ

′

mm′ , (1.4.8)

with the orbital-projected and energy integrated Green’s function matrix

Gσσ′

mm′ =

∫

y

f(z;µ)

∫∫
R`mσ(r)†G(z; r, r′)R`m′σ′(r

′) d3r d3r′dz. (1.4.9)

The variation of the energy functional in Eq. (1.4.2) results in a Kohn–Sham–Dirac

equation containing a non-local Hartree–Fock potential V HF(r, r′). However, it turns

out that even a crude local approximation of this non-local potential is sufficient for the

correction of localized states, since the main aim of LSDA+U and other augmentations

of SDFT for correlated systems is to remove the localized states from the vicinity of the

Fermi energy (i.e., correcting the spuriously high energy of these strongly correlated states

obtainable with SDFT). This approximation results in an orbital-dependent potential

contribution for the states to be treated by LSDA+U. The main corresponding quantity
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is the effective potential [56]

V σσ′

mm′ =
δ
(
EU [{n}]− Edc [{n}]

)

δnσσ
′

mm′

= δσσ′
∑

m′′m′′′σ′′

〈mm′′ |Vee|m′m′′′〉nσ
′′σ′′

m′′m′′′ −
∑

m′′m′′′

〈mm′′ |Vee|m′′′m′〉nσ
′σ
m′′m′′′

− δσσ′δmm′
[
U

(
n− 1

2

)
− J

(
nσ − 1

2

)]
, (1.4.10)

which has to be transformed to the relativistic (κ, µ) representation, following which it

generates an orbital-dependent contribution to the effective potential in the ` subspace

to be corrected.

In a practical application U and J are considered input parameters, specifying the

Coulomb matrix elements instead. Comparison with experiments, typically through spec-

troscopy measurements, allows an optimal set of U and J to be determined for every

system. Although no longer purely ab initio, again the final aim of the LSDA+U method

is to shift the correlated states away from the Fermi energy, providing a crude yet efficient

way to correct the electronic structure of correlated metals.

Due to the prescription of Eq. (1.4.8), the structure of the occupation matrix reflects

the symmetry of the system, implying that the general procedure detailed above leads

to a full-potential problem (at least on the level of the single-site t-matrices). This is a

direct consequence of the effective potential depending on magnetic and spin quantum

numbers, and in turn implies that the rotational transformation of the t-matrix within

the ASA (Eq. (1.2.38)),

ti(ei) = R(ei) ti(ez)R(ei)
† , (1.4.11)

linking the single-site t-matrix with exchange field pointing in the direction ei to that

oriented along the z axis, no longer holds. While for a system without thermal fluctu-

ations it is feasible to implement a full-potential solver to obtain the t-matrices in an

otherwise spherically symmetric approximation, for an RDLM calculation it would not

be ideal to solve the Dirac equation for every point on the angular grid. In order to

preserve the transformation property in Eq. (1.4.11) we can apply a final, and also crude

approximation, which is averaging the computed occupation matrix with respect to its

magnetic quantum numbers, in effect keeping only the average n↑ and n↓ occupations as

independent parameters,

nσσ
′

mm′ ≈ δmm′δσσ′
1

2`+ 1

∑

m

nσσmm =
1

2`+ 1
nσ. (1.4.12)
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Note that this approach will restore Eq. (1.4.11), as the corresponding orbital-depedent

potential, Eq. (1.4.10), becomes independent of the magnetic quantum numbers, thereby

the total effective potential only depends on the azimuthal quantum number `. As the

SO(3) rotation matrices in Eq. (1.4.11) are block diagonal in ` indices, this `-dependent

effective potential is compatible with the transformation of the t-matrices. Using the

same approximation for T = 0 K FM and DLM reference states we can study both

configurations on an equal footing, while still grasping the essential properties of the

electronic structure.



Chapter 2

Results

2.1 Application of RDLM to bulk magnets

2.1.1 Fe bulk

As a first application of self-consistent RDLM theory, we studied the finite-temperature

magnetism of bulk bcc-Fe. We chose a lattice constant of a = 2.789 Å corresponding

to the LSDA total energy minimum obtainable with ASA-KKR [57]. By sweeping the

dimensionless average magnetization (order parameter) m (see Eq. (1.2.39)) from 0 to 1

allowed us to map the entire temperature range below the Curie temperature, and thus

the temperature-dependence of the electronic structure could be explored. Even though

the actual free parameter in our program is m rather than T , the computed T (m) curve

can be used to transform calculated quantities to pure temperature-dependence.

The normalized magnetization vs. temperature curve M(T ) /M(0) from our compu-

tations is shown in Fig. 2.1(a). The Curie temperature—approximated by calculations

performed with m = 0.001—was found to be TC ≈ 1450 K, in agreement with earlier

DLM calculations [58], but obviously too large compared to the experimental value of

T exp
C ≈ 1040 K. This overestimation of the temperature scale is the direct consequence of

the mean-field approximation inherent in RDLM theory. This drawback of RDLM can

be remedied by going beyond the mean-field approximation, e.g., by using Onsager cavity

fields [59].

Despite the lack of a realistic temperature scale, the physical effects of finite temper-

ature are included in the electronic structure. The level of disorder is controlled by the

order parameter m, which in turn sets the physical magnetization in the sample by taking

into account longitudinal spin fluctuations. For this reason we argue that RDLM results

should always be coupled to some physical quantity rather than temperature for inter-

pretation, for instance the reduced magnetization M(T ) /M(0) should be used instead of

46
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Figure 2.1: RDLM calculation for bulk bcc-Fe with lattice constant a = 2.789 Å: (a) aver-
age magnetization versus mean-field temperature; (b) local spin moment versus reduced
magnetization. The dashed curve in (a) shows a mean-field fit to a Heisenberg model.

temperature to compare RDLM calculations with experiments.

As we noted in Section 1.2, one huge advantage of self-consistent RDLM theory is

the ability to explore temperature-induced longitudinal spin fluctuations. Although this

feature is most useful in systems containing induced moments, it is highly instructive to

observe the behaviour of ‘good’ moments at finite temperature. The local spin moment of

Fe is shown in Fig. 2.1(b) as a function of reduced magnetization (note that the direction

of the x axis is reversed such that the temperature increases from left to right). The local

moment in the FM phase is 2.16 µB, in good agreement with previous calculations and

experiments [60]. As the temperature is increased, the local spin moment monotonically

decreases, and reaches a minimum of 1.84 µB in the PM limit. This almost 15% drop in

local spin moment can be somewhat surprising, as Fe is often thought of as the archetypical

rigid moment system.

The fact that the magnitude of the Fe moment varies so strongly with temperature

in itself suggests that a Heisenberg model could only give an approximate description

of its behaviour. A classical Heisenberg model with the same Curie temperature as Fe

would give a mean-field magnetization vs. temperature curve as shown by the dashed

line in Fig. 2.1(a). Interestingly, the Heisenberg fit underestimates the magnetization at

high temperatures. The reason why this is surprising is that according to Fig. 2.1(b) the

local moment of Fe softens at high temperature, while for the Heisenberg model it is a

priori kept fixed. Still, as our ab initio theory does not make use of a spin model, there

is no contradiction. One could try to correct the shortcomings of the simple Heisenberg

model by explicitly including some temperature-dependence in the model itself. Böttcher
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Figure 2.2: (a) RDLM magnetization vs. temperature curve for bulk bcc-Fe with lat-
tice constant a = 2.67 Å (b) T (m) curve for the same system showing non-monotonic
behaviour at high temperatures.

et al. [33] attempted this by using temperature-dependent spin model parameters, and

found that the dominating nearest-neighbour effective interactions increase as the aver-

age magnetization decreases, which could explain the deficiency of the magnetization as

predicted from the fixed-coupling Heisenberg model in Fig. 2.1(a). Our own results in

the same subject, detailed in Section 2.3, suggest the same strengthening of the Fe-Fe

interactions towards the PM state.

As explained above, we take the average magnetization m as free parameter in our

calculations, and the T (m) calibration curve is used to obtain temperature-dependent

plots such as Fig. 2.1(a). However, in certain cases this approach may lead to unexpected

consequences. We also performed some calculations using various Fe lattice constants.

For the small value of a = 2.67 Å, the magnetization vs. temperature curve (shown in

Fig. 2.2(a)) shows surprising behaviour, in that it curves back and ceases to be a single-

valued function. The reason for this is the non-monotonic behaviour of the T (m) curve,

shown in Fig. 2.2(b).

We attempted to find some hints regarding the origin of this feature in the magneti-

zation-dependence of the local moment, shown in Fig. 2.3. Apart from the significant

decrease in magnitude of the local moment the curve is quite similar to that found for

a = 2.789 Å, in that it decreases monotonically with increasing temperature and it changes

from slightly concave to convex. Since the local moment does not give an answer to the

question posed by Fig. 2.2, it is unclear what causes this behaviour. Possibly a careful

study of the DOS as a function of magnetization would reveal a qualitative difference

between the cases corresponding to the two values of the lattice constant.



CHAPTER 2. RESULTS 49

0.00.20.40.60.81.0
1.2

1.4

1.6

1.8

2.0

M(T )/M(0)

lo
ca
l
sp
in

m
o
m
en
t
[µ

B
]

Figure 2.3: RDLM local moment of bulk bcc-Fe with lattice constant a = 2.67 Å vs.
reduced magnetization.

Considering the multi-valued property of the magnetization–temperature curve in

Fig. 2.2(a), it is possible that an implementation based on the temperature as free param-

eter would find two metastable solutions at the corresponding temperature range, leading

to difficulties in evaluating computations. In our case, we do not face such an obstacle,

although it is clear that the magnetization vs. temperature curve in Fig. 2.2(a) is not

physical. It is possible that a more careful evaluation of the temperature in the program

could affect this inconsistency, indicating the need for further development of the code.



CHAPTER 2. RESULTS 50

2.1.2 FePt bulk

The extraordinarily large magnetocrystalline anisotropy of FePt in the L10 structure

(shown in Fig. 2.4) and its dependence on temperature and chemical composition has

been widely studied both theoretically [18,22,61,62] and experimentally [20,21] due to its

application in ultrahigh-density magnetic recording. The induced nature of the Pt local

moment makes this system especially interesting from the point of view of self-consistent-

field RDLM.

Figure 2.4: The L10 structure of FePt, with the two colours indicating the two tetragonal
sublattices populated by Fe and Pt, showing an alternating stacking of Fe and Pt square
lattices. Note that the structure is rotated 45◦ around the c axis (i.e., in-plane) compared
to the standard crystallographic orientation to which the c/a ratio corresponds.

In our calculations, we used a lattice parameter of a = 2.73 Å and a c/a ratio of

0.964 for the L10 structure. We introduced long-range chemical disorder as an inter-

mixing between adjacent Fe and Pt sites while keeping the ideal stoichiometry of the

sample [61, 62]. Consequently, the computed system consists of alternating layers along

the crystallographic c axis, with one (nominally Fe) layer containing η part Fe and 1− η
part Pt and the next (nominally Pt) layer containing η part Pt and 1−η part Fe (in other

words, the system consists of alternating FeηPt1−η and PtηFe1−η layers). Perfect chemical

order is specified by η = 1, while η = 0.5 describes complete disorder. The long-range

order parameter can be straightforwardly defined as a linear mapping,

S = 2η − 1, (2.1.1)

which assumes values between 0 (complete disorder) and 1 (perfect order). We examined

four disordered configurations besides the perfectly ordered case, with S = 0.82, S = 0.72,

S = 0.62, and S = 0.52 to approximate specific samples in the measurements of Okamoto
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et al. [20]. Chemical and magnetic disorder can be included on an equal footing due to

the CPA procedure used in RDLM, allowing us to scan the complete temperature range

up to the Curie point in every case. By considering two orthogonal directions for the

average magnetization below the Curie point, we can assess magnetic anisotropy energy

at finite temperatures. In our convention, the z direction is parallel to the c axis of the

L10 structure (expected to be the easy axis from previous works), and the x axis points

towards first nearest neighbours in the planes normal to the c axis.
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Figure 2.5: Reduced magnetization per
unit cell of chemically ordered L10-FePt
as a function of mean-field temperature.
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Figure 2.6: Local spin moments in chem-
ically ordered L10-FePt as a function of
reduced magnetization.

The magnetization vs. temperature curve for the case of perfect order (S = 1) is shown

in Fig. 2.5 for both reference directions (note that the average magnetization M(T ) /M(0)

contains both Fe and Pt sites). The clear separation of the two Curie temperatures

(TC ≈ 870 K for z vs. TC ≈ 860 K for x) indicates the presence of magnetocrystalline

anisotropy, and tells us that the z direction is favoured to x. Interestingly, with increasing

chemical disorder the Curie temperature stays essentially the same, but the magnetization

vs. temperature curves with the system magnetized along x shift gradually closer to the

curves corresponding to the z direction, suggesting the decay of the anisotropy with

chemical disorder. While the obtained Curie temperature is somewhat smaller than what

was obtained from earlier non-selfconsistent RDLM calculations [18], it is in fairly good

agreement with the experimental value of 750 K [20].

The local spin magnetic moments of Fe and Pt, as expected, show markedly different

behaviour with changing temperature, as shown in Fig. 2.6 for the case of chemical order

and magnetization along z. While the Fe moment changes only slightly from the 2.83 µB

ground-state value to 2.77 µB in the PM state, the Pt local moment shows neat linear

dependence on the average magnetization. These features are in perfect agreement with
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the notion of weak Pt moments induced by the Weiss field of the ‘strong’ Fe moments

[22, 63], even though no such assumption is involved in the RDLM procedure. Note that

in FePt the Fe moment seems much more rigid compared to bulk bcc-Fe (cf. Fig. 2.1(b)),

showing slightly more than 2% reduction up to the Curie point. The overall behaviour

of the local moments is the same for chemically disordered cases as well, only the zero-

temperature average Pt moment decreases from 0.32µB (for S = 1) through 0.28µB (for

S = 0.72) to 0.26µB (for S = 0.52).

From the technological point of view, one of the most important properties of FePt is its

magnetic anisotropy, and in particular the temperature dependence of the magnetocrys-

talline anisotropy energy (MAE). Earlier calculations indicated that the MAE rapidly

drops with chemical disorder at zero temperature, and it almost completely disappears as

the L10 structure becomes body-centered tetragonal [61,62]. In fact, the crystal structure

is believed to become cubic as S → 0, leading to exactly zero uniaxial anisotropy [64].

At finite temperatures, a power-law dependence of the MAE on the magnetization was

found, with exponent of around 2-2.1 over a wide temperature range [18,22], in agreement

with experiments [20,21]. By considering chemical and temperature-induced orientational

disorder at the same time in a self-consistent procedure, we can elaborate our theoretical

understanding of the anisotropy in FePt.

The zero-temperature MAE can be trivially defined as the energy difference between

identical ferromagnetically ordered systems magnetized along the x and z axes. For a

finite-temperature generalization of the MAE, one has to consider the free energy differ-

ence (cf. Eq. (1.2.36))

K(T ) = F x(T )− F z(T ) , (2.1.2)

by which definition a positive K(T ) MAE implies that z is the easy axis. We compute the

MAE by means of the magnetic force theorem [50,51]. Starting from a self-consistent-field

calculation with a given level of chemical and orientational disorder (with system magne-

tized along z), we perform two calculations for which the same potential and probability

density is used, but the latter is transformed such that the average magnetization points

along the z and x axes, respectively. High numerical precision (large number of k points

for the Brillouin-zone integration) is used to ensure accuracy, since in terms of the force

theorem the change in total energy is approximated with the change in band energy with-

out further self-consistency, and the corresponding lack of charge-conservation implies
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that the grand potential should be considered as the relevant thermodynamic potential:

Ωband(η, T ) = 〈Eband ({ξ} , {e})〉 − TSs(η, T )

− µ(η, T ) 〈Nv ({ξ} , {e})〉 , (2.1.3)

where µ(η, T ) is the chemical potential and 〈Nv ({ξ} , {e})〉 is the statistical average of the

number of valence electrons. Note that the temperature-dependent part of the electronic

free energy, ∆Fel(η, T ) (Eq. (1.2.37)), has minor contribution to the MAE, therefore we

neglected it from the present calculations. As we assume the same probability distribution

for spin disorder along the x and z axes, only the first and third terms of the rhs of

Eq. (2.1.3) contribute to the MAE.

To accurately compute the DOS, we used up to 5000 k points in the irreducible wedge

of the BZ. Note that our approximation using the same probability distribution in both

directions of the MAE calculation is only precise at lower temperatures, where the self-

consistent magnetization in the two directions does not differ too much (cf. Fig. 2.5). This

is clear if one considers the range of T → TC (see inset in Fig. 2.5), as nearing the Curie

point for the case of magnetization along x the magnetizations of the two states are be-

coming different, implying that they can not be described by the same probability density.

In the extreme case where T is between the two Curie temperatures, it is evident that the

x direction is unstable with respect to the PM state, while the z direction still corresponds

to a finite magnetic moment. Our approximation obviously fails in this regime. However,

at lower temperatures the difference between the two magnetization directions becomes

less significant, and this regime will suffice in order to compare our results to experiments

also performed at lower temperatures (M(T ) /M(0) > 0.7 in Ref. [20]).

Our results for the zero-temperature MAE per unit cell versus long-range order param-

eter S are shown in Fig. 2.7 for the five selected values of chemical disorder (positive values

indicate that the z axis is favoured). The T = 0 K limit shows the expected rapid decay

of the MAE with increasing chemical disorder, as it is reduced from 1.83 meV (S = 1)

through 0.69 meV (S = 0.72) to 0.23 meV (S = 0.52). The decay can be approximated

well with a function K = a · Sn + K0, although the distribution of the data points make

such a fit somewhat ill-conditioned, leading to very broad confidence bounds. The fitted

model, shown as the dashed line in Fig. 2.7, suggests an exponent n = 2.89(±0.7) and zero

residual anisotropy within confidence bounds (K0 = −47(±210) µeV). The negative sign

of the fitted constant is the expected artefact of the tetragonal distortion, inconsistent

with the S = 0 solid solution state.

While we expect strong uniaxial anisotropy in FePt, the precise nature of the anisotropy

can be quantitatively assessed on the basis of the magnetic force theorem by computing
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line is a least-squares fit to the model
shown in the legend.
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Figure 2.8: Zero-temperature grand po-
tential of FePt as a function of polar an-
gle ϑ of the magnetization for two levels
of chemical disorder. The dashed lines
are fits to a fourth-order model.

the band energy (grand potential) for various orientations of the magnetization in the xz

plane, parametrized with the polar angle ϑ ∈ [0◦, 90◦] (due to tetragonal symmetry, these

are the only unique orientations in the xz plane). The corresponding data are shown

in Fig. 2.8 at zero temperature for the cases of S = 1 and S = 0.52, the two extreme

cases of chemical disorder considered in this work. The data visually resemble a simple

cosine function, indeed suggesting dominant uniaxial components. Least squares fits to

the model Ω = a · cos(ϑ)2 + b · cos(ϑ)4 + c (dashed lines in Fig. 2.8) reveal that in both

cases the amplitude of the fourth-order component is less than 2% of the second-order one

(a = −1.86 vs. b = 0.0356 for the chemically ordered case; a = −0.231 vs. b = 0.00396

for S = 0.52). Besides the verification of the uniaxial nature of anisotropy in FePt, these

findings at the same time suggest that the large fourth-order components found by the

experiments of Okamoto et al. [20] were not of magnetocrystalline origin (but possibly

due to imperfect film geometry in the experiment). Consequently our forthcoming results

should be compared to the K1 values reported in Ref. [20].

Our MAE results for finite temperatures are shown in Fig. 2.9(a) in meV/cell units as a

function of reduced magnetization (and in the inset as a function of temperature). As clear

from Fig. 2.9(a), for each level of chemical disorder the MAE decreases monotonically with

increasing temperature (decreasing magnetization) and vanishes at the Curie temperature

corresponding to M(TC) = 0. For the evaluation of scaling behaviour and comparison

with the experimental results of Okamoto et al. (Ref. [20] and especially Fig. 9 therein) the

reduced MAE curves are shown on a log-log scale in Fig. 2.9(b). For ease of comparison
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Figure 2.9: Magnetocrystalline anisotropy energy in bulk FePt as a function of magneti-
zation on (a) linear scale for comparison of magnitudes and (b) logarithmic scale for the
demonstration of power-law behaviour.

with Fig. 9 of Ref. [20], the shape of the symbols in that figure are matched in our own

for similar values of chemical disorder. All five curves indeed show power-law behaviour,

and for low temperatures (large magnetizations) they seemingly cluster around K ∼M2.1

(dashed line in Fig. 2.9(b)), as was found by Okamoto et al. However, with increasing

temperature and chemical disorder the curves gradually drift below this function, which

can actually be inferred from the data shown in Ref. [20] (and explicitly noted in the

paper’s body text as well). We note that the exponent provided by Okamoto et al.

describes low-temperature behaviour, and there is little experimental reason to expect

uniform power-law behaviour up to the Curie point.
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2.1.3 FeRh bulk

The metamagnetic phase transition of CsCl-ordered FeRh from a high-temperature FM

phase to low-temperature bipartite AFM has raised much research. Below the Curie tem-

perature of TC = 670 K the system undergoes the metamagnetic transition at Tm = 340 K

[23], accompanied by 1% decrease of the volume compared to the FM phase [65].

A multitude of theoretical approaches were utilized to gain insight into the nature

of the metamagnetic transition, covering first-principles total energy calculations [66,67],

ab initio spin fluctuation theory [68, 69], time-dependent excitations [25, 70], or effective

spin models [63, 67, 71, 72]. The DLM theory was shown to accurately predict the meta-

magnetism of CoMnSi-based alloys [73]. A RDLM scheme, in which the full charge and

magnetization self-consistency was approximately accounted for by using a comparison be-

tween paramagnetic DLM and T = 0 K FM states, has already been used to determine the

free energy of FeRh as a function of different magnetization components, concentrations,

external field and temperature, from which the metamagnetic transition temperature and

the isothermal entropy change were obtained [74].

The CsCl structure is simply a bcc lattice in which the two simple cubic sublattices

are populated by different atomic species. In bulk FeRh, the Rh atoms are symmetrically

surrounded by cubes of Fe, implying that while in the FM phase a finite Rh local moment

can be induced by the Fe sites, in the bipartite AFM phase (shown along with the structure

in Fig. 2.10) the Weiss field is zero at the Rh sites and no induced moment appears. This

implies that the electronic structure can be markedly different in the FM and AFM phases,

and this contributes to the fact that the processes governing the metamagnetic transition

are complex and hard to expose. In terms of the self-consistent RDLM approach, we can

compare the free energies of the FM and AFM phases at finite temperatures by taking

into account temperature-induced longitudinal spin fluctuations, and ultimately map the

phase diagram of FeRh (as a function of temperature and lattice constant, two of the key

physical parameters concerning the metamagnetic transition).

First, we performed zero-temperature total energy calculations for various values of the

cubic lattice constant a both in the FM and the AFM states. As can be seen in Fig. 2.11,

for lattice constants less than 3.11 Å the AFM state is more stable than the FM one, while

for larger lattice constants the FM state becomes favourable. The global energy minimum

is found in the AFM state at the equilibrium lattice constant of aAFM = 3.00 Å and the FM

state has an energy minimum at aFM = 3.02 Å, with an energy difference of 3.91 mRy per

unit cell. To check these results we repeated the total energy calculations by using VASP

[75,76] and found the AFM and FM energy minima at 2.99 Å and 3.01 Å, respectively, in

excellent agreement with the KKR calculations. The total energy difference from VASP

is somewhat larger, 4.58 mRy/cell, as compared to KKR. The corresponding volume
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Figure 2.10: The CsCl structure and
the bipartite AFM configuration of bulk
FeRh. In the right figure arrows indicate
the orientation of the Fe moments, and
the sphere represents the non-magnetic
Rh atom.
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Figure 2.11: Total energy curves of FM
and AFM FeRh as a function of lattice
constant.

increase, VFM/VAFM − 1 = 0.02, is also in fair agreement with earlier theoretical results

[66, 67]. Similarly, the calculated spin moments, µFe = 3.11 µB and µRh = 0 µB in the

AFM state, while µFe = 3.22 µB and µRh = 1.03 µB in the FM state, are consistent with

values found experimentally [65, 77] and theoretically [66, 67,72].

Although mostly not necessary for the construction of the phase diagram, we per-

formed self-consistent-field calculations over the entire temperature range of the FM and

AFM phases for several values of the lattice constant. This allows us to compare the

qualitative behaviour of the FeRh moments to those of FePt. The magnetization vs. tem-

perature curves for the two magnetic phases are shown in Fig. 2.12(a) for a = 3.09 Å (for

the AFM case the magnitude of the sublattice magnetization is shown, due to the van-

ishing total magnetization). The AFM curve has conventional shape up to the Néel point

TN ≈ 790 K, however the FM curve is almost linear for most of the temperature scale and

even slightly convex below the Curie temperature of TC ≈ 1210 K. This highly uncon-

ventional magnetization vs. temperature curve can be motivated, if not understood, by

the fact that along with the change in temperature, the induced Rh moment also changes

in magnitude, which can feed back into the electronic structure in subtle ways. This ex-

planation is further supported by the fact that the AFM magnetization vs. temperature

curve does not show any anomalies, which can be due to the missing Rh moments in

that phase. Obviously the sole presence of induced moments is unsufficient to distort the

magnetization curve (cf. the FePt case, Fig. 2.5), and some further attributes of FeRh are

to blame for the shape of the FM magnetization curve, most probably strongly related to

non-Heisenberg behaviour.

The local spin moments for the same lattice parameter and again for both magnetic

phases are shown in Fig. 2.12(b). The overall behaviour of the local moments is quite
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Figure 2.12: Temperature-dependence of (a) the magnetization and (b) the local spin
moments in bulk FeRh for a = 3.09 Å. Note that the (induced) Rh moments are zero
in the AFM phase due to symmetry, and in this phase ‘magnetization’ refers to the
magnitude of the sublattice (or staggered) magnetization.

similar to those in FePt (cf. Fig. 2.6), with the trivial exception of the AFM phase where

the Rh moment is zero. This feature along with the monotonic dependence of the Rh

moment on the magnetization in the FM phase (and especially its disappearance in the PM

limit) clearly verifies the induced nature of the Rh moments. A subtle difference compared

to FePt is that the Rh local moment varies less linearly with the average magnetization,

indicating that a simple Weiss-field picture could fail for this system. This is possibly

due to the very strong polarizability of Rh leading to much larger induced moments (of

over 1 µB) as was seen for the Pt in FePt, allowing nonlinear effects to manifest. The

Fe moments show almost identical behaviour in the two phases, and less than 1% change

with temperature. The considerably larger magnitude of the Fe moments compared to

the FePt case (see Fig. 2.6) is due to the much larger Fe-Fe interatomic distance in the

present case—reasons stemming from the electronic structure (hybridization) are refuted

by the strong similarity of the FM and AFM curves. And indeed: at a = 2.83 Å, the

ground-state Fe spin moment is only 2.89 µB, in much better comparison with the FePt

results.

The zero-temperature total energy calculations (see Fig. 2.11) provide us with the

relative stability of the FM and AFM phases at zero temperature; a single point in the

phase diagram. As a next step, we used the RDLM code to determine the TC Curie

and TN Néel temperatures, respectively, for the FM and AFM configurations, for a range

of lattice constants around the ground-state equilibrium values, in order to chart the



CHAPTER 2. RESULTS 59

2.85 2.90 2.95 3.00 3.05 3.10 3.15
0

200

400

600

800

1000

1200

1400

AFM

FM

PM

lattice constant [Å]
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Figure 2.13: Phase diagram of FeRh from self-consistent-field RDLM theory. Blue circles
and red squares indicate the Curie and Néel points, respectively, while black triangles
correspond to metamagnetic transition points obtained from free energy calculations.
The lines are guides to the eye and provide approximate phase boundary lines.

stability of these phases against the PM phase. Note that finding the paramagnetic

transition temperature does not need a scan over the whole temperature range, since it is

sufficient just to set a tiny value for the order parameter (in this case m = 0.01) and to

determine the probability distribution, concomitantly, the temperature that produces the

chosen value of the magnetization. The resulting stability curves shown in Figure 2.13

(blue circles and red squares) clearly demonstrate that TC and TN strongly depend on the

lattice constant. At low lattice constants TN is larger than TC, however, with increasing

lattice constant TN decreases while TC increases. This is in accordance with our results

for the lattice constant dependence of the total energy (see Fig. 2.11) and also with earlier

findings that with increasing volume the AFM character of FeRh becomes weaker due to

the weakening of the AFM intersublattice Fe-Fe interactions [72].

By mapping the dependence of the Néel and Curie temperatures on the lattice pa-

rameter, we can gain insight into the high-temperature phase transition describing the

system. At low volumes, when TC < TN, there exists a temperature range, TC < T < TN,

where the PM phase is stable against the FM phase, however, the AFM state is still

ordered, i.e., the PM phase is unstable to the AFM phase. Therefore, in case of TC < TN

the high-temperature phase transition is AFM-PM. Conversely, for higher volumes, when

TN < TC, the high-temperature transition is FM-PM. By scanning the Curie and Néel

temperatures as a function of lattice constant, we can chart the high-temperature FM-PM

and AFM-PM lines of the phase diagram of FeRh, shown in Fig. 2.13.

The Néel and Curie temperature curves cross over at a = 2.99 Å, forming a triple point

at TN = TC = 940 K (topmost filled black triangle in Fig. 2.13). Thus, for a ≥ 2.99 Å,
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Figure 2.14: (a) The free energy of the FM and AFM phases of bulk FeRh for a = 3.08 Å
showing (b) a crossover indicating the metamagnetic transition point Tm = 461 K. The
dashed curve in (b) corresponds to the case in which the electronic free energy contribution
is neglected.

as cooled from the PM phase at a given lattice constant, the system first orders in the

FM phase. However, the T = 0 limit (Fig. 2.11) indicates that in the ground state the

transition from AFM to FM occurs at a = 3.11 Å (bottommost filled black triangle in

Fig. 2.13). Consequently, between these two lattice constants there has to be an additional

transition from the FM to the AFM phase. This is the manifestation of the metamagnetic

phase transition of FeRh provided by our RDLM theory. We note that the situation is

similar to the spin-reorientation transitions in ferromagnetic thin film systems: when

the ground-state magnetization is oriented normal-to-plane, while the Curie temperature

related to the in-plane magnetization is higher than for the out-of-plane magnetization, a

temperature-induced reorientation transition occurs between these two orientations [78].

To find the metamagnetic transition line of the phase diagram, we computed the

RDLM free energy curves as a function of temperature (see Eq. (1.2.36)) for a few values

of the lattice constant. As mentioned above, in the AFM phase the Weiss field at the Rh

sites vanishes and local Rh moments only form in the FM phase. These moments were

treated as induced in our calculations, and as such enslaved to the robust Fe moments.

The spin-disorder entropy term Eq. (1.2.34) entering the free energy correspondingly only

contains contributions from the Fe sites, however the cost of Rh moment formation is

included in the (average) total energy in a self-consistent manner.

Reassuringly, for lattice constants a < 2.99 Å and a > 3.11 Å, we did not find a

crossover between the FM and AFM free energy curves, indicating that one of these

phases remains stable in the entire temperature range up to the PM transition temper-



CHAPTER 2. RESULTS 61

ature. For the case of a = 3.08 Å, we plotted the free energies in Fig. 2.14(a) and

their difference, FFM(T ) − FAFM(T ), in Fig. 2.14(b) for a broad temperature range (cf.

Eq. (1.2.36)). The free energy plot indeed reveals a crossover through zero at temperature

Tm = 461 K, which can be interpreted as the metamagnetic transition temperature at this

fixed lattice constant. Ignoring the electronic free energy contribution, ∆Fel, leads to the

relative energy curve indicated by the dashed line in Fig. 2.14(b) with crossover at around

540 K, demonstrating the subtle sensitivity of the relevant effects to minor changes in the

theoretical model. Noteworthy, for high temperatures the free energy difference turns

back towards zero. This happens since both the FM and AFM states approach smoothly

the PM state, implying

FFM|T→TC = FAFM|T→TN = EPM − TSPM + ∆Fel(T ) , (2.1.4)

EPM, SPM and ∆Fel(T ) being the average total energy, the spin-entropy and the excess

electronic free energy (see Eq. (1.2.37)) in the paramagnetic phase, respectively.
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2.1.4 Gd bulk and surface

Following the recent implementation of the LSDA+U method into our SKKR package,

and in particular into the RDLM program, we investigated the hcp-Gd system (structure

shown in Fig. 2.15) in the zero-temperature FM and PM phases as a first application,

allowing us to compare the behaviour of bulk and surface properties at low and high

temperatures, all on an equal footing. Pure hcp-Gd is perhaps the most investigated

strongly correlated metallic system, where the well-localized magnetic moment of the 4f

shell interacts with the itinerant electrons of the conduction band [79]. Of special interest

is the question concerning the relationship of the conduction band magnetization and

the 4f moment, i.e., whether the former one is only due to polarization by the latter,

disappearing in the PM phase (showing Stoner behaviour, as explained in Section 1.2).

An equivalently important issue is that the main experimental methods that provide us

with precise information concerning the electronic structure of the Gd conduction band

(i.e. various kinds of photoemission spectroscopy measurements) are surface sensitive.

The presence of the surface leads to essential changes in the electronic structure of the

terminating layers compared to the bulk. Moreover, the spin splitting of the surface

states has been regarded as an important source of information concerning the magnetic

behaviour of the conduction electrons [26]. It is therefore demanding to disentangle the

signatures of the surface states from those of the bulk.

Figure 2.15: Hexagonal close packed structure of bulk Gd.

In our self-consistent-field calculations, the strong correlation of the localized 4f states

was treated within the framework of the LSDA+U approach. The PM state was modelled

by a uniformly distributed DLM state with probability density P (e) = 1
4π

. For each

calculation, we considered a hexagonal closed packed lattice with the experimental value

of 1.5904 for the c/a ratio, with the corresponding equilibrium lattice constant found to be

a = 3.450 Å. The optimization of the lattice parameter as well as subsequent calculations
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were performed with the commonly used U = 6.7 eV and J = 0.7 eV values [80]. The

Gd(0001) surface was modelled by an interface of 6 Gd layers and 4 vacuum layers, in

between a semi-infinite Gd bulk from one side and semi-infinite vacuum from the other.

The screened KKR method allows to treat the semi-infinite substrate as it is, without the

use of any supercells.
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Figure 2.16: Density of states of Gd bulk and (0001) surface in (a) the T = 0 K FM phase
and (b) PM DLM phase. Contributions from the 4f states and the conduction band are
shown separately.

The densities of states for the bulk and surface in the FM and PM phases are depicted

in Fig. 2.16. Note that the DOS in the PM DLM phase is that of a Gd atom embedded

in the non-magnetic effective medium. In the FM phase (Fig. 2.16(a)), similarly to the

results of previous works [56,80–82], the 4f electrons move away from the Fermi level with

an exchange splitting of ∼ 11 eV. Note that the relatively large dispersion of about 0.8 eV

of the majority 4f states is due to the spin-orbit splitting of these states. Clearly, in the

PM phase (Fig. 2.16(b)) very similar features of the density of 4f states can be found.

The conduction electrons, dominated by 5d states, are characterized by a spin splitting

on the order of 1 eV in the FM state. The magnitude of this splitting can be inferred

from Fig. 2.16(a), for example by comparing the onset of the majority 5d electrons at
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roughly −3 eV below the Fermi energy to the onset of minority d electrons at −2 eV.

Another measure of the spin splitting would be to consider the shift of the minimum in

the majority-spin DOS at the Fermi energy to roughly 1.2 eV above the Fermi level in

the minority-spin DOS.

The spin splitting of bulk states in the PM phase is somewhat harder to quantify with

the above measures. A comparison of the position of the peak near the Fermi energy for

the two spin channels suggests a largely reduced splitting on the order of 0.1 eV, as can be

assessed from Fig. 2.16(b). At this point, one might conclude that the almost vanishing

spin splitting in the PM phase indicates Stoner behaviour, but a closer look at the local

spin moments and its various contributions suggests otherwise.

In the FM phase, we calculated a total spin moment of 7.77 µB, that is, the polarization

of the spd band amounts to 0.77 µB. In the PM phase, the total spin magnetic moment

is reduced to 7.41 µB, which means that a considerable polarization of the conduction

band still persists. These values are in agreement with recent disordered local moment

calculations [29, 83] and also with studies performed for non-collinear magnetic configu-

rations [30], where the 4f electrons were treated as part of the core. The finite value of

the local moment related to the conduction band in the PM phase is indeed at the heart

of the controversy regarding the nature of the conduction band local moment, since there

is nearly no splitting in the spin channels. It is the asymmetry of the spectral weights

in the two spin channels that results in a significant conduction band moment. These

findings suggest that the spin splitting of the conduction band spectra can not be used

as a unique indicator of local moment formation. Furthermore, while in the FM phase

the conduction band is further polarized by the Weiss field generated by the 4f moments,

its local moment stays finite in the PM phase with the lack of a Weiss field, suggesting

that despite its non-Stoner behaviour the conduction band is neither independent of the

background 4f localized magnetization.

The density of states at the surface, also shown in Fig. 2.16, has two main charac-

teristics. Firstly, in accordance with previous theoretical results [81] and experimental

observation [84], the localized 4f states experience a down-shift in energy. This feature is

slightly more pronounced in the PM phase than in the FM phase. Secondly, again in line

with experiments [28,85,86], new states appear which are absent in the bulk. The surface

states in the FM phase near the Fermi energy are highly of majority-spin character. In the

PM phase, the rearrangement of electronic states near the Fermi energy is still present,

but with a reduced spin-polarization, as observed also in experiments [28, 85]. The spin

magnetic moment per atom on the surface in the FM phase is found to be slightly re-

duced, compared to the bulk value, to 7.74 µB. On the other hand, in the PM phase

the magnetization slightly increases to 7.48 µB on the surface. Therefore, similarly to the
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case of bulk, the vanishing splitting of the spectral density of the surface states in the PM

phase can not be regarded as a herald of Stoner magnetism. It is the asymmetry of the

spectral weight for the two spin channels that is responsible for the finite residual local

moment of the conduction band in the PM phase, suggesting non-Stoner behaviour.



CHAPTER 2. RESULTS 66

2.2 Fe1/Rh(001) thin film

Motivated by the recent SP-STM measurements of Takada et al. [31], we examined the

Fe1/Rh(001) thin film system, a close relative of the Fe/Ir(001) thin film that we thor-

oughly investigated in the past [32]. The in-plane lattice constant on the fcc-Rh(001)

surface, a2d = 2.6898 Å, is very close to that of fcc-Ir(001) and it is in between the bulk

Fe-Fe distances corresponding to the bcc and fcc phases. We essentially expect similar

behaviour of Fe on the Rh substrate as on Ir, with decreased impact of relativistic ef-

fects due to the smaller atomic number of Rh compared to that of Ir, implying weaker

spin-orbit coupling.

In their experiments Takada et al. found no magneto-optic Kerr effect signal from the

Fe monolayer, and based on their SP-STM study they suggested a complex non-collinear

spin structure shown in Fig. 2.17. The magnetic unit cell, with a possible choice indicated

by a blue rectangle in the figure, consists of 4×3 atoms. The magnetic superlattice is cen-

tered rectangular with lattice parameters of 4a2d and 6a2d, corresponding to a periodicity

with wave vector q =
(

1
2
, 1

3

)
π
a2d

.

Figure 2.17: Ground state spin configuration of Fe1/Rh(001) suggested by the SP-STM
measurements of Takada et al., see Fig. 6 of Ref. [31]. The blue rectangles indicate a
possible partitioning to magnetic unit cells of 4× 3 Fe atoms.

2.2.1 Self-consistent field calculations

Our simulated system consisted of a single layer of Fe on a semi-infinite Rh fcc-(001)

substrate with a semi-infinite vacuum region on top. We performed self-consistent-field

calculations both in the FM state and using a paramagnetic RDLM state in order to
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compare exchange interactions computed with the RTM and the SCE. Similarly to our

earlier study of Fe/Ir(001), we investigated various geometries of the thin film by varying

the value of the inward Fe relaxation, i.e. the distance of the Fe layer from the subsurface

Rh layer. We considered (inward) relaxations from 0% (ideal geometry) through the

experimental −9% value up to −15% relaxation.

The Fe local moment shows some weak dependence on the layer relaxation. In the

FM state the local moment decreases from 2.97 µB at ideal geometry to 2.86 µB at −15%

relaxation with 2.92 µB at the experimental geometry, while in the DLM state these values

are 2.93 µB, 2.84 µB and 2.87 µB, respectively. These few percent changes of the Fe spin

moment magnitude with magnetic configurations suggest that in this thin film the Fe

moment is again much more rigid than in the bulk (cf. Fig. 2.1(b) in Section 2.1.1).

While the magnitude of the Fe moment does not depend much on the choice of reference

state, there is still the obvious implication of induced Rh moments in the substrate. In

the DLM state the Rh moment is zero due to the vanishing Fe Weiss field, but in the

FM phase the subsurface Rh layer develops a spin moment of 0.199 µB (0% relaxation)

through 0.227 µB (−9% relaxation) to 0.249 µB (−15% relaxation). The presence of

these local moments (much larger than the induced Ir moments of around 0.08 µB present

in Fe1/Ir(001)) suggests that we should expect significant differences in the electronic

structure of the FM and PM phases, which may affect derived quantities such as the spin

model parameters.

2.2.2 Validity of the spin model

Before exploring the impact of layer relaxations on the exchange interactions with both

reference states, we looked at the coupling parameters obtained from the SCE-RDLM

method to gain insight into the applicability of the Heisenberg model to this system. The

possibility for such a test arises firstly from the fact that we can compute interactions

beyond the bilinear ones using our SCE-RDLM code, namely the isotropic biquadratic

couplings; and secondly from that the SCE provides an orthogonal mapping of the adia-

batic magnetic energy surface, whereby the inclusion of higher-order corrections does not

affect the existing lower-order parameters. The extended spin Hamiltonian,

H({e}) = H0 +
∑

i

eiKi
ei −

1

2

∑

i 6=j

eiJ ijej −
1

2

∑

i 6=j

Bij (ei · ej)2 , (2.2.1)

contains the biquadratic terms as a higher-order correction to the tensorial Heisenberg

model. By looking at the energy scales of the constituting contributions, we may assess

the goodness of the mapping of the adiabatic magnetic energy to the simple spin model
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in Eq. (2.2.1).

Table 2.1 shows the largest values of each component of the Heisenberg tensor (i.e. the

isotropic exchange, the Dzyaloshinskii–Moriya interaction and the two-site anisotropy, cf.

Eqs. (1.3.2)–(1.3.4)) and the biquadratic coupling for a few values of the Fe layer relaxation

for quantitative comparison. For 0%, −5% and −9% relaxation the components of the

first nearest neighbour (nn), while for −15% relaxation those of the second nn exchange

tensor are shown, with the exception of the DM interaction magnitudes which are maximal

for second nn’s in every case. The biquadratic terms are only significant for first nn’s.

Note that the on-site anisotropy is small compared to the two-site contribution for every

geometry.

relaxation J I [mRy] D [µRy] Jzz − Jxx [µRy] B [mRy]

0% 1.90 36.8 8.73 0.389

−5% 1.17 63.8 8.04 0.459

−9% 0.591 77.6 7.76 0.467

−15% −0.555 79.4 6.44 0.426

Table 2.1: Comparison of the dominant energy scales of the interactions in Fe1/Rh(001)
for a few values of the Fe layer relaxation, obtained with the SCE method in a DLM
reference state. J I, D, Jzz−Jxx and B stand for the isotropic Heisenberg interaction, the
magnitude of the DM vector and the two-site anisotropy, and the isotropic biquadratic
coupling, respectively. Note the differences in units used.

For ideal, unrelaxed geometry the first nn FM isotropic Heisenberg terms dominate

the energy of the spin system. The DM interaction is much smaller than the isotropic

contribution, but its magnitude increases strongly with increasing layer relaxation. Con-

trarily, the isotropic couplings decrease in magnitude and turn to be AFM for large inward

relaxations. The isotropic biquadratic terms are only weakly sensitive to layer relaxation,

and favour a collinear (either parallel or antiparallel) spin-configuration, with a magni-

tude in between that of the isotropic Heisenberg terms and its relativistic corrections.

Due to these features the ground state for ideal geometry is expected to be FM, however

at higher relaxations, in particular near the experimental value, there is only a factor

of around 7 between the magnitude of the DM interaction and the frustrated isotropic

Heisenberg terms, furthermore the biquadratic couplings are comparable to the bilinear

terms. These considerations imply that the ground state preferred by the bilinear terms

is some kind of spin spiral, due to competing isotropic Heisenberg terms and significant

DM interactions. Furthermore, the biquadratic couplings are very strong, and they are

incompatible with any non-collinear configuration preferred by the bilinear terms. The
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actual ground state of this complex interaction landscape is to be determined from spin

dynamics simulations.

At this point, however, we have to consider the applicability of the Heisenberg model

to this system. We see that near realistic geometries, the isotropic biquadratic couplings

are of the same magnitude as the bilinear terms. This means that the higher-order ‘cor-

rection’ to the usual second-order tensorial model is comparable to the original model.

Due to the orthogonal nature of the SCE mapping, this very strongly suggests that the

tensorial Heisenberg model is utterly incapable of describing this system, and higher-order

interactions have to be taken into account. This also raises the question of multi-spin in-

teractions, which can easily also be strong in this case. This situation is especially prob-

lematic from the point of view of the RTM. Using the torque method we can only extract

Heisenberg interactions, which we expect to contain insufficient information regarding the

system. Furthermore, these interactions contain spurious contributions from higher-order

interactions, which change the obtained couplings in an uncontrolled way [48]. We can

still compare the tensorial Heisenberg interactions obtained with the SCE and the RTM

to gain some insight into the effects caused by induced substrate moments, but we should

not expect the corresponding results to compare with experimental observations. Fur-

thermore, differences between the two sets of interaction parameters can also arise from

the mentioned spurious contributions, and not only the difference in electronic structure

in the PM and FM phases.

2.2.3 Exchange interactions

Although the integrated quantities show only weak dependence on the geometry, the spin

model parameters are very sensitive to layer relaxations, as was expected from the related

Fe/Ir thin films [32] and already evident from Table 2.1. Much more visual evidence is

provided in Fig. 2.18, in which the isotropic Heisenberg exchange is plotted versus the

interatomic distance in units of the in-plane lattice constant for a few values of the Fe

layer relaxation. The couplings obtained with the SCE and the RTM show overall similar

tendencies, but also strikingly different energy scales.

For ideal (unrelaxed) geometry, the system shows strong first nn FM coupling, which

seems to dominate among isotropic bilinear terms, along with weakly AFM second and

third nn couplings, overall pointing to a FM ground state. As the layer relaxation is

increased, a strong AFM tendency arises, leading to the rapid decay of the first nn FM

couplings and the enhancement of the AFM couplings. In the extreme case of −15%

relaxation, all three first nn couplings are AFM for both reference states and methods used.

For the experimental −9% relaxation, the softening of the first nn FM coupling is met by
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Figure 2.18: Isotropic Heisenberg couplings in Fe1/Rh(001) as a function of interatomic
distance in units of the in-plane lattice constant, obtained with the SCE (left) and the
RTM (right). Note the difference in energy scales.

the enhancement of the second and third nn AFM ones, leading to a situation where the

first three interactions are of the same magnitude, implying very strong frustration of the

Heisenberg terms. By themselves the isotropic couplings favour spin spiral configurations

in such cases, which is further complicated by the presence of significant tensorial exchange

(most notably, DM interactions).

The magnitude of the DM vectors is shown in Fig. 2.19. Main features to note are the

enhancement of the DM interaction with inward relaxation, and that in the FM phase

the DM couplings decay much more slowly with interatomic distance. While in the FM

phase the scale of the DM interaction is roughly the double of that in the PM phase, this

leads to a similar relative strength compared to the isotropic Heisenberg terms due to a

similar approximate factor of 2 present between the two sets of isotropic bilinear terms

(see the scale in Fig. 2.18).

The spatial modulation of the spin configuration preferred by the tensorial Heisenberg

terms alone can be inferred from a mean-field estimate. The PM spin susceptibility in

the mean-field approximation is given by

χ(q) =
[
3kBTI − J(q)

]−1
, (2.2.2)

where J(q) is the Fourier transform of the exchange tensor at wave vector q,

J(q) =
∑

i

J
i0

e−ıq(Ri−R0), (2.2.3)

and Ri is the lattice vector corresponding to site i (see, e.g., the Appendix of Ref. [32]).
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Figure 2.19: Magnitude of the Dzyaloshinskii–Moriya interaction in Fe1/Rh(001) obtained
with the SCE (left) and the RTM (right). Note the difference in energy scales.

Equation (2.2.2) implies that when cooling the system from the high-temperature PM

phase, the highest temperature where χ(q) is singular will be given by the largest eigen-

value of J(q), and the corresponding wave vector will give the spatial modulation of the

preferred (high-temperature) ordered state. By computing the largest eigenvalue J(q)

for a given wave vector q and then plotting this surface in the two-dimensional Brillouin

zone, we may visualize the preference of the bilinear terms, and the global maximum of

the J(q) surface will give the mean-field guess for the ground state.

While this approach provides a quick first estimate of the ground state, it has its

limitations. Firstly, the mean-field approximation is known to be inaccurate especially

in low dimensions, and the underestimated critical fluctuations can affect the ground-

state spin configuration. Secondly, the approach is only valid for the highest-temperature

ordered phase to which the PM phase is unstable, and the system can show additional

phase transitions at lower temperatures, thereby settling in a different ground state.

For unrelaxed geometry, both sets of spin model parameters lead to J(q) surfaces

(shown in Fig. 2.20) which are maximal near the Γ point, in accordance with the tendencies

discussed earlier (cf. Fig. 2.18). While the J(q) surface for the DLM state is maximal

precisely in the Γ point suggesting FM ground state, the surface for the FM reference state

assumes its numerical maximum at q = (0.07, 0.07) π
a2d

and symmetry related points. The

shift of the ground state away from the Γ point can be attributed to the AFM second

and third nn isotropic Heisenberg couplings. However, it should be noted that the J(q)

surface is very flat in a wide range around the center of the BZ, indicating an approximate

degeneracy among a large number of long-wavelength spin spirals (and the FM state)

with various wave vectors. In order to determine the actual ground state, spin dynamics

simulations are necessary.
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Figure 2.20: J(q) surface of unrelaxed Fe1/Rh(001) computed from parameters obtained
with the SCE (left) and the RTM (right).

As the layer relaxation is increased, the AFM tendency in the isotropic Heisenberg

terms and the enhancement of the DM interaction lead to the depression of the J(q)

surfaces in the Γ point, shifting the maxima of the surfaces into more general points of the

BZ. For the couplings obtained with the SCE, this transition happens quite abruptly. For

−5% relaxation the maximum corresponds to the FM state, at −7% a shallow, degenerate

maximal plateau appears, and already at −8% relaxation the degeneracy is partially lifted

and a maximum line appears in the form of a rounded square. Beyond this relaxation

regime the shape of the surface is mostly the same, only its maximum evolves slightly

along the (1, 1) direction of the BZ. The surface for experimental relaxation is shown

in Fig. 2.21, with its numerical maximum at q = (0.47, 0.47) π
a2d

and symmetry related

points.

The J(q) surfaces obtained from the RTM reflect the stronger frustration compared

to the SCE couplings, due to the more pronounced AFM tendency in the corresponding

parameters. From −5% to −8% relaxation the surfaces show quite strong degeneracy in

a large region of the BZ as the neighbourhood of the Γ point is depressed and the border

of the BZ rises, in which regime the precise maximum of the surfaces varies extremely

rapidly with relaxation (for instance, at −7% layer relaxation the obtained ground-state

estimate has wave vector q = (0.44, 0.44) π
a2d

, while at −8% this is q = (0.33, 0.63) π
a2d

).

At the experimental relaxation the degeneracy is lifted, and the maxima are shifted to

the BZ boundary (see Fig. 2.21), with numerical maxima at q = (0.27, 1) π
a2d

and related

points. Larger relaxations stabilize these maxima with respect to the FM state, but again

the overall shape of the J(q) surface stays the same.



CHAPTER 2. RESULTS 73

−1.0 −0.5
0.0

0.5
1.0−1.0

0.0

1.0−6

−4

−2

0

2

qx

[
π

a2d

]
qy

[
π

a2d

]

J
(q
)
[m

R
y
]

−1.0 −0.5
0.0

0.5
1.0−1.0

0.0

1.0−10

−5

0

5

qx

[
π

a2d

]
qy

[
π

a2d

]

J
(q
)
[m

R
y
]

Figure 2.21: J(q) surface of Fe1/Rh(001) for experimental geometry computed from pa-
rameters obtained with the SCE (left) and the RTM (right).

It should now be noted that the mean-field estimate explicitly contains only bilinear

terms of the spin model. On-site anisotropies and the biquadratic coupling do not con-

tribute to the PM spin susceptibility in this approximation, so the effect of the latter

cannot be estimated within this framework. The dependence of the biquadratic terms

on interatomic distance is quite simple as can be seen in Fig. 2.22, since it can be very

well approximated with a nearest neighbour model. This simply suggests that the spin

configuration preferred by the large positive nn biquadratic terms is any collinear state.

It is evident at this point that the various short-wavelength spin spiral states preferred

by the tensorial Heisenberg terms are highly incompatible with the positive isotropic bi-

quadratic interactions, leading to additional frustration in the extended SCE spin model.

This serves as yet another reason to search for the ground-state spin configurations using

LLG spin dynamics simulations.

2.2.4 Spin dynamics simulations

The Landau–Lifshitz–Gilbert equation describes the motion of rigid magnetic moments

Mi = Mi ei in external fields Heff
i ,

∂Mi

∂t
= −γ′Mi ×Heff

i −
αγ′

Mi

Mi ×
(
Mi ×Heff

i

)
, (2.2.4)

where α is the phenomenological Gilbert damping parameter, γ′ = γ
1+α2 and γ is the

gyromagnetic ratio of the electron. In a general (stochastic) formulation of the equation,

the effective field contains a thermal contribution described by a stochastic process, with



CHAPTER 2. RESULTS 74

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0

0.1

0.2

0.3

0.4

0.5

d [a2d]

B
ij

[m
R
y
]

unrelaxed

-5% relaxation

-9% relaxation

-15% relaxation

Figure 2.22: Isotropic biquadratic couplings in Fe1/Rh(001) as a function of interatomic
distance in units of the in-plane lattice constant, obtained with the SCE. Positive values
of Bij favour collinear spin configurations.

the purpose of modelling the effects of finite temperature. Such simulations can be used in

a multitude of practical applications, for instance to compute temperature-induced phase

transitions in subtly-balanced spin systems or temperature-dependent magnon spectra

and magnon lifetimes [87].

In a zero-temperature (deterministic) formulation, the temporal evolution loses its

physical meaning, and the LLG equation serves as a means for energy minimization. In

this simpler case, the effective magnetic field is given by

Heff
i = − 1

Mi

∇eiH({e})

= − 2

Mi

K
i
ei +

1

Mi

∑

j(6=i)

J
ij
ej +

2

Mi

∑

j(6=i)

Bij (ei · ej) ej, (2.2.5)

that is a Weiss-like field is applied at every site depending on the current spin config-

uration and the couplings between spins. The terms of the effective field can of course

be manipulated in these simulations, in particular to explore how biquadratic couplings

affect the ground-state spin structure.

We performed three zero-temperature LLG simulations for each geometry: one with

the spin model obtained with the RTM, one with the extended SCE spin model (Eq. (2.2.1))

and one with the latter but with biquadratic terms artificially turned off. We can expect

the Heisenberg-only cases to reproduce the mean-field estimates quite well, while the sim-

ulation with biquadratic terms included will give the best description of the system which

we can provide (since the SCE model is surely incomplete without biquadratic terms, and

the RTM model surely contains spurious contributions from higher-order interactions, as
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(a) (b) (c)

Figure 2.23: Simulated spin configurations of Fe1/Rh(001) for experimental −9% relax-
ation with couplings from (a) SCE with biquadratic terms included, (b) SCE without
biquadratic terms, (c) RTM.

discussed in Section 2.2.2). We included 64×64 atoms in the simulated systems, except

in cases where the mean-field estimate based on the J(q) surfaces predicted a spin spiral

ground state with wavelength comparable to this system size (in these cases the simu-

lated sample size was 128×128). In all cases free boundary conditions were used to avoid

spurious modulations arising from incommensurability of the resulting spin spirals with

the lattice size. Initial spin configurations were chosen randomly.

For unrelaxed geometry every simulation converged to FM ground state. This is

slightly surprising for the RTM case, as the corresponding J(q) surface showed shallow

maxima away from the Γ point, albeit with near degeneracy with the FM state. For

relaxed geometries, we can generally conclude that the mean-field estimates are in nice

agreement with the simulations which do not include higher-order interactions.

The SCE Heisenberg model gives FM ground state up to −7% relaxation, but at this

relaxation domain walls in the simulation are long and mobile due to the nearing onset

of frustration and degeneracy visible also in the J(q) surfaces. At −8% relaxation and

beyond, the ground state is a single-q cycloidal spin spiral propagating along the (1, 1)

direction, with wavelength agreeing neatly with the mean-field estimate. The ground-

state spin configuration for experimental geometry has wave vector q = (0.47, 0.47) π
a2d

and is shown in Fig. 2.23(b).

The RTM simulations again hold few surprises. From −5% to −8% relaxation, the

ground states turn out to be various single-q spin spirals, the real-space orientation of

which also vary rapidly with relaxation. This is all in agreement with the transient

degenerate plateaux showing up in the corresponding J(q) surfaces. At −9% relaxation

the spin structure is stabilized with q = (0.265, 1.00) π
a2d

and spins rotating in the xz

plane, as shown in Fig. 2.23(c). For larger inward relaxations the precise position of the

wave vector shifts along the BZ boundary (to q = (0.215, 1.00) π
a2d

at −15% relaxation,

comparing to the mean-field estimate of q = (0.17, 1.00) π
a2d

), but the overall structure of
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the ground state is the same.

The extended SCE spin model, however, shows striking behaviour. Below −5% relax-

ation, the ground state is trivially still FM, since this configuration is compatible with

the positive Bij coefficients. At −7% relaxation, the obtained spin structure is mostly

FM with a sparse distribution of small clusters of anti-parallel orientation. This can be

understood on the basis that the random initial configuration together with frustrated

Heisenberg terms (leading to the degeneracy of the FM state with long-wavelength spin

spirals) allows the short-range biquadratic coupling to order spins in small clusters rela-

tive to each other, and these clusters (essentially atomic-scale domains) are stuck in the

simulation. The fact that there are no domain walls visible in the simulation around

these clusters suggests that the vector model used in the simulation effectively simplifies

to Ising behaviour, caused by the strong biquadratic couplings.

These features become even more pronounced at higher relaxations. Above −8% re-

laxation, where the Heisenberg terms prefer single-q spin spirals, the approximate ground

state from the simulation is a seemingly random ensemble of spins pointing parallel or

antiparallel the common z axis, as shown in Fig. 2.23(a). This is a clear indication of

strong isotropic biquadratic intractions, overwhelming the bilinear part of the spin model.

This again can be understood in terms of Fig. 2.18 and Fig. 2.22: near and beyond the

experimental relaxation, the Heisenberg terms are weak and strongly frustrated, and the

biquadratic couplings—only weakly sensitive to relaxations—are of comparable magni-

tude to them. Unfortunately, these findings do not agree with the spin texture found in

the experiment [31].

Despite the failure of the spin model in Eq. (2.2.1) (and the tensorial Heisenberg

model, for that matter) to describe this system, it is interesting to note that the influ-

ence of Heisenberg terms is also visible in the spin configuration shown in Fig. 2.23(a).

Even though the strong positive first nn biquadratic couplings dominate the interaction

landscape, these only specify that the ground state be collinear. This leaves a massive

level of degeneracy even for a fixed common axis of orientation of the spins, since the

isotropic biquadratic coupling does not distinguish between parallel and antiparallel spins

as long as they are collinear. This property allows the Heisenberg terms as perturbation to

lift the aforementioned degeneracy, distorting the random collinear structure that would

otherwise be the ground state of the biquadratic part of the spin model.

To obtain quantitative evidence for the influence of the Heisenberg terms on the spin

configuration shown in Fig. 2.23(a), we computed the lattice Fourier transform of the
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Figure 2.24: (a) Lattice Fourier transform of the approximate ground-state spin config-
uration of Fe1/Rh(001) with couplings from the SCE and (b) the corresponding J(q)
surface in mRy units indicating the preference of bilinear interactions.

simulated spin structure,

m(q) =
1

N

N∑

j=1

e−ıqRj ej, (2.2.6)

where N is the number of spins in the sample and ej is the unit vector describing the

direction of the spin at site Rj. The magnitude of this vector field (where magnitude

should be understood both in the sense of vectors and complex numbers) defined as

m(q) =
√
m(q)∗ ·m(q) then plays the role of an indicator of any modulation with wave

vector q in the simulation. Since the real-space spin configuration is real, from Eq. (2.2.6)

it is evident that m(−q) = m(q)∗, implying that the scalar m(q) is an even function in

momentum space. Apart from this symmetry, any additional pattern found in the spectra

is non-trivial (i.e., due to physical reasons). It should also be noted that for a perfectly

ordered infinite system described by a unique wave vector q0, one finds m(±q0) = 1,

implying that the value of m(q) at its maximum can be compared to 1 to give a measure

of order in the simulated system.

The lattice Fourier transform of the spin structure obtained for experimental geometry

is shown in Fig. 2.24(a). Noting the scale on the colourbar, we may see that there is a

very low degree of correlation throughout the entire BZ, resulting in the seemingly random

appearance of the spin configuration. However, there is a clearly visible diffuse pattern

emerging from the near-zero background of the spectrum in the form of a rotated square,

indicating weak correlations buried in the system. To link this diffuse pattern to the

Heisenberg interaction, the contour plot of the corresponding J(q) surface is shown in
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Fig. 2.24(b) for comparison. The degenerate maximum line of the surface corresponding

to the preference of the bilinear couplings clearly coincides with the pattern emerging

from the Fourier spectrum, linking the correlations in the simulated spin structure to the

‘perturbation’ of the tensorial Heisenberg terms.

The main conclusion which we can draw from these sets of calculations is that even

the extended SCE spin model in Eq. (2.2.1) is incapable of describing the Fe1/Rh(001)

monolayer system. One might argue that the improbable outcome of the simulations can

be attributed to the fact that we chose to include only isotropic biquadratic couplings

beyond the Heisenberg model, thus neglecting a multitude of two-site terms of the same

order (as if throwing away the DM interaction and keeping only the isotropic Heisenberg

terms). However, the fact that the ‘correction’ of the biquadratic terms outweighs the

‘reference’ Heisenberg model implies that the tensorial Heisenberg model in itself is insuffi-

cient, even though that model gives a complete mapping of the adiabatic magnetic energy

surface up to ` = 1. Concomitantly, the spin model extracted using the RTM is necessar-

ily flawed in this case, even without the considerations regarding spurious contributions

from higher-order interactions (see Section 2.2.2).

Unfortunately, none of the presented cases show anything similar to experimental find-

ings suggesting a magnetic unit cell of 4× 3 spins, with wave vector of q =
(

1
2
, 1

3

)
π
a2d

. To

understand this situation, it is worth scrutinizing the proposed spin structure (Fig. 2.17).

Following the path of spins along crystallographic directions reveals that the proposed

spin structure is not a simple spin spiral, as the spins follow fanning paths rather than

spirals. This is further exemplified by the lattice Fourier transform of the proposed spin

structure (shown in Fig. 2.25), which reveals modulations corresponding to three distinct,

symmetry unrelated wave vectors, namely q = (1, 0) π
a2d

,
(
0, 2

3

)
π
a2d

and
(

1
2
, 1

3

)
π
a2d

(the

last one corresponding to the magnetic superlattice). The fact that there are three inde-

pendent harmonics in the spin structure makes it highly improbable that the proposed

spin configuration is the ground state of a simple model such as the Heisenberg model.

It is almost certain that higher-order two-spin interactions as well as multi-spin inter-

actions are necessary to grasp even the fundamental behaviour of this seemingly simple

system. It is known that multi-spin interactions in small magnetic clusters can be signif-

icant [14], and they can even influence the ground state of magnetic monolayers [15, 88].

In extreme cases they can lead to the formation of exotic noncollinear structures such as

nanoskyrmion lattices [16].

From the point of view of the SCE, a complete second-order (four-spin) SU(2)-invariant
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Figure 2.25: Lattice Fourier transform of the proposed experimental spin structure shown
in Fig. 2.17, using 128×128 atoms.

correction to the Heisenberg model is given by a general energy term [89]

E(2) =
∑

ij

J
(2)
ij (ei · ej)2 +

∑

ijk

J
(3)
ijk (ei · ej) (ej · ek) +

∑

ijkl

J
(4)
ijkl (ei · ej) (ek · el) , (2.2.7)

where every summation runs over sets of distinct sites. This would suggest that the

biquadratic terms we chose to be included in Eq. (2.2.1) are of the same importance

as the three- and four-spin interactions. However, in the framework of the SCE-RDLM

method, two-site interactions describe two electron propagations to lowest order, while

three- and four-spin interactions need at least three and four propagations, respectively (cf.

Eqs. (1.3.47) and (1.3.49)). Due to the decay of the Green’s function with distance, this

suggests that the biquadratic terms should, in general, be more important than multi-spin

interactions, albeit the latter can easily be of the same magnitude as multiple-scattering

corrections to the former.

Our findings also exemplify that in systems with induced moments, the RTM (corre-

sponding to T = 0 K) and the SCE (representing a high-temperature state) can provide

substantially different spin models. While one may try to choose the method which suits

the intended use of the spin model the best, in general it would be preferable to develop

techniques by which exchange interactions can be computed at arbitrary temperatures.

One minimal requirement that such a method should meet is to produce the correct limits

at the extremes: the resulting spin model should approximate the RTM at low tempera-

tures and the SCE towards a uniformly disordered reference state. The following Section
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displays our attempts at generalizing the SCE and the RTM combined with RDLM to

this end.
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2.3 Attempts to extract exchange interactions at fi-

nite temperature

2.3.1 SCE-RDLM method below the Curie temperature

While the SCE itself does not contain a priori assumptions about the level of magnetic

order in the system, its combination with RDLM theory (see Section 1.3.3) heavily relies

on the fact that the partial averages appearing in the SCE can be evaluated as quantities

in a paramagnetic DLM state. In order to generalize the method to partially ordered

systems (0 < T < TC), in which RDLM restricted averages are taken with general single-

site probability densities

Pi(ei) =
e−βhi(ei)

Zi
, (2.3.1)

the SCE needs to be formulated in a more general way. This procedure will be detailed

in the following, noting in advance that preliminary calculations show that the method

in its current state is incomplete.

In the general (magnetically partially ordered) case, we must construct single-site

basis functions that are adapted to the probability distribution in Eq. (2.3.1) in order

to efficiently combine the SCE with the RDLM scheme. Thus, instead of the spherical

harmonics {YL(e)}, we should find a set of orthonormal functions {ui,µ(ei)}∞µ=0 for each

site i, such that

〈ui,µ1 , ui,µ2〉 :=

∫
ui,µ1(ei)

∗ ui,µ2(ei)Pi(ei) d2ei = δµ1,µ2 . (2.3.2)

Note that due to their definition, the sets of single-site functions may differ for different

sites in the system (what might happen if the Weiss field, or more generally, the orien-

tational distribution, is inhomogeneous). However, in the following we will omit the site

index of the single-site functions if possible, relying on the site indices included in the

functions’ vector arguments.

These new single-site basis functions are in a sense a generalization of spherical har-

monics, since in the uniform PM phase

〈uµ1 , uµ2〉 =

∫
uµ1(e)∗ uµ2(e)

1

4π
d2e, (2.3.3)

so in this limit these functions may just give a renormalization of the spherical harmonic
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functions, for which

∫
Yµ1(e)∗ Yµ1(e) d2e = δµ1,µ2 . (2.3.4)

One main difference between spherical harmonics and the generalized functions is, how-

ever, that while the former are orthonormal with respect to a weight function w(e) = 1, the

latter are defined using a probability density, so their weight function is w(e) = P (e) = 1
4π

.

A natural specification for the basis functions is thus

u0(e) := const. = c, (2.3.5)

but then normalization implies

1 = 〈u0, u0〉 =

∫
|c|2 P (e) d2e = |c|2 , (2.3.6)

so let us choose

u0 = 1. (2.3.7)

Given the developed paramagnetic SCE-RDLM theory, it seems most straightforward

to construct the new single-site functions based directly on spherical harmonics, so that

the T → ∞ limit corresponds clearly to the usual paramagnetic case of the theory.

The Gram–Schmidt process provides a straightforward algorithm to construct the basis

functions, but along the process the definition in Eq. (2.3.2) has to be used instead of the

usual L2 scalar product.

Assuming that we are equipped with a set of single-site functions {uµ} for which

u0 = 1 and Eq. (2.3.2) holds, we may carry on with the development of the spin-cluster

expansion. Since the theory mainly needs only the existence of a scalar product on

the single-site basis functions, the paramagnetic theory detailed in Chapter 1 may be

generalized straightforwardly.

For an arbitrary set of quantum numbers {µ} = {µ1, µ2, . . . , µN} (N being the number

of spins in the system), due to the property Eq. (2.3.7) we may write

uµ1(e1)uµ2(e2) · · ·uµN (eN) =
∏

ik∈α

uµik (eik) , (2.3.8)

where α = {i1, i2, . . . , in} is an index set collecting the n sites for which the quantum

number µik is nonzero, i.e., the corresponding single-site function is nontrivial. Conversely,

for any n-spin cluster α (n ≥ 1) and nonzero quantum number set µ = {µ1, . . . , µn} we
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may define the cluster expansion functions

Φαµ({e}) := uµ1(ei1) · · ·uµn(ein) (2.3.9)

along with the empty cluster function

Φ0({e}) := 1. (2.3.10)

By naturally extending the definition of the scalar product to functions of the entire spin

configuration {e} as

〈f({e}) , g({e})〉 :=

∫
f({e})∗ g({e})

N∏

k=1

(
Pk(ek) d2ek

)
, (2.3.11)

the resulting cluster expansion functions are orthonormal,

〈Φ0,Φ0〉 = 1

〈Φ0,Φαµ〉 = 0

〈Φαµ,Φβν〉 = δαβδµν .

(2.3.12)

We can then expand any spin-dependent function (in particular, the adiabatic mag-

netic energy surface) to disjoint terms with respect to n-spin clusters α with index set

µ(α) containing only nonzero quantum numbers,

Ω({e}) = Ω0Φ0 +
∑

α

∑

µ(α)

JαµΦαµ({e}) , (2.3.13)

where the coefficients can be calculated in terms of projections onto the cluster expansion

functions due to the orthogonality property Eq. (2.3.12) as

Ω0 = 〈Φ0, Ω〉 =

∫
Ω({e})

N∏

k=1

(
Pk(ek) d2ek

)
=
〈
Ω({e})

〉
, (2.3.14)

Jαµ = 〈Φαµ, Ω〉 =

∫ n∏

m=1

(uµm(eim)∗) Ω({e})
N∏

k=1

(
Pk(ek) d2ek

)

=

∫ 〈
Ω({e})

〉
α

n∏

m=1

(
uµm(eim)∗ Pim(eim) d2eim

)
. (2.3.15)
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Here we introduced the thermodynamic average and thermodynamic restricted average

〈
Ω({e})

〉
:=

∫
Ω({e})

N∏

k=1

(
Pk(ek) d2ek

)
(2.3.16)

〈
Ω({e})

〉
α

:=

∫
Ω({e})

∏

ik 6∈α

(
Pik(eik) d2eik

)
. (2.3.17)

The spin-cluster expansion is then an infinite series expansion of the energy with terms

describing interactions over clusters of increasing size,

Ω({e}) = Ω0 +
∑

i

∑

µ6=0

J̃µi uµ(ei) +
1

2

∑

i 6=j

∑

µ,µ′ 6=0

J̃µµ
′

ij uµ(ei)uµ′(ej) + . . . , (2.3.18)

where the coefficients can be readily calculated as

Ω0 =
〈
Ω({e})

〉
, (2.3.19)

J̃µi =

∫ 〈
Ω({e})

〉
{i}uµ(ei)

∗ Pi(ei) d2ei, (2.3.20)

J̃µµ
′

ij =

∫ 〈
Ω({e})

〉
{i,j}uµ(ei)

∗ uµ′(ej)
∗ Pi(ei)Pj(ej) d2ei d

2ej, (2.3.21)

...

In order to relate the generalized SCE to the usual PM SCE (which can be inter-

preted more easily in terms of spin models), we have to construct the spherical harmonic

expansion of the single-site basis functions,

u0(e) = 1 =
√

4πY0(e) (2.3.22)

uµ(e) =
∑

L6=0

CµL
i YL(e) , (µ 6= 0) (2.3.23)

which can either be determined during their construction, or a posteriori by using the

orthogonality of spherical harmonics leading to

CµL
i =

∫
uµ(ei)Y

∗
L (ei) d2ei. (2.3.24)

Note that the transformation matrices CµL
i are not necessarily unitary, since spherical

harmonics and the ui,µ basis functions are orthonormal with respect to two separate

metrics, so the orthogonalization process does not correspond to a change of basis. Using
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Eq. (2.3.24) the general expansion Eq. (2.3.18) can be rewritten as

Ω({e}) = Ω0 +
∑

i

∑

L6=0

(∑

µ6=0

J̃µi C
µL
i

)

︸ ︷︷ ︸
JLi

YL(ei)

+
1

2

∑

i 6=j

∑

L6=0

∑

L′ 6=0

YL(ei)

( ∑

µ,µ′ 6=0

J̃µµ
′

ij CµL
i Cµ′L′

j

)

︸ ︷︷ ︸
JLL

′
ij

YL′(ej) + . . . , (2.3.25)

leading to the matching relations

JLi =
∑

µ6=0

J̃µi C
µL
i

JLL
′

ij =
∑

µ,µ′ 6=0

J̃µµ
′

ij CµL
i Cµ′L′

j .
(2.3.26)

The RDLM electronic structure input into the partial averages of the grand potential

starts from the same point as before, the adiabatic magnetic energy for a fixed configu-

ration:

Ω({e}) ≈ Ωc + I
∑

i

ln detDi(ei)

+ I

∞∑

k=2

1

k

∑

i1 6=i2 6=... 6=ik 6=i1

Tr
[
X i1

(ei1) τ c,i1i2X i2
(ei2) . . . X ik

(eik) τ c,iki1
]
.

(2.3.27)

The CPA condition, a simplified form of Eq. (1.2.15), now reads as

〈X i(ei)〉 =

∫
Pi(ei)X i(ei) d2ei = 0, (2.3.28)

implying that every term in the last sum of Eq. (2.3.27) which contains at least one site

only once has vanishing partial averages.

If we again neglect backscattering terms in the partial averages of the grand potential,

i.e. contributions for which every fluctuating site index appears at least twice in the final

term of Eq. (2.3.27), then formally the same expressions as the PM SCE (cf., for instance,

Eq. (1.3.43)) can be obtained for the generalized SCE expansion coefficients, with the role
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of expansion functions straightforwardly swapped with the basis functions:

Ω0 =
〈
Ω({e})

〉
= Ωc + I

∑

i

∫
Pi(ei) ln detDi(ei) d2ei,

J̃µi =

∫ 〈
Ω({e})

〉
{i}uµ(ei)

∗ Pi(ei) d2ei

= I

∫
uµ(ei)

∗ Pi(ei) ln detDi(ei) d2ei,

J̃µµ
′

ij = −I
∫∫

uµ(ei)
∗ uµ′(ej)

∗ Pi(ei)Pj(ej) Tr ln
[
I −X i(ei) τ c,ijXj(ej) τ c,ji

]
d2ei d

2ej.

(2.3.29)

Note that from a computational point of view, it is quite useful to combine the match-

ing (2.3.26) with the obtained interaction parameters of Eq. (2.3.29), to arrive at a direct

expression for the PM SCE interaction parameters,

JLL
′

ij = −I
∫∫ (∑

µ6=0

uµ(ei)
∗CµL

i

)(∑

µ′ 6=0

uµ′(ej)
∗Cµ′L′

j

)
Pi(ei)Pj(ej)

×Tr ln
[
I −X i(ei) τ c,ijXj(ej) τ c,ji

]
d2ei d

2ej

= −I
∫∫

Ai,L(ei)Aj,L′(ej)Pi(ei)Pj(ej) Tr ln
[
I −X i(ei) τ c,ijXj(ej) τ c,ji

]
d2ei d

2ej,

(2.3.30)

thereby saving us the trouble of computing and storing huge matrices with indices µ, µ′.

This way we directly calculate the 9×9 matrix (up to `, `′ = 2) JLL
′

ij for each pair of sites,

which implies that we do not need to store the SCE interaction matrix J̃µµ
′

ij , nor do we

have to perform a cumbersome double summation over µ indices along with the double

integral over Lebedev grid points in Eq. (2.3.30), substantially reducing computational

effort. Instead, we only have to calculate the auxiliary functions

Ai,L(ei) =
∑

µ6=0

uµ(ei)
∗CµL

i , (2.3.31)

involving only a single sum over µ indices, and which needs to be carried out only once

for the entire calculation, albeit for a sufficiently large µ-cutoff.

Although the above procedure seems straightforward and just as well-founded as the

PM case, preliminary calculations indicate that some point of the procedure is failing.

The isotropic Heisenberg terms otained for bulk bcc-Fe with lattice constant a = 2.789 Å
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Figure 2.26: Preliminary results for the first few nn isotropic Heisenberg terms of bcc-Fe
with a = 2.789 Å using the SCE-RDLM method generalized to the ordered phase.

are shown for a first few nearest neighbours in Fig. 2.26 along with the T = 0 K case of

the torque method. Even though the PM limit of the calculations goes smoothly into the

usual PM SCE-RDLM results, at low temperatures the computed interaction parameters

seem to diverge, showing spurious intensification. For the first three nearest neighbours

(only first two shown) the inconsistency is less evident, and one might be tempted to think

that the apparent lack of smoothness between the low-temperature SCE-RDLM couplings

and those from the RTM are due to some numerical subtlety. However, the fourth nn

coupling J4 strongly overestimates the zero-temperature limit, and the curve for J5 shows

very different behaviour from the RTM: the obtained coupling diverges towards positive

values while the RTM suggests a small and negative coupling (already the curve of J5

versus magnetization starts off from the PM limit in the other direction).

In order to test the computational scheme we artificially entered a perfect isotropic

Heisenberg model into the SCE formula, Eq. (2.3.21). The constrained two-site average
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of an isotropic Heisenberg model is given by

〈
−1

2

∑

k 6=l

Jkl ek · el
〉

ei,ej

= −Jijei · ej

−
∑

k 6=i,j

(Jikei + Jjkej) ·mk −
1

2

∑

k 6=l
k,l/∈{i,j}

Jklmk ·ml, (2.3.32)

with the dimensionless average magnetization mk = 〈ek〉. As the second and third terms

in Eq. (2.3.32) are independent of at least one of ei and ej, these terms do not contribute to

the corresponding two-site SCE coefficients due to the orthogonality of the SCE expansion

functions, cf. Eqs. (2.3.2) and (2.3.21). Consequently, it suffices to input

〈Ω({e})〉{i,j} = −Jij ei · ej (2.3.33)

into the SCE solver (and in particular, Eq. (2.3.21)), and the computation should ulti-

mately yield an isotropic model corresponding to the input regardless of the probability

density (or, equivalently, order parameter) used in the calculation. Indeed, when carrying

out this test our program perfectly reproduced the underlying isotropic Heisenberg model,

even for an order parameter of m = 0.9 in which case the probability density is peak-like

and the single-site SCE functions are far from spherical harmonics.

These considerations suggest that the orthogonalization procedure of the single-site

functions and the mapping in Eq. (2.3.26) works properly, and that rather the ab initio

input into the method is inconsistent. According to our current understanding, the most

probable culprit is the neglect of backscattering terms when evaluating the RDLM par-

tial averages, especially as the consequently ignored vertex corrections are likely to give

significant contributions in the dilute limit of alloys (corresponding to the m→ 1 limit of

our magnetic theory).
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2.3.2 The RTM-RDLM approach

As the T = 0 K limit of the generalized SCE-RDLM method is inconsistent with the RTM,

we also considered the combination of the RTM with an RDLM reference state. While in

the usual ground-state RTM infinitesimal perturbations of specific spins are introduced

with respect to the ground-state spin configuration (see Fig. 2.27(a)), the same philosophy

combined with RDLM suggests that one should consider specific impurities embedded

in the coherent medium (illustrated in Fig. 2.27(b)). By comparing the energy (grand

potential) of the system with the spin of the impurities along the average magnetization

and with their spins slightly canted with respect to this direction, the corresponding

derivative of the grand potential can be compared to the derivative of the spin model.

Specifically, the perturbation of the partially averaged grand potential,

∆ 〈Ω({e})〉ei,ej = 〈Ω({e})〉ei+∆ei,ej+∆ej
− 〈Ω({e})〉ei,ej , (2.3.34)

and the corresponding two-site derivative is to be evaluated.

(a) (b)

Figure 2.27: Illustration of the procedure behind (a) the ground-state RTM, according to
which spins are rotated with respect to the ground-state spin configuration and (b) the
RTM-RDLM approach, by which the fixed spin of impurities is perturbed while the rest
of the system fluctuates according to the RDLM probability density.

The partially averaged RDLM grand potential with two spins fixed at sites i and j,

inferred from Eq. (1.2.29), is given by

〈Ω({e})〉eiej = Ωc + I
[
ln detDi(ei) + ln detDj(ej)

]

+ I
∑

k( 6=i,j)

∫
Pk(ek) ln detDk(ek) d2ek

+ I

∞∑

k=1

1

k
Tr
[
X i(ei) τ c,ijXj(ej) τ c,ji

]k

(2.3.35)
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after neglecting backscattering contributions (also cf. Eq. (1.3.41)). Considering that only

the final term depends on both ei and ej, we must trace the perturbation of the excess

scattering matrices (defined in Eq. (1.2.14)). If we again separate the perturbation in the

inverse t-matrix,

t−1
i (ei + ∆ei) = t−1

i (ei) + ∆t−1
i , (2.3.36)

the excess scattering matrix at site i for the perturbed configuration (keeping in mind

that ∆t−1
i → 0 during derivation) can be written up to first order as

X i(ei + ∆ei) =
[(
t−1
c,i − t−1

i (ei)−∆t−1
i

)−1 − τ c,ii
]−1

=

[(
t−1
c,i − t−1

i (ei)
)−1
(
I −∆t−1

i

(
t−1
c,i − t−1

i (ei)
)−1
)−1

− τ c,ii
]−1

≈
[(
t−1
c,i − t−1

i (ei)
)−1
(
I + ∆t−1

i

(
t−1
c,i − t−1

i (ei)
)−1
)
− τ c,ii

]−1

=
[(
t−1
c,i − t−1

i (ei)
)−1

+
(
t−1
c,i − t−1

i (ei)
)−1

∆t−1
i

(
t−1
c,i − t−1

i (ei)
)−1 − τ c,ii

]−1

,

(2.3.37)

in which we almost recognize the expression for X i(ei):

X i(ei + ∆ei) ≈
[
X i(ei)

−1 +
(
t−1
c,i − t−1

i (ei)
)−1

∆t−1
i

(
t−1
c,i − t−1

i (ei)
)−1
]−1

= X i(ei)
[
I +

(
t−1
c,i − t−1

i (ei)
)−1

∆t−1
i

(
t−1
c,i − t−1

i (ei)
)−1

X i(ei)
]−1

≈ X i(ei)−X i(ei)
(
t−1
c,i − t−1

i (ei)
)−1

∆t−1
i

(
t−1
c,i − t−1

i (ei)
)−1

X i(ei)

(2.3.38)

again to first order in the perturbed inverse t-matrix. By noting the identities

X i(ei)
(
t−1
c,i − t−1

i (ei)
)−1

= X i(ei)
[
X i(ei)

−1 + τ c,ii
]

= I +X i(ei) τ c,ii = Di(ei) ,(
t−1
c,i − t−1

i (ei)
)−1

X i(ei) =
[
X i(ei)

−1 + τ c,ii
]
X i(ei) = I + τ c,iiX i(ei) = D̃i(ei) , (2.3.39)

introducing the modified impurity matrices D̃i(ei) (see also Eq. (1.2.31)), the change in

excess scattering up to first order is given by

∆X i(ei) = X i(ei + ∆ei)−X i(ei) ≈ −Di(ei) ∆t−1
i D̃i(ei) , (2.3.40)

and of course the same can be concluded for site j.

Returning to the grand potential, Eq. (2.3.35), the two-site perturbation up to sec-

ond order contains infinitely many terms, as every term of the last sum in Eq. (2.3.35)
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contributes. However, by noting the decay of the Green’s function (and equivalently, the

scattering path operator) with real space distance, we note that the largest contribu-

tion comes from the k = 1 term (corresponding to the simplified pair interactions of the

SCE-RDLM method), from which

∆ 〈Ω({e})〉eiej ≈ ITr ∆X i(ei) τ c,ij∆Xj(ej) τ c,ji

≈ ITrDi(ei) ∆t−1
i D̃i(ei) τ c,ijDj(ej) ∆t−1

j D̃j(ej) τ c,ji

= ITr ∆t−1
i

〈
τ ij({e})

〉
ei,ej

∆t−1
j

〈
τ ji({e})

〉
ei,ej

, (2.3.41)

where we used the relationship

〈
τ ij({e})

〉
ei,ej

= D̃i(ei) τ c,ijDj(ej) (2.3.42)

known from alloy theory for the two-site restricted average of the disordered SPO [90].

At this point, we may recognize the striking resemblance of Eq. (2.3.41) to Eqs. (1.3.13)–

(1.3.14), and indeed, the resulting two-site second derivative of the grand potential,

∂2 〈Ω({e})〉eiej
∂αi∂βj

=
∂t−1
i (ei)

∂αi

〈
τ ij({e})

〉
ei,ej

∂t−1
j (ej)

∂βj

〈
τ ji({e})

〉
ei,ej

, (2.3.43)

is described by the same formula which would have to be used when computing exchange

interactions in an alloy, only now the averaging of the SPO is carried out with respect

to orientational disorder rather than chemical. We note that the non-relativistic form

of Eq. (2.3.43) was used by Böttcher et al. [33] to compute magnetization-dependent

isotropic exchange interactions, by mixing up- and down-spin atoms in the framework of

the so-called partial DLM approach.

The orientational dependence from ei and ej in Eq. (2.3.43) should not be confused

with the derivatives being taken with respect to the auxiliary angles ϑ and ϕ: the latter

parametrize the 2D space orthogonal to ei and ej, which in turn have to be oriented along

the average magnetization corresponding to the probability density P({e}). Since again

such a calculation will only produce four out of nine matrix elements of the exchange

tensor, in the spirit of the ground-state RTM the calculations have to be repeated along

several directions of the average magnetization, for which the probability density has to

be transformed in order to produce a first moment with the proper orientation.

We performed a first set of calculations again for bulk bcc-Fe with a = 2.789 Å to see

whether the theory will meet the requirements posed by the high- and low-temperature

limits. We note that while for the generalized SCE-RDLM method the ‘natural’ limit was

the PM one, in this case we can expect smooth behaviour in the T = 0 K limit, and the
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Figure 2.28: First few nn isotropic Heisenberg terms of bcc-Fe with a = 2.789 Å using
the RTM-RDLM method. The red symbols denote the two limits of the usual methods:
the ground-state RTM and the paramagnetic SCE-RDLM. For a direct comparison with
Fig. 2.26 the first, second, fourth, and fifth neighbours are shown.

PM limit will be of particular interest.

The obtained isotropic Heisenberg terms are shown in Fig. 2.28 for the first, sec-

ond, fourth and fifth nearest neighbours for a direct comparison with Fig. 2.26. It turns

out that the exchange couplings from the RTM-RDLM method have reasonably smooth

magnetization-dependence, and they perfectly reproduce the two side-limits in tempera-

ture. Note that the SCE-RDLM values plotted in Fig. 2.28 correspond to the approxima-

tion of simplified pair interactions, thus a full summation of the logarithm’s power series

in Eq. (1.3.43) would slightly deteriorate this agreement. Also note that the largest, first

nn isotropic couplings increase towards the PM phase, which could explain the devia-

tion of the magnetization–temperature curve from a simple mean-field Heisenberg fit in

Section 2.1.1, Fig. 2.1(a).

Encouraged by the success of these calculations, we considered the applicability of

these magnetization-dependent interactions from a practical point of view. Chimata et

al. [91] considered the effect of finite electronic temperature on the exchange interactions

in an ordered FM reference state, for use in simulations of ultrafast demagnetization

processes. Using self-consistent RDLM theory and corresponding RTM-RDLM calcula-

tions we may elaborate on the subject by considering the impact of finite temperature
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on the spin system as well. We thus introduce a finite electronic temperature Tel ap-

pearing through the Fermi function in the energy integrals; an additional parameter in

our investigation. Even though from our self-consistent calculations we have a nominal

mean-field temperature for every value of the order parameter, due to the shortcomings

of the mean-field approximation we should not use these in spin dynamics simulations, as

already explained in Section 2.1.1. Instead, in a given step of an atomistic magnetization

dynamics simulation, the average magnetization of the system should be evaluated, and

the corresponding set of exchange interactions should be used.

This approach, however, results in a separation of the spin temperature from the

electronic one. This implies that the computed exchange interactions should depend on

the order parameter and the electronic temperature simultaneously, and a self-consistent

calculation followed by an RTM-RDLM calculation has to be performed for each pair of

relevant m and Tel values to obtain J I
ij(m,Tel). Here ‘relevant’ refers to the full scale

of 0 ≤ m ≤ 1, while in electronic temperature a natural upper limit is given by the

Stoner–Curie temperature TSC at which point the local moments cease to exist due to

the smearing of the high-temperature Fermi function. An interesting point is that since

the order parameter and the electronic temperature are independent of one another, the

Stoner–Curie temperature is dependent on m, as can be clearly seen comparing the spin

moment curves for m = 0 and m = 1, Fig. 2.29. These two curves suggest that spin

disorder and finite electronic temperature both disrupt the magnitude of the local moment.

Once the exchange interactions J I
ij(m,Tel) are obtained, a simulation can be carried

out by assuming a temporal temperature profile, then feeding that temperature profile into

the simulation, and using that temperature and the momentary average magnetization to

choose an appropriate set of exchange interactions in each time step.
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Figure 2.29: Local spin moment of bcc-Fe versus electronic temperature for m = 1 (or-
dered FM state) and m = 0 (PM state).

The local spin moment surface from our series of self-consistent calculations, µsp(m,Tel)
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(cf. Eq. (1.2.10)), is shown in Fig. 2.30(a). The contour line of the surface corresponding

to µsp(m,Tel) = 0 specifies the dependence of the Stoner–Curie temperature TSC(m) on

the order parameter, shown in Fig. 2.30(b). The decrease of TSC towards m = 0 highlights

a new aspect from which the Fe moment is less stable in the PM phase. In fact, at any

fixed electronic temperature the magnitude of the Fe local moment is a monotonically

decreasing function of spin temperature, and at any order parameter the local moment

decreases towards TSC. The marginal curves of the surface shown in Fig. 2.30(a) for fixed

m = 1 and m = 0 were shown in Fig. 2.29, and the limit of Tel = 0 K corresponds to the

curve shown in Fig. 2.1(b). While up to Tel = 2000 K the local moment of Fe is stable,

above this range it becomes substantially weakened.
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Figure 2.30: (a) Local spin moment of bcc-Fe as a function of order parameter m and
electronic temperature Tel), with the contour line for zero spin moment specifying the (b)
dependence of the Stoner–Curie temperature TSC on order parameter.

The isotropic exchange interactions for the first four nearest neighbours derived using

the RTM-RDLM method are shown in Fig. 2.31 as J I
ij(m,Tel). Again, the limits of these

surfaces for Tel = 0 K correspond to Fig. 2.28 (apart from that J3 is substituted with

J5 in the latter figure). Trivially, the interactions disappear at the Stoner–Curie points,

since without local moments the adiabatic magnetic energy is zero. The smoothness of

the J I
ij(m,Tel) functions towards the limit of complete configurational order (m = 1) is

remarkable, as these couplings were obtained with the ground-state RTM method, without

the use of the CPA. This smoothness demonstrates that the theory is self-contained in the

sense that the shape of the obtained surfaces is reasonable, producing the proper limits.

The slight occasional misfit towards Tel = 0 K, typically at m ≈ 1 (see J2 and J3 in

Fig. 2.31), is most probably due to insufficient numerical precision in the energy or BZ

integral in either of the methods. The Tel = 0 K cases use an asymmetric semicircular
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complex energy contour ending near the real axis, at the Fermi energy. Near the end

of the contour, the imaginary part of the complex energy becomes quite small, implying

only weak broadening of the peaks in the spectral function, meaning that a very large k-

resolution is needed for an accurate evaluation of the DOS. Failure to achieve this results

in a systematic error which becomes less significant as the spin disorder is increased,

since disorder leads to additional smearing of spectral features, demanding less dense BZ

integration. The enhancement of the error in our results towards m = 1 suggests that

this is the source of the slight disagreement.

0.0
0.2

0.4
0.6

0.8
1.0

0
1 000

2 000
3 000

4 000
5 000

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

m
Tel [K]

J
1
[m

R
y
]

0.0
0.2

0.4
0.6

0.8
1.0

01 000
2 000

3 000
4 000

5 000

−0.5

0.0

0.5

1.0

m
Tel [K]

J
2
[m

R
y
]

0.0
0.2

0.4
0.6

0.8
1.0

0
1 000

2 000
3 000

4 000
5 000

0.00

0.05

0.10

0.15

0.20

0.25

m
Tel [K]

J
3
[m

R
y
]

0.0
0.2

0.4
0.6

0.8
1.0 0 1 000

2 000
3 000

4 000
5 000

−0.2

−0.1

0.0

0.1

m
Tel [K]

J
4
[m

R
y
]

Figure 2.31: First four nn isotropic Heisenberg couplings of bcc-Fe as a function of order
parameter and electronic temperature. The interactions go to zero at the Stoner–Curie
temperature indicating the collapse of the local moment.

We are currently working in collaboration with Denise Hinzke and Ulrich Nowak from

the University of Konstanz, who are performing ultrafast demagnetization simulations

for bcc-Fe using our temperature-dependent exchange interactions. The work in progress

investigates the impact of the temperature-dependent spin model on the dynamics of

the demagnetization process caused by a femtosecond laser pulse. In the framework of

the so-called two-temperature model (2TM) the electronic temperature and the lattice

(phonon) temperature are assumed to be separate but coupled quantities. The incident

laser pulse heats up the electron system, which is followed by the mutual thermalization of

the electrons and the lattice, then the system slowly cools back to the temperature of the
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heat reservoir. For a given laser pulse the 2TM provides a temporal profile of the electronic

temperature, which is fed into the atomistic spin dynamics simulation. In a given time

step the spin model is chosen according to the current value of the electronic temperature

and the momentary average magnetization of the simulated sample. The simulations

currently being performed aim to explore the role of the temperature-dependence of the

exchange interactions on the dynamics of ultrafast remagnetization processes.



Chapter 3

Conclusions and outlook

We used the relativistic disordered local moment theory implemented within the screened

Korringa–Kohn–Rostoker Green’s function technique to investigate the finite-temperature

magnetism of bulk and layered systems in the center of current research.

In Section 2.1.1, we applied the self-consistent RDLM method to bulk bcc-Fe as an

initial subject. While Fe is generally regarded as a ‘good moment’ system, and corre-

spondingly considered rather rigid in most circumstances, we found a somewhat surpris-

ing decrease of the local Fe spin moment of −15% in the PM phase compared to the FM

ground state. Correspondingly, the magnetization vs. temperature curve was found to

deviate from a simple mean-field fit to a Heisenberg model, suggesting that this elemental

ferromagnet should be best described by temperature-dependent exchange interactions.

This finding, of course, is less surprising if one considers the nature of local moment for-

mation in itinerant systems, so the surprising fact should instead be that spin models

often work well for metallic magnets. These benchmark calculations also highlighted the

fact that the mean-field temperature obtained with RDLM is greatly overestimated, im-

plying that the correspondence of the calculations with experiments should be based on

some physical property, typically the average magnetization of the system, rather than

the temperature. As the physical state is itself specified by the dimensionless average

magnetization (order parameter) m = |〈e〉|, this approach is completely consistent with

the ab initio theory.

Our findings for the temperature- and chemical disorder-dependence of the MCA of

bulk L10-FePt were detailed in Section 2.1.2. We compared the band energy (grand po-

tential) of the FM systems magnetized along the x and z axes on the basis of the magnetic

force theorem to obtain the MAE, and we found that it decays rapidly with increasing

Fe-Pt intermixing, even though the stoichiometry was preserved in the calculations. The

temperature-dependence of the anisotropy at various levels of chemical disorder suggested

approximate power-law dependence on the magnetization, in accordance with earlier the-

97
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oretical and experimental findings, but the precise value of the exponent seems to be

somewhat larger than expected, especially for higher temperatures and larger levels of

disorder, disfavouring the notion of unique power-law behaviour in a wide compositional

and temperature range. The self-consistent calculations suggest that Pt possesses a lo-

cal spin moment which is purely induced, i.e., generated by the Fe local moments. The

very neat linear dependence of the Pt moment on the average magnetization further sug-

gests that the Pt moment formation might be described by a simple Weiss-field picture

(through, say, effective JFe-Pt and JPt-Pt couplings and a constant spin susceptibility),

which notion is further supported by the fact that in FePt, unlike bcc-Fe, the magnitude

of the Fe local moment is very rigid, varying up to around 2% with temperature.

The RDLM calculations for the subtly balanced CsCl-ordered FeRh system allowed

us to map the phase diagram of FeRh as a function of lattice parameter and mean-field

temperature. While at low volumes the system only displays a single PM-AFM transition,

at high volumes this changes into a single PM-FM transition. In an intermediate lattice

parameter region the ground state is AFM, while the corresponding Curie temperature is

larger than the Néel temperature, which is the hallmark of the metamagnetic transition in

the phase diagram. The increasing FM tendency towards larger volumes is in agreement

with earlier findings and with our zero-temperature total energy calculations, favouring

the FM state at large lattice parameters (but showing an AFM global energy minimum).

The local spin moment of Rh, while induced, shows less linear dependence on the average

magnetization as Pt in FePt, in part due to its much larger magnitude. This is surely

related to the controversy regarding the mechanism of the metamagnetic transition, as the

Rh moments suddenly disappearing at the transition point cause considerable changes in

the electronic structure. The delicate balance between the FM and AFM states is further

exemplified by the fact that the inclusion of the electronic entropy contribution into the

free energy causes a considerable shift in the estimated metamagnetic transition points.

We investigated hcp-Gd to gain insight into the behaviour of its local moment compo-

nents with temperature and to trace the effects of a surface termination. This was made

possible by our implementation of the LSDA+U approach into the RDLM-SKKR code,

allowing us to take into account the correlations of the localized 4f states of Gd. In the

bulk we found a considerable local spin moment of 0.77 µB for the conduction band, and

a corresponding spin splitting of around 1 eV. As expected, the majority 4f band is full

and energetically well separated from the conduction band, which amounts to another

7 µB of local spin moment. In the PM state, the spin splitting nearly vanishes in the

DOS, but at the same time a conduction band moment of 0.41 µB persists, which can

be understood as the asymmetry between the spectral weights of the two spin channels.

These findings suggest that the conduction band spin moment is not simply due to the
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Weiss field generated by the localized 4f moments, but neither is it entirely independent

of the net 4f magnetization. This leads to the quite inconvenient situation in which it

is exceptionally difficult to define an adequate spin model for the magnetism of Gd. Our

calculations for the Gd(0001) surface show that the 4f states experience a slight down-

shift in energy compared to the bulk, and the local spin moment also changes slightly

at the surface, but most importantly the DOS is clearly affected by the rearrangement

of electronic states near the surface. In the FM ground state these features are strongly

spin-polarized, but in the PM state their spin-polarization is decreased compared to the

FM case, similarly to the qualitative behaviour of the bulk cases. The main conclusion

from the these calculations is that surface-sensitive experimental techniques have to be

interpreted with caution, keeping in mind that one might easily not see the bulk spectrum,

and that the spin-polarization of spectral features alone is insufficient to determine the

nature of local moments in the sample, as asymmetric spectral weights can lead to a net

local moment anyway.

As a next case study we turned to the Fe1/Rh(001) thin film system. We performed the

same series of calculations with an ordered FM reference state and spin model parameters

obtained from the RTM, and a paramagnetic reference in the form of the SCE-RDLM

method. We found very sensitive dependence of the spin model parameters on the Fe

inward layer relaxation, leading to very strong frustration of the first few nearest neigh-

bour Heisenberg interactions. This frustration was met by relatively strong isotropic

biquadratic couplings extracted from the SCE-RDLM method, leading to seemingly ran-

dom collinear spin structures through the dominance of the biquadratic couplings. The

main conclusion is thus that the tensorial Heisenberg model is completely insufficient to

describe this thin film, furthermore the strong dominance of the biquadratic terms suggest

that even the extended spin model is incomplete. Most probably, multi-spin interactions

are needed for a proper description of this thin film, especially since the experimentally

proposed spin configuration is also the superposition of three symmetry-unrelated spin

spirals, suggesting that it is the ground state of a higher-order spin model.

The comparison of the two markedly different spin models obtained for Fe1/Rh(001)

has again shown that while in bulk systems the choice of methods and reference states

might not be crucial, in case of reduced dimensions and especially with easily polarizable

substrates there are very strong biases involved in each procedure, part of which can be

traced back to the difference in reference states corresponding to different temperature

ranges. In order to bridge this gap between the two available methods, namely the RTM

(zero-temperature reference state) and the SCE-RDLM (infinite-temperature reference

state), we attempted to devise a technique to extract spin model parameters directly

from the finite-temperature electronic structure. We first developed a generalization of
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the SCE for synthesis with finite-temperature RDLM theory. The corresponding gener-

alized SCE-RDLM method seems sound, but initial calculations for bcc-Fe show that the

theory fails to give a smooth limit at T = 0 K compared to the RTM. Despite that the

first two nearest neighbour couplings show reasonable magnetization-dependence even at

low temperatures, this is not true for a number of (more distant) neighbours. As an

alternative, we also developed a formulation of the RTM in a finite-temperature RDLM

state. The resulting exchange interactions produce the correct side-limits towards the

ground state and the PM state, and their magnetization-dependence seems reasonable in

between. We extended our calculations to finite electronic temperatures for future use in

ultrafast demagnetization dynamics simulations, mapping the magnetization-dependence

of the Stoner–Curie temperature in the process. The application of these interactions in

spin dynamics simulations is under way.

In the above applications, we demonstrated the versatility and effectiveness of the

self-consistent RDLM method implemented within the screened KKR method for the

investigation of novel systems in the center of current research. The self-consistent cycle

carried out at arbitrary temperature allows us to fully include finite-temperature effects,

most importantly longitudinal spin fluctuations. Through the CPA underlying the RDLM

theorym chemical and configurational disorder can be treated on an equal footing. By

developing an appropriate method for the extraction of spin model parameters from the

finite-temperature RDLM electronic structure, it became possible to construct a spin

model in which the local moment magnitudes and also the couplings between spins change

dynamically with the temperature, thereby following the changes in electronic structure,

and neutralizing one of the major drawbacks of spin model techniques.

While further features could be implemented into our RDLM program package with

time—as it recently happened with constrained local moment SDFT and the LSDA+U

method—, the already existing program code and some of the findings detailed in this

thesis could still provide some work to be done in order to fully understand every result.

The magnetization vs. temperature curves for Fe with a = 2.67 Å (Fig. 2.2(a)) and FM

FeRh (Fig. 2.12(a)) showed some unexpected features, which should be addressed in later

investigations. The non-monotonic behaviour of the former T −M curve might be related

to the specific algorithm with which we obtain the temperature from the newly computed

single-site functions. In the current version of the program, the implicit equation for the

inverse temperature (Eq. (1.2.40)) is solved with a simple bisection method. This assumes

that the equation has a unique solution, otherwise the result will be a ‘random’ choice from

the available solutions. If the system under consideration shows unusual behaviour—for

instance a lack of separation of energy scales between single-site functions hLi for various

values of `—there might indeed be more than one solution to the implicit equation, and



CHAPTER 3. CONCLUSIONS AND OUTLOOK 101

it is possible that an inconsistent choice of solutions can affect the magnetization curve

shown in Fig. 2.2(a). As for the FeRh curve in Fig. 2.12(a), it would be interesting

to see whether this unexpected trend could be traced back to the electronic structure,

for instance by pinpointing some features in the DOS that are being steadily pushed

through the Fermi energy with increasing temperature, leading to a repeated feedback

into the magnetization curve, deviating it from the expected concave shape. A possible

development of our current RDLM program is to step beyond the approximation of using

configurationally averaged effective potentials, and use Eqs. (1.2.11) directly. The subtle

corrections anticipated to stem from this extension, expected to affect the computed

temperatures as well, might again just be enough to influence the shape of the FeRh

magnetization vs. temperature curve in Fig. 2.12(a), as we have seen that FeRh is very

delicate in a sense.

The capabilities of the self-consistent RDLM theory go well beyond the applications

in this thesis. The method holds great potential for the description of complex and novel

materials, for instance CoMnSi showing tricriticality, the FM shape memory Heusler

alloy Ni2MnGa or candidates for magnetic refrigeration displaying large magnetocaloric

effect such as doped Mn2Sb. The ability to predict materials of interest by exploring

the relationship of magnetically ordered states and aspects like the magnetocaloric effect

is coupled with the possibility to investigate the impact of chemical composition, an

invaluable tool in tailoring materials for industrial applications.

Regarding spin models, the generalized SCE-RDLM method should be the subject of

further investigation, in order to understand the low-temperature behaviour of the theory.

Furthermore, it has become evident that in the Fe1/Rh(001) system the physics goes well

beyond the two-spin interaction model, and multi-spin models are called for. This is an

obvious point for development with both of our methods (i.e., the RTM and the SCE-

RDLM), however, neither is likely to be easily extended in this regard. The comparison

of the second derivatives involved in the RTM are already untractable with higher-order

two-site terms, and multi-spin interaction terms in the SCE-RDLM method are defined

by a monstrous formula (Eq. (1.3.49)) necessitating some brute force calculation of scat-

tering paths for a few specific multi-spin clusters (typically nearest neighbour plaquettes)

already for three- or four-spin interactions. Consequently, our efforts in the extraction

of spin models—with the methods currently available to us—should perhaps be more

focussed on systems where two-spin interactions are dominant, emphasizing relativistic

effects and longitudinal spin fluctuations rather than exotic spin states. We are planning to

intensively study magnetic thin films with respect to spin spiral [92] and skyrmion forma-

tion [93], where relativistic effects (in particular, the Dzyaloshinskii–Moriya interaction)

play a crucial role. Moreover, with the age of ultrahigh-density magnetic recording still
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upon us demanding accurate finite-temperature modelling of magnetic anisotropy, there

is indeed much work to be done.



Thesis statements

My research detailed in this thesis and the corresponding novel findings are summarized

in the following thesis statements:

1. I made essential contributions to implement the self-consistent relativistic disordered

local moment (RDLM) scheme into the screened Korringa–Kohn–Rostoker (SKKR)

method. I used the new code to explore the variation of the magnetization and the

local spin moment of bcc-Fe with temperature. I found a 15% reduction of the Fe

moment from the ferromagnetic (FM) ground state to the high-temperature para-

magnetic (PM) state, suggesting limited rigidity of the Fe moment in the bulk. The

calculations overestimated the Curie temperature due to a shortcoming of mean-field

theory inherent in RDLM theory. Therefore, I suggested that the results obtained

from the RDLM method should be interpreted on the basis of the average magne-

tization rather than the temperature.

Related publication: [ I ]

2. By using the RDLM-SKKR code, I performed systematic calculations of the magne-

tocrystalline anisotropy energy (MAE) of FePt alloys subject to spin and chemical

disorder due to finite temperature and intermixing between layers nominally popu-

lated by Fe and Pt. The calculations demonstrated that the MAE decays rapidly

with increasing chemical disorder at any temperature and for fixed intermixing it

shows approximately power-law dependence on the total magnetization of the sys-

tem. I found that the corresponding exponent increases towards increasing temper-

ature, suggesting that the value of 2.1 of the exponent quoted in the literature only

applies at very low temperatures. The magnetization-dependence of the local spin

moments suggests that Fe is quite rigid in FePt, while the induced moment of Pt is

likely to be described by a simple Weiss-field picture.

Related publication: [ I ]

3. I used the self-consistent RDLM-SKKR method to map the phase diagram of FeRh

as a function of lattice parameter and mean-field temperature. Zero-temperature

total energy calculations suggest that the ground state is antiferromagnetic (AFM)
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below a = 3.11 Å and ferromagnetic above. From the calculated Curie and Néel

temperatures, I compiled the theoretical FM-PM and AFM-PM phase boundaries

as a function of the lattice parameter. The triple point marked by the crossing of

these two curves occurs at a = 2.99 Å. In between these two lattice parameters, I

concluded the presence of a temperature-induced metamagnetic transition. I con-

structed the phase boundary between the AFM and FM phases by searching for

crossovers in the free energy curves corresponding to these two states.

Related publication: [ I ]

4. I implemented the LSDA+U method within the RDLM-SKKR program package.

Using this code, I compared the magnetization of Gd in the bulk and on the (0001)

surface, in the zero-temperature FM and the high-temperature PM phases. In

the bulk I found a considerable spin splitting in the conduction band, owing to a

local moment of 0.77 µB. In the PM phase this splitting almost vanishes, yet the

conduction band still possesses a spin moment of 0.41 µB due to the asymmetry of

spectral weights in the two spin channels. The results suggest non-Stoner behaviour

of the Gd conduction band moment, but also reveal that the polarization effect due

to the Weiss field generated by the 4f states is also significant.

Related publication: [ III ]

5. I explored the magnetic interactions in the Fe1/Rh(001) thin film using the rela-

tivistic torque method (RTM) and the spin-cluster expansion (SCE) combined with

RDLM independently and found considerable differences between the two models.

The results reveal that the tensorial Heisenberg model is insufficient for the de-

scription of the magnetism in this system, indicating that higher-order two-spin

interactions and multi-spin interactions are most likely needed to grasp the complex

magnetic structure found experimentally.

Related publication: [ II ]

6. I developed and implemented the SCE-RDLM method below the Curie temperature

in order to obtain the effect of thermal spin fluctuations on the exchange couplings

from first principles. Calculations for bcc-Fe show the correct limit towards the

PM state, however in the T → 0 K limit the interactions are inconsistent with

the RTM. I then developed and implemented the RTM-RDLM method and found

that the resulting exchange couplings produce the correct limits. In anticipation of

applications in ultrafast demagnetization simulations, I explored the dependence of

the exchange couplings on magnetic order parameter and electronic temperature up

to the Stoner–Curie point.
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Publications related to the thesis statements:

[ I ] A. Deák, E. Simon, L. Balogh, L. Szunyogh, M. dos Santos Dias, and J. B. Staunton,

Metallic magnetism at finite temperatures studied by relativistic disordered moment

description: Theory and applications, Physical Review B 89, 224401 (2014)

[ II ] A. Deák, K. Palotás, L. Szunyogh, and I. A. Szabó, Magnetic correlations beyond

the Heisenberg model in an Fe monolayer on Rh(001), Journal of Physics: Con-

densed Matter 27, 146003 (2015)

[ III ] L. Oroszlány, A. Deák, S. Khmelevskyi, and L. Szunyogh, Magnetism of gadolin-

ium: a first-principles perspective, arXiv:1503.08940 (2015), submitted to Physical

Review Letters
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