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Chapter 1

Introduction

1.1 Mathematical model of communication
The mathematical model of communication was introduced by Claude E. Shan-
non [1]. The model consists of an Information source, which selects a message
from list of possible messages and a sender or transmitter that encodes the mes-
sage into a codeword. The codeword or signal goes through a channel and the
receiver decodes the received signal and obtains a message, see Figure 1.1.

Information
source

Channel

Received

Estimated
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Signal
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Encoder/
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Figure 1.1: Shannon’s model of communication

The channel can be discrete or continuous. In this work the discrete case
will be considered, where a finite discrete set X called input alphabet and a
finite discrete set Y called output alphabet are given. If the distribution of
the output symbol depends only on the current input symbol —is independent
of any previous or succeeding symbols— in every time instant and this distri-
bution is stationary then the channel is memoryless. A Discrete Memoryless
Channel (DMC) can be described by a stochastic matrix, or sometimes called
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channel transition matrix, W (y|x) where x ∈ X , y ∈ Y. Every column W (·|x)
corresponds to the distribution of the output symbols if the input symbol x was
sent. When sending a sequence x = x1x2 . . . xn of n input symbols the same
stochastic matrix is applied to each of them which leads to a stochastic matrix
Wn on Xn. Thus

Wn(y|x) =

n∏
i=1

W (yi|xi) (1.1)

To transmit one of M given messages a “codeword” -a sequence of input
symbols- with given length n is assigned to the message, representing it in the
transmission. Mathematically

Definition 1.1.
f :M = {1, 2, . . . ,M} → Xn

denotes an Encoding Function. The list of assigned codewords xm ∈ Xn,m ∈M
is called Codebook.

The number of possible messages grows exponentially as the length of the
codewords grow. Denote R = log(M)/n the Rate of the codebook. If the base
of the logarithm is 2, then the rate shows how many bits of information are
sent through the channel with one symbol, on the average. In the sequel all
logarithms have base 2.

The receiver is aware of the codebook i.e. the function f. He either assigns
a message for every received sequence y ∈ Yn or declares an error. Formally:

Definition 1.2.
g : Yn →M∗,

whereM∗ =M∪ Error, is a Decoding function.

Example 1.1. If the receiver knows the channel matrix W then he can decode
the messages by maximum likelihood estimation. The receiver computes the
probability Wn(y|xm) for all possible message m ∈ M and selects the maxi-
mizing message or declares an error if no unique maximizer exists.

Definition 1.3. The pair of encoding decoding functions (f, g) of blocklength
n is called a block Code of length n.

As the output sequence is subject to randomness, the result of the decoding
may be erroneous. The following two error probabilities are used to measure
this error. The most common is the average error probability:

Pe(W
n, f, g) =

1

M

M∑
m=1

∑
y:g(y)6=m

Wn(y|f(m)) (1.2)

The model, where the transmitter chooses uniformly from the message set leads
to this error definition.

The other type is the maximal error probability.

P̂e(W
n, f, g) = max

m∈M

∑
y:g(y) 6=m

Wn(y|f(m)) (1.3)
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Remark 1.1. The maximum likelihood detector in Example 1.1 is optimal for
the average or maximal error probabilities.

Definition 1.4. A non-negative number R is an Achievable Rate if for all n ∈ N
there exist block codes of length n with rate tending to R and error probability
Pe tending to 0 as n tending to infinity.

Note that:

1. If the average in (1.2) is less than ε then for at least half of the messages
m ∈M the error probability∑

y:g(y) 6=m

Wn(y|f(m))

is less than 2ε. Then a codebook from the “good” half of the codewords
can be created. The rate of this modified codebook is log(M/2)

n = R − 1
n .

For this modified codebook the error probability of every codeword is less
than 2ε. Thus, if R is achievable rate for the average error probability
then it is achievable rate for maximal error probability too. Of course
the converse is trivial: if a rate is achievable for maximal error then it is
achievable for average error.

2. The above definition of achievability is not the only one in the literature.
One could define R as achievable rate if for a suitable sequence nk →
∞ there exist codes of blocklength nk with rate tending to R and error
probability Pe tending to 0 as nk → ∞. This and the original definition
are called the optimistic and pessimistic points of view in Csiszár and
Körner [29].

3. If R is achievable rate then every smaller rate R′ < R is also achievable.

Definition 1.5. The maximum of the achievable rates is called Capacity de-
noted by C(W ). The set of achievable rates, thus [0, C(W )], is called Capacity
Region.

Remark 1.2. The capacity/capacity region is the same for both points of view
in general. For two terminal systems (with one sender and one receiver) the
capacity is the same for both error types.

1.2 Notations, Basic information quantities
These concepts are standard in the area of information theory, see e.g. Cover
and Thomas [17] and Csiszár and Körner [29]. The notations slightly deviate
from the aforementioned books and follow Nazari, Anastasopoulos, and Pradhan
[37] whenever possible.

In this work vectors (finite sequences) will be denoted by boldface symbols.
Random variables will be denoted by U , X, Y assumed to take values in finite
sets U , X , Y, etc. called alphabets. Their (joint) distributions are denoted by
PU , PUX , PUXY , etc. or V U , V UX , V UXY , etc. In the sequel the PX(X = x)
or V UX(U = u ∧X = x) will be abbreviated by PX(x) or V UX(u, x). We will
conveniently regard any probability measure on U × X × Y, say, as the joint
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distribution V UXY of dummy random variables U,X, Y then V U , V UX , etc.
denote the marginal distributions of V on U , U×X , etc. and V U |X , say, denotes
the conditional distribution given by V X|U (x|u) = V UX(u, x)/V U (u). This
notational convention amounts to simultaneously assign different distributions
to the same (dummy) random variables. This is compatible with the formal
definition of random variables as measurable functions on a measurable space
(Ω,Σ) (not needed in this thesis), for different choices of the probability measure
P on (Ω,Σ) give rise to different distributions for the same random variable. The
family of all probability measures on U ×X , say, —so, family of all distributions
of random variables with range U × X— is denoted by P(U × X ). The family
of all conditional distributions on X conditioned on U by P(X|U).

The most fundamental quantity in information theory is the Shannon en-
tropy.

H(P ) , HP (X) =
∑
x∈X
−P (x) logP (x). (1.4)

The Shannon entropy depends only on the distribution. Heuristically, it mea-
sures the average number of bits needed to compress a symbol of distribution
P . In the sequel, for all information quantities the underlying distribution is
always indicated in lower index. With this notation HV (X,Y ) denotes the Shan-
non entropy of the joint distribution V on X × Y or if V is a joint distribution
in a larger space, say V = V UXY , then it denotes the Shannon entropy of the
marginal V XY .

The conditional Shannon entropy HV (Y |X) can be defined as

HV (Y |X) , HV (X,Y )−HV (X) (1.5)

or equivalently

HV (Y |X) =
∑
x∈X

HV Y |x(Y )V X(x) (1.6)

where V Y |x denotes the probability distribution on Y defined by

V Y |x(y) , V Y |X(y|x).

Heuristically, HV (Y |X) measures the average number of bits needed to compress
a symbol from Y provided the other symbol from X is known and their joint
distribution is V .

The other fundamental quantity is mutual information. Mutual information
is defined on a pair of random variables:

IV (X ∧ Y ) ,HV (Y )−HV (Y |X) = HV (Y ) + HV (X)−HV (Y,X)

= HV (X)−HV (X|Y ). (1.7)

By the definition, it is a symmetric quantity. Heuristically, the above mutual
information measures the average number of bits that a symbol from X carry
about the symbol from Y if their joint distribution is V .

The natural “distance” between the probability distributions is the informa-
tion, or Kullback-Leibler, divergence. If P and V are distributions on X then
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the divergence of P from V is

D(P‖V ) ,
∑
x∈X

P (x) log

(
P (x)

V (x)

)
(1.8)

where 0 log 0 is defined as 0 and α log α
0 = ∞ for α > 0. The divergence is not

a real metric as it is not symmetric and does not satisfy the triangle inequality,
but it is positive if P 6= V and satisfies the parallelogram law. It measures how
distinguishable the distributions are.

Example 1.2. Let P (x) = 0 if V (x) = 0 and for some x′ ∈ X let P (x′) = 0
but V (x′) 6= 0. Then D(P‖V ) is finite, which is reasonable, as observing a
variable with distribution P the possibility that it has distribution V cannot
be ruled out. On the other hand D(V ‖P ) = ∞, in accordance with the fact
that observing a variable with distribution V can rule out distribution P with
positive probability, namely if symbol x′ is observed.

For two stochastic matrices V Y |X , W and a distribution P on X , the con-
ditional divergence D(V Y |X‖W |P ) is defined as

D(V Y |X‖W |P ) ,
∑
x∈X

P (x) D(V Y |x‖W (·|x)) (1.9)

Heuristically, it measures the divergence of two conditional distribution V Y |x,
W (·|x) averaged according to P .

1.3 Shannon’s theorem and typical sequences
One of the first fundamental theorem of information theory was formulated by
Shannon [1]:

Theorem 1.3. The capacity of a DMC W is

C(W ) = max
V :V Y |X=W

IV (X ∧ Y )

The direct part, namely that all 0 ≤ R not exceeding the right side are
achievable rates, is called Achievability. The other direction, that if R is achiev-
able then the right side is ≥ R, is called (weak) Converse. The strong converse
states even more than the above: for any codes of blocklength n→∞ and rate
approaching R larger than the right side the error probability tends to 1.

Since a similar theorem will be proved for the classical-quantum channel in
Chapter 2, with similar tools, a proof of achievability is presented here via the
method of typical sequences.

Definition 1.6. For a given probability distribution P on X , a sequence x ∈ Xn
is called ε Typical to P if ∣∣∣∣− logPn(x)

n
−H(P )

∣∣∣∣ ≤ ε (1.10)

where

Pn(x) =

n∏
i=1

P (xi).

The set of sequences x that satisfy (1.10) is denoted by T nP (ε).

7



Lemma 1.4. T nP (ε) has the following properties, For every distribution P on
X , and for every δ > 0:

1.
Pn(T nP (ε)) ≥ 1− δ (1.11)

2.
|T nP (ε)| ≤ 2n(H(P )+ε)

3.
|T nP (ε)| ≥ 2n(H(P )−ε)

if n is large enough. Here | · | denotes the size of the set.

Proof. Let X = X1, X2, . . . , Xn be an i.i.d. random sequence with distribution
P . The random variable

− log(Pn(X)) =

n∑
i=1

log(P (Xi)). (1.12)

has expectation −n
∑
x∈X P (x) log(P (x)) = nH(P ). Thus by the weak law of

large numbers:

P

(
x :

∣∣∣∣− logPn(x)

n
−H(P )

∣∣∣∣ > δ

)
→ 0 (1.13)

if n is large enough.
Note that every sequence x from T nP (ε) has probability

P (x) ≥ 2−n(H(P )+ε). (1.14)

This gives

2−n(H(P )+ε)|T nP (ε)| ≤ P (T nP (ε)) ≤ 1 (1.15)

|T nP (ε)| ≤ 1

2−n(H(P )+ε)
≤ 2n(H(P )+ε) (1.16)

Let n be large enough that

Pn(T
n
P (ε/2)) ≥ 1

2
(1.17)

holds. Every sequence x from T nP (ε/2) has probability

P (x) ≤ 2−n(H(P )− ε2 ). (1.18)

Therefore

2−n(H(P )− ε2 )|T nP (ε/2)| ≥ P (T nP (ε/2)) ≥ 1

2
(1.19)

|T nP (ε)| ≥ |T nP (ε/2)| ≥ 1

2−n(H(P )− ε2−
1
n )
≥ 2n(H(P )−ε) (1.20)

if n is larger than 2
ε
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Typical sequences can be generalized for joint distribution. For a joint dis-
tribution PXY , a sequence pair (x,y) is ε-typical if∣∣∣∣HP (X,Y ) +

log(P (x,y))

n

∣∣∣∣ ≤ ε (1.21)

A sequence y is conditionally ε-typical to P conditioned on x, denoted by
y ∈ T n

PY |X
(ε|x), if ∣∣∣∣HP (Y |X) +

log(P (y|x))

n

∣∣∣∣ ≤ ε (1.22)

If (y,x) ∈ T nPYX (ε) and x ∈ T nPX (ε) then y ∈ T n
PY |X

(2ε|x). The definition
implies

|T nPY |X (ε|x) ≤ 2n(HP (Y |X)+ε). (1.23)

1.4 Proof of Shannon’s theorem
Let ε > 0, R such that R + 3ε < C(W ) and δ > 0. For the achievability part
in Theorem 1.3 it is sufficient to give an encoding/decoding method with rate
R and average error probability less than δ if n is large enough.

The Random Coding Argument is applied. Formally, a random code in-
volves random selection of the codewords (according to some distribution P )
and its error probability involves not only the randomness generated by the
channel but also that of the codeword selection, whose outcome is supposed
known to both sender and receiver. For the latter reason, a random code is not
suitable for actual transmission. However, its error probability is equal to the
expected value according to P of the error probabilities of the (non-random)
codes determined by the actual outcome of the codeword selection. Hence, the
existence of a random code with this expected value ≤ ε proves the existence
of a deterministic code with Pe ≤ ε. The method of random selection is widely
applied in mathematics, Shannon’s random coding argument [1] was one of its
first occurrences.

Encoding/Decoding
Let PX be the probability distribution that maximizes the mutual information
in Theorem 1.3. Generate 2nR codewords randomly according to PX . This
means that each symbol of each codeword is generated randomly according to
PX . Let xi denote the i-th randomly generated codeword. For the i-th message
the codeword xi is sent.

Define PXY (x, y) as W (y|x)PX(x). In the first step, if the received signal y
is not in T nPY (ε) then an error is declared. The decoder estimates the message i,
if there is a unique i for which y ∈ T n

PY |X
(ε|xi) and declares an error otherwise.

Estimation of the error probability
By the symmetry it can be assumed that x1 was sent. Error occurs if

y /∈ T nPY (ε) or y /∈ T nPY |X (ε|x1) (1.24)
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or if there is another j for which y ∈ T n
PY |X

(ε|xi). By Lemma 1.4 the probability
of events y /∈ T nPY (ε) is smaller than δ

3 if n is large enough. The probability of
event y /∈ T n

PY |X
(ε|x1) can be written as

Pr
{
y /∈ T nPY |X (ε|x1)|x1 ∈ T nPX (ε/2)

}
Pr {x1 ∈ T nPX (ε/2)}+ (1.25)

Pr
{
y /∈ T nPY |X (ε|x1)|x1 /∈ T nPX (ε/2)

}
Pr {x1 /∈ T nPX (ε/2)} . (1.26)

In the first term
{
y /∈ T n

PY |X
(ε|x1)|x1 ∈ T nPX (ε/2)

}
means

{
(x,y) /∈ T nPXY (ε/2)

}
that is smaller than δ/6 if n sufficiently large, the second term is small while
Pr
{
x1 /∈ T nPX (ε/2)

}
is smaller than δ/6 if n sufficiently large. Note that y is

independent from j and y ∈ TnPY (ε). So, the third event probability is bounded,
using (1.23) and the definition of TnPY (ε), by

Pr{y ∈
⋃
j

T nPY |X (ε|xj)} ≤
∑
j

|T nPY |X (ε|xj)|2−n(HP (Y )−ε) (1.27)

≤2nR2n(HP (Y |X)+2ε)2−n(HP (Y )−ε) (1.28)

≤2−n(IP (X∧Y )−(R+3ε)) (1.29)

Since R + 3ε < IP (X ∧ Y ) the last probability is smaller that δ
3 if n is large

enough.

1.5 Method of Types, Error Exponents
Method of types is a more sophisticated method than ε typical sequences. This
method was worked out by Csiszár, Körner and Marton and written down in
[29], though it had been used before occasionally.

With the help of the method a types it is relatively easy to show that the
error probability of the optimal codes tend to zero exponentially inside the
capacity region as the blocklength n grows. Since in Chapter 4 an achievable
error exponent for the asynchronous multiple access channel will be given, a
proof is presented here.

The Type of an n-length sequence x = x1x2 . . . xn ∈ Xn is the distribution
Px ∈ P(X ) where Px(x) is the relative frequency of the symbol x in x. The
joint type of two or more n-length sequences is defined similarly and, for (u,x) ∈
Un×Xn, say, it is denoted by P(u,x). The family of all possible types of sequences
x ∈ Xn is denoted by Pn(X ), and for P ∈ Pn(X ) the set of all x ∈ Xn of type
Px = P is the Type Class of P denoted by TnP . For u ∈ Un of type Pu, the
set of conditional distributions VX|U ∈ P(X|U) for which PuVX|U ∈ Pn(U ×X )
is denoted by Pn(X|Pu). The set of all x ∈ Xn with P(u,x) = PuVX|U , non-
empty if and only VX|U ∈ Pn(X|Pu), is denoted by TnVX|U (u). Notice that for all
x ∈ TnP the probability Qn(x) =

∏n
i=1Q(xi) is the same for any Q ∈ P(X ) and

equal to 2−n[HP (X)+D(P‖Q)]. The following inequalities will be required from
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Csiszár and Körner [29]:

|Pn(X )| ≤ (n+ 1)|X | (1.30)

2nHP (X)

(n+ 1)|X |
≤ |TnP | ≤ 2nHP (X), (1.31)

Qn(TnP ) ≤ 2−nD(P‖Q), (1.32)

Wn(y|x) = 2−n(D(V Y |X‖W |V X)+HV (Y |X)) (1.33)

where V XY = P(x,y).

To prove exponentially fast decreasing of error probability, a good codebook
is needed. The next lemma will guarantee the existence of good constant com-
position codebooks, where constant composition means that all the codewords
are from the same type class TnV .

Lemma 1.5. If n is large enough then for every R > δ > 0 and type P ∈ Pn(X )
with H(P ) > R, there exists a codebook C with rate at least R − δ such that for
every possible joint type V XX̂ ∈ Pn(X ×X ) with marginals V X = V X̂ = P the
following holds

|TnV ∩ C × C| ≤ 2−n(IV (X∧X̂)−R) (1.34)

Proof. By random coding argument. Choose 2n(R−δ) codewords uniformly from
T nP . Then the expected value of the left side of (1.34) is

2n(R−δ) |{(x, x̂) : Px,x̂ = V }|
|T nP × T nP |

≤ 2n(R−δ) 2−nHV (X,X̂)

|T nP × T nP |
. (1.35)

Applying (1.31) and V X = V X̂ = P gives

E [|TnV ∩ C × C|] ≤ 2n(R−δ) (n+ 1)2|X |2−nHV (X,X̂)

2−nHV (X)2−nHV (X̂)
≤ 2−n

δ
2 2−n(IV (X∧X̂)−R),

(1.36)

if n is large enough. The inequality∑
V XX̂∈Pn(X×X )

E [|TnV ∩ C × C|] 2n(IV (X∧X̂)−R) ≤
∑

V XX̂∈Pn(X×X )

2−n
δ
2 (1.37)

holds because of (1.36). The number of possible types grows only polynomially
in n, so if n is large enough then∑

V XX̂∈Pn(X×X )

E [|TnV ∩ C × C|] 2n(IV (X∧X̂)−R) ≤ 1. (1.38)

This means that there exist a realization of the random codebook -a non-random
codebook- for which ∑

V XX̂∈Pn(X×X )

|TnV ∩ C × C|2n(IV (X∧X̂)−R) ≤ 1. (1.39)

So, for all V XX̂ ∈ Pn(X × X ) (1.34) holds.
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Theorem 1.6. For every R > δ > 0 and every type P ∈ Pn(X ) there exist a
block code (f, g) of length n and rate

1

n
logM ≥ R− δ

such that all codewords f(m), m ∈M are of type P and

Pe(W
n, f, g) ≤ 2−n(Er(R,P,W )−δ) (1.40)

for every DMC {W : X → Y }, whenever n ≥ n0(|X |, |Y|, δ). Here

Er(R,P,W ) , min
V ∈P(X×Y)

D(V Y |X‖W |P ) + |IV (X ∧ Y )−R|+ (1.41)

Remark 1.7. The good code whose existence is asserted has an improved feature:
it is a universal code, does not depends on channel W . For example, universal
codes can not employ maximum likelihood decoding, see Example 1.1. However,
the optimal choice of the type P of the codewords may depend on the channel
W .

Proof. The codebook from Lemma 1.5 is utilized. Decoding is done by selecting
the message m whose joint empirical type V XY = P(f(m),y) and the received
symbol sequence y uniquely maximizes IV (X ∧ Y ).

Suppose that f(m) = x was sent and an error occurred: then there was
codeword x̂, which corresponds to the message m̂, with joint type V XX̂Y =
P(x,x̂,y) such that the original codeword x and the received symbol sequence y
satisfy

IV (X ∧ Y ) ≤ IV (X̂ ∧ Y ) (1.42)

The probability that this happens:

Pe =
∑

VXX̂Y ∈Pn(X×X×Y)

VX=V X̂=P
IV (X∧Y )≤IV (X̂∧Y )

∑
y:∃m̂∈M

VXX̂Y =Pf(m),f(m̂),y

Wn(y|f(m)) (1.43)

≤
∑

VXX̂Y ∈Pn(X×X×Y)

VX=V X̂=P
IV (X∧Y )≤IV (X̂∧Y )

2−nD(V Y |X‖W |P )+HV (Y |X)·

·
∣∣∣y : ∃m̂, P(f(m),f(m̂).y) = V XX̂Y

∣∣∣ (1.44)

Note that the set size in (1.44) can be upper bounded by

2nHV (Y |XX̂)|TnV ∩ C × C| (1.45)

Applying Lemma 1.5 gives∣∣∣y : ∃(m, m̂), P(f(m),f(m̂).y) = V XX̂Y
∣∣∣ ≤ 2nHV (Y |XX̂)2n(R−IV (X∧X̂)) (1.46)

The set size in (1.44) can also be bound from above with

2nHV (Y |XX̂) (1.47)
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Since

HV (Y |XX̂)− IV (X ∧ X̂)) = HV (Y |X)− IV (XY ∧ X̂)

≤HV (Y |X)− IV (Y ∧ X̂) (1.48)

the error probability can be bounded by

Pe ≤
∑

VXX̂Y ∈Pn(X×X×Y)

VX=V X̂=P
IV (X∧Y )≤IV (X̂∧Y )

2−n(D(V Y |X‖W |P )+| IV (X̂∧Y )−R|++δ) (1.49)

≤ max
V XY ∈P(X×Y)

Poly(n)2−nδ2−n(D(V Y |X‖W |P )+| IV (X∧Y )−R|+ (1.50)

≤2−nminVXY ∈P(X×Y)(D(V Y |X‖W |P )+| IV (X∧Y )−R|+ (1.51)

if n is large enough.

The exponent above is an achievable error exponent. Thus

Er(R) = Er(R,W ) = max
P

Er(R,P,W ) (1.52)

gives a lower bound on the exponent of the optimal code called Reliability Func-
tion. These type of lower bounds are called random coding error exponents.
There are upper bounds on the reliability function that are called sphere pack-
ing bounds. The state of the art random coding error exponent form two ter-
minal DMC is given by (1.52). This bound can be improved for smaller rates
by expurgation leading to Expurgated exponent (see Cover and Thomas [17],
Csiszár and Körner [29], and Nazari [31]). The best upper bound for a constant
composition codebook is given by

Esp(R,P,W ) = min
VXY ∈P(X×Y)

VX=P, IV (X∧Y )≤R

D(V Y |X‖W |P ) (1.53)

and any code with high enough rate has constant composition subcode. Thus,
the best sphere packing bound for DMCs is

Esp(R) = Esp(R,W ) = max
P

Esp(R,P,W ) (1.54)

The two bounds are represented in Figure 1.2.
Note, that if the rate is higher than Rcr, which is called Critical Rate, then

the two bounds coincide. So, above the critical rate the reliability function can
be calculated. The random coding error exponent is a line with slope -1 if the
rate is smaller than the critical rate.

1.6 Multiple Access Channels
The channels considered so far above have one sender and one receiver, are also
referred to as two-terminal channels. A multiple access channel (MAC) is a
channel with two or more senders, thus the output symbols depend on two or
more input symbols transmitted by the senders. Models, with more than one
receiver will be considered only tangentially, see Remark 4.13. The most simple
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Figure 1.2: Error Exponents of DMC

variant of MAC is the discrete memoryless multiple access channel (DM-MAC).
The DM-MAC with two senders can be described by a stochastic matrix with
elements W (z|x, y) describing the probability that symbol z is received on the
condition that (x, y) was transmitted. Each sender has a message set and a
codebook of its own and transmit their messages assigning codewords to them,
without knowledge of the other sender’s message. If these messages were known
to both sender, the codewords could be chosen jointly. This would reduce the
model to the two-terminal channels above.

Definition 1.7. A two-sender MAC code is defined by two encoding function
f1 :M1 → Xn, f2 :M2 → Xn and a decoding function g : Yn →M1 ×M2 ∪
Error.

In this work the error probability is averaged over the possible messages
similar to (1.2). This means

Pe(W, f1, f2, g) =
1

M1M2

∑
m1∈M1
m2∈M2

∑
z:g(z)6=(m1,m2)

Wn(z|f1(m1), f2(m2)). (1.55)

Remark 1.8. In the multiple access case the existence of a good code for average
error probability does not guarantee the existence of a good code for maximal
error probability. Current knowledge for the maximal error probability case,
where

P̂e(W, f1, f2, g) = max
m1∈M1,m2∈M2

∑
z:g(z) 6=(m1,m2)

Wn(z|f1(m1), f2(m2)), (1.56)

is quite limited —even the capacity region is not known. The most recent result
in this area is in the Ph.D. thesis of Nazari [31].
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Definition 1.8. A rate pair (R1, R2) is achievable if there exist a code -encoding
function for each sender and decoding function for the receiver- with rates R1

for the first transmitter and R2 for the second such that the error probability
tends to 0 if the blocklength n tends to infinity. In the models analyzed, so far,
the blocklength is the same for both senders. The set of all achievable rate pairs
form the Capacity Region of the channel.

Remark 1.9. In Chapter 3 of this work an interesting asynchronous example,
where the optimistic/pessimistic points of view —see Section 1.1— lead to dif-
ferent capacity regions, will be given.

Ahlswede [7] and Liao [8] showed that in the synchronous case with random
codes according to distribution PX -for the first user- and PY -for the second
user- the next pentagon is achievable:

R1 ≤ IP (X ∧ Z|Y ) (1.57)
R2 ≤ IP (Y ∧ Z|X) (1.58)

R1 +R2 ≤ IP (XY ∧ Z) (1.59)

where PZXY (z, x, y) = W (z|x, y)PX(x)PY (y). The union of these pentagons
can form a non-convex set.

Example 1.3. The channel with transition probabilities

W (z|x, y) =

z\(x, y) (0, 0) (0, 1) (1, 0) (1, 1)
0 1 0 0 1/2
1 0 1 1 1/2

(1.60)

The union of the pentagons are depicted in Figure 1.3

Figure 1.3: Union of the pentagons above
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The convex closure of the union of the above pentagons is also achievable by
simple time sharing. The points (α, 1− α) are achievable if a code for rate pair
(1, 0) of blocklength αn is employed in the first αn symbols and a code for rate
pair (0, 1) of blocklength n(1− α) is employed on the next n(1− α) symbol. If
n sufficiently large enough then this time-shared code error probability is less
than any given δ > 0. This means there are multiple access channels and rates,
where non-stationary sequences must be applied.

Another “advanced” version of the time sharing can be defined with a pre-
defined auxiliary vector u of length n that helps the encoders. In this case the
time sharing can be represented as input symbols X and Y are independent for
a given U , determined by the actual symbol of u.

The capacity region C of a MAC -proved by Ahlswede [7] and Liao [8]- is

C(W ) ,
⋃

V XYU :V UXY =V U×V X|U×V Y |U
R(W,V UXY ) (1.61)

where R(W,V UXY ) is a pentagon defined by

R1 ≤ IV (X ∧ Z|Y U) (1.62)
R2 ≤ IV (Y ∧ Z|XU) (1.63)

R1 +R2 ≤ IV (XY ∧ Z|U) (1.64)

where V ZXY U (z, x, y, u) = W (z|x, y)V UXY (u, x, y). The union of these mod-
ified pentagons form the same region as the convex closure of the union of
pentagons from (1.57)-(1.59), see Csiszár and Körner [29]. It can be assumed
that |U| ≤ 2, see [29].

Remark 1.10. There are cases where the union of pentagons form a convex set.
For example if one pentagon contains all other pentagons.

The error exponents of two terminal systems were generalized to synchronous
systems. The best random coding error exponent was given by Liu and Hughes
[20], for small rates it was improved by Nazari [31], while the sphere packing
bound was given by Harotouninan, recently improved by Nazari [31]. Unlike
the two terminal cases, these bounds do not touch in many cases.

There is a new possibility in the multiple access case. The codewords can
be transmitted asynchronously or synchronously see Figure 1.4.

x1 x x2 3

y1 2 3y y y1 2 3y y

x1 x x2 3

d

Figure 1.4: Arrangement of the codewords in synchronous and asynchronous
case d denotes the delay

If the delay is uniformly distributed, then the capacity region of the asyn-
chronous channel is given by the union of pentagons (1.57)-(1.59) without the
convex closure. The asynchronous models are analyzed in Chapter 3 and Chap-
ter 4.
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Application in Engineering
This field of Information Theory or Mathematics do not analyze the practi-
cal side of the given algorithms — e.g the time complexity is very inefficient.
However, these theoretical bounds give important reference points for the en-
gineeringly viable processes/algorithms. Even so, I have some ideas, how these
results can be used in the practice.

The packing lemma (Lemma 1.34), fundamentally differs from the proof with
random coding (such as Section 1.4). In the packing lemma the existence of a
codebook with certain good properties has been proven. If these properties are
met then the error exponent is bounded by Theorem 1.52. It is an interesting
question whether real life codes, like turbo codes, LDPC codes or polar codes,
that reach the capacity possess this property. It would be interesting to create,
maybe with random sampling, a statistical test to check these properties. Real
life codes could be expurgated via these criteria resulting more efficient codes.

1.7 Summary of this work
In Chapter 2 a definition and an achievability proof for the quantum memoryless
channel and quantum compound channel will be given. The proof use ε-typical
projections, generalization of ε-typical sequences from Section 1.3. This result
was presented in Farkas [26]. My contribution to this area was to orthogonalize
the typical subspace the prove that the resulting von Neumann measurement
has arbitrarily small error. The von Neumann measurement opened the way
to give a measurement sequence that can decode the finite quantum compound
channel, which was defined firstly by me.

An universal framework for Asynchronous Multiple Access Channels (abbre-
viated by AMAC) is presented in Chapter 3. A general converse proof for this
model is given —this also helps determine the capacity of a more special models
in Chapter 4. An interesting example is presented, where the capacity region
is between the asynchronous and synchronous capacity, if the achievability is
understand in the “optimistic” sense —see Section 1.1. The proof of capacity
uses the general converse above and achievability from Chapter 4. The result
of this chapter was presented in Farkas and Kói [30], [35].

The subtype sequences and the δ-balanced sequences are new tools that
generalize the method of types to asynchronous systems. With the help of these
tools a random coding error exponent is presented in Chapter 4. The Controlled
asynchronism, where the transmitters shift their codewords deliberately also
introduced here. With the help of the general converse, the capacity region
of the AMAC and Controlled AMAC (C-AMAC) is deduced. An example is
presented, where a numerical result shows that the C-AMAC random coding
error exponent can be larger than its synchronous counterpart. These result
were presented in Farkas and Kói [36], [38].
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Chapter 2

Achieving the Holevo’s
Capacity with von Neumann
Measurement, and its
Consequence

2.1 Background
One extensively studied problem in quantum information theory is the transfer
of information with quantum states through a quantum channel. Any setting,
where classical information is stored in quanta leads to this type of model. In
the quantum era there is no reliable information storage medium. A quantum
system is always subject to decoherence and phase shifting thus distorting the
quantum state. This model is the same as in Figure 1.1 in Chapter 1 but the
classical channel is replaced by a quantum channel. This is called classical-
quantum channel. This is the most direct generalization of the classical model
from the Introduction.

More complicated model, not discussed in this work, include the case when
the information source/destination is also a quantum system. Thus, quantum
information must be transmitted. That model is called quantum-quantum chan-
nel.

The simplest model of classical quantum channel is to code the classical in-
formation into a predefined set of separable quantum states which goes though
a memoryless quantum channel and decode the message with a quantum mea-
surement. It has been shown by Holevo [9] that the rate of the above commu-
nication scheme, cannot be larger than the Holevo capacity. More than twenty
years later, Schumacher and Westmoreland [21] and independently Holevo [22],
showed that this bound can be approached arbitrarily.

All of the above proofs are based on ε-typical subspaces and ε-typical projec-
tions —these are similar to ε-typical sequences and ε-typical sets from Chapter
1. Although the tools of the proofs are very similar to tools used to prove chan-
nel coding theorem in classical information theory, the measurement —called
“Pretty Good measurement” Hausladen, Jozsa, Schumacher, et al. [19]— apply
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operator theoretical considerations, so it is quite different from the decoder of
the original proof.

Our main goal was to give a proof that resembles, as much as possible, its
classical counterpart. A stronger result than in the above works is obtained,
because the decoding relies upon a simple Observable measurement on this
quantum system (a von Neumann measurement is given rather than a general
POVM). With this slightly stronger result, the compound quantum channel ca-
pacity region can be deduced —which is very similar to its classical counterpart.

The notation follows the work of Schumacher and Westmoreland [21], while
the ideas of the proofs, come from the classical theory e.g. Csiszár and Körner
[29], or Cover, McEliece, and Posner [11].

2.2 Mathematical Background of
Quantum Mechanics

In probability theory the probability space is given by a triplet (Ω,F , P ), where
Ω is the sample space, F is the collection of events and P is the probability
measure. Classically F can be viewed as the measurable sets of the space Ω
that form a complemented distributive lattice —a Boolean algebra. The lattice
operations ≤, ∨(upper bound), ∧(lower bound), ·c correspond to the logical
operations ⇒, ∨(or), ∧(and), ¬ of events.

In quantum systems there is also a lattice of events. All event A has a
uniquely defined complement for which Ac ∨A = 1 and Ac ∧A = 0. The event
A is orthocomplemented to the event B if A ≤ Bc —this also means B ≤ Ac.
Two orthocomplemented event cannot happen in the same time, so P (A∨̇B) =
P (A) + P (B), where A∨̇B denotes A ∨ B for orthocomplemented A and B —
corresponds to the disjoint union in classical case. Heisenberg uncertainly prin-
ciple shows that in quantum systems the lattice of events is not distributive. Let
A1, A2, A3, . . . be orthocomplemented events related to the position of the elec-
tron and B1, B2, B3, . . . be orthocomplemented events related to the momentum
of the electron. Notice, that A1∨̇A2∨̇A3∨̇ · · · = Ω and B1∨̇B2∨̇B3∨̇ · · · = Ω,
where the notation A1∨̇A2∨̇ . . . means Ai ≤ (

∨
j∈S Aj)

c = 0 for any subset
S ⊂ {1, 2, . . . }, i /∈ S. Then distributivity would assert that

P (Ai) = P (Ai ∧ Ω) = P (Ai ∧ (B1∨̇B2∨̇B3∨̇ . . . ))

P (Ai) = P ((Ai ∧B1)∨̇(Ai ∧B2)∨̇(Ai ∧B2)∨̇ . . . ) =
∑
j

P (Ai ∧Bj).

So, the probability of measuring an electron in state A1 is the sum of the prob-
ability measuring in A1 and the electron has the momentum Bi. Then the
Heisenberg uncertainly principle should not arise. (In my opinion quantum
probability theory also could be called “non-distributive probability theory”.)

Garrett Birkhoff and John von Neumann observed that the propositional cal-
culus in quantum logic is “formally indistinguishable from the calculus of linear
subspaces with respect to set products, linear sums and orthogonal comple-
ments“ see e.g. Neumann [2]. Gleason [3] proved, that any measure on Hilbert
space with dimension at least 3 can be represented by a trace class density
operator.
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From now, this work follows the Dirac-von Neumann mathematical axiom-
atization. Mathematically an elementary event corresponds to a 1 dimensional
subspace of the Hilbert space. This event and a pure state —corresponding to
an quantum system that is in an elementary event with probability 1— can be
represented by a ray |φ〉 —a unit vector up to a complex scalar— on a Hilbert
space H. In this work the Hilbert space is finite dimensional, Cd, so a ray corre-
sponds uniquely to the diad |φ〉〈φ|—with the bra-ket notation— in B(H). Here,
|φ〉 denotes a column vector and 〈φ| denotes a row vector. B(H) is the set of
bounded operators of the given Hilbert space, which are the d×d matrices over
C. In the sequel the pure states will be represented by a diad |φ〉〈φ| or equiv-
alently a density operator of rank 1. A mixed state —a statistical mixture of
pure states— can be described by a density operator. Should a quantum system
be found in (pure) state |ψ1〉 with probability p1, in state |ψ2〉 with probability
p2, in state |ψ3〉 with probability p3, and so on, then the density operator for
this mixed state is

ρ =
∑

pi|ψi〉〈ψi|.

A density operator is a complex self-adjoint positive semi-definite matrix with
Tr(ρ) = 1. Notice, that this mixture representation of the density operator is not
unique, different mixtures of pure states can provide the same density operator.
Still, mixed states having the same density operator cannot be distinguished by
any measurement. In the sequel we will work with density operators.

The entropy of the quantum system can be measured with the von Neumann
entropy

S(ρ) = −Tr(ρ log(ρ)).

The entropy is 0 for pure states, and equals the Shannon entropy H(P ) P =
{p1, p2, . . . , pl} if the rays |ψ1〉, |ψ2〉, . . . , |ψl〉 above form an orthogonal system.

The relative entropy

D(ρ‖σ) = Tr (ρ(log ρ− log σ))

is the analog of the information divergence or Kullback-Leibler distance.
In classical theory, the probability of an event can be calculated by

∫
1EdP ,

where 1E is the characteristic function of the set corresponding to the event
E. In quantum systems, the probability of the event E, can be calculated by
Tr(ρΠE) where ΠE is the orthogonal projection to the subspace that corresponds
to the event E.

In classical systems there are random variables, which are limits of linear
combinations of characteristic functions. In quantum systems there are observ-
ables. An observable of a quantum system can be represented as self-adjoint
(Hermitian) operators. Take the spectral decomposition of the observable A as

A =
∑

λiΠi

where λi is the ith eigenvalue (without the multiplicity) and Πi is the eigen-
projection —projection to the subspace which is spanned by the eigenvec-
tors corresponding to the same eigenvalue λi. If an observable is measured
on the state ρ, then the outcome of the measurement is λi with probability
Tr(ρΠi)(= Tr(ΠiρΠi)). The quantum state after the measurement becomes

ρ̃ =
ΠiρΠi

Tr(ΠiρΠi)
.
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This change of quantum state is called “collapsing of the wave function”, since a
second similar measurement gives the result λi with probability 1. This measure-
ment is called von Neumann measurement. A more general concept of measure-
ment will be defined later. Here, the observables are self-adjoint matrices over
Cd. Note that any von Neumann measurement with d possible outcomes and a
state ρ define a probability distribution on {1, 2, . . . , d}. The Shannon entropy
of this distribution is greater than or equal to the von Neumann entropy S(ρ).
Heuristically, this means that a “precise” measurement is only possible with a
tailor made observable, which observable is made with the eigenprojections of
ρ.

The quantum state develops in time by a unitary operator. So, mathemat-
ically, let U(t) be a unitary (U∗U = UU∗ = I) then a pure state at time t
becomes |ψ(t)〉 = U(t)|ψ〉 and a mixed state becomes ρ(t) = U(t)ρU(t)∗. In the
sequel U always denotes a unitary operator.

Take a complex quantum system consisting of two subsystems. The ele-
mentary events are the tensor products of the elementary events from the sub-
systems. So, if the first system is in a pure state |φ〉 ∈ H1 the second is in
|ψ〉 ∈ H2 then the pure state of the complex system can be described by the
vector |φ〉⊗ |ψ〉 from H1⊗H2, where ⊗ denotes the tensor product. Note that,
in this case

|φ〉 ⊗ |ψ〉〈φ| ⊗ 〈ψ| = |φ〉〈φ| ⊗ |ψ〉〈ψ| ∈ B(H1)⊗ B(H2)

This naturally extends to the mixed states.

Example 2.1. Let H1 = H2 be C2. Let |0〉, |1〉 be a basis in both space. Then
two state in this basis are

ρ =

(
1
4 0
0 3

4

)
φ =

(
1
2

1
2

1
2

1
2

)
.

Here ρ is statistical mixture —for example— of pure states |0〉〈0|, |1〉〈1| with
probability 1/4, 3/4. φ is a pure state (1/

√
2|0〉+ 1/

√
2|1〉)(1/

√
2〈0|+ 1/

√
2〈1|). Then

the complex state will be statistical mixture of |0〉〈0| ⊗ φ, |1〉〈1| ⊗ φ with prob-
ability 1/4, 3/4. If the basis of H1 ⊗H2 is |00〉, |01〉, |10〉, |11〉 (lexicographically
ordered), then their state in the complex system is

ρ⊗ φ =


1
8

1
8 0 0

1
8

1
8 0 0

0 0 3
8

3
8

0 0 3
8

3
8

 or =


1
4

(
1
2

1
2

1
2

1
2

)
0

(
1
2

1
2

1
2

1
2

)
0

(
1
2

1
2

1
2

1
2

)
3
4

(
1
2

1
2

1
2

1
2

)


in block matrix form.

Definition 2.1. The linear maps Tr2 : B(H1⊗H2)→ B(H1) and Tr1 : B(H1⊗
H2) → B(H2) that assign ρ/φ —not necessarily pure states— to all product
states ρ⊗φ ∈ B(H1)⊗B(H2) is called the 2nd/1st partial trace. Due to linearity,
these partial traces naturally extend to all (also non-product) states in B(H1 ⊗
H2).

Example 2.2. Let ρ and φ be the density matrices from the previous example.
Notice, that summing the upper left and lower right blocks give the original φ.

1

4

(
1
2

1
2

1
2

1
2

)
+

3

4

(
1
2

1
2

1
2

1
2

)
=

(
1
2

1
2

1
2

1
2

)
= φ.
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Note, that regardless of ρ and its dimension summing all the block matrices in
the main diagonal is

∑
i ρiiφ = φ since Tr(ρ) = 1. Thus, summing the small

blocks in the main diagonal give the operator Tr1.
Similarly, the operator Tr2 is the same as applying Tr on the small blocks,

thus
Tr2(ρ⊗ φ) =

(
1
8 + 1

8 0
0 3

8 + 3
8

)
=

(
1
4 0
0 3

4

)
= ρ.

Notice, that this second definition depends on (the order of) the basis ofH1⊗H2.

Definition 2.2. If a density operator ρ ∈ B(H1 ⊗H2 ⊗ . . . ⊗Hn) is a convex
combination of tensor product of density operators ρ1 ⊗ ρ2 ⊗ . . . ρn, ρi ∈ B(Hi)
then the state is called separable. If ρ is not separable the it is entangled. A
density operator of a complex system can become entangled, for example, if
they develop in time by a common unitary.

Example 2.3. Let H1 = H2 be C2. Then the pure state

σ =


1
2 0 0 1

2
0 0 0 0
0 0 0 0
1
2 0 0 1

2


is entangled on B(H1 ⊗H2). Let

|v1〉 =1/
√

2 (|0〉+ i|1〉)
|v2〉 =1/

√
2 (|0〉 − i|1〉)

|v3〉 =1/
√

2 (|0〉+ |1〉)
|v4〉 =1/

√
2 (|0〉 − |1〉)

Then

σ =
1

2
(|v1v2〉〈v1v2|+ |v2v1〉〈v2v1|+ |v3v3〉〈v3v3|+

+|v4v4〉〈v4v4| − |01〉〈01| − |10〉〈10|) .

Thus, σ is a linear combination of products states —so the partial trace extends
for the entangled states— but not convex combination of product states.

Note that, σ is a pure state, but

Tr1(σ) =

(
1
2 0
0 0

)
+

(
0 0
0 1

2

)
=

(
1
2 0
0 1

2

)
and

Tr2(σ) =

(
1
2 + 0 0 + 0
0 + 0 0 + 1

2

)
=

(
1
2 0
0 1

2

)
are the maximally mixed states.

Sometimes only a part of a complex system can be observed. Formally
this can be described by taking a partial trace of the state η ∈ B(H1 ⊗ H2).
Tr2(η)/Tr1(η) shows the “projection” of the complex system to the first/second
system that one can observe.
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Any quantum system ρ ∈ B(H1) = Cd×d can be viewed as part of a larger
system ρ ⊗ ψ ∈ B(H1) ⊗ B(H2) = Cdm×dm. The state of this common system
develops in time by a unitary U ∈ Cdm×dm. One can measure an observable of
this system Uρ⊗ ψU∗ and take a partial trace, representing the fact that only
the part of the system is physically obtainable. The result of the measurement
and state after the measurement is described by a Positive Operator Valued
Measure —this is called Naimark’s dilatation theorem (in some transcription
Neumark, original name:Марк Аронóвич Наймарк). Formally a POVM is
given by operators Fi where Fi’s are positive operators for that

∑
i Fi = I ∈

Cd×d. Measuring a system with this POVM gives the result i with probability
Tr(Fiρ). The state after the measurement is

ρ̃ =
MiρM

∗
i

Tr(MiρM∗i )

where M∗iMi = Fi. Since the Mi are not required to be positive, there are
an infinite number of solutions to this equation. This means that there are
infinite different experimental apparatuses that give the same probabilities for
the outcomes. Since the post-measurement state of the system depends on
Mi, in general it cannot be inferred from the POVM alone. As one can see
from the definition, a von Neumann measurement is a special POVM where the
operators are orthogonal projections and its post measurement state is unique.
That is why our von Neumann measurement can be extended to a measurement
sequence for the quantum compound channel.

2.3 Mathematical Model of Classical-Quantum
Channel

As before, a quantum system in state ρ ∈ Cm×m can couple to the environment
ψ ∈ Cd×d and develop in time together with its environment, described by
unitary operator U ∈ Cdm×dm. Only a part of this complex system —possibly
a part of the environment, not the actual system— is physically obtainable.
Formally this sub-system is given by e.g. Tr1(U(ρ⊗ψ)U∗) ∈ Cd×d. This linear,
Completely Positive, Trace Preserving (CPTP) map E : B(H1) = Cm×m →
B(H2) = Cd×d is called Quantum Channel. Attal [41] has shown that a quantum
channel can be equivalently defined by Kraus operators Ki that are m × d
matrices (1 ≤ i ≤ nm) such that

∑dm
i=1KiK

∗
i = I, namely

E(ρ) =

nm∑
i=1

K∗i ρKi.

Suppose that a quantum channel E : B(H1) = Cm×m → B(H2) = Cd×d
is given. A quantum channel E⊗n on B(H1)⊗n is called memoryless: it maps
η1 ⊗ η2 ⊗ η3 ⊗ . . .⊗ ηn, ηi ∈ Cm×m, i ∈ {1, 2, . . . , n} to E(η1)⊗ E(η1)⊗ E(η2)⊗
E(η3)⊗ . . .⊗ E(ηn).

Fix n. Suppose that a codebook with 2nR messages is given. The messages
will be coded into n-partite separable quantum states. The decoding will be a
measurement.
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The Holevo (or in some transcription Kholevo, original name:Алексáндр
Семéнович Хóлево) quantity is defined as

χ(E , P, ωl1) = S(E(ω))−
l∑
i=1

pi S(E(ωi)) (2.1)

where P is a probability distribution on {1, 2, . . . , l} with corresponding prob-
abilities {p1, p2, . . . , pl}, ωl1 is an l-tuple of density operators (ω1, ω2, . . . , ωl),
ωi ∈ Cm×m and ω =

∑l
i=1 piω

i. This is a quantum analog to the mutual
information.

It has been proven by Holevo [9] that if separable quantum states are used
for transmitting classical information over a memoryless channel, then the rate
R of this communication schema cannot be larger than Holevo’s capacity χ(E)

χ(E) = sup
P,ωl1

χ(E , P, ωl1) (2.2)

Remark 2.1. It had been conjectured that the Holevo capacity of E⊗E⊗ . . .⊗E ,
that is χ(E⊗n), could not be larger than nχ(E). Thus capacity could not be
increased via entangled states. Although this additivity conjecture was widely
believed to be true, Hasting [28], [40] proved it false for large systems. An
achievability result for separable quantum state has yet merit as any power of
quantum channel Ψ can be viewed as a simple channel E = Ψ⊗k. Thus, for any
quantum channel Ψ, also the limit limk→∞

χ(Ψ⊗k)
k is an achievable rate.

The Quantum Compound Channel
In classical information theory a compound channel can be defined by two sepa-
rate practical problems leading to a common mathematical model. First, imag-
ine a common transmitter and many channels with many receivers, none of the
receiver knows his channel. The transmitter wants to transmit its data, in such
a way that all receivers can decode its message. This leads to the same math-
ematical model as if there was one transmitter one receiver and one unknown
channel from a family of channels.

A quantum compound channel is the generalization of the second approach
only, as due to quantum no-cloning, there is no quantum channel that has
two outputs and the input can be detected with small error from both of the
channels.

The quantum compound channel is defined over a set of quantum channels
E . The encoding is done similarly as for the quantum channel: the 2nR messages
are coded into n-partite separable quantum states. A sequence of measurement
will be made. Other works applying clever defined states and measurement to
detect the channel, we do not use such techniques, here the channel is detected
purely from the output corresponding to codewords. For the error probability
the maximum over the possible channels E ∈ E is taken. We will prove that the
capacity of a quantum compound channel for a finite family E is

χ(E ) = sup
P,ωl1

min
E∈E

χ(E , P, ωl1). (2.3)

It can be easily seen, that the capacity cannot be larger than this. Proving
achievability is a harder problem, because of the collation of the wave func-
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tion after a measurement. With help of our von Neumann measurement this
statement will be proven as well.

Remark 2.2. In our model the receiver does not know the channel. If the receiver
does know the channel then the proof for the quantum memoryless channel
applies.

In this Chapter achievability will be shown for both models by presenting
an encoding process for fix P and ωl1 and a decoding measurement with error
probability tending to 0. Note that, this also proves the achievability of the
Holevo capacity. A random coding argument will be used. It will be shown that
the error probability of a random code tends to 0, that also means there is a
non-random code that has error probability tending to 0, see Section 1.4.

2.4 Encoding
The classical message will be encoded into “sequences” of quantum states —
a separable quantum state with n-subsystem. The encoding is the same as in
Hausladen, Jozsa, Schumacher, et al. [21] or Holevo [22]. Fix P and an l-tuple of
states (ω1, ω2, ω3, . . . , ωl), ωi ∈ Cm×m. Generate randomly M = 2nR classical
codewords from symbols {1, 2, . . . , l} according to distribution P . Denote these
codewords as α1, α2, . . . , αM . Let αk(i) denotes the ith symbol of αk. The
sender chooses one of the messages —say k— uniformly form the message set.
Then sends the quantum system ωαk , where

ωαk = ωαk(1) ⊗ ωαk(2) ⊗ ωαk(3) ⊗ . . .⊗ ωαk(n)

through the channel.
Let E(ωj) be denoted by ρj and recalling the notations ω =

∑l
i=1 piω

i,
denote ρ =

∑l
j=1 pjρ

j = E(ω). Denote by ρk = ραk the output of message k
namely the quantum system

ραk(1) ⊗ ραk(2) ⊗ ραk(3) ⊗ . . . ραk(n)

where ραk(i) = E(ωαk(i)) for all i ∈ {1, 2, . . . n}. Here ραk(i) is a d × d density
matrix for all k, i.

For the construction of the decoding measurement the concept of typical
subspace is required.

2.5 Definition of Typical Projections
Let the spectral decomposition of ρ⊗n be

ρ⊗n =
∑
i

ηj |ψi〉〈ψi|.

An eigenvector |ψi〉 is ε-typical (to ρ) if

−S(ρ)− ε ≤ log(ηi)

n
≤ −S(ρ) + ε (2.4)
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The projection Π is defined as

Π =
∑

i:|ψi〉 is ε−typical

|ψi〉〈ψi| (2.5)

Recall from Chapter 1 that for a fixed ε > 0, a sequence αk is called ε-typical
with respect to P if

2−n(H(P )+ε) ≤
n∏
i=1

pαk(i) ≤ 2−n(H(P )−ε), (2.6)

where H(P ) is the Shannon entropy of P . If n is large enough then the proba-
bility that the randomly selected αk is typical

Pr(αk is typical) ≥ 1− ε

2
, (2.7)

by the law of large numbers.
Let the spectral decomposition of ρk = ραk be

∑dn

j=1 λ
j
αk
|φjk〉〈φ

j
k|. Since

ρk = ραk(1) ⊗ ραk(2) ⊗ . . .⊗ ραk(n)

an eigenvector |φjk〉 of ρk can be written as

|φjk〉 = |ψαk(1)(j1)〉 ⊗ |ψαk(2)(j2)〉 ⊗ . . .⊗ |ψαk(n)(jn)〉 (2.8)

where |ψαk(i)(ji)〉 is an eigenvector of ραk(i). Thus,

ραk(i) =

d∑
l=1

λαk(i)(l)|ψαk(i)(l)〉〈ψαk(i)(l)|.

With the map

j ∈ {1, 2, . . . , dn} → j = (j1, j2, . . . , jn} ∈ {1, 2, . . . , d}n (2.9)

defined by (2.8) one also has

λjαk = λαk(1)(j1)λαk(2)(j2) · · ·λαk(n)(jn)

where λi(j) is the j-th eigenvalue of ρi. Call an eigenvector |φjk〉 conditionally
ε-typical conditioned on the sequence αk if its corresponding eigenvalue satisfies

− n(S(ρ|P ) + ε) ≤ log λjk ≤ −n(S(ρ|P )− ε). (2.10)

where

S(ρ|P ) =

n∑
i=1

S(ρi)pi. (2.11)

This is the quantum analog of the set of conditionally typical sequences
T nP (ε|x) in Chapter 1.

The conditionally typical projection Πk is defined as

Πk =
∑

j:φjk is ε−typical to αk

|φjk〉〈φ
j
k| (2.12)

For brevity it will be referred to simply as typical projection in the sequel.
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2.6 Preliminary Facts and Lemmas
Lemma 2.3. For every δ > 0

Tr(Πρ⊗nΠ) ≥1− δ (2.13)

‖Πρ⊗nΠ‖ ≤2−n(S(ρ)−δ) (2.14)

if n is sufficiently large. Here ‖ · ‖ denotes the operator norm.

Proof. Take the spectral decomposition of

ρ =

d∑
i=1

ξi|φi〉〈φi|

Define a dummy distribution V Y with Y = {1, 2, . . . , d} and distribution is
V (Y = i) = ξi. Notice that, HV (Y ) = S(ρ) and

ηi = ξi1ξi2 . . . ξin = V Y (i1)V Y (i2) · · ·V Y (in),

according to (2.9), since the eigenvalues of ρ⊗n are n times products of eigen-
values of ρ. Similarly, the eigenvectors of ρ⊗n are n times tensor product of
eigenvectors of ρ. From Section 1.3 it is known that∑

i is ε−typical to V Y
V Y (i1)V Y (i2) · · ·V Y (in) ≥ 1− δ (2.15)

This proves (2.13) since

Tr(Πρ⊗nΠ) =
∑

i:|ψi〉 is ε−typical

ηi =
∑

i is ε−typical to V Y
V Y (i1)V Y (i2) · · ·V Y (in)

(2.16)

(2.14) comes from the fact that for all typical |ψi〉 the eigenvalue is less than
2−n(S(ρ)−δ) by definition.

For the typical projection Πk in (2.12):

Tr(Πk) ≤ 2n(S(ρ|P )+ε) (2.17)

since

1 =

dn∑
j=1

λjk ≥
∑

j:|φjk〉 is ε−typical

λjk ≥
∑

j:|φjk〉 is ε−typical

2−n(S(ρ|P )+ε) (2.18)

2n(S(ρ|P )+ε) ≥
∑

j:|φjk〉 is ε−typical

1 = Tr(Πk) (2.19)

Definition 2.3. Define ρ̃k as

ρ̃k = ΠkρkΠk (2.20)
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Lemma 2.4. For any δ > 0

ETr(ρ̃k) ≥ 1− δ, k ∈ {1, 2, . . . ,M}

if n is sufficiently large. Here the expected value refer to the random choice of
αk.

Proof. Define a dummy distribution V XY

V (X = i, Y = j) = P (i)λi(j), (2.21)

where P is the generating distribution of all αk in Section 2.4 and λi(j) is the
jth eigenvalue of ρi. Note that the entropy of V XY is H(P ) + S(ρ|P ).

Generate randomly a pair (αk, j) with length n according to V XY . (αk, j) is
ε/2-typical to distribution V XY if

−n
(
H(P ) + S(ρ|P ) +

ε

2

)
≤ logPn(αk)λjk ≤ −n

(
H(P ) + S(ρ|P )− ε

2

)
. (2.22)

For these pairs of random variables the law of large numbers holds, so the sum
of the probability of all typical pairs is larger than 1− δ/2, if n is large enough.
Also αk is ε/2 typical with probability larger than 1 − δ/2 if n is large enough.
This means:

1− δ < Pr{(αk,J)is ε/2-typical to V XY ∧ αk is ε/2-typical to V X} (2.23)
1− δ < Pr{(αk,J) ∈ T nV XY (ε/2)|αk ∈ T nV X (ε)}Pr{αk ∈ T nV X (ε/2)} (2.24)

1− δ <
∑

α∈T n
VX

(ε/2)

∑
j∈T n

VXY
(ε|α)

Pr{j = J|αk = α}Pr{αk = α} (2.25)

1− δ <
∑

α∈T n
VX

(ε/2)

∑
j∈T n

VXY
(ε|α)

λα(1)(j1)λα(2)(j2) · · ·λα(n)(jn) Pr{αk = α}

(2.26)

1− δ <
∑
α∈TP

E (Tr(ΠkρkΠk)|αk = α)P (αk = α) (2.27)

1− δ <
∑

α∈{1,2,...,l}n
E (Tr(ΠkρkΠk)|αk = α)P (αk = α) (2.28)

1− δ < E[Tr(ΠkρkΠk)]. (2.29)

Lemma 2.5. For every n ∈ N, k ∈ {1, 2 . . . ,M}

E[ρk] = ρ⊗n (2.30)

Proof. Proof by induction on n. For n = 1 the equality is true by the definition
of ρ. Suppose that for n = k − 1 the statement is true, then for n = k denote
by α′k the first k − 1 symbol of αk. ρk can be written as

ρk = ραk = ραk(1) ⊗ ραk(2) ⊗ . . .⊗ ραk(n) = ρα′k ⊗ ρ
αk(n)
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E[ραk ] =
∑

α∈{1,2,...,l}n

n∏
i=1

Pr(αk(i) = α(i))ρk = (2.31)

=
∑

α′∈{1,2,...,l}n−1

l∑
i=1

n−1∏
i=1

Pr(α′k(i) = α′(i))piρα′k ⊗ ρi = (2.32)

=
∑

α′∈{1,2,...,l}n−1

n−1∏
i=1

Pr(α′k(i) = α(i))

l∑
i=1

piρα′k ⊗ ρi (2.33)

=
∑

α′∈{1,2,...,l}n−1

n−1∏
i=1

Pr(α′k(i) = α′(i))ρα′k ⊗ ρ (2.34)

but we know that for n = k − 1 the statement is true, so

E[ραk ] = ρ⊗k−1 ⊗ ρ = ρ⊗k (2.35)

So the statement is true for all n ∈ N.

Remark 2.6. If we have a projection, like Πk then we define a subspace which
this projection projects to as πk = Im(Πk). And vice versa, if we define a
subspace πk, then we can define an orthogonal projection Πk which projects to
this subspace. Similarly, for every projection (Π with plus indices, indicators)
a subspace (π with the same indices and indicators) is defined.

2.7 Decoding of the Classical Quantum Channel
The decoding happens with a measurement. Holevo, Schumacher and West-
moreland showed in [21] that if the quantum measurement is a POVM defined
by the following operators Fi, then the error probability can be arbitrarily close
to zero.

Fi =

(
M∑
m=1

ΠΠmΠ

)−1/2

ΠΠiΠ

(
M∑
m=1

ΠΠmΠ

)−1/2

Here Fi is the positive operator for message i. They could show that the error
probability

Pe = E

[
1− 1

M

M∑
m=1

Tr(ρmFm)

]
≤ δ

if n is sufficiently large. Their proof operates with quantum statistic, and differs
from the classical proof of achievability.

Here a different approach will be taken. The projections ΠΠkΠ will be
orthogonalized and a von Neumann measurement is created. The main question
is: how the subspaces will be change after the orthogonalization? From the
classical proof in Section 1.4, one can see that the probability that two different
typical sets intersect is exponentially small, where the exponent is the capacity,
thus they are “almost” disjoint. We will prove that the inner product of two
vector with length 1 from two different typical subspaces is exponentially small,
so they are “almost” orthogonal, so they change only a little.
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Orthogonalization of Typical Projection
For the first typical subspace π1 let

π̃1 = span{|φ̃j1〉 : |φ̃j1〉 = Π|φj1〉, |φ
j
1〉 ∈ π1} (2.36)

where span{} denotes the subspace spanned by the vectors in the curly bracket,
π1 denotes the typical subspace of the first codeword —see (2.12) and Remark
2.6 and Π denotes the projection given by (2.5).

For the typical projection with index i let

π̃i = span

{
|φ̃ji 〉 : |φ̃ji 〉 = Π|φji 〉 −

i−1∑
k=1

Π̃kΠ|φji 〉, |φ
j
i 〉 ∈ πi

}
(2.37)

see Remark 2.6 for defining subspaces for projections, and vice versa.

Lemma 2.7. The projections Π̃k satisfy:

1. Π̃sΠ̃t = 0 if s 6= t

2. Tr(Π̃k) ≤ 2n(S(ρ|P )+δ)

3. ΠΠ̃k = Π̃kΠ = Π̃k

Proof.

1. This is proven by induction on t. Suppose that s < t. Note that for
s = 1, t = 2 this is true because for all |φ2〉 ∈ π2

Π̃1|φ̃2〉 = Π̃1Π|φ2〉 − Π̃1Π̃1Π|φ2〉 = Π̃1Π|φ2〉 − Π̃1Π|φ2〉 = 0 (2.38)

Suppose that, for all pairs s, t′, where s < t, t′ < t the statement holds.
Then for all |φt〉 ∈ πt

Π̃s|φ̃t〉 = Π̃sΠ|φt〉 − Π̃s

t−1∑
t′=1

Π̃t′Π|φ2〉 = Π̃sΠ|φt〉 − Π̃sΠ|φt〉 = 0 (2.39)

because Π̃sΠ̃t′ = 0 for all s < t′ < t by the induction assumption.

2. The dimension of Π̃k is smaller than dimension Πk the assertion follow.

3. Π̃k and Π are commuting operators and Π̃kΠ = Π̃k since all vectors that
spans the subspace of π̃i are member of π.

The decoding von-Neumann measurement (or POVM) is defined by the pro-
jections Π̃i adding a projection to the remaining orthogonal subspace (labeled
"error"). This projection is denoted by Π̃M+1. For index i, the projection to
typical subspaces of lesser indices is defined as

Π̃i− =

i−1∑
j=1

Π̃j

Remark 2.8. As every Π̃i is commuting with Π, so Π̃i− is commuting with Π
and Π̃i−Π = Π̃i−.
Remark 2.9. Note that Π does not depend on the randomly chosen sequences
αk, but Π̃i does. It follows that E(ΠρiΠ) = Πρ⊗nΠ, since E(ρi) = ρ⊗n, but
E(Π̃iρiΠ̃i) 6= Π̃iρ

⊗nΠ̃i.
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2.8 The error probability of Decoding
Here we will show that χ(E , P, ωl1) is achievable as the block length n tends to
infinity.

Theorem 2.10. For any given random distribution P = (p1, p2, . . . , pl) and
l-tuples of density operators ωl1 = (ω1, ω2, . . . , ωl) to each R < χ(E , P, ωl1) and
γ > 0 there exists N0(R, γ) such that the above random coding/decoding scheme
has error probability Pe ≤ γ if n > N0(R, γ).

Remark 2.11. Since the Holveo’s capacity is supremum of Holevo’s quantities,
the result above also proves the achievability of the Holevo’s capacity.

In the proof the following lemma is applied:

Lemma 2.12.

Tr(Π̃iρiΠ̃i) ≥
(

Tr(Πρ̃iΠ)− Tr(Π̃i−ρ̃iΠ̃i−)
)2

(2.40)

(For definition of ρ̃i see (2.20))

Proof. Take the spectral decomposition of ρi in such a way that the conditionally
typical eigenvectors conditioned on αi have the indices from 1 to di

Tr(Π̃iρiΠ̃i) = Tr(Π̃iρi) = Tr(Π̃i

dn∑
j=1

λji |φ
j
i 〉〈φ

j
i |) (2.41)

For each j, decompose the projection Π̃i as follows

Π̃i = a2
j |φ̃

j
i 〉〈φ̃

j
i |+ Π̂j

i (2.42)

where aj > 1 equals the reciprocal of the length of |φ̃ji 〉 = Π̃i|φji 〉, if j ≤ di and
aj = 0 if j > di. Therefore

Tr(Π̃iρi) =

dn∑
j=1

λj Tr(a2
j |φ̃

j
i 〉〈φ̃

j
i ||φ

j
i 〉〈φ

j
i |+ Π̂j

i |φ
j
i 〉〈φ

j
i |) = (2.43)

=

dn∑
j=1

λja
2
j Tr(〈φ̃ji ||φ

j
i 〉

2) +

dn∑
j=1

λj Tr(〈φji |Π̂
j
i |φ

j
i 〉) ≥ (2.44)

≥
di∑
j=1

λj〈φji ||φ̃
j
i 〉

2 = (2.45)

=

di∑
j=1

λj

(
〈φji |

[
Π|φji 〉 − Π̃i−Π|φji 〉

])2

= (2.46)

=

di∑
j=1

λj

(
〈φji |Π|φ

j
i 〉 − 〈φ

j
i |Π̃i−|φji 〉

)2

. (2.47)
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Applying Jensen’s inequality

≥

 di∑
j=1

λj

[
〈φji |Π|φ

j
i 〉 − 〈φ

j
i |Π̃i−|φji 〉

]2

= (2.48)

=

 di∑
j=1

λj〈φji |Π|φ
j
i 〉 −

di∑
j=1

λj〈φji |Π̃i−|φji 〉

2

= (2.49)

=

 di∑
j=1

λj Tr
(

Π|φji 〉〈φ
j
i |
)
−

di∑
j=1

λj Tr
(

Π̃i−|φji 〉〈φ
j
i |
)2

= (2.50)

=
(

Tr(Πρ̃i)− Tr(Π̃i−ρ̃i)
)2

=
(

Tr(Πρ̃iΠ)− Tr(Π̃i−ρ̃iΠ̃i−)
)2

(2.51)

Proof of Theorem 2.10. Let ε be such that R+2ε < χ(E , p, ωl1), and 6ε ≤ γ and
let n be sufficiently large such that all the Lemmas and definitions from Section
2.5 with ε are true. Then

Pe = E[1− 1

M

M∑
i=1

Tr(Π̃iρiΠ̃i)] = (2.52)

=
1

M

M∑
i=1

1− E[Tr(Π̃iρiΠ̃i)]. (2.53)

Applying the previous Lemma gives

Pe ≤
1

M

M∑
i=1

(
1− E[Tr(Πρ̃iΠ− Π̃i−ρ̃iΠ̃i−)]2

)
(2.54)

Jensen’s inequality is applied for the expected value:

Pe ≤
1

M

M∑
i=1

[
1−

(
E
[
Tr(Πρ̃iΠ− Π̃i−ρ̃iΠ̃i−)

])2
]

= (2.55)

=
1

M

M∑
i=1

[
1−

(
E [Tr(Πρ̃iΠ)]− E

[
Tr(Π̃i−ρ̃iΠ̃i−)

])2
]

(2.56)

From Lemma 2.4 it is known that ETr(ρ̃i) ≥ 1 − ε, thus ∆i = ρi − ρ̃i satisfy
ETr(∆i) ≤ ε. With this

ETr(Πρ̃iΠ) = ETr(ΠρiΠ)− ETr(Π(ρi − ρ̃i)Π) ≥
≥ Tr(Πρ⊗nΠ)− ETr(∆i) ≥ 1− 2ε (2.57)

where the last line follows from E(ρi) = ρ, and that the projection Π is constant
(not random). This gives for the error probability:

Pe ≤
1

M

M∑
i=1

(
1− [1− 2ε− E(Tr(Π̃i−ρ̃iΠ̃i−))]2

)
(2.58)
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For the last term, recall that Π̃i− = ΠΠ̃i−Π with this

E(Tr(Π̃i−ρ̃iΠ̃i−)) = E(Tr(Π̃i−Πρ̃iΠ)). (2.59)

Let the spectral decomposition of Π̃i− =
Tr(Π̃i−)∑
j=1

|bj〉〈bj |. Note that the dimen-

sion of subspace π̃i− is Tr(Π̃i−) for which

Tr(Π̃i−) ≤
M∑
j=1

Tr(Πj) ≤M2n(S(ρ|α)+ε) = 2n(R+S(ρ|α)+δ) (2.60)

because of (2.17). Thus:

E(Tr(Π̃i−Πρ̃iΠ)) = E(Tr(

Tr(Π̃i−)∑
j=1

|bj〉〈bj |Πρ̃iΠ)) = (2.61)

= E(

Tr(Π̃i−)∑
j=1

〈bj |Πρ̃iΠ|bj〉) ≤ 2n(R+S(ρ|P )+ε) max
j

E(〈bj |Πρ̃iΠ|bj〉) ≤ (2.62)

≤ 2n(R+S(ρ|P )) max
j

E (E(〈bj |ΠρiΠ|bj〉|α1, α2, . . . , αi−1)) ≤ (2.63)

≤ 2n(R+S(ρ|P )) max
j

E (〈bj |E(ΠρiΠ|α1, α2, . . . , αi−1)|bj〉) (2.64)

since the eigenvectors |bj〉 are a measurable functions of α1, α2, . . . , αi−1. Since
ρi is independent of α1, α2, . . . , αi−1 here

E(ΠρiΠ|α1, α2, . . . , αi−1) = E(ΠρiΠ) = E(Πρ⊗nΠ).

Substituting this in (2.64) gives

E(Tr(Π̃i−Πρ̃iΠ)) ≤ 2n(R+S(ρ|P )) max
j

E(〈bj |Πρ⊗nΠ|bj〉). (2.65)

Because the |bj〉’s are unit vectors, from (2.14) it is known that

max
j
〈bj |ΠρΠ|bj〉 ≤ 2−n(S(ρ)−ε),

so

E(Tr(Π̃i−ρ̃iΠ̃i−)) ≤ 2n(R+S(ρ|P )+ε)2−n(S(ρ)−ε) ≤ 2−n(S(ρ)−S(ρ|P )−R−2ε). (2.66)

Note that S(ρ)− S(ρ|P ) = χ(E , p, ωl1) and R + 2ε < χ(E , p, ωl1) by assumption,
so the exponent is negative. If n is large enough then the whole expression is
less than ε. So the error probability is smaller than

Pe ≤ 1− [1− 3ε]2 = 6ε− 9ε2 ≤ 6ε (2.67)

Remark 2.13. Note, that the proof is based on the following

1. There is a projection —say A— for the mixed state ρ such that Tr(AρA) ≥
1− ε.
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2. ‖AρA‖ ≤ 2−n(S(ρ)−ε)

3. There are projections Bi with Tr(BiρiBi) ≥ 1− ε

4. The dimension of Bi is Tr(Bi) ≤ 2n(S(ρ|P )+ε)

If the quantum codewords were generated randomly and there are projections
A and Bi that satisfy the above conditions, they could be substituted into the
role of Π and Πi with the same result.

2.9 Decoding of the Finite Compound Channel
Theorem 2.14. For a given set of channels S = {E1, E2, . . . , Ea}, the classical
capacity of the finite compound channel is χ(S), where

χ(S) = max
P,ω

min
E∈S

χ(E , P, ω). (2.68)

Proof. The converse follows by the same argument as for |S| = 1 in Holevo [9].
To prove that χ(S) is achievable the encoding in Section 2.1 is applied.
The codeword (the separable quantum state) goes through the quantum

channel Eo, o ∈ {1, 2, . . . , a}. Denote by ω =
∑l
j=1 plωl the mixed state of the

input, and denote by ρk = E⊗nk (ω⊗n), 1 ≤ k ≤ a the mixed output of the k-th
channel. Similarly denote by ρkαi = Ek(ραi) the output of the k-th channel if
the input was the i-th quantum codeword. To simplify the proof, assume that
the ordering of the set of quantum channels is such that the first ā give different
mixed output states ρk, k ∈ {1, 2, . . . , a}.

Decoding is done in two steps: In the first step the mixed state is detected,
and in the second step the message is detected.

For the first step, consider the lattice of the projections. For 2 projections
P1 and P2 denote by P1 ∨ P2 the projection which projects to the subspace
spanned by the ranges of P1 and P2). P1 ∧ P2 is the projection to the section
of the ranges of P1 and P2).

Lemma 2.15. For every pair of density matrices ρ, σ and for every ε > 0 there
exist a projection Π, with the following properties

Tr(Πρ⊗nΠ) ≥1− ε (2.69)

‖Πρ⊗nΠ‖ ≤2−n(S(ρ)−ε) (2.70)

Tr(Πσ⊗nΠ) ≤2−n(D(ρ|σ)−ε) (2.71)

if n > N(ρ, σ, ε), where D(ρ|σ) denotes the quantum relative entropy of ρ, σ.

Proof. In Lemma 2.3 it is proved that there is a Π̂ that have the second property
and satisfy the first inequality with ε/2. In the work of Hiai and Petz [18] an
existence of projection Π̃ is proved that has the third property and satisfy the
first inequality with ε/2. Then the projection Π = Π̂ ∧ Π̃ has all the above
property.

Let ε̂ be such that ε̂ < mini 6=j1≤i,j≤ā D(ρi‖ρj)/2, ε̂ ≤ γ/7a and R + 2ε̂ <
χ(S). To distinguish mixed states of the output Lemma 2.15 is applied. For
n large enough for every i, j : i 6= j, 1 ≤ i, j ≤ ā, Lemma 2.15 holds with
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ρ = ρi, σ = ρj , ε = ε̂/2 and the resulting projection is denoted by Πi,j . Now a
typical projection is made for all i as follows:

Πi =
∧

1≤j≤ā

Πi,j (2.72)

Note, that

Tr(Πi(ρi)⊗nΠi) =1− Tr((Πi)c(ρi)
⊗n(Πi)c) ≥ (2.73)

≥1−
∑

j 6=i,1≤j≤ā

Tr((Πi,j)c(ρi)
⊗n(Πi,j)c) ≥ 1− āε̂/2 (2.74)

‖Πi(ρi)⊗nΠi‖ ≤2−n(S(ρi)−ε̂/2) (2.75)

Tr(Πi(ρj)⊗nΠi) ≤2−n(D(ρi‖ρj)−ε̂/2) (2.76)

for all 1 ≤ i, j ≤ a.
The mixed state is detected in a sequence of measurements. The first mea-

surement is composed of Π1 and Π1c —the orthogonal complement of Π1— so
Π1 ∨ Π1c = I and Π1 ∧ Π1c = ∅. If Π1 is measured then the mixed state was
ρ1 so the algorithm stops. If Π1c was measured then a second measurement is
made. The second measurement is composed of Π2 and Π2c, etc. With this
method all the possible ā kinds of mixed states can be detected.

Suppose that the channel Eo was used which generates the k-th mixed state
(this means Ek(ω) = Eo(ω)), if k 6= 1 then the first measurement is successful if
the second projection was measured. This probability is

Tr(Π1cρkαiΠ
1c) (2.77)

and the quantum state becomes

Π1cρkαiΠ
1c

Tr(Π1cρkαiΠ
1c)

(2.78)

Next if k 6= 2 then the measurement is correct if the second projection is mea-
sured. The probability of that event is

Tr

(
Π2c Π1cρkαiΠ

1c

Tr(Π1cρkαiΠ
1c)

Π2c

)
(2.79)

and the state becomes

Π2c Π1cρkαi
Π1c

Tr(Π1cρkαi
Π1c)

Π2c

Tr(Π2c
Π1cρkαi

Π1c

Tr(Π1cρkαi
Π1c)

Π2c)
=

Π2cΠ1cρkαiΠ
1cΠ2c

Tr(Π2cΠ1cρkαiΠ
1cΠ2c)

(2.80)

And the joint probability, that both measurement measured correctly is

Tr

(
Π2cΠ1cρkαiΠ

1cΠ2c

Tr(Π1cρkαiΠ
1c)

)
Tr(Π1cρkαiΠ

1c) = (2.81)

Tr(Π2cΠ1cρkαiΠ
1cΠ2c) (2.82)
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This train of thought leads to the expected value of the probability of a correct
detection:

E
[
Tr(ΠkΠk−1c . . .Π2cΠ1cρkαiΠ

1cΠ2c . . .Πk−1cΠk)
]

(2.83)

(note that the expectation is over αi) if Eo(ω) = Ek(ω). It will be shown, that
the above probability is larger than 1− δ, where δ = aε. From Lemma 2.5, and
from the definition of Πk it is known that

E[Tr(ΠkρkαiΠ
k)] = Tr(ΠkρkΠk) ≥ 1− δ/2 (2.84)

if n is large enough. Moreover,

1− δ/2 ≤Tr(ΠkρkΠk) ≤ Tr(ΠkΠ1cρkΠ1cΠk) + Tr(ΠkΠ1ρkΠ1Πk)+

+ Tr(ΠkΠ1cρkΠ1Πk) + Tr(ΠkΠ1ρkΠ1cΠk). (2.85)

Take the spectral decomposition of ρk as
∑n
i=1 λ

k
i |vki 〉〈vki |. Then, the last two

terms from the above inequality can be written as

Tr(ΠkΠ1cρkΠ1Πk) =
∑
i

λki Tr(ΠkΠ1c|vki 〉〈vki |Π1Πk) (2.86)

=
∑
i

λki 〈vki |Π1ΠkΠkΠ1c|vki 〉 (2.87)

From the Cauchy Schwartz inequality

〈vki |Π1ΠkΠkΠ1c|vki 〉 ≤
√
‖ΠkΠ1vki ‖ =

√
〈vki |Π1ΠkΠkΠ1|vki 〉.

So, ∑
i

λki 〈vki |Π1ΠkΠkΠ1c|vki 〉 ≤
√

Tr(ΠkΠ1ρkΠ1Πk) (2.88)

by the Jensen inequality. Note, that Tr(ΠkΠ1ρkΠ1Πk) ≤ Tr(ΠkρkΠk). Substi-
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tuting this and (2.88) to (2.85) gives

1− δ/2 ≤Tr(ΠkΠ1cρkΠ1cΠk) + Tr(Π1ρkΠ1) + 2
√

Tr(Π1ρkΠ1) (2.89)

≤Tr(ΠkΠ1cρkΠ1cΠk) + 3 · 2
−n
(

D(ρ1‖ρk)
2 − ε̂4

)
(2.90)

≤Tr(ΠkΠ2cΠ1cρkΠ1cΠ2cΠk) + Tr(ΠkΠ2Π1cρkΠ1cΠ2Πk)+

+ Tr(ΠkΠ2cΠ1cρkΠ1cΠ2Πk) + Tr(ΠkΠ2Π1cρkΠ1cΠ2cΠk)

+ 3 · 2
−n
(

D(ρ1‖ρk)
2 − ε̂4

)
(2.91)

≤Tr(ΠkΠ2cΠ1cρkΠ1cΠ2cΠk) + 3
√

Tr(Π2ρkΠ2) + 3 · 2
−n
(

D(ρ1‖ρk)
2 − ε̂4

)
(2.92)

≤Tr(ΠkΠ2cΠ1cρkΠ1cΠ2cΠk) + 3 · 2
−n
(

D(ρ2‖ρk)
2 − ε̂4

)
+

+ 3 · 2
−n
(

D(ρ1‖ρk)
2 − ε̂4

)
(2.93)

≤ · · · ≤ Tr(ΠkΠk−1c . . .Π2cΠ1cρkαiΠ
1cΠ2c . . .Πk−1cΠk)+

+ 3

k−1∑
l=1

2
−n
(

D(ρl‖ρk)
2 − ε̂4

)
(2.94)

Rearranging the last equation gives:

1− δ/2− 3

k−1∑
l=1

2
−n
(

D(ρl‖ρk)
2 − ε̂4

)
(2.95)

≤ E[Tr(ΠkΠk−1c . . .Π2cΠ1cρkαiΠ
1cΠ2c . . .Πk−1cΠk)] (2.96)

Bounding the last term of the right side gives

3

k−1∑
l=1

2
−n
(

D(ρl‖ρk)
2 − ε̂4

)
≤ 3ā min

1≤l<k
2
−n
(

D(ρl‖ρk)
2 − ε̂4

)
(2.97)

Note, that ε̂ was chosen in such a way, that ε̂
4 <

S(ρi|ρj)
8 for all i and j. If n is

large enough, then

3ā min
1≤l<k

2
−n
(

D(ρl‖ρk)
2 − ε̂4

)
≤ δ

2
. (2.98)

So, the expected value of the probability of a good detection is greater than
1 − δ. Note, that this bound is valid for all possible 1 ≤ k ≤ ā. The operator
ΠkΠk−1c . . .Π2cΠ1c is denoted by P k in the sequel. At the end of the procedure,
the output of a quantum codeword ραi will be of the form

P kρoαiP
k∗

Tr(P kρoαiP
k∗)

(2.99)

Proceed to the second step, namely detecting the message. Suppose that our
mixed state was detected as ρk which mixed state can be generated by quantum
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channels Ek1 , Ek2 , . . . , Ekl 1 ≤ kj ≤ a, l ≤ a was an assumption that Eo was used,
for some kj = o. Prepare all Π

kj
αi as in Section 2.7 for every channel Ekj . Define

π̌i = span

 ⋃
l:El(ω)=Eo(ω)

πli

 (2.100)

where πli is the δ/2 typical subspace (2.12) of ρlαi = El(ωαi). Note, that the
dimension of π̌i is

∑
kj

2n(S(ρkj |P )+δ/2) ≤ minkj 2S(ρkj |P )+
ln(a)
n +δ/2 ≤

≤ minkj 2S(ρkj |P )+δ for n is large enough. Moreover,

Tr(Π̌iρ
k
i Π̌i) ≥ Tr(Πk

i ρ
k
i Πk

i ) ≥ 1− δ

from Lemma 2.4.
From the above it follows that PkρkPk ≥ 1− δ and since PkρkPk ≤ ΠkρΠk

it is known that PkρkP k ≤ 2−n(S(ρi)−δ).
The proof of the second step is analogue to the proof of Theorem 2.10 —see

Remark 2.13 with A = Pk, Bi = Π̌i and ε = δ. The proof gives

Pe = Tr(P ckρ
o
iP

c
k ) + Tr(Pkρ

o
iPk)

Tr(Π∨i ρ
o
iΠ
∨
i )

Tr(PkρoiPk)
≤ 7δ = 7aε ≤ γ

where Π∨i is the orthogonalized version of Π̌i (just like Π̃i is the orthogonalized
version of Πi).

2.10 Conclusion
As shown in the introduction, the typical set of sequences —or elementary
events in the generating probability space— play an important, central role in
information theory. In this section for quantum systems an analogue of typical
sets namely typical subspaces have been defined. I have shown for classical
quantum channel that a von Neumann measurement can achieve the Holevo’s
capacity, via orthogonalization of the typical subspaces. My proof (Lemma 2.11
and proof of Theorem 2.10) resembles standard proof for classical channels. As a
POVM is a von Neumann measurement in a complex system, a POVM is harder
to implement in practice than a von Neumann measurement. Moreover, von
Neumann measurements have the advantage that the post measurement state is
uniquely determined, which opens the way to a measurement sequence achieving
the capacity of the compound quantum channel. In classical information theory
compound channel capacity is the same as (2.3) regardless of the size of the
set of channels. This can be easily proved by applying universal codes and
method of types, see Csiszár and Körner [29]. The method of types can also be
generalized to quantum systems (see e.g. Wilde [34]), but universal coding does
not seem plausible in quantum environment. However, there is a possibility that
my measurement sequence, presented at section 2.9 in this work, could also be
applied for quantum arbitrarily varying channel model.

As an outlook, notice finally that the detection method in our proof could
lead to results about unequal error protection and random access channels.

38



Chapter 3

A General Converse for the
Discrete Memoryless
Asynchronous Multiple
Access Channels

3.1 Background
Ahlswede [7] and Liao [8] showed that if two senders send messages synchronous-
ly over a discrete memoryless multiple access channel (MAC) which is character-
ized by a stochastic matrix W (y|x1, x2), it is possible to achieve arbitrary small
average probability of error if the rate pair is inside the following pentagon:

0 ≤ R1 ≤ IP (X1 ∧ Y |X2)

0 ≤ R2 ≤ IP (X2 ∧ Y |X1) (3.1)
R1 +R2 ≤ IP (X1, X2 ∧ Y )

for some independent input random variables X1, X2, where

P (Y = y|X1 = x1, X2 = x2) = W (y|x1, x2).

Moreover, the convex hull of the union of these pentagons can also be achieved,
via time sharing, while no rate pair outside this convex hull is achievable.

The discrete memoryless asynchronous multiple access channel (AMAC)
arises when the senders can not synchronize the starting times of their code-
words, rather, there is an unknown delay between these starting times. In real
life this can happen if the signals of different transmitters need different times
to reach the receiver this problem causes a constant but unknown delay. In a
more general case, e.g. if the codebooks are used more than once, the differences
between the timing of the receiver and the timings of the senders are represented
by a K-tuple of random variables. Cover, McEliece and Posner [11] showed that
if the delay is bounded by bn depending on the codeword length n such that
bn
n → 0 then the convex closure is still achievable by a generalized time sharing
method.
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Poltyrev [12] and Hui and Humblet [14] addressed models with arbitrary
delays either known (in [12]) or unknown (in [14]) to the receiver. For such
models, the capacity region was shown to be the union of the pentagons above
although with some gaps in the proofs. Verdú [16] studied asynchronous chan-
nels with memory. His model slightly differs from common models: the time
runs over a torus rather than from −∞ to ∞. Later, Grant, Rimoldi, Urbanke
and Whiting [23] showed that in the informed receiver case the union can be
achieved by rate splitting and successive decoding. The gap in the achievability
proof of [14] for the uninformed receiver case has been filled by El Gamal and
Kim [33] and independently Farkas and Kói [35].

In section 3.2 we give the formal description of the AMAC model, where
several possible definitions are given, which are analyzed in parallel. In Section
3.3 a general converse is presented. This converse is applied for a model, in a
sense, between the asynchronous and synchronous models, and its capacity is
derived.

3.2 Model of coding for the AMAC
In this Chapter, [i] denotes {1, 2, . . . , i}.

A K-senders asynchronous discrete memoryless multiple-access channel (K-
AMAC) is defined in terms of K finite input alphabets Xm,m ∈ [K], a finite
output alphabet Y, a stochastic matrix W : X1×X2× · · ·×XK → Y describing
the probability distribution of the output given the inputs and a delay system
(defined in Definition 3.4 below).

Definition 3.1. A codebook system of block-length n with rate vector

R = (R1, R2 . . . , RK)

for a given K-AMAC consists of K codebooks C1, C2, . . . , CK , where the code-
book Cm of the m-th sender has 2nRm codewords of length n whose symbols
are from Xm.

The system is symbol synchronized, so it can be described by a channel
matrix, but not frame synchronized —the first symbols of the codewords do not
match. The differences between the timing of the receiver and the timings of
the senders are represented by a K-tuple of delays as in Definition 3.4.

The senders have two-way infinite sequences of random messages, and as-
sign codewords to their consecutive messages. The codewords go through the
channel. The sequences of the senders’ codewords and hence also the output
symbol sequence are two-way infinite sequences. Fix the location of the 0-th
output symbol. The message of sender m ∈ [K] whose codeword affects the
0’th output is denoted by Mm,0. This restricts the delays to be in the set
{0, 1, . . . , n− 1}. Formally, we use the following definitions:

Definition 3.2. For each integer j ∈ Z and for each m ∈ [K] let the j’th
message of sender m Mm,j be a uniformly distributed random variable taking
values in the set {1, 2, . . . , 2nRm}. All these random variables are independent of
each other. The two-way infinite sequence {Mm,j , j ∈ Z} represents the message
flow sent by the m-th sender.
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Definition 3.3. For each integer j ∈ Z and for each m ∈ [K] let the Mm,j-th
codeword in Cm be Xm,j(= fm(Mm,j)). Let nj + i’th symbol of flow of code-
words, denoted by Xm,nj+i, be the i-th symbol of Xm,j where i ∈ {0, 1, . . . , n−
1}.

Definition 3.4. For each n ∈ Z+, let

D(n) = (D1(n), D2(n), . . . , DK(n))

be a K-tuple of random variables, not necessarily independent of each other but
independent of all previously defined random variables, taking values in the set
{0, 1, . . . , n − 1}. Dm(n) will represent the delay of sender m relative to the
receiver’s timing. The joint distribution of delays is known to the senders and
the receiver. The realizations of the random variables D1(n), D2(n), . . . , DK(n)
are not known to the senders and, depending on the model, may be known or
unknown to the receiver. The sequence D = {D(1),D(2), . . . ,D(n), . . . } will
be called the delay system. With a slight abuse of notation, we also write D
instead of D(n).

Remark 3.1. Our definition allows arbitrary distributions for the delays for
each blocklength n. Clearly, in practical models these distributions can not
be arbitrary, but have to satisfy consistence conditions. We have chosen this
general model since we think that any practical model can be described this
way.

Example 3.1. For each n ∈ Z+ and for each m ∈ [K] Dm(n) has uniform
distribution on {0, 1, . . . , n − 1} and they are independent. Following Hui and
Humblet [14] it is called the totally asynchronous case in this work.

Example 3.2. Let K = 2, for each n ∈ Z+ let D1(n), D2(n) be independent
random variables uniformly distributed on the even numbers of {0, 1, . . . , n−1}.
It is called the even delays case in this work.

For fixed n, the output sequence is defined as follows:

Definition 3.5. Let Ynj+i be the output random variable of the channel with
transition matrix W when the inputs are X1,nj+i+D1(n), X2,nj+i+D2(n), . . . ,
XK,nj+i+DK(n) where i ∈ {0, 1, . . . , n− 1}.

The definitions above determine the probability structure of the model. For
each m the random variable sequence {Mm,j , j ∈ Z} is the two way infinite
message flow of the m-th sender. The corresponding flow of codewords is
{Xm,j , j ∈ Z}. The flows of the senders, the channel transition and the delay
systemD, define a two way infinite output random variable sequence {Yl, l ∈ Z}.

The decoder can be defined in several ways. We will consider two different
definitions, which give the strongest version of the converse and direct parts of
the coding theorems, respectively.

Definition 3.6. An informed infinite decoder is defined as a function which
assigns to each two way infinite output sequence realization {yl, l ∈ Z} and
each realization of D(n) = (D1(n), D2(n), . . . , DK(n)) , n ∈ Z+, a K-tuple of
messages {M̂m,0,m ∈ [K]}.
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Figure 3.1: The Setting for Two Senders

Definition 3.7. An uninformed L-block decoder, L ∈ Z+, is defined as a func-
tion which assigns to each (2Ln + 1)-tuple {yl, l ∈ {−Ln, . . . , 0, . . . , Ln}} of
possible output realizations a K-tuple of messages {M̂m,0,m ∈ [K]}.

The codebooks and the decoder form an n-length coding/decoding system.
In case of uninformed L-block decoder the receiver examines the output block
Y−Ln, Y−Ln+1, . . . , Y0, Y1, . . . YLn from which estimations {M̂m,0,m ∈ [K]} are
created. In case of an informed infinite decoder the whole output sequence and
the realizations of delays are used in the estimations {M̂m,0,m ∈ [K]}. It is
assumed that the same but shifted decoding procedure occurs at the output
points {nk, k ∈ Z}. Hence the random variables of the estimations {M̂m,j ,m ∈
[K] , j ∈ Z} are also defined. See Fig. 3.1. for this model, in case K = 2.

We will consider two different error probability definitions. As standard for
multiple-access channels, both error probabilities are average error over mes-
sages. However, our first error probability type also involves averaging over
delays, while the second one takes maximum over the possible delays.

Definition 3.8. The average error probability is the following:

Pne = Pr

{
K⋃
m=1

{
Mm,0 6= M̂m,0

}}
. (3.2)

Definition 3.9. The maximal error probability is the following:

Pne (∗) = max
d(n):Pr{D(n)=d(n)}>0

Pr

{
K⋃
m=1

{
Mm,0 6= M̂m,0

}
|D(n) = d(n)

}
. (3.3)
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Remark 3.2. The average error probability depends on the joint distribution of
delays (D1(n), D2(n), . . . , DK(n)), while the maximal error probability depends
on the joint distribution of the delays only through its support.
Remark 3.3. The two kinds of error probability are related very closely. If
Pne (∗) → 0 then Pne → 0. On the other hand, if Pne → 0 exponentially as
n→∞ and if mind(n):Pr{D(n)=d(n)}>0 Pr {D(n) = d(n)} tends to 0 slower than
exponentially then also Pne (∗)→ 0 exponentially.

Several types of models according to the various definitions of decoder and of
error probability were defined. For the sake of brevity, the following definition
is meant to define a capacity region simultaneously for all cases. Here, in case
of L-block decoder, a proper choice of L is understood. In particular cases, a
suitable L will be specified, not entering the question whether a smaller L would
also do.

Definition 3.10. For a given K-AMAC the rate vector

R = (R1, R2, . . . , RK)

is achievable if for every ε > 0, δ > 0 for all N ∈ Z+ there exists a cod-
ing/decoding system with blocklength n > N with rates coordinate-wise ex-
ceeding (R1− δ,R2− δ, . . . , RK − δ) and with error probability less than ε. The
set of achievable rate vectors form the capacity region of the given K-AMAC.

Remark 3.4. In the definition above we used the ’optimistic’ definition of ca-
pacity region, rather than the more usual ’pessimistic one’ (see Csiszár and
Körner [29]). In the ’optimistic’ definition it is enough to show that there is a
"good" coding/decoding system for a sequence of blocklength nk → ∞. The
reason is that in the even delays case there are differences in the performance
of coding/decoding systems of even and odd blocklength (see Theorem 3.11).
Remark 3.5. If some region is proved achievable in case of uninformed L-block
decoder with maximal error probability, and the converse is proved in case of in-
formed infinite decoder with average error probability, then for any combination
of the model assumptions above the capacity region is equal to this region.

Lemma 3.6. For either type of AMAC model, if D and D′ are two delay
systems such that for some 0 < α ≤ 1 for all n ∈ Z+ and d(n) ∈ {0, 1, . . . , n−
1}K

Pr {D′(n) = d(n)} ≥ αPr {D(n) = d(n)} , (3.4)
then the capacity region under delay system D′ is contained (perhaps strictly)
in the capacity region under delay system D.

Proof. Consider an arbitrary n length coding/decoding system. Then,

Pne,D′(n) ≥ αP
n
e,D(n) and Pne,D′(n)(∗) ≥ P

n
e,D(n)(∗)

hold, where the lower indices indicate the underlying delay system. This proves
the lemma.

Remark 3.7. In case of any type of decoder, if two delay systems D and D′ have
the same support set for each n, then the capacity regions corresponding to delay
systems D and D′ coincide in case of maximal error probability. Furthermore,
if the equation (3.4) is fulfilled by D and D′ and it is also fulfilled when the
roles of D and D′ are reversed, then by Lemma 3.6 the capacity regions also
coincide in case of average error probability.
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3.3 A general converse
In this section a general converse theorem is proved, which depends on the
delay system. In the following sections/chapters, this general converse is used
to derive the capacity region of special cases.

For all subset S of [K] write

XS = (Xm)m∈S , Sc = [K] \ S, (3.5)

and for all R = (R1, R2, . . . , RK) write

R(S) =
∑
m∈S

Rm. (3.6)

Let D denote the delay vector. Let XB,i+DB denote the random vector with
components Xl,i+Dl , l ∈ B where B ⊂ [K] and Xm,j is defined as in definition
3.2; similar notation is used where + is replaced by ⊕ which means addition
modulo n.

Theorem 3.8. For every K-AMAC and every coding/informed infinite decoder
system of length n, there exist such distribution V Xi ∈ P(Xni ) that for all S ⊂
[K]

R(S) ≤ I(XS,Q⊕DS ∧ Y |XSc,Q⊕DSc , Q,D) + 2εn. (3.7)

holds. Here the joint distribution of random variables in the mutual information
can be calculated from

V X1X2...XKQD(x1,x2, . . . ,xk, q,d, y) = (3.8)

=

(
K∏
i=1

V (xi)

)
1/nV (d)W (y|x1,q⊕d1 , x2,q⊕d2 , . . . , xk,q+dk)

and εn = (R([K]))Pne + 1
n . Notice the that, the joint distribution (3.8) defined

on a larger space than the joint distribution in (3.7).

Remark 3.9. Theorem 3.8 will be used for sequences of coding/decoding systems
with Pne → 0. In this case εn also tends to 0.

Proof. For the sake of clarity only the the bound for R1 +R2 in the two senders
special case is addressed. The sketch of the full proof of Theorem 3.8 —with
less explanation— will be presented after the two user result.

In case of two senders the bounds (3.7) are:

R1 ≤ I(X1,Q⊕D1 ∧ Y |X2,Q⊕D2 , Q,D1, D2) + 2εn (3.9)
R2 ≤ I(X2,Q⊕D2 ∧ Y |X1,Q⊕D1 , Q,D1, D2) + 2εn (3.10)

R1 +R2 ≤ I(X1,Q⊕D1 , X2,Q⊕D2 ∧ Y |Q,D1, D2) + 2εn (3.11)

Note that nεn = n(R1 +R2)P
(n)
e + 1.

Take a window of the receiver consisting of N + 1 n-length blocks

YN+1 = {Y0, Y1, . . . Yn(N+1)−1}.

This window fully covers the code-blocks X1,1,X1,2, . . . ,X1,N of sender 1 and
X2,1,X2,2, . . . ,X2,N of sender 2, denoted by XN

1 and XN
2 respectively. The
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Figure 3.2: The random variables that play role in the bound on the sum R1+R2

codewords at the sides of the output window are X1,0,X2,0,X1,N+1,X2,N+1,
denote this quadruple by Xsw (the expression "side of the windows" is abbrevi-
ated by the index sw). Since, the messages MN

1 ,M
N
2 have uniform distribution,

XN
1 ,X

N
2 are deterministic function of the messages, D is independent from the

messages, and YN+1 depends through the channel matrix in a way explained in
Section 3.2 and the estimations of the messages are also deterministic function
of YN+1 these random variables has a definite joint distribution P . Then we
have

Nn(R1 +R2) = HP (MN
1 ,M

N
2 ) (3.12)

= IP (MN
1 ,M

N
2 ∧ M̂N

1 , M̂
N
2 ) + HP (MN

1 ,M
N
2 |M̂N

1 , M̂
N
2 ) (3.13)

≤ IP (MN
1 ,M

N
2 ∧ M̂N

1 , M̂
N
2 ) +

N∑
i=1

HP (M1,i,M2,i|M̂1,i,M2,i) (3.14)

≤ IP (MN
1 ,M

N
2 ∧ M̂N

1 , M̂
N
2 ) +Nnεn (3.15)

≤ IP (XN
1 ,X

N
2 ∧YN+1,Xsw, D1, D2) +Nnεn (3.16)

where (3.15) comes from Fano inequality:

nεn ≥ HP (M1,0,M2,0|M̂1,0, M̂2,0) (3.17)

and (3.16) comes from the Markov relation

(MN
1 ,M

N
2 ) 
 (XN

1 ,X
N
2 ) 
 (YN+1,Xsw, D1, D2)



 (YN+1,Yc) 
 (M̂N
1 , M̂

N
2 ) (3.18)

and from the data processing lemma.
Note that in Farkas and Kói [30] the Markov relation

(XN
1 ,X

N
2 ) 
 (YN+1, D1, D2) 
 (YN+1,Yc)

was assumed, which need not hold in general. For a simple counterexample, let
W be the 2-user binary adder channel with X1 = X2 = {0, 1} and Y = {0, 1, 2},
and let n = 2, N = 1. Both senders have the codewords 00 and 11. Elementary
calculations show that the conditional probability that Y−1 is equal to 2 given
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that Y0 = Y1 = Y2 = Y3 = 1, D1 = 1, D2 = 0 is 1
4 , while given also that

M1,1 = 1,M2,1 = 2 (and hence X1,1 = 00,X2,1 = 11) this probability becomes
0. It seems that Poltyrev [12] also made this error.

Continuing the estimations (3.12)-(3.16),

Nn(R1 +R2) ≤ IP (XN
1 ,X

N
2 ∧YN+1,Xsw, D1, D2) +Nnεn (3.19)

= HP (XN
1 ,X

N
2 ) +Nnεn −HP (XN

1 ,X
N
2 |YN+1,Xsw, D1, D2) (3.20)

= HP (XN
1 ,X

N
2 |D1, D2) +Nnεn −HP (XN

1 ,X
N
2 |YN+1, D1, D2)

+ HP (XN
1 ,X

N
2 |YN+1, D1, D2)−HP (XN

1 ,X
N
2 |YN+1,Xsw, D1, D2) (3.21)

= IP (XN
1 ,X

N
2 ∧YN+1|D1, D2) +Nnεn + IP (Xsw ∧XN

1 ,X
N
2 |YN+1, D1, D2)

(3.22)

≤HP (YN+1|D1, D2)−HP (YN+1|XN
1 ,X

N
2 , D1, D2) + 4n log |X |+Nnεn

(3.23)

= HP (YN+1|D1, D2) + 4n log |X |+Nnεn

−
N∑
j=0

n−1∑
i=0

HP (Ynj+i|Ynj+i−1
0 XN

1 ,X
N
2 , D1, D2) (3.24)

≤
(N+1)n−1∑

j=0

HP (Yj |D1, D2) + 4n log |X |+Nnεn

−
N−1∑
j=1

n−1∑
i=0

HP (Ynj+i|X1,nj+i+D1
, X2,nj+i+D2

, D1, D2). (3.25)

In (3.25) we dropped some negative terms (notice that j runs from 1 to
N − 1). Introduce the random distribution V̂ , where

V̂ X1X2DY (x1,x2,d,y) =

= PX1,1(x1)PX2,1(x2)PD(d)

n∏
i=1

W (yi|x1,i⊕d1 , x2,i⊕d2).

Here ⊕ denotes the addition modulo n. Note, for all j the marginal distri-
bution PD,X1,nj+i+D1

,X2,nj+i+D2
,Ynj+i is the same as V̂ D1,D2,X1,i⊕D1

,X2,i⊕D2
,Yi .

Using this substitution, (3.25) can be further bounded from above by:

Nn(R1 +R2) ≤(N − 1)

n−1∑
i=0

HV̂ (Yi|D1, D2) + 2n log |Y|+ 4n log |X | (3.26)

− (N − 1)

n−1∑
i=0

HV̂ (Yi|X1,i⊕D1
X2,i⊕D2

, D1, D2) +Nnεn

≤(N − 1)

n−1∑
i=0

IV̂ (X1,i⊕D1
, X2,i⊕D2

∧ Yi|D1, D2) (3.27)

+Nnεn + 4n log |X |+ 2n log |Y|.

Dividing by nN and introducing the random distribution V with a dummy
random variable Q uniformly distributed on {0, 1, . . . , n− 1} and

V X1X2DQY (x1,x2,d, q, y) = V̂ (x1,x2,d)
1

n
W (y|x1,q⊕d1 , x2,q⊕d2).
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employing this notation gives:

R1 +R2 ≤
N − 1

Nn

n∑
i=1

IV̂ (X1,i⊕D1
, X2,i⊕D2

∧ Yi|D1, D2) (3.28)

+ εn +
2 log |Y|
N

+
4 log |X |

N

≤N − 1

N
IV (X1,Q⊕D1

, X2,Q⊕D2
∧ Y |Q,D1, D2) (3.29)

+ εn +
2 log |Y|
N

+
4 log |X |

N

If N sufficiently large then

R1 +R2 ≤ I(X1,Q⊕D1
, X2,Q⊕D2

∧ ỸQ|Q,D1, D2) + 2εn. (3.30)

Now the general case is proved. Let S ⊂ [K]. A bound for R(S) will be
derived. Take a window of the receiver consisting of N + 1 n-length blocks
YN+1 = {Y0, Y1, . . . , Yn(N+1)−1} and the codewords having index between 1
and N from all senders (they are fully covered by this window). Recall that D
denotes the delay vector and XB,i+DB denotes the random vector with compo-
nents Xl,i+Dl , l ∈ B where B ⊂ [K]. Denote by Xsw the 2K input codewords
which overlap with the beginning and end of YN+1. As in the two user case,
these random variables have a definite distribution. Then

NnR(S) = (3.31)

= HP (MN
S ) (3.32)

= IP (MN
S ∧ M̂N

S ) + HP (MN
S |M̂N

S ) (3.33)

≤ IP (MN
S ∧ M̂N

S ) +Nnεn (3.34)

≤ IP (XN
S ∧YN+1,Xsw,D) +Nnεn (3.35)

≤HP (XN
S |D)−HP (XN

S |YN+1,D) + HP (XN
S |YN+1,D)−

−HP (XN
S |Xsw,YN+1,D) +Nnεn (3.36)

≤HP (XN
S |XN

Sc ,D)−HP (XN
S |YN+1,XN

Sc ,D)+

+ IP (Xsw ∧XN
S |YN+1,D) +Nnεn (3.37)

≤ IP (XN
S ∧YN+1|XN

Sc ,D) +Kn log |X |+Nnεn (3.38)

≤HP (YN+1|XN
Sc ,D)−HP (YN+1|XN

S ,X
N
Sc ,D) +Kn log |X |+Nnεn (3.39)

≤HP (YN+1|XN
Sc ,D) +Kn log |X |+Nnεn

−
N∑
j=0

n−1∑
i=0

HP (Ynj+i|Ynj+i−1
1 ,XN

S ,X
N
Sc ,D) (3.40)

≤HP (YN+1|XN
Sc ,D)−

N−1∑
j=1

n−1∑
i=0

HP (Ynj+i|X[K],nj+i+D[K]
,D)

+Kn log |X |+Nnεn. (3.41)
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Now introduce the a random distribution V̂ , where

V̂ X1X2...XKDY(x1,x2, . . . ,xK ,d,y) =

=

(
K∏
i=1

PX1,i(xi)

)
PD(d)

n∏
i=1

W (yi|x1,i⊕d1 , x2,i⊕d2 , . . . , xK,i⊕dK )

Then (3.41) is continued as

≤
n−1∑
i=0

[
(N − 1) HV̂ (Yi|XSc,i⊕DSc ,D) +

n−1∑
i=0

HP (Yi)

+

Nn+n−1∑
i=Nn

HP (Yi)− (N − 1) HV̂ (Yi|X[K],i⊕D[K]
,D)

]
+Kn log |X |+Nnεn (3.42)

≤(N − 1)

n−1∑
i=0

IV̂ (XS,i⊕DS ∧ Yi|XSc,i⊕DSc |D) + 2n log |Y|

+Kn log |X |+Nnεn. (3.43)

Dividing by Nn and and introducing the random distribution V with a
dummy random variable Q uniformly distributed on {0, 1, . . . , n− 1} and

V X1X2...XKDQY (x1,x2, . . . ,xk,d, q, y) =

= V̂ (x1,x2, . . . ,xk,d)
1

n
W (y|x1,q⊕d1 , x2,q⊕d2 , . . . , xK,q⊕dK )

employing this notation and going with N to infinity gives:

R(S) ≤ IV (XS,Q⊕DS ∧ Y |XSc,Q⊕DSc , Q,D) + εn.

This proves the theorem.

Corollary 3.10. Under the assumptions of Theorem 3.8 the following bounds
hold in the 2-senders case:

R1 ≤ IV (X1,Q ∧ Y |X2,Q	D, Q,D) + 2εn (3.44)
R2 ≤ IV (X2,Q	D ∧ Y |X1,Q, Q,D) + 2εn (3.45)

R1 +R2 ≤ IV (X1,Q, X2,Q	D ∧ Y |Q,D) + 2εn. (3.46)

for some distribution

V X1X2QD(x1,x2, q,d, y) = (3.47)

= V X1(xi)V
X2(x2)1/nV (d)W (y|x1,q, x2,q	d)

Proof. Expand the right sides of the equations (3.9),(3.10),(3.11) as sums for
the possible values of Q,D1, D2, e.g.

IV (X1,Q⊕D1 , X2,Q⊕D2 ∧ Y |Q,D1, D2) =

=
∑
q

∑
d1

∑
d2

1

n
· Pr(D1 = d1) Pr(D2 = d2) I(X1,q⊕d1 , X2,q⊕d2 ∧ Y ). (3.48)

Substituting q′ = q ⊕ d1 and d = d1 	 d2, and renaming q′ to q, proves the
corollary.
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3.4 Even delays
In Gamal and Kim [33] an artificial but interesting (from theoretical point of
view) model is mentioned as open problem: the possible delays are in the set
{0, 1, . . . , αn} for some α ∈ (0, 1). In this section, though this problem is not
solved, a similar artificial model is analyzed which also has theoretical interest.

Theorem 3.11. In the even delays case (Example 3.2), for each version of
the model the capacity region consists of those rate pairs that either belong to
C —the union of pentagons defined by (3.1)— or are linear combinations with
weights 1

2 ,
1
2 of points in C. Moreover, using coding/decoding systems of odd

length, only C can be achieved.

Proof. For achievability: let a rate pair (R1, R2) be from the capacity region
above. Take two separate codebook sequences whose existence proved in Theo-
rem 4.10, with lengths 2/2N and rates from (3.1) that linear combination with
1
2 ,

1
2 weights gives (R1, R2). The codewords are concatenated to two codebook

of length n/2. Interleaving the two type of codewords as in Figure 3.3 gives a
codebook, whose rate has the desired rate. Note that, if the codewords length
are even and an even delay applied the used codebook pairs will match. So,
error probability can be calculated for the codebook series of different rates in-
dependently. Thus, the error probability goes to 0 exponentially fast (in n/N2) if
the delay is known. The delay can be detected with arbitrarily small (maximal)
error probability by using many sync-sequence for the detection. This proves
that 1/2-1/2 linear combination of pentagons (1.62)–(1.64)) can be achieved. It
can be also easily seen —but a rigorous proof will be shown below— that since
the relative delay distribution is almost uniform on the even numbers none of
weights other than 1/2-1/2 works.

Figure 3.3: Time sharing when the relative delay is uniform on even numbers

In the converse part it is enough to treat the case of an informed infinite
decoder and average error. The proof uses Corollary 3.10.

In case of coding/decoding systems of even length the relative delay is uni-
formly distributed on the even numbers in {0, 1, . . . , n − 1}. Write the upper
bounds in Corollary 3.10 as a sum for the possible values of Q and define two
random variables Q1, Q2 as uniform on even/odd numbers and independent of
each other and everything else. Then the following can be written:

R1 ≤ I(X1,Q ∧ ŶQ|X2,Q	D, Q,D) + εn (3.49)

=
1

n

n−1∑
i=0

I(X1,i ∧ Ŷi|X2,i	D, D) + εn (3.50)

≤1

2

2

n

∑
i∈odd

I(X1,i ∧ Ŷi|X2,i	D) +
1

2

2

n

∑
i∈even

I(X1,i ∧ Ŷi|X2,i	D) + εn (3.51)

≤1

2
I(X1,Q1

∧ ŶQ1
|X2,Q1	D) +

1

2
I(X1,Q2

∧ ŶQ2
|X2,Q2	D) + εn. (3.52)
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Figure 3.4: Capacity region in the totally asynchronous case (black) and capac-
ity region in the even delays case (red)

Similarly we get

R2 ≤
1

2
I(X2,Q1	D ∧ ŶQ1 |X1,Q1) +

1

2
I(X2,Q2	D ∧ ŶQ2 |X1,Q2) + εn

(3.53)

R1 +R2 ≤
1

2
I(X1,Q1

, X2,Q1	D ∧ ŶQ1
) +

1

2
I(X1,Q2

, X2,Q2	D ∧ ŶQ2
) + εn

(3.54)

where X1,Q1
,X2,Q1	D and X1,Q2

,X2,Q2	D are independent. This proves the
converse result for even blocklength (see Csiszár and Körner [29] Lemma 14.4+).

In the subsequent part of this proof the symbol n denotes an odd integer.
Now we prove that with coding/decoding systems of odd length, just the union
of the pentagons can be achieved. Given such sequence of coding/decoding
systems, where Pne → 0, let cn be a sequence with cn → 0 and Pne

cn
→ 0 such

that cnn is an integer.
Recall that the delays D1(n) and D2(n) are independent and uniformly dis-

tributed random variables on the set {0, 2, . . . , n−1}. For all i ∈ {0, 1, . . . , n−1}
let K(i) be the number of those pairs d1, d2 ∈ {0, 2, . . . , n − 1} for which the
relative delay d = d1 	 d2 is equal to i, then:

K(i) =

{
n−i+1

2 if i is even
i+1
2 if i is odd.

Let D
′

1(n) and D′2(n) be two random variables taking values in the set
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{0, 2, . . . , n− 1} with the following joint distribution:

Pr{D′1(n) = d1, D
′
2(n) = d2} =

=

{ 1
n(1−2cn)K(d1	d2) if d1 	 d2 ∈ {cnn, cnn+ 1, . . . , n− 1− cnn}

0 otherwise

be equal to , otherwise 0. Then for each d1, d2 ∈ {0, 2, . . . , n− 1} the following
bound holds if n is large enough:

4

(n+ 1)2
= Pr {D1(n) = d1, D2(n) = d2} ≥ cn Pr {D′1(n) = d1, D

′
2(n) = d2} .

(3.55)

Using the same idea as in the proof of Lemma 3.6 and the fact that Pne
cn
→ 0 we

can conclude that the given sequence of coding/decoding systems has average
error probability also tending to 0 under the delay system D′ described by the
random variables D′1(n) and D′2(n). Hence if we show that under delay system
D′ only C can be achieved, the assertion is proved.

Under delay systemD′ the relative delayD′(n) = D′1(n)	D′2(n) is uniformly
distributed on the set {cnn, cnn + 1, . . . , n − 1 − cnn}. By Corollary 3.10 the
following bounds hold for the rates:

R1 ≤ I(X1,Q ∧ ŶQ|X2,Q	D′ , Q,D
′) + εn

R2 ≤ I(X2,Q	D′ ∧ ŶQ|X1,Q, Q,D
′) + εn

R1 +R2 ≤ I(X1,Q, X2,Q	D′ ∧ ŶQ|Q,D′) + εn. (3.56)

Let D̄(n) be a random variable uniformly distributed on the set {0, 1, . . . , n−
1}. As the variation distance between the product joint distributions of (Q,D′)
and (Q, D̄) tends to 0, the following differences also tend to 0 as n→∞:

I(X1,Q, X2,Q	D′ ∧ ŶQ|Q,D′)− I(X1,Q, X2,Q	D̄ ∧ ŶQ|Q, D̄),

I(X1,Q ∧ ŶQ|X2,Q	D′ , Q,D
′)− I(X1,Q ∧ ŶQ|X2,Q	D̄, Q, D̄),

I(X2,Q	D′ ∧ ŶQ|X1,Q, Q,D
′)− I(X2,Q	D̄ ∧ ŶQ|X1,Q, Q, D̄). (3.57)

Taking into account that X1,Q and X2,Q	D̄ are independent, the assertion is
proved.

Example 3.3. There are two well-known examples (Bierbaum and Wallmeier
[10], Csiszár and Körner [29]) which show that the convex hull operation can
be useful. Here we use Csiszár and Körner [29]. Let the channel be defined
by X1 = X2 = Y = {0, 1}, W (0|0, 0) = 1, W (1|1, 0) = W (1|0, 1) = 1 and
W (1|1, 1) = W (0|1, 1) = 1

2 . The capacity regions in the totally asynchronous
and in the even delays case are shown on Figure 3.4. In the latter case a hill
appears in the middle of the picture.

Remark 3.12. Remarkably, it does not seem possible to extend this result for
uniform relative delay distributions on {0, 1, . . . , n/2}, although this distribution
has the same entropy as the uniform distribution on even (or odd) numbers.
Similar results can be achieved if the distribution is uniform on numbers which
are divisible by 3. In this case time sharing with weights 1

3 ,
2
3 becomes possible.

Remark 3.13. This also means that if the senders of the totally asynchronous
AMAC want to time share with weights ( 1

2 ,
1
2 ), they can do that if a one-shot

1-bit side-information about the delays is available to the senders.
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3.5 Conclusion
After carefully analyzing the asynchronous systems, I have discovered that, de-
pending on the decoder and the distribution governing the delay, not one or two
but many asynchronous model exists. Nevertheless, if the delay distribution
is uniform, all possible models have the same capacity. I have given a general
converse (Theorem 3.8). From the converse it can be derived that modifying the
distribution of the delay changes the capacity region of all models. The uniform
distribution gives the capacity of the “standard” asynchronous model which is
the union of the pentagons. If the distribution is close to the deterministic, it
has been shown in Cover, McEliece, and Posner [11] that the capacity region
is the convex closure of the union of the pentagons. I have presented a model
where the capacity region is between the union and its convex closure. It is
an open question whether a model exist where the capacity region differs for
different types of decoders.

The general converse can be applied to analyze capacity regions of new
models, devised jointly with Tamás Kói, that also lies between the synchronous
and asynchronous models. One of such models is a 3 sender AMAC where two
of senders are synchronized while the third is not (analyzed in Farkas and Kói
[35]). An other model where the converse can be used is the generalization of the
3-AMAC: the Partially Asynchronous Multiple Access Channel, see Farkas and
Kói [32]. In this model, there are groups of senders, each sender is synchronized
with its group but the groups are asynchronous.

Application in Engineering
It has been shown that in asynchronous systems, if the delay distribution is
uniform over even numbers then the capacity region is between the union of
pentagons and its convex closure. This also shows, that 1 bit feedback can
substantially increase the capacity region. Now it is possible to calculate the
capacity region of an asynchronous system, if only limited feedback is avail-
able about the delay. As asynchronous coding systems are a growing field in
communications, it is useful to classify the decoders as in Section 3.2.
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Chapter 4

Generalization of the Method
of Types for Asynchronous
Channels

4.1 Background
The error inside the capacity region tends to zero exponentially. The exponent
of the maximum likelihood decoder —the optimal decoder— is called Reliability
Function. The reliability function cannot be computed analytically in general.
However, there exist lower and upper bounds for the reliability function. In this
chapter of the work a lower bound will be given for asynchronous DM-MAC.

One of the first lower bounds, that is still relevant nowadays, was given
by Gallagher [6]. Later, by the method of types, Imre Csiszár, János Körner
and Katalin Marton [29] gave an information theoretically neat bound, which
bound is tighter for all input distributions but it is the same for the optimal
input distribution [29, Problem 10.24]. The second exponent is reached through
an universal decoder —a decoding method, not depending on the underlying
channel.

For synchronous multiple access systems both of the bounds above were gen-
eralized. The generalization of Gallagher’s bound was given by himself in [13].
The bound of Csiszár and Körner was generalized by Pokorny and Wallmeier
[15] and later improved by Liu and Hughes [20], that turned out to be tighter
than the generalized Gallager’s bound (the inequality is also in [20]).

Prior to our work, there was no error exponent for asynchronous systems.
By introducing the new concept of subtypes, the exponent of Liu and Hughes
have been generalized. The exponent in its first form in Farkas and Kói [36]
resembled analytically the aforementioned exponent, but it was numerically
uncomputable.

After some heuristic numerical calculations, an interesting side conjecture
has been found, namely: the asynchronous exponent, for delays approximately
half of the blocklength, can be larger than its synchronous counterpart. The
controlled asynchronous concept was created, where the transmitters deliber-
ately shift their codewords to each other.
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The asynchronous exponent has been simplified in Farkas and Kói [38] by
applying δ-balanced sequences and using convexity and weak monotonicity —a
concept discussed later. At the end, the final form of the asynchronous exponent
was numerically computable for some simple channels. On the binary adder
channel our controlled asynchronous exponent is larger than its synchronous
counterpart.

A natural question arises: whether or not the capacity region of controlled
asynchronous systems grows with controlled asynchronism. As it will be shown,
the above question can be answered, and the answer is negative.

4.2 Notations, Definitions, Model
In this chapter, unlike in the previous one, the set {0, 1, 2, . . . , k− 1} is denoted
by [k]. Notations from Chapter 1 apply.

Multi-Information is defined as

IV (X1 ∧X2 ∧X3 ∧ · · · ∧Xk) ,

= HV (X1) + HV (X2) + HV (X3) + · · ·+ HV (Xk)−
−HV (X1, X2, X3, . . . , Xk) (4.1)

similarly as Watanabe [4].
In the previous chapter the input symbols of an AMAC were denoted by

X1, X2, . . . and the output was denoted by Y . Here, only the two user AMAC
is analyzed, so the input will be denoted by X and Y and the output by Z.

A 2-senders AMAC is defined by 2 finite input alphabets X ,Y, a finite output
alphabet Z, and a stochastic matrix W : X × Y → Z. The matrix W may be
unknown to the senders and the receiver.

Composition

Codebooks

Constant

n
1

2

C C CCCC C0 2
111 1

C N 0 1 2 N1

2 2 2 2

1

d
D

−2 −2

s

s

s

Figure 4.1: Encoding with sync-sequences and delays
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Definition 4.1. An asynchronous constant composition code-book system with
codewords of length n, periodicity N , types PX ∈ Pn(X ) and PY ∈ Pn(Y) and
with rate parameters pair (R1, R2), consists of code-books Ci1, Ci2, i ∈ [N − 1]
and sync-sequences s1, s2. The codewords in Cim, as well as sm, m ∈ {1, 2}
are sequences in Xn resp. Yn of type PX resp. PY , and each code-book Cim
consists of 2nRm codewords.

The codebook system is used as follows: each sender has a two-way infinite
sequence of random messages chosen from the message sets Mm = [2nRm ],
m ∈ {1, 2}, independently and with uniform distribution. For each integer j, if
the j-th message of sender m ∈ {1, 2} is i ∈ [2nRm ], this sender selects the i’th
codeword of the codebook Cjm, with j taken modulo N−1. After the codewords
from CN−2

m , the sync-sequence sm is inserted. See, Figure 4.1.
Asynchronism causes a delay D ∈ [nN ] between the sync-sequences. It is

either unknown to the senders or (in case of controlled asynchronism) is chosen
by them. The delay between blocks (codewords) is d ≡ D (mod n). Most
concepts below refer to a given value of D. See, Figure 4.1 and Figure 4.2.

The receiver is assumed to be able to identify the position of the sync-
sequences. Decoding is performed in the window of length nN shown in Figure
4.2, where the shaded blocks correspond to sync-sequences, applying a decoder
defined below. As the synchronization blocks are not used for information trans-
mission, the effective or real rate pair is (R1(1− 1

N ), R2(1− 1
N )). To make this

close to (R1, R2), we chose N large (but not depending on n).

...

...

D

...

d

Figure 4.2: The decoding window and the delays

Formally, the decoding window contains N − 1 consecutive codewords and
the sync-sequence of sender 1, and N − 1 codewords complemented by a fi-
nal and initial part of the sync-sequence of sender 2. Let M0

1 , . . . ,M
N−2
1 and

M0
2 , . . . ,M

N−2
2 denote the messages of senders 1 resp. 2 whose codewords are

in the window. The upper indices refer to the receiver’s time, thus the messages
M j

1 and M j
2 may have occurred at different senders’ time and their codewords

may come from codebooks of different indices of senders 1 and 2. Suppose the re-
alizations of the message sequences are i = (i0, . . . , iN−2) and j = (j0, . . . , jN−2).
Then the first and second rows of Fig. 4.2 are filled by the concatenations

x(i) =xl(i0) . . . . . .xN−2(iN−2−l)s1x
0(iN−2−l+1) . . . . . . xl−1(iN−2) (4.2)

y(j, d) =s
′′

2y
0(j0) . . . . . . . . . . . . . . . . . . . . . . . . . . .yN−2(jN−2)s

′

2 (4.3)

of the corresponding codewords and, in the case of the first resp. second sender,
of the sync-sequence s1, resp. the sync-sequence parts s

′′

2 and s
′

2. In the no-

55



tation, d refers to a shift by d positions. The receiver from the corresponding
output of the memoryless channel W decodes the messages corresponding to
input sequences (4.2)–(4.3).

The ends of codewords split the decoding window into 2N subblocks. The
length of the k’th subblock is denoted by nk, k ∈ [2N ]. It is equal to n− d or d
depending on whether k is even or odd. Denote α = d

n and ek = nk
n , k ∈ [2N ]

so ek = α or 1− α depending on the parity of k.

Definition 4.2. Sequences x ∈ XnN (or y ∈ YnN , etc.) will be partitioned into
consecutive blocks of length nk as above, denoted by xk (or yk, etc.), k ∈ [2N ].
The types of these blocks are called the subtypes of x (or y, etc.). Similarly,
for an m-tuple of sequences, say for a triple (x,y, z) ∈ XnN × YnN × ZnN ,
the joint types Vk = P(xk,yk,zk), k ∈ [2N ] are called the subtypes of this m-
tuple. The set of all m-tuples of length-nN sequences with given subtypes
V = (V0, V1, . . . , V2N−1) is denoted by TV. Note that

e2kV
X
2k (x) + e2k+1V

X
2k+1(x) = PX(x) k ∈ [N ]∀x ∈ X (4.4)

e2k−1V
Y
2k−1(y) + e2kV

Y
2k(y) = PY (y) k ∈ [N ]∀y ∈ Y (4.5)

The equations (4.4)–(4.5) will be referred to as Z-property.

Remark 4.1. In some formulas e.g. in eq. (4.5), subtypes with index 2N may
occur, these are interpreted by replacing this index by 0.

Define the decoder by calculating for each possible pair of sent sequences
(x(i), y(j)) the sum ∑

k∈[2N ]

nk IVk(X ∧ Y ∧ Z), (4.6)

where V0, V1, . . . , V2N−1 are the subtypes of (x(i),y(j), z). Estimate the sent
messages as (̂i, ĵ) if it is the unique maximum of the above weighted multi-in-
formation. Error happens if some messages are decoded incorrectly, so

PDe = Pr{M j
m 6= M̂ j

m for some j ∈ [N − 1],m ∈ {1, 2}}, (4.7)

whereM j
m is the j’th message of userm in the window, and M̂ j

m is its estimation.
The incorrectly decoded blocks form the error pattern, which is formally a set

pair (L1, L2) containing the indices of incorrectly decoded blocks for each user
respectively. A quadruple (i, î, j, ĵ) has this error pattern, denoted by (i, î, j, ĵ) ∈
EP(L1, L2), if and only if the set of indices where i and î differ is L1 and the
set of indices where j and ĵ differ is L2.

Given the error pattern (L1, L2), each subblock of a block as above with
index in L1 or L2 is called incorrectly decoded for user 1 or 2. Let S ⊂ [2N ]
denote the set of indices of all incorrectly decoded subblocks, the union of the
sets S1, S2, S12 of the indices of those subblocks which are incorrectly decoded
only for user 1 or only for user 2, or for both users. As (L1, L2) determine a
set triplet S = (S1, S2, S12) and vice versa, the error pattern will be referred to
also as error pattern S (see Figure 4.3).

If (i, î, j, ĵ) ∈ EP(L1, L2) then the subtypes Vk = V XX̂Y Ŷk , k ∈ [2N ] of
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Pattern

Figure 4.3: Sub-blocks and error pattern. Here L1 = {1, 3} and L2 = {1, 2, 3}
while S1 = {2}, S2 = {4, 5, 8} and S12 = {3, 6, 7}

(x(i), x̂(̂i),y(j, d),y(̂j, d)) satisfy

V XX̂Y Ŷk ∈ Pnk(X × X × Y × Y) (4.8)

V XX̂k (x, x̂) = 0 for x 6= x̂, k /∈ S1 ∪ S12 (4.9)

V Y Ŷk (y, ŷ) = 0 for y 6= ŷ, k /∈ S2 ∪ S12 (4.10)

Definition 4.3. For any error pattern (L1, L2) = S, let V(L1, L2)(= V(S)) be
the collection of all subtype sequences (V0, V1, . . . , V2N−1) which fulfill (4.8)–
(4.10) and have the Z-property.

Let V denote the subtype/distribution sequence (V0, V1, . . . , V2N−1). Fur-
thermore, let PXY Z denote the joint distribution

PX(x)PY (y)W (z|x, y). (4.11)

4.3 The δ-balanced sequences
The main problem with the method of types on asynchronous models is that in
the subblocks the empirical distribution of the sequences can be very far -though
with small probability- from the original type. The δ-balanced sequences are
extension of typical sequences for asynchronous systems.

A sequence x ∈ Xn will be called δ-balanced if for each 0 < l < n, the types
V1 and V2 of its first l and next n− l symbols satisfy F (V1, V2, l, n) ≤ δ, where

F(V1, V2, l, n) ,H(P )− l

n
H(V1)− n− l

n
H(V2) (4.12)

=
l

n
D(V1‖P ) +

n− l
n

D(V2‖P ) (4.13)

and P = Px = l
nV1 + n−l

n V2.
The above quantity is known as Jensen-Shannon divergence. In the special

case l
n = 1

2 its square root is a metric, see Endres and Schindelin [24].
For P ∈ Pn(X ), let T̂ nP (δ) denote the subset of x ∈ TnP consisting of the

δ-balanced sequences.

Remark 4.2. The δ-balanced sequences are resembling to ε-typical sequences.
In the case of ε-typical sequences, the divergence of the sequence empirical type
from the uniform distribution must be in a small range. In the case of δ-balanced
sequences, the Jensen-Shannon divergence must be small. In both of cases the
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resulting set is “large”. In the case of ε-typical sequences the probability of the
set is “almost” 1. In the case of δ-balanced sequences, the proportion of the type
class that is in the set is also “almost” 1.

Lemma 4.3 (δ-expurgating). For each δ > 0

|TnP \ T̂ nP (δ)| ≤ p(n)2−nδ|TnP |,

where p(n) denotes a polynomial factor not depending on δ.

Proof. For fixed 0 < l < n and V1 ∈ P l(X ), V2 ∈ Pn−l(X ) the number of
sequences x ∈ Xn with x1 . . . xl of type V1 and xl+1 . . . xn of type V2 is

|T lV1
| · |Tn−lV2

| ≤ 2lH(V1)+(n−l) H(V2) = 2−nF(V1,V2,l,n)+nH(P )

As the number of possible triples (l, V1, V2) is polynomial in n, the assertion
follows.

4.4 A Packing Lemma and an Intermediate Ex-
ponential Error Bound

Recall the following inequalities (see e.g. Csiszár and Körner [29]):

Wn(z|x,y) = 2−n(D(V Z|XY ‖W |V XY )+HV (Z|XY )) (4.14)

where V ZXY = P(z,x,y).

and from (1.31) and from Lemma 4.3, we get

1− p(n)2−nδ

(n+ 1)|X |
2nHP (X) ≤ |T̂ nP (δ)| ≤ 2nHP (X)

Our main tool will be the following generalized packing lemma.

Lemma 4.4. For given δ > 0, types PX ∈ Pn(X ), PY ∈ Pn(Y), N and rates
R1 < H(PX), R2 < H(PY ), if n is large enough there exists a codebook system
with every codewords from T̂ nPX (δ), T̂ nPY (δ) respectively such that for each relative
delay D ∈ [Nn], each error pattern (L1, L2) and each (V0, V1, V2, . . . , V2N−1)
∈ V(L1, L2) the following inequality holds:∑

(i,̂i,j,̂j)∈EP(L1,L2)

1V0,V1,...,V2N−1
{x(i),x(̂i),y(j, d),y(̂j, d)} ≤

≤ 2
−

∑
k∈[2N]

nk[IVk (X∧Y )]−
∑
k∈S1

nk[IVk (X̂∧X∧Y )−R1]

· 2
−
∑
k∈S2

nk[IVk (Ŷ ∧X∧Y )−R2]−
∑

k∈S12
nk[IVk (X̂∧Ŷ ∧X∧Y )−R1−R2]

· 2
−n

∑
k∈[2N]
k is even

F(V Xk ,V Xk+1)−n
∑

k∈[2N]
k is odd

F(V Yk ,V
Y
k+1)+n(N−1)(R1+R2)+n δ2

(4.15)

where 1V0,V1,...,V2N−1
{·} denotes the indicator function of TV = TV0,V1,...,V2N−1

and the multi-information is defined by (4.1).

58



Proof. Proof by random selection. Select the codewords uniformly and inde-
pendently from T̂ nPX (δ), T̂ nPY (δ) respectively. So all codewords of Ci1 and the
sync-sequence s1 are chosen independently from T̂ nPX (δ) and all codewords of Ci2
and the sync-sequence s2 are chosen independently from T̂ nPY (δ) for all i ∈ [N ].
Fixing D and (L1, L2), take the expected value of the left hand side of (4.15).
To show that it is smaller than the right hand side, note that

E[1V0,V1,...,V2N−1
{X(i),X(̂i),Y(j, d), Ŷ(̂j, d)] =

=
∑

(x,x̂,y,ŷ)∈
TV0,V1,...,V2N−1

Pr{X(i) = x,Y(j, d) = ŷ,X(̂i) = x̂,Y(̂j, d) = y}

≤
∑

(x,x̂,y,ŷ)∈
TV0,V1,...,V2N−1

(n+ 1)N |X |+N |Y|2−nN H(PX)2−nN H(PY )·

· (n+ 1)|L1||X |+|L2||Y|2−n|L1|H(PX)2−n|L2|H(PY ) (4.16)

≤p(n)
∏
k/∈S

2nk HVk (X,Y )−nk H(PX)2−nk H(PY )

·
∏
k∈S1

2nk HVk (X,X̂,Y )−nk H(PX)−nk H(PX)−nk H(PY )

·
∏
k∈S2

2nk HVk (X,Y,Ŷ )−nk H(PX)−nk H(PY )−nk H(PY ) (4.17)

·
∏
k∈S12

2nk HVk (X,X̂,Y,Ŷ )2−2nk H(PX)2−2nk H(PY )

≤p(n)
∏
k/∈S

2−nk IVk (X∧Y )
∏
k∈S1

2−nk IVk (X∧X̂∧Y )

·
∏
k∈S2

2−nk IVk (X∧Y ∧Ŷ )
∏
k∈S12

2−nk IVk (X∧X̂∧Y ∧Ŷ )

·
∏
k∈[2N]
kis odd

2−nF(V Xk ,V Xk+1)
∏
k∈[2N]
kis even

2−nF(V Yk ,V
Y
k+1) (4.18)

·
∏

k∈S1∪S12
kis even

2−nF(V X̂k ,V X̂k+1)
∏

k∈S2∪S12
kis odd

2−nF(V Ŷk ,V
Ŷ
k+1)

Here (4.16) follows from (1.31) and from the fact that every codeword is chosen
uniformly from T̂ nPX(δ) or T̂

n
PY δ. Applying that 2nH(P ) = 2nk H(P )2nk+1 H(P ) and

upper bounding |TV| with
∏
k 2nHVk (X,Y,X̂,Ŷ ) -please note e.g. HVk(X,Y, X̂, Ŷ )

degrading to HVk(X,Y ) if Y = Ŷ and X = X̂- gives (4.17). Then (4.18)
follows via formal multiplications by 1 = 2nk HVk (X)2−nk HVk (X) = · · · = =

2nk HVk (Ŷ )2−nk HVk (Ŷ ).
Sum (4.18) for all (i, î, j, ĵ) ∈ EP(L1, L2), then multiply by the reciprocal

of the left side of (4.15). Summing this for all possible error patterns, and all
possible values for D gives a quantity less than 1. Hence, there is a codebook
system which fulfills the statement of the lemma.

Let PDe (L1, L2) be the probability that decoding error happens exactly in
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the error pattern (L1, L2). Then

PDe =
∑

(L1,L2)6=(∅,∅)

PDe (L1, L2) (4.19)

For V with Vk ∈ P(X × Y × Z), k ∈ [2N ] and error pattern (L1, L2) let

EDV(L1, L2) = EDV(S) ,
∑
k∈S

ek D(Vk‖PXY Z) +

∣∣∣∣∣∑
k∈S1

ek(IVk(X ∧ Y Z)−R1)+

+
∑
k∈S2

ek(IVk(Y ∧XZ)−R2)+

+
∑
k∈S12

ek(IVk(X ∧ Y ∧ Z)−R1 −R2)

∣∣∣∣∣
+

(4.20)

Let VP be the collection of all V XY Z ∈ P(X × Y × Z) with marginals V X
= PX and V Y = PY .

Theorem 4.5 (Intermediate Form of the Exponent). Let δn = n−
3
4 . For every

γ > 0, there exists a codebook system with codewords from T̂ nPX (δn) and T̂ nPY (δn)
respectively such that

PDe (L1, L2) = PDe (S) ≤ 2−n(ED(S)−2γ) (4.21)

if n > n0(|X |, |Y|, |Z|, N, γ). Here

ED(S) , min
Vk∈VP ,k∈S

EDV(S) (4.22)

Proof. Define V∗(S) as the set of subtype sequences V for quintuples which
fulfills

Vk ∈ Pnk(X × X × Y × Y × Z), (4.23)

V XX̂Y Ŷk ∈ V(S), k ∈ [2N ] (4.24)

F (V X2k , V
X
2k+1) ≤ δn (4.25)

F (V Y2k+1, V
Y
2k+2) ≤ δn (4.26)∑

k∈[2N ]

nk IVk(X ∧ Y ∧ Z) ≤
∑

k∈[2N ]

nk IVk(X̂ ∧ Ŷ ∧ Z). (4.27)

Note that, if an error event happened with an error pattern S then there is some
î, ĵ for which the triplet’s (x(̂i),y(̂j), z) subtype sequence gives higher result for
the decoding function in (4.6) than the subtype sequence of (x(i),y(j), z). So, for
such î, ĵ the subtype sequence of (x(i),x(̂i),y(j),y(̂j), z) is in V∗(S). Applying
(4.14):

PDe (S) ≤
∑

V∈V∗(S)

(
1

b2nR1cb2nR2c

)N−1

·

∑
i

∑
j

∏
k∈[2N ]

2−nk[D(V
Z|XY
k ||W |V XYk )+HVk (Z|XY )]

∣∣{z ∈ ZnN : (x(i),x(̂i),y(j, d),y(̂j, d), z) ∈ TV0,V1,...,V2N−1

for some î and ĵ with (i, î, j, ĵ) ∈ EP(L1, L2)}
∣∣. (4.28)
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We can upper-bound the size of the set in (4.28) in two different ways. Let
(Ṽ0, . . . , Ṽ2N−1) denote the subtype sequence in V(∅, ∅) with Ṽ XYk = V XYk ,
k ∈ [2N ]. The first upper-bound is:

2

∑
k∈[2N]

nk HVk (Z|XY )

1Ṽ0,Ṽ1,...,Ṽ2N−1
{x(i),x(i),y(j, d),y(j, d)} (4.29)

Let V
′

k denote V XX̂Y Ŷk , k ∈ [2N ]. The second bound is:∑
(̂i,̂j):

(i,̂i,j,̂j)∈EP(L1,L2)

1V ′0 ,V
′
1 ,...,V

′
2N−1
{x(i),x(̂i),y(j, d),y(̂j, d)} (4.30)

2

∑
k/∈S

nk HVk (Z|XY )+
∑
k∈S1

nk HVk (Z|XX̂Y )+
∑
k∈S2

nk HVk (Z|XY Ŷ )+
∑

k∈S12
nk HVk (Z|XX̂Y Ŷ )

.

Apply Lemma 4.4 with S, so 4.28 extends to:

PDe (S) ≤
∑

V∈V∗(S)

(
1

b2nR1cb2nR2c

)N−1

· 2n(N−1)(R1+R2)+n δ2

exp

− ∑
k∈[2N ]

nk D(V
Z|XY
k ||W |V XYk )−

∑
k∈[2N ]

nk [IVk(X ∧ Y )] +

−n
∑
k∈[2N]
k is even

F(V Xk , V Xk+1)− n
∑
k∈[2N]
k is odd

F(V Yk , V
Y
k+1)


exp

∣∣∣∣∣∣−
∑
k∈[2n]

nk HVk(Z|XY )−
∑
k∈S1

nk

[
IVk(X̂ ∧X ∧ Y )−R1

]
−

−
∑
k∈S2

nk

[
IVk(Ŷ ∧X ∧ Y )−R2

]
−

−
∑
k∈S12

nk

[
IVk(X̂ ∧ Ŷ ∧X ∧ Y )−R1 −R2

]
−

+
∑
k/∈S

nk HVk(Z|XY ) +
∑
k∈S1

nk HVk(Z|XX̂Y )+

+
∑
k∈S2

nk HVk(Z|XY Ŷ ) +
∑
k∈S12

nk HVk(Z|XX̂Y Ŷ )

∣∣∣∣∣
−
 (4.31)

where exp(·) is the 2(·) function. Here the negative part comes from the fact
that if the exponent would be positive then the first upper bound (4.29) would
be used, if it is negative then the second upper bound (4.30) is used.

61



Note, the next three inequality:

HVk(Z|XX̂Y )−HVk(Z|XY )− IVk(X ∧ X̂ ∧ Y ) =

= − IVk(X ∧ Y )− IVk(X̂ ∧ ZXY ) ≤ − IVk(X̂ ∧ ZXY ) (4.32)

HVk(Z|XY Ŷ )−HVk(Z|XY )− IVk(X ∧ Y ∧ Ŷ ) =

= − IVk(X ∧ Y )− IVk(Ŷ ∧ ZXY ) ≤ − IVk(Ŷ ∧ ZXY ) (4.33)

HVk(Z|XX̂Y Ŷ )−HVk(Z|XY )− IVk(X ∧ X̂ ∧ Y ∧ Ŷ ) =

= − IVk(X ∧ Y )− IVk(X̂ ∧ Ŷ ∧ ZXY ) ≤ − IVk(X̂ ∧ Ŷ ∧ ZXY ). (4.34)

Note also, that via (4.13):

−n
∑
k∈[2N]
k is even

F(V Xk , V Xk+1)− n
∑
k∈[2N]
k is odd

F(V Yk , V
Y
k+1)

=
∑

k∈[2N ]

−nk
[
(D(V Xk ||PX) + D(V Yk ||PY ))

]
. (4.35)

Note also, that

D(V
Z|XY
k ‖W |V XYk ) + IVk(X ∧ Y ) + D(V Xk ||PX)

+ D(V Yk ||PY ) = D(V XY Zk ‖PXY Z). (4.36)

Apply (4.32)–(4.34) and then (4.35),(4.36) to (4.31) and get:

− log2(PDe (S)) ≥ max
(V0,...,V2N−1)∈

V∗(S)

∑
k∈[2N ]

nk D(V XY Zk ‖PXY Z)+ (4.37)

+

∣∣∣∣∣∑
k∈S1

nk(IVk(X̂ ∧XY Z)−R1)+

+
∑
k∈S2

nk(IVk(Ŷ ∧XY Z)−R2)+

+
∑
k∈S12

nk(IVk(X̂ ∧ Ŷ ∧XY Z)−R1 −R2)

∣∣∣∣∣
+

− γ.

Note that

IVk(X̂ ∧XY Z) ≥ IVk(X̂ ∧ ZY ) (4.38)

IVk(Ŷ ∧XY Z) ≥ IVk(Ŷ ∧ ZY ) (4.39)

IVk(X̂ ∧ Ŷ ∧ ZXY ) ≥ IVk(X̂ ∧ Ŷ ∧ Z). (4.40)

and that (V0, . . . , V2N−1) ∈ V∗(S) implies by definition∑
k∈[2N ]

nk IVk(X̂ ∧ Ŷ ∧ Z) ≥
∑

k∈[2N ]

nk IVk(X ∧ Y ∧ Z). (4.41)

Note also, that

IVk(X̂ ∧ Ŷ ∧ Z) = IVk(X̂ ∧ Ŷ Z) + IVk(Ŷ ∧ Z) =

= IVk(X̂ ∧ Y Z) + IVk(Y ∧ Z) (4.42)
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if k ∈ S1 since Y = Ŷ . Similarly,

IVk(X̂ ∧ Ŷ ∧ Z) = IVk(Ŷ ∧ X̂Z) + IVk(X̂ ∧ Z) =

= IVk(Ŷ ∧XZ) + IVk(X ∧ Z) (4.43)

if k ∈ S2. Apply (4.42) and (4.43) to (4.41) imply∑
k∈S1

nk IVk(X̂ ∧ Y Z) +
∑
k∈S2

nk IVk(Ŷ ∧XZ)

+
∑
k∈S12

nk IVk(X̂ ∧ Ŷ ∧ Z) ≥
∑
k∈S1

nk IVk(X ∧ Y Z)

+
∑
k∈S2

nk IVk(Y ∧XZ) +
∑
k∈S12

nk IVk(X ∧ Y ∧ Z). (4.44)

Substituting (4.38) then (4.44) to (4.37) gives

− log2(PDe (S)) ≥ max
(V0,...,V2N−1)∈

V∗(S)

∑
k∈[2N ]

nk D(V XY Zk ‖PXY Z)+

+

∣∣∣∣∣∑
k∈S1

nk(IVk(X ∧ Y Z)−R1) +
∑
k∈S2

nk(IVk(Y ∧XY )−R2)

+
∑
k∈S12

nk(IVk(X ∧ Y ∧ Z)−R1 −R2)

∣∣∣∣∣
+

− γ. (4.45)

It suffices to show that this minimum approaches, for n → ∞, the minimum
under the stronger constraints Vk ∈ VP , k ∈ [2N ]. This eliminates the Z-
property (see Definition 4.2), so the subtypes outside the error patterns can
be changed to PXY Z then take minimum of the remainder terms. Clearly the
latter minimum equals (4.22).

The assumption F (V X2k , V
X
2k+1) ≤ δn means

(n− d)

n
D(V X2k ‖PX)+

d

n
D(V X2k+1‖PX) ≤ δn, k ∈ [N ] (4.46)

There are two cases. First case when one the coefficients of the divergences
in (4.46) is small -d or n− d is smaller than

√
n. In this case the term

ek
(

D(Vk‖PXY Z) + IVk(. . . )
)

is smaller than log(|X |) log(|Y|) log(n)√
n

+log(|X |)+log(|Y|)+log(|Z|). The similar
term

min
Vk∈VP

ek
(

D(V̂k‖PXY Z) + IV̂k(. . . )
)

is smaller than log(|X |)√
n

, so their difference are smaller than γ
2N if n is large

enough. So, all N short subtype Vk can be change to a subtype with V̂k ∈ VP
with the exponent changing only γ

2 .
Focus on the case when n − d and d both exceed

√
n. If the coefficients of

the divergences in (4.46) exceed n−
1
2 , the corresponding divergences D(Vk‖PX)

are less than n−
1
4 . By Pinsker’s inequality, each V Xk is closer to PX in total
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variational distance than K · n− 1
8 , where K ∈ R is a constant. This and the

similar fact for the Y marginals imply, by Lemma 4.6 there is a Ṽk distribution
that marginals are PX and PY and closer than 2K · n− 1

8 and V̂k ∈ VP . For
fix W , R the exponent is continuous in the total variational distance. So, if n
is large enough then, if each Vk is replaced by a distribution in VP exponent in
(4.45) will change less than γ

2N .

Lemma 4.6. Let ‖ · ‖1 denote the total variational distance (L1). If V XY is a
distribution for which ‖V X − PX‖1 ≤ δ and ‖V Y − PY ‖1 ≤ δ then there exists
a Ṽ XY for which ‖V XY − Ṽ XY ‖ ≤ 2δ and Ṽ X = PX , Ṽ Y = PY .

Proof. Suppose, that V XY is represented as a matrix M , indexed by elements
of X and Y


y1 y2 ... y|Y|

x1 Vx1,y1 Vx1,y2 . . . Vx1,y|Y|

x2 Vx2,y1 Vx2,y2 . . . Vx1.y|Y|
...

...
...

. . .
...

x|X| Vx|X|,y1 Vx|X|,y2 . . . Vx|X|.y|Y|

 = M.

In the first step the above matrix is altered to get a distribution withX marginal
PX . The V X marginal of V XY can be represented as a vector v over R|X |.
Similarly PX can be represented, with the same indexing as before, as a vector
p over R|X |. If the vector p − v is zero then the first step is done. Otherwise,
the vector p− v has negative and positive elements. Let p+ denote the sum of
the positive elements and let b a vector from R|X | with bi = |pi − vi|+, where
| · |+ denotes the positive part. Finally, let p+ be b

p+ . A negative element of
the subtracted vector, say pi − vi, means that the sum of line i in the above
matrix must be decreased by vi − pi. Decrease Mi,j by Ai,j =

Mi,j(vi−pi)
vi

then
increase j-th column by Ai,jp

+. Note that adding Ai,jp
+ to the column j,

while decreasing Mi,j by Ai,j , does not change the sum of the column, so the
Y marginal remains the same. Since

∑
j
Mi,j(vi−pi)

vi
= vi − pi, doing this for all

lines that correspond to the negative elements of p−v gives a distribution with
marginal PX . Note that, the other marginal does not change in the process.

The second step is completely analogue to the first step with changing the
role of X and Y and rows/columns.

4.5 Simplifying the Exponents, Main Results
Call an error pattern S irreducible if S 6= ∅ consists of consecutive indices and
all but the first and the last ones (if any) are in S12. The error pattern in
Figure 4.3 is not irreducible, but reducible to two irreducible patterns S1, S2

with S1
1 = {2}, S1

2 = {4}, S1
12 = {3} and S2

1 = ∅, S2
2 = {5, 8} and S2

12 = {6, 7}.
Note that all reducible patterns can be decomposed into the disjoint union of
irreducible ones.

The exponent in (4.21) can be simplified via the next two auxiliary assertions.

Lemma 4.7 (Weak monotonicity). For any fixed V and reducible S, there is a
V̂ and an Ŝ irreducible part of S such that EDV(S) > ED

V̂
(Ŝ). This means that

the minimum in (4.22) is reached for irreducible patterns.
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Remark 4.8. The term “weak monotonicity” comes from the phenomena that
the error pattern is not monotone in the length of the pattern but monotone in
the number of irreducible patterns.

Proof. If S is reducible, it can be represented as disjoint union of irreducible
patterns Si. Among those, let Sk the argument of the minimum of

ÊDV(Si) ,
∑
l∈Si

el D(Vl‖PXY Z) +
∑
l∈Si1

el(IVl(X ∧ Y Z)−R1)+ (4.47)

+
∑
l∈Si2

el(IVl(Y ∧XZ)−R2) +
∑
l∈Si12

el(IVl(X ∧ Y ∧ Z)−R1 −R2)

Let ADV(Si) denote the non divergence terms in ÊDV(Sk).

ADV(Sk) ,
∑
l∈Sk1

el(IVl(X ∧ Y Z)−R1) +
∑
l∈Sk2

el(IVl(Y ∧XZ)−R2)+

+
∑
l∈Sk12

el(IVl(X ∧ Y ∧ Z)−R1 −R2) (4.48)

There are two cases. First case is if ADV(Sk) is non-negative. Then ÊDV(Sk) is
non-negative -as the divergences are always positive. So, for all i ÊDV(Si) ≥ 0.
Note, that EDV(Sk) = ÊDV(Sk), as |ADV(Sk)|+ = ADV(Sk). This means

EDV(Sk) = ÊDV(Sk) ≤
∑
i

ÊDV(Si) ≤ EDV(
⋃
i

Si = S), (4.49)

since the third term is the last term without taking the positive part in EDV(S).
Note, that if the first inequality is equality in (4.49) then the next inequality is
strict. The assertion is proved with V̂ = V, Ŝ = Sk.

The second case is ifADV(Sk) is negative. LetP denote the distribution vector
where each distribution is PXY Z for every index in Sk and V otherwise. There
is an α for which AD(αV+(1−α)P)(S

k) = 0. For this α let V̂ = αV + (1 − α)P.
EDV(Sk) ≥ ED

V̂
(Sk) since the divergence is jointly convex and |ADV(Sk)|+ =

|AD
V̂

(Sk)|+ = 0. This means

ED
V̂

(Sk) =
∑
l∈Sk

el D(V̂l‖PXY Z) ≤
∑
l∈S

el D(Vl‖PXY Z) ≤ EDV(S)

The assertion is proved with Ŝ = Sk.

Lemma 4.9 (Convexity). For any error pattern S and distributions Vk ∈ VP ,
k ∈ S,

EDV(S) ≥ ED
V̂

(S) (4.50)

where V̂l =
∑
k∈Si

ekVk∑
k∈Si

ek
if l ∈ Si, i ∈ {1, 2, 12}
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Proof. Denote PXY Z by P . Since V Xk = PX and V Yk = PY by assumption
EDV(S) equals∑

k∈S1

ek D(Vk‖P ) +
∑
k∈S2

ek D(Vk‖P ) +
∑
k∈S12

ek D(Vk‖P )

+

∣∣∣∣∣∑
k∈S1

ek(H(PX)−HVk(X|Y Z)−R1)+

+
∑
k∈S2

ek(H(PY )−HVk(Y |XZ)−R2)+ (4.51)

+
∑
k∈S12

ek(H(PX) + H(PY )−HVk(XY |Z)−R1 −R2)

∣∣∣∣∣
+

As the divergence is convex and conditional entropy is concave in Vk and the
maximum of convex functions is convex the assertion follows.

Lemma 4.9 and Lemma 4.7 immediately implies

Theorem 4.10. For any error pattern S

ED(S) = min
V1,V2,V12∈VP

β1 D(V1‖PXY Z) + β2 D(V2‖PXY Z)

+ β12 D(V12‖PXY Z) + |β1(IV1
(X ∧ Y Z)−R1)

+ β2(IV2
(Y ∧XZ)−R2)

+ β12(IV12(X ∧ Y ∧ Z)−R1 −R2)|+, (4.52)

where βi =
∑
k∈Si ek, i ∈ {1, 2, 12}. If d

n = α and S is an irreducible pattern
then, denote the first index of S by i0 and |S12| by K the βi are

a) Odd K, odd i0: β1 = β2 = α, β12 = 1− α+ K−1
2

b) Odd K, even i0: β1 = β2 = 1− α, β12 = α+ K−1
2

c) Even K, odd i0: β1 = 0, β2 = 1,β12 = K
2

d) Even K, even i0: β1 = 1, β2 = 0,β12 = K
2

Denote by Eαj (K) the right side of (4.52) with coefficients βi given by (a)–(d)
above, where j ≡ i0 (mod 2). Further let

Eα = min
j∈{0,1},K∈[2N−1]

Eαj (K). (4.53)

Formally Eα is well defined for each α ∈ [0, 1]. Each delay D gives an upper
bound for the length of the error patterns, therefore in (4.53) the length is upper
bounded by the length of the window.

Theorem 4.11. There exist an asynchronous constant composition code-book
system with codewords of length n, periodicity N , types PX and PY and with
rate parameters pair (R1, R2) such that for each γ > 0 and n sufficiently large
the error probability PDe satisfies for all W and D

PDe ≤ 2−n(Eα−γ), α =
d

n
.
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Hence, the AMAC system error probability P ase = max
D

PDe and the error prob-

ability of optimal controlled asynchronous transmission P case = min
D

PDe satisfy

P ase ≤ 2
−n
(

min
α∈[0,1]

Eα−γ
)
, P case ≤ 2

−n
(

max
α∈[0,1]

Eα−γ
)

Proof. For each error pattern (L1, L2), PDe (L1, L2) is exponentially small, by
Theorem 4.5. In (4.19) the number of possible error patterns is constant—as N
is constant—so bounding the exponent of PDe can be achieved by minimizing
the exponent ED(S) over error patterns. Lemma 4.7 shows that the minimizing
pattern is irreducible and Theorem 4.10 gives a simplified form of the exponent
ED(S) which is upper bounded by (4.53).

Corollary 4.12. The codebook systems in Theorem 4.11 depend on R1, R2,
PX , PY , N , but not on the channel W and delay D. The exponents do depend
on W (and through d, depend on D) and are positive if R1 ≤ IP (X ∧ Z|Y ),
R2 ≤ IP (Y ∧ Z|Y ), R1 +R2 ≤ IP (X,Y ∧ Z) where PXY Z is defined in (4.11).

Proof. Let 0 < r < 1/2 be such that a ball with radius 2r and center (R1, R2)
is inside the above pentagon. Let ε = r

2(R1+R2+r) . Let (V ∗1 , V
∗
2 , V

∗
12) be the

maximizing distributions in (4.10). If there is a k ∈ {1, 2, 12} with βk > ε and
the corresponding terms [IV ∗1 (X ∧ Y Z) − R1], [IV ∗2 (Y ∧XZ) − R2], [IV ∗12(X ∧
Y ∧ Z) − R1 − R2] is smaller than r then by uniform continuity of mutual
information in the variational distance there is a function of r, say s(r) > 0, that
d(W ·PX⊗PY , V ∗k ) > s(r). Then by Pinsker’s inequality D(V ∗k ‖W ·PX⊗PY ) >
2(s(r))2. In this case the exponent is at least 2ε(s(r))2, which is positive.

If for all k ∈ {1, 2, 12} where βk > ε all of IV ∗1 (X∧Y Z)−R1, IV ∗2 (Y ∧XZ)−
R2, IV ∗12(X ∧ Y ∧ Z)−R1 −R2 are greater than r, then, while each remaining
term in the positive part of Theorem 4.10, the exponent can not be less than
−nε(R1 + R2) simple calculation shows that in this case exponent is at least
εr.

Remark 4.13. The decoder is universal, does not depend on the channel. Thus
the above result gives the capacity region of the compound-asynchronous multi-
ple access channel. If W is a —not necessarily finite— family of channels. Two
transmitter signals go though all of the channels W and each received signal is
decoded by a receiver. A rate pair is achievable if all of the receivers can decode
the messages with error tending to 0, as the blocklength tending to infinity.
Then the capacity of this model is

C(W) =
⋃

P :PXY =PXPY

⋂
W∈W

R(W,PXY ) (4.54)

This result gives positive answer to the question of Ephremides and Shrader
[25]: whether the capacity can be achieved without knowing the channel?

Remark 4.14. In the controlled asynchronous case the choice dn = n
2 ap-

pears most natural. Then the codewords may be chosen from T
n
2

PX
× T

n
2

PX
and

T
n
2

PY
× T

n
2

PY
, respectively, thus the concept of δ-balanced sequences and the δ-

expurgating Lemma are not needed. Still, our robust construction has merit also
for the controlled asynchronous case. It works also when the senders’ clocks are
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only "weakly" synchronized (as in Cover, McEliece, and Posner [11]), when they
can not guarantee d = dn = n

2 only dn
n →

1
2 .

Remark 4.15. The exponent in (4.53) reduces for α = 0/1 to the (synchronous)
exponent ErX , ErY , ErXY of Hughes and Liu [20], without a time sharing vari-
able U. If K = 1 and α = 0 then (a) gives ErXY , (b) gives ErX + ErY , while
if α = 1 then (b) gives ErXY and (a) gives ErX + ErY . If K = 0 then (c)
gives ErY and (d) gives ErY . For K > 1 the exponent in (4.53) is various sum
of the synchronous exponents. The minimum of these exponents is one of the
synchronous exponent.

Remark 4.16. Note that time sharing is possible with controlled asynchronous
systems. With time sharing, the controlled asynchronous system exponent
might have an auxiliary random variable U, in the condition of the informa-
tion quantities. This would also give achievability result for the convex closure
of the union of pentagons. This issue exceeds the scope of this work.

Remark 4.17. The model and Theorem 4.10 can be generalized to 3 or more
transmitters. For the generalization a decoding window, similar as Figure 4.2,
is needed. Such decoding window is useful, as it intersects only with a syn-
chronization sequences. If all user has the same period N then for delays e.g
D1 = 0, D2 = n/3, D3 = N/3 + 2n/3 no window with length Nn intersects only
with sync-sequences. However, if each user has different periodN1, N2, . . . which
are relative prime to each other, then there is a window with lengthN1·N2 · · ·Nu
that intersects only with synchronization sequences.

4.6 Numerical Results
In this section we demonstrate numerically that for the binary adder channel
the controlled asynchronous approach outperforms the traditional synchronous
one in terms of achieved error exponent, in case of rate pairs (R1, R2) with
R1 = R2 = R large enough.

Liu and Hughes in [20] give achievable error exponents for general syn-
chronous MAC depending on parameters U , PU , PX|U , PY |U related to the
types of the codewords applied. For the binary adder channel with equal rates,
they present numerical values of the best exponent achieved by their method.
It corresponds to the choice |U| = 1 and uniform PX|U = PX , PY |U = PY .
This fact is not stated explicitly in [20], but the numerical values given there do
coincide with those of EuniLH (R1, R2,W ) below, which is the Liu-Hughes exponent
with the above parameters. We note that the Liu-Hughes error exponent has
been improved by Nazari et al [37], for small rates, but not for the case we are
considering.
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Denote

VuniLH ,
{
V XY Z ∈ P(X × Y × Z) : V X and V Y are unif.

}
EXuni

LH = EXuni
LH (R1, R2,W )

, min
V XYZ∈VuniLH

[D(V Z|XY ||W |VXY )

+ IV (X ∧ Y ) + |IV (X ∧ Y Z)−R1|+] (4.55)

EY uniLH = EY uniLH (R1, R2,W )

, min
V XYZ∈VuniLH

[D(V Z|XY ||W |VXY )

+ IV (X ∧ Y ) + |IV (Y ∧XZ)−R2|+] (4.56)

EXY uniLH = EXY uniLH (R1, R2,W )

, min
V XYZ∈VuniLH

[D(V Z|XY ||W |VXY ) (4.57)

+ IV (X ∧ Y ) + |IV (X ∧ Y ∧ Z)−R1 −R2|+]

EuniLH (R1, R2,W ) , min{EXuni
LH , EY uniLH , EXY uniLH }. (4.58)

From this point on, W always denotes the binary-adder channel, with X = Y =
{0, 1},Z = {0, 1, 2} and W (z|x, y) = 1 if z = x+ y, and 0 otherwise. Note that
the symmetry of the channel simplifies the calculations a lot.

For 0 ≤ p ≤ 1
2 let V XY Zp ∈ P(X × Y × Z) be the joint distribution

with V XYp (0, 0) = V XYp (1, 1) = p, V XYp (0, 1) = V XYp (1, 0) = 1
2 − p and

V
Z|XY
p (z|x, y) = W (z|x, y) for all (x, y, z) ∈ X × Y × Z. Set

Vuni ,
{
V XY Zp , 0 ≤ p ≤ 1

2

}
. (4.59)

Observe that for an arbitrary V XY Z ∈ VuniLH with V XY Z /∈ Vuni the term
D(V Z|XY ||W |VXY ) is equal to infinity unless V XY is equal to V XY0 or V XY1

2

.
Note that the latter (degenerate) cases can not be the optimum in (4.55)–(4.57)
as IV (X ∧ Y ) = 1 and substituting the joint distribution

V XY Z(x, y, z) =
1

2

1

2
W (z|x, y)

into (4.55) shows that EuniLH (R1, R2,W ) ≤ 1. Hence, in (4.55)–(4.57) VuniLH can
be replaced by Vuni. Substituting the minimizing V XY Z0.25 into (4.55) and (4.56)
we get for rate pairs with R1 = R2 = R:

EXuni
LH (R,R,W ) = EY uniLH (R,R,W ) = |1−R|+ (4.60)

EXY uniLH (R,R,W ) = min
V XYZp ∈Vuni

[IVp(X ∧ Y )

+ |HVp(Z) + IVp(X ∧ Y )− 2R|+] (4.61)

EuniLH (R,W ) = min{EXuni
LH , EXY uniLH }. (4.62)

Turning to the asynchronous case, consider uniform PX , PY , any fixed N ,
α = 1

2 , and R1 = R2 = R. It can be seen that the minimum in (4.52) is attained
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for V1 = V2 = V XY Z0.25 , independently of V12. For the exponent in (4.53), we get

Eα= 1
2 (R,N,W ) = min

K∈N
K≤2N−2

min
V XYZp ∈Vuni

1

2
[K IVp(X ∧ Y )

+ |2 +K HVp(Z) +K IVp(X ∧ Y )− 2(K + 1)R|+]. (4.63)

Note that its dependence on R,N,W were indicated.
Figure 4.4 shows the numerical evaluations of (4.60)–(4.61) and (4.63) with

N = 20 as a function of the common rate of the codebooks. Software Octave
was used. We simply calculated the objective functions in (4.60)–(4.61) and
(4.63) for all R ∈ {0.001 ·m, 0 ≤ m ≤ 750}, p ∈ {0.001 ·m, 0 ≤ m ≤ 500} and in
case of (4.63) also for all K ≤ 2N − 2,K ∈ N and chose the smallest one among
them. The figure indicates clearly that the asynchronous exponent is higher
than the synchronous one. We remark that as R tends to 0.75 the optimal K
in (4.63) increases, so at high rates longer error patterns dominate the error
probability. We also remark that the asynchronous exponent is strictly positive
at R = 0.75. Note, however, that since our model includes sync-sequences, the
effective rates are only (1− 1

20 ) · 0.75.

Figure 4.4: The horizontal axis shows the rate of the codebooks, the vertical
axis the numerical values of the synchronous (blue line) and asynchronous (red
line) exponents, the latter calculated with periodicity N = 20.

In order to show more strictly that the controlled asynchronous approach is
beneficial, we calculated (4.63) for R = 0.7 with N = 20 and (4.60)–(4.61) for
R = (1− 1

20 ) · 0.7 = 0.665 by optimizing over p ∈ {0.00001 ·m, 0 ≤ m ≤ 50000}.
We got 0.3000 for the asynchronous exponent and 0.085 for the synchronous
exponent. Relying on Lemma 2.7 of Csiszár and Körner [29] it is possible to
give a rigorous upper bound on the numerical error of approximating the value
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of p as above. As this upper bound is sufficiently small (less than 0.01), we
can conclude that the lower bound of controlled asynchronous exponent can be
strictly larger than the lower bound for the synchronous one.

4.7 Capacity Regions
As the controlled asynchronism increase the exponent the next natural question
is: does the controlled asynchronism increase the capacity?

Theorem 4.18. Assume a controlled asynchronous codebook system with code-
word length n periodicity N is given —see Figure 4.1, and Definition 4.1 with-
out the constraint of constant composition. For this model the capacity of the
controlled asynchronous channel equals to the synchronous capacity. So, the
capacity region of such model is

C =
⋃

V XYUZ(x,y,u,z)=W (z|x,y)V X|U (x|u)V Y |U (y|u)V U (u)

R[V XY UZ ] (4.64)

where R[V XY UZ ] is a set containing all (R1, R2) pairs that satisfies

R1 ≤ IV (X ∧ Z|Y U) (4.65)
R2 ≤ IV (Y ∧ Z|XU) (4.66)

R1 +R2 ≤ IV (XY ∧ Z|U) (4.67)

Proof. Firstly, the sketch of the achievability is given. If the rate pair (R1, R2)
is inside the capacity region, then there is a joint distribution V XY UZ whose
pentagon R[V XY UZ ] contains the rate pair. By Lemma 14.4+ in Csiszár and
Körner [29] there is a pair of distribution PXY Z , QXY Z whose pentagons, which
are without U like (1.57)-(1.59), convex combination with weight γ, 1−γ equals
R[V XY UZ ]. Also, there are two rate pair (R̃1, R̃2) and (R̂1, R̂2) that are inside
their corresponding pentagons and their convex combination with weight γ, 1−γ
equals (R1, R2). Theorem 4.10 and Corollary 4.12 guarantee the existence of a
codes with input distribution PXY with rate (R̃1, R̃2) and with blocklength γn
and an another code with input distribution QXY Z with rate (R̂1, R̂2) and with
blocklength (1 − γ)n that error exponent is positive inside their corresponding
pentagons. Simple time sharing argument, see Section 1.6, shows that the rate
pair is achievable.

The converse is proved with the general converse from Chapter 3. The
two codebook series can be consider as two “super” codebook of length Nn.
Note that these super code has rates N−1

N R1 and N−1
N R1 because of the sync-

sequences. The general converse Theorem 3.8 states

N − 1

N
R1 ≤ IV (XQ⊕D1 ∧ Z̃|YQ⊕D2 , Q,D1, D2) + εn (4.68)

N − 1

N
R2 ≤ IV (YQ⊕D2

∧ Z̃|XQ⊕D1
, Q,D1, D2) + εn (4.69)

N − 1

N
R1 +

N − 1

N
R2 ≤ IV (XQ⊕D1 , YQ⊕D2 ∧ Z|Q,D1, D2) + εn (4.70)

for some V XYZ where Q is uniformly on {0, 1, 2, . . . , nN − 1}. Now D1 =
0, D2 = D is a constant defined by the users. Note that if Q is known then XQ
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and YQ⊕D is independent as they are fixed indices of functions of independent
messages. Denote the joint distributions of XQ⊕D1 , YQ⊕D1 , Z,Q by Ṽ XY ZU .
Note that, X and Y conditional on U = u are independent of each other for all
u ∈ {0, 1, 2, . . . , nN − 1}. This gives

Reff1 ≤ IṼ (X ∧ Z|Y U) + εn (4.71)

Reff2 ≤ IṼ (Y ∧ Z|XU) + εn (4.72)

Reff1 +Reff2 ≤ IṼ (X,Y ∧ Z|U) + εn (4.73)

As the previous theorem showed the codebook systems of the user can be
considered as super codes of length Nn. Next question: does this construction
give advantage if the asynchronism is not controlled?

Theorem 4.19. Assume that asynchronous codebook system with codeword
length n periodicity N is given —see Figure 4.1, and Definition 4.1 without the
constraint of constant composition. For this model the capacity asynchronous
multiple access is union of pentagon

C =
⋃

V XYZ(x,y,z)=W (z|x,y)V X(x)V Y (y)

Ras[V XY Z ] (4.74)

where Ras[V XY Z ] is a set containing all (R1, R2) pairs that satisfies

R1 ≤ IV (X ∧ Z|Y ) (4.75)
R2 ≤ IV (Y ∧ Z|X) (4.76)

R1 +R2 ≤ IV (XY ∧ Z) (4.77)

Proof. If a rate pair (R1, R2) is achievable then there is a pentagon Ras[V XY Z
that contains it. Theorem 4.10 guarantee the existence of a code that exponent
is positive inside the pentagon, see Corollary 4.12. Thus the error probability
can be arbitrarily small is the blocklength is sufficiently large.

Again, the two codebook series can be consider as two “super” codebooks
of length Nn. Note that this super codebooks have rates N−1

N R1 and N−1
N R1

because of the sync-sequences. The general converse Theorem 3.8 states

N − 1

N
R1 ≤ I(XQ⊕D1

∧ Z|YQ⊕D2
, Q,D1, D2) + εn (4.78)

N − 1

N
R2 ≤ I(YQ⊕D2 ∧ Z|XQ⊕D1 , Q,D1, D2) + εn (4.79)

N − 1

N
R1 +

N − 1

N
R2 ≤ I(XQ⊕D1

, YQ⊕D2
∧ Z|Q,D1, D2) + εn (4.80)

The above bounds must hold for D1 = 0 and all possible D2 = D. So, must
hold for the average. Thus D2 can be seen as a uniformly distributed random
variable on {0, 1, 2, . . . nN − 1}. This makes XQ⊕D1

= XQ and YQ⊕D2
= YQ⊕D
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independent since

V (Xi = x1, Yi⊕D = x2) =

nN−1∑
d=0

V (Xi = x1)V (Yi⊕d = x2)
1

nN
(4.81)

=V (Xi = x1)

nN−1∑
j=0

1

nN
V (Yj = x2). (4.82)

Denote the joint distribution XQ⊕D1 , YQ⊕D1 , Z by Ṽ XY Z This gives

Reff1 ≤ IṼ (X ∧ Z|Y ) + εn (4.83)

Reff2 ≤ IṼ (Y ∧ Z|X) + εn (4.84)

Reff1 +Reff2 ≤ IṼ (X,Y ∧ Z) + εn (4.85)

4.8 Conclusion
The method of types and the maximal mutual information decoder are pow-
erful tools that admit decode messages without the knowledge of the channel.
Moreover, if more codebook are given then it can select the applied codebook
(see Farkas and Kói [39]).

I have given a numerically computable single letter characterization of the
asynchronous and controlled asynchronous error exponent. To achieve this I
devised the concepts of method of subtypes and the δ-balanced sequences. I have
shown, in some cases the controlled asynchronous exponent can be substantially
larger than its synchronous counterpart. The heuristic idea explaining this
phenomenon is as follows. In the synchronous case the error may be of three
kinds, either user 1 or user 2 or both are decoded incorrectly. For some rates,
the latter has the largest probability. In the asynchronous scenario, where error
patterns always contain subblocks which are erroneous only for one user, may
give an advantage at detection.

In my example the best known lower bound for the synchronous reliability
function has been applied for comparison. The effect of this phenomenon is
yet unknown. As there is no suitable, easily computable upper bound for the
reliability function, it is not known whether the reliability function for some
controlled asynchronous model are larger than the synchronous one. Practical
comparisons should be preformed. The controlled asynchronism may be utilized
even in current asymmetric practical system, where the receiver has several
magnitude times of computational power than the sender.

In my model the encoding delay n and channel delay nN are different. The
presented error bound is exponential in the encoding delay (like exponents of
convolutional codes e.g. Viterbi [5]). For MAC block-coding allowing a larger
channel delay than the blocklength seems pointless in the classical synchronous
case, but natural and advantageous under controlled asynchronism. Note, that
building codewords from independent smaller length k blocks will always give
error exponent in k rather than n. Additional layer of error correction between
the small blocks can improve the performance. Similarly, in controlled asyn-
chronous case employing error correcting codes across the blocks can eliminate
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the “short” error patterns. My approach of considering individual error patterns
opens the way to evaluate the gain in error exponent of such systems.

We find it remarkable that controlled asynchronism may increase the error
exponent. It opens many new questions about similar phenomena in other areas.

The theoretical impact of the result is large. The result implies that for
some channel some codebook system used asynchronously can outperform any
synchronous codebook system. This means all converse result for systems with
multiple agents must be revised.

Application in Engineering
My result is not the first, e.g. Gollakota and Katabi [27], and supposedly not
the last result that shows the asynchronism can help during the decoding. I
would like to suggest to test whether asynchronously employed real life codes
can outperform their synchronous counterparts.
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List of Notations and
Abbreviations

AMAC Asynchronous Multiple Access Channel

CPTP Completely Positive Trace Preserving 23

DM, DMC Discrete Memoryless, Discrete Memoryless Channel

X ,Y,Z,U Finite sets or alphabets, Range of random variables X,Y, Z, U
5

PXY ZU , V XY ZU Joint distributions of random variables X,Y, Z, U 5

Mi Message set of sender i

Ri Rate of sender i

fi Encoding function of sender i

g Decoding function

E A quantum channel, a CPTP map 23

POVM Positive Operator Valued Measure 23

⊗ Tensor product

Xn Cartesian power of set X

C Field of complex numbers

H A Hilbert space

B(H) Bounded operators on Hilbert space H

S(·) von Neumann entropy 20

HP (X) Shannon entropy 6

HP (Y |X) Conditional Shannon entropy 6

IP (Y ∧X) Mutual information 6

IP (Y ∧X ∧ Z) Multi information 54

D(V ‖P ) Kullback Leibler distance or information divergence 7

D(V Y |X‖W |P ) Conditional divergence 7

T XP (ε) The set of sequences that are ε typical to PX 7
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T Y |XP (ε|x) The set of sequences that are conditionally ε typical to PX
conditioned on x 9

P(X ) All distribution of random variables with range X 6

Pn(X ) All type over X 10

TnP Type class of P 10

TV Subtype class of V 56

T̂ nP (δ) δ-balanced sequences of TnP 57
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