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Nomenclature

Roman letters

∆h chip thickness variation [m]

∆L additional tool overhang [m]

∆m additional mass [kg]

Ai ith mode shape vector [m]

C damping matrix [Ns/m]

I identity matrix [1]

K sti�ness matrix [N/m]

M mass matrix [kg]

x position vector of tools [m]

c̃ penetration factor [1]

w̃ dimensionless chip width [1]

w̃H dimensionless MRR-hyperbola function [1]

w̃RS dimensionless robustly stable chip width limit [m]

b exponent of �tting function [1]

bk sti�ness ratio [1]

ci damping of the ith tool [Ns/m]

cMRR constant of the MRR-hyperbola [m rad/s]

cp process damping coe�cient [N/m]

d diameter of the workpiece [m]

E Young' s modulus [Pa]

f feed per revolution [m/rev]

fi natural frequency of ith tool or mode [Hz]

Ffi ith element of the feed cutting force [N]

Ff feed cutting force [N]

h chip thickness [m]

h0 theoretical chip thickness [m]

Hj dynamic sti�ness of the jth cutter [N/m]

I second moment of area [m4]
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ki sti�ness of the ith tool [kg]

kc cutting coe�cient [N/m]

kf cutting constant [N/m7/4] in three-quarter force model, [N/m2] in linear force
model

kMRR constant of the dimensionless MRR-hyperbola [1]

kr non-dimensional force ratio [1]

kt tangential cutting coe�cient [N/m2]

kw cutting coe�cient [N/m3/4] in three-quarter force model, [N/m] in linear force
model

ky cutting constant [kg/m3/4s2.1]

L length of the vibrating tool [m]

L0 shortest applicable tool length [m]

LP length of the plate [m]

mi mass of the ith tool [kg]

mlump lumped mass of the vibrating plate [kg]

mpl total mass of the plate [kg]

MRR material removal rate [m3/s]

n number of tools [1]

p proportionality factor of sti�ness and damping [s]

p3 proportionality factor of sti�ness and damping of the �xture [s]

r lobe number [1]

T time period of workpiece revolution [s]

t time [s]

u(t),u(t) perturbation around the stationary solution of delay di�. eq. of motion [m]

v cutting speed [m/s]

vf feed velocity [m/s]

w chip width [m]

wRS robustly stable chip width limit [m]

x(t) position of the tool [m]

x0,x0 stationary solution of delay di�. eq. of motion [m]

Greek letters

γ non-proportionality factor [1]

λ characteristic exponent [1/s]

Ω spindle speed of the workpiece [rad/s]

ωc chatter frequency [rad/s]

ωn undamped natural angular frequency [rad/s]

Φ regenerative phase shift parameter [rad]
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φi position angle between two subsequent cutters [rad]

ρ density [kg/m3]

τ time delay [s]

Ω̃ dimensionless spindle speed [1]

ω̃c1 dimensionless chatter frequency on the right lobe [1]

ω̃c2 dimensionless chatter frequency on the left lobe [1]

ω̃c dimensionless chatter frequency [1]

ζ damping ratio of the tool [1]
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Outline of the Thesis

Based on industrial requirements, research and development in the �eld of machining
technologies focuses on the simultaneous increase of cutting performance and accu-
racy. Productivity is closely related to the material removal rate (MRR), thus the
maximisation of the MRR is a goal of highest priority. Still, in order to satisfy accu-
racy and quality demands, stable (vibration-free) machining is an inevitable criterion,
which has to be assured by all means. This dissertation focuses on the determination
of the stability loss due to the surface regeneration e�ect.

In Chapter 1 of the thesis, the mechanical model of the orthogonal turning oper-
ation is introduced, which is taken as a basis for stability predictions. Some selected
methods to increase productivity of turning operations are discussed in Chapter 2.
One of the main optimisation criteria for cutting processes is the maximisation of
chatter-free MRR. In machining situations, where productivity has to be pushed to
the limit, one may be forced to exploit parameter regions in the vicinity of the inter-
section points of two adjacent lobes in the so-called stability pockets of the spindle
speed and the chip width parameters. It is shown, that for the practically relevant
range of the damping ratios, the intersection points of two adjacent lobes are local
maxima for the MRR.

A safer machining strategy is to choose machining parameter pairs, which are
robustly stable. This means for example, that the turning lathe is operated with depth
of cut values which result in stable machining for all spindle speeds. This machining
strategy is only a�ordable, if productivity requirements are not violated and the so-
called robust stability limit of the corresponding turning process is su�ciently high.
If this is not assured, the robust stability limit has to be extended. Some methods to
increase the robust stability limit are proposed, discussed and tested.

One possible technique to increase the robust stability limit of turning processes
is to include more tools with detuned dynamics in the cutting operation. In Chapter
3, the dynamically decoupled mechanical model of an n-cutter turning system and
the corresponding stability calculations are introduced. The e�ect of detuning the
dynamical tool parameters on the robustly stable chip width value is presented for
di�erent tool numbers. Theoretical stability predictions and robust stability limits
are validated with experimental results of industrial cutting tests on a parallel turning
machine.

Further experimental investigations are presented in Chapter 4 on a test �xture
with two turning tools. Di�erent modal parameter estimation techniques are used in
the design process of the 2-cutter test �xture. Cutting tests are performed to com-
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pare measurement results with theoretically predicted stability charts. Experiments
drew the attention to the fact, that non-proportional damping in the clamper part of
the test �xture plays an important role in the increased damping e�ect, which was
experienced in the measurement results. Enhanced modelling of the 2-cutter turning
system taking into account the non-proportional damping e�ect leads to a more re-
alistic way of modelling of dynamic and stability properties of the system, which are
essential tools for the improved design of cutting technologies.
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Chapter 1

Introduction

Turning technologies are one of the most wide spread cutting technologies in industry.
Even though the research on this �eld has a long history, there are still unsolved
problems scientists and engineers have to face.

The demand for the simultaneous increase of accuracy and productivity means
a challenge for machining industry, because the cutting process is limited by many
factors. One of the most intricate phenomenon setting bounds to stable machining is
so-called machine tool chatter [1], which is still not fully understood. This harmful
vibration phenomenon has its roots in the so-called surface regenerative e�ect caused
by the feedback between subsequent cuts modulating the chip thickness. This particu-
larly complex dynamical process raises obstacles for the development and application
of productive and accurate machining technologies, even nowadays.

For more than a hundred years, many scientists and engineers have studied these
peculiar vibrations for turning [2, 3, 1] and recently for milling operations [4, 5, 6, 7, 8]
with the help of di�erent mathematical models in order to make reliable stability
predictions. A detailed overview about research in the �eld of chatter in turning
processes is given in [9]. However, the specialist literature usually refers to models of
turning processes that incorporate one tool only.

The harmful vibrations related to chatter a�ect the surface quality negatively,
since the chatter marks are directly copied to the surface of the workpiece via the
vibration of the tool (or that of the workpiece). Chatter not only causes unacceptable
surface quality, but it is also accompanied by uncomfortable noise, it can lead to severe
tool wear or breakage and overload of the machine tool, which have to be avoided
by all means. Some active chatter suppressing methods have already been presented
in the literature, like the application of Spindle-Speed-Variation [10] or tuned mass
dampers [11, 12, 13], but their industrial applications are still limited due to the
required high accelerations and high frequencies.

1.1 Dynamics of the turning process

Turning is a wide spread machining process used in industry for manufacturing cylin-
drical parts. The workpiece performs a rotational and the cutting tool a translational
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motion, which is illustrated in Fig. 1.1, where h denotes the chip thickness, w stands
for the chip width and a is the depth of cut. The spindle speed of the workpiece is
denoted by Ω and vf is the feed velocity. The vector of the machining force F is the
sum of the feed cutting force Ff , the cutting force Fc and the passive force Fp.

Figure 1.1: The turning process

There are several ways to model the turning process in order to describe its dy-
namic behaviour and stability properties. Most of the models take into account the
dynamics of the turning tool only and they assume the workpiece to be ideally sti�.

For classical linear stability analysis purposes, the 1-DoF orthogonal turning model
[14] gives good predictions, which assumes the tool to be most �exible in feed direc-
tion. Even the linearised version of this model is still used and analysed nowadays,
because in spite of its simplicity, it is able to capture the essential dynamic behaviour
of a turning process with one dominant vibration mode. Strong nonlinearities can
also be relevant, like in case of the so-called �y-over e�ect which is analysed for the
orthogonal turning processes in [15].

Two or higher degree-of-freedom (DoF) models have also been developed and
analysed. In [16, 17] for instance, the state-dependency of the time delay also appears
in a 2-DoF mechanical model. In [18], a 3-DoF model of turning is presented where
the e�ects of the nose radius and di�erent cutting angles are included as well.

In cases, where the workpiece cannot be regarded at least one order of magnitude
sti�er than the tool, the dynamics of the workpiece has to be included in a multi-DoF
mechanical model, too. This is for instance the case for beam-like workpieces with
high length-to-diameter ratios.

In order to gain deeper understanding about the increased damping e�ect for low
spindle speeds, the phenomenon of the so-called process damping was introduced
and discussed in [1, 19, 20, 21]. This phenomenon has its roots in the contact force
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between the �ank face of the tool and the workpiece. Flank wear for instance changes
the tool geometry, which can lead to increased process damping. In [22] it was shown,
that the nose radius of the tool and the clearance angle a�ect process damping most.

Another possible way to explain the increased damping for low cutting speeds
is the short regenerative e�ect [14, 23]. Here the distribution of the contact force
between the rake face of the tool and the workpiece is taken into account with dis-
tributed delay. In [24] a model is presented, which combines state-dependent and
distributed-delays for orthogonal cutting.

There exist several empirical and mathematical models for the cutting force, like
linear, shifted linear, polynomial or power functions (see [25] and the references
therein). The most commonly used model is the so-called three-quarter rule model,
which can be linearised around the stationary chip thickness. The linear cutting force
models use a simple cutting coe�cient only, but it is in�uenced by many parameters
like the material properties of the machined workpiece, or the hardness and the state
of heat treatment of the material. On top of that, there can be inhomogeneities in-
side the material of the workpiece, which could only be modelled as some stochastic
perturbation [26, 27] of the process. Face turning processes may also involve surface
interruptions at groves which require further periodically forced vibration models of
the corresponding cutting processes [28]. The direction of the cutting force is e�ected
by cooling and lubrication, which can also modify stability properties of the system.
Caution is required for the investigation of hard-turning technologies, for instance,
since high sti�ness and damping ratios are characteristic for these technologies and
classical cutting force models may not be valid any more.

1.1.1 Dynamics and stability of orthogonal turning

An ideal turning process, where the chip thickness h is equal to the feed f , the chip
width w is equal to the depth of cut a is referred to as orthogonal turning. This is one
of the simplest turning operations, which has the simplest mathematical description
if the corresponding dynamical system has a single degree-of-freedom [14]. In this
special mechanical model, the cutting tool is assumed to be much more �exible in
feed direction than in the radial or tangential direction of the workpiece, thus the
tool motion is taken into consideration in feed direction only. The inertial, elastic
and damping properties of the machine tool are represented by lumped mechanical
elements of standard oscillatory systems: mass, spring and viscous damper, as it is
shown in Fig. 1.2. The dynamics of the workpiece is not included in this model,
because in most of the cases, it is much more rigid than the tool.

The feed cutting force Ff can be approximated by the three-quarter rule [29]:

Ff = kyh
3/4w1.1v−0.1 , (1.1)

which refers to the exponent of the chip thickness. Here, v denotes the cutting speed
and ky is an empirically identi�ed cutting parameter. Another common form of the
feed cutting force function is the following simpli�ed formula that will be used in this
study:
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Figure 1.2: 1-DoF orthogonal turning model

Ff = kfwh
3/4 , (1.2)

where the parameter kf takes the role of ky. The formula can be simpli�ed even
further with the introduction of kw = kfw in case of a �xed chip width. The graph of
the feed cutting force as a function of the chip thickness can be seen in Fig. 1.3.

Figure 1.3: Typical feed cutting force diagram for the three-quarter force characteristics as a function
of chip thickness and its linearisation at the theoretical chip thickness h0

The equation of motion can be formulated for the tool tip position x as follows:

mẍ(t) + cẋ(t) + kx(t) = Ff , (1.3)

where the dependence on the time t is also emphasized, and the lumped parameters
referring to the dynamics of the mechanical model in Fig. 1.2 are the modal mass
m, the damping coe�cient c and the sti�ness k. The undamped natural angular
frequency of the tool can be determined by

ωn =

√
k

m
. (1.4)

The loss of stability of the turning process leads to self excited vibrations, also
called chatter referring to its usually high frequency. Chatter has its roots in the
so-called regenerative e�ect. The source of this phenomenon is the dynamic change
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of the chip thickness when the tools starts vibrating due to some perturbation. The
instantaneous value of h is in�uenced not only by the instantaneous tool position,
but also by the position of the tool at the previous revolution (see Fig. 1.2). Thus,
the expression for the instantaneous chip thickness reads as:

h(t) = h0 + ∆h(t) , (1.5)

where the delay τ is the time period of one revolution of the workpiece, h0 is the
theoretical chip thickness and

∆h(t) = x(t− τ)− x(t) (1.6)

is the chip thickness variation (see Fig. 1.2). Substituting these relations into the
equation of motion, one obtains the simplest form of a mathematical model that
includes the regenerative e�ect for machine tools:

mẍ(t) + cẋ(t) + kx(t) = kw(h0 + x(t− τ)− x(t))3/4 . (1.7)

The tool displacement can furthermore be written as the sum of a constant dis-
placement x0 that refers to the stationary cutting and a small perturbation u(t):

x(t) = x0 + u(t) . (1.8)

Accordingly, in the stationary state the following holds for the feed cutting force (see
Fig. 1.3):

Ff0 = kwh
3/4
0 . (1.9)

Substituting Eq. (1.8) and (1.9) into Eq. (1.7), one obtains the equation of motion in
the following form:

mü(t) + cu̇(t) + k(x0 + u(t)) = kw(h0 + u(t− τ)− u(t))3/4 . (1.10)

After performing the Taylor expansion with respect to the perturbation u(t), and
neglecting the higher order terms of the small perturbation, one ends up with the
linearised equation of motion:

ü(t) + 2ζωnu̇(t) + ω2
nu(t) =

kc

m
(u(t− τ)− u(t)) , (1.11)

where

kc =
∂Ff

∂h

∣∣∣∣
h0

=
3

4
kwh

−1/4
0 (1.12)

is the so-called cutting coe�cient (see Fig. 1.3) and

ζ =
c

2
√
mk

(1.13)

is the damping ratio of the tool. The trial solution is assumed in the form u(t) = Aeλt,
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with the complex characteristic exponent λ. For Re(λ) > 0 an exponential increase
of the trial solution u(t) would take place, referring to an unstable process, while
for Re(λ) < 0 an exponentially decaying (stable) motion could be experienced. The
above mentioned trial solution leads to characteristic equation

D(λ) := λ2 + 2ζωnλ+ ω2
n +

kc

m
− kc

m
e−λτ = 0 , (1.14)

where D(λ) is the characteristic function that can also be obtained by means of the
Laplace transformation of Eq. (1.11). This characteristic equation has in�nitely many
characteristic roots. In order to investigate the stability of the turning process, the
stability boundary for Re(λ) = 0 is checked �rst, implying the characteristic exponent
to be pure imaginary in the form λ = iωc, where ωc is the so-called chatter frequency
referring to the frequency of the self-excited vibration that appears after the loss of
stability. This yields

D(iωc) := −ω2
c + 2ζωniωc + ω2

n +
kc

m
− kc

m
e−iωcτ = 0 . (1.15)

With the help of the D-subdivision method [14], the equations for the real and
the imaginary parts of (1.15) can be expressed as follows:

Re(D(iωc)) := −ω2
c + ω2

n +
kc

m
− kc

m
cos(ωcτ) = 0 , (1.16)

Im(D(iωc)) := 2ζωnωc +
kc

m
sin(ωcτ) = 0 . (1.17)

By taking the sum of the squares of (1.16) and (1.17), the cutting coe�cient kc can
be expressed as:

kc(ωc) =
m

2

(ω2
c − ω2

n)2 + 4ζ2ω2
nω

2
c

ω2
c − ω2

n

, (1.18)

from which the chip width at the stability boundary can be expressed as:

w(ωc) =
2

3

mh
1/4
0

kf

(ω2
c − ω2

n)2 + 4ζ2ω2
nω

2
c

ω2
c − ω2

n

. (1.19)

Analogously, the trigonometric manipulation of Eq. (1.16) and (1.17) can lead to the
elimination of kc and the time delay τ can explicitly be expressed as a function of
the chatter frequency. In production technology, the cutting speed v is a relevant
parameter, which is often characterised by the angular velocity Ω of the workpiece.
This is inversely proportional to the time delay:

τ =
2π

Ω
. (1.20)

This way, the spindle speed can also be expressed in closed form as a parametric
function of the chatter frequency:

11



Ω(ωc) =
ωc

r − 1
π

arctan ω2
c−ω2

n

2ζωnωc

, r = 1, 2, . . . , (1.21)

where r is an integer called lobe number [14], which identi�es the di�erent lobes.
Lobe number r = 1 refers to the rightmost lobe. Equation (1.19) and (1.21) provide
the stability boundaries in the plane of the spindle speed and chip width parameters.
In order to obtain the simplest possible and most general mathematical form of these
stability boundaries, introduce the dimensionless chip width w̃ and spindle speed Ω̃
in the form:

w̃ =
kc

k
, (1.22)

Ω̃ =
Ω

ωn

. (1.23)

As an independent parameter, de�ne the frequency ratio

ω̃c =
ωc

ωn

, (1.24)

which can also be thought of as a dimensionless chatter frequency. With these new
variables, the stability boundaries assume the form

w̃(ω̃c) =
1

2

(ω̃2
c − 1)2 + 4ζ2ω̃2

c

ω̃2
c − 1

(1.25)

and

Ω̃(ω̃c) =
ω̃c

r − 1
π

arctan ω̃2
c−1

2ζω̃c

. (1.26)

Stability of machining operations is usually visualized on stability charts, which
are introduced in the form of so-called lobe-diagrams in the plane spanned by the
parameters Ω and w.

Typically, the parameter plane is divided into stable and unstable regions by
the boundary curves represented by the plotted lobes. For theoretical analysis, the
stability diagrams can also be plotted in the plane of the dimensionless chip width w̃
and spindle speed Ω̃. A typical stability diagram for damping ratio ζ = 0.1 can be
seen in Fig. 1.4 with stability boundary curves and the so-called dimensionless robust
stability limit w̃RS, which will be discussed later in Sec. 2.3.

The equations (1.25) and (1.26) de�ne four lobe structures each located in one of
the four quadrants of the plane spanned by Ω̃ and w̃. While the cutting coe�cient
can be negative in some special cases of drilling and milling, it is always positive for
turning processes, and consequently only positive dimensionless chip width values are
considered. Negative cutting speeds do not present any new information, since the
lobe structure is symmetric to the w̃ axis. Accordingly, the stability lobe structure
presented in Fig. 1.4 belongs to the positive w̃ and positive Ω̃ parameter range, which
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Figure 1.4: Stability boundaries (�rst 8 lobes, r = 1, 2 . . . , 8) of the orthogonal turning process,
(blue) with ζ = 0.1, left asymptotes of the lobes (black) and robust stability limit (green)

is the only relevant lobe structure for turning in practice.
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Chapter 2

Methods to increase productivity of

turning operations

2.1 Introduction

A machining strategy can be called optimal or e�cient based on numerous di�erent
objective functions. Several criteria for the judgement of e�ciency exist, for instance:
cost e�ectiveness, minimal/optimal time, optimal usage of capacity, surface quality
of the workpiece, tolerances and accuracy, minimal speci�c energy consumption and
tool lifetime.

Probably the most important measure of all is productivity [30]. The continuous
pursuit of industry nowadays is maximising the material removal rate (MRR), which
is directly connected to machining costs and to the increase of operational e�ciency
[31].

To �nd an optimal machining parameter set resulting in maximal chatter-free
MRR is far from trivial. There are classical methods to increase the productivity
of a turning process, like machining at larger spindle speeds or increasing the depth
of cuts, where in industrial practice, the set of applicable machining parameters is
limited by di�erent bounds set by the technology, the machine speci�cations and the
workpiece requirements. There always exists a minimal depth of cut and spindle speed
value, for instance, belonging to the cutting technology, may this be either roughing
or smoothing. Furthermore, based on the power of the given machine tool, the range
of realizable spindle speeds is also prescribed. Additionally, the applicable feed and
the depth of cut values are strongly in�uenced by the tool geometry and the maximal
allowable force acting on the tool. Formulated form- and accuracy requirements of
the workpiece prescribe the maximal allowed deformation, for example, which is again
in close relation to the maximal cutting force.

Technological optimisation is further complicated by the fact that there are fac-
tors, which cannot be determined from catalogues yet, for example the boundaries
of chatter-free (stable) regions of a machining process, which strictly limit the set of
possible technological parameters. One main source of di�culties lies in the chaotic
nature of self-excited vibrations. There exists a so-called unsafe bistable zone [32, 33]
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near the linear stability boundaries of the cutting processes. A small perturbation
in this zone below the stability boundary � which can for instance be caused by tiny
inhomogeneities in the workpiece material, or the drop of charge at the electro-motor,
because an other machine is switched on at the same network � may already lead to
stability loss.

For the accurate prediction of chatter, the dynamical properties of the machine
tool/clamper/tool structure have to be known. The way of clamping and the mag-
nitude of the clamping force for the tool and the workpiece also have an essential
in�uence on the damping and the sti�ness, which means that measuring and approx-
imating modal parameters of the discussed system is a challenging task. Further
di�culty is caused by the unpredictable change of technological parameters due to
unmodelled or unexpected e�ects, like tool wear, heat generation, material inhomo-
geneities, which all in�uence the stability properties of the process at a certain level.

Since it is a crucial requirement to avoid unstable parameter regions, the safe
way to go would be to select machining points far o� the boundary of stability, not
even risking the emergence of harmful chatter vibrations. In order to assure this, the
required chip width determined by the technologist should not fall into the unstable
domain for any spindle speed value. This is an a�ordable strategy, only if the so-called
robust stability, limit of the corresponding turning process is su�ciently extended by
means of cost e�cient methods. In this study, some methods to increase the robust
stability limit, which is not sensitive to the spindle speed variation, are proposed and
discussed.

However, one cannot a�ord this strategy at all times. This is for instance the
case, if we have no means to in�uence stability conditions of the process, but still
operation with high material removal rates (MRR) is required. Among other topics,
the present chapter of the thesis deals with the maximisation of the chatter-free MRR
if machining has to be performed in the vicinity of stability boundaries.

2.2 Machining close to stability boundaries

Machining companies involved in mass production are usually exposed to strong com-
petition, which implies that even under unchanged manufacturing conditions they are
forced to push their productivity to the limit. This is the reason why an important
option for them is to choose a parameter set in the so-called stability pockets, which
are located in the vicinity of the intersection points of two adjacent lobes. The ques-
tion arises naturally: where can we achieve the maximal MRR value in these stability
pockets, what is the right machining strategy on the edge of stable machining?

The optimisation of the MRR is a crucial aspect of cutting technologies; it requires
the investigation of those machining parameters which belong to the maximal MRR
within the stable machining region. Thus, the goal is to �nd an analytical approach
for the maximisation of the material removal rate taking into account the bounds set
by the regenerative vibrations. The material removal rate can be de�ned as

MRR = Ω
d

2
wh0 , (2.1)

15



where d is the diameter of the machined workpiece. A curve indicating constant MRR
in the plane of the chip width and the spindle speed is a hyperbola that is referred
to by the subscript H:

wH =
cMRR

Ω
, (2.2)

where constant cMRR = 2MRR
h0d

. With the use of dimensionless parameters, the new
parameter kMRR is introduced and the above relation is reformulated as:

w̃H =
kMRR

Ω̃
, (2.3)

where

kMRR =
3

2

kfMRR

kh
5/4
0 d ωn

. (2.4)

Hyperbolas representing constant MRR values are given in Fig. 2.3, which will be
discussed later in 2.2.3. These curves have to be analysed at the intersection points
of two adjacent stability lobes, because the local optima for maximal MRR values are
likely to be found there. This analysis of the local maxima of MRR provides useful
guidance for the selection of the machining parameters in practice, since they are
supposed to be somewhat below these optimal stability boundaries.

2.2.1 Intersection points of adjacent lobes

The intersection point of two adjacent lobes can be determined by means of equalizing
the dimensionless chip width and dimensionless spindle speed for two adjacent lobe
numbers indexed by r and r + 1 :

1

2

(ω̃2
c1 − 1)2 + 4ζ2ω̃2

c1

ω̃2
c1 − 1

=
1

2

(ω̃2
c2 − 1)2 + 4ζ2ω̃2

c2

ω̃2
c2 − 1

, (2.5)

ω̃c1

r − 1
π

arctan
ω̃2
c1−1

2ζω̃c1

=
ω̃c2

r + 1− 1
π

arctan
ω̃2
c2−1

2ζω̃c2

. (2.6)

Solving (2.5) for ω̃c2, one obtains 4 solutions. Solutions 1 and 2 are ω̃c2 = −ω̃c1 and
ω̃c2 = ω̃c1, which belong to the case when the two lobes are identical. This is in
contradiction with Eq. (2.6), where two neighbouring lobes are assumed. Solution 3
and 4 are:

ω̃c2 = ±

√
1 +

4ζ2

ω̃2
c1 − 1

. (2.7)

The negative solution belongs to the lobe structure mirrored to the w̃ axes for negative
spindle speeds, which is irrelevant from practical viewpoint. Thus, the solution related
to the parameter region speci�ed in Subsec. 1.1.1 is the positive solution.
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This can be substituted back into Eq. (2.6), which implies an implicit equation
including trigonometric functions that has no closed-form solution, thus can only be
solved numerically:

ω̃c1

rπ + arctan
1−ω̃2

c1

2ω̃c1ζ

−

√
1 + 4ζ2

ω̃2
c1−1

(r + 1)π − arctan

(
2ζ√

(ω̃2
c1−1)(ω̃2

c1+4ζ2−1)

) = 0 . (2.8)

For given damping ratio ζ, the intersection point of two adjacent lobes can be
calculated by means of ω̃c1 and ω̃c2. This will be a unique solution, because the left
vertical asymptote of the rth lobe always intersects the right asymptote of the (r+1)th

lobe, for which w̃ → ∞ as Ω̃ → ∞. These chatter frequencies are included in the
solutions of the set of equations (2.7) and (2.8). The coordinates for the intersection
points (denoted by INT in subscripts) of two adjacent lobes can be given by:

Ω̃INT =

√
1 + 4ζ2

ω̃2
c1−1

(r + 1)− 1
π
arctan

(
2ζ√

(ω̃2
c1−1)(ω̃2

c1+4ζ2−1)

) , (2.9)

w̃INT =
1

2

(
ω̃2

c1

(
1 +

4ζ2

ω̃2
c1 − 1

)
− 1

)
. (2.10)

Figure 2.1: Variation of intersection points of �rst and second lobes for di�erent damping ratios ζ

Since the chatter frequencies belonging to one intersection point can always be cal-
culated as shown above, the system of equations (2.9) and (2.10) de�nes the unique
corresponding coordinate point of the intersection point of two adjacent lobes for
a speci�c damping ratio. Figure 2.1 shows the variation of intersection points for
di�erent damping ratios and the �rst three lobes (r = 1, r = 2) and (r = 2, r = 3).

2.2.2 MRR at intersection point of adjacent lobes

Since the parameter pair Ω̃INT−w̃INT for the intersection points is de�ned by Eq. (2.9)
and (2.10) at this stage, the parameter kMRR of the MRR-hyperbolas crossing the in-
tersection points can be calculated based on (2.3). Figure 2.2 presents kMRR values
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in the intersection points of the lobes belonging to di�erent lobe numbers and damp-
ing ratios. The lobe number in this case refers to the right lobe involved in the
intersection.

Figure 2.2: kMRR values belonging to hyperbolas crossing the intersection points of adjacent lobes
as a function of r for di�erent damping ratios ζ

As numerical results presented in Fig. 2.2 indicate, the values of the parameters
kMRR for MRR-hyperbolas are typically larger at the intersection points of the lobes
that belong to smaller lobe numbers r. Naturally, as the damping ratio is increased,
the parameters kMRR become larger since the whole lobe structure is shifted up along
the w̃-axis, where the hyperbolas are already relatively steep.

2.2.3 Comparison criteria of machining points

In this Subsection, speci�c machining points around stability pockets are examined.
In Fig. 2.3 some speci�c parameter points for the stability pocket around Ω̃ = 1 are
presented. For instance, it is more favourable to move from point H to G, since much
larger MRR values can be realized with a small increase of the spindle speed and chip
width. Furthermore, regarding points E and F, the MRR can obviously be increased
by applying higher chip width values.

Consider the parameter point B, where the MRR value is the same as at G, that
is, MRRB = MRRG holds. The criterion of maximisation of the MRR is not enough
for the judgement of these two points, since they are located on the same hyperbola.
Thus further criteria have to be taken into account, like accuracy, maximal cutting
speed or speci�c energy consumption.

For turning processes, the trends of the last decades show an increase of the
applied cutting speeds. One reason for shifting technological parameters towards high
spindle speeds are the increasing accuracy requirements. High speed technologies are
rapidly developed, which are capable to assure higher and higher spindle speeds, which
implies smaller cutting forces (1.1), resulting smaller machined surface errors on the
workpiece. The super-hard tool materials used today, like CBN or pCBN for instance,
are able to resist high velocities, but because of their rigidity they are not capable to
withstand high chip load. The tools made out of these materials have their optimal
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Figure 2.3: Stability diagram with constant MRR curves and characteristic points for damping ratio
ζ = 0.1

lifetime when they are applied for high speed machining technologies and when high
depths of cut values are avoided. Consequently, point B is more favourable than point
G in such cases.

A further criterion to take into account is the speci�c energy required for chip
removal. Let us assume, that the feed per revolution is set to the same value for
points B and G and the cutting constant kf between the two points remains the
same. The speci�c energy required for removing unit chip volume is:

EV =
E

V
, (2.11)

where the chip volume is

V = wh0s , (2.12)

with s denoting the length of the cut path, and the required energy is

E = Pt , (2.13)

where the power required for the machining operation is computed from P = Fcutv
with

Fcut = kcutwh
0.75v−0.1 (2.14)

standing for the main cutting force computed with an analogue three-quarter rule
as for the feed cutting force in Eq. (1.1). Substituting the MRR-hyperbola equation
(2.2) and Eqs. (2.12)�(2.14) into (2.11), one ends up with the following expression:

EV =
kcuth

−0.25c0.1
MRR

(d/2)0.1

1

Ω0.2
. (2.15)

The main cutting parameter kcut, the chip thickness h, the workpiece diameter d
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and the MRR related to cMRR are assumed to be equal at parameter points B and G,
thus expression (2.15) can be written in the simpli�ed form:

EV =
cE

Ω0.2
. (2.16)

This means that the speci�c energy required for chip removal is somewhat smaller
for those points, where the spindle speed is larger. This implies that the energy
required for removing a unit chip volume for machining point B is less compared to
the energy required at point G.

Another aspect of the comparison of equal MRR parameter points is the avoid-
ance of resonance. This is an especially important issue in milling operations, for
which the stability diagram is obtained by means of a more complex calculation due
to parametric excitation, but the described considerations for local optima can be
used well. The tooth pass frequency is equal to the integer fraction of the natural
frequency. The left asymptotes of the lobes can be found at these frequency values,
where resonance may occur even in the stable machining domain (see black lines in
Fig. 1.4). These cutting speeds are close to the local optima, like G. Consequently,
from this resonance point of view, point B is, again, more favourable.

2.2.4 Is intersection point always local optimum?

The assumption made in Sec. 2.2.1, according to which the intersection points of two
adjacent lobes are local optima referring to locally maximal MRR, has to be further
analysed, whether it is true for all parameter combinations. If the tangent of the
right lobe involved in the intersection is steeper at the intersection point than the
tangent of the hyperbola crossing the aforementioned point, it implies that there is
a local optimum with respect to the maximal MRR at that point. If this holds,
small increase of the spindle speed leads to lower MRR values. In order to prove,
that the local optimum point always can be found at the intersection point of two
adjacent lobes, it is necessary to show that the derivative tINT of the right lobe at the
intersection points is always larger in absolute value than the absolute value of the
derivative tH of the hyperbolas crossing the intersection points. The derivative of a
parametrically de�ned function can be computed according to the following relation:

∂w̃

∂Ω̃
=

∂w̃
∂ω̃c

∂Ω̃
∂ω̃c

, (2.17)

which results:

tINT :=
∂w̃

∂Ω̃

∣∣∣∣
Ω̃INT,w̃INT

=
1 + 4ζ2

ω̃2
c1−1

(
1− ω̃2

c1

ω̃2
c1−1

)
1
2ζ

(
1+ 1

ω̃2c1

)
πω̃c1

(
r− 1

π
arctan

ω̃2c1−1

2ω̃2c1ζ

)2(
1+

(ω̃2c1−1)2

4ω̃2c1ζ
2

)
+ 1

ω̃c1

(
r− 1

π arctan
ω̃2c1−1

2ω̃2c1ζ

)

(2.18)
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for the steepness of the lobe in the intersection point. The derivative of the hyperbola
has the following form:

tH :=
∂w̃H

∂Ω̃
= −kMRR

Ω̃2
. (2.19)

If |tINT| / |tH| > 1 holds for the ratio of derivatives, then the given intersection point
is a local optimum point for the MRR. This means, that moving along the stability
boundary to higher spindle speed values will decrease MRR and one can reach a
hyperbola belonging to higher MRR only after point B, as it can be observed in panel
a) of Fig. 2.4.

Figure 2.4: a) lobe steeper in intersection point (r = 20, ζ = 0.045), b) steepness of lobe and MRR-
hyperbola in intersection point equal (r = 20, ζ = 0.205), c) MRR-hyperbola steeper in intersection
point (r = 20, ζ = 0.305)

Obviously, the steeper the hyperbolas are, the smaller the spindle speed interval
is, where the intersection point is a local optimum. This region can be identi�ed
between points A and B in panel a) of Fig. 2.4. In the limit case, when this interval
shrinks to zero, derivatives |tINT| = |tH| are equal (see panel b) of Fig. 2.4).

In case |tINT| < |tH|, the hyperbola is steeper and the continuous increase of the
spindle speed will imply higher and higher MRR values along the stability boundary
curves, which can be observed in panel c) of Fig. 2.4. This case can only occur for
large damping ratios, since the steeper hyperbola points can be encountered in those
regions where the lobes are shifted up. This takes place for large ζ values, since the
lower envelope of the lobes is proportional to the damping ratio as shown later in
Sec. 2.3.1 by Eq. (2.22).

Figure 2.5 presents the steepness ratio |tINT| / |tH| values for the �rst 50 lobes for
the damping ratio range [0,1]. It can be seen for small ζ and r that high |tINT| / |tH|
values appear, which refers to the case, when the lobes are steeper and the local
optimum for MRR can be found at the intersection points.

In order to be able to determine the r−ζ region, where the assumption of the local
optimum holds, the limit case |tINT| = |tH| has to be analysed. Figure 2.6 presents
this limit steepness ratio for discrete r and ζ parameter pairs, which separates the
regions where |tINT| > |tH| and where |tINT| < |tH|. These limit points (big blue dots)
belonging to |tINT| / |tH| = 1 can also be seen in Fig. 2.5.
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Figure 2.5: Distribution of |tINT| / |tH| as a function of r and ζ, big blue dots belong to |tINT| / |tH| = 1

Figure 2.6: Representation of the regions |tINT| > |tH| and |tINT| < |tH|, shaded grey area shows the
realistic parameter range

The results presented in Fig. 2.6 show, that at least up to ζ ≈ 0.1 even in small
spindle speed regions referring to as high lobe numbers as r = 40, the local optima for
the MRR are at the intersection point of adjacent lobes, since |tINT| > |tH| holds there.
Note, that for high lobe numbers belonging to the (very) low spindle speed range, the
so-called lobing e�ect can be neglected, which makes the formation of considerable
stability pockets impossible. Furthermore, the so-called process damping e�ect also
appears at (very) low spindle speed range, which has a stabilizing e�ect enabling to
reach higher MRR-hyperbolas. This issue will be discussed in detail later in Sec. 2.3.2.

All in all, for the realistic parameter range ζ ∈]0, 0.1] and r ∈ [1, 40] (see shaded
region in Fig. 2.6), the assumption, according to which the intersection point of two
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adjacent lobes is a local MRR-maximum, is true. In addition, it can be observed that
the local MRR-maximum condition holds even for very high damping ratios in the
high spindle speed region. This may be relevant for high-speed CNC machines with
high damping ratios.

2.3 Increasing the robust stability limit

As explained in Sec. 2.2, companies, who push their machining productivity to the
limit often exploit the regions in the vicinity of the intersection points of two adja-
cent lobes in the stability pockets. Unfortunately the stability boundary curves are
highly sensitive to the dynamical parameters of the machine tool. Consequently, the
uncertainty of the machine tool parameters may cause serious di�culties during the
identi�cation of the stability pockets in practice. The root of this problem is that
the D-subdivision method applied for deriving the stability boundary curves requires
the exact model of the mechanical system and does not take into account the un-
certainty of the input parameters. The vertical asymptotes of the stability lobes, for
example, are strongly in�uenced by the precise values of the natural frequencies of
the mechanical structure. It will be shown that the horizontal envelope of the lobes is
strongly in�uenced by the damping parameters, which always involves uncertainties
in practice, too.

Nevertheless, it is an essential requirement to avoid unstable parameter regions,
so a more promising solution is provided by selecting machining points far o� the
boundary of stability not even risking the emergence of harmful chatter vibrations
during machining. In order to assure high MRR values and stable machining at the
same time, stability boundary curves have to be shifted up together with their lower
envelope as much as practically possible. For these considerations it is essential to be
aware of the robust stability limit of the investigated process, which can provide an
conservative upper boundary function for optimization purposes.

2.3.1 E�ect of damping of the structure

Based on Eq. (1.26) and (1.25), the lower envelope of the stability boundary curves
can be derived. The derivative of the dimensionless chip width with respect to the
dimensionless spindle speed has to be computed. Since Ω̃ and w̃ both depend on ω̃c,
the derivative of the ω̃c-parametric functions can be computed:

∂w̃

∂Ω̃
=

∂w̃
∂ω̃c

∂Ω̃
∂ω̃c

= 0 . (2.20)

Since ∂Ω̃/∂ω̃c 6= 0, the derivative simpli�es to

∂w̃

∂ω̃c

= 0 . (2.21)

The solution of Eq. (2.21) can be found in [14]: ω̃c =
√

2ζ + 1. Substituting this ω̃c
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back into Eq. (1.25), one ends up with the analytical lower envelope curve

w̃RS = 2ζ(1 + ζ) (2.22)

represented with the green straight line in Fig. 1.4. It can be seen, that the dimen-
sionless form of the robustly stable chip for 1 cutter depends on the damping ratio
only, thus the increase of ζ will lead to the increase of w̃.

For machine tools, the damping ratio may vary in wide ranges, which makes it
interesting to investigate the stability limits for the entire range of the damping ratio
including the extreme values of 0 and 1. Explicit analytical expressions for these
extreme cases are expected, which can support stability predictions based on trends.

The increase of the damping of machine tools by means of active and/or passive
methods is important, for instance, in case of high-precision machining technologies
where the surface of the workpiece has to ful�l high accuracy requirements. Roughing
technologies can also be mentioned as another case where the lobe structures on the
level of higher depth of cut values have great importance; this can be achieved again
by increased damping.

Figure 2.7: Stability boundary curves for ζ= 0.005 (black), ζ=0.05 (green), ζ=0.5 (blue), ζ=1
(green)

The overall damping of a machine tool is basically in�uenced by two types of
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dissipation. On the one hand, there is the damping of the structural materials the
machine tool is constructed of. Clearly, the increase of the damping of the structure
in practice often leads to compromise regarding sti�ness, which is an even more
important issue for machine tools. In case of high-precision machine tools, the allowed
vibration amplitudes are very small, which can be achieved by sti� and highly damped
system elements. Thus, a favoured material of the machine bed is granite in these
cases, since it has a high damping ratio compared to other materials, while it provides
relatively high sti�ness in the same time. Another solution for machine tools is the
application of di�erent metal foams for example, which increases the damping of the
overall structure [34].

The other source of damping is the so called interfacial damping, which is repre-
sented by the contact between individual parts of the system. For special machining
processes, such as internal turning for instance, the damping of the tool itself plays
a signi�cant role from the point of view of surface quality. There exist several active
and passive solutions for the increase of the interfacial damping of tools with high
length-to-diameter ratios in order to suppress vibrations, which directly e�ect the
surface of the workpiece.

Figure 2.7 represents what is given by Eq. (2.22), namely, that the increase of the
damping ratio shifts the lobe structure upwards. For the extreme (critical) damping
case ζ = 1, the robustly stable depth of cut value, below which the process is stable
for all spindle speed values would be 200 times larger compared to the conventional
machine tool damping in the range of ζ = 0.01.

Low damping is favourable for example for brushing and polishing of the surface
of workpieces with irregular shape. The tools have to follow the surface accurately by
means of providing a low contact force between the tool and the workpiece. Thus, the
tools may not be too sti� or highly damped. The stability diagram for the extreme
case, when the damping ratio tends to zero, was derived in [35].

In the limit case for ζ → 0 the dimensionless functions (1.26) and (1.25) fall apart
to two functions each. The right branch of the lobes for ζ → 0 can be given by:

lim
ζ→0

Ω̃ =
ω̃c(ω̃

2
c − 1)

r(ω̃2
c − 1)− ω̃c

2

√
ω̃2

c + 1
ω̃2
c
− 2

(2.23)

and

lim
ζ→0

w̃ =
(ω̃2

c − 1)

2
. (2.24)

The resulting curves in the plane of the dimensionless spindle speed and chip
width can be seen in Fig. 2.8. The vertical stability boundaries belonging to zero
damping are just the same as the asymptotes Ω̃/r of the stability lobes for positive
damping, which belonging to lobe numbers r.
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Figure 2.8: Stability boundary curves for ζ → 0, stable regions are shaded grey

2.3.2 E�ect of process damping

The so-called process damping e�ect [1, 20, 21] provides a possible explanation for
the often experienced increase in damping for low spindle speed values. The source
of this additional damping emerging from the cutting process is assumed to be the
contact between the �ank face of the tool and the machined surface of the workpiece.
The intensity of the damping e�ect caused by the distributed load on the tool can be
characterised by the process damping coe�cient cp with dimension N/m.

The corresponding equation of motion takes the following form [1]:

mẍ(t) + (c+ cpτ)ẋ(t) + kx(t) = kw(h0 + x(t− τ)− x(t))3/4 . (2.25)

Introducing a scaling for the time by t̃ = tωn and for the time delay by τ̃ = τωn, and
using the dimensionless penetration factor c̃ = cp/k and dimensionless chip width
w̃ = kc/k, the linearisation will lead to the following characteristic equation at the
stability boundary λ = iω̃c = iωc/ωn:

D(iω̃c, τ̃ , w̃) := −ω̃2
c + (2ζ + c̃τ̃)iω̃c + (1 + w̃)− w̃e−iω̃cτ̃ = 0 . (2.26)

It was shown in [36], that by means of introducing the so-called regenerative
phase shift parameter Φ := ω̃cτ̃ , an equation can be derived with the help of which
the function of the lower envelope of the stability boundaries can be calculated in
closed form. Φ is related to the phase shift between the current position x(t) and the
delayed position x(t−τ). Apart from its geometrical de�nition, it can also be used to
characterize the uncertainty in the time delay parameter caused by the �uctuations
in the spindle speed, if Φ is considered to be an independent extra parameter. In
order to connect the set of boundary curves to a surface, Φ is substituted in the
exponential term only, because this term is causing the so-called lobing e�ect, which
has to be eliminated. The envelope of this surface de�nes the robust stability limit.
Accordingly, the characteristic equation is rede�ned in the form

D(iω̃c, τ̃ , w̃,Φ) := −ω̃2
c + (2ζ + c̃τ̃)iω̃c + (1 + w̃)− w̃e−iΦ = 0 , (2.27)

where the phase shift parameter Φ appears in the exponential term only.
According to the D-separation method, the well-known equations for the real and

imaginary parts of the characteristic equation have to be solved:
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Re(D(iω̃c, τ̃ , w̃,Φ)) := −ω̃2
c + (1 + w̃)− w̃cos(Φ) = 0 , (2.28)

Im(D(iω̃c, τ̃ , w̃,Φ)) := (2ζ + c̃τ̃)ω̃c + w̃sin(Φ) = 0 . (2.29)

This way, the set of Eq. (2.28) and (2.29) becomes a co-dimension 2 problem in
the extended 4-dimensional parameter space, which de�nes the stability limit as a
surface, which is formed by connecting the lobe curves by the regenerative phase shift
parameter Φ. As shown in [36], along the robust stability limit, which is the enveloping
curve of that surface, the real parts of characteristic roots λ of characteristic equation
(2.27) do not change as a function of the regenerative phase shift parameter Φ. The
mathematical condition of the above stated can be formulated as:

Re

(
∂λ

∂Φ

)
= 0 . (2.30)

The implicit derivation of the characteristic function D(λ) with respect to λ allows
to rewrite condition (2.30) in the following form:

Re

(
∂λ

∂Φ

)
= Re

(
−

∂D(λ)
∂Φ

∂D(λ)
∂λ

)
= 0 . (2.31)

In order to avoid the division, Eq. (2.31) can be rearranged, which �nally leads to the
additional equation, that is proven in [36]:

Im

(
∂D(iω̃c, τ̃ , w̃,Φ)

∂ω̃c

∂D(iω̃c, τ̃ , w̃,Φ)

∂Φ

)
= 0 (2.32)

where the bar denotes the complex conjugate and the characteristic root λ = iωc is
already substituted. Equation (2.32) makes the set of equations complete, which is
equivalent to

2ω̃cw̃cos(Φ) + (2ζ + c̃τ̃)w̃sin(Φ) = 0 . (2.33)

The system of equations (2.28), (2.29) and (2.33) has to be solved in the space of
the 4 parameters ω̃c, Ω̃, w̃ and Φ. The result can be given in closed form after the
elimination of ω̃c and Φ:

w̃RS = (2ζ + c̃τ̃)

(
1 + ζ +

c̃τ̃

2

)
. (2.34)

Since the time delay is inversely proportional to the spindle speed, the substitution
τ̃ = 2π/Ω̃ (see Eq. (1.20)) leads to the closed form equation of the curve of the lower
envelope of the stability boundary of the orthogonal turning process subjected to
process damping, which is shown by the green curve in Fig. 2.9.

In order to �nd optimal MRR points in the presence of process damping, it is
necessary to investigate the steepness of the robust stability limit (green curve in
Fig. 2.9) given by
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Figure 2.9: Analytical lower envelope (green) of the stability boundary curves (blue) of the turning
process with process damping with parameters m = 10 kg, c = 160.9 Ns/m, k = 14.2 106 N/m,
cp = 1420 N/m, kc = 204.3 103 N/m

tRS :=
∂w̃RS(Ω̃)

∂Ω̃
= −2c̃π

Ω̃2
− 4c̃ζπ

Ω̃2
− 4c̃2π2

Ω̃3
(2.35)

relative to the steepness tH (see Eq. (2.19)) of the hyperbolas representing constant
MRR.

Unlike for the machining situation in the stability pockets, where the MRR can
only be raised by increasing the spindle speed of the workpiece (if the intersection
point is the local maximum for the MRR, than Ω̃ has to be even raised by a certain
value, the continuous increase is not enough), for process damping one can theoreti-
cally increase the MRR by decreasing the spindle speed. The MRR-hyperbola (given
by Eq. (2.3)) touching the lower envelope curve at one point represents the limit
between these two strategies of MRR increase. It is presented in Fig. 2.10 with red.

Mathematically, the conditions for the two curves touching each other at param-
eter point T represented by (Ω̃T, w̃T) are as follows:

w̃RS(Ω̃T) = w̃H(Ω̃T) , (2.36)

tRS(Ω̃T) = tH(Ω̃T) . (2.37)

Solving the set of equations (2.36) and (2.37) for the dimensionless spindle speed and
the constant of the MRR-hyperbola leads to:

Ω̃T =
c̃π√

ζ(1 + ζ)
, (2.38)

kMRR,T = 2c̃π
(

1 + 2ζ + 2
√
ζ(1 + ζ)

)
. (2.39)

After the substitution of Eqs. (2.38) and (2.39) into (2.3) the dimensionless chip width
coordinate of point T is also obtained in closed form:
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Figure 2.10: Lower envelope of turning operation with process damping (green), MRR-hyperbola
(red) and the touching point T (blue) with c̃ = 0.001 and ζ = 0.05

w̃T = 2
√
ζ(1 + ζ)(1 + 2ζ + 2

√
ζ(1 + ζ)) . (2.40)

In case the lobe number r is large enough in the vicinity of the touching point
(blue dot in Fig. 2.10) the lobing e�ect can be neglected (see Fig. 2.9). Thus, for
optimisation purposes, there is no other possibility than to stay close to the lower
envelope curve.

As it can be observed in Fig. 2.10 and it can be proven by means of the second
derivatives, the constant MRR-hyperbola is always below the robust stability limit.
Thus the condition

∂2w̃RS(Ω̃)

∂Ω̃2
|Ω̃T
≥ ∂2w̃H(Ω̃)

∂Ω̃2
|Ω̃T

(2.41)

has to hold, where

∂2w̃RS(Ω̃)

∂Ω̃2
|Ω̃T

=
4c̃π

Ω̃T3

(
1 + 2ζ +

3c̃π

Ω̃T

)
=

4

c̃2π2

√
ζ(1 + ζ)

3
(

1 + 2ζ + 3
√
ζ(1 + ζ)

)
(2.42)

and

∂2w̃H(Ω̃)

∂Ω̃2
|Ω̃T

=
2kMRR,T

Ω̃3
T

=
4

c̃2π2

√
ζ(1 + ζ)

3
(

1 + 2ζ + 2
√
ζ(1 + ζ)

)
. (2.43)

Equation (2.41) simpli�es to the form

ζ(1 + ζ) ≥ 0 , (2.44)

which yields the solution ζ ≥ 0 and ζ ≤ −1. Consequently, for all physically relevant
(positive) damping ratio values the hyperbola representing constant MRR crossing
point T will always run below the lower envelope curve for orthogonal turning with
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process damping.
This means that either the increase of the spindle speed together with the decrease

of the chip width or the decrease of the spindle speed together with the increase of
the chip width along the robust stability limit will lead to higher MRR values. In
other words, the identi�ed parameter point T is actually a local minimum of MRR.
This can also provide guidance for the optimisation strategy.
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New Results

Thesis 1

Analytical calculations were carried out to determine the stability lobes of regenera-
tive machine tool chatter in the plane of spindle speed Ω and chip width w parameters
in case of orthogonal turning processes, where the machine tool structure has a rel-
evant, well separated �rst vibration mode characterized by the modal sti�ness k,
natural angular frequency ωn and damping ratio ζ. The stability lobes were used
as upper bounds during the optimisation of material removal rates. This results a
nonlinear and concave permissible range of technological parameters, which makes
the optimisation strategies non-standard. The following statements provide guidance
for optimisation of the practical parameter domains of machine tools by means of
identifying characteristic parameter points of maximal and minimal material removal
rates:

i) The intersection points of adjacent stability lobes of index r and r+ 1
are given by

Ω̃INT =

√
1 + 4ζ2

ω̃2
c−1

(r + 1)− 1
π
arctan

(
2ζ√

(ω̃2
c−1)(ω̃2

c+4ζ2−1)

)
and

w̃INT =
1

2

(
ω̃2

c

(
1 +

4ζ2

ω̃2
c − 1

)
− 1

)
,

where the dimensionless chip width w̃INT = kc/k is the cutting coe�cient
divided by the sti�ness, the dimensionless spindle speed is Ω̃INT = Ω/ωn

and the dimensionless chatter frequency ω̃c = ωc/ωn belongs to the stability
lobe curve with lobe number r.

These parameter points are local optima of the material removal rate
for lobe numbers less than 40 and damping ratios less than 0.1.
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ii) For orthogonal turning processes, in the presence of process damping
characterized by the penetration factor cp and its dimensionless form c̃ =
cp/k, there exists a parameter point:

Ω̃T =
c̃π√

ζ(1 + ζ)

and

w̃T = 2
√
ζ(1 + ζ)

(
1 + 2ζ + 2

√
ζ(1 + ζ)

)
,

where the material removal rate has local minimum along the robust sta-
bility limit that is the lower envelope of the stability lobes.

Related publications:
[37, 38]
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Chapter 3

Modelling and stability of

multi-cutter turning processes

3.1 Introduction

Multi-cutter turning systems o�er promising potential to raise productivity in the
manufacturing process of cylindrical parts. The application of multi-cutter turning
heads increases the MRR, since the advance rate is multiplied by the number of cutters
involved. Another reason to apply the multi-cutter turning technology is to ensure
high accuracy, which is one of the most important quality measures of cutting oper-
ations. Related to the objectives of the development of machining industry, namely
to increase accuracy and productivity simultaneously, an important issue is the sta-
bility of the cutting process. With the help of stability computations for multi-cutter
turning operations in Sec. 3.4, it is shown that adverse chatter vibrations caused by
the regenerative e�ect can be eliminated by means of the application of appropriately
tuned tools. Detuning the tool-dynamics can lead to a signi�cant extension of the
stable machining parameter region, thus ensuring high machining �exibility for the
machinist.

The basic idea of detuning the dynamics of the tools is similar to the working
principal of the dynamic vibration absorbers, �rst described by [39]. This e�ect was
exploited directly in machine tools, for example in [40], where the interaction was
used between modes associated with individual substructures of spindle-holder-tool
for high speed machining. This was also implemented in [41] for boring operations
using passive vibration absorbers. A tunable one was used in [12, 13, 42] for improving
milling stability considering tool wear and process damping.

In the present chapter the goal is the exploit the dynamic vibration absorber ef-
fect in parallel turning operations with detuned cutters. According to preliminary
calculations, detuning the system of dynamically uncoupled cutters can lead to the
extension of the stable machining parameter region. It was assumed that the absorb-
ing elements are not realized through physical connection, but via the regenerative
e�ect through the cutting force, only. The corresponding experiments drew the at-
tention to the fact, that the physical coupling has a relevant e�ect, too. The whole
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phenomenon is discussed in Sec. 4.7.
There exist several arrangements for multi-cutter turning systems. Depending on

the number of the tools and the types of couplings in the system, di�erent ways of
classi�cation are possible. A variety of di�erent multi-cutter turning heads can be
found on the market; Fig. 3.1 shows a standard one. There exist tool holders with
circumferential and with parallel arrangements, which can be inserted to the revolving
tool heads [43]. The parallel arrangement with two turning tools is simply referred
to as parallel turning [44] in the specialist literature. The bene�ts of multi-cutter
turning holders have been recognized, also referred to in the early patent description
[45]. Later, studies considered solutions with two cutters and di�erent depths of cuts
[46]. The dynamics of the turning process with two multiple cutter rows has also
been investigated [47, 48]. There also exist machines for parallel-twin-spindle turning
with independently operated turrets. Those cutters are usually used for independent
machining operations, which are not coupled via the regenerative e�ect, since they
are cutting di�erent surfaces.

Figure 3.1: 3-cutter turning head [49]

The interaction of di�erent tools involved in the cutting process does in�uence the
stability properties of the machining operation. There exist di�erent types of coupling
for tools in a multi-cutter turning system, which usually occur in a combined way.
On the one hand, if the tools are arranged such that they cut the same surface, a
special type of coupling occurs, having its roots in the surface regeneration e�ect.
This phenomenon can be described by an increasingly intricate dynamics, since the
coupling is realized via time delays. This is due to the fact, that the actual value of
the chip thickness is not only in�uenced by the instantaneous position of the actual
tool, but also by the position of the tool, which was cutting the same surface τ time
earlier leading to coupling of the cutters through the delayed states.

On the other hand, the tools can also be coupled directly through the machine
tool structure itself if the tools are clamped into the same tool holder or at least
into the same turret. In this case, some of the vibration modes can be coupled.
If there is no signi�cant interaction between the tools, this physical coupling can
be negligible as it happened in the study [44]. This means that the corresponding
o�-diagonal elements in the frequency response function (FRF) matrix are nearly
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zero. For cutters operated in a parallel turning center where the tools are �xed in
independently operated turrets, this approach is satisfactory (see [50]) and those tools
were coupled via the regenerative e�ect only.

In the following Section, the mechanical model of a physically uncoupled multi-
cutter turning system is presented, which performs a cutting process where the n
tools involved are cutting the same surface with a uniform chip width (see Fig. 3.3).

3.2 Mechanical modelling of an n-cutter turning pro-

cess

The simplest mechanical model of a dynamically decoupled multi-cutter turning sys-
tem can be derived from the single cutter model for orthogonal turning with one
degree of freedom, which was introduced in Subsec. 1.1.1. In the given model, it is
assumed that the dynamics of the tools can be varied independently from each other
since they are �communicating� through the workpiece only. It is assumed that each
tool has a relevant vibration mode in the feed direction, while they are more rigid
in the radial or tangential direction of the workpiece. The dynamic behaviour of the
tools is captured by the modal matrices M,C,K, which contain lumped parameters
representing the mass (m1,m2, . . . ,mn), the damping (c1, c2, . . . , cn) and the sti�ness
(k1, k2, . . . , kn) of the one-degree-of-freedom tools in the main diagonals, respectively:
Mii = mi, Cii = ci, Kii = ki, and for i 6= j, we have Mij = 0, Cij = 0, Kij = 0. The
schematic model of a multi-cutter turning system is shown in Fig. 3.2.

Figure 3.2: Schematic model of a multi-cutter turning process

Accordingly, the matrix delay di�erential equation of a multi-cutter turning system
has the following form:

Mẍ + Cẋ + Kx = Ff , (3.1)
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where x = [x1, x2, . . . , xn]T is the vector containing the coordinates representing the
motion of the single cutters in feed direction (normal to the plane of Fig. 3.3).

Figure 3.3: Arrangement of the cutters in an n-cutter turning system. The springs and dampers are
active in the direction normal to the plane of the �gure.

As it was derived previously, the cutting force in feed direction Ff contributes
to the surface regeneration e�ect. In Subsec. 1.1.1 this was linearised around the
steady-state position of the cutting tool. In order to simplify the discussion in case
of multi-cutter systems, we assume the simplest possible linear approximation of the
cutting forces

Ffi ' kfwhi (3.2)

for the ith element in accordance with [5, 2]. Note, that the linearisation process
presented in Fig. 1.3 can be applied analogously for multi-cutter turning systems if
the nonlinearity of the cutting force is relevant.

The chip width w is visualized in Fig. 3.3. As it was previously introduced for
the single-cutter turning process in Subsec. 1.1.1, the regenerative e�ect has its roots
in the dynamic variation of the chip thickness. However, if more tools are involved
in the turning operation cutting the same surface the instantaneous value of the chip
thickness is in�uenced by the instantaneous tool displacement xi(t) of the ith tool
and the past position of the (i − 1)st tool which cuts the surface τi time earlier (see
Fig. 3.2). This implies the following expression for the ith chip thickness:

hi = h0i − xi−1(t− τi) + xi(t) , (3.3)

where h0i = vfτi is the theoretical chip thickness for the ith tool, vf is the velocity
in feed direction, τi = ϕi/Ω is the time delay between two subsequent tools and ϕi
denotes the angle between the ith and (i− 1)st cutter (see Fig. 3.3). After substitut-
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ing the above expressions into (3.1), the equation of motion can be obtained in the
following form:

M


ẍ1(t)
ẍ2(t)
...

ẍn(t)

+ C


ẋ1(t)
ẋ2(t)
...

ẋn(t)

+ K


x1(t)
x2(t)
...

xn(t)

 =

kw




vfτ1

vfτ2
...

vfτn

+


xn(t− τ1)
x1(t− τ2)

...
xn−1(t− τn)

−


x1(t)
x2(t)
...

xn(t)


 .

(3.4)

Let the stationary solution of (3.4) be x0; this satis�es the following relation:

x0 = (K + kwI− kwL)−1kw


vfτ1

vfτ2

. . .
vfτn

 , (3.5)

where I denotes the identity matrix and

L =


0 0 · · · 1
1 0 · · · 0
0 1 · · · 0
...

. . . . . .
...

0 · · · 1 0

 . (3.6)

The vector of general coordinates can be written as follows:

x(t) = x0 + u(t), (3.7)

where the vector u(t) represents the small perturbations around the stationary state.
Substituting (3.5) and (3.7) into the equation of motion (3.4), one obtains:

M


ü1(t)
ü2(t)
...

ün(t)

+ C


u̇1(t)
u̇2(t)
...

u̇n(t)

+ K


x0,1 + u1(t)
x0,2 + u2(t)

...
x0,n + un(t)

 =

kw




vfτ1

vfτ2
...

vfτn

+


x0,n + un(t− τ1)
x0,1 + u1(t− τ2)

...
x0,n−1 + un−1(t− τn)

−


x0,1 + u1(t)
x0,2 + u2(t)

...
x0,n + un(t)


 .

(3.8)

According to (3.5) the constant terms related to the stationary solution vanish and
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we end up with:

M


ü1(t)
ü2(t)
...

ün(t)

+ C


u̇1(t)
u̇2(t)
...

u̇n(t)

+ (K + kwI)


u1(t)
u2(t)
...

un(t)

 = kw


un(t− τ1)
u1(t− τ2)

...
un−1(t− τn)

 .

(3.9)
The trial solution of this linear delay di�erential equation (DDE) has the exponential
form u(t) = Aeλt with complex coe�cient A and characteristic exponent λ. Af-
ter substituting this trial solution into (3.9), the characteristic equation takes the
following form:

det

Mλ2 + Cλ+ (K + kwI)− kwL


e−λτ2 0 . . . 0
...

. . . . . .
...

0 . . . e−λτn 0
0 . . . 0 e−λτ1


 = 0 . (3.10)

The substitution of the modal matrices into (3.10) yields:

det


s1(λ) 0 . . . . . . −kwe−λτ1

−kwe−λτ2 s2(λ) . . . . . . 0
... −kwe−λτ3

. . . . . . 0
...

. . . . . . sn−1(λ) 0
0 0 . . . −kwe−λτn sn(λ)

 = 0 , (3.11)

where sj(λ) = mjλ
2 +cjλ+kj+kw. After developing the determinant and rearranging

the terms, the characteristic equation can be written as follows:

n∏
j=1

(mjλ
2 + cjλ+ kj + kw)− knw

n∏
j=1

e−λτj = 0. (3.12)

Since the simpli�cation
∏n

j=1 e−λτj = e−λ
∑n
j=1 τj holds, it is possible to eliminate

the di�erent delays from the equations and �nally the time period T of one workpiece
revolution remains in the exponential term: T =

∑n
j=1 τj. According to this result, the

angles ϕi between subsequent cutters do not in�uence the stability of the decoupled
multi-cutter turning operation, that is from the viewpoint of cutting stability, these
angles can be chosen arbitrarily. Thus, the examination of the system becomes simpler
when the D-separation method is applied for stability analysis purposes.

The physical meaning of (3.12) can be interpreted in a di�erent way, too: we
obtain the very same characteristic equation of a machine tool system that has only
one cutter with n degrees of freedom and a single delay τ = T appears due to the
regenerative e�ect.
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Applying these arguments, (3.12) simpli�es to:

n∏
j=1

(mjλ
2 + cjλ+ kj + kw)− knwe−λT = 0 . (3.13)

On the stability boundary that separates the stable and unstable domains, the char-
acteristic exponents are pure imaginary: λ = iωc, where ωc is the chatter frequency.
Substituting this into (3.13) yields:

n∏
j=1

(−mjω
2
c + cjiωc + kj + kw)− knwe−iωcT = 0 . (3.14)

In order to simplify the equations, the dynamic sti�ness of the jth cutter is intro-
duced as:

Hj(ωc) = −mjω
2
c + cjiωc + kj . (3.15)

Based on the above, one obtains an expression in the following form:

n∏
j=1

(Hj(ωc) + kw)− knwe−iωcT = 0 . (3.16)

The separation of the coe�cients into the real and imaginary parts

− knw cos(ωcT ) = −Re
n∏
j=1

(Hj(ωc) + kw) , (3.17)

− knw(− sin(ωcT )) = − Im
n∏
j=1

(Hj(ωc) + kw) (3.18)

enables the elimination of time period T by taking the square sum of (3.17) and
(3.18):

k2n
w =

(
Re

n∏
j=1

(Hj(ωc) + kw)

)2

+

(
Im

n∏
j=1

(Hj(ωc) + kw)

)2

. (3.19)

On the right hand side of (3.19) one obtains a polynomial of kw in the following form:

k2n
w = p0(ωc) + p1(ωc)kw + p2(ωc)k

2
w + . . .+ p2n−1(ωc)k

2n−1
w + k2n

w , (3.20)

where pi(ωc) are lengthy polynomials of the chatter frequency. The term with the
highest order k2n

w cancels, so the remaining part is:

p2n−1(ωc)k
2n−1
w + . . .+ p2(ωc)k

2
w + p1(ωc)kw + p0(ωc) = 0 . (3.21)

The roots of polynomial (3.21) for speci�c chatter frequencies are the solutions
for the cutting coe�cient kw. Regarding the fact, that for n > 1 there can be more
roots belonging to the same chatter frequency ωc, it is important to note, that only
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the real and positive solutions are relevant from physical point of view, since they
belong to positive chip width values. For n = 1 there is one solution for the cutting
coe�cient (represented by Eq. (1.18) in Subsec. 1.1.1).

The next step is to calculate the second parameter of the stability chart, the
spindle speed Ω, which is proportional to the inverse of the time period T . The time
period can be obtained by means of dividing (3.18) by (3.17):

− tan(ωcT ) =
Im
∏n

j=1(Hj(ωc) + kw)

Re
∏n

j=1(Hj(ωc) + kw)
, (3.22)

from which T can be expressed:

T =
1

ωc

arctan

(
− Im

∏n
j=1(Hj(ωc) + kw)

Re
∏n

j=1(Hj(ωc) + kw)

)
. (3.23)

Note, that there are multiple solutions due to the periodicity of the arctan-
function. However, the tangent function is π-periodic and in order to preserve the
information about the sign of the nominator and the denominator the atan2(x,y)

function has to be applied for the computation. The presented form of (3.23) follows
this reasoning. Hence, T + r2π/ωc are solutions as well, where r = 0, 1 . . . again
denotes the number of the lobes. The function for the spindle speed is given by

Ω =
2π

T
=

ωc

r + 1
2π

arctan
(
− Im

∏n
j=1(Hj(ωc)+kw)

Re
∏n
j=1(Hj(ωc)+kw)

) . (3.24)

Thus, the stability diagram can be plotted as an ωc-parametric curve in the Ω−w
plane. The stability boundary curves for a system involving one cutter, two identical
and three identical cutters can be seen in Fig. 3.4. The dynamic parameters are taken
from [44].

Figure 3.4: Stability lobe curves for a one- (n = 1), two- (n = 2) and three- (n = 3) cutter turning
systems with the dynamical properties m1 = m2 = m3 = 0.0585 kg, c1 = c2 = c3 = 2.1 · 103 Ns/m,

k1 = k2 = k3 = 2.5 · 108 N/m, kf = 204.3 · 106 N/m
2
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3.3 Stability and robust stability of multi-cutter turn-

ing processes

3.3.1 Robust stability limit for n identical cutters

In Sec. 3.2, the stability boundary curves for an n-cutter turning system were derived
and presented. Let us analyse these stability limits in the hope that closed form
solutions can be found for the lower envelope curves, as previously shown for one
cutter in Sec. 2.3.1 by Eq. (2.22).

Naturally, for a multi-cutter turning process, the MRR increases proportionally
to the number of tools involved in the cutting operation. Even though productiv-
ity is enhanced compared to 1-cutter turning, the question arises, how the stability
properties are e�ected. First, the stability of an n-cutter system is compared to the
1-cutter case. The tools in the n-cutter system are considered to have identical dy-
namic parameters. These mechanical properties are assumed to be the same as for
the tool in the 1-cutter case.

We derive the lower envelope of the stability boundary curves for the n-cutter
system with identical tools with m1 = m2 = ... = mn =: m, c1 = c2 = ... = cn =: c
and k1 = k2 = ... = kn =: k. Note, that characteristic equation (3.13) can be written
as

(−mω2
c + ciωc + k + kw)n − knwe−iωcT = 0 . (3.25)

Take the nth root of Eq. (3.25) and �nally divide it by the mass m:

− ω2
c + 2ζωniωc + ω2

n +
kw

m
=
kw

m
e−iωc

T
n . (3.26)

Note, that for equally arranged tools, the time delay belonging to one tool motion is
equal to τ = T/n. Equation (3.26) has a similar form as Eq. (1.15) for the 1-cutter
case, but the time delay is the nth part of the time period of rotation.

Based on the steps described in Sec. 2.3.1, the lower envelope of the stability
boundary curves of the n-cutter system with identical tools can also be obtained,
which obviously leads to the same robust stability limit as previously shown for the
1-cutter case:

w̃RS = 2ζ(1 + ζ) . (3.27)

The theoretically predicted stability chart presented in Fig. 3.5 reveals that the
lobes belonging to the representative 2-cutter case (black curves) shift together along
the spindle speed axis, compared to the lobe structure of the 1-cutter case (see cyan
curves in Fig. 3.5) resulting that the intersection points of two adjacent lobes con-
siderably drop to lower w values. Consequently, the area of the stability pockets is
reduced. The reason for this is the multiplicity of the roots kw of polynomial (3.21),
which in�uences the shape of the lobes along the spindle speed axis.

The analytical derivation revealed that the robust stability limits of the 1-cutter
and the n-cutter systems are the same (see green line in Fig. 3.5). This phenomenon is
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also visible in Fig. 3.4. This �nding also implies that the application of a identical n-
cutter system with independent tools makes the stability properties somewhat worse
regarding the stability pockets compared to the 1-cutter system. Still, the machining
performance of an n-cutter system can be better due to the n-times larger MRR
values.

Figure 3.5: Stability boundary curves for 1 cutter (cyan) and 2 symmetric cutters (black), and the
common robust stability limit (green) for modal parameters m1 = m2 = 10.948 kg, c1 = c2 = 166.03

Ns/m, k1 = k2 = 1.445 · 107 N/m, kf = 237 · 106 N/m
2

3.3.2 Robust stability limit for detuned 2-cutter system

The matrix delay di�erential equation describing the motion of a 2-cutter turning
system in Fig. 3.6 can simply be deduced from the n-cutter model for orthogonal
turning presented in the previous Sec. 3.2. It takes the following form:

M

(
ẍ1(t)
ẍ2(t)

)
+ C

(
ẋ1(t)
ẋ2(t)

)
+ K

(
x1(t)
x2(t)

)
=

kw

[(
vfτ1

vfτ2

)
+

(
x2(t− τ1)
x1(t− τ2)

)
−
(
x1(t)
x2(t)

)]
.

(3.28)

The corresponding characteristic function D(λ) for the decoupled 2-cutter system
yields the characteristic equation:

D(λ) = det

(
Mλ2 + Cλ+ K + kwI− kw

[
0 e−λτ1

e−λτ2 0

])
= 0 . (3.29)

Performing the same steps of the derivation as presented in Sec. 3.2 at Eq. (3.11)�
(3.14) leads to:

D(iωc) := (−m1ω
2
c +c1iωc +k1 +kw)(−m2ω

2
c +c2iωc +k2 +kw)−k2

we−iωcT = 0 . (3.30)
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Figure 3.6: Mechanical model of 2-cutter turning system

The system of two cutters is detuned via one of the sti�nesses. The damping is
assumed to be proportional to the sti�ness:

c1

k1

=
c2

k2

. (3.31)

The sti�ness ratio de�ned as

bk :=
k2

k1

(3.32)

represents the detuning of the system. For the set of parameters: m1 = m2 = m, c2 =
c1bk and k2 = k1bk, Eq. (3.30) is divided by the square of the mass of the tools, thus
it simpli�es to:

(
−ω2

c + 2ζωniωc + ω2
n +

kw

m

)(
−ω2

c + 2ζωnbkiωc + ω2
nbk +

kw

m

)
−
(
kw

m

)2

e−iωcT = 0 ,

(3.33)
where the basic damping ratio ζ is de�ned according to (1.13). With the help of the
dimensionless chatter frequency ω̃c = ωc/ωn1 (see Eq. (1.24)) and the dimensionless
cutting coe�cient k̃w = kw/k1 the characteristic equation (3.33) can be reformulated
as

(−ω̃2
c + 2ζiω̃c + 1 + k̃w)(−ω̃2

c + 2ζbkiω̃c + bk + k̃w)− k̃2
we−iωcT = 0 . (3.34)

With K(ω̃c) = (−ω̃2
c + 2ζiω̃c + 1 + k̃w)(−ω̃2

c + 2ζbkiω̃c + bk + k̃w) the D-separation of
Eq. (3.34) yields:

Re(D(iω̃c)) := Re(K(ω̃c)) + k̃2
w cos(ωcT ) = 0 , (3.35)

Im(D(iω̃c)) := Im(K(ω̃c))− k̃2
w sin(ωcT ) = 0 . (3.36)
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Taking the square sum of Eq. (3.35) and (3.36) and cancelling the highest order term
of k̃w one obtains the following polynomial:

a(ω̃c)k̃
3
w + b(ω̃c)k̃

2
w + c(ω̃c)k̃w + d(ω̃c) = 0 . (3.37)

The ω̃c-dependent coe�cients a(ω̃c), b(ω̃c), c(ω̃c), d(ω̃c) are given by:

a(ω̃c) = 2 + 2bk − 4ω̃2
c

b(ω̃c) = 1 + 4bk + b2
k − 6ω̃2

c − 6bkω̃
2
c − 4ζ2ω̃2

c − 16bkζ
2ω̃2

c − 4b2
kζ

2ω̃2
c + 6ω̃4

c

c(ω̃c) = 2
(
bk + b2

k − ω̃2
c − 4bkω̃

2
c − b2

kω̃
2
c − 12bkζ

2ω̃2
c − 12b2

kζ
2ω̃2

c + 3ω̃4
c

+ 3bkω̃
4
c + 4ζ2ω̃4

c + 16bkζ
2ω̃4

c + 4b2
kζ

2ω̃4
c − 2ω̃6

c

)
d(ω̃c) = b2

k − 2bkω̃
2
c − 2b2

kω̃
2
c − 24b2

kζ
2ω̃2

c + ω̃4
c + 4bkω̃

4
c + b2

kω̃
4
c + 24bkζ

2ω̃4
c

+ 24b2
kζ

2ω̃4
c + 16b2

kζ
4ω̃4

c − 2ω̃6
c − 2bkω̃

6
c − 4ζ2ω̃6

c

− 16bkζ
2ω̃6

c − 4b2
kζ

2ω̃6
c + ω̃8

c .

Left hand side of Eq. (3.37) is a third order polynomial of k̃w, therefore the equa-
tion can be solved by the Cardano-formula. Note, that for n > 2, the resulting
polynomial cannot be solved analytically for k̃w in general cases.

According to the derivation presented in Sec. 3.2 and by substituting k̃w(ω̃c), the
spindle speed can be expressed by:

Ω̃(ω̃c) =
2ω̃c

1
π

arctan
(
− Im(K(ω̃c))
Re(K(ω̃c))

)
+ r

. (3.38)

The stability boundaries represented by the lobe curves thus can be derived analyti-
cally for a 2-cutter turning system. Stability lobes of a detuned 2-cutter system are
shown in Fig. 3.7 with blue lines.

In Sec. 3.3.1 the robust stability limit of a multi-cutter turning system with n
identical tools was derived in Eq. (3.27). Since the simpli�cations applied for identical
tools cannot be used for a detuned system, the determination of the robust stability
limit becomes more complicated.

As previously shown, the stability boundaries for a 2-cutter system are given by
the roots as dimensionless cutting coe�cients k̃w of Eq. (3.21) and the dimensionless
spindle speed Ω̃ (see Eq. (3.38)).

In order to �nd the robust stability limit, the derivative of the dimensionless cut-
ting coe�cient with respect to the dimensionless chatter frequency should be analysed,
as it was given in an analogous way as for 1 cutter in Sec. 2.3.1 by Eq. (2.21):

∂k̃w(ω̃c)

∂ω̃c

= 0 . (3.39)

The derivative (3.39) can still be obtained in closed form, but �nding the roots of
that function seems to be a hard task even for any symbolic algebraic mathematical
software, since polynomial (3.37) contains the 8th power of ω̃c. It is pointless to analyse
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the analytical computability of the lower envelope of a multi-cutter turning system
where more than two tools are involved, since even for a detuned 2-cutter turning
system, the lower envelope of the stability boundary curves cannot be calculated
analytically in a reasonable way. Instead, one has to turn to numerical computation
methods to �nd the lower envelope curve.

As shown in Subsec. 1.1.1, the stability boundary curves can be deduced by means
of the D-subdivision method applied for the characteristic equation (3.30):

Re(D(iωc,Ω, kw)) = 0 , (3.40)

Im(D(iωc,Ω, kw)) = 0 . (3.41)

The parameter space spanned by ωc, Ω and kw forms the parameter set for the system
of nonlinear Eqs. (3.40) and (3.41), which is a co-dimension 2 problem in the space
of 3 parameters.

One possible numerical method to apply for the computation of the stability
boundary curves and later for the robust stability limit is the Multi-Dimensional
Bisection Method (MDBM) [51]. It is a fast algorithm able to identify the roots of
the above set of equations e�ciently [52, 53, 54]. It provides the gradients of (3.40)
and (3.41) along the boundary curves, which allows the computation of the so-called
instability gradients. These gradients show, which region along the boundary curves
has a larger number of unstable characteristic exponents. Trivially, the points be-
longing to kw = 0 are stable, which helps to identify the stable and unstable regions
among the stability boundaries. These resulting stability boundaries are presented
by black lines in Fig. 3.7 for a detuned 2-cutter system.

As it was shown in Sec. 2.3.2, an additional condition for the computation of the
robust stability limit is required (see Eq. (2.32)), which is especially needed, if the
lower envelope of the lobes is not necessarily a horizontal line or there are multiple
minimum curves, thus the lower envelop cannot be found by simply searching for the
minimum points of the lobe curves. The additional parameter in the form of the
regenerative phase shift Φ was introduced in Sec. 2.3.2. Accordingly, one ends up
with the following extended determinant for the detuned 2-cutter turning system:

D(iωc,Ω, w,Φ) := det

(
−Mω2

c + Ciωc + (K + kwI)− kwL

[
0 e−iΦ

e−iΦ 0

])
= 0 .

(3.42)
Note, that Eq. (3.42) is independent of Ω. This is true for systems, where time delay τ
is only present in the exponential term of the characteristic equation, as is the case for
Eq. (3.10). Accordingly, for a multi-cutter turning system the lower envelope curves
are always independent of Ω, thus are horizontal lines. The number of enveloping
curves depends on the scale of detuning, which causes the looping of the lobes.

In order to �nd these lower envelope curves of the stability boundaries, next to
Eq. (3.40) and (3.41) the additional condition shown in Eq. (2.32) is required, which
de�nes the minimum curve of the enveloping boundary surface.
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The application of the above explained numerical computation method yields the
envelope curves presented by green lines in Fig. 3.7. The lowest one is the robust
stability limit. If the robust stability limit is independent of the spindle speed, the
envelope curves are straight lines. Note, that this property is true only in the case
when process damping is not taken into consideration in the model.

Figure 3.7: Stability lobes (blue) and enveloping limits (green) of the detuned 2-cutter turning model
with m1 = m2 = 11 kg, k1 = 14.5 · 103 N/mm, k2 = 7.03 · 103 N/mm, ζ1 = ζ2 = 0.66% and kf = 237

N/mm
2

3.4 Extension of stable parameter region and exis-

tence of optimum

In Sec. 3.3.1, we showed that the robust stability limit cannot be improved with
identical n-cutter systems, while the results of Sec. 3.3.2 call the attention to the
possibility of the extension of the stable parameter regions in case of detuned cutters.
The next subsection focuses on the optimal detuning of the dynamical properties
of the tools and its e�ect on stability properties of the turning operation. Di�erent
practical ways to detune the natural frequency of a turning tool are discussed in detail
in Sec. 3.5.1.

3.4.1 Optimal wRS for 2 cutters

One simple manner to tune the natural frequency of a system is to vary its sti�ness.
Thus detuning of a system of 2 cutters will be realized by means of modifying the
sti�ness of one of the tool, while the masses of both tools are kept �xed. Proportional
damping is assumed according to Eq. (3.31).

Panels A-F of Fig. 3.8 present stability lobe curves for di�erent sti�ness ratios bk.
In the center of the chart, the robustly stable chip width value wRS is computed and
plotted for di�erent sti�ness ratios.

Panel A of Fig. 3.8 shows the stability diagram for a symmetric system (bk = 1).
It can be seen, that as the system is detuned, the lobes start to reveal a distorted
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Figure 3.8: Stability diagrams (blue) for di�erent sti�ness ratios bk and the corresponding robust
stability limits (green lines and red dots) for modal parameters m1 = m2 = 10.948 kg, c1 = 166.03

Ns/m, k1 = 1.445 · 107 N/s, kf = 237 · 106 N/m
2

structure (see panel B - F). First the robust stability limit is shifted upwards extending
the stable machining parameter region. It is interesting to observe, that after a
certain point, the curves stop shifting up and after reaching the optimal detuning
ratio bk ≈ 0.6 (see panel D) they turn back and the robust stability limit continues
to drop again. It can be seen that there exists a maximal robustly stable chip width
value wRS,opt belonging to a speci�c bk, which will be denoted as optimal sti�ness
ratio bk,opt. Consequently, the system can be tuned by means of a sti�ness parameter
for instance, in order to achieve the best stability properties.

Note, that the right branch of the graph in Fig. 3.8 belonging to bk > 1 is irrelevant
from practical point of view, which is indicated by the shaded area. This is due to the
fact, that usually the turning lathe and the �xture structure is built with maximal
achievable sti�ness. Additionally, in order to realize the highest achievable sti�ness
for the tools, they are �xed with the smallest applicable overhang. Accordingly, in
practice one can only modify the dynamics of the system by means of making the tools
more �exible. The reference sti�ness value is assumed to be maximal, accordingly,
the sti�ness ratio bk = k2/k1 is de�ned on the interval [0, 1].

Further important remark is, that if it would be possible to double k1, for instance,
or halve k2, both would lead to bk = 0.5, however, these cases are not equivalent,
because for the former case the overall sti�ness of the system is larger, which leads to
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larger robustly stable chip width values. This is the reason why the optimum curve
is not symmetric to the bk = 1 line.

For the above presented set of parameters, the optimal sti�ness ratio assuring
the maximal stable chip width value ((wRS = 3.08 mm) is bk,opt ≈ 0.6 (see Fig 3.8).
The gain represented by the increase of the robust stability limit is about 4 times as
much as the maximal robust chip width value belonging to the symmetric 2-cutter
case. For a direct comparison of the stability charts for the cases of the lowest and
the highest wRS, Fig. 3.9 presents the lobe structures and the corresponding robust
stability limits. The less favourable stability properties belong to the symmetric
multi-cutter turning system (bk = 1, blue).

Figure 3.9: Stability boundary curves for symmetric (bk = 1, blue) and optimally detuned (bk ≈ 0.6,
green) 2-cutter system (same parameters as in Fig. 3.8)

Note, that the optimal value of the robustly stable chip width wRS is a well-
de�ned optimum, which is not sensitive to small changes in the sti�ness ratio. This
is important, since in practice, it is extremely di�cult to set the sti�ness values of
di�erent cutters relative to each other in an accurate way. In case of Fig. 3.8 ±20%
error of the optimal bk still provides near-optimal robust stability limit.

Clearly, the selection of more cutters having di�erent sti�ness values results in the
variation of several modal and process parameters. Nevertheless, changing the sti�-
ness of one cutter as compared to another one seems to imply signi�cant improvement
in the value of robustly stable chip width, therefore, for any spindle speed value, the
process theoretically remains stable for a dynamically decoupled and appropriately
tuned 2-cutter turning system.

Another interesting fact is, that by decreasing the sti�ness ratio bk the damping
ratio of the second tool is also decreasing according to ζ2 = ζ1

√
bk. It is somewhat

counter-intuitive that although the damping ratio is decreased together with the sti�-
ness ratio bk, the robust stability limit can still increase.

3.4.2 Optimal wRS for 3 cutters

For a multi-cutter turning system incorporating three cutters, the optimal robustly
stable chip width value can be found for di�erent sti�ness ratios
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bk,i =
ki+1

k1

, i = 1, 2 (3.43)

as the maximum point on the surface presented in Fig. 3.10.

Figure 3.10: Robust chip width limit and optimal wRS,opt values for the 3-cutter system (same
parameters as in Fig. 3.8)

The surface was constructed with the same algorithm as described in Sec. 3.2 for n
cutters. The maximal wRS value that can be achieved for the system of 3 cutters
is wRS = 5.93 mm (compared to wRS = 3.08 mm for 2 cutters), which belongs to
sti�ness ratios bk,1 = 0.26 and bk,2 = 0.86. Again, only the surface for the intervals
bk,1 = [0, 1] and bk,2 = [0, 1] are of interest from physical point of view. Furthermore,
the surface is mirror-symmetric to the line bk,1 = bk,2.

3.4.3 Optimal wRS for n cutters

In panel A) of Fig. 3.11 the wRS,opt values are plotted for up to 9 cutters. It can be
seen, that the optimal robust chip width limit increases with the number of cutters.
The numerical results for wRS,opt as a function of the number of cutters show a kind
of saturation for large number of cutters. Panel B presents the corresponding optimal
sti�ness ratios.

3.5 Experimental validation of detuning on a parallel

turning lathe

In Sec. 3.4, it was shown that the stability properties of a dynamically decoupled
multi-cutter turning system can be improved by means of detuning the dynamics
of the tools involved in the cutting operations. In order to experimentally validate
this theory and to prepare industrial applications, experimental investigations were
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Figure 3.11: A) Robust chip width limits for 1 to 9 cutters, B) corresponding optimal sti�ness ratios

carried out on an industrial parallel turning machine, where the dynamical decoupling
was ensured by means of �xing the tools in separated tool holders.

3.5.1 Di�erent ways of detuning modal parameters

As it was discussed in Sec. 3.4, detuning of a multi-cutter turning system can for
instance be implemented by modifying the sti�ness of one of the tools. Tuning of the
system can also be carried out by modulation of other mechanical tool properties,
which result in changing the natural frequency ratio of the tools. At the end of the
day, it is the most important to tune the system such that the frequency ratio is
optimal.

There are di�erent methods to realise the detuning of the natural frequencies of
a parallel turning system in practice. Naturally, it is di�cult to modify a single
dynamical parameter only, like the sti�ness of one of the tools. For instance, making
the tool more �exible by means of decreasing its cross section at certain parts is an
irreversible method and hard to control. Furthermore, this will also in�uence the
mass, such that the desired change of the natural frequency cannot be assured [54].
A further possible way is to modify the tool overhang, that is indicated in panel A of
Fig. 3.12. Another potential manner is to �x additional mass ∆m to the tool body
in order to increase the inertia and consequently decrease the natural frequency (see
panel B of Fig. 3.12). In what follows, these alternatives of frequency tuning are
discussed from experimental viewpoint.
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Figure 3.12: A) additional overhang B) additional mass

In case the tool behaves like a one degree-of-freedom structure and it clearly shows
a single dominant vibration mode, the natural angular frequency can be estimated by
ωn =

√
k/m with m denoting the modal mass. Let the total length of the vibrating

tool be L = L0 +∆L where L0 denotes the shortest applicable tool length constrained
by the workpiece geometry and ∆L denotes a possible increase of the overhang.

The exact value of the natural angular frequency of a continuum beam can be
given by the analytically derived formula:

ωn =
β2

L2

√
EI

ρA
, (3.44)

where β = 1.875 is a constant for the �rst natural angular frequency [55], ρ is the
density of the plate material and A is the cross section of the plate. Consequently,
the natural angular frequency will be inversely proportional to the square of the tool
length.

However, when lumped mass is added to the end of the beam and the beam mass
is negligible (see Fig. 3.13 2)), then the natural frequency is proportional to the -
3/2 power of the length. It is straightforward, that neither of the above presented
idealized models is capable of realistically describing the behaviour of the turning
tool; in practice, an intermediate dependency is expected.

Figure 3.13: Tool assumed to be 1) beam clamped at one end, 2) massless beam with lumped mass
at the end

Assuming that the damping c is proportional to the sti�ness k, the well-known
linear relation of the damping ratio and the natural angular frequency is obtained.
Based on the formulas discussed above, the theoretical tendency of di�erent tool
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parameters, such as modal mass m, modal sti�ness k, natural angular frequency ωn

and damping ratio ζ = c/(2mωn) are presented in Tab. 3.1.

Increase in overhang ∆L Additional mass ∆m
m m ∼ L0 + ∆L m ∼ m0 + ∆m
k k ∼ 1/(L0 + ∆L)3 no signi�cant e�ect

ωn
ωn ∼ 1/(L0 + ∆L)2 to

ωn ∼ 1/(m0 + ∆m)1/2

1/(L0 + ∆L)3/2

ζ
ζ ∼ 1/(L0 + ∆L)2 to

ζ ∼ 1/(m0 + ∆m)1/2

1/(L0 + ∆L)3/2

Table 3.1: Theoretical tendency of how modal parameters change as the overhang is increased or
extra mass is given to the vibrating system; proportional damping is assumed

Giving additional mass to the tool is a promising way of modifying the natural
frequency fi = ωni/2π of the tool, but this is hard to realize in industrial applications.
From technical point of view, varying the overhang of the tool is more practical. In
our experiments the natural frequency of tool 1 is detuned by means of modifying its
overhang, while the overhang of tool 2 is kept �xed.

3.5.2 Experimental validation of modal parameter tendencies

For validation purposes experiments were carried out on a Mori Seiki NTX2000 par-
allel turning center in the Manufacturing Research Laboratory of the Sabanci Uni-
versity, Turkey in cooperation with Prof. Erhan Budak. The arrangement of the
investigated tools is presented in Fig. 3.14. In order to obtain modal parameters of
the parallel turning center, impulse excitation was performed with an impact hammer
and a National Instruments data acquisition system was used to register the signals of
the PCB piezo accelerometer 322B10. Modal parameters were obtained by the curve
�tting routine of CUTPRO software [56].

Figure 3.14: Set-up for the investigated 2-cutter turning process

52



The Frequency Response Function (FRF) matrix was obtained by means of an
impact on the tip of tool 1 and tool 2 and measuring acceleration on the tip of tool
1 and tool 2. In Figure 3.15 a) FRF curves can be seen for cases, when the hit and
the response measurement was carried out at tool 1 with di�erent tool overhangs.
Since longer overhang is decreasing the sti�ness of the tool, the natural frequency for
smaller overhang is smaller. Note, that the same is true for the damping.

No physical coupling e�ect was identi�ed from the signals referring to zero cross
diagonal elements of the FRF matrix. The brown curve in Fig. 3.15 b) refers to
the cross diagonal element of the FRF matrix, where the impulse excitation was
performed at tool 2 (L2 = 100 mm) and the response signal was detected at tool
1 (L1 = 100 mm). As the amplitude of this FRF signal is negligible compared to
the FRF belonging to the corresponding main diagonal element (see blue curve for
hitting and measuring at tool 1 (L1 = 100 mm). Thus, the two tools are considered
to be independent from dynamical point of view.

Figure 3.15: a) FRF curves for hits at tool 1 and response at tool 1 for di�erent tool overhangs, b)
blue: FRF curves for hit at tool 1 (L1 = 100 mm), response at tool 1 (blue), brown: hit at tool 2
(L2 = 100 mm) and response at tool 1 (L1 = 100 mm)

In Fig. 3.16, several measured modal data and the corresponding �tted trend
curves can be seen for measured natural frequency, damping ratio, modal mass and
modal sti�ness of tool 1, each as a function of the overhang of tool 1: L1 = L0 + ∆L.
Blue diamonds denote the modal parameter values, which were measured directly
before the cutting test was carried out for the corresponding detuning case.

Curve �tting was implemented for these measurement results with Matlab built-in
curve �tting method (NonlinearLeastSquares, TrustRegionAlgorithm) with the power
function given in the form: f(x) = axb (see Tab. 3.2).

The di�erence between theoretical and computed exponents based on modal curve
�tting given in Tab. 3.2 is caused by several factors. On the one hand, theory assumes
the tool to be an ideally clamped beam, which is naturally not the case in reality: the
sti�ness of the tool may even become comparable with the sti�ness of the �xture. On
the other hand, measured data is always loaded with uncertainty, which in our case
not only has its roots in measuring uncertainty and in the human factor, but also in
the fact, that the upper tool was taken out and put back into the �xture again and
again after each measurement in order to be able to vary its overhang.
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Figure 3.16: Modal parameter functions �tted for di�erent L1 tool overhang values: a) modal mass,
b) modal sti�ness, c) natural frequency, d) damping ratio, blue diamonds stand for modal parameter
values, which were measured directly before the cutting test

Theoretical exponent Fitted exponent
m 1 -1.010
k -3 -4.323
ωn -2 to -3/2 -1.602
ζ -2 to -3/2 -1.617

Table 3.2: Exponents of power functions for the theoretical approximations in Tab. 3.1 and for
measured data

Furthermore, mode shapes are not as trivial, as in case of an ideally �xed beam,
since the clamping was slightly asymmetric, it did not support the tool on the same
wall length in each side. Naturally, positioning the tool in the workspace of the
machine can have an e�ect on the modal parameters of the tool, too. The di�erence
between theoretical and measured values can also be a result of the fact that below the
overhang of 110 mm the tool could not be modelled with an Euler beam, consequently
Eq. (3.44) loses validity in the smaller overhang range.

Another problem of modelling the cutting tool is related to the mass distribution
in case an extra mass is applied: the extreme theoretical models of continuous mass
distribution and of lumped mass show power functions with exponents b = −2 and
b = −1.5, respectively. The parameter b of the curve �tted to the measured natural
frequencies is b = −1.602, which corresponds well to an intermediate beam model, as
expected. In spite of all these di�culties, one can observe a fair correlation between
the theoretical dependence of modal parameters on the overhang of the tool and the
coe�cients of the trend lines �tted on modal parameters based on measurements (see
Fig. 3.16).
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Figure 3.17: Modal mass function �tted for di�erent L1 tool overhang values over L1 = 110 mm,
blue diamonds stand for modal parameter values, which were measured directly before the cutting
test

The largest deviation between theoretical predictions and measurements can be
found in case of the modal mass, where only the empirical trend line �tted for points
belonging to L1 > 110 mm follows linearly increasing tendency. This corresponding
�tted tendency curve with exponent b = 0.471 can be observed in Fig. 3.17. Again,
the short tool could not be modelled properly as an Euler beam. For theoretical
stability computations the overall trendline for the modal mass (see Fig. 3.16) was
used.

3.5.3 Theoretically predicted robust chip width limits

The theoretically predicted robustly stable chip width limits were computed as a
function of the additional overhang (see Fig. 3.18 a) and the additional mass (see
Fig. 3.18 b). Curves for wRS as a function of the frequency ratio are presented in
Fig. 3.18 c). Computations were carried out based on the above described theoretical
tendencies of the lumped parameters of tool 1, while parameters of tool 2 were kept
�xed at the following values: m2 = 0.2 kg, k2 = 8 · 106 N/m, ζ2 = 0.009, L2 = 85
mm. For technical reasons, in the experiments the upper tool denoted by 1 was
modi�ed, thus the sti�ness ratio in the present section is de�ned as bk = k1/k2. The
parameters of tool 1 for the robust chip width calculation, where the overhang of
tool 1 was varied were L0 = 85 mm, ∆L = [−20, 40] m and where mass was added
to tool 1, the corresponding parameters were m0 = 0.2 kg, ∆m = [−0.19, 0.50] kg,
k1 = k2 = 8 · 106 N/m.

Figure 3.18: a) wRS as a function of ∆L, b) wRS as a function of ∆m, c) wRS as a function of f1/f2
for additional overhang (cyan) and additional mass (blue)
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Assuring high sti�ness and high damping at the same time is a challenging task
in case of machine tools. If we assume that the highest possible sti�ness is achieved
by using cutting tools with the smallest possible overhang, the only viable way to
detune the system is to increase the overhang or increase the mass. Hence, assuming
the sti�est con�guration to be the reference, the shaded areas in Fig. 3.18 are of no
practical relevance.

3.5.4 Cutting tests on parallel turning center

For validation purposes, cutting tests were carried out on the above mentioned parallel
turning center (see Fig. 3.19). The cutter material was TungstenΩC, the insert of
material TT1500 had a side-edge cutting angle of 0o, a rake angle of 5o, an oblique
angle of 0o, and a nose radius of 0.4 mm. The workpiece with initial diameter of 124
mm was of material Al7075T6. The cutting coe�cient could not be measured, thus
we assumed the radial cutting coe�cient kr = 204.3 N/mm2 for milling aluminium,
which was taken from the literature [57]. This corresponds to the cutting coe�cient
kf in feed direction for orthogonal turning operations and seemed to be a realistic
value for our experiments.

Figure 3.19: Parallel cutting operation

3.5.5 Comparison of results

For 2-cutter turning operations, wRS represents the maximal chip width value be-
low which the machining is stable for all spindle speeds. The identi�cation of the
modal damping ratio can for instance be carried out by means of the so-called 3 dB
bandwidth method, when the peaks are well separated in the measured FRF function.
Since the inbuilt curve �tting algorithms in CUTPRO [5] are able to �t modal param-
eters to the curves with multiple peaks simultaneously, these more advanced built-in
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techniques were used to identify modal parameters in the experiments. Numerical
stability computations were carried out with the help of these �tted modal param-
eters. Based on the trend line curves for modal mass, modal sti�ness and damping
ratio (see the blue tendency curves in panels of Fig. 3.16), a theoretical lower envelop
wRS of the stability lobe curves was determined as a function of the frequency ratio
(see black curve in Fig. 3.20). Then the robust chip width limits wRS (denoted by
blue diamonds in Fig. 3.20) were also calculated by means of the actually measured
modal parameters belonging to tool 1 overhang values (see the diamonds in Fig. 3.16).
The cyan curve in Fig. 3.20 presents the critical wRS limits computed by means of
the theoretically determined modal parameters (see Fig. 3.18 c). Since tool 1 was
made more �exible than tool 2 and the frequency ratio f1/f2 can only be decreased
in practice, the shaded area in Fig. 3.20 is of no practical relevance - still, we carried
out measurements with negative overhang variation, too, in order to check the theory
also in that domain.

Figure 3.20: Predicted robust chip width limits for di�erent modal parameters (cyan - theoretical,
black - �tted trends, blue - actually measured) as function of tool frequency ratios and measured
stable (green circle) and unstable (red cross) machining points

At the applied relatively low spindle speed values, the lobes overlap in horizontal
direction such that stability pockets vanish and lobing e�ect is not relevant any more.
This allows us to determine the robust stability limit in a straightforward procedure:
there is no need to measure machining stability for numerous spindle speeds since the
stability limits should be almost the same. In order to assure that process damping
does not e�ect the results, tool wear was inspected and the cutting edge was changed
regularly, and the cut was performed on large workpiece diameters. In order to
minimize workpiece de�ection to ensure a sti� workpiece as considered in the model,
it was favourable to cut as close to the chuck as possible.

For each cutting test, spindle speed was adjusted in order to assure the same
cutting speed (v = 600 m/min) for each machining case. The classi�cation of stable
and unstable machining was performed based on amplitudes of the sound signals
captured by a microphone during the cutting process. Measured stable (green circle)
and unstable (red cross) machining points are shown in Fig. 3.20. It can be observed
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in Fig. 3.20 that all the three di�erent theoretical curves of robust chip width limits
have a minimum point at frequency ratio f1/f2 = 1, corresponding to the case, when
the two tools have identical natural frequencies. Furthermore, an optimum point can
be identi�ed at about f1/f2 = 0.7−0.8, belonging to the maximal achievable robustly
stable chip width. This tendency is followed by the measurement points, although
the maximum at ratio 0.68 seems to be shifted somewhat to the left compared to the
theoretical curves.

A possible explanation of this deviation between theory and experiments is that
the measured natural frequencies showed considerable (sometimes 15 %) variation
in repeated experiments (see Fig. 3.16 c), which might be related to the cutting
force causing a pre-load on the tools and such in�uencing the contact surfaces at the
clamping. The deviations in vertical direction might be related to uncertainties in
damping parameters and in the cutting coe�cient.

Nevertheless, it can be stated, that experimental results validate the theoretical
assumptions, according to which there exists an optimal frequency ratio corresponding
to the maximal robustly stable chip width value, below which machining is stable for
all spindle speeds. There also exists a minimal value of wRS which belongs to the
case, where the tools have nearly identical dynamical properties.

From the above stated, the conclusion can be drawn that the stable parameter
region of the stability chart in the plane spanned by spindle speed and the chip
width can signi�cantly be extended for appropriately tuned tools of a parallel turning
system.
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New Results

Thesis 2

The mechanical model of a dynamically uncoupled n-cutter turning system
with optional circumferential arrangement, where the tools are coupled
via the workpiece through the regenerative e�ect only, is equivalent to the
mechanical model of a 1-cutter turning system with n degrees of freedom
and with time delay that is equal to the time period of the revolution of
the workpiece.

Related publication:
[58]

Thesis 3

The robust stability limit of a dynamically uncoupled n-cutter turning
system with cutters of identical mechanical properties is the same as it is
for the corresponding 1-cutter system, which is

w̃ = 2ζ(1 + ζ) ,

where w̃ = kc/k is the dimensionless chip width and ζ is the uniform damp-
ing ratio. The stability pockets between the lobes become smaller with
the increase of the number of cutters, which deteriorates the stability
properties.

Related publications:
[59, 60, 61]

Thesis 4

The n-cutter turning systems with decoupled and proportionally damped tools were
analysed, where the natural frequencies of the tools are detuned by means of the
variation of their sti�ness values. Theoretical stability computations proved and
experimental results con�rmed that:

There exist optimal sti�ness ratios for the decoupled n-cutter turning
system where the robust stability limit is maximal and signi�cantly larger
than that of the corresponding decoupled n-cutter turning system with
identical tools.

The calculations were carried out for a 2-cutter system used in the laboratory
experiments. The results showed that the optimal detuning can be achieved in prac-
tice by means of making one of the tools more �exible. Cutting tests performed on
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a parallel turning center showed correlation to the theoretically predicted robustly
stable chip width values for di�erent natural frequency ratios of the two tools.

Related publications:
[58, 54, 60, 50]
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Chapter 4

Experimental validation of stability

predictions on test �xture

4.1 Introduction

The selected mechanical models and their theoretical analysis should always be vali-
dated in engineering practice. As a �rst step, extensive numerical simulations may be
used to con�rm the results of the theoretical analysis. Clearly, if the initial mechan-
ical assumptions are incorrect or they do not catch the main physical phenomena of
the problems, both the theoretical analysis and the numerical simulation may lead to
practically useless information. This is the reason why the experimental validation of
the mechanical models are also an essential requirement in engineering research and
development.

In order to verify the mechanical model of the multi-cutter turning systems and
to validate the theoretical results regarding the optimisation of tuning of the cutters,
a test equipment was designed and built. This enabled us to experimentally identify
the dynamic parameters of the model by means of modal testing and to carry out
cutting tests for chatter detection on a multi-cutter rig.

The following sections present the design requirements, parameter identi�cation
methods and cutting tests performed with the developed experimental rig. Compari-
son of cutting stability results and di�erent ways of mechanical modelling of the test
rig are also discussed.

4.2 Design requirements of test �xture

The key component of the developed experimental multi-cutter machine tool is a
test �xture (see Fig. 4.1) that holds the tools. Besides the standard mechanical
requirements, some speci�c conditions had to be formulated in the design phase, like
the dynamic detunability of the tools. For sake of simplicity, the number of involved
cutters was chosen to be two only. This is satisfactory for the comparison of the
behaviours of the system with symmetric and detuned cutters. In the symmetric case
the same dynamical properties are assumed for all cutters, while in the detuned case,
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the cutters are assumed to have di�erent sti�ness properties.
Preliminary calculations in Sec. 3.2 showed that the angle between the cutters

in the �xture is irrelevant from stability viewpoint in case of dynamically decoupled
cutters only. This is not true if any dynamic coupling exists between the tools.
In order to handle the possible dynamic coupling phenomenon, symmetry was kept
by setting the arrangement angles to 180o. In addition, it had to be taken into
consideration, that the mechanical model used for stability calculations was set up
for orthogonal turning processes, hence the tools had to be arranged such that the
conditions of orthogonal turning hold.

In order to measure the cause of self-excited vibrations originating in the regen-
erative e�ect, an essential requirement to meet was, that the two tools cut the same
surface within one revolution. Originally, the idea of the possible improvement of
stability properties in the turning process has come from the principle of dynamic
vibration absorbers. As mentioned before, the two branches holding the tools should
be decoupled dynamically, thus, they should be able to move independently of each
other. Accordingly, the test clamper incorporating the cutters has to provide inde-
pendent branch-like parts.

The symmetry considerations required that the natural frequencies of the separate
branches are equal in the initial setup. This directly implies that the overhangs of
the tools were chosen to be the same, and the inertial properties were also equalized.
Standard parallel tool holders were chosen to �x the tools with grub screws in order
set the depth of cut in radial direction �exibly and accurately for the two cutters. This
way the stability diagrams could be reconstructed experimentally setting di�erent Ω
- w (spindle speed and chip width) parameter points.

Figure 4.1: Schematic structure of the test clamper

Theoretical stability calculations for the detuned multi-cutter turning system pre-
dicted a robust stability gain of about a factor of 4 compared to the symmetric
system. This implies that the stability boundary is shifted up to larger chip width
values, possibly leading to increased wear of the tools. Anyhow, to be prepared for
frequent replacing of the cutting edges, it seemed reasonable to apply turning tools
with quickly changeable inserts. In order to reduce the costs of the experiments re-
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lated to the increased tool wear, a further objective was to induce chatter vibrations
already for small chip width values. For this purpose, the structure has to be of at
least one order of magnitude more �exible in feed direction than in radial and tan-
gential direction relative to the workpiece. The soft branches have small �rst natural
frequencies with corresponding vibration modes in the feed direction (see Fig. 4.1).

In order to realize the detuning of the system, a structure had to be constructed,
which provides the possibility to modify the sti�ness of one branch in an easy-to-use
and reproducible way. This leads to the application of a pair of steel plates of di�erent
thickness, which act as leaf springs (see element 3 in Fig. 4.1).

Apart of the simplicity, an additional advantage of the above design is that the
structure can easily be analysed either by Finite Element Method (FEM) software or
even by means of basic formulas of strength of materials and vibrations theory. This
is why steel plates with rectangular cross sections turned out to be practical solutions
for the branches.

In order to minimize damping originated in the dry friction between the parts, a
large number of screws (12 for each plate) were tightened with high torque. Addi-
tionally, 8 pins ensured the desired �xed and sti� position of the connected parts.

The �nal design involved a symmetric test clamper structure that consists of leaf
springs with cross section 8 mm x 80 mm. In order to be able to observe the varying
stability properties of the machining processes performed with two di�erent �xture
setups, detuning of the system was realized by exchanging the lower branch of leaf
springs by 6 mm thick plates di�ering only slightly in mass but signi�cantly in sti�ness
from the other original one. This way, the static sti�ness of the plate, as a beam �xed
at one end only, can be reduced by about 60 % (see Tab. 4.2 explained in details
in the next Sec. 4.3.3), while the estimated modal mass of the branch decreases by
4 % only (see Tab. 4.3). In the meantime, the symmetric structure could also be
realized by keeping the �rst natural frequencies for the two branches within 0.01 Hz
(see Tab. 4.1).

4.3 Identi�cation of test �xture parameters

For primary design purposes, the modal parameters of the test rig were calculated by
means of analytical estimation methods based on strength of materials, then the re-
sults were made more accurate by means of a �nite element model of the designed rig.
Finally, experimental modal testing was performed to check the expected parameters
of the manufactured �xture.

4.3.1 Analytical approximation

For having a baseline for the design of the test clamper and also to check whether
the previously discussed requirements are met, the plates of the �xture branches are
modelled as beams guided at one end and �xed at the other (see Fig. 4.2). In this case,
the sti�ness of the endpoint of one plate is approximated by means of Castigliano's
Theorem leading to
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k = 12
IE

L3
P

, (4.1)

Figure 4.2: Beam model of one branch of the test �xture

where LP is the length of the plate. Generally, the position of points of the plate can
be given by

w(x, t) = q(t) y(x) , (4.2)

where y(x) is the dimensionless shape function of the �rst vibration mode along the
length coordinate x of the plate and q(t) is the amplitude function at the left end of
the plate (see Fig. 4.2).
In order to determine the percentage of the swinging mass of the plates, the ratio of
the lumped mass mlump of the plates and their total mass

mpl = ρALP (4.3)

has to be derived by means of the kinetic energy of the plate. ρ denotes the density
of the plate material, A is the cross section. The kinetic energy of the plate is

Ekin =
1

2

∫
(m)

ẇ2(x, t)dm =
1

2

∫ LP

0

ρAẇ2(x, t)dx . (4.4)

Since the derivative of the position function is

ẇ(x, t) = q̇(t)y(x) , (4.5)
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the kinetic energy can be written as

Ekin =
1

2

∫ LP

0

ρA q̇2(t) y2(x)dx . (4.6)

In order to express the lumped mass of the plate from the expression of the kinetic
energy, Eq. (4.6) has to be brought to the form:

Ekin =
1

2
mlumpq̇

2 , (4.7)

where q̇ is the velocity at the left end of the plate. Consequently, the lumped mass
of the plate can be expressed as

mlump =

∫ LP

0

ρAy2(x)dx . (4.8)

By integrating the di�erential equation of the elastic curve

w′′(x, t) = −M(x, t)

IE
, (4.9)

shape function y(x) can be approximated by the static deformation. The function of
the bending moment for boundary conditions

w(0, t) = q(t), w′(0, t) = 0, w(LP, t) = 0, w′(LP, t) = 0 (4.10)

was derived by Castigliano's Theorem leading to

M(x, t) = −6q(t)IE

L2
P

+
12q(t)IE

L3
P

x . (4.11)

Based on the above steps, the position function is obtained in the form of poly-
nomial

w(x, t) = q(t) y(x) = q(t)

(
3x2

L2
P

− 2x3

L3
P

− 1

)
, (4.12)

thus the integration of the square of the shape function leads to∫ LP

0

y2(x)dx =
13

35
L . (4.13)

Taking the ratio of the lumped mass and the total mass of the plate one is left with

mlump

mpl

=

∫ LP

0
ρAy2(x)dx

ρALP

=
13

35
= 0.3714 . (4.14)

Thus, for sake of simplicity, 40 % of the total mass of the plate is to be involved in the
vibration, which was added to the mass mbl of the swinging elements including the
tool �xture and the tool. Natural frequency of one branch incorporating two plates
was considered according to:
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f =
1

2π

√
k

mbl + 2mlump

. (4.15)

4.3.2 Finite element model

A FEM model of the test clamper was built in Solid Edge (see Fig. 4.3) at design
stage to be able to predict the mechanical parameters of the structure. The sti�ness
of the branches was approximated from calculated displacement values generated by
a loading force at the tool tip. The natural frequency belonging to the �rst vibration
mode was also calculated; this is the motion when the branches are swinging together
in phase. By means of the calculated static sti�ness and natural frequency, a modal
mass value m could be approximated from (4.15): m = k/(2fπ)2. The corresponding
results are summarized and discussed later in Tables 4.1 � 4.3.

Figure 4.3: Finite Element Model of the test clamper

4.3.3 Modal testing

The test clamper was �xed into the turret of a Gildemeister CTX - 420 linear machin-
ing centre at the Direct-Line Ltd. in Dunaharaszti, Hungary and experimental modal
analysis was performed. Piezo accelerometer sensors were �xed to the structure, one
to each tool tip and one to the base of the clamper. An impact hammer was used in
order to excite the system at the tools and the frequency responses were monitored
by Brüel & Kjær Pulse and the data acquisition module of CUTPRO software (the
latter developed at MAL Manufacturing Automation Laboratories [5]).

The natural frequencies of the systems were clearly identi�ed from the FRF func-
tions (see Fig. 4.4 b)), and the modal parameters for mass, sti�ness and damping ratio
were determined by two in-built curve �tting methods of MAL CUTPRO: on the one
hand taking the mode indicator function as a basis, on the other hand considering
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Figure 4.4: a) impact testing of test clamper, b) Frequency-Response-Function of the symmetrical
system, measured and hit on the upper tool tip

the power spectrum of the mode indicator function. Curve �tting was furthermore
performed in two di�erent ways: �rstly, the curve was �t onto the FRF with selecting
only the main peak, secondly, with selecting all peaks in the vicinity of the main
one. For stability calculations, the average of the values delivered by these methods
was taken to �atten the di�erence resulting from curve �tting procedures. Selecting
di�erent number of peaks did not have any practical in�uence on the value of the
damping ratio. For the symmetric construction, the maximal observed di�erence in
modal mass and sti�ness values resulting from selecting a di�erent number of peaks
was about 0.5 %, which is negligible.

f [Hz] Analytical FEM Fitted

symmetric
upper branch (8 mm) 255.57 212.74 182.72
lower branch (8 mm) 254.00 212.74 182.71

detuned
upper branch (8 mm) 255.57 212.84 141.51
lower branch (6 mm) 168.28 154.98 92.57

Table 4.1: Natural frequencies for the symmetric and the detuned system. "Fitted" means the
results of the experimental modal analysis.

In contrast to that, the results for the detuned system show somewhat larger de-
viations. The maximal experienced di�erence resulting from the selection of di�erent
peaks reached 12 % for the modal mass and modal sti�ness, which may already in-
�uence the stability charts computed for the given set of parameters. The use of
the mode indicator function and the application of its power spectrum for the curve
�tting procedure also raised a di�erence in mass and sti�ness parameter values of
about 5 %. The main objective in the design phase of the symmetric clamper was to
create two branches with the same natural frequencies assigned to them. Taking the
average of the values determined with the mentioned four curve �tting variations for
the impact tests at the upper tool and at the lower tool, resulted a deviation of about
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3 % in mass, sti�ness and damping ratio, and less than 0.01 % in natural frequency.
These verify the symmetry in frequencies of the structure.

k [N/m] Analytical FEM Fitted

symmetric
upper branch (8 mm) 12.3 · 106 7.2 · 106 14.2 · 106

lower branch (8 mm) 12.3 · 106 7.43 · 106 14.7 · 106

detuned
upper branch (8 mm) 12.3 · 106 7.2 · 106 4.11 · 106

lower branch (6 mm) 5.19 · 106 4.06 · 106 2.9 · 106

Table 4.2: Sti�nesses for the symmetric and the detuned system. "Fitted" means the results of the
experimental modal analysis.

Comparison of the parameters obtained with di�erent methods can be seen in
Tables 4.1 � 4.4. Table 4.1 shows that the frequency value computed by FEM software
is larger than the measured one, since the FEM model is sti�er than the real structure.

m [kg] Analytical FEM Fitted

symmetric
upper branch (8 mm) 4.77 4.03 10.78
lower branch (8 mm) 4.83 4.16 11.12

detuned
upper branch (8 mm) 4.77 4.02 5.20
lower branch (6 mm) 4.65 4.28 8.57

Table 4.3: Modal masses for the symmetric and the detuned system. "Fitted" means the results of
the experimental modal analysis.

ζ [1]

symmetric
upper branch (8 mm) 0.0065
lower branch (8 mm) 0.0067

detuned
upper branch (8 mm) 0.0686
lower branch (6 mm) 0.0409

Table 4.4: Fitted modal damping ratios for the symmetric and the detuned system

Regarding the modal parameters in Tab. 4.2 and 4.3, unmodelled dynamics and
noise were observed in the measured FRF functions for low frequency values, which
might a�ect the accuracy of static de�ections presented by CUTPRO [5]. These static
de�ections are used to calculate the modal sti�ness values, which then in�uence the
values of the modal masses, too. Another source of the uncertainty in the identi�ca-
tion of the measured parameters is related to the choice of the applied in-built �tting
methods.

Since there were no other usable data for the damping ratio to be compared to,
the parameters obtained from the curve �tting on FRFs were used in the stability
calculations. Note, that damping has an essential in�uence on the values of the
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critical chip width of the stability boundaries. In comparison with the symmetric
case, the detuned system shows a value, which is one order of magnitude larger. The
di�erence in the measured damping values for the two systems can partly be explained
by the disassembly and assembly operations, and also from a possibly strong non-
proportional nature of the damping at the clamper that provides physical coupling
between the cutters. This e�ect will be discussed later in Subsec. 4.7.3.

Although the simpli�ed analytical estimation and the approximate FEM model
provide relatively large deviations from the measured values, they were appropriate
for the design of the experimental rig, while the measured modal parameters are
decisive for the stability calculations of the cutting operations.

4.4 Cutting tests

4.4.1 Measurement strategies

There are di�erent methods to construct the stability chart of turning operations in
the Ω − w plane. Naturally, one of the two parameters has to be varied in order to
register di�erent parameter points.

Continuous modi�cation of the depth of cut can, for instance, be realized by cut-
ting sections on a conical workpiece. There are several drawbacks of this technique.
The cones have to be cut onto the surface in advance, which is time- and material
consuming. Furthermore, all the properties of the process have to be known in order
to be able to de�ne the inclination of the conical sections, taking into account the
minimal value of depth of cut below which all parameter combinations result stable
conditions. Bene�t of this method is that the depth of cut can be changed contin-
uously and stability loss can be monitored quite precisely and can be assigned to a
certain depth of cut value. Nevertheless, there is a marginal region, where chatter
is di�cult to be recognized because the self-excited vibration needs time to develop.
Thus, this method was dropped and the cutting tests were carried out on a cylindrical
workpiece.

For registering machining points, we scanned the parameter plane with machining
points located on horizontal lines belonging to a constant chip width value and varying
the spindle speed in constant steps. This method seemed to be favourable from several
aspects. The time consuming operation of setting the tools in the test clamper into
a new position could be reduced a lot and the only machining parameter which had
to be modi�ed was the spindle speed. Sections with length of about 50 mm with
a selected constant spindle speed were machined. This was enough to wait for the
possibly evolving chatter and so the uncertainties in the marginal region concerning
the stability of cutting could be reduced.

4.4.2 Cutting tests for chatter detection

The initial diameter of the workpiece was 74 mm and its material was AlMgSi. Since
we worked with the tangential cutting coe�cient kt = 644 N/mm2 and with non-
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dimensional force ratio kr = 0.368 taken from [57], the radial cutting coe�cient in
feed direction was estimated with kf = 237 N/mm2, which is of relevance for our
orthogonal turning operations.

Based on the measured natural frequencies of the di�erent test clampers (see
Tab. 4.1), the selected spindle speed range for the single cutter constellation was
2200 - 2900 rpm, for the symmetric 2-cutter case it was 2200 - 2700 rpm. These were
predicted to give back machining points in the vicinity of the 5th instability lobe. For
the detuned 2-cutter system, a more intricate instability lobe structure was expected,
thus a wider spindle speed range of 1500 - 2900 rpm was set, which was meant to be
su�cient to span multiple lobes.

Figure 4.5: Cutting tests with the built test clamper

Several cutting tests (see Fig. 4.5) were carried out. When one cutter was in
operation �rst, the symmetric structure was used with the other cutter having no
contact with the workpiece. Then both cutters were in operation in the symmetric
structure. Finally, the detuned system was tested during operation with the two
cutters.

Figure 4.6: FFT of the time signal for a) a stable and b) an unstable machining case

Time signals for each machining point were captured by accelerometers placed
close to the tool tips and also to the base of the �xture. The classi�cation of machining
points to stable and unstable groups was performed based on the vibration amplitudes
and their Fourier spectra.
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Figure 4.6 shows the Fourier spectrum of the time signal captured by the ac-
celerometer �xed on the upper branch in case of a stable machining and in case of
an unstable machining. Note the di�erence in the scales of the FFT in Fig. 4.6 a)
and b), because for the unstable machining case, the amplitude of the peak at the
dominant frequency is two orders of magnitudes larger, which makes it possible to
classify stable and unstable measurement points easily.

4.5 Experimental stability charts

Theoretical stability calculations based on the algorithm described in Sec. 3.2 were
carried out for the uncoupled 2-cutter turning process. These are to be compared in
stable and unstable machining cases with the measurements carried out during the
cutting test.

4.5.1 One cutter

In Fig. 4.7, theoretical stability boundaries are shown for di�erent parameter sets.
The measured stable and unstable cutting parameter points are marked together with
certain marginal (uncertain) cutting parameters. Good correlation can be observed
with the theoretical predictions: the measurement points follow the predicted lobe
structure. Particularly, the stability lobes computed with �tted FRF parameters are
in clear correlation with the experimentally determined critical chip width values.

Although these theoretical and experimental stability charts are already known
in the literature, their accuracy con�rmed the validity of our mechanical model and
the identi�ed parameters in it at least for the classical 1-cutter case.

Figure 4.7: Stability chart for one cutter with a) approximated modal parameters, b) modal pa-
rameters based on FEM calculations, c) modal parameters obtained by curve �tting on measured
FRF

4.5.2 Symmetric 2-cutter system

In the symmetric 2-cutter case, the stability curves for the �tted FRF parameters
(see Fig. 4.8 c)) show again the best correlation to the measured stable and unstable
points. In accordance with our theoretical predictions described in Sec. 3.3.1, the
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horizontal asymptotes of the lobes obtained for the 1-cutter and symmetric 2-cutter
cases are close to each other. This, again, partly con�rms the applied models and
methods.

The main objective of these cutting experiments with the symmetric structure was,
however, to provide reference measurement results in order to validate the predicted
increase in stability for the detuned system.

Figure 4.8: Stability chart for the symmetric 2-cutter system with a) approximated modal param-
eters, b) modal parameters based on FEM calculations, c) modal parameters obtained by curve
�tting on measured FRF

4.5.3 Detuned 2-cutter system

In the detuned case, the predicted theoretical lobe structure shows a strongly distorted
shape, where the sizes of the stable pockets between the lobes are reduced compared
to the 1-cutter case. Accordingly, the lobe structure could not be detected during the
experiments, as it is visible in Fig. 4.9. Again, the measured stability limit correlates
the best with the stability curves computed with the �tted FRF parameters.

The relevant observation for the stability charts of Fig. 4.9 is the increase of the
horizontal asymptote of the lobes compared to the symmetric 2-cutter case, which
supports the theoretical stability predictions.

Figure 4.9: Stability chart for the detuned 2-cutter system with a) approximated modal parameters,
b) modal parameters based on FEM calculations, c) modal parameters obtained by curve �tting on
measured FRF
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4.6 Comparison of measurement results

4.6.1 Predicted and measured chatter frequencies

Analytically predicted and measured chatter frequencies for the 1-cutter, symmetric
and detuned 2-cutter cases are shown in Fig. 4.10. In terms of stability prediction the
presented mechanical model appears to be appropriate, since the correlation between
theoretical and measured results for the chatter frequencies are excellent. It is well-
known in the theory of machine tool vibrations [1, 62] that the slight and intricate
variation of the chatter frequency against the spindle speed is the most direct way to
identify regenerative vibrations.

Figure 4.10: Theoretically predicted (black lines) and measured (red circles) chatter frequencies for
a) one cutter, b) the symmetric 2-cutter system c) the detuned 2-cutter system

4.6.2 Comparison of stability charts

Figure 4.11: Stability diagram for 1-cutter, 2-cutter symmetric and detuned systems with analyti-
cally approximated parameters

It is interesting to compare the stability properties of turning processes when a
single cutter, two cutters with the same dynamics, and two cutters with di�erent
dynamics are in operation. In Fig. 4.11, one can observe that for the symmetric 2-
cutter case, the stability properties are not improved compared to the 1-cutter case,
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the stability pockets formed between two adjacent lobes even decrease signi�cantly,
while the lower envelope of the lobes does not change (see Sec. 3.3.1).

Considering the detuned system, the stability curves are severely modi�ed. The
lobes are shifted upwards and prevail a distorted structure. The results for the lower
envelope wRS of the lobes presents the maximal chip width value that guarantees
robust stability that is independent of the spindle speed. These values are summarized
in Tab. 4.5 together with the experimentally observed robust stability boundaries.

wRS [mm] Analytical FEM Fitted Measured
1 cutter 0.55 0.40 0.79 0.60
2 cutters,
symmetric

0.61 0.41 0.82 0.70

2 cutters,
detuned

6.31 4.87 3.62 3.50

Table 4.5: Theoretically predicted robustly stable chip width values for di�erent parameter sets and
measured values

The �rst two columns in Tab. 4.5 predict an increase in stability limit wRS by
a factor of about 10. The predictions based on the �tted FRF present a factor of
4.4. The experimental wRS values shown an improvement in stability with a factor
of 5. This good agreement is not surprising in the view that the theoretical stability
predictions were the best with the �tted modal parameters (see panels c) in the
stability charts in Figs. 4.7 � 4.9). Even if the factors of increase are not showing
perfect correlation, it can be stated, that for each parameter identi�cation method
an increase in stability can be observed for a multi-cutter turning system if it is
detuned in sti�ness. Clearly, the increase of the lower envelope wRS bears the direct
consequence of extending the stable machining parameter region, which was veri�ed
experimentally, too.

4.7 Di�erent ways of modelling multi-cutter turning

processes

In this Section, some improved mechanical models of the designed test �xture are
presented and compared to each other based on their dynamic behaviour and stability
properties.

4.7.1 2-DoF mechanical model

As previously shown in Sec. 3.2 the ideal, dynamically decoupled 2-cutter turning
system can be modelled by means of a 2-DoF mechanical model. As a result of the
impact tests, the modal parameters �tted with inbuilt methods provided by CUTPRO
are given in Tab. 4.6, which serve as a basis for numerical parameters in the mechanical
models used in stability calculations.
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Modal parameters Symmetric system Detuned system
f1 [Hz] 182.72 141.51
f2 [Hz] 182.71 92.57
m1 [kg] 10.78 5.2
m2 [kg] 11.12 8.57
k1 [N/m] 14.2 · 106 4.11 · 106

k2 [N/m] 14.7 · 106 2.9 · 106

ζ1 [-] (0.0065) 0.0686
ζ2 [-] 0.0067 0.0409

Table 4.6: Measured modal parameters for the symmetric and the detuned �xture

The damping factor c1 of tool 1 was computed based on the measured and �tted
modal data ζ1, m1 and k1 belonging to the symmetric structure, with the following
relation:

c1 = 2ζ1

√
k1m1 . (4.16)

The �xed ratio of the sti�ness and damping parameters of the tools is de�ned by the
proportionality factor p, its numerical value from Tab. 4.6 based on parameters from
the symmetric system is p = 11.33 µs.

For technical reasons in the experiments, the upper tool and upper branch of the
test rig denoted by 1 were modi�ed, thus the sti�ness ratio in the present chapter is
de�ned as bk = k1/k2. Let us check how the natural frequencies and the damping
ratios vary against this sti�ness ratio in case there is no coupling between the tools.
Natural frequencies are computed according to:

fi =
1

2π

√
ki
mi

, (4.17)

while the damping ratios are calculated from:

ζi =
ci

2
√
miki

. (4.18)

The results are summarised in Fig. 4.12. Note that the natural frequency f2 and the
damping ratio ζ2 of tool 2 are constant since only the sti�ness of the �rst branch is
varied and no physical coupling was considered between the tools.

However, the study of the measured acceleration responses of the tools lead to the
recognition that there is a considerable physical coupling e�ect between them. Figure
4.13 shows the time history of the measured acceleration signals of piezo sensors �xed
at tool 1, at tool 2 and at the �xture when tool 1 was excited by a modal hammer.
One can observe that the vibrations from tool 1 (green) are clearly transferred to
tool 2 (blue) via the �xture (red), which also started vibrating on a moderate level.
These observations implied that the coupling e�ect resulting from the physical contact
cannot be neglected in the clamper.
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Figure 4.12: Natural frequencies (left) and proportional damping ratios (right) for the 2-DoF model
(green: tool 1, blue: tool 2) as a function of the sti�ness ratio

To take into account the dynamical properties of the �xture, the mechanical model
has to be improved. At around t = 0.5 s in the right panel of Fig. 4.13, the vibrations
of tool 1 and tool 2 are in counter-phase, while they decrease slowly. This implies,
that a dominant mode shape is visible from the acceleration time signals, where the
tools are vibrating against each other and the damping ratio related to this eigenmode
is much smaller than the others.

Figure 4.13: Time signal of accelerometers on tool 1 (green), tool 2 (blue) and the �xture (red)

It is important to note, that some inconsistency seems to appear regarding the
damping ratios. A peculiar phenomenon can be observed in Tab. 4.6: why does the
detuned system have one order of magnitude larger damping ratios than the symmet-
ric one? The change of the plates of the lower branch does not give an explanation
for this, since the clamping method was identical and the upper branch remained
unchanged. In order to explain these measurement results, improved mechanical
modelling is needed, which may describe the possible dynamic interplay between the
two branches holding the tools. This requires a higher degree-of-freedom model.

4.7.2 Improved 3-DoF mechanical model

The 2-DoF mechanical model is extended by one additional degree of freedom x3

(see Fig. 4.14) that is supposed to capture the dynamic behaviour of the �xture of
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modal mass m3, which actually realizes physical coupling between the tools. The
corresponding schematic mechanical model can be seen in Fig. 4.14.

Figure 4.14: 3-DoF mechanical model of a 2-cutter turning system

The matrix equation of motion is assumed in the same form as before (see Eq. (3.28)),
with the di�erence, that the matrices M, C and K have an extended size and struc-
ture:

M =

 m1 0 0
0 m2 0
0 0 m3

 , C =

 c1 0 −c1

0 c2 −c2

−c1 −c2 c1 + c2 + c3

 ,

K =

 k1 0 −k1

0 k2 −k2

−k1 −k2 k1 + k2 + k3

 ,

(4.19)

while the cutting force variation on the right hand side of Eq. (3.28) is simply extended
by zeros in its third vector components. Numerical computation was conducted to
determine the mode shapes of this extended 3-DoF system considering proportional
damping in the following eigenvector-eigenvalue problem:

(Mλ2 + K)A = 0 , (4.20)

whereA is the real mode shape vector and λ is the (pure) complex eigenvalue λ = iωn.
In Fig. 4.15, the elements of the �rst mode shape vector A1 = [A11A12A13]T and

the visualised motion of the parts of the structure are presented for the symmetric
case with sti�ness ratio bk = k1/k2 = 1 on the right hand side of the �gure. For
bk = 1 the tools are apparently moving together in-phase, while the �xture is pulled
by them from one side to the other, activating the spring k3 and the damping c3. As
the sti�ness ratio is detuned, one tool will oscillate more intensely, while the other
will almost come to rest. This can be followed in Fig. 4.15 as the sti�ness ratio varies.
In Fig. 4.15 the motion is also visualized for the strongly detuned case bk ≈ 0. As
tool 1 with reduced sti�ness is vibrating, tool 2 and the �xture are in rest.
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Figure 4.15: Elements of eigenvector A1 and the corresponding motion at bk = 1 and bk ≈ 0 (green:
A11 of tool 1, blue: A12 of tool 2, red: A13 of �xture)

Figure 4.16 shows the elements of the second mode shape vectorA2 = [A21A22A23]T

and the corresponding motion of the tools and the �xture for sti�ness ratio bk = 1
on the right hand side of the �gure. The tools are moving in counter-phase with the
same amplitude. In this case, the �xture is practically not e�ected by the motion of
the tools, it stands still (A23 = 0) without being exposed to forces acting on it by the
tools. Consequently, the spring and damping forces in the �xture are not activated
by this mode. Thus, the viscous damping c3 does not in�uence the damping ratio
that corresponds to this vibration mode. Figure 4.16 also visualizes the motion for
the strongly detuned case bk ≈ 0, when tool 1 is standing still, while tool 2 is vibrat-
ing, thus activating the viscous damping element of the �xture part. Note, that the
plotted coordinates of the mode shape vectors in Fig. 4.15 and 4.16 indicate, that for
sti�ness ratio of about 0.5 both tools and the �xture are vibrating, thus the viscous
damping element c3 is active for both modes.

In Fig. 4.17, the natural frequencies and the damping ratios are computed for the
3-DoF model with proportional damping according to:

p :=
c1

k1

=
c2

k2

=
c3

k3

. (4.21)

The calculations are based on the measured data for the symmetric system in Tab. 4.6.
Since the �tting algorithm was unable to identify higher vibration modes from mea-
sured signals, the modal mass m3 and modal sti�ness k3 of the �xture were estimated
from the geometry of the structure: m3 = 3m1 and k3 = 6k1 were considered as
realistic values.

For the extended 3-DoF model, the damping ratios at bk = 1 for the �rst two
modes are very close to each other and they remain in the same range of magnitude
(see Fig. 4.17). In spite of the fact, that this model includes the coupling phenomenon,
it still does not capture the highly increased damping characteristics experienced in
the detuned system (see the one order of magnitude larger damping values for the
�rst two modes of the detuned system in Tab. 4.6). Thus, neither the 2-DoF model
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Figure 4.16: Elements of eigenvector A2 and the corresponding motion at bk = 1 and bk ≈ 0 (green:
A21, blue: A22, red: A23)

Figure 4.17: Natural frequencies (left) and damping ratios (right) for the 3-DoF model with propor-
tional damping (green: �rst mode, blue: second mode, red: third mode)

assuming ideally sti� �xture, nor the 3-DoF model with proportional damping could
explain the discrepancy related to the increased damping of the detuned system.

The thorough study of the time history of the acceleration signals in Fig. 4.13
draws the attention to a further phenomenon. After a very short transient, the two
tools start oscillating against each other according to the second vibration mode,
while there is almost no trace of signals that would refer to the �rst vibration mode,
where the tools oscillate in phase. This leads to the conclusion that the damping
ratio belonging to the �rst mode shape is much larger then the one belonging to the
second mode. This damping of the �rst mode is so large, that the �tting algorithms
of CUTPRO are actually unable to recognize this highly damped mode appropriately
from those impact tests that we could carry out. This is the reason why the damping
ratio of the �rst mode of the symmetric system is placed in parentheses in Tab. 4.6.

Since the results delivered by the previous models are still not satisfactory, further
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improvements are needed. As previously shown for the symmetric tool arrangement
referred to as bk = 1, the viscous damping c3 of the �xture is only active when the �rst
modeshape is present in the motion of the tools, namely when the tools are moving
in phase. However, when the tools are vibrating in counter-phase, the �xture remains
unloaded and the viscous damping element is passive. Thus, it does not in�uence
the motion presented by the second modeshape. For the detuned case, one order of
magnitude larger damping ratios were detected, which implies that the consideration
of a non-proportional damping in the 3-DoF model might show better correlation to
the detected peculiar dynamic behaviour of the structure.

4.7.3 3-DoF model with non-proportional damping

The 3-DoF mechanical model is modi�ed by means of assuming the damping to be
non-proportional for the �xture according to the following relations:

p :=
c1

k1

=
c2

k2

6= p3 :=
c3

k3

, (4.22)

where the factor p3 = γp is characterised by a non-proportionality ratio γ. Based
on several computational tests, non-proportionality factor γ = 85 appeared to be the
most appropriate to �t our model to the impact tests. The factor p3 for the �xture
can be assumed to be 2 orders of magnitudes larger than p at the tools, because the
�xture being clamped into the turret has a complex grooved surface that experiences
large friction during the contact with the counterpart in the turret. In the meantime,
the plates of the branches are �xed �rmly with several screws on �at surfaces as shown
in Fig. 4.1, which leads to minor damping e�ects.

In the presence of non-proportional damping, the calculation of the natural fre-
quencies and corresponding vibration modes require the solution of a generalized
complex eigenvalue-eigenvector problem [63]. The characteristic equation involves
the damping matrix C, too:

det(Mλ2 + Cλ+ K) = 0 . (4.23)

The undamped natural angular frequency ωn can be computed from the real part of
the complex characteristic roots:

λi = ζiωni + iωni

√
1− ζ2

i . (4.24)

After a straightforward derivation one ends up with the following formula for ζi:

ζi =

√
Re(λi)2

Re(λi)2 + Im(λi)2
. (4.25)

The computed natural frequencies and damping ratios for non-proportional damping
are presented in Fig. 4.18.

While the �rst two natural frequencies for the 3-DoF model with non-proportional
damping show very analogous tendencies as the 2- and 3-DoF models with propor-
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Figure 4.18: Natural frequencies (left) and damping ratios (right) for the 3-DoF model with non-
proportional damping (green: �rst mode, blue: second mode, red: third mode)

tional damping, it is interesting to observe the variation of the damping ratios of the
3-DoF system with non-proportional damping around the sti�ness ratio bk = 1 (see
Fig. 4.19 that is the enlarged section of the right panel of Fig. 4.18). The damping
ratio for the model with non-proportional damping is one order of magnitude larger
than the values computed for the other models, except for mode one at bk = 1. Note,
that the value of the damping ratio referring to the �rst mode at bk = 1 is very large.
Since by measurements we obtained f1 ≈ f2, it was not possible to detect correctly
the �rst mode with this large damping by means of the modal analysis software.
This is the reason why there is no measured red circle denoting the large damping
at bk = 1 in Fig. 4.19. However, this non-proportional damping model �ts perfectly
to the measured damping values at bk = 0.71, which were correctly identi�ed by the
modal analysis software (see Tab. 4.6 and the red circles in Fig. 4.19).

Figure 4.19: Large damping ratio for 3DoF model with non-proportional damping (blue: �rst mode,
green: second mode, red circle: measured values)

The mechanical model with non-proportional damping provides a proper explana-
tion for all the discrepancies observed in the impact test measurements. Due to the
large non-proportional damping at the �xture, the �rst vibration mode representing
the in-phase vibrations of the tools are extremely highly damped (cca. 10 %) and
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could not be identi�ed in the modal tests. In the meantime, the second vibration
mode with tools in counter-phase still presents the low damping ratio (cca. 0.5 %).
When the tools are detuned, the two damping ratios start getting closer to each other
ending up at 7.2 % for the �rst mode and at 4.1 % for the second mode for detuning
bk = 0.71 (see Fig. 4.19).

4.8 Stability charts with di�erent mechanical models

4.8.1 Stability calculations with measured and �tted FRF data

As it was shown, the di�erent mechanical models present large di�erences in the
dynamical properties. The question arises naturally: how do they predict the stability
properties of the 2-cutter turning processes? In order to answer this question, the
stability lobe diagrams were computed by the MDBM-method [52, 51] in the plane
of the spindle speed Ω and the chip width w.

Figure 4.20 shows the stability chart (red curves) computed with the symmetric
uncoupled 2-DoF model (see Fig. 3.6) based on �tted modal parameters. The black
curves of Fig. 4.20 represent stability boundaries computed directly from the actually
measured FRF functions, where the o�-diagonal elements were set to zero in the 2x2
FRF-matrix. Clearly, this was an arti�cial elimination of the coupling between the
tools, which resulted a di�erence of 35 % in the value of the robustly stable chip
width wRS computed for the two case, while the lobes are very similar in shape along
the spindle speed parameter.

Figure 4.20: Stability boundaries for the 2-DoF model (red) and for measured FRF functions with
zero o�-diagonal elements (black)

The cutting stability in case of the symmetric 3-DoF model based on �tted modal
parameters with proportional (orange) and with non-proportional (blue) damping are
compared in Fig. 4.21. For proportional damping, there are two almost overlapping
rows of lobes, which are originated in the fact that there are two close natural fre-
quencies for the sti�ness ratio bk = 1 (see left panel of Fig. 4.17) � these determine
the vertical asymptotes of the lobes. It can also be observed in panel a) of Fig. 4.21
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that the two orange lobe structures have slightly di�erent lower envelopes, which is
due to the slightly di�erent damping ratios for bk = 1 (see right panel of Fig. 4.17).

Figure 4.21: Stability boundaries for 3-DoF models with a) proportional (orange) and b) non-
proportional damping (blue)

The blue curves in panel b) of Fig. 4.21 belong to the 3-DoF model with non-
proportional damping, clearly prevailing two rows of lobes, one at a higher and one at a
lower level, the latter almost overlapping with one of the lobe rows of the proportional
damping model. The upper lobe row belongs to the larger damping value of the �rst
mode for bk = 1 in Fig. 4.19. Obviously, the non-proportionality of damping causes
severe modi�cation of the stability boundaries.

Figure 4.22: Stability boundaries for 3-DoF models with non-proportional damping (blue) and for
measured complete FRF matrix (green)

In order to compare stability charts for the 3-DoF model based on �tted modal
parameters with non-proportional damping and based on the actually measured com-
plete FRF-matrix, the corresponding lobe curves (blue and green, respectively) are
plotted in Fig. 4.22. It is important to note that two di�erent lobe rows appear
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also with the complete FRF data. This shows the importance of the o�-diagonal
elements, which contain some information about the coupling and the correspond-
ing non-proportionality of the damping. While the lobe structures are qualitatively
similar, the second (higher) lobe row of the FRF data (green) is quantitatively dif-
ferent from the �tted date (blue). This is caused by the fact that the measured FRF
functions are loaded with many uncertainties, especially for the o�-diagonal elements,
which are not trivial to measure. This is in�uencing the stability diagram, while the
�tted modal parameters are also exposed to considerable standard deviations, making
it challenging to predict stability boundaries accurately at the higher lobe rows.

In what follows, we use the �tted modal parameters extended with non-proportional
damping for the stability calculations, because the measured FRF functions are loaded
with too much noise and the robust stability limits are in the same range anyway.

4.8.2 Comparison of robust stability with proportional and

non-proportional damping

In Fig. 4.23 and Fig. 4.24 the stability lobe diagrams for the symmetric and detuned
2-cutter systems can be seen, respectively, which were computed based on the 3-DoF
mechanical model with non-proportional damping presented in Sec. 4.7.3 for measured
�tted modal parameters. The measured stable and unstable cutting parameters al-
ready presented in Sec. 4.5, are also plotted in the diagrams. The correlation between
the measured and the predicted robust stability limit is just as good as it is in the
case of the 2-DoF model (see Sec. 4.5), however, the 3-DoF mechanical model with
non-proportional damping is able to describe both dynamic behaviour of the structure
and the stability properties of the turning operation with one set of parameters.

Figure 4.23: Stability lobe diagrams for the symmetric 2-cutter system based on the 3-DoF model
with non-proportional damping (black) for modal parameters m1 = 10.78 kg, m2 = 11.12 kg,
m3 = 3m2, k2 = 14.7 · 106 N/m, k1 = bkk2, bk = 1, k3 = 6k2, c1 = pk1, c2 = pk2, p = 11.33
µs, c3 = p3k3, p3 = γp, γ = 85 and measured stable (blue circles), marginal (green diamonds) and
unstable (pink crosses) points. Panel b) shows an enlarged section of the chart in panel a).

The most important parameter to be aware of is the robustly stable chip width
value wRS, below which each machining parameter combination results in stable cut-
ting for all spindle speed values [54]. Figure 4.25 presents this wRS value for the
2-DoF model (solid blue) and for the 3-DoF model with non-proportional damping
(dashed red) as a function of the sti�ness ratio bk.
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Figure 4.24: Stability lobe diagrams for the detuned 2-cutter system based on the 3-DoF model
with non-proportional damping (black) for modal parameters m1 = 10.78 kg, m2 = 11.12 kg,
m3 = 3m2, k2 = 14.7 · 106 N/m, k1 = bkk2, bk = 0.71, k3 = 6k2, c1 = pk1, c2 = pk2, p = 11.33
µs, c3 = p3k3, p3 = γp, γ = 85 and measured stable (blue circles) and unstable (pink crosses) points.
Panel b) shows an enlarged section of the chart in panel a).

Around the symmetric case at bk = 1, the robust stability limit for the 2-DoF
model is very sensitive to the sti�ness ratio, while the 3-DoF model provides a smooth
variation there. This is explained by the sharp cross of the two natural frequencies
at bk = 1 (see Fig. 4.12) for the 2-DoF model, while they vary smoothly without
crossing each other in the non-proportional 3-DoF model (see left panel of Fig. 4.18).
Consequently, slight detuning of the tools does not seem to be e�ective in case of the
more realistic non-proportional 3-DoF model. However, this is just the opposite for
larger detuning values: for an optimal sti�ness ratio (at around bk = 0.6) a twice as
high wRS value can be achieved according to the non-proportional 3-DoF model than
for the 2-DoF model.

Figure 4.25 also presents the results of cutting experiments carried out for spindle
speeds in the range of 1500 and 3000 rpm with two di�erent 2-cutter systems, a
symmetric (bk = 1) and a detuned one (bk = 0.71, see also Tab. 4.6). The measured
robust stability limits are presented by black crosses where chatter was experienced
during the turning process at some spindle speeds in the given range 1500 � 3000
rpm. The measured data for the symmetric case �ts perfectly to both the 2-DoF and
the non-proportional 3-DoF models, while for the detuned system the measured wRS

value falls in between the limits predicted by the two di�erent mechanical models.
When mechanical models are used in engineering practice, one intends to apply as

simple ones as possible without jeopardizing the required accuracy of the predicted
dynamic behaviour. Accordingly, a 2-cutter turning system was described �rst by
means of a simple 2-DoF mechanical model in order to predict cutting stability im-
provement realized by the detuning of the natural frequencies of the cutters. The
experiments carried out on a corresponding test �xture presented the predicted im-
proved stability behaviour. In the meantime, the impact tests referred to a signi�cant
increase in the modal damping parameters. The stability results were in accordance
with the theoretical predictions, but it was somewhat contradictory that the cut-
ting stability improvement was only partially caused by the detuning of the natural
frequencies and the increased damping also had relevant contribution to this. The
2-DoF mechanical model could be �tted to the experimental results, but it was not
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Figure 4.25: Robustly stable chip width limit for 2-DoF model (solid blue), for the 3-DoF model
with non-proportional damping (dashed red) for di�erent sti�ness ratios and measurement points
(black crosses)

able to explain the physical reason for the signi�cant increase in damping.
In order to resolve the above contradiction, the mechanical model was further

elaborated by the dynamic behaviour of the �xture holding the cutters. The corre-
sponding 3-DoF mechanical model with proportional damping was not able to capture
the increased damping e�ect either. However, when a non-proportionally damped me-
chanical model was applied, an accurate description of the dynamic behaviour was
possible in a wide range of sti�ness ratios. It was shown, that not only the dynamic
detuning of the tools can lead to signi�cant extension of the stable machining area,
but also non-proportional damping in the �xture can be exploited to increase the
robustly stable chip width limit. It was also explained, why the impact tests could
not reveal the di�erent orders of magnitude of the damping values corresponding to
the cutters and the �xture.

The 3-DoF mechanical model with non-proportional damping presents a robustly
stable chip width limit close to the results of the simpli�ed 2-DoF model and also to
the experimental results, but clearly, it is physically more profound. Note, that the
predicted increase of the robust chip width limit for optimal detuning is even larger
for the 3-DoF non-proportional damping model than that of the 2-DoF mechanical
system, which is subject to further experimental validation in the future.
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New Results

Thesis 5

A tool holder for 2-cutter turning was designed and built for validation purposes.
With the help of experimental modal analysis one order of magnitude larger damping
ratios were identi�ed for the detuned system compared to the symmetric one. Di�er-
ent mechanical models were constructed in order to describe the dynamic behaviour
of the test rig.

The assumption of an ideally sti� base of the tool �xture leads to quan-
titatively realistic robust stability limits, but does not provide qualitative
explanation for the experimentally detected increase of damping ratios
when one tool is detuned against the other.

The mechanical model taking into account the physical coupling of the
two tools by including the dynamics of the �xture with non-proportional
damping accurately describes the increased damping behaviour of the de-
tuned tool holder structure in a wide range of sti�ness ratios and it also
con�rms the predicted robust stability limits.

Cutting tests were carried out to validate the theoretically predicted robust sta-
bility limits for the 2-cutter turning process. With the mechanical model assuming
non-proportional damping for the base of the tool �xture, it was possible to predict
both the dynamic behaviour of the test structure and the stability properties of the
turning process in a wide range of sti�ness ratios.

Related publications:
[64, 59, 65, 61, 54, 66]
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