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Motivation
Groynes are cross-wise built river-training works, which are frequently used to handle various
issues, e.g. to maintain the shipping-ways, to protect the river bank against erosion. They can
also be an important tool to control aquatic habitat quality. Investigating mixing properties
around groyne fields is a challenging task due to the typically complex and ever varying flow
conditions. This influences the transport of nutrients and pollutants in these zones. Traditional
Fickian approach often results in poor matching to field data at such complicated sites.
The main motivation of this research was on how water particles move both individually
and relative to each other, which as a Lagrangian concept, would substantially improve our
knowledge on mixing processes, including its chaotic nature and fractal patterns, driven even
by pure advection.
The implemented methodologies provide a novel approach for civil and environmental engineers
to better understand and quantify mixing processes when dealing with fluvial water resources
protection and management.

Objectives
The main objectives of this thesis are the following:
– To carry out field measurement campaigns demonstrating the chaotic behavior of the
mixing processes.
– To analyze the trajectories of the surface floating buoys, which were deployed initially
very close to each other.
– To reconstruct a detailed surface velocity flow field in laboratory using PTV measurements.
– To apply a systematic Lagrangian approach on surface flow field, based on calculations
which are traditional tools of chaos theory.
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Methods
In unsteady, time aperiodic flows the most
effective mixing process is chaotic advection,
which is best handled with Lagrangian methods. Structures like hyperbolic and elliptic
points, stable and unstable manifolds have
been used for a long time to describe the evolution of trajectories in abstract dynamical systems. By applying the methods of chaos theory
in the context of fluid dynamics, it is possible
to identify spatial structures that govern the
flow and to locate areas where the most effective spreading occurs. Such fluid dynamical
structures include vortex boundaries, barriers
and channels of transport, or lines of strong
stretching coupled with contraction.

Figure 1: Schematic view of a hyperbolic point in the intersection of the stable
(attracting) and unstable (repelling) manifolds. (source: http://goo.gl/uqWH0d)

In order to detect signes of chaotic advection in river surface motion, surface buoys equipped
with GPS were deployed in a field experiment in in the vicinity of groynes in River Danube. Here
complex mixing processes are expected. A detailed analysis of buoy trajectories was carried out
by which experimental evidence to the sensitivity to initial conditions was found. Focusing on
the time evolution of the distance between buoy pairs, the analysis included the determination
and comparison of local Lyapunov exponents of finite-time hyperbolic behaviour. Particles
initially close to each other tend to separate exponentially in a chaotic flow. This exponential
rate of the separation can be described with the following equation:
∆r(t, x) = ∆r(0)eλ(x)t ,

(1)

where ∆r(0) stands for the initial distance of two particles, λ is the space dependent local
Lyapunov exponent and t is the time.
For a detailed characterization of the mixing mechanisms we carried out appropriate laboratory
measurements based on the Particle Tracking Velocimetry technique. This provided a detailed,
time-dependent surface velocity field in which millions of numerical particle trajectories were
simulated. This number of trajectories offered us multitude of methods for a systematic analysis
of chaotic features. Important mixing parameters like flushing time, Finite-Size Lyapunov
Exponent, escape rate and fractal dimension, coherent structures (stable and unstable manifolds
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and chaotic saddle) were revealed. Time dependence of these parameters were also investigated
in order to give detailed picture on surface mixing occuring in aperiodic flows.
An important indicator of the chaotic nature is the irregular dependence on the initial conditions. Consider a set of initial conditions and assign to each of them, how long an orbit released
there stays in the observation area. This time span is called the flushing time. Orbits initially
close to the stable manifold has longer lifetimes. The larger values form a fractal subset of the
initial conditions.
The Finite-Size Lyapunov Exponent (FSLE) characterize separation dynamics taking the focus
on a pre-determined separation distance (δl ) of some initially close particle trajectories. At some
time t particles are initiated around a point x on an equidistant grid with spacing δ0 , then they
are tracked up to time τ , when the largest separation of their original edge neighbors reaches a
specified threshold value δl = r ∗ δ0 . The FSLE is defined with the following formula:
λ(x, t, δ0 , δl ) =

1
ln(r),
τ

(2)

where τ is the time that elapses until the two particles separate to r times the initial distance
δ0 .

(a) One of the GPS-equipped
drifter buoys used in the field experiments.

(b) Schematic view of the groyne position in the channel
including the cells out of which the tracer particles are
released in the numerical simulations.
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New scientific results
The main new scientific results of this Ph. D. research were summerized in the form of the
following five theses.
Chaos signatures detected in field experiments in a groyne field
Thesis 1: By performing experiments in the Danube with passive surface buoys, I
have shown that the Lagrangian surface flow in the vicinity of river groynes exhibits
several signatures of chaos. I have found experimental evidence to the sensitivity to
initial conditions and the existence of trapping. In addition, the analysis of surface
buoy dispersion data have revealed occasional periods of exponential growth of
separation with identifiable, positive Lyapunov exponents. All these indicate the
presence of chaotic mixing. The magnitude of the local Lyapunov exponent varies
according to the flow region, where the separation occurs, and the stage of the
river. (Zsugyel et al., 2012b)

(a) Buoy trajectories during a field ex- (b) Fitted linear segments in order to determine local
periments in low water condition.
Lyapunov exponents.

Presumable presence of a chaotic saddle in groyne field
Thesis 2: The experimental data indicate the possible presence of a chaotic saddle in the surface flow field downstream of the groyne at least in the case when
the groynes are not submerged. This assumption has been further substantiated
by targeted follow up laboratory model experiments and numerical data analysis.
(Zsugyel et al., 2012b)
Due to the small number of floating buoys in the field measurements, a direct evidence of the
presence of a chaotic saddle can not be demonstrated, however, indirect signals indicate this.
Such signals are the sensitivity on the initial conditions or the exponential separation of nearby
trajectories.
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Chaos properties near a single groyne revealed by laboratory measurement
Thesis 3: By detailed Lagrangian analysis of laboratory experiments, I have found
evidence to the presence of chaos in the surface flow near a groyne. I have located
time-dependent hyperbolic orbits that are part of the chaotic saddle, and identified
the stable and unstable manifolds, which show filamental structure with a fractal
dimension. (Zsugyel et al., 2014)

(a) T=0 s, Initial conditions
with the largest flushing times
reveal the stable manifold

(b) T=18 s, Particles from the
stable manifold converge toward
the chaotic saddle

(c) T=45 s, The particles are
on the unstable manifold after
leaving the saddle

Figure 4: Advected particle orbits reveal a chaotic saddle

Considering all the chaotic signals, which were obtained applying traditional Lagrangian methods originated from the chaos theory, in context, provided a clear evidence of the presence of
chaos in the vicinity of a groyne. It is worth emphasising that these chaotic sets, while maintaining their general qualitative character, keep changing perpetually. Consequently, their
descriptive chaos parameters also vary irregularly, in a fluctuating manner.
The first application of Lagrangian data analyzing methods in riverine environment, which
were introduced in this work, offers a novel tool for surface river management research.
Estimation of fractal dimension with FSLE and escape rate
Thesis 4: I have measured the time dependent FSLE (λ), escape rate (κ), flushing
time and box-counting dimension values. These experimental data suggests that
these fluctuating quantities maintain the dimension formula D1 = 2−κ/λ at all times,
which is consistent with the theory of chaotic saddles in random spatiotemporal
systems. (Zsugyel et al., 2014)
The fate of a fluid particle in the recirculation zone
Thesis 5: I have shown that the recirculation zone, defined in the traditional,
Eulerian way, does not imply a strong barrier for a Lagrangian fluid particle being
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B3
C3
D3

t=0 s
κ
λ
0.16 0.45
0.13 0.43
0.24 0.34

D1
1.63
1.70
1.30

D0
1.57
1.36
1.56

κ
0.16
0.23
0.12

t=3 s
λ
D1
0.37 1.57
0.43 1.47
0.34 1.64

D0
1.55
1.64
1.62

κ
0.12
0.19
0.14

t=6 s
λ
D1
0.34 1.64
0.40 1.53
0.38 1.63

D0
1.71
1.54
1.59

Table 1: Characteristic cell-averaged escape rates (κ [s−1 ] ) and FSLE values (λ [s−1 ]),
estimated (De = 2 − κ/λ) and box-counting measured (Dm ) fractal dimension in different
initial cells and starting time instants.

originally inside this zone. Due to the time dependent nature of the flow this
particle, sooner or later, reaches the shear zone and escapes from the recirculation
zone. (Zsugyel et al., 2012a, 2014)

(a)

(b)

Figure 5: Deformation of a square-shaped surface dye droplet of N = 106 particles (black)
started at t = 0 s (A). The shape of the droplet at t=36 s (D).

Assuming that the flow is approximately divergence free in the recirculation zone, this observation is in harmony with the theoretical fact, that in two dimensional non-periodic time
dependent flow KAM tori (i.e. set of particle orbits which stays forever in the recirculation
zone) can not exist.

Outlook
Field measurements were terminated due to the small number of traceable floating buoys. In
the next step, the fast evolution of drone copters opens the door to conduct new field measurements. Nowadays, these devices are able to fly more than 20 minutes and can document the
advection of simple, recyclable and cheap surface trace particles (e.g. tennis balls, grapefruits)
with good quality video recordings. Based on this measurement technique further important
and interesting results are expected.
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