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Abstract

The objective of this thesis is the dynamic modeling of singe-mast stacker cranes
and reducing of the mast vibrations arising in their structure. During the dynamic
modeling a distributed parameter beam model, a �nite element model as well as a
multi-body model of the investigated stacker crane are introduced. The comparison
and validation of the above-mentioned models are carried out based on their fre-
quency domain properties. In order to generate the control oriented models �rst the
modeling of performances is discussed. The main performance criteria applied in
this thesis are the good reference signal tracking and the mast vibration attenuation.
The in�uence of lifted load magnitude and position on the dynamical properties of
the models are also analyzed. In the dynamic models this in�uence can be taken into
account in two di�erent ways: by an unstructured uncertainty modeling method as
well as a polytopic LPV modeling approach. Several H∞ and robust H∞ controllers
are generated based on these control oriented models. The proposed control meth-
ods guarantee the robust stability and performance robustness of closed-loop system.
By means of the robust H∞ control method the trade-o� between the reference sig-
nal tracking and the mast vibration attenuation performances is investigated, the
ideal parameters of weighting functions are determined. After that a gain-scheduled
control method of single-mast stacker cranes is introduced. The aim of this method
is to generate a parameter varying (gain-scheduled) controller structure that is able
to handle the varying lifted load position. The designed controllers are validated
and compered by the help of time domain analysis, simulations.

Keywords: single-mast stacker cranes, dynamic modeling, multi-body modeling,
robust control, gain-scheduled control

v



vi



Kivonat

A disszertáció célja az egyoszlopos magasraktári felrakógépek dinamikai modellezése
valamint a szerkezetükben keletkez® oszloplengések csökkentése. A dinamikai model-
lezés során a vizsgált felrakógépnek egy elosztott paraméter¶ gerenda modellje, egy
végeselem modellje valamint egy többtest modellje kerül bemutatásra. Ezen mo-
dellek összehasonlítása és validálása a frekvenciatartományi tulajdonságaik alapján
történik. Az irányítási célú modellek el®állításához el®ször a min®ségi jellemz®ket
tárgyalja a disszertáció. A disszertációban alkalmazott legfontosabb min®ségi jel-
lemz®k a jó referenciajel követés valamint a keletkez® oszloplengések csökkentése.
Az emelt teher nagyságának és pozíciójának a dinamikai modellek tulajdonságaira
gyakorolt hatása is bemutatásra kerül. A dinamikai modellekben ez a hatás kétfé-
le módon vehet® �gyelembe: egy struktúrálatlan bizonytalansági modell valamint
egy politópikus LPV modellezési eljárás segítségével. Ezen irányítási célú modellek-
re alapozva többféle H∞ és robusztus H∞ irányítási eljárás kerül kidolgoozásra a
disszertációban. A javasolt irányítási eljárások garantálják a zárt rendszer robusztus
stabilitását valamint a min®ségi jellemz®k bizonytalanságokkal szembeni robusztus-
ságát is. A robusztus H∞ irányítási eljárás segítségével a referenciajel követés és az
oszloplengések csökkentése közötti kompromisszum is kialakítható, ennek vizsgálata,
a súlyozó függvények ideális paramétereinek meghatározása is része a dolgozatnak.
Ezután az egyoszlopos magasraktári felrakódépek ütemezett szabályozási eljárását
mutatja be a disszertáció. Ennek az eljárásnak a célja egy olyan paraméterfügg®
(ütemezett) szabályozó el®állítása, amely képes a változó teherpozíció �gyelembe
vételére. A megtervezett szabályozók validálása és összehasonlítása id®tartományi
analízisek, szimulációk segítségével történt.

Kulcsszavak: egyoszlopos magasraktári felrakógép, dinamikai modellezés, több-
test modellezés, robusztus szabályozás, ütemezett szabályozás
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Chapter 1

Introduction

1.1 Motivation, main objectives

Since the seventies of last century the warehousing technology and machinery have
had signi�cant improvement. Beside the manually powered material handling so-
lutions and manually controlled equipment the completely mechanized and highly
automated material handling systems also have appeared. One of the typical devel-
opmental areas was the appearance of high bay warehouses with automated stor-
age/retrieval system. These kinds of warehouses have spread rapidly due to the
high price of building plots and growing amount of materials to store since they are
capable of storing a large amount of goods in a small area. The essential elements
in automated storage/retrieval systems (AS/RS) of high bay warehouses are the
stacker cranes (a.k.a. storage and retrieval machines) which perform directly the
storage/retrieval operation into/from rack position. A detailed summary of high
bay warehousing system constructions, their technological subsystems and material
handling machinery can be found in the books [32] and [102]. The classi�cation of
stacker cranes, their typical con�gurations and structural elements are introduced by
the introductory sections of theses [18] and [11]. The basic de�nitions and terminol-
ogy of these machines are summarized in the standards [34], [35]. Further technical
details about the construction of advanced stacker cranes, their components and
technological parameters can be found in the following brochures: [86], [87], [119],
[124].

In our days the height of advanced, self-supporting high bay warehouses can
reach even the 40 − 50m. In these high bay warehouses completely automated
stacker cranes operate which enable the fast handling of a large amount of materials.
Reaching short material handling cycle-time requires high material handling capac-
ity. Therefore the main features of applied stacker cranes are the growing structural
heights and in the same time the higher operation velocities and accelerations. An-
other strict requirement of stacker cranes is the reliable, economical operation which

1



2 CHAPTER 1. INTRODUCTION

forces the designers of these machines to reduce the dead-weight and to improve the
payload/gross weight ratio.

An ideal stacker crane therefore has high hoisting height and capacity, fast op-
erating velocities and low dead-weight. However, the reduction of dead-weight may
cause the decrease of cross-sectional dimensions of structural members, therefore the
sti�ness of frame structure is reduced. In the same time the inertial forces acting on
the frame structure of stacker cranes have grown due to the increased accelerations.
The high and less sti� structures are more responsive to dynamical loads. During
operation undesirable vibrations, low frequency and high amplitude mast sways may
occur because of the di�erent inertial forces. The high amplitude mast vibrations
may reduce the stability and positioning accuracy of the stacker crane and in an ex-
treme case they may damage the structure. Another harmful consequence of mast
vibrations is the increasing cycle-time of material handling since before the begin-
ning of pick-up and deposit cycles with the load handling unit the settling of mast
vibrations must be waited.

The aim of this thesis is the investigation of above mentioned vibrations and the
analysis of their reduction methods. Practically the mast structure has two funda-
mental con�gurations: the so-called single-mast and twin-mast structures. In this
work the single-mast structure is analyzed since this con�guration is more respon-
sive to dynamic excitations and considerable mast vibrations may arise in the frame
structure of these machines. In this thesis the vibrations in direction of traveling
motion (i.e. the motion towards the aisle of warehouse) are investigated since they
are substantially greater than the vibrations of other directions.

The reduction of these undesirable vibrations as well as improving the positioning
accuracy of stacker cranes is achieved via applying several methods of control theory.
Motion control of stacker cranes as well as estimation of structural vibrations during
design period of stacker cranes or dynamic investigation of an existing structure
requires a dynamic model of the �exible structure, see e.g. [60, 72, 73]. This model
must be accurate enough to represent the dynamic behavior of an actual structure
and at the same time quite simple to ful�ll the requirements of controller synthesis
techniques. These requirements can be satis�ed by e.g. the distributed parameter
continuum models (Euler-Bernoulli beam models), the various �nite element models
as well as the so-called multi-body models which consist of rigid bodies, elastic- and
damping elements. With the comparison of these kinds of models the selection
of most appropriate dynamic model can be performed. However, the dynamical
properties, e.g. resonance frequencies, mode-shapes etc. of stacker cranes depend
on the magnitude and position of lifted load which must be taken into account
during generating dynamic models. A simple linear time invariant model probably
can not handle this parameter dependency in the whole load position and magnitude
range. The applied dynamic modeling method must take also the above mentioned
property of structure into consideration.
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For applying the methods of control theory and designing several controllers the
control oriented modeling of single-mast stacker cranes is also required. This kind
of modeling approach needs completely di�erent considerations than the modeling
techniques mentioned in the previous paragraph (which are more suitable for dy-
namic analyses). The advanced methods for control design can be applied only with
relatively low order dynamic models because of the complex numerical methods used
in control design. During the control oriented dynamic modeling therefore a sort
of model order reduction procedure may be used. The so-called performances of
control system design methods must be de�ned also in this modeling step. The per-
formance criteria are de�ned to evaluate the designed control systems. According
to the objectives of this thesis two main performance criteria should be taken into
account, they are the good reference signal tracking and the mast vibration attenu-
ation. Further performance criteria may also be de�ned for the control design, for
example they are the sensor noise attenuation or the limitation of control input in
order to avoid large control signals and undesired hysteresis e�ects in the actuator
system. In control oriented modeling and control design the above mentioned lifted
load-parameter dependance of dynamical properties also must be taken into account.
In order to do this two kinds of modeling approaches are exist. In the �rst case the
e�ects of varying lifted load magnitudes and positions are taken into consideration
as an unstructured uncertainty model. The second modeling approach is based on
that the actual magnitude and position of lifted load can be measured online, there-
fore, a so-called LPV model can be de�ned. With this approach the dynamic models
can be parametrized by the varying lifted load magnitude or position. Using this
LPV model the dynamic properties of single-mast stacker cranes can be described
in a more accurate way.

The main objective of this thesis is to apply and analyze the recent results of
modern control researches in order to obtain the appointed performance criteria.
One of the possible investigation directions is applying robust control systems. In
the robust control design methods the performance criteria is de�ned by the help
of special weighting functions. For the control design purposes the dynamic model
of the system that we would like to control is extended with the above mentioned
weighting functions, therefore the so-called augmented model (or generalized plant)
is de�ned. According to the performance criteria special input- and output signals
(the so-called disturbance input w and performance or controlled output z) can be
de�ned for the generalized plant. The aim of robustH∞ control design is to minimize
the H∞ norm (i.e. gain) of the w → z transfer function of closed-loop system. With
the varying of parameters in the weighting functions a good trade-o� can be achieved
between con�icting performance criteria, as well as the so-called robust stability of
closed-loop system and the performance robustness can be guaranteed.

Another possible investigation opportunity is analyzing the so-called gain sched-
uled controllers, the main objective of these controllers is to control nonlinear sys-
tems. The design of classical gain scheduled controllers is based on the local lin-
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earization of a nonlinear model in a set of equilibrium points, thus the control
design methods for linear systems further remain applicable. The nonlinear con-
troller from the set of locally designed linear controllers can be formulated by either
interpolating the linear controllers or by switching them. In the case of the inves-
tigated stacker crane model the above-mentioned linearization is unnecessary, since
the local models that are valid for �frozen� load conditions can be generated by
means of the presented linear modeling methods. Unfortunately, with the classical
gain scheduling method the performances and robustness of closed-loop system is
guaranteed only in the local points of parameter space. However, using the LPV
modeling based gain scheduling approach (i.e. LPV controllers) gives performance
and robustness guarantee to the closed-loop system for the whole admissible param-
eter trajectories. In order to reduce the mast vibrations of stacker crane in this
thesis a polytopic LPV modeling based gain scheduled controller is applied, which
minimizes the induced L2 norm of closed-loop system. This method is an extension
of the H∞ controller synthesis method of linear systems to the LPV systems. Ap-
plying the presented control methods the problems related to the varying lifted load
magnitude or position may be solved.

1.2 Literature overview

Dynamic modeling and investigation of single-mast stacker cranes has an extensive
literature (mainly in German language). These publications deal with several areas
and can be classi�ed in several ways. Numerous publications deal with dynamic
modeling of stacker cranes in order to present the dynamic modeling possibilities,
the dynamic properties and behavior of stacker cranes. For example Reisinger and
Oser in their works [104] and [93] introduce several continuum- and multi-body
models which are suitable to dynamic modeling of single-mast stacker cranes. From
these models a multi-body model that consists of 10 elements is notable where
the elements are connected via hinges. Another interesting model of these authors
consists of two rigid bars connected with a hinge, the bars are linked with �exible and
damping elements. The height of hinge is determined so that the shape of de�ected
rigid-body model approximates well the �rst mode shape of an Euler-Bernoulli beam
model. Based on this kind of simple multi-body model Oser and his co-authors in
their article [90] introduce the application of genetic algorithms during modeling.

A few examples can be found about the investigation of stacker cranes having
special con�guration. For example in the article [92] a �exible belt driven lightweight
stacker crane is introduced while in [91] a handling equipment of an automated
storage and retrieval system for small parts is analyzed with dynamic models. In
both cases the results of dynamic simulations are compared with measurement data
of actual machinery. Some publications deal with not only the study of horizontal
vibrations (i.e. vibrations in direction of traveling motion) but also introduce the
vertical directional vibrations in hoisting machinery. Good examples of this are the
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works of Köhne [68] and Kühn [70]. In the �rst case simple two degrees of freedom
models are applied for modeling both the horizontal and vertical vibrations. By the
help of these models the dependence of �rst natural frequency and mode shape on
lifted load magnitude and position is calculated. In the second case the dynamic
e�ects of load picking-up and hoisting is analyzed by two kinds of models. The
�rst one is a complicated �nite element model while the second one is a simpler
multi-body model having a few degrees of freedom. In [6] the author recommends
a method for the re�nement of dynamic coe�cient used in strength calculations of
stacker cranes. First the calculation procedure for coe�cients of lifted load and
dead-weight according to the available standards (e.g. [36]) is introduced. Then a
method similar to the calculation procedure applied for cranes (see [29]) is suggested
which is based on the dynamic modeling of structures.

Another group of publications deal with the reduction of undesired oscillating ef-
fects in stacker crane structures. The reduction of harmful mast vibrations of these
machines have been a widely studied area in the dynamics of material handling
machinery. For example in [62] several passive elements, vibration damper equip-
ment are introduced. However, most of the publications try to reduce the structural
vibrations by applying various closed-loop control techniques. In [9] and [23] for
example a pole placement method with full state feedback as well as a Fuzzy control
method are used for the reduction of horizontal mast vibrations. For the purpose
of control design a simple two degrees of freedom model is applied which is made
up of a cart that can move horizontally and a vertical massless bar connected to
the cart via hinge. In the uppermost point of the bar a lumped mass is placed and
the vertical position of this bar is ensured by �exible and damping elements. The
results of several control methods are compared based on the actual dynamic coe�-
cient. In [30] also a Fuzzy control system is introduced which is applied to control
the asynchronous motor of stacker crane drive based on the velocity of machine and
the reference signal.

In some publications the harmful mast vibrations are reduced by the help of
the shape optimization of prescribed function for horizontal motion (i.e. reference
signal) or by the help of calculating the optimal acceleration time, see [10] and [114].
In these works a multi-body mast-model is applied with several degrees of freedom,
in this model the mast is approximated by a bar-chain with �exible- and damping
elements between chain links. The investigated functions of prescribed motion are:
linearly varying velocity, linearly varying acceleration and parabolically varying ac-
celeration. The optimal acceleration time is calculated by analytic way as well as
via time domain simulations. In the articles [12] and [13] numerical optimization
approaches as well as an analytical feedforward control for linearly actuated robots
like placement machines or stacker cranes are presented. For this purpose an Euler-
Bernoulli beam model is introduced. In this model the mast is approximated by a
�exible continuum beam connected to a cart that can move horizontally. The lifted
load represented by a lumped mass. Using this model authors introduce a �atness-
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based method and numerical optimization approaches for generating tractive force
trajectories. In [49] several active vibration control strategies are studied, including
trajectory planning approaches like higher order trajectory planning, feedforward
control approaches like trajectory �ltering and input shaping, and feedback control
approaches like state-feedback control. The stacker crane in this article is modeled
based on the Bernoulli-Euler beam theory, yielding an in�nite-dimensional model,
and the assumed modes method in order to obtain a �nite-dimensional model. The
combination of �atness based feedforward and passivity based feedback control is
presented in [120]. The aim of this article is to achieve trajectory planning and track-
ing for a single mast stacker crane. For modeling purposes a distributed parameter
model is applied which contains lumped masses as well.

Beside the above mentioned publications some examples for the investigation
and control of twin-mast stacker cranes also can be found in the literature. For
example in [108], [109] and [110] twin-mast stacker crane structures are analyzed
using continuum beam models. With these models two degree of freedom controllers
are designed to reduce the harmful mast vibrations. The designed controllers are
validated via time-domain analyses, numerical simulations. In the article [84] the
position control system of a twin-mast stacker crane is presented and the braking
strategies of this machine are analyzed.

Further publications can be found also in the area of investigation and improve-
ment of the positioning accuracy, these researches are also based on dynamic model-
ing of stacker crane structures. In the publications [7], [8] and [11] the development
of a special compensatory mechanism installed on the lifting carriage is presented
which improves the static and dynamic positioning accuracy. The measurement
methods of positioning accuracy are analyzed in [18], the measurement results are
compared with dynamic simulation data. Publications dealing with the optimiza-
tion of frame structure also occur. For example in [113] the shape optimization of
single-mast stacker crane structures is introduced.

Analyzing the above mentioned literature it can be concluded that the dynamic
modeling of stacker cranes and the reduction of their undesired vibrations is an exten-
sively studied area. However, answering some additional questions requires further
researches, investigations. The above mentioned publications are not concerned with
the detailed quantitative comparison of the di�erent modeling approaches and the
selection of the appropriate modeling method. The more intense investigation of the
several modeling uncertainties and the in�uence analysis of neglected properties are
also required. The in�uence of lifted load magnitude and position on the properties
of dynamic models is also a rarely studied area. This e�ect in most cases is neglected
during controller design, the designed controllers are valid only near �xed lifted load
position and magnitude. Improvement of the robustness of controller properties (e.g.
stability, performances) against model uncertainties is also an important area that
requires further investigations. This can be realized for example with robust con-
troller design methods. The linear parameter varying modeling approach and the
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gain-scheduled controller design method are advanced techniques as well that did
not yet appear in the area of dynamic modeling and vibration reduction of stacker
cranes.

From the above-mentioned possible research directions the actual objectives of
this thesis are focused to the following areas. The �rst objective is the selection
of a suitable dynamic model for the further investigations. This can be based on
the investigation and comparison of some dynamic modeling approaches that are
commonly applied in the engineering practice. The in�uence of lifted load magnitude
and position on the dynamical properties of the model must also be considered. Two
di�erent kinds of methods can be de�ned in order to take this in�uence into account
in the dynamic model: the unstructured uncertainty modeling method and the linear
parameter varying modeling approach. Based on these modeling approaches robust
H∞ controllers as well as gain-scheduled controllers can be generated in order to
reduce the harmful mast vibrations of stacker cranes. Another objective of this
thesis is to analyze the applicability of these kinds of controller design methods.

1.3 Presentation of single-mast stacker cranes

For the introduction and analysis of several dynamic modeling approaches and mass
vibration reducing control methods an actual stacker crane structure is also required.
This machine can be a real stacker crane as well operating in a real automated
storage and retrieval system in a high bay warehouse. However, unfortunately a
suitable stacker crane for performing the necessary investigations is not available
during this research. To solve this problem a virtual stacker crane structure is
designed in order to help performing the analysis of dynamic modeling methods,
time domain simulations and controller validations. This single-mast stacker crane
is designed according to the available technical standards about designing stacker
cranes. This solution also has the advantage that some technological parameters
(e.g. mast-height, payload capacity, etc.) can be selected more freely, independently
to the �xed parameters of a real equipment.

A schematic drawing of a typical single-mast stacker crane with its main com-
ponents and some characteristic dimensions are shown in Figure 1.1. The main
structural member of stacker cranes is the mast which is a rectangular-shaped box-
girder formed by precisely manufactured and welded steel sheets. Because of the
greater resistance to torsion and bending e�ects the box-girder is reinforced inside
by means of longitudinal sti�eners welded to the web-plate of box-girder and hori-
zontal diaphragms placed evenly along the length of mast. In order to achieve the
optimal strength utilization of mast it usually consists of several sections with dif-
ferent cross sectional properties. On both sides of mast vertical guide rails can be
found that guide the lifting carriage. These guide rails are made of high strength
steel and machined narrowly in order to guide the lifting carriage precisely. The
mast is connected to the bottom frame (chassis) via bolted connection.
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Figure 1.1. Schematic drawing of a stacker crane

The bottom frame is also a box-girder structure formed by welded steel sheets
and reinforced with ribbing welded inside at regular intervals. The driven wheel
and idle wheel headers are bolted to both ends of the bottom frame via welded end-
plates. The driven and idle wheels run on the hot rolled steel rail which is fastened
to the �oor of warehouse. The top guide frame is made up of welded plates, located
at the top of the mast, which are used to support the horizontal guide wheels on the
top guide rail. The top guide frame is �tted also with cable pulleys, these pulleys
guide the lifting wire rope. The purpose of the mobile lifting carriage (cradle) is to
move the payload in the lifting direction and to perform the pick-up and deposit
cycles with the load handling unit installed on the carriage. The lifting carriage is a
welded frame structure guided by special rollers running on the vertical guide rails
of mast. The load handling unit in most cases is a telescopic fork system which can
perform single- or double-deep fork extension. Depth is understood as the number
of unit loads (payloads) which can be placed in the rack at each side of the aisle,
hence the term single-deep is used when a single pallet is placed at each side and
double-deep is used when two pallets can be placed at each side of the aisle. The



1.3. PRESENTATION OF SINGLE-MAST STACKER CRANES 9

lifting carriage is lifted by the hoist unit by the help of wire rope. This hoist unit
fastened to the side of mast is made up of an AC motor coupled to a helical gear
reducer and cable drums. Both hoist and travel unit operate with AC servo drives.
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Figure 1.2. Simple mechanical model of single-mast stacker cranes

The strength calculations for the steel structure of stacker crane are made by
the help of the simple mechanical model shown in Figure 1.2. As can be seen in
the �gure � in order to achieve good strength utilization � the mast is made of two
kinds of structural members having di�erent cross sectional properties. In �gures
and tables the data of lower structural member (i.e. lower section of mast) hereafter
are denoted by ′, while in case of the upper section the denotation is ′′. First the
basic parameters, main dimensions of rack structure and stacker crane must be
determined by the help of using standards [41] and [40]. For performing this further
methods and procedures can be found in the book [103]. The following steps are the
strength calculations of steel structure (see e.g. [71]), veri�cation of its sti�ness, the
design of welded- and bolted connections, etc. For this the calculation methods and
data can be applied that are available in the standards [36] or [33]. The selection of
components in hoist- and travel units, the determination of rope reeving elements
as well as the design of other machinery components can be performed by the help
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of standards [37], [38] and [39]. The main parameters of stacker crane designed with
this method are shown in the Table 1.1.

Table 1.1. Main parameters of the stacker crane

Mast-height: hm = 45m

Lifting height range: hh = 1− 44m

Wheelbase: lwd = 5.9m

Distance between mast and idle wheel: am = 3.0m

Distance between mast and driven wheel: bm = 2.9m

Height of hoist unit: hhd = 3.5m

Payload: mp = 1200 kg

Mass of lifting carriage: mlc = 410 kg

Mass of hoist unit: mhd = 470 kg

Mass of top guide frame: mtf = 70 kg

Mass of driven wheel header: mdw = 390 kg

Mass of idle wheel header: miw = 180 kg

Mass of electric box: meb = 195 kg

Mass of mast: mm = 5998 kg

Mass of bottom frame: mbf = 1653 kg

The geometry and dimensions of cross-sections of mast and bottom frame box-
girders are shown in Figure az 1.3. These parameters are determined by the help of
the above mentioned calculations. The cross-sectional properties (i.e. cross-sectional
areas and second moments of areas) of stacker crane structural members are pre-
sented in Table 1.2. These parameters are necessary for dynamic modeling of stacker
crane presented in the following chapter. The construction of investigated stacker
crane, the main components as well as engineering equipment of this machine are
shown in Figures 1.4 and 1.5.
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Figure 1.3. Cross-sections of mast and bottom frame

Table 1.2. Cross-sectional properties of stacker crane

Cross-sectional area (lower section of mast): A′
1 = 205.8 cm2

Cross-sectional area (upper section of mast): A′′
1 = 151.8 cm2

Second moment of area (lower section of mast): I ′z1 = 176936.9 cm4

Second moment of area (upper section of mast): I ′′z1 = 106105.0 cm4

Cross-sectional area (bottom frame): A2 = 390.0 cm2

Second moment of area (bottom frame): Iz2 = 152370.0 cm4
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1.4 Overview of the thesis

The section provides a brief overview on the structure of thesis. This thesis con-
sists of 6 chapters. After an introductory chapter (Chapter 1) the dynamic mod-
eling possibilities of single-mast stacker cranes are presented in Chapter 2. In this
chapter the distributed parameter beam model, the �nite element model, and the
multi-body model of investigated stacker crane are introduced and analyzed. The
calculation methods for the parameters of these models are discussed. The de-
termination methods for natural frequencies, mode shapes and frequency response
functions of continuous and �nite dimensional models are presented as well in this
chapter. The comparison of the above-mentioned models is based on their frequency
domain properties (i.e. the frequency response functions). The method which helps
to take the structural damping or other vibration reducing e�ects into consideration
in the dynamic models is presented here as well.

Chapter 3 proposes control oriented modeling of stacker cranes. First modeling
of performances is discussed and the performance objectives are de�ned for control
design. The main performance criteria are the good reference signal tracking and
the mast vibration attenuation. Next the in�uence of lifted load magnitude and
position on the dynamical properties of the model is analyzed. Two di�erent kinds
of methods are presented in order to take this in�uence into account in the dynamic
model. In the �rst case an unstructured uncertainty modeling method is introduced
which is capable of covering the e�ects of varying magnitude and height of lifted
load. In the second method handling of varying dynamical behavior is realized via
polytopic linear parameter varying modeling approach. In this section the methods
for model order reduction of dynamic models are also presented and analyzed, this
reduction step is necessary to implement the suggested control design methods.

Chapter 4 deals with the robust control design of single-mast stacker cranes.
After a brief overview on the standard solution methods of robust control design
problems the application possibilities of this approach on mast vibration reducing
and at the same time fast positioning controller design of stacker cranes are discussed.
The so-calledH∞ andH∞/µ methods are presented in the chapter for robust control
synthesis. In order to analyze the main performances of closed-loop system �rst a
mixed-sensitivity loop shaping control method is introduced. After that a more
complicated and advanced robust control method is analyzed which is based on the
uncertain dynamic model of stacker crane. The designed controllers are validated
and compered by the help of time domain analysis, simulations.

The gain-scheduled control design approach is found in Chapter 5. Here the
control design method is based on a linear parameter varying state space model
whose matrices depend on time-varying parameters. The aim of this method is
to generate a parameter varying (gain-scheduled) controller structure that is able
to handle the problems due to the varying lifted load magnitude and position. In
this chapter two kinds of control design methods are presented and analyzed. The
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�rst one is a classical gain-scheduling method which is based on the local linear
description of stacker crane dynamics. In the second case a polytopic LPV modeling
based gain-scheduled control method is discussed. The conclusions of PhD thesis
and the further challenges in stacker crane control are summarized in Chapter 6.



Chapter 2

Dynamic modeling of single-mast

stacker cranes

Aim of the chapter is to discuss the dynamic modeling possibilities of single-mast
stacker cranes. The characteristics of several dynamic models and the comparison
of their properties are introduced as well. In order to realize the dynamic model-
ing of single-mast stacker crane structures several mathematical approaches can be
chosen with di�erent kinds of results, di�erent application areas and di�erent mod-
eling accuracy. The modeling possibilities are summarized e.g. in [58, 59, 76, 77].
The dynamic behavior of stacker crane frame structures or parts of frame struc-
tures is described in the most general and accurate way by the so-called continuous
models (Euler-Bernoulli beam models or distributed parameter models), see in [53].
A detailed introduction of the Euler-Bernoulli beam models can be found in [81].
The common feature of these kinds of models is that the distribution of mass, cross-
sectional and material properties are described by continuous functions. The motion
equations of structural vibrations therefore are partial di�erential equations. Solv-
ing these equations the natural frequencies and the corresponding mode shapes of
the structure can be determined. Several examples about dynamic investigation of
engineering structures [1, 15, 133, 134] as well as stacker crane frames [23, 49, 120]
using continuous beam models can be found in the literature. These kinds of models
approximate the dynamic behavior of actual structures well, their applicability in
control design or time domain simulations, however, is strongly limited. The reasons
of this limitation are the complicated structure of stacker crane model as well as the
varying lifted load position. For example due to this complicated structure in case of
altering the lifted load position the whole dynamic model must be generated again.

An alternative choice of modeling single-mast stacker crane structures is the �nite
element modeling technique [54]. The basic concept of the �nite element method
(FEM) is the subdivision of the computational domain into elements of arbitrary
shape and size. Within each �nite element a certain number of grid points (so-called
nodes) and interpolation functions (so-called basis functions) are de�ned. The basis

15
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functions are locally de�ned polynomials having zero value outside the considered
element. Polynomials are popular because they are simple functions to manipulate
mathematically. In FEM the unknown global solution function (i.e. the de�ection
function) of the investigated boundary value problem is approximated by these basis
functions satisfying interpolation and boundary conditions in the nodes. Therefore
the degree of freedom of these kinds of models � in contrast to continuum models �
is �nite. The theory of approximation applied in this method is discussed in [125].
The results of this work are re�ned by Stone in [121]. The �nite element method
is a widely used modeling technique of engineering structures and it has extensive
international [64, 66, 80, 88] and Hungarian [43, 95, 99] literature. However, in
the literature of stacker cranes only a few examples is found for �nite element (FE)
modeling of these machines [18, 70, 113]. In FEM for the geometric representation
and approximation of real structures several types of elements are available, see [78].
The box-girders of mast and bottom frame can be modeled for example by means
of spatial plate elements while the other structural members and machinery may be
taken into account with truss elements and lumped masses. A simpler model with
fewer degrees of freedom can be generated by the help of the so-called bending beam
�nite elements, see e.g. in [97] and [96]. A simple planar dynamic model using this
element type is introduced in this chapter. This model is more suitable for the aims
of thesis.

The third possibility to describe the dynamic behavior of single-mast stacker
cranes is applying multi-body models [51, 52, 56]. In these models the structure of
single-mast stacker cranes is approximated by rigid inertia elements interconnected
by elastic but mass-less links. This elasticity approximates the bending elasticity of
original beam. The multi-body modeling technique � besides �nite element method
� is one of the most widely used methods in structural analysis [2, 22]. Bene�ts
of these methods are the lower degree of freedom � compared with FEM � and
simpler equations of motion. These models also can be found frequently in the
literature of dynamic modeling of stacker cranes. In most cases for time-domain
analysis relatively high order models (models with more than 10 degrees of freedom)
are applied [10, 104, 114]. However, in some references models with a few degrees
of freedom are applied for simulation and control synthesis [9, 23, 68, 114]. The
third dynamic model investigated in this chapter is a simple planar and linear multi-
body model which is generated according to the objectives of this thesis. The
comparison of above mentioned three kinds of models � based on their frequency
domain properties � is given in this chapter. The chapter also discusses the structural
damping e�ects in the dynamic models.

The introduced models of this chapter are so-called unrestrained models which
means their rigid-body movement capabilities has unconstrained degrees of freedoms.
The models can move freely in the direction of warehouse-aisle due to the tractive
force generated by travel unit. This external tractive force acting on the bottom
frame in horizontal direction will be the input signal (i.e. the control input) of
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investigated dynamic models, see the control oriented models in Chapter 3. The
output signals of dynamic models can be selected in several ways. In the analysis and
comparison of dynamic models the output signal is selected simply as the horizontal
position of mast-tip. In the control oriented models two kinds of output signals are
applied. The �rst one is the so-called performance output, this is de�ned as the
inclination of mast i.e. the position di�erence between undermost point of mast
and mast-tip. The second output signal is the horizontal position of stacker crane
(i.e. bottom frame) which is applied as the measured output for the investigated
controllers.

During the analysis of dynamic models in order to determine the natural frequen-
cies and mode shapes �rst the homogeneous parts of governing equations of models
are analyzed. After that assuming harmonic excitation the frequency response func-
tions of dynamic models are determined and compared.

2.1 Distributed parameter beam model

In this section an Euler-Bernoulli beam model of single-mast stacker cranes is deter-
mined and investigated. In the model the prismatic members of mast and bottom
frame are taken into account with Euler-Bernoulli beams, while the lifted load and
some other components of the machine (e.g. hoist unit, top guide frame etc.) are
approximated by lumped masses. More precisely these kinds of models are called as
hybrid dynamic models containing both distributed and concentrated elements.

Before the introduction of whole dynamic model for easy understanding of mod-
eling steps the investigation of some simpli�ed models is necessary. They are a
cantilever prismatic beam model as well as a cantilever beam model with multiple
sections and lumped masses. These models (unlike the dynamic model of whole
stacker crane) are restrained without rigid-body movement capabilities. The reason
of this property is that they approximates only the dynamic behavior of stacker
crane mast which is clamped to the bottom frame. The actual aim of the investi-
gation of these simpler models is to help introducing the dynamic model of whole
stacker crane which has a more complex structure. By the help of these simple
models the whole dynamic model of single-mast stacker crane can be synthesized.

2.1.1 Cantilever prismatic beam model

The simplest mast model of single-mast stacker cranes is the cantilever beam model
with uniform material and cross-sectional properties along its length. This model
with its main parameters, cross-sectional and material properties is shown in Figure
2.1. In the �gure the de�ection function of beam is denoted by u(y, t), A1 is the
cross sectional area, Iz1 is the area moment of inertia, E is the modulus of elasticity
and ρs is the mass density.
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Figure 2.1. Cantilever prismatic beam model

The dynamic equation of motion for this model can be determined by means
of the Euler-Bernoulli beam theory (a.k.a. classical beam theory) which covers the
case of small de�ections of the beam that is subjected to lateral loads only. In this
case the dynamic equation of motion is generated by the Euler-Lagrange equation
for the following action:

S =

h∫
0

[
1

2
A1ρs

(
∂u(y, t)

∂t

)2

− 1

2
Iz1E

(
∂2u(y, t)

∂y2

)2

+ q(y)u(y, t)

]
dy. (2.1)

The �rst term in the above functional represents the kinetic energy, the second
term represents the potential energy due to internal forces (which considered with
a negative sign) while the third term represents the potential energy due to the
external distributed load q(y). In order to determine the function that minimizes
the functional S the Euler-Lagrange equation is used. For the investigated Euler-
Bernoulli beam, the Euler-Lagrange equation (without the detailed derivations) is:

∂2

∂y2

(
Iz1E

∂2u(y, t)

∂y2

)2

+ A1ρs
∂2u(y, t)

∂t2
= q(y). (2.2)

Since in the case of investigated dynamic models of this thesis distributed ex-
ternal load does not exist thus q(y) = 0. The external tractive force of latter un-
restrained model (which is a concentrated horizontal force at the undermost point
of mast) is considered via the boundary conditions (e.g. as a sudden change of in-
ternal shear force, see Equation (2.36)). Since the investigated beam has uniform
material and cross-sectional properties along its length, Iz1 and E are independent
of y. Therefore, the governing equation for transverse free vibrations of this beam
is a fourth order partial di�erential equation (PDE) of the following form:

Iz1E
∂4u(y, t)

∂y4
+ A1ρs

∂2u(y, t)

∂t2
= 0. (2.3)
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The above-mentioned equation is the so called Euler-Bernoulli beam theory equa-
tion for free vibrations. The solution method of free vibration problems for continu-
ous systems is called separation of variables. For application of the above mentioned
method the PDE must have an appropriate form, called separable. The governing
PDE for transverse vibrations of a uniform beam is separable, thus the solution of
Equation (2.3) is assumed to be a product of functions of spatial and time variables:

u(y, t) = X(y)T (t), (2.4)

where X(y) denotes the spatial mode shape function and T (t) represents the time-
dependent coordinate. Substituting Equation (2.4) into Equation (2.3) yields the
following two separated ordinary di�erential equations (ODEs), see [81, page 513]:

d2T (t)

dt2
+ α2T (t), (2.5)

d4X(y)

dy4
− α2A1ρs

Iz1E
X(y), (2.6)

where α2 is a separation constant (i.e. the square of natural frequency in harmonic
vibrations). With the denotation

k4 = α2A1ρs
Iz1E

the Equation (2.6) can be simpli�ed as:

d4X(y)

dy4
− k4X(y) = 0. (2.7)

As can be seen from the form of Equation (2.5) the general solution of time-
dependent coordinate is a harmonic vibration having natural frequency α, i.e.:

T (t) = A cos(αt) +B sin(αt), (2.8)

where A and B are constants depending on the initial conditions. The general
solution of spatial mode shape can be prescribed in several ways. However, the
most practical form of this solution is generated by using the so-called Rayleigh
functions. Thus the spatial mode shape is:

X(y) = C · S(ky) +D · T (ky) + E · U(ky) + F · V (ky), (2.9)

where S(.), T (.), U(.) and V (.) are the Rayleigh functions as well as C, D, E and
F are constants of integration determined by boundary conditions. The Rayleigh
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functions are generated by the help of harmonic and hyperbolic functions as follows:

S(ky) =
1

2
(cosh(ky) + cos(ky)) ,

T (ky) =
1

2
(sinh(ky) + sin(ky)) ,

U(ky) =
1

2
(cosh(ky)− cos(ky)) ,

V (ky) =
1

2
(sinh(ky)− sin(ky)) .

(2.10)

The determination of the boundary conditions-dependent constants by using the
Rayleigh functions is easier than the calculations with other form of general solutions.
It is due to the favorable properties of Rayleigh functions. One of these properties
is that at the ky = 0 point of domain the value of T (0), U(0) and V (0) equals zero
while S(0) = 1. Another favorable property is that derivation of these functions
transforms them into each other in a cyclic order, see [81, page 514]. Natural
frequencies and mode shapes of vibrations can be determined by means of boundary
conditions. Boundary conditions regarding to clamped end are

• de�ection is zero, i.e. X = 0,

• rotation angle is zero, i.e. ϕ =
dX

dy
= 0.

Boundary conditions regarding to free end are

• bending moment is zero, i.e. M = −Iz1E
d2X

dy2
= 0,

• shear force is zero, i.e. V = −Iz1E
d3X

dy3
= 0.

From the strength analysis of beams and the derivation properties of Rayleigh
functions the general form of de�ection function, rotation angle, bending moment
and shear force can be expressed as:

X(y) = C · S(ky) +D · T (ky) + E · U(ky) + F · V (ky),

ϕ(y) = k [C · V (ky) +D · S(ky) + E · T (ky) + F · U(ky)] ,
M(y) = −Iz1Ek2 [C · U(ky) +D · V (ky) + E · S(ky) + F · T (ky)] ,
V (y) = −Iz1Ek3 [C · T (ky) +D · U(ky) + E · V (ky) + F · S(ky)] .

(2.11)

From the boundary conditions of clamped end:

X(0) = C = 0,

ϕ(0) = D = 0.
(2.12)
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From the boundary conditions of free end:

− M(h)

Iz1Ek2
= E · S(kh) + F · T (kh) = 0,

− V (h)

Iz1Ek3
= E · V (kh) + F · S(kh) = 0.

(2.13)

The nontrivial solution of the homogeneous linear system of equations (2.13) ex-
ists when the determinant of coe�cients vanishes. With this the following frequency
equation can be determined.∣∣∣∣S(kh) T (kh)

V (kh) S(kh)

∣∣∣∣ = S2(kh)− T (kh)V (kh) = 0 (2.14)

The roots of frequency equation is determined by e.g. some kind of numeric
method. The �rst three roots of frequency equation are (kh)1 = 1,875, (kh)2 = 4,694
and (kh)3 = 7,855. By the help of these roots the natural frequencies can be
calculated with substitution in the following equation.

αi = (kh)2i
1

h2

√
Iz1E

A1ρs
(2.15)

The unknown constants of mode shape functions can also be determined with
substitution the roots of frequency equation into (2.13) and solution of the resulted
system of equations.

2.1.2 Cantilever beam model with multiple sections and lum-

ped masses

In the next modeling step the introduced model approximates more precisely the
dynamic behavior of an actual stacker crane mast. Although this model is yet
restrained � since it is clamped at the lower end � some components of stacker
crane, however are taken into account with lumped masses and the cross-sectional
properties also can change at connection points of mast-sections. The position of
lifted load can vary along the mast. However, in case of load position change the
whole dynamic model must be generated again from the beginning. During the
calculations, without the loss of generality the lifted load is taken into consideration
in its uppermost position. The second investigated dynamic model where the mast of
stacker crane is modeled as a cantilever beam with variable cross-sectional properties
and lumped masses is shown in Figure 2.2 (a). The properties and numbering of
mast-sections are also shown in the �gure.

As can be seen in Figure 2.2 (a) the mast is divided into prismatic sections, to
solve these kinds of problems in most cases the method of transfer matrix is used, see
[81, pages 527-535]. The governing equations of section-wise uniform beam model
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Figure 2.2. Section-wise uniform beam models

must be generated separately according to every sections, see in Figure 2.2 (b).
Moreover it must be taken into account that at lumped masses the internal shear
force function has a point of discontinuity, thus at these points a new mast-section
must begin. During investigations the following assumptions and denotations are
applied:

• the cross-sectional properties (Ai, Izi) inside the sections are constant,

• the length of ith section is denoted by li, the position of investigated di�erential
beam element dy is measured from the initial point of ith section,

• the de�ection at endpoint of ith section is denoted by Xi, the rotation angle is
ϕi, the bending moment is Mi and the shear force is Vi.

With the de�ection, rotation angle, bending moment and shear force respectively
the so-called state vector can be de�ned. This state vector is shown in expression
(2.16).

zi =


Xi

ϕi

Mi

Vi

 =


X
ϕ
M
V


i

(2.16)

In order to simplify the equations hereafter the following denotations are applied:(
λi
li

)4

= α2Aiρs
IziE

,

λi = li
4

√
α2Aiρs
IziE

.

(2.17)
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With the denotations shown in (2.17) the di�erential equation of mode shapes
and its general solution according to the ith section can be expressed as follows.

d4Xi(y)

dy4
−
(
λi
li

)4

Xi(y) = 0 (2.18)

Xi(y) = Ci · S
(
λi
li
y

)
+Di · T

(
λi
li
y

)
+ Ei · U

(
λi
li
y

)
+ Fi · V

(
λi
li
y

)
(2.19)

In order to calculate the natural frequencies of the model the relationship be-
tween state vectors according to initial point and endpoint of ith section have to
be determined. If the components of state vector at the initial point of ith section
are known, then the unknown coe�cients of this section could be determined by
applying the special properties of Rayleigh functions.

Xi(0) = Ci = Xi−1

ϕi(0) =
λ2i
l2i
Di = ϕi−1

Mi(0) = −IziE
λ2i
l2i
Ei =Mi−1

Vi(0) = −IziE
λ3i
l3i
Fi = Vi−1

(2.20)

Now the general relationship between state vectors according to both ends of ith

section can be de�ned by the help of these coe�cients. This relationship in matrix
form is expressed as follows:


Xi

ϕi

Mi

Vi

 =



s(λi) lit(λi) βiu(λi) βiliv(λi)

λ4i
li
v(λi) s(λi)

βi
li
t(λi) βiu(λi)

λ4i
βi
u(λi)

λ4i li
βi

v(λi) s(λi) lit(λi)

λ4i
βili

t(λi)
λ4i
βi
u(λi)

λ4i
li
v(λi) s(λi)


·


Xi−1

ϕi−1

Mi−1

Vi−1

 , (2.21)
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i.e. zi = Qizi−1, where:

−βi =
l2i
IziE

s(λ) = S(λ) =
1

2
(cosh(λ) + cos(λ))

t(λ) =
T (λ)

λ
=

1

2λ
(sinh(λ) + sin(λ))

u(λ) =
U(λ)

λ2
=

1

2λ2
(cosh(λ) + cos(λ))

v(λ) =
V (λ)

λ3
=

1

2λ3
(sinh(λ) + sin(λ))

(2.22)

are further simplifying equations. The Qi matrix is known as the section matrix
according to ith section. When lumped masses are placed on the uniform beam the
shear force of beam suddenly changes at the position of these lumped masses, i.e.
here the internal shear force function has a point of discontinuity. The value of this
shear force jump (since the motion of every point of beam is harmonic) is directly
proportional to the magnitude of lumped mass, the amplitude of motion and the
square of frequency. Because of this the state vector changes at positions of lumped
masses therefore beyond these points a new section must be started. The magnitude
of shear force jump is expressed as:

Vi = Vi−1 +∆Vi

Vi = Vi−1 −miα
2Xi−1

(2.23)

Thus the relationship between state vector before and after lumped mass in
matrix form is de�ned as:

Xi

ϕi

Mi

Vi

 =


1 0 0 0
0 1 0 0
0 0 0 1

−miα
2 0 0 1

 ·


Xi−1

ϕi−1

Mi−1

Vi−1


zi = Pizi−1

(2.24)

The Pi matrix is known as the point matrix according to lumped mass mi. The
section matrix and the point matrix de�nes the connection between the state vectors
of investigated beam-sections, thus the common designation of section and point
matrices is transfer matrix.

Now by means of these transfer matrices the natural frequencies of model can
be determined. The state vector at the bottom of mast consists two unknowns since
here the de�ection X0 and the rotation angle ϕ0 are equal to zero. Thus the state
vector according to the bottom of mast generally, using unit vectors c0 and d0 can
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be expressed as follows.

z0 =


0
0
M0

V0

 =M0


0
0
1
0

+ V0


0
0
0
1


z0 =M0c0 + V0d0

(2.25)

Thus the state vectors in the further connection points of sections by means of
transfer matrices are determined as (the positions of each state vectors are shown
in Figure 2.2 (a)):

z1 = Q1z0 =M0Q1c0 + V0Q1d0

z2 = P2z1 =M0P2Q1c0 + V0P2Q1d0
...

This calculation method can be continued until the last state vector at the tip
of mast. If we slip upwards the multiplicand vectors and write the result of mul-
tiplication next to the matrix then we get the very useful computation structure
shown in Figure 2.4 (a). The boundary conditions are also denoted in Figure 2.4
(a). According to the boundary conditions of free mast-end the bending moment and
shear force are equal to zero here thus the natural frequencies of the model presented
above can be calculated by means of the following system of linear equations.

M7 =M0c73 + V0d73 = 0

V7 =M0c74 + V0d74 = 0
(2.26)

The nontrivial solution of previous system of linear equations exists when the
determinant of coe�cients vanishes. Since the actual value of these coe�cients
depends on the frequency because of the structure of transfer matrices, thus the
following frequency equation have to be solved.

∆(α) =

∣∣∣∣c73 d73
c74 d74

∣∣∣∣ = 0 (2.27)

After the calculation of natural frequencies the unknown constants of mode shape
functions can be determined by the help of boundary and continuity conditions for
de�ection, rotation angle, bending moment, and shear force of beam. For exam-
ple from the lower boundary conditions and the �rst few continuity conditions the
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following equations can be generated:

X1(0) = C1 · S(0) = 0 ⇒ C1 = 0

ϕ1(0) =
λ1
l1
D1 · S(0) = 0 ⇒ D1 = 0

X1(l1) = X3(0) ⇒ E1 · U(λ1) + F1 · V (λ1) = C3

ϕ1(l1) = ϕ3(0) ⇒
λ1
l1

[E1 · T (λ1) + F1 · U(λ1)] =
λ3
l3
D3

...

(2.28)

The equations presented above can be summarized into the system of linear equa-
tions with the form A(α)x = 0. The unknown constants of mode shapes according
to all sections can be calculated by the help of solution of this equation. The num-
ber of resulted mode shape depends on the applied natural frequency during this
calculation.

2.1.3 Distributed parameter model of single-mast stacker cra-

nes
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Figure 2.3. Continuous model of whole stacker crane

The distributed parameter model of single-mast stacker crane frame structure
with the applied denotations, investigated mast- and bottom frame-sections and
positions of state vectors are presented in Figure 2.3. As shown in �gure the pris-
matic members of mast and bottom frame are taken into consideration with Euler-
Bernoulli beams, while the lifted load and some other components (e.g. hoist unit,
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top guide frame etc.) are approximated by lumped masses. As mentioned before
this is an unrestrained model since it has rigid-body movement capabilities, i.e. it
can move in the direction of warehouse-aisle due to the tractive force generated by
travel unit.

Since the frame structure of single-mast stacker crane is a branching structure,
thus we have to pay special attention to continuity conditions at the connection
point of bottom frame and mast. These continuity conditions are:

• Between sections l1 and l2 because of the whole mass of mast the shear force
suddenly changes. Let us denote the whole mass of mast by msm, thus the
relation between shear forces at this point is expressed as: V1 = V ′

1 −msmα
2Y1.

This e�ect is taken into consideration by means of point matrix P1.

• Because of connecting section l4 the bending moment at the same point also
changes. From the investigation of static equilibrium of this connection point
the following expression can be determined between bending moments: M1 =
M ′

1+M3, whereM ′
1 is the moment before connection point, M1 is the moment

beyond connection point and M3 is the unknown moment at initial point of
vertical section.

• Because of the whole mass of bottom frame at the initial point of vertical
section l4 the shear force suddenly changes. Let us denote the whole mass of
bottom frame by msb, thus the relation according to shear force at this point
is expressed as: V3 = −msbα

2X3. This e�ect is taken into consideration by
means of point matrix P3.

• Because of the rigid connection point the relation between rotation angles here
is expressed as: ϕ3 = −ϕ1.

The calculation of natural frequencies as well as unknown coe�cients of mode
shape functions can be realized in similar way than in case of the previous model.
The calculation scheme for determination of natural frequencies is shown in Figure
2.4 (b) while the positions of state vectors applied in this calculation are presented in
Figure 2.3. In the calculation scheme the initial point is the left endpoint of bottom
frame, here the de�ection and the bending moment are equal to zero. Because of
this the state vector z0 � similarly to that in the expression (2.25) � by means of
unit vectors b0 and d0 can be expressed as: z0 = ϕ0b0+V0d0. In the branching point
of frame structure two further unknowns appear in the calculation scheme because
of the state vector z3 at the bottom of mast. As shown in Figure 2.4 (b) in order to
generate this state vector �rst a �ctive state vector z′3 must be de�ned by means of
the following equation: z′3 = X3f3 +M3e3. After that the relation ϕ3 = −ϕ1 must
take into account in z′3. Then the suddenly change of shear force due to the mass of
bottom frame msb is taken into consideration by the multiplication of point matrix
P3. Now the state vector z3 at the bottom of mast is generated. After that the
further state vectors can be determined by means of the transfer matrices.
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Figure 2.4. Calculation scheme of natural frequencies

The natural frequencies are calculated by means of the remaining boundary con-
ditions and the frequency equation generated by these conditions. These boundary
conditions and the frequency equation are:

Y2 = ϕ0b21 + V0d21 +M3e21 = 0

M2 = ϕ0b23 + V0d23 +M3e23 = 0

M10 = ϕ0b103 + V0d103 +M3e103 +X3f103 = 0

V10 = ϕ0b104 + V0d104 +M3e104 +X3f104 = 0

(2.29)

∆(α) =

∣∣∣∣∣∣∣∣
b21 d21 e21 0
b23 d23 e23 0
b103 d103 e103 f103
b104 d104 e104 f104

∣∣∣∣∣∣∣∣ = 0 (2.30)
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The �rst three natural frequencies from the solution of frequency equation are
summarized in Table 2.1.

Table 2.1. Natural frequencies of continuous model

First natural frequency: α1 = 2.525 rad/s

Second natural frequency: α2 = 14.84 rad/s

Third natural frequency: α3 = 40.09 rad/s

The unknown constants of mode shape functions also in this case are determined
by the help of boundary and continuity conditions for de�ection, rotation angle,
bending moment, and shear force of beam similarly than in the Equation (2.28).
Hereafter some relevant conditions are introduced. The boundary conditions respect
to the beginning of �rst section:

Y1(0) = 0

M1(0) = 0
(2.31)

The continuity conditions respect to the connection point of �rst and second
sections:

Y1(l1) = Y2(0)

ϕ1(l1) = ϕ2(0)

M1(l1) +M4(0) =M2(0)

V1(l1)−msmα
2Y1(l1) = V2(0)

(2.32)

The boundary conditions respect to the endpoint of second section:

Y2(l2) = 0

M2(l2) = 0
(2.33)

The boundary condition respect to the beginning of third section:

ϕ1(l1) = −ϕ4(0) (2.34a)

−msbα
2X4(0) = V4(0) (2.34b)

Using all of the 22 boundary and continuity conditions � similarly than in case
of the cantilever beam model substituting the general form of de�ection, rotation
angle, bending moment and shear force functions into these conditions � the system
of linear equations A(α)x = 0 is determined. The unknown constants of mode shapes
is calculated via the solution of above mentioned system of linear equations. By the
help of these constants the �rst three mode shapes of stacker crane are plotted in
Figure 2.5.
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(a) First mode (b) Second mode (c) Third mode

Figure 2.5. Mode shapes of whole stacker crane model

As mentioned before (and also can be seen in Figure 2.5) this model is unre-
strained thus the so-called forced vibration analysis of dynamic model can be per-
formed. In this case the harmonic excitation force acting on the bottom frame in
horizontal direction is:

Fg = F0 sin(ωt). (2.35)

If the system is undamped and steady-state vibrations are examined, the solution
can be assumed in the form of (2.4), see [81, page 522]. Because of the harmonic
excitation the time-dependent coordinate equals T (t) = sin(ωt), while the mode
shape function is determined by the help of Rayleigh functions as shown in Equation
(2.19). The value λi of this equation now depends on the angular frequency of
excitation force ω:

λi(ω) = li
4

√
ω2Aiρs
IziE

.

The unknown constants of mode shape functions � with arbitrary angular frequency
of excitation � can be determined by means of boundary and continuity conditions
in the same way than in case of natural frequency calculations. The resulted system
of equations � except one equation � is the same as the equations of mode shape
calculations for free vibrations. The di�erence is due to the excitation force act-
ing on the bottom frame which changes the internal shear force at the bottom of
mast. According to this e�ect the Equation (2.34b) is modi�ed based on the force
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equilibrium as follows:
V4(0) = F0 −msbα

2X4(0). (2.36)

Solving the resulted inhomogeneous system of equations (with substitution of
arbitrary ω angular frequency) the constants of mode shape functions can be calcu-
lated. If the calculations are performed with substitution F0 = 1, then the resulted
magnitude of de�ection at arbitrary point of structure is equal to the magnitude of
frequency response function (FRF) according to the same point. The Bode-diagram
of this FRF according to mast tip is shown in Figure 2.6. Thus the input signal
of FRF Gc(iω) of Figure 2.6 is the horizontal excitation force acting on the bottom
frame and its output signal is the horizontal movement of mast tip.
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Figure 2.6. Bode-diagram of continuous model

2.2 Finite element modeling of stacker cranes

In this section the �nite element modeling of stacker cranes is introduced and the
dynamic model is analyzed. A brief summary of theoretical background, the prop-
erties of �nite element (i.e. a planar line element) applied to dynamic modeling as
well as its coordinate systems and assembly method are presented in Appendix B.
With this a simple two dimensional �nite element model is generated. The model is
suitable for analyzing the transverse mast vibrations induced by the traveling mo-
tion of stacker crane and in the same time quite simple for achieving a low degrees
of freedom. Generating the governing equations of motion as well as the calculation
method of natural frequencies and mode shapes for this �nite degrees of freedom
model are also discussed in the section.
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2.2.1 Finite element model of single-mast stacker cranes

The �nite element model for whole frame structure with some denotations, the
separate members of mast and bottom frame with their length, the numbering of
elements (in curly brackets) as well as the lumped masses are shown in Figure 2.7.
Some of the nodes are denoted by solid dots in the �gure, the numbering of these
nodes is shown as well. In the presented model � similar to the continuous model in
Section 2.1.3 � the lifted load is taken into consideration in its uppermost position.
However, this position can be changed by transferring its lumped mass into another
node.
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Figure 2.7. Finite element model of stacker crane

The �nite element model of Figure 2.7 is generated by means of the element type
and modeling procedure mentioned in Appendix B. Taking into account that the
investigated frame structure is divided to 6 members (see in Figure 2.7) the element
number of whole model is:

Ne =
6∑

i=1

Ni. (2.37)

With this the number of nodes and the degrees of freedom for the model are:

Nc =
6∑

i=1

Ni + 1 = Ne + 1, (2.38)

NDOF = 3

(
6∑

i=1

Ni + 1

)
= 3Nc. (2.39)

After coordinate transformation and element assembly for the �nal form of dy-
namic equation of motion the determination of constraints (i.e. the boundary condi-
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tions) � shown in Figure 2.7 � is also necessary. These constraints prevent the vertical
movement in both endpoints of bottom frame (i.e. in the �rst and N1 + N2 + 1-th
nodal points). In case of �xed boundary conditions in the global system matrices the
rows and columns corresponding to �xed degree of freedom have to be deleted since
the actual displacement in these directions is zero. Thus the degrees of freedom of
constrained model is equal to Nd = 3Nc − 2 and the global vector of generalized
coordinates (without the degrees of freedoms v1 and vN1+N2+1) is:

q =
[
u1 ϕ1 u2 v2 ϕ2 . . . uNc vNc ϕNc

]T
. (2.40)

The governing equation of motion for the constrained �nite element model can
be generated as presented in Equation (2.41). This equation is the general form of
governing equation of motion for �nite dimensional dynamic models with external
excitation forces.

Mq̈ + Sq = F . (2.41)

2.2.2 Investigation of the governing equation of motion for

the �nite element model

In this section the free vibration analysis of dynamic model generated by FEM is
presented. The aim of this section is to determine the natural frequencies and mode
shapes of the presented �nite dimensional dynamic model. For the determination
of natural frequencies and mode shapes of dynamic model the homogeneous part of
motion equation (2.41) must be solved:

Mq̈ + Sq = 0. (2.42)

The solution of problem above is assumed to be in the following form:

q = ψeλt, λ ∈ C. (2.43)

Substituting the previous assumed solution into the homogenous system of motion
equations (2.42) leads to the following generalized eigenvalue problem:(

λ2M + S
)
ψ = 0. (2.44)

The number of eigenvalues of this problem is equal to the Nd degrees of freedom
of system (2.42). Since in most cases the mass matrix is symmetric positive de�nite
and the sti�ness matrix is symmetric positive semide�nite thus the eigenvalues of
(2.44) are non-positive real numbers and the elements of eigenvectors are also real
numbers. The λ2j eigenvalues are the squares of natural frequencies of the dynamic
system thus these natural frequencies are:

λ2j = −α2
j , therefore λj = ±iαj, αj ∈ R+. (2.45)
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The generalized eigenvalue problem (2.44) therefore can be transformed into the
following form: (

S − α2M
)
ψ = 0 (2.46)

Since the investigated dynamic model is unrestrained � i.e. it has rigid body move-
ment facility (unconstrained degrees of freedom) � thus the smallest eigenvalue
equals zero. The �rst few natural frequencies of stacker crane structure calculated
by means of �nite element model are presented in Table 2.2.

Table 2.2. Natural frequencies of �nite element model

First natural frequency: α1 = 2.568 rad/s

Second natural frequency: α2 = 15.04 rad/s

Third natural frequency: α3 = 40.44 rad/s

The eigenvector ψj corresponding to the eigenvalue α2
j is also known as the jth

mode shape of dynamic system. These eigenvectors are calculated by substituting
the eigenvalues into the equation (2.46) and solving the resulted system of equa-
tions. Since the matrices M and S are symmetric the eigenvectors ψj are linearly
independent. In practice as a multiple of an eigenvector is still an eigenvector a
sort of normalization method is applied. For example the eigenvectors can be scaled
(normalized) so that they have unit length. The �rst four mode shapes of stacker
crane are shown in Figure 2.8.
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Figure 2.8. Mode shapes of the �nite element stacker crane model

2.3 Multi-body modeling of stacker cranes

The �nite element model of previous section is already suitable for the modeling
objectives presented in the introduction of this thesis. However, this kind of model is
not ideal for the aims of this thesis because of its relatively high degrees of freedom.
Another drawback is that changing the lifted load position in the model is also
complicated. This section introduces a simpler linear multi-body model which is
made up of rigid elements connected to each other via elastic links. This model is
more suitable for the following works since it has the advantage that with the proper
selection of generalized coordinates the mass matrix of governing motion equations
is diagonal. Using this diagonal mass matrix in motion equations the variation of
lifted load position can be taken into account in a simple way. First the features of
modeling members (i.e. the lumped mass elements and the elastic connection links)



36 CHAPTER 2. DYNAMIC MODELING OF STACKER CRANES

are introduced and the calculation methods for their attributions are discussed in
this section. With this the multi-body model of single-mast stacker crane structures
is generated as well as the modeling specialities, the generation of motion equations
and the modeling of varying lifted load position are introduced. Finally the dynamic
properties, the natural frequencies and the mode shapes of model are presented as
well.

2.3.1 Approximation of continuous beams via multi-body mo-

del

y
x

∆l ∆l ∆l ∆l

IZ ; E;
A; ρ

0. 1. i. N.

me Seme / 2

L

∆l / 2 ∆l / 2

Figure 2.9. Approximation of continuous beam via multi-body model

The concept of multi-body approximation for continuous Euler-Bernoulli beams
is shown in Figure 2.9, for more details see [67, pages 499-502]. In this model
the continuous beam section is approximated by so called lumped mass elements.
These rigid elements are generated by division of beam section (with length L) into
N pieces (with length ∆l). Lumped masses are located in the center of elements
(in the so called nodes), all inertia e�ects are concentrated at these nodes. The
magnitudes of lumped masses are equal to the mass of corresponding beam pieces
framed by dashed lines in Figure 2.9. Nodes in Figure 2.9 are denoted by solid dots.
At both ends of sections, because of the nature of modeling, so called �half elements�
are located. In this way it is easy to generate connections between neighboring
sections by adding together the corresponding lumped masses. The elements are
interconnected by elastic but mass-less links (in Figure 2.9 denoted by hollow dots).
This elasticity approximates the bending elasticity of original beam. The elasticity
is provided by spiral springs (with spring sti�ness Se) connected parallel to the ideal,
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frictionless hinges. The magnitude of this spring sti�ness is calculated by means of
strength of materials considerations.

Thus the nodal masses can be determined easily by means of the above men-
tioned considerations. However, the sti�nesses of springs in connection points must
approximate properly the bending sti�ness of original continuous beam. Determi-
nation of these spring sti�nesses is made by the help of Figure 2.10 where a part
of the approximation model is shown in de�ected state. In the �gure the length of
elements is denoted by ∆l, the nodal mass by me, the value of spring sti�ness by
Se as well as the average intensity of distributed force acting on ith element by f̂i
respectively.

meSe

∆l ∆l ∆l

Se
Se

Se

me

me

y

x

i+2.i+1.i.i-1.

φi∆φi

lfi ∆−1
ˆ lf i∆ˆ lfi ∆+1

ˆ

Figure 2.10. A detail of multi-body model

However, for the determination of spring sti�nesses of multi-body model not only
the knowledge of geometrical relations but also the forces and moments are required.
For this purpose �rst the internal loads (i.e. internal forces and moments) must be
determined in the model. In case of bending beams the relations between internal
loads are determined by means of the equilibrium investigation of di�erential beam
section, this derivation can be found in every book about structural theory (see e.g.
[82]). According to this the equilibrium and the �internal loads� (i.e. the forces and
moments from neighboring elements) of an element must be investigated, see Figure
2.11.

From the equilibrium of vertical forces:

∆Ti
∆l

= f̂i, (2.47)

where ∆Ti is the altering of shear force during the length ∆l. From the equilibrium
equation of moments at the right side of element (as with the continuous beam case,
the moment of distributed force is neglected):

∆Mi

∆l
= −Ti, (2.48)
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Figure 2.11. Internal loads and equilibrium of an element

where ∆Mi is the altering of bending moment during the length ∆l. The above
results correspond with the relations of structural theory about the internal loads
of bending beams.

With this the equivalent spring sti�nesses of multi-body model are calculated
by means of the approximation model part shown in Figure 2.10. The altering of
�de�ection� (i.e. the vertical positions of hinges) at the ith element is:

∆yi = yi+1 − yi, (2.49)

where yi is the de�ection (that is the vertical position) of hinge at the beginning
of ith element. The angle between ith element and the horizontal plane can be
approximated by means of the following formula (during the investigation of model
the longitudinal displacements of elements because of the small angles are neglected,
thus the resulted model will linear):

ϕi ≈ tanϕi =
∆yi
∆l

. (2.50)

As at the connection points of elements spiral springs are placed, for altering the
angle of elements an internal moment is required. Since the characteristics of these
springs are linear, thus this internal moment is directly proportional to the angular
de�ection of hinge and the spring sti�ness, i.e.:

∆ϕi = ϕi − ϕi−1 =
−Mi

Se

. (2.51)

Let us divide both sides by ∆l:

∆ϕi

∆l
=
ϕi − ϕi−1

∆l
=

−Mi

Se∆l
. (2.52)

Substituting the Equation (2.50) into the previous equation yields:

∆yi
∆l

− ∆yi−1

∆l

∆l
=

−Mi

Se∆l
. (2.53)
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The di�erential equation for neutral axis of uniform Euler-Bernoulli beams is
(see e.g. in [83] or [107]):

y′′(x) =
−M(x)

IzE
, (2.54)

where y′′(x) stands for the second derivative of de�ection function, M(x) is the
function of bending moment, Iz is the second moment of area as well as E is the
Young's modulus of beam material. From the comparison of last two equations the
equivalent spring sti�ness can be calculated as follows:

Se =
IzE

∆l
. (2.55)

2.3.2 Multi-body model of single-mast stacker cranes
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Figure 2.12. Multi-body model of a single-mast stacker crane

By the help of dynamic model introduced in the Section 2.3.1 the multi-body
model of single-mast stacker cranes is generated shown in Figure 2.12. In the �gure
the elements with nodes and lumped masses, the spring sti�nesses as well as one
of the possible choices of generalized coordinates (i.e. the horizontal movements of
lumped masses) are shown. The degrees of freedom for this model is also denoted
by Nd. From the analysis of continuous- and �nite element modeling results it can
be concluded that the bending deformation of bottom frame beam in the mode
shapes is extremely small (see in Figures 2.5 and 2.8). Therefore the bottom frame
is modeled by only one lumped mass. The magnitude of this lumped mass is equal
to the gross weight of bottom frame with its connecting components (e.g. wheel
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headers, travel unit, electric box, etc.), in Figure 2.12 this mass is denoted by msb.
Further lumped masses can also be found in the model, according to the previous
models the payload is denoted by mp, the mass of lifting carriage by mlc, the mass
of hoist unit by mhd and the mass of top guide frame by mtf respectively.

The lower end of mast at the connection point to the lumped mass of bottom
frame can rotate against a spiral spring with sti�ness Sb. The value of this spring
sti�ness can be calculated by means of the strength analysis of model shown in
Figure 2.13.

y

x

bm am

M

φ

IZ2 ; E

Figure 2.13. Calculation of bottom frame equivalent sti�ness

The sti�ness of this beam is determined by the ratio of the bending moment at
mast connection point and the angular de�ection arisen due to this moment. From
the angular de�ection equation of supported beam shown in Figure 2.13 the desired
sti�ness is:

Sb =
3Iz2E (am + bm)

2

a3m + b3m
. (2.56)

Selection of the generalized coordinates, mass- and sti�ness matrices

In order to generate the equations of motion for the multi-body model several equiv-
alent choices of generalized coordinates are exist. With the proper selection of
generalized coordinates the mass- and sti�ness matrices of governing equations can
be simpli�ed, transformed into diagonal form. According to the denotations shown
in Figure 2.12 the horizontal movement of ith lumped mass is denoted by qi as well
as the angle between the ith element and the vertical direction by ϕi. With this two
possible choices for the vector of generalized coordinates are:

q =
[
q1 q2 · · · qNd

]T
, (2.57)

r =
[
q1 ϕ1 ϕ2 − ϕ1 · · · ϕNd−1 − ϕNd−2

]T
. (2.58)

For the further derivations the following ϕ vector is also required.

ϕ =
[
q1 ϕ1 ϕ2 · · · ϕNd−1

]T
(2.59)
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As can be seen in following steps the advantages of q and r generalized coordinate
vectors are that with the choice of q the mass matrix is diagonal just as with r the
sti�ness matrix is diagonal. The corresponding matrices can be determined from
the quadratic form of kinetic energy T and potential energy U :

T =
1

2

(
msb +

me

4

)
q̇21 +

1

2

me

4
q̇22 +

1

2
meq̇

2
3 · · · =

1

2
qTMqq, (2.60)

U =
1

2
Sbϕ

2
1 +

1

2
Se (ϕ2 − ϕ1)

2 +
1

2
Se (ϕ3 − ϕ2)

2 · · · = 1

2
rTSrr. (2.61)

Thus the mass- and sti�ness matrices w.r.t. their own generalized coordinates
are:

Mq = diag
{
msb +

me

4

me

4
me me · · ·

}
, (2.62)

Sr = diag
{
0 Sb Se Se · · ·

}
. (2.63)

As can be seen from the construction of mass matrix it can be easily taken the
e�ect of lumped mass modeled components (e.g. lifted load, top guide frame, etc.)
in the dynamic model into account. For this only the corresponding diagonal element
of mass matrix must be increased by the mass-value of investigated component. For
example this way the position or magnitude of lifted load can be easily modi�ed in
the model. This is a really favorable feature for the dynamic modeling objectives
since the e�ect of lifted load position or magnitude on the properties of dynamic
model can be investigated in an easy way.

In order to derive the matrix equation of motion for the whole system in closed
formula the above-mentioned matrices must be expressed with common generalized
coordinates. Thus a transformation between coordinate vectors q and r is required
for the following work. The relationship between vectors q and ϕ is:


q1
q2
q3
q4
...

 =



1 0 0 0 · · ·

1
le
2

0 0

1
le
2

le
2

0

1
le
2

le
le
2

...
. . .




q1
ϕ1

ϕ2

ϕ3
...

 , that is: q = Γqϕϕ. (2.64)

The relationship between vectors r and ϕ is:
q1
ϕ1

ϕ2 − ϕ1

ϕ3 − ϕ2
...

 =


1 0 0 0 · · ·
0 1 0 0
0 −1 1 0
0 0 −1 1
...

. . .




q1
ϕ1

ϕ2

ϕ3
...

 , that is: r = Γrϕϕ. (2.65)
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From the Equations (2.64) and (2.65) the transformation between the two kinds
of generalized coordinate vector is expressed as follows.

r = ΓrϕΓ
−1
qϕ q = Γrqq (2.66)

Now with using the Equation (2.66) it is possible to transform the q and r gener-
alized coordinate vectors. With the above-mentioned expression the transformation
of the sti�ness matrix into the space of q generalized coordinate vector can be per-
formed with the aid of quadratic form of potential energy:

U =
1

2
rTSrr =

1

2
qTΓT

rqSrΓrqq =
1

2
qTSqq, (2.67)

that is:
Sq = ΓT

rqSrΓrq. (2.68)

Thus the homogeneous matrix equation of motion in the space of q generalized
coordinate vector is:

Mq q̈ + Sqq = 0. (2.69)

Dynamic properties of the multi-body model

For the determination of natural frequencies and mode shapes of dynamic model
the generalized eigenvalue problem (2.46) introduced at the end of Section 2.2.1 for
the �nite element model must be solved with the matrices of multi-body model.
Since this dynamic model is unrestrained � as with the �nite element model � thus
the smallest eigenvalue here is also equal to zero. The �rst few natural frequencies
(α0 = 0) calculated by means of multi-body model are presented in Table 2.3.

Table 2.3. Natural frequencies of multi-body model

First natural frequency: α1 = 2.525 rad/s

Second natural frequency: α2 = 14.84 rad/s

Third natural frequency: α3 = 40.10 rad/s

The �rst few mode shapes of stacker crane calculated by means of the above-
mentioned eigenvalue problem are shown in Figure 2.14. In the �gure components
that are modeled by lumped masses are denoted by solid dots as well as the lumped
mass of bottom frame is denoted by a hollow rectangle. The mast members with
di�erent cross-sectional properties are indicated by di�erent lineweights in the �gure.
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(a) First mode (b) Second mode (c) Third mode

Figure 2.14. Mode shapes of the multi-body model

2.4 Frequency domain analysis of dynamic models

The aim of this section is the comparison of dynamic model types presented in
previous sections as well as the veri�cation of simpli�cations in multi-body model
introduced in last section. By the help of this comparison it is possible to select
the most suitable model according to the controller design objectives. The above-
mentioned comparison of dynamic models can be performed in several ways, for
example the models can be investigated by means of their time domain properties
or various time domain simulations. However, the frequency domain analysis of
these dynamic models (i.e. the investigation and comparison of their frequency
response functions) gives more precise and expressive result. Thus in this section
the determination of the frequency response functions for the �nite dimensional
dynamic models discussed earlier is presented. The comparison of these frequency
response functions with the same function of continuous model (see at the end of
Section 2.1.3) is also introduced.

2.4.1 Determination of the frequency response function

In the previous sections the dynamic properties, natural frequencies and mode
shapes of �nite dimensional dynamic models (i.e. �nite element- and multi-body
models) are already presented. For the determination of eigenvalues α2

j (squares
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of natural frequencies) and eigenvectors ψj (mode shapes) the eigenvalue problem
(2.46) shown at the end of Section 2.2.1 must be generated and solved. The deter-
mination of frequency response functions is also based on the knowledge of these
so-called modal properties.

As can be proved the eigenvectors ψj have the following very important proper-
ties, see [31]:

ψT
j Mψk = 0 and ψT

j Sψk = 0, ∀j ̸= k, (2.70)

that is eigenvectors corresponding to di�erent eigenvalues are orthogonal to each
other with respect to the mass and sti�ness matrices. The properties (2.70) are
also known as the orthogonality properties of mode shapes. These properties can
be proved easily by substituting two di�erent eigenvalues an eigenvectors into the
eigenvalue problem (2.46) and multiplying the resulting equations by the another
eigenvector. The comparison of these equations leads to the proof of (2.70).

From eigenvectors the following, so-called modal matrix can be generated:

Ψ =
[
ψ1 ψ2 · · · ψNd

]
. (2.71)

Because of the orthogonality properties presented in expressions (2.70) the original
mass and sti�ness matrices can be transformed into diagonal form by means of the
modal matrix:

ΨTMΨ = diag
{
mj

}
, and ΨTSΨ = diag

{
sj
}
. (2.72)

These diagonal matrices are known as the modal mass and sti�ness matrices
containing mj modal mass and sj modal sti�ness values for each one of the modes.
Since the eigenvectors can be arbitrarily scaled, the mode shapes can be scaled so
that the modal mass value for each mode is equal to one. The modal mass matrix
is therefore an identity matrix. In the following derivations this kind of scaling
method is applied, the modal matrix whose eigenvectors are scaled (i.e. normalized)
this way is denoted by Ψn. It can be proved that using this modal matrix in the
transformation (2.72) transforms the sti�ness matrix into a special diagonal matrix
Λ containing squares of natural frequencies α2

j for each one of the modes, see in [105].
Therefore:

ΨT
nMΨn = I, and ΨT

nSΨn = diag
{
α2
j

}
= Λ. (2.73)

The solution of (2.41) coupled matrix motion equation of multiple degrees of
freedom dynamic systems can be extremely simpli�ed by the help of considerations
mentioned before. With the normalized modal matrix the following coordinate trans-
formation (the so-called modal coordinate transformation) is introduced:

q = Ψnp, (2.74)

where the elements in p vector are referred as the modal coordinates or modal par-
ticipation factors. Because of the linear independence of eigenvectors the matrix
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Ψn generated by means these vectors is non-singular, therefore the transformation
(2.74) can be considered as the mapping between the physically interpreted gener-
alized coordinates qj and the time functions pj (as another generalized coordinates)
corresponding to the jth mode.

Substituting the (2.74) coordinate transformation into Equation (2.41) and pre-
multiplying the resulting equation by the transposed of modal matrix yields:

ΨT
nMΨnp̈+ΨT

nSΨnp = ΨT
nF , (2.75)

that is:
Ip̈+ Λp = ϕ, (2.76)

where ΨT
nF = ϕ is the so-called modal excitation force vector.

As can be seen since the modal mass and sti�ness matrices are diagonal matrices
therefore the Equation (2.41) has been decoupled. In other words, the original
problem has been transformed from a large multiple degree of freedom problem into
a set of single degree of freedom problems that can be solved using simple, well
known methods. After solving each single degree of freedom problems for pj modal
coordinates or modal participation factors solution of the original problem can be
generated by means of transformation (2.74). This coordinate transformation can
be rewritten as:

q = Ψnp =

Nd∑
j=1

pjψj. (2.77)

It can be seen that the q solution of (2.41) original problem is generated by means
of linear combination of elementary motion components, each jth one having shape
of the jth mode of vibration ψj and amplitude de�ned by the jth modal participation
factor pj. This method is also known as the modal superposition approach.

The calculation of pj modal coordinates can be achieved for example by means
of Laplace transformation or analytical solution of the jth equation in the (2.76)
decoupled system:

p̈j + α2
jpj = ϕj. (2.78)

The Laplace transform of dynamic equation above is:(
s2 + α2

j

)
Pj(s) = Φj(s). (2.79)

where the Laplace operator is denoted by s. Thus taking the form of modal excita-
tion force into account the Pj(s) Laplace transform of jth modal participation factor
can be expressed as:

Pj(s) =
1

s2 + α2
j

ψT
j F (s). (2.80)

Using the (2.77) modal superposition equation the Laplace transform of q solution
of the (2.41) original problem is:

Q(s) =

Nd∑
j=1

ψT
j ψj

s2 + α2
j

F (s) = G(s)F (s). (2.81)
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where G(s) is the transfer function matrix form the input vector F to the generalized
coordinate vector q. With the help of this transfer function matrix the time functions
of generalized coordinates can be determined by means of transformation (2.81) back
into time domain. The ith element in jth row of G(s) transfer function matrix is
the so-called transfer function Gji(s) from the ith input (i.e. the ith element of
input force vector F ) to the jth output (the jth generalized coordinate) of dynamic
model. Applying the s = iω substitution on the transfer function above the Gji(iω)
frequency response function can be generated, see [42].

2.4.2 Comparison of the dynamic models based on frequency

domain properties

The comparison of continuous-, �nite element- and multi-body models is based on
their frequency response functions Gc(iω), Gf (iω) and Gm(iω) respectively. The
frequency response functions Gf (iω) and Gm(iω) are generated by means of consid-
erations presented in the previous section. As in the case of continuous model (see
in Section 2.1.3) the input signal of frequency response functions here is also the
horizontal excitation force acting on the bottom frame and their output signal is the
horizontal movement of mast tip.

The basic function of model comparison is the frequency response function Gc(iω)
of continuous model. In order to analyze the di�erences between the continuous- and
�nite dimensional dynamic models the following absolute and relative error functions
are de�ned. The absolute error of �nite element- and multi-body models with respect
to the continuous model can be de�ned as:

∆af (ω) = |Gc(iω)−Gf (iω)| , and ∆am(ω) = |Gc(iω)−Gm(iω)| . (2.82)

As well as the relative error functions are:

∆rf (ω) =
|Gc(iω)−Gf (iω)|

|Gc(iω)|
, and ∆rm(ω) =

|Gc(iω)−Gm(iω)|
|Gc(iω)|

. (2.83)

The above-mentioned absolute and relative error functions are shown in Figures
2.15 and 2.16 respectively. The functions in these �gures are plotted in dB.

From the analysis of these error functions it can be concluded that both of
�nite dimensional dynamic models are su�ciently accurate, the absolute and relative
errors are quite low in the relevant frequency range. For example the relative error
of multi-body model (see Figure 2.16 (b)) is under −40 dB (i.e. 1%) almost in the
whole investigated frequency range. Considerable di�erence between the continuous
and �nite dimensional models can only be found around the natural frequencies
since in the investigated models the structural damping is neglected. Therefore the
Bode magnitude diagrams of frequency response functions become in�nite at these
points (see e.g. in Figure 2.6) thus the di�erences between FRFs are magni�ed by
the steep diagram sections.
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Figure 2.15. Absolute error functions
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Figure 2.16. Relative error functions

As can be seen both of the presented �nite dimensional dynamic models are
suitable for the aims of this thesis. However, the linear multi-body model has better
accuracy near less degrees of freedom. Another advantage of this dynamic model is
that changing the lifted load position can be performed in a simple way.

2.5 Structural damping

In order to generate a dynamic model with proper approximation of actual stacker
cranes the structural damping of real appliance also must be taken into account.
In practice this is a very complex task since these vibration damping e�ects can be
arisen at several points of the real structure because of several reasons (e.g. material
damping, air drag, various frictions, etc.), see [50, 74, 75]. Numerous mathematical
models, theoretical and practical approaches exist for the modeling of these e�ects. A
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detailed overview about structural damping and damping e�ects can be found in [69].
In this section for taking the structural damping of stacker cranes into consideration
a method is introduced which is based on a simpli�cation that accepted and widely
used in the practice.

The investigation of damping plays a signi�cant role in the dynamic analysis of
engineering structures. However, the available knowledge about damping in most
cases is strongly limited. On the other hand the method which takes the struc-
tural damping into consideration must be simple and numerically applicable in the
dynamic analysis of the structure. In the case of the dynamic analysis of damped
systems the damping matrix D appears in the (2.84) matrix equation of motion. In
general now it is not possible to state that the damping matrix can be diagonalized
by the modal coordinate transformation. However, there are some cases of damping
where this useful property exists.

Mq̈ +Dq̇ + Sq = F (2.84)

The most e�ective way to introduce structural damping into dynamic analysis is
the approximation of real damping value with equivalent Rayleigh damping in form
of:

D = aM + bS, (2.85)

where D is the damping matrix of (2.84) damped dynamic system as well as a
and b are prede�ned constants. As can be seen in (2.84) the damping matrix is a
linear combination of mass and sti�ness matrices. This kind of damping is usually
referred as proportional damping. The Rayleigh damping is particularly relevant
because the damping matrix of this approach can be diagonalized by the (2.74)
modal coordinate transformation, and thus the (2.84) system of Nd equations of
motion can be decoupled into Nd single degree of freedom equations. It can be
proved that the jth equation of this decoupled system in general is:

p̈j +
(
a+ bα2

j

)
ṗj + α2

jpj = ϕj. (2.86)

Unfortunately general theoretical method for determination of a and b unknown
parameters does not exist. However, from the structure of Equation (2.86) some
interesting observations can be discovered about these parameters. More detailed
information can be found about experimental determination of the parameters of
proportional damping in [21, 98, 118].

The general form of the (2.86) motion equation of single degree of freedom system
is:

p̈j + 2ζjαj ṗj + α2
jpj = ϕj, (2.87)

where ζj is the damping ratio corresponding to the jth modal coordinate. From
comparison of Equations (2.86) and (2.87) the relation between modal damping
ratio and natural frequency is:

2ζjαj = a+ bα2
j , (2.88)
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thus:

ζj =
a

2αj

+
bαj

2
. (2.89)

A typical diagram of Equation (2.89) is shown in Figure 2.17. From the diagram
shown in Figure 2.17 it can be concluded that in the lower range of natural frequency
the �rst (nonlinear) term of (2.89) dominates and as natural frequency increases the
e�ect of �rst term vanishes and the second (linear) term starts dominating. This
property can help us to determine the unknown parameters of damping.
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Figure 2.17. Relation between damping ratio and natural frequency

For determination of the two unknown parameters of proportional damping two
pairs of corresponding damping ratio and natural frequency values are necessary.
With this data and by means of (2.89) a system of linear equations can be con-
structed and the unknown parameters calculated. In the design period of stacker
crane engineer unfortunately must lean on their previous experiences or literary data
in determination of this data set. However, in that case when an actual stacker crane
is available the necessary data set mentioned before can be measured by the help of
experimental modal analysis. With this method more than the necessary two data
pairs can be measured, thus the (2.85) proportionality assumption can be veri�ed.

In the damped case (as with the undamped case presented previously) analytical
solution of (2.84) matrix equation of motion is determined by Laplace transformation
of (2.87) and using the (2.77) modal superposition equation. The Laplace transform
of q solution of (2.84) equation of motion and the transfer function matrix in this
case is presented in the following equation:

Q(s) =

Nd∑
j=1

ψT
j ψj

s2 + 2ζjαjs+ α2
j

F (s) = G(s)F (s). (2.90)
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Chapter 3

Control oriented modeling

The main objective of this chapter is to discuss the control oriented modeling aspects
for single-mast stacker cranes. This kind of modeling approach needs some di�er-
ent considerations than the modeling techniques detailed in the previous chapter.
First the state space representation of dynamic model is presented since the applied
controller synthesis methods are based on this form of dynamic model. The closed
loop-system speci�cations (i.e. performance criteria) and the uncertainty modeling
for controller design are also discussed in this chapter. As mentioned in the in-
troduction of thesis the most important aim of controller design is to synthesize a
controller that can handle the varying dynamic properties related to the movement
of lifted load. Besides this the good reference signal tracking and the mast vibration
attenuation are also relevant performance criteria.

According to the above-mentioned speci�cations in this thesis two kins of con-
troller synthesis approaches are investigated, robust control and induced L2-norm
control (a.k.a. gain-scheduling control). In the �rst case the e�ect of varying dy-
namic properties are taken into consideration by means of an unstructured uncer-
tainty model. The second controller synthesis approach is based on the LPV mod-
eling of single-mast stacker cranes where the dynamic model is parametrized by the
varying lifted load position. The aim of this chapter is to present the modeling as-
pects � i.e. the de�nition of performance criteria, the uncertainty modeling as well
as the LPV modeling � related to the above-mentioned controller synthesis methods.

The multibody model introduced in Section 2.3 has almost one hundred degrees
of freedom, thus the order of state space representation generated based on this
model is near two hundred. This complicated, high order model is not suitable for
controller design since it causes numerical problems in controller synthesis methods
of modern control theory e.g. H∞ or gain-scheduling method. A smaller size model
also can speed up the simulation process during the design validation phase. Because
of these reasons the model order reduction methods � for both LTI and LPV systems
� are also introduced and investigated in this chapter.

The so-called H∞ control method was introduced by Zames in 1981, see [44, 61,
129, 130]. Today this method is one of the most frequently applied approaches in

51
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robust control. Also in this thesis the H∞ method is chosen for purpose of robust
controller design. The formulation of the original H∞ methodology is expressed
for single-input single-output (SISO) systems in frequency domain. However, the
solution of ZamesH∞ method for multi-variable systems in frequency domain is very
di�cult. The �rst multi-input multi-output (MIMO) solution to the H∞ problem
in a state space form was presented by Doyle, see [25]. A simpli�ed solution to this
problem is presented in [27] where the solution method is based on algebraic Riccati
equations.

Since then the theory of this control approach has been extended to time vary-
ing systems, in�nite horizon and �nite horizon, �nite dimensional as well as in�nite
dimensional systems. A more intuitive designing method is presented in [85], this
method is known as the loop shaping procedure. In contrast to the H∞ method �
where the uncertainty is unstructured � the so-called structured singular value (µ)
synthesis exploits the structure of the uncertainties, see in [24, 26]. Alternative meth-
ods to the Riccati equation for solving the H∞ problem have also been suggested.
For example the linear matrix inequality (LMI) formulations are more �exible than
Riccati formulations, and the computational complexity of the LMI formulation is
the same as that of available Riccati solvers, see [4, 20, 47, 45, 46, 65].

The concept of LPV models for the systematic analysis and design of gain-
scheduled controllers is introduced by Shamma and Athans, see [115, 116]. These
models are linear state space models whose matrices depend on time-varying pa-
rameters, therefore the dynamics of LPV systems are linear but time-varying. The
applicability of LPV approach for the control of general nonlinear systems arises
from the idea that nonlinear state space models can be transformed into the so-
called quasi-LPV form, see e.g. [79]. In this form of LPV model the parameters
can be functions of the states, inputs or outputs instead of exogenous signals. The
controller synthesis method for LPV systems is an extension of LTI H∞ synthesis
methods. Early synthesis method were limited to slow parameter variations [117],
however, today the methods have been improved and they are capable of allowing
arbitrary fast parameter variations [126, 128]. In the latest methods known bounds
on the parameter's rate of variation can help to reduce conservatism of controlled
system [3]. A survey of LPV control and its applications is given in [63].

3.1 State space representation of dynamic model

Since most of modern control synthesis methods use the state space representation
of model, thus the matrix equation of motion (2.84) must be transformed into state
space form. As mentioned before the input signal of model is the external force
acting in the direction of q1 generalized coordinate. In the following steps of this
work the model is applied in synthesis of controller which realizes the positioning
control of single-mast stacker cranes near reduced mast-vibrations. Therefore the
outputs of investigated state space representation can be classi�ed into two groups.
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The �rst one is used to describe and investigate the mast-vibrations. Actually this
output is the inclination of mast i.e. the position di�erence between undermost
point of mast and mast-tip. The output is denoted by z. The second output group
is the so-called measured output. These outputs are used for the positioning control
of stacker crane and can be equal to the horizontal position or velocity of stacker
crane. In this work actually the horizontal position of stacker crane i.e. the �rst
generalized coordinate is applied as measured output. The output is denoted by y.

The state space representation of a LTI system in general is described by the
following equations.

Σ :


ẋ = Ax+B1d+B2u,

z = C1x+D11d+D12u,

y = C2x+D21d.

(3.1)

where x, u, y, d, z are the state vector, control input, measured output, disturbance
input and performance output vectors, respectively. The matrices A ∈ Rn×n, B ∈
Rn×m, C ∈ Rp×n, D ∈ Rp×m are the so-called system matrices. Here n is known as
the order of the system and m, p are the number of all input and output variables
of the system respectively. As can be seen in equation (3.1) the matrices B, C, D
are usually partitioned according to the kinds of input and output signals.

In the case of this dynamic model the disturbance input does not exist. The
state vector with the generalized coordinate vector q is de�ned as follows:

x =
[
q̇ q

]T
. (3.2)

Using this de�nition the state space representation of the investigated multibody
model can be generated � taking notice of the above-mentioned de�nition of input
and output signals � with the following considerations. Extending the equation (2.84)
with the identity Mẋ−Mẋ = 0 the system matrices A and B2 can be computed by
means of expressing the derivative of state vector from the extended system:

A =

[
−M−1D −M−1S

I 0

]
, (3.3a)

B2 =

[
−M−1F

0

]
, (3.3b)

where 0 is a zero matrix/vector and I is an identity matrix with the corresponding
size. Since in the actual case of stacker crane dynamic model there is no direct
external disturbance signal the system matrices B1, D11 and D21 are equal to zero.
Because of the structure of dynamic model the matrix D12 is also zero. The output
matrices C1 and C2 from the generalized coordinate vector (2.57) can be determined
by means of the above-mentioned de�nition of corresponding output signals:

z = C1x = q1 − qNd
, (3.4a)

y = C2x = q1. (3.4b)
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The transfer function matrix from state space representation (3.1) can also be
derived. By means of Laplace transformation assuming that the initial state equals
zero:

G(s) = C (sI − A)−1 +D. (3.5)

This form of transfer function matrix gives similar results as (2.81). The main
di�erence between (2.81) and (3.5) is that here the output signals are the linear
combinations of state variables, while in (2.81) the output vector is simply equal to
the vector of generalized coordinates. The Bode magnitude diagram of this state
space model is presented in Figure 3.1.
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Figure 3.1. Bode diagram of state space model

3.2 Modeling of performances

3.2.1 The H∞ control approach

As mentioned before for purpose of robust controller design the so-called robust H∞
method is chosen. The main motivation behind this choice is that the performance
criteria can easily be de�ned as well as this method allows taking the model un-
certainties into account. The performance criteria are de�ned to evaluate control
systems and to compare the merits of di�erent control system design methods. The
criteria can include closed-loop system parameters, the response of the closed-loop
system subject to speci�c test conditions or the gain of the closed-loop system. The
closed-loop interconnection structure, which includes the feedback structure of the
model P and controller K, is shown in Figure 3.2. The plant P and the controller
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K are assumed to be real rational and proper. This block diagram is also known as
the general P � K structure of H∞ control problem.

P

K

w z

u y

Figure 3.2. The general P � K structure

In Figure 3.2 w represents the external disturbance, u is the control input, y is
the measured output available to the controller, and z is the performance output.
The objectives of controller design are de�ned in the z performance output. Thus
the H∞ control problem is de�ned as follows [132].

Problem 3.1 (The H∞ optimal control problem). Consider the closed-loop system
of Figure 3.2. The H∞ optimal control problem is to �nd all admissible controllers
K so as to minimize the H∞ norm of transfer function matrix Tzw from w to z. The
H∞ norm of transfer function matrix is de�ned as ∥Tzw∥∞ = sup

ω
σ̄ (Tzw (iω)), where

σ̄ denotes the maximal singular value.

Unfortunately �nding an optimal H∞ controller is often complicated since it is
not unique for MIMO systems. However, in practice it is not necessary to design an
optimal controller, in most cases a so-called suboptimal controller is designed which
is very close in the norm sense to the optimal ones.

Problem 3.2 (The H∞ suboptimal control problem). A constant γ > 0 is given.
Find all admissible controllers K, if there are any, such that

∥Tzw∥∞ < γ. (3.6)

Clearly γ must be greater than the H∞ optimal gain.

In an actual controller design setup the performance objectives of controller de-
sign are expressed by means of weighting functions since in the performance speci�-
cations can be several limitations and con�icts. For example the sensitivity function
S = (I + PK)−1 must be small so that disturbances have little in�uence on system
output. While the complementary sensitivity function T = PK (I + PK)−1 must
be small so that measurement noises have little in�uence on output. However, both
S and T cannot be small at the same frequency. The weighting functions can be
considered as penalty functions, i.e. weights should be large in the frequency range
where small signals are desired and small where large performance outputs can be
tolerated. There are two more reasons of using weighted performance speci�cations
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in multivariable system design. First, some components of a vector signal can be
more important than others. Second, each component of the signal may not be
measured in the same units. Thus scaling with weighting functions makes these
components comparable. A standard weighting strategy is presented in Figure 3.3.
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Figure 3.3. The standard feedback con�guration with weights

In Figure 3.3 u is the control input, y is the measured output, zp, zy and zu
are the performance outputs, w and n are the disturbance and the measurement
noise respectively. The weighting functionWp de�nes the performance speci�cations
while Wu and Wy may be used to re�ect some restrictions on the actuator and on
the output signals. The purpose of the weighting functions Ww and Wn is to re�ect
the disturbance and sensor noises. The disturbance input and the performance
output in the general P � K structure can be de�ned as: w̃ =

[
w n

]T
and z̃ =[

zu zy zp
]T
. Now the transfer function matrix of the so-called augmented plant

P can be partitioned as: [
z̃
y

]
=

[
P11 P12

P21 P22

] [
w̃
u

]
(3.7)

Using the feedback relation between u and y, i.e. u = −Ky, the desired closed-
loop transfer function matrix taken from w̃ to z̃ can be determined as: Tz̃w̃ =
P11 + P12K (I − P22K)−1 P21. This transfer function matrix can also be formulated
by means of the so-called lower linear fractional transformation (LFT) Fℓ (P,K), for
more details see Appendix A or [132],[131].

3.2.2 Performance speci�cations

In this section some useful performance speci�cations are discussed that are related
to the main objectives of controller design. As mentioned in the introduction the
most important performance criteria of this thesis are the good reference signal
tracking and the mast vibration attenuation. Some other performance objectives
may be taken into account, such as sensor noise attenuation or avoiding actuator
saturation. In that case if external disturbance signals are present in the control
loop the disturbance rejection objective is also necessary for controller design. The
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controller synthesis framework for the above-mentioned performance criteria is dis-
cussed hereinafter.

Reference signal tracking

The reference signal in the investigated model is the horizontal position demand
of stacker crane. The good reference signal tracking performance objective can be
formulated by means of the structure shown in Figure 3.4. In this �gure at the left
side the classical block diagram of performance criterion is shown while at the right
side it is redrawn into LFT structure.
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Figure 3.4. Reference signal tracking

The ideal model of closed-loop system in this controller design framework is
represented by the transfer function Wref (the model matching function). Usually
this function is a second-order transfer function with free parameters ωr and ζ:

Wref =
ω2
r

s2 + 2ζωrs+ ω2
r

. (3.8)

This way the bandwidth and damping of ideal closed-loop transfer function can
be adjusted. The error between ideal and actual closed-loop transfer function is
weighted by the penalty function We. The value of this penalty function should be
large in frequency range where small errors are desired and small where larger errors
can be tolerated. Usually the more accurate model is desired in the low frequency
range thus We is a low pass �lter:

We = Ae
1 + Tens

1 + Teds
, (3.9)

where ωen = 1/Ten > ωed = 1/Ted.
The augmented (a.k.a. generalized) plant P and the feedback relation of above-

mentioned controller structure in LFT form are presented in the following expres-
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sions. [
ze
et

]
=

[
WeWref −WeG

I −G

] [
r
u

]
(3.10a)

u = Ket = K (r − y) (3.10b)

Applying the formal de�nition of lower LFT (A.1) the closed-loop transfer matrix
Tzer is given by:

Tzer = Fℓ (P,K) = WeWref −WeGK(I +GK)−1I =We(Wref − T ), (3.11)

where T is the complementary sensitivity function of closed-loop.
As mentioned before the optimalH∞ control problem is to minimize the∞-norm

of closed-loop transfer matrix Tzer over all stabilizing controllers, i.e.

γopt = inf
K∈KS

∥Tzer∥∞ = inf
K∈KS

∥We(Wref − T )∥∞ , (3.12)

where KS denotes the set of all stabilizing controllers. In practice the optimiza-
tion problem can be solved by means of several numerical methods (see e.g. [27])
obtaining performance level γ greater than the optimal one.

The reference signal tracking objective in actual control systems is often realized
by means of the so-called two degrees of freedom controller structure, see in Figure
3.5. In this structure the controller K is partitioned into two parts: Ky and Kr.

u
Kr

-
Ky G

Wref
-

We

ze

y

r

Figure 3.5. Two degrees of freedom controller structure

Here Ky is the feedback part of the controller while Kr is the pre-�lter part. The
feedback relation in this case is: u = Ky (Krr − y).

Sensor noise attenuation and nominal performance

This performance objective can be formulated by means of the block diagrams shown
in Figure 3.6. The aim of this performance criterion is to minimize the e�ects of
sensor noise inputs upon the system outputs. The purpose of the weighting function
Wn in Figure 3.6 is to re�ect the sensor noises. This function is usually a high pass
�lter with parameters An, Tnn and Tnd:

Wn = An
1 + Tnns

1 + Tnds
. (3.13)
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The parameters of this function can be determined from experiments or manufac-
turer measurements of actual sensor system. Some other performance objectives
related to the system outputs can be formalized by means of weighting function Wp.
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Figure 3.6. Sensor noise attenuation and nominal performance

Assuming that r = 0 the generalized plant P and the feedback relation of above-
mentioned controller structure in LFT form are:[

zp
−y

]
=

[
WpWn WpG
−Wn −G

] [
n
u

]
, (3.14a)

u = −Ky. (3.14b)

Applying the de�nition of lower LFT the closed-loop transfer matrix Tzpn can be
expressed as:

Tzpn = Fℓ (P,K) = WpWn +WpGK(I +GK)−1(−Wn) = WpSWn, (3.15)

where S is the sensitivity function of closed-loop. As can be seen in the above
equation the optimal H∞ control problem, i.e.∥∥Tzpn∥∥∞ = ∥WpSWn∥∞ → min

K∈KS
(3.16)

is equivalent to the well known sensitivity minimization problem.

Control sensitivity minimization

The block diagram and its LFT form of this performance objective is shown in Figure
3.7. In this case the desired aim is to keep the control inputs small. The control
input is limited using the weighting function Wu. By the help of this weight larger
control signals can be penalized and thereby the control activity can be minimized.
This way the undesired hysteresis e�ect in actuator system can be avoided. The Wu

transfer function similarly to the Wn transfer function is a high pass �lter.
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Figure 3.7. Control sensitivity minimization

The generalized plant and feedback relation in this case are:[
zu
et

]
=

[
0 Wu

I −G

] [
r
u

]
, (3.17a)

u = Ket = K (r − y) . (3.17b)

The desired closed-loop transfer matrix Tzur can be expressed as:

Tzur = Fℓ (P,K) = WuK(I +GK)−1I =WuKS. (3.18)

3.3 Modeling of uncertain components

In most cases controller synthesis requires a mathematical model describing the
real physical system. This mathematical model provides a mapping from inputs to
outputs of the system. In practice it is impossible to exactly reproduce the dynamics
of real physical system, the model used in controller synthesis will always have errors.
In addition there are also actuator disturbances and measurement (sensor) noises
in a real system. Robust control is a method that deals with model uncertainties
and external disturbance/noise in controller design while the controlled system still
satis�es the closed-loop speci�cations.

Modeling of di�erences between real systems and dynamic models in robust con-
trol is based on set of models. This model set consists of a nominal center surrounded
by a collection of possible model variations that are bounded in magnitude. The
bound on magnitude of variations in general is described by a frequency dependent
radius. The nominal center of model set in robust control is referred to as the nom-
inal model, while the term uncertainty re�ects the di�erences between models and
reality.

For controller synthesis purposes the complex behavior of real dynamic systems
is often approximated by a model with low complexity. The gap between the real
system and its approximation is covered by model uncertainty. Another source of
uncertainty is the imperfect knowledge of some components of system, or alteration
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of their behavior due to the change of operating conditions. Thus generally two
kinds of uncertainty structures are used in the area of robust controller design i.e.
unstructured and structured uncertainty models.

In the �rst case usually the neglected dynamics (e.g. high-frequency �exible
modes or nonlinearities for large inputs) as well as variations in the dynamical behav-
ior during operations are modeled. The structured uncertainty arises from imperfect
knowledge or slow variations of the physical parameter values (e.g. masses, sti�ness
or damping coe�cients). This kind of uncertainty provides highly structured infor-
mation to describe the model uncertainties. A detailed survey of unstructured and
structured uncertainty modeling can be found in [122].

3.3.1 Unstructured uncertainty modeling

In practice the unstructured uncertainty is modeled by connecting an unknown but
bounded perturbation to the nominal plant. This kind of uncertainty model requires
only a little information about the uncertain system, i.e. the bound of perturbation
and the type of connection. The perturbation is a bounded transfer function, where
the bound is de�ned in terms of the system ∞-norm. The unstructured pertur-
bation can be connected to the nominal plant in numerous ways, e.g. in additive,
output multiplicative, input multiplicative, coprime factor uncertainty way, etc. The
structure of additive and output multiplicative uncertainty models are presented in
Figure 3.8 respectively.

u y

de
G

GN

Wm ∆

u y

de
G

GN

Wa ∆

Figure 3.8. Additive and output multiplicative uncertainty structures
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Thus the additive and output multiplicative uncertain model set can be de�ned
as follows:

Πa := {G : G = GN +∆Wa} , (3.19a)

Πm := {G : G = (I +∆Wm)GN} , (3.19b)

where G is the uncertain neighborhood of nominal system GN . The transfer func-
tions Wa and Wm are assumed to be known, and they re�ect the amount of additive
and multiplicative uncertainties respectively. The transfer function ∆ is assumed to
be stable and unknown with the norm condition: ∥∆∥∞ < 1. The multiplicative
uncertainty models are more frequently applied in the engineering practice than the
additive one, since it allows us to de�ne the amount of uncertainty in terms of error
percentage relative to the nominal model.

As mentioned before the two main sources of uncertainty in stacker crane dy-
namic modeling are the neglected dynamics due to model order reduction and the
variation in lifted load conditions. The dynamical properties, e.g. resonance fre-
quencies, mode-shapes etc. of stacker cranes depend on the magnitude and position
of lifted load. The dynamic model has to take also this e�ect into consideration.
In order to this using the multi-body modeling technique presented in Section 2.3
a series of dynamic models are generated with varying lifted load magnitude and
height. With this model set the variation in dynamical behavior of stacker crane
structure under altering lifted load conditions can be investigated. In order to take
into consideration the properties of whole model set in one model the variation of
dynamical behavior is modeled as output multiplicative uncertainty [52].

During investigations �rst a series of dynamic models with varying lifted load
height are generated near constant lifted load magnitude, here the payload was equal
to its maximal allowable value. The nominal model in this case was the model with
maximal payload at its uppermost position. After that the e�ects of varying load
magnitude are investigated, in these models the payload varies between zero and
its maximal allowable value. The second investigations are performed along three
�xed load positions, i.e. uppermost, middle and undermost positions. The Bode
magnitude diagrams of the above-mentioned model sets are summarized in Figure
3.9.

As can be concluded from Figure 3.9 the largest variation in the dynamical be-
havior of stacker crane is generated by the altering lifted load position. Therefore
the investigations of this thesis are limited to the e�ects of altering lifted load posi-
tion instead of load magnitude. Another reason of this limitation is that only the
load position can vary dynamically, i.e. during the traveling motion of stacker crane.
The control system of an actual stacker crane can be prepared for the varying load
magnitude during load handling operation by means of some sort of recon�guration.

The uncertainty weighting function Wm for stacker crane uncertain model is
calculated from the relative variance between the nominal model and samples of
above-mentioned uncertain model set. The Bode magnitude diagram of amount



3.3. MODELING OF UNCERTAIN COMPONENTS 63

-180

-160

-140

-120

-100

-80

-60

T
o:

 z

10
-1

10
0

10
1

10
2

-160

-140

-120

-100

-80

-60

-40

T
o:

 y

 

 

Bode Diagram

Frequency  (rad/s)

M
ag

ni
tu

de
 (

dB
)

Uncertain Model Set

Nominal Model

(a) Position

-160

-140

-120

-100

-80

-60

T
o:

 z

10
-1

10
0

10
1

10
2

-200

-150

-100

-50

0

T
o:

 y

 

 

Bode Diagram

Frequency  (rad/s)

M
ag

ni
tu

de
 (

dB
)

Uncertain Model Set

Nominal Model

(b) Magnitude (uppermost)

-200

-150

-100

-50

T
o:

 z

10
-1

10
0

10
1

10
2

-200

-150

-100

-50

0

T
o:

 y

 

 

Bode Diagram

Frequency  (rad/s)

M
ag

ni
tu

de
 (

dB
)

Uncertain Model Set

Nominal Model

(c) Magnitude (middle)

-160

-140

-120

-100

-80

-60

T
o:

 z

10
-1

10
0

10
1

10
2

-200

-150

-100

-50

0

T
o:

 y

 

 

Bode Diagram

Frequency  (rad/s)

M
ag

ni
tu

de
 (

dB
)

Uncertain Model Set

Nominal Model

(d) Magnitude (undermost)

Figure 3.9. The uncertain model sets

of output multiplicative uncertainty is presented (with blue line) in Figure 3.10. In
practice for controller design purposes this amount of uncertainty is approximated by
a lower order shaping �lter which generates an upper bound of amount of uncertainty.
In Figure 3.10 a 6th order upper bound is also presented (with red line).

Analyzing the data of Figure 3.10 it can be observed that this uncertainty model
also has the common property of uncertainties for actual mechanical system models.
This property is that the amount of uncertainty is small (≪ 1) at low frequencies and
increase to unity and above at high frequencies. It means the phase uncertainties
exceed ±180 degrees and magnitude deviations exceed the nominal transfer function
magnitudes. In robust controller design it is important to keep the amount of
uncertainty small at at low frequencies since there is always a trade-o� between
performance and robustness. The amount of uncertainty should be small at the
frequencies where high performance required, i.e. the model should be su�ciently
accurate in the control bandwidth. Because of this for controller design purposes
the range of lifted load position variations in stacker crane dynamic models may be
limited to a smaller region.



64 CHAPTER 3. CONTROL ORIENTED MODELING

-50

-40

-30

-20

-10

0

10

20
From: In(1)

T
o:

 O
ut

(1
)

10
-1

10
0

10
1

10
2

-40

-30

-20

-10

0

10

T
o:

 O
ut

(2
)

From: In(2)

10
-1

10
0

10
1

10
2

Bode Diagram

Frequency  (rad/s)

M
ag

ni
tu

de
 (

dB
)

Figure 3.10. Amount of uncertainty

3.3.2 Robust stability and robust performance

In a general multivariable feedback system with given uncertainty model and per-
formance objectives the feedback controller K can be designed to ful�ll mainly the
following goals:

• nominal performance: the performance objectives of closed-loop system are
satis�ed for the nominal plant;

• robust stability: the closed-loop system is internally stable under all possible
perturbations to the plant;

• robust performance: the performance objectives of closed-loop system are
satis�ed for every possible perturbation to the plant.

The derivation of various robust stability criteria is based on the so-called small
gain theorem. This theorem provides the the motivation for using H∞ approach to
design robust controllers. For the following theorem the de�nitions of well-posedness
and internal stability can be found in [132, pages 119-125].

Theorem 3.3 (Small Gain Theorem). Suppose M ∈ RH∞ and let γ > 0. Then
the interconnected system in Figure 3.11 is well-posed and internally stable for all
∆ ∈ RH∞ with ∥∆∥∞ ≤ 1/γ if and only if ∥M∥∞ < γ. See [132, page 218].

The small gain theorem implies that the smaller the ∞-norm of the stable trans-
fer matrix M , the larger the ∞-norm of the smallest stable perturbation ∆ that
destabilizes the interconnected system (M,∆).
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w1

M

∆
e1

w2 e2

Figure 3.11. Small Gain Theorem

In the sequel the derivation of robust stability criterion for a closed-loop system
under output multiplicative uncertainty is presented. Discussion of robust stability
criteria in case of other form of unstructured uncertainty can be found in [132]. The
closed-loop structure as well as its LFT form for the above-mentioned derivation is
shown in Figure 3.12.

u y

de

GN

Wm ∆

K

P

GN

Wm

d e

∆

K

-yu

-

Figure 3.12. Closed-loop system for robust stability analysis

As mentioned before in Figure 3.12 Wm represents the maximum potential per-
centage di�erence between all possible plants that belong to the uncertain model
set Πm and the nominal model GN . The generalized plant model P and the feed-
back relation of controller framework in LFT form are presented in the following
expressions. [

e
y

]
=

[
0 −WmGN

−I −GN

] [
d
u

]
(3.20a)

u = Ky (3.20b)

Applying the formal de�nition of lower LFT (A.1) the closed-loop transfer matrix
M = Fℓ (P,K) from d to e is given by:

M = −WmGNK(I +GNK)−1(−I) = WmT , (3.21)

Thus, because of the Theorem 3.3 the closed-loop systemM is stable for all possible
perturbations ∆ with the norm condition ∥∆∥∞ ≤ 1 if and only if:

∥WmT∥∞ < 1. (3.22)
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From the equation above it follows that the robust stability problem with output
multiplicative uncertainty is equivalent to a nominal performance problem, i.e. the
so-called complementary sensitivity minimization problem. Consequently, the above-
mentioned robust stability problem is a standard H∞ problem. More generally for
any robust stability problem can be found an equivalent H∞ performance problem,
see [132].

In order to investigate robust performance problems of closed-loop systems the
augmented plant P of problem must be formulated in LFT form, see at the left side
in Figure 3.13. Obviously, the augmented plant P includes not only the dynamics
of controlled system, but also the performance speci�cations as well as uncertainty
models. Thus, the actual construction of P depends on the performance objectives
and the uncertainty structure. The block diagram of Figure 3.13 is also known as
the general P � K � ∆ structure.

P

K

w z

u y

∆
d e

M
w z

∆
d e

Figure 3.13. The general P � K � ∆ structure

The transfer function matrix of augmented plant P in this general case can be
partitioned as:  e

z
y

 =

 P11 P12 P13

P21 P22 P23

P31 P32 P33

 d
w
u

 . (3.23)

Taking the feedback relation (u = −Ky) into account and applying the formal
de�nition of lower LFT the closed-loop transfer function matrixM can be expressed
as:

M = Fℓ (P,K) . (3.24)

Hence, the augmented plant P and controller K is absorbed in the closed-loop
system M , that is the so-called M � ∆ structure is generated, see at the right side
in Figure 3.13. The above-mentioned closed-loop transfer function M now can be
partitioned as: [

e
z

]
=

[
M11 M12

M21 M22

] [
d
w

]
. (3.25)

Thus, the closed-loop system M with prede�ned performance speci�cations
and uncertainty structure is stable for all perturbations ∆ with ∥∆∥∞ ≤ 1 and
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∥Fu (M,∆)∥∞ < 1 if and only if the following condition is satis�ed:∥∥∥∥[ M11 M12

M21 M22

]∥∥∥∥
∞
< 1. (3.26)

Obviously robust performance implies both nominal performance and robust stabil-
ity. The partition M11 corresponds to the robust stability, whileM22 to the nominal
performance. That is the robust stability is equivalent to the ∥M11∥∞ < 1 condi-
tion, while nominal performance is achieved if the ∥M22∥∞ < 1 condition is satis�ed.
It should be noted that the robust performance problem can be converted into an
equivalent robust stability problem by appending an uncertainty block ∆p to the
system. This block connects the performance output to the disturbance input.

In practice the unstructured complex model of uncertainties may include some of
the plants that can never occur in the real system. This increases the conservatism of
resulted controller, that is the controller is prepared to situations that never occur
in reality. A conservative controller has less ability to achieve the performance
speci�cations therefore conservatism should be reduced. In some cases it is possible
to reduce the conservatism of controller by taking the structure of uncertainties into
consideration.

3.3.3 Structured uncertainty modeling

Structured uncertainty models may be used when the dynamic system is subject
to multiple perturbations. Multiple perturbations occur when the dynamic model
contains a number of uncertain parameters or it contains multiple unstructured
uncertainties. In practice many systems involve parametric uncertainties that are
real. Thus, in general three types of uncertainty blocks can be de�ned: repeated
real scalar, repeated complex scalar and full blocks. In the case of dynamic model
that presented in this thesis only complex perturbations can be de�ned due to the
nature of the applied dynamic modeling methods. However, the controller synthesis
method based on this uncertainty modeling approach (i.e. the so-called complex µ
synthesis) may help to reduce the conservatism of resulting controller. Thus, in this
thesis the complex structured perturbation approach is discussed. For more details
about mixed real and complex µ analysis and synthesis see e.g. [122].

In the following, closed-loop transfer function matricesM ∈ Cn×n are considered
and the uncertainty ∆ is structurally restricted, it involves two types of blocks: re-
peated complex scalar and full blocks. S represents the number of repeated complex
scalar blocks and F the number of full blocks. They satisfy the following condition:∑S

i=1 ri +
∑F

j=1mj = n. The size of ith repeated complex scalar block is ri × ri and
the size of jth full block is mj ×mj. The admissible set of uncertainties ∆ ∈ Cn×n

is de�ned as:

∆ =

{
diag {δ1Ir1 , . . . , δSIrS ,∆1, . . . ,∆F} : δi ∈ C, ∆j ∈ Cmj×mj

}
. (3.27)
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Now, the robust stability margin of a closed-loop transfer function matrixM can
be de�ned by means of the so-called structured singular value (µ), see the following
de�nition.

De�nition 3.4 (The de�nition of µ). For a matrix M ∈ Cn×n the µ∆ function is
de�ned as:

µ∆(M) :=
1

min {σ̄(∆) : ∆ ∈ ∆, det(I −M∆) = 0}
, (3.28)

unless no ∆ ∈ ∆ makes I −M∆ singular, in which case µ∆(M) = 0. See [26].

Thus 1/µ∆(M) is the �size� of the smallest perturbation ∆, measured by its
maximum singular value, which makes det(I −M∆) = 0.

Unfortunately Equation (3.28) is not suitable for computing the structured sin-
gular value (SSV) since the resulting optimization problem may have multiple local
maxima. It is shown in [132] that the lower and the upper bounds of µ are:

ρ(M) ≤ µ∆(M) ≤ σ̄(M). (3.29)

However, these bounds are not su�cient for the analysis of closed-loop system since
the gap between ρ and σ̄ can be arbitrarily large. Therefore they must be re�ned
by considering transformations on M that do not a�ect µ∆(M), but do a�ect ρ and
σ̄, see [132]. In order to do this, the following two subsets are de�ned:

Q =

{
∆ ∈ ∆ : |δi| = 1,∆j∆

∗
j = Imj

}
, (3.30a)

D =

{
diag

{
D1, ..., DS, d1Im1 , ..., dF−1ImF−1

, ImF

}
:

Di ∈ Cri×ri , DiD
∗
i > 0, dj ∈ R, dj > 0

}
. (3.30b)

Applying the subsets above the bounds (3.29) can be tightened to:

max
Q∈Q

ρ(QM) ≤ µ∆(M) ≤ inf
D∈D

σ̄(DMD−1). (3.31)

The lower bound in the expression above can have multiple local maxima that are
not global. Therefore, local search cannot guarantee to obtain µ, with this method
only a lower bound of µ can be determined. The upper bound can be reformulated as
a convex optimization problem, so the global minimum can be found. Unfortunately,
the upper bound not always (not in the all cases of block structures ∆, see [132, page
282]) equals µ. Fortunately, they are satisfactorily close to each other.

In the following, the robust stability and robust performance problems are dis-
cussed by means of structured singular value µ. For this purpose the standard
interconnection system of Figure 3.13 is recalled. However, this time the structure
of uncertainty ∆ is restricted. So the robustness analysis of interconnection system
can be performed by means of the following theorem.
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Theorem 3.5 (Robust stability with µ). [132, page 287] Let β > 0. The closed-loop
system M = Fℓ (P,K) is well-posed and internally stable for all ∆ ∈ M (∆) with
∥∆∥∞ ≤ 1/β if and only if

sup
ω∈R

µ∆ (M11 (jω)) < β, (3.32)

where M (∆) := {∆(.) ∈ RH∞ : ∆(s) ∈ ∆ ∀s ∈ C}.

Hence the peak value on the µ plot of the frequency response above shows the
size of perturbations that the loop is robustly stable against.

As mentioned before the robust performance problem can be converted into
an equivalent robust stability problem by appending an uncertainty block ∆p to
the system connecting the performance output z to the disturbance input w. The
system in Figure 3.13 meets the performance robustness objectives if and only if
the interconnection system with ∆p is robustly stable. It follows from the theorem
below.

Theorem 3.6 (Robust performance with µ). [132, page 289] Let β > 0. The
closed-loop system M is well-posed, internally stable and ∥Fu(M,∆)∥∞ < β for all
∆ ∈ M(∆) with ∥∆∥∞ ≤ 1/β if and only if:

sup
ω∈R

µ∆P
(M (jω)) < β, (3.33)

where the augmented perturbation set is de�ned as:

∆P =

{
diag {∆,∆P} : ∆ ∈ ∆, ∆P ∈ Cdim(w)×dim(z)

}
. (3.34)

The analysis of controlled system by means of structured singular values can be
summarized as follows. Let K be a stabilizing controller which is absorbed in the
feedback loop to achieve the closed-loop system Fℓ(P,K). The generalized closed-
loop system is a 2×2 block-structured transfer function matrixM between

[
d w

]T
and

[
e z

]T
, see on the right-hand side of Figure 3.13:[

e
z

]
=

[
M11 M12

M21 M22

] [
d
w

]
. (3.35)

Using the denotations above a nonconservative, necessary and su�cient condition
for robust performance is given by the following theorem, see [25].

Theorem 3.7. (General analysis theorem)

1. Nominal performance is satis�ed if and only if σ̄(M22(jω) < 1, ∀ω.

2. Stability is robust if and only if σ̄(M11(jω) < 1, ∀ω.

3. Performance is robust if and only if µ∆P
(M(jω)) < 1, ∀ω.



70 CHAPTER 3. CONTROL ORIENTED MODELING

3.4 Linear parameter-varying modeling

In Section 3.3 the uncertainty modeling of single-mast stacker cranes is discussed.
The modeling approach that presented in the above mentioned section is connected
to the robust control design of stacker cranes, see in Chapter 4. However, this section
focuses on a di�erent kind of modeling technique where the dynamic model can be
parametrized by the varying lifted load position or magnitude. The importance of
this approach lies in that the dynamic behavior of stacker crane models strongly
depends on these parameters. The results of this section are connected to the gain-
scheduling control approach and applied in Chapter 5.

Unfortunately, the LTI state space representation (3.1) is valid only for models
with �xed lifted load magnitude and position. However, the aim of this section is to
generate a dynamic model which is able to take the previously mentioned parameter
dependance into account. Since the lifted load magnitude and position can be
measured in real time the linear parameter-varying modeling approach have been
chosen to achieve this aim [57]. The LPV systems are linear state space models
whose matrices depend on the vector of time-varying parameters ρ (t) [115, 116].
Hence LPV systems are de�ned by state space equations as follows.

De�nition 3.8 (LPV system). The compact set P ⊂ RS and the continuous matrix
functions A : RS → Rn×n, B : RS → Rn×nu , C : RS → Rny×n, D : RS → Rny×nu are
given. An nth order LPV system is given by

Σ (ρ) :

{
ẋ = A (ρ)x+B (ρ)u

y = C (ρ)x+D (ρ)u
, (3.36)

where ρ ∈ P is the so-called scheduling parameter vector.

Unfortunately, due to the complex structure of stacker crane mast � several kinds
of sections with di�erent cross sectional properties, lumped masses, etc. � not only
the parameters but also the form of governing equations of motion vary with the
lifted load position. Another di�culty is that the large scale dynamic model with
high degrees of freedom requires model order reduction before the control design.
Thus it is not possible to generate the LPV model of the investigated single-mast
stacker crane in one closed form. To solve this problem a polytopic LPV modeling
approach is applied, see in [5]. The following de�nitions and considerations are
useful to formulate the polytopic LPV system.

De�nition 3.9 (Matrix polytope). A matrix polytope is de�ned as the convex hull
of a �nite number of matrices Mi with the same dimensions. This convex hull can
be generated as the convex combination of matrices Mi i.e.

Conv {Mi, i = 1, . . . , nv} :=

{
nv∑
i=1

αiMi : αi ≥ 0,
nv∑
i=1

αi = 1

}
. (3.37)
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The investigations are restricted to such LPV systems where the state space
matrices A(ρ), B(ρ), C(ρ) and D(ρ) depend a�nely on the scheduling parameter
vector ρ and this parameter vector varies in a polytope Θ of vertices ρ1, ρ2, . . . , ρnv ;
i.e. ρ ∈ Θ := Conv {ρ1, ρ2, . . . , ρnv}. The consequence of this restriction is that the
state space matrices A(ρ), B(ρ), C(ρ) and D(ρ) range in a polytope of matrices
whose vertices are the images of the vertices ρ1, ρ2, . . . , ρnv . That is,(

A(ρ) B(ρ)
C(ρ) D(ρ)

)
∈ Conv

{(
Ai Bi

Ci Di

)
:=

(
A(ρi) B(ρi)
C(ρi) D(ρi)

)
, i = 1, . . . , nv

}
. (3.38)

Using this property the de�nition of polytopic LPV systems (see in [5]) can be
determined as follows.

De�nition 3.10 (Polytopic LPV system). An LPV system is called �polytopic�
when it can be represented by state space matrices A(ρ), B(ρ), C(ρ) and D(ρ),
where the parameter vector ρ ranges over a �xed polytope and the dependence of
A(.), B(.), C(.) and D(.) on ρ is a�ne.

The main bene�t of this modeling approach is that the determination of LPV
model requires the knowledge of state space matrices only in �xed vertices of param-
eter space, i.e. the modeling is based on local LTI models with �frozen� parameter
vector ρ.

For the purpose of actual control design the above-mentioned modeling approach
is chosen. Obviously, many parameters can be found in the crane structure (e.g.
traveling resistances, parameters in the drive system, etc.) that can vary during
operation, however, the variation of lifted load conditions has the greatest in�uence
on the dynamic behavior of the stacker crane. The e�ects of other parameters are
negligible. Since the magnitude of the lifted load can vary only during the pick-up
and deposit cycles � while the stacker crane is at a standstill � a higher-level control
system can adapt to this load magnitude variation by the recon�guration of the
controller. Hence, in the de�nition of LPV model only the lifted load position is
taken into consideration as a scheduling variable. Thus in this case the scheduling
parameter vector is simpli�ed to a scalar scheduling variable. This reduction in the
number of scheduling parameters helps to reduce the conservatism of the resulting
controller. The vertex models of polytopic LPV model are the dynamic models cor-
responding to the endpoints of load position range. The Bode magnitude diagrams
of these vertex models are presented in Figure 3.14.
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Figure 3.14. Bode diagrams of vertex models

3.5 Model order reduction

As mentioned before the aim of the dynamic modeling of single mast stacker cranes
is to generate a dynamic model which is su�ciently accurate and at the same time
simple to ful�ll the requirements of control synthesis techniques. Due to the growth
in the application of advanced modeling techniques (e.g. FE-modeling) the complex
�exible structures � such as single-mast stacker cranes � are usually modeled by
medium- or large-scale dynamic models with numerous degrees of freedom. However,
applying these high-dimensional dynamic models in modern control analyses and
syntheses is extremely ine�cient. In most cases the controller order is related to
the order of the controlled system which causes di�culties in controller realization.
The modern control synthesis algorithms can also fail in controller calculation in the
case of large-scale models. Model order reduction for LPV systems is an extensively
studied area with many challenges. Most of the methods introduced in the literature
are based on the reduction of local LTI models of gridded LPV systems [19, 100,
101, 123]. Since the internal representation of the dynamics � i.e. the basis of
the state space � at di�erent grid points may vary due to the local reduction an
additional state transformation is required to recover state space consistency. After
this transformation the interpolation of individual LTI models can be performed in
order to construct the LPV model. In the following, �rst the model order reduction
of LTI models is presented, after that a similarity transformation is introduced to
project the models onto the same basis. Because of the polytopic LPV modeling
approach the interpolation step can be omitted.
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3.5.1 Model order reduction for LTI systems

Since the model order reduction for LTI systems is an active research �eld several
kinds of methods can be found in the literature [16, 89]. An overview of these
methods is presented in [28]. These methods can be grouped into three main classes:

� classical reduction methods (e.g. modal truncation),

� singular value decomposition (SVD) based methods using the controllability
and observability Gramians,

� moment-matching methods based on Krylov subspaces.

The model order reduction methods listed above can be classi�ed as projection-
based methods. These methods generate the reduced order model via projecting
the original system onto a reduced one using two projection matrices whose columns
form bases for relevant subspaces of the state-space (see the problem below).

Problem 3.11 (Projection-based approximation). The following LTI system with
x ∈ Rn is given:

Σ :

{
ẋ = Ax+Bu

y = Cx+Du
. (3.39)

The aim of projection-based approximation problem is to �nd Tl ∈ Rr×n, Tr ∈ Rn×r

(with TlTr = Ir, r ≪ n) left and right projectors such that the reduced order system
Σ̂ accurately approximates Σ. The the reduced order system Σ̂ is de�ned as:

Σ̂ :

{
˙̂x = Âx̂+ B̂u

ŷ = Ĉx̂+ D̂u
x̂ ∈ Rr. (3.40)

Here the state space matrices can be calculated as: Â = TlATr, B̂ = TlB, Ĉ = CTr
and D̂ = D.

Projection methods di�er in the way the projection matrices are chosen. Here
the modal truncation (MT) method has been chosen to generate these matrices.
The purpose of the MT method is to project the dynamics of the original model
onto an A-invariant subspace corresponding to the dominant modes of the system.
These dominant modes can be selected by the eigenvalues of A. The selection of the
dominant modes plays an important role since the accuracy of the approximation is
determined by these modes. In the case of the investigated stacker crane model the
�rst two eigenvalues (with the smallest absolute values) correspond to the rigid body
motion of the stacker crane, which must be retained in the reduced model. Further
dominant vibrational modes (normal modes) corresponding to the next few complex
conjugate eigenvalue-pairs are also involved in the reduced model. This way the ac-
curacy of the reduced model in the relevant frequency range will be acceptable. The
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projector matrices of MT can be computed by means of the following considerations.
It is well known that the system-matrix A can be diagonalized by the help of state
space transformation T : xd = Tx, where the columns of the inverse matrix T−1 are
the eigenvectors (tj, j = 1 . . . n) corresponding to the eigenvalues λj of A. Thus the
state space representation can be projected onto an A-invariant subspace spanned
by the r pieces of most dominant eigenvectors (i.e. the projectors can be calculated)
using the following partition of the transformation matrix:

T =:
[
T T
l LT

l

]T
, Tl ∈ Rr×n, (3.41a)

T−1 =:
[
Tr Lr

]
, Tr ∈ Rn×r. (3.41b)

As presented in [123] in case of LPV systems the eigenvalues and eigenvectors of
matrix A(ρ) are also parameter dependent and hence the transformation into modal
form would also depend on the scheduling parameter vector ρ. The use of this
global parameter-varying transformation introduces an explicit dependence on the
parameter variation rate into the state space representation of LPV system. This
parameter variation rate dependent term may produce large o�-diagonal elements in
the transformed system matrix Ã(ρ, ρ̇) for non-zero rates which makes the decoupling
impossible. Due to this problem the above-mentioned LTI model order reduction
method is applied in the �xed points of the parameter space (i.e. in the vertices
ρ1, ρ2, . . . , ρnv of polytope Θ introduced in Section 3.4) rather than the parameter-
varying transformation. First a set of LTI models (Σi, i = 1, . . . , nv) are generated
and the corresponding projector matrices Tli, Tri are calculated. After applying
these projector matrices a set of locally reduced models (Σ̂i, i = 1, . . . , nv) are given.
However, a modal state space basis calculated for an individual LTI model is not
unique, therefore, the consistence of state space representations is not ensured. The
physical meaning of state vector components may vary point by point. This makes
it impossible to generate the polytopic LPV model from the local models. Therefore
an additional linear transformation is needed to force the states to belong to the
same basis, see e.g. in [101].

3.5.2 Projection of the LTI models onto same basis

In this section a linear transformation is presented to recover the state space con-
sistence of local models after model order reduction. For this purpose several meth-
ods can be found in the literature, see e.g. in [100, 101, 123]. From the state
space projection presented in the previous section it is known that xi = Trix̂i.
By the method introduced in [101] the following linear transformation is de�ned:
x̂∗i = RTxi, R ∈ Rn×r. The aim of this projection method is to force the bases of all
state vectors x̂∗i to be the same. For this purpose the linear transformation R must
be generated in such a way that:

RTTr1x̂1 = RTTr2x̂2 = · · · = RTTrnv x̂nv = x̂∗. (3.42)
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Introducing the notation x̂i = Z−1
i x̂∗ (where Zi = RTTri) each transformed reduced-

order system Σ̂∗
i is given as:

Σ̂∗
i : (A

∗
i , B

∗
i , C

∗
i , D

∗
i ), (3.43)

where A∗
i = ZiTliAiTriZ

−1
i , B∗

i = ZiTliBi, C∗
i = CiTriZ

−1
i and D∗

i = Di. With
the proper selection of R the above-mentioned transformation forces the local state
vectors to have the same bases, which makes the generation of polytopic LPV model
possible.

The matrix R of linear transformation can be selected in several ways. It should
span all the dynamics of the local models. For example it can be the most signi�cant
transformations selected by SVD as follows:

USV T = SVD
([
Tr1, . . . , Trnv

])
, (3.44)

where Tri denotes the local projectors corresponding to each local models. In order
to keep the most signi�cant transformations for the columns of R the r �rst columns
of the unitary matrix U have been chosen, i.e. R = Ur.

The veri�cation of the consistence of state space bases can be performed by
checking the modal trajectories (see in [100]), i.e. the trajectories of each eigenvalues
λj with respect to the scheduling parameters ρ in the complex plane. In the case of
the consistent state space bases these trajectories must have regular shapes. Another
simple and intuitive idea to verify the model consistence is to inspect the regularity
of the behavior of system matrix elements w.r.t. the parameter variation. In Figure
3.15 the system matrices of an example stacker crane model are analyzed and the
trajectories of system matrix elements are shown. The order of the reduced model is
r = 4, the number of input and output variables are nu = 1 and ny = 2 respectively.
The �rst output variable is the mast inclination while the second output is the
position of stacker crane. The lifting height as scheduling parameter varies between
4m and 44m. From Figure 3.15 it can be concluded that the matrix elements vary
regularly w.r.t. the lifting height. Any sudden change or discontinuity can not be
seen in the functions of matrix elements. Therefore the consistency of dynamic
models in the example of Figure 3.15 is ensured point-by-point.
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Figure 3.15. The structure of system matrices



Chapter 4

Robust control of stacker cranes

In this chapter the H∞ and robust control design of single-mast stacker cranes are
discussed. The �rst part of the chapter brie�y summarizes the solution methods
for control problems that applied in the stacker crane control. In this part of the
chapter �rst the state space solution method of standard H∞ control problem (see
[27]) is presented. After that the solution of the H∞/µ control problem (i.e. the
so-called D � K iteration method, see e.g. in [132]) is brie�y presented.

After the summary of above-mentioned solution methods Section 4.2 deals with
the mixed-sensitivity loop shaping (see [14]) control of stacker cranes. In this control
design approach the shapes of sensitivity function S and complementary sensitivity
function T of closed-loop system is in�uenced by special weighting functions. With
these weighting functions the reference signal tracking and the mast vibration at-
tenuation properties of closed-loop system can be adjusted. The aim of this section
is to give ideas for generating more advanced weighting strategies in robust control
design.

In Section 4.3 the robust control design of stacker cranes is discussed. For the
purpose of robust control design a more complicated and advanced design con�gura-
tion is applied, see [55]. The weighting strategy of this design con�guration consists
of a transfer function that represents the ideal behavior of closed-loop system. The
error between ideal and actual closed-loop transfer function as well as the mast vi-
brations are penalized independently by means of special weighting functions. The
limitations of control input and the amount of sensor noises are also de�ned by
further weighting functions. The modeling uncertainties are taken into account by
using a transfer function matrix that can be determined by the procedure mentioned
in Section 3.3.1. The presented control problem is solved by means of the so-called
µ-synthesis method. In Section 4.3 the trade-o� between mast-vibration attenuation
and cycle time of stacker crane motion is also analyzed.

77
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4.1 Solution of H∞ control problems

4.1.1 State space solution to the standard H∞ control prob-

lem

In this section a brief summary of the state space representation based solution of
the standard H∞ control problem is given. The notations and considerations in this
section are connected to the observations of Section 3.2. For more information about
the solutions of standard H∞ and H2 control problems see [27].

Recall the system described by the block diagram in Figure 3.2. Both P and K
are real rational and proper transfer functions. The state space representation of
the transfer matrix P is the following:

Σp :


ẋ = Ax+B1w +B2u

z = C1x+D11w +D12u

y = C2x+D21w +D22u

. (4.1)

The realization of the controller is the following:

ΣK :

{
ẋk = Akxk +Bky

u = Ckxk +Dky
. (4.2)

Assumption 4.1. The following assumptions about the augmented plant must be
made:

(A1). (A,B2) is stabilizable and (C2, A) is detectable.

(A2). (A,B1) is stabilizable and (C1, A) is detectable.

(A3). D12 has full column rank with
[
D12 D⊥

12

]
unitary and D21 has full row rank

with
[
(D21 D⊥

21)
]T

unitary.

(A4).

[
A− jωI B2

C1 D12

]
has full column rank.

(A5).

[
A− jωI B1

C2 D21

]
has full row rank.

(A6). D11 = 0, D22 = 0.

In the following, some remarks regarding the above-mentioned assumptions are
given. Assumption (A1) is necessary and su�cient for the plant to be internally
stabilizable. If this assumption does not hold no admissible controller exist. As-
sumption (A2) and (A5) are made for technical reasons. They guarantee that the
two Hamiltonian matrices associated with the problem have no eigenvalues on the
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imaginary axis. The signi�cance of assumption (A3) is that it ensures that the
corresponding control problem is nonsingular. The analysis of these assumptions
are found in [132]. There is no loss of generality in assuming D22 = 0, since the
controller for the D22 ̸= 0 case can be computed from the controller for D22 = 0
case by an LFT. The solution of the transformation from D11 nonzero to D11 = 0
is much more complicated, see [48]. It has also been demonstrated, how an equiva-
lent problem with both D11 = 0 and D22 = 0 is constructed in a general case, see
[106, 132].

As presented in Section 3.2 the problem setup for the design of an H∞ controller
is to �nd an admissible controller K such that ∥Tzw∥∞ < γ, see Problem 3.2. Here
Tzw is the transfer function matrix of closed-loop system from w to z. From the in-
terconnection of (4.1) and (4.2) the state space representation of closed-loop system
with state vector xcl =

[
xT xTk

]T
is given by:

Σcl :

{
ẋcl = Aclxcl +Bclw

z = Cclxcl +Dclw
, (4.3)

where

Acl =

[
A+B2DkC2 B2Ck

BkC2 Ak

]
, Bcl =

[
B1 +B2DkD21

BkD21

]
,

Ccl =
[
C1 +D12DkC2 D21Ck

]
, Dcl = D11 +D12DkD21.

(4.4)

The Bounded Real Lemma plays an important role in determining the H∞ norm
of the closed-loop system.

Lemma 4.2 (Bounded Real Lemma). Consider the time-invariant linear system:

Σ :

{
ẋ = Ax+Bu, x(0) = 0,

y = Cx+Du.
(4.5)

The system (4.5) is stable and the in�nity norm of transfer function G(s) = D +
C(sI − A)−1B is bounded:

∥G(s)∥∞ = sup
ω
σ̄ (G (jω)) < γ (4.6)

with γ > 0 if and only if
σ̄ (D) < γ (4.7)

and the Hamiltonian matrix

H =

[
A+BR−1DTC BR−1BT

−CT [I +DR−1DT ]C −AT − CTDR−1BT

]
, (4.8)

where R = γ2I −DTD has no eigenvalues on the imaginary axis.
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The eigensolution of the Hamiltonian matrix above is related to the solution of
an algebraic Riccati equation, see the following theorem.

Theorem 4.3. The in�nity norm of the generic stable system (4.5) is bounded, i.e.
∥G(s)∥∞ < γ if and only if σ̄ (D) < γ and there exists a positive de�nite matrix
X = XT > 0 that satis�es the following algebraic Riccati equation:

XA+ATX +XBR−1BTX + CT (I +DR−1DT )C = 0, (4.9)

where A = A+BR−1DTC and R = γ2I−DTD such that A+BR−1DTC+BR−1BTX
is stable, i.e. has all eigenvalues with negative parts. An alternative to (4.9) is the
existence of a X ≻ 0 matrix such thatATX +XA XB CT

BTX −γI DT

C D −γI

 ≺ 0 (4.10)

see [132].

Applying the previous theorem on (4.3) the unknown variables are the controller
state space representation (Ak, Bk, Ck, Dk) embedded in the closed loop state space
representation, the matrix X and the scalar γ. As can be seen the formulation is
nonlinear in the variables. However, in the full order controller case it is possible
to split up (4.9) into two Riccati equations, where the controller dependence is
eliminated.

The solvability of the output feedback H∞ control problem is based on two
quantities, which are linked to the full information (FI) and the full control (FC)
problems. In the full information problem the plant has the following form:

Gp(s) =


A B1 B2

C1 0 D12[
I
0

] [
0
I

] [
0
0

]
 (4.11)

and the controller is provided with information from the state and the disturbance,
i.e. y =

[
x w

]T
. The full control problem is dual to the full information case, i.e.

the plant has the same form as the transpose of the FI case:

Gp(s) =

 A B1

[
I 0

]
C1 0

[
0 I

]
C2 D21

[
0 0

]
 . (4.12)

In this case the controller has full access to both the state through output injection
and the output z. The restriction on the controller is that it must work with the
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measurement y. The H∞ solution involves two Hamiltonian matrices, i.e. the FI
problem leads to the matrix H and the FC problem leads to matrix J :

H =

[
A−B2D

T
12C1 γ−2B1B

T
1 −B2B

T
2

−CT
1 D

⊥
12(D

⊥
12)

TC1 −(A−B2D
T
12C1)

T

]
, (4.13a)

J =

[
(A−B1D

T
21C2)

T γ−2CT
1 C1 − CT

2 C2

−B1(D
⊥
21)

TD⊥
21B

T
1 −(A−B1D

T
21C2)

]
. (4.13b)

In the H∞ solution two positive semide�nite matrices X, Y are used, which satisfy
the following algebraic Riccati equations:

(A−B2D
T
12C1)

TX +X(A−B2D
T
12C1)

T+ (4.14a)

+X(γ−2B1B
T
1 −B2B

T
2 )X + CT

1 D
⊥
12(D

⊥
12)

TC1 = 0,

(A−B1D
T
21C2)Y + Y (A−B1D

T
21C2)+ (4.14b)

+Y (γ−2CT
1 C1 − CT

2 C2)Y +B1(D
⊥
21)

TD⊥
21B

T
1 = 0,

where it is required that the spectral radius meets the following inequality:

ρ(XY ) < γ2. (4.15)

Theorem 4.4. There exists an admissible controller such that ∥Tzd∥∞ < γ if and
only if X and Y satisfy the algebraic Riccati equations (4.14) and ρ(XY ) < γ2.
Moreover, when these conditions hold, one such controller is given by

Ak = A+ γ−2B1B
T
1 X +B2F + ZLC2, (4.16a)

Bk = −ZL, (4.16b)

Ck = F , (4.16c)

Dk = 0, (4.16d)

where

F = −(DT
12C1 +BT

2 X), (4.17a)

L = −(B1D
T
21 + Y CT

2 ), (4.17b)

Z = (I − γ−2Y X)−1. (4.17c)

The H∞ output feedback controller has a separation structure: the controller is
the output estimator of the full information control law in the presence of the worst-
case disturbance. The separation principle for the H∞ performance was con�rmed
by [27, 131].

4.1.2 State space solution to the H∞/µ control problem

In this section the solution of the H∞/µ control problem is brie�y discussed. The
section is connected to the Section 3.3.3 where the mentioned control problem is
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formalized. Consider the augmented plant P with unstructured and structured
uncertainties and performance speci�cations de�ned by weighting functions. The
H∞/µ synthesis is based on the following optimization problem:

min
K

µ∆ (Fℓ (P,K)) . (4.18)

As mentioned in Section 3.3.3 the direct computation of µ∆ is intractable. Thus,
bounds on the SSV are typically used in place of the actual SSV during robust
performance analysis. The following optimization problem provides a tight upper
bound on the SSV and can reliably computed:

min
K

inf
D,D−1∈H∞

∥∥DFℓ (P,K)D−1
∥∥
∞ . (4.19)

The stable and minimum phase scaling matrix D is chosen such that D∆ = ∆D.
The optimization problem can be solved iteratively for K and D which is the so-
called D � K iteration, see [132].

For a �xed scaling transfer matrix D

min
K

∥∥DFℓ (P,K)D−1
∥∥
∞ (4.20)

is a standard H∞ optimization problem. For a given stabilizing controller K

inf
D,D−1∈H∞

∥∥DFℓ (P,K)D−1
∥∥
∞ (4.21)

is a standard convex optimization problem and it can be solved iteratively pointwise
in the frequency domain: supω infDω∈D σ̄ (DωFℓ (P,K) (jω)D−1

ω ). The D � K itera-
tion is performed by means of these two minimization steps: �rst minimizing over
K with Dω �xed, then minimizing pointwise over Dω with K �xed. The two steps
are continuously repeated until changing the Dω between two sequential iteration
steps is satisfactorily small.

4.2 H∞ control of stacker cranes by mixed-sensitivi-

ty loop shaping

A frequently applied and well-known control design approach inH∞ control theory is
the so-called loop shaping procedure presented in [85]. In this section theH∞ control
design method of stacker cranes using the mixed-sensitivity loop shaping approach is
presented. The aim of this section is to analyze the in�uence of several loop shaping
weighting strategy on the main control objectives (i.e. the reference signal tracking
and the mast vibration attenuation). This may help later to generate more complex
and advanced weighting strategies in order to improve the control performances. For
the purpose of control design the nominal model of stacker crane � with the lifted
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load in the highest position � is used, thus in this section the nominal performances
are investigated without model uncertainties.

The augmented plant for mixed-sensitivity loop shaping is presented in Figure
4.1. As shown in Figure 4.1 the weighting functions W1, W2 and W3 penalize the

u

-

K

G

W2

z2

y

r

P
W1

z1

W3

z3

y~

Figure 4.1. Augmented plant for mixed-sensitivity loop shaping

error signal, control signal and output signal respectively. The weighting functions
W1, W2 and W3 must be proper and stable transfer functions. In the actual control
design W2 = 0, while W1 and W3 have the following general form:

W1 =
s/M1 + ω1

s+ ω1A1

, W3 =
s/M3 + ω3

s+ ω3A3

. (4.22)

This way the low frequency asymptote (Ai), the high frequency asymptote (Mi) as
well as the bandwidth (ωi) of weighting functions can be adjusted. These parameters
have fundamental role in the loop shaping procedure.

The disturbance input and the controlled output of the augmented plant is de-
�ned as: w̃ = r and z̃ =

[
z1 z2 z3

]T
respectively. The measured output is equal

to: ỹ = r− y. Using the above-mentioned de�nitions of input- and output signals it
is easy to verify that the closed loop transfer function matrix Tz̃w̃ from w̃ to z̃ can
be expressed as:

Tz̃w̃ =

 W1S
W2KS
W3T

 , (4.23)

where S = (I +GK)−1 and T = GK (I +GK)−1 are the sensitivity function and
complementary sensitivity function of closed loop system respectively.
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As mentioned before in the actual design cases the weighting functionW2 is equal
to zero, thus the performance objective of H∞ control design implies the following
conditions:

|W1S)| ≤ γ,

|W3T | ≤ γ.
(4.24)

Therefore, the weighting functions W1 and W3 determine the shapes of sensitivity
function S and complementary sensitivity function T . Typically, the inverse ofW1 is
chosen to be small inside the desired control bandwidth to achieve good performance
(e.g. disturbance attenuation or tracking), and the inverse of W3 is chosen to be
small outside the control bandwidth, which helps to ensure good stability margin
(i.e. robustness).

By the variation of the parameters of these weighting functions three kinds of
control design cases are generated. In these investigations the desired control band-
width is adjusted between 1 rad/s and 10 rad/s. The parameters of performance
weighting functions according to the above mentioned design cases are summarized
in Table 4.1.

Table 4.1. Parameters of loop shaping

Case #1 Case #2 Case #3

A1=100 A1=100 A1=100
M1=0.01 M1=0.01 M1=0.01
ω1=5.0 rad/s ω1=1.0 rad/s ω1=0.5 rad/s

A3=0.01 A3=0.01 A3=0.01
M3=100 M3=100 M3=100
ω3=20 rad/s ω3=4.0 rad/s ω3=2.0 rad/s

γ=0.9004 γ=0.9005 γ=0.9012

The calculations of designed controllers are carried out by means of the solution
method presented in Section 4.1.1. The achieved performance levels γ for each design
cases are also presented in Table 4.1.

The performance objectives for the closed-loop system (in the design cases with
largest and smallest bandwidth) can be analyzed by means of the Figure 4.2. As
shown in the �gure by means of the weighting functionW1 the sensitivity function is
shaped so that its gain is below −40 dB in the low frequency range. This ensures low
(practically under 1%) steady-state tracking error. The minimum control bandwidth
is adjusted by the 0 dB crossover frequency of weighting functionW1, while the upper
limit of control bandwidth is given by the 0 dB crossover frequency of W3.

The simulation results i.e. diagrams of stacker crane position and mast de�ection
are shown in the Figure 4.3. During simulations the position signal of a general
stacker crane moving cycle is used as reference signal. In the �rst session of moving
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Figure 4.2. Performance objectives for loop shaping

cycle the stacker crane has constant 0.5m/s2 desired acceleration. In the second
session the desired velocity is 3.5m/s and the deceleration value of third session is
−0.5m/s2. The distance covered of moving cycle is 70m while the total cycle time
is 27 seconds.
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Figure 4.3. Simulation results of loop shaping

Analyzing the simulations above it can be concluded that the reference signal
tracking and the vibration attenuation properties can be adjusted by means of the
proposed method. However, better performances can be achieved by means of more
advanced weighting strategies. Another interesting observation about the simulation
results is that the magnitude of mast vibrations is inversely proportional to the
control error. Thus, a trade-o� between mast vibration attenuation and control
error can be determined. Additionally the modeling uncertainties also must taken
into consideration in the control design method.
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4.3 Reducing the mast vibrations by robust control

The aim of this section is the presentation of a robust controller design method which
can handle the uncertainties in dynamic model and in the same time it has good
reference signal tracking and mast vibration attenuation properties. For applying
the H∞ robust control approach described in Sections 3.2 and 3.3 �rst the control
objectives must be formulated. In this section the essential requirements for the
closed-loop system (i.e. the good reference signal tracking property and the mast-
vibration attenuation) are de�ned a more sophisticated way, by means of advanced
weighting strategies in the generalized plant. Similar to the loop shaping case here
the reference signal of investigated model is also the horizontal position demand of
the stacker crane. The reference signal tracking objective is formulated by means
of the two degrees of freedom controller structure presented in Section 3.2. The
augmented plant for robust control design is shown in Figure 4.4. Since in this
augmented plant both output signals of stacker crane dynamic model are used the
vector-valued signals are denoted by thick lines. This way the diagram of augmented
plant can be simpli�ed.

As shown in the �gure of augmented plant here the controller K is partitioned
into a feedback part Ky and a pre-�lter part Kr. The ideal model of closed loop
system is represented by the second-order transfer function Wref with free parame-
ters ωr and ζ, see Equation (3.8). The error between ideal and actual closed-loop
transfer function is weighted by the low pass �lter We. For more details about this
control design con�guration see Section 3.2.2.

The above mentioned two degrees of freedom controller is placed on the second
output of stacker crane model (i.e. the position output y). This provides for good
reference signal tracking properties in the positioning control of stacker crane. The
mast vibrations are penalized by the Wp weighting function which acts on the �rst
output of stacker crane model (i.e. the mast-inclination output z). Since penalizing
the �nal, steady-state value of mast inclination (which depends on the acceleration
of stacker crane motion) is unnecessary, theWp transfer function is a high pass �lter:

Wp = Ap
1 + Tpns

1 + Tpds
, (4.25)

where ωpn = 1/Tpn < ωpd = 1/Tpd.
Some further performance speci�cations are also added to the control design

augmented plant. In the high frequency range the control input is limited by using
the performance weighting function Wu, as well as the purpose of the weighting
functionWn is to re�ect the sensor noises. For more details about these performance
speci�cations see Section 3.2.2. Finally the weighing function matrixWr re�ects the
amount of uncertainty, it can be determined by the procedure mentioned in Section
3.3.1.
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Figure 4.4. Augmented plant for robust control

The transfer function matrix of generalized plant can be expressed as follows.
e
ze
zp
zu
r
ỹ

 =


0 0 0 WrG

−We WeWref −WeWn −WeGyu

Wp 0 0 WpGzu

0 0 0 Wu

0 I 0 0
I 0 Wn Gyu



d
r
n
u

 (4.26)

Due to the two degrees of freedom controller structure the corresponding feedback
relation is: u = K

[
r ỹ

]T
.

During the actual investigations the lifted load position varies in position range
from 41 to 44m which generates the model uncertainty. This helps to keep the
amount of uncertainty su�ciently small. The nominal model of the model set that
generates the uncertainty is the model with lifted load position in the middle of po-
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sition range i.e. 42.5m. The matrix of uncertainty weighting functions is presented
in the Bode diagram of Figure 4.5. These functions are the 4th order approximation
functions of the relative errors of investigated model set. As can be seen in these di-
agrams the amount of multiplicative uncertainty is relatively low due to the limited
load position range. This uncertainty value only in the surroundings of the natural
frequencies increases sharply.
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Figure 4.5. Uncertainty weighing function matrix

In order to analyze the proposed robust control design method two kinds of
control design cases are generated. The �rst weighting strategy (Case #1) focuses
on the good reference signal tracking rather than mast-vibration attenuation. While
in the second strategy (Case #2) the mast-vibrations are penalized more. The
parameters of performance weighting functions according to the above mentioned
design cases are summarized in Table 4.2.

Table 4.2. Parameters of robust control

Case #1 Case #2 Cases #1 and #2

Ae=100 Ae=80 Au=4 · 10−6

ωen=10 rad/s ωen=1 rad/s ωun=100 rad/s
ωed=0.1 rad/s ωed=0.01 rad/s ωud=1000 rad/s

Ap=0.1 Ap=0.1 An=0.01
ωpn=10 rad/s ωpn=1 rad/s ωnn=10 rad/s
ωpd=1000 rad/s ωpd=100 rad/s ωnd=100 rad/s

In the control design cases for the the model matching functionWref the following
parameter values are applied: ωr = 8 rad/s, ζ = 1. The We and Wp performance
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weighting functions in case of �rst and second weighting strategy are presented in
the Bode diagrams of Figure 4.6.
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Figure 4.6. Performance weighting functions We and Wp

The weighting functions of control input and sensor noises are presented in Figure
4.7 (a) and (b) respectively. These functions are permanent for both design cases.
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Figure 4.7. Control input and sensor noises weighting

The investigation of the properties of designed controllers can be carried out
by means of time-domain analysis. In this simulation as reference signal the same
position signal is used as in the case of loop shaping control design, see in Section
4.2. This stacker crane moving cycle demand has 0.5m/s2 maximal acceleration and
3.5m/s maximal velocity, the distance of �nal position is 70m as well as the total
cycle time equals 27 s. The simulation results (i.e. the stacker crane position and
mast de�ection functions) are shown in Figure 4.8.

For the comparison of above mentioned time-domain results the following quan-
tities are de�ned. The rate of mast vibrations is measured by the overshoot of mast
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Figure 4.8. Simulation results of robust control

de�ection signal according to acceleration phase of movement:

σa =
maxt |z (t)− z (∞)|

|z (∞)|
. (4.27)

The reference signal tracking properties can be investigated by means of the steady-
state tracking error er as well as the actual cycle time tc (which is the total time
necessary to reach the �nal position of stacker crane). The steady-state tracking
error can be de�ned as:

er =
|y (∞)− r (∞)|

|r (∞)|
. (4.28)

These time-domain quantities according to the two design cases are shown in
Table 4.3.

Table 4.3. Time-domain analysis results of design cases

Case #1 Case #2

σa=71.6% σa=0%
er =0.70% er =0.40%
tc=27.4 s tc=29.3 s

As can be seen in the presented simulation results the inverse proportionality
between magnitude of mast vibrations and control error here is also exist. There-
fore, in controller design the trade-o� between mast-vibration attenuation and cycle
time of stacker crane motion can be found. To explore this trade-o� a series of con-
troller designs and time domain analyses are carried out again with several We and
Wp weighting functions. In these investigations the control input and sensor noises
weighting functions were permanent and identical to the functions presented in Fig-
ures 4.7 (a) and (b). During the investigations the weighting strategy has changed
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from the cycle time focusing cases to the vibration attenuation focusing cases. In
the presented eleven design cases the 0 dB crossover frequency of weighting functions
We and Wp are modi�ed evenly in the following way:

We: 2 rad/s → 1 rad/s,

Wp: 20 rad/s → 10 rad/s.

In order to �nd an ideal design case the overshoot and the cycle time values of
every design cases are plotted in Figure 4.9. Analyzing the data of Figure 4.9 it
can be observed that the overshoot of mast de�ection signal vanishes sharply before
the cycle time of stacker crane motion considerable starts to increase. Therefore, a
su�cient trade-o� between con�icting performances can be found.
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Figure 4.9. Trade-o� between mast-vibration and cycle time

The designed controllers are calculated by means of the so-called µ-synthesis
method presented in Section 4.1.2. The achieved SSV values µ for each design cases
are also plotted in the diagram of Figure 4.10. As shown in the �gure, although the
robust stability and nominal performance is achieved, the robust performance is not
guaranteed in all cases of control design due to the strict performance speci�cations.
During the selection of optimal design case this property also must be taken into
consideration. Fortunately, the achieved µ values are fallen o� under unity in the
interesting region of design cases where the vibrations are su�ciently damped.
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Chapter 5

Gain-scheduled control of stacker

cranes

Originally the gain-scheduling control method is developed to control nonlinear sys-
tems. In the early experiments gain-scheduling was performed by interpolation or
switching between LTI models based on measured parameters [79]. These local LTI
models can be generated by means e.g. Jacobi linearization of the nonlinear system.
This so-called classical approach provides only poor stability and performance guar-
antees for su�ciently slow parameter variations. However, it is widely applied in
practice. The more advanced gain-scheduling methods are based on the LPV descrip-
tion of nonlinear system. Several kinds of methods have developed for representing
the parameter dependence in LPV form. Some examples of these methods are: the
so-called quasi-LPV approach [79], the LFT based parameter dependance [4], as well
as the a�ne/polytopic LPV models [5]. The controller synthesis methods are based
on a su�cient condition in terms of an in�nite dimensional parameter-dependent
matrix inequality to analyze stability and performances. Various methods are exist
for turning the in�nite set of LMIs into a �nite set of LMIs during controller synthe-
sis, e.g.: polytopic LPV synthesis [5], multiplier-based LFT LPV synthesis [4], as
well as gridding-based LPV synthesis [126]. The are also related to the given LPV
representation of the system.

The aim of this chapter is to discuss the so-called gain scheduled control design
methods of single-mast stacker cranes. Two kinds of design methods are analyzed:
the so-called classical gain scheduling method and the LPV modeling based control
design method (see [57]) respectively. In Section 5.1 the classical gain scheduling
method is presented whose aim is to extend the results of robust controller (see in
Section 4.3) to a larger region of lifted load position. After that the synthesis of
polytopic LPV modeling based gain scheduled control (with quadratic H∞ perfor-
mance) is brie�y summarized in section 5.2. This control design approach is based
on the modeling considerations that presented in section 3.4. In Section 5.3 the
design of actual LPV control of stacker crane is presented, the control con�gura-

93
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tion and weighting strategy for quadratic H∞ performance is discussed in detail.
Finally the behavior of closed-loop system with the designed controller is tested by
simulation-based analysis.

5.1 Classical gain-scheduled control of stacker cra-

nes

This section presents the classical gain-scheduled control of single-mast stacker
cranes. The aim of this control design method is to extend the results of robust
control designed in Section 4.3. Generally, in classical gain-scheduling the design of
a nonlinear controller is replaced by the design a number of linear controllers. Hence,
well-established linear control design methods (e.g. H∞ or robust control methods)
may be applied instead of nonlinear methods. This is the connection point to the
robust control method that presented in Section 4.3. Unfortunately, the robustness,
performance or even nominal stability of the closed-loop gain-scheduled system is
not guaranteed with this method for the entire parameter space. However, this
method is still frequently applied in practice.

The classical gain scheduling involves the following four main steps.

� Generating a family of local LTI plants at constant operating points of param-
eter space. This can be a set of LTI approximation of a nonlinear model (e.g.
a Jacobian linearization of the nonlinear plant about a manifold of constant
operating points). In the case of this thesis the required model set can be
easily generated by means of the modeling techniques presented in Chapter 3.

� Design of LTI controllers corresponding to the previously de�ned set of lo-
cal plants achieving the speci�ed performance and stability at each operating
points. Here standard LTI design methods can be applied.

� Implementation of the family of LTI controllers such that the controller co-
e�cients are scheduled according to the value of scheduling variable. This
step can be performed by e.g. interpolation or switching between designed
controllers.

� Since the robustness, performance and stability of this method is guaranteed
analytically only in the local points of parameter space, hence, extensive time-
domain simulations are required to check the behavior of closed-loop system
between operating points.

The augmented plant for local control design is presented in Figure 5.1. As
shown in the �gure this augmented plant is quite close to the augmented plant of
Section 4.3. Since in this case the e�ects of varying lifted load position are taken into
account by means of gain-scheduling instead of uncertainty models, thus here Wr is
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Figure 5.1. H∞ control con�guration for classical gain scheduling

omitted. For the simplicity a single degree of freedom controller is applied instead
of the two degrees of freedom controller structure of Section 4.3. The parameters of
weighting functions are determined by the method that presented in the last part of
Section 4.3. These parameters are identical for all �xed operating points. Thus the
actual weighting functions are equal to:

Wref =
64

s2 + 16s+ 64
, We =

70s+ 84

83.33s+ 1
,

Wp =
0.083s+ 0.1

0.0083s+ 1
, Wu =

4 · 10−8s+ 4 · 10−6

0.001s+ 1
, Wn =

0.001s+ 0.01

0.01s+ 1
.

(5.1)

The time-domain simulation results are shown in the Figure 5.3. The value
of scheduling parameter (i.e. the lifted load position) is plotted in Figure 5.2, as
shown in the �gure here a lowering cycle of load is investigated. The reference signal
applied during simulations is identical to the reference signal of robust control, see
in Section 4.3.
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Figure 5.2. Lifted load position for classical gain scheduling
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Figure 5.3. Simulation results of classical gain scheduling

5.2 Gain-scheduled control design with guaranteed

H∞ performance

In this section the considerations of LPV control design with guaranteed H∞ perfor-
mance are presented, see e.g. in [5, 94, 17]. The most important tool in formulation
and derivation of the LPV controller is the bounded real lemma, see e.g. in [132].
The bounded real lemma is originally valid for LTI systems [45]. However, it can be
extended to LPV systems using the notation of quadratic H∞ performance, see in
[5].

De�nition 5.1. Quadratic H∞ performance The LPV system of De�nition 3.8 has
quadratic H∞ performance γ > 0 i� there exist a symmetric matrix X ≻ 0 such
that A(ρ)TX +XA(ρ) XB(ρ) C(ρ)T

B(ρ)TX −γI D(ρ)T

C(ρ) D(ρ) −γI

 ≺ 0 (5.2)
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for all admissible values of the parameter vector ρ. In this case the Lyapunov
function V (x) = xTXx establishes global asymptotic stability and the induced L2-
norm of the operator mapping from input to output is bounded by γ along all
possible parameter trajectories ρ(t).

De�nition 5.1 gives an in�nite number of constraints because it must be valid for
all parameter vector values ρ ∈ Θ. However, as shown in [5] in the case of polytopic
LPV systems the in�nite number of constraints can be reduced to a �nite set of
matrix inequalities. Due to the convexity property of the polytope the inequality
(5.2) will hold for all A(ρ), B(ρ), C(ρ) and D(ρ), ρ ∈ Θ, if and only if it holds at
the vertices (Ai, Bi, Ci, Di), i = 1, . . . , nv.

Before the controller synthesis an H∞-like control problem for the polytopic LPV
system must be formulated. Here H∞ control is meant a control with quadratic H∞
performance, see the De�nition 5.1. It is assumed that the complete measurement
of ρ(t) is available, thus the controller is allowed to incorporate these measurements
in the same LPV fashion as the plant. The resulting LPV controller therefore is
able to adjust to the actual plant dynamics, see Figure 5.4. The above-mentioned
structure provides smooth and automatic gain-scheduling with respect to the varying
parameter ρ(t).

P(ρi)

K(ρi)

u yρi

w z

Figure 5.4. LPV control of LPV systems

Using the notations of Figure 5.4 the controller design objective according to the
De�nition 5.1 is that the induced L2-norm of the operator mapping of closed-loop
system (from w to z) must be bounded by γ, i.e.

sup
ρ∈Θ

sup
w∈L2
∥w∥2 ̸=0

∥z∥2
∥w∥2

≤ γ, (5.3)

at the vertices ρi of polytope Θ.
For further considerations the state space realization of augmented plant in vertex

ρi is necessary, which can be constructed as follows:

Σpi :


ẋ = Aix+B1iw +B2iu

z = C1ix+D11iw +D12iu

y = C2ix+D21iw

, (5.4)
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where x =
[
x̂T xTw

]T
with x̂ the state vector of reduced order stacker crane model

and xw the state vector of weighting functions. Using (3.38) the polytopic LPV
model of augmented plant can be written as:

Σp(ρ) :


ẋ = A(ρ)x+B1(ρ)w +B2(ρ)u

z = C1(ρ)x+D11(ρ)w +D12(ρ)u

y = C2(ρ)x+D21(ρ)w

. (5.5)

Assumption 5.2. The following assumptions for the generalized (augmented) LPV
plant (5.5) must be made:

(A1). D22(ρ) = 0, or equivalently D22i = 0 for i = 1, . . . , nv;

(A2). B2(ρ), C2(ρ), D12(ρ) and D21(ρ) are parameter-independent, or equivalently
B2i = B2, C2i = C2, D12i = D12 and D21i = D21 for i = 1, . . . , nv;

(A3). the pairs (A(ρ), B2) and (A(ρ), C2) are quadratically stabilizable and quadrat-
ically detectable over Θ respectively.

The assumption (A1) can often be removed by rede�ning the plant output y.
If the assumption (A2) is not satis�ed, the computation of a solution became not
easily tractable. However, this problem can be solved by pre- or post-�ltering of
control input u or measured output y, see in [5]. The third assumption is necessary
and su�cient to allow quadratic stabilization of the polytopic LPV plant by an
output feedback LPV controller.

The LPV controller is de�ned in the following form:

ΣK(ρ) :

{
ẋk = Ak(ρ)xk +Bk(ρ)y

u = Ck(ρ)xk +Dk(ρ)y
, (5.6)

where xk ∈ Rnk , y and u are the state, input and output of the controller associated
with the system (5.5). As shown in Equation (5.6), since the measurements of
ρ(t) are available in real time, the controller can be constructed with the same
parameter dependence as the plant. The controller therefore can adjust to the
variations in the plant dynamics in order to provide stability and performance along
parameter trajectories ρ(t). In other words the controller is automatically gain-
scheduled according to the parameter variations. Hence, the closed-loop system
Σcl(ρ) = Σp(ρ) ∗ ΣK(ρ) with the state vector xcl =

[
xT xTk

]T
is given by:

Σcl(ρ) :

{
ẋcl = Acl(ρ)xcl +Bcl(ρ)w

z = Ccl(ρ)xcl +Dcl(ρ)w
, (5.7)
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where

Acl(ρ) =

[
A(ρ) +B2Dk(ρ)C2 B2Ck(ρ)

Bk(ρ)C2 Ak(ρ)

]
,

Bcl(ρ) =

[
B1(ρ) +B2Dk(ρ)D21

Bk(ρ)D21

]
,

Ccl(ρ) =
[
C1(ρ) +D12Dk(ρ)C2 D21Ck(ρ)

]
,

Dcl(ρ) = D11(ρ) +D12Dk(ρ)D21.

(5.8)

Applying (5.2) on (5.7) leads to a nonlinear (bilinear) matrix inequality, since
the Lyapunov variable is multiplied by the controller variables. Via changing of the
controller variables presented in [112] a new LMI that expresses the same problem
in a tractable way can be found, see in expression (5.10). The decision matrices
of this LMI are: X, Y , Ã, B̃, C̃ and D̃. De�ning the matrices M and N such
that MNT = In − XY � which can be solved via singular value decomposition
and Cholesky factorization � the modi�ed controller variables are (in the sequel the
parameter-dependency in notation is suppressed for simplicity):

Ã = Y AX + Y B2DkC2X +NBkC2X + Y B2CkM
T +NAkM

T ,

B̃ = Y B2Dk +NBk,

C̃ = DkC2X + CkM
T ,

D̃ = Dk.

(5.9)

Using these variables the basic characterization of gain-scheduled output-feedback
controllers with guaranteed H∞ performance is presented in the next theorem (for
more details see e.g. [94, 17, 127]).

Theorem 5.3. Basic characterization The LPV plant governed by (5.5) is given.
There exist a gain-scheduled output-feedback controller (5.6) enforcing internal sta-
bility and a bound γ > 0 on the induced L2-norm of the closed-loop system (5.7)
i� there exist symmetric matrices X, Y and parameter-dependent matrix variables
(Ã, B̃, C̃, D̃) such that for all ρ ∈ Θ the following LMI problem holds


M11 (•) (•) (•)
M21 M22 (•) (•)
M31 M32 −γI (•)
M41 M42 M43 −γI

 ≺ 0,

[
X I
I Y

]
≻ 0.

(5.10)
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where • denotes the symmetric completion of the matrix and the matrix elements
are:

M11 = AX +B2C̃ + (•), M21 = Ã+ AT + CT
2 D̃

TBT
2 ,

M22 = Y A+ B̃C2 + (•), M31 = BT
1 +DT

21D̃
TBT

2 ,

M32 = BT
1 Y +DT

21B̃
T , M41 = C1X +D12C̃,

M42 = C1 +D12D̃C2, M43 = D11 +D12D̃D12.

(5.11)

For more details and proof of this theorem see [3, 20, 111].

Without loss of generality the LPV controller is assumed to be polytopic as
well. Using the convexity property of polytope the LPV controller synthesis can be
performed via the following constructive approach:

� By the help of Theorem 5.3 generate and solve the LMI problem corresponding
to the nv vertices of polytope Θ consisting of nv + 1 pieces LMI-s:

M11i (•) (•) (•)
M21i M22i (•) (•)
M31i M32i −γI (•)
M41i M42i M43i −γI

 ≺ 0,

[
X I
I Y

]
≻ 0,

(5.12)

where i = 1, . . . , nv,, M11i = AiX +B2iC̃i + (•), . . . with the notation (5.11).

� Using these results determine the controller system matrices (Aki, Bki, Cki, Dki)
in every vertex of polytope Θ by solving the linear system (5.9).

� De�ne the LPV controller K(ρ) as the convex combination of these vertex
controllers:(

Ak(ρ) Bk(ρ)
Ck(ρ) Dk(ρ)

)
:=

{
nv∑
i=1

αi

(
Aki Bki

Cki Dki

)
: αi ≥ 0,

nv∑
i=1

αi = 1

}
. (5.13)

The resulting polytopic LPV controller guarantees the stability and performance of
closed loop system over the entire parameter polytope Θ.

5.3 Reducing the mast vibrations by gain-scheduled

control

In this section the design of LPV modeling based gain-scheduled control is presented
using the modeling and controller synthesis techniques described Sections 3.4 and
5.2. The aim of this design process is to �nd an adequate LPV controller which is
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able to handle the variations in the dynamic parameters of the stacker crane during
hoisting/lowering operations. The resulting controller must provide stability and
high performance of the closed-loop system over the set of admissible parameter tra-
jectories. As mentioned in Section 3.4 since the magnitude of the lifted load can vary
only during the operating cycle of load handling unit a higher level control system
can adapt to this load magnitude variation by the recon�guration of the controller.
Hence, in the LPV controller synthesis only the lifted load position is taken into
account as a scheduling variable ρ(t). This reduction in the number of scheduling
parameters can be very useful in the case of the polytopic LPV synthesis approach
since the number of vertices grows exponentially with the number of parameters.

The dynamic model for controller synthesis and time domain simulations are
generated by means of considerations presented in Section 3.4. Here a 20th order
FE-model is used to generate the local LTI models in the vertices of the parameter
polytope i.e. both endpoints of the lifted load position. These models are reduced
to 4th order for simplicity � conserving the rigid body motion capability and �rst
vibrational mode � and projected to the same basis via the method described in
Section 3.5. Finally the LPV model of the stacker crane is de�ned via the polytopic
approach.

Before the implementation of the LPV control synthesis the control con�guration
for the H∞ framework i.e. the weighting strategy of the control design must be
con�gured, shown in Figure 5.5.

We

ze

Wu

zu

-
Wref

r

yu

K

-
∗
iG

y~

Figure 5.5. H∞ control con�guration for gain scheduling

In the �gure G∗
i denotes the transfer function of the reduced order dynamic

model (3.43) corresponding to the vertex ρi of polytope Θ:

G(s)∗i = D∗
i + C∗

i [sI − A∗
i ]

−1B∗
i . (5.14)

The mast vibration signal of dynamic model z in this case is preserved for time do-
main simulation purposes. The reference signal r in the introduced augmented plant
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is the horizontal position demand of the stacker crane. Comparing the augmented
plants of Figures 5.5 and 5.2 it can be concluded that the control con�guration for
LPV design has been signi�cantly simpli�ed. It is necessary to reduce the conser-
vatism of resulting controller since the quadratic H∞ performances must meet in all
vertices of the parameter polytope. Here the ideal model of the closed-loop system is
also represented by the second-order transfer function Wref with free parameters ωr

and ζ, see Equation (3.8). With this transfer function the bandwidth and damping
of the ideal closed-loop model is determined. The error between the ideal and the
actual closed-loop transfer functions here is also weighted by the penalty function
We, which is a low pass �lter with the following form:

We =
Ae

1 + Tes
. (5.15)

The limitations related to the control input are de�ned by the performance weighting
function Wu. By the help of this weight larger control signals can be penalized and
thereby the control activity can be minimized. The Wu transfer function is a high
pass �lter with parameters Au and Tu:

Wu =
Aus

1 + Tus
. (5.16)

With this the transfer function matrix of augmented plant for control design can
be expressed as:  ze

zu
ỹ

 =

 WeWref −WeG
∗
i

0 Wu

I −G∗
i

[ w̃
u

]
, (5.17)

where w̃ = r is the disturbance input of augmented plant, z̃ =
[
ze zu

]T
is the vector

of controlled (performance) outputs and ỹ = r − y is the measured output.
This way, the controller design objective (see expression (5.3)) is that the induced

L2-norm of the operator mapping of closed-loop system (from w̃ to z̃) must be
bounded by γ, i.e.

sup
ρ∈Θ

sup
w̃∈L2
∥w̃∥2 ̸=0

∥z̃∥2
∥w̃∥2

≤ γ, (5.18)

at the vertices ρi of polytope Θ.
Taking the feedback relation u = Kỹ into account the closed-loop transfer func-

tion matrix related to the vertex ρi of polytope Θ can be expressed as follows:

Mi =

[
We

[
Wref −G∗

iK (I +G∗
iK)−1]

WuK (I +G∗
iK)−1

]
=

[
We (Wref − Ti)

WuKSi

]
,

(5.19)
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where Si and Ti are the sensitivity and complementary sensitivity functions respec-
tively. Thus, the controller design objective from (5.18) can be formulated as:

∥Mi∥∞ =

∥∥∥∥[We (Wref − Ti)
WuKSi

]∥∥∥∥
∞

≤ γ. (5.20)

It should be noted that the design objective above is similar to a mixed sensitivity
loop shaping problem.

For de�ning the controller performances in the control con�guration of Figure 5.5
the following actual weighting functions are used. Here the actual model matching
function is chosen as:

Wref =
100

s2 + 20s+ 100
. (5.21)

And the actual performance weighting functions We and Wu are:

We =
10

1 + 103s
, Wu =

10−6s

1 + 10−5s
. (5.22)

Analyzing the controller design objective (5.20) it can be concluded that this
objective implies the following conditions:

|We (Wref − Ti)| ≤ γ,

|WuKSi| ≤ γ.
(5.23)

Hence, the norms of the inverses of weighting functions We and Wu may be viewed
as upper bounds on the transfer functions Wref −Ti and KSi respectively. This way
the bandwidth of closed-loop system may be a�ected by the proper selection of the
parameters of performance weighting functions. The achievement of performance
objectives for the closed-loop system can be checked by means of the Figure 5.6.
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Figure 5.6. Achievement of performance objectives for gain scheduling

The closed-loop system with the designed controller is tested by means of si-
mulation-based analysis. In this simulation the position signal of a general stacker
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crane moving cycle that presented at the end of Section 4.2 is used as a reference
signal. In the �rst session of the moving cycle the stacker crane has constant 0.5m/s2

desired acceleration. In the second session the desired velocity is 3.5m/s as well as
the deceleration value of the third session is −0.5m/s2. The distance covered in
the moving cycle is 70m while the total cycle time is 27 seconds. The lifted load
position varies between 5m and 35m during the time-domain simulation, as shown
in Figure 5.7.
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Figure 5.7. Lifted load position for gain scheduling

The time-domain simulation results (i.e. the stacker crane position and the mast
de�ection) are shown in the Figure 5.8. Analyzing the results shown in Figure 5.8 it
can be concluded that the simulation results show an accurate tracking behavior and
su�ciently suppressed mast vibrations. Comparing the results of these time domain
investigations to the results of the mixed-sensitivity loop shaping or the robust H∞
control (see Figures 4.3 and 4.8) it can be seen that the favorable performances are
valid for a wide range of lifted load position (see Figure 5.7).
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Figure 5.8. Simulation results of gain scheduling



Chapter 6

Conclusions and further research

6.1 Summary

In this thesis the dynamic modeling and reducing of mast vibrations arising in
the structure of singe-mast stacker cranes have been discussed. In the dynamic
modeling part of thesis the distributed parameter beam model, the �nite element
model and the multi-body model of investigated stacker crane have been introduced
and analyzed. The calculation methods for the parameters of these models also have
been discussed. The comparison of the above-mentioned models has been carried
out based on their frequency domain properties.

In the control oriented modeling part of thesis �rst the modeling of performances
has been discussed and the performance objectives have been de�ned for control
design. The main performance criteria were the good reference signal tracking and
the mast vibration attenuation. Next the in�uence of lifted load magnitude and
position on the dynamical properties of the model have been analyzed. Two di�erent
kinds of methods were presented in order to take this in�uence into account in the
dynamic model: an unstructured uncertainty modeling method and a polytopic LPV
modeling approach.

In order to analyze the main performances of closed-loop system a mixed-sensi-
tivity loop shaping control method has been introduced in the next part of thesis.
After that a more complicated and advanced robust H∞ control method has been
presented which is based on the uncertain dynamic model of stacker crane. With this
method the trade-o� between the reference signal tracking and the mast vibration
attenuation performances has been investigated, the ideal parameters of weighting
functions have been determined.

After that the gain-scheduled control of single-mast stacker cranes has been dis-
cussed. Here the control design method was based on a linear parameter varying
state space model whose matrices depend on time-varying parameters. The aim of
this method was to generate a parameter varying (gain-scheduled) controller struc-
ture that is able to handle the varying lifted load magnitude and position. Two
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kinds of gain scheduled control design methods have been presented and analyzed:
a classical gain-scheduling method which is based on the local linear description of
stacker crane dynamics as well as a polytopic LPV modeling based gain-scheduled
control method. The designed controllers are validated and compered by the help
of time domain analysis, simulations.

6.2 New scienti�c results

The new scienti�c results achieved during research are summarized in the theses
given below.

Thesis 1. I performed the high �delity simulation oriented dynamic modeling of
single-mast stacker crane. Within this I generated three kinds of dynamic models:
distributed parameter (continuous) beam model, �nite element model, linear multi-
body model. By means of the comparison of frequency domain properties (i.e. fre-
quency response functions) of models the validated dynamic models for the further
analysis and synthesis problems are available.

• During the investigation of continuous beam model I applied the method of
transfer matrices to the branching frame structure of single-mast stacker crane.
By means of this method I determined the natural frequencies of structure, the
parameters of mode shape functions as well as the frequency response function
Gc(iω) between the tractive force input signal and the mast-tip movement
output signal.

• For the investigation of mast vibrations in the direction of traveling motion I
recommended a planar linear multi-body model. This model consists of rigid
elements with lumped masses and elastic links between elements, the elastic-
ity of links is provided by spiral springs. Within the multi-body modeling
I derived the relationship between the parameters of multi-body model (ele-
ment lengths, lumped masses and spring sti�ness values) and the material-
and cross-sectional properties of continuous beam.

• The selection and validation of dynamic model applied in the further analysis
and synthesis problems is carried out by means of the comparison of frequency
domain properties of the continuous beammodel, a simple planar �nite element
model with line elements as well as the presented multi-body model. In order to
this �rst I generated the frequency response functions for the �nite dimensional
(�nite element and multi-body) models. They are denoted by Gf (iω) and
Gm(iω) respectively. After that I generated the following absolute- and relative
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error functions of dynamic models:

∆af (ω) = |Gc(iω)−Gf (iω)| , ∆am(ω) = |Gc(iω)−Gm(iω)| ,

∆rf (ω) =
|Gc(iω)−Gf (iω)|

|Gc(iω)|
, ∆rm(ω) =

|Gc(iω)−Gm(iω)|
|Gc(iω)|

.

Analyzing the above-mentioned functions it can be concluded that the investi-
gated models are su�ciently accurate, the absolute and relative errors are quite
low in the relevant frequency range. Either of the investigated models can be
applied for the solution of further problems, however, due to its simplicity and
relative low degrees of freedom the multi-body model is recommended.

Thesis 2. I developed the control oriented modeling method of single-mast stacker
crane, within this modeling approach I extended the dynamic model by performances
and uncertainty models. I also recommended methods for taking the e�ects of varying
lifted load magnitude and position into consideration in the dynamic modeling. The
resulting control oriented models are suitable for the realization and investigation of
several control methods.

• In the control oriented modeling the main performance criteria that I recom-
mended are the good reference signal tracking and the proper mast vibration
attenuation. Moreover by the attenuation of several sensor noises and the
limitation of control input signals the properties of closed-loop system can be
further improved.

• The properties of dynamic model depend on the magnitude and position of
lifted load, in order to take this e�ect into account I recommended two kinds of
methods. In the �rst method I took the e�ects of varying lifted load magnitude
and position into consideration as an unstructured uncertainty model. For
this I applied an output-multiplicative uncertainty model, I determined the
weighting function Wm of this model by means of a model set generated with
varying loading conditions.

• In the second method I constructed a polytopic LPV model which is based on
the measurement of lifted load position. The vertices of polytope de�ned in
parameter space are the endpoints of allowed lifted load position range.

• For the successful controller synthesis I also performed the model order reduc-
tion of dynamic models in both cases which is based on the modal truncation
method of LTI systems. In the case of LPV model a further linear transforma-
tion is required in order to recover the consistency of state variables between
local dynamic models.
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Thesis 3. I developed a robust H∞ control method for the linear time invariant
model of single-mast stacker crane which aim is to ensure the good reference signal
tracking and the proper mast vibration attenuation while the model uncertainties are
taken into consideration. Within this I recommended the selection of system and
uncertainty structures according to the H∞ design paradigm, as well as the selection
of uncertainty and performance weighting function parameters.

• In the �rst step of control design I applied a standard H∞ control method
(i.e. the mixed-sensitivity loop shaping) which is based on the nominal model
of stacker crane, see Figure 4.1. The aim of this method is to adjust the
control bandwidth via weighting the sensitivity and complementary sensitivity
functions of closed-loop system by weighting functionsW1 andW3 respectively.
With this the performances of closed-loop system can be analyzed. From this
analysis it can be concluded that the magnitude of mast vibrations is inversely
proportional to the control errors.

• The second step of control design is the actual robust H∞ control synthesis.
In this method the model uncertainties are taken into account by means of
the weighting function Wr, see Figure 4.4. In the generalized plant applied for
control design the function Wref represents the ideal behavior of closed-loop
system. The error between ideal and actual closed-loop transfer function is
weighted by the weighting function We. The mast vibrations are penalized by
the Wp weighting function. The control input is limited by using the perfor-
mance weighting functionWu, as well as the purpose of the weighting function
Wn is to re�ect the sensor noises.

• The trade-o� between the cycle time of stacker crane movement (i.e. signal
tracking) and the mast vibration attenuation can be achieved by means of
variation the parameters of weighting functions We and Wp. In this analysis
I adjusted the bandwidth and gain of these functions so that the weighting
strategy has changed from the cycle time focusing cases to the vibration at-
tenuation focusing cases. The results are summarized in Figure 4.9.

• I veri�ed the results of robust control design via time domain analyses, dy-
namic simulations, see Figure 4.8.

Thesis 4. I developed a robust LPV control design method for single-mast stacker
cranes. By means of this method the performances de�ned for the reference signal
tracking and mast vibration attenuation can be guaranteed in a wide range of lifted
load position. By means of time domain investigations I proved that the controlled
system has accurate tracking behavior and in the same time good mast vibration
suppression properties. Comparing the results of time domain investigations to the
results of H∞ control I proved that the favorable performances are valid for a wide
parameter domain.
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• In the �rst control design step I generated a classical gain scheduled controller
by means of local LTI models that are valid in the �xed points of lifted load
position range. I formulated the gain scheduled controller from the set of
locally designed linear controllers by means of switching between the local
controllers in the border points of its corresponding load position region. With
this control design method the results can be extended to a wide range of lifted
load position.

• In the next step I designed an LPV controller which is based on the polytopic
LPV model. With this method the stability and performances of closed-loop
system can be guaranteed for all admissible parameter variations. During the
controller design I applied a simpli�ed augmented plant (see Figure 5.5) which
makes the calculations of design method easier as well as helps to reduce the
conservatism of resulted controller.

• I veri�ed the results of gain scheduled control design via time domain analyses,
dynamic simulations, see Figure 5.8. Analyzing the simulation results it can
be concluded that the controlled system show an accurate tracking behavior
and su�ciently suppressed mast vibrations.

6.3 Further research

Possible further research directions and challenges are given in the sequel. The
presented results of this thesis can be extended in several ways.

• The dynamic models introduced in the thesis can be further re�ned by means of
taking the possible nonlinearity e�ects (e.g. nonlinear friction models, satura-
tion, hysteresis etc.) as well as external disturbance signals into consideration.
The design and analysis of nonlinear control based on this re�ned model can
be a useful research area.

• The dynamic modeling of actuator systems and the investigation of actuator
dynamics are also suggested to be considered in the further phase of research.
These actuators are usually AC servo drives which provide for the movement
of stacker crane machinery. Since these elements are part of the control loop
they may have an important role during the controller implementation.

• The results of this thesis can be extended to other kinds of stacker crane
structures. In practice stacker cranes with more complicated frame structures
(e.g. twin-mast structures or truss structures) can be found as well. More-
over, the so-called mini-load systems for the high speed handling of unit loads
(e.g. boxes, small containers) for small and light parts are also frequent. In-
vestigation of the applicability of proposed methods for the above-mentioned
machines can be a challenging research area.
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Appendix A

Linear fractional transformation

The linear fractional transformation is a matrix function which is frequently used
in control theory to formulate several control problems. It is a matrix (or operator)
valued generalization of linear fractional transformation, i.e. the well known con-
form mapping of scalar complex variables in complex function theory. The linear
fractional transformation can be de�ned as follows [132].

De�nition A.1 (Linear fractional transformation). Let M be a complex matrix
partitioned as

M =

[
M11 M12

M21 M22

]
∈ C(p1+p2)×(q1+q2),

and let ∆ℓ ∈ Cq2×p2 and ∆u ∈ Cq1×p1 be two other complex matrices. The so-called
lower LFT with respect to ∆ℓ can formally be de�ned as:

Fℓ (M,∆ℓ) =M11 +M12∆ℓ (I −M22∆ℓ)
−1M21, (A.1)

assuming that I −M22∆ℓ is invertible. Similarly the upper LFT with respect to ∆u

can be de�ned as:

Fu (M,∆u) =M22 +M21∆u (I −M11∆u)
−1M12, (A.2)

assuming that I −M11∆ℓ is invertible.

The block diagram representations of lower and upper LFTs explain the names
lower and upper, see in Figure A.1. The block diagrams on left and right sides in
Figure A.1 represent the following set of equations respectively:[

z1
y1

]
=

[
M11 M12

M21 M22

] [
w1

u1

] [
y2
z2

]
=

[
M11 M12

M21 M22

] [
u2
w2

]
u1 = ∆ℓy1 u2 = ∆uy2

(A.3)

As can be seen in the above diagrams, Fℓ (M,∆ℓ) is a transformation obtained
from closing the lower loop on the left diagram; similarly Fu (M,∆u) is a transfor-
mation obtained from closing the upper loop on the right diagram. The physical
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M
w1 z1

u1 y1

M
w2 z2

u2 y2

∆l

∆u

Figure A.1. Linear fractional transformations

meaning of an LFT in control science is obvious if M is taken as a proper transfer
matrix. In this case, the above de�ned LFTs are the closed-loop transfer matrices
from w1 → z1 and w2 → z2 respectively. Here M may be the controlled plant and
∆ may be either the system model uncertainties or the controller.



Appendix B

Overview of �nite element method

B.1 Basic formulation of �nite element method

The FEM � also known as �nite element analysis (FEA) � is a numerical mathe-
matical method used to obtain approximate solutions of boundary value problems
in engineering. In a boundary value problem one or more dependent variables must
satisfy a di�erential equation everywhere within a known domain of independent vari-
ables and satisfy speci�c conditions on the boundary of the domain. In structural
analysis the dependent variable is the displacement �eld of investigated member and
the domain of independent variables corresponds with the physical domain of this
member. During solution of practical problems this domain may be geometrically
complex, therefore approximate methods are required. In FEA the investigated elas-
tic continuum (i.e. the physical domain of member) is represented by dividing it
into a number of �nite elements. The elements are interconnected at a number of
discrete points called nodes. A node is a speci�c point of �nite element at which
the value of the dependent variable is exactly calculated. The value of dependent
variable within elements is approximated by interpolation of the nodal values. The
interpolation functions (a.k.a. shape functions) of this approximation belong to the
elements, their domain is equal to the domain of elements.

In the theory of elasticity FEM has two fundamental forms: the so-called �ex-
ibility or force method and the sti�ness or displacement method. In practice the
displacement method is more frequently used. This method is based on the following
theorem.

Theorem B.1 (Theorem of minimum potential energy). For conservative systems,
of all the kinematically admissible u displacement �elds the actual displacement �eld
� which satis�es the equilibrium conditions � is the one that minimizes the potential
energy function. Kinematically admissible displacement �eld is the one that satis�es
the boundary conditions and compatibility conditions (strain-displacement equations).
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Thus the basic equation of displacement method is:

∂Π

∂u
= 0, (B.1)

where Π is the potential energy of the system and u is the exact solution of elasticity
problem presented above.

The potential energy of the system is the sum of the Πs strain energy and the
Πw work potential. The work potential is the negative of work done by the external
forces.

In FEM the U nodal displacement vector is the basic unknown of the problem,
which is the approximation of the exact solution u. Thus the basic equation of FEM
is:

∂Π

∂U
= 0. (B.2)

The strain energy is calculated by means of the ε normal strain and σ normal
stress:

Πs =
1

2

∫
(V )

εTσ dV . (B.3)

The work potential is the sum of works done by external nodal (Fn), surface (P )
and body (Q) forces (these works are assumed to be negative).

Πw = −UTFn −
∫
(A)

uTP dA−
∫
(V )

uTQ dV . (B.4)

In case of dynamic analysis the −ρsü inertial force (d'Alambert force) also must
be taken into account, where ρs denotes the density of steel. This force can be
assumed as the part of body forces. By means of this force the augmented form of
work potential is:

Πw = −UTFn −
∫
(A)

uTP dA−
∫
(V )

uTQ dV +

∫
(V )

uTρsü dV . (B.5)

The constitutive law (stress-strain relationship) with the material matrix D in
general form is:

σ = Dε. (B.6)

The relation between strain ε and displacement �eld u is described by the fol-
lowing equation:

ε = Ldu, (B.7)
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where Ld is a di�erential operator depends on the actual problem. Substituting
(B.6) and (B.7) into Equation (B.3) the potential energy of system is as follows.

Π =
1

2

∫
(V )

uTLT
dDLdu dV − UTFn −

∫
(A)

uTP dA−

−
∫
(V )

uTQ dV +

∫
(V )

uTρsü dV

(B.8)

In FEM the real u displacement �eld is approximated by the following equation.

u ≈ NU , (B.9)

where N is a matrix of special interpolation functions called shape functions or base
functions (in most cases polynomials). With this approximation the potential energy
of system can be written as:

Π =
1

2
UT

∫
(V )

NTLT
dDLdN dV U − UTFn − UT

∫
(A)

NTP dA−

− UT

∫
(V )

NTQ dV + UT

∫
(V )

ρsN
TN dV Ü

(B.10)

Thus the basic equation of FEM applying the LdN = B denotation is:

∂Π

∂U
=

∫
(V )

BTDB dV U +

∫
(V )

ρsN
TN dV Ü −

− Fn −
∫
(A)

NTP dA−
∫
(V )

NTQ dV = 0

(B.11)

The �rst integral in Equation (B.11) is the so-called element sti�ness matrix (Se),
the second one is the element mass matrix (Me) and the other three terms are the
external forces reduced into nodes (Fe). Thus the dynamic equation of motion for
the investigated element is:

MeÜ + SeU = Fe. (B.12)

B.2 Line elements of �nite element method

In order to generate a simple model with low degrees of freedom in this work two di-
mensional line elements are applied to model the dynamical behavior of single-mast
stacker cranes, see in Figure B.1. It means that the approximated di�erential equa-
tion of these elements has one independent spatial variable (i.e. it is ODE). In this
model the transverse displacements are approximated by the expressions of so-called
bending beam elements, while the longitudinal displacements are approximated by
the truss element's equations.
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Figure B.1. Line element and its degrees of freedom

Bending beam elements

The displacement state of bending beam is represented by the v(x) transverse de-
�ection function of the beam. This de�ection function is approximated by a p(x)
single-variable polynomial, which order is equal to the order of base functions. In
the �rst step the compatibility equation is determined. From the strength of mate-
rials it is known that for a bent Euler-Bernoulli beam: σx = M(x)

Iz
y and σx = Eεx.

Thus εx = M(x)
IzE

y. The di�erential equation for the neutral axis of Euler-Bernoulli

beam is:∂
2v(x)
∂x2 = −M(x)

IzE
. With the last two equations the compatibility equation in

this case equals:

εx = −y∂
2v(x)

∂x2
. (B.13)

The di�erential operator of actual �nite element problem therefore is:

Ld = −y ∂
2

∂x2
. (B.14)

As can be seen the operator presented above prescribes second order di�erential
operation. As shown in Equation (B.10) during generating the element sti�ness
matrix the Ld operator acts on the N matrix of base functions. This enables us to
determine the main properties of base functions (base polynomials). Let us assume
that the Ld operator is nth-order di�erential operator. If the nth (or either previous)
derivation performed on the base functions (polynomials) of N matrix results zero,
then the sti�ness matrix will singular. In this case the fundamental equation of
static �nite element analysis is unsolvable. The degree of polynomials in the matrix
N (i.e. the order of approximation) therefore must be at least n.

In these investigations line elements with two nodes at their endpoints and cubic
approximation polynomials are applied (see in [78]). Applying cubic polynomials
means that four independent parameters must be determined during generation of
these polynomials. At the same time this speci�es also the so-called �tting order of
elements if the number of nodes is �xed. In case of two node elements for determi-
nation of the four independent parameters we have to specify at connection points
of elements not only the continuity of approximation functions but the continuity of
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their derivatives (this is the so-called C1-continuous �tting). Therefore in the vector
U beside nodal displacements the nodal angular de�ections also appear (because of
this the vector U is often referred as the vector of generalized coordinates):

U =
[
v1 ϕ1 v2 ϕ2

]T
, (B.15)

where the lower indices 1 and 2 show the number of corresponding node. The general
form of approximation polynomial with the four independent parameters therefore
is:

p(x) = a0 + a1x+ a2x
2 + a3x

3. (B.16)

Determination of base functions is based on that the values and �rst derivatives
of approximation polynomials must be equal to each other in the connecting nodes
of neighboring elements. The detailed derivation of base functions for bending beam
elements with two nodes can be found e.g. in books [66] or [78]. The matrix of these
base functions is:

Nv(x) =
[
N1(x) N2(x) N3(x) N4(x)

]
, (B.17)

where the equations of four base functions are:

N1(x) = 1− 3x2

L2
+

2x3

L3
, N2(x) = x− 2x2

L
+
x3

L2
,

N3(x) = 3
x2

L2
− 2

x3

L3
, N4(x) = −x

2

L
+
x3

L2
.

(B.18)

Because of the one dimensional state of stress the material matrix is simpli�ed
as:

D = E (B.19)

Using the expression (B.14) the B matrix in the element sti�ness matrix is:

B = LdN =

(
−y ∂

2

∂x2

)
Nv, (B.20)

with this:

BTDB = y2E

((
∂2Nv

∂x2

)T (
∂2Nv

∂x2

))
= y2EL(x). (B.21)

Using the equations presented above the sti�ness matrix of C1-continuous bend-
ing beam element with two nodes can be expressed as:

Se =

∫
(V )

BTDB dV = E

∫
(A)

y2 dA

∫
(L)

L(x) dx = IzE

∫
(L)

L(x) dx (B.22)
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With the expression of matrix-function L(x) (after performing the integration)
the element sti�ness matrix is:

Se =
IzE

L3


12 6L −12 6L
6L 4L2 −6L 2L2

−12 −6L 12 −6L
6L 2L2 −6L 4L2

 . (B.23)

For the element mass matrix can be written as:

Me =

∫
(V )

ρsN
T
v Nv = dV = ρsA

∫
(L)

NT
v Nv dx, (B.24)

i.e.:

Me = ρsA



13L

35

11L2

210

9L

70
−13L2

420

11L2

210

L3

105

13L2

420
− L3

140

9L

70

13L2

420

13L

35
−11L2

210

−13L2

420
− L3

140
−11L2

210

L3

105


. (B.25)

Truss elements

The displacement state of truss elements is represented by the u(x) elongation func-
tion. This elongation function here is also approximated by a p(x) single-variable
polynomial, which order is equal to the order of base functions. In the �rst step the
compatibility equation and its di�erential operator from the de�nition of elongation
per unit length is determined. The de�nition of elongation is:

εx =
∂u(x)

∂x
. (B.26)

Thus the di�erential operator of �nite element problem in this case is:

Ld =
∂

∂x
. (B.27)

As can be seen in this case application of linear interpolation polynomials is
suitable for the approximation of displacement �eld. Therefore the �tting order of
this element is C0-continuous. The general form of interpolation polynomial with
two independent parameters is:

p(x) = a0 + a1x =
[
1 x

] [a0
a1

]
= xTa. (B.28)
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The matrix of base functions is determined by means of interpolation conditions
in the connection points of elements in a similar way to the previous element type (for
the detailed derivation see e.g. [66] or [78]). The matrix of interpolation polynomials
in this case is as follows:

Nu =
[
1− x

L

x

L

]
. (B.29)

The material matrix is the same as in expression (B.19) due to the one dimen-
sional state of stress. Thus determination of the sti�ness and mass matrices of truss
element can be performed by means of the following steps.

B = LdNu =

[
− 1

L

1

L

]
=

1

L

[
−1 1

]
(B.30)

BTDB =
1

L2

[
−1
1

]
E
[
−1 1

]
=

E

L2

[
1 −1
−1 1

]
(B.31)

Se =

∫
(V )

BTDB dV = A

∫
(L)

BTDB dx =
AE

L

[
1 −1
−1 1

]
(B.32)

Me = ρsA

∫
(L)

NT
u Nu dx = ρsAL


1

3

1

6
1

6

1

3

 (B.33)

Two dimensional beam elements

By means of the results presented in previous sections the sti�ness and mass matrices
of general, two dimensional beam element (2D-beam) can be constructed. This type
of element has axial and transverse loads as well. The load of 2D-beam element is
the resultant of loads that act on the previous element types, therefore the 2D-beam
element can be generated by the superposition of bending beam and truss element
types. As mentioned before in this line element the transverse displacements v(x)
are approximated by C1-continuous interpolation polynomials, while the longitudi-
nal displacements u(x) are approximated by C0-continuous interpolation polynomi-
als. The nodal displacement vector (nodal generalized coordinate vector) can be as
follows:

U =
[
u1 v1 ϕ1 u2 v2 ϕ2

]T
. (B.34)

As can be seen in the previous equation the physical degrees of freedom of a
node equals 3, while of an element equals 6. As mentioned above the element is
generated by the superposition of bending beam and truss elements, thus its mass-
and sti�ness matrix can be synthesized by means of matrices (B.23), (B.25), (B.32)
and (B.33) (for more details see [66] or [78]).
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B.3 Coordinate transformation and element assem-

bly

In the previous section results of investigation i.e. the sti�ness or mass matrices of
elements (Se, Me) and force vectors (Fe) correspond to the local coordinate systems
of each element. In order to determine the global matrices and vectors of the com-
plete frame structure, a common global coordinate system must be established for
all structural elements. The choice of this coordinate system can be arbitrary.

Before the element assembly (a.k.a. merge of elements) the matrices and vectors
of each element must be transformed into common global coordinate system. Thus a
transformation method between the local and global coordinate systems is required.
In Figure B.2 a beam element is shown in a global coordinate system (x̄, ȳ) with its
local (ui, vi) and global (ūi, v̄i) nodal displacements. The nodal generalized coordi-
nate vector in the local system is denoted by U as well as in the global system by
Ū .

u1
y

x

������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������
������������������

y

x

α

v1

1v

1u

2u
2v

Figure B.2. Beam element in local and global coordinate systems

By means of Figure B.2 the relation between local and global nodal displacements
can be expressed as follows:

ui = ūi cosα + v̄i sinα i = 1,2 (B.35a)

vi = −ūi sinα + v̄i cosα i = 1,2 (B.35b)

where α is the angle between local x and global x̄ coordinate axes. Using the above
mentioned equations the desired coordinate transformation between local and global
systems in matrix form can be expressed as follows:

u1
v1
ϕ1

u2
v2
ϕ2

 =


cosα sinα 0 0 0 0
− sinα cosα 0 0 0 0

0 0 1 0 0 0
0 0 0 cosα sinα 0
0 0 0 − sinα cosα 0
0 0 0 0 0 1




ū1
v̄1
ϕ̄1

ū2
v̄2
ϕ̄2

 , (B.36)
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i.e. in short form: U = ΓrŪ . By the help of transformation (B.36) the governing
equation of motion for elements (B.12) is transformed to the following form:

M̄e
¨̄U + S̄eŪ = F̄e, (B.37)

where:

M̄e = ΓT
rMeΓr (B.38a)

S̄e = ΓT
r SeΓr (B.38b)

F̄e = ΓT
r Fe (B.38c)

After transformation of element sti�ness and mass matrices into a common global
coordinate system the assembly of element matrices must be performed in order to
determine the global matrices of the whole system. The scheme for the assembly
of global system matrices from element matrices is shown in Figure B.3. As can
be seen in the �gure �rst the element matrices must be positioned in the global
system matrix with paying attention to the proper order of corresponding degrees
of freedoms. After that the overlapping parts of element matrices must be added
in the system matrix. The above mentioned assembly method is especially useful
for the derivation of governing matrix equation of motion for large systems with
many degrees of freedom. A detailed derivation of element assembly by means of an
energy method is discussed in [66].

X X

X X X

X X

Se1

Se2

S=

X X

X X X

X X

Me1

Me2

M=

Figure B.3. Element assembly

In an actual single-mast stacker crane structure there are some components which
can be modeled the simplest way by means of lumped masses in the �nite element
model. These lumped masses are positioned to the nodes of �nite element model.
During generating the governing equation of motion for the �nite element model the
values of these lumped masses are added to the corresponding positions of element
mass matrices before coordinate transformation and element assembly, see in [66].
During �nite element modeling of large structures with high degrees of freedom this
relatively complicated method makes di�cult to take the e�ect of moving lumped
masses into consideration.
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