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1. INTRODUCTION

In the last two decades mechanisms with parallel kinematical structures have caught
the attention of researchers in the field of robotics.
The following definition of parallel robots is given in [32]: “Robotic mechanism
containing two or more serial kinematical chains connecting the end-effector to the
base. Generally, parallel manipulators can offer more accuracy in positioning and
orienting objects than open-chain manipulators. They can also possess a high
payload/weight ratio, and they are easily adaptable to position and force control.”
This class of equipment can be preferable to open-loop mechanisms due to the
exclusive structural properties. There exists a wide-spread assertion that the Parallel
Robots (PR) have better payload, increased rigidity and higher precision compared
with Serial Robots (SR),but, in my opinion, this should be clarified.
The PR which is implemented for heavy machining can be reviewed as an alternative
to a Machine Tool (MT) with the open- loop kinematical structure. In this case PR
and MT have comparable precision range (congruous stiffness), but PR has a better
payload/weigh ratio (due to the less moving masses) and it is also more compact.
When we speak about the PR which performs the manipulation functions or light
machining, it is reasonable to compare it with the SR. Both robots have comparable
working volumes and speed characteristics in this case. But the PR provides better
precision and improved dynamical response, although it is dropping in the dexterous
manoeuvrability.
Nevertheless, parallel mechanisms have found their place in modern industry and
they are gradually expanding their presence either on the market of machine tools or
robots/manipulators. Most producers of industrial equipment have in their catalogs
machines which are in fact mechanisms with closed-loop structure.
The part of market which potentially can be edged out by parallel machines is
estimated by the producers as sufficiently large. The following quotation from one of
the Siemens leaders illustrates this fact [54]:
"Siemens is working since 1994 on developments for Parallel Kinematik machines
(PKM). Siemens did extensive market research to understand what are realistic
application fields for the Tricepts. We see the largest potential basically in machine
tool applications which can be divided into heavy machining of steel and cast iron but
also light machining of aluminum, wood and plastics."
"The global market potential. The Tricepts are also capable to fit into robotic
applications whenever conventional robots can not handle the required path
accuracy and/or high process forces. Siemens has done an overall estimate about
what percentage of the todays conventional machines might be substituted by Parallel
Kinematik Machines and what percentage of this potential might be covered by the
Tricept technology. Considering the yearly world market consumption of machine
tools and robots at approximately 160.000 units roughly 30.000 units could be
theortically substituted by Parallel Kinematik Machines."
"About 60% of this potential might be substituted by Tricepts. This represents a
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potential of about 18.000 units per year."
Volker Kreidler. Siemens Automation & Drives Business Development

Although most of the attention of the producer was focused on known kinematical
structures and the estimations are given orienting on particular constructions (mainly
for TRICEPT which is presented in their production), this information is fair also
generally. In recent years the tendency of Parallel Kinematics Machine expansion has
been maintained. The most growth has been in the class of spatial parallel
manipulators with 3-DOF which provide high structural rigidity and perfect
dynamical behavior. The reason for the popularity of 3-DOF manipulators is the fact
that parallel mechanisms have to be equipped with an additional serial chain which
adds to the manoeuvrability. It is, therefore, reasonable to build this hybrid parallelserial construction using a 3-DOF parallel manipulator. The class of 3-DOF spatial
manipulators with parallel kinematics has been used as positioning and orientating
devices, for the fast pick and place operations, for machining (using additional
DOFs), in medical applications, etc.
Researchers devote their work to different aspects of these manipulators, but they use
a very limited set of parallel kinematical structures, whereas new mechanisms are
suggested rarely. Even data acquitting for the well-studied manipulators is just in
progress; general methods for the parallel manipulators have still not been discovered.
There exists the following set of theoretical tasks for parallel robots: inverse and
forward kinematics, inverse and direct dynamics, workspace analysis, optimal control
synthesis, singularity analysis.
Recently the parallel 3-DOF manipulator TRIPOD was developed in the laboratory of
Robotics, Department of Manufacturing Engineering in Budapest University of
Technology and Economics. This manipulator has links which intersect in the same
point. One of the research directions of the laboratory was the development of the
control system for this manipulator. It was necessary to perform kinematical analysis
taking into account the specific properties of the machine kinematics and also there
was a task of estimation of possible practical applications for the developed prototype.
In this thesis the development of the control system for TRIPOD is described. This
has been realized using the PC-based motion controller AT 6450; the kinematical
tasks required for the realization of the motion control for the manipulator were
solved. Some of the specific properties of the manipulator were found and the
corresponding corrections made in the solution of inverse kinematics. The control
software developed is described, and also the system structure and its functioning are
explained.
During the work on TRIPOD I found a modification of its structure. This is better for
practical applications. It is a parallel manipulator with S-P-R joint structure. I studied
the inverse kinematics, forward kinematics and working space for this. The inverse
kinematics has generally 8 solutions for this manipulator. I developed a powerful
algorithm for the numerical solution of the forward kinematics and for the working
space determination. In the published works only the parallel robot with R-P-S joint
structure has a minimal affinity with the manipulator suggested here. The essential
difference between the S-P-R and manipulators is explained. The R-P-S robot has one
important shortcoming in comparison with the S-P-R: it has smaller working volume,
and consequently is less suitable in practice.
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Also a general concept of AUTRAP for the trajectory planning of serial manipulators
is suggested. It provides an extra possibility for robot motion planning based on the
approach of the motion optimization for serial robots. There are included the
optimization of robot motion with the time criterion, the optimization with the
external force criterion and also there is the optimization of the manufacturing process
realized by the robot. All these allow the development of a software module which
provides an automotive motion planning.

2. STATE OF THE ART
2.1. 3-DOF Parallel Manipulators

In the early 80's Reymond Clavel (professor at EPFL - École Polytechnique Fédérale
de Lausanne) came up with the brilliant idea of using parallelograms to build a
parallel robot with three translational and one rotational degree of freedom. The
actuators are fixed on the base so that the moving parts are light-weight which allows
high accelerations (up to 50g). By definition, this robot is well suited to fast pick-andplace tasks. An additional axis using a passive leg can be added to have an orientation
capacity. In 1999, professor Clavel was presented with the Golden Robot Award,
sponsored by ABB Flexible Automation, for his innovative work on the Delta parallel
robot.

Figure 1. Schematic of the Delta robot [7].
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Karl Erik Neumann shares the Golden Robot Award with professor Clavel as the
innovator of TRICEPT concept. The fast and stiff TRICEPT robot interesting for
many leading companies in the Automotive, Aircraft and Construction machine
industries. This robot gives opportunities for new robot application and for
achievement of increased efficiency in complex machining operations. Last few years
there were a lot of realizations based on this construction of either machine tools or
manipulators oriented to different branches of industry. Presently a number of
companies producing this type of machines; e.g. Siemens, ABB and Neos-Robotics
(was founded by Neumann).
TRICEPT is shown in Figure 2. It has three radial extensible links. The middle link is
fixed rigidly with the moving platform and is also connected to the base by a
universal joint.

Figure 2. TRICEPT robot.

There are some interesting constructions of 3-DOF parallel mechanisms which are
known and their characteristics have been exposed to intensive study in the robotic
literature, but their popularization is in perspective.
The manipulator of R-S-R structure is shown in Figure 3. This manipulator was
suggested in [20] and the equivalent structure was independently introduced in [18] (it
has a different set of joints which is functionally equivalent). The manipulator has
three branches; each of them is formed by the primary body which is connected to the
secondary by spherical joint. Primary links are driven by the rotational actuators
(these links are connected to the base by revolute joints).

6

Figure 3. 3-DOF robot of R-S-R joint structure [24].
There is a 3-DOF R-P-S manipulator in Figure 4. It is studied in [21], [37], and [44].
In this case the moving platform is connected to the base by three extensible links.
Each link is connected to the base by a revolute joint and by a spherical joint to the
moving platform.

Figure 4. 3-DOF manipulator with R-P-S structure.
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Figure 5. Agile Eye manipulator.
The Agile Eye manipulator is shown in the Figure 5. It is a 3-DOF RRR spherical
parallel manipulator developed for rapid orientation of a camera. Its mechanical
architecture allows the achievement of high operational speeds. The workspace of the
Agile Eye is superior to that of the human eye. The miniature camera attached to the
end-effector can be pointed in a cone of vision of 140° with ±30° in torsion.
Moreover, due to its low inertia and inherent stiffness, the mechanism can achieve
angular velocities superior to 1000 °/sec and angular accelerations greater than 20000
°/sec2 which are much above the performance of the human eye.

2.2.

Position Analysis for Parallel Manipulators

The determination of end-effector positions relative to the base is needed for the
realization of manipulator control. Most important for control of the manipulator as
well as for any other object is the determination of required values of the controllable
variables which lead to the desired values of output variables. There is a
determination of the value of drive positions that will provide the desired position and
orientation of the moving platform. But, for advanced control, both transformations
are necessary:
•

determination of the leg lengths while the position of the end-effector is
given. This required for the positional control itself,

•

determination of the position of the end-effector for the given values of leg
lengths is needed for calibration, for determination of manipulator
accuracy, and also for the purposes of motion optimization.

The kinematical analysis for parallel as well as for serial manipulators consists of two
parts: inverse and forward kinematical tasks.
The inverse kinematics task consists in establishing the value of articular
coordinates corresponding to the end- effector position[24].
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For forward kinematics, the joint variables are given and the task is to find a
location and orientation of end-effector [22].
Inverse kinematics is quite easy for 6-DOF parallel manipulators, due to the fact that
the position and orientation of the moving platform are given and the task is only in
determination of the lengths of straight line segments connecting the corresponding
points of the platform (leg lengths). This task is more complicated for 3-DOF
manipulators, because only three of six coordinates of moving platform are given and
the remaining three should be determined taking into account the constraints imposed
by the joints.
Classical methods are used by the researchers for the inverse kinematics solution.
They describe the position and orientation of the moving platform. Then in terms of
three orientation angles (Euler Angles, Roll-Pitch-Yaw etc.), a system of the imposed
geometrical constraints is formed. This part of the solution is common to the most of
the works. The next stage depends on the purposes of the researchers: may be only the
generalized coordinates will be found. However, if the whole set of mechanical
system parameters is needed then a more complicated analysis is performed. The
mathematical expressions for this usually contain complex trigonometrical
expressions and the authors employ mathematical software packages in order to make
the task easier (Mathematica, Maple, MathCAD etc.).
Forward kinematics cannot be generalized. Frequently there is no closed form
solution and researchers use different numerical procedures and different descriptions
for the manipulator constraints. Some manipulators (e.g. Delta, R-P-R, and Spherical)
have a solution of forward kinematics in a closed form, but these solutions are
reached due to the particular manipulator properties.

2.3.

Working Space Determination

Parallel manipulator motion is restricted by three different factors: limitations of
actuators, mechanical limits of passive joints, interference between links. If we
determined all poses that can be reached by the end-effector and then represent all
these poses, this means that we have defined the working space. A complete
representation of the working space for spatial parallel manipulators has only been
found only for some simple structures such as Delta [8]. Another straightforward case
is for the spherical robots studied in [1][15].
According to the classification of [24] there exists a family of discretisation
approaches where the workspace is covered by a regular grid, either Cartesian or
polar, of nodes. Then each node is checked whether it belongs to the workspace,
implementing the Inverse Kinematics for each node. The boundary of the workspace
is formed by the set of nodes where at least one of the neighbors does not belong to
the workspace. Only the constraints of articulated coordinates are reviewed in
([6],[10],[11],[12],[45],[47]) or with additional mechanical limits on the joints
([4],[16], [52]) or together with avoidance of interference between links in
([2],[9],[23]). As mentioned in the literature, such methods have the following
shortcomings: the accuracy of the boundary representation depends on the sampling
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step of the grid; the time of computation and the volume of the required computer
memory grow exponentially with the sampling step.
There also exists a group of geometrical methods (introduced in [15] and extended in
[24]) which use the superposition of constraints imposed on a position of the endeffector by each chain of the parallel manipulator. These methods are located in a
domain of computational geometry. They are usually more efficient in a
computational sense relative to the discretisation approaches mentioned above.
However, these methods are quite approximate, the result is only some approximation
of the working space, and as is clear from the description in [24] (the author prefers
these methods and he is not concerned with the disadvantages), high efficiency will be
reached due to the simplification of the mutual constraint system imposed by the links
of the manipulator or when some parameters describing the pose of the manipulator
are fixed. Also, the use of polygons and their operations (intersections, union and
difference) requires the good geometric library. Consequently if we will work with
polygons of many edges (to reach a perfect approximation of workspace boundary)
the declared advantages in efficiency and low computer memory requirements are
panned nullified.
I have analyzed the literature dedicated to the working space determination. I found
out that it is useful in the case of the 3-DOF parallel manipulator to discretize the
actuator variables (leg lengths), then solve the forward kinematics task and build the
boundary of the working space as a set of discrete points in Cartesian space. These
points correspond to posses of the manipulator where at least one of the legs has
reached its limit value. This decision was made based on the observation that although
the inverse kinematics can usually be solved for parallel manipulators in closed form;
it is improper to use it for the determination of the working space. Most of the
explored points in Cartesian space are calculated without any reasons because we
need only recognize special cases when the points that belong to the working zone
will have neighbors which are outside the working space; these points are recognized
as the points of the boundary. The use of the forward kinematics solution which is not
usually available for parallel manipulators in a closed form (has to be solved
numerically) is more appropriate. If the algorithm for the forward kinematics solution
exists and if it is efficient we can make the computations only for those points which
exactly lie on the working space boundary. The existence of an efficient algorithm for
the forward kinematics solution for a given parallel manipulator is the most critical
for this.
It is quite strange but there is no any record in the literature about the symmetry of the
working space, in fact most of the existing examples of working space determination
for parallel manipulators deal with symmetrical structures and also the determined
working spaces are symmetrical in Cartesian space. This should be used for the
reduction of the number of computations. In other words, if the time is fixed, the use
of the symmetry property gives more precise exploration of the working space.
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3. DEVELOPMENT OF THE CONTROL SYSTEM FOR 3
DEGREE OF FREEDOM (DOF) PARALLEL
MANIPULATOR TRIPOD
The parallel manipulator TRIPOD with 3-DOF was developed in the laboratory of
Robotics, Department of Manufacturing Engineering in Budapest University of
Technology and Economics. The beginning of the work was made by Ph.D. student,
Zoltán Stankóczi, who performed the first stage of mechanical part development [46].
There remained a task to solve the whole set of explorative and practical problems to
make this parallel manipulator applicable for research purposes.
This chapter presents information about the essence of problems which were solved
during two years work, when I was leader and adviser of the research team which was
set up to accomplish this task. Based on the theoretical and practical results stated in
this chapter, the PC based control system for TRIPOD was built, the tests of
applicability of this manipulator were performed, the accuracy of prototype was
estimated, the suggestion for future improvements were worked out, also the students
Hlyitin and Minin who worked together with me successfully defended their Ms.Sc.
theses in June of 2002 and 2003, respectively.
In Hlyitin’s work [19] the general survey of the first stage of development was made:
1) showing the mechanical construction rework 2) describing a design of a
manipulator sensor system 3) outlining the principal structure of the control system
construction and 4) a trial version of control software was described and test results
were shown. We have accomplished the full volume of work with the finalization of
the control software development. Some information about the software development
which was performed conjointly with Minin may be found in [25]. In this chapter I
describe the TRIPOD system which was developed with the special emphasis on
achievement of motion control using PC-based motion controller.

3.1.

Kinematical Analysis

The simplified structure of our 3-DOF parallel manipulator is presented in Figure 6.
The manipulator consists of the upper base (ABC) platform and the lower moving
platform (placed close to point D, but not shown in detail in the figure). The base
platform is in fact a regular triangle with the side a, while the moving one has the
quadrilateral form. Three extensible links L1, L2, L3 (legs) connect platforms to each
other.
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Figure 6. Simplified structure of 3-DOF parallel manipulator.
The structure of connection units placed at points A, B, C is shown in Figure 7. The
link extensibility is achieved by the screw-nut gear mounted through the bearing on
motor platform 1. Furthermore each link’s (L1, L2, L3) axis is perpendicular to both
revolution axes of the motor platform 1. The whole unit is equivalent to spherical
joint with extensibility, so this unit provides 4 degrees of freedom.

1

L3

1

c
yC

yC

zC
xC

zC

L3

Figure 7. Upper link connection and the motor platform.

The connection of the links with working platform 2 is shown in the Figure 8.
As shown in the figure, all three legs axes have the same intersection point D, it is the
general characteristic of the designed parallel manipulator. This distinctive feature
allows kinematic problem solving for both direct and inverse tasks with comparative
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ease. As is obvious from the figure, the first link connects the working platform
through 2 rotational joints, the second – through one, while the third has rigid
connection with it. An additional cross body 3 is used for connecting the legs as
discussed above.

L3
L2
L1

D
3

2

Figure 8. Lower link connection.
Let us find the number of degrees of freedom for the presented manipulator.
According to the Chebyshev equation:
N=6n-5p5 (assuming that there are no excessive constraints).
Where N – number DOF, n – number of moving bodies, p5 – number of 5th class
kinematical pairs (with 5 constraints and 6-5=1 allowable motion)
In our case
n=13; p5=15.
N=6n-5p5 =6⋅13-5⋅15=78-75=3;
So, our manipulator has 3 degrees of freedom.
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3.1.1. Inverse Kinematics Problem
The essence of the problem is: for given Cartesian coordinates of end-effector (x,y,z)
find the local generalized coordinates for each degree of freedom (ϕ1,ϕ2,ϕ3).
Let us choose the shaft angles of motors as generalized coordinates. Firstly let us find
the length of the legs. For this purpose it is only necessary to find the lengths of the
straight line segments starting at the base points (A, B, C) and ending at the point (x, y,
z).
L1 =

( x − a )2 + y 2 + z 2 ;

L2 =

( x − a 2 )2 + ( y − a 3 2 )2 + z 2 ;

L3 =

x2 + y2 + z 2 ;

Where a is the regular triangle side of the base platform.
As will be shown later, it is also useful to find the orientation of each leg. For this
purpose we will attach three coordinate systems (XLiYLiZLi, i=1..3) one for each leg.
The legs axes orientations can be found as follows:

⎛ ( x − a) L1 ⎞
⎜
⎟
k L1 = ⎜ y L1 ⎟ k L 2
⎜ z L ⎟
1
⎝
⎠

⎛ ⎛
⎞
a⎞
⎜ ⎜ x − 2 ⎟ L2 ⎟
⎠
⎜ ⎝
⎟
⎛ x L3 ⎞
⎜⎛
⎟
⎞
a 3
⎜
⎟
= ⎜⎜ x −
⎟ L2 ⎟ k L 3 = ⎜ y L3 ⎟
2 ⎠
⎜⎝
⎟
⎜z L ⎟
3 ⎠
⎝
⎜
⎟
z L2
⎜
⎟
⎜
⎟
⎝
⎠

Where kL1 kL2 kL3 are basis vectors that determine the orientations of the ZL1 ZL2 ZL3
axes.
In order to find other axis orientations let us examine the cross beam that connects the
links at the low end. It is clear that legs L3 and L2 have the same axis of rоtation,
which is perpendicular to both links. So the orientation of YL2 and YL3 can be found as
follows:
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j L 2 = j L3 =

k L 2 × k L3
k L 2 × k L3

⎛
⎜
0
⎜
⎜
z
⎜
L2
⎜
⎜ ( x − a 3 2)
⎜⎜ −
L2
=⎝

−

z
L2
0

( x − a 2)
L2

( x − a 3 2) ⎞⎟ ⎛ x
⎜
⎟ ⎜ L3
L2
( x − a 2) ⎟ ⎜ y
⎟⋅⎜
−
L2
⎟ ⎜ L3
⎟ ⎜ z
0
⎟⎟ ⎜
⎠ ⎝ L3

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

k L 2 × k L3

The axis YL1 orientation can be found as the vector product of jL2 and kL1:

j L1 =

j L 2 × k L1
j L 2 × k L1

⎛ 0
⎜
⎜ jL2z
⎜− j
L2 y
=⎝

− jL2z
0
jL2x

j L 2 y ⎞ ⎛ ( x − a ) L1 ⎞
⎟ ⎜
⎟
− j L 2 x ⎟ ⋅ ⎜ y L1 ⎟
0 ⎟⎠ ⎜⎝ z L1 ⎟⎠
j L 2 × k L1

The last axis XL1 XL2 XL3 orientations are found in the same way:

i L1 = j L1 × k L1

i L2 = j L2 × k L2

i L3 = j L3 × k L3

⎛ 0
⎜
= ⎜ j L1z
⎜− j
⎝ L1 y

− j L1z
0
j L1x

⎛ 0
⎜
= ⎜ jL2z
⎜− j
⎝ L2 y

− jL2z

⎛ 0
⎜
= ⎜ j L3 z
⎜− j
⎝ L3 y

− j L3 z

0
jL2x
0
j L3x

j L1 y ⎞ ⎛ ( x − a) L1 ⎞
⎟ ⎜
⎟
− j L1x ⎟ ⋅ ⎜ y L1 ⎟
0 ⎟⎠ ⎜⎝ z L1 ⎟⎠
j L 2 y ⎞ ⎛ ( x − a ) L2 ⎞
⎟ ⎜
⎟
− j L 2 x ⎟ ⋅ ⎜ ( y − a 3 2) L 2 ⎟
⎟
z L2
0 ⎟⎠ ⎜⎝
⎠
j L 3 y ⎞ ⎛ x L3 ⎞
⎟ ⎜
⎟
− j L 3 x ⎟ ⋅ ⎜ y L3 ⎟
0 ⎟⎠ ⎜⎝ z L3 ⎟⎠

Let us attach three coordinate systems to the motor platforms (XAYAZA), (XBYBZB) and
(XCYCZC). The origins of these systems will be the points from which we will count
the legs’ lengths. Let
k A = k L1

k B = k L2

k C = k L3

The base (upper platform) is shown in Figure 9 while the motor platform is shown in
Figure 7. As is clear from these drawings each motor platform can rotate around two
axes. Vectors a, b, c determine one group of these axes. The other group (YA, YB, YC)
can be obtained as the following vector multiplication:
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jA =

kA ×a
=
kA ×a

⎛ 0
⎜
⎜ z L1
⎜− y L
1
⎝

− z L1
0
( x − a ) L1

y L1
⎞ ⎛ −1 2 ⎞
⎟
⎟ ⎜
− ( x − a ) L1 ⎟ ⋅ ⎜ − 3 2 ⎟
⎟ ⎜ 0 ⎟
0
⎠ ⎝
⎠
kA ×a

a
C

o

o

x

A

60

60

c

b
B

y

Figure 9. Upper platform and motor platforms axes.

⎛
⎜
0
⎜
⎜
⎜
z L2
⎜
⎜
⎜ x−a 3 2
⎜−
L2
k B × b ⎜⎝
jB =
=
kB ×b

(

− z L2
0

)

( x − a 2)
L2

(

(x − a

)

3 2 ⎞
⎟
⎟
L2
⎟ ⎛1⎞
( x − a 2) ⎟ ⎜ ⎟
−
⎟ ⋅ ⎜0⎟
L2
⎟ ⎜⎝ 0 ⎟⎠
⎟
⎟
0
⎟
⎠

z2 + x − a 3 2

)

2

L2
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jC =

kC ×c
=
kC ×c

⎛ 0
⎜
⎜ z L3
⎜− y L
3
⎝

− z L3
0

y L3 ⎞ ⎛ − 1 2 ⎞
⎟ ⎜
⎟
− x L3 ⎟ ⋅ ⎜ 3 2 ⎟
0 ⎟⎠ ⎜⎝ 0 ⎟⎠
x L3
kC ×c

The last three axes can be found as follows:

iA = jA ×k A
iB = jB × k B
iC = jC × k C

Let us determine transformation matrixes TA, TB, TC (3x3), transforming vectors from
the base system to motor coordinate systems.

⎛ iC ⎞
⎛ iA ⎞
⎛ iB ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
T A = ⎜ j A ⎟ ; T B = ⎜ j B ⎟ ; T C = ⎜ jC ⎟
⎜ ⎟
⎜k ⎟
⎜k ⎟
⎝ A⎠
⎝ B⎠
⎝ kC ⎠

Now we are able to determine leg orientations in the motor coordinate systems.

j L1 A

⎛ i C ⎞ ⎛ jL 3 x ⎞
⎛ i A ⎞ ⎛ jL1x ⎞
⎛ i B ⎞ ⎛ jL 2 x ⎞
⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎟
⎟
⎟
= ⎜ j A ⎟ ⋅ ⎜ jL1 y ⎟ ; j L 2 B = ⎜ j B ⎟ ⋅ ⎜ jL 2 y ⎟ ; j L 3C = ⎜ j C ⎟ ⋅ ⎜ jL 3 y ⎟ ;
⎜ ⎟ ⎜j ⎟
⎜k ⎟ ⎜ j ⎟
⎜k ⎟ ⎜ j ⎟
⎝ A ⎠ ⎝ L1 y ⎠
⎝ B ⎠ ⎝ L2 y ⎠
⎝ k C ⎠ ⎝ L3 y ⎠

Let us find the angles between vectors j Li and j k correspondingly (for i=1A, 2B, 3C,
k=A, B, C)

⎛ j ⋅j ⎞
⎛ j ⋅j
L1 A
A ⎟
; ϕ L 2 = ± arccos ⎜ L 2 B B
⎜ j ⋅ j ⎟
⎜ j
⋅ j
⎝ L1 A A ⎠
⎝ L2B B

ϕ L1 = ± arccos ⎜

⎛ j ⋅j
⎞
⎟ ; ϕ L 3 = ± arccos ⎜ L 3C C
⎜ j
⎟
⋅ j
⎠
⎝ L 3C C
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⎞
⎟;
⎟
⎠

Choice of signs:
“+” sign if the j Li × j k projection on the corresponding axis Z is greater than zero
“-”otherwise, i.e.:

⎧+, if
⎪
⎨
⎪−, if
⎩

(j
(j

Li

× jk

× jk
Li

)
)

Zk

Zk

>0
<0

(for i=1A, 2B, 3C, k=A, B, C)

The leg length value can be found using following equation
li = Δϕ i ⋅ k + li 0 ,

where

li - Leg length [mm];
Δϕ i = ϕ i − ϕ Li - Relative rotation between screw and nut [rev].

ϕi – Rotation of the nut (in the motor coordinate system [rev]).
k – Screw –nut gear ratio [mm/rev]
lio - Zero position length of the leg.
Then
Δϕ i = ϕ i − ϕ Li =

li − li 0
k

Finally

ϕi =

li − li 0
+ ϕ Li (for i=1, 2, 3).
k

is the inverse kinematics solution.

18

3.1.2. Practical Notes. Inverse Kinematics Revision

Due to the fact that the robot has only three degrees of freedom it is capable of
performing only three movements (positioning or orienting). This greatly limits
possible applications. To improve the robots adaptability to given technological
processes, three or two additional DOFs are needed. Nevertheless, in some cases three
DOF are enough to perform particular operations. Let us consider possible
applications:

•

orienting mechanism (when position is not important)

•

positioning device (for example in a coordinate measuring machine)

•

simple 2D or 3D profile machining when arbitrary tool orientation is
acceptable (for example for the case of a spherical milling cutter)

This chapter deals with the last item. We will try to perform a simple 2D profile (or
path) machining with the spherical milling cutter. In this case we have two
possibilities:

•

The tool is mounted on the moving platform, while part is on the frame
(not moving)

•

The part is mounted on the moving platform, while the tool is stationary.

In both cases, the relative tool movement about the part should be properly described.
The solution of this task is given below.
At the moment we have solved kinematics task for the intersection point when the
coordinates are known. But in the general case we know only the desired values of the
tool working point (F) coordinates while the intersection is unknown. The task is to
find this intersection point.
As shown in Figure 10 we have two vectors for one point – one vector (r) in the
working coordinate system, attached to the moving platform and another one (R) in
the global coordinate system, while vector (L3) is unknown.
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D

F
y

P

z

Figure 10. Position of working point.

To solve this task let us review the specifics of the mechanism.

•

Axes z and y are in the BCD plane (where BD is L2 and CD is L3). Axis x
is perpendicular to the same plane. So the rx component (PF) determines
the distance from the working point to the BCD plane. In other words, rx is
the radius of sphere with center in the working point tangent to the BCD
plane, where P is a point of contact.

•

Angle between working platform and L3 has constant value, due to the
rigid connection.

So, our task is to find the position of point P and then the position of point D.
For the point P we have to solve a system of three equations determining the
following

•

Plane passing through point F and perpendicular to the BC.

•

Sphere with center in point F and radius FP=rx (Figure 11)

•

Sphere with center in point G and radius GP determined from the GPF
triangle (Figure 11)
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G
P2
F
P1

Figure 11. Determination of P point position.

We have to find point G, which is the intersection point of BC and the plane passing
trough F and perpendicular to BC. This can be found from the following system of
equations:
⎧( X B - X C ) ⋅ ( X G - X F ) + (YB - YC ) ⋅ (YG - YF ) + ( Z B - Z C ) ⋅ ( Z G - Z F ) = 0;
⎪
⎨( X G - X C ) ⋅ (YB - YC ) - ( X B - X C ) ⋅ (YG - YC ) = 0;
⎪
⎩( X G - X C ) ⋅ ( Z B - Z C ) - ( X B - X C ) ⋅ (YG - YC ) = 0;

The system is simplified by substituting

a
a 3
X C = 0, YC = 0, Z C = 0, X B = , YB =
, Z B = 0;
2
2
⎧ X G − X F + 3( X G − X F ) = 0
⎪⎪
⎨ 3 X G − YG = 0
⎪Z = 0
⎪⎩ G
And the solution is as follows:

Z G = 0; X G =

(

)

1
X F + 3YF ; YG = 3 X G ;
4

Now we can solve the initial system which is written as follows:
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⎧ X P - X F + 3 (YP - YF ) = 0;
⎪⎪
2
2
2
2
⎨( X P - X F ) + (YP - YF ) + ( Z P - Z F ) - rx = 0;
⎪
2
2
2
2
2
2
2
⎪⎩( X P - X G ) + (YP - YG ) + ( Z P - Z G ) - ( X G - X F ) - (YG - YF ) - ( Z G - Z F ) + rx = 0;
After some algebraic manipulations:
⎧ AZ P 2 + BZ P + C = 0;
⎪
X F YF 3-YF 2 -Z F 2 +Z P Z F +rx 2
⎪
;
⎨YP =
X F 3-YF
⎪
⎪
⎩ X P = X F - 3YP + 3YF ;

So, the solution for ZP will be:
Z P1,2

− B ± B 2 − 4 AC
;
=
2A

(

Where A = YF - 3X F

) +4Z
2

2
F

; B = 2Z F ( 4rx 2 − A ) ;C = (A-4rx 2 ) ⋅ (Z F 2 -rx 2 );

The correct solution can be chosen according to the following rule:
•

If rx >0 then solution (XP, YP, ZP) should have maximum YP,

•

If rx <0 then solution (XP, YP, ZP) should have minimum YP,

•

If rx=0 then solution (XP, YP, ZP) is equal to (XF, YF, ZF)

So, point P is found, and we are ready to find point D
Let us consider the following figure
C

γ

D2

θ
D1

y

ϕ
P

α

β
z

Figure 12. Determination of D point position.
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To determine the position of point D we have to solve the system of the three
following equations:
1. Plane BCP.
2. Sphere with center in point P and radius PD = ry 2 + rz 2
3. Sphere with center in point C and radius CD determined from the PCD
triangle.
Then we have to choose the correct solution from the existing pair.
The first element that we need to find radius is CD. From the triangle PCD:
CD = CP 2 + PD 2 − 2 ⋅ CP ⋅ PD ⋅ cos (ϕ )

Where

ϕ = π − (γ + θ ) ;
ry

θ = π ± (α − β ) ; α = arctan( ); β = const
rx

“+” if α<0
“-” otherwise)

⎛ PD ⋅ sin θ
⎝ CP

γ = arcsin ⎜

⎞
⎟;
⎠

Now it is possible to solve the system. This is written as follows:

(

)

⎧ -YD + X D 3 Z P + Z D YP - X P Z D 3 = 0;
⎪
⎪ 2
2
2
2
⎨ X D + YD + Z D - CD = 0;
⎪
2
2
2
2
⎪⎩( X D - X P ) + (YD - YP ) + ( Z D - Z P ) - PD = 0;

There exists the following solution:
⎧
⎪Z D = − B ± D ;
⎪
2A
⎪
2
2
⎪
1 2 3Z P - 2YP X P + 2 3 X P Z D
3 ⎛ - X P 2 - YP 2 - Z P 2 + PD 2 - CD 2
⎜
⎨YD = −
2
2 ⎜⎝
X P + 3YP
Z P X P + 3YP
⎪
⎪
⎪
1 ⎛ 2 Z D Z P - X P 2 + 2YD YP - YP 2 - Z P 2 + PD 2 - CD 2 ⎞
=
X
⎜
⎟;
⎪ D
2⎝
XP
⎠
⎩

(

(

)

)

⎞
⎟⎟ ;
⎠
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D=B 2 − 4 AC;
A=

4YP 2 X P 2 +12Z P 4 -8YP X P 3 3+12Z P 2YP 2 +12X P 4 +28Z P 2 X P 2

B=

-3 3(-CD 2 -YP 2 -Z P 2 -X P 2 +PD 2 ) ⋅ (- 3X P 2 +YP X P - 3Z P 2 )

(

4Z P 2 X P + 3YP

(

Z P X P 3+3YP

Where C =

)

)

2

;

2

1 C1 + C2 + C3
;
4 X + 3Y 2
P
P

(

)

C1=6X P 2YP 2 +3Z P 4 +4Z P 2 X P 2 +12X D 2YP 2 +6Z P 2 CD 2 +6Z P 2YP 2 -6X P 2 PD 2 ;
C2 = -8CD 2 X PYP 3+3YP 4 +3PD 4 +3CD 4 -6Z P 2 PD 2 +8X D 2YP X P 3-6YP 2 PD 2 ;
C3 = +2CD 2 X P 2 +6Z P 2 X P 2 +3X P 4 -6PD 2 CD 2 -6YP 2 CD 2 ;

This system has two possible solutions.
The correct solution can be chosen according to the following rule:
•

If α>β then solution (XD, YD, ZD) should have maximum YD

•

If α<β then solution (XD, YD, ZD) should have minimum YD

•

If α=β then solution (XD, YD, ZD) is equal to (XP, YP, ZP).

So we have completely solved our inverse kinematics task for the general case. At this
moment we are able to find motor shaft revolutions for the point given both in global
or working coordinate systems. The same is true for a set of points i.e. trajectory.

3.1.3. Forward Kinematics Problem

Task definition: for given generalized coordinates (Δϕ1, Δϕ2, Δϕ3) find Cartesian
coordinates of the end-effector (x,y,z).
Let us assume that Δϕ1, Δϕ2, Δϕ3 are known. In this case we can simply find each leg
length
li = Δϕ i ⋅ k + li 0
Where k and li0 are given values.
If we know li the problem solution is in fact the determination of the intersection point
of three spheres with the radii R1=l1; R2=l2; R3=l3. Thus we have to solve the
following system of equations:
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⎧( x − a ) 2 + y 2 + z 2 = L12 ;
⎪⎪
2
2
2
2
⎨( x − a 2) + ( y − a 3 2) + z = L2 ;
⎪ 2
2
2
2
⎪⎩ x + y + z = L3 ;
There is the following solution:

⎧
L23 − L12 a
+ ;
⎪x =
2a
2
⎪
2
2
⎪
L3 − 2 L2 + L12
a
y
=
+
;
⎨
a
2
3
2
3
⎪
⎪ z = L2 − x 2 − y 2 ;
3
⎪
⎩

3.2. Control System, Control Software Development
There are some common trends in the field of the development of the control systems
for complex mechanical objects (including robots, manipulators, machine tools etc.):
nowadays almost every producer creates a systems on the basis of a powerful onboard PC and a computer is the central part of the whole system architecture and the
major component of a control system, this is in contrast to the previous generation of
automotive devices that were just linked to the low-level computer which was only an
add-on element of the system providing minimal human-machine interface. From the
end-user point of view an implementation on a powerful PC is associated with the
advanced services provided by a system: handy graphical interface, which makes the
tuning of either the whole system or its particular parameters easier; programs can be
created not only by NC-coding experts but also by common users of PC, and the
system prevent them from making mistakes.
Nowadays computers are widely used. Though many people use computers, not
everybody is advanced enough to build practical applications of control systems in
industry. Earlier, at the beginning of robotic, they were programmed using special
languages such as VAL (Variable Assembly Language). It was not an easy task
because of language complexity and imperfection of programming tools: operators
had to enter programs on terminals using text commands and it was very difficult to
verify them, during the program creation.
User-friendly interfaces cover the complicated side of control system programming
which is obscure for users and can be the reason for mistakes or collisions. Control
programs may be designed by several clicks of a PC mouse.
Another ability provided by a PC is the possibility for visualization and simulation of
robot motion. It also simplifies the work of operators, allowing visualization of how a
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robot will realize a program of motion. So mistakes will be corrected before the robot
performs erroneous commands in reality.
The capability of entering into a complicated flexible manufacturing system
consisting of a number of components is also an advantage achieved with PC usage.
Connection may be made by using computer nets for communication with other nodes
of the system and data exchange. Several objects in a flexible production system may
receive control programs from the server, which receives production tasks from a
higher control level. Information about task status as well as machine functioning
parameters is monitored on a server PC and simultaneously transmitted to the higher
level.
We developed our system orienting on the trends mentioned above. The base element
of our system is the PC and a special motion controller was used. The system
structure is shown in the following diagram:
AT6450-240V AUX-board
AUTOMATION
CONTROLLER
DJ2000-0665

Analog control signal
(-10…+10V),
“Enable signal”, etc.

PC

From industrial robot
CAMEL EM03

INLAND BHT
Drive System
Drive
Status

AT6450 PC Card

Incremental
encoder
Three phase
voltage with
variable
frequency

Two phase quadrature
encoder signal (0..24V)
Feedback signal with
TTL-compatible switching
voltage levels

High torque synchronous
servomotor with rear-earth
rotor

Optical isolation circuit

End of travel and
HOME limits
(proximity switches)

Gear set
Ball-screw gear

Figure 13. The schema of designed system.
There are the following components of the system:
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•

3-DOF parallel manipulator (TRIPOD) with the common leg intersection
point and ball-screw gears.

•

Three high torque servomotors with the rare-earth rotors to drive the three
extensible legs of the robot;

•

INLAND BHT drive system mounted in the automation controller DJ20000665 for velocity and torque servo control. In the case of position control a
special input interface for attaching an external control loop is provided;

•

AT6450 4-axis motion controller for position control and interfacing to PC;

•

PC providing machine-user interface as well as high-level kinematics task
solving, control program development and data storage;

•

Optical isolation circuit for different voltage circuit connection;

•

6 end of travel and 3 home proximity switches for emergency and homing;

•

Cables and wires for connecting different parts of the system.

The task of creating the control system was the following:
Create a system which provides the possibility of visual trajectory planning for
TRIPOD (easy visual path planning and velocity profile adjustment). The developed
system has to control the motion of TRIPOD using the motion controller AT6450.

3.2.1.

Path Planning Visualization

From the wide variety of existing tools we chose Delphi RAD for the development of
the control software because it has advanced tools for creating a graphical interface
and a powerful compiler for generating fast implementation code. The language of
Delphi is object Pascal, an object-oriented language aimed at development of complex
applications.
The first task was to provide visualization of the trajectory design. The path of
TRIPOD in the general case is a curve in 3D space consisting of different simple
elements, such as lines, circles etc. One of the best ways for visualizing various 3D
objects is to use the OpenGL library. It allows easy operating with the geometrical
objects in 3D space and provides their representation on the screen of the PC monitor.
We may describe the 3D scene implementation commands with this library and this
will be credible when presented on monitor. OpenGL is optimized for the use of video
card processor performance which is why it significantly unloads the CPU.
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Figure 14. Trajectory planning visualization.
The objects of OpenGL are points, lines, spheres, cubes etc. For the visualization of
the trajectory just points and lines were relevant, other objects like circles and splines
were constructed by means of lines and points.
The 3D scene is visually presented using OpenGL. It consists of the path elements
and also has the coordinate system axes, grid and zero level (a square in XY plane).
These optional elements were added for better orientation in 3D space and can be
customized by the user.
View controls (below the image of the 3D scene) allow rotation and translation of the
scene relative to the axes which are shown on the screen. Also the distance to the
virtual camera may be changed (zooming ability). Mouse tracking on the image
allows changing the point of view; it appears that the scene is rotated relative to the
coordinate origin.
3.2.2. Path Segments Creation

There are buttons in the upper right corner of the panel for entering the primitives
forming the trajectory geometry. Five different primitives are involved in the
program: point, line, arc of circle, arc of ellipse and spline. The arc of circle may be
specified in two different ways (by 3 points or by 2 points, radius and normal vector),
so there are 6 buttons on the panel. Button face images and the hints appearing when
the cursor covers the button help the user to identify purpose of each button. A special
menu appears on mouse click. It is possible to specify the parameters of each
primitive.
For creating the points we have to specify just their coordinates.

28

Figure 15. Point entering.
The coordinates of start and end points have to be specified for a line

Figure 16. Line entering.
The checkbox allows creation of a new segment of the path connecting its first point
to the end point of the previous one.
Circle arc may be entered in two ways.

Figure 17. Arc entering.
By three points: start, middle, end or by start and end points, radius and normal vector
to the plane, containing this arc. The functionality of the checkbox is the same as for
the line segment. In the first case three points should not be collinear.
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An ellipse is described by the center point, normal vector to plane, in which the
ellipse lies, guiding vector parallel to semi-axis a, by semi-axes a and b, bounding
angles alpha and beta. Guiding and normal vectors are perpendicular to each other.

Figure 18. Ellipse entering.
To enter the spline segment of the trajectory it is necessary to have the start and end
vectors, tangents to the curve at the end points. Then we have to add the points of
spline one by one with clicks on the “add point” button. Splines are built by the
Hermite algorithm.

Figure 19. Spline entering.

The program is object-oriented one. Each primitive is an object in the program. They
all inherit the general class, which has the main properties of every trajectory
segment: – start and end points, references to previous and next segments of the
trajectory. All objects inherit the main methods from ancestor, such as draw,
transformation, store own parameters in database, etc. This allows creating a doubly
connected list of objects and makes operations on objects the same as for objects of
one type. This simplifies programming and allows easily extension of the set of
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objects. New objects with the same interface and functions may be added without
significant changes of program.
3.2.3. Modification of the Trajectory Geometry

Buttons in the bottom right corner allow modification of objects. For modification of
any segment or group of segments firstly it is necessary to select them. To do this, the
user should browse the objects clicking on “previous” and “next” buttons with arrows.
The current object has yellow color; it may be selected using the “select” button.
When it is selected, the object has red or blue color.
The Following operations may be realized with the selected objects:
•

Deleting a group of objects – the “delete object” button.

•

Translation by a specified vector. All objects translated by the vector specified
in the menu appearing under the button “translate”.

•

Rotation by a specified angle around a specified axis. Angle, axis and
direction of rotation may be specified in menu appearing under the button
“rotate”.

All parameters of each object are defined in its own coordinate frame (object
coordinate system) and for execution of some transformation only the transformation
of the object coordinate system is necessary.
The last possibility is “generation”. This function is done for creation of trajectories
for surface machining. A surface is formed from the selected trajectory by it
translational reproduction with specified step, distance and direction. Also the lines
will be added to form a continuous trajectory in space. Of course it is just the
particular case, but it allows testing several surface machining examples. The case of
an arbitrary surface requires a lot of preliminary work and was not reviewed.
The menu helps to make changes and browse objects easily. Using this, the user
selects all or unselects all objects and goes to the last or to the first entered object.
3.2.4. Trajectory Planning

When the geometry of a trajectory is finished, it is necessary to perform the next step
of motion planning- a velocity profile definition. To do this the user should click on
the “velocity planning” item in the “mode” menu. Note that the trajectory has to be
continuous (i.e. the end point of each segment is the same as the starting point of next
one). If there gap, the program suggests to the user to correct the trajectory, or
connects breaks automatically if he did not adjust connections. In the first case the
geometry planning dialog will be reopened, in the second, breaks in trajectory
between two neighboring segments will be substituted by lines.
When the velocity-planning mode is opened, the path will be presented by the list of
objects and transformed to the array of coordinates of points, lying on the trajectory.
The distance between neighboring points is determined by constant 2 mm. Every
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element is divided into the number of parts which is proportional to the length. In
such a way the distance between neighbor points is equal or less than the specified
constant.
The task of velocity planning invokes the adjustment of a certain velocity value at
every point, while the direction of the velocity vector is defined by the tangent vector
direction at the current point of trajectory.
Two scrollbars are placed on the right panel in this mode (see Figure 20 for details):
the upper is for scrolling of the trajectory, the other is for setting of the velocity value.
When the checkbox “write velocity” is on, it is possible to set the velocity by moving
the upper scrollbar from left to right (corresponds to the motion along the path from
the beginning to the end) the velocity magnitude specified by another scrollbar is
adjusted in current points of trajectory. So, with the change of value for different parts
of the trajectory, the desired velocity profile will be determined. Velocity is specified
in mm per minute. The maximum velocity is limited by the construction of the robot
and motors characteristics. We set it empirically as 1000mm/min. Velocity for some
given position may also be specified directly and precisely using the edit element
under the velocity scrollbar (see Figure 20). In the upper right corner you may see the
defined velocity profile.
The model of TRIPOD is shown for the point where the velocity is adjusted.
When the velocity profile of trajectory is done it is possible to see the visualization of
robot motion by pressing “play” button. The schematic of TRIPOD will move on the
screen in accordance with the defined velocity profile.
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Figure 20. Velocity planning panel.

3.2.5. Data Storage

The trajectory data: its segments and velocity distribution are saved in a database, and
a saved trajectory can also be restored from a database. Usage of databases is a
convenient way of data exchange organization. Database drivers provide easy access
to saved data, and efficient disk memory distribution.
We used the Microsoft Access for saving planned trajectory data. For the
communication of database and Delphi application the ADO components were used,
therefore our software can work on most of computers.
Trajectories are saved with their names. A list of saved trajectories appears, when the
items “open” or “save” in the “file” menu are chosen. This list represents the
“TrajectoryNames” table.

TrajectoryNames
Trajectory_Name
Trajectory_ID
path
1
splines

Trajectory_ID
1

Trajectories
Element_ID
1

Ellipses
Element_type
point

Circles
lines
Points
Element_ID
1

Trajectory_ID
1

Trajectory_ID
1

Velocities
Point_number X
0
100

Y
10

Z
0

X
100

Y
10

Z
0

V
20

Figure 21. Database structure.

Table “TrajectoryNames” contains names of trajectories and their IDs. In the table
“Trajectories” we assemble the whole of a certain trajectory using the trajectory ID
(we could separate the elements that a trajectory consists of). In the tables of
elements: “Points”, ”Lines”, ”Circles”, ”Ellipses” and “Splines” by Trajectory_ID and
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Element_ID the parameters are found for each element and whole trajectory is
restored.
Using “Trajectory_ID” we reconstruct an array of points lying on the trajectory and
velocity values for each point from table “Velocities”.
The links and structure of the database are shown in Figure 21.
When a trajectory and its velocity profile have been determined we are ready to
transform it into joint coordinates and then prepare corresponding commands for the
controller.
3.2.6. Joint Coordinates Calculation

There are two ways to define a trajectory. The first way is description by the vector of
a working point in world coordinates; the second one is the description using the
vector of working point in working coordinates (see 3.1.2 for details, vectors R and r).
The first way is usually used when the tool is placed on the working platform, while
the work piece is stationary. In this case the end point of the tool is moving according
to the defined trajectory in world coordinates. The second way is used when the tool
remains stationary and the work piece is moving together with the platform of the
manipulator. In this case the end point of the tool stays at a certain point of the world
coordinate system, but follows some trajectory in the coordinates of the moving
platform.
When the next stage – “Joint Coordinates” mode is started it is necessary to specify
which of two possible ways is taken. So we choose one of these possibilities – items
“Working Coordinates” or “General Coordinate” in the submenu of “To joint
coordinates” item in the “Mode” menu.
In the dialog window which appears we have to define the position of the moving tool
on TRIPOD end-effector platform in working coordinates (vector r), or the position of
the stationary tool in world coordinates (vector R).
Inverse kinematics for every point has been solved according to the equations
described in 3.1.2. According to the positions of tool and workpiece one of the two
vectors R and r is accepted as constant value, while the other as variable.
Procedures for these calculations are converted in a special dynamic link library
(DLL) which is integrated with the program. It allows the adaptation of the software
to other types of mechanisms where the trajectory planning in 3D space is needed. It
is possible to do this by changing this DLL to another which has the same interface
but contains its own equations of inverse kinematics and a new block of graphical
representation of new object (robot, machine tool etc.).
As the result we will get an array of points in joint coordinates of TRIPOD and an
array of time intervals, which is calculated according to the specified velocity profile.
For each point of the trajectory the test of its feasibility is performed. Values of joint
coordinates for each point have to belong to the range determined by the TRIPOD
construction. Finally, the points lying outside of the specified range are marked in red,
acceptable points are green; a warning appears and motion cannot be started. Based
on information from this picture it is possible to return to the geometry planning mode
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and correct the trajectory – for example translate it in some direction to place the
whole trajectory into the TRIPOD working space.
If the points of the trajectory are given, as well as corresponding values in the space
of joint coordinates and the time instances when the robot has to reach these points
are known (defined by velocity profile) we are able to build the interpolation spline.
This provides smooth motion of the working point and also the motion of all three
robot joints become smooth. Also it minimizes the jerks, forces and torques taking
place during the robot motion. For the interpolation we have chosen the method of
spline representation presented by Popov and Vucobratovich ([31],[51]). It is suitable
for the purposes of the description of robot motion. The spline obtained in this method
is continuous in the second derivative (acceleration); also it allows the velocities at
the start and at the end of the path to be zero. The algorithm of spline calculation is
described in detail in [31].
To ensure the structural and kinematical requirements of the robot we control them
with smaller intervals of time than in previous steps. So, we have to divide each
interval. We can get the values of joint coordinates and velocities from the calculated
spline.
There are two possibilities for such a division. The first is to divide to a maximum
possible number of points. This number is limited by the power of the PC, the
efficiency of the communication devices and the motion controller reaction time.
However there exists a better method, the interval is divided into the subintervals in
such a way that the analysis of the change of at least one of three robot coordinates
exceeds a determined value. We can choose this value based on the maximum joint
velocity and maximum time required for the computer and controller to perform one
control action. This method allows unloading of the computer when motion is slow,
and provides more precise control of velocity and position, when the motion is fast.
To get these points we explore the calculated splines and if the change of one of three
coordinates exceeds a defined value we save information about motion in this point –
position, velocity and time to the special arrays, which will be used in motion control.
This process is illustrated by Figure 22.
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Figure 22. Getting of the control points.

3.2.7. Communication with the Controller

Special OCX components were used for communication with the motion controller
(these components distributed by controller producer).
The motion OCX Toolkit provides 32-bit Ole Custom Control Extensions (OCXs)
designed to run under Windows 9x or Windows NT. The OCX controls can be used
with Visual Basic, Delphi, Visual C++ or any 32-bit development environment that
can contain OCX controls. With the Motion OCX Toolkit it is possible to develop
one’s own custom operator interface to a Compumotor 6000 Series bus-based
controller. The motion OCX Toolkit includes these controls:
•

Communications Shell OCX (Comm6000):
Comm6000 is used to control basic communication with the 6000 product,
including interrupt handling and sending/receiving files.

•

Terminal OCX (Term6000):
Term6000 has an active communication interface to the 6000 product for
executing 6000 commands, checking program responses and status reports,
and viewing error messages.

•

Fast-Status Polling OCX (Poll6000):
Poll6000 is used to poll the 6000 product fast status register and display
information such as position, velocity, axis status, system status, etc.

For our purposes we used the Communication Shell OCX (Comm6000), it is easy to
use and provides many abilities: we can send the commands to the controller, poll the
fast status registers for getting information about motor velocity and position, and
execute interruption service routines.
During program development the OCX terminal allows us to analyze the reactions of
the controller and to obtain the characteristics of motion.
Fast status Polling was used for easy monitoring of axis positions and velocities.
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3.2.8. Commands for Controller AT6450

A further step consists of transformation of the motion description into a sequence of
commands for the motion controller AT6450. This has a rich command language for
realization of various motions; nevertheless it was mainly adopted for motion control
when the desired velocity profile is approximated by a set of trapezoids. In basic
mode commands are executed one by one. We are only able to specify a distance,
velocity, acceleration and deceleration, then after the command “go” motion is
executed, where the profile of velocity is trapezoid. It means that after every step
velocity becomes zero. It can reach desired geometrical precision of trajectory, but
cannot provide continuous velocity. Of course, the real velocity does not reach the
value zero due to the inertia of mechanical parts, but anyway this type of control is
definitely far from ideal. Our aim is realization of control with the continuous and
smooth velocity characteristic.
In Figure 23 the outlined features are illustrated.

V

Desired velocity
profile

Figure 23. Typical sequence of commanded motions.

3.2.9. Providing Continuous Path Control

There are the following opportunities provided by the controller for the purposes of
continuous path realization:
S-curve profiling
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The essence of this type of control is mostly in changing of the transient parts of
trapezoid velocity profile (described above) to an S-profile, where acceleration and
deceleration is continuous (see. Figure 24).
The motion in this case becomes smoother, but is also an undesirable type of motion
control, because after each step any way the velocity falls to zero.
Contouring (circular interpolation)
This mode is for realizing curves in Deckard space. One of the controller axes
becomes the X axis, the other the Y axis. We may specify circles and lines by their
coordinates in Deckard space and the controller will provide the motion of each axis
to follow the desired trajectory as it controls motion along the X and Y axes. This
feature is not acceptable in our case, TRIPOD has 3-DOF.
Compiled motion profiling
The AT6450 controller allows construction of complex motion profiles individual for
each axis. Compiled motion profiles are defined as programs. The commands used to
construct the motion profile segments are stored in the program memory of the
controller. This program will be compiled so we can execute the resulting profile.
This way is not flexible because at each time instant we have to create, compile and
execute new programs. Furthermore, there is no possibility of making a correction,
while the motion is being executed. It is a pure offline method of control. It is not
suitable for online, when information about trajectory is not known in advance, it
receives information from external sources, for example from the joystick, in manual
control.
On the fly motion changes
In special mode the controller can update the parameters of motion, such as velocity
magnitude, acceleration, deceleration online. Herewith we can specify the direction of
each axis and other parameters. Motion starts after the “go” command. To change the
parameters we have to specify their new values and with the next “go” command, the
parameters will be changed. This is a good opportunity for control of velocity during
execution; changes may be commanded at any moment, based on the conditions of
motion. One special thing should be considered in the case of reverse: the
instantaneous error can be quite big. So, if the limit error is adjusted to be small this
will lead to a false operation of safety “switches” stopping the motion. The technique
of on- the- fly motion changes was used for the TRIPOD control system.
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Figure 24. Possible velocity profiles provided by controller.

3.2.10. Robot Control

A general spline is a curve described by a third order polynomial. Our controller
defines only a constant acceleration and deceleration. So it was possible to interpolate
splines only by using second order polynomials. At each step we specify the desired
velocity and calculate the acceleration which is required for reaching this velocity in a
desired time.

Q
Desired joint
coordinate

t

V

Realized
velocity
t

Desired
velocity

Figure 25. Motion with acceleration control.
On the fly changes of velocity and acceleration will be performed if each of the three
axes reaches the desired position. Then interruption occurs and the program sends a
new command to the controller. But the conditions of real robot motion are not ideal.
All three axes cannot reach their desired position in one moment. If one axis has
reached this position, while the others have not, it keeps on traveling – an error occurs
at each step, especially when direction of motion is changed. This method fails as a
control of robot drives.
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The event interruption when the desired position is reached is not reliable because this
may not occur in a certain time interval or even may not occur at all. So we need
another adaptive method which sends the commands at defined time instances. This
method has to calculate a new value of velocity and acceleration, based on the current
position error.
The controller timer was used for execution of interruptions.
Because calculations of corrections requires some computer time, and reaction to the
interruption should be as quick as possible, an algorithm with prediction was used. At
each step (when an interruption occurs) the program immediately sends the control
commands and then calculates commands for the next step according to current
position, velocity and programmed acceleration.
Since the current position, velocity and acceleration are known we can predict the
values of velocity and position at the end of the time interval (up to the next
interruption). Simple kinematical formulas allow calculation of these values.
If the current position q, velocity v and the desired acceleration is ac then the position
qr, velocity vr at the end of the dt interval will be as follows:
qr = q + v ⋅ dt + ac ⋅ dt 2
vr = v + ac ⋅ dt

Now we are able to calculate the acceleration and velocity which are required to be at
the desired point Qi on the next step.
(Qi − qr − vr ⋅ dt )
dt 2
vc = vr + ac ⋅ dt
ac =
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vr
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Figure 26. Correction of the error in a acceleration control method.

If the predicted and calculated velocities have a different sign, we should stop the
motion and change the direction so we have to command vc=0. The error appearing as
a result of this stop will be corrected during the next steps.
Experiments showed that such algorithms lead to loss of stability, oscillations and
increase of the position error. The reason for this instability was imperfect
acceleration control provided by the motion controller and also in the nature of this
algorithm. For the next step we tried to simplify this algorithm and make it stable. The
possibility of simplification is in the realization of velocity control instead of
acceleration.
The algorithm for velocity control with prediction is given below.
In this algorithm the velocity between knot points is considered as a constant. To
reach this in practice the maximum values of acceleration and deceleration were used,
so the time of velocity changing becomes rather shorter than the time intervals
between the knot points defined by the motion program.
The prediction used in this algorithm consists of producing commands for the next
step.
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When the commands of the interruption handling routine are sent to the controller, the
program polls the fast registers to get information about the current velocity and
position of each axis. Since we do not take into account the time for velocity change,
velocity is equal to that commanded, i.e. calculated at the previous step. We can
calculate the coordinates, which will be at the end of dt interval.
So, the position qr and the velocity vr at the end of the current time interval will be as
follows:
qr = q + vc ⋅ dt
vr = vc ,
where q is the result of polling fast status registers (current position).
This position qr differs with the position defined by the reference trajectory Qi-1. So
we calculate the velocity vc (command for the next interrupt), which allows us to
reach the next desired point Qi,.
vc =

(Qi − qr )
dt

q(t)

Qi
vr=vc(i-1)

Qi-1

v

Qi-2

vc(i)

qr

q
t
Figure 27. Error correction in velocity control method.

In the case of direction change, the predicted velocity vr and the velocity which is
required to follow the desired trajectory vc have different sign. The motion should be
stopped before the change of direction – see Figure 28.
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q(t)
vr=vc(i-1)

Qi-1

v

Qi-2

vc(i)=0
qr
Qi

q

vc(i)

Qi+1
vc(i+1
t

Figure 28. Direction change in velocity control method.

This leads to an increase of position error at such points but if the time intervals are
short and the control points Q are close to each other, the resulting errors will be small
and can be ignored.
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Preparing. First commands
building. I:=1
Timer stopping.

Sending commands
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current position and velocity
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Program exit.
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Calculations of qr, position on the end
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commanded velocity vc for next step.
Vr*Vc<0
Vc:= 0.For changing motion direction

Building commands for next step

Figure 29. Velocity control algorithm.
As we observed in experiments the position error was small, about 0.01 of a motor
rotation, for time intervals about 300ms. Each rotation of the motor leads to a 5-mm
TRIPOD leg change, so, the length of the leg error was 0.05 mm.
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However there was a large problem in implementation of this algorithm in practice.
The problem was in missing control. Some time interruptions did not occur or motion
OCX did not handle interruptions produced by the motion controller. The real reasons
for missing interruptions were unpredictable. Interruption missing did not depend on
time interval values, even if the intervals were rather big, as happened. As a result, the
program did not have a controlled motion; new commands could not be sent. In this
case the controller kept motion parameters as they were given by the last successful
command – motors continued rotation without stop. This is very dangerous because it
may lead to the system crash.
A more reliable way of motion control in this case is in the usage of the internal
computer timer which also may produce interrupts.
The new program used the same algorithm for velocity control as the previous one but
the internal computer timer was used to produce interruptions.
This innovation was successful and the work of the control program became reliable
but the position error increased and reached 0.05-0.06 of motor rotation, i.e. 0.2-0.3
mm in the TRIPOD leg length.
The reasons for the increase of position error lie in the precision of the computer
system timer. It is not adapted for real time process control. The minimum possible
time interval between two interruptions is 55 ms. The possible solution of this
problem is in use of the PC’s strokes counter built into the processor. Its work
depends only on the processor frequency. This counter allows time measurement
more precise.
Another way is in the development of original software for card interrupt handling.
When the control program was ready we assembled the robot mechanism and
executed the test trajectory.
Before the beginning of work, the robot has to find the initial point, because the
sensors of TRIPOD are incremental encoders, they give only relative position. So, for
proper positioning the reference point is needed. The calibration services are provided
by developers of the motion controller and executed by special commands. Each axis
was equipped with special sensors in two limit points and one in the home position.
This procedure includes the following steps. All axes start motion in one direction, if
the home position sensor gives a signal, the motion is stopped on this axis. If the
signal was produced by the limit position sensor the controller continues searching for
the home position in the opposite direction. When all three axes are in the home
positions, the robot is ready to execute the planned trajectory.
The robot control panel appears in this mode. This includes control elements for
organizing the TRIPOD work and elements for viewing information about the current
position and velocity of each drive. It is a manual control panel.
The button “Go home” is for beginning homing operations, robot begins the search
for the zero point of each drive.
The button “Go to trajectory” becomes active when the robot has reached its home
position. After clicking on this button TRIPOD goes to the first point of the planned
trajectory.
The trajectory execution begins by clicking on the “Begin motion” button.
For immediate stop for safety reasons there is a “stop” button.
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Structure of the whole control system and the program for trajectory planning is
shown in Figure 30.
Object
constructors

Trajectory creation
from primitives

Elements saving
Trajectory
Database

Object
functions

Necessary
transformations of
the trajectory
Element reconstruction
Trajectory
continuity
checking
Additional element
creation
Transformation to
the array of points
in Cartesian space

Velocity profile
planning

Points saving

Database of
points and their
velocities

Points reconstruction
Joint coordinate
calculations
Spline interpolation in the
joint coordinate space.

Robot control

Figure 30. Structure of the trajectory planning program.

Robot control is detailed in Figure 31.
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Figure 31. Robot control schema.

3.2.11. Manual Control Panel

Manual control for the manipulator is a necessary tool in robot operation. Most robots
are equipped with it. It allows verification of the robotic system functioning before
execution. It may also help to choose the best place in space for planning robot
trajectory and for location of additional devices, work pieces, etc. It may be used for
remote control in simple operations with low velocities, when the operator controls
the robot motion.
However, it is mainly used in trajectory planning when the geometry of the desired
trajectory is not defined by entering certain data from the keyboard but via guiding the
manipulator through the characteristic points. In this case the operator places the
manipulator to desired knot points by means of the manual control panel and sets the
type of interpolation, for example arc or line. The joint coordinates of each point are
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then placed into the computer memory. The motion is then executed simply by
replaying these saved points.
Usually manual control is provided by a joystick, which is easily moved by the
operator’s hand. Deflection from the neutral position determines the velocity or
position or orientation of the end-effector. Control may be produced in Cartesian
space coordinates as well as in joint coordinates.
In this work the manual control panel is represented by three trackbars according to
the number of degrees of freedom, and a checkbox is for turning from general
coordinates to joint coordinates. The position of the trackbar control determines the
position of certain joint coordinate or one of three coordinates in general space.

Figure 32. Manual control panel.
During the control in general coordinates some of the joint coordinates may reach
their limit values. If this event occurs, the lamp of the corresponding joint becomes
highlighted with red color. In this case the TRIPOD motion will be stopped until the
values of joint coordinates return to the allowable values.
The algorithm for manual control is the same with the control of motion on a desired
trajectory. The only difference is that now the coordinates are not taken from the
predefined arrays but from the manual panel controls.
The desired position of the TRIPOD end-effector is determined from the panel by the
timer interruption request every 500ms. The program gets the current values of joint
positions and calculates the position to the next interruption and necessary control
actions to move the manipulator in the desired way.
The scheme of manual control is represented in Figure 33.
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Figure 33. Manual control algorithm.
Initially a zero velocity has to be commanded.

3.3.

Working Zone of TRIPOD

The working zone of the robot is limited by its construction. First of all an
extensibility of the legs is limited by physical parameters of the construction.
Secondly, the lower connection of the tripod legs is not ideal. These parts of the legs
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are under large stress in points situated away from the middle part of working zone.
These stresses became greater when the working point moves from its neutral
position. To avoid these stresses, (potentially leading to system damage) the working
zone is also over limited by decreasing the extensibility of the legs.
The estimation of the working zone was produced using a computer model. For part
of the Cartesian space, that is, for all points with a certain step on each axis (5 mm)
calculations of the joint coordinates were made. The points belonging to the boundary
of the working space should have neighbors that are outside of this volume. The
points of the boundary of working space are saved in a special array, and then this
used for the graphical representation of the working space boundary.
The resulting workspace of TRIPOD is shown in Figure 34.
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Figure 34. Working zone views.

As can be seen in the figure the working zone of the tripod robot is a subspace limited
by parts of spheres. It is not symmetrical due to construction features.
For general usage the working zone may be represented approximately by a cone with
base circle with center coordinates x=160mm y=80mm z=210 mm in the TRIPOD
coordinate system (see chapter 3) radius=180mm and apex in coordinates x=160mm,
y=80mm, z=363mm.
After calculation the TRIPOD working space may be represented on the screen by
clicking on the “show/hide” item in the “working zone” menu to check the feasibility
of a given trajectory.

3.4.

Results and Conclusions
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For the verification of the kinematical task solution the experimental processing was
studied. The milling process was chosen.

Figure 35. Robot with fixed workpiece on the platform.
As shown in Figure 35, the workpiece (foam plastic plaque) is fixed on the moving
platform of TRIPOD and the cutter fixed on the base. We then cut the square form
groove (size 4x100 mm, feed 800 mm/min). Due to the material softness and small
cutting depth the resulting error (measured on the resulting square) appeared from
manipulator backlashe, drive error and errors of kinematical task solution. We detect
the resulting error as about 1 mm, which is the result of existing backlashe (mostly on
the joints of the moving platform) and drive response errors. This proves the
correctness of the developed kinematical task solution.
The following figures illustrate the characteristics of drive response, Figure 36-Figure
38 show the positional response of 1-3 drives respectively. Positional error is small;
practically there is no difference between the desired and realized positions.
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Figure 36. Position of the drive 1.

Figure 37. Position of the drive 2.
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Figure 38. Position of the drive 3.
The following figures (Figure 39-Figure 41) show the velocity behavior for each drive
during processing. Here we can observe sufficient difference between the desired and
real velocity.

Figure 39. Velocity of the drive 1.
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Figure 40. Velocity of the drive 2.

Figure 41. Velocity of the drive 3.
Analyzing these results we come to the conclusion that the kinematical structure of
TRIPOD can be used in practice. In the existing realization it can be implemented for
cutting with a spherical cutter or as a measuring machine which also has a spherical
contact part. For the future design of manipulators of this type it is necessary to take
note of the development of joints without backlashes and development of specialized
drives of matched moment of inertia to avoid ripples of velocity response. It is also
possible to make structural changes to achieve better mechanical properties. In the
next chapter the manipulator with the modified structure is shown.
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4. 3-DOF PARALLEL MANIPULATOR OF S-P-R JOINT
STRUCTURE
4.1.

The Structure of Manipulator

During the development of the 3-DOF parallel manipulator with an intersecting leg
axes the fact that the unit of the moving platform has an essential drawbacks leads me
to search for the construction of other type. The unit of the moving platform of
TRIPOD has a very complex mechanical realization. It is difficult to realize this unit
providing a wide range of rotation angles and the same time ensuring the high
precision and stiffness. So a different type of kinematical structure was analyzed as
alternative to TRIPOD. The Figure 42 presents it principal construction:
Z

x

a

e

b

z

c
y
Y

A

O

B
X

C

Figure 42. Suggested structure of 3-DOF
parallel manipulator.

The moving platform (upper triangle) has 3 rotational joints located in the vertexes of
the regular triangle. The base platform is kept the same with TRIPOD (or similar to
TRICEPT suggested by Neuman [26]): it has the shape of regular triangle with 3
spherical joints in corners. It is clear that such modification invokes the sophistication
either of inverse or forward kinematics tasks solution in comparison with TRIPOD.
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As it will be explained later, the forward kinematics task is solved only numerically
and the solution of inverse task is more complex. The manipulator with interferential
legs (TRIPOD) has simpler solution for both tasks.
The solution for forward and inverse kinematics task is investigated later on. Using
these results it is possible to build the positional control of manipulator. Reviewing
the materials of other researchers, I found the structure which is cosimilar with the
suggested here. This mechanism has the inverse platform location, that is: the revolute
joints are placed on the base platform and spherical joints are on the moving one.
Comparing the characteristics of both manipulators I have found that 3x(S-P-R)
manipulator has a larger working volume. The working spaces for both cases are
analyzed in further parts of this chapter.
The kinematical structure of this type manipulator is illustrated in Figure 43.
We can estimate the working space of this manipulator in the following manner. Let
us review the constraints imposed by each of R-P-S chains. It is simple to illustrate
our reasoning using the top view of the base platform. The corresponding figure is
presented in the appendix A (it illustrates constraints imposed by the leg Aa, the
constraints of two remaining legs can be described analogically). It is clear that the
limitation imposed on the central point position of the moving platform can be
described as the part of 3D space between two vertical plains for each leg (lines pi on
the figures representing top views) equidistant from the corresponding median of the
base platform regular triangle. The distance from median to the planes is equal r,
where r is the long radius of the moving platform triangle.

r

R

Figure 43. 3-DOF parallel manipulator with R-P-S
joint structure.
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As it was established in my simplified analysis, the work space of the R-P-S structure
manipulator is principally limited in the X and Y directions (XY is the plane of base
platform). As it is illustrated in Figure 44, the resulting area is a regular hexagon with
a centre equal with the centre of base platform (in 3D it gives the prism with vertical
faces and hexagonal base).
This limitation is independent of the maximal length provided by the prismatic joints.
From the detailed and exact analysis performed in [37] the working volume is limited
by the cylinder with radius equal r.
The S-P-R structure has advantage in working space, because of the limitation of R-PS manipulator in X and Y directions. That is to say, if we review two manipulators (RP-S and S-P-R) with the same maximal length provided by prismatic joints and equal
platforms sizes, the S-P-R structure will be preferable in a sense of large reachable
space when the leg lengths exceed r. This observation was the starting point for the
analysis of 3-DOF parallel manipulator with the S-P-R joint structure.
B
p4

p3

r

p5

p1

C

A
p2

p6

Figure 44. Estimation of workspace as the superposition
of 3 R-P-S chain constraints (top view).

4.2.

Inverse Kinematics

The 3-DOF parallel manipulator with the S-P-R joint structure is shown in Figure 42.
This structure consists of two platforms which are schematically traced by the
triangles abc and ABC and three extensible links are shown as straight-line segments
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(Aa, Bb, Cc) each of them is connected to the upper (moving) platform with the
rotational kinematical pair and with the spherical one to the base platform. The axes
of the rotational pairs are parallel to the opposite sides of the upper platform triangle.
Let us consider that the end-effector of manipulator is in the center point of the abc
triangle (e point) and has the X,Y,Z coordinates in the base coordinate frame centered
in O point.
So, coordinates of the base triangle vertexes are defined as:

XA = −

3
R,
2

YA = −

XB = 0,

XC =

R
,
2

YB = R ,

3
R,
2

YC = −

R
,
2

ZA = 0,
ZB = 0,

(1)

ZC = 0 .

The expressions for end-effector position coordinates are:

X =

(Xa + Xb + Xc)
, Y = (Ya + Yb + Yc ) , Z = ( Z a + Z b + Z c ) .
3
3
3

These expressions together with the set of equations (1)- (7) form the set of
mechanical constraints:
( X − X a ) 2 + (Y − Ya ) 2 + ( Z − Z a ) 2 = r 2

(2)

( X − X b ) 2 + (Y − Yb ) 2 + ( Z − Z b ) 2 = r 2

(3)

( X − X c ) 2 + (Y − Yc ) 2 + ( Z − Z c ) 2 = r 2

(4)

− X b ( X c − X a ) + ( R − Yb )(Yc − Ya ) − Z b ( Z c − Z a ) = 0

(5)

(R

3
R
+ X a )( X b − X c ) + ( + Ya )(Yb − Yc ) + Z a ( Z b − Z c ) = 0
2
2

(6)

(R

3
R
− X c )( X b − X a ) − ( + Yc )(Yb − Ya ) − Z c ( Z b − Z a ) = 0
2
2

(7)

Equations (2), (3) and (4) describe the equidistant (to the vertexes) position of center
point of triangle. Equations (5), (6) and (7) show that each link (Aa,Bb,Cc) is
perpendicular to the opposite edge of the platform triangle (cb, ac, ab). The R and r
are the radii of the circumscribed circles for the base and moving platform triangles,
respectively.
Using the notion of the ϕ ,θ ,ψ (Roll-Pitch-Yaw) angles rotations from [13] we can
write the rotational transformation matrix as follows:
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Rϕ ,θ ,ψ = R z ,ϕ R y ,θ R x ,ψ =
0
0 ⎤
⎡cos(ϕ ) − sin(ϕ ) 0⎤ ⎡ cos(θ ) 0 sin(θ ) ⎤ ⎡1
⎢
⎥
⎢
⎥
⎢
1
0 ⎥ ⎢0 cos(ψ ) − sin(ψ )⎥⎥ =
= ⎢ sin(ϕ ) cos(ϕ ) 0⎥ ⎢ 0
⎢⎣ 0
0
1⎥⎦ ⎢⎣− sin(θ ) 0 cos(θ )⎥⎦ ⎢⎣0 sin(ψ ) cos(ψ ) ⎥⎦
⎡cos ϕ cos θ
= ⎢⎢ sin ϕ cosθ
⎣⎢ − sin θ

cos ϕ sin θ sin ψ − sin ϕ cosψ
sin ϕ sin θ sin ψ + cos ϕ cosψ
cos θ sin ψ

(8)

cos ϕ sin θ cosψ + sin ϕ sin ψ ⎤
sin ϕ sin θ cosψ − cos ϕ sin ψ ⎥⎥
cos θ cosψ
⎦⎥

Vectors of the vertexes of moving platform in own coordinate frame are defined as:

0
3r
ea = −
2
r
−
2

,

0
eb = 0 ,
r

0
3r
ec =
2
r
−
2

.

(9)

The position of the point of the moving platform in the base coordinate system is
described by the following equation:

ρ wc = ρ e + Rϕ ,θ ,ψ ρ mc ,

(10)

where

ρ wc is the vector of point in the base coordinate frame,
ρ e is the vector of the moving coordinates system origin in the base coordinate frame,
Rϕ ,θ ,ψ is the rotational transformation matrix,

ρ mc is the vector of point coordinates in the moving coordinate system.
X

Substituting (8) and (9) into (10) and considering the notation ρ e = Y we can
Z
rewrite the expressions for each of 9 coordinates(see appendix B).
Let us use the following transformation:
X a = X − X1 + X 2 ,

Y a = Y − Y1 + Y 2 ,

Z a = Z − Z1 + Z 2 ,

X b = X − 2X 2 ,

Yb = Y − 2Y 2 ,

Z b = Z − 2Z 2 ,

X c = X + X1 + X 2 ,

Y c = Y + Y1 + Y 2 ,

Z c = Z + Z1 + Z 2 ,

(11)
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where:
3
r,
2
r
X 2 = −(cosϕ sin θ cosψ + sin ϕ sinψ ) ,
2
3
Z1 = cosθ sinψ
r,
2
r
Z 2 = − cosθ cosψ .
2
X 1 = (cos ϕ sin θ sinψ − sin ϕ cosψ )

3
r,
2
r
Y2 = −(sin ϕ sin θ cosψ − cos ϕ sinψ ) ,
2
Y1 = (sin ϕ sin θ sinψ + cos ϕ cosψ )

(12)

I simplified the set of equations (2)-(7) and the simplified system is presented in the
following form:
3 2
⎧ 2
2
2
⎪ X 1 + Y1 + Z1 = 4 r
⎪
⎪X 2 + Y 2 + Z 2 = 1 r2
2
2
⎪ 2
4
⎪
⎨ X 1 X 2 + Y1Y2 + Z1Z 2 = 0
⎪
⎪ RY1 + 3RX 2 = 0
⎪
⎪- 2XX1 - 3R 3X 2 + (-R - 2Y)Y1 - 2ZZ1 = 0
⎪- R 3X - 6XX + (-3R - 6Y)Y - 6ZZ = 0
1
2
2
2
⎩

(13)

Now it is clearly seen the method of the solution for this system. From the 4-th
equation we can define the following expression for one of the angles:

ϕ = arctan(tan −1 (ψ )) .

(14)

Then using this result and rewriting the equation set in a form with the ϕ ,θ ,ψ angles
as variables I obtained the analytical solution using the Maple symbolic calculation
program. Note, that it is necessary to solve only the last two equations of (13),
because the first three equations are meaningless (these equations with substitution
the ϕ ,θ ,ψ angles are transformed in equalities). The solution is shown in the
appendix B (expressions (57) and (58)). Expression (58) defines the ψ angle and it is
possible to rewrite it in the following form:
A4 tan 4 (ψ ) + A3 tan 3 (ψ ) + A2 tan 2 (ψ ) + A1 tan(ψ ) + A0 = 0,

where

(15)
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A 4 = 4 Z 2 Y 2 + 4 X 2 RY + 4 Z 2 RY + X 2 R 2 + 4 X 2 Y 2 ;
A 3 = 8Y 3 X − 8 X 3 Y − 4 XRZ

2

− 8 XYZ

2

− 4 RY 2 X − 4 X 3 R − 4 R 2 YX ;
A 2 = −2 X 2 R 2 + 4 Z 2Y 2 + 4 Z 2 X
+ 4X

4

2

− 12 Z 2 RY + 4Y 2 R 2 + 4Y 4

− 16 X 2 Y 2 − 8Y 3 R ;

A1 = 8 X 3 Y + 12 XRZ

2

− 8 XYZ

A0 = X 2 R 2 + 4 Z 2 X

2

+ 4 X 2 RY + 4 X 2 Y 2

2

− 8Y 3 X + 4 X 3 R + 4 RY 2 X + 4 R 2 YX ;

It is the 4-th order polynomial relative to the tan(ψ ) variable. Equation (15) presents
main result. The resolution of this polynomial will be a most time consuming
procedure in the algorithm realizing calculation of the inverse kinematics for
considered manipulator structure. It is known that there exists the analytical solution
of this polynomial. There remained only several steps: a) evaluate the ϕ using (14);
b) using expression (57) of appendix B, determine θ ; c) verification all of the existing
triads ( ϕ ,θ ,ψ ). The common solution of the polynomial (15) was produced also by
the symbolic “calculator” like a function of 5 parameters (the coefficients of
polynomial), and the C program code was generated for the next usage in the
modeling program. The formula for one of the four roots of equation (15) is shown by
(59) (appendix B).
Note, that the (15) presents the solution for general combination of X,Y,Z. But, full
solution of inverse kinematics task also comprises the set of solution in special cases
defined by specific locations of end-effector as follows:

{ X = 0, Y = 0, θ = −π / 2, ϕ = arctan(1 / tan(ψ )} ,

{ X = 0, Y = R,θ = π / 2,ϕ = ±π / 4,ψ = ±π / 4} ,
{ X = ± 3Y , ϕ = arctan(±1 / 3 ),ψ = arctan(± 3 ), Z = ±
⎛
− 1 + 3a + 2 − 2a + 2a 2
{ψ = arctan⎜⎜ ± ±
1+ a
⎝

R + R sin(θ ) − 4Y sin(θ ) ,
}
2 cos(θ )

⎞
⎟, (a = R / Y ),θ = π / 2,ϕ = arctan(1/tan(ψ ))}
⎟
⎠

Numerical Results

I developed the computer program which calculates the inverse kinematics for given
XYZ end-effector position. The base of the developed program is the code of
calculation of the ϕ ,θ ,ψ angles using the formulas which were described above for
the given X,Y,Z. Let us note that the code was generated in Maple. The expression
(59) of appendix B presents the code for the first root of the 4-th order polynomial. It
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is clear that the code should be optimized for the real application, because it contains
many repetitive parts. Only pre-calculation with further substitution of the numerical
values instead of the repetitive evaluation of the complicated expressions allows
essential reduction of the computational cost of this part of algorithm. The
optimization procedure is also provided by Maple.
Then according to the formulas (12), the values X1, X2, Y1, Y2, Z1, Z2 are calculated.
Finally coordinates of the vertexes of moving platform triangle are defined using the
equation (11). For more details of solution see [59] and [60].
I realized this in the computer program. There are 8 manipulator poses in the Figure
45 corresponding to the whole set of solutions for the present kinematical structure.
The correctness norm of the inverse kinematics task solution is the fact that each dot
product of vector of leg and corresponding vector of revolute joint axis is
infinitesimal (ideally it should be zero). I made the large number of experiments with
different positions of end-effector and different ratios R/r, and the value of this norm
had the order 10-15-10-20, this can be recognized as round-off error of the computer
calculations.

Figure 45. All solutions of the inverse kinematics task
(R=150, r=50, X=75, Y=45, Z=130).

4.3.

Forward Kinematics Task Solution

Let us consider the forward kinematics task of the 3-DOF S-P-R parallel manipulator.
The task is to find the X,Y,Z coordinates of e point (see. Figure 42) when the leg
lengths l1,l2,l3 are given. As it will be shown later on, we can describe the convenient
mathematical model for the manipulator R-P-S with the corresponding platforms sizes
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and having the same l1,l2,l3 parameters then numerically solve the forward kinematics
for it relative to the angels of revolute joints. Then we perform the unique
transformation allowing the determination of the X,Y,Z coordinates for original S-P-R
structure. In other words it is equivalent if we will review the structure considering
one of the platforms as the base and second as moving and then vice versa.
Let us consider the R-P-S structure (Figure 46)
x
z
b

a

β

r

α

l2

γ

l1

y

c
A

B

l3
C

Figure 46. The R-P-S joint structure with angles α,β,γ.

The set of geometrical constraints for the case of R-P-S manipulator is the
|AB|=|BC|=|CA|= 3R . The model in this case is introduced by the following set of
equations:

⎧( x B − x A ) 2 + ( y B − y A ) 2 + ( z B − z A ) 2 = 3R 2
⎪
2
2
2
2
⎨( xC − x B ) + ( y C − y B ) + ( z C − z B ) = 3R
⎪
2
2
2
2
⎩( x A − xC ) + ( y A − y C ) + ( z A − z C ) = 3R

(16)

Figure 47 illustrates the determination of the A point coordinates. The same is
determination of the coordinates of B and C points.
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x
z
b
l1cos(α)

a

α

l2
γ

l1cos(α)cos(300)
l1sin(α)

β

r

l1

y

l1cos(α)sin(300) c

B

l3

A

C

Figure 47. The determination of the A point coordinates.

Coordinates of the A, B and C points are defined as follows:
x A = −l1 sin(α )
y A = −r

zA = −

3
3
+
l1 cos(α ) ,
2
2

r 1
+ l1 cos(α ) ,
2 2

xB = −l2 sin( β ) ,

y B = 0,
zB = r − l2 cos(β ) ,

(17)

xC = −l3 sin(γ ) ,

yC = r

3
3
−
l3 cos(γ ) ,
2
2

zC = −

r 1
+ l 3 cos(γ ) ;
2 2
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Substituting (17) into (16) we can determine the mathematical model as a system of
three equation nonlinear relative to the α,β,γ variables and have the parameters l1,l2,l3
⎧ f1 (α , β , γ ) = 0
⎪
⎨ f 2 (α , β , γ ) = 0
⎪ f (α , β , γ ) = 0,
⎩ 3

(18)

where
f 1 = (l 2 sin( β ) − l1 sin(α ) )

2

2

2

⎛r 3
⎞ ⎛ 3r
l
3
⎞
+ ⎜⎜
−
l1 cos(α ) ⎟⎟ + ⎜ − l 2 cos( β ) − 1 cos(α ) ⎟ − 3R 2 ;
2
2
2
2
⎠
⎝
⎠ ⎝

f 2 = (− l 3 sin(γ ) + l 2 sin( β ) )

2

2

2

⎞ ⎛ 3r l
⎛r 3
3
⎞
l 3 cos(γ ) ⎟⎟ + ⎜ − + 3 cos(γ ) + l 2 cos(β ) ⎟ − 3R 2 ;
+ ⎜⎜
−
2
⎠
⎠ ⎝ 2 2
⎝ 2

2

2
⎛
⎞ ⎛ l cos(α ) l3
3
3
⎞
f 3 = (− l1 sin(α ) + l3 sin(γ ) ) + ⎜⎜ − r 3 +
l1 cos(α ) +
l3 cos(γ ) ⎟⎟ + ⎜ 1
− cos(γ ) ⎟ − 3R 2 ;
2
2
2
2
⎠
⎝
⎠ ⎝
2

and
α ∈ [0,2π [ , β ∈ [0,2π [ , γ ∈ [0,2π [ .

I solved numerically this system using the numerical procedure which is mentioned in
the literature as Newton- Kantorovich method. This method is described in appendix
C.

Implementation of the Newton-Kantorovich Method

As it is clear from the essentials of this method it is necessary to determine the partial
derivatives of component functions of the system (18) to define the set of equations of
numerical method iteration (60) (appendix C):
∂f1
∂α
∂f 2
A=
∂α
∂f 3
∂α

∂f1
∂β
∂f 2
∂β
∂f 3
∂β

∂f1
∂γ
∂f 2
∂γ
∂f 3
∂γ
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the expressions for partial derivatives will be as follows:

∂f1
3
= −2(l 2 sin( β ) − l1 sin(α ) )l1 cos(α ) + (r − l1 cos(α ) )l1 sin(α ) +
∂α
2
l
⎛ 3r
⎞
⎜ − l 2 cos( β ) − 1 cos(α ) ⎟l1 sin(α );
2
⎝ 2
⎠
∂f 1
l
⎛ 3r
⎞
= 2(l 2 sin( β ) − l1 sin(α ) )l 2 cos( β ) + 2⎜ − l 2 cos( β ) − 1 cos(α ) ⎟l 2 sin( β );
2
∂β
⎝ 2
⎠
∂f 1
= 0;
∂γ

∂f 2
= 0;
∂α

l
∂f 2
⎛ 3r
⎞
= 2 (− l 3 sin( γ ) + l 2 sin( β ) )l 2 cos( β ) + 2 ⎜
− l 2 cos( β ) − 3 cos( γ ) ⎟ l 2 sin( β );
∂β
2
⎝ 2
⎠

∂f 2
3
= 2(l 3 sin(γ ) − l 2 sin( β ) )l 3 cos(γ ) + (r − l 3 cos(γ ) )l 3 sin(γ )
∂γ
2
⎛ 3r l
⎞
+ ⎜ − 3 cos(γ ) − l 2 cos( β ) ⎟l 3 sin(γ );
⎝ 2 2
⎠

∂f 3
3
= 2(l1 sin(α ) − l 3 sin(γ ) )l1 cos(α ) − (l1 cos(α ) + l 3 cos(γ ) − 2r )l1 sin(α )
2
∂α
1
− (l1 cos(α ) − l 3 cos(γ ) )l1 sin(α );
2
∂f 3
= 0;
∂β

∂f 3
3
= 2(− l1 sin(α ) + l3 sin(γ ) )l3 cos(γ ) − (l1 cos(α ) + l3 cos(γ ) − 2r )l3 sin(γ )
∂γ
2
1
+ (l1 cos(α ) − l3 cos(γ ) )l3 sin(γ );
2

On each iteration it is necessary to solve the system of linear equations which we can
(0)
(0)
write in the form A(x )z=-f(x ).
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I solved this system using Cramer determinant method. Let us determine the structure
of corresponding matrixes and their determinants
The structure of matrix A will be following:
a11

a12

0

A= 0
a31

a 22
0

a 23 ,
a 33

Det ( A) = a11 a 22 a33 + a31 a12 a 23 ;

− f1 ( x ( k ) )

a12

Aα = − f 2 ( x ( k ) )

a 22

− f3 ( x

(k )

)

0

0
a 23 ,
a 33

Det ( Aα ) = − f1 ( x ( k ) )a 22 a33 + f 2 ( x ( k ) )a12 a33 − f 3 ( x ( k ) )a12 a 23 ;

a11
Aβ = 0
a31

− f1 ( x ( k ) )

0

− f 2 ( x ) a 23 ,
− f 3 ( x ( k ) ) a33
(k )

Det ( Aβ ) = −a11 f 2 ( x ( k ) )a 33 + a11 a 23 f 3 ( x ( k ) ) − a31 f 1 ( x ( k ) )a 23 ;

a11

a12

− f1 ( x ( k ) )

Aγ = 0
a31

a 22
0

− f 2 ( x (k ) ) ,
− f 3 ( x (k ) )

Det ( Aγ ) = −a11 a 22 f 3 ( x ( k ) ) − a31 a12 f 2 ( x ( k ) ) + a31 a 22 f 1 ( x ( k ) ) ;

a11 =

∂f
∂f
∂f1
, a12 = 1 , a13 = 1 ;
∂α
∂β
∂γ

a 21 =

∂f
∂f
∂f 2
, a 22 = 2 , a 23 = 2 ;
∂α
∂β
∂γ

a31 =

∂f 3
∂f
∂f
, a32 = 3 , a33 = 3 ;
∂α
∂β
∂γ

And finally the solution for iteration k+1 can be written as:
α k +1 = Det ( Aα ) / Det ( A) + α k ;
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β k +1 = Det ( Aβ ) / Det( A) + β k ;

γ k +1 = Det( Aγ ) / Det( A) + γ k ;

Z
x
a
α
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r
r

e
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b
β

y

z
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l3
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R

O

R

R

B
X

C
Figure 48. The S-P-R structure manipulator.

If the initial estimation was chosen properly (close enough to the real solution of the
system) this method gives the results after a finite number of iterations. It is the
numerical values of the solution vectors for the system (18). Then, it is necessary to
make a back transformation. We will determine the corresponding end-effector
position for the S-P-R manipulator.
Let us consider Figure 48. The position of the point e can be defined as the product of
intersection of three spheres with the radii |Ae|, |Be|, |Ce| and centers in the points A,
B and C, respectively.
The radii of spheres are determined from the triangles Aea, Beb and Cec using the
cosine theorem:
2

Ae = l112 = l12 + r 2 − 2l1r cos(α ) ;
2

Be = l 222 = l 22 + r 2 − 2l 2 r cos( β ) ;

(19)

2

Ce = l332 = l32 + r 2 − 2l3 r cos(γ ) .
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The intersection of three spheres is presented by the following system:
⎧( X − X A )2 + (Y − Y A )2 + (Z − Z A )2 = l112 ,
⎪⎪
2
2
2
2
⎨( X − X B ) + (Y − YB ) + (Z − Z B ) = l 22 ,
⎪
2
2
2
2
⎩⎪( X − X C ) + (Y − YC ) + (Z − Z C ) = l 33 ,

And taking into account (1) we can rewrite the system as follows:
2
2
⎧⎛
R
3 ⎞ ⎛
⎟ + ⎜ Y + ⎞⎟ + Z 2 = l112 ,
⎪⎜ X +
R
2 ⎟⎠ ⎝
2⎠
⎪⎜⎝
⎪⎪ 2
2
2
2
⎨ X + (Y − R ) + Z = l 22 ,
⎪
2
2
R
3 ⎞ ⎛
⎪⎛⎜
⎟ + ⎜ Y + ⎞⎟ + Z 2 = l 332 ,
X
R
−
⎪⎜
2 ⎟⎠ ⎝
2⎠
⎪⎩⎝

(20)

The following expressions present the solution of (20) with the additional condition
Z ≥ 0 for the real manipulator:
⎧⎪
3 (l112 + l332 − 2l 222 )
3 2
⎪
2 ⎫
(l11 − l332 ); Y =
; Z = l 222 − X 2 − (Y − R ) ⎬
⎨X =
6R
6R
⎪⎩
⎪⎭

(21)

4.4. Determination of Working Space
The determination of working space (WS) of manipulator is one of the most important
tasks during the manipulator design, also as for implementation of the existing
manipulator in given operations or processes.
I suggest estimating the WS of S-P-R manipulator in the following manner:
for the each element of big enough set of discrete manipulator configurations
(l1,l2,l3)1,…, (l1,l2,l3)n we should determine the corresponding robot end-effector
positions (X,Y,Z)1…(X,Y,Z)m. As it was described above we can numerically solve this
problem for each triad (l1,l2,l3)i. The following pseudo code presents the algorithm of
working space determination:

70

procedure main_loop
for l1=l1min to l1max by step Δl1
for l2=l2min to l2max by step Δl2
for l3=l3min to l3max by step Δl3
{
numerically_solve_forward_kinematics(l1,l2,l3);
}
As it is clear from the manipulator construction we can assume the l1min=l2min=l3min,
l1max =l2max= l3max and Δl1=Δl2=Δl3.
The internal function in the cycle should solve the forward kinematics task. Let us
decide that Newton-Kantotorovich (N-K) method gives a local solution. That is, for
given pose of manipulator (l1,l2,l3)j and given initial estimation of α0,β0,γ0
implementing the algorithm which iteratively perform calculations described by
equations (18)- (21), we determine the solution which is close to the chosen
estimation, or in unfortunate cases the algorithm fails (the initial estimation is not
appropriate). The solution of forward kinematics for (l1,l2,l3)j gives the set of
solutions. According to the data published in [50] this set contains up to 8 elements.
So we have to implement the local algorithm N-K for the set of initial estimations
(α0,β0,γ0)1…(α0,β0,γ0)k and have to save the come off solutions erasing duplicates. I
will explain later on what is the set of estimations.
The structure of algorithm realizing the forward kinematics solution will be as
follows:
procedure numerically_solve_forward_kinematics(l1,l2,l3)
{
for α0=0

to 2π

by step Δα0

for β0=0

to 2π

by step Δβ0

for γ0=0

to 2π

by step Δγ0

{
locally_solve_forward_kinematics(l1,l2,l3, α0,β0,γ0);
}
}
I have realized this algorithm. And for the parameters R=0.75, r=0.25, lmin=0,
lmax=1.0 after a set of experiments the essential heuristics has been found: the whole
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set of (X,Y,Z)1…(X,Y,Z)m has not been changed if the step Δα=Δβ=Δγ≤(2π/5). Or in
other words, the total number of steps in the internal cycles in
numerically_solve_forward_kinematics procedure can be limited by the small number
5. Even more, for the case of 4 steps per cycle the 99.997% of elements
(X,Y,Z)1…(X,Y,Z)m was determined comparing with the case of 16 steps per cycle.
Then I found that this observation is applicable for arbitrary R/r ratio and arbitrary
range of links’ extensibility.
This allows high decreasing of the time of calculations with using a minimum density
of search trial points.
Also it is possible to effectively use the symmetry property of our manipulator. For
example if we solve numerically the forward kinematics task for robot configuration
(l1,l2,l3)k and found corresponding set of end-effector positions {(X,Y,Z)1,…,(X,Y,Z)p},
for the configurations which have the difference only in the order of corresponding
leg lengths but the values are keeping the same ((l1,l3,l2), (l2,l1,l3), (l2,l3,l1), (l3,l1,l2),
(l3,l2,l1) ) we do not need to solve the forward kinematics problem. I solved this using
the transformations in Cartesian space.
If we took some configuration (l1,l2,l3), solved the forward kinematics task in this
point and consequently we have the set of solutions SS={(X,Y,Z)1,…,(X,Y,Z)p}. The
solutions SS’={(X,Y,Z)’1,…,(X,Y,Z)’p} for the case (l2,l3,l1) is determined applying the
rotation around Z axis in the base coordinate frame by the angle 120º for each element
of SS. The solutions SS*={(X,Y,Z)*1,…,(X,Y,Z)*p} for configuration (l3,l2,l1) can be
determined by mirror imaging relative to the ZY plane. I proved rigorously the
correctness of these transformations (see appendix D for details). The remaining
permutations (l1,l3,l2), (l2,l1,l3), (l3,l1,l2) can be also calculated with this because each
of them can be achieved as the sequence of rotations and mirror imaging which was
described above.
The schema in appendix E presents the starting configuration (l1,l2,l3) and whole set of
configurations which can be easily determined applying the transformations in
Cartesian space. In Figure 60 of appendix E by the Roman numbers (I-VI) the
configurations ((l1,l2,l3), (l2,l3,l1), (l3,l1,l2), (l3,l2,l1), (l1,l3,l2), (l2,l1,l3)) are indicated and
the corresponding links between the configurations are denoted by the graphical signs
(using sequence of rotational and mirror transformations we are able to find one
configuration from another). For example: we can reach the configuration II from I,
using the rotation around Z axis by 1200 counter-clockwise, V is obtained from I
applying the mirror imaging relative to the vertical plane spanned by lines AO and OZ
(or I->II and then with the mirror transformation reaches V), and so on.
The symmetry property allows making a sufficient improvement of the proposed
algorithm. For the Δl1=Δl2=Δl3=Δl and if the l1max=l2max=l3max=lmax the structure of
main_loop procedure will be the following:
procedure main_loop
for l1=lmin to l1max by step Δl
for l2=lmin to l1 by step Δl
for l3=lmin to l2 by step Δl
{
SS=numerically_solve_forward_kinematics(l1,l2,l3);
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transformations(SS);
}
Let us consider the case that in each cycle the main_loop procedure makes the N steps
and consequently in the variant when we evaluate all steps in three cycles the total
number of numerically_solve_forward_kinematics runs will be N3. The number in the
modified algorithm is determined by the following formula:
N

i

j

N total _ new = ∑∑∑1 =
i =1 j =1 k =1

(

)

1
(N + 1)3 − N − 1 ,
6

So if N is large, the six times less computations for forward kinematics will be
performed and due to the fact that the transformations in Cartesian space are simple
and have small computational cost, the whole time of computations is reduced six
times.
Also I found the heuristic how to choose the proper initial estimations. Let us see the
equations (19)- (21), I detected that only the (α0,β0,γ0)i which gave the real number
solution (21) should be chosen. The radicand in the expression for Z has to be nonnegative.
In the appendix F the necessary condition of arbitrary configuration (l1,l2,l3) feasibility
is shown. It gives the possibility of filtering most of configurations which can not be
realized.
Finally, all described improvements make the developed algorithm much more
effective. Whole complex of suggested modifications provides enlargement of working
efficiency more than ten times.
The working space for both cases (S-P-R and R-P-S) is presented in Figure 49. There
are manipulators with parameters R=0.75 (base platform), r=0.25 (moving platform),
lmin=0, and lmax=1.0. Cylinder with the r=0.25 is the estimation of the working space
for R-P-S manipulator (limitations of the leg lengths were not considered). The real
WS also should be edged to the apex as the working space for S-P-R.
The supposition that S-P-R structure has a bigger working space volume has been
confirmed.
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Figure 49. The working space of S-P-R and R-P-S manipulators.
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4.5.

Parallel Manipulator of S-P-R Joint Structure with
Column

There is a trivial modification of the results described in the paragraphs 4.2 and 4.3
dedicated to the kinematical tasks of 3-DOF parallel manipulator of S-P-R joint
structure. If we will consider the following change: the new manipulator has the
center of an end-effector in the point placed on the normal of the moving platform and
crossing it in the center, as it is shown on the Figure 50.

e*

a

b
e
c
B

A
C
Figure 50. Manipulator with the normal column.

Inverse Kinematics

We can find the inverse kinematics solution using the results of paragraph 4.2. As it is
shown in Figure 51 the desired solution can be reached if we will review the imagine
manipulator with the moving platform abc which traced in dashed lines and it’s
platform center has the desired position in coordinates of base platform. We can find
the solution of inverse kinematics using the results of 4.2. Then for each solution of
inverse kinematics we can find the corresponding positions of manipulator with
normal column. To do this, we need only translate the moving platform in the
direction of normal by the desired distance ee * (length of column). So there exists
two configurations because we can translate the moving platform both in positive and
negative directions. This is illustrated in Figure 51. The formalism of this
transformation is trivial: we need only determine the equation of plane (moving
platform) by three known points which lie on the plane, then we determine the unit

75

vector of the normal u* and the vectors which transform the points abc into a’b’c’ can
be defined as hu* (where h = ee * ).

a
a

b

e
a’

c

’

b

a

’

b*

*

e*
b

c*
e
c

e

c’
A

B

B
A

C

C

Figure 51. Two configurations of manipulator with the normal column.

Forward Kinematics

For the determination of the modified forward kinematics we need only to define the
distances between ABC points and e*( e’ reviewing the opposite direction of normal).
There is a case of first leg shown in the Figure 52.
*

We have to determine l1 and l1’
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e*
h
l1*

μ

a
α

l1

e
μ

h
e’

A

l1’

Figure 52. Determination of ||Ae*|| and ||Ae’||.
*

This values can be determined implementing the Cosine theorem to triangles Aae
and Aae’ , respectively:

l1* = l12 + h 2 − 2l1 h cos(α + μ ) ;
l1 ' = l12 + h 2 − 2l1 h cos(α − μ ) ;
and for legs 2 and 3:
l 2* = l 22 + h 2 − 2l 2 h cos( β + μ ) ;
l 2 ' = l 22 + h 2 − 2l 2 h cos( β − μ ) ;
l3* = l32 + h 2 − 2l3 h cos(γ + μ ) ;
l3 ' = l32 + h 2 − 2l 3 h cos(γ − μ ) ;

Then we can find the desired solution substituting (l1*l 2*l3* ) or (l1 ' l 2 ' l 3 ' ) in expressions
(21) instead of (l11l 22 l 33 ) .
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4.6.

Conclusion

The special aspects of 3-DOF parallel manipulator with S-P-R joint structure were
investigated. I solved the inverse kinematics for this manipulator and so far as I know,
it was not published before.
The interesting results of use of the local method of Newton for the global problem
were shown. It does not mean that this style is appropriate in general case, but for the
problem of forward kinematics and consequently for working space determination of
described manipulator it is good enough. The seeking of set of solutions for system of
nonlinear equations (the system of geometrical constraints for forward kinematics in
my case) can be reviewed as global optimization problem. In the mathematical
literature the methods of Lipschitz optimization ([14],[27],[28],[29],[35],[48]) are
mentioned as appropriate numerical procedure allowing solution such kind of
problems. Generally these methods are oriented on higher dimensions, they have slow
convergence in close vicinity of the solution, and consequently to implement them for
the forward kinematics solution it was necessary to include the local method in the
algorithm (the algorithm should be hybrid “global-local” to find the solutions with
appropriate accuracy). There are also difficulties in determination of numerical
parameters in Lipschiz optimization algorithms; also, these algorithms have more
complicated program realization comparing with the suggested here.
The simultaneous development of the algorithms for forward kinematics task solution
and for working space determination has allowed making the improvements and
modifications of both algorithms (it was possible to observe the effects of the
suggested modification for FK solution analyzing the resulting working space of
manipulator).
The suggested method of working space determination gives also the possibilities to
include the limitations of passive joints. As it is clear from the essence of method, we
are able to choose the required range of the initial estimations for the FK solution to
add the limitations of revolute joints. The use of the program filter checking the
solutions of FK allows including the spherical joint constraints.
The material of the paragraphs dedicated to the implementation of a NewtonKantorovich numerical method shows that the special organization of calculations
which takes into account the features of given task highly increases efficiency of
computations.
The methods described in this chapter give good practical results and can be used for
the development of the manipulators of this type. The advantages of the 3-DOF
manipulator with S-P-R joint structure were illustrated and explained. Only the simple
modifications of the presented method are implemented for the case of S-P-R
manipulator which has the end-effector on the moving platform normal .
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5. AUTOMATIC TRJECTORY PLANNING FOR
ROBOTS
5.1.

Robot Motion Planning

Motion planning for robots is the most important task for applications. The mutual
solution of following three task forms the motion planning problem realization:
•

Path Planning

•

Trajectory Planning

•

Trajectory Tracking.

There is an effective parametric method for path planning suggested in [33].
The path planning is solved as CPC (Continuous Path Control) problem of robot
applications. The engineering design results some

x = h (λ )

(22)

desired path, where x = ( x1 , x2 , ... xn )T is the Cartesian coordinates vector, λ is
the design parameter (usually the length of the path). For the realisation of the path
the inverse geometry problem should be solved, which results

q = f (λ )
or

qi = f i (λ )

(23)

i = 1,2...m,
where

f (λ ) = h −1 (λ ) ,

q = (q1 , q 2 , ... q m ) T is the joint coordinates vector, m is the degree freedom
of the robot.
On Figure 53 the CPC motion is demonstrated. The task of the trajectory planning is
to determine the desired velocity for every point of the path.
This problem will be discussed in details below.
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If one has

dλ
= vd = vd (λ )
dt
(d- index means “desired”)

(24)

then

λ

1
dλ
v
0 d

t=∫

(25)

according to equation (23) using (25) the

qid = k i (t ) = qid (t )

i = 1,2,...m

(26)

input functions of the drives can be determined. For details see [33], [34] and [39].
Not going into details here, we just give the differential equation of the motion of the
robot (see: the above literature).

Figure 53. Parametric method of robot motion planning.
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d 2λ
dλ
Let a = 2 , v =
, then
dt
dt
•

d j a + g j v 2 + h j (λ , λ ) = Q j + QEj

(27)

i = 1,2,...m
where d j , g j are the function of λ and are determined by the inertia matrix, Jacobian
matrix of the robot and tangent vector to the part. The function h j characterises the
centrifugal and Coriolis forces. Q j is the driving torque (force) and QEj external torque
(force) acting at the j-th joint.
The parametric method is very much suitable to solve trajectory planning problems as
it will be outlined in the next paragraphs.

5.2. Trajectory Planning Methods
Recently, at most of the robot applications tasks, constant velocity is used. Usually,
the choice of the values is based on heuristics. In the following it will be shown that
the trajectory planning problem can be solved in optimal or quasy-optimal way using
different optimization aspects. It leads to the velocity profiles changing by the
parameter (λ- length of the path). Then, a return to the optimal trapezoidal velocity
profile is possible (when the changing velocity profile may not be realized).
5.2.1. Time-Optimal Cruising Trajectory Planning

As it was mentioned when using the parametric method for solving a CPC task, the
solution of the inverse geometry problem is obtained in the form

qid = f i (λ )
i = 1,2,...m .

(28)

From (28)

•

qi =

∂f i dλ ∂f i
=
v , i = 1,2,...m .
∂λ dt ∂λ

(29)
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Let us introduce the term of the so-called time-optimal cruising motion. This is the
motion, when some of the joint reaches the maximum of velocity of its motion. Let q& i
has its limit value q& i max . In this case
•

v i max

q
= i max , i = 1,2,...m .
df i
dλ

(30)

The optimum velocity along the path may only be the minimum of v i max values.
That is

{

}

v opt = min v i max ,

(31)

i = 1,2,...m .
For finite differences Δλ
•

v i max

q i max
=
f i (λ + Δλ ) − f i (λ )
dλ

(32)

When a robot moves from a starting point it accelerates. The motion is determined by
the non-linear differential equation of the motion (see equation (27)). In modern robot
control the accelerations are very high. The motion reaches the cruising regime very
quickly (below a tenth of a second, or several tenths of a second). The transient part
terminates, when one of the joints get to its maximum velocity, that is the cruising
part is reached.
It is rather complicated to determine the time-optimal transient motions. At the timeoptimal transient motion, usually, the acceleration along the path should have
maximum value. This maximum value is determined by the maximum torque (force)
of one of the joints (see: [38]). This can be proved using the (27), too.
The stopping part of the motion (deceleration) may be investigated similarly as the
starting part.
In many application tasks the working actions are performed on the cruising part of
the motion. Furthermore, because the length of the cruising, usually, is much longer
then that of for the transient process, frequently, the desired motion can be determined
based on cruising. Then, the not optimal transient part may be added using very
simple algorithms.
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The time-optimal cruising trajectory determination does not use differential equations,
so it is extremely simple.
Of course, the control problems should be solved using the dynamic model of the
robot motions.
5.2.2. Robotized Manufacturing Processes Optimization

In many cases, when manufacturing operation is performed by robots (deburring,
milling, grinding, etc.) the velocities along the path are determined taking into
account technological aspects. In this case

v opt = min{ v i max , v pr }
where v pr - is the cutting data provided by the technological processes (or person
with proper knowledge).
There are general methods for the determination of optimal v

pr

values. This is based

on the mathematical model consisting from the system of constraints, performance
index (minimum cost) and tool life equation. For details see: [39],[17],[41].

5.2.3. Constant Kinetic Energy or Force Effective Motion

Let us now formulate the following problem.
Try to find the conditions at which the motion along the path goes on in a way that the
kinetic energy of the overall robot mechanism stays constant, at least between two
given points of the path.
It can be proved that the trajectory satisfying the above condition gives the maximum
of external force which can be obtained at the given positions and velocities from the
drives.
For the solution of the above formulated problem the parametric model of robot
dynamics in Riemann space can be used.
In paper [30] a parametric model in Riemann space for robot motion dynamics is
given. The time derivative of the parameter is

S& = 2T

(33)

where T is the overall kinetic energy of the robot.
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At constant kinetic energy

S& = S&0 = const

(34)

Let us given the path of motion between two points in parametric form by x = x ( λ ) ,
where the λ parameter is the length of the path. Let us consider an n=3 case.
According to [30]

λ&
S& =
R

(35)

where, similarly as earlier

dλ
λ& =
is the velocity along the path,
dt
R is the so called metric coefficient:

R=

1

(36)

τT H τ

Where
H = ( J −1 ) T I ( J − 1 )

(37)

τ is the tangent vector to the path:

⎛ ∂x 1 ∂x 2 ∂x 3 ⎞
τ=⎜
,
,
⎟
⎝ ∂λ ∂λ ∂λ ⎠

T

(38)

J −1 is the inverse Jacobian matrix of the robot,
I is the inertia matrix of the robot ( there is a detailed data for determination in [3]).
τ , J , I are the functions of λ .

So R = R( λ ) has some given positive value in every point of the path.
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Now, let us act as follows: determine for the first point of the path considered
(A) the optimal cruising velocity. Let it be λ& A
Then,

S& =

λ& A
RA

(39)

In the other points of the paths, let

S& = S& A =

λ&
R( λ )

(40)

that is

λ& = S& A R( λ )

(41)

If λ& is less or equal than the time-optimal cruising velocity it will realize a motion
with constant kinetic energy.
It is easy to recognize that, if

λ&
R

= const < S& A

(42)

this motion is realized in lower velocity level.
If the S& value is determined for the whole path and having

λ&
S& = Min
= S& E
R (λ )

than determining
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λ& = S& E R (λ )
the constant kinetic energy motion can be realized for the whole path.
Having the run in (transient) part of the motion, as it is shown in Figure 54 the
intersection with the S& = S& E = CSE = const curve determines the two parts of the
motion. The stopping part, if necessary, may easily be determined.
As it was mentioned, the given control law gives an opportunity to construct force
effective applications. A detailed study of this problem is given in [40], [53],[55], and
[56].

v

Optimal cruising
Force effective motion
Manufacturing process optimization

Transient part
(run on)

Cruising part

Transient part
(run off)

λ

Figure 54. Optimal cruising, force-effective and manufacturing process optimal
motions.

The above outlined approaches give different λ& = f ( λ ) distributions of the
velocity along the path. The time-optimal and force-effective trajectories are
demonstrated in Figure 54. The technological process optimization may give lower
velocity limits.
For two of the above laws is characteristic that the velocity along the path should
continuously change. It is not easy to realize this using the usual robot control
devices. The advantage of the robot control system developed by us is that, among
other features, it makes possible to realize any of above control laws.
Among other features the control system developed by us can easily realize any of the
control laws mentioned above.
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5.2.4. Optimal Trapezoidal Velocity Profile Trajectory Planning.
The Maximum Trapezoid Problem

Let us formulate the so-called maximum trapezoid problem. Let us suppose that the
time-optimal motion has been determined (see Figure 54). Let us use indication
λ& (λ ) START for the starting transient part of the motion and λ& (λ ) STOP for the
stopping part. Let use λ& (λ ) CR for cruising part. (It may be happened for some
robots and some path, that, if time optimal transient motion is realized from the start
of the motion, then beginning from some point on the path the motion may not be
realized any more (see:[33]). We use for these cases the name: special trajectories. It
not very frequently happens in practice. So, in the following we will deal only with
non-special trajectories.)
As it was mentioned, the determination of the transient part for time optimal motion is
not so simple as that of for cruising. It may be based on the differential equation (27).
For non-special trajectories, for time optimal motion, one of the torques (forces) of
the drives will be at maximum (minimum) value. For details see: [33],[38],[39]. Let
us suppose that the trajectory we are considering is non-special (that is both the
obtained transient and cruising part can be realized).
Now, let us try to find a motion which has a constant acceleration a s at starting point,
a constant deceleration at end point and constant λ& = v between this two motion in
e

cr

such a way that these three quantities would be at the possible maximum value. The
obtained trapezoidal velocity profile will result minimum possible time for the motion
law restricted to the given class.
The problem is illustrated on Figure 55.

dλ&
should be chosen in such a way that the trajectory λ& (a S ) , which is a
dt
parabola according to λ& = a S λ , would touch the part of trajectory λ& (λ ) START
aS =

„below” the cruising velocity.
For this, there are three possible cases:
a) λ& (as ) touches λ& (λ ) START at λ = 0 point
b) λ& (as ) goes through the point where λ& (λ ) START and λ& (λ ) CR crosses, and
c) λ& (as ) touches λ& (λ ) START between the above two cases.
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λ&

λ& (λ )CR

λ& (λ ) STOP

λ& (λ ) START

λ& (a S )

λ& (a E )

vcr

λS

λE

λmax

λ

Figure 55. The maximum trapezoid problem.

Then, the minimum of λ& on cruising part of the motion between λ S and λ E (see:
Figure 55) is determined (of course λ S and λ E are not known before and should be
determined by special procedure.). This will give the v cr value. The point of the
trajectories given by λ& = a λ and λ& = a (λ − λ ) should be checked for the
S

E

max

possibility of realization.
In the case when the outlined quasi-optimal trapezoidal trajectory planning method is
suitable (and it seems extremely wide) it is not necessary to perform any trajectory
planning effort. The outlined algorithms can be realized off-line or on-line. Can be
built into the robot control unit. Can be applied during the test runs on the given paths
or during regular working actions.
The experimental robot control system described in the next paragraph is especially
suitable for the realization of the proposed method.
The suggested approach makes possible to determine the time-optimal phase plane
trajectories

λ& = λ& (λ )

(43)

In the process of determination for the non-cruising part of the motion the

λ&& = λ&&(λ )

(44)
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function is obtained due to the methods itself.
On the cruising part of the motion λ&&(λ ) may be determined using
dλ& ∂λ& dλ ∂λ& &
λ.
λ&& =
=
=
dt ∂λ dt ∂λ
Because
λ

dλ
v (λ )
0

t=∫

(45)

knowing λ& (λ )

λ& = λ& (t )

(46)

and consequently

λ&& = λ&&(t )

(47)

may easily be determined.

5.3.

AUTRAP System (Automatic Trajectory Planning)

An experimental system with open architecture was developed at the Department of
Manufacture Engineering of the Technical University of Budapest. We used an
industrial control servo card (Advantech PCL-832) and servo amplifier (model 12A8
by Advanced Motion Control) the software was written in LabVIEW. Also a
multifunction card was applied for realizing on-line measurement of DC drive
currents, velocities, etc. More details can be found in: [42], [36], [49], [57], and [58].
The experiments made by this system fully proved the usefulness and feasibility of
the outlined ideas.
The developed LabVIEW based robot control system make possible to realize
automatic robot trajectory planning. Recently, we develop such a system named
AUTRAP.
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The AUTRAP system realizes all of the 4 methods (see Figure 56) for trajectory
planning as described in the present paper. The different methods are activated as the
user gives one of the commands: TIME-OPT, PROCESS-OPT, FORCE-EF, OPTTRAP.

Figure 56. Block diagram of the ATOTRAP system.

Override facility is provided for all of the 4 methods.
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5.4.

Conclusion

The suggested approach of robot motion planning is the attempt to make automatic
procedure of robot trajectory planning. There is usual situation in practice when the
velocity profile of robot motion is determined by constant speed value for each
segment of trajectory. Even more, the absolute value of maximum velocity along the
path is not known for users, it is only possible to scale the motion empirically to reach
the desired timing and more or less appropriate speed profiling. To reach the
temporary velocity profile it is necessary to divide the geometrical path on a big
number of elementary segments and sequentially change the velocity value for each
small element, this is essentially ineffective.
Contrary the existing point of view, this approach gives possibility to realize
trajectory planning in automatic manner. What is only necessary for developed
geometrical path is just choose the sort of optimization most appropriate for the given
application and if it is necessary, scale the velocity profile. For this purposes it is
necessary to specify the desired coefficient ( 0 < k ≤ 1 ) which proportionally decreases
the velocity or in other words proportionally increases the total time of motion.
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Afterword
The control system for new 3-DOF parallel manipulator TRIPOD has been
developed
I solved completely the inverse kinematics for TRIPOD as a general task. So it is
possible to control the motion of the specified point of the platform (e.g. a tool is
fixed on the robot moving platform) in the specified position of the base coordinate
system and also we can move the points of the base frame by the trajectory which is
determined in the space of platform coordinates (e.g. a workpiece is fixed to the robot
moving platform).
The kinematical analysis of the 3-DOF parallel manipulator TRIPOD is presented in
my work and I applied these results in the computer control system for this robot. This
system provides advanced possibilities for trajectory planning and has an userfriendly interface.
The kinematics of 3-DOF parallel manipulator with S-P-R joint structure has
been analyzed.
I solved the inverse and forward kinematics for S-P-R manipulator. I modified this
structure by adding a “normal column” and solved the inverse and forward kinematics
for the modified structure too.
An original method for Working Space (WS) determination for parallel robots
has been developed.
I determined the WS for the S-P-R manipulator based on the forward kinematics and
taking into account symmetry. This approach can be implemented for numerous of
parallel manipulators, and it differs significantly from existing methods.
Automatic Trajectory Planning System (AUTRAP) has been developed. This is
one of the software modules for the OSA control device for PUMA-560 robot.
AUTRAP allows performing the change-over from the given path geometry to the
designed motion plan only passing the required text command to specify the sort of
optimization procedure appropriate to the process or operation to be performed by the
robot.
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APPENDIX

A.

Constraints for R-P-S structure
p1

r

r

p2

A

Figure 57. Constraints imposed by first R-P-S chain
(top view).

B.

Inverse kinematics of S-P-R joint structure
manipulator

Equations (48)- (56) present the expressions for determination of coordinates of a, b
and c points of moving platform (it is the result of combining equations (8)- (10)).
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0
X a = X + [cos ϕ cos θ

cos ϕ sin θ sin ψ − sin ϕ cos ψ

cos ϕ sin θ cos ψ + sin ϕ sin ψ ] −

3r
2
r
−
2

(48)

X b = X + [cos ϕ cosθ

cos ϕ sin θ sin ψ − sin ϕ cosψ

0
cos ϕ sin θ cosψ + sin ϕ sin ψ ] 0
r

(49)
X c = X + [cos ϕ cos θ

cos ϕ sin θ sin ψ − sin ϕ cosψ

0
3r
cos ϕ sin θ cosψ + sin ϕ sin ψ ]
2
r
−
2

(50)

Ya = Y + [sin ϕ cosθ

Yb = Y + [sin ϕ cosθ

sin ϕ sin θ sinψ + cos ϕ cosψ

sin ϕ sin θ sin ψ + cos ϕ cosψ

0
3r
sin ϕ sin θ cosψ − cos ϕ sinψ ] −
2
r
−
2

(51)

0
sin ϕ sin θ cosψ − cos ϕ sin ψ ] 0
r

(52)
Yc = Y + [sin ϕ cosθ

sin ϕ sin θ sin ψ + cos ϕ cosψ

0
3r
sin ϕ sin θ cosψ − cos ϕ sin ψ ]
2
r
−
2

(53)
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Z a = Z + [− sin θ

Z b = Z + [− sin θ

cos θ sin ψ

cosθ sinψ

0
3r
cos θ cosψ ] −
2
r
−
2

0
cosθ cosψ ] 0
r

(54)

(55)

Z c = Z + [− sin θ

cos θ sin ψ

0
3r
cos θ cos ψ ]
2
r
−
2

(56)

The following two expressions present the solution of (13) using (14) (these symbolic
expressions are produced by Maple program)
Theta = arctan(-(-2*X-3*R*tan(Psi)+2*Y*tan(Psi)2*X*tan(Psi)^2+2*Y*tan(Psi)^3+R*tan(Psi)^3)/(R*tan(Psi)*(3+tan(Psi)^2)),2*RootOf(X^2+2*X^2*tan(Psi)^2+2*Y^2*tan(Psi)^4+Y^2*tan(Psi)^2+Y^2*ta
n(Psi)^6+X^2*tan(Psi)^4-2*R*tan(Psi)^4*Y-3*R*tan(Psi)^2*Y+Y*tan(Psi)^6*RX*tan(Psi)^5*R-2*X*tan(Psi)^5*Y+3*X*R*tan(Psi)+2*X*R*tan(Psi)^3-4*X*Y*tan(Psi)^32*X*Y*tan(Psi)+_Z^2)/((-3+tan(Psi)^2)*tan(Psi)*R)),

(57)
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Z = 1/2*(X*tan(Psi)^2*R+2*X*tan(Psi)^2*Y-2*R*Y*tan(Psi)2*X^2*tan(Psi)+2*Y^2*tan(Psi)-X*R2*X*Y)*sqrt((tan(Psi)^2+1)/(tan(Psi)^2))*tan(Psi)/RootOf(X^2+2*X^2*tan(Psi)^2+2*Y^2*ta
n(Psi)^4+Y^2*tan(Psi)^2+Y^2*tan(Psi)^6+X^2*tan(Psi)^4-2*R*tan(Psi)^4*Y3*R*tan(Psi)^2*Y+Y*tan(Psi)^6*R-X*tan(Psi)^5*R2*X*tan(Psi)^5*Y+3*X*R*tan(Psi)+2*X*R*tan(Psi)^3-4*X*Y*tan(Psi)^32*X*Y*tan(Psi)+_Z^2),

(58)

Following expression presents the symbolic expression of first root of equation (15)
X1 =(-1.0)*A3/(4.0*A4) - sqrt(pow(A3,2.0)/(4.0*pow(A4,2.0)) - (2.0*A2)/(3.0*A4) +
(pow(2.0,(1./3.))*(pow(A2,2.0) - 3.0*A1*A3 + 12.0*A0*A4))/
(3.0*A4*pow(2.0*pow(A2,3.0) - 9.0*A1*A2*A3 + 27.0*A0*pow(A3,2.0) +
27.0*pow(A1,2.0)*A4 - 72.0*A0*A2*A4 + sqrt(-4.0*pow(pow(A2,2.0) - 3.0*A1*A3 +
12.0*A0*A4,3.0) + pow(2.0*pow(A2,3.0) - 9.0*A1*A2*A3 + 27.0*A0*pow(A3,2.0) +
27.0*pow(A1,2)*A4 - 72.0*A0*A2*A4,2.0)),(1./3.))) + pow(2.0*pow(A2,3.0) 9.0*A1*A2*A3 + 27.0*A0*pow(A3,2) + 27.0*pow(A1,2)*A4 - 72.0*A0*A2*A4 + sqrt(4.0*pow(pow(A2,2.0) - 3.0*A1*A3 + 12.0*A0*A4,3.0) + pow(2.*pow(A2,3.) 9.*A1*A2*A3 + 27.*A0*pow(A3,2.) + 27.*pow(A1,2.)*A4 - 72.*A0*A2*A4,2.)),(1./3.))/
(3.0*pow(2.0,(1./3.))*A4))/2.0 - sqrt(pow(A3,2.)/(2.*pow(A4,2.)) - (4.*A2)/(3.*A4) (pow(2.,(1./3.))*(pow(A2,2.) - 3.0*A1*A3 + 12.0*A0*A4))/ (3.*A4*pow(2.*pow(A2,3.) 9.*A1*A2*A3 + 27.*A0*pow(A3,2.) + 27.*pow(A1,2.)*A4 - 72.*A0*A2*A4 + sqrt(4.*pow(pow(A2,2.) - 3.*A1*A3 + 12.*A0*A4,3.) + pow(2.*pow(A2,3.) - 9.*A1*A2*A3 +
27.*A0*pow(A3,2.) + 27.*pow(A1,2.)*A4 - 72.*A0*A2*A4,2.)),(1./3.))) pow(2.*pow(A2,3.) - 9.*A1*A2*A3 + 27.*A0*pow(A3,2.) + 27.*pow(A1,2.)*A4 72.*A0*A2*A4 + sqrt(-4.*pow(pow(A2,2.) - 3.*A1*A3 + 12.*A0*A4,3) +
pow(2.*pow(A2,3.) - 9.*A1*A2*A3 + 27.*A0*pow(A3,2) + 27.*pow(A1,2)*A4 72.*A0*A2*A4,2.)),(1./3.))/ (3.*pow(2.,(1./3.))*A4) - (-(pow(A3,3.)/pow(A4,3.)) +
(4.*A2*A3)/pow(A4,2.) - (8.*A1)/A4)/ (4.*sqrt(pow(A3,2.)/(4.*pow(A4,2.)) (2.*A2)/(3.*A4) + (pow(2.,(1./3.))*(pow(A2,2.) - 3.*A1*A3 + 12.*A0*A4))/
(3.*A4*pow(2.*pow(A2,3.) - 9.*A1*A2*A3 + 27.*A0*pow(A3,2.) + 27.*pow(A1,2.)*A4 72.*A0*A2*A4 + sqrt(-4.*pow(pow(A2,2.) - 3.*A1*A3 + 12.*A0*A4,3.) +
pow(2.*pow(A2,3.) - 9.*A1*A2*A3 + 27.*A0*pow(A3,2.) + 27.*pow(A1,2)*A4 72.*A0*A2*A4,2)),(1./3.))) + pow(2.*pow(A2,3.) - 9.*A1*A2*A3 + 27.*A0*pow(A3,2.) +
27.*pow(A1,2)*A4 - 72.*A0*A2*A4 + sqrt(-4.*pow(pow(A2,2.) - 3.*A1*A3 +
12.*A0*A4,3.) + pow(2.*pow(A2,3) - 9.*A1*A2*A3 + 27.*A0*pow(A3,2) +
27.*pow(A1,2)*A4 - 72.*A0*A2*A4,2.)),(1./3.))/ (3.*pow(2.,(1./3.))*A4))))/2.

(59)

C. Nonlinear equations system numerical solution.
Newton- Kantorovich method [5]
Numerical Solution

As it is described in the mathematical literature [5],
if the continuous functions f1(x), f2(x),..., fn(x) of n independent variables

x=(x1, x2,...xn) are defined in the common domain of definition D ⊆ R n and exits
the vector x N ∈ D and for this vector f j ( x N ) = 0 (j=1…n), then xN is called
solution-vector of the nonlinear equations system f(x)=0:
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(f(x))=(f1(x),f2(x)…fn(x))T
The determination of this solution described in the following:
1) Linearization. Nonlinear representation of f(x) is changed by the appropriate
linear mapping L(x)=Ax+b (where A is the matrix of nxn dimension). So, if
some special conditions are satisfied, the solution xL of the system L(x)=0
will be the good estimation to xN.
Newton- Kantorovich Method (linearization using Taylor series)
(0)

Let x

is the initial estimation of xN , and is differentiable at least ones in D; then

f ( x) = f ( x 0 ) +

∂( f1, f 2 ,..., f n )
∂( x1, x2 ,..., xn )

( x − x ( 0 ) ) + R ( x ).
x = x( 0 )

Discarding the remainder term R(x):

L( x) = A( x − x ( 0) ) + f ( x ( 0) ) , where

A is the Jacobi matrix ∂( f1, f 2 ,..., f n )
∂( x1, x2 ,..., xn )

.
x= x(0)

Let decide that A is nondegenerated matrix. So, the system y=f(x) is uniquely
(0)
solvable in the vicinity of x .
Accordingly to previous explanation, the Newton-Kantorovich method is described by
the following schema:
(0)

1. The choice of initial estimation x

of xN.

0

2. The evaluation of A(x ) matrix.
3. The solution z

(1)

of the system

A(x(0))z+f(x(0))=0
(1)

(0)

(60)
(1)

gives a new estimation of x =x +z and the process should be repeated until the
(j)
difference z will satisfy the required accuracy.

D.

Transformations in Cartesian space

Rotational transformation verification
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We can write the coordinate transformation when the vector of point was rotated on
angle Φ (see Figure 58, xyz- right-handed coordinate system).
y

Pn

Yn
Y

P
Φ
Θ
Xn X

x

Figure 58. Rotation point vector around axis Z on angle Φ.

The coordinates of point Pn after transformation can be expressed from the
coordinates of point P by the following:
X

X n = X 2 + Y 2 cos( Θ + Φ ) = X 2 + Y 2 (cos( Θ )cos( Φ ) − sin( Θ )sin( Φ )) = X 2 + Y 2 (
Yn = X 2 + Y 2 sin( Θ + Φ ) = X 2 + Y 2 (cos( Θ )sin( Φ ) + sin( Θ )cos( Φ )) = X 2 + Y 2 (

X +Y
2

Y
X +Y
2

2

2

Y

cos( Φ ) −

sin( Φ ) +

X +Y2
2

X
X +Y 2
2

cos( Φ ))

consequently the coordinate transformation can be written as follows:
X n = X cos φ − Y sin φ ,
Yn = X sin φ + Y cos φ .

sin( Φ ))

(61)

To check the correctness of the suggested transformation let suppose that geometrical
constraints are kept. So, we can write the system for transformed configuration in the
form of equations set (62) analogical with the (13).
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3 2
⎧
2
2
2
⎪ X 1n + Y1n + Z n1 = 4 r
⎪
⎪X 2 + Y 2 + Z 2 = 1 r2
2n
2n
⎪ 2n
4
⎪
⎨ X 1n X 2 n + Y1nY2 n + Z 1n Z 2 n = 0
⎪
⎪ RY1n + 3 RX 2n = 0
⎪
⎪ - 2X n X 1n - 3R 3 X 2n + (-R - 2Y n )Y1n - 2Z n Z1n = 0
⎪ - R 3 X - 6X X + (-3R - 6Y )Y - 6Z Z = 0
1
n
2n
n
2n
n 2n
⎩

(62)

And (63) analogical (11):
X an = X n − X 1n + X 2 n ,

Y an = Y n − Y 1 n + Y 2 n ,

Z an = Z n − Z1n + Z 2 n ,

X bn = X n − 2 X 2 n ,

Y bn = Y n − 2 Y 2 n ,

Z bn = Z n − 2Z 2 n ,

X cn = X n + X 1n + X 2 n ,

Y cn = Y n + Y 1 n + Y 2 n ,

Z cn = Z n + Z1n + Z 2 n .

(63)

Taking into account (61) with Φ=2π/3 (see. Case II appendix E) we can write
X an = X b cos(2π / 3) − Yb sin( 2π / 3)

;

Yan = X b sin( 2π / 3) + Yb cos(2π / 3) ;

Z an = Z b ;

X bn = X c cos(2π / 3) − Yc sin( 2π / 3) ;
Ybn = X c sin( 2π / 3) + Yc cos(2π / 3) ;

Z bn = Z c ;

(64)

X cn = X a cos(2π / 3) − Ya sin( 2π / 3) ;

Ycn = X a sin( 2π / 3) + Ya cos( 2π / 3) ;

Z cn = Z a

Then, substituting (63) into (64) result will be as follows:
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⎧
X
(Y − 2Y2 ) 3
,
⎪ X n − X 1n + X 2 n = − + X 2 −
2
2
⎪
⎪
(X − 2X2) 3 Y
− + Y2 ,
⎪Yn − Y1n + Y2 n =
2
2
⎪
⎪Z n − Z1n + Z 2 n = Z − Z 2 ;
⎪
⎪ X − 2 X = − X + X 1 + X 2 − (Y + Y1 + Y2 ) 3 ,
2n
⎪ n
2
2
⎪
(
X + X 1 + X 2 ) 3 Y + Y1 + Y2
⎪
,
−
⎨Yn − 2Y2 n =
2
2
⎪
⎪Z n − 2 Z 2 n = Z + Z1 + Z 2 ;
⎪
⎪ X + X + X = − X − X 1 + X 2 − (Y − Y1 + Y2 ) 3 ,
1n
2n
⎪ n
2
2
⎪
X
X
X
Y
Y
Y2
(
)
3
−
+
−
+
⎪Y + Y + Y =
1
2
1
,
−
2n
⎪ n 1n
2
2
⎪
⎪Z n + Z1n + Z 2 n = Z − Z1 + Z 2 ,
⎪
⎩

(65)

The solution of this system is:
⎧
⎫
3X − Y
X + 3Y
; Yn =
; Zn = Z ;
⎪X n = −
⎪
2
2
⎪
⎪
− 3 X 1 + Y1 + 3 3 X 2 − 3Y2
− Z1 + 3Z 2 ⎪⎪
X 1 + 3Y1 − 3 X 2 − 3 3Y2
⎪⎪
; Y1n =
; Z1n =
;⎬
⎨ X 1n =
4
4
2
⎪
⎪
⎪
⎪
− 3 X 1 + Y1 − 3 X 2 + Y2
X 1 + 3Y1 + X 2 + 3Y2
Z1 + Z 2
; Y2 n =
; Z 2n = −
⎪ X 2n =
⎪
4
4
2
⎪⎩
⎪⎭

(66)

After substitution the (66) into (62) and taking the (13) as auxiliary expressions for
simplification of equations system it becomes a set of equalities. It means that the
rotational transformation with Φ=2π/3 does not conflict the feasibility condition. In
other words, this transformation generates the solution of forward kinematics task for
configuration defined by (l2, l3, l1)j which presents the cyclic permutation of elements
in (l1, l2, l3)j .

Mirror imaging transformation

Analogically with the case of rotational transformation I suppose that geometrical
constraints of mechanism are kept and consequently the system (62) is correct. The
mirror imaging respectively the YZ will be defined as follows:
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X an = − X c ;

X bn = − X b ;

X cn = − X a ;

Yan = Yc ;

Ybn = Yb ;

Ycn = Ya ;

Z bn = Z b ;

Z cn = Z a ;

Z an = − Z c ;

(67)

Expressions (67) using (63) and (11) can be rewritten in a following form:
⎧ X n − X 1n + X 2 n = − X − X 1 − X 2 ;
⎪Y − Y + Y = −Y + Y + Y ;
1n
2n
1
2
⎪ n
⎪Z n − Z 1n + Z 2 n = Z + Z 1 + Z 2 ;
⎪
⎪ X n − 2 X 2n = − X + 2 X 2 ;
⎪
⎨Yn − 2Y2 n = Y − 2Y2 ;
⎪Z − 2Z = Z − 2 Z ;
2n
2
⎪ n
⎪ X n + X 1n + X 2 n = − X + X 1 − X 2 ;
⎪
⎪Yn + Y1n + Y2 n = Y − Y1 + Y2 ;
⎪⎩Z n + Z 1n + Z 2 n = Z − Z 1 + Z 2 ;

(68)

{Xn = −X;Yn = Y; Zn = Z; X1n = X1;Y1n = −Y1; Z1n = −Z1; X2n = −X2 ;Y2n = Y2 ; Z2n = Z2}

(69)

The solution of (68) is:

After substitution the solution mentioned above into (62) and using the (13) the set of
equations becomes the set of equalities, which was to be proved. So, we can assert
that the transformation (l1, l2, l3)j->(l3, l2, l1)*j in the space of legs lengths can be
described as the mirror imaging relatively the YZ plane in Cartesian space (3D space
of end-effector position).

By the reason of two proving cases of transformations follows the correctness of
remaining cases (l3, l1, l2)*j, (l1, l3, l2)*j,, (l2, l1, l3)*j (III,V,VI configurations on schema
of appendix A). Each of these configurations can be performed as a sequence of
rotations and mirror imaging and consequently also has corresponding imaging in the
R3 space of end-effector position coordinates.
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Determination of transformations

As it was described earlier, two cases of rotational transformations described using
(61) with Φ=±2π/3 can be written as follows:

X
3Y
−
2
2
3X Y
−
2
2

, when Φ=2π/3.

X
3Y
+
2
2
3X Y
−
Yn = −
2
2

, when Φ=-2π/3

Xn = −
Yn =

(70)

Xn = −

Case of mirror imaging transformation

Let determine the mirror imaging transformation relatively the plain containing the
median of the base regular triangle and Z axis of the base coordinate frame. The
corresponding geometrical constructions are shown on the Figure 59.

Y
B
m1
p
X

O

i
A

C
p’

Figure 59. The imaging relatively the plain m1Z.
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On the Figure 59:
p- given point,
p’- corresponding transformed point (result of transformation),
m1- median line of regular triangle,
i- intersection point between m1 and pp’ lines.
The question at issue is in determination of the p’ point coordinates, when p point
coordinates are known.
The following condition should be satisfied:

⎧ip ⊥ Oi;
⎪
⎨i ∈ m1 ;
⎪
⎩i p = −ip ′

(71)

So, we can write the following equations:
⎧( X p − X i )( X i − X o ) − (Y p − Yi )(Yi − Yo ) = 0,
⎪
⎪Y = X i ,
⎪ i
3
⎨
⎪ X − X = −( X ' − X ),
i
p
i
⎪ p
'
⎪Y p − Yi = −(Y p − Yi )
⎩

(72)

Taking into account that Xo= Yo=0, the solution of system (71) will be:

X p' =
Y =
'
p

Xp

2
3X p
2

3Yp

+
−

2
Yp

(73)

2
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We are able to determine transformation for case of mirror imaging relatively the
plane containing the median going trough the C point and Z axis the same manner.
This transformation is presented as follows:

X p' =

Xp
2

Yp' = −

−

3X p
2

3Yp
2
−

(74)

Yp
2

The information of Table 1 shows which transformation in R3 should be applied to
evaluate the end-effector position in linked configurations, considering that in (l1, l2,
l3)j the position of end-effector is known.

Table 1. Description of required transformations.
Transformations from configuration (l1, l2, l3)j

#

Cofiguration

I

(l1, l2, l3)j

-

II

(l2, l3, l1)*j

(70)

III

(l3, l1, l2)*j

(70)

IV

(l3, l2, l1)*j

(69)

V

(l1, l3, l2)*j

(73)

VI

(l2, l1, l3)*j

(74)

E.

(corresponding equation numbers)

Interrelation between configurations of S-P-R
manipulator

Schema on Figure 60 presents the entire set of configurations which may be reviewed
as interconnected in a sense of forward kinematics task solution.
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1200

In the Figure 60 the following denomination are used:
- mirror imaging relatively the vertical
plane spanned by lines AO and OZ

- rotation relatively Z axis by
1200 clockwise

- mirror imaging relatively the vertical
plane spanned by lines BO and OZ

- rotation relatively Z axis by
1200 counter-clockwise

1200

- mirror imaging relatively the vertical
plane spanned by lines CO and OZ

110

B

IV

l2

O

l1

l3

A

C
B

I

l2

V

l1

A

B

O l3
B

C

VI
l1

l1

A

l3

O l2

120

0

120

0

A

C

l2 O
l3

B

II

B
III

1200

l1

l3

O
l2

A
VI

C

l1

O

1200

C

A

l3

l2

IV

C
V

Figure 60. Configurations received by means of transformations
in a Cartesian space.

F.

Necessary condition of feasibility of
manipulator configuration

Essence of developed method is in repeatedly solution of all possible sets of leg
lengths of manipulator with some fixed discretization of legs’ extensibility ranges.
The Newton-Kantorovich numerical method allows solving this task and receiving the
solutions with required accuracy after finite number of iterations. For the
configurations, which can not be realized, numerical method fails. In this case, the
criterion of infeasibility is that the limit of steps performed by algorithm is used up.
So far as this limit value should be overestimated (it is impossible to exactly
determine it for each configuration and the same time for arbitrary initial estimations)
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usage of this criterion leads to essential loss of time during computation of
manipulator work space. So, natural task was to find the condition which makes
possible filtering the configurations not allowable by geometrical constraints, to
decrease whole time of computations. The numerical algorithm will not start for
configurations in which the forward kinematics task exactly could not be solved.
This filtering condition has to be “cheap” in computational sense, other wise it only
decreases the efficiency of algorithm.

c’
b
a

e
a’

m
l1

c

b’

l2

Y

l3

B

O

A

X
C

Figure 61. Auxiliary geometrical constructions

Let us consider the auxiliary geometrical constructions shown in the Figure 61. There
three dashed lines were added to the original drawing.
Sequentially reviewing two couples of triangles mb’c with Ccb’ and mb’a with Aab’ I
found
Bb ' = l 32 + 3r 2 ;

(75)

Ab = l + 3r ;
'

2
1

2

Analogically with (75) it is possible to determine
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Ba ' = l32 + 3r 2 ;
Ca ' = l 22 + 3r 2 ;

(76)

Bc = l + 3r ;
'

2
2

2

Ac ' = l12 + 3r 2 ;
And knowing that sum of two edges length in triangle should always be bigger then
length of third for triangle ACb’ using (75) and (76) follows

Ab ' + Cb ' ≥ AC or

l12 + 3r 2 + l32 + 3r 2 ≥ 3R

(77)

In analogy with (77) for triangles ABc’ and CBa’

l12 + 3r 2 + l 22 + 3r 2 ≥ 3R

(78)

l + 3r + l + 3r ≥ 3R
2
3

2

2
2

2

Inequalities (77) and (78) form a set of necessary conditions of feasibility for
configuration, that is, the configuration which does not satisfy these conditions
exactly has not solution of forward kinematics and consequently there is no need to
make any computations for it. The conditions (77) and (78) are simple and allow
increasing the computational efficiency of whole algorithm of working space
determination. And experiments show that usage of this condition increase the
efficiency 1,5 times (each third configuration is not feasible).
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