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Abstract—One possible implementation form of Pulse Width
Modulation is the naturally sampled one (NS-PWM). Its
favourable properties are that no distortion or delayed response
are introduced by it. The paper compares three different realiza-
tions of NS-PWM techniques by simulations and experimental
measurements when the carrier over reference frequency ratio
mf is small number as in inverters supplying ultrahigh speed
induction motor (USIM). The three NS-PWM techniques are
the Sinusoidal, Sinusoidal and third-harmonic reference injection
and the Space Vector Modulation. The paper verifies both by
simulation and laboratory results that the three techniques gen-
erate DC voltage component in the output voltage of the inverter
contrary to many previous publications. In addition subharmonic
currents and fluxes with considerable amplitudes are produced
as well due to the small mf and very low subharmonic frequency
even though the subharmonic voltage component is very small.

Index Terms—PWM converter issues, Modulation and control
strategies for Power Electronics, Induction Machine Drives

I. INTRODUCTION

The paper is based on the theoretical results presented in
[1]. It focuses to the confirmation and verification of the theory
described in [1] by simulations and laboratory tests. In every
application, like in ultrahigh speed induction motor (USIM),
where the ratio of the reference frequency f1 and the limited
carrier frequency fc results in a low frequency ratio mf =
fc/f1, the Naturally Sampled Pulse Width Modulation (NS-
PWM) can be a favourable modulation form as no distortion
or delayed response to the reference signal are introduced [2],
[3], [4].

In the literature it is suggested to apply synchronous PWM
and keep mf integer if mf < 15. In spite of this, in most of
the commercially available three-phase inverter the switching
frequencies can be varied only in discrete steps, which results
in asynchronous PWM. Furthermore, as it will be shown in the
paper, if synchronous PWM is applied and mf is even integer,
which is not multiple of 3, DC components with considerable
amplitudes can be generated.

The paper is concerned with three most widely applied
PWM techniques. The reference signal is either sinusoidal
(SPWM) or sinusoidal plus third harmonic signal (THI-PWM)
and the third PWM is the very popular Space Vector Mod-
ulation (SVM) technique [2], [5], [6]. All three PWM are
carrier-based techniques, even SVM can be realized within
this technique. The reference wave vref is always compared
against a triangular carrier signal vcar to produce the switching
signals.

The main benefits of the SVM and THI-PWM compared
against SPWM are the increased utilization of the total dc link

voltage VDC by 15% and the lower total harmonic distortion
(THD). Comparing SVM and THI-PWM it can be stated
that, at lower mf values the THI-PWM has lower THD
[2], however SVM facilitates the application of field oriented
control [7].

The carrier based modulation process is illustrated for the
three PWM discussed in the paper by the time functions
of the three reference signals vref in phase a and that of
the triangular carrier signal in Fig.1. The reference signal
equations for the three different techniques are given in [1],
[2]. The time function of the output voltage va0 for SVM is
shown as well. Voltage va0 is measured between one of the
output terminals of the inverter and the midpoint of the DC
link. Here mf = 8 and ma = 0.955, where ma = 2V̂ref/VDC

is the amplitude modulation index, V̂ref is the peak value of
the fundamental component of the reference phase voltage.
ϕ0 = ϕ0,a denotes the phase angle between the carrier signal
and the reference signal measured in the period of the carrier
signal, when mf is integer.

Fig. 1. Carrier based modulation process mf = 8, ma = 0.955)

II. DIGITAL IMPLEMENTATION OF NS-PWM
Generally the NS-PWM techniques in the past was im-

plemented by using analog devices [2], nowadays up-to date
digital devices are used making possible the accurate imple-
mentation of the NS-PWM [4], [3], [8], [9], [10], [11]. In most
cases the reference signals are multisampled during a carrier
signal period by utilizing the parallel computing properties of
the FPGA [4], [3], [12]

In this section a practical implementation method is pre-
sented which is capable to realize accurately all NS-PWM
techniques. It has been successfully implemented by us into
the PWM peripheral module both that of a low-cost 16-bit
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DSC (dsPIC33FJ32MC204) and a DSP (TMSF2808) using
fixed-point arithmetic.

Generally the PWM peripheral modules applied in digital
devices consist of an up-down counter, a period register (PR)
and three compare registers for each phase (CRk(k = a, b, c)).
The triangular carrier curve is approximated by a large number
of steps stored in PR (Fig 2). PWM peripherals support RS-
PWM as they allow to up-date the value of the CR maximum
twice during a carrier period to avoid glitches in the switching
signals, however, NS-PWM also can be realized by properly
approximating the reference signal.

Figure 2 presents the calculation method for the deter-
mination of the intersection points of the carrier and the
reference signal. Assuming that the value of point v∗ref,i (or
v∗ref,j) is known from the previous calculation, the algorithm
calculates the point v∗∗ref,i and v∗∗∗ref,i (or v∗∗ref,j and v∗∗∗ref,j) of
the theoretical curve (red line). If the value of point v∗∗ref,i is
larger than PR/2 then the theoretical curve is approximated
by a straight line between v∗∗ref,i and v∗∗∗ref,i. Otherwise, when
point v∗∗ref,j is smaller than PR/2 the theoretical curve is
approximated by a straight line between v∗ref,j and v∗∗ref,j . By
simple mathematical relationships the crossing point can be
determined and its value can be latched to the CRi (or CRj)
register. The value of point v∗∗∗ref,i (or v∗∗∗ref,j) can be used in
the next calculation as point v∗ref,i (or v∗ref,j).

Fig. 2. Algorithm of digitally implemented NS-PWM, Tc period of vcar

III. DC COMPONENT

Mostly the double Fourier series method is applied to
determine the theoretical harmonic spectra of a PWM signal
[2]. Based on the results presented in [2] an unified analytical
method, which can be used for prediction of the spectra of
any carrier-based modulation method is developed in [13].
Both in [2] and [13] the phase angle ϕ0 (Fig.1) between
reference signal and the carrier signal was neglected and it
was concluded that the carrier-based PWM techniques do not
generate DC components in the output phase voltage [2].
Our finding was just the opposite. The naturally sampled
carrier-based modulation techniques are prone to generate DC
components in the output phase voltage.

Two papers ”as we found” have already reported non-
zero mean value in the output voltage for SPWM [14], [15],
however, based on their results, the DC voltage component
can be ignored when mf > 4, that is, practically always. We
have found that by applying THI-PWM or SVM the amplitude

of the DC component can be significant even for higher value
up to almost 20.

The derivation of the formula for the calculation of DC
voltage component in one phase during one period of reference
signals was described in paper [1] . The result is

VDC,x =
1

4mf

( 2mf∑
i=1

vref,x(αi)

)
VDC (1)

where x is the type of PWM and vref,x(αi) is the value of the
reference signal at the intersection points αi(i = 1, 2...2mf )
(see Fig.1).

The function of the generated VDC,x versus ϕ0 is calculated
for different mf and ma values from (1). Figure 3 shows the
value of the DC component as a function of ϕ0 = ϕ0,a in the
three phases for SVM. Given ϕ0,a determines the angle ϕ0,b

and ϕ0,c. E.g. when ϕ0,a = 0 then ϕ0,b = −2π/3, ϕ0,c =
−4π/3. Here mf = 8 and ma = 0.955 are assumed. Similar
curves can be obtained for SPWM and THI-PWM as well.

According to the numerical results the peak value of VDC,x

develops at ϕ0 = π/2 and 3π/2 in phase a. Figure 4 shows
V̂DC,x/VDC as a function of mf and ma, respectively for three
NS-PWM. By increasing mf the DC component calculated
from (1) is diminishing rapidly. By changing the amplitude
modulation ratio ma upward the DC component increases
proportionally.

Fig. 3. VDC,SV M vs. ϕ0, SVM, mf = 8, ma = 0.955

It should be noted that, in a three-phase system, when mf is
multiple of 3 the DC components are cancelled in each phase
voltage and no adverse effect is done, because identical DC
components are generated between the midpoint of the DC
link and the output terminals of the converter.

Equation (1) determines the theoretical value of the DC
component by assuming ideal switches, which turn on or off
exactly at the intersection points of vref and vcar. The blank-
ing time results in reduction of the DC voltage component in
the output phase voltage [1].

IV. SUBHARMONICS

The frequencies of the sideband harmonics grouped around
the multiples of the carrier frequency fc for all three NS-PWM
treated here are

fharm = ±(m ·mf ± n)f1 (2)

where m = 1, 2, ... and n = 1, 2, ... [2]. One constraint is
that when m is odd then n = 2, 4, ... and when m is even
then n = 1, 3, ....). The V̂ amplitude, which depends on n
and m, of the harmonics for Naturally-Sampled SPWM, THI-
PWM and SVM as well can be calculated from the equations
derived in [2].
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(a) V̂DC,SPWM vs. mf and ma (b) V̂DC,THIPWM vs. mf and ma (c) V̂DC,SV M vs. mf and ma

Fig. 4. V̂DC,x/VDC versus mf and ma

If the frequency ratio mf is not integer subharmonics are
generated by the lower sideband harmonics of the first carrier
harmonic group (m = 1) intruding below the fundamental.
For example in the vicinity of mf = 8 the fourth sideband
harmonics (n = 8) will be the subharmonic voltage compo-
nent.

The subharmonic frequencies can be calculated from (2)
(m = 1, n = mf,int) as fsub = |fc/f1 −mf,int| · f1, where
mf,int is the closest even integer frequency ratio belonging to
f1. For example fsub = |2 kHz/249.7 Hz−10| · 249.7 = 2.4
Hz.

Table I shows the amplitude of the subharmonic voltage
components in pu in the vicinity of different integer mf

values for each naturally sampled PWM techniques when
ma = 0.955 and the base value is V̂ref (for ma = 0.955
V̂ref = 0.4775VDC).

TABLE I
AMPLITUDE OF SUBHARMONIC VOLTAGE COMPONENTS (m = 1)

V̂sub,SPWM V̂sub,THIPWM V̂sub,SV M

n = 4(mf ≈ 4) 0.0157pu 0.0898pu 0.133pu
n = 8(mf ≈ 8) 3.03·10−4pu 0.0023pu 0.0155pu
n = 10(mf ≈ 10 3.1·10−6pu 1.46·10−4pu 0.0115pu
n = 14(mf ≈ 14 ≈ 0 2.45·10−6pu 0.0048pu
n = 16(mf ≈ 16) ≈ 0 ≈ 0 0.004pu
n = 20(mf ≈ 20) ≈ 0 ≈ 0 0.0023pu

V. EQUIVALENT CIRCUIT OF USIM FOR DC AND
SUBHARMONIC COMPONENT

The currents generated by the DC voltage components in
the phase voltages of USIM are limited only by the stator
resistance, which is generally small, therefore the problem
caused by them can be serious.

Figure 5 shows the equivalent circuit of the USIM for
subharmonics. By neglecting the stator resistance, the sub-
harmonic voltage component results in a flux component with
amplitude Ψ̂sub = V̂sub/(2πfsub). The accurate amplitude of
the stator flux Ψ̂s,sub taking into account Rs too in USIM
is significantly smaller than that of Ψ̂sub. The reasons are as
follows:

• the small subharmonic frequency fsub of the subharmonic
voltage components results in very small magnetizing and
leakage reactances at fsub accentuating Rs

• the angular frequency of the subharmonic rotor currents
(assuming USIM has one pole-pair) is ωr,sub = ω−ωsub.

The slip belonging to the subharmonic voltage compo-
nents is ssub = ωr,sub/ωsub, which is a high value for
small fsub, resulting that Rr/ssub is almost negligible.

They cause that the per-phase equivalent impedance of the
USIM at the subharmonic frequency is very small and the
value of stator resistance, which is also small value, dominates
in it. The V̂sub,Ψ flux producing voltage component is much
smaller than V̂sub. Even the much smaller subharmonic flux
Ψ̂s,sub can be dangerous in the operation of the USIM.
Furthermore the voltage Vsub can result in high subharmonic
stator current Is,sub. Both can lead to the overheating of the
USIM.

Fig. 5. Subharmonic equivalent circuit of USIM

Based on these assumptions, to study the effect both of the
DC and subharmonic components, the USIM can be modelled
by a star-connected three-phase R− L circuit.

VI. SIMULATION AND EXPERIMENTAL RESULTS

Simulation and laboratory tests have been performed to
validate the previously discussed theoretical considerations
presented in the paper and in [1] by using a three-phase R-L
load and an USIM.

A. RL Load

The R-L circuit has the following parameters: R =
1.7Ω, L = 87mH (R contains the ohmic resistance of the
inductance as well). The rated fundamental frequency f1n =
250 Hz, the total DC link voltage is VDC = 315 V and
the blanking time of the switches, taking into account in
the simulation as well, are Td = 2µs. The inductive load
is investigated by applying different fc carrier frequencies
to obtain different mf values (fc = 2kHz for mf = 8,
fc = 2.5kHz for mf = 10, fc = 3.5kHz for mf = 14).

Figure 6 and 7 show the simulated and the measured time
functions of the phase currents when the switching frequency
is fc = 2 kHz, thus mf = 8, respectively. The measured and
the simulated results are practically the same.

DC currents with considerable magnitude are generated in
phase b and c by applying THI-PWM and SVM. There is no
DC component in phase a as ϕ0,a = 0 (see Fig.3). By applying
SPWM, the value of the DC voltage and current is negligible.
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(a) SPWM (b) THI-PWM (c) SVM

Fig. 6. Simulated phase currents, mf = 8 (fc = 2 kHz), ma = 0.955

(a) SPWM (b) THI-PWM (c) SVM

Fig. 7. Measured phase currents, mf = 8 (fc = 2 kHz), ma = 0.955

(a) THI-PWM, mf = 10 (b) SVM, mf = 10 (c) SVM, mf = 14

Fig. 8. Measured phase currents, mf = 10 (fc = 2.5 kHz) and mf = 14(fc = 3.5 kHz), ma = 0.955

THI-PWM generates DC voltage in phase b and c with
opposite sign with value according to (1) (Td = 0µs)
VDC,THI−PWM = 0.001VDC = 0.315V resulting in
IDC,THI−PWM,b = −IDC,THI−PWM,c = 0.1853A. Similar
value can be read from Fig.6(b) and 7(b), respectively.

When SVM is used the theoretical (Td = 0µs) DC voltage
component according to (1) is VDC,SVM = 0.0064VDC =
2V resulting in IDC,SVM,b = −IDC,SVM,c = 1.17A. From
Fig.6(c) and 7(c)) the DC currents are only IDC,SVM,b =
−IDC,SVM,c = 0.6A. The main reason for the difference is
the non-zero blanking time, as the DC components rapidly
decreases by increasing the blanking time [1].

By increasing mf the value of the DC component is
diminishing rapidly. Figure 8(a) shows the measured phase
currents, when THI-PWM is applied and mf = 10. It can

be seen, practically there are no DC currents. By applying
SVM the DC currents are still considerable even for mf = 10
(Fig.8(b)) and mf = 14 (Fig.8(c)).

Figure 9 and 10 shows the simulated and measured trace of
the space vector Is when f1 = 249.7 Hz (mf = 8.01) for the
three different NS-PWM techniques, respectively. In all three
cases fsub = 2.4 Hz. Again it can be concluded, the measured
and the simulated results practically are the same.

The amplitude of the subharmonic voltage component near
mf = 8 is almost zero for SPWM (see Table I) resulting in
negligible subharmonic currents (Fig.9(a) and 10(a)). Subhar-
monic voltage with amplitude V̂sub = 0.34V and V̂sub = 2.3V
is generated by applying THI-PWM and SVM, respectively
by neglecting the effect of blanking time. Theoretically the
voltage across the small per-phase equivalent impedance at
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(a) SPWM (b) THI-PWM (c) SVM

Fig. 9. Simulated trajectory of Is, f1 = 249.7, mf = 8.01, ma = 0.955

(a) SPWM (b) THI-PWM (c) SVM

Fig. 10. Measured trajectory of Is, f1 = 249.7, mf = 8.01, ma = 0.955

fsub generates subharmonic currents with amplitudes Îsub =
0.15 A for THI-PWM, and Îsub = 1 A for SVM. The
simulated and measured subharmonic current amplitudes are
similar: Îsub = 0.1 A for THI-PWM (Fig.9(b) and 10(b))
and Îsub = 0.75 A for SVM (Fig.9(c) and 10(c)). The small
difference caused by the non-zero value of the blanking time.

Figure 11 shows the simulated and measured trace of the
space vector Is when mf = 10.012 (Fig.11(a)) and mf =
14.016 (Fig.11(b)). It can be concluded by applying SVM,
even at higher mf , the amplitude of the subharmonic currents
can be considerable.

B. USIM load

Laboratory measurements were carried on an USIM with
rated speed 18 krpm. The rated data and main parameters
of the USIM are: Power Pn = 3kW, rms line to line
voltage VLL,rms = 380 V, phase rms current In,rms = 7.7
A, fundamental freqeuncy f1n = 300 Hz, stator and rotor
resistance Rs = 1.125Ω, Rr = 0.85Ω, stator and rotor leakage
reactance Xls = 4.71Ω and Xlr = 2.63Ω, magnetizing
reactance Xm = 84.82Ω (all reactances are at rated frequency)
and the number of pole pairs is p = 1. The loading torque
during the simulation and the laboratory test is τload = 0.9Nm.
The total DC link voltage was VDC = 540 V, the switching
frequency is fc = 2 kHz and the dead time is Td = 3µs. Here
only NS-SVM is applied.

In Figure 12(a) the time function of the measured stator
phase current in phase b can be seen, when f1 = 250
Hz (mf = 8) and ma = 0.955. The magnitude of the
DC voltage component is according to (1) (Td = 0µs)

VDC,SVM = 0.0064VDC = 3.5V, which results in DC current
IDC = VDC,SVM/Rs = 3.1 A. In Fig.12(a) the DC current
component with a magnitude of IDC ≈ 2.5 A is clearly
visible. The main reason for the difference is the non-zero
blanking time again.

In Figure 12(b) the time function of the measured stator
phase current and the space vector of stator flux Ψs measured
by Hall sensors can be seen when f1 = 199.9Hz (mf ≈ 10)
and ma = 0.766. The frequency of the generated subharmonic
component is fsub = 1Hz. The theoretic amplitude of the
subharmonic voltage component by neglecting the effect of
blanking time based on [2] is V̂sub = 2.14V. The per-phase
equivalent impedance at fsub is Zsub = 1.1291 + j0.024Ω.
It results in subharmonic current component with amplitude
Îsub = 1.9 A. The flux producing voltage component is
only V̂sub,Ψ = 46 mV, but it generates a subharmonic flux
component with amplitude 0.05 pu. Similar values can be read
from Fig. 12(b).

VII. CONCLUSIONS

The most important contribution of the paper is the ver-
ification by laboratory measurements and simulations that
the naturally sampled PWM techniques can generate DC
voltage in each phase of a three-phase load and its value
can be significantly high provided that the ratio of the carrier
frequency over the reference frequency mf is low.

The three NS-PWM techniques considered in the paper
are as follows: Sinusoidal PWM (SPWM), Sinusoidal with
third harmonic reference PWM (THI-PWM) and Space Vector
Modulation (SVM).
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(a) mf = 10.012 (b) mf = 14.016

Fig. 11. Simulated and measured trajectory of Is, f1 = 249.7, ma = 0.955, SVM

(a) is, f1 = 250 Hz (mf = 8), τload = 0.8 Nm (b) is and trajectory of Ψs, f1 = 199.9 Hz (mf ≈ 10), τload = 0.8 Nm

Fig. 12. Measured DC current (a) and subharmonic flux and current component (b) in stator phase winding NS-SVM, fc = 2 kHz

Another contribution is that considerable amount of sub-
harmonic currents and fluxes are generated by NS-PWM
techniques provided that mf is low enough. Even though the
subharmonic voltages generated by the inverter are very small,
but the subharmonic frequency can also be very small value
together with the load impedance at this frequency. The results
have to be evaluated in the light of many publications stating
that no DC voltage is generated by the NS-PWM techniques
and the subharmonic voltages can be neglected.

Both the DC voltage and subharmonic voltage can have
serious detrimental effects in certain applications as high-speed
drives or where the carrier frequency is kept at low value in
order to reduce the switching losses.
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grant TÁMOP-4.2.2.B-10/1–2010-0009.

REFERENCES

[1] P. Stumpf, R. Jardan, and I. Nagy, “Comparison of naturally sampled
pwm techniques in ultrahigh speed drives,” in Proceedings of Interna-
tional Symposium on Industrial Electronics ISIE, 2012, May, Hangzhou,
China, pp.246-251.

[2] T. Lipo and D. Holmes, Pulse Width Modulation for Power Converters
(Principles and Practice). Hoboken, NJ: Wiley, 2003.

[3] A. Julian and G. Oriti, “Three-phase vsi with fpga-based multisampled
space vector modulation,” IEEE Transactions on Industry Applications,
vol. 47, no. 8, pp. 1813–1820, August 2011.

[4] G. Walker, “Digitally-implemented naturally sampled pwm suitable for
multilevel converter control,” IEEE Transactions on Power Electronics,
vol. 18, no. 6, pp. 1322 – 1329, nov. 2003.

[5] E. da Silva, E. Cipriano dos Santos, and C. Jacobina, “Pulsewidth
modulation strategies,” Industrial Electronics Magazine, IEEE, vol. 5,
no. 2, pp. 37 –45, june 2011.

[6] J. Prieto, M. Jones, F. Barrero, and E. Levi, “Comparative analysis
of discontinuous and continuous pwm techniques in vsi-fed five-phase
induction motor,” IEEE Transactions on Industrial Electronics, vol. 58,
no. 12, pp. 5324–5335, December 2011.

[7] M. Kazmierkowski, L. Franquelo, J. Rodriguez, M. Perez, and J. Leon,
“High-performance motor drives,” Industrial Electronics Magazine,
IEEE, vol. 5, no. 3, pp. 6 –26, sept. 2011.

[8] Z. Chen, H. Mao, X. Yang, and Z. Wang, “A study on pulse width errors
of digitized naturally sampled pwm,” in Power Electronics Specialists
Conference, 2008. PESC 2008. IEEE, june 2008, pp. 592 –597.

[9] D. Rus, N. Preda, I. Incze, M. Imecs, and C. Szabo and, “Comparative
analysis of pwm techniques: Simulation and dsp implementation,” in
Automation Quality and Testing Robotics (AQTR), 2010 IEEE Interna-
tional Conference on, vol. 3, may 2010, pp. 1 –6.

[10] M. Hamouda, H. Blanchette, K. Al-Haddad, and F. Fnaiech, “An efficient
dsp-fpga-based real-time implementation method of svm algorithms
for an indirect matrix converter,” IEEE Transactions on Industrial
Electronics, vol. 58, no. 11, pp. 5024 – 5031, November 2011.

[11] T. D. Nguyen, J. Hobraiche, N. Patin, G. Friedrich, and J. Vilain, “A
direct digital technique implementation of general discontinuous pulse
width modulation strategy,” IEEE Transactions on Industrial Electronics,
vol. 58, no. 9, pp. 4445 – 4454, September 2011.

[12] J. Dai, Y. Lang, B. Wu, D. Xu, and N. Zargari, “A multisampling
svm scheme for current source converters with superior harmonic
performance,” Power Electronics, IEEE Transactions on, vol. 24, no. 11,
pp. 2436 –2445, nov. 2009.

[13] L. Mathe, H. Cornean, D. Sera, P. Rasmussen, and J. Pedersen, “Uni-
fied analytical equation for theoretical determination of the harmonic
components of modern pwm strategies,” in IECON 2011 - 37th Annual
Conference on IEEE Industrial Electronics Society, nov. 2011, pp. 1648
–1653.

[14] D. F. G. Fedele, “Spectral analysis of a class of dc-ac pwm inverters
by kapteyn series,” IEEE Transactions on Power Electronics, vol. 24,
no. 4, pp. 839–849, 2010.

[15] S. Halasz, “Voltage spectrum of pulse-width-modulated inverters,” Peri-
odica Polytechnica Electrical Engineering, vol. 25, no. 2, pp. 135–145,
1981.

���


