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Köszönöm Kutasi Nimródnak, Kelemen Andrásnak, Nagy Zoltánnak, valamint a Sapientia Erdélyi
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Abstract

The PhD thesis deals with the tracking control of nonlinear mechatronic systems with unknown

parameters. In order to deal with possible modelling errors and external disturbances, the robustness

of the control is increased by variable structure or supervisor control algorithms. To obtain the

unknown parameters, parameter estimation algorithms are applied. The stability of the closed loop

systems and the tracking performance are guaranteed using Lyapunov techniques. The applicability

and performances of the developed control algorithms are demonstrated through simulations and

experimental measurements.

If in the adaptive control systems there are large modelling uncertainties, due to the imperfect

estimation of the nonlinearities, high unimplementable control signal can appear (singularity problem),

which can lead to poor control performances or even instability in the closed loop system. A modified

adaptive control law is presented in which the singularity problem is avoided, but it modifies the

control signal only if the adaptation works poor. The developed algorithm can be applied for the

control of mechatronical systems with unknown parameters.

For adaptive control systems in which the modelling error has a large influence on the quality of

the control, a supervisor control law is elaborated to guarantee the stability of the adaptive closed

loop system.

One of the major source of uncertainty in mechatronic systems is represented by the friction

phenomenon, because the friction force can be modelled with difficulty and the frictional parameters

are slowly varying in time. A general friction model is proposed, which describes well the nonlinear

and dynamic behavior of friction and at the same time can easily be introduced in adaptive control

algorithms. A parameter identification method for the developed model is introduced. Based on the

model, a friction compensation algorithm is developed, which guarantees high tracking accuracy in

the presence of dominant frictional effects and can easily be implemented in simple industrial control

architectures and embedded systems.

An adaptive tracking control algorithm is proposed for robotic systems to solve simultaneously

the friction compensation and payload estimation problem. The developed control law is based on the

dynamic model of the robot and it can guarantee a prescribed tracking accuracy in the presence of

unknown frictional parameters and payload mass.
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Kivonat

A PhD értekezés nemlinearitásokat tartalmazó, ismeretlen paraméterekkel rendelkező mechatronikai

rendszerek iránýıtásával foglalkozik. A kifejlesztett algoritmusok a pályakövetés feladatára összpon-

tośıtanak. Az ismeretlen rendszerparaméterek meghatározására adapt́ıv paraméterbecslési algoritmu-

sokat alkalmazunk, ugyanakkor az iránýıtás robusztusságát modellbizonytalanságokkal és az iránýıtott

rendszerre ható külső zajokkal szemben változó struktúrájú iránýıtási algoritmusokkal, felügyelő

szabályozó struktúrával érjük el. A szabályozás stabilitását, az elérhető pályakövetési pontosságot Lya-

punov módszerekkel tanulmányozzuk, a kidolgozott algoritmusok alkalmazhatóságát, hatékonyságát

szimulációkkal és valós idejű mérésekkel igazoljuk.

Amennyiben az adapt́ıv iránýıtási rendszerben nagy modellbizonytalansággal kell számolnunk, a

nemlinearitások helytelen becslése nagy, nem implementálható beavatkozó jelhez vezethet (szingu-

laritás problémája). Ez instabilitást, a szabályozás helytelen működését okozhatja. Olyan módośıtott

adapt́ıv iránýıtási algoritmust fejlesztettünk ki, amely seǵıtségével a szingularitás problémája

elkerülhető, de a beavatkozó jelet csak akkor módośıtja, ha az adaptáció helytelenül működik. Meg-

mutatjuk, hogy a kidolgozott iránýıtási algoritmus alkalmazható ismeretlen paraméterekkel rendelkező

mechatronikai rendszerek iránýıtására.

Felügyelő szabályozó struktúrát dolgozunk ki olyan adapt́ıv iránýıtási rendszerek, stabilitásának

garantálására, amelyekben a modellbizonytalanságok hatással vannak az adapt́ıv paraméterbecslési

algoritmusokra is.

Mechatronikai rendszerekben a súrlódási erő jelenti az egyik legnagyobb bizonytalansági tényezőt,

mivel nehezen modellezhető és a súrlódási paraméterek időben változnak. Olyan súrlódási modellt

javasolunk, amely egyrészt pontosan léırja a nemlineáris és dinamikus súrlódási hatásokat, másrészt

könnyen beilleszthető adapt́ıv iránýıtási algoritmusokba. Identifikációs eljárást vezetünk be a kidolgo-

zott modell paramétereinek meghatározására. A kidolgozott modellre alapozva súrlódáskompenzálási

algoritmust dolgozunk ki, amely nagy pályakövetési pontosságot biztośıt, és az iparban alkalmazott

beágyazott rendszereken is könnyen implementálható.

Ipari robotok iránýıtására, súrlódáskompenzálásra és a robot által mozgatott hasznos teher

tömegének becslésére alkalmas adapt́ıv iránýıtási algoritmust vezetünk be. Az algoritmus a robotkarok

dinamikus modelljét használja és ismeretlen súrlódási paraméterek és mozgatott tömeg mellett képes

garantálni egy előre megadott pályakövetési pontosságot.
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Chapter 1

Introduction

1.1 Control of mechanical systems. A short presentation

Many industrial applications require precise positioning of a mechanical system, namely moving

an object in a given position in space with a given orientation. Some common applications are

material manipulation with industrial robots or cranes, positioning in Hard Disk Drives or

optical drives. Other applications require a controlled motion in space along a predefined path,

for example welding, spray painting with robots, path tracking of unmanned vehicles or guided

missiles (trajectory tracking). These tasks are commonly solved with feedback control: the

position and the velocity of the mechanical system is measured, and depending on the desired

position and the measurements a control algorithm calculates the command signal for electric

motors or other type of actuators which drive the mechanical system in order to obtain zero or

acceptably small difference between the real and desired position.

Mechatronics deals with the integrated design of a mechanical system and its embedded

electronic control system. In the perspective of the control algorithm it means that in order to

obtain precise positioning, the model of the controlled mechanical system should also be taken

into account in the control algorithm.
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1.1.1 Modelling of mechanical systems

The model of a mechanical system is given by a system of differential equations which gives

the dynamic relation between the input torques that act on the system and the motion of the

system, described by its position, velocity and acceleration. The relations can be derived from

the classical 2’nd Newton’s law, but in the case of Multiple Input Multiple Output (MIMO)

mechanical systems the classical approach to derive the mathematical model is based on the

Euler-Lagrange equation [61, 11]. The obtained models are inherently nonlinear. If we have

rotational motion in the system, the nonlinearities could be given by the centrifugal or Cori-

olis forces. These types of nonlinearities are continuous. The parameters of the models are

represented by masses, inertias, lengths and generally can be considered as constants.

There are also other types of discontinuous nonlinearities that should be taken into consid-

eration in the modelling. Such phenomenas are backlash and friction [9]. In the case of friction

the parameters can be measured with difficulties, moreover they are time varying. Due to these

phenomena even in the case of such Single Input Single Output (SISO) mechanical systems,

which otherwise could be modelled by linear differential equations, the nonlinearity appears

and greatly influences the motion.

In most controlled mechanical systems the control torques are generated by electrical or

pneumatical actuators. Nowadays the most commonly used actuators in positioning systems

and robots are the Direct Current (DC) servo motors. In these motors, if the electrical time

constant is neglected, the motor current is proportional with the generated torque, which on

the other hand is the ’input’ for the mechanical system. Hence if we prescribe the current for

the servo motor, we can directly control the motion of the system. The motors are generally

connected to the robot arm or positioning system mechanics through a gear mechanism, which

also increases the influence of discontinuous nonlinearities (friction) on the mechanical system.

Many types of sensors can be used to measure the position and the velocity of the mechanical

systems. One of the most widely spread position sensors are the incremental encoders, which

can also be used for velocity measurement.
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1.1.2 Control methods for position control and tracking

The role of the control algorithm in the mechanical positioning systems is to assure a prescribed

precision for the position control or for the velocity control. In many practical applications

the standard linear Proportional Integral Derivative (PID) type or linear cascade controllers

[62, 30] are used for position control. However, when the desired precision is high, or for the

path tracking type control tasks, these controllers cannot assure satisfactory performances. The

main reason for this is, that generally the linear controllers cannot compensate efficiently the

nonlinearities. This is why the nonlinear control technique became popular to solve tracking

and high precision positioning problems.

The differential geometric methods [49, 112] have rendered the design of controllers for a

class of nonlinear systems somewhat systematic. This method is based on coordinate transfor-

mations by which a class of nonlinear systems can be transformed into linear systems through

feedback (feedback linearization). For the obtained linear system linear controllers may be

designed using classical linear control techniques. In the robot control systems the special

properties of the robot dynamics can be explored and the feedback linearization problem can

be solved easier, than for a general nonlinear system [69, 65]. These methods cannot be applied

for discontinuous nonlinearities, when the nonlinear part in the model is not differentiable. In

this case, to compensate the nonlinearities (such as friction, dead zone, backlash), more heuris-

tic methods were introduced [120]. These techniques assume that all the parameters of the

system are known.

In many cases the parameters of the systems are only known with a given precision (such

as inertias) or some parameters are unknown or time varying (such as friction parameters,

mass of the load). Moreover, in many cases the used models for control are approximate

models, they do not describe some phenomena such as the flexibility of a robotic link [141]

or the position dependent friction in the gear mechanisms [9]. On the other hand the control

system is also influenced by external disturbances and measurement errors. These uncertainties

highly influence the quality of the control. To handle modelling uncertainties and external
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Mechanical
system

Control
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Figure 1.1: Adaptive control system for tracking

disturbances, robust control methods were introduced, such as the well known Sliding Mode

Control [128], which can be applied effectively for the control of nonlinear systems [116]. Sliding

mode control methodology is based on a notational simplification, which amounts to replacing

an nth order tracking problem by a 1st order stabilization problem and at the same time can

deal with uncertainties. Sliding Mode Control has been shown to achieve robust performance

by effectively accounting for parameter uncertainties and unmodeled dynamics.

In some control tasks, the systems to be controlled have large parameter uncertainty at the

beginning of the control operation. Unless such parameter uncertainty is gradually reduced

on-line by an adaptation or estimation mechanism, it may cause inaccuracy or even instability

for the control systems. Adaptive control seems to be today a ”natural” strategy to deal with

stabilization and tracking of highly uncertain dynamical systems [64]. The structure of an

adaptive control system for position tracking is presented in Figure 1.1. If we have to deal with

high model uncertainty, the nonlinear part of the model may be approximated with a neural

or neuro-fuzzy system, the parameters of whose may also be tuned on-line [51, 63]. During the

design of such controllers the designer does not need to know the exact model of the mechanical

system and this is why these type of controllers became popular in control community.

The classical adaptive control algorithms cannot deal efficiently with disturbances and un-

modelled dynamics, which can cause undesired transient behavior or even instability in the

adaptive control system. To handle this problem, robust-adaptive control methods were in-
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troduced [48] which modify the control algorithm and the adaptation algorithm in order to

deal with uncertainties and disturbances, and at the same time to achieve the desired preci-

sion and transient performances. These controllers generally combine the sliding and adaptive

control techniques with robustified adaptation algorithms and they assure stability and desired

performances in the control system in the presence of uncertainties.

1.2 Goal and methodology of the research work

The main goal of the research is the development of control algorithms for high precision position

tracking tasks in the presence of large modelling uncertainties and external disturbances. Both

theoretical (guaranteed stability, guaranteed tracking precision, boundedness of all the signals

in the control loop) and practical (applicability, implementability) aspects of the developed

algorithms will be discussed in detail. During the research work it was observed, that one of

the major source of uncertainty in mechanical control systems is caused by friction. This is

why the discussion of friction modelling and compensation problems represents the dominant

part of the work. Within this framework three groups of problems were addressed:

• Improved adaptive control algorithms, which guarantee the boundedness of the control

signal and the stability of the control loop in the presence of large modelling uncertainties

or when there are large changes in system parameters.

• Development of a friction modelling, identification and compensation method for position-

ing systems, which can easily be implemented in simple industrial controller architectures,

such as microcontrollers or embedded systems. On the other hand the compensation al-

gorithm should guarantee a prescribed tracking accuracy in the presence of dominant

frictional effects.

• Extension of the developed friction compensation methods for robot control systems.



6 Chapter 1. Introduction

In order to achieve the proposed goals both theoretical and practical methods have to

be applied during the research. For the theoretical discussion mainly Lyapunov analysis are

applied. To show the applicability and performances of the control algorithms both simulations

and experimental measurements are used. For the simulations of adaptive control systems the

MATLAB/Simulink environment is used. The adaptive and control algorithms are developed

in MATLAB language and introduced in Simulink using S-functions. Some algorithms have

been tested on physical systems as well. Two experimental setups were used. In the first thesis

group a laboratory ball-and beam system is used, designed by AMIRA company for research

and education. The mechanical system has been controlled using a dSPACE card equipped

with Digital Signal Processor (DSP). The card can be programmed using Simulink blocks. The

control algorithm has been implemented in C language written S-Function. For the friction

measurement and compensation an experimental setup was built during the research work. It

consists of a permanent magnet DC servo motor, which drives a metal disc through a gearhead.

Friction is introduced via a metal surface, which is held against the disc. The identification and

control algorithms have been implemented on a PIC-18 type microcontroller, the C compiler

of which allows floating point representation.

1.3 Structure of the thesis

The rest of this study is divided in three main parts (three Chapters) dealing with improved

robust-adaptive control algorithms, friction modelling, identification and compensation in po-

sitioning systems and friction compensation in robotic systems, respectively. Each part is

introduced by the motivation of the work and a literature review of most important publi-

cations, specific to the problems discussed in the corresponding Chapter. Hereafter, the new

results are presented with theoretical discussions. To show the applicability and performances

of the introduced control algorithms, in each chapter simulation results and experimental mea-

surements for the algorithms are presented. At the end of each Chapter, the final Section

(Conclusions) sums up the main results presented in the current thesis group.
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Thesis group 1 covers Chapter 2, Thesis group 2 is presented in Chapter 3, and Thesis

group 3 stands for Chapter 4. The Appendix accompanying the work contains background

information about Lyapunov theory with related definitions and lemmas, friction modelling

and dynamic modelling of robotic systems, which are extensively used in the thesis.



Chapter 2

Improved Adaptive Control Algorithms

for Single Input Nonlinear Systems

This chapter focuses on the problems, which may occur in adaptive control of systems with

unknown nonlinearities, in the presence of modelling errors and external disturbances. If in

the expression of control law appears a denominator, which depends on estimated parameters,

due to the adaptively tuned parameters, the value of the denominator can take very small or

even zero value, which leads to large or unimplementable control signals. It is called singu-

larity problem in adaptive control systems. Firstly, an improved adaptive control method is

proposed to avoid the singularity problem. Secondly, a model based stable adaptive algorithm

is developed for the ball and beam system. Since during the adaptive control of the system the

singularity problem may occur, the proposed singularity avoidance method is also introduced in

the developed algorithm and its effect on control is also observed through experiments. Finally,

the modification with supervisor controller of adaptive algorithms is treated in the presence of

large modelling errors. A supervisor algorithm is developed for adaptive control systems, for

the case when the modelling errors influence the adaptation laws too.

Publications covering this topic are [83, 88, 81].

8
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2.1 Tracking control of Single Input nonlinear systems

This section contains an introduction to the control of single input nonlinear systems. The

model of the controlled system is presented, then the problem of tracking control of these

systems is formulated. Finally, the classical control algorithm, which can solve the tracking

control of these plants is presented.

2.1.1 The controlled system

Consider the following Single Input nonlinear system described by the state space representa-

tion:

ẋ = F (x) + G(x)u

y = h(x) (2.1)

with x = (x1 x2 . . . xn)T ∈ Rn the state vector, u ∈ R control input, y ∈ R is the output.

F, G : Rn → Rn, h : Rn → R are smooth nonlinear functions.

Assume that the system has relative degree n [112] and the states are measurable. With

these assumptions the system can be transformed into normal form in the mean of feedback

linearization:

ẋ1 = x2

ẋ2 = x3

... (2.2)

ẋn = f(x) + g(x)u + d

y = x1

with f, g : Rn → R are smooth nonlinear scalar functions, and d is an additive unknown

but bounded signal which should be introduced in the model because of modelling errors and

external disturbances. Note that in (2.2) the state vector (x) contains the output and its first

n− 1 order derivatives.
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Remarks:

• If the system (2.1) does not have relative degree n, it will be assumed that it has well

defined relative degree r < n and the internal dynamics of the system is stable. In this

case the order of the system (2.2) will be r.

• In order to perform the transformation to the normal form and to control the system,

it is assumed that all the states are measurable. In the case of mechanical systems the

state vector contains positions and velocities of the controlled plant, which can easily be

measured.

• In the case of mechanical systems the function g(x) depends on the masses or inertias of

the system and it can be assumed that it always is strictly positive: g(x) ≥ gm > 0. If it

is not, its sign should be known.

2.1.2 The control task and control law

In tracking control problems, the design objective is to construct a controller so that the system

output tracks a desired trajectory.

The desired output is not a constant but a function of time: yd(t) : [0,∞) → R. The

asymptotic tracking problem can be defined as follows: Given a nonlinear system described by

(2.2) and a desired trajectory yd, find a control law u such that the tracking error y(t)− yd(t)

goes to zero as t→∞, while the whole state vector x remains bounded.

It will be assumed that the desired trajectory is a smooth, n times differentiable function

of time and the derivatives are also available for on-line computation. The desired trajectory

and its higher derivatives are generally planned ahead of time.

To solve the tracking problem, let us define the tracking error e(t) = y(t) − yd(t) and the

tracking error metrics:

S(t) = (
d

dt
+ λ)(n−1)e(t) with λ > 0 (2.3)
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It can be seen that if S = 0 than the error satisfies the differential equation of a stable lin-

ear system, whose characteristic equation is (s + λ)n−1 = 0. Hence, if the control input (u)

guarantees that S(t)→ 0, yields then the tracking error and its derivatives converge to zero.

To find a control law which solves the asymptotic tracking problem, differentiate S with

respect to time:

Ṡ(t) = e(n) + kT e = y(n) − y
(n)
d + kT e = f(x) + g(x)u− y

(n)
d + kT e (2.4)

where k = (kn−1 . . . k0)
T is a vector that contains the positive coefficients in the expansion of

S(t) and e = (e(n−1) . . . e)T . Note that in order to solve the asymptotic tracking, the disturbance

d was omitted.

The control law can be written as function of the estimated parameters:

u =
1

g(x)
(−f(x) + y

(n)
d − kT e− kSS) (2.5)

with kS > 0.

It can easily be seen that the control law (2.5) together with (2.4) guarantees that the

dynamics of tracking error metrics will have the form Ṡ = −kSS. Hence S converges to zero

as t→∞.

However, the modeling errors, external disturbances should also be taken into consideration

during the design of control law. In this perspective the controlled system (2.2) can be written

as: y(n) = (f(x)+Δf(x))+ (g(x)+Δg(x))u + d, where Δf(x) and Δg(x) are state dependent,

but bounded additive modelling errors and d is additive external disturbance. With Δf , Δg,

d unknown, the asymptotic tracking cannot be achieved.

In the perspective of practical stability (see Appendix A.2), the robust trajectory tracking

problem for the system (2.2) is defined as follows: design a control law u such that the output

satisfies |y − yd| ≤ δ for t → ∞ where δ is the given precision, while the state x remains

bounded.

The tracking error metrics defined in (2.3) can also be used to study the robust tracking

problem. By [116] if the control law guarantees that |S(t)| < Φ for t→∞ the output and state
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tracking errors are bounded as follows:

|y(t)− yd(t)| ≤ Φ/λ(n−1) (2.6)∣∣∣y(i)(t)− y
(i)
d (t)
∣∣∣ ≤ (2λ)i Φ

λ(n−1)

If the mathematical model of the plant is known but the parameters in the nonlinearities are

unknown, in order to assure precise tracking, adaptation algorithms can be used to estimate the

value of the parameters based on input-state measurements. In this study it is considered, that

the nonlinearities can be written in linearly parameterized form, namely as a scalar product of

an unknown parameter vector and a known regressor vector:f(x) = θT
f ξ

f
(x), g(x) = θT

g ξ
g
(x).

Considering that the nonlinearities are linearly parameterized is not a strong assumption.

If these nonlinearities are smooth, they can be approximated with a desired precision with

linearly parameterized expressions within appropriate region.

Gradient type adaptation algorithms or their modified versions can be applied to estimate

the unknown parameters of the controlled system. By denoting the estimated parameters θ̂

and the estimation errors θ̃ = θ̂ − θ the adaptation law can simply be formulated as:

˙̂
θf = −Γfξf

(x)S
˙̂
θg = −Γgξg

(x)uS (2.7)

where Γf = diag([γf1 .. γfnf
]), Γg = diag([γg1 .. γgng ]) are positive definite diagonal matrices

with strictly positive elements in the diagonal. nf and ng denote the number of estimated

parameters. The elements of the matrix are called adaptation gains and they are tuning pa-

rameters for the adaptation law.

In the control law (2.5) the estimated values of the nonlinear functions may be used:

f̂(x) = θ̂
T

f ξ
f
(x) ĝ(x) = θ̂

T

g ξ
g
(x) (2.8)

where the estimated values are tuned by the adaptation laws of type (2.7). Control laws

depending on the estimated parameters can guarantee good transient performances and the

stability of the closed loop system. But these algorithms show very poor robustness properties

even in the case of small disturbances or small model uncertainties. One way to avoid the lack
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of robustness is the modification of the control law with discontinuous switching functions that

depend on the maximum values of the unmeasurable disturbances. Using Lyapunov method

it can be shown that these modified discontinuous control laws guarantee the stability of the

closed loop control system in the presence of bounded disturbances.

2.2 Previous works

In the early nineties it became well-known that the classical adaptive control algorithms cannot

effectively deal with the control of nonlinear systems in the presence of large modelling errors

and disturbances. Hence, in the last decade the search for robustifying methods for adaptive

control systems and the stability analysis of the robust adaptive control systems became a

popular research trend in the control community.

One of the most popular way to handle disturbances is to introduce switching function in the

control and adaptation laws. To handle additive disturbances, the control law can be modified

with a saturation depending on the tracking error [137]. The idea of introducing saturation

functions in the adaptive control law was borrowed from Sliding Mode Control theory. The

hysteresis switching introduced in parameter adaptive control algorithm [93] is meant to prevent

the possibility of unbounded chatter. Dead-zone type modifications may also be introduced in

algorithms to reduce the sensitiveness of the control on small amplitude disturbances (see e.g.

[72], [137], [139]). More complicated switching strategy was applied in [58] to overcome the

problem of computability of the control law when the identification model is uncontrollable at

a certain instant of time.

To increase the robustness of the parameter estimation, modification of the adaptation

law was also proposed, because the classical gradient type adaptation algorithm (2.7) has an

integrator-like behavior and it is sensitive to disturbances. Having a-priori information about

the bounds of the parameters, the gradient type adaptation algorithm can be extended with

parameter projection methods initially proposed in [104, 53] for nonlinear adaptive control. By
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Lyapunov techniques it was shown that the adaptive control system with parameter projection

in the adaptation law guarantees the stability of the closed loop system. Moreover it was

proved in [2] that this technique can successfully be applied for nonlinear control systems

with unmodelled dynamics and external disturbances. To avoid the discontinuous switching,

which appears in the classical parameter projection algorithms, a novel projection technique

was introduced in [1], which guarantees both stability and smoothness of the control. Other

types or modifications for adaptive control laws are the so called soft σ modification [52] and

switching σ modification [103], which are more easily implementable as the parameter projection

technique and at the same time also increase the robustness of the control. The popularity

of these techniques have increased when it was shown in the paper [103] that the adaptive

control systems which use parameter projection or σ modification techniques the existence and

uniqueness of the closed loop system solution can be guaranteed. In [72] it was shown that the

parameter projection method can be applied not only for gradient based adaptation laws but

also for the recursive least square type adaptation laws.

For many applications the nonlinearities cannot be written in linearly parameterized forms,

or they are completely unknown. This fact motivated the introduction of soft computing meth-

ods in nonlinear adaptive control algorithms. Neural network based approximations of non-

linearities is a wide-spread approach in adaptive control schemes. A comprehensive review for

industrial applicability of neural networks can be found in [90]. Both multilayer feedforward

type and Radial Basis Function (RBF) type neural networks can be applied successfully for

approximation. The first neural network based adaptive nonlinear control algorithms were in-

tuitive rather than theoretically founded [100]. However, using Lyapunov techniques, it can

be shown that the neural network based adaptive controllers can guarantee the stability of the

control systems. Neural controllers designed by applying Lyapunov techniques were reported

in [38, 14, 89]. Neuro-fuzzy and fuzzy systems were also applied for stable adaptive nonlinear

control. In [47] the nonlinear dynamic system was approximated by fuzzy-based linear state-

space subsystems, then the same fuzzy sets of the system rule were employed to design robust

fuzzy sliding mode controller. The paper [135] presents an integrated robust adaptive control
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scheme that merges the fuzzy control algorithm with the Cerebellar Model Arithmetic Control

(CMAC) for unknown systems. In [94, 89] was shown that simple structure neural networks are

satisfactory for approximations in adaptive control schemes with even complex nonlinearities,

e. g. the tracking control of guided missiles. This fact is important from the implementation

point of view. Another approach for approximation was reported in [73] in which it was con-

sidered that the nonlinearity is unknown but it has an upper bound which can be written in

a linearly parameterized form. Based on this assumption adaptive algorithm can be developed

for Single Input nonlinear systems with only output measurement.

To assure bounded control signals during the adaptation, the singularity problem in robust-

adaptive control systems was treated in [137, 136]. The main drawback of the solutions pre-

sented is that they modify the control laws even when the adaptations works well and the

parameters are in the prescribed domain. A neural network based approach is also proposed

to solve this problem [45]. In this work the system model is completely ignored, the tracking

error dynamics is approximated with a neural network depending on tracking errors and system

states. In [27] an anti-windup design is presented for adaptive control of nonlinear systems to

assure the boundedness of the control signal.

The modification with supervisor controllers of the nonlinear adaptive control algorithms is

also meant to increase the robustness when the modelling uncertainties are high in magnitude.

In [15] a hybrid adaptive tracking control algorithm is proposed which combines the linear

robust control theory, sliding control and fuzzy control design. A high gain term is introduced

via a signum switching function to decrease the sensitiveness of the control to unmodelled

dynamics. In [107] a switching robust adaptive algorithm is presented in which the robust

control is used during the transients and situations where parameters are uncertain, and during

the steady state operations adaptive control is used. A practical approach for supervisor control

is that the high gain term is switched on only when the closed loop system enters in a critical

state, the internal signals and/or tracking errors take large values. These types of algorithms

for both Single Input and Multiple Input systems were treated in [63].
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Most of the presented papers deal with the control of Single Input systems. However, in [138]

it was shown that the developed robust adaptive control algorithms for Single Input systems

can easily be extended for a wide class of Multiple Input nonlinear systems.

2.3 A method to avoid the singularity problem in adap-

tive control systems

In real time control applications the actuators have saturated outputs, they cannot reproduce

control signals that are larger than the saturation limits. Unfortunately, in the case of the

adaptive control schemes, when the parameters of the controlled plant suddenly change, there

are large variations in the signals generated by the adaptive laws and the adaptation temporarily

provides wrong parameters. It can lead to large control signals, which cannot be reproduced

by the actuator.

For the system (2.2) with unknown nonlinearities, in the view of the control law (2.5) and

the estimated nonlinearities (2.8), the adaptive control law can be written as:

u =
1

θ̂
T

g ξ
g
(x)

(−θ̂
T

f ξ
f
(x) + y

(n)
d − kT e− kSS) (2.9)

It can be seen that if the function ĝ(x) = θ̂
T

g ξ
g
(x) tends to zero, very large control signals

can be obtained (the singularity problem). In order to prevent this problem in the control

algorithm, an assumption for the model of controlled system (2.2) should be pronounced.

Assumption: In the controlled plant the nonlinear function multiplying the input g(x) is

nonzero, 0 < gm ≤ |g(x)|, with gm > 0 which guarantees that the plant is controllable for any

t ≥ 0. The sign of g(x) is also considered to be known.

Using this assumption, the control law (2.9) can be modified in order to avoid the singularity

problem, the value of u remains bounded even if the function ĝ tends to zero.

In previous works the following two modifications were proposed:
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1. The nominator of the expression of the control algorithm can be modified with an additive

term [136]:

u =
1

ĝ
u′ → u =

1

ĝ + δ←→sgn(ĝ)
u′ (2.10)

where δ > 0 is a positive constant and u′ represents the remaining part of the control algorithm

that does not depend on ĝ(x). The function ←→sgn(·) denotes the signum function modified to

include a delayed action with hysteresis.

2. Another way to modify the control law was suggested in [137, 138]:

u =
1

ĝ
u′ → u =

ĝ

ĝ2 + δ
u′ (2.11)

Observe that (2.10) and (2.11) modify the control law even when the adaptation works well

and ĝ(x) is in the prescribed limit. The algorithm proposed later on in this thesis tries to avoid

this drawback.

Let us define the following switching function:

ρ(ĝ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
0, if |ĝ| ≥ gm

(gm − |ĝ|)/g1, if gm − g1 < |ĝ| < gm

1, otherwise

(2.12)

where g1 < gm is a small positive constant which does not allow hard switching. Based on this

function, the following modified control law will be introduced instead of (2.11):

u =
1

ĝ
u′ → u =

ĝ

ĝ2 + ρδ
u′ (2.13)

Figure 2.1 shows the effect of the strategies (2.11) and (2.13) on the controller gain. It can be

seen that the control gain increases when ĝ tends to zero, if no modification is introduced (upper

diagram). When (2.11) is applied, the control does not tend to infinity but the control signal is

disturbed even when ĝ is between the normal limits (lower diagram). The proposed modification

(2.13) does not introduce distortion in the control signal when the estimated nonlinearity ĝ(x)

is between its normal limits, but when ĝ leaves these limits the control law does not allow to
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Figure 2.1: The value of 1/ĝ(x)

increase the control signal (the middle diagram). It can be seen that in case of (2.11) the gain

remains under that of (2.13). Hence it can be expected that (2.11) causes slower transients and

parameter convergence that (2.13).

Henceforward a theorem will be formulated which shows, how the proposed modification

can be introduced in adaptive control algorithms in such a way that it guarantees the prescribed

tracking accuracy and the stability of the closed loop system.

Theorem 2.1:

Consider the system (2.2) with the following assumptions:

(A1) The nonlinearities can be written in a linearly parameterized form (f(x) =

θT
f ξ

f
(x), g(x) = θT

g ξ
g
(x)).

(A2) The additive disturbance d is bounded as follows: |d| < DM

(A3) The nonlinear function g(x) is bounded from below: 0 ≤ gm < |g(x)| and the sign of

g(x) is known.
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Figure 2.2: The applied saturation function and switching function SΔ

If the assumptions (A1), (A2) and (A3) hold then for a given Φ > 0, the control law:

u =
θ̂

T

g ξ
g

(θ̂
T

g ξ
g
)2 + ρδ

(−θ̂fξf
+ y

(n)
d − kT e− kSSΔ(t)−DMsat(S/Φ) ) (2.14)

together with the adaptation laws:

˙̂
θf = ΓfSΔξ

f
(2.15)

˙̂
θg = Γgξg

(SΔu + ρ(ĝ)δsign(g)
|SΔ(t)| |u′|
|gm − ĝ| ) (2.16)

guarantee asymptotically that |S(t)| ≤ Φ for t→∞.

Here δ > 0 and the following notation is used:

u′ = −θ̂fξf
+ y

(n)
d − kT e− kSSΔ(t)−DMsat(S/Φ) (2.17)

sat(·) denotes the saturation function. Γf , Γg are positive definite diagonal matrices with

the adaptation step sizes in its diagonals.

The last term in the control law - DMsat(S/Φ) - depends on the maximum value of distur-

bance d and it is introduced to increase the robustness of the control. The value of DM can be

determined based on technological information.

The values of Φ and λ depend on the prescribed tracking precision (see the relation 2.6).

SΔ is defined as follows:

SΔ = S − Φsat(S/Φ) (2.18)
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Figure 2.3: The switching function ρ and ρ/|ĝ − gm|

From the definition can be seen that |S| < Φ yields SΔ = 0. The introduction of a dead zone

in the tracking error metrics makes the control and adaptation insensitive to disturbances and

modelling errors when |S(t)| ≤ Φ (see Figure 2.2). It can easily be verified that the function

SΔ has the following useful properties:

ṠΔ = Ṡ if |SΔ| > Φ; ṠΔ = 0 otherwise (2.19)

SΔsat(S/Φ) = |SΔ| if |SΔ| > Φ (2.20)

Remark: The second term in the adaptation law (2.16) is meant to compensate the mod-

ification in the denominator of u. If ĝ is close to gm the value of 1/(|gm − ĝ|) can be very high.

But note that when this expression tends to∞, in this region the value of ρ(ĝ) tends to 0 with

the same speed, hence the adaptation law remains bounded (see Figure 2.3). The values of gm,

g1 < gm and δ < gm can be chosen in an iteration process. Their values have to be modified

based on experiments on the real process.

Proof of the theorem:

Let us define the following Lyapunov like function:

V (t) =
1

2
S2

Δ(t) +
1

2
θ̃

T

f Γ−1
f θ̃f +

1

2
θ̃

T

g Γ−1
g θ̃g (2.21)

If the elements of the parameter vectors θf and θg are constants, from θ̃f = θf − θ̂f yields
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that
˙̃
θf = − ˙̂

θf and
˙̃
θg = − ˙̂

θg. It follows that the time derivative of V(t) is given by:

V̇ (t) = SΔ(t)ṠΔ(t)− θ̃
T

f Γ−1
f

˙̂
θf − θ̃

T

g Γ−1
g

˙̂
θg (2.22)

According to the definition of adaptation laws (2.15), (2.16) and the definition of SΔ it

follows that V̇ (t) = 0 for |S| ≤ Φ.

Therefore, the remaining part of the proof treats only the case when |S| > Φ. By applying

the property (2.19) of SΔ, with the control law (2.14) the tracking error dynamics can be

written as follows:

ṠΔ = Ṡ = f(x) + g(x)u− y
(n)
d + kT e + d− (θ̂

T

f ξ
f
(x) + θ̂

T

g ξ
g
(x)u) + (θ̂

T

f ξ
f
(x) + θ̂

T

g ξ
g
(x)u) =

= θ̃
T

f ξ
f
(x) + θ̃

T

g ξ
g
(x)u +

(θ̂
T

g ξ
g
(x))2

(θ̂
T

g ξ
g
(x))2 + ρδ

u′ + θ̂
T

f ξ
f
(x)− y

(n)
d + kT e + d =

= θ̃
T

f ξ
f
(x) + θ̃

T

g ξ
g
(x)u− ρδu′ + d−DMsat(S/Φ)− kSSΔ (2.23)

By substituting (2.23) and the adaptation laws into the derivative of the Lyapunov function

(2.22) and exploiting that sat(S/Φ) = sign(S/Φ) for S > Φ it yields:

V̇ (t) = SΔṠΔ − θ̃
T

f SΔξ
f
(x)− θ̃

T

g SΔξ
g
(x) + θ̃

T

g ξ
g
(x)ρδsign(g)

|SΔ(t)| |u′|
|gm − ĝ| = (2.24)

= −ρδSΔu′ − ρδg̃(x)sign(g(x))
|SΔ| |u′|
|gm − ĝ| + dSΔ −DM |SΔ| − kSS2

Δ (2.25)

where g̃ = g − ĝ.

By (A2), dSΔ −DM |SΔ| < 0 for any t > 0. On the other hand it was shown in [137] that

ρ(ĝ)g̃sign(g) = ρ(ĝ) |g̃|. Substituting this relation in (2.24):

V̇ (t) ≤ −ρδSΔu′ − ρδ |g̃(x)| |SΔ| |u′|
|gm − ĝ| − kSS2

Δ (2.26)

If |ĝ| ≥ gm implies ρ(ĝ) = 0. Otherwise, according to the definition of ρ in (2.12), 0 ≤
|gm − ĝ| ≤ |g̃| from which results |g̃| /|ĝ − gm| ≥ 1. Accordingly, the absolute value of the

second term in (2.26) is always greater than the first term. Hence it yields:

V̇ (t) ≤ −kSS2
Δ (2.27)
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The relation (2.27) is also valid for |S(t)| ≤ Φ. Since V (t) is a positive and nonincreasing

function, therefore V (∞) is finite and well defined.

Thus, if SΔ(0), θ̃f (0), θ̃g(0) are bounded ⇒ SΔ(t), θ̃f(t), θ̃g(t) ∈ L∞ and accordingly θ̂f(t),

θ̂g(t) ∈ L∞ ∀ t > 0.

Since SΔ(t) ∈ L∞ and e(i)(0) are bounded ∀ i = 0, ..., n− 1 ⇒ e(i)(t) ∈ L∞ ∀ i = 0, ..., n− 1.

Since e(i)(t), x
(i)
d (t) ∈ L∞ ∀ i = 0, ..., n− 1 ⇒ x(i)(t) ∈ L∞ ∀ i = 0, ..., n− 1. Moreover, from

(2.14) results that u and u′ ∈ L∞

Hence by (2.27)

∫ ∞

0

SΔ(t)2dt ≤ −1

kS

∫ ∞

0

V̇ (t) =
V (0)− V (∞)

kS

<∞ (2.28)

which implies SΔ(t) ∈ L2.

From (2.23) results that since SΔ(t), θ̃f , θ̃g, d, u(t) ∈ L∞ ⇒ ṠΔ(t) ∈ L∞.

Because SΔ(t), ṠΔ(t) ∈ L∞ and the relation (2.28) holds, by Barbalat’s lemma, presented in

Appendix A.1, SΔ(t)→ 0 when t→∞, consequently the inequality |S(t)| ≤ Φ is asymptotically

satisfied. Thus the control law (2.14) with the adaptation laws (2.15), (2.16) guarantees the

affirmation of the theorem.�

The applicability of the control algorithm will be shown in the next section wherein the

proposed modification was tested on a ball and beam system.

2.4 Adaptive Ball and Beam control

The ball and beam control system is a well known experimental setup, found in many control

laboratories. The beam rotates in the vertical plane driven by a torque (usually using a DC

servo motor) at the center of the rotation. The ball rolls free along the beam and in contact



2.4. Adaptive Ball and Beam control 23

r = x1

� = x3

M, Jb

u

J

Figure 2.4: The ball and beam system

with the beam. According to [112], the equations of motion of the plant are given by:

ẋ1 = x2

ẋ2 = BξB(x)

ẋ3 = x4 (2.29)

ẋ4 = U , where u = Mξ1(x) + (Mx2
1 + J + Jb)U

The following notations were used: x1 - position of the ball, x2 - velocity of the ball, x3 - beam

angle, x4 - angular velocity of the beam, u - input torque, J - inertia of the beam, Jb - inertia

of the ball, M - mass of the ball, R - radius of the ball and G - gravitational acceleration; (see

Figure 2.4) B = M/(Jb/R
2 + M), ξB(x) = x1x

2
4−Gsin(x3) and ξ1(x) = 2x1x2x4 +Gx1cos(x3).

The ball and beam system is an underactuated system (the number of actuators is less than

the number of degrees of freedom). These types of systems have many industrial applications

(e. g. nonlinear cranes). The control law for underactuated systems can be designed using

nonlinear control techniques [57].

For the nonlinear ball and beam system the natural choice to formulate the control law may

be the feedback linearization method, but unfortunately the relative degree of the system is

not well defined because of the centrifugal term x1x
2
4 in the expression of ξB(x) [112]. Thus

the conventional input-output linearization approach is not applicable for this system. The

standard Jacobian linearization method can approximate well the nonlinear model only when

the states are near the linearization point.
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The control of nonlinear system (2.29) was treated by many authors. In [37] the control

problem was solved using approximate input-output feedback linearization. Using nonlinear

transformations and neglecting the centrifugal term in the model (2.29) the system has well-

defined relative degree. In [127] the idea was further developed in a sense that the approximate

feedback linearization was applied only when the system was near to the singularities (x1x
2
4 = 0),

otherwise the controller was switched to exact feedback linearization algorithm. A sliding mode

switching algorithm to avoid the singular states was also proposed in [43]. In [4] a model based

control algorithm was proposed for the ball and beam system which exploits that the plant

model satisfies the so called matching condition. This condition guarantees that the control

law will induce some specified structure on the closed loop system. All of these methods

assumed that the plant parameters are known.

Another approach for stabilizing single input nonlinear systems was presented in [134] in

which switching control was applied for designing a controller that simultaneously stabilizes a

collection of single-input nonlinear systems.

Model free approaches are also very popular for ball and beam control. In [32] and [140] the

system was controlled using dynamic neural networks and in [96] the adaptive fuzzy approach

was treated.

2.4.1 Model based adaptive control law

In order to solve the adaptive control of the ball and beam system, let us rewrite the equations

of motion (2.29) in the following form:

ẋ1 = x2

ẋ2 = BξB(x)

ẋ3 = x4 (2.30)

ẋ4 = K1ξ1(x) + K2u + d
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where:

K1 = − M

(Mx2
1 + J + Jb)

K2 =
1

(Mx2
1 + J + Jb)

(2.31)

d denotes the external disturbances and additive modelling errors which are considered to

be bounded from above, i.e. |d| < DM

Note that the value of K2 is also bounded from above, i. e. K2 ≤ 1/K2M , where K2M =

J + Jb. The boundedness from below of K2 is guaranteed by the finite length of the beam

(K2m ≤ K2).

The parameters K1 and K2 are time varying, depend on x1 (ball position). But when the

mass of the ball is not large and the ball moves near to center of the beam, these parameters

can be considered slowly varying and standard on-line estimation algorithms can be applied

to determine their values. Otherwise they may be approximated with simple structure neural

networks with one input (x1) and one output (K1 and K2 respectively), such as the RBF

neural network. In this case K2 can be written as K2(x1) = θT
K2ξK2

(x1), where θK2 represents

the unknown weight vector and ξ
K2

(x1) is the vector of known basis functions. K1 can also

be approximated in the same way, and the final equation in (2.30) can be rewritten as ẋ4 =

θT
K1ξK1

(x1) + θT
K2ξK2

(x1)u + d. The unknown weight parameters (θK1, θK2) of the neural

networks can be tuned on-line.

Model based tracking control

To develop a control law for the ball and beam system, let us define the following error metrics:

S = αS1 + S2 = α((x2 − x2d) + λ(x1 − x1d)) + (x4 + λx3) (2.32)

with α, λ > 1 and x1d represents a bounded, twice differentiable trajectory of the ball, x2d = ẋ1d.

The first term (S1) of the error metrics represents the tracking error of the ball. The second

term (S2) is meant to avoid large motion of the beam which could induce the closed loop

system in limit cycle or even instability. The prescribed trajectory of the ball (x1d) should also
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be planned is such a way that the trajectory has low maximum values for the desired velocity

(ẋ1d) and acceleration (ẍ1d).

From theoretical point of view the error metrics (2.32) can be motivated as follows: define

E as E = α(x1 − x1d) + x3. Thus S can be written as S = Ė + λE. If a (sliding type) control

law can be found, which assures that Ṡ = −kSS with kS > 0 then S → 0 as t →∞. It yields

E = α(x1 − x1d) + x3 → 0 as t→∞.

From practical point of view, it cannot be expected that the error S → 0 as t → ∞,

because the motion of the ball assumes that the second term (S2) in S will practically never

be zero. Hence define the achievable error bound Φ > 0 and reformulate the error metrics as

SΔ = S − Φsat(S/Φ). If the control law guarantees the convergence of SΔ to zero then S will

converge inside a boundary layer with bound Φ.

By applying (2.19) and based on the system dynamics (2.30) the dynamics of SΔ for |S| > Φ

is given by:

Ṡ = ṠΔ = α((ẋ2 − ẍ1d) + λ(ẋ1 − ẋ1d)) + (ẋ4 + λẋ3) =

= α((BξB(x)− ẍ1d) + λ(x2 − x2d)) + K1ξ1(x) + K2u + λx4 + d (2.33)

To find a model based control law for the ball-beam system, define the following Lyapunov

function:

V =
1

2
S2

Δ (2.34)

If the disturbance d is neglected from (2.33), the time derivative of the Lyapunov function

is given by:

V̇ = SΔṠΔ = SΔ(α((BξB(x)− ẍ1d) + λ(x2 − x2d)) + (K1ξ1(x) + K2u + λx4)) (2.35)

Let the control law be defined as:

u =
1

K2
(−α((BξB(x)− ẍ1d) + λ(x2 − x2d))−K1ξ1(x)− λx4 − kSSΔ) (2.36)

with kS > 0.
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The control law u guarantees that V̇ = −kSS2
Δ < 0, if SΔ 
= 0, thus it assures the bound-

edness of the error metrics S. Moreover observe that the control (2.36) yields to tracking error

dynamics ṠΔ = −kSSΔ.

Accordingly the presented control law simultaneously solves a stabilization and a tracking

problem for the underactuated ball and beam system.

Adaptive extension of the control law

If it is considered that the parameters of the system are unknown, adaptive estimation for the

system parameters is necessary. To generalize the problem, let us consider that K1ξ1(x) and

K2 for the equation (2.30) are formulated as K1ξ1(x) = θT
K1ξK1

(x) and K2 = θT
K2ξK2

(x) with

unknown parameter vectors θK1 and θK2.

Since the dynamics of ball-beam system (2.29) cannot be written in canonical form (2.2), the

adaptive control methods developed for systems in cannonical form cannot be applied directly

for the ball-beam plant. The adaptive law presented in this section was developed based on the

error metrics (2.32). Note that the tracking error dynamics of the normal system (2.4) has a

similar form as the error dynamics of the ball and beam system (2.33). By exploiting this fact,

the adaptive control law for the ball and beam system (for tracking the ball on the beam) can

be formulated in similar way such as in the previous section.

With the parameters unknown, the control law can be developed by using estimated pa-

rameters that are generated on-line. In order to solve the control goal SΔ → 0 as t→∞ with

unknown parameters, let us formulate the control law in a similar way as in the Section 2.3:

u =
θ̂

T

K2ξK2
(x)(

θ̂
T

K2ξK2
(x)
)2

+ ρδ
u′ with (2.37)

u′ = −α((B̂ξB(x)− ẍ1d) + λ(x2 − x2d))− θ̂
T

K1ξK1
(x)− λx4 − kSSΔ −Dmsat(S/Φ)

where δ > 0 is a small positive constant and ρ is defined in (2.12).
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Figure 2.5: Experimental Setup

For the unknown parameters the following estimation can be used:

˙̂
B = γBαSΔξ

B
(x) (2.38)

˙̂
θK1 = ΓK1SΔξ

K1
(x) (2.39)

˙̂
θK2 = ΓK2ξK2

(x)(SΔu +
ρδ |SΔ| |u′|∣∣∣θ̂T

K2ξK2
(x)−K2m

∣∣∣) (2.40)

with γB > 0 and ΓK1, ΓK2 > 0 strictly positive definite diagonal matrices. Note that the

singularity avoidance method presented in the previous section was applied in the control

algorithm.

The convergence of SΔ and the boundedness of the signals in the control system can be

proved with the same train of thought as in the previous section. The Lyapunov function

should be defied as:

V (t) =
1

2
S2

Δ(t) +
1

2
B̃2 +

1

2
θ̃

T

K1Γ
−1
K1θ̃K1 +

1

2
θ̃

T

K2Γ
−1
K2θ̃K2 (2.41)

2.4.2 Experimental results

The proposed control algorithm was tested on the Amira ball and beam system [123] (see Figure

2.5). The controller was realized by using dSpace 1102 control board. The controller design
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Figure 2.6: Adaptive Ball-Beam Control

used Matlab/Simulink with Realtime Workshop and dSpace Cookpit software. The control

signal is supplied to the servo motor which drives the beam, via an amplifier. The angular

position of the beam is measured using an incremental encoder. The position of the ball is

sensed with a CCD camera, placed over the beam. The exact position of the ball in the vertical

plane is calculated by combining the CCD camera signal and the angular position signal. With

these measurements, the achievable position resolution of the ball on the beam is 1 mm. The

ball velocity and angular velocity are obtained with differentiation from the position signals

and they are filtered using second order digital filters.
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Figure 2.8: Model based control - Beam angle

In the first experiment the adaptive control algorithm was tested. To accentuate the tran-

sients, a square wave reference trajectory (x1d) was implemented for the ball with T = 8 sec

period and 20 cm amplitude. It was considered that ẋ1d = ẍ1d = 0.

To show the effect of the modified adaptive control law (2.37) presented in the previous

section, firstly the control law was implemented with δ = 0 and in the adaptation law (2.40)

the second term was neglected. Secondly, the control law was implemented with δ = 0.1 and in

the adaptation law (2.40) both terms were implemented. To show the effect of the modification

on the control performances, the initial value of the parameter K2 was deliberately started in
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such way that K2(t = 0) < K2m (namely K2(t = 0) = 0.65, K2m = 0.9). As it can be seen in

Figure 2.6, in both cases the algorithm guarantees the convergence of the parameters and the

good transients for the ball position tracking. However, with the modified adaptive algorithm

the convergence of the parameter K2 is faster and the overshots in the ball position disappear

earlier than with the non-modified adaptive algorithm.

In the second experiment the model based control law (2.36) was tested on the system. For

the control law implementation, the parameters found by the adaptation laws were used. In

this case the trajectory for the ball was planned in such way that between the steps the ball

moves along a continuous path and the prescribed velocity and acceleration have nonzero, finite

values. It can be seen that the proposed control algorithm assures good transient performances

and small steady state error for the ball and beam system (see Figures 2.7 and 2.8).

2.5 Supervisor control law in the presence of large mod-

elling errors

In this section the tracking adaptive control of Single Input systems is addressed, when the

control law has to deal with large modelling errors. If the nonlinearities f(x) and g(x) in

the system model (2.2) are completely unknown they have to be approximated with universal

approximators such as neural networks or neuro-fuzzy systems. The uncertainty induced by

modelling deviations can be disregarded, when it does not affect the stability of the control sys-

tem or the requirements for the performances of the control are not too rigurous. Otherwise it

should be taken into consideration at the development of the control algorithms. At the begin-

ning of the adaptation process these approximations could show large deviations from the real

value of nonlinearities, which leads to oscillations in the estimated parameters, poor transients

and large control signals. Hence, at the beginning of the adaptation, when the approximation

works poor, the control system should be ’protected’. In this study a supervisor controller is

proposed for the adaptive control systems in which the nonlinearities are approximated with
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neural networks.

To approximate the nonlinearities, Radial Basis Function (RBF) networks may be used.

This popular neural model is widely used in adaptive control algorithms because of its relatively

simple structure and good approximation properties. It has two layers. The output of a neuron

from the first, hidden layer can be written as:

zi = Ri(x) = Ri(‖x− ci‖/σi), i = 1 . . .H (2.42)

where the vector x contains the input of the model, H is the number of neurons in the hidden

layer and Ri is a radial basis function, typically of Gaussian type. || · || denotes the Euclidian

norm.

If the model has single output, then:

r(x) =

H∑
i=1

θiRi(x) + b (2.43)

Hence the RBF neural model can be written as:

r(x) = θT ξ(x) where θ = (θ1 . . . θH b)T ; ξ(x) = (R1(x) . . . RH(x) 1)T (2.44)

If a priori measurements on f(x) and g(x) are available, the design parameters of the

functions Ri can be determined using clustering methods [51] or if not, they can be distributed

uniformly in the input field.

The most prevalent on-line estimation law used in adaptive control systems is the gradient

algorithm (2.7) because it can relatively simple be implemented and together with control

algorithm (2.9) can guarantee the stability of the control system. To increase the robustness

of the adaptive control schemes a modified version of this algorithm can be used such as the

gradient projection algorithm.

In order to apply the gradient projection method it should be assumed that all the parame-

ters are bounded with known bounds, i.e. it is considered that for any element of the parameter

vectors the following relations hold:

θfmi ≤ θfi ≤ θfMi θgmi ≤ θgi ≤ θgMi with θfmi, θfMi, θgmi, θgMi known, ∀ i (2.45)



2.5. Supervisor control law in the presence of large modelling errors 33

These assumptions can be exploited in the adaptation algorithm if the gradient projec-

tion method is used instead of classical gradient method. In this thesis the smooth gradi-

ent projection algorithm is used, which was initially proposed in [53]. This approach over-

comes the discontinuous behavior of the adaptation which is the main disadvantage of these

algorithms. Let us consider the following parameter sets Ω = {θ | θmi ≤ θi ≤ θMi ∀i} and

Ωδ = {θ | θmi − δ ≤ θi ≤ θMi + δ ∀i}, where δ > 0. The smooth gradient projection algorithm

can be written as:

˙̂
θ = Proj(Γ, θ̂, S, ξ) where (2.46)

Proj(Γ, θ̂, S, ξ)i =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γiξiS, if θmi ≤ θ̂i ≤ θMi

or if θ̂i > θMi and ξi ≤ 0

or if θ̂i < θmi and ξi ≥ 0

γi(1 + θMi−̂θi

δ
)ξiS, if θ̂i > θMi and ξi > 0

γi(1 +
̂θi−θmi

δ
)ξiS, if θ̂i < θmi and ξi < 0

(2.47)

The adaptation step size for each parameter θi is denoted with γi > 0. Let us introduce the

strictly positive diagonal matrix Γ = diag(γ1, γ2, . . . , γp).

It is known that this rule guarantees the following propriety: if θ̂(0) ∈ Ω⇒ θ̂ ∈ Ωδ for any

t ≥ 0 [53]. Moreover the smooth gradient projection has the following useful propriety:

θ̃
T
ΓξS ≤ θ̃P roj(Γ, θ̂, S, ξ) (2.48)

By (2.8) the adaptation rule reads as:

˙̂
θf = Proj(Γf , θ̂f , S, ξ

f
)

˙̂
θg = Proj(Γg, θ̂g, S, ξ

g
) (2.49)

These algorithms guarantee that the estimated parameters always remain bounded with

known bounds. This property will be exploited during the development of the supervisor

control law.
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In the adaptive control schemes the model uncertainty is generally represented by an additive

bounded disturbance, i.e the applied nonlinear feedforward term in the control law can be

written as:

f(x)applied = θ̂
T

f ξ
f
(x) + df(x) where |df(x)| ≤ DfM (2.50)

Let us consider the case when the nonlinearity is approximated by using Radial Basis

Function networks. Since separate measurements for f(x) and g(x) are not available, hence

a finite number of fixed shape, fixed center basis functions will be used. It suggests that the

modelling error can also appear due to the applied regressor vectors. Hence the modelling

errors can be written as:

f(x)applied = θ̂
T

f ξ
fapplied

(x) = θ̂
T

f (ξ
f
(x) + dξf(x)) where |dξf(x)| ≤ DfM (2.51)

g(x)applied = θ̂
T

g ξ
gapplied

(x) = θ̂
T

g (ξ
g
(x) + dξg(x)) where |dξg(x)| ≤ DgM (2.52)

Here ξfapplied(x) and ξgapplied(x) denote the regressor vectors used in the control and adaptation

law.

Thus the problem cannot be treated just as an additive modelling error because in the

view of (2.7) it also has an influence on the adaptation rule that can influence the stability of

the closed loop system. The algorithm introduced in this section assures the stability in the

presence of uncertainly modelled regressors.

To handle this problem an adaptive supervisor controller is proposed. In the following

proposition it will be shown that with certain assumptions the supervisor controller guarantees

the boundedness of all the signals in the nonlinear adaptive control system even in the presence

of large modelling errors that affect the adaptation rule too.

Theorem 2.2:

Consider the system (2.2) with the following assumptions:

(A1) The nonlinearities f(x), g(x) can be written in a linearly parameterized form.

(A2) The additive disturbance d is bounded as follows: |d| < DM
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(A3) The nonlinear function g(x) is bounded below: 0 ≤ gm < g(x)

(A4) The modelling errors can be written as in (2.51, 2.52)

(A5) The elements of the parameter vectors θf , θg are bounded as in (2.45).

If the assumptions (A1) - (A5) hold then the control law

u = uc + {|S(t)| > SLIM}usw (2.53)

with the adaptation law defined in (2.46):

˙̂
θf = Proj(Γf , θ̂f , SΔ, ξ

fapplied
) (2.54)

˙̂
θg = Proj(Γg, θ̂g, SΔ, ξ

gapplied
uc)

guarantees asymptotically the boundeness of all signals in the control system, where:

uc =
1

θ̂
T

g ξ
gapplied

(x)
(−θ̂

T

f ξ
fapplied

(x)− kSS(t)− kT e(t) + y
(n)
d −Dsign(S)) (2.55)

usw = − 1

gm
(DfM

∑
i

|θfMi|+ DgM

∑
i

|θgMi| |uc|)sign(S). (2.56)

The notation {|S(t)| > SLIM} means that the switching term usw acts only when the

absolute value of tracking error metrics |S(t)| is higher than a prescribed limit SLIM .

Proof of the theorem:

Let the Lyapunov like function be:

V (t) =
1

2
S2(t) +

1

2
θ̃

T

f Γ−1
f θ̃f +

1

2
θ̃

T

g Γ−1
g θ̃g (2.57)

where Γf and Γg are diagonal matrices introduced after the equation (2.46).

The time derivative of V(t) is given by:

V̇ (t) = S(t)Ṡ(t)− θ̃
T

f Γ−1
f

˙̂
θf − θ̃

T

g Γ−1
g

˙̂
θg (2.58)

Applying (2.48) for the estimation laws (2.54) and substituting it into the derivative of the
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Lyapunov function yields:

V̇ (t) = S(t)Ṡ(t)− θ̃
T

f Γ−1
f Proj(Γf , θ̂f , SΔ, ξ

fapplied
)− θ̃

T

g Γ−1
g Proj(Γg, θ̂g, SΔ, ξ

gapplied
) ≤

≤ SṠ(t)− θ̃fS(ξ
f

+ dξf )− θ̃gS(ξ
g
uc + dξguc) (2.59)

The tracking error dynamics can be written as follows:

Ṡ = θT
f ξ

f
(x) + θT

g ξ
g
(x)u + d− y

(n)
d + kT e (2.60)

Henceforward the cases when |S(t)| ≤ SLIM and |S(t)| > SLIM will be treated separately.

Case 1 (|S(t)| ≤ SLIM):

In this case u can be replaced with uc. Let us introduce the value of uc into (2.60):

Ṡ = −kSS + θ̃
T

f ξ
f
(x) + θ̃

T

g ξ
g
(x)uc − θ̂

T

f dξf − θ̂
T

g dξguc + d−DSsign(S) (2.61)

With (2.61) the relation (2.59) can be written as:

V̇ (t) ≤ −kSS2 − SθT
f dξf − SθT

g dξguc + Sd−D|S| (2.62)

If d ≤ D where D > 0 than for any S implies that dS ≤ D |S|. From these inequality

results:

V̇ (t) ≤ −kSS2 − SθT
f dξf − SθT

g dξguc (2.63)

Note that the sign of V̇ (t) cannot be determined because of model uncertainties dξf and

dξg.

Case 2 (|S(t)| > SLIM) :

If the value of S(t) reaches the value SLIM the second term of the control (usw) is switched

on. In this case the relation (2.58) can be written as:

V̇ (t) ≤ −kSS2 − SθT
f dξf − SθT

g dξguc + θT
g ξ

g
(x)Susw (2.64)

According to the assumptions (A1) and (A3) 0 < gm ≤ θT
g ξ

g
(x), hence:

V̇ (t) ≤ −kSS2 − SθT
f dξf − SθT

g dξguc − (DfM

∑
i

|θfMi|+ DgM

∑
i

|θgMi| |uc|) |S| (2.65)
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With the same considerations as in the step from (2.62) to (2.63) it yields:

V̇ (t) ≤ −kSS2 (2.66)

The boundedness of the estimated parameters and the parameter estimation errors is guar-

anteed by the estimation laws (2.54).

If S(0) is bounded, then if S(t) leaves the limit SLIM , then the boundedness of V (t) is

guaranteed by (2.66) and S(t) is also bounded according to the definition of V (t) in (2.57) and

the property (2.66).

The boundedness of S(t) and x
(i)
d (t) results the boundedness of x(i)(t) ∀ i.�

Remarks:

• The presented supervisor control algorithm can easily be extended with singularity avoid-

ance method introduced in Section 2.3. It will guarantee the boundedness of the the

control signal u and accordingly the boundedness of Ṡ can also be guaranteed.

• The switching term represents a high gain term in the control that acts only when the

behavior of the control system is critical. Its introduction is necessary to guarantee the

theoretical and practical stability of the control system. An important result that can be

concluded from this approach of adaptive control law is related to the minimum value of

the saturation limit of the applied actuator. The actuator should be able to reproduce

control signals with amplitude at least SLIM ∗ |usw|. In this case, the boundedness of all

the signals in the closed loop system can be guaranteed according to the proposition.

2.5.1 Simulation results

To examine the performances of the previously presented control law, a mass-spring damper

system was considered. The adaptive algorithms introduced for mass-spring dampers are gen-

erally developed based on linear system models (see e. g. [98, 17]). In the present work it is

considered that the spring element and the frictional damper in the system are nonlinear.
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Figure 2.9: Training data and the learned nonlinearity by the RBF net

The equation of motion for this mechanical system can be expressed as:

mẍ + bẋ |ẋ|+ k0x + k1x
3 = ku (2.67)

with bẋ |x| modelling the nonlinear dissipation and k0x + k1x
3 modelling the nonlinear spring

term. m is the mass of the load and k is the gain of the drive, respectively. x denotes the

position.

The functions f and g can be written as follows:

f(x) = − b

m
ẋ |ẋ| − k0

m
x− k1

m
x3 g(x) =

k

m
(2.68)

The nonlinear function f was approximated with an RBF Neural Network. Firstly it was

considered that the parameters of the nonlinear function are unknown so the neural model was

trained with randomly chosen initial parameters. The nominal system to be approximated had

parameters

b = 0.1 k0 = 0.01 k1 = 1 m = 1 k = 1 (2.69)

in the teaching phase.
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Figure 2.10: Estimated parameters (RBF Weights and mass) and the tracking error metrics

(S)

The resulted RBF network has 8 Gaussian type neurons in its hidden layer. Due to the low

number of neurons and the absolute value function in the damping term there is a fitting error

in the approximation as it can be seen in Figure 2.9.

During the simulations the parameters of the controlled plant were different from those of

nominal system, namely:

b = 0.5 k0 = 0.05 k1 = 5 m = 0.1 k = 1 (2.70)

The controller parameters were chosen as kS = 20, λ = 10, gm = 0.05, D = 0.01, DfM =
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Figure 2.11: System position, velocity and command

0.01, DgM = 10−4. The bound of the parameters were determined by using the results from

the initial training of the RBF neural network.

Simulations were performed with the initial RBF network, with the trained RBF network

and with the modified control law. Simulation results are presented in figures Figure 2.10 and

Figure 2.11. Notice that during the experiments b, k0, k1 and m differs from the values during

RBF training.

The error metrics (combined position and speed tracking error) shows poor convergence

when the adaptation is not applied and the control law is used with the initially trained RBF
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network. When the adaptation is applied, the adaptation law re-tunes the parameters of the

neural model and the estimated mass of the load, hence the error metrics convergence shows

much better properties. Observe that when the error metrics reaches the limit SLIM = 0.1 the

high gain term in the control law usw turns on and does not allow the error metrics to increase

above SLIM .

2.6 Conclusions

The research work presented in this chapter is focused on two areas of nonlinear adaptive

control: the singularity problem and the supervisor control. The research results can be sum-

marized as follows:

1.1. I have developed a modified adaptive algorithm for Single Input nonlinear systems

which guarantees the boundedness of the control signal even if the adaptation laws temporarily

perform poorly (for example at the beginning of the adaptation process or at an abrupt change

in system parameters). I have shown that the algorithm, originally developed for nonlinear

systems in normal form, can be applied for the model based adaptive tracking control of the ball

and beam system.

a) For the nonlinear systems in normal form y(n) = f(x) + g(x)u with unknown nonlin-

earities, the adaptive control law can be formulated as follows: u = 1
ĝ(x)

(−f̂(x) + v). If the

estimated nonlinearity ĝ(x) approaches to zero, very large, unimplementable control signals

could appear even if in the controlled system satisfies |g(x)| ≥ gm > 0. In order to solve this

problem, the proposed methods in previous works modified the control law even if the adap-

tation worked well and the estimated nonlinearity was in prescribed limit. I have developed

a control algorithm which introduces modifications in the control law (to avoid large control

signal) only if the estimated parameter leaves the prescribed limit (|ĝ(x)| < gm). By applying

the Barbalat lemma, I have shown that the modified control algorithm guarantees the tracking

error convergence into a predefined boundary layer.
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b) I have shown that the modified adaptive algorithm can be applied for the ball and

beam system which is not feedback linearizable, hence the algorithms originally developed for

nonlinear systems in normal forms cannot be applied directly. To solve the tracking control of

the ball on the beam, I have proposed an error metrics (S = S1 + αS2) which combines the

tracking error of the ball (S1 = ėball + λeball) with the stabilization error of the beam avoiding

large motion (S1 = ẋ4 + λx3). Using rapid prototyping, I have implemented the modified

adaptive algorithm based on this error metrics for a laboratory ball and beam setup. The

experiments showed that the proposed adaptive control law can solve the tracking control of

the ball and beam system with unknown parameters.

1.2. I have introduced a supervisor control scheme for neural network based nonlinear

adaptive control systems with large approximation or modelling errors in control algorithm at

the beginning of the adaptation process. I have shown that the supervisor algorithm guarantees

the boundedness of all the signals in the closed loop systems in every time instant of the control.

a) If in the controlled system the nonlinearities are completely unknown, in order to solve

the adaptive control of the system, the nonlinearities can be approximated with neural networks

or neuro-fuzzy systems. At the beginning of the adaptation process these approximations could

show large deviations from the real nonlinearities that can have undesired effects (oscillatory

behavior, large control signals) on the control. I have developed a supervisor controller for

neural network based adaptive controllers to guarantee the boundedness of all the control

signals in the closed loop system for the case when the modelling errors affect the adaptation

laws too. To show the boundedness of the signals, Lyapunov technique was applied.

b) I have shown the applicability of the developed supervisor control scheme by introducing

it in a RBF neural network based adaptive controller for a nonlinear mass spring damper

system. The simulations clearly show the beneficent effect of the supervisor controller on the

control performances.



Chapter 3

Friction Modelling, Identification and

Compensation in Positioning Systems

Friction is a nonlinear phenomenon which is universally present in the motion of bodies in

contact. It is the natural resistance to relative motion between two contacting bodies. It has a

role in the most common actions of living, such as walking and grasping.

In servo controlled machines friction has an impact in all regimes of operation. In high

precision positioning systems it is inevitable to know the value of the friction force to assure

good control characteristics and to avoid some undesired effects such as limit cycle and steady

state error, tracking lags.

The parameters of the friction model may change as a function of normal forces in contact,

temperature variations, humidity, lubricant conditions, material proprieties, dwell time and

other factors that can hardly be controlled. (The dwell time represents the time interval a

junction spends in the stuck when the machine is not moving.) This is why the parameters

of the friction models should be considered as time varying and for precise positioning is not

enough an a-priori determination of them. The friction parameter variation is a slow process

but it could affect the performances of the machine over time. Hence, in order to predict

the friction force, the variation in time of the parameters also should be taken into account

43
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in the control algorithm. This is why on-line estimation methods are so popular for friction

compensation.

On the other hand many experimental measurements show that the friction is not only a

static mapping between the velocity and force, the friction has internal dynamics, which also

should be taken into account during the development of compensation algorithms. However

the introduced dynamic friction models have time varying unknown parameters and its inter-

nal state is unmeasurable. This is why they can hardly be introduced in practical adaptive

compensation algorithms.

The nonlinear and dynamic behavior of friction is accentuated near zero velocities. Many

practical applications require precise motion control in low velocity regime. As examples can

be mentioned the space telescopes that should track the motion of a star [111] and positioning

applications, when the start point and the end point are near to each other.

In this chapter a friction model is introduced which describes well the frictional behavior

both in low and high velocity regime and at the same time can easily be introduced in adaptive

control algorithms. Moreover, by experimental measurements it was shown that the adaptive

control algorithm which uses the introduced model can be implemented in simple industrial

controller architectures such as microcontrollers. An identification method to obtain off-line

the model parameters is also presented.

Publications covering this topic [84, 76, 82, 87, 80, 86]

3.1 Previous works

Nowadays many types of high resolution position sensors and precise, fast actuators are available

at relatively low cost. With these devices very high precision position control tasks became

achievable for industrial applications. However in many practical applications it was observed

that the high precision position tracking control performances are severely influenced by friction

in a negative sense. This is why the search for new friction identification and compensation
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techniques became a popular research trend.

In order to compensate the influence of the friction force, friction models are needed that

describe well the frictional behavior and can be incorporated in control algorithms. Firstly,

static friction models were proposed for engineering applications (Coulomb, static and viscous

friction) and Striebeck friction [8] to explain the nonlinear behavior of friction at low velocities.

Form theoretical point of view an important result was formulated in [54], in which it was

shown that the dynamics of a single input mechanical system with Coulomb friction has a well

defined, absolutely continuous solution (Carathédory solution). The influence of static friction

force on control was also treated by many authors. The most important papers are connected

to the friction generated limit cycles. In [95] the limit cycles were studied in flexible servo

systems influenced by Coulomb+static friction. In [7] the PID type controller behavior was

studied in the presence of static friction.

Experimental results showed that the friction has an intrinsic dynamic behavior. To de-

scribe this, dynamic friction models were proposed. The LuGre model, introduced in [25, 26]

captures the most of friction behavior such as Striebeck-effect, hysteresis, presliding, spring like

characteristics for stiction and varying break away force. The applicability in control algorithms

of this model were also treated in these papers. The friction has a dissipative nature, which

mathematically translates into the requirement of defining a passive operator from velocity to

friction force. The necessary and sufficient conditions that the LuGre model parameters should

satisfy for this property were presented in [10]. For more precise friction modelling, modified

versions of the LuGre model were also introduced in recent studies [60, 31, 119]. The limit

cycles generated by the dynamic friction models were studied in [39]. A review of the most

common friction models is presented in Appendix B.

To measure the frictional parameters, friction identification and measurement methods were

also discussed in many studies. In [55] a time domain identification method is proposed for static

friction models which are not necessarily linear in parameters. The method needs no information

of acceleration and mass, the only assumption is that the initial and final velocity during
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the identification must be identical. Genetic algorithm based identification for the Striebeck

friction parameters was described in [130]. A systematic method to obtain the parameters of

the LuGre friction model is proposed in [23]. In [125] the parameters of the dynamic friction

model were identified using simplex type nonlinear optimization technique. Frequency domain

identification methods were also proposed to identify friction. In [40] an identification method to

obtain the LuGre model parameters in frequency domain is reported. This method is based on

local linearizations and measurements in different operating points. The study [105] presents a

frequency domain identification method for simultaneous identification of velocity and position

dependent friction. Neural network based identification methods are also popular to capture

the frictional behavior. In the paper [12] neural network based model were used to capture

the hysteresis of the dynamic friction. In [13, 132] Support Vector Machines were proposed

for friction modelling and identification. The advantage of this type of model identification

method is that it can identify nonlinearities from sparse training data.

To compensate the effect of friction on control, various techniques were proposed. The

classical approach to get rid of the influence of static friction is to add a high frequency signal to

the control signal (dither signal) with smaller amplitude than the desired positioning precision,

but it will not allow the mechanical system to stop. The effect of dithering on control was

studied in the paper [102]. The PD controller based position stabilization problem in the

presence of Striebeck friction was studied in [31]. PID position tracking control in the presence

of Striebeck friction was studied in [21].

In the paper [35] a nonlinear observer is developed to compensate the Coulomb friction.

The method was developed toward in [71]. The state of the dynamic LuGre friction model is

not measurable, hence the observer based compensation methods are wide spread for friction

compensation. Gain scheduling PI control combined with dynamic friction observer to achieve

better transients for velocity control in the presence of friction was reported in [131]. Nonlinear

observers for dynamic friction were reported in [42, 106, 92]. In the works of Laura et al. the

extended Kalman filter technique is proposed for friction estimation (see [109, 110, 108]). In
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these papers comparative studies of different friction compensation techniques were reported.

The paper [117] presents a dynamic friction observer for the stabilization of the Single Input

nonlinear mechatronic system, the Furuta pendulum.

It is known that the friction parameters are slowly time varying, hence for high precision

applications the on-line estimation of these parameters are necessary. In the paper [70] a

simple estimation method for the Coulomb friction coefficient was reported. On-line estimation

methods for the parameters of Striebeck friction in positioning systems were presented in [34,

91]. In the paper [122] the adaptive control of flexible links affected by Striebeck friction was

examined. Robust adaptive tracking control of positioning systems in the presence of friction,

modelling errors and external disturbances was described in [68]. For the dynamic LuGre

friction model the adaptive estimation of all the parameters can hardly be done because of the

unmeasurable state and model nonlinearities. However, in [24, 129] beside the state observation,

adaptive estimation of some of the parameters was reported. In [99] the bound of the error

which is introduced by friction dynamics was estimated on-line.

Soft computing methods for friction compensation are also popular nowadays. Being a

nonlinear mapping from velocity to friction force, in many studies the frictional behavior is

approximated with universal approximators such as neural networks and neuro-fuzzy systems.

From theoretical point of view important results were reported in [113] and [114], in which it

was shown that piecewise continuous functions can also be approximated with neural networks.

Radial Basis Functions were used for friction approximation in adaptive position tracking con-

trollers in the papers [44, 29]. Feedforward neural networks were also applied for adaptive

compensation of Striebeck friction [55]. In the study [41] an adaptive neural network tracking

controller has been applied to hard disk drive actuators. The role of the neural network, in

which the input is both the position and velocity, is to compensate both the influence of fric-

tion and the high frequency resonance of the mechanics. Dynamic neural networks for friction

compensation were proposed in [74, 75].

Fuzzy systems can also be used for friction compensation. In [124] for the velocity control
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in the presence of dominant frictional effects a PI controller was used, whose parameters are

retuned by a supervisor fuzzy system. In order to solve the adaptive position control of me-

chanical systems in the presence of Striebeck friction, adaptive fuzzy systems were applied in

the studies [133, 5].

3.2 Friction model for adaptive compensation

To apply the well known adaptive control schemes for friction compensation it is desirable that

the friction model could be written in a linearly parameterized form, namely as a scalar product

between an unknown parameter vector θF and a regressor vector ξ
F

which depends on velocity.

(Ff = θT
F ξ

F
)

On the other hand the friction parameters could change even in the function of sign of

velocity. This is why it is recommended to use different friction parameters in the positive and

negative velocity regimes.

These requirements can be satisfied if neural networks are used for friction modelling, but

these models generally have many parameters which yields to over-parameterized control algo-

rithms.

In order to develop a friction model for adaptive compensation, the friction models presented

in Appendix B should be rewritten or modified in order to obtain the previously presented

requirements (linear parameterization, different parameters sets for positive and negative ve-

locities) and at the same time to keep the qualitative characteristics of the original models. To

achieve these, first of all introduce the following switching function:

μ(ω) =

⎧⎪⎪⎨⎪⎪⎩
1 if ω ≥ 0

0 otherwise

(3.1)

where ω denotes the velocity of the mechanics. Note that the function μ has the propriety:

μ(−ω) = 1− μ(ω).
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Figure 3.1: Linearizable friction models

Firstly consider the classical Kinetic + Static + Viscous friction model.

Ff(ω) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
FS if ω = 0+

−FS if ω = 0−

FCsign(ω) + FV ω, if ω 
= 0

(3.2)

where FV denotes the viscous friction parameter, FC denotes the Coulomb friction parameter

and FS represents the static friction term.

If only the Coulomb and viscous term is taken into consideration, the model can simply

rewritten in the form:

Ff = θT
F ξ

F
(ω) (3.3)

θF = (FC+ FV + FC− FV −)T ξ
F
(ω) = (μ(ω) μ(ω)ω − μ(−ω) μ(−ω)ω)T

The subindex ′+′ means that the parameter is used only in positive velocity regime and the

subindex ′−′ means that the respective parameter is applied only for negative velocities.

Note that the static friction cannot be incorporated in this models and it cannot be estimated

on line because it occurs only at zero velocities. This is why a more accurate model is needed

near zero velocities.
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3.2.1 Piecewise linearly parameterized Striebeck friction model

The model for adaptive compensation, introduced in this study, was developed based on the

Tustin model:

Ff = (FC + (FS − FC)e−|ω|/ωS)sign(ω) + FV ω (3.4)

with ωS denoting the Striebeck velocity.

For the simplicity, only the positive velocity domain is considered, but same study can

be made for the negative velocities. Assume that the mechanical system moves in 0 . . . ωmax

velocity domain.

Consider a linear approximation for the exponential curve represented by two lines: d1+

which cross through the (0, Ff(0)) point and it is tangent to curve and d2+ which passes through

the (ωmax, Ff (ωmax) point and tangential to curve (see Figure 3.2). These two lines meet each

other at the ωsw+ velocity. In the domain 0 . . . ωsw+ the d1+ can be used for the linearization

of the curve and d2+ is used in the domain ωsw+ . . . ωmax. The maximum approximation error

occurs at the velocity ωsw+ for both linearizations.

If the positive part of the friction model (3.4) is considered (ω > 0), the obtained equations

for the d1+ and d2+, using Taylor expansion, are:

d1+ : FL1f+(ω) = FS +
∂Ff (ω)

∂ω

∣∣∣∣
ω=0

ω = FS +

(
FV − (FS − FC)

ωS

)
ω (3.5)

d2+ : FL2f+(ω) = Ff (ωmax) +
∂Ff (ωmax)

∂ω
(ω − ωmax) =

= Ff(ωmax) +

(
FV − (FS − FC)

ωS

e−ωmax/ωS

)
(ω − ωmax) (3.6)

Thus the linearization of the exponential friction model with bounded error can be described

by two lines in the 0 . . . ωmax velocity domain:

d1+ : FL1f+(ω) = a1+ + b1+ω, for 0 ≤ ω ≤ ωsw (3.7)

d2+ : FL2f+(ω) = a2+ + b2+ω, for ωsw ≤ ω ≤ ωmax (3.8)
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Figure 3.2: Linearization of the Tustin friction model

with:

a1+ = FS b1+ = FV − (FS − FC)/ωS (3.9)

a2+ = Ff (ωmax)−
(

FV − (FS − FC)

ωS
e−ωmax/ωS

)
ωmax (3.10)

b2+ = (FV − (FS − FC)/ωS)e−ωmax/ωS (3.11)

Now consider two exponential membership functions parameterized in the following way:

φ1+(ω) =
eβ+(ω−ωsw+)

1 + eβ+(ω−ωsw+)
φ2+(ω) =

1

1 + eβ+(ω−ωsw+)
(3.12)

where β+ is a large positive constant and ωsw+ is the switching velocity where d1+ and d2+

meets each other.

These types of membership functions are well known from the theory of neural and neuro-

fuzzy systems. They were adapted for the piecewise linearly parameterized friction model to

assure a smooth transition in the linearized model from on line (d1+) to other (d2+).

The value of ωsw+ can easily be determined from linearization (3.7):

ωsw+ =
a1+ − a2+

b2+ − b1+
(3.13)

By applying the FL1f+ from (3.7) on the membership function φ1+ from (3.12) and FL2f+

on φ2+ a new model can be obtained that has the same behavior as the Tustin friction model.

Moreover it is linearly parameterized if the parameters of the lines are considered. Thus for
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the positive velocity domain the friction model reads as:

Ff+(ω) = a1+φ1+(ω) + b1+ωφ1+(ω) + a2+φ2+(ω) + b2+ωφ2+(ω) (3.14)

With same train of thoughts a similar model can be determined for negative velocity domain.

The membership functions for negative velocities are:

φ1−(ω) =
−eβ−(ω−ωsw−)

1 + eβ−(ω−ωsw−)
φ2−(ω) =

−1

1 + eβ−(ω−ωsw−)
(3.15)

with β− > 0 and ωsw− < 0.

Combining the negative and positive velocity domains the obtained friction model reads as:

Ff(ω) = θT
f ξ

f
(ω, β, ωsw) where : θf = (a1+ b1+ a2+ b2+ a1− b1− a2− b2−)T (3.16)

ξ
f
(ω) = (φ1+μ(ω) ωφ1+μ(ω) φ2+μ(ω) ωφ2+μ(ω) φ1−μ(−ω) ωφ1−μ(−ω) φ2−μ(−ω) ωφ2−μ(−ω))T

with ωsw = (ωsw+ ωsw−) and β = (β+ β−)

Remarks:

• The introduced membership functions (3.12), (3.15) clearly separate the high and low

velocity regimes. It is important during the on-line adaptation, because when the machine

moves in low speed velocity regime only those parameters are tuned, which characterize

the low velocity friction, and similarly in high speed velocity regime only those parameters

are tuned, which characterize the high speed velocity friction phenomena.

• The parameters of the membership functions (ωsw, β) appear in a nonlinear fashion in

the model. However in the next sections will be shown that even these parameters can

be tuned on-line in such a way that the stability of the closed loop system is assured.

3.2.2 Properties of the introduced model

Physical meaning of the model parameters

There are some relations between the parameters of the Tustin friction model (3.4) and the

model (3.16) presented in this section. The parameter a1+ represents the static friction term,
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a1+ = FS. The parameter b1+ is strongly connected to the Striebeck effect, it gives the slope of

the Striebeck friction at low velocities, b1+ = FV − (FS − FC)/ωS. For high velocities consider

that ωmax →∞. It yields:

a2+ = limωmax→∞

(
Ff(ωmax)−

(
FV − (FS − FC)

ωS
e−ωmax/ωS

)
ωmax

)
=

= limωmax→∞

(
FC + (FS − FC)e−ωmax/ωS + FV ωmax − FV ωmax + (FS − FC)

ωmax/ωS

eωmax/ωS

)
=

= FC (3.17)

b2+ = limωmax→∞

(
FV − (FS − FC)

ωS

e−ωmax/ωS

)
=

= FV (3.18)

Hence it was shown that the parameter a2+ represents the Coulombic friction parameter,

a2+ = FC and b2+ represents the viscous friction parameter, b2+ = FV . It yields that at high

velocities the model has the same form as the Coulomb + Viscous friction model (3.3).

From (3.13) results that if ωmax → ∞, the value of switching velocity is equal with the

Striebeck velocity:

ωsw+ =
FS − FC

FV − FV − (FS − FC)/ωS
= ωS (3.19)

For on-line parameter estimation algorithms it is important to have a-priori information

about the parameters, to know approximately the initial values of them. Due to the nature of

friction (the shape of Striebeck curve) some relations related to the sign of the parameters and

between the parameters can be affirmed:

a1+ > a2+ a2+ > 0 a1− < a2− a2− < 0

b1+ < 0 b2+ > 0 b1− < 0 b2− > 0

Stability analysis with the presented model

Using the fact that the presented friction model can be approximated with first order polyno-

mials, let us consider one of the following velocity domains (0, ωsw+), [ωsw+, ωmax+], (ωsw−, 0),

[ωmax−, ωsw−]. The friction force Ff(ω) reads as Ff(ω) = ai + biω for all these regimes.



54 Chapter 3. Friction Modelling, Identification and Compensation in Positioning Systems

+ kU

Ff

�

J�

.

Figure 3.3: Rotational motion influenced by friction

In order to study the stability of a typical positioning system driven by a DC servo motor,

the following system is considered:

α̇ = ω; Jω̇ + Ff(ω) = τ (3.20)

where α represents the angular position, τ is the control input, J is the inertia of the load.

The state space model of the mechanical positioning system is given by:⎛⎜⎜⎝ α̇

ω̇

⎞⎟⎟⎠ =

⎛⎜⎜⎝0 1

0 −bi/J

⎞⎟⎟⎠
⎛⎜⎜⎝α

ω

⎞⎟⎟⎠+

⎛⎜⎜⎝ 0

−ai/J

⎞⎟⎟⎠ +

⎛⎜⎜⎝ 0

1/J

⎞⎟⎟⎠ τ (3.21)

where ai and bi represent the parameters of the presented friction model in different velocity

regimes.

Let us consider the following PD like control law:

τ = J(−KP α−KDω + ai/J) (3.22)

where KP , KD are positive gains.

By substituting (3.22) in (3.21) the state space model of the closed loop system can be

obtained: ⎛⎜⎜⎝ α̇

ω̇

⎞⎟⎟⎠ =

⎛⎜⎜⎝ 0 1

−KP −bi/J −KD

⎞⎟⎟⎠
⎛⎜⎜⎝α

ω

⎞⎟⎟⎠ (3.23)
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The stability depends only on state matrix of the system (3.23). The eigenvalues for the

state matrix are:

λ1,2 = −KD + bi/J

2
±
√(

KD + bi/J

2

)2

−KP (3.24)

It can be seen that the stability of the closed loop system depends on KD, the parameter

KP influences only the transient performances. For the stability it is necessary that:

KD > −bi/J (3.25)

In the [ωsw+, ωmax+], [ωmax−, ωsw−] intervals this condition is satisfied even for small values of

KD because b2+, b2− > 0, the friction acts as a damping term. The instability can occur in the

intervals (0, ωsw+), (ωsw−, 0) because b1+, b1− < 0. If the value of KD is not chosen high enough

to satisfy the stability condition (3.25), at low velocities the control does not work properly, the

system could be ’thrown-out’ from the (0, ωsw+) or (ωsw−, 0) velocity regimes. Accordingly,

at low velocities the model predicts limit cycle or instability even without integrator term in

the controller. The stability condition is quite similar with the result presented in [28]. In that

paper also was shown that the instability induced by the friction can be compensated with high

gain velocity feedback.

3.2.3 Incorporating the dynamic effects

For some applications it is important to determine the magnitude of the modelling error due

to dynamic behavior of friction. In order to determine the magnitude of the modelling errors,

consider the LuGre dynamic friction model, presented in detail in Appendix B.2. The contact

of two rigid bodies is modelled as a set of elastic bristles. By denoting the average deflection

of the bristles with z, the friction dynamics is given by:

dz

dt
= ω − σ0

|ω|
g(ω)

z where g(ω) = (FC + (FS − FC)e−|ω|/ωS)

Ff = σ0z + σ1
dz

dt
+ FV ω (3.26)

where σ0, σ1 are parameters in the dynamic model.
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In steady state (dz/dt = 0) the LuGre model gives the Tustin friction model (3.4).

Denote the steady state value of z with zss. It can be expressed as: zss = g(ω)sign(ω)/σ0.

Since z is bounded the expression z − zss is also bounded. From (3.26) yields:

Ff = σ0zss + σ0(z − zss) + σ1dz/dt + FV ω =

= g(ω)sign(ω) + FV ω + σ0(z − zss) +

(
σ1sign(ω) +

σ0σ1z

g(ω)

)
|ω| (3.27)

In the relation (3.27) the term g(ω)sign(ω) + FV ω is the static Tustin friction model and

the rest of the expression represents the dynamic behavior of the friction.

The bound of the modelling error can be determined as it follows: since z, zss, g(ω) are

bounded, there exist two positive constants aD, bD satisfying:

∣∣∣∣σ0(z − zss) +

(
σ1sign(ω) +

σ0σ1z

g(ω)

)
|ω|
∣∣∣∣ ≤ aD + bD|ω| (3.28)

As it was mentioned before, the friction models could have separate parameters for negative

and positive velocities. The parameters aD and bD can also be defined separately for positive

and negative velocity regimes.

Based on relations (3.28) and (3.16), the friction can be modelled by:

Ff = θT
f ξ

f
(ω) + FD(ω), |FD(ω)| ≤ θT

fDξ
fD

(ω) (3.29)

The static term θT
f ξ

f
(ω) is defined in (3.16). The bound of the dynamic term is defined as

follows:

|FD(ω)| ≤ θT
fDξ

fD
(ω) (3.30)

where θfD = (aD+ bD+ aD− bD−)T ξfD(ω) = (μ(ω) μ(ω)|ω| μ(−ω) μ(−ω)|ω|)T

The friction can be modelled as a sum of a static friction model and a dynamic term. The

static term can be written in a linearly parameterized form. The regressor vector contains a

discontinuous switching function which aim is to distinguish the positive and negative velocity
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regimes. The absolute value of the dynamic term is always bounded. Its bound can also be

written in a linearly parameterized form with discontinuous regressor vector.

3.3 Practical identification method for Striebeck friction

For the friction force measurements it is assumed that the load is driven by a DC servo motor

and the position and velocity is measured using an incremental encoder. The friction force can

appear inside the motor, in the gearbox between the load and the motor and at the load side.

The friction to be identified is the sum of all these friction forces.

As it was presented in the previous sections, the relationship between the friction behavior

Ff and the angular velocity ω is a mapping Ff = Ff (ω). The identification task in this is to

obtain the parameters of the model (3.16) from a finite number (N) of available measurements

(ωi, Ffmi) i = 1, ..., N , where Ffmi = Ffi + di. The term di is the measurement error of the i’th

measurement data. The method is presented for the positive velocity regime.

In order to solve the problem, a three step identification method was developed:

A. Measure the friction force using only angular velocity sensors.

B. Determine the parameters of the lines d1+ and d2+ given by (3.7).

C. Determine the parameters β+ and ωsw+ of the membership functions (3.12).

A. Measurements

From the dynamics of the positioning system (3.20) it can be seen that if the angular velocity

is kept constant, the friction force is proportional with control signal τ , Ff(ω) = Kτ . Hence if

the positioning system is stabilized to different angular velocities ωi, the value of the friction

force will be proportional with the velocity.

The coefficient K can be determined as follows: Assume that the dynamics of the rotor cur-

rent is neglected (it can be done in the case of high speed servo motors in which the electrical

time constant is comparable with the appropriately chosen sampling period). Hence the com-
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Figure 3.4: Velocity control for friction measurement

mand signal determined by the control law is proportional with the rotor current, iR = K1τ .

The coefficient K1 can easily be determined experimentally. The relation between the torque

of the motor and the rotor current is τR = K2iR, where K2 is motor catalogue data, the torque

constant. Accordingly, the coefficient K can be calculated as K = K1K2.

The method needs high precision velocity control. It is known that the linear PI control

algorithm assures only poor transient performances for velocity tracking but guarantees precise

final tracking accuracy, if the reference velocity is kept constant [131]. It suggests that for

parameter identification it is enough to use standard PI algorithm for angular velocity control:

u = KP ((ωref − ω) + 1/Ti

∫
(ωref − ω)dt). The well tuned PI controller guarantees precise

angular velocity stabilization.

The measurement algorithm can be summarized as follows (see Figure 3.4):

- Stabilize the angular velocity to ωref,i

- Wait a time period T1 to get rid of transients.

- After the transients, calculate the average of the speed (ω) and the control signal (τ) over

a time period T2 to get rid of measurement noise.

- Save the measurement data (ωi, τi).

- Repeat the sequence for the next angular velocity ωref,i+1

Note that during the data collection the closed loop control algorithm remains active.
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For precise angular velocity stabilization, precise angular velocity measurements are needed.

Denote the encoder resolution with NE. This value is generally given in Pulses Per Turn

(PPT ). The accuracy of position measurement using this encoder is Δα = 2π/NE [rad].

The angular velocity can be measured with the encoder by counting the encoder pulse over

a period of time T (pulse counting method). The angular velocity measurement accuracy

is: ΔωPC = 2π/NET [rad/sec]. However at low angular velocities higher accuracy can be

obtained using the pulse timing method: count the number of pulses of a high frequency

external timer over a single encoder pulse. In this case the accuracy of this measurement

method is ΔωPT = NEω2/2πf [rad/sec] where f is the frequency of the timer. For the better

accuracy at low speed regime the pulse timing method and at the high speed regime the pulse

counting method should be used. The optimal switching between the methods is at the speed

ω = 2π/NE

√
f/T [rad/sec], where ΔωPT = ΔωPC . By combining these two methods the

velocity can be measured using standard industrial encoders (NE ≤ 5000 PPT ) with high

accuracy even at low speed regime.

Notice that the friction force was measured without adding extra sensor for force or torque

measurements to the plant.

B. Parameters of the fitted lines

The first line (d1+), given by (3.7) characterizes the friction phenomena at low angular

velocities, where the friction force has a downward behavior in function of angular velocity.

At high speeds the friction increases almost linearly with the angular velocity, the second line

(d2+) should be fitted on this part of the Striebeck curve. Hence, let us consider two subgroup

of measurement data: the first N1 measurements at the decreasing part of the curve, and the

final N2 measurements where the friction force increases with angular velocity.

The parameters of d1+ and d2+ can be determined as a solution of the following optimization
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problem:

mina1+,b1+

(
N1∑
i=1

(Ffmi − (a1+ + b1+ωi))
2

)
(3.31)

mina2+,b2+

(
N∑

i=N−N2

(Ffmi − (a2+ + b2+ωi))
2

)
(3.32)

Applying standard optimization techniques such as the the Least Squares (LS) method, the

friction parameters can easily be calculated.

C. Parameters of the membership functions

The membership functions (3.12) depend exponentially on β+ and ωsw+. If the parameters

of the lines are known, the value of ωsw+ can be calculated from the relation (3.13), hence

only the parameter β+ should be identified to obtain an accurate expression of the membership

functions. In the case of noisy measurements, it is desirable to obtain the model by minimizing

the sum of quadratic deviations between the measurement points and the model to be fitted.

To define the cost function, all the N measurements are used. The optimization problem is

formulated as follows:

minβ+Jφ+ = minβ+

N∑
i=1

(Ffmi−((a1++b1+ωi)φ1+(ω, ωsw+, β+)+(a2++b2+ωi)φ2+(ω, ωsw+, β+)))2

(3.33)

The parameters a1+, b1+, a2+, b2+ are known from the previous step of the identification.

The membership functions cannot be written in a linearly parameterized form, thus the LS

method is not applicable to determine its parameters. To find the parameters of the membership

functions as a result of the optimization problem (3.33), Genetic Algorithm can be applied [79].

Each chromosome represents the β+ parameter and the algorithm minimizes cost function Jφ+ .

3.4 Robust adaptive friction compensation

In order to compensate the effect of the friction generally a feedforward term is introduced in

the structure of the controller, the aim of which is the cancellation of the effect of friction force.
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To illustrate the applicability of the previously presented friction model for adaptive com-

pensation, a positioning system is considered driven by direct current (DC) servo motor. The

dynamics of the system reads as:

dα

dt
= ω (3.34)

J
dω

dt
+ Ff(ω) = τ + d

Ff(ω) = σ0z + σ1
dz

dt
+ FV ω

dz

dt
= ω − σ0

|ω|
(FC + (FS − FC)e−|ω|/ωS)

z

The notations for state variables and parameters were presented after the relations (3.26),

(3.20) and (3.4) respectively.

The term d represents a bounded additive disturbance which incorporates external distur-

bances and unmodelled dynamics.

As it was presented in Section 3.2.3, the dynamic friction term, which appears in the model

can be rewritten as: Ff (ω) = θT
f ξ

f
(ω, ωsw, β) + FD(ω), with |FD(ω)| ≤ θT

fDξ
fD

(ω) and β =

(β+ β−), ω = (ωsw+ ωsw−)

Define the tracking error and the tracking error metrics, as in the previous chapter: e(t) =

α(t) − αd(t), S(t) = ( d
dt

+ λ)e(t) with λ > 0. Here αd is the prescribed trajectory, a smooth,

twice differentiable function in time.

The control problem can be formulated as follows: design a control law τ so that the tracking

error metrics S(t) satisfies |S(t)| < Φ for t→∞ where Φ > 0 is the given precision. In order to

obtain a control law which satisfies this requirement, define SΔ as SΔ(t) = S(t)−Φsat(S(t)/Φ)

where sat(·) denotes the saturation function.

For latter discussions the introduced variables can be summarized as follows:

e(t) = α(t)− αd(t)

S(t) = (
d

dt
+ λ)e(t)

SΔ(t) = S(t)− Φsat(S(t)/Φ)
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Since all the parameters of the system are considered unknown, the control law can be

formulated in function of the estimated parameters. Denote the estimation errors and the

estimated parameters as follows: θ̃f = θf − θ̂f , θ̃fD = θfD − θ̂fD, J̃ = J − Ĵ , β̃ = β − β̂,

ω̃sw = ωsw − ω̂sw.

Theorem 3.1:

Let the dynamic system be described by (3.34) with the assumptions:

(A.1) The disturbance d is bounded as follows:

|d| < dM (3.35)

(A.2) The regressor vector ξ
f

parameters (ωsw, β) are bounded as follows:

0 < β+(−) < βM 0 < ωsw+(−) < ωswM (3.36)

and consider that their deviations from the preidentified values causes only bounded friction

modelling errors:

θT
f ξ

f
(ω, ωsw, β

sw
) = θT

f (ξ
f
(ω, ω̂sw, β̂

sw
) + dξf

) = θT
f ξ

f
(ω, ω̂sw, β̂

sw
)− dFf

with
∣∣dFf

∣∣ ≤ dFfM (3.37)

In function of the estimated parameters, formulate the control law:

τ = Ĵ(α̈d − λė(t)) + θ̂
T

f ξ
f
(ω, ω̂sw, β̂

sw
)− θ̂

T

fDξ
fD

sat(S/Φ)− kSS(t) (3.38)

with:

kS >

(
dM + dFfM +

√
2

4
(βM + ωswM)

)
/Φ (3.39)

and define the estimation laws:

˙̂
θf = −SΔ(t)Γfξf

(ω) (3.40)

˙̂
θfD = |SΔ(t)|ΓfDξ

fD
(ω)

˙̂ωsw = Γωsw |SΔ| ω̂sw

˙̂
β = Γβ |SΔ| β̂
˙̂
J = −SΔ(t)γJ(α̈d − λė(t))
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with Γf , ΓfD, Γβ, Γωsw positive definite diagonal matrices and γJ > 0.

The dynamic system with the control law (3.38) and the adaptation laws (3.40) is stable in

Lyapunov sense. Moreover, the condition |S(t)| < Φ for t→∞ is satisfied asymptotically.

The assumption (A.2) was necessary, because the regressor vector (ξ
f
) parameters (ωsw, β)

may be slowly varying, hence for precise positioning it is not enough the off-line identification

of them.

Proof of the theorem:

To examine the proposed control law define the Lyapunov function candidate depending on

tracking error metrics and parameter estimation errors:

V (t) =
J

2
SΔ(t)2 +

1

2γJ

J̃2 +
1

2
θ̃

T

f Γ−1
θf

θ̃f +
1

2
θ̃

T

fDΓ−1
θfD

θ̃fD +
1

2
ω̃T

swΓ−1
ωsw

ω̃sw +
1

2
β̃

T
Γ−1

β β̃ (3.41)

The time derivative of V (t) reads as:

V̇ (t) = JṠΔ(t)SΔ(t)− 1

γJ
J̃

˙̂
J − θ̃

T

f Γ−1
f

˙̂
θf − θ̃

T

fDΓ−1
fD

˙̂
θfD − ω̃T

swΓ−1
ωsw

˙̂ωsw − β̃
T
Γ−1

β
˙̂
β (3.42)

Due to the definition of SΔ and the adaptation laws (3.40) for |S(t)| < Φ results: SΔ(t) = 0

and V̇ (t) = 0.

For |S| ≥ Φ it yields ṠΔ = Ṡ, hence the closed loop system with the control law (3.38) can

be written as:

JṠΔ(t) = JṠ(t) = J(α̈− α̈d + λ(α̇− α̇d)) = Jω̇ + J(−α̈d + λ(α̇− α̇d)) = (3.43)

= τ + d− Ff + J(−α̈d + λ(α̇− α̇d)) = τ + d− θT
f ξ

f
(ω, ωsw, β)− FD(ω) + J(−α̈d + λė) =

= −J̃(α̈d − λė(t))− θ̃
T

f ξ
f
(ω, ω̂sw, β̂

sw
)− FD(ω)− θ̂

T

fDξ
fD

(ω)sat(S/Φ) + d + dFf
− kSS(t)

By substituting the dynamics of the closed loop system (3.43) and the adaptation laws

(3.40) into the time derivative of the Lyapunov function (3.42):

V̇ (t) = −FDSΔ(t)− θ̂
T

fDξ
fD

(ω) |SΔ(t)| − θ̃
T

fDξ
fD

(ω) |SΔ(t)|+ (3.44)

+(d + dFf
)SΔ + ω̃T

swω̂sw |SΔ(t)|+ β̃
T
β̂ |SΔ(t)| − kSS(t)SΔ(t)
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It was exploited that S(t) ≥ Φ implies sat(S/Φ) = sign(S) = sign(SΔ).

According to (3.30), −FDSΔ(t) ≤ |FD||SΔ(t)| ≤ θT
fDξfD |SΔ(t)|. Using this inequality, the

upper bound of time derivative of the Lyapunov function simplifies as follows:

V̇ (t) ≤ (d + dFf
)SΔ + ω̃T

swω̂sw |SΔ(t)|+ β̃
T
β̂ |SΔ(t)| − kSS(t)SΔ(t) (3.45)

In order to get rid of the membership function parameters, the following inequality can be

exploited [67]:

ω̃T
swω̂sw = ω̃T

swωsw − ω̃T
swω̃sw ≤

√
ω̃T

swω̃sw

√
ωT

swωsw − ω̃T
swω̃sw =

= −(
1

2

√
ωsw

T ωsw −
√

ω̃T
swω̃sw)2 +

1

4

√
ωT

swωsw (3.46)

The relation also holds for β̃
T
β̂. By introducing the inequalities (3.46) in (3.45) and ex-

ploiting the assumptions (3.35), (3.36) and (3.37):

V̇ (t) ≤ (dM + dFfM) |SΔ| −
(

1

2

√
ωT

swωsw −
√

ω̃T
swω̃sw

)2

|SΔ(t)|+ 1

4

√
ωT

swωsw |SΔ(t)| −

−
(

1

2

√
βT β −

√
β̃

T
β̃

)2

|SΔ(t)|+ 1

4

√
βT β |SΔ(t)| − kSS(t)SΔ(t) ≤

≤
(

dM + dFfM +

√
2

4
(βM + ωswM)

)
|SΔ| − kSS(t)SΔ(t) (3.47)

It can easily be shown that the function SΔ has the following propriety: |SΔ| = |S| − Φ =

SΔsat(S/Φ), if |S| > Φ. Moreover S(t)SΔ(t) = |S(t)| |SΔ(t)|. By exploiting these relations,

yields:

V̇ (t) ≤ −kS |SΔ(t)| |SΔ(t)|+ (−kSΦ + dM + dFfM +

√
2

4
(βM + ωswM) |SΔ(t)|

(3.48)

According to (3.39) the second term in the inequality (3.48) is always negative. Hence, it

yields:

V̇ (t) ≤ −kSSΔ(t)2 (3.49)

Notice that (3.49) is also valid for |S(t)| ≤ Φ.
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Since V (t) is a positive and non-increasing function, therefore V (∞) is finite. It is assumed

that the initial values of the estimated parameters and the initial value of the tracking error

metrics are finite. Thus, if SΔ(0), J̃(0), θ̃fD(0), θ̃f (0), β̃(0) and ω̃sw(0) are finite⇒ SΔ(t), J̃(t),

θ̃fD(t), θ̃f(t), β̃(t), ω̃sw(t) ∈ L∞ ∀ t > 0. Since SΔ(t) ∈ L∞, it implies that S(t) ∈ L∞

If SΔ(t) ∈ L∞, e(0) and ė(0) are finite ⇒ e(t) and ė(t) ∈ L∞.

If e(t), ė(t), αd(t) and ωd(t) ∈ L∞ ⇒ α(t) and ω(t) ∈ L∞.

From: ∫ ∞

0

SΔ(t)2dt ≤ −1

kS

∫ ∞

0

V̇ (t) =
V (0)− V (∞)

kS

<∞ (3.50)

it follows that SΔ(t) ∈ L2.

Since the elements of the parameter θfD are finite and θ̃fD(t) ∈ L∞ ⇒ θ̂fD(t) ∈ L∞.

From (3.43) results that if S(t), J̃(t), α̈d(t), ė(t), θ̃f (t), FD, θ̂fD, ω(t), d(t), dFf
∈ L∞ ⇒

ṠΔ(t) ∈ L∞.

Because SΔ(t) and ṠΔ(t) ∈ L∞ and the relation (3.50) holds, by Barbalat’s lemma SΔ(t)→ 0

when t → ∞, consequently the inequality |S(t)| ≤ Φ is obtained asymptotically. Thus the

control law (3.38) with the adaptation law (3.40) solve the formulated control problem.�

3.4.1 Simulation results

In order to show the performances of the presented control algorithm, simulations have been

performed. In the controlled system the friction is described by the dynamic LuGre model,

presented in (3.34). The plant is parameterized as follows: the inertia of the mechanics is:

J = 0.01 kgm2. The friction model parameters are: FS = 1.5 Nm, FC = 1 Nm, FV =

14 Nmsec/rad, vS = 0.001 rad/sec, σ0 = 1E6, σ1 = 1000.

In the controller the introduced friction model has been applied, given by the relation (3.29).

As it was presented in Section 3.2.2, the friction parameters in the model can be taken as: a1+ =

−a1− = 1.5, b1+ = b1− = −480, a2+ = −a2− = 1, b2+ = b2− = 14, ωsw+ = −ωsw− = 0.001,
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β+ = β− = 1000. For the simulations, in the control law all friction parameters and the inertial

parameter have been departed with 50% from their real values. The paramters in the bounds

of the friction dynamics (θfD) have been considered completely unknown.

The prescribed trajectory is a sinusoidal one with small amplitude which assures that the

mechanical system moves both in positive and negative velocity regime near zero velocities.

ωd(t) = 0.01sin(
2π

5
t)

[
rad

sec

]
; αd(t) =

∫ t

0

ωd(τ)dτ [rad]; α̈d(t) =
dωd(t)

dt

[
rad

sec2

]

The control objective is to track this prescribed position, such that the tracking error metrics

S(t) ≤ 10−3. The parameters of the controller have been chosen as follows: λ = 10, kS =

0.1, DM = 1, Φ = 1E − 3.

The simulation results are presented in Figure 3.5. It can be seen that the proposed control

algorithm guarantees the convergence of the tracking error S inside the boundary layer Φ =

0.001. According to (2.6) if S ≤ 0.001 and the controller parameter is λ = 10 then the position

tracking error |αd − α| is smaller than 0.0001 [rad] and the velocity tracking error is smaller

than 0.002 [rad/sec]. The convergence of the friction parameters in the positive velocity regimes

and that of the inertia parameter (J) during the adaptation are also presented. The use of the

switching function SΔ in the adaptation laws allows the use of high adaptation step sizes (and

accordingly fast adaptation) without undesired effects such as overshoot in the adaptation and

parameter drift. The fast adaptation assures the convergence of the tracking error metrics S

inside the boundary layer in less than two seconds. It also guarantees fast and precise position

(α) and velocity (ω) tracking, almost within one period of the sinusoidal reference trajectory.

It can be observed that the parameters determining the behavior of friction force are tuned

only when the plant is in the corresponding velocity regime: a1+ and b1+ are tuned only when

the mechanical system moves with low velocities, a2+ and b2+ are tuned in the high velocity

domain.
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Figure 3.5: Robust adaptive friction compensation - Simulation results

3.5 Experimental results

In order to test the applicability of the presented compensation and identification methods,

experimental measurements are performed on a laboratory positioning system. In the first part

of this section the developed experimental setup will be introduced. Afterward the experimental

results related to friction measurement, identification and compensation are presented.
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Figure 3.6: Experimental setup for friction measurement and compensation

3.5.1 The experimental setup

The experimental setup consists of a permanent magnet 24V DC servo motor with

38.2 [mNm/A] torque constant. The motor drives a metal disc with known inertia (JL =

0.015 kgm2) through a 1 : 66 gear reduction (N = 66). Friction is introduced via a metal surface,

which is held against the disc (see Figure 3.6). The contact between the disc and the metal sur-

face is lubricated with grease. The total inertia of the mechanics reads as J = JR +JG +JL/N2

where JR denotes the rotor inertia, JG denotes the inertia introduced by the components of the

gear and JL is the inertia of the disc. The reaction torque generated by the friction component

related to the motor side can also be written as a sum of three terms Ff = FfR +FfG +FfL/N .

FfR denotes the friction component inside the motor, FfG denotes the friction component inside

the gearhead, FfL is the friction component at the load side.

The friction measurement and control algorithm are implemented on a PIC18 type micro-

controller with 40 MHz clock frequency. The used C compiler for the implementation of the

control algorithms allows floating point representation. The microcontroller is connected to an

IBM-PC computer through RS232 serial port. The PC is used only for data monitoring and

off-line data processing.

The DC servo motor is driven by a H-bridge amplifier. The armature current is controlled

by a high speed, analog current controller. The microcontroller is interfaced to the current
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Figure 3.7: Control board with microcontroller

servo amplifier through a 11 bit DAC. The command signal calculated by the control algo-

rithm running on the controller represents the reference for the current controller. Hence the

positioning system is controlled by a cascade control architecture.

The angular position and velocity of the mechanical system are measured using a 5000 PPT

two channel rotational encoder. The encoder is interfaced through a signal conditioner circuit

to microcontroller which also determines the direction of rotation. The impulses of the encoder

are counted using the embedded 16 bit timers of the controller. The pulse counting method uses

the T imer 0 block of the controller which has external clock input. The counting period is set

to 5 msec. The pulse timing method is implemented using the Capture block of the controller,

which generates an interrupt when positive signal front appears on its external input. The

high frequency timer, necessary for the measurement in pulse timing mode is derived from the

microcontroller clock frequency. The switching between the two methods is implemented in the

velocity and position measurement software module.

3.5.2 Friction measurement and identification

This subsection will illustrate, how the identification method, introduced in Section 3.3 was

applied for the previously presented experimental setup. The task will be illustrated for positive

velocities.



70 Chapter 3. Friction Modelling, Identification and Compensation in Positioning Systems

To obtain the low velocity friction characteristics, the friction force has been measured

in 0 ... 0.5 [rad/sec] velocity domain (at the load side). The speed resolution is chosen

5 [mrad/sec]. Accordingly, totally 100 measurements data are collected. A PI type control

algorithm stabilizes the motor speed for each reference speed with KP = 15 proportional gain

and Ti = 0.24 sec integral time constant. The algorithm has been implemented with 5 msec

sampling period. When the reference speed value is changed, for T1 = 50 sampling period no

data is collected in order to get rid of transients, and after that for T2 = 16 sampling period

the average of the velocity values and control signal values have been calculated to obtain one

measurement point.

The measurements clearly capture the increasing and decreasing part of the Striebeck curve.

On the first 15 measurements at low velocities a line is fitted using LS method to obtain the

parameters a1+ and b1+. On the last 50 measurements another line is fitted to obtain the

a2+ and b2+ parameters, which characterize the high velocity regime. The ωsw+ parameter of

the membership function has been determined from the relation (3.13). The β+ parameter

is determined using Genetic Algorithm which minimizes the cost function (3.33). For the

identification all the 100 measurements data are used. For the Genetic Algorithm the following

parameters have been chosen as follows: 80 number of individuals, 0.5 insertion rate and

0.01 mutation probability. With these parameters Genetic Algorithm allows good convergence

during the identification and the value of the parameter β+ has been obtained at the 30’th

generation.

Note that the friction is determined at the load side and the angular velocity is the an-

gular velocity of the load. It can be seen (Figure 3.8) that the obtained model fits well the

measurement data.
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Figure 3.8: Off-line friction identification

The following parameter values are obtained during the identification presented above:

a1+ = 11.6 [mNm] b1+ = −61.2 [mNmsec/rad]

a2+ = 5.7 [mNm] b2+ = 4 [mNmsec/rad]

ωsw+ = 0.085 [rad/sec] β = 167

3.5.3 Friction compensation

A simplified version of the adaptive control algorithm presented in Section 3.4 has been applied

for on-line friction compensation. The characteristics of the DC motor has also been taken into

consideration during the development of the control law.

To determine the equation of motion of the DC servo motor, the rotor current dynamics is
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neglected. This can be made when the electrical time constant (L/R) is sufficiently small (less

than 0.5 ms) relative to the used sampling interval in the control algorithm (5 ms). In this

case the rotor current (i) in function of control voltage (u) and the rotor angular speed (ω) can

be written as:

i = (u− c1ω)/R (3.51)

where R - rotor terminal resistance, L - rotor terminal inductance, c1 - the inverse of speed

constant.

The equations of motion of the motor using (3.51) is given by:

α̇ = ω (3.52)

JRω̇ = c2i− τfR − τext = −Aω + Ku− τfR − τext

α denotes the rotor angle, τfR - friction force which acts inside the motor, τext - external

torque, c2 - torque constant. The angular position and velocity of the motor are known from

measurements. The motor parameters are JR > 0 - the rotor inertia, A = c2c1/R > 0,

K = c2/R > 0. These constants are catalog data for a specific motor and are considered

known.

The external torque that acts on the rotor can be obtained from:

τext = τfG + τfL/N + JLω̇L/N (3.53)

where τfG - friction force inside the gear-head, τfL - friction force which acts on the load, JL is

the inertia of the load, N is the gear ratio.

The equation of motion of the positioning system is obtained from (3.52) and (3.53):

Jα̈ + Aα̇ = Ku− τf + d (3.54)

where J = JR + JG + JL/N in which JG denotes the unknown inertia introduced by the

components of the gear and τf = τfR + τfG + τfL/N is the sum of all friction forces that act on

the mechanics. d incorporates the unmeasurable disturbances.
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Figure 3.9: The adaptively tuned friction parameters during the control

At the formulation of the control law the following simplifications are considered: The motor

parameters (A, K), can easily be computed using the motor catalog data. The value of the

inertial load (J) can be determined based on the motor and gear catalog data, the inertia of

the load can also be computed because its mass (m) and radius (R) are known. (JL = mR2/2).

The value of the parameters β and ωsw are used from the off-line identification. The term,

which multiplies the sat(S/Φ) in (3.38) is considered constant.
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Figure 3.10: Tracking error metrics (S)

With these considerations the adaptive control law can be written as:

u =
1

K
(Aα̇ + J(α̈d − λė(t)) + θ̂fξf

(ω, ω̂sw, β̂
sw

)− kSS −Dsat(S/Φ)) (3.55)

˙̂
θf = −Γθf

ξ
f
(ω, ω̂sw, β̂

sw
)SΔ(t) (3.56)

The reference trajectory has been chosen in order to have acceleration, deceleration and

constant speed regimes for both positive and negative velocity domain. The algorithm has

been tested in ±0.5 [rad/sec] velocity domain. The duration of an acceleration-constant speed-

deceleration cycle is 5 [sec]. For the controller, the following parameters are chosen: Φ = 0.25,

λ = 10, KS = 40, dM = 10, Tsampling = 5 [msec].

The adaptation of the parameters determining the behavior of friction force for the positive

velocity domain are presented in Figure 3.9. It can be observed that - similarly as during the

adaptation - the parameters are tuned only when the plant is in the corresponding velocity

regime.

The performance of the control algorithm is compared with the response of a well tuned

PID controller. As it can be seen in Figure 3.10 the robust adaptive control law guarantees the

convergence inside the boundary layer Φ and after the convergence the error metrics is smaller

than in the case of PID controller.

For the numerical evaluation of the control performances, the average of the absolute values

of the tracking error metrics (SA = 1
N

∑N
i=1 |S|) are calculated during the first N = 250 sampling
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periods for the PID controller and the adaptive friction compensator controller. It has been

found that these controllers guarantees similar performances (SA(PID) = 0.2449, SA(adapt) =

0.2487). It is because the parameters are not adapted yet and the adaptive controller does not

work properly. However in the second 250 sampling period, when the adaptive laws have already

tuned the parameters, then the adaptive controller clearly over-performs the PID controller

(SA(PID) = 0.2573, SA(adapt) = 0.1106).

3.6 Conclusions

I have introduced a friction model which describes precisely the nonlinear characteristics of the

friction force and at the same time it can easily be introduced in adaptive control algorithms. By

exploiting the proprieties of the model, a friction identification method has been developed for

off-line estimation of the frictional parameters. Using the model, I have developed an adaptive

control algorithm for positioning systems to solve the tracking problem of these plants in the

presence of unknown frictional effects. The applicability and performances of the algorithm

have been demonstrated through experimental and simulation results.

1. I have developed a friction model that describes precisely the frictional behavior at

low velocities, where the nonlinear behavior of friction is accentuated. Generally the frictional

parameters can be measured with difficulties and they are slowly time varying. The parameters

of the developed friction model can easily be tuned on-line and describes well both the nonlinear

static and dynamic frictional effects. The developed model integrates dynamic LuGre model

and the static Tustin model. The general form of the introduced model is: Ff(ω) = θT
f ξf(ω) +

FD(ω); FD(ω) ≤ θT
fDξfD(ω). The first component of the model describes the static friction

which can be written as a scalar product of a parameter vector and a velocity dependent

regressor vector. The second term represents the dynamic frictional effects, which upper bound

can also be written in a linearly parameterized form. The model clearly distinguishes the low

and high velocity regimes which is useful during the on-line parameter tuning.
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2. The properties of the model:

2.1. I have shown that there is a connection between the parameters of the introduced

model and the Tustin model parameters. In the new model the Coulomb, viscous, static friction

coefficients and the Striebeck velocity can be recognized. Based on this fact, some relations

about the magnitude and sign of the parameters can be determined which can be applied to

obtain the initial values of the parameters at the beginning of the on-line adaptation.

2.2. I have shown that the introduced model predicts the friction generated limit cycles and

instability in low velocity regime in the positioning systems controlled by a PD type regulator.

I have introduced a simple stability condition, which the regulator parameter should satisfy in

order to avoid the limit cycle at low velocities: KD ≥ b1+/J .

3. I have developed a parameter identification method for the introduced nonlinear model.

The identification can be performed in two steps. In the first step the friction force is measured.

The measurement is based on PI velocity control. In the second step using the measurement

results the parameters are determined. The parameter vector elements (θf) are determined

using the Least Square method. The regressor vector (ξ
f
) parameters are determined using

simple algebraic relations and Genetic Algorithm.

4. I have developed a robust-adaptive tracking control algorithm which is able to compen-

sate the nonlinear dynamic friction. In the control algorithm the introduced friction model is

applied.

4.1.The adaptive laws in the algorithm are developed in such a way that they can estimate

not only the parameters in the vector θf but also the parameters which appear in a nonlinear

fashion in the regressor vector and the upper bounds of the dynamic part of the model FD. I

have shown that the algorithm guarantees the boundedness of all the signals in the closed loop

system, and the convergence of tracking error metrics into a small residual set with a predefined

bound Φ > 0.

4.2. I have analyzed the performances of the control trough simulations. In the dynamics
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of the mechanical system the friction is described using the LuGre dynamic model. In the

control algorithm, the introduced model is applied. The simulations show that the proposed

control algorithm guarantees fast parameter convergence and small position and velocity errors

during trajectory tracking.

5. The applicability of the control and identification algorithm has been tested on a me-

chanical positioning system in real-time.

5.1. During the research work an experimental setup has been developed. It includes

an incremental encoder for position and velocity measurement, a DC servo motor, a gear-

head and a metal disk as external load. The disc is in contact with an external surface to

increase the amount of friction in the positioning system. For the implementation of the friction

measurement and compensation algorithms microcontroller based control board are used. The

experimental setup is built using low cost components, typical in industrial control systems.

5.2. The control and measurements for identification have been implemented on a micro-

controller. The measurement data is sent to a PC through serial communication. The PC is

used only for off-line data processing. With the proposed identification method, I have de-

termined the friction model parameters. I have shown that the obtained model fits well the

measurement data.

5.3. The robust adaptive friction compensation algorithm has been implemented on the

microcontroller. The measurements show that the control algorithm guarantees precise tracking

and at the same time the algorithm is implementable even on simple industrial control hardware

architectures with low computational capacity.



Chapter 4

Friction Compensation and Payload

Estimation in Robotic Systems

4.1 Motivation

Nowadays the robotic applications require increased transient performances and path tracking

properties. To achieve these requirements the introduction of the mathematical model in the

control algorithm is necessary. There are analytical methods to determine the exact math-

ematical model of a robot, for example using the Lagrange method (see Appendix C). The

parameters of the model (masses, inertias, length of the arms) are often catalog data which

are given by the manufacturer of the robotic system. However, especially in the case of the

inertias, the value of the parameters cannot be determined exactly, they are known with a given

precision. This uncertainty should also be taken into consideration in the control algorithm.

The friction phenomena which should be considered in every mechanical system can be

described with models whose parameters are slowly time varying, depending on external factors.

The friction parameters in robotic systems can hardly be determined a-priori.

In the case of the well-known, frequently applied industrial robots such as the PUMA-560

robot arm the parameters for the dynamic model were experimentally determined by many

78
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Table 4.1: Measured friction parameters

Parameter Author1 Author2 Author3

FV (v > 0) [Nmsec/rad] 4.94 6.40 3.20

FV (v < 0) [Nmsec/rad] 3.45 6.27 3.85

FC (v > 0) [Nm] 8.43 27.0 7.24

FC (v < 0) [Nm] 8.26 29.8 6.74

Author1 - B. Armstrong, Stanford University (1988)

Author2 - P. Corke, CSIRO Div. Manufacturing Technology (1991)

Author3 - M. Liu, University of Melbourne (1991)

research institutes, see e. g. [6]. A review of the obtained models and parameters was made in

[22]. The obtained friction parameters (FV - viscous friction parameter, FC - Coulomb friction

parameter), published by different authors for the first joint of the PUMA-560 robot arm are

presented in Table 4.1.

As it can be seen, the friction parameters differ considerably from one author to other,

moreover they differ in positive and negative velocity regime. For this reason, the introduction

of adaptive compensation strategies in the control algorithm is necessary in order to determine

the exact value of the friction parameters and friction force. The parameters determined from

a-priori measurements or off-line identification should be used just as initial parameters for the

adaptive compensation strategy.

On the other hand there is a tendency in robotic industry to build robots with lightweight

arms to avoid unnecessary energy consumption. For this reason in the robot model the mass

of the payload cannot be neglected related to the masses of the arms. The mass of the payload

in many application is unknown, varies according to the specific task of the robot.

These consideration suggests that the friction parameters and the mass of the payload should
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be estimated on-line. If only the friction forces, the friction generated torques and the payload

are unknown in the model, it is unnecessary to use general adaptive control algorithms which

estimate all the parameters of the robot.

Publications covering this topic are [85, 78, 77].

4.2 Previous works

The trajectory tracking problem of robotic arms under model uncertainties was permanently

in the focus of the researches in the last decades. The proposed solutions try to obtain on-line

more accurate system parameters to improve the quality of the used model in control or other

strategies reducing the dependence of the control on the robot model.

To deal with the unmodelled dynamics and small parameter uncertainties, variable structure

controllers were introduced in many papers. In [118] a simple structure robust controller was

proposed to deal with additive model uncertainties. The classical PID type robot control

algorithm can be extended with switching terms to improve the robustness of the control. This

types of variable structure PID controllers were reported in recent papers, such as in [50] and

[101].

The adaptive control techniques are also very popular to deal with large parameter uncer-

tainties in robotic systems. Early results can be found in the classical paper [115] in which it was

explored that the robot arm model can be written in a linearly parameterized form. Improved

adaptive control algorithm with robustified estimation laws and saturation type switching terms

was reported in [18]. A model independent adaptive control law for robot manipulators was pro-

posed in [19]. Decoupled robot control algorithms (independent control law for each joint) are

also widely studied because of their low computational costs. A robust adaptive decentralized

algorithm was reported in [36].

In high precision trajectory tracking tasks the friction has a negative influence on tracking

accuracy in the robotic systems. In order to compensate the effect of friction force, friction
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identification techniques were proposed for robotic arms. In [33] a systematic identification

method was described for Coulomb and viscous friction coefficients in robotic joints. Identi-

fication of nonlinear friction parameters in rotational joints using extended Kalman Filtering

was described in [59]. The comparison of classical PD and PID compensation techniques for

robot control systems with stick slip friction was studied in [121]. To compensate the effect

of friction, disturbance observer was proposed in [20]. Adaptive control algorithms which in-

corporate on-line estimation laws for static friction parameters were proposed in [3] and [46].

On-line estimation of the unknown state and some of the parameters in the dynamic LuGre

friction model in robotic systems were reported in [126] and [99].

Soft computing methods has also been proposed for model free adaptive manipulator control.

In these controllers the neural or fuzzy system is introduced in the controller as a feed-forward

term which aim is the cancellation of the effect of robotic system nonlinearities by the control.

Fuzzy systems as feed-forward compensators were proposed in many papers such as in [97] and

[47]. Neural network based compensators for robot trajectory tracking were proposed in [56],

[67] and [16]. In all of these papers the linear feedback control term is designed in a robust

approach to deal with the large modelling errors at the beginning of adaptation when the used

neural or fuzzy system approximates poor the robot arm nonlinearity. In [66] network based

compensation of the payload for robot position control was introduced.

4.3 Robot modelling

The mathematical model of an open chain, rigid, n Degree Of Freedom robot is given by:

H(q)q̈ + C(q, q̇)q̇ + D(q) = τ − τF (q̇) (4.1)

where q is the joint position vector of the robot and the vector τ represents the control signal

realized by current controlled DC servos. The following notations are used: H(q) is the gen-

eralized inertia matrix, C(q, q̇) describes the effect of the centripetal and Coriolis forces, D(q)
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is the gravity effect, τF (q̇) represents the effect of the friction force which acts on the joints of

the robot.

Although (4.1) is generally a complex system of nonlinear differential equations, it has two

fundamental properties, which can be exploited to develop control laws for robotic arms.

The following properties of the robot model are well known [62, 141]:

Properties:

P.1 The inertia matrix H(q) is symmetric and positive definite for every q ∈ Rn.

P.2 The matrix Ḣ(q)− 2C(q, q̇) is skew-symetric, namely:

xT (Ḣ − 2C)x = 0 ∀x ∈ Rn (4.2)

Henceforward a series of assumptions will be enumerated which are useful in order to develop

a control law for robotic systems with friction and payload estimation algorithm in the presence

of modelling errors.

Assumptions:

A.1a (Payload)

Assume that the dimensions of the payload can be neglected compared with the dimensions

of the robotic arm, hence its length and inertia is neglected. In this case the terms of the

robotic model can be written in the following form:

H(q) = HR(q) + mHL(q) (4.3)

C(q, q̇)q̇ + D(q) = CR(q, q̇)q̇ + DR(q) + m(CL(q, q̇)q̇ + DL(q)) (4.4)

where m is the mass of the payload. HR, CR and DR are terms of the robotic arm model

without payload. HL, CL and DL are known terms which can be determined from the robot

model and do not contain the payload and friction parameters. The analysis of these terms are

presented in Subsection 4.3.1.

A.1b (Payload)



4.3. Robot modelling 83

The mass of the payload is bounded, namely 0 ≤ m ≤ mM , where mM is the known upper

bound of m.

A.2a (Modelling errors)

The modelling errors for the robotic arm are bounded with known bounds, i.e.

HR(q) = HRC(q) + ΔHR(q) (4.5)

CR(q, q̇)q̇ + DR(q) = CRC(q, q̇)q̇ + DRC(q) + ΔCR(q, q̇)q̇ + ΔDR(q) (4.6)

where HRC , CRC and DRC are approximately known terms of the robot model that are used

in the control algorithm and ΔHR, ΔCR (matrices) and ΔDR (vector) contain the modelling

errors. Each element of these terms are bounded:

|(ΔHR)ij | ≤ (ΔHR)ijM |(ΔCR)i| ≤ (ΔCR)ijM |(ΔDR)i| ≤ (ΔDR)ijM (4.7)

where (ΔHR)ijM , (ΔCR)iM , (ΔDR)iM are known upper bounds.

A.2b (Modelling errors)

The unmodelled dynamics and external disturbances can be incorporated in a vector d

which appears as an additive term in the robot model. Each element of this vector is bounded

(|d| ≤ dM ) with known bounds:

|di| ≤ diM (4.8)

A.3 (Friction Modelling)

The friction force acts separately on each joint of the robot. It can be written in a linearly

parameterized form:

τFi(q̇i) = μ(q̇i)θ
T
FP iξFPi

(q̇i) + (1− μ(q̇i))θ
T
FNiξFNi

(q̇i) (4.9)

where μ(q̇i) = 1 if q̇i ≥ 0 and 0 otherwise. The vectors θF i contain the unknown parameters

of the friction model and ξ
F i

(q̇i) are known regressor vectors. This relation means that the

friction can be described by two separate linearly parameterized models, one for the positive
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(P ) velocity regime and the other for negative (N) velocity regime. The switching between

these two models occurs at the zero velocity. If the switching function μ is incorporated in the

regressor vector, it yields:

τF i(q̇i) = θT
F iξF i

(q̇i) (4.10)

where θF i = (θNFi θFPi)
T and ξ

F i
(qi) = (μ(q̇i)ξFPi

(q̇i) (1− μ(q̇i))ξFNi
(q̇i))

T

It is assumed that all the parameters of the friction model are bounded and the extent of

the parametric uncertainties is known, i.e., θF ijmin
≤ θF ij ≤ θF ijmax where θF ij denotes the j’th

element of the vector θF i and θF ijmin
, θF ijmin

have same sign.

Using these assumptions (relations (4.3), (4.4) and (4.10) the robot model (4.1) can be

written as:

(HR(q) + mHL(q))q̈ + CR(q, q̇)q̇ + DR(q) + m(CL(q, q̇)q̇ + DL(q)) = τ − τF (q̇) + d (4.11)

Moreover, by introducing the modelling errors from relations (4.5) and (4.6), in the perspec-

tive of the control algorithm the model has the form:

(HRC(q) + ΔHR(q) + mHL(q))q̈ + CRC(q, q̇)q̇ + DRC(q) + ΔCR(q, q̇)q̇ + ΔDR(q) +

+ m(CL(q, q̇)q̇ + DL(q)) = τ − τF (q̇) + d (4.12)

4.3.1 Dimensional analysis of the model

In the assumption A.1a it is considered that the effect of the mass of the payload on the model

can additively be separated from the robot arm model (H = HR + mHL, C = CR + mCL, D =

DR +mDL). Now examine the dimensions of the elements of the matrices which are multiplied

by the mass of the payload (HL, CL, DL).

If the friction is neglected, the i’th row from the robot arm model reads as:

n∑
j=1

Hij(q)q̈j +
n∑

j=1

Cij(q, q̇)q̇j + Di(q) = τi (4.13)
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Table 4.2: Dimensions for Robot Model Terms

Robot Term i− Tran, j − Tran i− Tran, j − Rot i− Rot, j − Tran i− Rot, j − Rot

HRij kg kgm kgm kgm2

HLij dimensionless m m m2

CRij kg/sec kgm/sec kgm/sec kgm2/sec

CLij 1/sec m/sec m/sec m2/sec

DRi N N Nm Nm

DLi m/sec2 m/sec2 m2/sec2 m2/sec2

or it can also be rewritten in the form:

(
n∑

j=1

HRij(q)+m
n∑

j=1

HLij(q))q̈j +(
n∑

j=1

CRij(q, q̇)+m
n∑

j=1

CLij(q, q̇))q̇j +(DRi(q)+mDLi(q)) = τi

(4.14)

The translational (Tran) and rotational (Rot) joints should be distinguished. In the case

of translational joints τi has the dimension N . In the case of rotational joints the dimension

of τi is Nm. According to (4.14) the dimensions of the terms in the robot model are given in

the Table 4.2.

From the table one can conclude that none of the matrices HL, CL, DL contains terms that

depend on mass. They may depend on the states of the robot (joint position and velocity)

and robot geometry (length of the links, position of the center of the gravity) and gravitational

acceleration. It also yields that the major source of uncertainties of a robot arm - the segment’s

inertia - never appear in these matrices. This suggests that the terms HL, CL, DL can be

calculated with better precision then HR, CR, DR.
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4.4 Adaptive friction compensation and payload estima-

tion

For many robotic applications it is not enough to perform the positioning of the end effector,

located on the top of robotic arm, in different end-points of the space (Point To Point motion)

but it is required to control the motion of the end effector along a predefined path in space.

In this view, the adaptive robot control algorithm will be developed for trajectory tracking

problems, such as in the case of positioning systems presented in the previous Section.

The control problem for the robotic systems is the generalization of the control task for-

mulated for positioning systems, since all the joints of the robot should track a desired tra-

jectory corresponding to the desired path in space. The problem is to design a control input

τ = (τ1 τ2 . . . τn)T such that the joint position q = (q1 q2 . . . qn)T track the desired trajectory

q
d

= (qd1 qd2 . . . qdn)T with a given precision. The desired trajectories qdi are known bounded

functions of time with known bounded first and second order derivatives.

Define the error metrics Si that describes the desired dynamics of the error system for the

i′th joint:

Si(t) = (
d

dt
+ λi)ei, ei = qi − qdi (4.15)

where λi is positive constant.

In the presence of modelling errors and external disturbances perfect tracking cannot be

achieved, hence it is desirable that the tracking error metrics (Si) are smaller than a prescribed

precision Φ > 0. The control problem can be reformulated as follows: design a control law τ

such that the tracking error metrics Si(t) satisfy |Si(t)| < Φ for t→∞.

The error dynamics for the entire robot can be written in the form:

S = ė + Λe (4.16)

with S = (S1(t) S2(t) . . . Sn(t))T , e = (e1 e2 . . . en)T , and Λ = diag(λi) is a diagonal matrix

with positive elements.
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It follows from (4.1) that:

H(q)Ṡ = −C(q, q̇)q̇ −D(q) + H(q)(−q̈
d
+ Λė)− τF (q̇) + τ + d (4.17)

Using assumption (A.1a) and taking into consideration the unmodelled dynamics from

(A.2b) yields:

H(q)Ṡ = −CR(q, q̇)q̇ −DR(q) + HR(q)(−q̈
d
+ Λė)− (4.18)

− m(CL(q, q̇)q̇ + DL(q)−HL(q)(−q̈
d
+ Λė))− τF (q̇) + τ + d

As it was mentioned in (A.3), the vectors which incorporate the parameters of the friction

model (θF i) are unknown so in the control law only estimated parameters can be used. Denote

θ̂F i the estimated friction parameters for the i′th joint and θ̃F i = θF i− θ̂F i the estimation error

respectively. Accordingly, the estimated value of friction force for the i′th joint is denoted by

ĥF i(q̇i) = θ̂
T

F iξF i
and the friction estimation error by h̃F i(q̇i) = θ̃

T

F iξF i
. In the same way denote

m̂ the estimated value of the payload mass and m̃ = m− m̂ the estimation error.

Henceforward the control law will be formulated and its properties are presented in the

following theorem:

Theorem 4.1:

Consider that the robotic system described by (3.34) satisfies the assumptions (A.1a) -

(A.3).

Formulate the control law as:

τ = HRC(q̈
d
− Λė) + CRC(q̇

d
− Λe) + DRC + m̂ξ

m
+ τ̂F (q̇)−KSS + τSW (4.19)

where τF (q̇) is defined in (A.3), KS = diag(KSi) is a diagonal matrix with KSi > 0,

ξ
m

= −HL(−q̈
d
+ Λė) + CL(−q̇

d
+ Λe) + DL (4.20)

and

τSW = −(ΔHRM |q̈d
− Λė|+ ΔCRM |q̇d

− Λe|+ ΔDRM + dM)sat(S/Φ) (4.21)
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Formulate the adaptation laws for the friction parameters in the i′th joint and for the mass

of the payload as:

˙̂
θF i = −ΓiSiξF i

˙̂m = −γmST ξ
m

(4.22)

where Γi = diag(γij) with γij > 0 and γm > 0.

The control law (4.19) with the adaptation law (4.22) guarantees asymptotically that

|Si(t)| ≤ Φ as t→∞ ∀ i = 1, ..., n.

sat(S/Φ) denotes a diagonal matrix with the elements: sat(Si/Φ).

Proof of the theorem:

To examine the proposed control law let us consider the following Lyapunov-like function:

V (t) =
1

2
ST H(q)S +

γ−1
m

2
m̃2 +

1

2

n∑
i=1

θ̃
T

F iΓ
−1
i θ̃F i (4.23)

The time derivate of V (t) is given by:

V̇ (t) = ST H(q)Ṡ +
1

2
ST Ḣ(q)S − γ−1

m m̃ ˙̂m−
n∑

i=1

θ̃
T

F iΓ
−1
i

˙̂
θF i (4.24)

By substituting the expression of the control law (4.19) in the equation of error dynamics

(4.18) yields:

HṠ = −CRq̇ + CRC(q̇
d
− Λe)−DR + DRC + HR(−q̈

d
+ Λė) + HRC(q̈

d
− Λė)−

− m(−HL(−q̈
d
+ Λė) + CLq̇ + DL) + m̂ξ

m
− τF (q̇) + τ̂F (q̇)−KSS + τSW + d (4.25)

Adding (CR + mCL)(−q̇
d
+ Λe)− (CR + mCL)(−q̇

d
+ Λe) to the right side of the equation

(4.25):

HṠ = −CRq̇ − (CR + mCL)(−q̇
d
+ Λe) + (CRC + ΔCR + mCL)(−q̇

d
+ Λe)− CRC(−q̇

d
+ Λe)

− (DR −DRC) + (HR −HRC)(−q̈
d
+ Λė)−m(−HL(−q̈

d
+ Λė) + CLq̇ + DL) +

+ m̂(−HL(−q̈
d
+ Λė) + CL(−q̇

d
+ Λe) + DL)− τ̃F (q̇)−KSS + τSW + d =

= −CS + ΔCR(−q̇
d
+ Λe)−ΔDR + ΔHR(−q̈

d
+ Λė)−

− m̃(−HL(−q̈
d
+ Λė) + CL(−q̇

d
+ Λe) + DL)− τ̃F (q̇)−KSS + τSW + d (4.26)
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In the view of (4.26) the derivate of the Lyapunov function becomes:

V̇ (t) = ST (ΔCR(−q̇
d
+ Λe)−ΔDR + ΔHR(−q̈

d
+ Λė) + d + τSW )− ST KSS −

− ST C(q, q̇)S +
1

2
ST Ḣ(q)S − m̃ST ξ

m
− ST τ̃F (q̇)− γ−1

m m̃ ˙̂m−
n∑

i=1

θ̃
T

F iΓ
−1
i

˙̂
θF i (4.27)

By exploiting the equation (4.2) and introducing the expression of adaptation laws (4.22)

the relation (4.27) results:

V̇ (t) = ST (ΔCR(−q̇
d
+ Λe)−ΔDR + ΔHR(−q̈

d
+ Λė) + d + τSW )− ST KSS − (4.28)

− m̃ST ξ
m

+ γ−1
m m̃γmST ξ

m
−

n∑
i=1

Siθ̃
T

F iξF i
+

n∑
i=1

θ̃
T

F iΓ
−1
i ΓiSiξF i

Hence, it yields:

V̇ (t) = ST (ΔCR(−q̇
d
+ Λe)−ΔDR + ΔHR(−q̈

d
+ Λė) + d + τSW )− ST KSS (4.29)

If it is considered that Si > Φ (outside the boundary layer), yields sat(S/Φ) = sign(S)

and ST sat(S/Φ) = |S|T . Substituting the expression (4.21) for τSW in the Lyapunov function

derivative:

V̇ (t) ≤ (−ST ΔCR(−q̇
d
+ Λe)− |S|T ΔCRM | − q̇

d
+ Λe|) + (−ST ΔDR − |S|TΔDRM ) +

+(−ST ΔHR(−q̈
d
+ Λė)− |S|T ΔHRM | − q̈

d
+ Λė|) + (ST d− |S|TdM)− ST KSS(4.30)

It is known that ST d ≤ |S|TdM ∀S if di ≤ dMi hence it yields:

V̇ (t) ≤ −ST KSS (4.31)

Outside the boundary layer ST KSS > 0, hence V̇ (t) < 0, V is a positive, strictly decreasing

function. Accordingly it guarantees the convergence of the elements of the vector S inside the

boundary layer with bound Φ. �
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4.4.1 The effect of modelling errors on control

Consider now that the elements tracking error vector (S) have already reached the boundary

layer. Henceforward, an important question is how the modelling errors influence the pre-

cision of the control inside the boundary layer. To examine it, consider the integral criteria

limT−>∞ 1
T

∫ T

0
S(t)T KS(t)dt where K is a diagonal matrix with only positive elements on the

diagonal.

Introduce the following notations:

dR = ΔHR(−q̈
d
+ Λė) + ΔCR(−q̇

d
+ Λe)−ΔDR + d (4.32)

dRM = ΔHRM | − q̈d + Λė|+ ΔCRM | − q̇d + Λe|+ ΔDRM + dM (4.33)

Since inside the boundary layer the position error e(t) and its derivatives are bounded

(because S(t) is bounded), furthermore the reference trajectory and its derivatives are bounded

too, hence the vector dRM has positive bounded elements which depend on the maximum values

of the modelling errors.

Using the notations (4.32) and (4.33) the derivate of Lyapunov function inside the boundary

layer becomes:

V̇ (t) ≤ −ST KSS + ST dR − ST diag(dRM )S/Φ ≤ −ST KSS + |S|T dRM − ST diag(dRM)S/Φ

(4.34)

Let us introduce the notation KD = KS + diag(dRM )/Φ and add the term 1/2dT
RMK−1

D dRM

−1/2dT
RMK−1

D dRM to the right side of inequality (4.34), then the derivative of Lyapunov function

becomes:

V̇ (t) ≤ −1

2
ST KDS − 1

2
ST KDS + |S|TdRM −

1

2
dT

RMK−1
D dRM +

1

2
dT

RMK−1
D dRM =

= −1

2
ST KDS − (

√
1

2
|S|T KD|S| −

√
1

2
dT

RMK−1
D dRM )2 +

1

2
dT

RMK−1
D dRM ≤

≤ −1

2
ST KDS +

1

2
dT

RMK−1
D dRM (4.35)
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Integrating on both sides it yields:

1

2

∫ T

0

ST KDSdt ≤ 1

2

∫ T

0

dT
RMK−1

D dRMdt + V (0)− V (T ) (4.36)

Exploiting that the value dT
RMK−1

D dRM is a bounded positive function there exists a positive

bounded scalar function d2 such that:∫ T

0

ST KDSdt ≤ d2T + 2(V (0)− V (T )) (4.37)

From (4.31) yields that V (t) is bounded ∀ t ≥ 0. Accordingly V (0) and V (T ) are bounded

∀ T ≥ 0 and the error bound for tracking error metrics if T →∞ satisfies:

limT→∞
1

T

∫ T

0

ST (KS + diag(dRM)/Φ)Sdt ≤ d2 (4.38)

As it was expected the precision of the control algorithm depends on the modelling error

bound dRM .

4.5 Modified control for dynamic friction

With the desire to improve modelling accuracy, dynamic friction models can be used to describe

the frictional behavior in the joints of the robotic arm. The LuGre model, described in detail

in Appendix B.2, can be introduced in the robotic arm model as follows:

H(q)q̈ + C(q, q̇)q̇ + D(q) = τ − τF (q̇) (4.39)

τF (q̇) = diag(σ0i)z + diag(σ1i)
dz

dt
+ diag(FV i)q̇

dz

dt
= q̇ − diag(σ0i · fSi(q̇i))z

The frictional parameters and states, defined in Section 3.2 after the relations (3.20), (3.26)

and (3.4), appear as the elements of diagonal matrices. The velocity dependent fSi terms are

defined in the following vector:

f
S

=

( |q̇1|
FC1 + (FS1 − FC1)e|q̇1|/ωS1

|q̇2|
FC2 + (FS2 − FC2)e|q̇2|/ωS2

. . .
|q̇n|

FCn + (FSn − FCn)e|q̇n|/ωSn

)T



92 Chapter 4. Friction Compensation and Payload Estimation in Robotic Systems

In order to solve the adaptive friction compensation problem, the friction modelling tech-

nique presented in detail in Section 3.2 can be applied. The friction forces in each joint of the

robot can be modelled as follows:

τFi(q̇i) = θT
F iξF i

(q̇i, ωswi, βi
) + τFDi, τFDi ≤ θT

FDiξFDi
(q̇i) (4.40)

With this modelling technique, the adaptive robot control law presented in the Section

4.4 can be extended to incorporate the Striebeck and dynamic frictional effects. The new

control law depends not only on the estimated Coulomb and viscous frictional parameters but

incorporates the Striebeck model parameters too. The switching term is extended with an

additional estimated friction term, to deal with the dynamic component of the friction. The

elements of the gain matrix KS are chosen in order to compensate the friction modelling errors.

τ = HRC(q̈
d
− Λė) + CRC(q̇

d
− Λe) + DRC + m̂ξ

m
+ τ̂F (q̇)−KSS + τSW (4.41)

τSW = −(ΔHRM |q̈d
− Λė|+ ΔCRM |q̇d

− Λe|+ ΔDRM + dM + τ̂FD)sat(S/Φ)

with the estimated frictional terms : τ̂Fi = θ̂
T

F iξF i
(q̇i, ω̂swi, β̂i

), τ̂FDi = θ̂
T

FDiξFDi
(q̇i)

and the condition satisfying : KSi >

(
dMi + dFMi +

√
2

4
(βMi + ωswMi)

)
/Φ

The adaptation laws, beside the payload mass, determine on-line the linearized Striebeck

model parameters and the upper bound of the dynamic terms.

˙̂m = −γmST ξ
m

(4.42)

˙̂
θF i = −ΓF iSiξF i

(4.43)

˙̂
θFDi = ΓFDi |Si| ξFDi

(4.44)

˙̂
β

i
= Γβi |Si| β̂i

(4.45)

˙̂ωswi = Γωswi
|Si| ω̂swi (4.46)

The convergence of the tracking error metrics (S ≤ Φ as t → ∞) and the boundedness

of the signals in the closed loop system can be shown, by simply combining the proofs of the

Theorems 4.1. and 3.1. The Lyapunov function for this control law should depend, beside the
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Figure 4.1: The cylindrical robot and the used friction model

tracking error metrics (S) and payload mass estimation error, on the estimation errors of all

the friction parameters in each joint:

V (t) =
1

2
ST H(q)S + (4.47)

+
γ−1

m

2
m̃2 +

1

2

n∑
i=1

θ̃
T

F iΓ
−1
F i θ̃F i +

1

2

n∑
i=1

β̃
T

i
Γ−1

βi β̃
i
+

1

2

n∑
i=1

ω̃T
swiΓ

−1
ωswiω̃swi +

1

2

n∑
i=1

θ̃
T

FDiΓ
−1
FDiθ̃FDi

4.6 Simulation results

In this section the performance of the proposed sliding mode control algorithm is demonstrated

for a 3 Degree Of Freedom cylindrical manipulator based on its dynamic model. The first

joint represents the rotation around the robot base. The second and the third joints represent

the vertical and horizontal translations of the payload (see Figure 4.1). The dynamics of this

robotic system is nonlinear with strong coupling between the first and third joints.

The equation of motion in terms of generalized coordinates q = (q1 q2 q3)
T representing the
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positions of the joints and the applied torques τ = (τ1 τ2 τ3)
T at these joints is given by:

⎛⎜⎜⎜⎜⎜⎜⎝
H11(q3) + mq2

3 0 0

0 M0 + M1 + m 0

0 0 M1 + m

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
q̈1

q̈2

q̈3

⎞⎟⎟⎟⎟⎟⎟⎠ +

⎛⎜⎜⎜⎜⎜⎜⎝
(2M1q3 −M1R + 2mq3)q̇3q̇1

(M0 + M1 + m)g

−1
2
(2M1q3 −M1R + 2mq3)q̇

2
1

⎞⎟⎟⎟⎟⎟⎟⎠ =

=

⎛⎜⎜⎜⎜⎜⎜⎝
τ1 − hF1(q̇1)

τ2 − hF2(q̇2)

τ3 − hF3(q̇3)

⎞⎟⎟⎟⎟⎟⎟⎠ + d (4.48)

J0 and M0 represent the inertia and the mass of the base of the robot, M0 is the mass of

the horizontal link, m is the mass of the payload, R is the length of the horizontal link and g

is the gravitational acceleration.

The following notation has been used:

H11(q3) = J0 + M1
R2

3
+ M1(q

2
3 − Rq3) (4.49)

In the friction model the viscous friction term which is proportional to velocity and the

constant Coulomb friction term, which depends only on the sign of velocity, are considered.

For each joint the friction term can be written in the following form:

hFi(q̇i) = μ(q̇i)(aFPiq̇i + bFPi) + (1− μ(q̇i))(aFNiq̇i + bFNi), i = 1, 2, 3 (4.50)

The switching function μ is defined in the assumption (A.3). Note that the parameters

(aFPi and aFNi respectively bFPi and bFNi) may differ in the positive and negative velocity

regimes.

The expressions of the model matrices and vectors needed in the control law can easily be
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obtained from equation (4.48):

HR =

⎛⎜⎜⎜⎜⎜⎜⎝
H11(q3) 0 0

0 M0 + M1 0

0 0 M1

⎞⎟⎟⎟⎟⎟⎟⎠CR =

⎛⎜⎜⎜⎜⎜⎜⎝
−1

2
M1(2q3 −R)q̇1 0 1

2
M1(2q3 − R)q̇1

0 0 0

−1
2
M1(2q3 −R)q̇1 0 0

⎞⎟⎟⎟⎟⎟⎟⎠

DR =

⎛⎜⎜⎜⎜⎜⎜⎝
0

(M0 + M1)g

0

⎞⎟⎟⎟⎟⎟⎟⎠ HL =

⎛⎜⎜⎜⎜⎜⎜⎝
q2
3 0 0

0 1 0

0 0 1

⎞⎟⎟⎟⎟⎟⎟⎠CL =

⎛⎜⎜⎜⎜⎜⎜⎝
q3q̇1 0 q3q̇1

0 1 0

−q3q̇1 0 1

⎞⎟⎟⎟⎟⎟⎟⎠DL =

⎛⎜⎜⎜⎜⎜⎜⎝
0

g

0

⎞⎟⎟⎟⎟⎟⎟⎠
The numerical values for simulation purposes are chosen as J0 = 0.01 [kgm2], M0 = 2 [kg],

M1 = 1 [kg], R = 1 [m], g = 9.81 [m/s2], m = 0.5 [kg] aFPi = −aFNi = 1 [N ], bFPi = bFNi =

0.2 [Ns/m], i = 1, 2, 3. The external disturbances di are modelled as additive random signals

with maximum amplitude |di| ≤ diM = 0.1 [N ], i = 1, 2, 3.

In the control law it is considered that the parameters of the robot dynamics are not exactly

known. For the implementation of the control the following values are used: J0 = 0.006 [kgm2],

M0 = 1.8 [kg], M1 = 0.9 [kg], R = 1.001 [m]. The maximum values for the modelling errors

are taken as: ΔJ0 = 0.005 [kgm2], ΔM0 = 0.3 [kg], ΔM1 = 0.1 [kg], ΔR = 0.001 [m],

Δg = 0.01 [m/s2].

The mass of the payload and the friction parameters are considered completely unknown.

For the adaptation law the initial values for all these parameters are taken 0. The controller

parameters are chosen as: KS = diag([100 100 100]), Λ = diag([10 10 10]), Φ = 0.01.

The reference trajectory is chosen in such a way that all the joints have acceleration, de-

celeration and constant speed regimes. The third joint is tested both in positive and negative

velocity regimes. The maximum value of the desired angular velocity for the rotational joint is

chosen 1.5 [rad/sec], while the maximum value of the desired velocity for translational joints

was 0.5 [m/sec]. The maximum value of the acceleration for the rotational joints is chosen

25 [rad/sec2] and 10 [m/sec2] for the translational joints.
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Figure 4.2: Estimated mass of the payload
Figure 4.3: Estimated friction parameters

(joint 1)
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Figure 4.4: Estimated friction parameters

(joint 2)

Figure 4.5: Estimated friction parameters

(joint 3)

The performance of the adaptation laws can be seen in the Figures 4.2, 4.3, 4.4, 4.5. Due to

the switching function μ the friction parameters are tuned separately for positive and negative

velocities. This can be seen in Figure 4.5 for the third joint moving both with negative and

positive velocities.

As it can be seen the proposed adaptive control scheme guarantees precise tracking (see

Figure 4.6) and good tracking error convergence (see Figure 4.7). The control objective |Si| ≤
Φ, i = 1, 2, 3 is achieved.
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tory

Figure 4.7: Tracking error metrics with

adaptation

The rapid changes, which occur near t = 1.5 [sec] in the error metrics (see Figure 4.7) are

caused by the fact that the velocity of the third joint changes from positive to negative and at

this time the parameters of the friction for negative velocity are yet unknown. After a short

transient time the rapid changes disappear.

On the Figure 4.6 the reference and real trajectory of the end-effector of the robot are

illustrated. It can be seen that at the beginning of the track the difference between the real

and reference trajectory is in the domain of millimeters, which is a significant error in robotic

applications. After friction and payload parameter tunning the real trajectory converges to the

prescribed reference trajectory.

4.7 Conclusions

I have developed a control algorithm for robotic systems in which the robot arm parameters are

considered known with a given precision, the payload mass and the frictional parameters are

considered completely unknown. The algorithm has been extended to incorporate the dynamic

frictional effects as well.
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1. Based on the dynamic model of the robot resulted from the Lagrange formalism, I have

shown that if the geometrical dimensions of the payload manipulated by the robotic arm can be

neglected, the parameters of the robot can be separated from the payload mass and the frictional

parameters as follows: (HR(q) + mHL(q))q̈ + (CR(q, q̇) + mCL(q, q̇))q̇ + (DR(q) + mDL(q)) =

τ − τf (q̇). I have shown that the terms HL, CL, DL do not depend on mass and inertia, hence

the elements of these terms can be determined with high precision.

2. I have developed a control algorithm for robots which combines the sliding mode control

of the robot with the adaptive estimation of the payload mass and static friction parameters.

The algorithm assumes that the other robot parameters (lengths, masses, inertias of the seg-

ments) are known with a given precision. Deviations from their nominal values are considered

as bounded disturbances

a) I have shown that the developed control algorithm guarantees the convergence of the

combined position and velocity tracking error inside a predefined boundary layer for each joint.

b) I have shown that inside the boundary layer the precision of the tracking depends on the

bounds of the modelling errors of the robot.

c) I have demonstrated the applicability and the performances of the robotic arm through

simulations. The applied robot model is a three Degree Of Freedom cylindrical robotic arm.

The simulation results shows that the algorithm guarantees the convergence of the tracking

error metrics inside the predefined boundary layer.

3. Based on the dynamic friction modelling techniques presented in Section 3.2, I have

developed an improved robot control law which beside the payload estimation compensates the

effects of the Striebeck friction and dynamic friction in the robotic arm as well.



Appendix A

Some Notions from Stability Theory

A.1 Lp Function Spaces and the Barbalat Lemma

From the mathematical point of view the signals in a control system can be considered as one-

or n-dimensional functions of time. For the analysis of boundedness and convergence of the

signals, let us introduce the following definitions.

Consider the real, integrable function of time: x(t) : [0,∞) → Rn. Define the Lp norm of

the function x as follows:

‖x‖p =

(∫ ∞

0

|x(τ)|p dτ

)1/p

for p ∈ [0,∞) (A.1)

where:

|x(t)| =
√√√√ n∑

i=1

xi(t)2 (A.2)

Definition: The function x belongs to the Lp space, if ‖x‖p exists and it is finite.

An important example is the L2 space, the class of ’finite energy’ functions. According to

the previous definition, the ’finite energy’ function should satisfy:(∫ ∞

0

|x(τ)|2dτ

)1/2

<∞ (A.3)

i
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The L∞ norm is defined as:

‖x‖∞ = ess supt≥0 |x(t)| (A.4)

and we say that x ∈ L∞ when ‖x‖∞ exists and it is finite. The L∞ space is also called the

space of uniformly bounded functions.

Another important result from the theory of real functions, which can be applied for the

analysis of convergence of signals in control systems, is connected to the limit value in infinity

of uniformly continuous functions.

Definition: A function x(t) : [0,∞) → R is uniformly continuous on [0,∞) if for any

given ε > 0 there exists a δ(ε) such that for any t0, t ∈ [0,∞) for which |t− t0| < δ(ε) we have

|x(t)− x(t0)| < ε.

Barbalat’s lemma [48]: If limt→∞
∫ t

0
x(τ)dτ exists and is finite, and x(t) is a uniformly

continuous function, then limt→∞x(t) = 0.

For the applications in signal analysis a special case of Barbalat’s Lemma can be applied:

Lemma [48]: If x, ẋ ∈ L∞ and x ∈ L2, then x(t)→ 0 as t→∞.

A.2 Lyapunov Theory and Practical Stability

Consider a nonlinear system represented as:

ẋ = f(x, t) (A.5)

where f is a nonlinear vector function, x(t) : [t0,∞)→ Rn is the state vector.

Consider that the function f depends explicitly on t which is always true for the trajectory

tracking problems, since the reference trajectory is a function of time. These types of systems

are called nonautonomus (or time varying) systems.

The stability concepts of dynamic systems can be characterized by the following definitions:
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Definition (Equilibrium): A state x∗ is an equilibrium point of (A.5) if f(x∗, t) = 0 ∀t ≥
t0.

Definition (Stability): The equilibrium state x = 0 is stable at t = t0 if for any ρ > 0

there exists an r(ρ, t0) > 0 such that ‖x(t0)‖ < r(ρ, t0) ⇒ ‖x(t)‖ < ρ ∀t ≥ t0. Otherwise the

equilibrium point x = 0 is unstable. ‖·‖ denotes the Euclidian norm defined.

Definition (Asymptotic Stability): The equilibrium state x = 0 is asymptotically stable

at t = t0 if it is stable and there exists an r1(t0) > 0 such that ‖x(t0)‖ < r1(t0) ⇒ ‖x(t)‖ → 0

for t→∞.

Definition (Exponential Stability): The equilibrium state x = 0 is exponentially stable

at t = t0 if there exists two positive numbers α > 0, λ > 0 such that

‖x(t)‖ < α · exp(−λ(t− t0)) ‖x(t0)‖ ∀ t > t0.

Definition (Global Asymptotic Stability): The equilibrium state x = 0 is globally

asymptotically stable if x(t)→ 0 as t→∞ ∀x(t0)

The stability proprieties is called uniform when they hold independently of the initial time

t0.

To enunciate the Lyapunov stability theorem for nonautonomous systems the following

definition is required:

Definition (Function of class κ) A continuous function κ : [0, k) → [0,∞) is said to be

of class κ if κ(0) = 0 and it is strictly increasing.

The main Lyapunov stability theorem may be stated as follows:

Theorem [116]: Assume that there exists a function V (x, t) which has continuous first

order derivatives around the equilibrium state x = 0. Consider the following conditions on V

and V̇ where α, β and γ denote functions of class κ:

i. V (0, t) = 0 and V (x, t) ≥ α(‖x‖) > 0

ii. V̇ (x, t) ≤ 0
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iii. V (x, t) ≤ β(‖x‖)

iv. V̇ ≤ −γ(‖x‖) < 0

v. limx→∞α(‖x‖) =∞

then the equilibrium point x = 0 is:

• stable if conditions i and ii hold;

• uniformly stable if conditions i - iii hold;

• uniformly asymptotically stable if conditions i - iv hold;

• globally uniformly asymptotically stable if conditions i - v hold;

The Lyapunov theorem guarantees the convergence of the system states toward the equilib-

rium. Nevertheless, it may happen in practical circumstances that asymptotic convergence is

difficult to obtain, e. g. when the system is influenced by disturbances or there are modelling

uncertainties. In this case it is important to prove boundedness of the system states, and if

possible to evaluate the domain within which the solution of the system converges. This is

called practical stability because although the Lyapunov stability may not be guaranteed, the

trajectories reach a neighborhood B of the origin (n dimensional ball with radius B and with

center the origin) and remain in it. Introduce the following definitions:

Definition:(Boundedness) A solution of an n dimensional dynamic system x(t, t0, x(t0))

is bounded if there exists a β > 0 such that |x(t, t0, x(t0))| < β ∀t ≥ t0, where β may depend

on t0 and x(t0).

Definition:(Uniform Boundedness) A solution x(t, t0, x(t0)) is uniformly bounded if

for any α > 0 there exists a β = β(α) independent of t0 such that if |x(t0)| < α, then

|x(t, t0, x(t0))| < β ∀t ≥ t0.

Definition:(Uniform Ultimate Boundedness) A solution x(t, t0, x(t0)) is uniformly

ultimately bounded (with bound B) if there exists a B > 0 and if corresponding to any
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α > 0 there exists a T = T (α) > 0 independent of t0 such that if |x(t0)| < α, then

|x(t, t0, x(t0))| < B ∀t ≥ t0 + T (the neighborhood B is reached in finite time).
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Friction Modelling

Friction is a result of complex interactions between the surface and the near-surface regions

of two moving bodies in contact. Due to the interaction of moving surfaces rises the highly

nonlinear and discontinuous friction force.

In many industrial mechatronic systems the surfaces in contact are lubricated with oil or

grace, which also contributes to nonlinear behavior of friction.

Many models were developed to explain the friction phenomenon. These models are based

on experimental results rather than analytical deductions. The classic model of friction - friction

force that is proportional to load (N) and it is independent of contact area - was known to

Leonardo Da Vinci, but remained hidden for centuries. Its model was rediscovered after the

enunciation of Newton’s laws and modern conception of force by Amontons and written in a

well known form - Ff = μN .

B.1 Static friction models

Kinetic Friction Model: The classical friction model was developed toward by Coulomb, who

discovered that the friction force depends on sign of velocity. Hence the friction force can be

vi
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written in the following form:

Ff = FCsign(v) (B.1)

where FC is a constant and v denotes the relative tangential velocity between the two surfaces

in contact.

Kinetic + Static Friction Model: The static friction, introduced initially by Artur Morin,

represents the force necessary to initiate motion from rest and in most of the cases its value is

grater than the kinetic friction (FC). This effect was introduced in the kinetic friction model

as follows:

Ff(ω) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
FS if v = 0+

−FS if v = 0−

FCsign(v), if v 
= 0

(B.2)

where FS is a constant.

Kinetic + Static + Viscous Friction Model: The viscous term is the friction component that

is proportional to velocity. This term has a dominant influence when the contact of the bodies

in motion are lubricated with oil or grace (hydrodynamic lubrication). It was introduced by

Reynolds who studied the friction occurring in fluids. This friction model nowadays is the most

commonly used in engineering:

Ff (ω) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
FS if v = 0+

−FS if v = 0−

FCsign(v) + FV v, if v 
= 0

(B.3)

where FV is a constant.

Striebeck friction model: Many servo-controlled machines are lubricated with oil or grace

(hydrodynamic lubrication). Tribological experiments showed that in the case of lubricated

contacts the simple static + kinetic + viscous model cannot explain some phenomena in low

velocity regime, such as the Striebeck effect. This friction phenomenon arises from the use of

fluid lubrication and gives rise to decreasing friction with increasing velocities.
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Figure B.1: Static Friction Models

To describe this low velocity friction phenomenon, four regimes of lubrications can be dis-

tinguished (see Figure B.2). Static Friction: (I.) the junctions deform elastically and there is

no excursion until the control force does not reach the level of static friction force. Boundary

Lubrication: (II.) this is also solid to solid contact, the lubrication film is not yet built. The

velocity is not adequate to build a solid film between the surfaces. A sliding of friction force

occurs in this domain of low velocities. The friction force decreases with increasing velocity

but generally is assumed that friction in boundary lubrication is higher than for fluid lubrica-

tion (regimes three and four). Partial Fluid Lubrication: (III.) the lubricant is drawn into the

contact area through motion, either by sliding or rolling. The greater the viscosity or motion

velocity, the thicker the fluid film will be. Until the fluid film is not thicker than the height of

aspirates in the contact regime, some solid-to-solid contacts will also influence the motion. Full

Fluid Lubrication: (IV.) When the lubricant film is sufficiently thick, separation is complete

and the load is fully supported by fluids. The viscous term dominates the friction phenomenon,

the solid-to-solid contact is eliminated and the friction is ’well behaved’. The value of the
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Figure B.2: The Striebeck friction regimes

friction force can be considered as proportional with the velocity.

From these domains results a highly nonlinear behavior of the friction force. Near zero

velocities the friction force decreases in function of velocity and at higher velocities the viscous

term will be dominant and the friction force increases with velocity. Moreover it also depends

on the sign of velocity with an abrupt change when the velocity pass through zero.

For the moment no theoretically founded model of the Striebeck effect is available. Several

empirical models were introduced to explain the Striebeck phenomena: Tustin model, exponen-

tial in velocity
(
e−|v|/vS

)
, Gaussian model

(
e−(v/vS )2

)
, Lorentzian model (1/(1 + (v/vS)2)). The

constant value vS is the Striebcek velocity which describes the shape of the Striebeck curve.

These terms can be introduced in the model previously presented in equation (B.3) to obtain a

more precise friction model. Note that the static friction term in the relations (B.2) and (B.3)

is not used, because the Striebeck term describes more precisely the friction phenomena near
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zero velocities.

Tustin model : Ff = (FC + (FS − FC)e−|v|/vS)sign(v) + FV v (B.4)

Gaussian model : Ff = (FC + (FS − FC)e−(v/vS )2)sign(v) + FV v

Lorentzian model : Ff =

(
FC + (FS − FC)

1

1 + (v/vS)2

)
sign(v) + FV v

Remark: Note that when the machine is not moving (the velocity is zero) the value of

friction force can not be greater than the tangential force which acts on the junction. Until the

tracking force does not reach the level of the static friction (FS) the value of the friction force

is equal with the value of the tangential tracking force. This effect can be introduced in Tustin

friction model as follows:

Ff =

⎧⎪⎪⎨⎪⎪⎩
τ, if |τ | < FS and v = 0

(FC + (FS − FC)e−|v|/vS )sign(v) + FV v, otherwise

(B.5)

where τ denotes the tangential control force.

B.2 Dynamic friction models

In order to give a more precise description of the friction phenomena at low velocities, dynamic

terms can also be introduced in friction models. It is necessary because some experimental

measurements related to friction could not be explained with static friction models.

Dahl model: In the static models it is considered that there is no motion until the applied

control force for the machine does not reach the level of static friction. The experiments made

for very low displacements (μm domain) showed that even in this domain there is a slip of

the machine, named presliding displacement. In this domain the friction behaves like a spring.

When force is applied the asperities of the contact will deform, but recover when the force

is removed. That is, the force is a linear function of the displacement, up to a critical force

level at which the brake away occurs (see Figure B.2). When the force exceeds the level of
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Figure B.3: Model for presliding behavior

static friction the real slip occurs which phenomena is described by the previously introduced

Striebeck model.

Moreover, it was observed that in this presliding domain at the change of the direction of

motion (change in the sign of velocity) a hysteresis loop also appears in the motion (when the

friction force is represented as a function of displacement).

To explain the presliding behavior Dahl proposed a dynamic model for solid to solid contacts

which captures the variation of friction force in function of displacement (x):

dFf

dx
= σ0(1− Ff

FC

sign(v))α (B.6)

where FC denotes the Coulomb friction term, σ0 is the contact stiffness and α is the model

parameter that should be chosen empirically in order to fit experimental data.

By differentiating (B.6) with time and taking α = 1 we obtain:

dFf

dt
=

dFf

dx

dx

dt
= σ0(1− Ff

FC
sign(v))v (B.7)

Let us introduce the state variable z such that Ff = σ0z:

dz

dt
= v − σ0 |v|

FC
z

Ff = σ0z (B.8)
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Figure B.4: The bristles in LuGre friction model

In steady state (dz/dt = 0) we have:

Ff = FCsign(v) (B.9)

Hence in steady state the Dahl model is identical with the kinetic friction model. The

presented model can be considered a solid friction model which does not captures the slip phe-

nomena which occurs at lubricated contacts. However, it explains the presliding displacement

and hysteresis phenomena.

LuGre model: As it was mentioned, the dynamic model introduced by Dahl neither explains

the Striebeck phenomena nor incorporates the viscous friction term. The LuGre model is the

generalization of the Dahl model that can explain the pre-sliding behavior and the slipping

behavior simultaneously.

The contact of two rigid bodies is modelled as a set of elastic bristles (see Figure B.4).

When a tangential force is applied, the bristles deflect like springs which gives rise to friction

force. If the force is sufficiently large, some of the bristles deflect so much that they will slip.

This phenomenon is highly random due to irregular forms of the surfaces. Let us denote the

average deflection of the bristles with z and consider that it is modelled by:

dz

dt
= v − σ0

|v|
g(v)

z (B.10)
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The function g(v) is a positive continuous function which is meant to describe the Striebeck

effect. It can be chosen for example based on the Tustin model: g(v) = (FC +(FS−FC)e−|v|/vS).

σ0 is a constant parameter representing the stiffness.

The friction force generated from the bending of the bristles and from the viscous lubrication

is described as:

Ff = σ0z + σ1
dz

dt
+ FV v (B.11)

where σ0 is the stiffness and σ1 is a damping coefficient.

The relations (B.10) and (B.11) gives the LuGre model. It can be shown that if the function

g(v) is positive and bounded and the initial value of z is bounded then the dynamic state z

remains bounded for any time instant.

In steady state (dz/dt = 0) the LuGre model is equivalent with the Striebeck model:

Ff = g(v)sign(v) + FV v (B.12)

This model beside the slip motion and the presliding displacement can also explain another

low velocity friction phenomena, the friction lag, a hysteresis in the relation between friction

and velocity. The friction force is lower for decreasing velocities than for increasing velocities.

Moreover the hysteresis loop becomes wider at higher rates of velocity changes.

The LuGre model reduces to the Dahl model if g(v) = FC/σ0 and σ1 = FV = 0. Note that

the LuGre model does not predicts precisely the hysteresis behavior of the presliding.

Modified LuGre Model (elastoplastic model) Modified versions of the LuGre model also were

proposed to increase its accuracy mostly in the presliding regime. One of the modified version

of the LuGre model is the elastoplastic model. The LuGre model shows a nonphysical drift

for very small displacements (near 0.1 μm) which results from modelling of presliding motion

as a combination of elastic and plastic displacement. The new model clearly distinguishes the

elastic and plastic motion.
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For the LuGre (and the Dahl) model displacement can be modelled using as a sum of elastic

and plastic displacement x = z + w where ẋ = v, z represents the elastic and w represents the

plastic type of displacement. This relation appears differentiated in the elastoplastic friction

model: ż = v − ẇ.

In the model three different displacement regimes were considered: I. elastic displacement

(v = ż) for z ≤ zba, where zba is the break away displacement under which the model behaves

purely elastic. II. mixed elastic and plastic displacement (v = ż + ẇ) if zba ≤ z ≤ |g(v)|
and III. plastic displacement (v = ẇ) for z ≥ |g(v)|. g(v) were defined in the LuGre model.

Obviously, zba should be chosen as 0 ≤ zba ≤ |g(v)|.

This modification can be applied by defining a switching function α(v, z) which is introduced

in the LuGre model as follows:

dz

dt
= v − |v|

g(v)
z (B.13)

Ff = σ0z + α(z, v)σ1
dz

dt
+ FV v

The function α is defined as follows:

α(z, v) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
0 if (|z| ≤ zba and sign(v) = sign(z)) or sign(v) 
= sign(z)

αm(z) if zba ≤ |z| ≤ |g(v)| and sign(v) = sign(z)

1 if |z| ≥ |g(v)| and sign(v) = sign(z)

(B.14)

where 0 < αm(z) < 1 is a continuous function of z that describes the mixed elastic and plastic

behavior.
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Dynamic Modelling of Robotic Arms

The geometric configuration of a robotic manipulator with n link can be determined by n

variables. Consider that these variables are the elements of a column vector q ∈ Rn. A

systematic way to derive the equations of motion is to apply the Lagrange equation. For a

given mechanical system having n rigid bodies with kinetic energy T (q, q̇) and potential energy

P (q), first recall that the Lagrangian of this system L(q, q̇) is defined to be:

L(q, q̇) = T (q, q̇)− P (q) (C.1)

and the Lagrange equation has the form:

d

dt

(
∂L

∂q̇

)
−
(

∂L

∂q

)
= τ (C.2)

in which τ ∈ Rn is the vector of the external applied torques or forces along the directions of

their corresponding generalized coordinates q. q̇ denotes the velocity vector.

For a rigid robotic systems the kinetic energy is a quadratic form of the vector q̇:

T (q, q̇) =
1

2
q̇T H(q)q̇ (C.3)

H(q) denotes the inertia matrix of the robotic arm.

After substituting the Lagrangian (C.1) into the equation (C.2), the equation of motion for

n-links rigid manipulator takes the following form:

H(q)q̈ + C(q, q̇)q̇ + G(q) = τ (C.4)

xv
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where the following notations were used:

C(q, q̇) = Ḣ(q)q̇ − 1

2

∂

∂q

(
q̇T H(q)q̇

)
G(q) =

∂P (q)

∂q
(C.5)

C(q, q̇)q̇ include the Coriolis and centripetal forces or torques, G(q) the gravitational forces.

A robot arm motion is always influenced by friction force or torques generated by friction,

which acts in the opposite direction of the motion. This can be introduced in the model as

follows:

H(q)q̈ + C(q, q̇)q̇ + G(q) = τ − τf (C.6)

where τf represents the vector of forces or torques generated by the friction.
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[50] E. M. Jafarov, M. N. A. Parlakçý, and Y. Istefanopulos. A new variable structure PID-

controller design for robot manipulators. IEEE Trans. on Control Systems Technology,

13(1):122–130, January 2005.

[51] J.-S. R. Jang, C.-T. Sun, and E. Mizutani. Neuro-Fuzzy and Soft Computing. Prentice

Hall, Inc, Upper Saddle River, NJ, 1997.

[52] Xin jiang Wei and Yuan wei Jing. Robust adaptive fuzzy controller based on approxima-

tion errors. In Proc. of the 2004 American Control Conference, pages 459–463, Boston,

Massachusetts, June 2004.

[53] Hassan K. Khalil. Adaptive output feedback control of nonlinear systems represented

by Input-Output models. IEEE Trans. on Automatic Control, 41(2):177–188, February

1996.

[54] Seung-Jean Kim and In-Joong Ha. On the existence of Carathèodory solutions in me-
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[63] Béla Lantos. Fuzzy Systems and Genetic Algorithms. Műegyetemi Kiadó, Budapest, 2002.
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[78] Lőrinc Márton. Tracking control algorithm for industrial robots with unknown friction

and payload. Journal of Control Engineering and Applied Informatics, 6(2):41–45, June

2004.
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[81] Lőrinc Márton and Béla Lantos. Switching robust adaptive control based on RBF neural

networks. Periodica Polytechnica - Electrical Engineering, 46(3-4):195–208, 2002.
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