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Abstract
The challenge of nowadays control engineering claims a more and more complex functionality of control systems. Beyond the stability, the robustness and the disturbance
rejection properties, controllers need to ensure the requirements of the nominal performance as well. The topic of the dissertation is one of the most exciting research
domain in control system engineering, namely Fault Detection and Isolation (FDI).
The realtime detection of the malfunctions in the system, either in uncontrolled or
in closed-loop is always a difficult and complex problem from point of view engineering. However, the place of the fault can be located, its magnitude and rising time is
rather known. Robustness in FDI is an auxiliary attribute which provides a safer detection when in model-based description the model is uncertain or exogenous disturbance
corrupts the system.
Using estimated fault information the control rule could be modified. If the detected failure information is available the control algorithm could be changed. The
adjustment of the faulty loop is called reconfiguration. Sometimes, the recognized
malfunction is used to correct the effect of the failure in the loop. The PhD thesis
shows a solution of the joint fault detector - controller scheme with special regards to
application problems.
The scope of the dissertation is double. Firstly, the develop of a model-based,
computationally thrusted and robust detection algorithm for safety critical systems. On
the other hand, the representation of a potential application domain is needful to prove
its importance ex., Aircraft Flight Control System (AFCS) design. By the vast increase
of air passengers there is a growing need to high fidelity AFCS. The dissertation is
impressed by the safety features of the flight controllers, by the recognition of the
occurring faults during any kind of airborne manoeuvre.
The dissertation suggests to treat the FDI problem robustly and attaches it with
controller for fault corrector reason. The paper could be fruitful and very valuable for
engineers dealing with the control of high reliable systems. This model-based approach
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rends with the classical aspects of the robust detection filters, and by the extension of
the model classes the algorithm are applicable for certain kind of nonlinear plants.
Finally, the Thesis is recommended for engineers, since aerospace domain is not the
only scope and based on all remarks, summary and conclusive parts allows to think it
over.

Chapter 1
Introduction
Motivation
Control system is a multidisciplinary science condensing a wide range of many research fields.
Control engineering makes systems stable, takes performance requirements, constraints and uncertainties into account. Various approach permits the interpretation
of control systems. From the classical aspects throughout the modern methodologies
up to the post-modern description several modus provide the opportunity of controller
design. Though, the palette is large enough, engineer needs to decide among the methods. Consequently, the application of controller might be a certain kind of trade-off, or
at least a choice.
Not only the primordial control aims are important, but also the more complicated
ones. Nevertheless, optimality and robustness are two major characteristics to be considered. The role of the robustness against disturbance or model mismatches is an
important factor to be fulfilled during the control synthesis. Although, the design is
based on the nominal plant, the controller should work with the real system. Since, it
would be rather a failure to think, that nominal model description precisely describes
the real system. Usually, modeling is always a certain kind of degeneration of the reality, because nominal model is never as complicated as the real plant it is. Generally,
there is loss of information caused by the simplification of the real dynamic during
the modelization. Another reason of using nominal plants could be based on the fact,
that (mainly postmodern) control rules can be well established to simplified dynamics
(linear case). If the nominal model contains a restricted amount of information about
the plant, with all a priori data, the controller should provides the stability and other
1
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performance outcomes. This is the point where robustness come into consideration.
While the control energy is limited the controller, or the states of the system generally are varying between known maximal and minimal bounds, the saturation of the
variables could be assimilated in the design process. Generally speaking, constraints
on manipulated, performance or measured variable could frame the close loop system.
Moreover, the limitation, weighting of variables generates and helps to precise performance, the quality variables (real or artificial) of the system. Grosso modo, the control
goal could be a very compound objective.
The cue of the control strategy is augmented whenever supplementary function are
considered. Since, incommoding faults could always perturb the system, obviously the
accomodation of these failure terms is always important regarding to the hole structure,
mainly in safety related systems. This discipline in control system is called fault tolerant control. The topic of the dissertation was motivated by the robustness and the fault
tolerant control.
One component of the fault tolerant control system design is the Fault Detection
and Isolation (FDI).Therefore the dissertation is focusing on the progressively developing subject, the fault detection but under exogenous disturbance effect. One of the
main contribution of the thesis is the robustness itself. While several methods offer the
possibility of FDI and robust control, the present document diverges from the classical
deal and suggests the application of robust FDI.
The fault detection could be approached from the controller design, since a wide set
of failure recognition is based on detection filter design. In this context the detection
filter is an observer. In other words, the dissertation proposes the robust detection filter
design by the duality the robust controller design.
A newly emerged area of the model classes is described by the variation of a parameter, the Linear Parameter Varying systems. Evaluating a complicated dynamics in
LPV form has many opportunities. This is the reason why the dissertation extends the
robust FDI problem to parameter varying case.
The mathematical formulation of disturbance in a dynamic system could be different. The thesis shows the detection under deterministic and stochastic formulation
as well. Moreover, all possible a priori information might help the detection performance. Such an a priori knowledge could be the extremal limits of the parameters.
With a potential state estimation process the optimal states are given back subjected to
equality or inequality constraints. Sometimes the structure of the state space requires
to manage constraints during the detection. Sometimes the maximal or minimal values
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of the failure are important depending on the system.
The detection of faults is never assertive. Diagnosing a system provides information to supervisory level, where further measures could be taken. A part of safety
systems needs to be controlled with the toleration of a certain amount of malfunctions.
Either with the extended margin of the robust performance, or with the implementation of the detected or estimated faults, the system should functions with a predefined
safety level. The last part of the thesis was motivated by a possible application of the
previously elaborated robust detection filters. The joint FDI-controller structure is able
to handle constraints in the control algorithm.
Finally, a possible application domain of dynamic FDI design and control is clearly
precised in the dissertation. It has been dedicated to aircraft dynamics and control for
several reason. First of all, because the author had studied flight dynamics. Secondly,
because a fellowship program gave the possibility to a research and development cooperation with the Department of Aerospace Engineering in Minneapolis. Moreover,
the author had contact with several other international research center (Technion, Université de Haute Alsace) and would like to contribute to the Hungarian aerospace and
control science.

Fault Detection and Isolation
The fault detection, as a safety feature of the control system design allies the chapters
of the dissertation. In the following one shortly summarizes the terminologies and the
most important milestones in this research area. The reader could address to a more
detailed description of the topic in [29].
Reliability, efficiently and availability support a more complex functionality towards to controllers. Moreover the specially safety related applications such as aircraft
industry, traffic systems and nuclear power plants, the phenomenon safety (including reliability as well) must be extended and occasionally implemented in the control
loop. Obviously, safety critical systems are usually provided with a capability of fault
diagnostic issue. Since in these cases the recognition of the occurring malfunction is
crucial for the hole system (breakdowns, catastrophes, injuries), a permanent, on-line
diagnosis must survey the plant. Of course, when failure appears in the systems the
appropriate decision needs to be carried in order to preserve the human life, devices or
the outage of the production.
Consequently, the recognition of the fault is not enough. While in safety oriented
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industries the detected failure information (respectively the reaction of the supervisor)
needs to be injected into the system to avoid ex. catastrophes, in not safety critical
applications the fault diagnosis is used first of all to increase reliability. The modifications, respected to the occurring faults can be automized. Generally speaking, in
closed loops. the control law could be changed so that it takes the malfunction into
consideration. The modification of the control algorithm is called reconfiguration. The
reconfiguration can be a simple-minded switch between redundancies upto a rather
complex reconfiguration logic. Safety dependent systems are highly influenced with
fault deterioration, and engineering always should keep the down-time of the system
in mind. Another reason of using modern diagnostic methods is to reduce the maintenance costs.
From the early 70’s the fault diagnosis gains ground in control research problems.
Indeed, the practical roots of the Fault Detection and Isolation (FDI) problems can be
found in the more and more higher level of automatization as a demand on security,
reliability and availability. By the way, the theoretic side of the FDI is in the modern
control theory which gives and gave the possibility to the most sophisticated problem
statement.
To make the terminology of the FDI field consistent the International Federation
on Automotive Control (IFAC) Technical Comittee proposes a more or less adaptive
definitions (Isermann and Ballé, 1997 in [74]).
In case of a fault, the system must continue operating when speaking about fault
tolerant behavior. After the appearance of the fault, the main goal is to maintain the
basic and safety functionality of the plant, even if the system losses some of the redundancies. The logic behind the fault tolerance is unambiguous: the system breakdown is
either impossible or rather costly. Nevertheless, the system is able to tolerate a certain
level of fault, a predefined number and nature of failures can be permitted. Giving an
illustrative example of the aircraft industry, where the safety is the most important issue and failures could not cause air crash. The fault tolerant control always means the
presence of a certain kind of redundancy, of reserve. When the system does not work
properly, a part of this redundancy might be used. The maximum level of failure, i.e. a
threshold of the failures which are still tolerated, needs to be well laid down. The fault
detection and isolation is not enough when applying a fault tolerant control system,
since measures must be taken in order to avoid system breakdowns. Many fault tolerant manipulation is though as a intelligent system, a higher level of automatization.
On the other hand, failsafe behavior represents another system class, where the
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malfunction is absolutely not tolerated. The philosophy behind is the operation without
fault. If it can not be achieved, the system should change safety level, i.e. the same
failsafe rate can not be held.
Redundancies can be classified in two major part. First, hardware/psychical/paralell
redundancy is a widespread method of using multiple channels of hardware (sensors,actuators, computers, etc.). When data acquisition devices, measurements are
replicated
by several, different channels, the supervisory level needs to decide among them.
The voting logic is applied to choose amongst hardware redundancies.
Sometimes the assessment cost is extremely limited, or simple there is no room,
load enough to apply it. At times, only psychical reserve is not enough to maintain
safety rate. Hence, one uses analytical/functional redundancy. Analytical redundancy
is based on different methods (different measurements) to provide safety information.
In that case no supplementary equipment is required, the only difference is in the algorithms providing safety information. The major part of the analytic redundancies come
from the model based fault diagnosis, when the system is represented in a model form.
Although, this is not the only way.
Dynamic fault detection algorithm creates a residual, which is the difference signal
between the measured and the estimated one. The residual permanently observes the
system and if fault appears, it shows up in the residual as well. To create residual,
different model based methods exist.
FDI techniques are different. However precise, accurate the mathematical model
description, disturbances, model mismatches abrupt the system. Only robust fault detection algorithm will be working properly [53],[139].
Geometric approaches was initiated in the early 70’s when Beard developed on the
basis of Jones interpretation a new analytical, model based fault detection algorithm.
This is called Beard-Jones Detection Filter Problem (BJDFP). During this solution all
possible faulty events are collected in a single residual. Another geometric solution
is the Fundamental Problem in Residual Generation (FPRG) developed in [118], is a
way to separately detect failures in the system by multiple residuals. These geometric
solution was late on reused and extended by [181],[4].
Abreast the geometric methods, [122] suited a stochastic FDI approach, based on
innovation processes, using Kalman filtering and describing the faults by statistical
parameters. [182] elaborated the Generalized Likelihood Ratio for FDI technique.
The detection of parameter changing applied to fault diagnosis can be found in the
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early papers of Baseville [6], and later on Nikiforov[7]. One needs to mention the
use of the multiple method, when a complete bank of Kalman filter provides the a
posteriori probability [21]. The new deal in the statistical approach could be the search
for principal components.
Detection filter design can be solved with observer based FDI. So [32]. showed the
Luenberger observer form for FDI. Among others Frank prepared a summary of the
observers to be applied.
The parity approximation is the generation of parity vector as residual, first published by Mironovski (1979) and after proposed by several authors [31], [62], [30].
Recently development of the parity space algorithm can be read in [66, 64, 65].
A part the stochastic algorithms, the FDI can be formulated by the estimation of
the model parameters. these techniques are mainly based on system identification proposed in the 80’s. Isermann and many others elaborated estimation methods in order
to identify unmeasured system parameters [72],[73]. He studied the on-line parameter
approaches based on heuristic knowledge, and has many application oriented paper
[74].
In [31]. suggested a bi-stages methods called two-stages model based FDI. In that
case the first step is to make the residual and the second one is the decision-making.
Generally speaking, the two stage method became the most worldwide process of FDI.
The system inversion to fault detection purpose is a well known newly developed
technique, where by the dynamic inversion of the system the unknown input can be
estimated [20, 170]. The robust extension of the inversion is to work out.
As already mentioned robustness is necessary to FDI. Either model uncertainty,
or disturbance rejection must be taken into account. Robust unknown input observers
family was extended by Frank [53] (among others). The unknown input strategy evolve
the fault information with the help of the measured inputs and outputs, with the dynamic behavior of the system.
[139] showed the robustness in fault detection via eigenstructure assignment. To be
sure parity space approach towards optimality and robustness was proposed by Frank,
Gertler, Kunwer. Furthermore, frequency domain design strategies were published by
many authorsFrank, Patton, Edelmayer et al [45]. On the palette of the FDI design
a possible color could be the adaptive threshold method, the uncertainty modelling
approaches and the quick or rapid progress FDI techniques.
A more and more developing area of FDI is the nonlinear dynamic FDI system.
The nonlinear problem can be originated in linear FDI’s. The linear solution is valid
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only in a restricted area and works properly when there is no big difference between the
linear and the nonlinear one. The next step was the beginning of the use of nonlinear
observers, bilinear systems from 1995.
One of the most promising field of the FDI might be the Linear Parameter-Varying
systems (LPV), respectively the LPV FDI [4].
Among the latest nonlinear paper on can found [187, 186] as well.

State Estimation
A part of the fault detection filters is observer based. This is the reason why the estimation of the states is important in fault detection filter design. Since the methodologies
chosen in the Thesis are observer based, in the sequel one briefly overviews the necessary notions and references of the topic.
The states of the system is rather known, either because the states are practically
unmeasurable, or because their measurement would be really costly. Although, the
states are generally not measured, they could be efficient for control system design,
since they deliver many data.
This is the main reason why control engineers plan state estimators.
Denote here, that the phenomena estimation and observation are not precisely the
same (Fraklin, Powell 1980). Estimators can be classified into two different branch;
full or reduced order estimators. The full order state estimation tries to reconstruct
all elements of the state vector, while reduced (or sometimes called minimal) order
estimation computes only the states which can not directly be measured, i.e. those that
do not take part in the output vector.
The (linear) state estimation is not self-centered. With the state, one can inject
more information to the state space in order to modify the pole map of the system. The
state feedback is one of the possible application, when non measured states are needed
to control. Since the system is always perturbed, the state estimation has double aim.
First, the most accurate estimation. Secondly, it is not enough to reconstruct the state,
but the influence of the noises needs to be minimized (state, or measurement noise).
Another way to classify estimators is to define the nature of the system, namely
deterministic or stochastic. The system is said to be stochastic, when at least one output
variable is stochastic variable (given by any probabilistic information). Therefore,
one might conclude that the deterministic representation should have only theoretic
importance. Remark at this point, one could apply deterministic formulation when a
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priori information on noise are limited, or theirs effects can be neglected.
Typically when speaking about Kalman filtering the stochastic apprehension is
plied with the following assumption to the noise; normally distributed random (Gauss)
process with zero mean and known standard deviation. Either for deterministic or, for
stochastic conceptions linear and nonlinear estimators exist.
In the XVII. century Galileo had already minimized the prediction error of functions, but this was Gauss, with more than 150 years later, who developed the wellknown least squares optimization techniques in astrology. After that Gauss in 1801
published his ”Disquisitiones Arithmeticea”, he began study in astrology where he applied the least square method to describe the orbit motion of the planets. Under the
”Theoria Motus Corporum Celestin” in 1809 he fully detailed the method, and mentioned he had already formulated the problem several years before, in his 20’s.
Nevertheless, the history ascribed to Legendre in 1805 the least square method,
under the name ”Moindres Carré”.
In the 1940’s various experts investigated the optimal stochastic estimation theory,
such as Wiener, Kolmogorov or Krein. Wiener (1949) tried to derived optimal output estimation, purely using variational calculus method. The motivation of Wiener’s
work, based on input-output covariance description of system necessitated the solution
of an integral equation, had military aspects. From point of view of the realization,
Wiener’s solution causes difficulties.
Istead of solving and integral equation, Kalman [84] in 1960, proposed a practical
form, a recursive format of the solution of an ordinary difference equation (integration
of a differential equation) in order to optimally estimate the state of a linear system.
Even if Wiener’s and Kalman’s estimation are stated in point of view stochastic, the
biggest difference between them is the state itself. Henceforward, the linear Kalman
state estimation is a breakthrough in system theory, since it describes the state of the
system as a new variable. Originally, Kalman uses orthogonal projection in the estimation process, which optimality was showed only after a couple of year by Bryson and
Frazier [25]. Kalman’s filter concepts started a new area in system theory by introducing the state to modelling and control. However important is the state, the triumph of
the optimal Kalman filter is incontestable. This particulary widespread method either
in the theory, or in the practice had and has enormous number of citations, references.
The Kalman’s state idea opened the gate afore many excellent work on linear systems,
such as Sorenson in 1970 [157], or Kailath in 1974 [83], Antsaklis [1].
The first milestones of nonlinear state estimation dates back to 1960 (Stratonovich,
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[161]) and 1964 (Kushner, [106]), when the general theory had been developed. Nearby
the great and complete theoretic impact, the biggest drawback of these methods manifests in the implementation, because they are intractable from numerical point of view.
They necessitate the solution of partial integro-differential (or functional integral difference) equations. Even if the general solution is not useful for practical implementation, there exist handleable modus, which are based on linear estimation theories. As a
good example of linearization could be the extension of Kalman filtering. The extended
Kalman filter is a set of linearized filters along the state trajectory, Jazwinski in 1970,
[80]. However, the extension has no global stability only local ones (Safanov, Athans,
1978, [153]), it is widely used even in parameter estimation (Ljung, 1979 [113]). Several other approaches drive the nonlinear estimation problem to linear back (Birk, Zeitz
in 1988 [16], Krener, Respondek in 1985 [90], Lewis in 1986 [111]). Using local coordinate transformation by output injection (Bestle, Zeitz [14], Krener, Isidori [89] in
1983) one computes the solution with differential geometry. Isidori [75] generalizes
the differential geometric aspects for nonlinear estimation, providing stable observers.
It is not easy to compute linearizing transformations, because they require the solution of partial differential equation. On the other hand, one can apply sliding modes
(variable structural observers) for restricted systems. Many inductive work exist on
nonlinear estimation (Zak in 1987,[179]) or (Muske, Edgar [128]). Nevertheless, linear state estimation can be formulated as a dynamic least squares problem and derived
in a well handled recursive algorithm. The reason of using a batch estimation is based
on constraints. Supplementary constraints (not the dynamic one) can be merged into
the estimation process to give more accurate appraisal.
Based on the model predictive controllers, a growing need induced the experts to
formulate the dual counterpart of the receding horizon control algorithm. There was a
perpetual need on online, constrained and nonlinear estimation.
Concerning the linear systems, receding horizon estimation is similar to adaptive,
limited memory filters (Jazwinski, 1970, [80]).
Unconstrained state estimation with moving horizon has been suggested in the middle of the 70’s by Thomas [171], and later on by Kwon, Bruckstein and Kailath in 1983,
[88].
The moving horizon state estimation, or receding horizon state estimation was
firstly applied in nonlinear initial state estimation in a noise-free case and without
constraints, by Jang, Joseph and Mukai in 1986, [79]. After many researcher developed constraint estimation problem such as de Souza, Gevers, Goodwin in 1986 [39].
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Bequette [12], showed the correspondance between the receding horizon control and
estimation, Biegler [15] published the statistical and numerical description of nonlinear, optimized moving horizon estimation. Muske, Rawlings and Lee [131] pointed
the advance of receding horizon approach in recursive manner out. Moreover Muske
and Rawlings in [129], [130] deals with the stability and the duality problems of constrained estimation. Marquardt [124] investigated the scaling possibilities and the constraints of the process. Tyler and Morari [174] worked on general stability aspects
of the estimation, and with different application related opportunities. Many application paper was created at the time mainly in chemical area such as [173]. Findeisen
[51] dealed with the update algorithms (smoothing and filtering). Bemporad, Morari,
Mignone, Tyler [10], [173] used the constrained state estimation even for hibrid systems. Rao summarized and applied the receding horizon estimation, and formulated
the problem in stochastic viewpoint, as well [145].
The major focus will be carrying on the usage of the receding horizon estimation
for fault detection purpose in the sequel. The Receding Horizon Estimation (RHE)
was applied not only for state (initial value) estimation, but also for ex. fault detection.
Implementing binary state in the description and getting a hybrid system, the mixed
logical dynamic form, in the [10] for failure detection purpose. In [173] a bank of
Moving Horizon Estimator (MH) has been used for the same reason.

Control Systems
A system is nothing else then a mathematical, abstract object. Inside one can find
interacting components. Among these components hierarchy and the connections predestinates the functionality of the system. The system has interfaces to the environment
with inputs in the entering and with outputs at the leaving side. A part of the complete
system can be grouped and called subsystem. The system is an abstraction of the real
world. Generally the main goal of thinking in systems is to ease the description (and
later on the control) of the world.
Several widespread system-description exist such as input-output (I/O) and statespace (SS) methodologies. Both strategies are suitable. Nevertheless, the biggest discrepancy is in the concept of the state. The state irrevocably defines the inner structures
of the system, and gives more opportunities for control purposes. Modeling is always
a certain kind of flexibility, a possibility of choice to describe the system.
Control systems can be classified in two groups. First, the open-loop strategies,
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where no information is injected to the loop. Second, the closed-loop control systems,
where feedback assures to the controller the output/state variables. Feedback control is
used to maintain stability, performance, tracking, disturbance attenuation, robustness,
etc.
A concise summary of automatically operating systems starts in the Antiquity.
Greeks and Arabs tried to create accurate clocks between 330 BC and 1200 AD [112].
Since the first clocks were powered by water, in the ancient time the goal of the more
accurate time measurement was to keep constant level in a water pool. They had used
two-tank system, in the fist one, the level of the water was quasi constant, in the second
tank (filled by the first one), the time elapsed was proportional to the level of the water.
Several floating regulator had been invented at the time.
In the first century AD, Greeks had used water to other automatic purposes, such as
opening temples doors, wine-distributors. Apart the floating water regulator, in China
self-navigated chariot was created. During these times engineering created the open
and closed-loops.
After a more than 500 year silence, the automatism gains upon in the Industrial
Revolution. The continuously working windmills, the regulation of the grain in the
mill depending on the speed of the machine, angular velocity sensors, etc. Mostly
all of these regulators and sensors was reused later on in the steam engine technique.
Moreover, the automatic-mills, termostats (temperature holding of furnaces), incubators and heating techniques were developed.
The regulation of liquids and pressures was the basis of steam-engineering. The
hot and cold water distribution was mainly applied in house water reservoirs. The
first flush toilet regulators were created in Britain around 1770. Centrifugal governors
made rotary steam engines control possible. Watt’s centrifugal flying ball governor
for angular velocity regulation was elaborated at the end of the 18th century. The
time measurement was developed and miniaturized (pendulums) in order to control
and assure periodic motion.
The third part of the control system history is dated to the two World War. This
is the period of the usage of classical control aspects for ship (navigation with gyroscopes, proportional-integrating-differential (PID) steering control of ships, etc.); for
weapons developments and gun pointing systems (theory of servomechanism, syncro
repeaters, aircrafts altitude and speed regulations, etc.); for radiation (development of
the radar); for stochastic systems(optimal filtering methods). The Wars and the digital
computers fastened a lot the development of the control systems and related industries.
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The philosophy was changed when the system theory permitted to feedback the
state. Moreover, optimal control and estimation was published. Post modern and soft
methods are also available for control from the end of the 20th century [189, 190].
Nowadays new area, a really promising approach might be the Linear Parametric
Varying class of the systems. This parametric dependent description of nonlinear plants
is a very useful method [110, 184].
Model Predictive Control (MPC) strategy provides a reliable and effective control
tool when constraints can reside in the multivariable systems. The MPC description is
widely applied in the industry. The reader can referred to the MPC literature [52, 11,
9, 8, 28, 115, 116, 141].
A part of the realization of the joint fault detector - controller structure are the
reconfigurable systems. The reconfiguration is the modification of the controller structure whenever failure is present [23, 27, 26] in adaptive manner. A new deal in the reconfigurable control is the reconfiguration of the closed-loop LPV systems [117, 163]
The perfect annulation of the fault or disturbance requires the exact disturbance
modelling, the ”measurement” of disturbance (in case of feed-forward control). Though
it is not possible, the control loop (the feedback part) resets the remaining so-called unmeasured, unknown disturbance, see [115].
The application, implementation of the estimated failure in closed-loop for correction purpose is called fault correction control system can be found in the cahpter 6.
From a certain point of view it could be thought as a permanent configuration of the
control signal, but not the hole control rule. The correction is due to the previously
estimated fault or other unmeasured signal. During the fault correction, the effect of
the unknown signal is permanently taken into account in the feed-forward loop.
The feed-forward controller, i.e. the usage of the information of measured disturbance, can be simply implied into the manipulated variables. Only the prediction of the
future outputs needs to be evaluated properly. [144] has proposed the controller structure using estimated disturbance for Lipschitz nonlinear systems. Nevertheless, the
main contribution of the present PhD on fault correction controller domain, is the estimation of the unmeasured signal under constraints. The joint structure can be treated as
a permanent correction of the fault effect of the model predictive controller by taking
into account the known disturbance in the closed loop system under constraints.
The fault detection filters and fault correction controller theories are applied for
aircraft control system design in the Thesis.
The first evolution of flight control theory control started in the early 40’s during
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Second World War, mainly in Germany, United Kingdom and US. During the period,
the research is based on the contributions of Nyquist and Bode. At the time, the output
feedback methodologies are using PID structures and root locus by graphical phase
margin techniques. The main results in flight control are summarized in [17] and in
[152].
In the 50’s, control engineers had lack of MIMO design techniques, because of
cross-coupling in aircraft dynamics. The problem became more and more serious while
increasing performance.
The solution of the cross-coupling flight channels were initiated from the early 60’s
by Rudolf Emil Kalman, who developed the state-space based analysis and synthesis
techniques as a new basis for modern control theory. Pole placement and optimal
LQ design methods appeared in aircraft flight control system design, along the state
observer.
In the few next decades, several control algorithm tried to extended the optimal
methods towards the robustness with LQ Servo and LQG/LTR. Books published in the
90’s about aircraft control contain mainly the optimal and modern methods such as
[120].
From 90’s, the methods are mainly reffered to signal and operator norm minimizations and touching the robustness. A bunch of articles deals with H∞ control method
applied for VSTOL aircrafts such as [71, 143, 142, 70]. One can also find articles
about LPV techniques application in [81, 57, 56, 156]. These techniques are recently
applied for F-14 [57, 56] and F-16 aircrafts [81].
Besides fighter aircraft applications, the techniques are also used in large airliner
and UAV design. The MPC control technique is applied to flight control design, even
in formation control [87].
In the Thesis the safety features of the Aircraft Flight Control System design is on
the focus. In the followings the reader could find the structure of the Dissertation.

Dissertation Overview
The introductory chapters of the dissertation are the Chapter 1 Introduction and Chapter 2 Mathematical Backgrounds. In the Introduction a brief motivation background is
given, after a short review of the control systems, state observation and fault detection
with the overview of the thesis follows. In order to understand the notation and the
basic mathematical background a compact description of the symbolism is presented.
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Moreover, the Appendix part expound the keywords of the dissertation.
The PhD thesis is organized around three (and for the first slight) different topics.
The first part of the dissertation deals with the robustness of the Fault Detection
and Isolation research field for linear time-invariant dynamics and for linear parameter varying systems respectively. The geometric based detection performance can be
increased in order to avoid false alarm sign on detector, caused by exogenous disturbance. The robust extension of the geometric detection filter design is on the focus
and called Robust Fundamental Problem in Residual Generation (RFPRG). The robustness against external noise, the disturbance rejection of the residual generator can
be achieved by H∞ filtering when designing the stability of the filter in linear case.
The sensitivity and effectiveness of the RFPRG is demonstrated through a possible
aerospace-related application domain in Chapter 3. Chapter 4 formulates the robust
parameter varying detection problem and propose a solution, the induced L2 norm
minimization on the residual output. The Chapter extends the fault recognition to parameter varying model classes with example.
One part of the fault detection filter rests on state observer design. State observers
estimate the states of the dynamic system. The main contribution of the second part
of the thesis consists on constraint state estimation in fault detection purpose. The
Moving Horizon state estimation can augment the detection performance with equality
or inequality using only a ceratin amount of the past data in Chapter 5.
Chapter 6 suggest the closed-loop application of the fault detection system. Nearby
the fault detection of the occurring failures, the joint controller-detector structure permits to take residual information into account. The applied controller scheme is able
to work under constraints.

Chapter 2
Mathematical Preliminaries
Notations and some mathematical backgrounds will be presented for two reasons.
Once to better understand the dissertation, on the other hand to summarize the most
important nomination found in the thesis.
The reader could refer to [118, 183, 190] for a more exhaustive description of the
preliminaries. Based on the introductory chapters of literatures cited above and the
nature of the thesis, some basic notions should be given.
Equations are numbered increasingly referring to the Chapters e.g., Eq. (2.12). is
the 12th equation in the second chapter. Theorems, Lemmas, Propositions and Definitions are all numbered in ascendent manner in each Chapter, so Definition 2. can be
the second definition in any Chapter. The notations for vectors and vector spaces will
not be written by bold or underlined letters. Scalar and vector can be unambiguous
distinguish, since it will always be context sensitive. Figures, denoted by Fig. 3.3.
means the plot of the third chapter, increasingly the number three in the chapter.
The symbol := refers to equality by definition. The identity matrix with a size n × n
is denoted by In . Caligraphic script letters, such as X ,Y denote real linear vector spaces
with x, y elements. While the zero vector is denoted by 0, the empty set is denoted by
/ In the followings only finite dimensional vector spaces will be treated e.g., with the
0.
dimension n = d(X ).
Let us have two subspaces, X1 , and X2 , the X1 ⊆ X2 means X1 is a subset of X2 . If
X1 and X2 are subset of X , then the union and intersection operation are defined as

X1 + X2 := {x1 + x2 : x1 ∈ X1 , x2 ∈ X2 }

(2.1)

X1 ∩ X2 := {x : x ∈ X1 and x ∈ X2 }.

(2.2)
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/ The same, a family
Two subspaces (X1 , X2 ) are said to be independent if X1 ∩ X2 = 0.
of j subspaces is independent so that
/
Xi ∩ { ∑ Xk } = 0,

(2.3)

i, k ∈ j

(2.4)

k6=i

which means they are all independently from eachothers.
The field of the complex number is denoted by Cm with dimension m, the field of
real numbers with dimension n is Rn . Let X and Y be linear vector spaces over R.
Let us denote C : X 7→ Y , a linear transformation or mapping from X to Y . In the
following work both the maps and their matrix representations will be written by capital letters e.g., A, B,C. In the above example X is the domain, and Y is the codomain
of the mapping. One can define the kernel, or nullspace of the transformation:
Ker C := {x : x ∈ X andCx = 0} ⊆ X ,

(2.5)

on the other hand one can define the image, or range of C
Im C := {y : y ∈ Y and ∃x ∈ X , y = Cx} ⊆ Y .

(2.6)

The notation of the image will be a calagraphic capital letter similair to the real vector
space’s one, but to avoid the confusion the difference will be explained at the point of
application.
T
If A ∈ Cn×n then the complex conjugate transpose of A is given by A∗ = A . A
is hermitian if A = A∗ . If A ∈ Rn×n A∗ = AT , and if A = AT then A is symmetric.
A ∈ Cn×n is unitary if A∗ = A−1 , and A∗ A = AA∗ = In . If A ∈ Rn×n then A∗ = AT and
if AT = A−1 , then AT A = AAT = In and we call A orthogonal.
The orthogonal complement of the subset Y is as follows:

Y ⊥ := {y ∈ Y : yT x = 0, ∀x ∈ X }.

(2.7)

Let X be a linear vector space over the field of real number, R, and define the set
of all linear functionals by XDUAL := {xDUAL : X 7→ R}, and it is known that this set
of functionals forms a linear vector space over R. The vector space, or span is called
dual space of X . One can simply deduce that the matrix representation of the dual map
CDUAL : YDUAL 7→ XDUAL is the transpose of the C.

CHAPTER 2. MATHEMATICAL PRELIMINARIES

17

The rank of a matrix is defined as the maximal number of independent rows or
columns, we distinguish between full row and full column rank for none square matrices.
It is supposed that the reader is familiar with eigenvalues and eigenvectors. Notions
concerning the singular value and singular value-decomposition can be found in the
Appendix, Part A.
Norms are primordial in optimal control system design. In the followings vector,
matrix norms will be briefly interpreted. One needs to emphasize the difference between signal and operator norms. Let us given a vector space, the norm is a real-valued
function which satisfies the positivity, the positive definitiveness, homogeneity and triangle inequality. Let x ∈ Rn be the signal and the L p norms for continuous time signals
is defined by:
µZ
kxkL p :=

∞

−∞

¶1
p

|x| dt

p

.

(2.8)

A signal is L p normed, the norm exists (especially, p = 1, 2, ∞) if kxkL p < ∞.
In time domain the discrete normed signals can be written as:
Ã
kxkl p :=

∞

∑

!1

p

|xt | p

.

(2.9)

t=−∞

Concerning the matrix representation of an operator, using the signals in the domain and codomain, the matrix norms can be calculated. The signals induce the norms
of an operator, this is the reason why we call them induced-p norms. The definition of
the induced-p norm can be given by:
kAxk p
.
x6=0 kxk p

kAk p := sup

(2.10)

Do not forget the relation between the induced-2 norm and the singular value of a
matrix!
As for the signals in frequency domain the Hardy p, H p norms exists. The Parseval
Theorem says that the bilateral Laplace or Fourier transformation relates the norm in
time and in frequency domain (isometric isomorphism). Let us given a F(iω) ∈ Cm×n
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continuous function, the H2 norm of it is written:
1
H2 (iR) := {
2π

Z ∞
−∞

1

trace{F(ıω)F ∗ (ıω)}dω 2 = kFkH2 < ∞}.

(2.11)

The H2 norm is related to the energy content of the function.
On the other hand the H∞ norm of F is given by

H∞ (iR) := {sup σ{F(ıω)} = kFkH∞ < ∞}.
ω

(2.12)

The computation of the H∞ norm consists of finding the highest magnitude of the
frequency depending function.
Nevertheless, H2 and H∞ norms are not as simple as one can think. However,
the norm quantities are related to performance, disturbance rejective and robustness
specifications later on.
Let A : X 7→ X be the matrix of a linear transformation. Let us define the subspace
X1 ∈ X . Generally speaking X1 is called invariant for the A transformation (denoted
A-invariant), if Ax1 ∈ X1 for ∀x1 ∈ X1 , which means that the image of X1 stays in X1
for AX1 ⊂ X1 .
Let us denote X1 ⊆ X . The set of all equivalence class, defined by means of equivalent mod, see e.g., in [183, 118] as the factor space of X and denoted as X /X1 . The
transformation mapping from X 7→ X /X1 is called canonical projection P. Two main
characteristics of the canonical projection are the epicity, i.e. P is epic, and X1 = Ker P .
Let a finite dimensional continuous, linear, time-invariant (Linear Time Invariant (LTI)), dynamical system describe by the following constant coefficient matrix
differential equation:
ẋ = Ax + Bu

(2.13)

y = Cx + Du

(2.14)

x(t0 ) = x0

(2.15)

where x(t) ∈ X = Rn is called the state with the appropriate initial condition, the control input is u(t) ∈ U = R p and the measured output is y(t) ∈ Y = Rr .
The main step and principe of the discretization can be found in Appendix, Part B.
Shortly one formalizes the notions of controllability and observability of continuous linear dynamical systems from point of view geometric.
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Definition 1. The dynamical system described in Eq. (2.13)., or the pair (A, B) is said
to be controllable if, for any initial state x0 = x(0), t1 > 0 and final state x1 , there exists
an input signal u(·) such that the solution of the above equation satisfies x(t1 ) = x1 .
Otherwise the system is said to be uncontrollable, [189].
There exist more than one method to decide about controllability. Hereby let us find
two different aspects. The system, or (A, B) pair is controllable if the controllability
matrix has full row rank (Kalman’s rank condition). The geometric representation of
it can be described is as follows:
n

hA|Im B i : ∑ Im(Ai−1 B) = Im B + AIm B + · · · + An−1 Im B = Rn .

(2.16)

i=1

If Eq. (2.16). does not span Rn , by definition the system is not controllable. Which
means one can not influence the system over the entire state space, only in a restricted
subspace of it by the input signal. At the same time it does not signify that the system
is not stable or can not be stabilized (stabilizability).
Eq. (2.16). is the infimal, the smallest A invariant subspace containing B (image
of B).
Definition 2. The dynamical system described in Eq. (2.13)., or the pair (C, A) is said
to be observable if, the initial state x0 = x(0), for any t1 > 0 can be determined from
the time history of the input u(t) and output y(t) in the interval [0,t1 ]. Otherwise the
system is said to be unobservable, [189].
As above, one can adjudge the observability by several manner. The system, or
pair (C, A) is observable, if the observability matrix ha full column rank (Kalman’s
rank condition). The geometric representation is given by:
hKer C |Ai : ∩ni=1 Ker (CAi−1 ) = Ker C ∩ Ker C A ∩ ... ∩ Ker C An−1 = 0.

(2.17)

Generally, the system is detectable if any of the unstable pole are observable.
The maximal A invariant subspace contained in Ker C is the unobservability subspace of the pair (C, A), used later on in fault detection and isolation.
The Linear Matrix Inequality (LMI) is rarely used in system and control theory as
an effective tool of solving convex optimization tasks. Convex constrained problems
can be easily solved with. The matrix inequality can be defined as:
m

L(x) := L0 + ∑ xi Fi > 0
i=1
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where x ∈ R is a variable with given symmetric Fi s ∈ Rn×n and i = 0, 1...m. The set
F(x) > 0 needs to be convex in x with boundary.
The Schur complement help the user to write formulate problems in LMIs through
the following way. Let us given a square matrix M partitioned in four blocks:
"
#
M11 M12
M=
M21 M22 .
M11 assumed to be a square nonsingular block, M22 is square.
"
# "
#"
#"
#
−1
M11 M12
I
0 A11 0 I M11
M12
M=
=
−1
M21 M22 .
M21 M11
I
0 ∆ 0
I
where ∆ is called Schur complement given by:
∆ = A22 − A21 A−1
11 A12 .
The generalized eigenvalue problem is a quasiconvex problem, an eigenvalue minimization of two matrices (affinely dependent on the variable) subjected to LMI constraints in the following form:
min λ

subjected to:
A(x) − λB(x) < 0
B(x) > 0
C(x) > 0
with A, B and C as affinely depending function on x. When B is identity the description
is reduced to eigenvalue problem.

Chapter 3

H∞ Disturbance Rejection on Residual
Output
3.1 Linear time-invariant case
The linear time invariant robust fault detection plays an important role in safety control
system design. The disturbance attenuation problem arising in FDI using detection
filters is discussed now. The designed filter is using the general FPRG algorithm and it
is assumed that decoupling the failure modes from the deterministic disturbance is not
possible. The disturbance attenuation is achieved by applying H∞ filtering concepts.
In this chapter, numerical examples are shown to demonstrate the effect of the worst
case disturbance rejection on residuals that are sensitive to failure directions.
Fault detection and isolation is a relevant issue in safety related control system
design . Detecting a failure, the system needs either maintenance or in some cases
reconfigurations. The failure detection consists of two important steps. First, using the
system inputs and outputs one generates residuals that are sensitive for fault appearance. Based on this residual information the reconfiguration of the dynamic system
can be performed.
There exist some alternative ways for detection and isolation of failures. Using
the approaches like multiple model, generalized likelihood methods [21, 137], state
observer or parameter estimation the failure appearance in system can be detected.
Detection filter design is a very effective method to recognize faulty behavior. This
type of failure detection supposes the presence of additive failure in dynamic. The basic idea of the design comes from a full state observer which estimates the state of the
system. In the error system of the state observer and in the system an additive failure
21
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component appears. Thus one can tune the observer gain to differ failure direction
in the output space, see eg. [118, 181, 7, 6]. Often, disturbance or uncertain behavior
occurs in dynamic systems. The disturbance attenuation capability of the failure detection filter assures the robustness of filter against exogenous disturbance. The detection
filter design was also elaborated for Linear Time Varying (LTV), Linear Parameter
Varying (LPV) and bilinear systems in [45, 46, 47] or [134, 160, 4, 167, 68].
There are several number of papers showing the possibility of disturbance decoupling see eg. [29].
In the LTI case the main concept of robust detection filter is presented. The extension of general FPRG method take into consideration the disturbance effect appearing
on residual, and try to reject on it. This chapter secedes from the traditional H∞ FDI
filter approach and shows the possibility of the disturbance attenuation on residual with
the extension of the geometric approach called FPRG.
There are several application possibilities of the unknown input detection, when
disturbance rejection is primordial [22].
The layout of the chapter is the following. In section 3.2 the problem formulation
is presented for an LTI system. The general FPRG method is briefly given in section
3.3. In section 3.4 the idea is given for how to reject disturbance when decoupling from
failure direction is not possible, while in section 3.5 one can follow the main steps of
H∞ disturbance attenuated residual design. With the numerical results found in the
sequel one demonstrates the disturbance rejection effect on filtered residual. Openloop examples support the suggested application domain of the robust detection filter
problem.

3.2 Problem setup
Consider the following LTI system given by:
h
ẋ(t) = Ax(t) + B1
y(t) = Cx(t)

"
#
i d(t)
+ ∑ Li mi (t)
B2
u(t)
i

(3.1)
(3.2)

where X , Y , U , M1 and B1 are real linear vector space with appropriate dimension,
x(t) ∈ X is the state vector, y(t) ∈ Y is the output vector, u(t) ∈ U is the control inputs
and d(t) ∈ B1 is the disturbance input, mi ∈ M1 are the failure input to the system. The
Li directions are the appropriate failure signatures, modeled as linear additive terms in
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the dynamical equation.
Let us suppose L = [L1 L2 ]. The goal of the FPRG is to design residuals which are
sensitives only to the appropriate failure events ie. the first failure will only appear in
the first residual, as the second fault even appears in the second residual
The Extension Fundamental Problem in Residual Generation (EFPRG) is a way
to separately detect as many failures as we have in the system. Let us assume have i
faults. With the method of EFPRG one can design as many residual as many failures.
Each of them are sensitive to only one failure signature if the solvability condition for
EFPRG is stated for every i given by:

S ∗j ∩ Li = 0/

(3.3)

where S ∗j is the smallest unobservability subspace containing the L j and Li is the
image of the fault direction Li .
For the simplicity let L = [L1 L2 ] be. The (C, A) pair is observable and C is epic
(i.e. it has full row rank).
The residual generator has the general, continuous form:
ẇ(t) = Fw(t) − Ey(t) + Gu(t)

(3.4)

r(t) = Mw(t) − Hy(t)

(3.5)

where H will be the solution of Ker H C = Ker C + S ∗ , and M is the unique solution
of MP=HC. F can be given as F = A0 + D1 M, E = PD with P : X → X /S and D =
D0 + P−r D1 H, finally G = PB [118].
Let us define S2∗ as the minimal unobservability subspace of image L2 , (L2 ). Let L
be the image Im(B1|L1).
The problem can be solved easily if:

S2∗ ∩ L1 = 0/

(3.6)

/
S2∗ ∩ L = 0.

(3.7)

In this situation it is possible to decouple the effect of the failure direction denoted by
L1 and the disturbance so the residual generator sensitive to fault direction L1 can be
designed separately.
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On the other hand let us assume:

S2∗ ∩ L1 = 0/

(3.8)

/
S2∗ ∩ L 6= 0.

(3.9)

In Eq. (4.14). the problem is that the intersection of L and S2∗ differs from zero i.e. the
image of L failure direction is in the minimal unobservability subspace of L2 , so the
solution of residual generator in form of Eq. (4.11) and (4.12). does not exist.
Now, denote S1∗ as the minimal unobservability subspace of image L1 , (L1 ), and let
us define L3 as the image of Im(B1 |L2 ).
As above, the problem can be solved with FPRG if:

S1∗ ∩ L2 = 0/

(3.10)

/
S1∗ ∩ L3 = 0.

(3.11)

In this situation it is possible to decouple the effect of the failure direction L2 and the
disturbance. The residual generator can be designed where only the m2 (t) shows up.
If:

S1∗ ∩ L2 = 0/

(3.12)

/
S1∗ ∩ L3 6= 0.

(3.13)

While the intersection of the L3 and S1∗ is not empty i.e. the image of L3 failure
direction is in the minimal unobservability subspace of L1 and the solution of FPRG
does not exist.
In the augmented cases in Eq. (3.9)- (3.13). it is not possible to design such
residual generators which are only sensitives to L1 and L2 separately. The effect of
disturbance defined by the direction B1 will appear always on r1 (t) and r2 (t). In that
case the most obvious solution is to minimize the possibility of false alarm on residual
output, to minimize the effect of the disturbance. In the following one tries to reject
the d(t) disturbance in H∞ sense in residual output r(t).

3.3 Invariant subspaces
The main goal of the geometric approach of failure detection is to find subspaces where
failure directions could be detect and isolate using an observer. Purposely, to under-

CHAPTER 3. H∞ DISTURBANCE REJECTION ON RESIDUAL OUTPUT

25

stand the geometric description some basic definition will be cited and interpreted
based on the literature [118]. Definitions, lemma, proposition and theorems are cited
form [118].
Definition 3. Let a (C, A) invariant subspace W ⊆ X be:
(A + DC)W ⊆ W

(3.14)

where A : X → X , C : X → Y and D : Y → X , D ⊆ D (W ) called output injection
map.
Let the insertion map W : W → X be, the projection P : X → X /W can be given
as the maximal solution of
PW = 0

(3.15)

P(A + DC)W = 0.

(3.16)

determine the D ⊆ D (W );

It is possible to tell about W , without computing D ⊆ D (W ), whether it is (C, A)
invariant or not.
Lemma 1. A subspace W is (C, A) invariant if and only if:
A(W ∩ Ker C ) ⊆ W .

(3.17)

Let L ⊆ X , and denote the class of (C, A) invariant subspaces containing L by
W (L ). It could be deduce that the class W (L ) is closed under intersection, but not
under subspace addition (i.e. the sum of (C, A) invariant subspaces is not necessarily
(C, A) invariant). It is a conclusion that W (L ) contains an infimal element

W ∗ := inf W (L )

(3.18)

(i.e. a member of the class W (L ) which is contained by all other members of the
class).
As for the importance of extremal subspace, let us consider the finite recursive
method to computing the infimal element of the class W (L ).
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The (C, A) Invariant Subspace Algorithm (CAISA) give us the possibility to determine in finite steps the infimal element W (L ).
Theorem 1. Let L ⊆ X and W ∗ := inf W (L ). Then W ∗ = lim W k where W k satisfies
the following recursion:

W k+1 = L + A(W k ∩ Ker C )
/
W 0 = 0.

(3.19)
(3.20)

In the following unobservability subspaces are dicussed. (C, A) invariant subspace
can be designed using an observer which estimates a linear transform of the system
states. The transformation matrix is the matrix of the canonical projection to the factor
space P : X → X /W . Let us consider the error system given by:
ė = ẇ − Pẋ = Fw + Ey − PAx

(3.21)

E = PD

(3.22)

F = (A + DC : X → X /W )

(3.23)

ė = F(ẇ − Pẋ).

(3.24)

If e 6= 0 holds, let us assign special interest to F. Unfortunately W is only (C, A)
invariant, so F can not always chose arbitrarily. If W is a (C, A) invariant subspace the
poles of (A + DC : X /W ) cannot assign freely. There exist fixed eigenvalue associated
to invariant zeros. Let S ∗ = inf S (W ) and D ∈ D (W ), then
σ(A + DC : X /W )

= σ f (A + DC : X /S ∗ )

+σz (A + DC : S ∗ /W )
where σz notes the fixed eigenvalues corresponding to invariant zeros, and σ f the freely
assignable by choice. In this case W = inf W (Im B ). This is the reason of introducing
unobservability subspace, UOS notion.
Definition 4. S ⊆ X is a (C, A) invariant unobservability subspace (UOS) if

S =< Ker H C |A + DC >

(3.25)

where D : Y → X is the famous output injection map and the measurement mixing map
H : Y → Y . So the UOS of L is S (L ).
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Proposition 1. Let S ⊆ X is a (C, A) invariant subspace. Then S will be UOS if there
exist a map such that D : Y → X and

S =< Ker C + W ∗ |A + DC > .

(3.26)

The computation of the measurement mixing map H can be made, simply by solving Ker H C = Ker C + W ∗ . Therefore defining S , the UOS of (HC, A + DC) pair,
which factor system is already observable, and the poles could be arbitrarily assign.

Theorem 2. Let S be an UOS with dimension k. For every symmetric set Λ there exist
n − k complex number, and an output injection map D : Y → X such that
σ(A + DC : X /S ) = Λ.

(3.27)

This is simple to proof, because S is a UOS, with D0 and H such that S =<
Ker H C |A + D0C >. Let the canonical projection P a projection map to X /S factor space, and consider the factor system (C0 , A0 ), where A0 = A + D0C : X /S and C0
is the solution of C0 P = HC. If the pair (A0 ,C0 ) is observable, there exists D1 such
that σ(A0 + D1C : X /S ) = Λ. Let us choose:
D = D0 + P−r D1 H.

(3.28)

So D satisfies our requirements.
Of course our UOS S fulfils (A + DC)S ⊆ S , with the above assumption to D, Λ.
The class UOS S is closed under intersection, so it contains an infimal element S ∗ :=
inf S .There are algorithms for the computation of the minimal UOS. One always needs
to determine W ∗ first. The algoritm is similair to CAISA, a recursive one, called
Unobservability Subspace Algorithm (UOSA).
Theorem 3. Let L ⊆ X , W ∗ (L ) the minimal (C, A) invariant subspace, S ∗ (L ) the
minimal unobservability subspace. Then S ∗ = lim S k and S k fulfils the following recursive procedure:

S k+1 = W ∗ + (A−1 Sk ) ∩ Ker C
S0 = X .

(3.29)
(3.30)
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3.4 Disturbance attenuation
In the sequel one suppose the presence of two different failure directions denoted by
L1 and L2 . The aim of the residual design r1 (t) and r2 (t) is to attenuate (in H∞ sense)
the noise d(t) appearing on.
The workspace of the detection filter (sensitive to the fault direction L1 ) is the
factorspace of the smallest unobservability (C, A) invariant subspace containing the
image of the appropriate fault direction. First, after the design the D01 gain which
permits to separate the complete state space into subspace, where only the effect of the
first failure direction can be appeared (since we are working in the in an unobservability
subspace where the second fault is hidden), let us define the dynamic system described
by:
x˙1 (t) = A01 x1 (t) + P1 B1 d(t) + P1 B2 u(t) + P1 L1 m1 (t)

(3.31)

y1 (t) = M1 x1 (t)

(3.32)

z1 (t) = M11 x1 (t)

(3.33)

where A01 = A + D01C : X /S2∗ , P1 B2 (ie. the restriction of A0 on the factor space of
the smallest (C,A) invariant unobservability subspace containing the image of L2 ) and
P1 L1 are the projection of the appropriate directions, and M1 comes from the unique
solution of
M1 P1 = H1C.

(3.34)

M11 is the constant performance weighting matrix and creates a fictious performance
output form the projected state space, denoted by z1 . The system presented above is
in the factor space of the unobservability subspace. Note that D01 ,the output injection
gain assures only the (C, A) unobservability invariance, and with the projection P1 one
can restrict on his factor space where the poles of the restricted system could be assign
freely. In case of (M1 , A01 ) pair is observable there exist a D11 , so F1 (stable) such that:
F := A01 + D11 M1 .

(3.35)

The only question is how to design D11 . One can use a simple-minded pole placement
technique. If deterministic disturbance entries to the system the pole of F1 can be
chosen using H∞ filtering. Such a D11 could assure worst case disturbance rejection
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on the residual output.
Let us define the following transfer functions:
Gdr1 (s) = M1 (sI − A01 − D11 M1 )−1 P1 B1 .

(3.36)

While the effect of d(t) on residual r1 (t) can not be decoupled one reject its reaction
with minimization the Eq. (3.36) in H∞ sense:
kGdr1 (s)k∞ →

min

D11 ∈D1stab

.

(3.37)

As d(t) does not destabilize the system since kdkL2 < ∞ (i.e. d(t) is supposed to L2
signal), the functional J can be written:
J(r1 , d) =

Z ∞
0

(r1 (t)T r1 (t) − γ21 d(t)T d(t))dt < ∞.

This problem is a special case of the H∞ filtering. During the filter design one searches
for a filter F1 which assures the γ1 level so that:
sup

kz1 − ẑ1 k22

d∈L2

kdk22

< γ21

with ẑ1 = F1 y.
In order to assure kGdr1 (s)k∞ < γ, one needs to find a stabilizing solution Q1 =
QT1 ≥ 0 so that fulfils the Modified Filter Algebraic Riccati Equation (MFARE) given
by:
A01 Q1 + Q1 AT01 − Q1 (

D11

1 T
1 T
M1 M1 − 2 M11
M11 )Q1 +
ρ1
γ1

+ P1 B1 BT1 P1T = 0
1
= − Q1 M1T
ρ1

(3.38)
(3.39)
(3.40)

with ρ1 as an arbitrary positive input weighting scalar.
The filter implementation for x1 ∈ X /S2∗ could be written as:
ẇ1 = (A01 + D11 M1 )w1 + P · B2 u − D11 y1

(3.41)

yˆ1 = M1 w1 .

(3.42)
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It is important to note the disturbance is rejected on r1 = ŷ1 − y1 .
During the worst case synthesis of the second failure direction one projects the
hole state space into the smallest possible unobservability (C, A) invariant subspace
containing the image of the fist failure. On the factorspace of this S1∗ one can freely
assign the pole of the filter. Though we are able to choose the poles of the filter using
the worst case gain computed with the Modified Filter Algebraic Ricatti Equation.
The second fault direction can be written on the X /S1∗ :
x˙2 (t) = A02 x2 (t) + P2 B1 d(t) + P2 B2 u(t) + P2 L2 m2 (t)
y2 (t) = M2 x2 (t)
z2 (t) = M12 x2 (t).
P2 is the projection matrix and M2 comes from the unique solution of
M2 P2 = H2C.

(3.43)

M12 is the constant performance weighting matrix.
To choose the filter gain in order to assure the maximal possible disturbance rejection on the residual output one minimizes the functional
J(r2 , d) =

Z ∞
0

(r2 (t)T r2 (t) − γ22 d(t)T d(t))dt < ∞.

kGdr2 (s)k∞ < γ2 if there exists Q2 = QT2 ≥ 0 so that fulfils the Modified Filter Algebraic
Riccati Equation (MFARE) given by:
A02 Q2 + Q2 AT02 − Q2 (

D12

1 T
1 T
M2 M2 − 2 M12
M2 )Q2 +
ρ2
γ2

+ P2 B1 BT1 P2T = 0
1
= − Q2 M2T
ρ2

and the system poles of the worst case gain is given as above.
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3.5 Application of robust FPRG
3.5.1 Robust detection filter design
To understand the Subsection 3.5.2. it is recommended to review the academic example
in the Appendix C. The example shows the different phase of the robust FPRG design,
step by step.

3.5.2 Open-loop robust FDI design for F-16 linear model
The longitudinal motion of the F-16 can be defined by the following variables: total
velocity VT , angle of attack α, pitch rate q, pitch angle θ. Note that in longitudinal
motion the sideslip angle β, roll angle φ, roll p and yaw r rates are considered to be
zero.
The longitudinal model is affected only by aerodynamic forces along the x and z
axis, plus the pitching moment around the y axis. The aerodynamic forces and moments are modeled in terms of aero-coefficients (CD , CL , Cm ), which can be obtained
from wind-tunnel experiments. The D denotes the drag, L is the lift force and m is the
pitch moment respectively. The aerodynamic coefficients are provided as look-up tables function of a wide set of parameters (angle of attack, true airspeed, sideslip angle,
altitude and others). The force and moments in body axes are given by:
Fx = q̄SCD + DT − mg sin θ
Fz = q̄SCL + LT + mg cos θ
·
¸
x̄cg
1
c̄α̇
My = q̄Sc̄ Cm + (CL xcg −CD zcg ) + (Cmα̇ + CLα̇ + MYT
c̄
VT
c̄

(3.44)
(3.45)
(3.46)

where q̄ = 21 ρVT2 is the dynamic pressure and is a function of Mach number M and
altitude h. S is the reference area, c̄ is the wing chord and x̄cg , z̄cg distances are a
measure of the possible moment arms (i.e. the difference between the center of gravity
and the aerodynamic center). DT and LT are the trust forces. The CLα̇ and Cmα̇ means
the change in lift force and pitching moment coefficient due to rate of change of angle
of attack.
The linear equations of motion needed for control system design will in general
be derived by numerical methods from the nonlinear equations. The most widespread
methodology to linearize nonlinear systems is the Jacobian linearization. It can be used
to create a linear system with respect to an equilibrium point. There is a downside
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due to the fist order approximation used to obtain the linear system. The first order
approximation is only acceptable within a small deviation of the trim point. This could
lead to divergent behavior related to the nonlinear model, for large control inputs,
since linear description signifies the δ changes in variables (states, input or output).
In the linear equations the nonlinear aerodynamic coefficients are replaced by stability
derivatives. The stability derivatives are partial derivatives of aerodynamic coefficients
with respect to the states variables.
A straight and level flight steady state trim is defined for nonlinear F-16 aircraft
model to get the linearized equations of motion by Jacobian method ([158]., pp. 238).
The cited model is augmented with a third measurement, namely the normal acceleration an , which is the normalized (by the gravitational coefficient) acceleration of the
center of gravity in the body-axed z direction.
The linearized longitudinal equations are simple, ordinary linear differential equations with constant stability coefficients. The coefficients in the differential equations
are made up of aerodynamic stability derivatives, mass and inertia characteristics of the
aircraft. The model of longitudinal dynamics in linearized state space form is given by
[158]:
ẋ(t) = Ax(t) + Bu(t)

(3.47)

y(t) = Cx(t) + Dy(t)

(3.48)

where
x(t) =

h
iT
VT (t) α(t) θ(t) q(t)

u = δel (t)
h
iT
y(t) = α(t) q(t) an (t) .

(3.49)
(3.50)
(3.51)

The states are velocity VT (t) [ft/sec], the angle of attack α(t) [rad], the pitch angle
θ(t) [rad], the pitch rate q(t) [rad/sec]. The control input is elevator deflection δel (t)
[deg]. The outputs are angle of attack α(t) [deg], pitch rate q(t) [deg/sec], and the
normal acceleration an (t) [g]. For the sake of simplicity the linear states will not be
denoted by δ, though one needs to emphasize that all variables mean the change of a
certain trim (i.e. equilibrium point), where the nonlinear model was linearized.

CHAPTER 3. H∞ DISTURBANCE REJECTION ON RESIDUAL OUTPUT

33

The modification touches the output equation, the C and the D matrices:



0
57.2000 0
0


C= 0
0
0 57.2000
0.0040 15.8800 0 1.4810


0


D =  0 .

(3.52)

(3.53)

0.0333
In the following space a robust detection filter will be designed based on geometric
methods.
When gust disturbance, actuator failure and sensor malfunction are supposed to
occur in the plant, our system can be described by the following linear time invariant
model:
ẋ(t) = Ax(t) + B1 d(t) + B2 u(t) + L1 m1 (t)

(3.54)

y(t) = Cx(t) + eq m2 (t).

(3.55)

The actuator failure can be modeled as an additive term in the state equation where
the failure signature L1 is same as the first column of B2 matrix, which represents the
elevator actuator direction. The elevon actuation fault and the control input coincides,
moreover the wind gust disturbance acts upon the aircraft dynamic through the elevator. The disturbance direction has been selected so that it effects the actuator. The
sensor failure can be modeled similarly as an additive term in measurement equation.
The sensor failure signature is a unit vector. The eq means that the arbitrary timevarying real scalar m2 (t) has only effect on the pitch rate sensor. The Eq. (3.54). can
be reformulated such form where all faults are modeled only in state equation. Therefore the sensor failure has to be modeled as a pseudo-actuator failure. The eq failure
signature is equivalent to a two dimensional fault L2 . The modified fault model is as
follows:
ẋ(t) = Ax(t) + B1 d(t) + B2 u(t) + L1 m1 (t) + L2 m2 (t)

(3.56)

y(t) = Cx(t)

(3.57)
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where
h
i
L2 = L21 L22

(3.58)

and the direction L21 and L22 are given by
eq = CL11

(3.59)

L22 = AL11 .

(3.60)

25
The elevator actuator dynamics is a first order transfer function Gel = s+25
.
The Gdist scales unit norm signals to have proper size and frequency content for
disturbance input. For this example the disturbance is a dynamic gust disturbance
model, which is evaluated from the formulas and graphs in the MIL-F-8785-C for 0.45
Mach [126]:
0.975s + 0.25
Gdist = 2
.
(3.61)
s + 0.88s + 0.19
The original linear F − 16 model is augmented with sensor dynamic and disturbance filter. Now apply geometric approach based on (C, A)-invariant concept to Eq.
(3.56). Considering the actuator and sensor failure with the following simulation setup.

F16 open−loop system inputs and outputs
0.1
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sensor failure [rad/sec]
control input [rad]
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Figure 3.1: Time domain simulation of the open-loop linear F16 model
The detection filter was designed on open-loop strategy and will be applied to open
loop. An 6 deg (∼ 0.1 rad) step actuator failure is simulated occurring at 10 sec and a 6
deg/sec step sensor failure occurring at 30 respectively. The FDI filter is tested during
an aircraft maneuver, ie. the contol input, the elevator 6 deg step command occurs at
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Actuator elevon fault
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Figure 3.2: System and residual generator r1 simulation with H∞ filter for various ρ1
80 sec. The disturbance is an one sec long step which can be considered as impulse
with the magnitude of 0.08 rad at 60 sec.
Remark 1. The disturbance direction B1 is the same as the B2 , ie. the disturbance
effect is in the same direction as the failure and control input. To assure the good
disturbance attenuation performance I apply a lowpass filter for d(t) to separate the
signals in frequency domain.
In the followings the time and frequency domain plots of the FDI filter simulation
design for open loop and applied for open loop.
As for the time simulation we can conclude the possible D11 set which for M11 =
eye(size(M1 )) is realized Fig. 3.2 - 3.3.). In one word, this is the restriction of the
fictional performance output of the H∞ filtering problem. As the matter of fact, the H∞
residual filtering is sensitive to the input scaling factor ρ1 , see Fig. 3.2 - 3.3. The Fig.
3.3. describes the transfer function of the system and residual generator in frequency
domain. One could conclude, more the ρ1 is smaller, better the attenuation of the fault.
This is due to the choice of the filters. Since, the ρ1 is small, the poles of the residual
are slow. Not only the cut-off frequency increases with the ρ1 but also the damping.
With larger input scaling the residual system becomes highly undamped.
Remark at that point, the disturbance was filtered by a so-called Dryden windgust
model. The gust model was created upon the graphes and tables of [126]. Practical
reason of applying the gust transfer function has double aim. Once, the gust can be
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Actuator elevon fault frequency behavior
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Figure 3.3: System and residual generator r1 simulation in frequency domain using
several input scaling
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Figure 3.4: System and residual generator r2 simulation with H∞ filter for various ρ2
characterized in frequency domain. Secondly, the frequency-separation of the disturbance and fault signitures is necessary to augment the performance of the detection.
Moreover the filtered disturbance is an a priori information and is closer to the real
world.
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Pitch rate sensor fault in frequency domain
0.1
0.09
0.08

2

r [rad/sec]

0.07
0.06
0.05
0.04
0.03
0.02
0.01
0 −2
10

−1

10

0

10

1

10

2

10

Frequency [rad/sec]

Figure 3.5: System and residual generator r2 simulation in frequency domain using
several input scaling
On the other hand, a residual generator r2 (t) sensitive to the sensor failure can
be designed. Since the r1 (t) is insensitive to the pitch rate sensor fault, the second
failure direction will not appear in the first residual. Consequently, the second residual
generator will not be affected by the first failure component. Not only the actuator
fault does not influence the r2 , but also the wind gust disturbance. As one knows well
it corrupts the plant through the actuator direction. The sensor fault and the disturbance
can be decoupled.
When decoupling is possible, there is no need to reject or attenuate noise on residual, because in that case the geometry assures the separation of the effects. Hence,
the poles of the residual generator needs to be properly chosen. A simple-mind pole
placement will be used in order to choose the D12 , i.e. the poles of F2 = A02 + D12 M2 .
Since the projected system has a dimension n2 = d(X2 ) = 4, one assigns 4 poles such
as p = [−1 − 2 − 3 − 4].
The Fig. 3.4. shows us the perfect detection at the 30 sec of the scenario. With
appropriate scaling one gets back the 0.1 rad/sec sensor fault. Therewithal, the frequency plots correlates with the time behavior, because the cutting-off frequencies and
the poles can be well identified.
The choice of the matrix M11 and M12 has importance in the solution of the Modified Filter Algebraic Equation (MFARE) and therefore has numerical aspects. They
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influence the condition of the problem. In only rather extreme choice of the matrix
causes problem during the simulation. This is the reason while in most of the case it
can be selected as an identity matrix or similar to Mi .
In [163]. one can find the description of the application of observer based FDI in
open respectively in closed-loop. The most important consequence of the reference,
that the open and closed-loop detection filters for nominal models gives the same error
system, i.e. the same residual information. Henceforward, the FDI design could still
remain the same when only reference input signal is expendable. The only thing is to
assure the appropriate choice of the weights.
When perfect model is not available (i.e. uncertain system) the performance of the
FDI filter design depends on the controller. There is a trade-off between robustness
(robust margin) and the detection performance.

3.6 Summary
In the first part, such a residual generator was designed which is sensitive to the failure
of the first fault, but insensitive of the second one. It was shown that for LTI system
the FPRG method can be extended to robust case, using H∞ filtering on factor space.
It was possible rejecting the disturbance effect on residual using H∞ filtering. In the
following one resumes the worst case disturbance rejection of a possible FPRG FDI.
Given an LTI system in form of Eq. (3.1)-(3.2)., and the projection of it in Eq.
(3.31). The disturbance entering the system through B1 can be attenuated to γi by the
appropriate choice of the gain D1i of FPRG. The worst case disturbance rejection can
be assured by the solution of the Modified Filter Algebraic Riccati Equation (MFARE)
given in Eq. (3.38).
Two brief remarks need to be given.
Remark 2. Using the worst case gain, the fault detection and isolation filter assures
not only the stability of the filter on its workspace but also the best attenuation on the
residual output. Generally speaking, the filter performance can be augmented with the
ρi , M1i and Mi scaling matrices.
Remark 3. Not only the disturbance rejection can be assured, but also the fault performance requirements can be implemented into the design process. [159] has been
shown for linear systems the fault performance and tried to create minimal order FDI
filter.
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Numerical example was given to illustrate the importance of robust residual detection. The numerical example illustrated the fault detection and isolation for open loop
aircraft model, because flight is always a safety related ”industry”.
The model described in the previous section presents only a restricted flight envelope since it is linearized around a trim position. Moving out from the linear domain
the LTI model is not more valid. Henceforward, the presented situation can be applied
during the straight level flight. In such a flight position the linear model approximates
the hole dynamics of the aircraft well and the occurring failures can be detected if any.
In the example one uses open-loop description. The robustness of the FDI filter
was analyized without the controller. When computing and applying FDI, some of
the references treats the influence of the controller as well. It can be deduced if the
control inputs and measured outputs betwixt the model is known (ex. i.e. the output
signal of the controller is measured), the problem can be driven back to the open loop
methodology, there is no difference (in sense of error) between the closed and open
loop FDI design. The subject of the first chapter and almost of the entire dissertation
is the open loop FDI methodology assuring in the Detector the robustness. A possible way to extend the present chapter can be anticipated by the analysis of the cross
coupling between the controller and FDI when the control inputs can not be measured
directly.
From point of view realization, the current techniques might be applied in realtime. The calculation of the robust detection filter, based on the fault directions, can
be evaluated off-line. Hence, the real-time running of the dynamic filter is allied to
the time of the processor on-board. Consequently, there is no real-time request again
the design step at the moment. Moreover the fault directions, the parameter matrices
of the state-space description is indispensable, even if the FDI is thought robust and a
precise dynamic should be declared.
The H∞ robust detection problem can be tested for model uncertainty, since disturbance attenuation is not the only way to robust realization. Structured or unstructured
uncertainty (respectively its influences on state-space) could be formulated in additive manner. Further research could be taken on the description of the robust stability
margin of the robust FRPG method when applying uncertain models.
The above technique gives a useful device to handle disturbance effect and shows
the attenuation of external disturbance signal.

Chapter 4
Robust detection filter for LPV
systems
This chapter deals with the LPV systems in respect to fault detection and isolation. The
FPRG method is extended to use with affine LPV system where one could guarantee
the disturbance attenuation.
The chapter presents a method for the robust detection filter design based on geometric approach for Linear Parameter Varying systems. The filter is using the general
Fundamental Problem in Residual Generation method in presence of external noise,
while disturbance decoupling from failure signitures in LPV system is not possible.
The disturbance attenuation is achieved with induced L2 norm minimization concepts
for LPV model class. A numerical example is solved to demonstrate the effectiveness
of robust LPV fault detection filter
The faulty behavior of a dynamic system could endanger human life respectively
causes damage. This is the reason why the fault detection and isolation become a
relevant issue in safety control system design. Usually based on faulty system dynamic
monitoring, one creates residual which information helps to detect and isolate failure
modes.
In [29, 74, 181, 6, 62, 119] propose many alternative way in order to detect parameter changing, or simply the presence of the fault in dynamic systems. In model
based failure detection (not the only, but certainly) one of the most promising approach
might be the geometric based aspects. Geometric based methodology was summarized
in [118] and lather on applied ex. in [181, 20, 163].
Fault detection in nonlinear systems is always causing difficulties and the problem cumulates when disturbance or uncertainty encumbers the description. In case of
40
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geometric approach one can find such subspaces where only the effect of the fault appears and the exogenous noise (disturbance, or mismatches) is hidden [29]. Whenever
decoupling on residual output is out of question, rejection come into consideration.
Therefore robustness of the detection filters plays an important role and has already
been examined [45, 46, 47] and [134, 160, 4, 167, 68] for LTV, LPV and bilinear
systems.
The general FPRG model for LPV systems is elaborated in the chapter for robust
case.
The main contribution of the chapter is the robust detection filter design in the
presence of coupled disturbance on residual information. The robustness is assured
for affine LPV systems by modifying the performance properties of the filter. The
parameter varying residual is able to attenuate disturbance in induced L2 norm sense
by performing the computed γ level. The attenuation level is assured all over the entire
(predefined) range of the parameter set in affine case. The residual generator, extended
to LPV systems, usually still remains parameter dependent.
The chapter is organized in 5 sections. First of all, LPV system is clarified and
defined. In section 2 the FDI problem formulation is presented for an LPV system.
The general LPV FPRG method is briefly given in section 3. In section 4 the idea is
given how to reject disturbance when decoupling from failure direction is not possible, while in section 5 one can follow the main steps of induced L2 minimization of
attenuated disturbance residual design, via an example. With the numerical results one
demonstrates the disturbance rejection effect on filter output.

4.1 Linear Parameter Varying systems
Linear Parameter Varying system is a class of nonlinear system where the parameter
could be an arbitrary time varying, piecewise-continuous and vector valued function
denoted by ρ(t) defined on a compact set P . In order to evaluate the system, the parameter trajectory is requested to be known either by measurement or by computation.
A formal definition of the parameter varying systems is given now.
Definition 5. For a compact subset P ⊂ Rs , the parameter variation set FP denotes
the set of all piecewise continuous function mapping R+ (time) into P with a finite
number of discontinuities in any interval.
The compact set P ⊂ Rs , along with continuous functions A : Rs 7→ Rn×n , B : Rs 7→
Rn×nu , C : Rs 7→ Rny ×n and D : Rs 7→ Rny ×nu represent an nth order LPV system whose
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dynamics evolve as:
ẋ(t) = A(ρ)x(t) + B(ρ)u(t)

(4.1)

y(t) = C(ρ)x(t) + D(ρ)u(t)

(4.2)

with ρ(t) ∈ FP , [185, 163]. Denote the time dependency of the parameter ρ(t) is
omitted when using it in parameter matrices A(ρ).
Let us define the systems as:
"

#
A(t) B(t)
Σ(t) =
C(t) D(t).

(4.3)

There are several method to create LPV models.
First of all polytopic model will be discussed. In such a system setup, parameter
matrices (A(t), B(t), C(t), D(t)) changing with the polytope coordinates given by:
(
Σ(t) ⊂ {Σ1 , ..., Σ j } :=

j

j

i=1

i=1

)

∑ αiΣi : αi ≥ 0, ∑ αi = 1

(4.4)

where Σi (see Eq. (4.3).) is a system on the vertex and αi is the coordinate of the
polytope. Hence, the LPV system is given by the complex combination of the positive
coefficients and the systems Σs. The polytopic LPV model can be thought as a set of
linear models on a vertex (a convex envelope of LTI systems), where the grid points of
the description are LTI systems. The generation of a polytopic model is the derivation
around a operating point of the general nonlinear state-space representation. The LPV
polytopic model is valid only in a restricted domain, characterized by the range, of the
polytope.
On the other hand affine parameter dependent models could be formulated in general parameter dependent form such as Eq. (4.1)-(4.2).
The affine dependency with d(ρ(t)) = N in the system means:
A(ρ) = A0 + ρ1 A1 + ρ2 A2 + ... + ρN AN
B(ρ) = B0 + ρ1 B1 + ρ2 B2 + ... + ρN BN
C(ρ) = C0 + ρ1C1 + ρ2C2 + ... + ρN CN
D(ρ) = D0 + ρ1 D1 + ρ2 D2 + ... + ρN DN .
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With the previous notation, the affine LPV systems can be written as:
(
Σ(t) :=

)

N

Σ0 + ∑ ρi Σi : ρi ∈ [ρi ρi ], ρ̇i ∈ [ρ̇i ρ̇i ] .

(4.5)

i=1

The parameters are varying between known maximal and minimal bounds (respectively the limits of theirs rates are known). Parameter dependent models are very
useful and could even describe uncertainty (parameter uncertainty). It is rewarding
to create affine LPV systems, since control synthesis becomes easier. Moreover, one
could transform affine model into polytopic one.
The LPV system is said to be quasi (Quasi Linear Parameter Varying (qLPV)) when
a part of the parameters ρ(t) coincides with the states x(t) [163, 117].
A more exhaustive description of the LPV system could be found in [185, 77, 154].
A practical guide is the reference [59].

4.2 Detection filter design
Let us given a special class of linear parameter varying systems where the state matrices depend affinely from the parameter vector ρ(t) ∈ P , a time dependent vector.
"
#
h
i d(t)
ẋ(t) = A(ρ)x(t) + B1 (ρ) B2 (ρ)
u(t)

(4.6)

+ ∑li=1 Li (ρ)mi (t)

(4.7)

y(t) = Cx(t),

(4.8)

where m j are the failures modes to be detected and isolated, d(t) is the disturbance
vector, x(t) is the state vector, u(t) is the control input. y(t) is the measured output
vector. The affine parameter dependencies means that
A(ρ) = A0 + ρ1 A1 + ρ2 A2 + ...ρN AN
B1 (ρ) = B10 + ρ1 B11 + ρ2 B12 + ...ρN B1N
B2 (ρ) = B20 + ρ1 B21 + ρ2 B22 + ...ρN B2N
L j (ρ) = L j0 + ρ1 L j1 + ρ2 L j2 + ...ρN L jN
where Li (ρ) directions are the appropriate parameter varying failure signatures,
modeled as linear additive terms in dynamical equation. B1 (ρ) is the parameter de-
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pending disturbance direction, while B2 (ρ) is the control input one. It is also assumed
that ρi (t) parameter and its rate change between known maximal and minimal values
such as
ρi (t) ∈ [ρ ρ]

(4.9)

ρ̇i (t) ∈ [ρ̇ ρ̇].

(4.10)

For the simplicity let L(ρ) = [L1 (ρ) L2 (ρ)] be. The general block scheme of FPRG
can be seen in the Fig. (4.1). The socalled unknown input strategy can be recognized,
since the residual generator works from the control input and from the outputs of the
system and does not use the disturbances or the failures. The goal of the LPV FPRG

u

-

-

y

-

-

RG1

-

r1

RG2

-

r2

Figure 4.1: Fundamental Problem in Residual Generation scheme
is to design parameter dependent residuals which are sensitives only to the appropriate
failure events ie. the first failure will only appear in the first residual, as the second
fault even appears in the second residual.
An assumption is made on the constant linear output map of the system of Eq.
(4.1)-(4.2). The reason of the simplification is the fact, that usually sensors, respectively measurement does not depend upon the parameters. It is also supposed that
D = 0. The (C, A(ρ)) pair is supposed to be observable.
Proposition 2. For an LPV system with constant measurement map C, the residual
generator has the general form:
ẇ(t) = F(ρ)w(t) − E(ρ)y(t) + G(ρ)u(t)

(4.11)

r(t) = Mw(t) − Hy(t)

(4.12)
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if the solvability condition of the LPV FPRG is fulfilled, [163].
Where H will be the solution of Ker H C = Ker C + S ∗ , and M is the unique solution of MP=HC. F(ρ) can be given as F(ρ) = A0 (ρ) + D1 (ρ)M, E = PD(ρ) with
P : X → X /S and D = D0 (ρ) + P−r D1 (ρ)H, finally G = PB(ρ) [118, 4]. Note that this
geometric based parameter dependent fault detection filter is not necessary stable.
In the following one checks the solvability condition of the parameter dependent
FPRG method.
Let us define S2∗ as the minimal parameter varying unobservability subspace of
image L(ρ)2 , (L2 (ρ)). Let L (ρ) be the image Im(B1 (ρ)|L1 (ρ)).
The problem can be solved easily if:

S2∗ ∩ L1 (ρ) = 0
S2∗ ∩ L (ρ) = 0.
In this situation it is possible to decouple the effect of the failure direction denoted by
L1 (ρ) and the disturbance and the residual generator sensitive to fault direction L1 (ρ)
can be designed separately.
On the other hand let us assume:

S2∗ ∩ L1 (ρ) = 0

(4.13)

S2∗ ∩ L (ρ) 6= 0.

(4.14)

In Eq. (4.14). the problem is that the intersection of L (ρ) and S2∗ differs from zero
i.e. the image of L1 failure direction is in the minimal parameter varying unobservability
subspace of L (ρ), and the solution of residual generator in form of Eq. (4.11) and
(4.12). does not exist.
Now, denote S1∗ (ρ) as the minimal parameter dependent unobservability subspace
of image L1 (ρ), (L1 (ρ)), and let us define L3 (ρ) as the image of Im(B1 (ρ)|L2 (ρ)).
As above, the problem can be solved with LPV FPRG if:

S1∗ ∩ L2 (ρ) = 0
S1∗ ∩ L3 (ρ) = 0.
In that case it is possible to decouple the effect of the failure direction L2 (ρ) and
the disturbance. The residual generator can be designed where only the m2 (t) shows
up.
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If:

S1∗ ∩ L2 (ρ) = 0

(4.15)

S1∗ ∩ L3 (ρ) 6= 0.

(4.16)

While the intersection of the L3 (ρ) and S1∗ is not empty i.e. the image of L2 (ρ) failure
direction is in the minimal parameter varying unobservability subspace of L3 (ρ) also
the solution of LPV FPRG does not exist.
Therefore in the cases Eq. (4.13)-(4.16). it is not possible to design such residual generators which are only sensitives to L1 (ρ) and L2 (ρ) separately. The effect of
disturbance defined by the direction B1 (ρ) will appear always on r1 (t) and r2 (t).
As in the linear case the minimization of the effect of the disturbance occurring on
the coupled residual can be evaluated in terms of induced L2 norm, using a γ performance level. Applying the appropriate parameter varying gain, the performance level
is valid over the entire polytope and assures the rejection in L2 norm. Extending the
traditional stability requirements of FPRG LPV [4] systems, in the following space
one proposes a parameter depending disturbance attenuation on residual.

4.3 Parameter dependent invariant subspaces
In the geometric aspects of failures detection invariant subspaces play an important
role, since one try to find subspaces, in our case parameter varying, where only a
certain part of the faults show up. The parameter dependent (C, A(ρ)) subspace and
the minimal unobservability subspace are on the focus of the LPV FPRG if exist.
The parameter varying extension of (C, A(ρ)) is as follows
Proposition 3. Let (C, A(ρ)) parameter dependent invariant subspace W ⊆ X be:
(A(ρ) + D(ρ)C)W ⊆ W

(4.17)

where A(ρ) : X → X , C : X → Y and D(ρ) : Y → X , D ⊆ D (W ) called output parameter varying injection map, [4].
In the followings, unobservability parameter varying subspaces is dicussed. (C, A(ρ))
invariant subspace can be designed using an observer which estimates the linear transform of the LPV system states. The transformation matrix is the matrix of the canonical
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projection to the factor space P : X → X /W . Unfortunately W is only (C, A(ρ)) invariant, so F(ρ) can not always chose arbitrarily. If W is a (C, A(ρ)) invariant subspace
the poles of (A(ρ) + D(ρ)C : X /W ) cannot assign freely. There exist fixed eigenvalue
associated to invariant zeros. This is the reason of introducing, the Parameter Varying
Unobservability Subspace (pvUOS) notion.
S ∗ is the smallest pvUOS subspace, with a constant output mixing map H, so
that the gain D(ρ) can be chosen. S is not only pvUOS, but also can be find in S ⊂
Ker(HC).
The most interesting subspace is the smallest pvUOS, while in this subspace the
stability of F(ρ) could be guaranteed.
There are algorithms for the computation of the minimal parameter varying Unobservability Subspace (UOS). One always needs to determine W ∗ first, where the algoritm is similar to CAISA in linear case, and called Parameter Varying (C, A) Invariant
Subspace Algorithm (pvCAISA). The LPV extension of FPRG was first introduced in
[3, 4].

4.4 Stability of F(ρ)
On the way of robust extension of LPV FPRG, the dynamic LPV system might be written on the factor space of the smallest (C, A(ρ)) invariant pvUOS containing the image
of L2 (ρ). The factorized LPV system remains parameter varying since the projection
has constant projection matrix and the stability (with all performance requirements)
can be tuned with F(ρ). The question of stability and the choice of the F(ρ) will be
examined in the sequel.
Let us define the dynamic system described by:
ẋi (t) = A0i (ρ)xi (t) + Pi B1 (ρ)d(t) + Pi B2 (ρ)u(t) +

(4.18)

+ Pi Li (ρ)m1 (t)
yi (t) = Mi xi (t)

(4.19)

zi (t) = M1i xi (t),

(4.20)

where A0i = A(ρ) + D0i (ρ)C : X /S ∗j , Pi B2 (ρ) (ie. the restriction of A0i (ρ) on the factor
space of the smallest (C, A(ρ)) invariant pvUOS subspace containing the image of
L j (ρ) and Pi Li (ρ) are the projection of the appropriate directions, and Mi comes from
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the unique solution of
Mi Pi = HiC.

(4.21)

M1i is a constant performance weighting matrix. The LPV system presented above
can be found on the factor space of the unobservability subspace. Note that D0i (ρ),
the output injection gain assures only the pvUOS invariance, and with the projection
Pi one can restrict on his factor space where stability of the filter can be assured freely
with D1i .
Usually, i = 1..l is the subscript of the residual generator in question. Let us suppose the FPRG case, i.e. only two different failure signitures (with the given directions)
feature the faults. In that scenario i = 1, 2 and j = 2, 1.Up to this point the residual generator sensitive to the L1 direction will be considered.
Let us examine the first residual.
Definition 6. Given a compact set P ⊂ Rs , and a function A : Rs 7→ Rn×n , the function
A is quadratically stable over P if there exist a matrix Y ∈ Rn×n , Y = Y T > 0 such that
for all ρ ∈ P
AT (ρ)Y +YA(ρ) < 0,

(4.22)

[184].
The Definition 6. can be extended to quadratically stable systems with parameter
varying solution Y (ρ), because the quadratic stability of LPV systems usually does not
implies the stability of the filter. Moreover, if the extremal bound of the parameter rates
is known, the parameter dependent quadratic stability can be defined as it follows.
Definition 7. Given a compact set P ⊂ Rs , and a function A : Rs 7→ Rn×n , the function
A is parametrically dependent stable over P if there exist a continuously differentiable
function Y : Rs 7→ Rn×n , Y (ρ) = Y T (ρ) > 0 such that
¶
µ
∂X
A (ρ)Y (ρ) +Y (ρ)A(ρ) + ∑ βi
< 0.
∂ρi
i=1
T

s

(4.23)

for all ρ ∈ P and |ρ̇(t)| ≤ βi with i = 1, 2, ..., s, [184].
One can assure the stability of the LPV system with parameter dependent quadratically stabilizing D11 (ρ) if F1 (ρ) = A01 (ρ) + D11 (ρ)M [163]. In this case the gain is
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given by:
D11 (ρ) = D110 + ρ1 D111 + ρ2 D112 + ...ρN D11N .
The quadratically stable parameter varying gain can be obtained by:
F1 (ρ)T Y1 + Y1 F1 (ρ) = (A01 (ρ) + D11 (ρ)M1 )T Y1 +
+ Y1 (A01 (ρ) + D11 (ρ)M1 ) < 0.
with Y1 = Y1T > 0 solution for all ρ. If one introduce a new variable K1 (ρ) = D11 (ρ)Y1
the only thing to get the appropriate solution for stable gain is to solve (in case of affine
parameter model) the following inequalities at each corner point of the polytrope:
A01 (ρ)Y1 +Y1 A01 (ρ) + M1T K1 (ρ)T + K1 (ρ)M1 < 0.
Note, a parameter independent gain D11 (ρ) can assure the stability of the LPV filter as
well [4, 163].
To maintain the disturbance rejection, one has to assure that the parameter dependent transfer function from the disturbance to the residual should be smaller than a
prescribed γ performance level. This level will be the induced L2 attenuation level (between the residual and the disturbance) and the noise will not show up on the residual
with a greater normalized amplitude than γ.
Let us formulate the problem for constant solution, Q1 = QT1 > 0
F1 (ρ)Q1 + Q1 F1 (ρ)T − Q1 (

1 T
1 T
M1 M1 − 2 M11
M11 )Q1 +
ρs
γ1

+ P1 B1 (ρ)BT1 (ρ)P1T = 0,
where ρs is the scaling factor. Though the LPV system on the factor space is affine,
the MFARE needs to be solved the corner points of the parameter set. Supposing
that X1 = Q−1
1 the Ricatti inequality (since MFARE is quadratic in its solution) can be
formulated and applying the positive real lemma the nonlinear inequality can be written
as linear in Linear Matrix Inequality (LMI) form using Schur complements. If one
generates a parameter varying gain (D11 (ρ)) which fulfils Modified Filter Algebraic
Ricatti Inequalities in LMIs, the LPV FPRG filter attenuates the parameter varying
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fault signitures over the entire polytope.
X1 > 0

 T
T
F1 (ρ)X1 + F1 (ρ)X1 − M1T M1 X1 P1 B1 (ρ) M11


L(X1 , γ1 ) = 
P1 B1 (ρ)X1
−γ1 Im
0  < 0,
M11
0
−γ1 Im

(4.24)
(4.25)

where m denote the dimension of system on factor space.
The minimal L2 gain, γ can be obtained by minimizing γ over (X) at each extremal point of the parameter set. The problem in LMI formulation leads to Generalized Eigenvalue Problem for γ subject to convex constraints. Solving the LMIs in Eq.
(4.25). one could guarantee such a D1i which reject the disturbance on the polytope by
a certain level γ. Nevertheless, the general formulation of the problem is the parameter
dependent attenuation.
As in the parameter dependent quadratically stabilizing case the attenuation can be
extended to parameter varying induced L2 norm minimization.

4.5 Application of robust parameter varying residual
generator
In the following an illustrative example will be considered.
Let us given the following LPV system:
ẋ(t) = A(ρ)x(t) + B1 u(t) + B2 d(t) + L1 m1 (t) + L2 m2 (t)
y(t) = Cx(t)
with
A(ρ) = A0 + ρ1 A1 + ρ2 A2
affine parameter dependencies. The extremal points of the parameters are ρ1 ∈ [−0.3 0.3]
and ρ2 ∈ [−0.6 0.6], respectively. The numerical values of A(ρ), B2 , [L1 L2 ],C are
given in the paper [4, 19].
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System inputs
1
u−control input
m1−failure input
m −failure input
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Figure 4.2: Inputs of the system Eq. (4.26).
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The A(ρ) component represents the longitudinal motion of a small transporter jet. The
A0 contents the four general variables, namely the pitch angle θ in [rad], the angle
of attack α in [rad]. The pitch rate is denoted by q in [rad/sec] and the total speed
is in [m/sec]. The state space is influenced by the control input sequence throughout
an electro-hydraulic actuator. The time-constant of the second order lag dynamic is
moderated. The problem is augmented with two fictious parameter, ρ1 and ρ2 . Both of
them are relevant in case of the computation of the angles. This is the reason why they
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modify only the upper part of the representation. The elevon actuator input is passed
through a second order filter and described by the following additive term

0


 0 


 0 


B2 = 

−4.49


 0 




0
One augments the above LPV system with a disturbance direction B1 = B2 . The disturbance and the control input are the same for instance. The physical reason of the
choice is the assumption that the main disturbance is entering the system via the actuator. With other worlds, the residual generator to be designed takes first of all the
disturbance corrupting the elevon (ex. external windgust). The outputs of the system
are the states except the states of the actuator.
System outputs
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Figure 4.3: Outputs of the system Eq. (4.26)
L = [L1 L2 ] has tree colons, since it models an actuator fault and a sensor fault. It
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is well-known the sensor fault is modeled as a pseudo actuator failure [163].
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Apart the actuator failure L1 , the L2 with his two-columned representation describes the pseudo pitch rate sensor fault. The sensor fault has been transformed into
actuator fault. The failure input transformation increases the number of the fault signitures from one to two. That is why the L2 has two columns. In other worlds, the
one dimensional sensor input can be replaced only with a two-dimensional signiture
on the dynamic equation. By rewriting this term, there is no dependency on parameter
in the failure direction. Denote at this point, that the parameter variance in input vector
increases only the complexity of the problem and does not influence general rule of
the solution i.e. B(ρ) and L(ρ) are treated in the general description. Nevertheless,
by the parameter variance of the input(disturbance, control and failure) side signifies a
parameter dependent term in E and G since the projection has constant matrix.
Let us suppose to have a simulation described by the Fig. 4.2- 4.3. In the Fig.
4.2. one can see the input setup of the system. The control input is a square signal
between the interval t ∈ [2 60] sec, its magnitude equals to 1. The disturbance signal
is passed through a first order lag with 0.1 magnitude during the same period. The
failure component m1 is a square between [25 85] sec. The m2 fault term is generated
between [5 15] sec, this signal is ramp with a slope 1 from the amplitude value 0.05.
The parameter variation during the simulation process can be seen in the Fig. 4.4(b).
The simulation tries to touch every possible case of the two failure and the disturbance. While developing the detection filter and simulating it, one expects the separated detection of the actuator fault and the sensor fault. If the separation of the actuator
and the sensor failure can be done, the noise animated onto the actuator would show
up only in the r2 , in the residual of the first direction. Because by decoupling the fault
from eachother, the decoupling of the disturbance is effected as well.
One can check that during the simulation neither the ρ1 nor the ρ2 arbitrary time
dependent function do not pass their minimal and maximal values. This is a very
important constraint since otherwise the polytope defined by the extremal points is not
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(b) Parameter variation

respected.
The envelope of the ρ1 and ρ2 parameters can be found in the Fig. 4.4(a). During
the simulation the bound of the rates are not taken into consideration.
The measurement, respectively online computation of the parameters are indispensable for the parameter dependent residual generator. On the one hand, it is necessary for the computation of the ρ dependent parameter matrices. Secondly, because of
the stability design of an affine LPV detection filter depends upon the LMI set evaluated at each corner point of the description.
Two brief remark is given now. First, a parameter independent residual generator
could assure the stability of the detection. Secondly, sometime due to the projection
the restricted system does not remain parameter dependent.
After the definition of the inputs and parameter variation the LPV system (in open
loop) is simulated and the results can be seen in the Figure 4.3. The outputs of the
system
Executing the robust LPV FPRG design process solving with LMIs one can design
such parameter independent D1i gains which assures over the entire polytope the γi
performance attenuation. The Fig. 4.4. presents the solution and simulation of the first
fault detector, the residual generator sensitive to the actuator fault. Neither the control
input nor the second failure signitures does not influence the r1 signal.
Nevertheless, both the disturbance, and the actuator failure abrupt the generation,
because there was no possibility to decouple the noise from the failure. The Figure
shows the residual information where in the first 60 sec the disturbance occurs. From
the 25 sec up to the 60 sec the failure and the external noise commonly influence the
detected signal. To the 85 th second when the failure is cleared in the simulation, the
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Figure 4.4: m1 Sensitive residual with disturbance
residual returns to zero. The zero signal means the faultless and noiseless function of
the system. The conclusion of the Figure 4.4. is the parallel appearance of the coupled
failure-noise components. Usually, the amplitude of the residual can not be gained
back while working with parameter varying systems. By the definition of thresholds,
levels or postprocessing the residual amplitude can be approached. An effective tool
is the dynamic inverse of the LPV systems, with full recovery of the unknown input
directions.
The disturbance is filtered through a first term in order to make the simulation more
realistic. By thinking it over, one can understand there is no signal entering the system
with square, only with a time constant different from zero. This is the reason of the
application of the disturbance-dynamics. The control input is not passed through a
term, because the actuator dynamic could be found in the state space representation
and so the filtering is inside the dynamism.
The affine LPV detection filter is now stabilized with a robust filter. The performed
γ1 = 0.3006 which is a feasible solution for all LMIs defined at the corner points of the
system assuring the above rejection.
The residual generator sensitive to the pseudo actuator (i.e. sensor faults), characterized by twin directional term (L2 = [L21 L22 ]), was stabilized with quadratically
stable constant D12 gain. There is no sense to introduce disturbance rejection, since its
effect is decoupled. The noise does not have effect on (it can be decoupled from the
r2 ). The Fig. 4.5(b). represents the detection performance.
When no failure and no actuator failure is present, only the disturbance, the second
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(b) Quadratically stable residual
generator of the m2

faults and control input generate the LPV system, the ρ independent worst gain assures
the perforance level and can be seen in the Fig. 4.5(a). The aim of the above Figure
is to show that during the simulation the maximal disturbance attenuation level has
not been passed. The γ1 level would approached if the parameter variation would be
evaluated around the extremal points of the vertex.
All residuals, shown in the Figures, proved the general properties claimed from the
fault detection filter. There is no detected signal if no fault or disturbance are treated,
r = 0 if m = 0 respectively d = 0.

4.6 Summary
In the example such a residual generator was designed which is sensitive to the failure
of the first actuator but insensitive to the pseudo actuator event, to sensor fault. It was
shown that for LPV systems, the FPRG method can be extended to robust LPV case,
using induced L2 norm minimization on parameter dependent factor space. It was
possible rejecting the disturbance effect on residual.
A short summary of the scientific contribution o the Chapter 4 is given now.
Given an affine LPV system defined by constant measurement map described in
Eq. (4.6)-(4.8). and given its factorization by Eq. (4.18)-(4.20). The disturbance
attenuation level (γ) can be assured if the X T = X > 0 and L(X, γ) < 0, Eq. (4.25). can
be solved. By solving the LMIs at each corner point of the parameter set denoted by
the range Eq. (4.9), the attenuation level γ could be valid over the entire polytope.
Remark 4. Parameter dependent disturbance attenuation level can be computed with
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L(X(ρ), γ(ρ)) < 0 in Eq. (4.25).
Remark 5. Similarly to the parameter dependent quadratic stability, the rate of the
parameter (if they are known) might be taken into consideration easily.
The only term to be changed is the first component of the LMI Eq. (4.25) by adding
∂X
the ∑si=1 |βi | ∂ρ
, with the same notation to βi than in Definition 7.
i

Remark 6. Recently, [2] proposed the sensitivity minimization for LPV systems as
constraint fault detection problem.
Numerical example was given to illustrate the importance of robust residual detection.
Fortunately, the appearance of a double fault event does not happen often, i.e. the
appearance of two different failure at the same time is rare. Even if the faults occur
in the same time, it does not cause problem on the detection filter. The answer can
be found in the design process, namely in the separation of the fault events. Assuring
separation, the effect of the failure are hidden. The effect of the second fault is hidden while fulfilling the input separation condition. Of course, concerning the second
residual it is separated from the first fault.
Nonlinear unknown input detection was evaluated. The LPV model description
is a nonlinear problem setup because the parameter can be an arbitrary time dependent function even a high complicated nonlinear one. The linearity can be held in the
parameter variance.
The evaluation of the magnitude of LPV class by dynamic inversion is a research
topic of nowadays residual generation. Two interesting topic has been appointed during the simulation of the above subsequence. First when the measurement map is
parameter depending, which means the sensor equation can not be determined without
the knowledge of the ρ. The second is the evaluation of the LPV FDI for polytope LPV
models.
The increase of filter sensitivity is still an open question in robust LPV FPRG even
if several paper try to formulate it.
The real-time realization of the presented method is a slightly more complicated
then the linear robust FPRG. The parameter as online-measured variable is needed
for the generation. Once the parameter dependent matrices are created at a point the
problem is driven back to the linear case.

Chapter 5
Constrained Fault Detection and
Isolation
5.1 Introduction
The challenge of nowadays control engineering claims a more and more complex functionality of control systems. Beyond the stability, the robustness and the disturbance
rejection property, controllers need to ensure nominal performance requirements as
well.
The operation of the safety systems could become critical if external failure inputs,
acting into a known direction, incommode the plant. These faults must be eliminated
or at least detected and isolated in order to assure the nominal function of the system.
Since failures could always occur in the system fault detection and isolation gains
ground in control engineering. However, detection can be implemented in many way
the most convenable realization can be the filter design. The fault detection filter is
a dynamic observer which is able to identify the presence of faulty behavior of the
system.
One part of the solution of the fault detectors rests on the design of state observers.
The state observer is designed on the nominal parameters of the dynamic system and on
some a priori information (ex. maximal amplitude of the disturbance). The so-called
unknown input detectors use the control inputs and measured outputs of the system,
but the faults and disturbances are unknown for them. A set of the fault detection filter
(FDF) or fault detection and isolation filter (FDI) strategies can be design in off-line,
but it is not the only way.
There are various options to detect an unknown input in a dynamic system. The
58
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most promising approaches are the design of an unknown input observer (UIO) [29],
a system inversion for the unknown input [48], detection filter design for a complete
isolation of the unknown input and the noise effect in the filter output error space
[3, 47, 118] or the parity space approach [63].
A possible way to estimate states is to apply a finite back stepped state observer.
A class of optimal state estimation methodologies is called Moving Horizon Estimation (MHE)/Receding Horizon Estimation (RHE) method. Firstly applied for initial
state estimation of nonlinear systems [79]. Findeisen [51] summarized the advantages
of MHE and featured the different update formulas. Rao [145] presented questions
related to filter stability even for nonlinear, constrained stochastic systems. [10, 174]
combined the estimation with hibrid systems. [41] examined the probabilistic aspects
of the MHE technique. [82] used a stable MHE subjected to inequalities.
The MHE can be concerned as the dual of the Model Predictive Control (MPC),
though some special assumptions must be given for filter stability. The duality of
the MPC technique and of the unconstrained MHE method is evaluated in terms of the
estimation error. A major difference is in the direction of the optimizaion, since it turns
back from backward to forward. The duality with Model Predictive Control (MPC)
was predicated by many authors [12, 174, 51, 145, 67]. Receding horizon control
and its duality has been shown under constraints in many paper, see ex. [145]. The
biggest advantage of Moving Horizon Estimation can be the fact that constraints can
be considered in the estimation process. In the following space the Moving Horizon
state estimation method is applied and compared to Kalman filter design.
To use moving estimation along the state trajectory by minimizing the weighted,
estimated dynamic and measurement disturbance for the detection of faulty behavior
has already been proposed by [173].
The chapter touches the problem when this newly emerged area of fault detection
and isolation can be applied even if decoupling of failures and external noise direction
can not be fully satisfied.
The chapter offers the contribution in 5 sections. After a short introduction, the
second part briefly summarizes the discrete time Moving Horizon Estimation (MHE)
and FPRG techniques for fault detection and isolation aim. The third part gives a
numerical example.
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5.2 Linear Moving Horizon Estimation
The following section describes, in a inductive manner, the general receding horizon
approach. Starting form the presentation of the simple one back-stepped estimation
process throughout the N-stepped, one presents the most general form, an infinitestepped estimator, the Batch Estimator, subjected to equality or inequality constraints.
The proof of the filter stability is not outlined in this article and can be find it in [145].
Let us consider the following linear time-variant discrete-time system1
xk+1 = Axk + Buk + Gwk

(5.1)

yk = Cxk + vk

(5.2)

with x0 given. One can denote for the first view, without assuming anything about the
noise components, that the description remains totally deterministic. As a matter of
fact, generally speaking wk and vk are stochastic signals with known statistics, and wk
is the state error and vk is the measurement noise vector, xk is the state vector. A, G, B
are constant parameter matrices, C is time-invariant output map of the dynamic system.
Sometimes, one can neglect the effect of the control input (see [102, 178]).
If one chooses the horizon equal to one (N = 1), the one stepped moving estimation
process uses always the 1 back stepped measurement and the actual one in order to
provide optimal state and measurement noise estimation. Let as denote the actual step
by k, and the one stepped estimator is given by
min

(x̄0 ,ŵk−2|k ,ŵk−1|k )

Ψk

(5.3)

Ψk = ŵTk−2|k Q−1
0 ŵk−2|k +
ŵTk−1|k Q−1 ŵk−1|k + v̂Tk−1|k R−1 v̂k−1|k +
+v̂Tk|k R−1 v̂k|k + Ψ0 ,
1 The

estimation problem can be extended even for nonlinear systems

(5.4)
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or in a more compact form
min

(x̄0 ,ŵk−2|k ,ŵk−1|k )

"
#"
#
h
i Q−1 0
ŵ
k−2|k
0
+
ŵk−2|k ŵk−1|k
−1
ŵk−1|k
0 Q
"
#"
#
h
i R−1 0
v̂k−1|k
+ Ψ0 ,
v̂k−1|k v̂k|k
0 R−1
v̂k|k

(5.5)

subjected to the following dynamic equality constraint
x̂k−1|k = x̄k−1 + Gŵk−2|k

(5.6)

x̂k|k = Ax̂k−1|k + Gŵk−1|k + Buk−1 ,

(5.7)

and with the following measurements:
yk−1 = Cx̂k−1|k + v̂k−1|k

(5.8)

yk = Cx̂k|k + v̂k|k .

(5.9)

At times, one needs to consider constraints related to the dynamic system behaviour.
Henceforth, one defines the supplementary equality and inequality constraint coming
from the description, geometry.
To compute the basic MHE problem, several approach are proposed in the literature. A possible tool could be the stochastic programming approach, but dynamic and
quadratic programming are also tractables. Taking equality constraints in ex. dynamic
programming is not complicated. The Lagrange multiplier methods can be applied, i.e.
add the zero ranged equality constraint with a co-state variable to the functional to be
minimized.
One can augment the estimation process with some other constraints subjected to
noise as well [178]. If the maximal amplitude of the noise is known in any form (one
has the possibility to apply more complex constraints) and the maximum value of the
failure can be anticipated, the quadratic optimization problem must be effected subject
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to some additional (not only the dynamic) constraints such as:
wlower ≤ ŵ j|k ≤ wupper

(5.10)

vlower ≤ v̂ j|k ≤ vupper

(5.11)

xlower ≤ x̂ j|k ≤ xupper .

(5.12)

Q0 , Q and R are weighting matrices. If the expected output is small, R−1 has to be
chosen large compared to Q−1 , and the resulting sensor noise vector becomes small,
compared to ŵ j|k . On the other hand, if the measurements are not reliable, Q−1 should
be chosen large, compared to R−1 .
x̄k−1 is the initial value of the estimation window.
The k’s optimal, estimated state x̂k|k can be evaluate in a recursive form such as:
x̂k|k = Ax̄k−1 + AGŵk−2|k +
Gŵk−1|k + Buk−1 .

(5.13)

Moreover, the state estimation x̂k−N+ j|k at a given time k − N + j from the k’s
output measurement can be easily determined, by computing using the optimal state
noise components, in the following way.

x̂k−N+ j|k = A j x̂k−N|k−N−1 +
j

j

∑ A j−iẇ∗k−N−1+i|k + ∑ A j−iBuk−N−1+i.

i=0

(5.14)

i=1

The expression gives a smoothed state estimate with j < N, a filtered one when
j = N and a predicted with j > N.
Ψ0 (in Eq. (5.4).) is the so-called arrival cost to the analogue of the cost to go in
MPC technique. The arrival cost summarizes all knowledge about the best estimation
before the N-th step. For the unconstrained linear case, the arrival cost can be expressed
explicitly (see [145]). If state or noise inequality constraints, or nonlinearities are
present, we do not have an analytic expression to generate the arrival cost. Though an
analytic approach is unavailable, an approximate cost may be given. When inequality
or equality constraints are inactive, the approximation is exact. Therefore, the poor
choice of the arrival cost leads to the filter’s instability.
Let the generalized MHE optimization criteria with a horizon N be defined by the
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following functional:

min

(x̄k−N−1 ,ŵk−N−1|k ,...,ŵk−1|k )

Ψk = ŵTk−N−1|k Q−1
0 ŵk−N−1|k +
k

Ψk

k−1

∑

j=k−N

(5.15)

ŵTj|k Q−1 ŵ j|k +

v̂Tj|k R−1 v̂ j|k + Ψ0 ,

(5.16)

x̂k−N|k = x̄k−N + ŵk−N−1|k

(5.17)

+

∑

j=k−N

subject to:

x̂ j+1|k = Ax̂ j|k + Gŵ j|k + Bu j
j = k − N − 1, . . . , k − 1

(5.18)

y j = Cx̂ j|k + v̂ j|k j = k − N − 1,

(5.19)

with R−1 , Q−1 which are symmetric positive semi-definite noise weighting matrices.
While Q0 penalizes the ŵk−N−1|k initial state, R−1 weights the output prediction error
and Q−1 penalizes all estimated state noise.
The stability of the MHE filter is effected by the choice of the initial condition
and the weighting matrices, as well. The batch estimator is an infinite horizon state
estimator. When applying batch estimation, the entire past behavior of the system is
known.

min

(x̄0 ,ŵ−1|k ,...,ŵk−1|k )

Ψk = ŵT−1|k Q−1
0 ŵ−1|k +

Ψk

(5.20)

k−1

∑ ŵTj|k Q−1ŵ j|k +

j=0

k

+ ∑ v̂Tj|k R−1 v̂ j|k ,
j=0

(5.21)
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subject to:
x̂0|k = x̄0 + ŵ−1|k

(5.22)

x̂ j+1|k = Ax̂ j|k + Gŵ j|k + Bu j

(5.23)

y j = Cx̂ j|k + v̂ j|k .

(5.24)

Batch Estimator, even for a small state space is intractable from the point of view of
the numerical computation, as the Batch Estimator window tends to be infinite during
the estimation. The general layout as a functional time diagram of the MHE process
can be found in the Fig. 5.1. Sliding allies estimation windows and gives an initial conPast

Future

Estimated variable
Real variable
Measured valued
t
t0

tk-N

Moving Horizon

tk

Figure 5.1: General Moving Horizon Method

dition to the new horizon. There is more than one method to assure the transit between
two windows, the most plausible approximation is to use the estimated, filtered state.
One part of the MHE filtering uses the Kalman covariance update formulas. There is
no reason to use it when constrained estimation is computed. However, there is no
direct probabilistic relation for the use of the one step before calculated smoothed state
estimation, cycling behavior of estimation can be avoided. To slide between windows
the filtered estimate update is preferred [51].
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5.3 Discrete Time Fault Detection with Residual Generation
The fault detection part of this chapter is motivated by the discrete counterpart of the
FDI design. Generally speaking, continuous equivalent of the controller respectively
FDI filters might be discretize when making application. The filter design can be
approached from the discrete realization and the step of the design can be formulated
in. The norms of the discrete time signals (see in the mathematical preliminaries)
and transfer function can defined. Moreover there are some methods which assigns a
reason to discrete formulation such as prediction horizon, moving horizon. Hence, the
rules of the discrete time formulation must be well established.
Let us augment the Eq. (5.1). with some failure direction and consider the following discrete linear time invariant (LTI) system given by:
xk+1 = Axk + Buk + Gw w1k + ∑ Li mik

(5.25)

i

yk = Cxk + vk

(5.26)

where the term w1k is the state noise component with N (0, σw ) (mG = dim(w1k )) and
vk with N (0, σv ) is the stochastic measurement error. The two noise components are
supposed to be independents. mik ∈ M and m = dim(M ) are the failure input to the
system. The Li directions are the appropriate failure signatures, modelled as linear
additive terms in dynamical equation.
Let us assume that A is invertible and mG + m ≤ n, where mG is the dimension of
the state noise (disturbance). Since A is supposed to be reversible, the observability
and constructability criteria become the same for discrete systems.
One possible way to detect the presents of faulty behaviour in the system, is the
design of geometric based residual generator. In our case the goal will be to design
such residual generators (ie. fault detection filters), which are able to detect separately
the presence of the different failure modes. The Fundamental Problem of Residual
Generation (FPRG) is a way to separately detect failures even for discrete systems.
Let us assume to have i faults. With the the method of extended FPRG one can design
as many residual as many failures we have. Each of them are sensitive only to one
failure signature if the solvability condition for EFPRG is stated for every i, see Fig.
5.2.
For the sake of simplicity let L = [L1 L2 ] be. The goal of the Fundamental Problem
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in Residual Generation (FPRG), which consits only two failure directions, is to design
residuals which are sensitives only to the appropriate failure events ie. the first failure
will only appear in the first residual, as the second fault event appears in the second
residual.
If the input observability (solvability condition) of the failure is met the residual
generator in form of a state observer can be written is as follows

zk+1 = Fzk − Eyk + D̄uk
rk = Mzk − Hyk

(5.27)
(5.28)

where the F, E, D̄, M,H can be found as the discrete equivalent of [118]. The
unobservability subspace based theory is valid in discrete case.
As already mentioned, the unknown dynamic input observer exits if the socalled
solvability condition has been fulfilled and some observability condition are guaranteed. The solution becomes more problematic if one has to incorporate the stochastic
disturbances, respectively its signitures into the design process.
Sometimes, it is possible to decouple the effect of the failure direction denoted
by L1 and the disturbance Gw . In this case a residual generator r1k sensitive to fault
direction L1 can be designed separately from the disturbance w1k . When decoupling
of the effect of the failure direction L2 and the disturbance is possible, another residual
r2k sensitive only to the second direction can be applied in Eq. (5.27-5.28). In this case
a discrete residual generator can be designed where only the m2 shows up.
Decoupling is not possible when the solvability condition can not be met, the image of L2 failure direction is in the minimal unobservability subspace containing the
[L1 Gw ] [101, 97]. The solution of FPRG under Eq. (5.27)-(5.28). does not exist. Secondly, in the case when the image of L1 is in the minimal unobservability subspace of
[L2 Gw ] the residual generator in the above form can not be created.
The effect of disturbance defined by the direction Gw will appear always on r1k and
r2k .
Denote the problem of the measurement noise which affects the detection performance as well. The measurement noise directions (in Eq. (5.26). identity vectors) can
be written as pseudo actuator failure signitures. The check of the solvability condition
needs to be analyzed.
In that case the most obvious solution is to minimize the possibility of false alarm
on residual output, to minimize the effect of the noise. In the following one tries to
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design the residual generator’s gain so that it rejects the measurement and state noise
the most. The solution for the stochastic disturbance rejection will be the usage of a
optimal stochastic observer, a Kalman filter or for constraint cases an RHE filter on the
workspace of the filter.

5.4 Analysis of the Workspace of the FDI Filter
The capacity of noise filtering of the fault detection and isolation filter based on the
concepts of fundamental problem in residual generation can be assured in the workspace
of the filter where the poles of the system can be allocated freely. Let us define the error
system (ek = zk − Pxk ) without noise:
eik = zik − Pi xk

(5.29)

with Pi projection matrix onto X /S ∗j , where i = 1, 2 and j = 2, 1, in case of FPRG.
Let us understand the dynamic of the error system on X /S ∗ by starting the noisefree case for only two failure components. Let us start the description with the error
system of the residual generation sensitive to the L1 . Reformulate the error using Eq.
(5.25)-(5.26). and Eq. (5.27)-(5.28). by:
e1k+1 = z1k+1 − P1 xk+1 = F1 z1k − E1 yk + D̄1 uk − P1 (Axk + Buk + L1 m1k + L2 m2k ) =
= F1 z1k − P1 D1 yk + P1 Buk − P1 Axk − P1 Buk − P1 L1 m1

(5.30)
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Figure 5.2: Block structure of the EFPRG
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since P1 L2 is by definition 0. Henceforth:
e1k+1 = Fz1k − (P1 Axk + P1 D1Cxk ) − P1 L1 m1
= F1 z1k − (P1 A + P1 (D01 + P1−r D11 H1 )C)xk − P1 L1 m1 =
= F1 z1k − (P1 A + P1 D01C + D11 H1C )xk − P1 L1 m1 =
|{z}
M1 P1

= F1 z1k − (P1 (A + D01C)P1−` +D11 M1 )P1 xk − P1 L1 m1 .
{z
}
|
|

A01

{z

(5.31)

}

F1

For the first direction, the error system is written by:
e1k+1 = A01 e1k − P1 L1 m1k

(5.32)

r1k = M1 e1k

(5.33)

where A01 = A + D01C : X /S2∗ (ie. the restriction of A01 on the factor space of the
smallest (C,A) invariant unobservability subspace containing the image of L2 ) and P1 L1
are the projection of the appropriate directions, and M1 comes from the unique solution
of
M1 P1 = H1C.

(5.34)

The residual output equation, in Eq. (5.28). can be expressed as a function of the error
term e1k easily as it follows:
r1k = M1 z1k − H1 yk = M1 z1k − H1Cxk = M1 z1k − M1 P1 xk = M1 (z1k − P1 xk ) = M1 e1k .
(5.35)
The error system presented above can be found on the factor space of the unobservability
subspace. Note that D01 , the output injection gain assures only the (C, A) unobservability
invariance, and with the projection P1 one can restrict on his factor space where the
poles of the restricted system could be assign freely. In case of (M1 , A01 ) pair is observable there exist a D11 , with a stable F1 such that:
F1 := A01 + D11 M1 .

(5.36)

Though in the factor space one of the fault direction can be cached, the noise shows up
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because of the assumption see at the end of the section 5.3.
Since stochastic disturbances (state and measurement noise), or even deterministic
one occur in dynamic system described by Eq. (5.25-5.26.), on the factor space one
has the projection of these noisy components.
The error system with disturbance can be rewritten as:
e1k+1 = F1 e1k − P1 L1 m1k − P1 (Gw wk + D1 vk )

(5.37)

r1k = M1 e1k − H1 vk ,

(5.38)

where P1 Gw is the projected state and P1 D1 is the projected measurement noise
directions with D1 = D01 + P1−r D11 H1 . All noise components enter the system through
the inputs and outputs.
The interpretation of Eq. (5.38). can be used to formulate the choice of D11 so that
a simply designed steady-state Kalman filter for the system given with known noise
statistics guarantees the optimal estimation. Note the fact that in this case one needs
the covariance matrices of state error (Qw ) and measurement error (Rv ).
During the design of D11 , incorporating the effects of w and v in the Eq. (5.38).
the noises in the dynamic and measurement equation become correlated, rewriting the
above equation (for D11 = 0):
e1k+1 = A01 e1k + P1 L1 m1k + wHk

(5.39)

r1k = M1 e1k + vH1 k ,

(5.40)

and it gives
"
#
i
wHk h
RP1 = E
wHk vHk =
vHk

#
"
P1 Qw P1T + P1 D01 Rv DT01 P1T −P1 D01 Rv H1T
.
H1 Rv H1T
−H1 RTv DT01 P1T

(5.41)

The covariance matrix can be separated to the following parts
"
RP1 =

Qf

Nf

N Tf R f

#
.

(5.42)

By applying the covariance Eq. (5.41). a steady state Kalman filter can be design
on the workspace of the residual generator. If the noise (mainly the covariance) is
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supposed to be varying a real time Kalman filter can be used. Even if Kalman filtering
gives an optimal estimation of the state back, for nonlinear plants and for systems with
state or noise constraints there exist a more efficient estimation method.
As the RHE has already been presented, in the following one shows a possible way
to use it for constrained unknown input estimation based on residual information.
For linear systems the unknown input detection can be formulated by
"
#
h
i m
1k
e1k+1 = A01 e1k + P1 L1 I
| {z } wHk
| {z }
b

(5.43)

r1k = M1 e1k + vHk .
|{z}

(5.44)

G

b
w

vb

where the pair (M1 , A01 ) needs to be observable and the number of unknown inputs
does not exceed the dimension of the projected system, i.e. dim(z). ŵ, v̂ are the
unknown components of the estimation. The known, noisefull inputs of the RHE filter
(i.e. the residual outputs) comes from the filter equation Eq. (5.27) and (5.28). The
RHE filter is design for the dynamic system Eq. (5.43) and (5.44). The connection
between Kalman filtering and unconstrained linear RHE can be proved see ex. [51].
The main advantages of applying RHE filter on factor space can be easily understand. First, if input observability condition is fulfilled [118], on the factor space (at
least) one of the failure direction is decoupled, isolated. Second, some of the state
noise or sensor components might be eliminated (projection) or neglected. Henceforward, as one can see in Eq. (5.10)-(5.12)., bounded noise and states can be taken into
consideration with the help of constraint RHE approach.

5.5 Application of the constrained detection filter
The fault detection problem will be presented through a linear time-invariant dynamic
system, through a discrete representation of an F-16 aircraft dynamics, linearized for
a straight and level flight condition at sea level and 0.45M with a four state model,
that includes only the longitudinal dynamics. The states of the model are the angle of
attack [rad], the total speed [ fst ], the pitch rate [ rad
sec ] and the pitch attitude [rad]. The
output vector y moreover the states contains the computed normal acceleration of the
center of gravity [g]. The only u control input is the elevator deflection angle [rad].
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(5.45)

(5.46)

(5.47)

(5.48)

The state space matrices of linearized longitudinal motion of F-16 is augmented with
an elevon-actuator dynamic and a sensor dynamics of accelerometer. The elevator
actuator dynamics is a first order term, the accelerometer is represented as a second
order lag.
During the simulation two major type of malfunction will be distinguish, namely
the elevon actuator fault and the pitch rate sensor failure. Since the elevator failure
enters the same direction the state space as the control input, L1 coincides with B. The
rate sensor fault is transform to pseudo actuator one in a two dimensional signiture L2 .
The (C, A) pair is observable. In the following space both method detailed in the
previous sections will be applied for the linear time invariant system given by:
xk+1 = Axk + Gw wk + L1 m1k + L2 m2k
yk = Cxk + vk .

(5.49)
(5.50)

The aim of the simulation is to estimate the unknown inputs such as m1k , m2k and
wk . When using FPRG method the solvability condition must be checked.

CHAPTER 5. CONSTRAINED FAULT DETECTION AND ISOLATION

72

Actuator failure detection

1.2

Actuator fault
PG with pole placement
RG with Kalman gain
RG with MHE

1

0.8

0.6

0.4

0.2

0

−0.2

0

1

2

3

4

5

6

7

8

9

10

Time [sec]

Figure 5.3: Unknown actuator fault detection without noise
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Figure 5.4: Unknown sensor fault detection without noise

The dynamic system taken without external noise direction, without Gw is input
detectable, so the condition formulated in [118] is fulfilled and the residual generator
in form of Eq. (5.27)-(5.28). exists. The residual sensitive to elevon actuator fault is
denoted by r1k and to sensor deterioration is written by r2k . Concerning the noisefree
case, the poles of the residual generator with the appropriate choice of D11 and D12
was assigned by a simple-minded pole placement (relatively fast poles was chosen)
first. After a steady state Kalman gain was designed and a Moving Horizon State
Estimator was applied to the system give by Eq. (5.39)-(5.39). The Moving Horizon
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Figure 5.5: Noise corrupted unknown actuator fault detection
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Figure 5.6: Noise corrupted unknown sensor fault detection

Estimation is designed with a horizon N = 8, and filter update is preferred.
The simulation setup is as follows during the length of a 10s. The simulation
time was artificially chosen so cram, so to understand and observe the function of
the detection filter. The fault detection filter is evaluated in open loop context, i.e.
no controller effect was taken into consideration during the 10 sec. The open loop
simulation does not mean that the control signal is held to zero. The control input is
a square with unity amplitude in [deg]. The physical equivalent of the positive square
sign is a flight manoeuvre, changing altitude. If the positive deflection of the elevator
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is downward, that is usually the case, the aircraft will gain altitude. If the convention
of the control input sign and the deflection is in the reverse, the altitude diminishes.
As already mentioned two different types of malfunction will be touched. Assume
the presence of an actuator fault, cummulated on the control input signal. In order
to get the proper function of the detection filter one needs to emphasizes the fact,
that the noise and failures are unknown for the FDI filter during the simulation. The
malfunction of the actuator is supposed as an additive term, acting in the mechanism
(electro-hydraulic actuator) and in the same direction as the known control signal.
The actuator fault shows between 4s and 6s up, the sensor between 5s and 7s. The
imperfection of the gyroscope, i.e. the fault on the pitch rate sensor is modeled as a
linear term in the measurement equation.
Both of the signals are squares, because one wanted to focused not only the common effect of the failures, but also the zero level residual information when no fault is
present. This is the reason why during the simulation the square, i.e. the input signals
returning to zero, are used.
The appearance of the control input is supposed to be fast concerning to the time
constant of the hole system, including the actuator dynamics. Consequently, the application of step signal is tending to the reality, but of course the T = 0s time constant of
the input signals are exaggerated. On the other hand, the analysis of the system and of
the FDI filter could be more to the point by taking so fast input signals into account.
Moreover, the insertion of actuator respectively sensor dynamics increases the degree,
the dimension of the state space and assures the ”filtering” of the signals. So the step
signal does not propagates directly to the state space.
Usually the airborne sensoring permits the measurement of several variables. The
variables found in the output vector can be measured or at least computed. The output
space of the description is tried to assigned to the reality.
The result of the time simulation of the unknown input estimation can be seen on
the Fig. 5.3. One can see the detection and isolation of actuator failure from sensor one,
since in the Fig. 5.3. only the actuator malfunction is shown. The Fig. 5.4. represents
the noiseless situation for sensor failure. The original square signal is detected by
all of the filters. Not only the unconstrained MHE, but also the steady state Kalman
filter assure the perfect recognition of the fault event. More, a simple-minded pole
placement technique solves the nominal detection problem. In that context the poles
of the filter was allocated relatively far from the imaginary axes in order to get fast
dynamic.
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Figure 5.7: Noise corrupted unknown sensor fault detection subjected to maximal
residual information

Up to this moment one treated the noiseless situation, an ideal environment for
constrained FDI detection. Unfortunately, the system might be corrupted by state noise
into the direction Gw respectively by measurement noise aborting the outputs. In other
words, the previous nominal noiseless problem is ideal. If the known variables are
noisy components and the geometric separation does not assure the separation of the
(useful) residual and (usefulness) noise terms the detection is abrupted. This is the
point where one returns to the robust detection filter problem. The detection signal
needs to be evaluated under exogenous noise which drives sometimes to problems.
Checking the existence of the residual generator under state and sensor noise, the
solvability condition can not be guaranteed, the noise can not totally decoupled form
the residual generators sensitive to the faults. Following, the projection of the effect of
the noise perturbs the residual.
In the nominal case pole placement, with fast poles could assure the detection performance well. Unfortunately, these fast poles can not be applied more, because due to
the fast response of the filter even the noise is passing quickly through the residual and
making unrealistic the results. This is the reason why one does not apply the fast poles
of detection filter. The choice of the optimal pole-map is determined by the optimal
Kalman gain and the online MHE algorithm.
Let us suppose the sensor noise is a zero mean stochastic signal with 0.01 standard
deviation on each measurements, and neglect for instance the state noise component.
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Evaluating the residuals, the fast filters (designed by pole placement technique) are
useless. The optimal solution (in terms of state error covariance) can be computed
with steady state Kalman approach by choosing the Q and R matrices so that it reflects
the noise corrupted situation the most. The problem is then solved with the MHE using
a slightly modified covariance weighting.
Though, the noise are presents on the residuals, both of the optimal detection filter
are able to detect the failure, as one can see on the Fig. 5.5., 5.6. One can constat the
difference of the noise amplitude on the r1 and r2 signals due the the different projection on the factor spaces. Even if the noise is present, the residuals can be evaluated
properly, i.e. the supervisory level can easily decide about the faulty situation.
The detection performance can be modified. Nowadays FDI literature deals with
sensitivity and the performance of the filter problems. In the sequel one shows a possible application domain of the FDI design under performance constraints. The formulation of constraints increases the performance of the detection. Several constraints
can be applied. From the simple-minded to the high complicated. The FDI under constraint depends upon the application, respectively the setup of a constraint is influenced
by the engineers.
The MHE might have hard constraints on the estimated variables (or ex. on its
linear combinations) and do not estimate over the minimal and maximal bounds.
Let us formulate the following inequality constraint which can be implemented to
the MHE optimization procedure.
rik ≤ rmax
f

f

rik = Mi ẑik − yk − rmax ≤ 0

(5.51)
(5.52)

If one defines the maximal magnitude of the sensor fault (as a possible a priori information) the residual output will not pass over the bound see Fig. 5.7.
The constrained MHE increases the detection performance by assuring the maximal bound of the detected fault signal. In the Fig. 5.7 the predicted maximal amplitude
is supposed to be 1[rad/sec]. During the simulation the MHE estimation takes the inequality constraints into account, by solving the quadratic optimization problem with
respected to the restriction on the output. On the other side, the Kalman filter can not
assure the constraint, so that the estimation could largely over the maximal (minimal)
value of the real malfunction.
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5.6 Summary
The dissertation shows the difference between steady state Kalman filtering and Moving Horizon state Estimation methods for fault detection purpose when stochastic disturbance is present. The geometric based Fundamental Problem in Residual Generation separates the failure directions, if possible. Afterwards, from noise corrupted,
projected measurements state observers estimates the optimal trajectories. The detection performance can be modified with the MHE approach when one takes constraints
into account.
The brief summary of the chapter 5. is concluded in the sequel.
Given the linear dynamic system in form of Eq. (5.25)-(5.26). with i = 2, i.e. only
two different failure direction characterize the system, and let us suppose the existence
of Eq. (5.27)-(5.28). If the appropriate projection of the noises Pi (Gw wk + Di vk ) is
not zero (covariance are given by Eq. (5.41))., with the choice of D1i the optimal
constrained Moving Horizon can be fulfilled.
Remark 7. The sensitivity of the detection can be influenced by Hi , D0i and D1i . The
gains, used to change the observability property of the system, might be chosen in
such a way that the unobservability subspace (CHi , A + D0iC) should be affected by
the change of the A and C maps the less.
The detection performance can be tuned with different parameters Q0 , Q, R and
horizon length.
As far as the real-time realization of the constrained detection filter, for moderated
dimensional linear state spaces the problem can be run using a commercial computer.
Even if one part of the constrained FDI is evaluated off-line, namely the projection
of the hole dynamic system of the factor spaces of the appropriate failure direction,
the state estimation problem if constraints are in the loop can not be formulated in a
recursive form. In every single step of the simulation a quadratic optimization problem, namely the minimization of a quadratic functional needs to be solved. Nowadays
quadratic solvers can be tuned by several parameters in order to adapt it to the actual plant. Compared to the steady state Kalman filtering, which is well described in
recursive manner, the MHE technique could have disadvantages. Nevertheless, the
constraints can not handle with the previous technique, so the unconstrained Kalman
filter is one of the subcase of the MHE method. On other reason behind the Moving
Horizon is the application domain, it can be used in fully deterministic and fully stochastic context. More, the increase of the computational capacities makes to treat the
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MHE realizable.
On other shortcoming could be its application to nonlinear constrained state estimation. Do not forget, the extended Kalman filter is only a linear approximation of the
problem.
Steady state gain can be formulated as a constraint in MHE problem. One of the
further step could be the formulation of the steady state transfer rate from the fault
event to the residual.
Further research can be supported in order to use the MHE fault detector for nonlinear and parameter varying systems and in close-loop.

Chapter 6
Fault Correction Controller
6.1 Introduction
The unmeasured exogenous signals abrupte the system, either in the dynamic or in the
output equation when modelling with state-space.
The detection and isolation of faulty behavior of dynamic systems can be useful
to modify the control algorithm. The fault or disturbance can be identified, moreover predicted, for the controller. In that way the effect of the disturbance might be
anticipated to achieve a better performance on controlled system. The main goal of
discovering malfunction, is to prevent or at least take the influence of the disturbance
into consideration.
Often, the complete impact of the exogenous perturbation (measured or unmeasured) could not be always known. The unknown fault or disturbance input, acting
through different dynamics, are unmeasured signals. They influence the performance
of controlled plant. Control engineering needs to take the disturbance into account,
either by rejecting in the closed loop, or by detecting and modifying the controller
itself.
The evaluation of the unknown input detection filter, even with certain nice property towards the detection [101], can be considered as a transformation of the unmeasured disturbance to a known, estimated measured signal.
There are various options to detect an unknown input in a dynamic system. The
most widespread approaches are the design of an unknown input observer(UIO) [29],
a system inversion for the unknown input [170], detection filter design for a complete
isolation of the unknown input and the noise effect in the filter output error space
[4, 68, 118] or the parity space approach [63].
79
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Parity space approach can be considered as special case of detection filter design if
assigning all filter poles to the origin (i.e. we design an open loop or MA filter).
One of the most promising geometric based detection filter design is the Fundamental Problem in Residual Generation (FPRG) [118].
The unmeasured signal can be supposed to an unknown (fault) singiture to detect
and isolate. The information of the detection is then used for controller reconfiguration.
Model Predictive Control (MPC) strategy provides a reliable and effective control
tool when constraints can reside in the multivariable systems. The MPC description is
widely applied in the industry. The reader can referred to the MPC literature [52, 11,
9, 8, 28, 115, 116, 141].
The perfect annulation of the fault or disturbance requires the exact disturbance
modelling, the ”measurement” of disturbance (in case of feedforward control). Though
it is not possible, the control loop (the feedback part) resets the remaining so-called
unmeasured, unknown disturbance, see [115].
The feedforward controller, i.e. the usage of the information of measured disturbance, can be simply implied into the manipulated variables. Only the prediction of
the future outputs needs to be evaluated properly.
[144] has proposed the controller structure using estimated disturbance for Lipschitz nonlinear systems. Nevertheless, the main contribution of the present chapter
is the estimation of the unmeasured signal under constraints. The joint structure can
be treated as a permanent reconfiguration of the model predictive controller by taking
into account the known disturbance in the closed loop system under constraints.
The structure provides the continuous correction of the failure, of the unmeasured
disturbance terms in order to assure not only the closed-loop stability but also the
tracking performance. The joint controller-detector scheme is thought to a permanent
reconfiguration but it is more the corrective use of the unmeasured signals than the
change of the control rules (ex. switching).
The chapter is organized is as follows. After the problem statement of the observercontroller structure, the part 6.3. describes the unmeasured disturbance detection. The
forthcoming section presents the usage of measured disturbance in Model Predictive
Control system design. The numerical example shows the application of the joint
structure for aircraft control purpose.
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6.2 Problem formulation
Let us define the plant model with unmeasured disturbance in a form of a linearized
discrete time state-space system given by:
xk+1 = Axk + B2 uk + B1u dku + B1m dkm

(6.1)

yk = Cxk

(6.2)

zk = Cz xk

(6.3)

where xk is the n-dimensional state vector, u is the p dimensional control input, y is
the r-dimensional measured output, z is the rz -dimensional performance vector (outputs to be controlled). Generally, the above signals are energy bounded signals. With
pdu -dimensional d u and pdm -dimensional d m disturbances one denotes respectively
the unmeasured and the measured disturbance inputs. A, B2 , B1u , B1m , C and Cz are
constant parameter matrices with appropriate dimensions.
Assume, the disturbances affect the output through certain dynamic, so that it does
not have direct feed through effect to the outputs.
When applying model predictive control design strategy, the measured disturbance
can be taken into consideration by simple modification of the predicted output and of
the tracking error term. The sampling of dkm is made at the same time than the measurement yk . The prediction is heavy affected by the future trajectory of the disturbance.
Usually the measurement disturbance trajectory stays constant (for prediction), i.e. the
last measured disturbance is applied to the hole prediction horizon.
Another approximation of the computation of the prediction could be to anticipate
the trajectory of the disturbance during the computation. The anticipation necessitates
a reliable measured disturbance.
The model predictive controller uses an inner state estimator (ex. deterministic or
stochastic state observer) since the xk state is rather than known.
Let us define the cost function of the controller to be minimized by:
Hp

Vk =

∑ (ẑk+i|k − rk+i)T Qi(ẑk+i|k − rk+i) +

i=Hw

Hu

+ ∑ (∆ûk+i|k )T Ri (∆ûk+i|k )

(6.4)

i=0

where ẑ is the predicted performance output based on state estimation and taking
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the measured disturbance into account, rk is the reference trajectory to be followed,
∆û is the estimated change in manipulated variables. Qi and Ri are the appropriate
weighting matrices. From the above equation one can understand that the prediction
horizon beginning at Hw and going up to H p could be different from the control input
horizon denoted by Hu . Hard and soft constraints might be defined for manipulated
variables, for control input rates and performance outputs.
The paper highlights the possibility of the use of estimated unmeasured disturbance when unknown input detector assures the thrusted disturbance signiture. The
unmeasured disturbance are treated to be a fault, acting in a known direction. The
fault detection and isolation permits to reconstruct the fault scenario. Afterwards, the
model predictive controller uses the dˆku signal provided by the residual generator. Typically unmeasured disturbances can be failures or noises, occurring at the input or at
the output of the system.
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Figure 6.1: Joint Model Predictive Controller - Unknown Input Detector layout

6.3 Detecting unmeasured disturbance
The usage of fault detection has double aim. On the one hand, the implementation of a
fault detection filter estimates unmeasured failures in model predictive control scheme.
On the other hand it could alarm the supervisor, so it has a safety related framework,
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see in Figure 6.1.
The dynamic system formulated in Eq. (6.1)-(6.2) is considered as a fault corrupted
system where the B1u is supposed to be the fault direction. The unmeasured disturbance
direction could be treated as one, or more than one directional failures.
A possible way, is to apply geometric based approach of the unknown input observation. The literature knows the detection filter problem as residual generation. In our
case the goal will be to design such residual generators (ie. fault detection filters, or
unmeasured disturbance detectors), which are able to detect separately the presence of
the different failure modes.
The Fundamental Problem of Residual Generation (FPRG) is a way to separately
detect failures even for discrete systems. Moreover, it guarantees certain property to
the filter such as disturbance rejection, optimality [101, 97].
Let us assume to have i faults, depending on the definition of the unmeasured disturbance directions. With the method of the extended FPRG one can design as many
residual as many failures (respectively unmeasured disturbance) one has. When applying, one designs a residual generator bank, working in parallel spheres.
Each of the output of the filter is sensitive only to one failure signature, if the
solvability condition for EFPRG is stated for every i.
If the input observability (solvability condition) of the failure is met the residual
generator in form of a state observer can be written is as follows:

zk+1 = Fzk − Eyk + D̄uk
rk = Mzk − Hyk

(6.5)
(6.6)

where the F, E, D̄, M,H can be found as the discrete equivalent of [118]. The
unobservability subspace theory is valid in discrete case, as well.
The number of the residual generator, i.e. unmeasured disturbance detectors, depends on the number of the dimension pdu .
As already mentioned, the unknown dynamic input observer exists if the solvability condition has been fulfilled, if the input observability condition is guaranteed. The
solution becomes more problematic if one has to incorporate the stochastic (or sometimes deterministic) disturbances, respectively their signitures into the design process
[101].
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6.4 Measured disturbance in MPC
In this section, one supposes that the unmeasured disturbance has already been estimated by the unknown input observer. Based on the information of the estimated,
unmeasured disturbance, one modifies in the sequel the prediction term.
In the Figure 6.1. one can see that the MPC uses the estimated state of the system.
In order to get state information one applies a state estimator given by:
x̂k+1|k = Ax̂k|k + B2 uk + B1u dˆku +
+ B1m dkm + L(yk − ŷk|k )

(6.7)

ŷk|k = Cx̂k|k

(6.8)

ẑk|k = Cz x̂k|k

(6.9)

where the estimated unmeasured data dˆku comes form the appropriate residual generator, and L is the gain of the state observer. In a more compact form:
x̂k+1|k = (A − LC)x̂k|k +
 
uk

h
i
 dˆku 

+ B2 B1u B1m L 
d m 
 k
yk

(6.10)

Denote that the observability check is indispensable (even it is required for the unknown input detection see in section 6.3. and during the state estimation one utilizes
the separation principle as well.
Using the notation of the [115] the estimated unmeasured disturbance can be implemented in the prediction as:

Zk = Ψx̂k|k + ϒuk−1 + Θ∆Uk + ΞDmk + ΩDuk .

(6.11)
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With
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..
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.
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Cz AHp −1 B1u Cz AHp −2 B1u . . . Cz B1u

(6.13)

where one summarizes all ẑk+i|k predicted performance with i = Hw ..H p in Z (k), all
predicted variation in manipulated variable ∆ûk+i|k can be found in ∆Uk for the input
horizon Hu . Duk compounds the information of measured disturbance. Ψ, ϒ, Θ, Ξ and
Ω contains the parameter matrices of the system in Eq. (6.1)-(6.3), [115].
Once dˆku is detected using unknown input detector, it is held to constant up to the
following estimation. During the horizon H p one keeps it in the same value. In the
case when unmeasured disturbance might be anticipated, predicted alternate estimated
disturbance elements could be used.
Henceforward, with a slight neglect towards the control input change at the end of
the horizon, one can write the tracking error term by:

Ek = Tk − Ψx̂k|k + ϒuk−1 − ΞDmk − ΩDuk

(6.14)

where T contains the setpoint trajectory to follow.
The performance of the controller can be augmented by the usage of the modified prediction by transforming unmeasured disturbance to estimated, but ”measured”
noise.

6.5 FDI with MPC
The unmeasured disturbance detection will be applied to a linear time-invariant dynamic system. Through a representation of an B-747 100/200 commercial aircraft
dynamics, linearized for a straight level flight condition at 7000m and with 200 ms , with
a four state model, that includes only the longitudinal dynamics. The states of the
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m
model are the pitch rate q [ rad
sec ], the total speed V [ s ], the angle of attack α [rad] and
the pitch attitude θ [rad]. The output vector y coincides with the state vector. The u
control inputs are the elevator deflection angle, δE [rad] and the thrust command, δT
in [N].
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0
0
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,
−0.0000

0

0

0
,
0

1
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4.3089

The state space of linearized longitudinal motion of the aircraft is augmented with
an elevon and a throttle actuator dynamic [167]. The elevator actuator dynamics is a
first order term given by:
Gel =

37
.
s + 37

The throttle dynamic is represented as a second order lag written by:
Gel =

20
s2 + 12s + 20

.

The (C, A) pair is observable. In the following space both method detailed in the
previous sections will be applied for the above linear time invariant system.
On the one hand, apart the stabilization of the linear plant, one needs to assure
reference following property allowing for actuator saturation (respectively saturation
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of actuator rate) and measured output constraints. On the other hand, the numerical
example shows the effectiveness of the unmeasured disturbance estimation for MPC.
Finally, the residual information (ex. definition of security thresholds) could alarm the
supervisory level.
The first step of the solution is to estimate the unknown inputs such as dkel , dkV ,
so that dku = [dkel dkV ]. When using FPRG method the solvability condition will be
checked.
In the example one defines two unmeasured disturbance directions. One of them
represents the elevon actuator failure acting in the same direction as the control input
one (elevator), denoted by Bel
1u . Secondly, the V sensor fault is modelled as a linear
additive term in output equation through a simple dynamic (namely a first order lag).
To describe the malfunction, a first order sensor fault dynamic has been added to the
dynamic system. The input direction of the sensor fault is denoted by BV1u .
Two different residual generators will be designed. Firstly, an unknown input detector sensitive only to the actuator failure. Neither the sensor, nor the control input
will not appear on this output of the detector. Secondly, another generator indicates
the presence of a speed sensor fault, which is not affected by the actuator failure or
V
control input. If the input observability criteria is accomplished for Bel
1u and B1u , the
mentioned detectors can be computed by (3.4)-(3.5).
Since

S2∗ ∩ L1 = 0/

(6.15)

S1∗ ∩ L2 = 0/

(6.16)

are fulfilled, decoupled residual generator can be evaluated. Where S2∗ is the minimal
unobservability subspace containing the image BV1u , L1 is the image of the Bel
1u , respec∗
el
tively S1 is the minimal unobservability subspace containing the image B1u , L2 is the
image of the BV1u [101].
During the simulation two major type of malfunction will be distinguish, namely
the elevon actuator unmeasured disturbance (fault) and the total speed sensor failure
with the use of two dynamic observers. The poles of the residual generators were
assigned so they reflect a fast detection property.
After the design of the unknown input observers the second measure will be the
design of the controller. The model predictive controller will be used with the following parameters. The sampling time is set to 0.1sec. Only hard constraints are applied.
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Figure 6.2: Measured outputs without disturbance
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Figure 6.3: Undisturbed control inputs and the zero measured input

The constraints on manipulated variables is chosen as:
− 35[deg] ≤ δE ≤ +35[deg]

(6.17)

−20[deg] ≤ δ̇E ≤ +20[deg]

(6.18)

−3E5[N] ≤ δT ≤ +3E5[N]

(6.19)

−1E3[N] ≤ δ̇T ≤ +1E3[N].

(6.20)

m
The bounds of the measured outputs are between −20 and +20 ([deg], [ deg
s ] or [ s ]).
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The weighting matrices were specified as:
Q = diag[10 10 10 10]

(6.21)

R = diag[0.01 0.01].

(6.22)
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Figure 6.4: Measured outputs with unmeasured disturbance
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Figure 6.5: Manipulated variable when unmeasured disturbance is unknown
Three different kind of simulation setup will be analyzed. First a nominal speed
augmentation command will be given without any failure or disturbance. Next, an unmeasured disturbance is generated only in the actuator without preventing the closed
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Figure 6.6: Measured outputs with measured disturbance
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Figure 6.7: Manipulated variable when measured disturbance is known

loop from it. Finally, predictive controller will be informed and feeded with the estimated actuator and sensor fault signal.
The simulation setup is as follows, during the length of a 50s period. The results
in Figure 6.2. and 6.3. represent the undisturbed case, when one only needs to follow
a reference trajectory of a speed-rise from 25s with a 1m/s2 . All other performance
outputs are held to zero. Constraints are met and the controller increases the thrust and
at the same time it uses the elevator to avoid changes in other output variables. Only
the speed command signal was a ramp function, all other mainly angle quantities are
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held to zero as many as possible. Betwixt the simulation, the reference trajectory has
been anticipated. At the end of the simulation, the speed command will change drop
down to zero. This is the reason of all other end-variation of the measured outputs.
Even if the zero signal needs to be followed from the 50s in the speed reference signal,
it is predicted, anticipated from the previous seconds. So the variation of the variables
in the few seconds in the end of the simulation is due to the preventive, anticipatory
function of the controller. Even though, the reference tracking is not perfect and there
exists a small tracking error. As conclusion of the faultless situation, the MPC forces
to follow the speed-rise command while holding the angles to zero. The straight level
acceleration, speed-up is provided bya small variation in the altitude due to the change
of the angles. The perfect decoupling of the could be guaranteed by the application of
Total Energy Control System, where the potential and kinetic energy of the dynamics
is separately controlled [117].
The scenario when one does not implement the unmeasured disturbance detector
can be seen in the Figure 6.4. and 6.5. However, the reference trajectory still remains
the same, there is unmeasured disturbance on the elevon actuator and on the speedmeter. Latter is a ramp disturbance on sensor with 0.2m/s2 from the 10th second.
The elevon actuator failure is a ramp function with −0.5deg/s from the 2s. During
the simulation one does not considered the unknown input detector, respectively theirs
estimations. The permanent increase of the actuator deflection in positive sense cases
the speed augmentation. More, a supposition is added to the simulation, namely the
speed-meter provides a progressively increasing signal. The closed-loop results shows
the aircrash situation since after leaving the linear enviroment from the 25s the stability
of the control system is loosed. The above Figures makes it clear that the control input
signal, respectively the measured outputs used or provided by the predictive controller
are critical with respected to the closed-loop stability. Based on the simulation the
controller tries to act against the failures in two layer in order to keep the output signals
to zero. First, the throttle is decreased down to the lowest possible bound, defined
previously. Secondly, in the closed-loop the elevon actuator is deflected against the
failure. If there were a lower thrust level the system would be stable longer in the
simulation.
During the simulation shown in the Figure 6.6. and 6.7. the residual information is
implemented into the predictive controller as a known disturbance. The only difference
compared to the previous case is the fact that the elevator fault starts earlier, namely in
the first second. The failure is a ramp signal with a gradient of +0.5deg/s. The hard
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Figure 6.8: Residual generator sensitive to the velocity fault
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Figure 6.9: Residual generator sensitive to the sensor fault

constraints on measured outputs and manipulated variables, respectively on its rates
were not exceeded.
The separation (the isolation and the detection) of the actuator failure direction and
the sensor fault was guaranteed by the FPRG method where the sensor fault is described in pseudo actuator form. After the solvability condition is checked and found
to be met. The Figure 6.8. and 6.9. shows the detected unknown disturbance. One can
conclude, the almost perfect detection and isolation of the two different failure component. The failure signitures are treated to be unknown (unmeasured) disturbances
influencing the closed-loop stability and performance prescriptions.
The biggest difference between the previous situation and the actual one is the
stability. By the estimation of the unmeasured actuator and sensor fault the control
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objective can be corrected (this is where the notation fault correction comes from) to
provide and keep the stability.
Considering the results of the simulation, the controller acts against the actuator
failure to cancel its effect. The cancelation could not be perfect because first, the malfunction of the sensor is come into account and second, the reference trajectory must
be followed. The reaction of the controller via the throttle upto the 25s is to decrease
the power in order to compensate the speed fault. The progressively decreasing thrust
is starts to augment by holding the predefined trajectory.
The anticipation of the reference trajectory and measured disturbance makes the
evaluation of the unknown input observer-model predictive controller algorithm better.

6.6 Summary
Finally, the unknown input observer, by the detection and isolation of the disturbance,
hooves the performance of the model predictive controller. The joint unknown observer
- model predictive controller system improve the disturbance rejection property of the
controlled system. Besides, with the anticipation of the disturbance trajectory, its effect
can be reduced more.
Briefly the summary of the chapter is formulated again.
Given the LTI system described by the Eq. (6.1)-(6.3). If the solvability condition
of FPRG is met, the unmeasured disturbance dku can be estimated by the appropriate
choice of the residual generator in Eq. (6.5)-(6.6). providing estimated disturbance.
The Model Predictive Controller, using the estimated unmeasured disturbance could
be applied in constraint control systems.
Predictive control algorithm was widely developed during the last decade. The reason of the development roots in the rapidly increasing hardware capacities. Of course,
software technologies are more and more powerfuls. Though, the MPC algorithm
had already been created. The predictive methods are likely used in the industry because hard and soft constraints can be implemented into the process. These constraints
mainly limit the manipulated variables, measured variables or other real or artificial
performance terms. The constrained predictive and optimal problem was applied to
improve the stability of a safety related application by the use of a fault detection filter
providing estimated unmeasured disturbance signal. The big advantage of the method
is assured by the MPC controller, namely the constraints.
Simulation help to understand the importance of the unmeasured disturbance de-
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tector, because some faulttolerant features can be implemented. Although, the fault
correction is a different notion, because it permits the perpetual reconfiguration of the
closed-loop. The correction term is used in order to emphasize the corrective effect of
the FDI. The closed-loop structure is not modified, only the unmeasured disturbance
is observed and reused for stability and performance reason.
The control input behavior after the horizon is not taken into account.
The extension of the MPC-FDI algorithm for nonlinear system is a research field
to be developed.
Realtime aspects of the topic is on the focus, since recently MPC controller algorithm was tested on air. Denote, the FDI can be design and run separately. The
augmentation of the MPC scheme, from point of view hardware could be soon applied.

Scientific Contributions
Thesis 1 (Robust Fundamental Problem in Residual Generation, RFPRG). Assume
the following condition are held:
(i). the projection of the system (3.1)-(3.2). on the factor space of Si is detectable,
i.e. (Mi , A0i ) detectable;
(ii). the input observability, the solvability condition of the fault detection filter is met
/
for undisturbed case Si∗ ∩ L j = 0;
(iii). Si∗ ∩ [L j B1 ] 6= 0/ where B1 is the image of the disturbance direction.
Then a residual generator under the form (3.4)-(3.5). exists, and with γi > 0 the d(t) ∈

L2 disturbance can be attenuated in H∞ sense on residual ri (t) by the solution of the
Modified Filter Algebraic Ricatti Equation [101, 100, 97].
The influence of the disturbance can be minimized with the appropriate choice of
D1i given by:
Fi := A0i + D1i Mi .
A0i assures only the decoupling of the failure direction if possible.
The noise, kdk2 < ∞ entering the system through the fault direction B1 can be
attenuated to kGdri k∞ < γi by the solution of the Modified Filter Algebraic Ricatti
Equation written as:
1
1 T
A0i Qi + Qi AT0i − Qi ( MiT Mi − 2 M1i
M1i )Qi +
ρi
γi
D1i

+ Pi B1 BT1 PiT = 0
1
= − Qi MiT .
ρi
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Thesis 2 (Robust Parameter Varying Fundamental Problem in Residual Generation,
RpvFPRG). Assume the following condition are held:
(i). the projection of the affine LPV system (4.6)-(4.8). on the factor space of Si is
detectable, i.e. (Mi , A0i (ρ)) is detectable;
(ii). the input observability, the solvability condition of the fault detection filter is met
/
for undisturbed case Si∗ ∩ L j = 0;
(iii). Si∗ ∩ [L j B1 ] 6= 0/ where B1 is the image of the disturbance direction.
Then a LPV residual generator under the parameter dependent form (4.11)-(4.12).
exists, and with γi > 0 the d(t) ∈ L2 disturbance can be attenuated in induced L2 norm
on residual ri (t) by the solution of Linear Matrix Inequalities at each extremal point of
the vertex [97, 96, 94].
Robust fault detection and isolation filter has been elaborated against exogenous
disturbance signal when decoupling is not possible for affine linear parameter varying
system by induced L2 norm minimization.
For affine LPV description the induced L2 minimization is as follows:
sup sup
ρ

d

°
°
°G̃(ρ)dr d °

2

kdk2

→ min

D1 ⊂Dstab

The effect of the disturbance can be attenuated in induced L2 norm by solving
linear matrix inequalities on the boundary points of the parameter polytope given by:
X >0
 T

F (ρ)X1 + F(ρ)X − M T M XPB1 (ρ) M1T


L(X, γ) = 
PB1 (ρ)X
−γIm
0  < 0.
M1
0
−γIm
Thesis 3 (Receding Horizon Filtering on Residual, RHFR). Assume the following
condition are fulfilled:
(i). the projection of the discrete-time equivalent of the system (5.25)-(5.26). on the
factor space of Si is detectable, i.e. (Mi , A0i ) detectable;
(ii). the input observability, the solvability condition of the fault detection filter is met
for undisturbed case Si∗ ∩ L j = 0/
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Then by the application of the Moving Horizon State Estimation process, by the minimization of the functional Ψk , equality and inequality constraints can be taken into
account on estimated state, noise or output constraints into consideration in order to
diminishes the state error in l2 sense. [102, 178, 95, 105, 104, 98].
The capacity and stability of noise filtering of the fault detection and isolation filter
based on the concepts of fundamental problem in residual generation can be assured
on the factor space of the minimal unobservability subspace containing the image of
the fault direction where the poles of the system can be allocated freely.
The Moving Horizon state estimation can be applied in order to achieved constrained state estimation on the above factor space.
The Moving Horizon state estimation consists in the minimization of the functional
given by:
min

(x̄k−N−1 ,ŵk−N−1|k ,...,ŵk−1|k )

Ψk = ŵTk−N−1|k Q−1
0 ŵk−N−1|k +
k

+

∑

j=k−N

Ψk

k−1

∑

j=k−N

ŵTj|k Q−1 ŵ j|k +

v̂Tj|k R−1 v̂ j|k + Ψ0 ,

subjected to dynamic
x̂k−N|k = x̄k−N + ŵk−N−1|k
x̂ j+1|k = Ax̂ j|k + Gŵ j|k + Bu j
j = k − N − 1, . . . , k − 1
y j = Cx̂ j|k + v̂ j|k j = k − N − 1,
and any supplementary equality, respectively inequality constraints on estimated state,
noise and output components by:
wlower ≤ ŵ j|k ≤ wupper
vlower ≤ v̂ j|k ≤ vupper
xlower ≤ x̂ j|k ≤ xupper .
Thesis 4 (Model Predictive Controller with Fundamental Problem in Residual Generation, MPCFPRG). Suppose the following conditions are satisfied:
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(i). the projection of the system (6.1)-(6.2). on the factor space of Si is detectable,
i.e. (Mi , A0i ) detectable;
(ii). the input observability, the solvability condition of the unmeasured disturbance
filter is met Si∗ ∩ B1u = 0/
(iii). the system (6.1)-(6.2). is stabilizable, i.e. (A, B2 ) is stablilizable.
Then fault corrector and optimal Model Predictive Controller can be designed using
previously defined constraints on performance, manipulated and measured variable,
where the detection and estimation of the unmeasured disturbance is provided by a
FPRG filter [167, 91, 166].
If the solvability condition of FPRG is met, the unmeasured disturbance dku can be
estimated by the appropriate choice of the residual generator providing estimated disturbance. The prediction can be modified in case of model predictive control strategy
in order to precise tracking and stability requirements by:

Zk = Ψx̂k|k + ϒuk−1 + Θ∆Uk + ΞDmk + ΩDuk .
ahol


 ˆu
 dk+1|k

u
Duk = 
 dˆk+2|k

..

.

u
dˆ




dˆku










k+H p −1|k

Cz B1u
Cz AB1u
..
.

0
Cz B1u
..
.

...
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0
0
..
.







.

Ω=



H
−1
H
−2
Cz A p B1u Cz A p B1u . . . Cz B1u
The advantage of the method is in the constraints, namely control input, measured
output and other performance hard and soft constraints can be implemented into the
controller design during the minimization of the following functional:
Hp

Vk =

T

∑ (ẑk+i|k − rk+i)

i=Hw

Hu

Qi (ẑk+i|k − rk+i ) + ∑ (∆ûk+i|k )T Ri (∆ûk+i|k ).
i=0

Appendix
Part A
Singular values and singular-value decomposition method plays an important role in
control field e.g., the computation of solution of linear system equations, the norm of
transfer matrices.

Singular value
Let A ∈ Cm×n and consider AA∗ ∈ Cm×m , with the eigenvalues λi , i = 1..m. Let us
suppose that each of them are nonnegative numbers, and assume to have λ1 ≥ λ2 ≥
λ3 ... ≥ λm . If the rank(A) = rank(AA∗ ) = r and m > r, then λ1 ≥ λ2 ≥ λ3 ...λr >
0 = λr+1 = ... = λm . The singular values of A are the positive square roots of λi , i =
1..min(m, n). By definition the singular values of A are
σi =

p

λi

(6.23)

where i = 1..r, while the remaining (min(m, n) − r) singular values are all zero.
Note that σ1 ≥ σ2 ≥ ... ≥ σr > σr+1 = ... = σmin(m,n) = 0, and the singular values of A
could be defined as the positive square roots of AA∗ ∈ Cm×m or A∗ A ∈ Cn×n .
Lemma 2. Let m ≥ n. Then

det(λIm − AA∗ ) = λm−n det(λIn − A∗ A)

(6.24)

[1].
ie. all eigenvalues of AA∗ are eigenvalues of A∗ A also with m − n additional zero
eigenvalue.
Therefore A∗ A ∈ Cn×n and AA∗ ∈ Cm×m have the same r nonzero singular value in case
99
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of rank(A) = r and the rest of eigenvalues are zeros (m − r for AA∗ and n − r for A∗ A).
However either AA∗ or A∗ A can be used to determine the r nonzero singular values of A.
An important relation between the singular values of A and its induced 2-norm is
held. For constant matrix it can be written:
p
kAxk2
= max (λi (A∗ A)) = σ(A)
i
kxk2 6=0 kxk2

kAk2 = sup

(6.25)

where the σ(A) is the largest singular value of A. Using this equality for induced
norms it is possible to etablish the relations between norm and singular value. The
maximal singular values can be interpreted as the MIMO amplification either of a
constant transfer gain, or of a dynamic system.
In the following an interesting relation between the eigenvalue and singular value
of a square matrix A ∈ Rn×n can be established. Let λ(A) the smallest, and λ(A) the
biggest eigenvalue of AT A. Then
σ(A) ≤ λ ≤ σ(A) ≤ λ

(6.26)

The ratio of the biggest and smallest singular value of A is the socalled condition number of A and denoted by cond(A) = σ(A)
σ(A) . The condition number of a matrix represents
the measure how well or ill-conditioned is a system.
One of the basic operations in matrix algebra is the inversion. Based on the singular
values of a matrix one can determine how far is the matrix from losing rank, i.e. from
singularity, since if the singular values are close to zero, the system becomes more and
more intractable from point of view singularity.

Singular Value Decomposition (SVD)
Theorem 4. Let A ∈ Cm×n There exist unitary matrices U ∈ Cm×m and V ∈ Cn×n such
that
A = UΣV
"
#
Σ1 0
Σ=
,
0 0

(6.27)
(6.28)
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where

σ1 0

 0 σ2
Σ1 = 
..
 ..
.
.
0 0


0

0
.. 

.
. . . σr
...
...
...

(6.29)

and
σ1 ≥ σ2 ≥ ... ≥ σr ≥ 0, r = min(m, n)
h
i
U = u1 u2 . . . um
h
i
V = v1 v2 . . . vn

(6.30)
(6.31)
(6.32)

[1].
The σi represents the ith singular value of A. The vectors ui and v j are the ith left
singuler vector and right singular vector. It is easy to verify with
Avi = σi ui

(6.33)

A∗ ui = σi vi

(6.34)

A∗ Avi = σ2i vi

(6.35)

AA∗ ui = σ2i ui

(6.36)

and

(6.37)
thus the σ2i is the eigenvalue of AA∗ or A∗ A, with ui eigenvector of AA∗ and vi eigenvector of A∗ A.
Let the system input and output respectively u(t) and y(t), and consider the Laplace
transform of the input and output with zero initial condition. G(s) will be the Laplace
transform of the transfer matrix.
First, let G be a constant (no frequency depending) transfer matrix.
Y = GU

(6.38)

kY k22 = U ∗ G∗ GU

(6.39)
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Let fix the input U ∗U = I, and the maximum of the output can be obtained
F = U ∗ G∗ GU + λ(I −U ∗U) → max
U

∂F
= 2G∗ GU − 2λU = 0
∂U
G∗ GU − λU = 0

(6.40)
(6.41)
(6.42)

The MIMO gain will be the maximal in the direction of the maximal eigenvector of
the transfer matrix G∗ G.
sup
sup

kY k22

kUk22

= λmax {G∗ G}

kY k2 p
= λmax {G∗ G} = σmax = σ1
kUk2

(6.43)
(6.44)

In two dimensional case (our system has two inputs and two outputs), the unit circle
generated by the inputs is transformed into an ellipsoid. Thus v1 is in the largest direction of kyk2 for all kxk2 = 1. While v2 is the smallest direction of it. Geometrically the
singular values of a matrix A are the lengths of the semiaxes of a hyperellipsoid E.
On the other hand the transfer matrix could change if the frequency changes. The
maximal MIMO amplification, in this case, has to be determined frequency point by
point.
sup σmax (ω) = sup
ω

ω

p

λmax (G∗ (ω)G(ω))

(6.45)

The notion of a MIMO system is given by its H∞ norm.
kGk∞ = sup σmax (G) < ∞
ω

(6.46)

The following inequalities and equality (without proof) could be very useful.

if A is invertible.

1. |σ(A + ∆) − σ(A)| ≤ σ(∆)

(6.47)

2. σ(A∆) ≥ σ(A)σ(∆)
1
3. σ(A−1 ) =
σ(A)

(6.48)
(6.49)
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Part B
In this part we show how to establish the relationship between continuous time and discrete time description of linear dynamic systems. We generate the discrete equivalent
of a LTI system in continuous time using the sampling time, see e.g., [108, 109].

Solving the continuous state equation
What happens if we pass the continuous system through an A/D converter?
To answer this problem we return to the solution of the continuous time system. In
the followings we find the solution of the continuous time LTI systems. Let the LTI
system be:

ẋ = Ax + Bu
y = Cx + Du
where X , Y and U are real linear vector space with appropriate dimension, x(t) ∈
X is the state vector, y(t) ∈ Y is the output vector, u(t) ∈ U is the control input and
A, B,C, D are constant matrices.
In homogenous case, the dynamic equation
ẋ(t) = Ax(t)

has the solution given by:
x(t) = eAt c(t)
x(t0 ) = x(0) = eAt0 c → c = e−At0 x(0)
x(t) = eA(t−t0 ) x(0)
If we include the inhomogenous part, the control input,
ẋ = Ax + Bu
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the solution will be changed also with the particular part of the solution so that
x(t) = eAt c(t)
e˙At = AeAt
˙ = Ax + Bu
ẋ(t) = AeA(t−t0 ) c(t) + eA(t−t0 ) c(t)
|
{z
}
⇓

Z t

˙
Bu = eA(t−t0 ) c(t)
˙ = eA(t−t0 ) Bu
c(t)

Z t

Bu(τ)dτ = x(0) + eA(τ−t0 ) Bu(τ)dτ
t0
µ
¶
Z t
A(τ−t0 )
A(t−t0 )
x(t) = e
x(0) + e
Bu(τ)dτ

c(t) = c(t0 ) +

t0

A(τ−t0 )

e

t0

Solving the discrete state equation
In discrete case we suppose the presence of a zero order holder which hold the value
of the input signal between two samples constantly. The value of the input signal stays
constant between two samples and can only be changed in exact sample time.
Let define the following notations:
u(t) = u(kh)
kh ≤ t ≤ (k + 1)h
t0 = 0
where h is the sampling time which for the simplicity is
tk+1 − tk = h = const
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Now, the solution of the state equation is given by
µ
A(k+1)h

x((k + 1)h) = e



x(0) +

Z (k+1)h
0

¶
Aτ

e Bu(τ)dτ =


Z kh
Z (k+1)h






eAh eAkh x(0) +
e−Aτ Bu(τ)dτ +
e−Aτ Bu(τ)dτ =

|

0
kh
{z
}
x(kh)
Ah

A(k+1)h

x((k + 1)h) = e x(kh) + e

Z (k+1)h
kh

e−Aτ Bu(τ)dτ

We introduce a new variable
θ = τ − kh → τ = θ + kh
Z (k+1)h
kh

e−Aτ Bu(τ)dτ =

Z h
0

e−Aτ e−Akh Bu(θ)dθ
Z h

e−Aθ Bu(kh)dθ =
x((k + 1)h) = e x(kh) + e
0
¶
µZ h
−Aθ
Ah
Ah
e Bdθ u(kh)
e x(kh) + e
Ah

Ah

0

since u(τ) does not vary between two sample time.
Thus,
µZ
Ah

e

0

h

¶

e

−Aθ

h
ih
Bdθ u(kh) = eAh −Ae−Aθ Bu(kh) = eAh (−A−1 (e−Ah + In ))B(kh)
0

So,
x((k + 1)h) = Φx(kh) + Γu(kh)
y(kh) = Cx(kh) + Du(kh)
where
Φ = eAh
Γ = A−1 [eAh − In ]B

It must be noted that the poles of the discrete time system change by the sampling time.
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The discrete time LTI dynamic systems are indispensable in computer controlled
field. Using the sampling time and the solution of the continuous state equation we
derived the equivalent discrete state space representation.

CHAPTER 6. FAULT CORRECTION CONTROLLER

107

Part C
In the following part one gives an academic example in order to understand the basic
step during the robust FPRG design.
In the followings, an illustrative example will be considered. Let us given the
system in Eq. (3.1)-(3.2). Let us design a residual generator which is sensitive to the
fault of the first fault direction denoted by L1 , but insensitive to the second one L2 . The
transfer function
kGdri (s)kH∞ → min .
D1i ∈D1stab

Consider the following system:

−1 0

A =  0 −2




 
0
1
−3



 
0  , L1 = −0.5 , L2 =  1  ,
0
0 −3
0.5
0
 
 
"
#
0
−2
1 0 1
 
 
C =
, B1 =  0  , B2 =  1  .
1 1 0
0.5
1
For the fist approach one can neglect for a moment the disturbance direction, and only

Outputs magnitude

Inputs magnitude

Time behaviour of the dynamic system
1
Control input
Disturbance
Failure 1
Failure 2

0.5

0
0

20

40

60

80

100

2
Output #1
Output #2

0
−2
−4
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20

40
60
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80

100

Figure 6.10: System inputs and outputs
consider the L1 and L2 fault directions. Let us examen the solvability condition of
FPRG. Let construct the (C, A) invariant output separable subspace W2 , characterizing
L2 . Applying the CAISA, one can determine the minimal (C, A) invariant subspace
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which contains Im L2 , that will be Im L2 , so

W2∗



−0.9487


= Im L2 =  0.3162  .
0

Now Ker C and L1 = Im L1 for further calculation:




−0.8165
−0.5774




Ker C =  0.5774  , Im L1 =  0.4082  .
−0.4082
0.5774
After, S2∗ is calculated using UOSA algorithm:


−0.9487

S2∗ = W2∗ + (A−1 X ) ∩ Ker C = 
 0.3162  .
0
First consider S2∗ to show the solvability of FPRG.

 
  
−0.9487
−0.8165
0

 
  
∗
S2 ∩ L1 =  0.3162  ∩  0.4082  = 0
0
−0.4082
0
which means that our simplified problem could be solved with FPRG.
Let us return now to our original problem, if the first failure direction is augmented
by B1 , by the disturbance direction. The philosophy behind the image augmentation can be interpreted simply. Hence, when apart the first fault direction the separation from a disturbance orientation is also required, one needs to check whether the
unobservability decoupling from both can be accomplished or not. Consequently, if
the decoupling can not be assured, the residual will be perturbed by the noise.
Henceforward, L1 is modified by B1 so that it gives L = Im(B1 |L1 ):

S2∗

 
0
 
∩ L 6= 0
0

where this augmented problem could not be solved with FPRG method. Consequently,
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it is impossible to decouple the effect of disturbance from residual sensitive only to the
first failure direction.
Let us design an observer sensitive only for L1 , but not for L2 , and afterwards one
tries to reject the d(t) disturbance in H∞ sense in the filter dynamic equation.
Computing now H1 which satisfies the following equation:
Ker H1C = Ker C + Im S2∗
where the S2∗ is the minimal unobservability subspace containing L2 . The results will
be:
h
i
H1 = 0.5345 −0.8018 .
The projection P1 : X → X /S2∗ can be determine using the orthogonal complementer
of S2∗ :
P1 =

"
−0.3162 −0.9487
0

0

0

#

1.0000

.

As it is well known M1 will be the unique solution of Eq. (3.34) given by:
h
i
M1 = 0.8452 0.5345 .
To calculate D01 the output injection map for (C,A) unobservability invariant subspace
such that
(A + D01C)S2∗ ⊆ S2∗
P1 S2∗ = 0
P1 (A + D01C)S2∗ = 0


0.6923
0.4615


D01 = −0.4615 −0.3077 ,
0

0

so
A01

"
#
−2.1538 0.2189
=
.
0
−3.0000
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Let the design parameters M11 = M1 and ρ1 = 1 also for the simplicity. To design D11
Transfer function from d to r1
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Figure 6.11: The transfer function from the disturbance to residual r1
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Figure 6.12: System and residual generator r1 simulation with γmin and pole placement
one have to solve the MFARE. Computing the γmin (satisfying the Q1 > 0 for MFARE)
the disturbance rejection level becomes γ1 = 0.1029.
With γ1 compute Q1 , and
"
#
"
#
0.0011 0.0064
−0.0043
Q1 =
, D11 =
.
0.0064 0.0710
−0.0434
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To calculate F1 , E1 , G1 using the following definitions:
F1
E1
G1

"
#
−2.1575 0.2166
= A01 + D11 M1 =
−0.0367 −3.0232
"
#
0.2166 0.1494
= P1 D01 + D11 H1 =
−0.0232 0.0348
"
#
−0.3162
= P1 B2 =
.
1.0000

Substituting the previous results to the equation of the residual generator, to the
detection filter design, one gets the following results describe by:
"
#
"
#
"
#
−2.1575 0.2166
0.2166 0.1494
−0.3162
ẇ1 (t) =
w1 (t) −
y(t) +
u(t)
−0.0367 −3.0232
−0.0232 0.0348
1.0000
h
i
h
i
r1 (t) = 0.8452 0.5345 w1 (t) − 0.5345 −0.8018 y(t)
Repeating the residual design process for the L2 sensitive detection filter the worst
case disturbance rejection level can be computed. The augmented solvability check is
not fulfilled, since


S1∗

  
0.8165
0

  
∩ L3 = −0.4082 6= 0
0.4082

0

where L3 = Im(L2 |B1 ) and S1∗ is the smallest unobservability subspace containing L1 .
In other words, it is impossible to decouple the effect of disturbance from residual
sensitive only to the second failure direction. The disturbance attenuation properties are obtained by solving the MFARE equation. The performed γ value is 0.0784.
Calculating the parameter matrices of the residual generator in form Eq. (3.4), (3.5).
one gets the following results describe by:
"
#
"
#
"
#
−2.2179 −0.0889
−0.5145 −0.1887
−1.1547
ẇ2 (t) =
w2 (t) −
y(t) +
u(t)
0.5062 −2.2933
0.2074
0.0848
1.4142
h
i
h
i
r2 (t) = −0.9258 −0.3780 w2 (t) − 0.2673 −0.8018 y(t)
Simulating the system with additive faults, the following results are obtained (Fig.
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Figure 6.13: The transfer function from the disturbance to residual r2
6.10.).
Simulating the system given previously and the residual generator computed now
with step inputs (i.e. first failure occurs at 10s, and second failure appears at 30s, and
control input at 80s, disturbance occurs as a square between 60 −65s with amplitude 1)
the results can be found in Fig. 6.11. and 6.12. In the Fig 6.11. we can see the trasfer
function behavior of Gd→r1 in frequency domain. The disturbance attenuation effect of
H∞ filter computed above can be evaluated by comparing it with simple-minded pole
placement technique (where the poles of the system was placed in −1 and −2 rad/sec).
On time simulation plots of the system, the effect of the failures and disturbance, as the
effect of the control input shows up. The residual generator designed above can only
visualize the first failure and disturbance. This can be seen in the Fig. 6.12. The failure
appears at 10s and neither the second fault even nor the control input does not affect
the residual output. The disturbance entering at 60 s has two different amplitude in the
pole placement and in the H∞ case. The residual generator based on H∞ filtering design
method on factor space reject the disturbance to the γ1 level. The frequency domain
plot correlates with the time domain result and shows how the amplitude of disturbance
can be attenuated using the H∞ filtered solution. The steady state transfer rate in the
time domain plot and the frequency plot of the system when ω → 0 (d(t) → r1 (t)) are
the same.
Fig. 6.11. and 6.12. are contrasted with a simple-mined pole allocation technique.
One can conclude the importance of the worst case disturbance attenuation (denoted
by H∞ labels). The Fig. 6.14. shows the results of residual disturbance attenuation to
L2 failure direction. To show the attenuation capability of the H∞ filtering on the factor
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Figure 6.14: System and residual generator r2 simulation with γmin and pole placement

space one could matches with a simple-minded pole placement case. In this Figure the
residual, only the second failure rises to view with the disturbance effect rejected to
the γm in level. The first fault and the control input does not affect it. If one compares
the frequency domain plots one can see that with the filtered D1 the disturbance effect
is attenuated to H∞ level.
Remark 8. The H∞ disturbance rejection on residual output could be more beneficial
if the disturbance and the fault have different frequency behavior. Generally speaking,
disturbances can be characterized by a predefined transfer in frequency domain.
If the failure and the disturbance are characterized with the same direction and
there is no frequency separation the disturbance and the fault is rejected with the same
level.
To overcome this problematic point, one introduces frequency separation (to be
more realistic) and the scaling factors (ρi ,Mi and M) will be analyzed.
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[93] B. Kulcsár. Lq servo and lqg/ltr controller design for an aircraft model. Bulletins
in Aeronautical Sciences, XIV(1/K):102–115, 2002.
[94] B. Kulcsár. Robusztus hibadetektáló szűrő tervezése replőgépmodell esetében.
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