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Abstract:

Convex 3D bodies can be classified by the number of their stable and unstable equi-
librium points. Inside these classes, we distinguish subclasses based on the topology
of the equilibrium points defined by the Morse–Smale complex of the body. A topo-
logical subclass is equivalent to a vertex-coloured plane quadrilateral graph. Our
first goal is to give the cardinality of some of these classes.

Columbus expansions are specific geometric transformations perturbing the body
only at the vicinity of an equilibrium point, such that they increase the number
of either the stable or the unstable equilibrium points by one. Our second goal
is determining which subclasses can be generated by these expansions from some
ancestors. We choose the ancestors to be such irreducible subclasses which cannot
be generated from any other subclass. In this paper, we give a characterisation of
some of the irreducible subclasses, and an algorithm to determine the irreducible
ancestor of any subclass. Due to the limited size of this abstract, we are planning to
present the main ideas of our proofs and some other results only in the conference
talk.

Keywords: plane graph generation, Morse–Smale graph, irreducible quad-
rangulation

1 Introduction

The surface of a homogeneous, convex 3D body can be described by a scalar height function
R(θ, ϕ) which gives the distance of a surface points from the mass center for any direction. In
generic (non-degenerate) case, a surface point is an equilibrium point if the gradient of R is zero
(these points are also known as critical points in Morse theory [11]). We distinguish three types
of equilibrium: at a stable point R takes a local minimum value, at an unstable point R takes a
local maximum value, and third type is a saddle point. Fig. 1 illustrates these definitions.
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(a) Height function R of an ellipsoid
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(b) Iso-levels and vector field −gradR

Figure 1: Some equilibria and gradient field of an ellipsoid. Colour code: blue – unstable, red –
stable, white – saddle

Domokos and Várkonyi introduced a classification system for convex bodies based on the
number of their stable and unstable equilibria [7]. This classification is based on the Poincaré–
Hopf theorem stating that |S|+ |U |−|H| = 2, where |S|, |U |, |H| denote the cardinality of stable,
unstable and saddle equilibra, respectively. Hence the equilibrium class {i, j} contains bodies
with i stable and j unstable equilibria, e.g. the class {6, 8} contains the cube.

They also showed in [7] that every class {i, j} is non-empty for all i, j ≥ 1, which boils
down to two results. First, the class {1, 1} is non-empty, and the geometry of a representative
body, named Gömböc was constructed. Secondly there exist specific geometric transformations
perturbing the body only at the vicinity of an equilibrium, such that a body belonging to the class
{i, j} is transformed to another one belonging to {i+ 1, j} or {i, j + 1}. These transformations
are called Columbus expansions, referring to the story of Christopher Columbus who made an
egg standing on its tip after hitting it to the table, supposedly creating a new stable equilibrium.
An example of applying a Columbus expansion on an egg-shaped surface is shown on Fig. 2.
Here we use exactly the same expansions that were defined and their geometric feasibility were
proved in [7]. Consequently Columbus expansions nominate the Gömböc for ancestor of all
classes.
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(a) Cutting the surface with a plane (b) Two equilibra appearing on the surface

Figure 2: A Columbus expansion

We intend to refine the classification above by defining subclasses based on the topology of
the equilibria defined by the Morse–Smale complex of the height function R. In Section 2 we
capture the combinatorial properties of the Morse–Smale complex, therefore throughout this
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paper we refer to a topological subclass by referring to a vertex-coloured multigraph embedded
in the sphere. So we make statements on graphs and try to interpret their geometrical meaning
on the geometry of the subclasses. The idea of characterising bodies with graphs has appeared
many times in the literature since Steinitz’s theorem, e.g. Hongr and Nagamochi [13] gave a
graph-theoretic characterisation of some generalized polyhedra.

In Section 3 we propose a method to determine the cardinality of the subclasses in a given
class {i, j}. Our method is an application of the isomorphism-free inductive generation of planar
graphs introduced by [16], and implemented for other applications in the plantri software [6].
There are other enumeration approaches such as the non-crossing geometric enumeration by
Katoh and Tanigawa [15] where the geometric location of vertices (the embedding) is fixed thus
the enumeration is constrained. We present some computational results which are attained by
our preliminary implementation executed in a grid infrastructure.

Then, in Section 4 we characterise some subclasses which can be derived from the Gömböc.
Though the Gömböc is the ancestor of every equilibrium class according to the Columbus ex-
pansions, we focus on hierarchy of subclasses defined by these expansions. As the Gömböc is not
the ancestor of every topological subclass, we describe the irreducible subclasses which cannot
be derived by Columbus expansions from any other subclass. The concept of irreducibility in
inductive graph generation was similarly used in e.g. [18]. We mention that inductive generation
of graphs has attracted interest from other purposes, e.g. Jackson and Jordán [14] have studied
the rigidity of plane graphs generated with specific operations.

In Section 5 we give a geometric characterisation of some of these irreducible subclasses
and conclude some geometric aspect of the generated data presented in Section 3. Finally, we
give an algorithm to find the irreducible ancestor of any subclass which can be unambiguously
determined.

We have omitted the proofs from this abstract due to size constraints but we are planning to
include them in our talk as well as in a forthcoming publication. Likewise, we will also include a
more efficient algorithm to enumerate the subclasses, an equivalent definition of the expansions,
another family of irreducible subclasses, and the background of finding the ancestor.

2 Combinatorial properties of topological subclasses

In this section we outline the properties of the Morse–Smale complex of a body which enable us
to classify bodies based on the topological attributes of their equilibria. We say a path on the
surface is a heteroclinic orbit, if its tangent vectors are the gradient vectors of R, and its endpoints
are two distinct equilibria, see Fig. 3(a)-3(b). The heteroclinic orbits incident to a saddle point
are isolated on the surface and divide the surface into quadrilateral cells [11], see Fig. 4(a). If we
painted these isolated orbits on the surface, this would result in a vertex-coloured multigraph
embedded on a sphere∗, where the equilibria are vertices, the edges are isolated heteroclinic
orbits connecting saddle and non-saddle vertices, and the colouring is defined by the three types
of equilibrium. We call this the Morse–Smale graph. Note this graph is a plane quadrangulation,
i.e. every face of it is bounded by a closed walk of length 4. As we allow parallel edges, the
bounding walk may contain an edge or a vertex twice, see Fig. 4(a).

A Morse–Smale graph has the following combinatorial properties [1, 11]: it is a plane quad-
rangulation, its chromatic number is 3, the degree of every saddle is 4, and the Poincaré–Hopf

∗to be more precise, on a 2-manifold which is homeomorphic to a sphere
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(a) Part of the vector field
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(b) Heteroclinic orbits

Figure 3: Isolated (U → H,H → S) heteroclinic orbits and non-isolated U → S orbits

(a) Quadrilateral cells (b) Cells divided into triangles (c) Saddles deleted

Figure 4: A Morse–Smale graph, its equilibrium triangulation and its topological subclass

identity holds (see Section 1). For technical reasons, we perform two invertible transformations
on the Morse–Smale graph. First, in every quadrilateral face we connect the unstable and the
stable points, representing the infinite number of non-isolated heteroclinic orbits between them.
We call the resulting graph an equilibrium triangulation, as now every face is bounded by a
3-cycle, see Fig. 4(b). Secondly, it is more compact to describe an equilibrium triangulation
without the saddle points and the edges incident to them, see Fig. 4(c). It can be shown that
these transformations above are invertible so we lost no information deleting the saddles. A
similar idea was followed in [8]. The resulting graph is a quadrangulation as well, but to dis-
tinguish from the Morse–Smale graph, and applying that every quadrangulation is bipartite, we
have the following:

Definition 1 A topological subclass is a vertex-coloured, loopless plane quadrangulation with
parallel edges allowed, where the independent sets are the stable and the unstable equilibria.

Thus two bodies belong to the same subclass if their Morse complex are homeomorphic, i.e. there
is a colouring- and embedding-preserving isomorphism between their subclasses.

3 Enumerating quadrangulations

We found the enumeration of subclasses on isomorphism-free inductive generation of plane
graphs [16, 6]. This algorithm can generate a set of graphs, called graph family, if it can
be defined inductively by a set of transformations called expansions, meaning every graph in the
family can be obtained by a sequence of expansions from a specified starting set.
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|S| = 1 2 3 4 5 6 7 8 9

|U | = 1 1 1 1 2 3 6 12 27 65
2 1 2 5 13 35 104 315 1021
3 1 5 20 83 340 1401 5809
4 2 13 83 504 2843 15578
5 3 35 340 2843 21420
6 6 104 1401 15578
7 12 315 5809
8 27 1021
9 65

Table 1: Cardinalities of classes.

The software package plantri [6] is able to generate many graph families for a given number
of vertices such as simple triangulations [2], simple quadrangulations [4, 5], triangulations with
parallel edges [6], some Eulerian graphs [3, 9], some of the above constrained by minimum degree
or connectivity [4, 5, 17] etc. However, there is no recipe implemented to generate the topological
subclasses, i.e. quadrangulations allowing parallel edges. E.g. plantri could generate the set
of simple quadrangulations which would only be a subset of the subclasses. But the set of
subclasses, or equivalently for a given class {i, j}, the set of equilibrium triangulations (see
Section 2) is a subset of the parallel triangulations which could be generated as well, without
the colouring information.

Consequently, for a quick, preliminary implementation, we enumerate the subclasses by
calling plantri to enumerate every (multi-)triangulations, and we filter them whether they are
equilibrium triangulations. Checking if a triangulation is an equilibrium triangulation is easy:
its chromatic number is 3 iff every degree is even [12], and the vertices of one colour need to
have degree 4 (the saddles). Some implementation issues can be ignored:

Proposition 2 Given a 3-colourable plane triangulation G(V,E), where the partitioning of the
vertices V = S t U tH defines the colouring such that degree(v) = 4 for all v ∈ H,

1. G is an equilibrium triangulation, i.e. |S|+ |U | − |H| = 2 (Poincaré–Hopf formula),

2. the colouring is either unique, then we say G is symmetric, or has two ways, then we say
G is asymmetric, up to isomorphism.

We present some computational results for cardinalities of classes in Table 1. The generated
graph set enables us to establish some corollaries presented in the following sections. As gen-
erating every triangulation is time-consuming, the results are limited for the classes {i, j} for
i+j ≤ 10. As plantri supports dividing the computation into independent parts by generating
only a portion of the set, we could perform this computation in parallel in a grid infrastructure.
In order to get rid of the tedious administrative and programming work required to manage jobs
in the grid, we used the Saleve framework [10].

4 Hierarchy of the topological subclasses

By geometric Columbus expansions, we mean exactly the same operations that were defined
and their geometric feasibility were proved in [7]. Feasibility means they transfrom any convex
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Figure 5: The Columbus expansions adding a stable equilibrium

body to another convex one. Observing the change in the subclass (Morse–Smale complex)
of the underlying body, Columbus expansions result in combinatorial operators on subclasses,
carrying the background information of geometric feasibility. In order to study the hierarchy
of the subclasses defined by Columbus expansions, we will follow the terminology of inductive
generation of planar graphs. Generating a graph family D is achieved by defining the family
recursively (inductively) with a starting set (subset of D) and a set of graph transformations
called expansions. Then, a graph is in D if it can be generated by a finite number of application
of the given expansions from the starting set. In notation, D = (starting set; expansions).
Throughout this paper we suppose these expansions are the Columbus expansions.

The Columbus expansions adding a stable vertex as graph transformations are shown on
Fig. 5. The other expansions which add an unstable vertex are similar, with the opposite
colouring. An expansion can be applied at a part of the graph where the left hand side of the
expansion matches, transforming the underlying part to the right hand side. We pay attention
to the embedding of a graph, so a small open triangle incident to a vertex between two edges
means that edges may be there, the lack of such a triangle means that edges cannot be there.
The graph of the Gömböc is a segment connecting a stable and an unstable equilibrium, so we
make one exception to consider this graph as a quadrangulation as well. The expansion C0 can
be applied only on the Gömböc subclass (see Fig. 5, this is a technicality as well as the graph
of the Gömböc), the other expansions C1, C2 can be applied on the other graphs.

These expansions could be described that they (and only they) add one vertex and leave
the embedding of the original edges intact. The most important property of the expansions
C0, C1, C2 is that they have geometric interpretation as well [7], e.g. the stable version of C1

is shown on Fig. 2. Consequently, if a graph G is generated from the Gömböc graph with
these expansions, because of the known geometric description of the Gömböc body [7], we
are able to construct a convex body belonging to the subclass G. Let C denote the set of
subclasses generated from the Gömböc with the Columbus expansions, in standard notation
C = ({Gömböc};C0, C1, C2) meaning the starting set contains only the Gömböc, and let S
denote the set of every possible subclass. In this section we focus on graphs in C, in the next
section we show graphs in S \ C.

We call the inverse of the expansions reductions, and a graph is reducible, if some reduction
can be applied. If no reduction can be applied, the graph is irreducible. The lemma below gives
a characterisation of the irreducible graphs.
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Lemma 3 A quadrangulation with |S|+ |U | > 2 is irreducible iff its minimal degree is 3.

This characterisation leads to the fact that every small subclass is derived from the Gömböc,
because the minimal degree of a small graph cannot be 3. A special case of the following theorem
was partly proved in [4].

Theorem 4 Every subclass with less than 8 vertices are in C.

5 Irreducible ancestors

The data set generated by our program has not only strengthened Theorem 4, but also showed
that there are exactly three irreducible graphs for |S| + |U | ≤ 10. The first irreducible graph
is the Gömböc of course from the class {1, 1}, and the others were found in {4, 4} and {5, 5}.
We discovered that the latters are the subclasses of the tetrahedron and the square pyramid,
respectively, shown on Fig. 6. These subclasses have rare geometric representatives:

Definition 5 A polyhedron is a minimal polyhedron if its every face contains one stable and
its every vertex is an unstable equilibrium.

Figure 6: The tetrahedron graph and the square pyramid graph are irreducibles

It is not a coincidence, which is a straightforward corollary of Lemma 3:

Proposition 6 The subclass of a minimal polyhedron is irreducible.

Our data set also proved that every subclass generated for |S| + |U | ≤ 10 is derived from
either the Gömböc, either the tetrahedron or the square pyramid. It implies that for each
subclass in the data set it is possible to show a geometric representative: as we have a geometric
representative of the irreducible subclasses, and the Columbus expansions are feasible geometric
transformations, the geometric representatives can be generated.

We outline some revealed hierarchy of subclasses in Fig. 7, where S still denotes the set
of subclasses and C the subclasses derived from Gömböc, F denotes the finite set of graphs
trivially in C because of |S|+ |U | < 8, I denotes the irreducible graphs, so C ∩ I contains only
the Gömböc, M denotes the graphs derived from the minimal polyhedra and M ∩ I are the
minimal polyhedra. Obviously, (I;C0, C1, C2) = S.

We saw that the geometrical construction of the bodies from a subclass G ∈ M ∪ C is
straightforward. We say a subclass A is an ancestor of a subclass G if G can be generated from
A. So to construct its geometry, we can take the irreducible ancestor of G as starting point if
the geometry of the ancestor is known, and execute the generator expansions on the ancestor
and on its geometry as well.
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Figure 7: Hierarchy of subclasses

Inversely, we can identify the irreducible ancestor of any subclass by iteratively applying
Columbus reductions to it, until we get an irreducible subclass. This algorithm is straightforward
because we can choose the reductions arbitrarily: the resulting irreducible ancestor is unique
hence is independent of the actual choices.

6 Summary

We summarize our results using Fig. 7. We defined the set S of all subclasses according to
the topology of the Morse complex of the bodies. We defined the set C of subclasses which are
derived from the Gömböc via the Columbus expansions. We established that small graphs in F
with less than 8 vertices are all in C. We characterized the irreducible graphs I and described
the minimal polyhedra M∩I which are not in C. Finally we mention that the diagram is correct
because C ∩M = ∅.
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Poincaré–Hopf theorem, Journal of Nonlinear Science, (2006) 16, pp. 255–281.

[8] S. Dong, P.-T. Bremer, M. Garland, V. Pascucci, and J. C. Hart, Spectral surface
quadrangulation, ACM Transactions on Graphics, (2006) 25, pp. 1057–1066.
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