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ABSTRACT 
 
In the interrupted high precision hard turning process the system is excited by the fluctuating 
cutting force and vibrations are superposed to the machined surface. Dynamical model of the hard 
turning process was built to analyse the effects of the technological parameters. The cutting force 
was modelled by a rectangular function. A simple closed-form equation of the optimal cutting 
velocities was found, where the surface error was minimal. The surface patterns were computed for 
a general workpiece. Cutting tests were carried out to validate the mechanical model. Good 
correlation was found between the machined and the computed surface patterns. An improved 
model of the fluctuating cutting force was introduced with the help of smoothing parameters. The 
effects of the smoothing parameters were analyzed, and validated by cutting tests. 
 
Keywords: Precision machining, Hard turning, Interrupted cutting, Optimal cutting velocity, Thrust 
force. 
 
INTRODUCTION 
 
In the high precision hard turning process the described accuracy and surface roughness can be in 
the range of micrometers [1]. In case of continuous, uninterrupted surface these can be reached by 
choosing the right parameters of the cutting process [2-5]. The interruptions of the surface like 
grooves, holes disturb the stable stationer cutting process. In high precision hard turning, 
interruptions raise problems of two aspects. The first aspect is the magnitude of the thrust force 
component. In the conventional turning processes, the thrust force component has a negligible 
magnitude; while this force component is dominant in hard turning process [6]. The other problem 
is that the cutting force decreases to zero at the edge of the interruption for short period of time and 
starts cutting again, as it intrudes into the material. Here, the force may reaches its maximal value. 



The fluctuation of the thrust force creates vibration perpendicular to the surface which causes 
dimensional and form error and this error can be higher than the specified tolerance. The force 
fluctuation also creates additional load on the tool-tip, which reduces the life-span of the tool [7]. 
The goal of this paper is to determine the optimal technological parameters considering the 
dynamical properties of the machine tool. First, the cutting force is modelled by a rectangular 
function and a simple closed-form equation of the optimal cutting velocities is derived, where the 
surface error is minimal [11,12]. The surface pattern is also computed for a workpiece with general 
geometry and validated by measurements. Then, an improved model of the fluctuating cutting force 
is introduced with the help of smoothing parameters. The effects of the dimensionless smoothing 
parameters on the surface waviness and on the optimal cutting velocity are analyzed. Cutting test 
was carried out to validate the parameters by means of measurement of the tool-tip acceleration. 
 
DIMENSIONLESS DYNAMICAL MODEL 
 
In The mechanical model is constructed in order to analyze the properties of the machined surface 
formed by the vibrating tool. According to this only the motion perpendicular to the surface is 
important. This vibration is superposing to the surface during the cutting process. Thus, the 
dynamical model is a 1 degree of freedom (DoF) damped oscillator excited by the time periodic 
cutting force. The parameters of the model are shown in Fig. 1. 
The governing equation of the tool-tip motion in the z direction is given by 

)()()()( p tFtzktzctzm   , (1) 

where Fp is the thrust force component and mass m, damping c and the stiffness k are modal 
parameters. The values of these parameters can be identified by experimental modal analysis of the 
given machine tool. To create a general description, the governing equation can be transposed to 
dimensionless form by using a new variable 

stat/)()( ztztu  , (2) 
where zstat is the static deformation created by a constant (un-interrupted) cutting force, 
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where nmc  2/  is the damping factor, )/( statp zkF  is the dimensionless thrust force and 
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is the dimensionless time, where the natural frequency nn Tmk /2/    and nT  is the time 

period of free oscillation. 
 

 
Figure 1: 1 DoF dynamical model and its 

parameters. 

 
Figure 2: Representation of the oscillation of 

the tool in the cutting and flying phases. 

 
CHATTER VIBRATION 
 
The stability investigation of the interrupted turning process leads to a delay-differential equation 
with time-periodic coefficients [10]. The so-called stability chart can be computed by the semi-
discretization method developed, described and tested by Insperger and Stépán [11]. In the range of 



the technological parameters of our machine tool, we could not found instability by our 
computation and chatter vibration didn’t occur during the measurements. 
 
RECTANGULAR FORCE FUNCTION 
 
In this section the thrust force is assumed to be constant during the cutting phase ( 1 ), however, 
it is a function of the depth of cut, which slightly depends on the position of the tool [12]. The 
cutting force is zero during the phase when the tool has no contact with the material ( 0 ). In this 
flying phase there are free oscillations. Accordingly, the interrupted turning process can be divided 
into two phases: cutting and flying phases where the cutting force switches on and off with the 
duration Tcut (cut) and Tfly (fly) respectively. These two phases are represented on Fig. 2. 
The vibration of the tool-tip is superposed to the machined surface in the cutting phase so the 
dimensionless surface waviness Wt can be computed as 

    flyt uuW   0,)(min)(max , (5) 

where the dimensionless time  is set to zero at the exit point. In this model the surface waviness 
depends only on the damping factor   and the dimensionless flying time fly. According to the 
experiments, it is assumed that the vibrations created by the force fluctuations die out much sooner 
than the tool-tip exits the material [8,9]. The periodic solution is generated by the numerical 
integration of Eq. (3). The effects of the parameters on the dimensionless surface waviness are 
plotted in Fig. 3.  
Figure 3 shows that if the damping is negligible and the flying time  
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that is number of free oscillation is an integer number, then the surface roughness is almost zero. In 
this case we get the optimal flying periods. 
 

 
Figure 3: Dimensionless surface roughness as a 
function of the damping factor  and the period 

of the free oscillation fly. 

 
Figure 4: The vibration of the tool and the 

surface. Black lines denotes the boundary of the 
work-piece. Parameters: m=0.056[kg], 

c=21[Ns/m], k=20[N/m], e=4, R=30 [mm]. 
 

The increasing relative damping factor decreases the achievable surface quality at short flying 
times. On the other hand, the large damping factor is preferable at longer flying time. In this case 
the surface roughness is close to the static deformation (see Eq. 5 and 2) and depends only slightly 
on the flying time. However, in a real machine tool the damping usually cannot be adjusted, but the 
cutting velocity can be set accordingly to the optimal flying time. If the width of the interruption e 
is given, the optimal cutting speed can be determined as 
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SURFACE PATTERN PREDICTION 
 
It can be seen in Eq. (7), that in case of a groove where the width of interruption is almost constant, 
we can use constant cutting speed to reach optimal surface quality. In Fig. 4 the surface is 
calculated in two cases [8]. First, constant spindle speed was used (Fig.4a). In this case the cutting 
velocity is changing during the process, as the function of the radial position. It can be seen that in 
some radii the cutting speed is close to one of the optimal cutting speeds, that is to say an integer 
number of oscillation takes place in the flying period and the surface property is very good. In the 
second case (Fig.4b) an optimal cutting velocity was used. In this case the surface property is very 
good at every radii. 
In our calculations, a rectangular force function is used, however the thrust force does not die out 
immediately when it leaves the surface and the force at entrance point can be impact-like. In the 
next section an extended force-shape model is introduced by using smoothening parameters. The 
effects of the smoothening parameters on the surface roughness and the optimal cutting speeds are 
shown. 
 
SMOOTHED FORCE FUNCTION 
 

 
Figure 7: Representation of the smoothed dimensionless thrust force function: a) decreasing phase 
before the exit, b) non-cutting phase, c) increasing force at the entrance, d) higher cutting force at 

the entrance. Parameters: exit =0.4, fly =3, enter =0.2, A=0.4, imp =1. 
 
The formula of the optimal cutting speeds Eq. (7) is valid only in case of a rectangular thrust force 
function. In a real machining process the cutting force in the cutting phase starts decreasing before 
reaching the boundary of the material. As the tool reaches the material at the end of the flying phase 
the cutting force starts increasing continuously. The maximum of the thrust force is probably 
reached just after the intrusion, due to the low temperature of the material at the entrance point, that 
is the stationer temperature filed around the tool-tip is not formed at the beginning. 
In this section an improved model of the cutting force is introduced. 
 
Dimensionless Smoothing Parameters 
 
The improved model of the cutting force function consists of three phase. Representation of the 
function is shown in Fig. 7. 
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The first phase describes force before the tool leaves the surface, by first-order-kinetic, which is an 
exponentially decreasing term with a kinetic time constant exit (Fig. 7a). 
The second one shows that the cutting force is zero in the flying phase, where no contact takes place 
between the tool and the material (Fig. 7b). 
The last phase is a product of two first-order-kinetic curves, the first describes the fast increase of 
the thrust force after the intrusion with the kinetic time constant enter (Fig. 7c), while the second 
determines the ‘impact-like’ higher cutting force due to the low temperature of the material at the 
entrance point (Fig. 7d). This dynamic subsystem has two parameters: the kinetic time constant 
imact and the maximal value of the increase A.  
 
Effect of the Parameters 
 
The improved model of the force function has four additional parameters. Eq. (8) describes a 
rectangular function if the additional parameters are set to zero. According to the experiments the 
values of additional parameters should be close to zero and it is assumed that the effects can be 
separated, accordingly we can analyze them independently. 
The effects of the parameters on the dimensionless surface waviness (Eq. 5) and on the optimal 
cutting speeds (Eq. 7) are computed numerically from Eq. (3) and (8). 
First the effect of the kinetic time constant exit is analyzed, and its effect on the parameters are 
plotted in Fig. 8, for =0.1 damping factor. It can be seen that the maximal and minimal surface 
errors move closer to an average value, and the optimal flying time is shifted. The phase shift can be 
computed analytically based on the velocity and the position of the tool-tip at the exit point: 
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If the damping is small enough and exit <<1, then Eq. (9) can be simplified as 
...3,2,12 exit  jjopt

fly  . (10) 

The kinetic time constant enter has the same effect on the optimal flying time, but it improves the 
surface quality evenly at any flying time, as it is shown in Fig 9. 
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The effect of the parameters imact and A cannot be analyzed separately, since if one of them is zero, 
then the higher cutting force at the entrance is neglected. First, imact=0.5 is fixed and A is varied 
(Fig. 10), in the next step A=0.5 is fixed and imact is varied (Fig. 11). Analyzing the numerical 
results, we can see that by increasing the parameter A or imact the dimensionless surface waviness 
increases uniformly and these parameters have no significant effect ( <2%) on the optimal flying 
time.  
If these parameters are neglected, then the final form of the optimal flying time can be constructed 
from Eq. (9) (11) and Eq. (7) as follows: 
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If the dimensionless parameters are measured for a given material and tool geometry, the optimal 
cutting velocity can be computed for a given geometry of interruption and dynamical parameters. 
 
 
 



MEASUREMENT 
 
To determine the typical values of the parameters cutting tests were carried out on a workpiece 
shown in Fig. 12. Uddeholm Rigor tool steel material was selected for the cylindrical specimens. 
This material can be hardened in its whole section. Experiments were carried out on a Slantbed-
Mikroturn 50 CNC lathe. The cutting tool was a CCMW09T304S-L0-B CBN050C SECO insert. 
During the measurements the vibrations were detected by accelerometers (B&K 4397) and analyzed 
by the PULSE software. The sampling frequency was 32 768[Hz]. The noise is reduced by 
averaging 10 periods of the measured signals. After the double integration of the acceleration 
signal, the position signal still contains the drift error. 
The data are filtered by a method similar to the Zero Velocity Compensation which is published in 
[13] and [14]. In the measurements constant spindle speed (1000 [rpm]), depth of cut (40 [m]) and 
feed rate (25 [m/rev.]) were used. 
 

 
Figure 8: Dimensionless surface roughness as a 

function of the kinetic time constant exit and 
the time-period of the free oscillation fly 

( 

 
Figure 9: Dimensionless surface roughness as a 
function of the kinetic time constant  enter and 

the time-period of the free oscillation fly 


 
Figure 10: Dimensionless surface roughness as 
a function of parameter A and the time-period 
of the free oscillation fly (imact=0

 

 
Figure 11: Dimensionless surface roughness as 
a function of the kinetic time constant imact and 

the time-period of the free oscillation fly 
(A =

 

 
Figure 12: Geometric parameters of the 

workpiece. 
 

 
Figure 13: The measured (continuous) and 

computed (dotted) positions and the 
dimensionless cutting force function (dashed). 

 



 
Table 1 :Parameters determined from the measurements.  
n 
[Hz] 

  
[1] 

zstat 
[m] 

fly 
[1] 

exit 
[1] 

enter 
[1] 

imp 
[1] 

A 
[1] 

2729 0.184 0.625 20.65 1.511 1.953 1.70 0.054 
 
Validation 
 
In the validation process all the system parameters (natural frequency n, damping factor  and 
static deformation zstat) and the force function parameters (flying time fly, kinetic time constants 
exit, enter ,imp and maximal value of the increase A) were computed by minimizing the difference 
between the function of measured and computed positions. 
The parameters are shown in Table 1, and the measured as well as the computed tool positions are 
plotted in Fig. 13. 
In the measured tool motion we can see an additional frequency, which denotes that the system has 
two degrees of freedom. However, the amplitude of this vibration is quite small, hence the system 
can be modelled by a 1 DoF model, as it is described in Eq. (1).  
In Table 1, we can see that the kinetic time constants have large values, so the improved formula of 
the cutting speed Eq. (12) must be used instead of Eq. (7), which is determined in case of 
rectangular force function. The 0.054 value of parameter A shows that the cut cutting force is not 
significantly higher at the entrance than the stationer force in case of un-interrupted turning, so this 
effect can be neglected in the further model. 
 
CONCLUSION 
 
In the present study, a dynamical model of the interrupted high precision hard turning was 
constructed to analyze the surface waviness. Dimensionless mathematical model was derived and 
the optimal cutting speeds were found by calculations based on the rectangular force function. 
A simulation program was developed to predict the surface pattern and the surface roughness of a 
general workpiece. To support our analytical calculations measurements were carried out. The 
predicted surface had the same pattern as the machined one. 
An improved model of the force function was introduced by using smoothening parameters (exit, 
enter, imp and A). The effects of the parameters on the surface waviness and on the optimal cutting 
velocity were determined analytically and numerically.  
Measurements were carried out to determine the parameters of the cutting force function. It was 
shown that the cutting force was not significantly higher after the entrance to the material. 
Strong effect of the kinetic time constants exit and enter were demonstrated and a modified formula 
of the optimal cutting velocity was derived based on the numerical simulations. 
As a further task, we would like to determine a set of cutting force parameters for different cutting 
conditions and different technological parameters.  
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