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Abstract:  In  electromagnetic actuators the moving mechanical part influences the powering
electronic circuit,  thus,  such kind of systems have to  be analysed in their complexity. The
electromechanical  construction investigated in  this  paper is  suggested for  using in  cellular
phones  as  mechanical  vibrator.  Its  size  in  the  millimeter  range  and  the  relatively  large
displacements  of  the  vibrating  mass  cause  large  deformations  of  the  elastic  part,  i.e. the
nonlinear terms in the governing differential equations cannot be neglected. The equations of
motion can be simplified to a forced Duffing equation. The dynamical behaviour of the derived
mathematical model was compared to experimental results.
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1. INTRODUCTION

Electromagnetic actuators are used more and more widely: not only in industrial environment
but also in personal life. Their operation can be both interrupted and stationary. The actuator
itself is a mechatronical system: the moving mechanical part has a feed-back on the operating
electronic circuit [1,2]. The simplest construction has one mechanical and one electrical degree
of freedom [3]: the displacement of the moving mass, and the electric current in the circuit.
However, the equation of motion of the mass is a second order differential equation due to
NEWTON'S Second Law while KIRCHHOFF'S Voltage Law yields a first order differential equation.
In Figure 1 the electromagnetic actuator to be analysed can be seen. It was constructed by the
authors  as  the  prototype  of  a  radial  flux  linear  motor  with  air-gap  solenoid.  The  main
dimensions are less than 20 mm.

Fig.1. The investigated electromagnetic actuator
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Fig.2. Exploded sketch of the actuator Fig.3. Mechatronical system model

2. SYSTEM MODEL

Figure 2 shows the exploded sketch of the actuator. The permanent magnet (NdFeB), the bell-
shaped flux-closing part and the ring-shaped air-gap build the magnetic circuit which is, at the
same time, the moving part of the actuator. Fixing it on a flexible suspension yields a one-
degree-of-freedom oscillator of which mass m is only 1 gramm. The electric circuit contains the
solenoid coil and the excitation voltage source U �t � . The coil has n turns of length l in the
magnetic field. The electro-mechanical model is shown in Figure  3. The resistor  R and the
inductor L take into consideration the resistance and the self-inductance of the coil.

The state of the system is described by three variables: the position x �t �  and the velocity
�x �t �  of mass  m, and the current  I �t �  of the electric circuit. The governing equations are

obtained from NEWTON'S Second Law:

m ẍ=�F s�x ��k �x�F B� I � , (1)

and KIRCHHOFF'S Voltage Law:

L �I�U B� �x ��RI=U �t � , (2)

where F s � x �  is the nonlinear spring force, k is the damping coefficient of the mechanical part,
and F B� I �  is the LORENTZ force reacting on the magnet from the coil containing current I in a
magnetic field of induction B:

F B� I �= InlB , (3)

because the current in the turns of the coil is perpendicular to the radial magnetic field in the
air-gap.  The  formula  U B � �x �  represents  the  electromotive  force  which  is  induced  by  the
moving permanent magnet:

U B � �x �= �x nlB. (4)

Since the deformation of the suspension relative to its dimension can be large, nonlinear
spring force was assumed. The coefficients of the following formula were obtained by finite
element analysis using ANSYS:

F s�x �=0.51 [ N
mm ]�x�26[mm�2] x

3� (5)

This result was confirmed experimentally, as shown in Figure 4.
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Fig.4. Nonlinear characteristic of the suspension spring

Substituting the formulas (2)-(5) into Eq. (1) and neglecting the inductance because of its
small value (see [4]) we obtain a single second order inhomogeneous differential equation:

ẍ��2 D��
�Bln�2

mR � �x��2
x �1�� x

2�=
Bln

mR
U 0 cos�t , (6)

where �2
=s /m ,  2 D�=k /m  and U 0 cos� t  is the harmonical excitation voltage of a low-

frequency generator. The values of system parameters are summarized in Table 1.

System parameter Notation Value

mass m 0.001 kg

relative damping D 0.065

angular eigenfrequency � 714 rad/s = 114 Hz

nonlinear spring coeff. � 26×106 1/m2

number of turns n 30

length of a turn l 0.014 mm

magnetic induction B 0.22 T

resistance R 10 	

inductance L 0.053 mH

amplitude of the
excitation voltage

U0 2.46 V

Tab.1. List of system parameters
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Fig.5. Amplification diagram of the undamped nonlinear system

Equation (6) is  a forced damped Duffing equation. Its  analytical investigation can be
carried out for the undamped case, therefore, let us consider the following dimensionless form:

x ' '�x �1�� x
2�= f 0cos
� , (6)

where �=�t  is the dimensionless time, 
=� /�  is the frequency ratio and f 0=BlnU 0 /sR .
The two branches of the nonlinear amplification diagram x0�
�  of Eq. (6) are given by

�1�
2� x0�
3
4
� x0

3
=± f 0 , (7)

where x0 is the amplitude of the stationary solution. Furthermore, � f 0  and � f 0  belongs to
the  upper  (or  left-handside)  stable  branch  and  to  the  lower  (or  right-handside)  branch,
respectively (see Figure 5). The stability of these branches is described in details in [5].

The limit frequency �
  below which only one (stable) solution exists can be calculated
from the following formula:

�
=1�3 81
16

� f 0
2�1.28 , (8)

which corresponds to ��=146 Hz for the parameter values listed in Table 1.

3. EXPERIMENTAL RESULTS

According to the analytical investigations shown in the previous section, the amplitude of the
forced vibration depends on the frequency of the excitation. In order to design the electronics of
the  built  actuator,  it  is  very  important  to  have  the  correct  governing equations  and  their
dynamical  parameters.  Hence,  we  have  carried  out  experiments  for  verification  of  our
mechatronical system model described by Eq. (6).

During the experiments a transmission opto-gate (TIL 138) was used for measuring the
displacement  amplitude.  The  main advantage of  such  opto-electronical  transducers  is  their
relatively high cut-off frequency and that they do not disturb the object to be measured. The
experimentally determined amplification diagram can be seen in Figure 6 which also shows the
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the curves obtained from the analytical investigation of the undamped nonlinear system, for
comparison.

Fig.6. Measured ( A��� ) and analytical ( x0�� ,± f 0� ) amplification diagrams

4. CONCLUDING REMARKS

The governing equation of the model of an own-developed radial flux linear-motor with air-gap
solenoid has been derived. We have presented the analytical resonance curves for the parameter
values of the investigated equipment.  We have also proved experimentally that the derived
second order differential equation with the determined system parameters describes well the
nonlinear behaviour of the physical modell.
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