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1 Introduction

The usual model for multiple access communications incorporates many independent users,
some small fraction of which have information to be transmitted at any given time. The
problem is how to serve them, if one shared and usually expensive communications medium
(e.g., a limited, common frequency band) is given. This shared medium could take any of
several forms. Here are some examples of multiple access systems:

• In a mobile satellite system with a single earth-coverage beam, ground terminals trans-
mit to the satellite using one frequency band; the satellite rebroadcasts the aggregated
signal using a different frequency band. All terminals (including the sender) hear the
rebroadcast after a delay which includes the two-way propagation time and any pro-
cessing delays.

• In a Local Area Network (LAN), two or more computers are connected to a common
bus (coaxial cable, UTP cable or fiber optic cable). If one computer transmits a message,
all other computers hear the transmission after a delay.

• In a packet radio network for mobile users, the transmission of a user can be received
by other users within some range which depends on the transmit power level and other
factors.

• In the commercial mobile telecommunications systems the base station gets the super-
position of the signals sent on the uplink channel.

Although the shared medium is quite different in the above examples, a common feature
of all four systems is that when any single user transmits, many other users can receive the
transmission. In a mobile satellite system, users receive all transmissions from other users.
A full-duplex radio can also monitor the rebroadcast of its own transmission. In the packet
radio network, in general, each user can receive the transmissions of some subset of the user
population.

There are some possible scenarios for that one or more users want to communicate with
one or more users, so we distinguish one-to-one, one-to-many, many-to-one and many-to-
many scenarios. In mobile communications one-to-many situation is considered for the down-
link channel (when the base station wants to send information to the handies), and many-to-
one for the uplink channel (when the handies send information to the base station). It is
easy to see that the problem of many-to-many can be decomposed to the set of many-to-one,
so in fact we consider just the many-to-one problem (the uplink channel in terms of mobile
communications).

We must somehow split the capacity of the common channel among the users. The clas-
sical solution is a kind of multiplexing, i.e., either time-division multiplexing or frequency-
division multiplexing. For partially active users, there are always a large number of users
which have nothing to send most of the time. In this communications situation the multi-
plexing is inefficient. Moreover, these traditional methods require guarding time or frequency
between bands, and a channel allocation phase. This is an overhead which wastes time or fre-
quency, and gets larger as more users are active simultaneously or as the activity of the users

3



y ∈ OM A C

x1 ∈ I

x2 ∈ I

xT ∈ I

...

Figure 1: Multiple access channel

becomes more random. Even if we neglect this overhead, the previously fixed, not-scalable
division of resources among users makes a bottleneck in these systems.

By code division multiple access (CDMA) techniques this frontier might be broken. Time
and frequency resources can be utilized in one continuous domain throughout the entire com-
munications system. The number of users and percentage of the common medium a user can
occupy is widely scalable, and there is a trade-off between these quantities.

Nowadays the most popular CDMA systems, e.g., phase modulated and direct-sequence
coded channel access (which led to the standards of the 3G mobile telephony), are extremely
poor in frequency utilization. Their data rates are just a small fraction of the information-
theoretic capacity. This is because they have to deal with channel errors, synchronization,
fading, Gaussian noise, multi-user detection, and most importantly, because we do not have
a fundamental modulation–encoding method yet to achieve full capacity. For the current
practical solutions in mobile communications the active users initiate a login procedure during
which they get codes for the actual session. Here we are interested in the problems, where the
users have codes forever, therefore at the receiver end three tasks should be solved:

• identification of active users,

• synchronization of their code words, and

• decoding their messages.

From an information theoretic viewpoint the multiple access channel is a black-box oper-
ating in discrete time with a fixed number of inputs and one output (cf. Figure 1). We consider
that one user corresponds to each input, so instead of inputs we usually refer to users. Let us
denote the number of users by T . The input and output alphabets of the channel are denoted
by I and O, respectively.

Each user of the channel has a so called component code. A component code is a set of
fixed code words, one for each possible message of the user. We assume, that all these code
words of all users have a common length n. The code itself is the set of the component codes
of the users. We will use a simplification, that the code words sent by the users are bit (and
sometimes block) synchronized. So we can treat the channel output as a vector.

In the case of synchronous access the users are block synchronized, i.e., every user be-
gin to send his code word at the same time. At asynchronous access the users are just bit
synchronized, so their code words can be shifted relative to each other.
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In multi-user information theory the users are always active, the access is block syn-
chronous, and the channel model is an arbitrary memoryless channel.

In contrast to multi-user information theory, in the models of multiple access communi-
cations the users are partially active, which is formulated such that in a given time instant at
most M out of the T users can be active. Moreover, usually the models allow asynchronous
access. However, the channel models are usually deterministic channels.

The main problem is to find a code of the smallest possible length n(T,M) such that if from
the T total users at most M active users send their code words then from the output vector of
the multiple access channel the tasks of identification, synchronization and decoding would
be possible without error.

There is an important special case of the general problem, where the users have no mes-
sages at all, their activity is the only “information” to transmit. It is called signature coding,
which means just to solve the identification and synchronization.

2 Problem formulations

We deal with four deterministic multiple access channels:

• OR channel,

• fast frequency hopping channel,

• collision channel without feedback,

• collision channel with ternary feedback.

2.1 OR channel

Cohen, Heller and Viterbi (1971) introduced the model of the noiseless OR channel for mul-
tiple access communications (cf. Győri (2005b)). If there are T users in the system and xi

denotes the binary message of the ith user, then the output of the channel is defined by

y =
T_

i=1

xi,

i.e., the output is 0 iff all inputs are 0.
A possible example of communication scheme where this simple model is suitable, is

on/off keying (OOK) modulation (Sommer (1968)). The bit 1 corresponds to a waveform
and the bit 0 corresponds to the waveform constant 0. The receiver consists of an envelope
detector followed by a threshold detector, so the demodulation is just a decision whether all
users sent the 0 waveform.
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2.1.1 Kautz–Singleton construction

For signature coding on OR channel and for M-out-of-T model one of the most popular code
is the Kautz–Singleton construction (Kautz and Singleton (1964)) which maps a maximum
length Reed–Solomon code of parameters (N = q−1,K) over GF(q) to binary code by con-
catenating it with the identity matrix (where q is prime power). The resulted code length is
n = q(q−1), and T = qK . This method guarantees error-free communications if at most

M0 =

⌊
N −1
K −1

⌋

users are active simultaneously. So, if T and M0 are given, then q can be calculated, which
determines the code length n, too (cf. Győri (2003)).

We would like to use such codes in case of random activity, i.e., if more than M0 users may
communicate simultaneously. It can happen that the binary (Boolean) sum of the code words
of some (> M0) users covers the code word of another user which causes detection error.

PROBLEM 1. Calculate the detection error probability when more than M0 users are commu-
nicating simultaneously by using the Kautz–Singleton code.

2.1.2 Asynchronous fast frequency hopping

In the case of fast frequency hopping (FFH) the bandwidth is partitioned into L frequency
subbands, and time is divided into intervals called slots. There is a longer unit called frame or
block which consists of n slots.

A frequency hopping sequence (a two dimensional time–frequency binary code word) of
length n is assigned to each user that specifies the sequence of frequency subbands in which
the user is permitted to transmit a sine waveform during a time slot. If in a particular time slot
at least one user sends a sine waveform in a frequency subband, then the receiver can detect
it. Therefore the channel output is formally a binary L× n matrix which has a 1 at position
(i, j), if there is at least one active user in subband i in the jth time slot.

This channel can be interpreted as a set of L parallel multiple access OR channels without
feedback, noise and delay. FFH is the same as the communication on a multiple access OR
channel with constant weight code words.

PROBLEM 2. Derive tight bounds on the minimum code length nasyn(T,M) for signature cod-
ing on FFH with asynchronous access.

2.1.3 Asynchronous OR channel

There are a lot of studies on signature coding for multiple access OR channel in the litera-
ture, but all of them assume frame synchronous access among users (all active users begin
transmitting their code words at the same time).

PROBLEM 3. Calculate tight bounds on the minimum code length nasyn(T,M) for signature
coding on OR channel with asynchronous access.
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2.2 Collision channel

The concept of collision channel has been introduced by Massey and Mathys (1985). A T
user multiple access collision channel is a deterministic channel without feedback which has
T inputs and one output. The traffic to send over this common channel is in the form of
packets that are assumed to take values from the input alphabet I. Each user can send an
arbitrary packet from the input alphabet I into the channel or if a user wants to be silent, then
he formally sends the /0 symbol. The output of the channel can be /0 if all users were silent,
an element of I if exactly one user sent this element and the others were silent, and the so
called erasure (collision) symbol ∗ otherwise. The time axis is assumed to be partitioned into
intervals called slots (slotted channel) whose duration corresponds to the transmission time
for one packet. There is a longer unit called frame or block which consists of n slots.

There is no feedback available to inform the senders of the channel outputs in previous
slots. If the user population is finite (T ), then the coding can be done by a finite set of protocol
sequences assigned in a one-to-one manner to the users. Each user, e.g., the ith user has
a protocol sequence qi which is a binary sequence of length n that controls his sending of
packets in the following way. When user i becomes active—after some time of inactivity—
he can send a packet in the jth slot of this activity frame (1 ≤ j ≤ n) if qi has a 1 in the
jth position, and otherwise he must be silent in this slot. He continues to use his protocol
sequence periodically in this manner, until he has no more packets to send, when he again
becomes inactive. User i will send w(qi) packets in each frame of length n slots where he is
active (w(·) is the Hamming weight). The protocol sequences can be considered as an outer
code.

Some packets are colliding with each other, and these erasure errors should be corrected.
Let A be the set of messages of the users and suppose that |A| = S. User i encodes each mes-
sage a j ∈ A into a code word c j

i ∈ Ci of length w(qi) (1 ≤ j ≤ S, 1 ≤ i ≤ T ). The components
of c j

i are sent according to the protocol sequence qi. Ci is called the code of user i. If the
protocol sequences have the same weight, then Ci can be the same for all users. Because
of collisions, some packets are erased during the transmissions, and these erasure errors are
corrected using Ci. Ci is the inner code.

If all the T users were active all the time, then—for synchronous access—time sharing
would be the best solution for them (for large T ) which is not interesting in this case. Let us
suppose that at most M users would like to communicate simultaneously (2 ≤ M � T ). We
are looking for the minimum frame size n (or the maximum achievable sum-rate) at which the
communication is still possible.

Bassalygo and Pinsker (1983) considered this problem, even for asynchronous case, but
just for binary packets (|I|= 2). They found that the maximum achievable sum-rate is asymp-
totically Rsum(T,M) � e−1.

Using non-binary packets (S = |I|k) commonly arises in practical communications. In this
case the inner code can be a Reed–Solomon code of parameters (w(qi),k) over GF(|I|).

PROBLEM 4. How high sum-rate can be achieved by using non-binary packets and/or asyn-
chronous access on the collision channel?
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2.3 Collision channel with ternary feedback

We consider now the slotted multiple access collision channel with ternary feedback (cf.
Abramson (1970)). An unlimited number of users are allowed to transmit packets of a fixed
length whose duration is taken as a time unit and is called slot. The destination for the packet
contents is a single common receiver. All users send their packets through a common channel.
Senders of different packets cannot exchange information. Thus, it is convenient to suppose
that there are infinitely many non-cooperating users and that the packet arrivals can be mod-
elled as a Poisson process in time with intensity λ.

When two or more users send a packet in the same time slot, these packets “collide” and
the packet information is lost, i.e., the receiver cannot determine the packet contents, and
retransmission is necessary. However, all users, also those who were not transmitting, can
learn—from the ternary feedback just before time instant t +1—the story of the t th time slot:

• feedback 0 means an idle slot,

• feedback 1 means successful transmission by a single user,

• feedback of the collision symbol ∗ means that collision happened.

A conflict resolution protocol (or random multiple access algorithm) is a retransmission
scheme for the packets in a collision. Such a scheme must ensure the eventually successful
transmission of all these packets. It has two components: the channel-access protocol (CAP)
and the collision resolution algorithm (CRA).

The CAP is a distributed algorithm that determines, for each transmitter, when a newly
arrived packet at that transmitter is sent for the first time.

The CRA can be defined as an algorithm (distributed in space and time) that organizes the
retransmission of the colliding packets in such a way that every packet is eventually transmit-
ted successfully with finite delay and all transmitters become aware of this fact.

The time span from the slot where an initial collision occurs up to and including the slot
from which all transmitters recognize that all packets involved in the above initial collision
have been successfully received is called collision resolution interval (CRI).

Independently of each other, Capetanakis (1979), Tsybakov and Mikhailov (1978) intro-
duced the first CRA, called the tree algorithm resulting in a stable conflict resolution protocol.

Let N denote the number of active transmitters, i.e., the multiplicity of the collision. Ac-
cording to the tree algorithm, all active transmitters send the packets in the next slot. If there
was no active transmitter (N = 0) then the feedback is 0 and the tree algorithm terminates. If
there was exactly one active transmitter (N = 1) then the feedback is 1 and the transmission
was successful, so, again, the algorithm terminates. Otherwise N ≥ 2, the feedback is the
collision symbol ∗. After this collision, all transmitters involved flip a (non-biased) binary
coin. Those flipping 0 retransmit in the next slot, those flipping 1 retransmit in the next slot
after the collision (if any) among those flipping 0 has been resolved.

The algorithm can be represented by a binary rooted search tree. Collisions correspond to
intermediate nodes, while empty slots and successful slots correspond to terminal nodes.

In order to analyze the tree algorithm, let X denote the number of colliding packets sent
in the first slot of the CRI, and let Y be the length (in slots) of the same CRI, i.e., the collision
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resolution time resolving X conflicts. Introduce the notation

LN = E{Y | X = N},

then LN is the conditional expectation of the collision resolution time, given the multiplicity
of the conflict N.

Introduce the notation

L(z) =
∞

∑
N=0

LN
zN

N!
e−z.

L(z) is called the Poisson transform of the sequence {LN} (cf. Szpankowski (2001)). If N is a
random variable with Poisson(z) distribution, then

L(z) = E{LN}.

We assumed that new packets arrive according to a Poisson process, therefore L(z) (actually
L(z)

z ) plays an important role in the analysis of throughput of the various random access proto-
cols (cf. Capetanakis (1979), Gallager (1978), Mathys and Flajolet (1985), Kerekes (1988)).
The existing methods for calculation of L(z) are recursive or numerically instable.

PROBLEM 5. Give an efficient algorithm for calculation of L(z) and L(z)
z .

The asymptotic behavior of LN is mostly investigated in the literature through its Poisson
transform L(z). Generally, if the Poisson transform L(z) satisfies some conditions, then LN −
L(N) � 0 for large N (cf. Szpankowski (2001) Theorem 10.3), but L(z) fails to satisfy these
conditions. So, the question naturally arises how small is the difference between LN and L(N)
if N → ∞. Mathys (1984) proved that LN −L(N) = O(1).

PROBLEM 6. What is the exact asymptotic behavior of the difference LN −L(N)?

3 New results

Thesis 1: OR channel

1.A Kautz–Singleton construction

Define Vm as the number of covered 1’s in the code word of the tagged user, if m users are
active. {Vm} forms a homogeneous Markov chain on the state space {0,1, . . . ,q−1}, where
q is a prime power applied in the construction of the Kautz–Singleton code. The probability
P{Vm = q−1} gives the detection error probability (because if Vm = q−1, then all 1’s of the
tagged user are covered) which can be calculated in m steps from the initial distribution of the
Markov chain and from the transition probabilities:

THEOREM 1 (GYŐRI (2004)). The initial distribution of the Markov chain {Vm} is

P{V1 = �} = p� (0 ≤ � ≤ K −1),
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and the transition probabilities are

P{Vm = j + i |Vm−1 = j} =
min{K−1−i, j}

∑
k=0

pi+k

(q−1− j
i

)( j
k

)
(q−1

i+k

)
for 0 ≤ j, j + i ≤ q−1, 0 ≤ i ≤ K−1, where

p� =

(q−1
�

)
(q−1)

K−�−1
∑

k=0
(−1)k

(q−�−2
k

)
qK−�−k−1

qK −1

for all 0 ≤ � ≤ K −1, K = logT
logq .

For easier and faster calculation of the detection error probability it is possible to apply
some upper bounds. They need the mean value and the variance of the Markov chain.

THEOREM 2 (GYŐRI (2004)). The mean value of the Markov chain {Vm} is

E{Vm} = (q−1)

(
1−

(
1−

c
q−1

)m)

and its variance is

σσσ2 {Vm} = E{Vm}−E{Vm}
2 +(q−1)(q−2)

(
1−2

(
1− c

q−1

)m
+

(
K−1
∑

�=0
p�

(q−3
� )

(q−1
� )

)m)
,

where

c =
K−1

∑
�=1

�p�.

These results are the same that was given by Györfi, Jord´an and Vajda (2000) for K = 3.

1.B Asynchronous fast frequency hopping

THEOREM 3 (GYŐRI (2005A)). For frame asynchronous access, if M,L are fixed and T →∞,
then

nasyn(T,M,L) �
M +1

− log
(

1−
(
1− 1

L

)M
) logT.

For asynchronous access asymptotically the same upper bound can be given as for syn-
chronous access was given by A and Zeisel (1988).

1.C Asynchronous OR channel

Unfortunately, in the case of asynchronous OR channel the time shift can be any multiple of a
time slot and not just any multiple of L times the time slot (as in the case of FFH). Therefore
it is impossible to simply adapt the results of Theorem 3 to the OR channel, so another code
construction and analysis should be used.

THEOREM 4 (GYŐRI (2005C)). For frame asynchronous access, if M is fixed and T → ∞
nasyn(T,M) � e ln2(M +1)2 logT.

This is the same upper bound on the minimum code length as for the synchronous access
was given by Dyachkov and Rykov (1983).
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Thesis 2: Collision channel

In order to get an upper bound on the minimum block length n(T,M,k) when the users com-
municate on a collision channel with non-binary packets, randomly chosen protocol sequences
of constant weight w are used, and as an inner code Ci = C a Reed–Solomon code of param-
eters (w,k) is applied over GF(|I|) (w ≤ |I|). We derive an asymptotic lower bound on the
minimum block length, too. As the lower and upper bounds equal, even for the frame asyn-
chronous access, we have the following asymptotic equality for the minimum frame size and
the maximum achievable sum rate:

THEOREM 5 (GYÖRFI AND GYŐRI (2005A)). For synchronous or asynchronous communi-
cation on a collision channel and by using non-binary packets, if M is fixed, T → ∞, |I| →
∞,k → ∞, |I|> ek, logT

log |I| → 0 and logT
k → 0, then

n(T,M,k)� kM
(
1− 1

M

)1−M
,

and for the sum-rate

Rsum(T,M) �
(
1− 1

M

)M−1
.

If, in addition, M → ∞, then
n(T,M,k)� kMe,

and for the sum-rate
Rsum(T,M)� e−1.

Thesis 3: Collision channel with ternary feedback

ALGORITHM 1 (GYÖRFI AND GYŐRI (2005B)). For any fixed z > 0 choose k0 such that
ẑ := z/2k0 < 10−5, and apply the following iteration:

L(2kẑ) = 1−2(1+2kẑ)e−2k ˆz+2L(2k−1ẑ), (1 ≤ k ≤ k0)

then in the kth
0 step we get L(z). In order to get a good initial value for L(ẑ), we use the second

order Taylor polynomial approximation:

L(ẑ) ≈ 1+2ẑ2.

Let us introduce

F(z) =
L(z)

z
,

the proportional average number of time slots F(z) required to resolve the conflict among
colliding users in case of Poisson(z) collisions. Using Algorithm 1, one can calculate F(z) for
1 ≤ z ≤ 2, and based on these values we gave an algorithm to evaluate F(z) for large z, and
show its oscillation.
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ALGORITHM 2 (GYÖRFI AND GYŐRI (2005B)).

F(2z) =
1−2(1+2z)e−2z

2z
+F(z),

so if F(z) is given for 1 ≤ z ≤ 2 (e.g., using Algorithm 1), then F(2z) can be calculated for
1 ≤ z ≤ 2, therefore F(z) is given for 2 ≤ z ≤ 4 this way. So, by induction

F
(

2kz
)

=
k

∑
i=1

1−2(1+2iz)e−2iz

2iz
+F(z)

for any k ≥ 2. For large enough k we can write that for any 1 ≤ z ≤ 2

F
(

2kz
)
� G(z)+F(z),

where k ≥ k0, and

G(z) =
∞

∑
i=1

1−2(1+2iz)e−2iz

2iz
�

k0

∑
i=1

1−2(1+2iz)e−2iz

2iz
.

If k ≥ k0 = 30, then this approximation error is of order 10−9.

Algorithm 2 gives us an easy way of studying F(z). We found that on the one hand

L(z)
z

�
2

ln2
+Acos(2π log2 N +ϕ),

where
A = 3.127 ·10−6, ϕ = −0.5882.

(cf. Janssen and de Jong (2000)), and on the other hand

2.8853869 ≤ liminf
z→∞

L(z)
z

≤ limsup
z→∞

L(z)
z

≤ 2.8853932.

We extended the result of Mathys (1984) by showing the oscillation of the difference
LN −L(N).

THEOREM 6 (GYÖRFI AND GYŐRI (2005B)). If N → ∞, then

LN −L(N) � Acos(2π log2 N +ϕ),

where
A = 1.29 ·10−4, ϕ = 0.698.
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4 Application of the results

Signature coding can be applied in various fields of communications.

� Login. Consider a communications system which has lots of low-duty mobile users, but
just a limited number of channels. Becoming active, a user may send his code word over
a radio channel to a central control unit, and from the output of the channel the central
control unit may detect the set of active users and assign dedicated channels to them.
Nowadays, mobile telecommunications systems use random access with feedback, so
that users can log in to the system. This procedure can be replaced by signature coding
for multiple access channel, where the advantage is that there is no need to process the
acknowledgements.

� Collection of measurement data. We would like to collect, for example, electric energy
consumption data of customers in a power line network. The power line can be used as
a multiple access OR channel (cf. Dostert (2001)). The measuring instrument of a user
sends its unique code word to this common channel if a user has consumed a unit (e.g.,
1 kWh) of electric energy.

� Alarming. Let us chain as many as T fire-alarm stations to one wire. Should an alarm
station become active, it sends its own code word. If the number of simultaneous out-
breaks of fire is not more than M, then the active stations can be identified from the
signal on the wire. Existent alarming systems usually apply a 1 bit output which only
tells there is fire somewhere in the system. Advantage of using a multiple access chan-
nel is to be able to know which rooms or locations are catching fire at the moment and
where the fire spreads. There is the same task in sensor networks.

From Theorems 1 and 2 it turns out that in practical applications on OR channel, detection
error is much smaller than resulted by the conventional design applied so far. So, it is possible
to use codes of much smaller length (or with more simultaneously active users) while keeping
detection error probability at small value.

Because of Theorems 3 and 4 there is no need to ensure frame synchronization among
users during the communication on an FFH and OR channel which makes the design of the
communication system easier, and decreases the delay.

Using non-binary packets commonly arises in practical communications. Theorem 5 en-
ables us to apply non-binary packets and asynchronous access during the communication on
a collision channel.

Algorithms 1 and 2, and Theorem 6 do not have any practical applications, but they clarify
the asymptotic behavior of the expected collision resolution time which plays an important
role in packet communication on a collision channel with ternary feedback.
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Győri, S. (2005c). Signature coding for OR channel with asynchronous access. In Proceed-
ings of the IEEE International Symposium on Information Theory. Adelaide, Australia.
(accepted for publication)

References

A, N. Q. and Zeisel, T. (1988). Bounds on constant weight binary superimposed codes. Prob-
lems of Control and Information Theory, 17(4):223–230.

Abramson, N. (1970). The ALOHA system – Another alternative for computer communica-
tion. In Proceedings of the AFIPS Fall Joint Computer Conference, volume 37, pages
281–285. AFIPS Press.

Bassalygo, L. A. and Pinsker, M. S. (1983). Limited multiple-access of a nonsynchronous
channel (in Russian). Problems of Information Transmission, 19:92–96.

Capetanakis, J. I. (1979). Tree algorithms for packet broadcast channels. IEEE Transactions
on Information Theory, IT–25:505–515.

Cohen, A. R., Heller, J. A., and Viterbi, A. J. (1971). A new coding technique for asyn-
chronous multiple access communication. IEEE Transactions on Communication Tech-
nology, 19:849–855.

Dostert, K. (2001). Powerline Communications. Prentice Hall PTR.

14



Dyachkov, A. G. and Rykov, V. V. (1983). A survey of superimposed code theory. Problems
of Control and Information Theory, 12(4):3–12.

Gallager, R. G. (1978). Conflict resolution in random access broadcast networks. In Proceed-
ings of the AFOSR Workshop in Communication Theory and Applications, pages 74–76.
Provincetown.
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