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Part I
Overview

Chapter 1
Introduction
1.1

Networks—a general approach to complex
systems

Physicists have always tried to describe the world that surrounds us in the simplest terms possible for the accuracy they desired. Common sense and ingenuity
led Newton to construct the system of classical mechanics with a coherence never
seen before, whose view of a continuous and ever-evolving world became the
dominating paradigm for two hundred years to come. The beginning of the 20th
century gave way to the blossoming of quantum mechanics, where a perfectly
predictable Nature succumbed to the capriciousness of probability laws and uncertainty principles, suggesting that a more coarse description of space and time
would be appropriate. Experiments conﬁrmed the existence of discrete particles
in matter and the periodic structures they formed in their condensed states. More
and more models with a grid-like partitioning of space were used with success to
describe real phenomena in spite of their apparent simplicity. This approach
became widely adopted by statistical mechanics, too, where it is often more intuitive to consider lattice metrics when there is a large number of similar entities
interacting in the system.
It has been in the past years that people from diﬀerent disciplines of science
started to recognize that common organizing principles exist in the systems they
are interested in [Bar02, Wat99b, DM02, AB02]. The key to this was that the
objects of study are no longer conﬁned to reside in a space with a given metric,
but their points of interaction or relationship are deﬁned arbitrarily and are only
determined by the inherent properties of the particular system. This formalism
in the language of mathematics is called a graph, which consists of a number of
vertices (or nodes), and corresponding to the actual relationships between them,
a set of edges that join two vertices (hypergraphs have edges that may connect
more than two vertices). The study of graphs and recognizing their importance
dates back to Leonhard Euler’s 1735 solving of the Königsberg bridge problem,
since when it became an important branch of discrete mathematics. It is certainly
not a coincidence that the beginning of the study of networks on a broader level
came about at a time when the world is increasingly being pervaded by a tangle of
information and distribution networks. In fact, the seminal paper in the science of
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networks among physicists was about the discovery of strong organization among
seemingly uncorrelated Web pages [BA99].
Examples of systems investigated nowadays in network science range from
biology (metabolic networks [JTA+ 00], protein nets in the cell [JMBO01]) to sociology (movie actor relationships [BA99], coauthor networks [New01a], sexual
nets [LEA+ 01]), to informatics (Internet [FFF99], WWW [AJB99]). In all these
examples it is easy to identify the constituents of the problem with the nodes of
a graph and their relationships with directed or undirected links (see Fig. 1.1). next 
During the last few years a great deal of information has been accumulated about
such structures. Three apparent features seem to characterize them rather robustly:
• a high degree of clustering, i.e., if nodes A and B are linked to node C then
there is a good chance that A and B are also linked;
• the “small world” property asserts that the expected number of links needed
to hop from one arbitrarily selected node to another one is low;
• the absence of a characteristic scale, which often appears so that the empirical distribution P (k) of the degrees k (number of neighbors) of nodes
follows a power law. Such structures are called scale-free graphs.
Eﬀorts to describe a wide range of structures with interconnections between
their constituents as above are summarized within the random network framework [ER59]. Randomness, in this terminology, mainly originates from the lack
of knowledge concerning the ﬁrst principles organizing these networks into the
structures we can eventually observe. It can also be the case that even though
the connectivity mechanisms are known on a microscopic level, their interplay on
the higher levels makes it infeasible or impossible to accurately analyze their consequences, and the ﬁne details are smeared over to produce statistically random
behavior.
Many examples have been found of systems whose innate topology is not homogeneous and can rather be described in terms of a scale-free, random structure.
The interest of the physics community in this ﬁeld stems from the fact that the
behavior of many systems on such networks or graphs changes drastically and
often attains characteristics close-to but not quite like the mean-ﬁeld limit.
A scale-free graph consists of a set of nodes or vertices V and bonds or edges
E connecting the vertices to a structure. The essential measure of the scales or
lack thereof is the connectivity or degree distribution of the nodes V : it is the
probability of any node to have k edges (one may distinguish between directed
and undirected graphs; in the former case the in-going and out-going pdf’s can
diﬀer). If this probability P (k) follows a power-law behavior, a structure arises
that does not have any intrinsic scale. The Internet is an example of such a
P (k) ∼ k −γ , and several models have been designed that ﬁt the same description.
Later on enhanced models have been devised to capture the characteristics of more
elaborate phenomena, like the tendency of clustering [HK, KE02a, DM00, DMS].
Most models lead to evolving graphs which grow continuously in time by the
addition of new nodes, with only a limited number of notable exceptions where

10

Introduction 1

Figure 1.1: Example of a small, undirected, unweighted graph. Nodes correspond
to basic entities of the system, and links to any kind of relation between them.
This particular representation was generated by a random model described later
that favors triangle formation. The size of nodes in the picture is proportional to
their degree. The placement of the nodes has been performed by a springs-andcharges energy minimalization procedure implemented by me that favors clear
visual appearance.
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the scale-free graph is generated by means of a Monte-Carlo algorithm [BCK01].
The degree distribution P (k) and average connectivity become stationary in the
thermodynamic limit, save for the tail of the distribution, which is subject to
ﬁnite-size cutoﬀ eﬀects [DMS01, DM01a]. A practically minded question in the
same spirit is the growth mechanism of the Internet [VPSVa].

1.2

Networks around us

The evolution of the science of networks, as that of many other areas in physics,
started with observations about particular systems whose properties seemed to
have much in common with each other. Here I review a few real-world networks
that have had relevance in advancing this ﬁeld.

1.2.1

Social networks

Data on friendship relationships had been gathered already as early as the 1920s [Mor34]
in small groups, but Rapoport was the ﬁrst to use mathematical modeling and
analysis for social networks [RH61], introducing the now ubiquitous notion of
degree distribution. While similar experiments in sociology are done from time
to time, they are usually based on personal questionnaires and thus are prone to
inaccuracy, due to small group sizes, and to subjectivity, both on the part of the
interviewer and the respondents.
A deﬁning experiment had been undertaken by Milgram [Mil67, TM69], in
which he asked volunteers to pass a letter to acquaintances whom they knew
on a ﬁrst-name basis so that the letter be delivered to a speciﬁc target person
in the end. His results, which later became to be known as “six degrees of
separation”, showed that it took about 6 contacts for the letter to reach its
destination. This was an indication that people are relatively good at ﬁnding
an unknown person through social contacts (though the geographical location of
the addressee unquestionably played a role) and that the number of intermediate
messengers needed was very small considering the size of the total population
(hundreds of millions).
Considerably more accurate data can be gathered for collaboration networks
that include the ﬁlm actor collaboration network (actors are connected if they
played in the same ﬁlm) [NSW01, WS98], the network of company directors (connections mean that directors are members of the same board of directors) [DG97,
Mar75], and the coauthorship network of scientists (authors are linked if they
have common papers) [BJR+ 02, New01b, New01c].
A friendship network is shown as an example in Fig. 1.2, where the community next 
structure is also very apparent.

1.2.2

Information networks

“Information networks” as termed by Newman [New] are networks whose vertices
usually represent some intellectual work and the edges correspond to any kind
of relationships between the vertices. Probably the most well known example is

12

Introduction 1

Figure 1.2: Friendship network in a US school among children. The horizontal
split in the picture is according to race, while the vertical split separates children
according to age (middle school and high school). As shown by James Moody.
citation networks, where the nodes are scientiﬁc publications and the directed
edges are citations between these [ER90]. Since databases for citations can grow
large, the body of data for citation networks is very reliable and conclusive. It
has long been observed that both the incoming and outgoing degree distribution
follow power laws [de SP65, Red98].
The World Wide Web provides another excellent example of these kinds of
networks, for it has seen exponential rise in the number of pages since its birth
in 1990. Naturally, nodes in the graph are the Web pages and edges are hyperlinks. Similarly to citation networks, the Web has power-law in- and out-degree
distributions [BAJ00, KKR+ 99].
Other types of information networks under investigation include peer-to-peer
computer networks [ALPH01], the relationship of words in a thesaurus and semantic networks [Knu93, MdMLD02, DM01b, iCS01], and preference networks
represented by bipartite graphs where one kind of nodes are customers or users
and the other kind are products bought [GNOT92] by them.

1.2.3

Distribution networks

Distribution networks exist to facilitate the distribution of a certain resource,
and they can be man-made or natural. Networks that have been studied are the
electric power grid network [Wat99b], airline routes [ASBS00], roads [KSM03],
railways [SDC+ ], and river networks [MRR+ 96, RIR97], among others. Communication networks are usually easier to gather data on and have become more and
more proliﬁc and important in our lives. The ones under scrutiny include tele-
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Figure 1.3: The map of Internet routers colored by IP numbers corresponding to countries, as of 1998. Made by W.R. Cheswick for Wired magazine
(http://www.cs.bell-labs.com/~ches/map/index.html).
phone networks, electronic circuits [FJS01], and the Internet on diﬀerent coarsegrained physical levels. The Internet has attracted particular attention due to its
unprecedented power in disseminating information [FFF99, CCG+ 02]. A map of
the Internet from 1998 is shown in Fig. 1.3.

1.2.4

Biological networks

An interesting application area of network modeling is that of biological systems.
From the microscopic to the large-scale, there are several systems in the living
world that can be successfully described by graphs. The statistical properties
of metabolic networks have been studied by a number of authors. The nodes
of these networks are metabolic substrates and products, and edges correspond
to possible reactions transforming a speciﬁc substrate into a product [JTA+ 00,
WF01, SKB+ 02].
Genetic regulatory networks are another examples of networks in the cell.
Genes transcribe and translate particular proteins into others, the process of
which is called the expression of the gene. This is controlled by activators and inhibitors, themselves also being proteins. The genetic network can thus be formed
by proteins as nodes, connected to other proteins that they depend on during
transcription [FJV+ 03, GBBK02].
On the other end of the scale stand food webs in the ecosystem that have
been researched. In the representation nodes are species that prey on each other,
and directed edges go from preys to their predators [MS02c, SM01, CGA02].

14
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The organization of this dissertation

 p. 8 After providing a short introduction in Part I to some of the subjects covered in
 p. 35 the second part, each of the chapters in Part II will focus on a particular topic
that are in themselves complete and give account of the new results I wish to
present here. Short introductions, usually found at the beginning of the chapters,
 p. 35 focus on the motivations. Chapter 4 is concerned with the global topological
properties of scale-free networks, and in particular, it analyzes shortest paths and
 p. 51 their distributions. Chapter 5 elaborates on the problem of minimum spanning
 p. 57 trees of mainly scale-free networks. Chapter 6 describes the method we used
with success to analytically characterize growing network models with respect
to clustering and sheds light on the application of the same theory to attempt
 p. 71 to explain a fundamental observation in real complex networks. Chapter 7 is a
short digression to a possible application of the network tools to solve practically
 p. 82 relevant problems. Finally, Appendix A concludes with an overview of a parallel
simulation framework I developed to facilitate the easy implementation of large
simulations.

1.4

Remarks

In some parts of this introductory section I relied heavily upon the excellent
review on networks by Mark Newman [New].

Chapter 2
Metric aspects of complex
networks
2.1

Shortest paths

Since networks do not have an embedding space with a metric like lattices do, it
is sometimes necessary to deﬁne distances on them in various other ways. One
of these is shortest paths, where a path is a sequence of vertices starting at a
given vertex and ending at another and there must be edges leading between
adjacent members of the list. One thus may consider directed or undirected
graphs, and the results could be rather diﬀerent. ‘Shortest’ paths are paths that
are non-recurring and the sum of weights over their edges are minimal over all
possible paths (in unweighted graphs, weights can be taken equal to 1). How the
average length of shortest paths behaves in networks when the network grows is
an essential question in problems where navigating the network is required (like
search in communication and social networks, discovery, or visitation).
It is a common feature of growing networks that they spontaneously develop
degree-degree correlations between adjacent nodes [AB02, DM]. This is a manifestation of the preferential attachment [BA99] principle, where more connected
nodes are to attract a larger proportion of new links as the network grows. One
study hints that the correlation between neighboring node connectivities is the
mechanism behind the logarithmic scaling of the network diameter or the average shortest distance between two randomly chosen vertices, with respect to
the system size [Krz]. The support for the argument is empirical evidence from
simulation results of a broader class of scale-free graph ensembles, where a power
law growth of the diameter has been indeed identiﬁed. The question of viability
of logarithmic scaling in real-world networks is particularly essential, since it has
an impact on eﬃciency and percolation issues (communication over the Internet, spreading phenomena [PSV01, PSV], community structures [GN, AB00]).
Scale-free networks in general have been shown to possess surprisingly small diameters [CH03]. If the degree distribution of the network is P (k) ∼ k −λ , the
scaling of the expected diameter d depends on the degree distribution exponent
λ as follows:
• for 2 < λ < 3, d ∼ ln ln N ;
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• for λ = 3, d ∼ ln N/ ln ln N ;
• for λ > 3, d ∼ ln N , as in the case of small-world networks.

Note that the derivation yielding the above results is for graphs with loops, and
for Barabási-Albert trees a mathematically rigorous proof has also been given
that their diameter goes as d ∼ ln N [BR04].
Less attention has been paid to the probability distribution of shortest path
lengths in scale-free graphs, possibly owing to the fact that it has been implicitly
assumed that the average diameter is an adequate measure of distance properties
in the networks. The particular form of the distribution function may have bearings on the performance of search algorithms in scale-free graphs [KYHJ]. On the
other hand, the distribution of shortest paths has been analytically calculated for
the small-world model, employing the underlying lattice structure [KAS00] and
arriving at a Gaussian-like distribution for large system sizes. Likewise, a model
for deterministic scale-free graphs has been proposed and analyzed lately [DGS],
where a Gaussian is again obtained in the asymptotic limit.
In the context of random networks, one often resorts to Ref. [NSW01] and
the derivation therein, which suggests that the diameter of graphs grows logarithmically. Although the calculations there are performed for random graphs
containing loops, the result obtained closely resembles that for balanced Cayley
trees with uniform coordination numbers (except for the coordination number of
the central node, which is diﬀerent). According to this, the number of nodes
separated from node zero by k non-recurring steps goes as z k where z is the coordination number for the Cayley tree. It then follows simply from the sum of
a geometric series that both the longest distance between nodes and the average
distance should behave as ¯l ∼ ln N .

2.2

Minimum spanning trees and percolation

Analysis of the level of redundancy in the context of random networks has centered around the resilience and reliability of the networks against intentional or
accidental removal of some of their nodes [AJB00, CEbAH00, CNSW00]. The
motivation has been the recognition that the Internet, whose structure is well
approximated by scale-free models, is prone to disturbances of these kinds.
In fact, vulnerability of networks has ﬁrst been approached by borrowing ideas
from percolation theory [NW99], looking for a giant component in models of site
or bond percolation where either nodes or edges of the graph can be occupied
and unoccupied, respectively. Let now q denote the probability that a vertex is
occupied in the site percolation model; it was found that if the degree distribution
of the network follows a power law as P (k) ∼ k −γ , then the transition to forming
a giant component for γ ≤ 3 takes place at a critical value qc of q where qc
is zero [CEbAH00]. This means that a scale-free network always has a giant
component comprising of a non-vanishing fraction of the nodes. More generally,
the percolation threshold is qc ≤ 0 for networks with a degree distribution whose
second moment diverges.
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A diﬀerent approach is to ask how a connected component of a network could
be possibly reduced to a graph with the same number of nodes as the original one
but as few edges as possible, and, naturally, retaining the connectedness of the
structure. The object that includes all the nodes of a graph and only a minimal,
for the connectedness required subset of its edges is known as a spanning tree.
The spanning tree has thus as many edges as nodes less one. If weights or lengths
are assigned to the edges of the graph, it becomes an optimization problem to
ﬁnd the minimum spanning tree (MST) where the sum of the edge weights is the
smallest of all spanning trees (the maximum spanning tree is analogous to the
MST in that the total weight should be maximized). This provides an analogy
to the resilience problem, which has often been treated in terms of percolation,
since MSTs present an example of invasion percolation [Bar96, DD01].
The algorithms most often used to ﬁnd the MST in the non-degenerate case
are Prim’s or Kruskal’s methods [CLRS01]. Prim’s algorithm eﬀectively works as
an invasion percolation process [Bar96]: starting at the bond with the smallest
weight, the tree is constructed by always growing at the minimum cost edge
adjacent to any of the invaded nodes. Kruskal’s method performs a global search
for the smallest weight in the set of the yet uninvaded edges, and rejects it if its
addition to the set of invaded edges would introduce a loop into it; otherwise, it
is accepted. Both algorithms naturally produce the same MST.
From the brief description of Prim’s algorithm above it immediately follows
how the way to construct the MST is analogous to invasion percolation, in that
we always invade edges with the next smallest weight without making loops in
the tree, avoiding touching nodes that have already been invaded. In this light,
the MST is the object that we get if we perform invasion percolation on a ﬁnite
graph instead of an inﬁnite lattice in the traditional way. A typical example can
be seen in Fig. 2.1.
next 
Minimum spanning trees can be important from a practical point of view, too.
A few examples could be:
• Virus spreading has been extensively investigated in the literature, usually
through dynamical models [AM91, New02a, PSV01]. In a hypothetical scenario, the graph that we perform the optimization on can represent the network of social contacts, and weights on edges appropriately chosen strengths
of those contacts. The weights should be related to the time to transmit
the infection, so that a smaller weight means easier spreading. The problem
is then best approached from a percolation perspective if we consider that
spreading from infected individuals always takes place on the link that has
the next smallest weight (smallest transmission time) among all the possible links to transmit the disease. Since in spreading problems there usually
is an initial node from which the infection originates, we have to initialize
the edge weights so that Prim’s algorithm will start with the desired edge
and node. The optimization procedure will then yield the tree of infections
when the whole population becomes aﬀected, and the total weight on the
tree will give the time for this to happen. Note that spreading of viruses
in this discussion can easily be interchanged with spreading of rumors or
computer viruses, in which cases the edge weights also have to be redeﬁned
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Figure 2.1: A random graph with random weights on its edges and its minimum
spanning tree, whose edges have been colored bright.
correspondingly.
• Very closely related to the problem above, one might be given the task to
publish some piece of information as quickly as possible in a network so that
nodes themselves are also transmitters of information apart from receiving
and using it. Peer-to-peer or traditional computer networks could be an
example, where circulating a large ﬁle could be necessary without clogging
the network by transmitting the same ﬁle over and over again to nodes that
already have it.
• An existing application of minimum spanning trees is in distributed computing with individual computers linked by comparatively slow network
equipment. Here the scheduling system constructs a virtual topology of
computer nodes. Spanning trees are then used to pass around global messages like that for averaging results obtained by diﬀerent nodes, and also to
balance load across several processors [KK96].
• Minimum (or maximum) spanning trees could prove useful in graph visualization problems. With real-world networks reaching the millions in node
counts nowadays, it may be impractical or impossible to show the whole
network in its entirety, but giving an impression of the ‘backbone’ of the
network could help in many instances. Conversely, the shortest-path tree
may also be utilized.
In other contexts, the total edge weight and weight distributions of MSTs on
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N -cube graphs (i.e., N -dimensional ’cubes’) has been estimated in the asymptotic
limit [Fri85, LS02], and the weight distribution on square and cubic lattices has
been numerically investigated [DD01].

2.3

Dynamical processes in networks

Although structural characterization of networks has attracted more attention
than the actual dynamical processes taking place on these objects for natural
reasons, there have been a few steps taken in this direction, too. As mentioned in
Section 2.2, percolation phenomena were among the ﬁrst to be connected to and p. 16 
studied in the context of inhomogeneous networks beyond the sole description of
their structure, which, of course, was material to the further understanding of
these processes.
A practically relevant set of problems is that of disease spreading. Transmission of infections are often modeled by the Susceptible-Infective-Recovered (SIR)
model of epidemics [AM91], in which individuals can be in three diﬀerent states:
susceptible people are prone to catch the disease if subjected to it by any of
their neighbors; infective ones have the disease and can pass it on to susceptible
acquaintances; and recovered persons are permanently immune against further
infections. One usually assumes that susceptible individuals can catch the disease with a rate β per unit time, and when infective, they recover at rate γ.
Obviously, the network structure, how people are connected to each other with
respect to the infection, has deep consequences as far as the spreading is concerned. In most cases, it turns out that scale-free networks are very eﬃcient in
facilitating the spreading of infections described by such a model. This is because
the hubs of the network with large degrees pose a particularly high risk and that
they are easily reached in a few steps due to the small diameter of these networks.
Considering that the SIR model can be mapped to a bond percolation model on
the same network [Gra83], it is no wonder that the conclusions are in analogy
with those of the percolation framework.
Another class of processes taking place in networks that have been studied in
more detail are related to technological networks such as the Internet and peerto-peer networks. Search is becoming ever more essential with the expansion of
the World Wide Web to unprecedented levels, and so are various methods for
network crawl and exploration [KL01, Kle00, BP98, ALPH01].
It has been observed that packet traﬃc ﬂuctuations on Internet routers are
fractal and have long-range correlations in time [Csa94, TTS96]. It has been a
matter of debate whether these are caused by the structure of the network or
the particular patterns that characterizes the usage of the medium by humans
and automated processes, and has been argued, for example, that the power-law
tail of the distribution of transferred ﬁle sizes may be among the reasons. Since
routers have a ﬁnite capacity to hold data packets while relaying them, it seems
inevitable for the traﬃc to get jammed when too much information is produced
to be transferred for the bandwidth available. In such a case, many of the routers’
buﬀers get ﬁlled up in cascades and the communication comes to a halt in bursts.
It was also found that the betweenness, the total number of shortest paths
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going through a node, has a power-law distribution with an exponent of about
2.2 [GKK01]. Since routing in practice usually is dominated by given paths due
to cost eﬀectiveness and a suppressed number of loops in the network, one can
expect that this also has bearings on the dynamical behavior. These issues have
been addressed by microscopic packet transfer simulations, in which the goal
was either to reproduce the free ﬂow–jammed transition [HBK+ 01, GADGG],
or explain several interesting dynamical observables of scale-free and random
networks, such as the load on active nodes, power spectrum of the packet density
measured at a hub, and probability distribution of transit times [TR].

Chapter 3
Clustering
3.1

Introduction

In this chapter we review a few aspects of what can be considered to be one
of the simplest ways of describing nontrivial network structures: clustering or
transitivity. The term clustering has been borrowed from the social sciences,
but its meaning has become somewhat narrowed down to refer to the prevalence
of connected triangles in the network. It is in other words a common observed
feature in many real networks that if a node is connected to either node of a
connected pair of vertices, then it is likely that it is also connected to the other
node of the pair. In large networks, it becomes a matter of quantitative analysis
to deﬁne a measure of clustering, either locally or globally. The local clustering
coeﬃcient Ci of a node i has been introduced [WS98] to express the connectedness
of the node’s neighbors with each other:
Ci =

number of direct links between neighbors of i
.
number of all such possible links

(3.1)

When the degree of the node is given as ki , then the denominator in Eq. (3.1)
is yielded as ki (ki − 1)/2. An overall clustering coeﬃcient C characteristic of
the network can be taken to be the algebraic average of all Ci ’s. The clustering
coeﬃcient used by social scientists diﬀers from the expression above, insofar it is
deﬁned only globally and basically relates the number of triangles to the number
of paths of length two [New].
Indeed, the clustering coeﬃcients measured on many types of networks are
markedly larger than in random graphs, and most probably have a non-zero thermodynamic limit, in contrast to random graphs again. Thinking about networks
in the human societies or networks based on mutual introduction rules, it is easy to
conceive how or why dense clustering may emerge. On the other hand, networks
on the technological front may be expected to be diﬀerent even qualitatively from
the “spontaneous” networks in the above sense, for the reason that they often
evolve through any kind of nonlocal optimization minimizing a cost function. In
this sense the WWW, though, is in fact closer in nature to human contacts when
shared interest dominates over utility or energy costs of man-made networks.
Many models are now able to give account for ever more observed details of
networks, the clustering coeﬃcient being one of them. Qualitative comparison
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is often made on the basis of the clustering coeﬃcient dependence on the node
degree, that is, the function that gives the expected value of the coeﬃcient for
nodes with the same degree. As the following sections illustrate, this function
many times is simple enough to warrant further investigation.
As a factor of network structure, clustering inﬂuences the dynamical processes
on the network (diﬀusion, random walk, search), so far as it is related to the
the number of loops of the shortest size possible. Results that directly connect
clustering and the processes are more scarce. A less-researched subject is the
number of loops of higher order than 3, which is particularly appealing when
one is to characterize the networks better or when the goal is to ﬁnd the best
matching model to a given network, for instance [BCC].
Large local or global clustering can be an indication of hidden modularity
in the network, especially when the network itself is the representation of certain functions or social structures, as is the case for example in metabolic networks [OB02, RSM+ 02]. Modularity is inherently subject to a wide variety of
interpretations, due to the many degrees of freedom that can go into designing
the clustering algorithms that classify the nodes into modules [GN02]. The clustering coeﬃcient inside modules can still be expected to be considerably higher
than in intermodular regions.
The empirical data is usually analyzed in terms of the average clustering coeﬃcient C and the degree-dependence of the same, C(k). Network motifs [IMK+ 03,
MSOI+ 02], as triangles, are subgraphs that are more frequent than one would
expect in, say, the basic conﬁguration model to be outlined below.
One of the interesting issues in looking at local structures, as triangle formation, is how they correlate with other properties. This holds information
about the mechanism that drives the network growth. The “friends of friends get
friends” one is a typical example—as we show in the section about the mean-ﬁeld
theory this leads to correlations in clustering that can be detected by computing
C(k). For other possibilities, similar analysis reveals that the dynamics of the
local neighborhood—as reﬂected in the average degree of the neighbors, knn —
should also be exhibited in the clustering of a node of degree k. This in turn
directly implies that e.g. in assortative networks degree-degree correlations and
the clustering are coupled [New02b].

3.2

Examples of clustering

A most basic, clear-cut way to look at clustering is to consider the average clus opposite tering coeﬃcient, C, and this is displayed in Table 3.1 for various examples.
The clustering seen in non-social networks is of about the magnitude one would
expect for a random graph model with parameters (number of nodes, average
degree) similar to real networks. The conﬁguration model for instance produces
similar numbers for graphs of such sizes. Notice the relatively high clustering in
directed networks, from which the clustering has been computed forgetting about
the asymmetry. Ravasz et al. [RB03] and Vázquez [V0́3] provide numerous examples in real-world networks for C(k). Such plots imply, possibly, the presence
of power-law dependence of the coeﬃcient on the node degree k. In the section

3.2 Examples of clustering
network
ﬁlm actors
math coauthorship
physics coauthorship
biology coauthorship
email messages
email address books
student relationships
WWW nd.edu
Roget’s Thesaurus
Internet
power grid
software packages
software classes
electronic circuits
peer-to-peer network
metabolic network
protein interactions
marine food web
freshwater food web
neural network

type
undirected
undirected
undirected
undirected
directed
directed
undirected
directed
directed
undirected
undirected
directed
directed
undirected
undirected
undirected
undirected
directed
directed
directed
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N
449 913
253 339
52 909
1 520 251
59 912
16 881
573
269 504
1 022
10 697
4 941
1 439
1 377
24 097
880
765
2 115
135
92
307

C
0.20
0.15
0.45
0.088
0.16
0.17
0.005
0.11
0.13
0.035
0.10
0.070
0.033
0.010
0.012
0.090
0.072
0.16
0.20
0.18

Ref(s).
[WS98, ASBS00]
[GI95, dCG99]
[New01d, New01b]
[New01d, New01b]
[EMB02]
[NFB02]
[BMS02]
[AJB99, BAJ00]
[Knu93]
[FFF99, CCG+ 02]
[WS98]
[New03]
[VCS02]
[iRCJS01]
[ALPH01, RFI02]
[JTA+ 00]
[JMBO01]
[HBR96]
[Mar91]
[WSTB86, WS98]

Table 3.1: Average clustering for various networks. The table contains the type
of the graph, its nature (directed or undirected), the number of vertices N , the
average clustering coeﬃcient C, and ﬁnally there is a citation to the source of the
data. According to Newman [New].
about mean-ﬁeld behavior we shall see that there is a rather trivial mechanism, of
the “friends of friends” type, that can create 1/k-behavior [V0́3, SAK03, HK02].
A number of examples is shown in Fig. 3.1, supporting this observation. Other next 
kinds of functional dependencies are less obvious. The analysis of growing networks allows in principle to understand various eﬀective decays of C(k), but also
highlights the fact that there are large corrections to scaling. In particular, the
structure of the Internet is an intriguing example, with a power-law decay in
between 3/4 and 1, as shown in Fig. 3.2. Note that the reason for a decay of next 
the distribution is clear in many cases. Eﬀectively, hubs connect (in particular in
graphs with a hierarchical structure) subgraphs or cliques to each other. These
are of course not connected with others, so the largest-k nodes have a small C(k).
Loops up to size 5 are much more frequent in the Internet than in random
scale-free networks [BCC]. For triangles, the data implies that C(k) for the
Autonomous System level Internet indeed scales as k −0.7 , regardless of the time
at which the data has been taken [VPSVb]. The same data compares also with
the ﬁtness model outlined below.
Thus, vertices of high degree k tend to be connected, on average, to others of low degree, and vice versa. Newman and collaborators [New02b, New03]
argue that only social networks tend to have a positive so-called Pearson cor-
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Figure 3.1: The scaling of C(k) for four networks. The dashed lines indicate
inverse power laws in all cases. (a) The actor network based on the imdb.com
database. Two actors are connected if they ever played together. (b) The semantic web of English words. Words are connected if the Merriam-Webster dictionary
lists them together. (c) WWW data collected by Albert et al. [AJB99] (d) The
Internet at the Autonomous System level, where each node represents a domain.
The ﬁgures are presented by Ravasz et al. [RB03].

Figure 3.2: Clustering coeﬃcient as a function of the node degree for data collected on the Internet on both the Autonomous System level at two diﬀerent
times (AS and AS+) and the Internet Router level (IR). The solid line indicates
the power law decay C(k) ∼ k −0.75 . After Vázquez et al. [VPSVb].
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relation coeﬃcient r that quantiﬁes this. Small networks can accidentally have
large clustering, though r is negative. The existence of modular structures may
have geographic (the Internet [ESMS03]), functional (metabolic [RSM+ 02] or
protein interaction networks [RG03]) bearings, or arise due to social network
activities [GN02, GDDG+ ].

3.3

Models that create clustering

There are several possible recipes for models that result in local structures with
the desired properties. On the level of computer simulations one can separate
two classes of dynamics, depending on whether the graph is growing (nodes are
added) or whether the edge population is allowed to equilibrate. Or, one can setup the graph from the very beginning, from an ensemble like in the Erdős-Rényi
graph example [ER59].

3.3.1

Static graphs

In this respect, a perfect example is the Newman and Park model of networks
based on groups [NP]. The idea is simple: create local clustering inside groups,
mimicking social networks. One takes N individuals and divides them into M
groups (“community structures” [GN02]). Like in the Holme-Kim model of
growth individuals have strong, probabilistic triangle formation inside groups.
One can complicate this idea further, by e.g. labeling the groups [WDN02]. This
graph can be presented as a bipartite one, with connections between groups and
individuals, only. The clustering properties are obviously something that one can
tune, at will, by changing the local intra-group connection probability p. The
outcome is that the average clustering coeﬃcient is
C = pCb ,

(3.2)

Cb being the clustering coeﬃcient of the simple one-mode projection of the bipartite graph [NSW01]. Likewise one can determine C(k) ∼ 1/k again in analogy
with the “friends of friends” principle. The factor Cb can be determined exactly
in a number of cases.
An even simpler way is to modify Erdős-Rényi graphs by tuning the degree distribution to the wanted one: the conﬁguration model [MR95, MR98].
Here [New, EMB02]
 2
2

z2
z1 k 2  − k
1
=
,
(3.3)
C=
N z1 z1
N
k2
where zi denotes the coordination of the i’th layer (i.e. 1 means neighbors), and
N is the size. This is the Poisson random graph value C = z1 /N times an extra
factor. Notice that C ∼ N −1 , but for wide degree distributions the actual value
can be signiﬁcantly larger and thus noticeable. For power-law distributions, this
results in [New]
3α − 7
.
(3.4)
C ∼ N −β ,
β=
α−1
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For truly SF networks (P (k) ∼ k −α ), with an α in the range between two and
three, this leads to interesting behaviors. For small enough α values C even
increases with N , while above 7/3 the decay is slower than in random graphs.
Note that this is in slight contrast with the fact that the conﬁguration model
is assumed to have no loop structure. Similar results can be derived for the
projections of bipartite graphs [NSW01]. Recently, Caldarelli et al. [CCRM02]
and Söderberg [Söd02] (see also Ref. [GKK01]) have proposed diﬀerent models
of inhomogeneous random graphs that represents a natural generalization of the
classical Erdős-Rényi random graph model [ER59].
For the ﬁlm-actor collaborations [WS98, ASBS00], collaboration networks of
mathematicians [GI95, BM00], company directors [DYB01], and an email network [NFB02], the conﬁguration model-based argumentation results in an average clustering coeﬃcient of 0.0098, 0.00015, 0.0035, and 0.017, respectively, much
 p. 23 smaller than the actual values (see Table 3.1). The suggested reason is the presence of community structures or groups [New, RB03, GN02, GDDG+ ], but of
course direct “friends of friends get to know each other” mechanisms would work
as well (e.g. [BC96, Wat99a, JGN01, KE02a, JJ02]).
A more complicated idea to create networks, with an inﬂuence on clustering,
is to assign “ﬁtnesses” to the vertices and make the linking to be dependent
on the quenched values for any pair of nodes (i, j): fi and fj [BPS03]. This is
in fact just a generalization—for a static network—of the Erdős-Rényi graphs
(where f ≡ p). The properties of this kind of networks depend on the probability
distribution ρ(f ) of the ﬁtnesses, assuming that links are established simply by
a probability linearly dependent on both fi and fj . A power-law ρ leads simply
to a power-law distribution for the degrees. Even for other distributions, one
may get SF-networks using threshold rules for the ﬁtnesses in the linking process.
Power-law clustering is not created by a ρ(f ) that is a power-law, but for an
exponential one: with N = 104 and k = 10, the average clustering coeﬃcient is
C  0.1, knn (k) ∼ k −0.85 and C(k) ∼ k −1.6 has been demonstrated [CCRM02].
It remains to be seen how the threshold rule incorporated in this can be justiﬁed.
The authors argue that protein networks may provide an example, since in the
“two-hybrid” method the hybridizing of two proteins depends on the interaction
time of the two proteins which if large enough allows transcription.
One of the important advances in the understanding of network properties
based on the “rules of the game” is the analysis of the hidden-variable models by
Boguña et al., applicable in particular to models with static ﬁtnesses [BPS03].
One can also deﬁne distances in social networks, by assuming the presence of
some eﬀective metric. Since social networks empirically exhibit large clustering,
the metric should also lead to comparable behavior. This is naturally coupled to
the assortative mixing exhibited by such networks, i.e., the function knn  is not
trivial. These are often in social networks coupled to the presence of community
structures [GN02, NP]. In the social network formation model of Boguña et
al. [BPSDGA] the connections between individuals are established as a function
of the social distance. Communities arise naturally, and the average clustering
coeﬃcient remains non-zero in the thermodynamic limit. The central idea is
to use (in a d-dimensional space of distances) a connection probability that is
approximately inversely proportional to the social distance to a power α. Social
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Figure 3.3: Average clustering coeﬃcient in the social network formation model
as a function of the connecting tendency α and ﬁxed average degree, k = 10.
The solid line is the analytical estimate, while the symbols are from simulations.
The inset shows the average nearest neighbor degree, knn . Originally presented
by Boguña et al. [BPSDGA].
distance, in this case, is measured in a d-dimensional space of social features
(geographical location, wealth, religion, etc.). α > 1 measures the tendency of
people to connect to similar people. Using the aforementioned hidden-variable
theory [BPS03] one can compute many properties of the model.
One-dimensional simulations with initial random conditions for the individuals
clearly exhibit the fact that α is the essential control parameter (Fig. 3.3). The
asymptotic value is C = 3/4 for α → ∞.
Finally, another approach akin to equilibrium statistical mechanics is to assume an energy or a Hamiltonian [BL02] for the structure. One attempt is to
use an energy for an i ↔ j-link [BM]
ij =

min{ki , kj }
− 1,
max{ki , kj }

(3.5)

and ij is 0 if i and j are not connected. Eq. (3.5) favors large diﬀerences between

the respective degrees, together with the Hamiltonian being H(G) =
i<j ij
for the conﬁguration G. One may now do random rewiring (which is easy since
one does not need to conserve properties such as the local degree). In particular, for Metropolis-like rewiring dynamics the outcome depends on the eﬀective
temperature α chosen.
Numerical data implies C ∼ N −σ(α) for N → ∞, with σ ranging from ≈ 1 to
≈ 0.25 for 0 ≤ α ≤ 6, and C(k) ∼ k −β is also obtained for various values of α.
The exponent β reﬂects the fact that there is hierarchical clustering (like before,
locally highly clustered subnetworks are connected via hubs). β = 0 for α = 0,
but for larger α a power-law C(k) takes over, with β increasing with α towards
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Figure 3.4: Clustering coeﬃcient in the Hamiltonian random rewiring model as
a function of the degree, for four values of α, for N = 8192. Appears in the work
by Baiesi and Manna [BM].
β = 1 (Fig. 3.4).
The rule of an underlying geometry has natural eﬀects on clustering. This may
be behind the fact that the Internet shows such properties. The existing models
in which links are added to regular lattices to create SF degree distributions
have rather large clustering coeﬃcients. Manna et al. studied another version
of the same theme [MK03], in which the cost (Euclidean length) is minimized
starting from a N node Barabási-Albert network [BA99] on a two-dimensional
plane, with link interchange. This is done by rewiring two disjoint links so that
either ends of the links will be exchanged to point to the pruned vertex of the
other pair, preserving the disjointness. A random rewiring version also exists.
The ensuing clustering—note that the degree properties of the original BA model
are maintained—shows interesting features. The average clustering coeﬃcient
does not show any dependence on N , while C(k) becomes a power law with a
 opposite logarithmic correction (Fig. 3.5). The behavior can be characterized empirically
with
(3.6)
C(k) ∼ {k/[ln(k)]1/2 }−b ,
where b ≈ 0.94 and 1.1 for the normal and random rewirings, respectively. The
presence of the logarithmic correction is interesting, and note the similar discus p. 57 sion in Chapter 6.

3.3.2

Growing networks

The easiest complication to the BA model is to allow for both the addition of new
nodes, with preferential attachment, and the addition of new edges [CRP]. The
edge addition can then be made such as to indirectly favor clustering over the
BA-case. If the formation of new links is such that we require assortative mixing [New02b], one would take the nodes to which new links are being connected
with a probability function that uses as the argument |k1 − k2 |, i.e., the diﬀerence
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Figure 3.5: C(k) as a function of the degree k in the geometrically positioned
nodes model of Manna et al. The exponent b referred to in the text is b ≈ 0.94
and 1.1 for two diﬀerent kinds of rewiring strategies, respectively. Provided by
Manna et al. [MK03].
in the degrees of the trial nodes. Such assortative networks however can produce
increasing clustering with k, in stark contrast to usual data, which simply arises
from a tendency of hubs to be interconnected. In social networks, this is often
not the case, as for instance in preprint databases.
In more concrete terms, the idea is to combine vertex addition (with probability p) and link addition (with probability 1 − p), incorporating into the latter
a probability that takes into account the degrees of the nodes the link would
connect. For instance, the probability to actually place a link being
P (k1 , k2 ) ∝

1
|k1 − k2 | + 1

(3.7)

would result in assortative mixing, and
P (k1 , k2 ) ∝ |k1 − k2 |

(3.8)

in disassortative mixing, in analogy to many non-social networks. The latter
allows to solve the degree distribution, a power law with the exponent γ(p) =
p
. The usual clustering related quantities show again the eﬀect of controlled
2+ 2−p
triangle-formation. For C(k) a power-law can be established, in analogy to the
behavior of knn (k) again. For small enough values of p, β is in the range of
0.7...0.8, while for p > 0.7 the BA tree behavior is approached.
The relevance variables driven model of Caldarelli et al. [CCR] is another
example of “hidden variables”, which has the explicit motivation to attain as
close a match to the Internet variables as possible. The model has the basic idea
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Figure 3.6: Plot of the Karate Club data of Zachary [Zac77], together with the
clustering as given by the node coloring model of Kim et al. As shown by the
same authors [KRKK].
that a node added at time t with a relevance rt connects only to nodes with higher
relevances rτ > rt , with a preferential attachment rule applied in that case with
m links. One may proceed to solve the degree distribution using standard rate
equation techniques. More interestingly, perhaps, the knn (k) and C(k) turn
out to have properties inﬂuenced by the “community” mechanism implied by the
relevances. Both decay with k, and it is found that knn (k)  k −0.57 , close to
the Internet value [PSVV01, GKK02]. The C(k) decays as k −0.72 , close again to
the Internet Autonomous System data scaling.
A recent modiﬁcation of the BA model is such that a color is assigned to each
vertex, to denote an association with a group. The model of Kim et al. [KRKK]
starts as follows: ﬁrst a BA graph is grown up to a size n. Then the vertices are
split into two groups, by using the nodes with the two largest degrees and, for
the others, the topological distances to these two for classiﬁcation. Subsequently,
more vertices are added with randomly chosen colors, and with PA linking only
to those with the same color. Once the largest group grows to the threshold size
n, it is split again.
Figure 3.6 demonstrates a typical 1/k -scaling for C(k); note that knn (k) ∼
k −0.5 for the data. The degree distribution is interestingly “narrower” than for
the BA model. Notice that the scalings are dependent on the split-up parameter
n in the model. A cross-over in C(k) from constant to power law can be obtained
by tuning the maximum number of links per new node towards n.
Another question is the role of an underlying (two-dimensional) geography:
previously we met an example where the geometry was optimized while keeping
the distance properties as an objective. A more general one is how the geometry
and clustering combine if spatial distances are involved in general, e.g., as a growing network develops [JJ02, YJBT01, MS02a, XBS02, Bar03]. An easy example
is the formation of social networks, with face-to-face contacts being obviously of
importance. One attempt is to change the generalized PA rule [P (new → i) ∼ kiβ ]
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to such that a factor α is added, where is the distance between the two nodes,
and α is a parameter. Notice that without any spatial structure, scale-free graphs
are obtained only with β = 1 [KR01], but the incorporation of α may enlarges
the parameter space such that SF features are obtained in a region of α-β phase
space. Simply adding the spatial correlations to a BA network maintains the
power-law characteristics if α is large enough [MS02a, XBS02].
Simulations in Ref. [SM] with a one dimensional Euclidian structure imply a
complicated phase diagram if the preservation of the SF properties are considered.
Roughly, if α < 0.5, β has to be increased from unity, and meanwhile the degree
decay exponent γ decreases from the BA value of 3. As regards to clustering,
the addition of spatial background is able to change the behavior from the quasitrivial BA limit C(N ) ∼ N −1 . The behavior of the average clustering coeﬃcient
C(N ) on the SF phase boundary is for interesting: clustering is enhanced when α
decreases, the power-law exponent of C(N ) is reduced, and for very large negative
α clustering even seems to increase (obviously, this should be reconciled with the
fact that C ≤ 1).
There are some networks that appear to have power-law degree distributions, but for which preferential attachment is clearly not an appropriate model.
Good examples are biochemical interaction networks of various kinds [JTA+ 00,
JMBO01, FW00, WF01, SPS03, SKB+ 02]. A number of studies on the interaction
networks of proteins exist, with the vertices being proteins and the edges representing reactions. These networks change on evolution timescales, and there is little reason to expect that a PA-like rule would be operative. A possible explanation
for this observation has been suggested by Kleinberg et al. [KKR+ 99, KRR+ 00],
who proposed that these networks grow, at least in part, by the copying of vertices. Models of protein networks that make use of copying mechanisms have
been proposed by a number of authors [SPSSK02, KKKR02, BLW]. A variation
on the idea of vertex copying appears in the autocatalytic network models of Jain
and Krishna [JK98, JK01].
Further variants have been devised by Vázquez [V0́3]. The idea is as follows.
Typically, it could be envisioned that a random walk is performed on a set of
connected web pages. If one now assumes that there is a constant probability,
per a vertex visited, to be joined to the ﬁrst node, this naturally creates an
eﬀective PA rule—nodes with k links have a linear probability, on the average,
to be added. If one forgets about the diﬀerence of in- and out-degrees, the
number of pairs of nearest neighbors connected follows a rate equation, which,
after integration, yields the local clustering coeﬃcient for nodes with suﬃciently
large degrees as
2(1 + qe )
,
(3.9)
C(k) ≈
k
where the random walker with probability qe follows an outgoing link, or else
jumps to a random page. Simulations with a version of the random walk model,
with a vertex addition mechanism similar to the Holme-Kim model [HK02], reproduce this behavior. The other possibility to consider is to follow all the new
edges emanating from the last chosen one, with a probability qe . This recursive
search dynamics gives rise to a phase diagram in terms of the control parameter.
Local dynamics can also be made to mimic the friends-of-friends characteristics
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of social graphs. Davidsen et al. have presented a model [DEB02], in which a
joint friend directly creates a link between two vertices (or individuals), in analogy
with the Holme-Kim modiﬁcation of the BA model (see also [JGN01]). Vázquez
moreover has presented a model in the language of social dynamics [V0́3]: links
are formed at random between nodes that do not have joint neighbors with a rate
∼ 1/N 2 and links between such with a rate ∼ 1/N . The equations of Ref. [V0́3]
are in fact, for clustering, an adaptation of the mean-ﬁeld theory to this particular
model, with the analytical outcome that C(k) ∼ k −1 . Simulations of the model
demonstrate that mean-ﬁeld approximations do not necessarily apply here after
all, and likewise the exponent of C(k) does not scale inversely with k, but decays
slower. This is coupled with the presence of an increase in knn (k) with k.
Similar local dynamics are implied by many protein network-related models
(see e.g. [DMS02]). A typical idea is that a gene is duplicated but not completely, and thus proteins that the gene produces or controls are not exactly the
same [Oho70]. Thus the protein-protein interaction network evolves as a duplicated gene creates two vertices with the same interactions (addition of a new
node). Now one can postulate mechanisms that slightly modify the copied interactions [SPSSK02, Wag01, VFMV03]. Note that this is very reminiscent of the
World Wide Web growth, since one often copies (outgoing) links to new pages
from existing ones. Such mechanisms give easily rise to an eﬀective PA rule, which
as usual may imply a power-law degree distribution with an exponent dependent
on the relative rates of the microscopic processes. The clustering in such models
has to arise so that the creation of edges gives also rise to real correlations between the degrees of neighboring vertices. Node-duplication of course reproduces
already existing triangles. A constant probability for this induces automatically
a ∼ 1/k-behavior for C(k), since the probability for a node to get increased clustering from duplication is linearly proportional to its degree. This scaling might
be changed with any possible edge removal process. A variant is the duplicationdivergence model [VFMV03], where vertices are ﬁrst duplicated and the copies
made to self-interact with a ﬁnite probability, and then out of each pair of edges
coupled to the twin vertices one is removed with another probability. One particular twist is that the model has a highly non-trivial degree distribution that
depends on the probability to remove edges, and may be called multi-fractal.
Simulations of clustering [VFMV03] reveal that while the degree distributions
are extremely non-trivial and follow only partly mean-ﬁeld descriptions, the behavior of C(k) does follow an approximate power-law with C(k) ∼ k −β , and
β ≥ 1. Increased loss of edges makes the deviation from the 1/k-scaling more
dramatic. The fast decay of C(k) couples to a negative correlation between the
degree of a vertex and its neighbors, in analogy to some empirical and modelling
results [BLW, MS02b].

3.4

Conclusions

The clustering aspect has been crucial in the revolutionary development of modern theory of complex networks. In the seminal paper by Watts and Strogatz [WS98] this property is in the focus. In fact, the small-world model could
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explain two out of three generally observable properties of many complex networks: it has a small average distance, and a large clustering but it fails to
reproduce the scale-free character of the degree distribution. The model by
Barabási and Albert [BA99] again reﬂects a pair of the properties, namely it
is scale-free, also a small world, but the clustering is too small as compared to
the observations. Meanwhile a series of simple models have been introduced,
which obey all three properties and which are usually generalizations of the BA
model [RSM+ 02, HK02, KE02a, MS02a, SM].
Clustering is a natural way to characterize nontrivial correlations in a network. These are very important from the point of view of applications: Newman
showed that signiﬁcant high clustering—besides assortativeness—is characteristic
for social networks. Bianconi and collaborators [BCC] showed that clustering can
be considered as a ﬁrst element in an inﬁnite hierarchy of quantities, namely the
number of h-loops.
It seems that clustering is closely related to the functionality of the network.
If it is deﬁned locally it could give insight into the modularity of certain networks [OB02], at least in such cases where the length scales are separated [VK].
One of the most important applications of complex networks is that of classiﬁcation, or taxonomy. The task is the following: given a similarity function
order entities into groups, possibly in a hierarchical manner (which is essentially
the construction of a network). Several techniques can be applied [AB84], many
of them leading to tree structures like the minimum spanning tree or the average linkage cluster algorithms. The advantage of the latter methods is that
they provide immediate hierarchies, however, the price to pay for the enforced
tree structure of the network is that important links forming loops are neglected.
In non-hierarchical agglomerative classiﬁcation, where gradually the links in descending strength order are inserted, the concept of local clustering seems to
play a guiding role with respect to the information content of similarity matrices [OKK].

Part II
New results

Chapter 4
Shortest paths and load scaling
in scale-free trees
4.1

Introduction

Here we focus on a subset of scale-free graphs described by the Barabási-Albert
model [BA99] that in addition are loopless rooted trees from a topological point
of view, i.e. the m = 1 case where one connects new nodes by only one link to
the existing structure. By removing the redundancy of interconnecting loops it
is possible to consider the distance properties on a mean-ﬁeld level, and also to
analyze “load” or “betweenness” [GKK01, New01c], the number of any shortest
paths passing through vertices. The essential fact here is that the hub of the tree,
e.g. the node with the highest connectivity for simplicity, transmits connections
between all the branches emanating from it. We show that a stochastic branching
process rooted in the preferential attachment rule gives rise to the logarithmic
scaling of the diameter and that the pdf of the minimal paths approaches a
Gaussian.
It is obvious that trees have unique shortest paths between any two nodes
in the sense that without traversing the same edge twice it is not possible to
ﬁnd an alternate minimal route (unlike in unweighted graphs with loops, where
there is usually more than one minimal path). We can then deﬁne one of the
nodes as the root of the tree and unambiguously arrange all the other nodes into
layers depending on their minimal distance to the root. Finding the shortest path
between two chosen nodes is nothing but identifying the deepest common node
along the paths leading from the root to the source and target vertices and then
connecting the two nodes via this common fork. Notice that the choice of the
root here is slightly arbitrary; one would prefer to use balanced trees.
We study scale-free Barabási-Albert trees [BA99], starting with a single vertex. In each time step then we add a new vertex with only one outgoing edge.
The other end of the edge is connected to one of the nodes already present in
the system with a connection probability proportional to the connectivity or degree of a particular node. All edges are thought of as bidirectional and having
the same weight, namely 1. As a slight modiﬁcation to the original model, the
connection symmetry of the ﬁrst two nodes is broken by introducing a “virtual”
edge to the very ﬁrst vertex which only gives preference for this node over the
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second one when it comes to the subsequent addition of further nodes. This way,
we can automatically identify the most connected node in the network and call it
its root. To have a balanced tree one needs every subtree of the root to have the
same number of nodes in the conﬁgurational average. This is only attained when
the root is the most connected node, since the BA model ensures that the order
of the nodes in terms of connectivity does not change in the course of addition of
new nodes and is fully determined by the time of introduction of a node.

4.2

Mean-ﬁeld approach

To begin with, we will investigate the shortest path distribution in a mean-ﬁeld
model of a tree network, between the root of the tree and all the other nodes.
This argument extends also to general graphs in the case that the new nodes
added (e.g. m > 1 Barabási-Albert networks) do not cause a signiﬁcant amount
of shortcuts between already existing nodes.
Let us consider a uniform branching process for each of the layers in the tree
so that every node on a certain layer has the same number of oﬀsprings to produce
the next layer beneath; it shall amount to b(l) for layer l for short. This way the
original stochastic model is approximated by a deterministic graph [DGS, BRV].
The number of nodes n(l) with a separation l from the root is then n(l) =
n(l − 1) b(l − 1) with the condition that n(0) = 1. The actual form of b(l) can
be obtained by making use of the preferential attachment rule for BA networks.
According to this, the probability that a newly introduced node will connect to
any given set of nodes is proportional to the cumulative connectivity of the set
in question. Thus, the number of nodes on layer l + 1 changes according to the
following rate equation, due to the addition of a new node:
1
∂n(l + 1)
=
(b(l) + 1) n(l),
∂N
2N

(4.1)

since the right hand side describes the attachment probability to layer l, where N
is the number of nodes in the system and 2N is the normalization factor for the
connectivity. Writing n(l + 1) = n(l) b(l), expanding the derivation, and dividing
by n(l) b(l) give


1
1
1
1 ∂b(l)
=
−
.
(4.2)
b(l) ∂N
2N b(l) b(l − 1)
If we substitute B(N, l) = 1/b(l) by explicitly indicating the size dependence
on N and assume that B(N, l) is a slowly varying function,
−

1 ∂B(N, l)
∂ ln B(N, l)
≈
.
∂N
2N
∂l

(4.3)

It is straightforward to expect a solution in the decomposed form of B(N, l) =
Bl (l)/BN (N ):
∂ ln BN (N )
1
1 ∂Bl (l)
≈
,
∂N
2N BN (N ) ∂l

(4.4)
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and since the left hand side is a function of only N , Bl (l) = 2αl with a constant
α. Finally, we get BN (N ) = α ln N and
b(l) =

1 ln N
.
2 l

(4.5)

This relation does not apply to the root (l = 0) for obvious reasons. Eq. (4.5)
also implies that the number of nodes with a given distance to the root n(l)
keeps growing with l until b(l) drops below 1 and then starts to decrease, as the
bottom of the tree is approached (n
1). This is in strong contrast to the formal
prediction of a constant branching for any random graph [NSW01], which would
result in a monotonous exponential growth, as would be the case in usual Cayley
trees.

4.3

Distance scaling

Using the recursion relation n(l) = n(l − 1) b(l − 1) for the number of nodes on
a given level, we can give an estimate for the shortest path distribution function
with the source of the paths at the root of the tree. Instead of Eq. (4.5) we take
now the more general form of b(l) = (A/l)λ and approximate the sum with an
integral in the following expression, which reads
n(l) = n(0)

l−1



b(i) = b(0) exp ln

i=0

≈ b(0)A

λ(l−1)

b(i)

i=1


exp −λ

l−1


l−1
1

ln x dx



b(0)
= λ
e



Ae
l−1

λ(l−1)
.

(4.6)

The result above for n(l) approaches a non-normalized Gaussian in the largeN limit as A ∼ ln N goes to inﬁnity, which can be seen from Fig. 4.1 where a C next 
corresponding to a very large network has been used. In order to draw further
conclusions, we will determine the parameters of the Gaussian that give a best
ﬁt to n(l). For the sake of simplicity, let us now consider the function of the form
f (x) = (C/x)λx :

 λx

C
(x − µ)2
.
f (x) =
≈ R exp −
x
2σ 2

(4.7)

We ﬁrst match the extremal point of f to the mean of the Gaussian, resulting
in µ = C/e. The maximum value is thus R = exp(Cλ/e); the standard deviation
σ can be obtained by the requirement that the derivative functions of f and the
Gaussian be the same in the vicinity of µ up to ﬁrst order, giving σ = C/(λe).
Using the parameters acquired this way, we can ﬁnd a very good approximation
to f (x), which is almost identical to that of a least-square ﬁt.
Furthermore, additional information can be gained if we look into the normalization conditions for n(l). Trivially, the sum of n(l) over all layers should
return the total number of nodes in the system, N . Again, we approximate the
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Figure 4.1: A Gaussian ﬁt for the function f (x) = (C/x)x with C = 300 e. A
few points of the Gaussian are represented by the dots. The diﬀerence is only
noticeable at the tails of the functions. The inset shows how the quadratic error
of the two functions (normalized for area) appears to be a decreasing power law
with increasing C.
sum with an integral:
 λx
b(0) ∞ Ae
n(l) ≈
n(x)dx = λ
dx
N =
e
x
1
0
l=1


b(0) ∞ Aλ
b(0) Aλ 2πA
(x − A)2
≈
dx
≈
,
e
exp
−
e
eλ 0
2A/λ
eλ
λ
∞


∞

(4.8)

where we assumed that A is large enough so that we can neglect the correction of
the error function to the Gaussian integral. We should also be aware that l has a
ﬁnite cutoﬀ because of the bounded depth of the tree—yet, the quickly vanishing
n(l) makes it possible to take l to inﬁnity. Finally, f (x) → 1 as x → 0 so that
the integrand is bounded everywhere.
Recall now that the degree of a node in BA networks grows with the power
of N , b(0) ∼ N β [AB02]. Apart from b(0), the only term on the right hand
side of Eq. (4.8) that may contribute
to the overall linear growth in N is eAλ ,
√
which increases much faster than A, so the latter can be taken a constant. The
consistency condition with the left hand side requires that eAλ ∼ N 1−β should
hold, and thus
A=

1−β
ln N + const.
λ

(4.9)

Disregarding the constant, we end up with a very similar but more general
 previous expression than that of Eq. (4.5) for b(l):
λ

υ ln N
,
with β + υλ = 1.
(4.10)
b(l) =
l
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This implies that if a scale-free tree is characterized by a branching process
decaying as a power law as a function of the distance from a suitable root node
with the highest connectivity, the relation (4.10) should necessarily be satisﬁed. opposite 
Not surprisingly, it is true in the case of BA trees, where β = 1/2 and according to
Eq. (4.5), υ = 1/2 and λ = 1. One should note that in the process of constructing p. 37 
the mapping we rely on the fact that the number of nodes in a layer depends only
on the average branching ratio b(l); the ﬂuctuations in the degrees of nodes is
omitted. For this reason the degree distribution exponent −3 is not present in
the tree representation.
The node-to-node distances in the mean-ﬁeld model are calculated as follows.
We traverse each node of the tree and enumerate the routes with certain lengths
that start at or go through this node and have both of their ends in the subtree
of the node. Practically speaking, we can think of this node as the root for its
subtree and perform the same calculations as we would do for the ’global root’
of the tree. If we by n(s) (l) denote the number of possible paths going out to the
subtree of a node on level s that have length l and one end ﬁxed at the node on
level s,
(s)

n (l) =

l−1


b(s + i).

(4.11)

i=0

Let now r(s) (l) be the number of all routes that go through or end at a particular node on level s and have a length of l,

l−1 

b(s) n(s) (i) n(s) (l − i)
(s)
(s)
r (l) = n (l) + Θ(b(s) − 1)
2
b(s)
b(s)
i=1
b(s) − 1  (s)
n (i) n(s) (l − i).
= n (l) + Θ(b(s) − 1)
2b(s) i=1
l−1

(s)

(4.12)

The second term in the sum has contribution to r(s) (l) only when there are
branches left going out from a node, in average when b(s) ≥ 1. The number
of paths with a speciﬁc length in the whole system is therefore
r(l) =

L


r(s) (l) n(s),

(4.13)

s=0

where n(s) is deﬁned as earlier in Eq. (4.6), the number of nodes on a given level p. 37 
s.
The Barabási-Albert model allows for more rigorous derivations of the relation
for n(l). The mathematics community often refers to the tree interpretation of
the model as recursive trees, and thus exact results have been obtained for both
the distance distribution and the diameter of the trees [Pit94, DS96, Dob96].
Bollobás and Riordan give a general proof for the diameter scaling of scale-free BA
graphs [BR]. The mapping to Cayley trees also resembles the work of Krapivsky
and Redner, who arrive at a closed recursive analytical form for n(l), in a more
general context than that of scale-free trees [KR01]. It also resembles Cayley
models of Internet traceroutes [CMP00] by Caldarelli and co-workers.
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Figure 4.2: The average number of branches per node normalized with the
logarithm of the system size, represented versus the minimal distance of the
nodes from the root with maximum connectivity for the BA model. A powerlaw ﬁt has been performed in a window indicated by the heavy line, giving
b(l)/ ln N  0.43 l−0.9995 . The exponent is very close to −1. The inset shows
b(l) plotted against the normalized minimal distance. The systems range from
103 to 106 nodes in size with logarithmic increments. The number of iterations
for the systems go from 105 to 100, depending on the size, N .

4.4 Comparison with simulations

4.4
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Comparison with simulations

Numerical simulations of BA scale-free trees fully conﬁrm the inferences drawn
in the preceding section. Most important of all, the average number of branches
per node on a given level is shown in Fig. 4.2. The numerical parameters of the opposite 
power-law ﬁt conform with the mean-ﬁeld values: the exponent of the decay is
almost exactly −1, and the prefactor of the logarithm with 0.43 is also close to
that of the predicted 1/2. It is also worth to note that if we rescale the distance
variable by the logarithm of the system size, we can attain a data collapse with
a very good accuracy. This means that for BA trees in practice b(l) can be
approximated as
b(l) =

0.43 ln N
l

≈0

if l  L(N )
otherwise

(4.14)

From the inset of Fig. 4.2 it is also apparent that the cutoﬀ L(N ) is a little
over the value of ln N , by a factor of about 1.3. On the other hand, the drop of
b(l) at L(N ) is measured to be either an exponential or a power-law with a very
large exponent. The mean-ﬁeld prediction for the maximum of the shortest path
length, L(N ), can be obtained by equating n(L) = 1 in Eq. (4.6) and using the
Gaussian approximation
of Eq. (4.7). The solution up to ﬁrst order in ln N is that
√
1+ 2
L(N ) ≈ 2 ln N , which again is in reasonable agreement with the mean-ﬁeld
argument.
The derived quantities n(l)/N and the node-to-node distance distribution is
shown in Fig. 4.3 for two distinct cases:

opposite 

p. 37 
p. 37 

next 

• the root-to-node and node-to-node shortest path distribution is measured
in an ensemble of random BA trees using simulations. Instead of every
possible pair, the node-to-node distances are measured only between a large
but ﬁnite number of randomly selected vertex pairs, for practical reasons;
• both distribution functions are estimated by utilizing the mean-ﬁeld tree
mapping, using the asymptotic form of Eq. (4.14) for b(l) with a cutoﬀ at
L = 1.2 ln N .
It is to be seen that a very good correspondence is found between the rootnode distribution functions, but the overall two-point pdf’s are sensibly close as
well.
While it has been relatively easy to derive analytical results for the root-node
distances in the mean-ﬁeld trees, Eq. (4.13) and the quantities it is constructed
of turn out to be too complex to handle without numerics. The formulas (4.11)–
(4.13) above are used to calculate the approximate values of the node-to-node
path length distribution in the mean-ﬁeld trees using the expression of Eq. (4.14)
instead of the analytical form of Eq. (4.5), so as to better represent the random
BA trees. It is reassuring that the generic form of the node-to-node distance
pdf also follows a (C  /x)x function, only with a diﬀerent C  constant from that
of C for the root-node distances [Eq. (4.6)–(4.7)]; see Fig. 4.3. The diameter of
the trees relative to the logarithm of the system size can be seen on Fig. 4.4.
l ≈ ln N or in other words twice the mean of root-to-node distances. This is

p. 39 
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p. 39 
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p. 37
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Figure 4.3: Root-to-node (left) and node-to-node (right) distance distributions
with circles (BA model) and their predicted values with squares. The prediction
is based on Eqs. (4.11)–(4.13). Trees of 106 nodes are measured and averaged
over 100 realizations. The dashed lines show the least-square ﬁts with the function [C/(l − 1)] l−1 to the measured data points. The constant for root-to-node
distances is Cr = 15.7 and for node-to-node distances Cn = 33.2. Cr is in a very
good correspondence with the analytical value of Cr = 0.43 e ln N = 16.2 and
Cn ≈ 2Cr .
somewhat expected as the main contribution to the node-to-node paths arises
from passing through the root, for large graphs. It leads to a convolution-type
distribution (from the two ’legs’). It can easily be seen that the diameter cannot
exceed twice the depth of the tree, which gives rise to a logarithmic growth in
any case.

4.5
4.5.1

On the “load” on trees
Mean-ﬁeld calculations

In a graph the total number of shortest paths going through a node, connecting
each possible pair of vertices, is called the “load” of the particular node. The
load can be divided into two contributions when the graph is a hierarchical tree.
First, those paths that connect nodes in separate sub-branches of the node to
each other, and, second, those that connect the nodes belonging to the branches
to the rest of the tree. Call d(l) the number of the descendants of a node on level
l. In other words, d(l) is the size of the subtree for the node. Then the load can
be written simply as
2
 
b(l)
d(l)
+ d(l) [N − d(l)] ,
(4.15)
Λ(l) =
b(l)
2
where the last term counts the connections towards the hub.
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Figure 4.4: The diameter and mean depth of networks of diﬀerent sizes, divided by
the logarithm of their size. Circles represent the mean of node-to-node distances,
while squares the mean root-to-node distances. Both are apparently proportional
to ln N , and the prefactors of ∼ 0.5 and ∼ 1 are in very good agreement with
their respective analytical values.
For the particular example we are concerned with, it is easy to see that the
latter term dominates (N  d(l)) and moreover that a good approximation is
given by just simply Λ(l) ≈ d(l) N . Thus one may investigate the dependence of
the load on the level (or depth) of the tree, l. For d(l) in the mean-ﬁeld picture
one has that
L
n(i)
,
(4.16)
d(l) = i=l+1
n(l)
and for the layer immediately below
L
n(i)
d(l)n(l) − n(l + 1)
d(l)
d(l)
d(l + 1) = i=l+2
=
=
−1≈
,
n(l + 1)
n(l + 1)
b(l)
b(l)

(4.17)

where we also used the recursion relation for n(l + 1). Finally, the load changes
for the layer underneath as
Λ(l + 1) = d(l + 1) N =

Λ(l)
d(l)
N=
.
b(l)
b(l)

(4.18)

Since the load Λ(l) is the same for each of the nodes on a particular level l, the
distance–load distribution is directly given by the normalized n–Λ function, thus
hiding the implicit dependence on l. Considering that
Λ(l)
b(l)
n(l + 1) = n(l) b(l),

Λ(l + 1) =

(4.19)
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Figure 4.5: Load distribution for mean-ﬁeld trees modeling BA networks. The
probability P is proportional to n, the number of nodes on the levels of the tree.
The load on the root has not been showed since it does not average. The inset
shows the load distribution for a usual Cayley tree with a coordination number
z = 2. The bold lines indicate power law ﬁts, which give exponents of −0.99
and −1 for the BA and the Cayley trees, respectively. The mean-ﬁeld tree is a
mapping of a random BA tree with 1010 nodes.
Λ(l + 1) n(l + 1) = Λ(l) n(l) = const. and therefore
n=

const.
.
Λ

(4.20)

We then expect to see that the load is inversely proportional to the number
of nodes on the levels, which is indeed the case according to Fig. 4.5. The same
 p. 42 result holds for normal Cayley trees from Eq. (4.15).
Note that we have to use mean-ﬁeld trees which would correspond to random
networks with a large number of nodes so that the number of levels is of the
order of 10. For the load distribution we consider only levels for which b(l) ≥ 1
because otherwise subtrees do not exist in the average sense. It is surprising
that the load distribution exponent does not depend on the actual form of b(l),
 previous being universally −1 [Eq. (4.19)]. Indeed, the exponent of the distance–load pdf
is independent of the choice of the node that all the distances are taken relative
to.
Another common way of deﬁning the importance of the nodes in terms of
shortest paths passing through them is the one called betweenness, favorable
for its algorithmic feasibility and simplicity. Newman presents a breadth ﬁrst
search algorithm for eﬃcient calculation of the betweenness of nodes on random
 p. 42 graphs [New01c]. The only notable diﬀerence to Eq. (4.15) comes from the fact
that the betweenness also accounts for paths that originate from the nodes themselves, which nevertheless amounts only to a constant system size.
We will calculate the betweenness on the trees, now focusing as a goal on the
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Figure 4.6: Betweenness as a function of the descendants for every node in the
network. Trees of size 104 are taken with 100 realizations. The root which
descendants are deﬁned down from is always the initial node. The prediction of
Eq. (4.21) is represented by the solid line.
probability distribution of the load. An estimation can be given for a node by
considering the contributions to it, and by separating the network to a descendants part with d nodes in the branches and all the rest with N − 1 − d nodes.
The node being the source, we have N shortest paths to any other node; if the
source is among the descendants, we have d(N − 1 − d + 1) ones going through;
if the source is any other node from the network, we have (N − 1 − d)(d + 1). A
fourth contribution, coming from paths passing through the node but having both
ends in the descendant tree, has been neglected. They add up to an estimated
betweenness K of
K(d) ≈ 2N − 1 + 2(N − 1)d − 2d2 .

(4.21)

Here it is to be seen that for small d’s the linear term dominates, just as in our
previous load calculation; Fig. 4.6 justiﬁes our estimations.
The betweenness probability distribution P (K) taken over all nodes in the
network can then be concluded to asymptotically follow a power law decay with a
universal exponent of −2. This is since K is linear in the number of descendants
d and moreover that the pdf of d scales universally with an exponent of −2
for supercritical trees [Rio01]. Strictly speaking, the conclusions here are only
true for the supercritical part of the tree, i.e. where b(l) > 1. The subcritical
leaves of the tree have an increasingly smaller number of descendants, though,
which drop exponentially with each new layer, and it can be veriﬁed that the
descendant pdf decay exponent is indeed above 2 if only this part of the tree is
considered. Nevertheless, Fig. 4.7 shows that both the descendant pdf and the next 
load pdf are accurately described by inverse square functions. A scaling of the
load distribution has been experimentally found on other scale-free networks as
well [GKK01], only with a slightly diﬀerent universal exponent of about 2.2.
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Figure 4.7: Betweenness pdf for a system of 104 nodes. The exponent of the
power law shown is −1.99. The inset displays the logarithmically binned pdf of
the descendants for systems with 106 nodes. Its power law exponent is −1.99 as
well.
A further, practically more far-reaching observation is that the average betweenness as measured as a function of the locally known node degree grows as a
 opposite power-law of the degree with an exponent of about 1.8 (Fig. 4.8). A mean-ﬁeld
approach can be used to estimate for the exponent, though, if we consider that
the preferential attachment principle for large degrees gives rise to a descendant–
1
degree scaling of d ∼ k β (β = 1/2), which is the inverted relation for the time
evolution of the degree of a parent node [AB02]. In this particular case, time
is measured as the size of the node’s subtree. A substitution of the latter into
the linear load equation would suggest an exponent of 2; the deviation from it
may come from the rather restricted range of the degree that the relatively small
system sizes allow.

4.5.2

Simulations with packet transfer

The calculations described above gave an approximation for how the number
of shortest paths passing through a node changes as a function of the degree
of the node. The motivation behind this is that in a hypothetical information
transfer scenario nodes might have a two-fold role: on one hand side they are
“producers” and “consumers” of information, and on the other, they route the
physical objects representing the messages on their connections to other nodes.
The most clear-cut way to look at this is probably to consider an electronic
transmission analogy, the Internet. We can model a communication system such
as the Internet by nodes corresponding to actual routing devices and their physical
connections (cables, radio, or satellite links) as edges in a graph. The messages
nodes are exchanging are elementary packets, which also resembles what happens
in Internet communication (on a most basic level, they are IP packets). We do

4.5 On the “load” on trees
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Figure 4.8: Average betweenness for nodes with a particular degree, taken over
100 realizations of networks with 104 nodes. The ﬁt of a power law indicates
an exponent of about 1.78. The inset shows the average number of descendants
versus the degree for systems with 106 nodes, for which a power-law ﬁt gives
d(k) ∼ k 1.95 .
not require the model to reproduce the sophisticated routing mechanisms that are
used in real life to avoid congestion, for instance, nor try to introduce weights for
the links that can be crucially essential in practice. The underlying structure of
the model is also a randomly generated graph, having scale-free distribution, just
as have been observed in many distribution networks. It is thus well expected
that the results we get below could be only in qualitative agreement with the
large-scale behavior of communication systems at best, but provide a test for the
viability of the analytical treatment of the even more simpliﬁed scenario in the
previous section.
The network topology is as follows:
• The network is generated by the growing Barabási-Albert algorithm such
that it produces a scale-free tree, a structure similar to what has been found
for the Internet.
• The links have no weights associated with them, which makes the modelling
simpler, although practically less relevant.
The dynamical rules of packet transfer in the system are the following:
• A packet is an elementary piece of information, has a source and destination
node, and it is transmitted through other nodes to reach its destination.
• Every node in the transport model generates packets at a uniform rate in
time and assigns a destination node to the packet that is a random node in
the system, drawn from a uniform distribution.
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• In accordance with the predicates of the load calculations above, the route
a packet follows is set at the time of its creation, and is the topological
shortest path between the source and destination.
• Each node has a ﬁnite buﬀer that can temporarily hold packets. Buﬀers
are ﬁrst in-ﬁrst out queues, which means that packets are forwarded in the
order of their arrival and are kept for at least one time step. The length of
the buﬀers is a parameter, and is the same for every node.
• In each time step, every packet in the system on the top of the buﬀers is
forwarded to the next node on its respective route. The order in which
the nodes forward the packets is random every time, so as to avoid certain
patterns that may arise from unchanged sequential ordering.
• A packet is not forwarded when the target node it is to be sent to has its
buﬀer full.
• A packet is destroyed as soon as it reaches its destination.

Packet transfer scenarios similar to the above have been known to undergo
a phase transition from the free-ﬂow to the congested regime [Csa94, TR02,
TTR04]. Most of the buﬀers are constantly full and the time to travel for packets
diverges in the congested regime, while the free-ﬂow regime is characterized by
a ﬁnite average buﬀer ﬁll. The order parameter of the transition is the packet
generation probability if the buﬀer size is kept constant. However, to check the
validity of the load estimations in the previous section, we are only interested
in the free-ﬂow regime where buﬀers are considerably larger than the number of
packets they are expected to hold, and extensive analysis of the phase transitions
is found in the references above.
The trees we generated with the Barabási-Albert algorithm have 50000 nodes,
and the packet creation probability was varied in the interval where no congestion
ensued. The average buﬀer ﬁll B measures the average number of packets hold
 opposite in a buﬀer per unit time, and is shown for several iterations in Fig. 4.9. Until the
congestion point is reached by keeping pcr low, the B(k) function stays a power
law, with the exponent close to 2, it is only shifted to higher values when pcr is
increased. Both the functional form of B(k) (which is a measure of overall load on
the nodes) and the actual value of the power-law exponent are an indication that
when packets are transported in a scale-free tree on shortest paths, mean-ﬁeld
approximations can be used to predict traﬃc patterns on the nodes.

4.6

Conclusions

We have mapped scale-free Barabási-Albert trees to a deterministic model of a
rooted tree with a uniform branching process on each layer of the tree. This
idea resembles work on the Internet structure [CMP00] and on the structure of
branched cracks, where an inverse relation of the branching to distance has been
observed [BBLP93].

4.7 Remarks

49

Figure 4.9: Time averaged buﬀer ﬁll B in a scale-free communication tree with
a degree exponent of −3, as a function of the node degree k. The tree consists
of 50000 nodes and the packet creation probability is pcr = 0.1, which is below
the congestion point. A power law has been ﬁtted to the region indicated by the
guide line, whose exponent is 1.87. Results are for 100 iterations.
Simulations show that the distribution of the number of branches on one
particular layer of the tree follows a power-law function, but it turns out to be
a good approximation to describe the branching only by its mean, b(l). In the
simple case of BA trees it can be shown by means of this mapping that the
diameter of the networks is bounded by the logarithm of the network size and
the asymptotic form of the distance distribution functions follows immediately.
In other words, we can examine the slow convergence of this function to the
limiting Gaussian form for inﬁnite system sizes. Given an eﬀective description
in terms of a tree plus a branching process, further information can be found,
e.g. one may consider the scaling of the number of shortest-distance paths (load,
or betweenness). Non-uniform critical trees could perhaps be constructed in a
self-organized fashion, as is possible for the statistically uniform case [ZLS95].
One should note the close relation of the Cayley representation to minimal
spanning trees (MST) on scale-free (random) networks; for the m = 1-networks
these two coincide. This makes it an interesting prospect to study the load and
distance properties of MST’s in other scale-free networks.
We thank Bálint Tóth for useful discussions.
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Chapter 5
Geometry and degeneracy of
minimum spanning trees
In this chapter we investigate the distribution of edge weights on a minimum
spanning tree of a graph, ﬁrst with the weights of the original graph chosen from
a uniformly random distribution. If all the edge weights are the same, there is a
huge degeneracy due to the lack of optimality. In the last section we study how
the number of spanning trees grows (with constant edge weights) with increasing
network size. The introduction of random weights leads in essence to a phase
transition, as an extensive fraction of the edges of any spanning tree are replaced
in the MST [NR02].

5.1

The case of uncorrelated weights

The most obvious way to introduce randomness is to assign uncorrelated weights
to the edges of the graph. From the usual algorithms it follows trivially that the
geometry of the MST is universal, independently of the distribution of the weights
(being uncorrelated), and that the MST geometry depends only on the relative
ordering of the weights. Any transformation of the weights with a monotonic
function will result in the same MST [DD01]. We will then study the uniformly
random case, in the interval [0; 1), without any loss of generality.
We concentrate here on the empirical distributions of the weights on diﬀerent
random graph structures. In Fig. 5.1, the acceptance probability functions are next 
shown for several random structures. The function for a given graph ensemble
is the probability P (w) that an edge with weight w is part of the MST, thus its
maximum is normalized to 1.
A common feature of the P (w) functions shown is that they all start with
a ﬂat regime for small w values, and drop oﬀ to 0 for weights close to 1. The
constant plateau can be understood by considering how the Kruskal algorithm
works: in the ﬁrst few initial steps edges with the smallest weights are tested,
and it is almost certain that they will pass, since the number of selected edges to
make loops with is small. The more there are loops in the graph (the larger the
average degree is), the shorter this region will be.
A more intriguing question is how the weight distribution functions scale close
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Figure 5.1: Acceptance probabilities P of edges with weights w into the minimum
spanning tree for diﬀerent graph structures. The sizes of the graphs are uniformly
218 = 262144. Triangles stand for Barabási-Albert networks with m = 5, circles
for BA graphs with m = 10, squares for a 2D square lattice with periodic boundaries, and plus symbols for an 18-cube graph.
to w  1. This is where most of the candidate edges would make loops in the
set of already selected edges, and thus are rejected in the Kruskal algorithm. Let
us consider that when the last node is being connected to the (yet partial) MST
through one of its edges e with weight w, all its other edges including e should
by deﬁnition have weights greater or equal than w. The probability of this is
Pr(e → MST) =

∞

k=1

qk (1 − w)k ,

(5.1)


qk being the probability that the degree of the last node is exactly k ( ∞
k=1 qk = 1)
and, very importantly, assuming that the weights are distributed independently of
each other on the edges of the nodes (thus the k-th power). Note that qk does not
necessarily coincide with the degree distribution of the original graph, since the
last node is arrived at after a global optimization process, which is not guaranteed
to preserve the degree distribution of the nodes. Rigorously, the reasoning only
applies to the very last node in the graph to be added to the MST, otherwise
Eq. (5.1) would be additionally required to give account for the stipulation that
no edge can make loops in the MST. We can therefore expect that the scaling
will be reﬂected in P (w) for values of w belonging to edges that have been added
last. It is a natural assumption that these edges have w → 1, and plotting the
simulation data on the appropriately inverted scale indeed reveals that the tails of
 opposite the P (w) functions decay as power laws (Fig. 5.2). The exponent can be inferred
from Eq. (5.1), but to proceed along this line, let us ﬁrst introduce the probability
density function P̃ . P̃ (w) dw shall be the probability that a randomly selected
edge of the MST has a weight in the interval [w; w + dw). It is simply related to

5.1 The case of uncorrelated weights
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Figure 5.2: The tails of the acceptance probability functions in Fig. 5.1 on a
transformed axis. The ﬁtted power laws of the straight lines have exponents of
4.1, 9.4, 3.0, 17.0 for the graphs indicated in the caption of Fig. 5.1, respectively,
in that order. The measured exponents are expected to be equal to the minimum
degree of the networks less one.
P as
(N − 1)P̃ (w) dw = L P (w) dw
L
P (w),
P̃ (w) =
N −1

(5.2)

where N is the number of nodes in the original graph (thus N − 1 the number of
edges in the MST) and L is its number of edges. Now, using Eq. (5.1),
opposite 
Pr(e → MST) =

∞


qk (1 − w)k =

k=1

1
w

P̃ (w̃) dw̃ = −

w
1

P̃ (w̃) dw̃,

(5.3)

from which

∂ 
qk (1 − w)k =
qk k(1 − w)k−1 .
P̃ (w) = −
∂w k=1
k=1
∞

∞

(5.4)

If the last nodes encountered during the execution of the Kruskal algorithm
have a discrete probability distribution qk for their degrees k in the ensemble average as mentioned, P (w → 1) will asymptotically scale as the lowest of the powers
k − 1 that moreover has a non-vanishing prefactor qk k. For regular (periodic)
lattices qz = 1 for the coordination number z and 0 otherwise, while in the case
of random structured graphs it can be assumed that the smallest of k’s coincides
with the minimum degree in the network. This is so unless edges of nodes with
small degrees have in general small weights as well, but this would contradict our
postulation that the weights are independent of the graph structure. Indeed, this
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Figure 5.3: The fraction of node degrees kM ST in the MST as compared to those
of the graph (k) the MST is laid upon. The degrees of the original graph are
shown on the horizontal axis, normalized by their respective maximum values,
kmax . The curves are for BA graphs with m = 3, with sizes of 103 , 104 , 105 , and
106 for triangles, circles, squares, and diamonds, respectively.
fact is supported by the power-law scaling of the tails in Fig. 5.2: the exponents of previous 
the ﬁtted power laws generally match the smallest degree of the networks minus
one.
A relevant aspect of the MSTs is how they relate to the underlying graph
structure they are set upon. In the case of regular lattices the structure of the
MST is a fractal (see Ref. [DD01]), as is appropriate in invasion percolation. The
length of an MST path between source and target nodes scales with the Euclidean
distance l in a power-law fashion. In the case of random graphs, the absence of
the metric calls for a diﬀerent approach.
A natural choice is to look at the similarity to the original graph, given by the
relation between the degrees of the nodes in the original graph and the respective
degrees in the MST. The fraction of edges of nodes with given degrees retained
in the MST is shown in Fig. 5.3 for scale-free graphs generated by the BarabásiAlbert algorithm. While for regular lattices with coordination number z the
function shown would be f (z) = 2/z and 0 otherwise, the fraction of selected
edges tends to a constant for this class of scale-free graphs, for large degrees.
This means that the degree distribution of the MST remains scale-free as in the
original graph, with the same degree exponent.
Inﬁnite Cayley-trees with coordination number z have the asymptotical edge
acceptance functions for the weights 1 − Θ(pc ) in invasion percolation, where
1
is the critical probability of
Θ is the Heavyside step function, and pc = z−1
ordinary percolation on the same structure. The weight distribution function of
a ﬁnite cluster, however, converges to the step function in the thermodynamic
limit only, and is subject to ﬁnite size scaling. In analogy, we consider MSTs

5.2 Degeneracy of spanning trees
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Figure 5.4: Weight acceptance for the MST of BA graphs with varying sizes.
The systems shown are of size 103 , 104 , and 105 for triangles, circles, and squares,
respectively.
of BA graphs for diﬀerent sizes, illustrated in Fig. 5.4. This suggests that the
weight distribution function of MSTs is independent of the system size in the
case of BA graphs. In this respect, this gives another argument for the scale-free
nature of the MSTs, due to the absence of ﬁnite-size eﬀects. Unfortunately, we
cannot extend this conclusion to the individual edge acceptance probability, if one
considers changes upon the addition of new nodes in this growing model. Though
the overall weight distribution function of the MST will be the same when a new
node is added to the system, the geometry of the MST might change globally,
and thus the edge acceptance function of the new node can not be equated with
the weight distribution function of the MST. In terms of the Prim algorithm, this
is the consequence of the fact that the MST is found by a global optimization
process which in general cannot be applied to disjoint subsets of the edges.

5.2

Degeneracy of spanning trees

Next we consider the number of possible spanning tree conﬁgurations when the
weights are all equal. None of the standard MST algorithms can be eﬀectively
used to count the number of spanning trees for random graphs. Note that their
number will most likely grow exponentially with the size (imagine the situation
when a new node is added to the system with m links—its edges are equivalent,
so the number of spanning trees will grow m-fold). In other examples of random
graphs, though, the degree of degeneracy is less obvious than for growing BA
graphs.
In general, the total number M of spanning trees for uniform weights, can be
computed by calculating the determinant of a matrix as follows [BM97, Wri97].
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Let the elements of the matrix D
⎧
⎨ ki
−1
dij =
⎩
0

be deﬁned as
if i = j
if i = j and {i → j} ∈ E
otherwise,

(5.5)

where 1 ≤ i, j ≤ N −1. E is the set of the graph edges and contains ordered pairs
of node indices corresponding to the links between the nodes. Note that due to
the construction of D it is an (N − 1) × (N − 1) matrix, and ki is the degree
of node i. Given D, its determinant will yield the number of possible spanning
trees of the graph, M = det(D).
Let us now give an estimate for the upper bound of the determinant. D
is symmetric for undirected graphs and positive deﬁnite, and thus its Cholesky
decomposition can be taken in the form D = LLT , where L is a lower triangular

1/2

2
real matrix. The diagonal elements of L are given by Lii = dii − i−1
L
.
k=1 ik
The determinant is thus
M = det(D) =

N
−1

i=1

L2ii

<

N
−1


dii ,

(5.6)

i=1

where the oﬀ-diagonal elements of L have been neglected. In other words, the
number of all spanning trees, M , is approximately bounded from above by the
product of the node degrees. A justiﬁcation for this is that when growing a
spanning tree without the loop constraint, there are always ki possibilities for
each node i to be connected to the tree. Thus this provides a clear upper bound.

5.3

Conclusions

There is a very large number of degenerate spanning trees; it would be of interest
to consider the eﬀect of the speciﬁc properties of various SF networks on it.
Adding uncorrelated disorder lifts this and creates scale-free MSTs. Another
relevant issue is the eﬀect of edge weight correlations on the MST properties.
We wish to note that some of the results presented here were independently
obtained by Kim et al. [KNJ04] A recent analysis of how structure-dependent
weights aﬀect the MST was published by Macdonald et al. [MAB]
We are thankful for D. Dhar for enlightening discussions.
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M. Alava, and J. Kertész, Geometry of minimum spanning trees on scale-free
networks, Physica A 330, 31 (2003).

Chapter 6
Clustering in scale-free networks
6.1

Introduction

In 1998 Watts and Strogatz created an interesting family of models: introducing a rather low proportion of random links between arbitrarily selected pairs
of nodes in a regular lattice has the consequence that the small-world property
of real networks gets fulﬁlled while the local neighborhood does not change considerably, assuring the tendency for high local clustering [WS98]1 . However, the
distribution of the degrees of nodes shows a characteristic peak instead of the
required power law. Barabási and Albert (BA) realized that in the examples
mentioned at the beginning an important aspect is that the networks are created
by growth. BA proposed preferential attachment (PA) as a growth rule: the
new nodes are linked to the old ones with a probability proportional to their the
actual degree [BA99]. The structures obtained this way are scale free and have
the small-world property. In spite of capturing important aspects of growing networks, the clustering tends rapidly to a constant as a function of the degree k
and vanishes in the thermodynamic limit.
Recently, attempts have been made to modify the PA network growth models
so as to increase clustering. In these models a mechanism, controlled by a new
parameter, is introduced to take into account the eﬀect that “friends of friends get
friends”. Indeed, it has been possible to create models which have all the three
properties of high clustering, small distances, and the absence of a characteristic
scale in several measurables [RB, HK02, KE02b].
The aim of this chapter is to present a general framework, applicable to the
transition from a PA graph with zero clustering to still scale free graphs with
C(k) ∝ k −α . For this purpose we consider a corresponding mean-ﬁeld (MF)
and a rate-equation theory. We propose these as a combined approach to study
structural correlations (here clustering, ie. triangle formation or three point correlations, but loops in general could be discussed). As an example we will take the
Holme–Kim model [HK02] (a modiﬁed BA one), for which the MF rate equations
can be solved, leading to α = 1. This is also shown to describe the simulations
very well, and the mechanism involved, though very simple, suggests why many
1

Of course, the regular lattice has to have high clustering, e.g., by higher neighbor connections.
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real networks have such an α as well. At the end, we discuss further possibilities.

6.2

General scaling theory

We start from the simplest undirected BA model: a new node j with m links is
added to the system
at (discrete) time t. A link from node j to node i is drawn
with probability ki / ki . It is known that the the average clustering at node i
is independent of the degree ki [KE02b]:
C(i|ki = k) =

m − 1 (log N )2
,
8
N

(6.1)

i.e., it is inversely proportional to the number N of nodes (with a logarithmic
correction)2 . For the generalization of the BA model with enhanced clustering,
we have a parameter p representing an imposed tendency to form triangles on
the graph. It is chosen such that at p = 0 the original BA model is recovered.
We propose as a scaling ansatz to describe the clustering coeﬃcient C as a
function of the degree k, the number of nodes N and the parameter p:


k
−1
,
(6.2)
C(k, N, p) = N f
k ∗ (N, p)
where f (x) is a scaling function with f (x) → const. for x  1 and f (x) → x−α
for x
1 and the behavior in Eq. (6.1) is already taken into account by ﬁxing the
exponent of the prefactor of f . The characteristic degree k ∗ is a monotonically
increasing function of N for ﬁxed p and it should decrease as p goes to zero. A
natural assumption is then:
k ∗ (N, p) ∼ N γ pδ .

(6.3)

As for small k the clustering C in Eq. (6.2) should go like k −α and become
independent of N , we have γ = 1/α. The exponent δα describes, how for N → ∞
the clustering C approaches its limiting value zero as p goes to zero. If we accept
that in most cases α = 1, there is one exponent to be determined, say δ. We now
clarify the origin of α = 1 and δ = 1 for the model employed.
For this purpose we write down the rate equations for the clustering in a
general form. We thus need to consider the rate of change averaged over many
realizations,

∂ni
= R(ki , p)
R(kn , p),
(6.4)
∂t
n∈Ω
where ni is the average number of connected neighbors of site i, and Ci =
ni /[ki (ki − 1)/2]. Here R is the rate at which i gets new links (or even loses
them, if applied to processes with re-attachment or deletion of links). We allow,
in analogy with the scaling ansatz presented above, the rate to depend on both
the degrees of the node in question and the parameter p. This can be “annealed”
or “quenched”, depending on whether the parameter describes stochastic rules
2

Note that there is a factor of m − 1, in contrast to the original result of m in Ref. [KE02b].

6.4 The triad formation model

59

Figure 6.1: Three diﬀerent options to connect to node i with m ≥ 2. In (I), a
PA step is performed ﬁrst linking to i and then a TF step creates a link between
neighbors of i. In (II), the same happens, in a diﬀerent order. (III) shows how
two PA steps may contribute to ni . Bold edges increase ni .

(as in the example below) or a ﬁxed property of each node i. E.g., R can simply
follow from the preferential attachment rule. Ω is the set of neighbors of node i
and the sum accounts for the probability that a new node linked to i also links
to one of the neighbors of i. This increases ni and enhances clustering. In order
to make Eq. (6.4) more concrete, we discuss the triad formation model [HK02] as opposite 
an example.

6.3

The triad formation model

The complications in solving a rate equation like Eq. (6.4) arise from the corre- opposite 
lations that are embedded between the degree of node i and the properties of its
neighborhood. For the triad formation model, the rules consist of a BA model
extended by a triad formation step. Initially, the network contains m0 vertices
and no edges, and in every time step a new vertex is added with m undirected
edges. The m edges are then one-by-one subsequently linked to m diﬀerent nodes
in the network. One performs a preferential attachment step for the ﬁrst edge as
deﬁned in the BA model. With probability p, the second and further edges are
joined to a randomly chosen neighbor of the node selected in the previous PA
step. Alternatively, with probability 1 − p, a PA step is performed again.
In the limit when p approaches zero, one recovers the original BA model, and
by setting p to a value between 0 and 1 the average clustering can be adjusted
continuously and grows monotonically with an increasing p. The microscopic
mechanisms that increase ni are illustrated in Fig. 6.1 and are (I): the new node
connects to node i in a PA step, which is potentially followed by several TF steps;
(II): the new node connects to one of the neighbors of i in a PA step and then i
conversely gets linked to the new node in one of the subsequent TF steps; (III):
the new node connects to node i in a PA step and a neighbor of i is also selected
for connection to the new node in another PA step.
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Solution of the rate equations

Using the above for R(ki , p), the rate equation for ni reads
 kn 1
ki
∂ni
= mPA
mTF + mPA
mTF +
∂t
2mt
2mt kn
n∈Ω
 kn
ki
(mPA − 1)
.
+ mPA
2mt
2mt
n∈Ω

(6.5)

The ﬁrst term in the sum gives the increase in ni by mechanism (I). mPA is
the number of PA steps attempted for each new node (recall that per time-unit
one new node is added). ki /(2mt) is the preferential attachment probability to
node i; mTF is the expected number of triad formation steps that take place on
the average after a single PA step. Given this, we have that mPA +mPA mTF = m.
Again, it should be noted that ni and all quantities are expectation values, and
can only be compared to simulations if an ensemble average is performed.
The second term describes mechanism (II); in this term, the sum goes over all
neighbors Ω of i, and their degrees are denoted by kn . 1/kn comes from the fact
that the neighboring node where a TF step links is chosen uniformly from the
neighbors. We exclude here secondary triangle formation that takes place if two
TF steps from the new node form a triangle with i and one of i’s neighbors, which
becomes more relevant for large p’s. The term for (II) gives the same expression
as (I) after simpliﬁcation.
The last term belongs to (III) and it is the only one that would remain if we
considered the simple BA model. It is the product of the probabilities of linking
to node i and to one of the neighbors of i, respectively, using only PA steps. The
term contains the sum of the degrees of neighboring nodes; this is ki times the
average degree of the neighbors. It has been shown that for uncorrelated random
BA networks [EK02]

kn  =

n∈Ω

ki

kn

=

m
k
log t =
log t.
4
2

(6.6)

In this model the numerical result follows the same scaling not only for p
1
but for p general.
Finally, we approximate ni at the end of the network growth by going over
from discrete to continuous variables and integrating both sides in Eq. (6.5). The
integral for term (I) or (II) is simply
N
1

mPA mTF N dki
ki
mTF dt =
dt =
2mt
m
dt
1
mPA mTF
mPA mTF
[ki (N ) − m] ≈
ki (N ),
=
m
m
mPA

(6.7)

where we made use of the fact that ∂t ki = ki /(2t) [HK02]. From this, it also
follows that ki (t) = m(t/ti )1/2 , where ti is the time at which node i was intro-

6.5 Simulations
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duced [BA99]. Thus integrating (III) gives
N
1

mPA

 kn
ki
(mPA − 1)
dt
2mt
2mt
n∈Ω
N

ki2 m
log t dt
t2 2
1

N
mmPA (mPA − 1) (log t)2
=
8ti
2
1
2
mPA (mPA − 1) (log N ) 2
ki (N ),
=
16m
N

mPA (mPA − 1)
=
4m2

(6.8)

with ki (t) being substituted where needed. Combining this with Eq. (6.7) yields opposite 
ni = ni,0 +

2mPA mTF
mPA (mPA − 1) (log N )2 2
ki +
ki .
m
16m
N

(6.9)

The clustering coeﬃcient for nodes with degree k becomes
C(k) =

4mTF
m − 1 (log N )2
n
≈
+
,
k(k − 1)/2
k
8
N

(6.10)

after neglecting ni,0 and approximating mPA by m, which is reasonable when the
triad formation probability is small. It is not surprising that the constant oﬀset
in the expression of C is for p → 0 exactly the constant clustering coeﬃcient
of pure BA graphs. The ﬁrst term, more importantly, can be attributed to the
triad formation induced clustering, and shows the 1/k behavior typical of many
real networks and other models [RB, KE02b, EM02]. C(k) is composed of a
power law and a constant, so perfect power-law behavior follows only when the
former one dominates. In the opposite case an eﬀective exponent will be less
than 1. Furthermore, since ni,0 has been neglected, Eq. (6.10) and the inverse
proportionality apply to nodes with ki large enough, only.
For further progress, mTF , the expected number of links created in the several
possible TF steps after a PA step for a particular node, needs to be approximated.
Take m − 1 edges to be available for successive TF steps (this is an upper limit)
and assume node i is not saturated
as the connections to the neighbors
yet as far
z
zp
(1
− p) + (m − 1)pm−1 ≈ p for p small.
are concerned. This gives mTF = m−2
z=1
The fact that the local clustering coeﬃcient contains a constant term means
that there is a crossover at a certain k ∗ . At this point, a power law turns over to
a constant clustering coeﬃcient. k ∗ can be estimated by taking the two terms in
Eq. (6.10) to be equal:
k∗ ≈

32
pN.
m(log N )2

(6.11)

Thus we can conclude that the exponents of Eq. (6.3) are γ = 1/α = 1 and δ = 1 p. 58 
for the triad formation model, and from above, α = 1.
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Figure 6.2: Clustering coeﬃcient as a function of the node degree for m = 5
and diﬀerent sizes (104 for ◦, 25119 for +, 63096 for ∗, 158489 for 2, and 106
for ). The triad formation probability is uniformly p = 0.01. The bold line is
the prediction given for the largest system, C(k) ≈ 0.04 k −1 + 9.5 · 10−5 . The
crossover degree from Eq. (6.11) is k ∗ ≈ 400. The inset shows the data collapse
of the power-law part of C(k).

6.5

Simulations

Simulations of the model consistently conﬁrm the analytical results obtained from
the rate equation. In Fig. 6.2 networks of diﬀerent sizes are shown to undergo
such a transition to constant clustering by tuning p so that k ∗ is smaller than the
maximum degree in the networks. The peaks that are visible in the inset at large
degrees, especially when the systems are small, come from the initial network
core that is chosen to be a fully connected graph of size m + 1. This has a large
clustering coeﬃcient for each node which remain highly connected even after a
long time. The inset of Fig. 6.2 has been obtained by subtracting the expected
 previous value of the k-independent term of Eq. (6.10) from the data, thus revealing how
the 1/k behavior universally emerges.
A similar phenomenon to the transition described above can be observed in
the case of the actor network of the IMDB database [RB], where the tail of a decreasing power law becomes constant, although large ﬂuctuations naturally aﬀect
 opposite this part of the statistics. Figure 6.3 shows networks well below the transition
and thus almost only the power-law part is conceivable.
It is not unusual in the physics of scale-free networks that mean-ﬁeld approaches work well [Bar02, Wat99b, DM02, AB02]. This fact is related to the
strongly hierarchical nature of the networks grown by preferential attachment and
our study demonstrates that this situation remains unaltered even when considering a mechanism which enhances clustering. The agreement between the 1/k α
 previous dependence with α = 1 obtained in Eq. (6.10) and that found in real networks
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Figure 6.3: Clustering coeﬃcient for networks of 106 nodes and m = 5; the triad
formation probability is p = 0.2, 0.4, 0.6, 0.8, and 1, for ◦, +, ∗, 2, and 3, respectively. The curves descend with an exponent of −1, invariably, thus ensuring a
good qualitative match to Eq. (6.10). The data have been logarithmically binned
and the lack of ﬂuctuations indicates a uniform behavior even at large degrees.
indicates that the same “mean-ﬁeld” mechanisms of clustering are operative. For
PA growth with enhanced clustering the simplest interpretation is that for each
new link a node i gains from a new node introduced to the network, its neighbors
(“friends”) have also a constant probability to be linked to the same new one.
This is in fact exactly the Holme–Kim model, and just expresses the fact that as
Ci ≈ ni /ki2 , to get α = 1 one needs ni ∼ ki .

6.6

AB model

In the following we demonstrate a few more of the implications on a model that
is a simpliﬁcation of the one proposed by Capocci et al. [CCR], and is called the
AB model.
The AB model is an extension of the Barabási-Albert model, and it proceeds
by assigning a type (ﬁtness, relevance) to every new node, which does not change
afterwards. It can be of type A with probability p, or type B with probability
1 − p. New nodes can then link to a ﬁxed number of m diﬀerent nodes in the
system, with the condition that B nodes are allowed to attach to B nodes only.
A nodes are permitted to link to any type of other node. These rules result in
bipartite graphs, as shown in Fig. 6.4.
next 

6.6.1

Rate-equation approach for the AB model

Here we go on to analyze how the rate-equation approach can be applied in
attempting to calculate the clustering coeﬃcient for nodes of the AB model. We
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Figure 6.4: The AB model as two nodes of diﬀerent kinds are added.
ﬁrst formulate the time evolution of the node degrees with respect to their type.
The rate equations read
k A (t)
∂kiA (t)
= pm i
(6.12)
∂t
2mt
for A nodes, since only new incoming A nodes are able to increase the degree of
a given A node. On the other hand, B nodes satisfy
k B (t)
k B (t)
∂kiB (t)
= pm i
+ (1 − p) m  i B ,
∂t
2mt
j∈{B} kj (t)

(6.13)

where the second term accounts for new nodes of type B, and therefore the sum
is to be taken over only existing B nodes in the system.
The solution for A nodes is straightforward from Eq. (6.12), and is given by
 β A
t
p
A
(6.14)
,
βA =
ki (t) = m
ti
2
in compliance with the initial condition that kiA (ti ) = m. This enables us to
estimate for the sum in Eq. (6.13) using


kjA (t) +
kjB (t) = 2mt
(6.15)
j∈{A}

as


j∈{B}

kjB (t)

≈ 2mt −

j∈{B}
t

1


  βA

t
p
mt,
pm
dτ ≈ 2 −
τ
1 − βA

(6.16)

where the sum over the degrees of all A nodes has been approximated by the
integral. We furthermore assumed that the probability that a given node is of
type A is uniformly p independently of the time of its introduction, as deﬁned in
the model.
The rate equation (6.13) for B nodes can now be solved by the same virtue
as Eq. (6.12), yielding
  βB
t
B
ki (t) = m
(6.17)
ti
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Figure 6.5: Time evolution of degrees of the 1000th node of preset type A (circles)
and B (squares), respectively. Systems of maximum size 5 · 105 and parameters
p = 0.5, m = 3 were chosen. Power-law ﬁts at the upper end of the scale result
in exponents of 0.24 for the A node and 0.63 for the B node. Values other than
p = 0.5 also give consistent results with Eqs. (6.14) and (6.18).
and
βB =

p+2
p2 + 2βA − 2
=
.
2(p + 2βA − 2)
4

(6.18)

Figure 6.5 shows that simulation result reproduce the exponents obtained
above. The exponents of the degree distributions might be calculated accordingly,
and a joint degree distribution function is given by the p-weighted sum of the
individual distributions.

6.6.2

Clustering coeﬃcient

To calculate the clustering coeﬃcient, one needs to consider the neighborhood of
the node in question is surrounded by. The coeﬃcient for the given node changes
only when a new node is linked to both to it and to one of its neighbors. In
order to compute the linking probabilities, we need to know the expected values
of the degrees for the node and its neighbors. This is not particularly diﬃcult for
models like for instance the Barabási-Albert one, and here we can take a similar
approach. Observe that the average rate of increase in ni is the probability that
a new node links to both i and one of its neighbors:
∂ni
= P (new → i) P (new → Ωi ),
∂t

(6.19)

where the set Ωi denotes the nodes belonging to the neighborhood of i. The
expressions for both probabilities above depend on the details of the model, and
in our case will be diﬀerent for the two possible kinds of nodes.
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To illustrate these, let us now give approximations for the total degree of
neighboring nodes for both types of nodes. For A nodes, the sum of all degrees
of neighbors that are older than the node itself is

  k A (ti )

knB (ti ) B
n
A
p
kn (t) =
kn (t)+ (1 − p)
kn (t) .
(6.20)
2t
2t
i
i
n∈Ω ,t <t
n∈Ω ,t <t
i n

i n

i

i

The ﬁrst term in the sum stands for older neighboring A nodes, while the second
term for older neighboring B nodes, since an A node can attach to either types.
Both of the terms are composed of two probabilities indicating that the neighbor
is of type A or B, respectively, that i connected to it when it was introduced,
and a third multiplier to provide for the expected degree of the neighbor.
Likewise, for newer neighbors the sum becomes


kn (t) =

n∈Ωi ,tn >ti


n∈Ωi ,tn >ti

p

kiA (tn ) A
k (t),
2tn n

(6.21)

for only A nodes can get linked to the A node.
Very similarly, the corresponding equations can be written for the sum of the
neighbors’ degrees of a B node. For earlier B neighbors it gives




kn (t) =

n∈Ωi ,tn <ti

(1 − p)

n∈Ωi ,tn <ti

knB (ti ) B
k (t),
bti n

(6.22)

where b is related to the normalization factor for the total degrees of B nodes at
 p. 64 any time in the system. b can be inferred from Eq. (6.16) as
p
4 − 4p
1  B
.
(6.23)
kj (t) ≈ 2 −
=
b=
mt
1 − βA
2−p
j∈{B}

For newer A and B neighbors the sum is

  k B (tn )

kiB (tn ) B
i
A
kn (t)+ (1 − p)
kn (t) .
p
kn (t) =
2t
bt
n
i
n∈Ω ,t >t
n∈Ω ,t >t
i n

i

i n

(6.24)

i

For a node i of type A, the rate equation for the number of links between its
neighbors, nA
i , is
 kn (t)
∂nA
k A (t)
i (t)
=p·m i
· (m − 1)
,
∂t
2mt
2mt
n∈Ω

(6.25)

i

since only a new node of type A can increase it, precisely
by linking to it and to

kn (t)
one of its neighbors. The sum over the neighbors n∈Ωi 2mt can be calculated
by using Eqs. (6.20-6.21).
The same for a B node is
 kn (t)
k B (t)
∂nB
i (t)
=p·m i
· (m − 1)
+
∂t
2mt
2mt
n∈Ω
i

(1 − p) · m

 kn (t)
kiB (t)
· (m − 1)
. (6.26)
bmt
bmt
n∈Ω ,n=B
i
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Figure 6.6: Higher-order neighbors increase ni (ti ) in an accelerated manner.
 opposite The only diﬀerence here from Eq. (6.25) is that new B nodes have to be incorporated in the second term of the sum as well.
The clustering coeﬃcient is then calculated as Ci (t) ≈ 2ni (t)/ki (t)2 , where we
have to integrate Eq. (6.25) or Eq. (6.26) in order to obtain the total change in
ni relative to ni (ti ). ni (ti ) is the initial value of the links between neighbors of i
acquired when i is introduced and linked to m other nodes. To calculate this, one
would need to consider any pairs of neighbors that i might get liked to, and also
possibly higher-order neighbors so that for instance a pair of second neighbors
could increase ni (ti ) by two even when i uses only three edges to link to nodes,
as illustrated in Fig. 6.6. This factor is relatively signiﬁcant, since nodes with
large degrees are very likely to be clustered together, and thus new nodes often
link among these.
An approximation for ni (t) of both kinds of nodes can then be given by taking
integrations instead of all the sums above, using Eqs. (6.14) and (6.17) for knA
and knB , respectively. Substituting the appropriate sums for the degrees of nearest
neighbors into Eqs. (6.25) and (6.26) and integrating both sides yields nA
i (t) and
B
ni (t) at any given time, up to the constant initial values discussed above. This
is illustrated in Fig. 6.7, where the neglected initial oﬀset is apparent.
The model growth rules give rise to nontrivial scaling characteristics: it can
be calculated that apart from various power-law terms, ni (t) will also contain
logarithmic terms in t (Fig. 6.7). For reasons outlined above, it is inherently
diﬃcult to predict the initial value of ni at the introduction time ti (≡ i), just
after the node connected to m other nodes, and thus we can calculate ni in the
thermodynamic limit only, where a constant oﬀset becomes negligible.
The above has the consequence that the local clustering coeﬃcient will also
have logarithmic corrections to it, as shown in Fig. 6.8. Furthermore, if we
consider the clustering coeﬃcient of A nodes, we can see that contrary to most
(but not all) measurement results, it increases with the degree for the given p
value. In general, the p-weighted average of the two kinds of clustering coeﬃcient
functions needs to be taken to obtain the overall clustering coeﬃcient, and thus
C(k) will be an even more intricate function.
As far as the average clustering coeﬃcient is concerned, it is shown for two p
values in Fig. 6.9 by means of simulations. In both the p → 0 and p → 1 limits the
original BA model is recovered, and so a C(N ) ∼ N −1 thermodynamic behavior
is expected. Apparently in the mixed cases, no true power-law is yielded, as also
in the original BA model a (log N )2 correction is in place.
In summary, it is interesting to ask how robust the mean-ﬁeld exponent is and
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Figure 6.7: Number of links between nearest neighbors at time t for the i = 100
node, of type A (circles) and B (squares), respectively, in darker color. The
curves in light color represent the analytical solutions of Eqs. (6.25) and (6.26).
In both cases, the simulations were performed by setting the 100th node to the
desired type, and measuring ni (t) for as long as 106 nodes were added. p = 0.5.

Figure 6.8: Clustering coeﬃcient as a function of the node degree, for A (circles)
and B (squares) nodes, respectively. The system size is 5 · 105 , m = 3, p = 0.5.
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Figure 6.9: Average clustering coeﬃcient in the AB model as a function of the
network size. Circles represent p = 0.3, squares p = 0.7. An approximate powerlaw exponent is −0.55 for the former, and −0.7 for the latter. The guide line has
an exponent of −1 for comparison.
what are the limits of the above approach, especially in the light of the recently
discovered networks with α = 1 [CCR]. The rate equations allow to discuss the
ways how exponents like such can emerge. Eq. (6.4) implies that the clustering p. 58 
is crucially dependent on the properties of the nodes in the neighborhood, Ω. If,
say, correlations from “assortative” or “disassortative” mixing arise between ki
and the average degree kn  (n ∈ Ω) [New02b], this may either enhance (α < 1)
or inhibit (α > 1) clustering from the mean-ﬁeld result. On the level of models,
one can envision changing the k- and p-dependence of the rates. The second
possibility is ﬂuctuation eﬀects that limit the validity of the rate-equation theory.
It would seem interesting to explore both of these issues.

6.7

Conclusions

We have formulated a scaling assumption and a mean-ﬁeld theory of the clustering
of scale-free networks. A speciﬁc example, the triad formation model [HK02] has
been solved and comparisons to the simulations indicate both good agreement
and yield the MF-value of the exponent α. This approach should be amenable to
many of the models in the literature, and it should help to understand the origins
of clustering, in particular for α = 1 and with respect to other statistical aspects
than the C(k)-distribution, only. In particular it might be possible to compute
e.g. the probability distribution of C with k ﬁxed, and not only the average.
We have here considered only growing networks, but obviously the rate equations
can be written down also in the case the structural dynamics allows for deleting
edges, as well [CCR, BLW, SPSSK02].
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Remarks

We worked out the results of this chapter during 2003, and published in the paper
G. Szabó, M. Alava, and J. Kertész, Structural transitions in scale-free networks,
Phys. Rev. E 67, 056102 (2003).

Chapter 7
Mapping a communication tree
with correlations of packets
7.1

Introduction

Recent times have seen a surge in the availability of measurement data on real
networks. These include but are not conﬁned to social, biological, and ecological
networks, to the World Wide Web. Due to the ease with what it lends itself
to measurements, the Internet is a prominent example of a man-made network
showing nontrivial characteristics [PSV04, FFF99, VPSV02]. Various groups are
actively conducting experiments to map the Internet structure both on the autonomous system (which approximately translates to Internet service providers)
and on the router level [CAI, NLA, RTV] with traceroute [Mal93], while others
measure network performance between remote hosts [PER].
Using traceroute to discover a part of the address space usually results in
graphs with only a small number of loops, whereas the supposedly redundant and
fault-tolerant design of the Internet would suggest that such loops should exist.
The reason is that at any given time there are preferred routes to diﬀerent parts of
the network that dominate the possible others with respect to throughput ability,
and these are changed only in the rare occasions of essential router breakdowns
or signiﬁcant traﬃc rises when rerouting the ﬂow becomes viable. A common
method to discover loops even so is to probe the network at diﬀerent times or from
distinct sources and synthesize the results accordingly. Nevertheless, the tree-like
exploration method of traceroute may bias the measurement results [PR04].

7.2

Assumptions about the network

As a basic feature of communication networks, messages are split into and sent
in elementary units of data packets, which we are going to focus on below. We do
not have any inﬂuence on the routing strategy of any packet: this depends on the
actual traﬃc patterns in the network and the routing algorithms the individual
nodes are governed by. We may, however, assume that the routes to speciﬁc hosts
are stable over an extended period of time so that it is possible to send packets
that go along the same way every time it is done. Since such routes do not contain
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loops, we call the carrying structure the (temporary) dominant tree.
Furthermore, it is plausible to suppose that the packet forwarding mechanism
of the nodes is based upon queueing principles, possibly augmented with prioritization of the packets. Thus incoming packets are queued until the next node the
packets are to be sent to is ready to receive them. The waiting times of packets at
individual nodes can be expected to depend on the actual load or buﬀer ﬁll of the
node if we are below the congestion point of the network [OS98], since outbound
link capacity is limited and therefore a temporarily more rapid inﬂow of packets
requires these to be buﬀered for longer times. The intrinsic computing power of
the nodes impacts the processing times alike.
We can moreover assume that the level of traﬃc at a node ﬂuctuates randomly
and thus so does the waiting time of any packet going through. In general, the
statistical properties of the waiting times are characteristic to each link the node
may use to send, owing to the facts that the node may be ordered to dedicate
diﬀerent amounts of its computational resources to diﬀerent outgoing links and
that the level of traﬃc varies from link to link depending on the number and
importance of downstream nodes. Manageability of packets dictates that if two
packets with the same priority arrive shortly one after the other to the node and
have the same destination, they will be processed in roughly the same amount
of time and let to leave the node also at about the same time, which reﬂects the
queuing in the system. The time correlation of the processing delays of successive
packets is closely related to the autocorrelation of the traﬃc present, measured by
queue length. In contrast, when the arrival of two packets is more pronouncedly
displaced in time, the correlation between their processing delays is completely
destroyed by the ﬂuctuation of the background traﬃc passing through. The
autocorrelation function of the traﬃc is found to be a decaying function with
respect to time, usually following a power law [LTWW94, Csa94].
In relation to this, if we presume that the traﬃc at the two endpoint nodes of
a link are to a high degree uncorrelated, then so are the two waiting times of a
packet traversing that link. This is most likely the case unless the majority of the
traﬃc at both nodes comes from the other node at all times [BGG02], in which
case it is diﬃcult but probably even unnecessary to make a distinction between
the two nodes by remote measurements anyway.

7.3

Modeling the network

Considering the above we can model the network with the following rules. When
forwarding packets, nodes introduce delays which are random variables drawn
from a particular but otherwise arbitrary probability distribution with a deﬁnite
mean and variance (the actual form of the distribution function depends on the
queueing strategy and neighborhood topology of the router [Tak01, BRHG]). To
be able to make predictions, we assume that the variances of the measurable
waiting time populations for a given node are the same towards all its links,
independently of which part of the network the link connects to. Links in turn
are approximated to have inﬁnite throughput and zero variance of travel time so
each factor that limits their capacity in practice is born at the nodes they are
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connected to in the model.
We cannot expect to map a large network in its entirety, and we need to
be able to address nodes individually for communication. At best, we have to
settle for discovering the relationships between a selected, ﬁnite fraction of the
addressable nodes, or in other words, we need to be able to tell if a node of
interest is in the subtree of another one with respect to our source as the root of
the tree.
The sole kind of experiment it is possible to make in light of the above is to
send packets to selected targets of the address space and measure their return
time to our source. We may, however, repeat it several times over so as to build
up statistics to any level of conﬁdence. The round-trip time that we measure is
the sum of a certain number of random variables, each coming from the delay
imposed by a node passed by the packet. Note that since the network is supposed
to be a tree and packets are forwarded on paths without recursion, the packet
touches every node on its way twice except for the target which is touched only
once. A decision of which node is in the subtree of another one should therefore be
based on the return time statistics of the packets. To attempt this, consider that
we can approximate by measurements the probability distribution function of the
return times from a given destination, and calculate its statistical properties.
The covariance C(x, y) = xy − xy of two variates x, y is a symmetric
and bilinear function in both of its arguments, so that

 n
n


xi , y =
C(xi , y).
(7.1)
C
i=1

i=1

Remembering that there are correlations between the processing times of successive packets, it may be worthwhile to send echo requests pA and pB quickly
after each other to two speciﬁc targets A and B (‘back-to-back’ packets), for
which the targets should immediately respond with replies back to the source.
If the time it takes for the replies to return are tA and tB , respectively, we can
measure their variances D(tA ) and D(tB ) when repeating the same experiment
multiple times. Similarly, the covariance of the round-trip times are given by
C(tA , tB ), which will be expected to be positive if the two packets travel through
the same nodes in the beginning of their journey.
Let the nodes traversed by pA be indexed by i and those traversed by pB
indexed by j (every node is counted twice except for the targets). The variances
of the waiting times of nodes along the paths of pA and pB are denoted by Di
and Dj , respectively. Then, based on the additivity relation of the variance for
the sum of random variables,


Di ,
D(tB ) =
Dj .
(7.2)
D(tA ) =
i

j

We assume that the correlation function of the waiting delays with respect
to time is a step function of the same ﬁnite width τ for each of the nodes in
the network. If the two packets pA and pB are being sent within less than time
τ to each other, it is expected that their processing times will be the same as
long as their paths go through the same nodes (links induce no dispersion). Let
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Figure 7.1: Schematic representation of the two possible ways targets may be
situated with respect to each other. The sums of the variances of node processing
times are shown aside. (I) The paths to the two targets fork before reaching any
of them. (II) Target B is in the subtree of A.
these nodes traversed by both packets on the way to the targets indexed by k. tA
and tB can be written as the sums of individual router waiting times. Moreover,
 previous Eq. (7.1) says that the covariance can be reduced by the terms for the sums of
random variables:


tk +
tl
tA =
k

tB =


k

C(tA , tB ) =


k

l∈{i\k}

tk +



tl

l∈{j\k}

C(tk , tk ) =



Dk .

(7.3)

k

The last line of equation in Eqs. (7.3) expresses the fact that the waiting times
of packets are independently distributed at diﬀerent nodes, so the covariance of
tA and tB will only have contributions from the initial common part of the paths.
Also note that although returning packets follow the same respective paths, there
are no correlations between their processing times any more, since they are more
than time τ apart.
Considering Fig. 7.1, the targets may be related to each other in one of two
ways: the paths leading to A and B either part before any of the targets is reached
(case I), or alternatively, one of the targets is in the subtree of the other (case
II).
In case I, let us denote the sum of variances of waiting times along the common
path D0I (counting nodes once), and the sums of variances of nodes touched by
packets on paths leading to A and B separately by D1I and D2I , respectively
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(possibly double counting). Then the variances and covariance of the return
times are
DI (tA ) = 2D0I + D1I
DI (tB ) = 2D0I + D2I
C I (tA , tB ) = D0I .

(7.4)

Suppose that in case II target B is in the subtree of target A. The sum of
node processing time variances preceding A is denoted by D0II , that of node A by
II
, and the sum of variances of nodes encountered by packet pB beyond A by
DA
II
D2 (counting variances twice). The corresponding relations now give
II
DII (tA ) = 2D0II + DA
II
DII (tB ) = 2D0II + 2DA
+ D2II
II
C II (tA , tB ) = D0II + DA
.

(7.5)

As a corner point of our analysis, let us now calculate the the quantities
D(tA ) − 2C(tA , tB ) and D(tB ) − 2C(tA , tB ) for both cases I and II. In case I, this
yields
DI (tA ) − 2C I (tA , tB ) = D1I
DI (tB ) − 2C I (tA , tB ) = D2I ,

(7.6)

II
DII (tA ) − 2C II (tA , tB ) = −DA
DII (tB ) − 2C II (tA , tB ) = D2II .

(7.7)

while in case II

Comparing Eqs. (7.6) and (7.7) enables one to make a distinction between
cases I and II with tests of repeated packet sending: if the calculated diﬀerences
for both targets is positive, then the targets are positioned as in case I; otherwise,
case II is realized. In case II, even the order of the targets is to be seen: the one
with the positive diﬀerence value is in the subtree of the other target.
Note that the relations above do not apply any more when the variance of
processing times depends on which outgoing link the packets are forwarded to by
a node. In this case the variances on a given host may be diﬀerent for the echo
request and the reply so additional variables should be introduced into Eqs. (7.6)
and (7.7), which makes the systems of equations underdetermined.

7.4

Test by simulations

To check the validity of the above, we simulate a random tree network that allows
echo requests to be sent to any node. Each node imposes a random processing
time on the packet forwarded, which is obtained as follows. If there has been a
packet passing through the node less than 1 time unit ago, the processing time
is the same as that of the previous packet, thus mimicking the autocorrelation
of a hypothetical background traﬃc. Otherwise, a random value is drawn from
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Figure 7.2: Comparisons of the subtree relations in the original network and those
obtained by the simulations for (a) 100, (b) 1000, and (c) 10000 echo requests
for every pair of targets, respectively. The underlying tree is a random network
with 105 nodes and 20 selected targets. Rows in the matrices correspond to target
A, while columns to target B. A ﬁlled square represents a relation in which B
is in the subtree of A and the algorithm identiﬁed it as such. An open square
marks a pair where such an existing relation stayed undetected. Stars stand for
pairs where B is obtained to be belonging below A whereas in reality it is not.
a uniform distribution with a ﬁxed mean and variance set initially for the node.
Links are traveled down in a constant amount of time characteristic to the link.
Both the waiting times and link travel times are considerably larger than 1 unit
of time so as to prevent unwanted correlations. Packets always follow shortest
paths to the targets and then back to the source.
Two targets are then chosen in the tree, and two echo packets are sent to
them each in quick succession after one another (i.e., in under less than 1 time
unit). The return times of the packets are recorded and the procedure is repeated
several times. Finally, the variance and covariance of the return time statistics
 previous from both targets is calculated. Based on the signs of the quantities in Eqs. (7.6)
 previous and (7.7), we can predict the subtree relationship between any of the measured
pairs of targets. The level of conﬁdence depends on the number of measurements
taken, and is most sensitive in case II when a negative sign is to be detected by
II
). It is worth to note that
a comparatively small number in absolute value (−DA
the experimental data may show inconsistencies with itself when the quality of
statistics is poor.
Figure 7.2 displays comparisons between the simulation results and the original network in the form of three subtree maps. A larger number of echo requests
improves the certainty of the prediction as expected.

7.5

Summary

In conclusion, as a substitute for a tool like traceroute, simpler ways of packet
communication may be utilized to discover node relationships in a communication
network structure. These can be echo requests or any other means of packet
transfer in which it is possible to send messages to two target nodes virtually at the
same time and the nature of the communication is so that replies are received from

7.6 Remarks
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the targets. In this respect, mapping the network may take place synchronously
to the normal traﬃc with no overhead, only by measuring the round-trip times
of the data packets. Another use may be that end-to-end performance of the
network is readily obtained with no additional eﬀort, or conversely, performance
measurements could immediately yield structure information as well.
On the other hand, as in the case of traceroute, the ability to discover loops
is just as well suppressed if we have only a single source to make measurements
from. When outgoing links of a router have nonuniform variances of waiting times,
it may also render the discovery process unusable. Similarly, while a moderate
amount of traﬃc is necessary to be present in the network for the correlations
to arise, congestion or a substantial ﬂow of high priority traﬃc may destroy the
correlations by fracturing the train of echo requests.

7.6

Remarks

I ﬁrst presented the idea in this chapter on a poster for the Complex Networks
(CNET 2004) conference held in Aveiro, Portugal, in August 2004, and it is going
to be published in the International Journal of Modern Physics C. I beneﬁted
greatly from discussions with my supervisor János Kertész and Imre Derényi.

Summary
In diverse ﬁelds of scientiﬁc interest underlying network structures can be recognized, which provide a unifying concept of investigation. Examples range from
biology (metabolic networks, protein nets in the cell) to sociology (movie actor
relationships, coauthor networks), to informatics (Internet, the WWW). In all
these examples it is easy to identify the constituents of the problem with the
nodes of a graph and their relationships with links. During the last few years a
great deal of information has accumulated about such structures. The scale-free
graph description attained particular attention, for which the node degree distribution follows a decaying power law, so as small-degree nodes dominate the
ensemble while highly connected nodes serve as hubs in the network.

New results
1. I analyzed the probability distribution function of the shortest paths on
scale-free graphs of N nodes. Using mean-ﬁeld arguments and approximating the m = 1 case of the Barabási-Albert (BA) model by a deterministic
tree, I showed the origins of the average distance scaling and demonstrated
the mechanism how the distribution approaches a Gaussian in the large N
limit. Using the above approximation, I derived a scaling for the load, i.e.,
the number of shortest paths passing through any node.
2. Real networks are often characterized by a high degree of clustering, and
the local clustering coeﬃcient oftentimes decays as an inverse function of
the node degree. In a simple modiﬁcation of the Barabási-Albert model
that promotes the forming of local communities, I showed that the 1/k
scaling emerges naturally, and it crosses over to a k-independent region for
large degrees, also observed in certain networks. I introduced a mean-ﬁeld
framework to treat growing networks from a clustering perspective, which
can be used to solve problems of the same spirit.
3. I showed that the minimum spanning trees on scale-free graphs are scale-free
as well, in the presence of random edge weights. The probability distribution of the weights on the tree were pointed out to diﬀer from regular lattices
reﬂecting the typically short distances (small-world property). I also considered trees in the absence of such randomness and the ensuing massive
degeneracy, which is analyzed with graph theoretical arguments.
4. As an application of the network tools, I showed how the connection struc-
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ture of a loopless communication network may be discovered using only
ubiquitous echo requests or as a byproduct of normal two-way transport.
The key factor is the correlation eﬀect in waiting times of successively sent
messages, which is caused by background traﬃc on the routers.

Összefoglalás
A tudományos kutatás számos területe olyan problémakörrel rendelkezik, amelyeknek megoldásában a hálózatokkal történő jellemzés nagy segı́tséget jelent.
Ezek tanulmányozása arra a felismerésre vezetett, hogy a különféle jelenségek
leı́rására használt hálózatok hasonló tulajdonságokkal rendelkeznek. Az alkalmazási területek közé tartozik a biológia (metabolikus hálózatok, a sejt fehérjéinek
kölcsönhatási hálózata), a szociológia (szı́nészek és társszerzők hálózata), az informatika (Internet, Web). A fenti példák mindegyikében lehetőség nyı́lik arra, hogy
összetevőket és közöttük kölcsönhatásokat, kapcsolatokat azonosı́tsunk, amelyek
már a matematika nyelvén gráfokra válthatók. Különösen emlı́tésre méltó a
skálamentes gráf fogalma, amely a kı́sérletek szerint számtalan valós hálózat
jellemzésre alkalmas. Egy skálamentes gráf fokszámeloszlása csökkenő hatványfüggvényt követ, ami azt eredményezi, hogy kis konnektivitású csúcsok serege
mellett néhány nagy fokszámú központi csúcs biztosı́tja a hálózaton belüli szoros
kapcsolatot.

Új eredmények
1. Vizsgáltam skálamentes gráf N csúcsa között mérhető legrövidebb utak
hosszának eloszlását. Átlagtér-elméleti módszerek segı́tségével bemutattam, hogy a véletlen Barabási-Albert modell m = 1 paraméterválasztás
esetén determinisztikus fastruktúrával jól közelı́thető, ami lehetővé tette a
legrövidebb utak hosszeloszlásának becslését olyan módon, hogy az nagy N
esetén a Gauss-függvényt közelı́ti. A közelı́tések természetes kiterjesztéseként megmutattam, hogy a gráf egy csúcsán átmenő legrövidebb utak száma
skálázó mennyiség a fokszám függvényében.
2. A valós hálózatokat gyakran nagy clustering jellemzi, ami a gráfon belüli
háromszögek nagy előfordulási valószı́nűségére utal, és a lokális clustering együttható is sok esetben a fokszám inverz függvényével skálázik. A
Barabási-Albert modell egy olyan egyszerű kiterjesztésében, ami a háromszögek létrejöttét elősegı́ti, bemutattam az inverz skálázás jelenlétét, és azt
is, hogy ez adott fokszámon túl egy konstans szakaszba csap át. Az átcsapás
jelenségét megﬁgyelték néhány valódi hálózaton is. A használt átlagtérelméleti megoldás jól alkalmazható a clustering leı́rására más növekvő hálózati modellek esetén is.
3. Megmutattam, hogy skálamentes hálózatok minimális feszı́tőfái véletlen
élsúlyok jelenlétében szintén skálamentesek. A feszı́tőfa élsúlyai különböz-
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nek attól, mintha hagyományos rácson vizsgálnánk a feszı́tőfát, ami a rövid
átlagos úthossz következménye. Abban az esetben, ha a gráf összes élsúlya
megegyezik, az optimalizálás degenerált megoldásra vezet. A megoldások
száma ebben az esetben exponenciálisan növekszik a rendszerméret függvényében, amit gráfelméleti módszerek segı́tségével alulról becslek.
4. Gyakorlati alkalmazásként bemutatom, hogy egy fastruktúrát alkotó kommunikációs hálózat hogyan térképezhető fel kizárólag ‘echo’ kérések küldésével vagy a forgalom időben való ﬁgyelésével. A megoldásban kihasználom,
hogy a csomagok feldolgozási ideje a router-eken korrelált akkor, ha azok
gyors egymásutánban érkeznek.

Appendix A
Large-scale parallel simulations
A.1

Introduction

Although the computing power available on a single chip has followed Moore’s
law with a surprising accuracy through the years since the invention of the transistor [Moo65], the scientiﬁc community cannot seem to get enough of it to satisfy
its need for speed in its quest to model Nature with an ever increasing realism.
The law states that the number of transistors per silicon area doubles about every 18 months, and so it does the speed of computation. However, engineers are
wary: we are quickly reaching the limits of miniaturization, beyond which the
current methods of design are no longer applicable. These are where quantum
eﬀects become dominant due to the small size of the wires and circuit elements,
and the operation of the tiny switches gets less and less deterministic. To address these issues people turned to optical and quantum computing or even back
to asynchronous computing reminiscent of the early years of analog calculations,
but they will pose no serious threat to the prevailing paradigm for a long time to
come.
A large fraction of scientiﬁcally challenging problems include those that model
certain relationships between physical objects at diﬀerent scales from the microscopic to the astronomical. Fortunately, most of these problems involve calculations on a large number of similar entities that are joined by interactions usually
local in nature, or are inherently the result of solving less complex tasks. This
means that such problems can be compartmentalized, that is, broken down into
smaller chunks and solved individually. Many times it also requires less working
memory to be kept to deliver the partial solution. As a consequence of these,
instead of relying on a single processor to cope with the calculations, researchers
started to use a large number of processing units and delegate the subproblems
to each of these to solve. This practice has become to be known as parallel computing and is clearly the only working solution to the needs of high performance
computing to date. While huge centers of computational power have been established along these lines (as of 2005, the largest supercomputer has been built by
IBM and has 32768 processors) mostly to tackle problems in a particular area,
the notion of distributed computing has also become widely used in environments
where cost-eﬀectiveness is an issue. Distributed systems do not only fractionate
computational power, but do so with virtually every other resource available to
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single nodes (working memory and permanent storage, for example). This usually means commodity computers linked by network equipment where they can
exchange messages and data. High-performance centers usually have a large central memory bank and homogeneous architecture, while distributed systems can
possibly be widely diverse in local computing power, but in the end may be able
to mobilize a vast amount of resources and can become more important in the
future when appliances with considerable computing power will pervade every
aspect of life. Currently, an exciting new global project called the Grid [Gri] tries
to enlist institutions and individuals to create a huge distributed resource that
participants can use when they need peek power.
Applications of large-scale parallel computing currently include weather and
earthquake prediction systems, high energy physics and ﬂuid dynamics simulators [Sup], and, in a smaller extent, problems in statistical physics. These are
areas where the problems can be formulated in the language of ﬁnite element
methods so that only the common boundaries have to be matched across processors, or can in a similar way be reduced to or approximated by smaller regions of
the problem space where work-intensive solutions can be found by single computing nodes (“nodes” may represent other self-contained parallel machines, too).
The intermediate results are then communicated to the nodes that need them,
and a crucial part of the parallel program design is to minimize the amount of
this communication overhead since it is normally much slower than the processing
speed of the nodes. Also, load balancing becomes vital especially in inhomogeneous environments, where the processing units diﬀer in their capacity to store
and process data. To address this issue, one of the most advanced methods is
process migration, where already running tasks can be moved from one processing
unit to the other to equalize the load on processors and thus optimize the overall
performance [MDP+ 00].

A.2

Parallel programming practices in use

The most often used tool in scientiﬁc parallel computing is the Message Passing
Interface, or MPI, for short [MPI]. This is the most wide-spread and probably
most eﬀective way of converting an algorithm into parallel, but at the same time
it requires a deep understanding of the computing environment and especially
the parallel algorithm. In MPI, one has the same program code for every node
it will run on, and in it one has to make the decision what to do based on the
run-time information on which node the instance of code got deployed on. Thus
the code usually has conditional branches corresponding to diﬀerent processors,
in which the program may work on separate segments of data or carry out various
other calculations. The branches are synchronized to gather the results at certain
points in the program called “barriers”, where all pending calculations have to
be ﬁnished to proceed with the next step in the algorithm. Particularly apt to be
parallelized are multiplications of large matrices and several vector operations.
Since the programmer has full control over the process, the run time of a wellestablished parallel algorithm may often scale as the number of processors utilized.
MPI is usually available as an external library, which takes care of the internode
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communication and synchronization.
On the other end of the spectrum is OpenMP [OMP], which is an extension
of the compiler that is used to turn source code into executable form. The parallelization is an automatic process that in fact needs no intervention on the part of
the programmer, and tries to convert the most common programming constructs
and patterns into parallel. These are for example large loops that are found to be
easy to parallelize in some instances. OpenMP is only available only on speciﬁc
architectures and compilers, and thus is most common only in high-end, homogeneous computing facilities. Because of the limitations of the automatic procedure,
OpenMP has not found its way to distributed memory systems. Corporate applications of distributed computing are gaining strength with the introduction of
the Corba technology [Cor], that while less relevant to the scientiﬁc community,
is a step forward into the direction of distributed storage databases.
The potential of distributed and parallel computing has been employed by
several stand-alone projects. The most well publicized is probably SETIhome,
which looks for patterns in the electromagnetic radiation coming from space in
hope of ﬁnding signs of extraterrestrial life, and virtually anybody with a network
connection can contribute [Set]. A general-purpose portal for distributed computing is the distributed.net project, to which people can contribute computing
power to solve diﬀerent research problems [Dis].

A.3

An object-based distributed framework

While MPI is the single most dominating way in scientiﬁc contexts to make
computing nodes interoperate, it requires a fair amount of insight and design to
get it right, not to mention the fact that communication calls are explicitly part
of the code and thus it is hard to match the computational requirements of the
program to the actual available resources. It is therefore a relatively laborious
task to convert existing programs to the use MPI, and it is usually most eﬃcient
in homogeneous dedicated environments where CPU power and memory can be
taken granted.
On the other hand, object-oriented programming can be very eﬀective in solving scientiﬁc problems in that physical entities or concepts can be easily translated
into code. The most important aspect of object-oriented programming is the existence of “objects” that are constructs in which data and code are intimately
bound together in structures. This is called encapsulation which expresses the
fact that the procedures of the object (called “methods”) should operate on their
own data ﬁelds only and data should be inaccessible to the outside world, which
could only call advertised methods of the objects (these are called public methods). There are other attributes of the object-oriented approach like inheritance,
polimorphism, and object reuse, but these are less relevant from a scientiﬁc point
of view.
It is relatively hard to ﬁnd software libraries that are meant to be used with
the object-oriented approach in the most general terms. My requirements were
the following, approximately in order of importance:
• It should be able to “move” objects from one computing node to another
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Figure A.1: An example of how chare methods may call each other. The main
program module is in Chare1,1 .
through the network, and run any of their public methods on that node in
an asynchronous manner, that is, the call to the method should return on
the calling node before it is actually completed on the remote node.
• The communication interface had to be transparent so that the synchronization of the calls is done automatically where it is necessary.
• It should allow the easy conversion of existing programs with as little overhead as possible.
• The node where the method executes should be the less used one so that
to attain load balancing.
• It could be used in a very varied environment, even on a single machine,
with no perceptible performance loss.
• “Persistent objects” could be created that always reside in a node’s memory,
so other objects can use them without having to transfer the same data over
and over again as parameters to the method, for example. These can be
large data structures that are used throughout the run of the program, and
are not destroyed after their called method exits.
The Charm++ library [Cha] turned out to satisfy many of the requirements.
It deﬁnes so called “chares” that are objects that can be moved across node
boundaries (that is, copied to another machine’s memory through the network)
and it is possible to call any of their designated methods which will be executed
on the remote node. This can be done asynchronously: the program will continue
its run without waiting for the called chare method to ﬁnish so that it possibly
may call other remote procedures. In turn, the remote method can also call
further chare methods that will be executed on the next available machine (or
the calling one, if all of them are busy). The called chare methods will be mediumsized procedures that perform the computations required (in statistical physics
problems, they may be contributions to the ensemble average). A possible calling
scenario and its time line are shown in Fig. A.1 and Fig. A.2, respectively.
next 
Since the calling thread of computation ultimately needs to have the results
back, the called remote chare methods have to have a way to return these to the
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Figure A.2: The time line of the call structure of Fig. A.1. Notice that if no free
CPUs are found, the call is executed in-place, in a synchronous manner, as in the
case of Chare2,1 calling Chare3,1 .
chare that called them. This is done by calling a special method of the calling
chare that can process the results when they become available. This way the
original chare does not get destroyed until all its called chare methods return and
their results are processed. The amount of work to be done in one chare needs
to be chosen carefully so as to avoid too large an overhead in slow internode
communication. If this condition is met, processor utilization should normally be
full since chare methods are executed as soon as no other is running.

A.4

Remarks

The motivation for me to develop the framework as above came during my visit
to Edinburgh in the summer of 2003 to take part in a programme in high performance computing and also due to the fact that the Department of Theoretical
Physics has a cluster of about 40 commodity computers that can very well be
used as a distributed system.
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