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Abstract 
 
In Monte-Carlo simulation methods the deterministic procedures represents the real 
physical meaning of the system. The probabilistic behaviour is strongly connecting 
to the distributions of input random variables, but the accuracy of the certain 
calculations belongs to the correct physical meaning and accordingly to the 
deterministic procedure [9]. Nowadays the FEM is a plausible choice for analysing 
the response of a structure, but on the other hand a sufficiently correct non-linear 
FEM procedure can be time consuming what can not be allowed in Monte-Carlo 
method because of the great number of repetition. Another problem is that the 
deterministic procedure should be fully automatic for a wide range of problems that 
can occur during the simulation. The paper describes a strain based load 
incrementation technique for FEM, which handles all mentioned problems, works 
automatically, efficiently and reliably at a great amount of cases. 
 
Keywords: Monte-Carlo simulation, stability analysis, incremental-iterative 
techniques, steel beam-columns, elasto-plastic FEM. 
 

1  Introduction 
 
In this paper we mean the term ’simulation’ as computer simulation, that is an 
experiment performed on a computer model. However these simulation results do 
not contain any explicit information about the behaviour of real systems, we want to 
regard those as real experiment results. Naturally from engineering point of view 
this definition draws strict requirements for the computer model, but also we must 
make assumptions and simplifications. Nevertheless the experiment performed on a 
suitable model can have more appropriate result than the real experiment contains 
many uncertainties in equipment, measurements and evaluation of results. It can be 
stated that in simulation techniques the computer model is of primary importance.  
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In simulation techniques the most commonly used probabilistic approach is the 
Monte-Carlo method [5]. The Monte-Carlo method is the systematic use of samples 
of random numbers in order to estimate parameters of an unknown distribution by 
statistical simulation. Methods based on this principle of random sampling are 
indicated in cases where the dimensionality and/or complexity of a problem make 
straightforward numerical solutions impossible or impractical. When we apply the 
Monte-Carlo method in stability problems, the purpose is to take into consideration 
the probabilistic behaviour of the influential coefficients or initial parameters. A set 
of these random parameters – generated from a proper distribution – defines the 
initial state of structure. Applying a suitable deterministic procedure one can assess 
the stability resistance of this structure [7]. Repeating this process sufficiently many 
times one can obtain the probabilistic distribution of resistance. To create an 
efficient and applicable simulation process, there are several requirements for the 
deterministic procedure: 

1. Accuracy. The calculations should reflect the real behaviour as close as 
possible, otherwise the sense of simulation fades away. Thus the mechanical 
model of the structure must contain all significant characteristics which 
influence the resistance. 

2. Stability and reliability. The deterministic procedure must have very stable 
solution method, and should yield reliable results or else the simulation 
process has to stop prematurely. 

3. Automatic working. To reach an efficient simulation process applicable for a 
wide range of problems it is essential to apply a highly automatic procedure. 
There can occur a lot of different stability problem during the simulation (e.g. 
according to the generated different load arrangement or amplitude of 
imperfections) which should be handled properly. 

4. Rapidity. Because the great number of repetition the running of deterministic 
calculation should be very fast. 

 
These requirements are generally in contradiction with each other, therefore it is 

important to choose and develop appropriate procedures. The first requirement is 
mostly connected with the mechanical model. In this paper a finite element model is 
applied [2] developed for elasto-plastic thin-walled beam-columns with taking a 
special cross-section treatment [6] into consideration, which can follow the real 
spread of yielding. The second, third and fourth requirements – and sometimes the 
first as well – are strongly connected with the solution technique of the non-linear 
set of equations. The most commonly used one is the Newton-Raphson incremental-
iterative method, which advance the solution step by step following the equilibrium 
path of the structure. As it was mentioned this solution technique has much greater 
significance in a simulation process. The existing methods often do not fulfil 
completely the aforesaid requirements generally because of the inefficient and non-
automatic load incrementation method. Thus the main goal of this paper to find a 
suitable load incrementation technique for the stability analysis of beam-columns 
which handle all the requirements and can be applicable in a simulation program. 

The sections discuss the Newton-type incremental-iterative solution techniques 
and the existing automatic load incrementation strategies revealing the 
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disadvantages of these methods from the mentioned point of view. Afterward the 
new strain based load incrementation is introduced, and applications show the 
results of efficiency in the sphere of simulation. 
 

2  Newton-type incremental-iterative solution technique 
 
The Newton-Raphson incremental-iterative technique is an efficient method to 
approximate the solution of a non-linear equation. It is widely used in structural 
problems because it can follow the real physics or behaviour of the structure. 
Generally the engineer does not need the whole equilibrium path, only some well 
determined points of it (e.g. the loss of stability), but it is usually impossible to 
compute these directly. Accordingly the main advantage of incremental methods is 
the continuation which from the many mathematical solutions of the non-linear 
system can obtain the only one contains the physical meaning. The Newton-type 
methods are also based on continuation and include two phases: predictive and 
corrective (Figure 1.). In the predictive phase one predicts the next point as near as 
possible to the equilibrium path, what provides a starting point for the corrective 
iteration. The purpose of iteration is to eliminate the drifting error by moving 
towards the equilibrium path along some constraint hypersurface. In structural 

analysis the predictive phase is the selection of a suitable external load increment 
(∆λi

1) and displacement vector (ui
1) accordingly with the use of tangent stiffness (K i) 

calculated from the previous equilibrium state (the subscript i denotes the number of 
incremental step, and the superscript j denotes the number of iterative cycle). Thus 
the steps of modified Newton-Raphson method will be as follows: 

u – displacement 

λ – load parameter 

λi-1 

λi 

∆λi
1 

ui ui-1 

K i 

converged solutions 

constraint hypersurface 

equilibrium path 

Figure 1: Modified Newton-Raphson method 
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(1) 

(2) 

(3) 

(4) 

1. First incremental step (Fr is the reference external load vector, λi-1 is the load 
parameter according to the previous solution): 

 

 
2. j-th iterative step: 

• calculation of the out-of-balance force (ψ), where the internal force vector 
(Fint) is calculated from the generalized stress resultants what are function of 
the displacement vector: 

 

 
• calculation of the residual displacement (uR,i

j): 
 

 
• the total displacement – as the result of the j-th step –  can be expressed as: 

 

 
where ui

r is the reference (or tangent) displacement vector during the i-th 
cycle (according to the reference external load and tangent stiffness), and ∆λi

j 
is the variation of the load parameter obtained by solving an appropriate 
constraint equation 

• iterative cycles are continued until a convergence criterion is satisfied 
 

There are many investigations on iteration strategies, i.e. how to vary the load 
parameter – according to a proper constraint hypersurface – during the iteration to 
return reliably to the equilibrium path [3]. There are also some recommendations for 
load incrementation, but neither of them satisfies the requirements relating to the 
simulation. This paper focuses only on load incrementation, for the iterative 
technique the well-known arc-length method is applied [4]. 
 

3  Automatic load incrementation strategies 
 
The incremental-iterative strategy is strongly accountable for obtaining the 
appropriate solutions of the set of non-linear equations, for the stability of the 
solution process in case of wide range of problems and for the efficiency of the 
method. The main objective of incrementation is to find the optimal size of 
sequential load increments. This is enough small to be able to be obtained the exact 
solution (equilibrium) within a few iterative steps following the real behaviour of the 
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(5) 

(6) 

structure (such as yielding or hardening), but in addition enough large to reach an 
efficient process. The most widespread technique is based on the iteration ratio: 

where Jd is a user-defined desired number of iteration for convergence (typically 2 to 
5) and Ji-1 is the actual number of iteration required for convergence in the previous 
load step. This method tries to follow the softening by examining the change in 
number of iteration. It can be applied also for incrementation of a selected 
displacement, or the arc-length [4]. Another family of incrementation methods is 
based on the examination of change in stiffness after equilibrium states. It can be 
done for instance by the change in displacement according to a reference load, as in 
the incrementation strategies based on the ‘current stiffness parameter’ [1]: 

where the notations are the same as in Eqns. 1-4. Thus the current stiffness 
parameter tries to predict the softening by the velocity of growth of displacement 
from the same degree where the external load is applied. From simulation point of 
view these methods have the following disadvantages: 

• in case of different stability problems – like buckling or lateral-torsional 
buckling of a slender or stocky, a highly imperfect or nearly perfect member – 
these techniques need different certain control coefficients to reach a reliable 
run, 

• the very first size of load increment is always the decision of the user, which 
requires some preliminary knowledge of the problem, 

• the insufficiently small increments near to the limit can yield fairly inaccurate 
result for resistance. 

In order to eliminate these problems it seems necessary to deal more preciously with 
the load incrementation of Newton-Raphson method. 
 

4  The strain based load incrementation strategy 
 
The basic problem is that the load or displacement based incrementation generally 
can not follow automatically the behaviour of suddenly softening system. In order to 
derive a suitable incrementation let analyse the typical behaviour of an imperfect 
elasto-plastic thin-walled beam-column until loss of stability (Fig.1.). After a quasi 
linear range (where the effect of nonlinearity in geometric is very small) the 
behaviour starts to soften due to larger displacements, and when the system has 
already a great second order effect in geometric, the extreme fibres of cross section 
start to yield (λ 1). The cumulative extension of yielding along with the larger and 
larger displacements causes an accelerating softening, and at a non-increasable load 
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(7) 

the loss of stability occurs (λ 2). It is noticeable that the progressive softening occurs 
at the elasto-plastic range. It means that the load increment should be decreased 
progressively when yielding starts to take place. In case of examining the strain field 
during load incrementation, the beginning of yielding can be predicted exactly, 
because in the applied finite element and cross section model treatment [X] the only 
strain is the axial strain, and all the material conditions (such as yielding or 
hardening) are the function of this strain only. Accordingly it is worthy to divide the 
equilibrium path into two parts – from the point of view of incrementation strategy –
: elastic and elasto-plastic part. In the elastic range there is only geometric 
nonlinearity and less softening in stiffness accordingly, generally without the danger 
of loss of stability. In the elasto-plastic range the additional material nonlinearity 
appears, the softening is much faster with loss of stability in the end. 
 
 The first role is to find a suitable handling mode of strain field. To predict the 
beginning of yielding it is enough to examine the maximum of the strain or more 
precisely the supremum of the vector-scalar strain field (because only one strain 
component is taken into consideration). In the numerical cross section model the 
strain field can be regarded as a finite vector, because from the point of view of 
incrementation the coordinates of place are not needed, so the supremum will be the 
maximum norm of this vector: 

 For fully automatic determination of increment size it is necessary to know 
something about the shape of following equilibrium path, and a predicted point of 
loss of stability. Thus it is plausible to approximate the equilibrium path as a 
function of the maximum norm of strain field. The control parameters of this 
function is always determined from previous converged points of equilibrium path 
through which points the fitted function predict the following behaviour. Practically 
the approximation function is not the same at the two different range of equilibrium 
path.  
 

Figure 2: Typical equilibrium path 
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(9-11) 

4.1 Elastic range 
 
Because of the light chance for loss of stability in this range, the aim is to skip this 
part within a few steps. Bergan and Søreide [1] applied parabolic approximation to 
the load-displacement norm path, this suggests using it also for the relationship 
between load and maximum strain. Therefore the approximate relation will be in the 
following form: 
 

where λi is the load factor. The constant term a is needed because of the existence of 
residual stress (what is handled as residual strain), the linear coefficient b represents 
the initial linear elastic behaviour and the coefficient of the quadratic term must be 
negative due to the softening. This approximation requires three previous solutions 
to compute the coefficients. Accordingly the coefficients can be expressed as 

 
Thus from the next required maximum strain (║ε║max,i augmented by the determined 
size of strain increment) and calculated coefficients of the approximate relation the 
next total load can be calculated by Eqn. 8. containing information about the 
expected rate of softening. This technique proved to be very efficient and reliable 
along the elastic range with a suitable step size of maximum strain (discussed later).  
 
4.2 Elasto-plastic range 
 
In that range the softening is much faster with greater and greater deformations, so 
the approximate relation should converge to an appropriate value. On the other hand 
in case of beam-column stability problem, near to the loss of stability the additional 
second order moments get to be dominant. Reviewing both aspects the general 
formula of the moment resistance of an elasto-plastic cross section was found to be 
an efficient approximation: 
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(13-14) 

This hyperbolic function converges to a, and the coefficient b must be negative for 
the overhand convergence. The formula contains two unknown coefficients so from 
two previous solutions the coefficients can be written as 

 
This approximation can oversee the incrementation in the elasto-plastic range until 
the loss of stability.  
 
4.3 Incrementation governing strategy 
 
Up to this point a good approximation was found for the whole equilibrium path, 
and it can be checked when the yielding starts to occur. The next purpose is to 
determine an optimal size of maximum strain increment, from which the load step 
can be calculated according to the approximation functions. There are more 
requirements in determining this increment size. From the viewpoint of efficiency it 
should be not too small, but not too large as well to reach a considerably low (2-5) 
number of subsequent iterative step. From the accuracy point of view it should be 
capable to follow the real plastic behaviour and to determine exactly the limit load. 
Thus in the vicinity of the limit point when the equilibrium path is nearly horizontal 
the hyperbolic approximation should be used. The change from quadratic to 
hyperbolic approximation can occur when the predicted load level with parabolic 
approximation is lower the previous one, because of the descending branch of the 
parabolic function (see Figure 3). Generally it occurs near to the point according to 
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Figure 3: Difference between the two approximations 
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(15) 

(17) 

(16) 

the first yielding, but in case of slender members when the loss of stability is in the 
elastic range this change is due to the strong softening because of geometrical 
nonlinearity.  
 
 In the beginning of the calculation we need three converged solution for the 
parabolic approximation, these solutions can be the results of three arbitrary small 
load increment. After the load increment size will be automatically regulated for the 
efficient size with the following method. As it was mentioned the first aim is usually 
to skip the elastic range with required number of steps. Thus the basic size of strain 
increment can be determined as follows: 

where σy is the yielding stress of the material, and E is the Young’s modulus, and n 
is the required number to skip the elastic range (usually around 5-15). In an average 
problem of usual beam-columns with average slenderness and magnitude of 
imperfections this method gives very efficient incremental procedure in the elastic 
range, and when the structure starts to strongly soften the approximation function 
automatically changes to the hyperbolic one, which can oversee the solutions until 
loss of stability. However according to some extra cases – such as almost perfect or 
very slender members – when the loss of stability occurs extremely suddenly or in 
the elastic range, the method needs some refinements. The typical problem is that 
the determined basic size of strain increment is too large, for instance because of the 
loss of stability occurs when the maximum strain is only half of the strain according 
to the first yielding. This phenomenon can be prognosticated because in such cases 
the stiffness decreases to such an extent, which is not permissible. The stiffness can 
be easily calculated at range of approximation points by the differential at certain 
points. Thus after calculating the coefficients in the approximation, but before 
determining the size of increment, a calculated ratio of the differential at the first and 
last approximation points can indicate the rate of softening. According to the 
notation used so far the softening ratios of the two approximation can be formulated 
as follows: 
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where pi and hi are the parabolic and hyperbolic approximation in the i-th step 
respectively, rpi and rhi are the corresponding softening ratios. After that the basic 
size of strain increment can be improved by multiplying by the corresponding 
softening ratio. In normal cases these ratios only slightly alter the increment sizes 
because of the smooth change in stiffness. Otherwise the basic size can be increased 
accordingly. 
 

5  Application 
 
In order to prove the correctness of the proposed incremental technique a great 
number of examinations were carried out solving stability problems of different 
types. The primary aspect was the automatic applicability and reliability. To 
illustrate the working of the method one typical example will be presented 
comparing with two widely used other incrementation strategies [3]. The first is the 
incrementation of the arc-length using the iteration ratio of Eqn. 5., and the second is 
based on the current stiffness parameter of Eqn. 7. 
 

The illustrative example is a simply supported beam of hot-rolled cross-section 
(IPE160), with a usual set of imperfections [7] subjected by uniformly distributed 
bending moment around its major axis (Fig. 3.). The mode of loss of stability of this  

Length 8000 4000 2000 1200 800 

Proposed strain based incrementation 
n 6 11 21 37 51 

Incrementation of the arc-length 
n 20 42 18 21 71 24 19 102 69 87 187  125 
λ1 1 1 1 2 1 1 4 1 1 4 1  2 
Id 2 2 3 2 2 2.8 2 2 2.1 2 2  2 

Incrementation based on the current stiffness parameter 
n 16 36 19 60 18 70 13 78 22 
λ1 1 1 2 1 4 1 10 1 10 

 
Table 1: Comparison of the incrementation techniques 
 

 

Figure 3: Illustrative example 

L 

IPE160 
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static model is lateral-torsional buckling what is very common in case of beam-
columns. The length (L) was allowed to vary in order to examine the elastic, elasto-
plastic and almost fully plastic cases. Table 1 contains the results of the calculations 
from the point of view of load incrementation. In the table n denotes the required 
number of incremental steps, λ1 is the first load parameter according to the fully 
elastic case (L= 8000 mm), and Id is a control parameter described in Eqn. 5. In case 
of the proposed technique, although the number of incremental steps are bigger 
towards the plastic behaviour, the procedure is totally automatic, does not need any 
encroachment of the user in the different cases. The other two strategies gives more 
incremental steps, which is only corrigible if the user choose the appropriate first 
load or other parameters for the given problem. That requires a preliminary 
knowledge about the behaviour or ultimate resistance that is not allowed in case of 
automatic simulation. These strategies seem to be incapable of predicting correctly 
the probable velocity of softening, only with well chosen set of controlling 
parameters according to the proper case. This is an example for a very simple 
problem, and the different cases due to only the different member slenderness. 
Naturally in case of more difficult structures and loading conditions these 
disadvantages of the used incremental methods up to present set the automatic 
working of the simulation impossible. 
 

6  Conclusion 
 
A fully automatic incremental technique was developed which does not require any 
preliminary knowledge of the structural problem, hence it is not necessary to set 
controlling parameters before every running. The main advantage of the method that 
such scalar parameter was found – the maximum strain – what is an inner product of 
the calculation, and naturally contains all important information about the behaviour 
of the structure. Using this parameter the increments can reliably follow the 
softening of the non-linear system. An automatic selection of the size of first load 
increment is also possible according to the used approximation, which gives an 
effective result in case of imperfect beam-column structures. Thus the method was 
found to be sufficiently applicable in procedures of stability [8]. 
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