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Design of Profile of the Non-Circular Gears
B.Laczik TUB Budapest, Hungary, laczik@goliat.eik.bme.hu
Abstracts: this paper presents an approach to derive profile of teeth of non-circular gears. The calculation based
on the complex algebraic methods to the points of exact und undercut part of involute profile. The derivation and
®
illustration of the article are made by the mathematical software Maple .
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Introduction
Non-circular gears are generally used to provide irregular motions. The common requirement for the
usage of non-circular geared (or gear and rack) mechanisms is to transfer a stable input angular (or
linear) velocity into various output angular (or linear) velocity.
An earlier version of the non-circular gear is shown on a sketch made by Leonardo da Vinchi in the
collection of “Codex Madridii”, see Fig. 1 a/. In the 17-18th century more practical applications of
non-circular gears in clockworks, astronomical devices, musical instruments and another mechanical
toys was used. The first version of the so called cometarium mechanism demonstrated the II. Kepler’s
law of astronomy by rolling elliptical centrodes ([1-3]). Other similar devices also used elliptical gears
(see Fig. 1/b).

a/

b/
Figure 1

There are some well-known non-circular gear models made by F.Reuleaux to study the kinematics in
the technical education in the beginning of the 20th century. In the middle of the 20th century the noncircular gearing was used in electromechanical systems to control and drive non-linear potentiometers.
Non-circular gears (NCG’s) are long known elements of machinery but these days they are unworthy
rarely applied mechanisms. For the realization of periodical altering (circular or/and linear) motion
controlled positioning devices are widespread. The simplicity, the price, the mechanical power, the
tolerance for overload and the duration of the NCG’s are in each case a competitive alternative of
electrical servo drives. In spite of the improvement of digital techniques, the importance of noncircular gears has not decreased.
In the huge lifework of Mr. F. L. Litvin study of the non-circular gearing play an important role. In an
earlier book [4] all basic questions of these special machinery elements are discussed exhaustively. In
the corresponding chapters of a new book [5] by Litvin the author summarises the most important
theoretical results in [6].
Some practical questions are published by the author in studys [7-9] abouth design, manufacturing and
measuring of NCGs.
Some of the articles [10-16] reflect the issues of the new constructions and manufacturing techniques.
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Majority of the authors used the general homogenous matrix transformation method introduced by
Litvin to derive the exact and undercut part of teeth profile of NCGs.
In this article a method is presented to calculate the co-ordinates of involute and undercut profile of
NCGs by complex algebraic method. The formal derivation and numerical calculation were made in
the symbolical mathematical program, Maple®.

1. Basics of the non-circular gears
The most widely used practical examples are
for transmitting rotational movement between
two parallel axes is the centrode mechanisms.
The basic model of the relation is the rolling
of two planar curves in one other without
slipping.
The principium of the centrodes is clearly
demonstrated with the friction drive. The
uncertainty / restrictedly of the forces and
torques between the real surfaces of the
pulleys involves the practical application of
teeth (gearing).
The ratio of driven (2) and driving (1) angular
velocity of the centrodes is the distance
function η see Fig. 2.

Figure 2
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If the driven angular velocity is ω1 = 1 by the driven centrode 1 in the course of time t = τ then the
rotation angle is:

Φ1 = ω1. τ = τ
The rotation angle of the driving centrode 2 is

(2)
τ

⌠ η dt
Φ2 := 
⌡0

(3)

If the distance of the axes is „a” the formulas for radii of
centrodes R1 = OP1 and R2 = OP2 yield by

R1 :=

a η( τ )
1 + η( τ )

R2 :=

a
1 + η( τ )

(4)

The Cartesian co-ordinates of P1 and P2 points are the curves in
the systems of fixed axes are

Figure 3

r 1 := [ R1 cos( τ ), R1 sin( τ ) ] r 2 := [ R2 cos( Φ2 ), R2 sin( Φ2 ) ]

(5)

The common length of the rolled curves from original position to actual contact position is
∩

∩

P0 P1 = P0 P2

. The arc length L between points P0 and P is the curve given in the form R = R(φ) in
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a general polar equation
ϕ

L=∫
0

2

 dR 
R + 
 dϕ
 dϕ 
2

(6)

The angle of the polar radii OP and the tangent of the centrode R = R(φ) yield by




 R 
µ = arctan
 dR  
 
 
  dϕ  

(7)

The Fig. 4. a/ illustrate one of the real form of the NCG that were made by the author by EDM
technology, see Ref. [8]) for the transfer function
η := 1 +

cos ( t ) 2 cos ( 2 t ) 6 cos ( 3 t )
+
−
7
9
31

This study demonstrates only the mathematical basics of design of the profile of NCGs. Further
explanation of design, manufacturing and measuring of the NCGs are reviewed in the References.

a./

b./
Figure 4

2. The basic rack and the generation of teeth
The generating of involute profiles of the circular and non-circular gears made by the method of the
basic rack. The complex co-ordinates of corner points of the rack are
Q0 := m  −

Q1 := m  −


π
− h tan ( α ) − I h  ;
4

π
+ ( h + c ) tan ( α ) + I ( h + c )  ;
4


π
Q2 := m  − ( h + c ) tan ( α ) + I ( h + c )  ;
4

π


Q3 := m  + h tan ( α ) − I h 
4


Qi := Qi − 4 + m π

(8)

(i = 4, 5, …, )

See: Figure. 5. (The imaginary unit is I = − 1 , the profile angle is α, the module is “m”, the factor of
dedendum and addendum are “h” and “h + c”, the fillet radius of rack is actually 0.)
The generation of the tooth profiles is provided
due to the rolling of the rack over the centrode of
the gear. P is the actual common point of the
centrode of the gear and the rolling line of the
rack.
The pitch line of the rack and the centrode of the
gear are in tangency relation at the point P.
The pure rolling of the rack over the centrode is
Figure 5
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provided, if the following equations are observed for corner points Qj and Qj+1:

wj := ( Qj − L ) e

(I (φ + µ ))

+Re

(I φ )

wj + 1 := ( Qj + 1 − L ) e

(I (φ + µ ))

+Re

(I φ )

(9)

The general movement of the rack consists of three parts from the original position to actual position
(i)
displacement with (– L) into negative direction of real axes
(ii)
rotation with angle φ + µ around of point O (O is the axes point of the gear
and origin of the complex co-ordinate system fixed to gear)
(iii)
displacement with R.eI.φ

Figure 6
Figure 7
In Figure 6 the successive discrete positions of the rack by transformation (9) is shown.Figure 7
demonstrates the enveloping process on one of tooth. (The asymmetry of the tooth is a typical
particularity of NCGs.)

3. The correct part of involute teeth
By the basis of principal law of gearing by Willis are the
normal line SP of the rack profile and the normal of the
generated point S of the gear profile are common trough
point P of the rolling curve. (S is the common point of the
teeth and the rack, see Fig.8.)
Figure 8
From equations (9) the complex unit vector is derived in the
form

∆ :=

wj + 1 − wj
wj + 1 − wj

(10)

Let the co-ordinates of the corner points of the rack be xj = Re(Qj),xj+1 = Re(Qj+1), yj = Im(Qj), yj+1 =
Im(Qj+1). We introduce the terms ∆x = xj+1 - xj and ∆y = yj+1 - yj , in (10) we get

∆=

(∆x + I .∆y ).e I .(ϕ + µ )
∆x 2 + ∆y 2

(11)

The formula (10) obtain from the Willis’s law implies the equation of meshing. The condition the
meshing of the profile of the rack and the profile of the gear in point S with λ, η scalars yield by
complex equation

Re

(I φ )

+ I ∆ λ = wj + ∆ η

(12)
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The lengths are λ = SP and η = w j S . SP is the common normal of the profile of the rack
and the profile of the teeth. The complex equation (12) has real and imaginary part, so the two
scalar solutions of equation (12) can be gained in a closed form:
λ :=

yj xj + 1 − yj + 1 xj − yj L + yj + 1 L
2

( xj + 1 − xj ) + ( yj + 1 − yj )

2

2

η :=

2

−yj yj + 1 + xj − xj L + xj + 1 L + yj − xj xj + 1
2

( xj + 1 − xj ) + ( yj + 1 − yj )

(13)

2

The complex co-ordinates of exact involute point S are explained in closed form by:

y x − y x − L.∆y


S = e I .ϕ . R + j j +1 2 j +1 j 2
.(∆x + I .∆y ).e I .µ 
∆x + ∆y



(14).

4. The undercut part of involute teeth
The equidistant lines of rolling curve of gears (4) are the addendum r1 and the dedendum r2

r1 := e
r2 := e

(I φ )
(I φ )

(R − I h m e

(I µ )

)

(R + I (h + c) m e

(15 a./)
(I µ )

)

(15 b./)

The addendum points Qj or Qj+1 of the rack draw extended involute curves of the centrodes (4).
Complex equation of path of the corner points Qj and Qj+1 is given by (9).
The common points define the limits of undercutting (11) and exact involute (13) curves of the profile.
The significant limit points are:
(i)
Intersection of r1 dedendum (13 a/) and the extended involute (9) curves gives the first
limit points U on the undercutting line;
(ii) Intersection of the extended involute (9) and the exact involute profile (11) of teeth gives
the last limit point V on the undercutting line (or the first limit point on the exact involute
profile);
(iii) Intersection of the exact involute profile (11) and the r2 curves (13 b/) gives the last limit
point M of the exact involute on the addendum line, see Fig. 8.
The co-ordinates of the U point are derived from simultaneous solution of the complex equations (9)
and (13 a./). Substituting the solutions φ or Φ in to equation (9) or (13 a/) we have to determine the coordinates of point U.
Similarly, the co-ordinates of the V point are derived from simultaneous solution of the complex
equations (9) and (11) Substituting the solutions φ or Φ in to equation (9) or (11) we have to determine
the co-ordinates of point V.

Figure 9

Figure 10
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Finally, the co-ordinates of the M point are derived from simultaneous solution of the complex
equations (9) and (13 b/). Substituting the solutions φ in to (9) - or in to Φ (13 b./) - we have to
determine the co-ordinates of point M.
The determination of suitable solution of the equations (9) and (11) is numerically very difficult in the
general case.
The formal equations are originated from the real and imaginary part of (9) and (11) in the symbolic
form

f1 (ϕ , Φ) = 0

(14)

f 2 (ϕ , Φ) = 0

Figure 10 demonstrates the patches of exact involute of profile and the path of corner point of the rack.
The common points of the two curves are A, C and D. The point B is the double point of the exact
involute, near to the unique real intersection point A.
The determinant of Jacobian of the equation system (14) is:

∂f1
∂ϕ
∂f1
∂Φ

∂f 2
∂ϕ = 0
∂f 2
∂Φ

(15)

has no solution for the equation system (14).

5. Practical example
Let the centrodes be two identical logarithmic
spirals, see Fig. 11. The polar equation of the curve
is R = a.eb.ϕ . The angle between the polar radii and

1
b

the tangent is defined by (7) µ = arctan( ) and the
length of the arc considered in closed form by (6)

a 1 + b2 ( e
L :=
b

(b φ )

− 1)

Figure 11
We can describe the different case of real and imaginary part of difference (11) simply by
- for the right sides of the tooth of the gear

∆x = (2h + c).m. tan(α )
∆y = (2h + c).m

-

for the left sides of the tooth of the gear

∆x = −(2h + c).m. tan(α )
∆y = −(2h + c).m

and for every case

∆x 2 + ∆y 2 = (2h + c) 2 .m 2 .(1 + tan(α ) 2 )
Fig. 12 displayes the real pieces of the involute non-circular gears with a logarithmic spiral for rolling
curve that was calculated by the demonstrated method. (This type of NCG is the single example of
gears connected by different distances axes.)
The parameters of gearing are: a = 20, b = 0.2, m = 2.5 [mm], α = 20 [˚], h = 1, c = 0.25.
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Figure 12
The curvature changes very intensively by this kind of centrode and the strongly different forms of the
teeth are also demonstrative.
Some of the singularity charts are shown in Fig. 13 for equations (12) according to the actual
parameters on the right side of the successive numbered tooth on the demonstrated gear. (The first
tooth is by the minimal radii of the centrode.)
5. Summary
The article demonstrated a new method for calculating the co-ordinates of point of the exact involute
and undercut part of non-circular gears by complex algebraic technique. The formal derivations and
numerical calculations were carried out in the symbolic mathematical program Maple®. To
manufacture the illustrative gears wire EDM technology were used. The final tooth patches were also
calculate by the Maple®.

Figure 13
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