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ABSTRACT
The environmental impact of chemical facilities cannot be effectively mitigated by
simple end-of-pipe treatments. The concept called process integration allows pollution
prevention to be taken into account during the process synthesis step. To the analogy
of heat integration and heat exchanger network synthesis (HENS), from 1989, the
concept of mass integration and mass exchanger network synthesis (MENS) have
been developed. With the developing algorithms and computer technology, from the
early nineties, it became possible to solve large, realistic process integration problems
using mathematical programming (MP) methods. The MP-based synthesis approach
does not include trial and error elements, hence theoretically gives the opportunity to
surpass the performance of the well established, heuristic or pinch design methods.
This thesis deals with the development of mixed integer nonlinear programming
(MINLP) models for mass exchange applications.
It is revealed that handling the removably discontinuous Kremser equation in
MINLP based MENS models is an important issue. A new, one binary variable
formulation for handling removably discontinuous functions is suggested that results
in simpler mathematical programs.
Using the new formulation, existing MP-based models for MENS are
compared, and various extensions to the best literature model are suggested. Topics
such as generation of feasible initial values and calculation with integer stage numbers
are touched upon.
Then a profound, example problem based comparison is made between the
best available MP-based, and the most advanced, rival pinch design methods. It is
shown, that the two competing approaches perform more or less equally, though
theoretically, the MP based approach should perform better.
The reason for this is that the existing MP models for MENS consist mainly of
nonlinear mass balances, that set up a nonconvex search space, and so the gradient
based optimisation algorithms cannot find global optima for the problems. Therefore,
a new, fairly linear MINLP model for the synthesis of MENs is developed.
The second half of the thesis deals with the development of rigorous MINLP
models that allow the optimal design of industrial mass exchange applications. In this
part, emphasis is given not to the network synthesis but to the detailed design of the
individual mass exchange units.
A model for designing distillation-pervaporation systems for solvent
dehydration is developed, that allows process intensification of an existing plant.
Finally, a rigorous, multiple component model is suggested for the design of
wastewater strippers.
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INTRODUCTION
Chemical processing facilities are complex networks of unit operations and streams.
One of the greatest achievements of the chemical process synthesis of the eighties was
the discovery that the environmental impact of such complex systems cannot be
effectively mitigated by simple end-of-pipe treatments. Pollution prevention has to be
taken into account from the very beginning of the chemical process synthesis step.
Gaining global insights into the nature of the heat and mass flow of processing
facilities enable pollution reduction at the source.
This new concept of pollution prevention (called process integration today)
needed new process synthesis tools. Two approaches have been developed parallel
that are already in use in the industrial practice. One of them is a thermodynamic
insight based process synthesis method, called now pinch technology. The other
method is based purely on mathematics, and formulates the process synthesis task as a
mathematical programming (optimisation) problem. The latter synthesis tool enables
eliminating all the trial and error methods of process synthesis. The reason why
optimisation could not completely replace pinch technology is that today’s
optimisation algorithms cannot guarantee global optimality for the solution of all the
kinds of mathematical programming problems. As a result, research in optimisation
based process synthesis has two main goals. First, new optimisation algorithms are
developed. Secondly, optimisation models for the various process synthesis tasks are
developed in a way that they can be effectively solved using the algorithms on hand.
Mass exchange networks are parts of the separation networks of the chemical
plants. The purpose of MENs is to clean the departing process streams before they are
released to the sewage system or into the air. By fully exploiting the cleaning
capacities of the process streams that are available on site, mass exchange networks
reduce both the amount of expensive external cleaning agents and the costs of the
end-of–pipe wastewater treatment. Consequently, mass exchange networks serve
direct pollution prevention goals.
This thesis deals with the development of mixed integer nonlinear
programming (MINLP) models for the algorithmic synthesis of various massexchange applications.
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It is revealed that handling the removably discontinuous Kremser equation in MINLP
based MENS models is an important issue. After reviewing the literature methods, a
new formulation for handling removably discontinuous functions is suggested. The
new formulation uses only one binary variable per discontinuity, hence results in
simpler mathematical programs. A comparison based on example problems shows,
that in case of large nonconvex problems, the new, one binary variable method is
much faster than any of the known methods.
Using the new formulation, existing simultaneous, MP-based models for
MENS are compared, and various extensions to the best literature model are
suggested. Important topics, such as generation of feasible initial values and
calculation with integer stage numbers are touched upon.
Then the performance of the best available MP-based and the most advanced,
rival pinch design methods are compared. A profound, mainly example problem
based comparison is made. It is shown that the two competing approaches perform
more or less equally in solving MENS problems, though theoretically, the MP based
approach should perform better.
The reason for this is revealed. It is found that the search space of the existing
MP models for MENS are nonconvex, hence gradient based optimisation algorithms
cannot find global optima for the problems. This is because of existing MP models
consist mainly of nonlinear mass balances. Therefore, a new, fairly linear MINLP
model for the synthesis of MENs is developed. The new MINLP model for MENS
can be solved easier than models presented before. Resulting from the linearity of the
model, no special attention to the initialisation of the model variables has to be paid.
The second half of the thesis deals with the development of rigorous MINLP
models that allow the optimal design of industrial mass exchange applications. In this
part, emphasis is given to the detailed design of the individual mass exchange units. A
model for designing distillation-pervaporation systems for solvent dehydration is
developed. The new model allows process intensification of an existing plant. Finally,
a new multiple component model is suggested for the design of wastewater strippers.
The new model calculates vapour liquid equilibrium rigorously.
The thesis is accompained by a CD-ROM supplement. The CD contains the
thesis itself, some of the articles that I published, and optimisation codes. Sections
where the text is supported by optimisation codes are marked with a CD-ROM sign.
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1 LITERATURE REVIEW
1.1 Chemical process synthesis
1.1.1 The process synthesis task
Chemical process synthesis deals with the systematic development of process
flowsheets that transform available raw material into desired products and which meet
specified performance criteria of maximum profit or minimum cost, energy
efficiency, maximum raw material recovery, minimum waste production and good
operablility. Chemical processes need to be designed as part of a sustainable industrial
development which retains the capacity of ecosystems to support industrial activity
and life. Due to its paramount importance process synthesis became a separate
scientific discipline. General overviews of process synthesis are given by Ullmann
(1996), Coulson and Richardson (1991), Smith (1995), Douglas (1988), and Biegler,
Grossmann and Westerberg (1997).

1.1.2 Structure of a chemical process
In the core of a chemical process stand usually the reactors, which convert the raw
materials into products and byproducts. The outlets of the reactors are separated and
may be partially recycled. Heating and cooling requirements of the reactors and of the
separation network are minimized using a heat exchanger network, while a utility
system delivers the necessary amount of steam, cooling medium and electricity for all
the processing units (Figure 1).

Reactors
Separation and
Recycle System
Heat Exchanger
Network
Utilities

Figure 1: Structure of a chemical process
9

1.1.3 Development of process synthesis principles
At the early years of the chemical industry the main emphasis was laid on the
mechanical design of the individual processing units (e.g. reactors, heat exchangers,
absorbers etc.). Technologies for various industrial tasks (e.g. food industry, oil
industry) were worked out separately, based on physical chemistry and heuristic
design principles gained from experimentation. Application of the principles of the
theory of transport phenomena (for late reviews see for example Benedek and László,
1964; Fonyó and Fábry, 1998; Bird, Stewart and Lightfoot, 2001) gave rise first to a
systematic view, in which processing units could be mathematically modelled based
on the balance equations for mass, heat and momentum. With the help of the
developing computer technology, starting from the sixties it became possible to
calculate the output of a process (a network of individual processing units), in case the
input streams, the arrangement of the units (structure of the process) and operating
data were given. This is called flowsheeting (Figure 2).

Feed
Streams

PROCESS

Product
Streams?

Figure 2: The flowsheeting task
Flowsheeting attempts to predict how the process would behave if it would be
constructed, hence enables testing the design alternatives without experimentation.
Flowsheet simulators as e.g. Aspen plus from AspenTech, Chemcad from the
Chemstations inc., and Hysys from Hyprotech are widely used now in the everyday
engineering practice.
In case of process synthesis, only the input (feed) stream data and the output (product)
stream specifications are given, the structure and operating parameters of the process
are to be determined (Figure 3).
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Feed
Streams

PROCESS ?

Product
Streams

Figure 3: The process synthesis task
Usually, there are many process alternatives that can transform the raw materials into
the desired products, and testing all of them by simulation is cumbersome, since
synthesis problems are usually combinatorial in nature. Because of this special design
methods for reactor networks, separation networks, heat exchanger networks and
utility systems were developed. These techniques are purely heuristical (Douglas,
1988), or have both thermodynamic and heuristic backgrounds. The latter, more
successful approach is called pinch technology (Linnhoff, 1993; Smith, 1995).
Since the pinch based design methods were developed separately for the
subsystems, process design had to be carried out in a sequential manner. At first, the
reactors were designed then the separation and the heat exchanger networks. Finally, a
utility system providing the necessery utilities was planned (Figure 1). This step by
step method is called hierarchical process design (see e.g. Douglas, 1988). Since the
overall performance of the process depends on the subsystem's performance as well as
on the interactions between the subsystems, it can happen that the hierarchical
syntehsis method cannot deliver the best imaginable overall design.
The latest trend in process syntesis is the so called algorithmic process
synthesis (Biegler et al., 1997). Algorithmic process synthesis tries to eliminate all the
trial and error aspects of the synthesis, and sets the target to formulate the whole
synthesis task as a mathematical problem. The definition of process synthesis already
suggests that process synthesis is an optimisation problem. Latest developments in
optimisation (Biegler et al., 1997; Floudas, 1995; Grossmann et al., 1999a,b) and
computer science make possible the reformulation of the synthesis task. The solution
of the optimisation problem delivers the required optimal structure and operating
parameters of the whole process simultaneosuly. Therefore, theoretically no
hierarchical decomposition is needed any more. This is why algorithmic methods are
often called simultaneous synthesis methods as well.
The solution of complex optimisation problems is not an easy task. The
development of new optimisation algorithms and the development of better
11

optimisation models for the existing algorithms are both in the scope of today's
research. Another important direction of the research is the attempt to alloy the
hierarchical and the algorithmic methods (see e.g. Mizsey and Fonyó, 1990; Fonyó
and Mizsey, 1990; Daichendt and Grossmann, 1998).
Artificial intelligence techniques such as the knowledge based approach gain
more and more attention in the process synthesis research. The knowledge based
approach can be considered now as the third general approach to process synthesis,
but is out of the scope of this thesis.

As a concluding remark, it can be stated that process synthesis tends towards using
the algorithmic methods. Trial and error elements of process synthesis gradually
disappear as optimisation models and algorithms, process synthesis software, and
computer hardware develop.
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1.2 Optimisation based process design
1.2.1 General formulation
According to Grossmann (1996a, 1997), design and synthesis problems give rise to
discrete/continuous optimisation problems. When represented in algebraic form,
mixed-integer optimisation problems can be formulated as follows:

min Z = f ( x , y )
s.t.
h(x, y ) = 0
g (x , y ) ≤ 0
x ∈ X , y ∈ { 0, 1 }

(1)

where f ( x , y ) is the objective function (e.g. cost) to be minimized, h( x , y ) = 0 are

equations that desribe the physical properties of the system (mass and heat balances,
design equations), and g ( x , y ) ≤ 0 are inequalities that define the specifications or
constraints for feasible choices. The variables x are continuous and generally
correspond to the state or design variables (flow rates, compositions, pressures,
temperatures etc), while y are the discrete variables, which generally are restricted to
take 0-1 values to define the selection of an item or represent logical conditions.
The problem above corresponds to a mixed-integer nonlinear program
(MINLP) when any of the functions involved are nonlinear. If all functions are linear
it corresponds to a mixed-integer linear program (MILP). If there are no 0-1 variables,
the problem reduces to a nonlinear program (NLP) or linear program (LP) depending
on whether the functions are nonlinear or linear.
The solution of the optimisation model delivers the optimal structure and
operating parameters of the desired process simultaneously. In case of good model
formulations, there is a one to one correspondence between the possible solutions of
the optimisation model and the different process alternatives.
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1.2.2 The three steps of mathematical programming based
process synthesis
The mathematical programming approach to design or synthesis consists of three
major steps (Grossmann, 1996a). The first step is the development of a superstructure
(a representation of alternatives of which the optimum solution is selected). The
second step is the formulation of a mathematical program. The third one is the
solution of the optimisation model. There is a close connection among the three steps.
Inappropriate superstructures and bad model formulations can easily result in a model
that is not properly solvable using the available algorithms.

1.2.2.1 Superstructures
The superstructure is a representation of alternatives from among the optimum
solution is selected. No process structure can be obtained that is not part of this
prepostulated maximum complexity structure. For the sake of illustration, Figure 4
shows the graphical representation of a simple superstructure.

A
inlet

outlet

B
Figure 4: Graphical representation of a simple superstructure

For satisfying the outlet stream specifications in this case, the inlet stream can be
processed using unit operations A and B. One can see that the superstructure shown in
Figure 4 embeds several different process structures. Eliminating streams or unit
operations, two serial arrangements, a parallel arrangement, and structures with
various recycle options can be obtained. In the extreme cases no unit operation is
needed at all (the inlet stream already satisfies the outlet specifications), or all the
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units and streams are present. Elimination of streams or unit operations generally
means, that in the solution of the optimisation problem the flowrate variables of the
streams or the performance variables of the unit operations equal zero.
Superstructures have to be large and complex enough in order to embed the
optimal solution. It is important to notice that the superstructure generation is highly
problem specific, and that a superstructure often implies its mathematical
representation (form of the balance equations etc.).
In the simplest way, superstructures can be generated by merging several
structures that are found to be feasible based on engineering practice. In this case
however, there is a chance that the overall optimal structure is cut out at the beginning
of the synthesis step, especially when the problem is combinatorial in nature.
Another option for generating superstructures is to embed all the possible
connections for a large number of operating units. This approach results in large
superstructures that contain many infeasible structures. The solution of models based
on the latter kind of superstructures is often difficult, therefore very often, insight
based prescreening techniques are used to reduce the size of the maximal structure.
Algorithmic generation of superstructures has been investigated by the
research group of Ferenc Friedler, at the University of Veszprém. An aim of his
research group is to provide algorithms that can automatically derive superstructures
that contain combinatorially feasible solutions only, besides embedding the optimal
solution. For realising this aim a new approach to process synthesis, based on graph
theory and combinatorical techniques, was necessary (Friedler et al., 1992). First, they
introduced the notion of the process graph (p-graph) and set up an axiom system that
later allowed the exact definition of the solution structures and the maximal structure
(superstructure). An algorithm for the maximal structure generation (MSG algorithm)
is outlined in Friedler et al. (1993). Having a stable axiomatic background, both the
tasks of process network synthesis (PNS) and separation network synthesis (SNS)
could be exactly defined and modelled (Friedler et al., 1998; Kovács et al., 2000). In
case of SNS problems, the global optimality of the solution is guaranteed by the
rigorously generated superstructure and by assumptions that allow the formulation of
the problem as an LP model (Heckl et al., 2003). Their graph theoretical approach can
be successfully applied to the solution of various other chemical engineering
problems such as scheduling of batch processes, design of azeotropic distillation
systems, and reaction pathway identification, too.
15

A good superstructure representation is often the key to a good algorithmic synthesis
method. As for types of superstructures, Yeomans and Grossmann (1999) have
characterized two major types of representations. The first is the State-Task Network
where the basic idea is that the representation makes use of two types of nodes: states
and tasks. The assignment of equipment is dealt implicitly through the model. The
second representation is State Equipment Network where the idea is to work with two
types of nodes: states and equipment. The tasks in this case are treated implicitly
through the model.

1.2.2.2 Formulation of the mathematical programming problem
Depending on the level of detail of the optimisation model, models can be classified
into three main categories (Grossmann, 1996a). Aggregated models refer to high level
representations in which the synthesis problem is greatly simplified by an aspect or
objective that tends to dominate the problem at hand. Short cut models refer to fairly
detailed superstructures that involve cost optimisations (investment and operating
costs), but in which the performance of the units is predicted with relatively simple
nonlinear models. Rigorous models also rely on detailed superstructures, but involve
rigorous and complex models for predicting the performance of the units. Aggregated
models often give rise to simpler optimisation models (LP, NLP, MILP) of modest
size, while shortcut and detailed models result almost exclusively in larger, often
nonconvex MINLP problems. Finding the right level of detail of the optimisation
model is often the most important step of the synthesis process.

1.2.2.3 Solution of the mathematical programming problem
Formulation and solution of major types of mathematical programming problems can
be effectively performed with the help of modelling systems such as GAMS (General
Algebraic Modelling System; Brooke et al., 1992), AMPL (Fourer et al., 1992) or
LINGO from the LINDO Systems Inc. While these software packages require that the
model be expressed explicitly in algebraic form, they have the advantage that they
automatically interface with codes for solving the various types of problems. These
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software packages also perform automatic differentiation and allow the use of indexed
equations, with which large scale models can be readily generated.
Discussing the various types of algorithms for the different classes of
mathematical programming problems is beyond the scope of this thesis.
Comprehensive overviews and detailed descriptions of the algorithms can be found
for example in Floudas (1995), Biegler et al. (1997), Grossmann and Kravanja (1997)
and in Grossmann et al. (1999a,b). Later on in this chapter only the basics of the
Outer Approximation algorithm will be presented, since MINLP problems throughout
in this thesis are solved with the help of DICOPT++, which is an Outer
Approximation based MINLP solver under the GAMS modelling system.
For the solution of the mathematical problems efficient strategies (e.g. the
Modelling and Decomposition strategy by Kocis and Grossmann, 1989b) are equally
important as optimisation algorithms and high modelling languages.

1.2.3 State of the art and new trends in mathematical
programming
Using the algorithms and program packages that are commercially available today,
LP, MILP and convex NLP and MINLP problems can be solved reliably, even when
the problem size is large. Global optimality for the solution of nonconvex NLP and
MINLP problems, however, cannot be guaranteed. One option is to try to convexify
the problem (Pörn et al., 1999), usually through exponential transformations, although
the number of cases where this is possible is rather small.
Alternatively, one can use rigorous global optimisation methods. These
methods assume that special structures are present in the model, such as bilinear,
linear fractional and concave separable functions. For recent reviews on global
optimisation see Floudas (2000) or Adjiman et al. (2000). Chemical engineering
applications can be found in Grossmann (1996b). Most known methods for global
optimisation are presented in the Handbook of Global Optimisation (Horst and
Pardalos, 1995; Pardalos and Romeijn, 2001). There already exists a professional
software for global optimisation. Ryoo and Sahinidis (1996) developed a branch-andreduced global optimisation algorithm, which was, together with many other
theoretical developments, implemented in the GAMS / BARON program package.
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However, large process synthesis MINLP problems still cannot be solved using global
optimisation.
Non-rigorous techniques such as simulated annealing and genetic algorithms,
which have also become popular, do not make any assumptions on the functions, but
they cannot guarantee rigorous solutions, at least in finite amount of time (see
Grossmann et al., 1999b).
In recent years, a new trend called Generalised Disjunctive Programming
(GDP) has emerged in the formulation of discrete or continuous optimisation models
(Raman and Grossmann, 1994). The basic idea in GDP models is to use boolean and
continuous variables, and formulate the problem with an objective function, and
subject to three types of constraints: (a) global inequalities that are independent of
discrete decisions; (b) disjunctions that are conditional constraints involving an OR
operator; (c) pure logic constraints that involve only the boolean variables. The GDP
problem can be reformulated as an MIP problem using the convex-hull transformation
(Turkay and Grossmann, 1996) or with “big-M” constraints. Several algorithms were
worked out for both the linear and the nonlinear cases of the GDP problem. A recent
review of GDP can be found in Lee and Grossmann (2000). Though logic based
MINLP methods such as GDP improve the solution efficiency and robustness, they
still cannot guarantee global optimum for nonconvex MINLP problems.
From the engineering point of view, optimisation models taking uncertainities
into account are very important. In this class of optimisation problems certain
parameters are characterized by their probability distribution, rather than by concrete
values. DECIS running under the GAMS modelling system enables solving LP
models with uncertain parameters (Infanger, 1999). Optimisation models featuring
uncertain parameters are difficult to solve even in the linear case, therefore their
applications in process synthesis is not yet widespread.
Another interesting new issue is the inclusion of differential algebraic
constraints into the optimisation problems. This model type enables the direct
optimisation of dynamic processes as well, hence bears a great importance in process
design. MINLP optimisation models with differential algebraic constraints can be
solved with MINOPT, which is an academic software package of Schweiger and
Floudas (1998).
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The only general purpose MINLP based process synthesiser software that attempts to
offer the user friendliness of a flowsheeting software is PROSYN (Kravanja and
Grossmann, 1990; Kravanja and Grossmann, 1994). PROSYN has an optimisation
code library for simple unit operations, and enables the automated generation of
MINLP problems for certain process synthesis problems. PROSYN is an automated
implementation of the modelling/decomposition strategy of Kocis and Grossmann
(1989b). Using the NLP and MILP solvers available under GAMS, PROSYN allows
the user to control all the steps of the OA/ER algorithm. PROSYN is well applicable
(Sorsak and Kravanja, 2001), but unfortunately it is not yet a user-friendly software.
The latest version of PROSYN is called now MIPSYN (Mixed-Integer Process
Synthesizer).
Although the new trends outlined promise great new possibilities, the most
mature and user friendly software package for solving MINLP problems is GAMS /
DICOPT++ (Brook et al., 1992). In the following the algorithmic background of
DICOPT++ is summarised briefly.

1.2.4 The Outer Approximation algorithm and DICOPT++
The outer approximation (OA) algorithm is an algorithm for solving MINLP
problems consisted of inequality constraints. It can be classified as a decomposition
scheme in which the continuous optimisation and the dicrete optimisation are
performed separately. The continuous optimisation is performed through NLP
subproblems that arise for fixed choices of the binary variables. The discrete
optimisation is performed via MILP master problems which are linear approximations
to the MINLP problem. An iterative bounding procedure is carried out in which the
master problems provide lower bounds (ZL) and the NLP subproblems provide upper
bounds (ZU) for the optimal objective function to be minimized (Figure 5). One step
of the bounding procedure (solution of the succeeding MILP and NLP problems) is
called a major iteration cycle. A detailed discussion of the algorithm can be found in
Duran and Grossmann (1986a,b).
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Figure 5: Scheme of the outer approximation algorithm

Global optimality for a given MINLP solution by the OA algorithm is guaranteed
when both the objective function and the feasibility region of the MINLP model are
convex. The feasibility region of the MINLP problem is convex when all the
equalities consist of linear functions and the inequalities consist of convex functions
(Duran and Grossmann, 1986a,b).
The solver DICOPT (DIscrete and Continiuos OPTimiser) was developed by
Kocis and Grossmann at the Engineering Design Research Center (EDRC) at the
Carnegie Mellon University and is integrated in the modelling system GAMS. The
algorithm in the more recent version DICOPT++ (Viswanathan and Grossmann,
1990) is an extended version of the original OA algorithm, and is based on three key
ideas: Outer Approximation (OA), Equality Relaxation (ER) and Augmented Penalty
(AP). The OA/ER algorithm can handle equality constraints, and guarantees global
optimality for the solution when the objective function and the inequalities are convex
and the relaxed equations are quasi-convex (Kocis and Grossmann, 1987). The
iterative bounding procedure is started from the solution of the relaxed MINLP
(RMINLP) problem, whereas binary variables are treated as continuous variables
between the bounds zero and one. A relaxation is called tight when the optimal
objective function values of the RMINLP and the original MINLP problems are close
to each other. Although the algorithm has provisions to handle non-convexities, it
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does not necessarily obtain the global optimum in case of nonconvex MINLP
problems.

1.2.5 Application areas of the mathematical programming based
design approach
There is a vast number of application opportunities for the mathematical
programming based design approach. The method is extremely useful in cases when
the engineering common sense cannot predict the best design alternative. Several
optimisation models for heat exchanger network synthesis (HENS), wastewater
allocation, mass exchange network synthesis (MENS), design of distillation columns,
distillation sequencing, reactor network synthesis, utility system design and process
flowsheet synthesis have been developed. Comprehensive overviews are given by
Grossmann (1996a), Biegler et al. (1997) and Grossmann et al. (1999a,b). A recent
paper is published by Grossmann and Sahinidis (2002).

1.3 Mass Exchange Network Synthesis
1.3.1 Problem statement
Mass exchange networks (MENs) are systems of interconnected direct-contact masstransfer units that use process lean streams or external mass separating agents (MSAs)
to selectively remove certain components (often pollutants) from rich process streams.
In context of the overall process the MEN is usually a part of the separation network
(Figure 1). The main function of the MEN is to fully exploit the on-site cleaning
capacities, hence it serves environmental protection goals. A good compendium of
mass exchange networks and their applications can be found in the book of ElHalwagi (1997). El-Halwagi gives the following detailed definition for the MENS
task :
“Given a number NR of rich streams and a number NS of MSAs (lean streams), it is
desired to synthesise a cost-effective network of mass exchangers that can
preferentially transfer certain species from the rich streams to the MSAs. Given also
are the flowrate of each rich stream, Gi, its supply (inlet) composition, y is , and its
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target (outlet) composition, yit , where i = 1, 2, …, NR. In addition, the supply and
target compositions, x Sj and x tj , are given for each MSA where j = 1,2,…, NS. The
mass transfer equilibrium relations are also given for each MSA. The flowrate of each
MSA is unknown and is to determined as part of the synthesis task. The candidate
MSAs (lean streams) can be classified into NSP process MSAs and NSE external MSAs
(where NSP + NSE = NS). The process MSAs already exist on the plant site and can be
used for a low cost (often virtually free). The flowrate of each process MSA, Lj, is
bounded by its availability in the plant and may not exceed a value of Lcj . On the
other hand, the external MSAs can be purchased from the market and their flowrates
are to be determined by economic considerations.”

Scheme of the definition of the MENS task is shown in Figure 6.

RICH STREAMS

LEAN STREAMS
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NS=NSE+NSP
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. . .
Gi
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.
.
.
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xtj

yti

yi=f(xj)

Figure 6: Scheme of a mass exchange network

For the simpler case when concentration targets are specified for single components,
interesting analogies can be drawn with the heat exchanger network synthesis (HENS)
problem (see Section 1.4 in this thesis). Main points of the analogy between MENS
and HENS are outlined in Table 1.
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Table 1: Analogy between MENS and HENS

Concept

MENS

HENS

Mass

Heat

Driving force

Concentration difference

Temperature difference

Source

Rich process streams

Hot process streams

Sink

Lean process streams

Cold process streams

Transported material

MENS problems can be classified into several categories. Today we distinguish
wastewater distribution problems, single component MENS problems, compatible and
incompatible multi component MENS problems, reactive MENS problems
(REAMENS), combined heat and reactive mass exchange network (CHARMEN)
synthesis problems and heat induced separation networks (HISEN). Each of the
design problems may include the regeneration of the MSAs as well.
In case of wastewater distribution problems the only MSA in the network is process
water (Wang and Smith 1994, 1995; Takama et al., 1980, 1981). A multicomponent
MENS problem is said to be incompatible if the pollutants do affect each other’s
chemical equilibrium, hence no simplified equlibrium calculation can be used (ElHalwagi and Manousiouthakis, 1989b). The main objective of synthesizing
REAMENs is to preferentially transfer certain species from a set of rich streams to a
set of reactive MSAs, whereby the undesirable species may be converted into other
chemical forms (El-Halwagi and Srinivas, 1992). CHARMENs take into account the
heat effect of the reactive mass transfer, and combine the concepts of HENS and
MENS (Srinivas and El-Halwagi, 1994b). HISENs are separation networks where the
removal of the pollutants is accomplished via heating and cooling so as to affect the
phase change (El-Halwagi et al., 1995). The problem of simultaneous design and
control of MEN is presented in Huang and Edgar (1995) and Huang and Fan (1995)
and the flexible performance was addressed by Papalexandri and Pistikopoulos (1994)
and Zhu and El-Halwagi (1995).
All the mentioned variations of the MENS problem are well outlined in the
book of El-Halwagi (1997). A newer review of MENS can be found in Grossmann et
al. (1999b).
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1.3.2 The synthesis task
As can be inferred from the problem statement, for a given waste-reduction situation
the MEN synthesis task attempts to provide cost-effective solutions to the following
design questions (Halwagi, 1997):
•

Which mass-exchange operations should be used (e.g. absorption, adsorption,
extraction, ion-exchange)?

•

Which MSA should be selected (e.g. solvents, adsorbents)

•

What is the optimal flowrate of each MSA?

•

How should these MSAs be matched with the waste streams and what is the
optimal system configuration?

•

What are the optimal sizing parameters of the selected units?

Cost effectiveness of a MEN is usually measured by its total annual cost (TAC, $/yr),
that includes the annualised part of the total capital investment and the annual variable
cost (cost of the lean streams, maintenance, etc.). The synthesis task is highly
combinatorial so any exhaustive enumeration technique would need enormous
computation times. A trial and error approach to conjecturing the solution is likely to
fail because, it cannot consider the overwhelming number of decisions to be made.
Hence, systematic design tools are needed to address the MEN synthesis task.
Existing solution methodologies are summarised in the following section.

1.3.3 Solution methodologies
Methods for solving MENS problems can be classified into three main categories:
pure pinch methods, sequential optimisation methods and simultaneous optimisation
methods. There is a continuous motivation for alloying the methodologies. Still, the
subsequent review abides itself by the easy to survey threefold classification.
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1.3.3.1 Pure pinch methods
The pinch design method for MENS comprises two stages: targeting and design. At
the targeting stage, the problem data are used in order to predict, on thermodynamic
grounds, the best possible performance. The next stage is designing the network to
meet the targets.
Together with the problem definition, the first pinch based method for MENS
was presented by El-Halwagi and Manousiouthakis, (1989a). They provide targeting
methods for external MSA flowrates and minimum number of mass exchanger units,
and give the simple pinch design rules that help the designer during the heuristic
(often trial and error) design step. MSA targets for a perspecified minimum approach
concentration (∆cmin or often ε) are determined with the help of the rich and lean
composite curves (Figure 7). ∆cmin defines the concentration difference by which the
equilibrium can be approached.
Excess capacity of
process MSAs

x2 x1 y

Rich composite curve

∆cmin
Pinch point
Lean
composite curve
Load for
external MSA
Mass

Figure 7: Composite curve plot for locating the mass transfer pinch point and for
determining the MSA targets. Lean stream concentrations are transformed.

At first, the rich and lean process streams are represented in a diagram which shows
their in and outlet concentrations (y) versus their mass load. Since in case of MENs
the driving force of the mass transfer is the difference between the actual and
equilibrium concentrations, the concept of corresponding concentration scales had to
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be introduced. This tool establishes a one to one correspondence among the
compositions of all streams for which mass transfer is thermodynamically feasible.
Based on the prespecified minimum composition difference and equilibrium relations,
lean stream concentrations (xi) are transformed to rich concentration units (yi) in order
to be able to construct the composite curve plot. This is emphasized by drawing
separate axes for the lean streams in Figure 7. Then the rich and the lean composite
curves are constructed by combining the individual rich and lean stream mass loads in
concentration intervals. The composite curves can be shifted along the mass axis. The
point where the two composite curves approach each other by the concentration
difference of ∆cmin is called the pinch point. The vertical overlap of the composite
curves shows where mass can be recovered from the rich streams to the lean ones.
Thus the pinch represents a bottleneck to mass recovery (El-Halwagi, 1997). The
composite curve plot shows the excess capacity of the process MSAs and the
necessary load for external MSAs as well.
Lacking the tool for capital cost targeting, the synthesis method of El-Halwagi
and Manousiouthakis (1989a) did not enable supertargeting (targeting for TAC).
Furthermore, the graphical targeting approach cannot be effectively used in case of
large synthesis problems. Because of this, the authors applied mathematical
programming approaches for automating their pinch method. Their automated pinch
techniques are reviewed among the sequential mathematical programming methods.
Hallale and Fraser (1998) extended the pinch design method by setting up
capital cost targets ahead of any design. Using the y-x composite curve plot (rich
stream concentrations versus lean stream concentrations) and the y-y* composite
curve plot, the overall number of equilibrium stages for the network can be estimated.
The symbol y* denotes the rich stream concentration with which a given lean stream
would be in equilibrium. Their capital cost targeting process is similar to the area
targeting of HENs (Section 1.4.2) or to the McGabe-Thiele equilibrium stage
calculation of the distillation columns (Coulson and Richardson, 1991).
Hallale and Fraser (2000) introduced advanced targeting methods as well.
Instead of targeting the overall number of equilibrium stages of the network, they
suggested methods for targeting exchanger masses and volumes, which gives more
reliable estimates for the capital costs. Supertargeting is carried out by calculating the
sum of the variable cost and the capital cost targets over a range of the minimum
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composition differences (Figure 8). This way the optimal value of the minimum
composition difference can be determined.

Annual
cost
($/yr)

Total Annual Cost

Operating cost

Capital cost
Minimum composition difference (∆cmin or ε)
Figure 8: Supertargeting for MENS

The new targeting methods of Hallale and Fraser (2000) greatly improved the pinch
synthesis methodology of MENS. Still, it cannot overcome the innate drawbacks of
the pinch method: (a) the derivation of the network is more or less a trial and error
process, (b) targets may not always be accurate, (c) incompatible multiple component
problems cannot be effectively handled.
Since the extended pinch synthesis method of Hallale and Fraser (2000) is the most
advanced one, in the following only a short list is given about the other contributions.
The problem with compatible multiple component targets was addressed by ElHalwagi and Manousiouthakis (1989b). Wastewater distribution problems were
discussed by Wang and Smith (1994, 1995) and Kuo and Smith (1998). They
approached the general problem for the design of the final disposal wastewater
network using a graphical representation for the superstructure of design alternatives.
Wang and Smith (1994, 1995) also treated the problem of multiple contaminants,
regeneration re-use, regeneration recycling, and flowrate constraints. The multiple
component synthesis method of Wang and Smith (1994) is based on a reference
component, and is not easy to interpret.

27

1.3.3.2 Sequential mathematical programming methods
Sequential mathematical programming approaches are mainly automated versions of a
pinch design technique. Most of them were developed to facilitate the targeting step in
case of large problems, where the graphical approach is not convenient to use. The
attribute “sequential” denotes that the synthesis is still decomposed into targeting and
design steps. As a consequence, the trade-off between investment and operating costs
is not taken into account rigorously when using these methods.
Finding the minimum utility consumption for a fixed target MEN synthesis task, is
formulated as a linear program. The solution of the LP determines the minimum cost
and pinch points that limit the mass exchange between rich and lean streams (ElHalwagi and Manousiouthakis, 1990a). In a second stage, a MILP transshipment
problem is solved to identify the minimum number of mass exchange units, in a
similar manner than the MILP formulation for fixed target HEN synthesis (Papoulias
and Grossmann, 1983). El-Halwagi et al. (1992) applied this approach to the specific
problem of phenol treatment in petroleum refinery wastewater. The minimum utility
cost problem becomes a MINLP for mass exchange networks that include
regeneration (El-Halwagi and Manousiouthakis 1990b; Garrison et al., 1995).
The problem with multiple component targets was addressed by Gupta and
Manousiouthakis (1994) and Wilson and Manousiouthakis (1998). Gupta and
Manousiouthakis (1993) presented an approach where supply and target compositions
of the rich and lean streams are allowed to vary within upper and lower bounds. The
problem is solved as a MINLP in which the global optimum can be ensured. Later,
Gupta and Manousiouthakis (1996) proposed a new formulation of the problem that
leads to a linear program that yields the same solution that the previous MINLP
formulation. The reduction in complexity of the new formulation allows to deal with
larger problems.
El-Halwagi et al. (1996) proposed an approach that removes the pollutants
from in-plant streams instead of dealing with the pollutants in the terminal waste
streams. It also provided a framework for the simultaneous consideration of gas and
liquid pollutants. The problem was formulated as a MINLP in which the objective
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was to determine the optimum interception locations, extents and separating agents
through the plant.
Sequential mathematical programming

methods were developed for

wastewater minimisation problems, too. Alva-Argaez et al. (1998) proposed a
solution approach based on a recursive MILP to optimise the Wang and Smith (1994)
model. With this approach optimality is not guaranteed. Later Alva-Argaez et al.
(1999) presented a multi contaminant transhipment model for mass exchange
networks and wastewater minimisation problems. Their MILP model provides utility
targets for multiple contaminant problems as well.
The problem of synthesizing REAMENs with general equilibrium relations is
presented in Srinivas and El-Halwagi (1994a). This work uses a sequential approach,
in which first the minimum cost of the MSAs is identified without any commitment to
the final network structure. The second stage is aimed at minimizing the number of
mass exchangers while realising the minimum cost of MSAs.

1.3.3.3 Simultaneous mathematical programming methods
Simultaneous mathematical programming approaches for MENS do not decompose
the synthesis into targeting and design steps. The optimal network structure and its
operating parameters are derived simultaneously by solving one single optimisation
problem. This is a major achievement because decomposing the synthesis task usually
leads to suboptimal final solutions (Grossmann, 1996a; Biegler et al., 1997).
Furthermore, no previous methods provided a systematic method for the derivation of
the network structure. No method can compete with a simultaneous mathematical
programming technique if the superstructure is adequate and the model can be solved
for global optimality. Simultaneous models are usually complex NLP or MINLP
models. Since algorithms do not guarantee global optimality for the general
nonconvex cases, considerable modelling efforts were made to find the trade off
between model complexity and solvability.
First, Papalexandri et al. (1994) have considered simultaneous optimisation models in
contrast to the sequential design strategies used by other authors. The superstructure
of Papalexandri. contains all the imaginable matches (stream pairings) and bypasses,
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without considering whether a certain match is thermodynamically feasible or not.
Then the superstructure is formulated as an MINLP problem, in which binary
variables denote the existence of the matches. The maximum number of matches
between the same rich and lean streams is controlled by the number of subnetworks,
that is to be specified in advance. This method is simple in the sense that during the
design process no preliminary knowledge about the network is needed. Mass balances
for the exchangers are set up explicitly by multiplying flow rates and concentrations,
hence the resulting MINLP model is nonconvex. The nonconvexity of the model is
further raised by using the Kremser equation (Kremser, 1930; El-Halwagi, 1997) for
determining the number of theoretical stages of the exchangers. As a result, the
solution is not a rigorous global optimum, and hence special attention has to be paid
to the initialisation of their MINLP problem. The authors provided models for the
general multicomponent case, as well as for networks with MSA regeneration. In spite
of its drawbacks, the model of Papalexandri et al. (1994) is well applicable.
Lee and Park (1996) propose an alternative method for MEN synthesis, using the Pgraph theory and a NLP formulation to find the optimal mass exchange network.
Papalexandri and Pistikopoulos (1995, 1996) proposed a general process synthesis
framework based on the representation of synthesis alternatives via mass and heat
transfer mechanisms. They introduced a multipurpose mass/heat exchange module to
represent the building block for any process operation involving mass/heat exchange
between two previously defined streams.
Dantus and High (1996) used an approach that combines the MINLP
techniques with the capabilities of simulators (in particular Aspen Plus) for the retrofit
of chemical processes through waste minimization and process integration.
Nonconvex mathematical problems are difficult to solve, therefore many efforts were
made to combine thermodynamic insights and simultaneous mathematical
programming methods in order to simplify the optimisation problem. One of these
attempts is the method of Comeaux (2000). Using stream data and the principle of
vertical mass transfer an insight based superstructure is generated, which contains
thermodynamically feasible matches only. Having cut out many of the matches, the
resulting superstructure and the corresponding mathematical program is much
smaller, compared to that of Papalexandri et al. (1994). Comeaux’s further
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simplification is omitting binary variables. He formulates MENS as a pure NLP
problem. Mass exchangers exchaging only a small amount of mass in the solution are
regarded as non-existing ones. The pure NLP formulation (called also as “cover and
eliminate method”) is one of the oldest optimisation based design concepts. Still, in
many cases it can be successfully used, for example when solving wastewater
treatment problems (Benkő, Rév, Szitkai and Fonyó 1999; Benkő, Rév and Fonyó
2000).
Galan and Grossmann (1998) have presented a global optimisation strategy for
distributed wastewater treatment networks. It is based on NLP and MINLP models to
address the nonconvexities that arise in the mass balances of the superstructures
presented by Wang and Smith (1994). Phase equilibrium calculations in the model of
Galan and Grossmann (1998) are treated in a very simple manner.
As this review clearly shows, there are only a few simultaneous models developed for
MENS or for wastewater distribution problems. Most of the published papers in the
area deal with the various pinch or sequential mathematical programming synthesis
methods.

1.3.4 Sizing of mass exchangers
Sizing of mass exchangers is a calculation process in which the properties of an
exchanger are calculated for a particular separation task. The investment cost of a
mass exchanger (absorber, extractor, adsorber etc.) can be directly related to its size.
The investment (capital) cost of a MEN is calculated based on the sum of the
investment costs of its individual mass exchangers.
Discussion of the costing procedures of the stagewise and continuous-contact
mass exchangers are dealt with in details for example in El-Halwagi (1997), Perry et
al. (1984), Coluson and Richardson (1991) or in Douglas (1988). A comprehensive
overview of the economics of engineering design is given in the book of Ulrich
(1984). MENS example problems in this thesis consider the sizing and costing
procedures of Hallale (1998).
In this section only the Kremser equation is dealt with. Assuming linear phase
equilibrium relations and counter-current flows, the Kremser equation gives the
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required number of equilibrium stages for a given separation task (Kremser, 1930; ElHalwagi, 1997). The cost and size of extractors or absorbers can be estimated based
on their number of theoretical stages. Even the advanced, volume or mass based
capital costing procedures of Hallale (1998) use the Kremser equation as a starting
point. Depending on the value of the removal factor A, the Kremser equation for a
given component i has two different forms (Equations 2 and 4).
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In the formulas yiin , yiout denote the inlet and outlet concentrations of the ith rich
th
stream, x inj , x out
lean stream, and
j denote the inlet and outlet concentrations of the j

L j , Ri denote the lean and rich flow rates. The equilibrium relation between the ith rich

stream and the jth lean stream is given in the form of yi* = mij x *j + bij .
For the case of A≠1 El-Halwagi (1997) gives the following alternative form of
Equation 2:
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(5)

Equation 2 shows that the theoretical number of stages as a function of the removal
factor A has a removable discontinuity at A=1. In case of calculating the number of
theoretical stages at A=1, Equation 4 has to be used. The fact that the Kremser
equation is discontinuous is not a problem at all when using it manually, but can cause
serious numerical problems when applied in an optimisation model to be solved using
software packages like GAMS (Brook et al., 1992). This is because the derivative of
the function is calculated over and over during the solution procedure.
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1.4 Heat Exchanger Network Synthesis
The discipline of mass exchange network synthesis (MENS) was developed mainly
based on the ideas of heat exchanger network synthesis (HENS). HENS is out of the
scope of this thesis. Still, a short overview is given here about some of its basics,
because Chapter 5 of this thesis presents a new MINLP model for MENS that
resembles one of the MINLP based HENS methods.
Those who want to get a closer insight into HENS are directed to the works of
Linnhoff and Hindmarsh (1983), Gundersen and Naess (1988) and Linnhoff (1993). A
complete review of the area is given in the recent paper of Furman and Sahinidis
(2002).

1.4.1 Problem statement
The HENS task can be stated as follows (El-Halwagi, 1997):
„Given a number NH hot process streams (to be cooled) and a number Nc of cold
streams (to be heated), it is desired to synthesise a cost-effective network of heat
exchangers which can transfer heat from the hot streams to the cold streams. Also
given are the heat capacity flowrate (FCP), supply tempetarture, Ts, and target
temperature, Tt, of each stream. Available for service are heating and cooling utilities
whose costs, supply temperatures and target temperatures are also given.”
Decisions for the designer include:
•

Which heating/cooling utilities should be employed?

•

What is the optimal heat load to be removed/added by the utilities?

•

What is the optimal network configuration?

The questions can be answered by the means of the pinch method (Linnhoff and
Hindmarsh, 1983) as well as by using pure mathematical programming techniques
(Biegler et al., 1997).
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The very basics of the pich method will be summarised here following Hallale (1998).
As an illustrative example of the various mathematical programming based
techniques, the simultaneous MINLP model of Yee and Grossmann (1990) will be
presented.

1.4.2 The pinch design method
The pinch design method for HENS consists of two stages: targeting and design. At
the targeting stage, the problem data are used in order to predict, on thermodynamic
grounds, the best possible performance. These targets may be determined for both
energy and capital costs for a specified value of the minimum approach temperature,
∆Tmin . Furthermore, the optimum trade-off between energy and capital costs can be
established before design in a procedure termed supertargeting. The next stage is
designing the networks to meet the targets.
Energy targets i.e. the amounts of the required heating and cooling utilities can be
determined with the help of the hot and cold composite curves (Figure 9). At first , the
hot and cold process streams are represented in a diagram which shows their in and
outlet temperatures (T) versus their cumulative enthalpy (H). Then the hot and the
cold composite curves are constructed by combining the individual hot and cold
stream enthalpies in temperature intervals. The composite curves can be shifted along
the enthalpy axis, since enthalpy has no absolute scale. The point where the two
composite curves approach each other by the temperature difference of ∆Tmin is called
the pinch point. The vertical overlap of the composite curves shows where energy can
be recovered from the hot streams to the cold ones. Thus the pinch represents a
bottleneck to energy recovery. The heating and cooling duties, which cannot be
satisfied by energy recovery must be delivered using external utilities. Both the hot
utility target (QHmin) and the cold utility target (QCmin) are shown in the composite
curve plot in Figure 9.
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Figure 9: Composite curve plot for HENS

Since the composite curve plot shows the available driving forces (temperature
differences) for heat transfer, the minimum heat exchange area in a network can also
be predicted from the plot. Composite curves – including utilities – are drawn and
divided into vertical enthalpy intervals, whereas the intervals are defined by the
inflection points on the composite curves. Each enthaply interval is treated as an
imaginary heat exchanger and can have an ideal area calculated for it. The ideal area
A, for a counter current heat exchanger can be calculated as follows:
A=

Q
U∆Tlm

(6)

Where Q is the enthalpy change, U is the overall heat transfer coefficient, and ∆Tlm is
the logarithmic mean temperature difference. ∆T1 and ∆T2 are the temperature
differences between the hot and the cold streams at the two ends of the counter
current heat exchanger.
∆Tlm =

∆T1 − ∆T2
 ∆T 
ln 1 
 ∆T2 

(7)

Having the utility and area targets on hand, the total annual cost (TAC) of the network
can be estimated for the pre-specified ∆Tmin . The TAC target can be calculated over a
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range of ∆Tmin values, hence the optimal value of ∆Tmin and the target for the minimal
TAC can be determined. This procedure is called supertargeting. The network design
is then carried out for the optimised ∆Tmin using the so called pinch design method.
The main objective of the heuristic design step is to design a HEN with a TAC close
to the targeted one. A summary of the pinch design method for HENS can be found in
Linnhoff and Hindmarsh (1983).
Biegler et al. (1997) outline the major drawback of the pinch technology of HENS as
follows: "While insights delivered by pinch technology narrow down the alternative
designs for a network very considerably, by themselves they do not provide an explicit
procedure for deriving the configuration of a heat exchanger network. The user has to
examine by trial and error matches and stream interconnections that will hopefully
come close to satisfying the targets for utility consumption, number of units, and total
area. Quite often, this might not be a trivial task, especially when one is faced with a
rather large number of process streams, and when splitting of streams is required."
Because of these reasons various mathematical programming techniques are applied
to HENS.

1.4.3 The simultaneous optimisation model of Yee and
Grossmann
The simultaneous optimisation model of Yee and Grossmann is presented here,
because later on in this thesis, a novel mass exchange network synthesis method will
be developed based on its principles. Simultaneous MINLP methods for HENS allow
the user to optimise energy recovery, selection of matches and areas simultaneously.
Detailed decription as well as equations of the model can be found in Yee and
Grossmann (1990) and Biegler et al. (1997).
In the superstructure of the Yee-Grossmann model the hot and the cold streams are
driven in a counter current way. The superstructure consists of several identical
stages. Though the number of the stages is arbitrary, its lower bound can be calculated
based on the hot and cold stream temperature data. Stream matching of any possible
hot-cold pairs is allowed in all of the stages. Hot and cold streams are split as they
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enter the stages so as to be able to direct them to the possible exchangers. Outlets of
the exchangers are isotermally mixed. This is the main assumption of the model since
it allows the balance equations to be formulated linearly. Omitting flow variables,
balances are formulated using stage temperatures and the amounts of transferred heat
only.
After exploiting the internal heat transfer capacity of the process streams, an
external heat exchanger for each of the streams can be used to set the specified target
temperatures by cooling in case of hot streams or by heating in case of cold streams.
This ensures that a feasible solution of the problem can always be found. The
existence of the heat exchangers are denoted by binary variables. Non-existing
matches give rise to moderate by-pass stream configurations.
The graphical representation of a two-stage superstructure for two hot and two
cold streams can be seen in Figure 10.
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Figure 10: Graphical representation of the Yee-Grossmann HEN superstructure for
two hot (H1, H2) and two cold streams (C1, C2) with two stages.

The network is optimised for its TAC. Utility costs as well as exchanger sizing
expressions are to be provided by the user. Logarithmic mean temperature differences
of the exchangers are approximated using Chen's expression (Chen,1987; Equation 8),
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instead of using the numerically difficult original formulation (Equation 7). Chen’s
expression is a precise approximation for the calculation of the logarithmic means.

LMTDapprox = (∆T1 ⋅ ∆T2 ⋅ (∆T1 + ∆T2 ) / 2)

1/ 3

(8)

The MINLP model formulated in the syntax of the GAMS modelling language
(Brooke et al., 1992) can be found in the GAMS model library under the model name
SYNHEAT. CD-ROM
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2 CHALLENGES AND SCOPE OF THE THESIS
As outlined in the literature review, simultaneous MINLP and NLP models for MENS
(Papalexandri et al.,1994; Comeaux, 2000) did not deal with the discontinuity of the
Kremser equation, hence they may deliver suboptimal solutions. Since the Kremser
equation is just an example of design equations that are discontinuous, the general
problem of handling discontinuities in optimisation models will be dicussed first in
Chapter 3. A new method will be presented that outperforms all the previous methods,
in case of removable discontinuities. Proper handling of the Kremser equation gives
rise to the correct optimisation based solution of MENS problems.
As the literature review shows, the most advanced methods for MENS are the new
pinch method of Hallale and Fraser (2000), the simultaneous MINLP model of
Papalexandri et al. (1994) and the insight based (though simultaneous) NLP model of
Comeaux (2000). No parctical comparison has been made so far, that would enable
rating the applicability of these methods. Section 4.2.1 of the thesis compares the
simultaneous NLP method of Comeaux and the simultaneous MINLP method of
Papalexandri et al. Then based on the solution of thirteen example problems, the
advanced pinch method of Hallale and Fraser will be compared to the MINLP method
of Papalexandri et al. Results of this comparison are presented in Section 4.2.2. The
computational experience is expected to be valuable since no extensive previous work
has been done in comparing pinch and optimisation based methods. During the
solution of the example problems, several minor modifications were to be made to the
MINLP model of Papalexandri (1994). These suggested modifications are presented
in Section 4.1.
Chapter 5 presents a fairly linear simultaneous MINLP model for MENS. Due to its
reasonable assumptions, the new model contains less nonlinear terms than the MINLP
model of Papalexandri or the NLP method of Comeaux. Resulting from this, the new
model can be solved easier, and the initialisation of the variables is not so
problematic. The superstructure of the new model offers a larger network complexity
compared to the superstructure of Comeaux (2000). The new MINLP method is
extended to multiple components as well. Its mainly linear character can be
maintained in the two component case.
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MENS problems of the literature are mainly academic example problems. Using
shortcut models for the mass exchange units, emphasis is usually given to the
synthesis of the network structure. Chapters 6 and 7 present MINLP models that deal
with the detailed design of mass exchange units.
In Chapter 6 a rigorous MINLP model for the design of distillation pervaporation
systems for ethanol dehydration is presented. Hybrid membrane separation systems
are emerging environment friendly techniques, hence new procedures for their design
are very useful. During the development of the optimisation model several problems
had to be solved that cannot be met while solving academic example problems. With
the help of the new MINLP design method, process intensification of an existing
ethanol dehydration plant could be achieved. Results of an industrial case study are
presented in Section 6.6.3.
Chapter 7 presents an another industrial application. An MINLP model has been
developed for the design of wastewater strippers. The new model includes a rigorous
vapour-liquid equilibrium (VLE) calculation for four volatile organic compounds
(VOCs). The simplicity of the model of the stripper gives rise to the possibility of
using it in MINLP models for MENS problems, too. Replacing the simple unit
modelling of today’s MENS models is expected to be a further step towards the direct
industrial application of the optimisation based design technique.
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3 HANDLING OF REMOVABLE DISCONTINUITIES IN
MINLP MODELS FOR PROCESS SYNTHESIS
PROBLEMS
As outlined in Section 1.3.4 of the literature review, the discontinuous Kremser equation is
almost always present in MINLP models for MENS. Authors who published simultaneous
mathematical programming models (See Section 1.3.3.3) used non realistic, oversimplified
exchanger sizing equations (did not use the Kremser equation) or evaded handling the
discontinuity of Equation 2, and simply set up a lower bound greater or less than one for the
removal factor A. The latter solution may cut out the optimal solution of the search space
since it superfluously restricts the ratio of the lean and rich streams (see Equation 3). It will be
shown that proper handling of the discontinuity of the Kremser equation results in better
solutions for the MENS synthesis problem.
After quickly reviewing the previous work in this field, this chapter presents a new
method for handling the discontinuity of the Kremser equation. Applying the new method
results in simpler models and shorter computation times. It will be shown that the new
method can be generally applied to the class of functions with removable discontinuities,
hence it is well applicable in several kinds of mathematical programs.
It is important to emphasize that currently conditional commands cannot be directly
included into a GAMS mathematical programming code. Logical conditions in an MP model
are to be expressed in the form of extra equations and inequalities that use binary and/or
continuous variables. This is a substantial difference compared to programming languages
like C or Pascal.
If the GAMS package will be developed in the future so that conditional commands
for the variables will be allowed to use, the mathematical results of this chapter may be
obsolete one day. Still, using the current version of GAMS, my results greatly improve the
MINLP solutions of the MENS problems.
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3.1 Significance and mathematical background
MINLP model equations for process synthesis are often defined only over a certain range of
values. Many functions and equations contain singularities, for example: capital investment
costs as functions of the equipment sizes; heat and mass transfer coefficients as functions of
the Reynolds number; the Kremser-equation, and sizing equations of multipass heat
exchangers. In several cases, the use of discontinuous functions cannot be avoided.
Handling discontinuities in MP models is possible, but requires the introduction of additional
binary variables, which render the problem more difficult to solve (Biegler et al., 1997).
When a nonconvex optimisation problem contains many binary variables, additional binary
variables can extend the problem size over the solvability limit.
Mathematically three kinds of discontinuities can be distinguished. A function f is said to
have a removable discontinuity at x = c if lim f ( x ) and lim f ( x ) both exist and are equal,
x →c −0

x →c + 0

but do not equal to the value f (c ) (which may or may not exist) of the function
(see Figure 11). A function f is said to have a discontinuity of the first kind at x = c if
lim f ( x ) and lim f ( x ) both exist but are not equal (see Figure 12). Finally f is said to

x →c −0

x →c + 0

have a discontinuity of the second kind at x = c if lim f ( x ) or lim f ( x ) does not exist (see
x →c −0

x →c + 0

Figure 13).

f(x)

 f1 ( x ) if x ≠ c
f (x) = 
not defined if x = c
x LO ≤ x ≤ xUP

f1(x)
xLO

c

Figure 11: Function having a removable discontinuity
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xUP

x

 f ( x ) if x LO ≤ x < c
f (x ) =  1
 f 2 ( x ) if xUP ≥ x ≥ c

f(x)
B4
B3

f2(x)

B2
B1

f1(x)
xLO

xUP

c

x

Figure 12: Function having a discontinuity of the first kind

 f1 ( x ) if x LO ≤ x < c

f ( x ) =  f 2 (x ) if xUP ≥ x > c
not defined if x = c


f(x)

c
xUP

xLO

x

f2(x)
f1(x)
Figure 13: Function having a discontinuity of the second kind. In this case none of the two

limeses do exist at x→c.

Table 2 shows illustrative examples for discontinuous chemical design equations and
functions. The type of their discontinuity is indicated according to the classification above.
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Table 2: Examples for design equations containing discontinuities

Equation

Type of
discontinuity

Kremser equation (Kremser, 1930)

removable

(Number of equilibrium stages as a function of the removal factor A)
Logarithmic mean temperature difference

removable

Logarithmic mean concentration difference

removable

Heat transfer equation

removable

for 1 shell pass, 2 tube pass heat exchangers (Smith, 1995)
(FT correction factor as a function of the ratio of the heat capacity flow rates)
Cost functions

first kind

(e.g. capital investment costs as a function of the equipment size)
Pressure drop in packed columns

first kind

(pipe friction coefficient as a function of the Reynolds number)
Sizing equations in general

first kind

Underwood equations

second kind

(minimal reflux ratio as a function of the relative volatilities)

3.2 Conventional methods for handling discontinuities
Handling discontinuous functions in MINLP corresponds to the modelling of logical
disjunctions (Raman and Grossmann, 1994; Balas, 1979; Lee and Grossmann, 2000). The
domain of the discontinuous function has to be divided into continuous sub-domains. The
actual value of the function in the sub-domains needs to be calculated differently. This can be
done by applying logic constrains that involve continuous variables. For modelling
disjunctions, there are several methods known in the literature.
The most conventional and widely known way to handle disjunctions is the big-M
formulation (Biegler et al., 1997; Hui, 1999; GAMS-The Solver Manuals, 2000). Its improved
version is the so called multi-M formulation (Hui, 1999), which provides tighter relaxation by
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providing separate big M parameters for the sub-domains of the given discontinuous function.
To avoid the big-M parameters the use of the convex-hull formulation (Turkay and
Grossmann, 1996; Lee and Grossmann, 2000, Biegler et al., 1997; Balas, 1979) can be an
alternative. Raman and Grossmann (1991) give a logic formulation, which provides binary
values denoting whether the value of a function equals zero or is less or greater than zero.
Their formulation can be directly applied to discontinuous functions.
All the methods mentioned so far can handle all kinds of discontinuities (removable,
first kind, second kind) and apply the same technique for all of them. The mathematical forms
of the literature methods and of an additional simple logic formulation are shown in Appendix
A. The example function of Appendix A is a discontinuous function of the first kind.
It has to be emphasized that the methods taken from the literature can be applied to
any kind of discontinuous functions. It is expected that a removable discontinuity can be
handled using less equations and binary variables than the other kinds of discontinuities,
which is very important when solving large MINLP problems. Since many process design
MINLP problems contain functions only with removable discontinuities, it is desired to find a
specific method which handles this kind of discontinuity in the simplest possible way. Further
on in Chapter 3 of this thesis only removable discontinuities are dealt with.

3.3 Application of the conventional methods to removable
discontinuities, illustrated on the Kremser equation
As Sections 1.3.1 and 1.3.4 of the literature review show, the removal factors of the
mass exchangers are design variables when solving the synthesis problem. Because of this,
the A values have to be able to vary freely between their possible bounds. The A value can be
either greater, less or equal to 1. The theoretical number of stages as a function of the removal
factor A have a removable discontinuity at A=1. In case of calculating the number of
theoretical stages at A=1, Equation 4 is to be used. Using only the first form of the Kremser
equation usually leads to a division by zero error or provides a solution that has no physical
meaning. To be more precise, the solver sets as many A values to 1 as possible because at
A=1 the number of theoretical stages can be zero, independently from the concentrations (See
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Equation 5). Restricting the values of A under or over 1 may exclude the optimal solution
from the search space. Overcoming this numerical difficulty may greatly improve the MINLP
solutions of the MENS problems.
The discontinuity of the Kremser equation can be overcome in the following general way: a
binary variable Y is defined, which equals 1 in the case of A=1, and takes the value of zero
when A≠1. Then both equations (Equations 4 and 5) are used to calculate the number of
theoretical stages, and Y is used to select the one which corresponds to the value of A in the
given mass exchanger. Therefore, in the calculations for choosing between N A=1 and N A≠1
Equation 9 is used.
N = Y ⋅ ( N A=1 ) + (1 − Y ) ⋅ ( N A≠1 )

(9)

It has to be noted, that theoretically the Big-M method could also be used for choosing
between the calculated stage numbers (See Appendix A, Equations A1). In practice, however,
it does not work in case of the Kremser equation, because large M values are needed, and the
resulting MINLP problem has very bad relaxation properties.
When calculating the binary variable Y, all the five literature methods can be applied. The
values of the removal factor A at which the disjunctions are to be made are chosen in advance.
Figure 14 shows the boundaries for A at which the disjunctions were decided to be made. A is
considered to equal 1 when its value happens to be between 0.99 and 1.01. The removal factor
A is expected to be between 0.01 and 100 in all of the exchangers. Using the five earlier
methods, the three intervals for A correspond to three binary variables, from which only one is
allowed to equal 1 according to the actual value of A.

y1
0 0.01

y2
0.99

y3
1.01

100

Figure 14: Conventional methods assign binary variables to the regions of the removal
factor A
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In the following, it is shown how the binary variable Y is calculated using the different
methods for handling disjunctions.

3.3.1 Big-M formulation
A ≤ 0.99 + M 1 ⋅ (1 − y1 )

(10)

A ≤ 1.01 + M 2 ⋅ (1 − y 2 )

(11)

A ≤ 100 + M 3 ⋅ (1 − y 3 )

(12)

− A ≤ −0.01 + M 1 ⋅ (1 − y1 )

(13)

− A ≤ −0.99 + M 2 ⋅ (1 − y 2 )

(14)

− A ≤ −0.01 + M 3 ⋅ (1 − y 3 )

(15)

M 1 = 99.01
M 2 = 98.99
M3 =1
0.01 ≤ A ≤ 100

(16)
(17)
(18)
(19)

y1 + y 2 + y 3 = 1
yi = 0 or 1
Y = y2

(20)
(21)
(22)

3.3.2 Multi-M formulation
A ≤ 0.99 + M 1, 2 ⋅ (1 − y1 )

(23)

A ≤ 1.01 + M 2,1 ⋅ (1 − y 2 )

(24)

A ≤ 100 + M 3,1 ⋅ (1 − y 3 )

(25)

− A ≤ −0.01 + M 1,3 ⋅ (1 − y1 )

(26)

− A ≤ −0.99 + M 2,3 ⋅ (1 − y 2 )

(27)

− A ≤ −0.01 + M 3, 2 ⋅ (1 − y 3 )

(28)

M 1, 2 = 99.01

(29)

M 1, 3 = 0

(30)

M 2,1 = 98.99

(31)

M 2,3 = 0.98

(32)

M 3,1 = 0

(33)

M 3, 2 = 1

(34)
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0.01 ≤ A ≤ 100

(35)

y1 + y 2 + y 3 = 1
yi = 0 or 1
Y = y2

(36)
(37)
(38)

3.3.3 Convex hull-like formulation
Formally, the equations below form a convex-hull formulation. However, when adding
Equation 9, the whole formulation cannot be considered a convex hull. That is why the
formulation presented here is called convex hull-like formulation.
A1 ≤ 0.99 ⋅ y1
A2 ≤ 1.01 ⋅ y 2
A3 ≤ 100 ⋅ y 3
− A1 ≤ −0.01 ⋅ y1
− A2 ≤ −0.99 ⋅ y 2
− A3 ≤ −1.01 ⋅ y 3
0 ≤ Ai ≤ 100
0.01 ≤ A ≤ 100

(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)

A1 + A2 + A3 = A
y1 + y 2 + y 3 = 1
yi = 0 or 1
Y = y2

(47)
(48)
(49)
(50)

3.3.4 The formulation of Raman & Grossmann (1991)
After defining three binary variables z1, z2 and y3, the following equations are introduced:
− 0.99 z1 + 0.01 ≤ A − 1
A − 1 ≤ 99(1 − z1 )
− 0.99(1 − z 2 ) ≤ A − 1
A − 1 ≤ 99 z 2 − 0.01
z1 + z 2 − y 3 ≤ 1
z1 − y3 ≥ 0
z2 − y3 ≥ 0

(51)
(52)
(53)
(54)
(55)
(56)
(57)
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Y = y3

3.3.5 A simple logic formulation
0.01 ⋅ y1 + 0.99 ⋅ y 2 + 1.01 ⋅ y 3 ≤ A ≤ 0.99 ⋅ y1 + 1.01 ⋅ y 2 + 100 ⋅ y 3
y1 + y 2 + y 3 = 1
yi = 0 or 1
Y = y2

(58)
(59)
(60)
(61)

The main drawback of these methods is that they assign a binary variable to each of the
prespecified regions of the removal factor A, i.e. binary variables denote whether A is close to
one, less than one, or greater than one (Figure 14). Three binary variables are used for each of
the removable discontinuities.

3.4 New formulation for removable discontinuities illustrated
on the Kremser equation
Sections 1.2.3 and 1.2.4 of the literature review pointed out that global optimality for a given
MINLP problem by GAMS/DICOPT++ is guaranteed when the problem is built up
exclusively by quasi-convex relaxed equalities, convex inequalities and a convex objective
function.
In most cases however, these conditions cannot be satisfied, or they can be satisfied
only by oversimplifying the physico-chemical model of the design problem. For example, the
MINLP or NLP models for MEN synthesis problems contain nonlinear equality constraints
(mass balances, phase equilibria), nonconvex equations (e.g. the Kremser equation), as well
as nonconvex terms in the objective function (e.g. typical investment cost functions like
cost = a ⋅ (size ) , etc). Non-quasi-convex equality relaxations, nonconvex inequalities and a
b

nonconvex objective function can be handled using convexifying techniques (Pörn et al.,
1999) or piecewise linearisation (Biegler et al., 1997). Using these techniques, many
additional binary and continuous variables are to be included into the MINLP model, and this
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way the problem size increases steeply. In general we can state that non-convexity is an
inherent property of rigorous MINLP models for process design.
Tight and convex MINLP problems can be solved easily even when containing large
numbers of binary variables, but nonconvex MINLP models have a problem specific ”critical
size”. This problem specific size can be expressed in terms of the overall numbers of binary
variables and equations. When exceeding this size limit, the MIP sub-problems cannot be
solved in a reasonable time. These statements are based on my computational experience with
GAMS. In case of the MINLP MENS model of Papalexandri et al (1994) the limiting number
of binary variables is about one hundred. It is extremely important to use as few binary
variables in the model as possible.
The conventional methods (see Section 3.3) solve the problem arising from the
discontinuities using linear equalities and inequalities only, but they use three binary variables
for each of the discontinuities. It is expected that large MENS problems can be solved much
faster when a new formulation with less binary variables is found.
In the following, a new formulation is presented, which can handle a removable
discontinuity using one binary variable only. The decrease in the number of binary variables
is attainable by introducing a nonlinear equation for each of the discontinuities.
( A − c) 2 = V ⋅ y

(62)

for each of the staged units with the assumptions:
ALO ≤ A ≤ AUP

(63)

VLO ≤ V ≤ VUP

(64)

is applied.
Equation 62 is introduced for each of the staged vessels of the superstructure. One
staged vessel corresponds to one Kremser equation, hence to one removable discontinuity at
the same time.
The variable A in Equation 62 is the removal factor of the staged vessel. It is a design
variable, which is varied by the solver during the optimisation process. It is a reasonable
assumption that the absorption factor A must be between 0.01 and 100, so in our
case ALO = 0.01 and AUP = 100 . The binary variable y in Equation 62 is used to generate the
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binary variable Y ( Y = 1 − y ), which is used to choose between the two calculated number of

stages (Equation 9). The fixed number c is the particular element of the domain of the
function where the discontinuity occurs (Figure 11). In case of the Kremser equation: c=1.
Variable V in Equation 62 is a strictly positive continous auxiliary variable having a small
positive lower bound (e.g. VLO = 0.0001 ).
If A equals c then the binary variable y must equal to zero, because V is defined strictly
positive. On the other hand, if A does not equal c then the auxiliary variable V can take any
value inside its bounds. The upper bound of V has to be large enough to allow Equation 62 to
be satisfied for all the possible values of A.
In our case VUP = (AUP-c)2=(100-1)2=9801. The only role of the auxiliary variable V is
to allow Equation 62 to be satisfied at any value of A. The values of all the variables in
Equation 62 are governed by the actual value of the removal factor A, since that is the only
variable, which affects the value of the objective function.
Just like the conventional methods, the new method also applies an arbitrary interval
for the removal factor A (Figure 15). Using the new method, the number of theoretical stages
is calculated according to Equation 4 when the removal factor A exactly equals 1. On the
other hand, Equation 5 is used when 1 + VLO ≤ A ≤ AUP or ALO ≤ A ≤ 1 − VLO . A graphical
illustration for this discussion can be seen in Figure 15.
It has to be noted that the left hand side of Equation 62 is a squared term and the right
hand side of Equation 62 is a bilinear term. Since it is an equality, Equation 62 renders the
MINLP model nonconvex. MINLP models for MENS are usually nonconvex, so the new
nonconvex nonlinear equality constraint does not spoil the MINLP model much further. The
solution procedure has to be started from several different initial values anyway.
Instead of three binary variables, the new method uses only one binary variable per
removable discontinuity. It is worth to emphasize again, that in case of large nonconvex
MINLP problems the solvability strongly depends on the number of binary variables. It is
expected, that using the new method problems can be solved much faster, especially when the
given nonconvex MINLP problem is large.
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y=1

y=0

1 + VLO ≤ A ≤ AUP

ALO ≤ A ≤ 1 − VLO

ALO

y=1

A=1

AUP

Figure 15: Intervals of the removal factor A and the corresponding values of the binary
variable y

3.5 Numerical examples: Mass Exchange Network Synthesis
The new method for handling removable discontinuities is tested on MEN synthesis
problems, where the Kremser equation is used for calculating the number of equilibrium
stages. The example problems are taken from Hallale (1998). Throughout the calculations, the
MINLP model of Papalexandri et al. (1994) is used. The objective function is the capital cost
of the network at fixed mass separating agent consumption. Capital investment costs are
calculated based on the number of theoretical stages. GAMS DICOPT++ calling OSL for
MILP and CONOPT-1 for NLP problems is used to solve the MINLP problems. Solution
times assume the use of a Sun Ultrasparc-1 workstation.
In order to be able to compare the new method to the five conventional methods taken
from the literature, three different sized MEN synthesis problems are considered. The
superstructures of the small, medium and large sized example problems (Hallale, 1998;
Hallale and Fraser, 2000) contain 4, 12, and 45 staged mass exchangers. This means that 4, 12
and 45 removable discontinuities (Kremser equations) are to be handled, respectively.
Commercially available MINLP solvers (GAMS-The Solver Manuals, 2000;
Schweiger and Floudas, 1998), cannot guarantee the global optimality of the solution in the
general mixed integer nonconvex case. This means that the solution found depends on the
initial values of the variables, hence it may be just a local optimum (Duran and Grossmann,
1986b; Kocis and Grossmann, 1989a). Because of the MINLP model for MEN synthesis
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contains nonconvex equations, each MEN synthesis problem is solved starting from five
different sets of initial values. Besides giving a more reliable solution, the method of starting
the calculation from different sets of initial values gives rise to the examination of the
sensitivity of the methods to different initial values, too.

3.5.1 Small test problem
This MEN synthesis problem (example 3.3 from Hallale, 1998) contains two rich and two
lean streams. Assuming only one subnetwork (Papalexandri et al., 1994), the superstructure
contains maximum four pieces of stagewise exchangers. This example problem is amongst
the simplest MEN synthesis problems imaginable. The size of the resulting MINLP problem
with the different methods for handling the Kremser equation can be seen in Table 3. Results
of the optimisations are shown in Figures 16 and 17. The average number of major iterations
used by DICOPT++ are also shown in the last column of Table 3.

Table 3: MINLP problem size of the small test problem with different Kremser formulations,
and the average number of major iterations used by DICOPT++
number of
number of
number of single average number of
binary
single equations
variables
major iterations
variables
new method
4+4
115
107
4
L-formulation
4+12
123
111
6.6
convex hull like
4+12
143
123
9.8
big-M
4+12
139
111
6.2
multi-M
4+12
139
111
6.8
Raman &
4+12
139
111
5
Grossmann
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solution time in seconds

18
16

min

14

max
average

12
10
8
6
4
2
0
new
formulation

L-form

convex-hulllike

big-M

multi-M

Grossmann

Figure 16: Comparison of the solution time of the six methods in case of the small example
problem. Each MINLP optimisation is carried out starting from five different sets of initial
values.
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Figure 17: Comparison of the optimal objective values found in case of the small example
problem. Each MINLP optimisation is carried out starting from five different sets of initial
values.
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The advantage of the new method already appears at this small example problem. Its average
and best solution time is the lowest, 3.1 and 2 seconds respectively, while none of the other
method’s average solution time is under 4.8 seconds (Figure 16). This is due to the fact that
using the new method, the solution of the MINLP problem converges in 4 major iteration
cycles on average. Using the big-M, the multi-M, the convex-hull-like, the L-formulation and
the formulation of Raman and Grossmann (1991) the calculation converges on average only
in 6.2, 6.8, 9.8, 6.6 and 5 major iteration cycles, respectively. The individual solution times of
the new method are the least sensitive to the changes in the initial value; they are within a
two-seconds interval. Only the big-M method’s solution times lie in a narrow time interval.
The solution time of the other methods is quite sensitive to the initial values (Figure 16).
Although the average objective function value using the new method is a bit higher
compared to the other methods, its deviation from the overall best solution (USD 615,000/yr.)
is within two percent, which is nearly negligible. It is worth noting that using the new method,
the optimal objective values found are not sensitive to the initial values at all (Figure 17). The
sensitivity of the objective function values to the initial values in case of the L-formulation,
the convex-hull-like formulation and the multi-M formulation is much higher than that of the
other methods. Still, the width of their interval is not wider than three percent. One of my
solutions for the small test problem is shown in Figure B1 of Appendix B. It can be seen that
the removal factor A can take values under one and over one as well, justifying that A should
not be restricted to either side of 1. CD-ROM

3.5.2 Medium sized test problem
Example 3.4 of Hallale (1998) is selected as the medium sized MENS example problem.
Two rich streams are to be purified using three lean streams. Assuming two subnetworks
(Papalexandri et al., 1994), the superstructure contains 12 staged exchangers. This problem
size is more realistic than that of the first example problem. The size of the resulting MINLP
problems using the different methods for handling the removable discontinuities are shown in
Table 4. Results of the optimisations are presented in Figures 18 and 19. The average number
of major iterations used by DICOPT++ are shown in the last column of Table 4.
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Table 4: MINLP problem size of the medium sized test problem with different Kremser
formulations, and the average number of major iterations used by DICOPT++
number of
number of
number of
average number of
single
single
binary
major iterations
variables
equations
variables
new method
12+12
337
381
4
L-formulation
12+36
361
393
6.4
convex hull-like
12+36
421
429
5.6
big-M
12+36
409
393
14.6
multi-M
12+36
409
393
4.2
Raman &
12+36
409
393
7
Grossmann

solution time in seconds
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Figure 18: Comparison of the solution time of the six methods in case of the medium sized
example problem. Each MINLP optimisation is carried out starting from five different sets of
initial values.
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Figure 19: Comparison of the optimal objective values found in case of the medium sized
example problem. Each MINLP optimisation is carried out starting from five different sets of
initial values.

In case of this more realistic problem, the new method is still the fastest, its roughly 20
seconds solution time is not much less than that of the L-formulation and of the convex-hulllike method (Figure 18). The rest of the methods are approximately two times slower. Using
my method, the solution of the MINLP problem converges in four major iteration cycles.
Using the big-M, the multi-M, the convex-hull-like, the L-formulation, and the formulation of
Raman and Grossmann (1991) the calculation converges on average in 14.6, 4.2, 5.6, 7, and 4
major iteration cycles, respectively.
The new method’s average optimal objective value of USD 580,000/yr. is the lowest.
Still, using the other methods ca. 2 percent cheaper solutions can be found than the best
solution of the new method (Figure 19). The most significant difference, however, is that
using the new formulation the solution is less sensitive to the change of the initial values. The
difference between the best and the worst solution in case of the new method is half of the
other methods’ corresponding difference. It is worth mentioning, that since the topology of
the search space is unknown, the comparison based on five different initial values gives just a
rough picture of the methods examined. Based on the foregoing, it can be concluded that in
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spite of the differences all the methods examined can be applied to handle removable
discontinuities in case of small and medium sized MINLP problems. One of the solutions for
the medium sized test problem is shown in Figure B2 of Appendix B. CD-ROM

3.5.3 Large test problem
This MEN synthesis problem is almost identical to example 4.1 of Hallale (1998).
Five rich streams are to be purified using three lean streams. The only difference compared to
the original example is that tray columns are considered, instead of packed columns. The cost
of one stage is chosen 20,000 USD/yr. Assuming three subnetworks, (Papalexandri et al.,
1994) the superstructure contains 45 staged exchangers. This test problem is called here large,
though even larger problems are imaginable in the industrial practice.
Using the conventional methods that apply three binary variables for each
discontinuity (45+3*45=180 binary variables altogether), this problem could not be solved in
30 minutes of computation time. One of the MIP subproblems in the second or the third major
iteration cycle would have needed enormous time to solve. Therefore, the conventional
methods were modified and the third binary variable for each discontinuity is expressed as
one minus the sum of the other two (See Figure 14 and Equations 20, 36, 48, 55, 59). The
original and modified MINLP problem sizes can be seen in Table 5.

Table 5: MINLP problem size of the large test problem with different Kremser formulations.
The note “does not work” indicates that one of the MIP subproblems (at the same time the
whole MINLP problem) could not be solved in reasonable time. The table is continued on the
next page.

big-M
multi-M
convex hull-like
L-formulation
Raman & Grossmann

number of
binary
variables
45+135
45+135
45+135
45+135
45+135

number of
single
equations
1458
1458
1503
1278
1458
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number of
single
variables
2077
2077
2212
2077
2077

note
does not work
does not work
does not work
does not work
does not work

big-M (modified)
multi-M (modified)
convex hull-like (modified)
L-formulation (modified)
Raman & Grossmann
(modified)

45+90
45+90
45+90
45+90
45+90

1503
1503
1548
1323
1503

2077
2077
2212
2077
2077

does not work
works
does not work
does not work
does not work

new method

45+45

1233

2032

works

The new method and the modified multi-M formulation converged on average in 3 and 6.4
major iteration cycles, respectively. MINLP models containing the other methods for
handling the discontinuities did not converge from any of the five different initial values in 30
minutes. The reason for this is the same as it was before: one of the MIP subproblems could
not be solved in half an hour time. The results of the optimisations carried out using the new
method and the modified multi-M formulation can be seen in Figure 20.

optimal objective value found
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610

average
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modified multi-M formulation
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550

average
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Figure 20: Large example problem. Comparison of the new method and the modified multiM formulation in terms of solution time and optimal objective values found. Both MINLP
optimisations are carried out starting from five different sets of initial values. Using the other
methods, the solution did not converge in reasonable time.
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On average, the new method proved to be approximately three times faster than the multi-M
formulation (Figure 20). This is due to the fewer binary variables and equations used in the
model. The sensitivity of the new method to the initial values is much less than that of the
multi-M formulation, especially when the solution time is considered. On average, optimal
objective values found by the multi-M method are 7 % lower than that of the new method.
Still, there is quite a big chance that the multi-M formulation gives worse solutions in much
higher computation time. One of the solutions of the large test problem is shown in Figure B3
of Appendix B. CD-ROM

3.5.4 Parameter sensitivity of the new method in case of Mass
Exchange Network Synthesis Problems
Equation 62 contains two parameters, namely the even exponent of (A-1) and the lower bound
of the variable V. It has been examined how changing these parameters does affect the
solution time and the optimal solution found. Higher even exponents and different lower
bounds were considered. Taken the medium sized example problem, several calculations were
carried out whereas the initial values were kept the same. Only the exponent and the lower
bound on V were varied. Based on these calculations, the followings can be stated: The even
exponent of (A-1) in Equation 62 has to equal two; higher even numbers, as four or six, cause
numerical problems (the derivatives become too large). The lower bound on V has to be
greater than 0.001. Under this value no converged solution for the example problem could be
found. Higher values for the lower bound of V result in increasingly scattered relaxed MINLP
and MINLP solutions (Figure 21). With increasing lower bounds on V, solution times show
the same increased scattering. The optimal solution of the mathematical problem depends
both on the initial values of the variables and on the lower bound of V. Lower bounds
between 0.001 and 0.01 may be used, and multiple calculations with different initial values
are to be carried out for each of the problems.
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Figure 21: Sensitivity of the new method to the lower bound of parameter V

3.6 Numerical example: A Heat Exchanger Network Synthesis
problem
Removable discontinuities occur in MINLP models for HENS, too. Both the equation of the
logarithmic mean temperature difference (LMTD) and the equation of Bowman et al. (1940)
for calculating the correction factor of the LMTD in case of 1-2 shell-and-tube heat
exchangers have a removable discontinuity. In this chapter, only the problem of the simple
logarithmic mean temperature difference is dealt with (Equation 7). The LMTD is essential
for sizing heat exchangers and, therefore, is very often used in design.
The LMTD as a function of ∆T1 and ∆T2 has a removable discontinuity at ∆T1=∆T2.
Solving a MP problem containing this formula, the designer meets the same kind of numerical
problem as in case of the Kremser equation (Equation 2). Because of this problem, Chen’s
approximation (Chen, 1987, Equation 8) is usually applied.
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Chen’s approximation is very accurate, still it underestimates the LMTD when the
temperature difference on one end of the exchanger is low. Figure 22 shows the logarithmic
mean temperature difference and its Chen approximation as a function of ∆T1 at higher
values, in case of an exchanger where ∆T2 is fixed at 10 °C.
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Figure 22: Logarithmic mean temperature difference and its Chen approximation as a
function of ∆T1 (∆T2 is fixed at 10 °C).

Figure 22 shows that the error of the approximation in this case is just 1-2 %. However, it is a
typical property of integer programming that a small change in one of the parameters or
bounds for the variables may result in a large shift in the optimal objective function value. In
our case, this means that a small change in the accuracy of the calculation method of the
logarithmic mean temperature differences may result in a different amount of transferred heat
in the exchangers. The different amount of transferred heat in the exchangers needs different
heat exchanger surfaces and results in different outlet temperatures. The new outlet
temperatures may violate the specifications of the design problem, hence a different network
structure with a considerably different optimal TAC may be the optimal solution. Therefore, it
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is interesting to examine and resolve a HENS problem without Chen’s approximation for the
LMTD.
The example problem of Yee and Grossmann (1990) is reconsidered. Their GAMS
input file synheat.gms (which can be found in the GAMS model library, (Brook et al., 1992)
or in the CD supplement of this thesis) was extended by the new logic equations. This way it
is ensured that the exact LMTD (Equation 7) is used when ∆T1≠ ∆T2, and the arithmetic mean
of ∆T1 and ∆T2 is used when ∆T1=∆T2 for all of the heat exchangers in the superstructure.
The solution of the extended MINLP problem is nearly identical to the original one (Yee and
Grossmann, 1990) except that its TAC is USD 149,500 instead of USD 155,000 (my solution
is 3.5 % cheaper). This shows that underestimating the LMTD results in overestimating the
investment costs. In case of large HENS problems, this effect can result in larger errors or
different network structures, too. The detailed solution of the HEN example problem is shown
in Figure B4 of Appendix B. CD-ROM

3.7 Conclusions
Chapter 3 showed that handling of discontinuous functions in MINLP models for MENS and
HENS is an important point of the MP based design process. Previous researchers did not
point out the importance of this topic, thus could not obtain proper solutions. Existing
mathematical methods have been applied to the specific problems of MENS and HENS, and a
new method has been presented for handling removable discontinuities in nonconvex MINLP
models. The work that is outlined in this chapter gives rise to the exact solution of MENS and
HENS problems.
The extensive comparison proved that compared to five literature methods, the new
method delivers the shortest computation times, and this way enables the proper solution of
larger MENS and HENS problems. This is due to the fact that instead of three, the new
method uses only one binary variable for a removable discontinuity. For the same reason,
MINLP models using the new method converge in less number of major iteration cycles.
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4 COMPARISON OF MATHEMATICAL PROGRAMMING AND PINCH-BASED TECHNIQUES FOR
MASS EXCHANGE NETWORK SYNTHESIS
As Section 1.3.3 of the literature review shows, several MP based and pinch design
techniques for MENS have been published. Though the authors of the reviewed
papers always demonstrate the advantages of their newly published methods, their
statements are usually based on the solution of a few example problems only. This
chapter of the thesis attempts to compare the best available mathematical
programming based and pinch design techniques by solving a large number of
example problems.
Firstly, several extensions to the existing mathematical programming based
methods are developed. The extensions include the generation of feasible initial
solutions to avoid accepting poor local solutions as final designs, and a method for
obtaining solutions that feature integer stage-numbers. These problems are not
generally dealt with in the literature. MINLP methods for handling the discontinuity
of the Kremser equation that are presented in the previous chapter are now routinely
applied during the solution process. An additional approximative method is also
presented, that uses no binary variables. The extensions enable later the direct
comparison of the pinch and mathematical programming based solutions.
Secondly, the MINLP method of Papalexandri et al. (1994) is compared to the
NLP method of Comeaux (2000). Differences in the superstructures and in the
properties of the MP models are both discussed.
In the end, the better of these two optimisation based techniques is used to
solve thirteen example problems from the thesis of Hallale (1998). Since Hallale
(1998) presented the most advanced pinch design technique for MENS, the last
extensive comparison is representative in comparing mathematical programming and
pinch based methods for MENS.
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4.1 Extensions of the existing mathematical
programming models
4.1.1 Generation of feasible initial solutions
As it has been outlined in Section 1.2.2.2 of the literature review, nonconvexity is
often an inherent property of rigorous MINLP models for process design. Though the
MINLP solver GAMS/DICOPT++ can handle nonconvex problems to some extent,
global optimality for the solution is not guaranteed. As a consequence, solutions
obtained from different initial values are to be compared to prevent the selection of
poor local solutions as final designs. Authors who publish MINLP models, usually do
not provide methods for the initialisation of their model variables. This is the case
with the MINLP model of Papalexandri et al. (1994), too. In this section a guideline is
given how initialisation can be carried out. I used the method presented here,
whenever nonconvex mathematical programs had to be solved.
If the mathematical problem includes many nonlinear equality constraints, and no
special initialisation for the variables is provided, then it may take a lot of effort to
find just any feasible solution. Simple pinch solutions in this case may be used. But
once a feasible solution is found starting from a particular set of initial values, several
other feasible initial values can be generated, by changing the objective function of
the original problem, or by adding artificial constraints. A solution featuring
minimum MSA flowrates can, for example, be used as the initial solution for the
original problem.
Having several initial values on hand, the solution of the original NLP or
MINLP problem is started from all of them, now using the original objective function.
The best solution with the lowest total annual cost is selected as the final solution.
Though this procedure involves the elements of a “trial and error” method, it performs
well in the computational practice. Since there is no algorithm, which could deliver
the globally optimal solution for a large nonconvex MINLP problem, this is a
reasonable way of calculation.
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4.1.2 Obtaining integer stage numbers in MINLP models for
MENS
Pinch solutions for MENS problems are usually published so that the number of
stages (N) are reported as integers. When a comparison is to be made, MINLP
solutions should report integer stage numbers, too. This can be achieved by simply
rounding up the stage numbers after the solution is obtained, or by extending the
MINLP model, so it can deliver integer stage numbers directly. This section gives
hints how the latter can be achieved. No papers have been presented so far that deal
with this problem.
Building up the integer-values according to Equation 65 requires the introduction of
additional binary variables (zi) in the MINLP model.
N = 2 0 ⋅ z1 + 21 ⋅ z 2 + 2 2 ⋅ z 3 + ...

(65)

When the expected numbers of stages for the exchangers are large, the additional
binary variables may extend the MINLP problem size over the solvability limit. The
same method however, can be used in a two-level optimisation approach. First, a
solution is obtained where the stage numbers are continuous. Then a second
optimisation is carried out, where the structure of the network is now fixed to that of
the first solution. In the second level only the operating parameters of the network and
the stage numbers are optimised.
For example, if an exchanger in the first optimum solution has 16.3 stages
then in the second level, Equation 66 is introduced, allowing the number of stages of
that particular unit to change between 15 and 18:
N = 15 + 2 0 ⋅ z1 + 21 ⋅ z 2

(66)

This way fewer binary variables are needed. The two-level method may fail to find
the optimum when the rounding would affect the optimal structure of the network,
however usually there is only a little chance for this. Extending the model of
Papalexandri et al. (1994) with this feature gave good results. The method can be
applied to any MINLP models for MENS. CD-ROM
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4.1.3 An approximative NLP solution for the discontinuity
problem of the Kremser equation
How the discontinuity of the Kremser equation can be handled with the use of integer
variables is extensively discussed in Chapter 3. When the MENS problem is
formulated as a pure NLP problem, binary variables cannot be used any more. For the
pure NLP case, an approximative method is presented here. It can be successfully
applied as an extension of the method of Comeaux (2000), or in any case where
binary variables are to be omitted.
Equation 67 for all of the mass exchangers can be introduced:
A −1 = ( A −1 + ε ) ⋅ w

(67)

where A is the absorption factor of the mass exchange unit (See Section 1.3.4), and ε
is a small positive number (eg. 0.001). The variable w takes the value of zero when
A=1, and is close to one when A≠1. Then Equation 68 is used in the model for

choosing between the two stage numbers.
N = (1 − w) ⋅ ( N A=1 ) + w ⋅ ( N A≠1 )

(68)

Using this method, the total cost of the network must be recalculated after
optimisation. Experience shows that differences between the real and the
approximated stage numbers are usually small. Equation 68 is a bilinear equality
constraint, hence it renders the NLP problem nonconvex.
An obvious solution for the Kremser discontinuity problem could be the
introduction of Equation 69, which prevents A from taking the value of 1:

( A − 1)2 ≥ ε

(69)

Using this inequality constraint only Equation 2 or 5 should be used, when calculating
the theoretical number of stages. According to my computational experience however,
this method leads to severe numerical problems during the solution of the NLP
subproblems, and therefore cannot be successfully applied.
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4.2 Comparisons of the best literature methods for
MENS
4.2.1 Comparison of the MINLP model of Papalexandri et al.,
(1994) and the NLP model of Comeaux, (2000)
According to Section 1.3.3.3 of the literature review, one can see that only two
simultaneous mathematical programming models for general MENS are known, that
can be solved using the commercially available solvers (GAMS in our case). These
are the MINLP model of Papalexandri et al. (1994), and the insight-based NLP model
of Comeaux (2000). General properties of these models are reviewed in Section
1.3.3.3. Comeaux (2000) claims that his method performs better than that of
Papalexandri et al. (1994) because, he applies a simpler MP model to a reducedcomplexity superstructure. One purpose of my PhD work has been to compare the
performance of the best available pinch and mathematical programming based
methods for MENS. To achieve this, first I had to choose, which one of the two
competing mathematical programming based techniques to use.
For the sake of a practical comparison, MENS example problem 5.1 of Hallale (1998)
has been solved using both of the mathematical programming methods. Extensions of
the models that are presented in Section 4.1 have been used. Detailed description of
example problem 5.1 can be found in Appendix C.
Since the selection of the objective function may be an important point of the
mathematical programming method, two different methods were used for calculating
the total annual costs (TACs) of the networks. The two costing procedures differ in
the way the capital costs are calculated. At first, a simple capital costing procedure is
applied, where it is assumed that the capital cost of an exchanger (in USD/yr) can be
calculated by multiplying its theoretical number of stages by 4552 (see Papalexandri
et al., 1994). Secondly, the advanced, exchanger volume based capital costing of
Hallale and Fraser (2000) is used. The latter one gives more realistic estimates for the
capital and hence for the total annual costs.
Total annual costs of the designed MENs can be found in Table 6. For further
comparison, Table 6 shows also the total annual costs of the supertargeted pinch
solutions of Hallale (1998).
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Mathematical programming problems were solved using the GAMS program package
(Brook et al., 1992). CONOPT-1 was used to solve the NLP model of Comeaux
(2000), and DICOPT++ (running OSL and CONOPT-1) was used for the solution of
the MINLP model of Papalexandri et al. (1994).

Table 6: Summary of the solutions of Hallale’s example problem 5.1.

Solution method
Advanced pinch method of
Hallale and Fraser (2000)
NLP method of

Simple capital costing

Advanced capital costing

* 320,000 USD/yr.
(target)
* 332,000 USD/yr.

Comeaux (2000)
MINLP method of

306,108 USD/yr.

Papalexandri et al. (1994)

* 228,000 USD/yr.

249,150 USD/yr.
221,357 USD/yr.

* Original solutions of the referred authors are marked by an asterisk
The network obtained by the insight based NLP method using advanced capital
costing is shown in Figure 23. My MINLP designs based on Papalexandri’s method
can be seen in Figures 24 and 25 with simple and advanced capital costing structures,
respectively. Figures can be found at the end of this section.
Table 6 shows that the TAC of the MINLP designs and the advanced pinch solutions
are approximately the same. This is seen more clearly when the structures of these
solutions are compared. The costs also become closer when rounding up the stage
numbers of the MINLP solutions (to $322 000 and $226 000 respectively). Table 6
also shows that Comeaux’s method gives more expensive solutions. Hallale’s design
(see Figure 5.4 of Hallale, 1998) cannot be reproduced by using the insight-based
NLP method of Comeaux. This is because the insight based superstructure for the
example (see Figure 4.2 of Comeaux, 2000) does not enclose the structure of
Hallale’s solution. Additional possible matches should be added to the superstructure
of Comeaux (2000).
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This quick comparison of the two mathematical programming-based methods shows
very well that oversimplifying the superstructure of a model may lead to bad designs
The superstructure of Comeaux (2000) is generated using the principle of vertical
mass transfer, which is originally a pinch design principle (see El-Halwagi, 1997),
and therefore is a superfluous assumption in case of a simultaneous mathematical
programming model. Based on the superstructures, the MINLP model of Papalexandri
et al. (1994) seems to be more adequate.
The other problem with the method of Comeaux (2000) is that using his NLP
formulation, logical conditions for fixed costs, integer stage numbers, and for the
Kremser equation cannot be properly handled. Lacking these extensions the solutions
could not be compared directly to the advanced pinch solutions of Hallale (1998).
Because of the reasons outlined, I decided to use Papalexandri’s MINLP model for
the solution of thirteen MENS example problems from the thesis of Hallale (1998).
N=4.84

1.3 kg/s
0.01

0.00809

N=3.97

0.01669 0.82 kg/s

N=11.45
0.01102

0.02555

N=5.69

N=11.58

0.01635

0.05

R1

2 kg/s
N=5.62

0.006

0.01189

N=13.86

N=7.86

0.01737

0.03

R2

1 kg/s
3.46 kg/s

5 kg/s
S1

3 kg/s

0.00807

0.01066
0.01221

0.005
0.00857

0.01454
0.00823

3 kg/s
S2

0.01

0.01617

0.591
kg/s

1.2 kg/s

0.01402

0.0013
S3

0.03

0.01473

0.43 kg/s
0.015

Total annual cost:
Operating cost:

249,150 USD
173,400 USD

Figure 23: Insight-based NLP solution for Hallale’s example problem 5.1.
Comeaux’s method is used. The capital cost of the network is calculated by Hallale’s
advanced capital costing method.
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Figure 24: MINLP solution of Hallale’s example problem 5.1. The solution is
obtained by Papalexandri’s method, using a simple capital cost correlation.
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Figure 25: MINLP solution of Hallale’s example problem 5.1. The capital cost of the
network is calculated by the advanced capital costing method of Hallale and Fraser.
Papalexandri’s MINLP method is used.
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4.2.2 Comparison of solutions obtained by using the extended
model of Papalexandri et al., (1994) and the advanced pinch
solutions of Hallale, (1998)
In the pervious section it has been shown, that in spite of its strong nonlinear
characteristics, the MINLP method of Papalexandri et al. (1994) is better than the
NLP model of Comeaux (2000). In Section 4.1 some important practical problems of
the optimisation based MENS have been identified, and solutions for these problems
were presented, too. These results enabled me to resolve thirteen MENS example
problems from the thesis of Hallale (1998), that had been originally solved by the
advanced pinch method of Hallale and Fraser (2000). Based on example problems, in
this section the extended MINLP model of Papalexandri et al. (1994) is compared to
the advanced pinch method of Hallale and Fraser (2000).
Solutions of the thirteen MENS example problems are summarised in Table 7. The
first column of Table 7 shows the reference number of the examples in Hallale’s
original thesis. The second column of the table indicates the type of the objective
function. In the thesis of Hallale, some of the pinch solutions were optimised only for
the capital cost of the exchangers at fixed mass separating agent (MSA) flow rates.
The objective functions of these examples are indicated by CAP (capital cost),
because the fixed MSA flow rates define the variable costs of the networks. The costs
of the pinch targets and final designs are shown in column three, while the costs of
my MINLP solutions can be found in the fourth column. Theoretical numbers of
stages, hence capital costs are rounded up where staged vessels are used. Column five
shows how many percents the cost of the MINLP solution is cheaper or more
expensive than that of the pinch solution.
Detailed problem data can be found in Appendix C. Examples 3.1, 3.2, 3.3,
3.4, 4.1, 5.4 and 6.2 were solved by me, network designs for them can be found in
Appendix D. GAMS codes can be found in the CD-ROM supplement. The rest of the
example problems have been solved by Andrew Khutso Msiza, from the group of
professor Duncan Fraser, from the University of Cape Town.
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Table 7: Comparison of my MINLP solutions and the advanced pinch solutions of
Hallale (1998). CAP indicates that the network was optimised only for its capital cost
at fixed lean stream flow rates (operating costs). Theoretical number of stages, hence
capital costs are rounded up where staged vessels are used.

Example

Objective

Pinch solution of

MINLP

(CMINLP-CPinch) /

function

Nick Hallale

Solution

CMINLP *100

Target / Design
3.1

CAP

830 000 / 860 000

1 044 285

+17.6 %

3.2

CAP

448 000 / 455 000

453 302

-0.4 %

3.3

CAP

819 000 / 751 000

637 280

-17.8 %

3.4

CAP

591 760 / 637 000

637 000

0.0 %

4.1

CAP

296 000 / 298 000

255 068

-16.8 %

5.1

TAC

226 000 / 228 000

226 000

-0.9 %

5.2

TAC

226 000 / 228 000

226 000

-0.9 %

5.3

TAC

226 000 / 228 000

226 000

-0.9 %

5.4

TAC

49 000 / 49 000

50 279

+2.5 %

5.5

TAC

524 000 / 526 000

527 000

+0.2 %

6.1

TAC

692 000 / 706 000

720 000

+1.9 %

6.2

TAC

28 000 / 28 000

32 000

+12.5 %

6.3

CAP

591 000 / 539 000

536 000

-0.6 %

TAC-total annual cost in USD/yr,

CAP–annualised capital cost in USD,

C - cost

Optimising the TAC, in most cases equally good solutions can be obtained. Total
annual costs of the MINLP and pinch solutions do not really differ from each other. In
case of examples 5.1, 5.2, 5.3 the MINLP solutions are better, while in case of
examples 5.4, 5.5, 6.1 the pinch solutions prove to be a bit cheaper. The only
exception is example 6.2 where the advanced pinch solution is 12.5 % cheaper than
the MINLP solution. The difference in this particular case can be accounted for the
fact that the concentration range of this example extends over six orders of magnitude.
The concentration variables could not be scaled, not even using the SCALE option of
GAMS. Having great differences in the values of the model variables causes

73

numerical difficulties for the MINLP solution algorithm (GAMS-The Solver Manuals,
2000).
Optimising just the annualised capital cost (CAP), the MINLP solutions are
usually better than the pinch solutions. Out of the six examples, the MINLP and pinch
solutions are almost the same in the cases of examples 3.2, 3.4, 6.3. MINLP solutions
of examples 3.3, 4.1 are significantly better (17.8 % and 16.8 % cheaper) than the
corresponding pinch solutions. Still, in case of example 3.1 the advanced pinch
solution proved to be 17.6 % cheaper.
Why the pinch solutions are not always reached with MINLP can be
accounted for the inherent non-convexity of the MINLP problems. The superstructure
of the Papalexandri model embeds all the possible network configurations including
recycle loops as well. Though in many cases solutions can be improved by starting the
calculations from a few different initial values, it is not guaranteed at all that better
(cheaper) solutions can always be found. A good illustration for this is the MINLP
solution of example 3.1.
As the solutions show, the advanced pinch targeting method of Hallale and
Fraser delivers a good estimate for the capital and total annual costs. Still, it has to be
noted that the pinch targets are not rigorous, since in the case of examples 3.3 and 4.1,
using MINLP even the targeted costs could be surpassed in design.
Based on the computational experience obtained during the solution of the thirteen
single component example problems it can be concluded, that the MINLP design
technique of Papalexandri et al. (1994) and the advanced pinch design method of
Hallale and Fraser (2000) are approximately equivalent. None of the two methods is
unambiguously better than the other. This is because the MINLP model of
Papalexandri cannot be solved for global optimality.
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4.3 Conclusions
The practical problems which were identified in optimisation-based MENS have been
effectively solved, as described in Section 4.1. Generation of feasible initial solutions
and calculation with integer stage numbers are important topics that have been usually
neglected by the authors of the mathematical programming models. Now these
problems can be tackled. A nonlinear approximation for handling the discontinuity of
the Kremser equation has been presented, too.
As the example-based comparison of Section 4.2.1 shows, the MINLP design method
of Papalexandri et al., (1994) seems to be superior to the NLP design technique of
Comeaux, (2000). This is not only because of the latter formulation lacks the
advantages of the MINLP formulations, but also because of the superstructure of the
model of Comeaux, (2000) is too simple and small. It is practically proven that the
vertical mass transfer principle that originates from the pinch method is not a good
approach for the generation of superstructures.
The last extensive comparison carries the most important messages of Chapter 4.
First, it can be concluded that in many cases the heuristic pinch design method can be
surpassed by using the simultaneous MINLP model of Papalexandri et al., (1994), in
case the latter is extended by the points of Chapter 4.1. The solution of examples 3.3
and 4.1 demonstrated that even the targeted costs of the pinch method could be
surpassed in design. This indicates, that the targeting method of Hallale and Fraser
(2000) implies assumptions that are not rigorously right.
Still, as Table 7 shows, one cannot say that the MINLP design method of
Papalexandri et al., (1994) is unambiguously better than the advance pinch method of
Hallale and Fraser (2000). The results of Table 7 call for a new simultaneous MINLP
model, that is less nonlinear and hence can be solved easier. It is important to
emphasize again that no heuristic design method can surpass simultaneous
mathematical programming if the superstructure is adequate and if the MP model can
be solved for global optimality.
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5 A FAIRLY LINEAR MINLP MODEL FOR THE
SYNTHESIS OF MENs
Based on the computational results of Chapter 4, one can conclude that so far the best
simultaneous MINLP model for MENS has been the model of Papalexandri (1994),
especially when it is extended by the points proposed in Section 4.1. Using the
extended MINLP model, many of the advanced pinch based designs of Hallale (1998)
could be improved. As Section 4.2.1 shows, the extended model is also superior to the
insight based NLP method of Comeaux (2000). Still, as Table 7 shows, the MINLP
solutions are not always superior to the advanced pinch designs of Hallale (1998). The
only reason for this is that using the commercially available solvers, Papalexandri’s
MINLP model cannot be solved for global optimality. It contains plenty of bilinear
mass balance terms (concentrations multiplied by flow rates), which set up a
nonconvex search space. The nonlinearity of the model is further raised by the
addition of the sizing and costing equations.
As a conclusion, it can be stated that the great challenge of the mathemathical
programming based MENS is the development of a new simultaneous MINLP model
that is linear, or at least less nonlinear compared to the model of Papalexandri et al.
(1994).
This chapter presents a new simultaneous MINLP model for MENS that tries
to satisfy the above requirement. It will be shown that the new MINLP model is fairly
linear in case of single component MENS problems, where the capital costing
procedure is not Kremser equation based. Section 5.5 will show that at the cost of
introducing nonlinear equations, the new model can be extended to tackle both
multiple component problems and trayed-column calculations.

5.1 Foundations of the new MINLP model
The new model is an adaptation of the simultaneous HENS model of Yee and
Grossmann (Yee and Grossmann, 1990; see also Section 1.4.3 in this thesis). The
original MINLP model of Yee and Grossmann is very attractive because with the
exception of the objective function it is completely linear. Since there is a strong
analogy between heat and mass transfer (see Table 1 in the literature review), it was
expected that the modelling principles of the Yee-Grossmann HENS model could be
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adopted to MENS as well. It was clear that in case of single component MENS
problems and packed columns as mass exchangers the original HENS model could be
used with minor modifications.

5.2 Superstructure and modelling principles
The new MEN superstructure keeps most of the properties of the original HEN
superstructure. It consists of several serially connected identical stages (k) where
streams are driven in a counter-current way. The number of the superstructure stages
is arbitrary but has to be large enough to be able to embed the solution. The sum of
the number of the lean and the rich streams is usually a good choice for the maximum
number of stages. Any of the rich (R) and lean streams (L) can be matched once in
each of the stages. As Figure 26 shows, stream matchings in the stages are formed in a
way that streams are split towards the possible mass exchangers as they enter the
stages. After leaving the exchangers, the streams are mixed again.
concentration
location 1
x 1,T
y 1,S

R1

x 1,1

R2

R1-L1

concentration
location 2
x 1,2

k=2
R1-L1

y 1,2

y 1,1

x 2,T
y 2,S

k=1

concentration
location 3
x 1,3

y 1,3

R1-L2

R1-L2

R2-L1

R2-L1
x 2,2

x 2,3

y 2,1

y 2,2

y 2,3

L1

y 1,T

x 2,S

x 2,1

R2-L2

x 1,S

L2

y 2,T

R2-L2

Figure 26.: New MEN superstructure, derived from the HENS superstructure of Yee
and Grossmann (1990). Two rich streams, two lean streams and two stages are shown.
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The main assumption of the model is that in the superstructure only mixing of streams
with equal concentrations is defined. This allows streams to be characterized only by
concentrations at the stage borders (concentration locations). No separate in- and
outlet concentrations for the exchangers are introduced. The amounts of transferred
masses in the exchangers are model variables to be optimised, hence there are no
individual stream flow rate variables. Flow rates of the mass exchangers can be
calculated after obtaining the solution. Mass balances are set up only for the stages,
not for the mass exchangers. This allows an almost linear formulation as it will be
shown in the next section.
In Figure 26 the superstructure is shown for two rich streams, two lean
streams, and two stages; y and x denote rich and lean mol fractions, while the indices
S and T stand for source and target concentrations.

It can be seen that no distinction is made between process and external lean
streams, both kinds are equally represented in each of the superstructure stages.
Comparing Figures 10 and 26 shows that at this point the new MEN superstructure
differs from the original HEN superstructure. External lean streams of MENs are not
analogous to the external cooling water of HENs. While the cooling water is usually
the coldest stream in ordinary HENS problems, external lean streams of the MENS
problems are usually not the “leanest”, hence they cannot always be used exclusively
at the clean end of the rich streams. It is worth to remember that according to the
definition of the MENS problems, external rich streams are not present at all.

5.3 Model equations
The model is derived first for single component MENS problems. Notation of the
mathematical programming problem follows the notation of Figure 26. Index i
denotes the rich process streams, index j denotes the lean process streams. Index k is
used to denote the superstructure stages given in the set st. Exchangers in the
stagewise superstructure are indexed using three indices: i, j and k. In each stage of
the superstructure (k) matching of a rich stream i and a lean stream j is allowed only
once (see Figure 26 as well). The model consits of the following group of equations
and inequalities:
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•

Mass balances for the rich streams in each stage. The variable me stands for the
amounts of the exchanged masses of the mass exchange units.
 = ∑ me
R  y − y
i  i, k
i, k + 1 
i, j, k
j

•

•

Overall mass balances for the rich streams:
=
R  y s − y
me
i i
i, last  ∑
i, j, st
j , st

(70)

∀i, ∀k

(71)

∀j , ∀k

(72)

∀j , ∀k

(73)

Mass balances for the lean streams in each stage:
 = me
−x
L  x
j  j, k
j, k + 1  ∑ i, j, k
i

•

∀i, ∀k

Overall mass balances for the lean streams:
L  x
− x s  = ∑ me
j  j , first
j
i, j , st
i, st

According to the definition of the MENS problem (Section 1.3.1), the lean stream
flow rates (Lj) are to be determined, therefore Equations 72 and 73 are nonlinear
constraints. The analogous constraints, representing cold stream balances in the
HENS model of Yee and Grossmann (1990) are linear because cold stream flow
rates in the definition of the HENS problem are fixed (Section 1.4.1).
•

Inequalities that ensure the monotonity of the rich and lean stream concentrations
along the stages. They represent the fact that rich streams become cleaner and
cleaner, while the lean streams can only take up the pollutants. These inequalities
ease the solution procedure since they provide tight bounds for the concentration
variables.
y
≥y
i, k
i, k + 1
x
≥x
j, k
j, k + 1

•

∀i, ∀k

(74)

∀j , ∀k

(75)

The following inequalities and equations represent constraints on the target
concentrations and define the source concentrations of both the rich and the lean
streams.

y
≤ YT
i, last
i

∀i
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(76)

≤ XT
j
y
=Y s
i, first
i
x
=Xs
j, last
j

x

•

j , first

∀j

(77)

∀i

(78)

∀j

(79)

Big-M constraints set the exchanged mass (me) of an exchanger to zero when the
binary variable denoting the existence of the match (z) equals zero. Omegas are
upper bounds on the exchanged masses, and can be calculated based on the rich
and lean stream data.
me
−Ω z
≤0
i, j, k
i, j i, j, k

•

∀i, ∀j , ∀k

(80)

The following constraints allow the calculation of the driving forces (dy) at both
ends of the mass exchangers. Phase equilibrium is given in the usual linear form;
b and m denote the intercepts and the slopes of the equilibrium lines. Gammas are
upper bounds on the driving forces, and can be calculated based on the rich and
lean stream data. Inequalities 81 and 82 provide upper bounds on the driving
forces when the particular matches do exist (the corresponding binary variables z
equal one), otherwise the driving force variables can take any positive values.
Matches that do not exist, exchange no mass (see Equation 80), hence their
corresponding cost will equal zero, independently from the value of their driving
force variables (see Equations 86, 87). Since small driving forces result in high
exchanger capital costs, driving forces of the existing matches will take the
highest possible values, that is why only upper bounds are provided. On the other
hand, inequality constraints make a model easier to solve.
1 − z

dy
≤ y −m x
−b + Γ
i, j, k
i, k
i, j j , k i, j
i, j , k 
i, j , k 

∀i, ∀j , ∀k (81)

1 − z
 ∀i, ∀j , ∀k (82)
dy
≤y
−m x
−b +Γ
i, j, k + 1
i, k + 1
i, j j , k + 1 i, j
i, j, k 
i, j , k 

•

The next two inequalities control the minimum and the maximum number of mass
exchange units (Umin, Umax) of the solution. For example one can prescribe that the
solution must contain at least three exchangers but not more than six. These
constraints also ease the solution procedure.

80

max
∑ zi, j, k ≤ U
i, j, k
U min ≤ ∑ z
i, j, k
i, j, k
•

(83)
(84)

The following equations are Chen’s approximations (Chen, 1987) for the
logarythmic mean concentration differences (lmcd), that are needed for sizing the
mass exchangers.
1/ 3

lmcd
•


 dy
 / 2
= dy
dy
+ dy
i, j, k  i , j, k i, j, k + 1 i, j, k
i, j, k + 1  

∀i, ∀j , ∀k

(85)

According to Hallale and Fraser (1998), the mass of a mass exchanger unit can be
estimated using Equation 86. It must be made clear that the variable mass denotes
the estimated mass of the equipment in kilograms, while me still represents the
amount of pollutants that are transferred from the rich streams into the lean
streams in the exchangers. KW is a problem specific coefficient and can be
calculated according to Hallale (1998), Hallale and Fraser (1998).
mass
⋅ K ⋅ lmcd
= me
i, j, k W
i, j , k
i, j , k

•

∀i, ∀j , ∀k

(86)

Finally, the objective function, the total annual cost (TAC) of the network is
defined. In the simplest case, it consists of the annualised investment cost, that is a
function of the exchanger masses (mass), and of the variable cost that depends on
the lean stream flow rates. The c parameters are cost coefficients of the lean
streams. The minimum of the TAC is to be found.
+ c L
TAC = ∑ f  mass
 ∑ j j
i
,
j
,
k
 j
i, j , k 

∀i, ∀j , ∀k

(87)

The model outlined is a MINLP problem because binary variables (z) are used to
denote the existence of the matches, and because the lean stream mass balances
(Equations 72, 73) and the sizing and costing equations (Equation 85, 86, 87) are
nonlinear. The costing equations can be easily melted into the objective function.
When doing so, the only nonlinear terms of the model remain the lean stream
balances (Equations 72, 73) and the objective function. So far no such a linear model
for the synthesis of MENs has been presented.
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The derivation of the new MP model is a good example for that the modelling
principle, the superstructure and the model formulation belong together. The
assumption of isoconcentration mixing allows the application of the stagewise
superstructure that enables a fairly linear model formulation, which can be solved
easier in the end.
The new formulation can keep its simplicity as long as the costing equations
have the form as presented. This is the case when the exchanger mass based costing
procedure of Hallale and Fraser (2000) is used or when packed columns with similar
costing equations are considered. When applying the Kremser equation and its
extensions, the model looses its advantages since several additional binary variables
and nonlinear equality constraints have to be included. The new MINLP model in its
original form can be easily solved without any special initialisation of the model
variables. At this point, the new model is better compared to the existing optimisation
models for MENS. A GAMS implementation of the new model can be found in the

CD-ROM supplement.

5.4 Single component example problem
Using the new MINLP model, example problem 4.1 has been resolved from the thesis
of Hallale (1998). Five rich streams are to be purified using three lean streams.
Example problem 4.1 was selected because it can be solved using the simplest form of
the new MINLP model, i.e. only packed columns are to be applied. In Hallale’s
original solution the flow rate of the external lean stream is fixed, hence only the
minimum capital cost of the network and the network structure for the given lean
stream flow rate have to be derived. This way the pinch and the MINLP solutions can
be compared. The detailed problem definition can be found in Appendix C. This
example problem allows the application of the new MINLP model in its original form.
Solution obtained by the new MINLP model is shown in Figure 27.
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Capital cost, based on exchanger mass: 284,440 USD

Figure 27: New solution for Nicky Hallale’s example problem 4.1. The solution is
obtained by the new MINLP model.
Now we have three different solutions for Example 4.1: Nick Hallale’s pinch solution;
a solution got by using the MINLP model of Papalexandri et al. (1994); and an
MINLP solution obtained by the new model. Solutions are summarized in Table 8.

Table 8: Solutions of Nicky Hallale’s example problem 4.1, obtained by different
methods
Capital cost of the
network
Pinch solution of Nicky Hallale (1998)

298,000 USD

Solution obtained by using the

255,068 USD

MINLP model of Papalexandri et al. (1994)
Solution obtained by the

284,440 USD

new MINLP model
The MINLP solution obtained by the new MINLP model is ca. 4% cheaper than the
pinch solution, at the same time it is ca. 11% more expensive than the solution
obtained by Papalexandri’s MINLP model. The reason for this is that Papalexandri’s
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superstructure enables “sophisticated” connections as well. This can be clearly seen
when one compares Figures 27 and Figure D5 in Appendix D. The way the third lean
stream is directed in the solution obtained by Papalexandri’s method (Figure D5) is
not embedded in the superstructure of the new MINLP model. The solution got by the
new model (Figure 27) seems to be much simpler. Furthermore, the stream splitting
ratio of lean stream 3 in Figure D5 does not seem to be realistic. When no piping costs
and no constraints for the stream splitting ratios are prescribed such aspects
unfortunately cannot be represented in the objective function. From these points of
views the definitions of most MENS synthesis problems are not complete. Still, based
on this example problem, one can state that the new MINLP model is well applicable.
The solution could be obtained in one single step, without any experimentation with
the initial values.

5.5 Extensions of the new model
Equations that enable the theoretical stages based capital costing can be easily
included into the model. For the precise handling of the Kremser equation any of the
proposed methods of Chapter 3 can be applied. It is important to notice that the
Kremser equation based capital costing procedure itself contains more nonlinear
equations and binary variables than the whole new MINLP model in its original form.
Thus, application of the Kremser equation in the new model is possible, but it is not
advisable.
A more important question is how multiple component MENS problems can
be solved using the new formulation. By introducing nonlinear component balances
general multiple component problems can be solved similarly to the formulation of
Papalexandri et al. (1994). This way only the superstructure of the new model remains
intact almost all the other equations have to be changed back to the usual bilinear
mass balance formulation.
In this section a method is presented that enables the solution of two
component MENS problems, while keeping most of the original modelling principles.
The basic idea is to double the number of equations in the model, so for both of the
components a separate model is solved simultaneously. The two models are linked in
a way that the structure of the two networks for the two components would be the
same. This is achieved by using:
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1. Only one set of binary variables for both of the networks
2. The same lean stream flow rates in the two networks
3. Additional concentration constraints for the matches ensuring identical
stream splits in the two networks.
Application of the first two points is straightforward. Derivation of the concentration
constraints that ensure identical stream splits at the matches in both of the networks is
shown next. Both components, let us say A and B are present in the rich and lean
streams that are counter-currently matched. The rich and lean stream flow rates and
compositions of an exchanger are denoted by r, y and l, x, respectively. The
exchanged masses of A and B in a particular exchanger (meA, meB) can be calculated
as follows:
A
A
me A = l ( xout
− xinA ) = r ( y inA − yout
)

(88)

B
B
meB = l ( xout
− xinB ) = r ( yinB − yout
)

(89)

Expressing and eliminating the ratio l/r, Equations 88 and 89 can be reduced to the
following concentration constraint:
A
B
B
A
( y inA − yout
)( xout
− xinB ) = ( yinB − y out
)( xout
− xinA )

(90)

A constraint like this has to be applied to each of the mass exchangers in the
superstructure. Altogether, this means ijk number of concentration constraints.
Equation 90 ensures identical stream splittings in the two networks without having to
calculate any of the flow rates of the mass exchangers. At cost of these new nonlinear
constraints the original MINLP formulation (Section 5.3) can be kept in case of two
component problems. CD-ROM

5.6 Multiple component example problem
The COG sweetening example of El-Halwagi and Monousiouthakis (1989a) is chosen
to test the two-component version of the new MINLP model. The example problem
was selected because both Papalexandri et al. and Hallale solved it. Both authors
optimised the network for its total annual cost. Detailed description of the problem
can be found in in Appendix C. This example problem is a compatible two-
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component problem, featuring two rich and two lean streams. The two components
are H2S and CO2 . Solution obtained by the new MINLP model is presented in Figure
28. Existing solutions of this MENS problem along with the new solution are
summarized in Table 9.

0.9 kg/s

0.022 kg/s

0.062 kg/s

N=4.93

N=2.88

N=4.23

R1

0.1 kg/s

N=2.73

N=3.25

R2
1.752 kg/s
S1
2.169 kg/s
0.487 kg/s
S2
0.566 kg/s

TAC=436,289 USD/yr

Figure 28: Solution of the COG sweetening problem obtained using the new MINLP
model
Table 9: Solutions of the COG sweetening example taken from the literature
Authors

Total annual cost of the MEN

MINLP solution of

917,880 USD/yr.

Papalexandri et al. (1994)
Advanced pinch solution of

427,000 USD/yr.

Hallale and Fraser (2000)
Solution obtained using the

436,289 USD/yr

new MINLP model
Since the COG sweetening example considers trayed-columns as mass exchangers,
the Kremser equation had to be added to the new MINLP model. Still as Table 9
shows, the new model gave a very good solution. The TAC of the new solution is
436,289 USD/yr, which is just 2% more expensive than the pinch solution of Hallale
and Fraser (2000). Surprisingly, the solution of Papalexandri et al. (1994) is more than
twice as expensive as any of the other solutions. Papalexandri et al. must have used
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initial values from which their solver could not find a real good optimum. The
advantage of the new MINLP formulation is apparent. It has to be noted that the early
pinch solution of El-Halwagi and Monousiouthakis (1989a) is more expensive than
that of Papalexandri et al. (1994). Solutions of this example illustrate very well how
the pinch and the mathematical programming based solution methodologies evolve in
the course of time.

5.7 Comparison of the new model and the model of
Papalexandri et al. (1994)
A comparison of the two simultaneous MINLP models can be found in Table 10.

Table 10: Comparison of the new model and the model of Papalexandri et al. (1994)
Papalexandri et al. (1994)
The model is
highly nonconvex

New model
Non-linearity
Except the objective
of the MINLP model
function only two set of
bilinear balances are
present
Initialisation
Several feasible initial
No feasible initial solution
solutions and a lot of
is needed, the solution
experimentation are needed
procedure is fast and robust
Superstructure
Contains all possible
The complexity of the
configurations including
superstructure is reduced.
complicated stream splits and
Simple stream splits, no
recycling
recycling
Complexity of the
Without the introduction of
In most cases, the resulting
resulting networks piping costs, very complicated
structure is simple and
structures may be obtained
industrially feasible
Handling of
Possible
Possible but the model
multiple components
looses its linear
characteristics
Number of binary
number of rich streams ·
number of rich streams ·
variables
number of lean streams ·
number of lean streams ·
number of subnetworks
number of stages
The main advantage of the new model is its almost linear form. No special
initialisation of the model variables is needed when solving the MINLP problem. The
two component example problem illustrated this very well. The solution procedure is
robust in a meaning that the same solution can be easily obtained starting from any set
of initial values. The solution of the model of Papalexandri et al. (1994) can be very
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cumbersome, since without a feasible initial solution usually no final solution for their
MINLP problems can be obtained.
The superstructure of the new model allows somewhat less complex network
structures compared to that of Papalexandri et al. (1994), but at the same time, it is
ensured that the solution in most cases is industrially feasible. Without the
introduction of piping costs, the model of Papalexandri et al. often results in
technically infeasible “spaghetti” networks.
Both MINLP models can be extended to handle multiple component problems.
As it was shown in Section 5.5, nonlinear equations have to be added to the new
model, hence it looses its advantages, just like when the Kremser equation is included.
The new model applies somewhat more binary variables compared to the
model of Papalexandri et al. (1994). This usually does not mean a disadvantage, since
large MINLP models can be easily solved when the number of nonlinear constraints is
small.

5.8 Conclusions
As the example problems show, the new MINLP model is very well applicable. When
using the capital costing procedure of Hallale and Fraser (2000) or in case of packed
columns, the model delivers simple, industrially feasible, and cost effective MENs in
a simple computation procedure. The fact that during the solution no special attention
has to be paid to the initialisation of the model variables results from the fairly linear
formulation and is the greatest advantage of the new model.
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6 OPTIMISATION OF DISTILLATIONPERVAPORATION SYSTEMS FOR ETHANOL
DEHYDRATION
In this chapter, a rigorous MINLP model for the design and optimisation of the
hybrid, distillation-pervaporation process is presented. The main application area of
this process is solvent dehydration the particular case of ethanol dehydration is
considered here.
Several techniques for ethanol dehydration are known in practice. The four
most widespread industrial processes are adsorption, distillation, pervaporation, and
hybrid processes. Hybrid separation processes apply two or more unit operations to
achieve a separation goal. The most widespread techniques for ethanol dehydration in
industry are the various distillation processes (Földes, Fonyó, 1978; Widago and
Seider, 1996). The operating costs of the azeotrope distillation processes are high due
to the continuous need for heating and cooling media. Pervaporation is an emerging
membrane separation technology with the merit of low operating costs. Unfortunately,
investment costs in case of the pure pervaporation process are high (Neel, 1995).
Alloying distillation and pervaporation may offer the most cost-effective solution for
the separation of two-component azeotrope mixtures.
Developing an MINLP model for the distillation-pervaporation process was
motivated by its possible industrial application. Operational data of an existing
pervaporation unit could be used when developing the model. It was interesting to see
whether process intensification of the existing dehydration plant could be achieved or
not. Having a real industrial problem on hand, a rigorous MINLP model for both the
distillation column and the membrane modules had to be applied. The size and
complexity of the problem soon turned out to be a challenge in the sense of the model
building and the representation of the superstructure. While the model building was
just a long search for the best appropriate approximation, the representation of the
superstructure casted a new type of research about superstructures.
As the introduction shows, developing the MINLP model for the distillationpervaporation process was a real challenge.
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6.1 Introduction
Pervaporation is a membrane separation method, which is used to separate liquid
mixtures by partly vaporizing them through a nonporous permselective membrane.
The feed mixture is allowed to flow along one side of the membrane, and a fraction of
it (the permeate) is withdrawn in vapour state from the opposite side, which is kept
under vacuum by continuous pumping, or is purged with a stream of carrier gas. The
permeate is finally collected in liquid state after condensation on a cooled wall. It is
thus enriched in the more rapidly permeating component of the feed mixture whereas
the retentate is depleted in this component. The retentate is the fraction of the feed
that does not permeate through the membrane.
Due to the rapid development of polymer science pervaporation became a
widespread technology. The two main application areas of pervaporation are the
separation of close-boiling azeotrope mixtures and the dehydration of organic
solvents. Besides being environmental friendly, pervaporation is relatively cheap
regarding the operating costs only. Detailed description of the process can be found
for example in the book of Noble and Stern (1995). The main disadvantage of
pervaporation is that its processing capacity is rather low. Pervaporation features high
capital costs, too. Because of these reasons, pervaporation for a particular separation
process is usually applied together with distillation. The distillation-pervaporation
system is a well known hybrid separation process. The scheme of a hybrid system that
is used for ethanol dehydration is shown in Figure 29.

Distillation
column

Vacuum vessel

Pervaporation
unit

Inlet ethanol
~80 m/m% EtOH

retentate
(dehydrated
ethanol)

permeate
(mainly water)

Figure 29: Scheme of a distillation-pervaporation process. Hybrid systems such as
this are well applicable for the dehydration of organic solvents.
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The hybrid system for producing absolute ethanol consists of a distillation column for
purifying the crude ethanol inlet and a succeeding network of pervaporation
membrane modules with liquid pumps, a vacuum pump, and heat exchangers. The
permeate may be totally or partly recycled, thus high ethanol yields can be achieved.
An optimisation model for the synthesis of pervaporation networks is
presented in Srinivas and El-Halwagi (1993). These authors optimised a state-space
model, using MINLP. A rigorous MINLP model that would help the design of the
distillation-pervaporation process has not been published yet.

6.2 Problem statement
The system for producing absolute ethanol consists of a distillation column for
purifying the crude ethanol inlet and of a succeeding network of pervaporation
membrane modules with liquid pumps, a vacuum pump, and heat exchangers. An
MINLP representation for minimizing the total annual costs (TAC) of the system is to
be set up and to be solved with one of the available solvers. The optimisation is to be
performed over the design and operating parameters including number of trays, feed
location, reflux ratio, number of membrane sections in series, and the number of
parallel membrane modules in each section of the membrane train. The utility costs
are given in Table 11.

Table 11: Utility costs for distillation and pervaporation
Item

Specific cost

Low pressure steam (160°C, 5 bar)

13$/1000 kg , 6.225 $/GJ
0.16$/GJ

Cooling water (∆T=10°C)
Electricity

0.06$/kWh
2.64$/100 m3

Permeate condenser cooling medium

The annual number of working hours is taken 8000. The GAMS/DICOPT++ package
(Brook et al., 1992) is available as a tool for solving MINLP problems. In order to
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perform the given task, appropriate superstructure, unit models, and representations
are to be given.

6.3 Superstructure
The superstructure applied for the hybrid system is presented in Figure 30.
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Figure 30: Superstructure of the hybrid, distillation-pervaporation system

The top product of the column is pumped in the first section of the membrane train. In
each membrane section the retentate is collected and fed to a heat exchanger for
reheating. There is a vacuum pump at the permeate side of the membrane system. The
permeate is withdrawn as a product stream and/or is recycled to the column feed.

6.4 Distillation column model
The MINLP model and superstructure of Viswanathan and Grossmann (1993) has
been adapted for modelling the distillation column. Distillation column modelling and
sequencing via mathematical programming is the most studied topic after heat
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exchanger network synthesis. A good review of the area is given in Grossmann and
Kravanja (1997).
The model of Viswanathan and Grossmann (1993) is the first general MINLP model
for rigorous distillation column design. The model applies the MESH equations (Mass
balances, phase Equilibrium, mol fraction Summation and Heat balances, see for
example Földes and Fonyó, 1978) in a rigorous tray by tray calculation, and allows
the optimisation of the number of stages, the optimal feed tray location, and the
optimal reflux ratio. The graphical representation of the column superstructure is
shown in Figure 31.

total condenser

top product

N
N-1

Potential
reflux
stages

reflux

feed
Potential
boil-up inlet
stages

boil-up
vapour

3
2

1
reboiler

bottom product
Figure 31: Graphical representation of the distillation column superstructure of
Viswanathan and Grossmann (1993)

The maximum number of trays and the possible feed tray locations are to be specified
in advance. The MINLP optimisation then determines the optimal location of the
reflux inlet tray and the boil-up inlet tray. Trays over the reflux inlet tray and under
the boil-up inlet tray become inactive. The model enables the introduction of rigorous
phase equilibrium calculations (activity coefficient models). Objective function of the
MINLP model can be as simple as the sum of the reflux ratio and the number of trays,
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or can be set up according to the needs of the designer. Detailed model equations as
well as example calculations can be found in the original article of Viswanathan and
Grossmann (1993). An MINLP model formulated in the syntax of the GAMS
modelling language can be found in the GAMS model library (Brook et al., 1992)
under the model name FEEDTRAY. CD-ROM
The way of phase equilibrium calculation and the column cost function have to be
problem specificly changed, when applying the model of Viswanathan and
Grossmann (1993). Margules equation, with parameters (Stabnikov et al., 1972) taken
from the DECHEMA data bank (Gmehling and Onken, 1977), is chosen for
calculating activity coefficients. Column cost functions are taken from Z. Novak et al.
(1996), although the column shell and valve tray costing equations are used in the
following form:
C Shell = M & S ⋅

937,61 1, 066
⋅D
⋅ H 0,802
280

(91)

C trays = M & S ⋅

136,14 1,55
⋅D
⋅H
280

(92)

A = 0,621 *

∑ (1 + R) ⋅ F

D
c

c

⋅

MD

(93)

ρ mD

CShell and CTrays denote the investment costs of the column shell and the trays, M&S is

the actual Marshall and Swift index. D, H and A denote the diameter, the height and
the cross section of the column. R stands for the reflux ratio, FCD denotes the distillate
flow rate of a component c. MD and ρ mD denote the average molecular weight and the
molar density of the distillate, respectively. The number of trays, feed location and
reflux ratio are the quantities to be varied for minimising the objective function.

6.5 Model of the pervaporation unit
Representation of the pervaporation membrane network is more complicated than that
of the distillation column because of two reasons. First, modelling of the
pervaporation mass transfer is not a trivial task. Experimental data are needed in order
to get a reliable description. Secondly, the structure of the membrane network can be
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represented in several different ways, and the form of the mathematical representation
determines the solvability properties of the resulting MINLP model.

6.5.1 Integral model of the membrane modules
To be able to model the behaviour of a membrane module, it is necessary to know its
characteristics. The pervaporation membrane (in case of a binary liquid mixture) is
characterized by two experimental parameters, namely the permeate flux J’ and the
selectivity β=c’/c . Here c and c’ are the concentrations of the faster permeating
component in the feed (c) and in the permeate (c’), respectively (Neel, 1995). The
basic model equations of Neel (1995) are the differential equations for the elementary
volume of the flowing liquid, within the z+dz cross-sections (Figure 32). In Equations
94-96 p stands for the perimeter of the module cross-section.

J’ , c’
J0
c0, T0

J
c,T

J+dJ
c+dc, T-∆T
z

JT
cT T
T

z+dz

Figure 32: Analysis of continuous-flow pervaporation.
dJ = J ′ ⋅ p ⋅ dz

dc =

(94)

(c ′ − c ) ⋅ J ′ ⋅ p
⋅ dz
J

(95)

dH = J ′ ⋅ ∆H ′ ⋅ p ⋅ dz
dT =

(96)

dH
J ⋅h

(97)

where
H ′ = H ′(c ′)

(98)

J ′ = J ′( c, T )

(99)

c ′ = c ′( c, T )

(100)
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Using the experimentally determined characteristic pervaporation functions of Sander
and Soukup (1988), the differential equations can be numerically integrated for a
desired membrane surface (Neel, 1995). Among the above equations, Equations 98100 are the characteristic pervaporation functions. Functions 98-100 have to be
measured out for the given membrane material and liquid components.
The equation oriented optimiser system (GAMS/DICOPT++) cannot deal with
differential equations. Instead, the differential equations are integrated numerically for
the potential values of feed concentration (c0) and feed flow rate (J0), in advance.
Differential equations in our case were solved using a little Pascal program. Equations
94-97 were numerically integrated for 1/3 m2 of membrane surface. The result
surfaces [J(c0, J0) ; c(c0, J0)] (see Figures 33, 34) can be represented later by
interpolation or regression. Here J and c are the retentate flow rate and concentration
respectively.

JT (kg/hr)

J0 (kg/hr)
C0 (mass% water)
Figure 33: Retentate flow rate in function of the feed concentration (c0) and the feed
flow rate (J0). The surface is almost linear. The points are calculated by numerical
solution of the differential equations (Equations 94-97).
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CT (mass% water)

J0 (kg/hr)

C0 (mass% water)

Figure 34: Retentate concentration in function of the feed concentration (c0) and the
feed flow rate (J0). The points are calculated by numerical solution of the differential
equations (Equations 94-97).

As Figure 33 shows, the retentate flow rate JT(c0, J0) can be easily approximated by a
linear surface. Figure 34 shows, however, that the retentate concentration surface has
a unique form. Lelkes et al. (2000) published linear and metric interpolation
techniques that can be succesfully applied in optimisation codes. Interpolation
techniques are expected to outperform regression in accuracy. In case of representing
the retentate concentration surface interpolation techniques could not be used. The
formulation of linear interpolation needs the introduction of too many additional
binary variables, and the resulting optimisation code for the membrane calculation is
practically unsolvable. The use of metric interpolation results in wavy interpolation
surfaces, that are not consistent with the properties of the membranes. On the other
hand, metric interpolation results in numeric overflows, when calculating with more
than 30 basis points. Because of these reasons, interpolation techniques have been
discarded and regression techniques have been examined.
The main advantage of regression techniques is that they are easy to use in the
GAMS environment. The main drawback is their inaccuracy when the points to be
approximated do not follow the form of any well-known functions. Furthermore, in
our case, the surfaces should be regressed in a way that the approximating functions
satisfy the material balances of the membrane modules. Another specific constraint is
that both the flow and the concentration surfaces should deliver zero values in case of
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zero inlet flows and concentrations, otherwise numeric error in the mass balances
would occur. Quadratic or higher order polynomial regression functions satisfying
these requirements are characterized by rather poor approximation properties.
Application of exponential regression in the form of
J T = 0,999 ⋅ J 0 − 0,031 ⋅ C 0

(101)

CT = 0,55 ⋅ C 0 ⋅ J 00,145

(102)

however, gives satisfying results. The constants of Equations 101, 102 were fitted to
more than 3000 calculated basis points (Figures 33, 34), considering all constraints,
using the method of least squares. This NLP optimization was carried out using a
separate GAMS input code. Exponential regression in the form of equations 101, 102
was found to be the most appropriate choice in case of representing the retentate
concentration surface.

6.5.2 Membrane superstructure and its mathematical
representation
Having the model of the membrane modules constructed, now we are in position to
deal with the problem of how to represent the structure of the whole membrane
subsystem. When using MINLP for design, the existence of a structural unit is usually
represented by a binary variable. This binary variable takes the value of 1 when the
unit is needed, and equals zero when the unit is not needed. It has to be decided what
the basic elements of the membrane system should be, and how to use binary
variables to represent the structure of the whole membrane system consisted by these
basic elements.
A pervaporation plant usually consists of many membrane cells connected
both in parallel and in series. To use just one large membrane unit is not possible in
practice for several reasons. The main reason is that the high temperature drop of the
retentate drastically decreases the permeate flux. The retentate has to be re-heated
again and again. This requires a serial arrangement of the membrane cells. Since one
membrane cell is not able to let through a great amount of feed with an acceptable
purification, parallel connection of the membranes is also required. In our industrial
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case 1/3 m2 membrane cells are chosen as the basic elements of the membrane
system.
Since industrial scale pervaporation units apply large membrane surfaces, it is
enough to determine the membrane surface in a section (see Figure 30) with the
accuracy of 1 m2. 1 m2 modules consisted of three 1/3 m2 membrane cells in parallel
(Figure 35) can be used to construct the membrane subsystem. Equations 101, 102 are
modified to describe the transport properties of a 1 m2 module like this, without
recalculating the differential equations.

Figure 35: A membrane module, the basis of the membrane structure calculation. The
1m2 module is consisted of three pieces of 1/3 m2 cells.

According to the previous considerations, the membrane network superstructure is
defined as a large n times m rectangle of 1 m2 modules. The design task is to
determine the total number of modules, and to find out how to fill this “rectangle”
with 1 m2 modules.
If the existence of each 1 m2 module is denoted by a separate binary variable, two
problems arise. For large structures, the total number of binary variables will exceed a
practical upper limit, that always appears in case of nonconvex MINLP models. On
the other hand, using one to one correspondence between the binary variables and the
1 m2 modules (this is one possible mathematical representation of the superstructure)
the same practical membrane structure can be described by a great number of
different values of the binary variables. This phenomenon, named ”redundancy of
superstructures” or ”structural multiplicity” (Lelkes et al., 2001; Rév et al., 2002) can
be illustrated by a simple example problem.
Suppose that the maximum number of sections in the membrane train is 7, and the
maximum number of modules in a section is also 7. Then there are 249 possible
structures covered by the superstructure. However, many of these structures are
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equivalent, because the same type of modules is used throughout the 7 sections of
membrane train. Only the trivial cases (no membrane is used, or all the 49 modules
are used) have no multiplicity. In case of only one module is used, the multiplicity of
the “structure” is 72=49, just as when 48 modules are used (48 equals the maximum
number of units minus one). Multiplicity of a structure in general can reach enormous
values.
My computational experiences show that extreme multiplicity in a model prevents the
solver from finding solutions. Therefore a method to radically decrease the structural
multiplicity had to be developed.
If the binary variables denote the existence of the same type of modules (direct
definition), and the modules are set in parallel then the multiplicity increases
exponentially with the number of units. In the case of three possible modules in
parallel (see Figure 36), for example, there are eight different combinations of the
binary values, with only four different structures as solutions.

Figure 36: Illustration of multiplicity arising from parallel arrangements. In case of using
binary variables for denoting the existence of a module, the eight combinations of the binary
variables correspond to four real structures only.

Generally, in case of n possible modules in parallel, the number of different structures
is only n+1 of the 2n variations. This type of structural multiplicity can be eliminated
by always selecting the first n modules of the possible maximum number. This could
be achieved by additional logical constraints, but that method would lead to an
increase in the number of equations. A simpler, and more efficient way is defining the
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actual number n in a binary number system by explicitly using binary variables for the
binary digits. This definition also involves a decrease in the number of binary
variables. Dependence of the number of binary variables on the number of modules is
shown in Figure 37 for both the direct definition and the modified one.

25

binary variables

20

direct definition
modified definition

15
10
5
0
0

5

10
15
number of modules

20

25

Figure 37: Number of binary variables in the cases of direct definition and the modified one

If the binary variables denote the existence of the same type of modules (direct
definition), and if the sections (with the same number of module) are in series, then
the multiplicity increases exponentially with the number of sections. Figure 38 shows
an example where a section contains one module only, and there are three sections
following each other. There are eight different combinations of the binary variables,
in this case, with only four different structures, as solutions.

Figure 38: Illustration of multiplicity arising from sequential arrangements. In case of using
binary variables for denoting the existence of a module, the eight combinations of the binary
variables correspond to four real structures only.
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Using a monotonic constraint for the number of modules in the sections along the
membrane train can eliminate this type of structural multiplicity. The monotonic
constraint means that the actual number of modules in the sections of the series may
not increase from the feed to the end. The advantage of this monotonic constraint is
that we do not need to change the definition of series, but only to use that extra
constraint, instead.
In one of the studied membrane superstructures, there are 16 modules in parallel, and
16 sections in series. This means 256 binary variables with direct definition; but the
number of binary variables is only 80, using the new method. Using the direct
definition no solution in reasonable time could be obtained. Even the new, modified
superstructure representation results in high computation times, especially when
structural multiplicity can occur. According to these results, the number of binary
variables had to be further decreased.

6.5.3 Techniques for decreasing the number of binary model
variables in case of the membrane subsystem
6.5.3.1 Successive refinement
According to my computational experience with nonconvex MINLP models, the
solution time sharply increases with the number of binary variables used. In case of a
7*7 membrane module system, the search is always effective after eliminating the
structural multiplicity with the explained methodology. However, the search for the
optimum is rather slow; and in some cases it is divergent with a superstructure
containing 16*16 membrane modules even if the structural multiplicity is eliminated.
The search, on the other hand, can be enhanced by successively refining the resolution
grid of the membrane network in a way that the number of binary variables does not
change. It can be exploited that the model does not contain directly the number of
cells applied parallel in a membrane module. The integral model is valid for a
membrane module with a given number of cells. If the number of the cells is changed,
then the flow rates change proportionally, but the forms of the equations do not
change. This enables optimising the hybrid system in more steps, using different
number of cells in the modules in the succeeding steps. The new method, called
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“successive refinement”, is illustrated in Figures 39 and 40, and works in the
following way:

Figure 39: Theoretical membrane modules consisting of different number of 1/3 m2
PVA membrane cells. The transport properties of a module can be calculated based on
the equations derived for the 1/3 m2 cells (Equations 102, 103).
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Figure 40: An example for the method of successive refinement. After obtaining the
suboptimal solution of 16 m2 membrane surface in a section using 4 m2 modules
(4 m2 accuracy), the solution is refined in the neighborhood of this suboptimal
solution using 1 m2 modules. In the second step, the membrane surface in the same
section is expected to be greater than or equal to 12 m2, and less than 20 m2. The
number of binary variables remains the same.
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In order to use the method of successive refinement, membrane module models with
flexible number of cells have to be applied. This idea is illustrated in Figure 39, where
a module of 3 cells, and another module of 12 cells are shown. Since each cell
contains 1/3 m2 membrane surface, the membrane surface of the first module is
3*1/3=1 m2, while that of the second module is 12*1/3=4 m2.
Should the number of binary variables applied in a section be limited to 3, the cells of
a questioned part of a membrane section are to be distributed into maximum 7
modules (7=20+21+22). The sequence numbers 1 to 7 in Figure 40 correspond to the
maximum 7 possible modules in question. Let the number of cells in a module be 12,
i.e. let each module contain 12*1/3=4 m2 membrane surface, then the total membrane
surface in the questioned part of a section can vary between 0*4=0 m2 and 7*4=
28 m2. At the first level of the successive refinement a suboptimal solution is sought
subject to the constraint of each module having 12 cells.
In the suboptimal result, the membrane surface in a section is determined with
a 4 m2 accuracy. In the example there are four modules as suboptimum i.e.
4*(12*1/3)=4*4=16 m2 membrane surface. This is denoted by shading four boxes in
the leftmost column in Figure 40. The optimal area is expected to be around this
suboptimal value; therefore the existence of the first three shaded modules and the
nonexistence of the upper two modules are already determined, and just module 4 (the
last shaded one) and module 5 (the first unshaded one) are to be considered in more
details. This is done at the second level of successive refinement, indicated by the
middle and the rightmost columns in Figure 40. Forcing the use of at least
3*(12*1/3)=3*4=12 m2 membrane surface is indicated by shading in the bottom of
the middle and the rightmost columns. This part of the membrane section is needed
anyway. On the other hand, the upper two modules of the leftmost and the middle
columns are not needed for sure. If the minimum number of cells in a module is
limited to be at least 3 (i.e. 3 cells/module *1/3 m2/cell = 1 m2/module) then the actual
optimum may be 12 to 19 m2 (integer numbers only). The questioned part of the
secion is therefore partitioned into 7 times 1 m2 possible modules, as indicated in the
rightmost column of Figure 40. 12 m2 of membrane surface in this particular section
is now added as a constant. The surfaces of 12 m2 and 19 m2 can be calculated in the
following way: 12 m2 = 12 m2 fixed surface + 0 modules, 19m2 = 12 m2 fixed surface
+ 7 modules * 1 m2/module. In order to optimise the system with 1 m2 accuracy, no
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more than the same 3 binary variables are needed that we used for discriminating
between the 4 m2 modules, as indicated in the leftmost column.
Using this method of successive refinement, arbitrary large networks can be optimised
with limited number of binary variables. The actual number of steps and the module
sizes have to be chosen according to the problem to be solved. The succeeding steps
are repeated until the minimum area applicable to a module is reached.

6.5.3.2 Continuous number of modules
The simplest way to reduce the number of binary model variables is to handle the
numbers of modules in the sections as continuous variables. After obtaining the
solution in this way, the optimisation must be repeated in the neighborhood of the
results, now using integer module numbers only. This solution type may be
advantageous when too many binary variables have to be used for the distillation
column, i.e. many trays are needed. The drawback of this method is that after
obtaining the continuous solution, the model has to be changed to binary
representation and has to be run again.

6.5.4 Membrane network costing
It is assumed that the total capital investment of the membrane network is linearly
proportional to the overall membrane surface, and the proportionality constant is
1616.1 USD/m2. This includes all the pumps, vacuum vessels, control equipment etc.
Equations for the variable cost calculations are taken from Srinivas and El-Halwagi,
(1993) with the modification that the yearly PVA membrane replacement cost is
chosen 775 USD/m2. The latter cost is based on industrial practice. It is assumed that
the PVA membranes have a three years life time, thus one third of the total membrane
area has to replaced each year on average.
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6.6 Computational results
6.6.1 Example problem 1
The flow rate of an ethanol-water mixture from a fermentation brew is 391.6 kg/h; its
composition is 80 mass% ethanol (this corresponds approx. 6000 liter/day absolute
ethanol product). The minimum purity of the ethanol product is specified as 99.7
mass%. The ethanol is concentrated in a column having maximum 31 theoretical
trays. The distillate enters the membrane system where the rest of the water is to be
separated from the ethanol. The column works at athmospheric pressure; the feed is at
its boiling point. The objective function is the TAC. Since in this case the permeate
water is taken as waste, 70% recovery is specified only. The membrane superstructure
is a 16 times 16 grid of 1 m2 modules. The new superstructure representation is used,
which excludes structural multiplicity; but the method of successive refinement is not
yet applied. The optimum is found 151 582 USD/yr. (Figure 41). It is worth noting
that the solution time of this problem is about one hour, due to the use of many binary
variables CD-ROM.
retentate (product): 218.2 kg/hr
99.7 mass % EtOH

reflux ratio:
3.1

25
theor.
stages
391.6
kg/hr

.
.

.
.

.
.

12

12

12

…

.
.

290.4
kg/hr
94.34 mass%

3

D=0.53m

12

4

15 sections/ 12 pieces + 1 section/ 4 pieces
of 1 m 2membrane modules

80 mass
% EtOH
permeate:
72.3 kg/hr
21.8 mass % water

1
water

objective function is TAC, 151 582 USD/ yr

Figure 41: Solution of the first example problem
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The first example problem already shows that the new MINLP model works.
However, an extended problem with the possibility of permeate-recycling and a
greater recovery could not be solved. Numeric problems occurred during the solution
of the MILP subproblems. That is why the method of successive refinement has been
worked out.

6.6.2 Example problem 2
In this case the feed flow rate is taken 180 kg/h. Its composition is 80 mass% ethanol,
and 95% minimum recovery is specified. The permeate can be totally or partially
recycled. The objective function is the TAC. The method of successive refinement is
now used because no solution can be obtained otherwise. In a first trial a suboptimal
network is determined with 12 cells (4m2) in a module and 7 modules in a section.
The suboptimal results are shown in Figure 42. TAC=90 529 USD, with a 137.4 kg/h
product rate, corresponding to a total cost per unit product (TCP) of 0.0845 USD/kg
product. Recycling split ratios α, with indices referring to the membrane sections
where the stream comes from, are also shown in Figure 42.

feed
180 kg/hr

28
theor.
stages

7 times 4 pieces of 4 m2
membrane modules

...

158.1 kg/hr
94.3 mass%

4
D=0.376m

80 mass%
EtOH

ηmin=95%

retentate (product): 137.4 kg/hr
99.7 mass % EtOH

reflux ratio:
3.93

4

4

4

4

4

4

α1-4=0

15
α5=0,736 α6,7=1

not recycled permeate
13 kg/hr
41 mass % EtOH

1
recycled permeate

7.7 kg/hr
86.8 mass% EtOH

TAC= 90,529 USD
bottom product
29.6 kg/hr 5.6 mass% EtOH

TCP= 0.0845 USD/kg product

Figure 42: Suboptimal solution of the second example problem. This structure is
obtained in the first level of the successive refinement.
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The suboptimal membrane system consists of 7 sections, each of them contains 4
modules (16 m2 per section). The number of theoretical stages of the column is 28.
The reflux ratio is 3.93, and the feed tray is the 15th.
In the second step, 1m2 modules were applied (3 cells in a module) and the number of
modules in a section were varied between 12 and 19. The results are shown in
Figure 43.

reflux ratio:
3.96

feed
180 kg/hr
80 mass%
EtOH

ηmin=95%

retentate (product): 137.4 kg/hr
99.7 mass % EtOH
1 m2
membrane modules

158.2 kg/hr
28
theor. 94.25 mass%
stages
D=0.378m

15

7.8 kg/hr
87 mass% EtOH

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

.
.
.

16 16 16 16 16 16 15
α1-4=0

1
recycled permeate

.
.
.

...

α5=0,753

α6,7=1

bottom product
29.6 kg/hr 5.6 mass% EtOH

waste permeate
13 kg/hr
41 mass % EtOH

TAC= 90,398 USD
TCP= 0.0843 USD/kg product

Figure 43: Optimal solution of the second example problem. The solution has been
obtained in the second level of the successive refinement.

As Figure 43 shows, the optimal number of theoretical trays is 28, the reflux ratio is
3.96, and the feed tray is the 15th. 16 m2 of membrane surface is put in each of the
membrane sections, except that of the last section where 15 m2 of membrane surface
is used. The optimal TAC is 90,398 USD, with a product rate of 137.4 kg/h
corresponding to a total cost per unit product (TCP) of 0.0843 USD/kg product. The
results show that using the method of successive refinement, large MINLP problems
can be solved in a step by step manner. CD-ROM
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Comparing the solutions (Figures 41,42, and 43) it is apparent that the number
of modules in the successive membrane sections does not really change. In Figures 41
and 43 only the last section contains less number of modules than the remaining part
of the membrane train. This can be attributed to the fact that the retentate flow rate
does not change drastically along the mambrane sections.

6.6.3 Industrial case study
6.6.3.1 Applicability of the membrane model to membranes used in an
existing plant
The applicability of the lately developed membrane model to a membrane type used
in an industrial-scale pervaporation plant is investigated first. The outlet streams and
concentrations for the fixed industrial membrane structure and inlet composition were
calculated using the new membrane model. The results of this calculation can be seen
in Figure 44.

retentate
(abs. EtOH product)
inlet stream
1000 kg/hr
94 mass% EtOH

plant membrane configuration
12 sections in series
each consisted of 81 pieces
of 1/3 m2 flat membranes
in parallel

measured:
940 kg/hr
99.6-99.7 mass% EtOH
calculated:
921.5 kg/hr
99.6 mass% EtOH

permeate
measured: 60 kg/hr 15 mass% EtOH
calculated: 78.5 kg/hr 28 mass% EtOH

Figure 44: Calculated and measured output stream properties for the fixed industrial
membrane configuration and feed flow rate

The calculated retentate (product) flow rate corresponds with the measured one within
2%, while the calculated retentate concentration fits exactly the retentate
concentration measured at the plant. The higher deviance between the calculated and
measured permeate concentrations and flow rates can be accounted for the relatively
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great difference in the amount of the permeate compared to the inlet ethanol stream.
The relatively good accordance between the calculated and measured retentate flow
rates and concentrations allow the new optimisation technique to be used in case of an
industrial application as well. In the following sections, the solutions of the industrial
example problems are discussed.

6.6.3.2 Base case
An industrial hybrid dehydration plant with fixed inlet stream and membrane
configuration is first optimised. The results of this optimisation, which can be seen in
Figure 45, serve as base case for the later comparisons.

retentate (product): 920.7 kg/hr
99.7 mass % EtOH
η

reflux ratio:
3.262

feed
80 mass%
EtOH

80
992.7 kg/hr
theor. 94.56 mass%
stages

12 x 81 pieces
of 1/3 m2 flat membranes
=324 m2 total
(fixed industrial configuration)
total permeate recycling

D=0.875 m

1175
kg/hr
4

min=97.5%

membrane capital investment : 52,362 USD
membrane replacement
: 83,936 USD
column capital investment : 18,05 USD
column operating cost
: 219,472 USD

1
recycled permeate
72 kg/hr
28.96 mass% EtOH

bottom product
254.3 kg/hr
0.087 mass% EtOH

TAC=373,820 USD/yr

Figure 45: Base case. Optimised hybrid ethanol dehydration plant with fixed
industrial inlet stream and membrane configuration.

It is important to emphasize that just the distillation column and the recycle streams
were optimally designed; the membrane configuration is kept identical to the
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configuration of the existing plant. The existing plant contains 12 sections in series
where one section is consisted of 81 pieces of 1/3 m2 flat membranes in parallel. Total
permeate recycling is used at the base case, and 97.5% ethanol yield is prescribed,
which means that 97.5% of the total amount of inlet ethanol is withdrawn in form of
absolute ethanol in the product stream. The TAC of the base case is 373,820 USD, of
which 219,472 USD is the operating cost of the distillation column. The column
works at a reflux ratio of 3.262. CD-ROM

6.6.3.3 Optimally designed hybrid system at 97.5% ethanol yield
Second, optimal design for all the distillation column, pervaporation membranes, and
recycle streams were carried out. Still, fixed total permeate recycling is used. The
result of this design is shown in Figure 46.

retentate (product): 920.7 kg/hr
99.7 mass % EtOH
η

reflux ratio:
1.38

feed
80 mass%
EtOH

12 x 107 pieces
of 1/3 m2 flat membranes
= 428 m2 total

84 1046.3 kg/hr
theor. 91.44 mass%
stages

total permeate recycling

D=0.679 m

1175
kg/hr
7

min=97.5%

membrane capital investment : 69,058 USD
membrane replacement
: 110,758 USD
column capital investment : 13,931 USD
column operating cost
: 134,377 USD

1
recycled permeate
125.6 kg/hr
30.86 mass% EtOH

bottom product
254.3 kg/hr
0.087 mass% EtOH

TAC=328,124 USD/yr

Figure 46: Optimally designed hybrid system at 97.5% ethanol yield

111

The TAC of the hybrid system is 328,124 USD. It can be seen that the total annual
cost of the plant can be decreased by 12.2 %. This saving is due to the increased
overall membrane surface (from the industrial 324 m2 to 428 m2), that allows to
decrease the reflux ratio in the column from 3.262 to 1.38. The inlet ethanol
concentration to the pervaporation system dropped from 94.56 to 91.44 %. CD-ROM

6.6.3.4 Influence of the specified ethanol yield on the TAC
In the industrial practice (base case), an ethanol yield of 97.5% is prescribed.
Depending on environmental regulations or plant conditions, however, greater or
smaller ethanol yields could also be required. Because of this possibility,
optimisations with fixed 95% and 99% ethanol yields were also carried out. The effect
of the specified ethanol yield on the TAC of the hybrid plant is illustrated in Figures
47 and 48.

400

TAC (thousand USD/yr)

350

300

plant membrane cost
plant TAC
optimised membrane cost
optimised TAC
optimised column cost
plant column cost

250

200

150

100
94,5

95

95,5

96

96,5

97

97,5

98

98,5

99

99,5

specified ethanol yield (%)

Figure 47: Influence of the specified ethanol yield on the TAC. Optimised system vs.
existing plant
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350

300

TAC (thousand USD/yr)

membrane capital investment
membrane replacement

250

column capital investment
column operational cost

200

TAC
150

100

50

0
94,5

95

95,5

96

96,5

97

97,5

98

98,5

99

99,5

Specified ethanol yield in %

Figure 48:
Influence of the specified ethanol yield on the TAC. Optimised
systems only.

The increase in TAC with increasing yield is due to both changing the reflux ratio and
overall membrane surface. It can be seen that the optimised system is less sensitive to
the change of the specified ethanol yield. Changing the yield specification from
97.5% to 99% results in just 1.5% increase of the TAC in case of the optimised
system. The same increase in the yield at the industrial base case entails 4 % increase
in the TAC. Decreasing the yield specification from 97.5% to 95% results in 5% and
3% decrease in the TAC at the industrial base case and at the optimised system,
respectively. This is due to the fact that using the fixed industrial membrane
configuration the yield specification can be fulfilled mostly by adjusting the reflux
ratio of the distillation column. CD-ROM

6.6.3.5 Partial permeate recycling
The superstructure is formulated in a way that enables partial recycling of the
permeate stream. But even if allowing partial recycling, the industrial scale
calculations resulted in structures where the permeate was always fully recycled. On
the other hand, partial recycling is found to be optimal only when the specific
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membrane investment cost is decreased by approx. 50 %, and the alcohol yield is set
up for only 95%. However, this design alternative result in just 1.2% saving in TAC,
compared to the optimal design with fixed total permeate recycling. This is due to the
decreased mass load of the distillation column and to the somewhat less diluted feed
of the membrane subsystem. It can be concluded that total permeate recycling is
always more profitable when realistic ethanol yields are set up.

6.6.3.6 Sensitivity analysis on overall membrane surface
It has been shown that in case of 97.5% ethanol yield, the TAC of the plant can be
decreased by 12.2 % by increasing the total membrane surface from 324 m2 to 428
m2. Since the total membrane surface has a great influence on the TAC, additional
designs were carried out at fixed 360 m2 and 480 m2 membrane surfaces. The
dependence of the TAC and of the reflux ratio on the overall membrane surface is
shown in Figure 49.

base case

optimally designed
system

400

3,5

membrane capital investment
membrane replacement
column capital investment
column operational cost
TAC
reflux ratio

350
3

2,5

250

200

2

reflux ratio

TAC (thousand USD/yr)

300

150
1,5

100
1

50

0
300

0,5

350

400

450

500

overall membrane surface in square meters

Figure 49: Dependence of the TAC and the reflux ratio on the overall membrane
surface at 97.5 % ethanol yield
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Figure 49 clearly shows that an overestimated total membrane surface results in less
increase in the TAC compared to the case of using less membrane surface than the
optimal. This is also due to the fact that the operating cost of the distillation column is
high and so the TAC is quite sensitive to the reflux ratio of the column.

6.6.3.7 Sensitivity analysis on the membrane replacement cost
So far the annual replacement cost of 1 m2 of pervaporation membrane was chosen
775 USD. It is, however, interesting to examine how the membrane replacement cost
influences the design and operational parameters of the optimal hybrid system. The
price of the membranes may decrease with the development of the membrane
technology or may increase because of temporary economical reasons. In order to
explore the effects of the price change, optimal designs were carried out using
different membrane replacement costs. Membrane prices from 40% to 120% of the
original price were examined. According to the results, the cost of the membranes in
the investigated price interval does not considerably affect the design and operational
parameters of the optimal hybrid system. This is because in all cases the membrane
inlet concentrations are in the range of 9.7 to 9.9 mass% water, which is a narrow
range. It is interesting to see that this range is situated near the 10 mass% water upper
bound that has to be applied because the polymer material of the membrane cannot
tolerate more water. Hence the pervaporation unit works at the same conditions,
irrespectively to the cost of the membranes.

6.7 Conclusions
A new, rigorous MINLP model for ethanol dehydration systems consisting of a
distillation column and a pervaporation unit has been developed. Resulting from the
need for rigorous modelling, several mathematical tools for the GAMS environment
had to be adopted.
Regression equations fitted to solutions of differential equations are employed
for modelling the membrane modules. The selected regression formula seems to be
more adequate in this case than metric or linear interpolation.
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A method for radically decreasing the number of equivalent structures covered
in the superstructure is suggested and applied. A successive refinement method with
non-increasing number of binary variables in order to avoid dimensional problems is
developed and successfully applied.
The optimal design and operating parameters including number of trays, feed
location, reflux ratio, number of membrane sections in series, and the number of
membrane modules in each section are determined. Optimal structures with and
without permeate recycling are presented.
Based on the industrial scale calculations, 12 % savings in the total annual cost
can be achieved compared to an existing plant by applying 32 % additional membrane
surface, by a radically decreasing the reflux ratio of the column (from 3.3 to 1.4), and
by producing less concentrated alcohol in the distillate. According to the sensitivity
analysis, the replacement cost of the membranes does not significantly influence the
parameters of the system. This is because in all the studied cases, the distillate
concentration is situated in a narrow range of 9.7 - 9.9 mass% water, near the
constraint that has been applied regarding the membrane's toleration of water vs. its
lifetime. In all the realistic cases, total recycling of the permeate flow proved to be
optimal. On the other hand, partial recycling results in slightly cheaper designs in case
of low alcohol yields and radically cheaper membranes.
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7 RIGOROUS MINLP MODEL FOR WASTE-WATER
STRIPPERS
This chapter presents an industry-close example problem. An MINLP model is
developed for the design of wastewater strippers. Stripping is a common unit
operation that may be used in MENs. A stripper is a distillation column that has no
reflux. The feed enters the uppermost tray of the column. Flowing down the trays the
liquid feed meets the upward streaming vapor and becomes less and less concentrated
in the volatile compounds. Volatile compounds leave the column at its top, and are
totally condensed. The column usually has a reboiler at its bottom. Quite often the
reboiler is replaced by direct steam injection. Stripping is a reasonable choice for
wastewater cleaning when the wastewater is rich in volatile organic compounds
(VOCs).
MINLP models for MENS usually consider simplified vapour liquid
equilibrium (VLE) calculations. In case of incompatible multiple component
problems, however, a precise VLE calculation is needed, which means that the
interactions of the chemical components are to be taken into account. By solving this
example problem, it is demonstrated that MINLP models for MENS can be extended
to handle complex VLEs.

7.1 Problem statement
The aim is to develop a general MINLP model that can calculate the output flows and
the minimum number of theoretical stages (Nth) of a wastewater stripper, in case the
followings are specified:
•

inlet stream composition and flow rate

•

outlet water purity

•

minimum water yield

Multiple contaminants are considered and vapour-liquid equilibria must be calculated
rigorously. The stripper works with a reboiler instead of direct steam injection. The
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new model is to be tested on a four component industrial wastewater stripper sizing
example, where VOCs have to be removed from the sewage of a chemical plant.

7.2 MINLP model and superstructure
The MINLP model of the stripper can be derived by removing equations from the
distillation column model of Viswanathan and Grossman (1993). The basics of their
model are outlined in Section 6.4. Because of this, the model equations of the stripper
are not presented here. Those who are interested in the detailed MINLP model are
directed to the CD-ROM supplement of this thesis. When considering a stripper, the
reflux part of the distillation column is omitted. The inlet wastewater enters the top
stage, while the purified wastewater leaves the stripper at the bottom. The MINLP
model determines the optimal inlet stage of the boil-up vapour. Stages under the boilup vapour inlet are inactive. The optimal number of theoretical stages equals the
number of active stages plus one (the reboiler). The maximum number of theoretical
stages of the stripper superstructure has to be specified in advance. The graphical
representation of the stripper superstructure is shown in Figure 50. It is useful to
compare the distillation column superstructure of Viswanathan and Grossman (1993)
(Figure 31), and the superstructure of the stripper (Figure 50).
The objective function of the example is simply the sum of the active
theoretical stages, which has to be minimized. The MINLP model is solved using the
GAMS program package. The MINLP solver DICOPT++ calling CONOPT-2 for the
NLP subproblems and OSL for the MILP subproblems is used. Calculations were
carried out on an IBM PC under the Windows 98 operating system.
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total condenser

top product
feed

20

5 mol/s
xacetone = 0.05
xmethanol= 0.04
xwater = 0.90
xethanol = 0.01

19
18
17

Nth=?

.
.
.

boil-up vapour

3
2
1

bottom product

Xwater≥0.999
ηwater≥85%

Figure 50: Superstructure of the wastewater stripper. Stream specifications of the
industrial example problem are shown. Maximum twenty theoretical stages are
considered.

7.3 Industrial example problem
A 5 mol/s wastewater stream has to be purified of VOCs by stripping. Its inlet
composition in mol fractions is 0.9 water, 0.05 acetone, 0.04 methanol and 0.01
ethanol. The purified wastewater (bottom product of the stripper) has to contain at
least 85% of the inlet water (ηwater≥85%). The liquid mol fraction of the water (xwater)
in the purified stream has to be greater than 0.999. Top and bottom flows, as well as
the minimum number of theoretical stages (Nth) of the stripper are to be calculated.

7.3.1 VLE calculation
VLEs are calculated using the following thermodynamic assumptions:
•

Wilson activity coefficient model (Perry et al., 1984)

•

Ideal vapour phase

•

Theoretical stages
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•

Atmospheric pressure (760 Hgmm)

•

Enthalpy calculation: latent heat model

•

The temperature dependence of the heat capacities is neglected

Vapour pressures are calculated using the Antoine equation
log10 ( p0 ) = A − B / (t + C )

(103)

in which p0 denotes the vapour pressure in Hgmm and t denotes the temperature in
°C. The three Antoine parameters A, B, C for each of the components can be found in
Table 12.

Table 12: Antoine parameters
A

B

C

acetone

7.11714

1210.595

229.664

methanol

8.08097

1582.271

239.726

water

8.07131

1730.63

233.426

ethanol

8.11220

1592.864

226.184

Activity coefficients in the liquid phase are calculated according to Wilson. The
applied binary interaction parameters can be found in Table 13.
Table 13: Wilson binary interaction parameters
acetone
methanol

acetone

water

ethanol

0

-124.9332

344.3346

151.089

methanol

551.4545

0

82.9876

507.3868

water

1482.2133

520.6458

0

975.4859

292.508

-452.5062

276.7557

0

ethanol

The parameters are taken from the DECHEMA data bank (Gmehling and Onken,
1997), except for the parameters of the acetone-ethanol binary interaction that are
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taken from the data bank of the Chemcad process simulator. Thermodynamic data
used for the enthalpy calculations can be found in Table 14.
Table 14: Thermodynamic data of the components
heat of
heat capacity of heat capacity of
evaporation
the liquid
the vapour
(kJ mol-1)
(J mol–1 K-1)
(J mol-1 K-1)
acetone
29.1
129.16
84.5

molar volume
(cm3 mol-1)
74.05

methanol

35.21

81.506

48.15

40.73

water

40.65

75.31

33.75

18.07

ethanol

38.56

123.5

75.6

58.68

7.3.2 Solution of the example problem
The solution of the example problem is summarised in Figure 51. As Figure 51
shows, seven theoretical stages are enough. The solution of the MINLP optimisation
model delivered the minimum number of theoretical stages for the given purity and
yield specifications.

total condenser

top product
1.171 mol/s
xacetone = 2.13 E-01
xmethanol= 1.62 E-01
xwater = 5.82 E-01
xethanol = 4.2 E-02

20
5 mol/s
xacetone = 0.05
xmethanol= 0.04
xwater = 0.90
xethanol = 0.01

19
18
17
16
15

Nth=7

bottom product
1
ηwater=85.01 %

3.829 mol/s
xacetone = 0.000 E+00
xmethanol= 9.061 E-04
xwater = 9.991 E-01
xethanol = 3.387 E-05

Figure 51: Solution of our industrial multicomponent wastewater stripper problem
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Tray data including tray temperatures, liquid mol fractions, liquid and vapour flows
can be found in Table 15. Since a rigorous tray by tray calculation has been employed
with exact enthalpy and VLE calculations, the results can be exactly reproduced using
a process simulator. GAMS code for the stripper calculation can be found in the CD-

ROM supplement.

Table 15: Tray data of the solution
tray/GAMS
tray
1 (boiler)
1
15
2
16
3
17
4
18
5
19
6
20
7
21 (total condenser) 8

T(C)
9.983E+01
9.957E+01
9.890E+01
9.782E+01
9.614E+01
9.326E+01
8.687E+01
6.406E+01

x acetone
0.000E+00
0.000E+00
3.373E-06
3.097E-05
2.430E-04
2.000E-03
1.000E-02
2.130E-01

x methanol
9.061E-04
1.919E-03
5.900E-03
1.100E-02
1.900E-02
2.900E-02
3.800E-02
1.620E-01

x water
9.991E-01
9.980E-01
9.940E-01
9.880E-01
9.780E-01
9.650E-01
9.440E-01
5.820E-01

x ethanol Vmol/s
3.387E-05
8.058E-05 1.188
9.663E-05 1.115
9.690E-04 1.109
2.757E-03 1.099
4.000E-03 1.072
8.000E-03 1.171
4.300E-02

L mol/s
4.951
4.947
4.943
4.938
4.927
4.9

7.4 Conclusions
An MINLP model for determining the minimum number of theoretical stages of a
wastewater stripper has been developed and successfully applied to an incompatible
multiple contaminant industrial problem. A rigorous tray by tray calculation has been
employed with exact enthalpy and VLE calculations. The results of the MINLP-based
calculation can be fully reproduced using process simulators.
The MINLP model of the stripper is small enough, so it can be used in MEN
superstructures as well. If maximum ten stages are considered in a stripper then a
MEN superstructure containing five to ten strippers is expected to be solvable using
GAMS.
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8 MAJOR NEW RESULTS
I would sum up the essence of my PhD work in the following points:
1. It has been revealed that properly dealing with the removably discontinuous
Kremser equation in MINLP models for MENS is a crutial point of the
mathematical programming based synthesis process. A new method has been
presented for handling removably discontinuous functions. The new formulation
uses only one binary variable per discontinuity, hence results in simpler
mathematical programs. The example problem based comparison shows that in
case of large nonconvex MENS problems, the new, one binary variable method is
much faster than any of the literature methods, hence enables the proper solution
of larger synthesis problems. The applicability of the new formulation has been
presented on a HENS problem as well. Handling of discontinuities in these special
ways are necessary because currently the language of the GAMS program
package does not accept conditional commands regarding the model variables.
2. Two existing simultaneous MP-based models for MENS have been compared. To
achieve a better performance, the studied literature models have been extended by
the proper handling of the Kremser equation. Methods for model variable
initialisation and for calculation with integer stage numbers have been found. As
the example-based comparison shows, the MINLP design method of Papalexandri
et al., (1994) seems to be superior to the NLP design technique of Comeaux,
(2000). This is not only because of the latter formulation is lacking the advantages
of the MINLP techniques, but also because of the superstructure of Comeaux,
(2000) is found to be too simple. The solved example problem shows that insight
based supersructures constructed using the vertical mass transfer principle may
not enclose the optimal structure of the MEN.
3. The extended MINLP model of Papalexandri et al. (1994) and the advanced pinch
method of Hallale and Fraser (2000) have been compared by solving several
example problems. Comparing the TACs of the solutions shows that the two
competing approaches perform more or less equally in solving MENS problems,
though theoretically, the MP based approach should always perform better. The
reason for this is revealed. It is found that the search space of the model of
Papalexandri et al. (1994) is nonconvex, hence gradient based optimisation
algorithms cannot find global optima for the problems. This is because of their
MINLP model consists mainly of nonlinear mass balances.
4. A new, fairly linear MINLP model for the synthesis of MENs has been developed.
The new model contains much less nonlinear constraints compared to models
presented in the literature, and delivers simple, industrially feasible MENs in a
simple computation procedure. Resulting from the linearity of the model, no
special attention to the initialisation of the model variables has to be paid.
Linearity of the model is achieved by assuming iso-concentration mixing in the
MEN. The model is best applicable for the solution of single component MENS
problems with packed columns. Extensions to multiple component problems and
trayed column calculations have been presented as well.
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5. A rigorous MINLP model for the design of ethanol dehydration systems
consisting of a distillation column and a pervaporation unit has been developed.
The model applies a rigorous, tray by tray column model, and uses experimental
data for calculating the membrane transport. Using the model, optimal design and
operating parameters including number of trays, feed location, reflux ratio,
number of membrane sections in series, and the number of membrane modules in
each section can be determined. The model gives rise to the investigation of
different recycling schemes. Developing the MINLP model, several mathematical
tools enabling rigorous modelling have been studied. A method for radically
decreasing the number of equivalent structures covered in the superstructure is
suggested and applied. A successive refinement method is developed that enables
reducing the number of binary model variables.
6. Industrial scale calculations have been carried out using the new MINLP model.
12 % savings in the total annual cost can be achieved compared to an existing
plant by applying 32 % additional membrane surface, by a radical decrease of the
reflux ratio (3.3 to 1.4) of the column, and by producing less concentrated alcohol
in the distillate. According to the sensitivity analysis, the replacement cost of the
membranes does not significantly influence the parameters of the system.
Permeate recycling schemes have been studied. In all the realistic cases, total
recycling of the permeate flow proved to be optimal. On the other hand, partial
recycling results in slightly cheaper designs in case of low alcohol yields and
radically cheaper membranes.
7. An MINLP model for determining the minimum number of theoretical stages of a
wastewater stripper has been developed. A rigorous tray by tray calculation
method has been employed with exact enthalpy and VLE calculations. The model
has been successfully applied to the solution of an incompatible multiple
contaminant industrial problem, where volatile organic compounds had to be
removed from the sewage of a chemical plant.

My results are believed to contribute to a great extent to the discipline of
mathematical programming based mass exchange network synthesis.
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NOMENCLATURE
Abbreviations

AP

augmented penalty

CAP

annualised capital cost

CHARMEN

combined heat and reactive mass exchange network

ER

equality relaxation

FCP

heat capacity flow rate

GDP

general disjunctive programming

HEN

heat exchanger network

HENS

heat exchanger network synthesis

HISEN

heat induced separation network

lmcd

logarithmic mean concentration difference

LMTD

logarithmic mean temperature difference

LP

linear programming

MEN

mass exchange network

MENS

mass exchange network synthesis

MILP

mixed integer linear programming

MINLP

mixed integer nonlinear programming

MP

mathematical programming

M&S

Marshall and Swift index

MSA

mass separating agent

NLP

nonlinear programming

OA

outer approximation

PNS

process network synthesis

REAMENS

reactive mass exchange network synthesis

SNS

separation network synthesis

TAC

total annual cost

TCP

total cost per unit product

USD

US dollars

VLE

vapour liquid equilibrium

VOC

volatile organic compound
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Symbols

A

absorption factor in the Kremser equation [-],
cross section [m2] or heat exchanger area [m2]

b

intercept of the equilibrium line [-]

C

cold stream or cost [USD or USD/yr]

c

concentration of the faster permeating component in the feed [mass%],
or cost coefficient for the lean streams [USDs/kg]

c’

concentration of the faster permeating component
in the permeate [mass %]

D

diameter [m]

f(x,y)

function of continuous and binary variables

FCD

distillate flow rate of component c [mol/s]

G

rich stream flow rate [kg/s]

g(x,y)

function of continuous and binary variables

H

enthalpy [Joule], height [m] or hot stream

h(x,y)

function of continuous and binary variables

j, J’

permeate flux [kg/hr]

k

superstructure stage

KW

cost coefficient for mass exchangers

l

lean stream flow rate [kg/s]

L

lean stream folw rate [kg/s]

M

big-M value

m

slope of the equilibrium line

MD

average molecular weight of the distillate [g/mol]

me

exchanged mass [kg/s]

N

number of equilibrium stages

NC

number of cold process streams

NH

number of hot process streams

NR

number of rich streams

NS

number of lean streams

NSE

number of external mass separating agents
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NSP

number of process mass separating agents

Nth

number of theoretical stages

Q

enthalpy change [Joule]

QCmin

cold utility target [Joule]

QHmin

hot utility target [Joule]

R

reflux ratio [-] or rich stream flow rate [kg/s]

r

rich stream flow rate [kg/s]

st

set of superstructure stages

T

temperature [°C or K]

U

overall heat transfer coefficient

Umax

maximum of the number of units

Umin

minimum of the number of units

V

positive continuous variable

w

continuous variable

x

lean stream mol fraction or continuous variable

*

x

lean stream mol fraction at the equilibrium

y

rich stream mol fraction or binary variable

Y

binary variable

y*

rich stream mol fraction at the equilibrium

z

binary variable or distance [m]

Z

objective function

Greek
β

selectivity of the pervaporation membrane for the component c [-]

Γ

upper bound on the driving force [mol fraction]

∆Cmin

minimum approach concentration [mol fraction]

∆T

temperature difference [°C or K]

∆Tlm

logarithmic mean temperature difference [°C or K]

∆Tmin

minimum approach temperature [°C or K]

ε

minimum approach concentration [mass%] or small positive number

η

product yield [%]
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ρ CD

molar density of the distillate [mol/m3]

Ω

upper bound on the amount of the exchanged mass [kg/s]

Subscript

0

inlet

first

index for the first superstructure stage

i

index for rich streams

j

index for lean streams

L

lower bound

last

index for the last superstructure stage

LO

lower bound

T

retentate

U

upper bound

UP

upper bound

Superscript

c

upper bound in case of process MSAs

in

inlet

out

outlet

s

source or supply

t

target
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APPENDIX A: LITERATURE METHODS FOR
HANDLING DISJUNCTIONS
In this appendix it is shown how the conventional methods can be applied to a
discontinuous function of the first kind. The example function f ( x ) (See Figure 12)
has a discontinuity of the first kind at x = c . f ( x ) equals f1 ( x ) when x LO ≤ x < c ,
and equals f 2 ( x ) when xUP ≥ x ≥ c .

A1 Big-M formulation
f ( x ) ≥ f1 ( x ) − M (1 − y1 )
f ( x ) ≥ f 2 ( x ) − M (1 − y 2 )
f ( x ) ≤ f 1 ( x ) + M (1 − y1 )
f ( x ) ≤ f 2 ( x ) + M (1 − y 2 )
x LO y1 + cy 2 ≤ x ≤ (c − ε ) y1 + xUP y 2
y1 + y 2 = 1
y1 ∈ {0,1} ; y 2 ∈ {0,1}

(A1)

The binary variables y1 and y 2 are assigned to the two disjunct parts of the domain
of the function f ( x ) . Since the sum of them has to equal 1, only that y takes the value
of 1 in whose domain the actual value of x happens to be. The large arbitrary number
M is the so-called “Big-M” parameter, which is an upper bound on both f1 ( x ) and
f 2 ( x ) (Biegler et al., 1997; Hui, 1999). Using the big-M formulation, the smallest

possible M value has to be chosen in order to get a tight relaxation of the original
MINLP problem. The tightest the relaxation is, the more accurate and faster solution
can be expected from the OA/ER algorithm. Setting up the M value is not always a
trivial task. The letter ε is a small positive tolerance. It has to be set up according to
the actual problem, concerning the required accuracy of the model variables. The
performance of the big-M method may depend on the value of ε.
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A2 Multi-M formulation
The multi-M formulation (Hui, 1999) provides tighter relaxation by assigning
separate big-M parameters for the sub-domains of the function f ( x ) . Its form for
handling the discontinuity of our example function is:
f ( x ) ≥ f 1 ( x ) − M 1 (1 − y1 )
f ( x ) ≥ f 2 ( x ) − M 2 (1 − y 2 )
f ( x ) ≤ f 1 ( x ) + M 3 (1 − y1 )
f ( x ) ≤ f 2 ( x ) + M 4 (1 − y 2 )
x LO y1 + cy 2 ≤ x ≤ (c − ε ) y1 + xUP y 2
y1 + y 2 = 1
y1 ∈ {0,1} ; y 2 ∈ {0,1}

(A2)

Setting up the different M values is, again, not a trivial task. Good choices for the M
values are the sup values of the functions f1 ( x ) and f 2 ( x ) over their given domain, if
they are known.

A3 Convex hull formulation
The discontinuity of the example function can be formulated as a disjunctive
programming problem.

  y2 = 1
 y1 = 1



Disjunction:  f ( x ) = f1 ( x) ∨  f ( x) = f 2 ( x )
 x LO ≤ x < c  c ≤ x < xUP 

Applying convex hull theorem, this disjunctive programming problem can be
reformulated as a tight MINLP problem as follows (Lee and Grossmann, 2000):
f ( x ) = g1 + g 2
x = x1 + x 2
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1 = y1 + y 2
y1 ( f 1 ( x1 / y1 ) − g1 / y1 ) ≤ 0
y 2 ( f 2 (x2 / y 2 ) − g 2 / y 2 ) ≤ 0
x LO y1 ≤ x1 ≤ cy1
cy 2 ≤ x 2 ≤ xUP y 2

0 ≤ g1 ≤ M 1 y1
0 ≤ g 2 ≤ M 2 y2
M 1 = sup

[ f 1 ( x )]

M 2 = sup

[ f 2 ( x) ]

x LO ≤ x ≤ xUP

x LO ≤ x ≤ xUP

y1 , y 2 ∈ {0,1}

(A3)

x 1 , x 2 , g1 , g 2 ∈ R 1

For a practical implementation, the equations containing divisions by the binary
variables y1 and y2 have to be reformulated by introducing small tolerances. This
formulation can be applied in any case when f1 ( x ) and f 2 ( x ) are convex and bounded
functions, and provides a tighter relaxation than the big-M formulation.

A4 Formulation of Raman & Grossmann
Using the logic formulation of Raman & Grossmann (1991) the following equations
can be derived for a discontinuous function of the first kind:
L3 z1 + ε ≤ x − c
x − c ≤ U 3 (1 − z1 )
L3 (1 − z 2 ) ≤ x − c
x − c ≤ U 3 z2 − ε
z1 + z 2 − y 3 ≤ 1
z1 − y3 ≥ 0
z2 − y3 ≥ 0
147

Here x, ε and c have the same meaning as in case of the formulations outlined above;
z1, z2 and y3 are binary variables.
z1 = 1 only if

x ≤ c −ε

z 2 = 1 only if

x ≥ c +ε

y3 = 1 only if

c +ε ≥ x ≥ c −ε

According to the notations of Figure 12:
L3 = x LO − c − ε
U 3 = xUP − c + ε

Then the discontinuous function can be expressed as
f ( x ) = z1 f1 ( x ) + z 2 f 2 ( x )

(A4)

A5 A simple logic formulation (L-formulation)
If it is accepted that the function f ( x ) is expressed in the form of the following
bilinear equality constraint
f ( x ) = y1 f1 ( x ) + y 2 f 2 ( x )

then the simplest way to generate the binary variables y1 and y2 is the following:
x LO y1 + cy 2 ≤ x ≤ (c − ε ) y1 + xUP y 2
y1 + y 2 = 1

(A5)

Since the bilinear expression of f ( x ) is a nonconvex constraint, this method is
generally not a „good” formulation as a mathematical programming model. However,
this is the simplest formulation so far, in terms of number of equations and variables.
In some special cases this simplicity may give rise to the application of the Lformulation.
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APPENDIX B: DETAILED SOLUTIONS OF THE
EXAMPLE PROBLEMS OF CHAPTER 3

3e-4

A=0.96
1e-4

S2

R1 0.9

A=1.42
5.1e-2

R2 0.1

A=2.385
Lj
(kg/s)

3.3939e-2

6e-4

2e-4

7e-2

[9.3465e-5]
[0.00499]
Nth=1.3
N =5.95
1.03e-3 th
A=8.65
1.862 kg/s

S1

Gi
(kg/s)

[6.49e-4]
[0.062]
Nth=5.88
Nth=13.85
1.02e-3

1.5043e-2

6.154e-4

3.5e-3

3.097e-2

2.208
kg/s

0.225
kg/s

capital cost: 629 000 USD
Figure B1: Solution of the small test problem using the new method for handling the
discontinuity of the Kremser equation. The lean and rich streams are denoted by S and
R respectively. The numbers in brackets indicate the amount of transferred mass. A
denotes the absorption factors. Concentrations are given in mol fractions.
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0.549 kg/s

1 kg/s
0.01

Nth=0.271
9.045e-3

Nth=3.545

0.005

Nth=1.174

6.692-3

5.846e-3

S2

1.613e-2

2.898e-2

Nth=4.883

5e-2
0.03

R1 2

R2 1

3
kg/s

1 kg/s

1 kg/s

Nth=5.087

3.475e-2
1.375e-2

4 kg/s
S1

Nth=8.77

1.095e-2

Nth=3.709

6e-2

1.434e-2

Gi
(kg/s)

1.5e-2
7.046e-3

0.01

6.834e-3

2.998-2

5

2.22

1.624e-2

S3

1.4157e-3

4.105e-3

1.5e-2

capital cost: 630 000 USD

0.704
Lj
(kg/s)

Figure B2: Solution of the medium sized example problem using the new method for
handling the discontinuity of the Kremser equation. The larger the synthesis problem
is, the more important is to formulate the MINLP problem using as few binary
variables as possible.
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Nth=0.96

Nth=3.1

2 kg/s 1e-3
4 kg/s

5e-3

Nth=5.25

2.5e-3

3.5 kg/s

Nth=2.28
Nth=5.74

5e-3

0.5 kg/s 2.5e-3

Nth=0.07

2.82e-3

2.355
kg/s
0

1.87
e-3

4.4e-3

9.24
e-3

R4

1e-2
8e-3

R5

1.8 kg/s
S1
Lj
(kg/s)

2.5e-3
1.7e-3

5.09e-3
3.56e-3

2.48
kg/s

8.67
e-3

Nth=2.28
S2 1 kg/s

R2
1.1
e-2 R
3

1.5 kg/s

1.194
kg/s

1.93
e-3

R1

5e-3

2.5e-3

1.5 kg/s

S3

Gi
(kg/s)

0.5 kg/s

Nth=3.19

7.1e-3

1.7e-2

Nth=8.21
8.5e-3

Nth=0.3

capital cost: 602 000 USD

Figure B3: Solution of the large test problem using the new method for handling the
discontinuity of the Kremser equation. Compared to the conventional methods for
handling removable discontinuities, the new method is faster, hence it enables the
solution of larger design problems in a reasonable computation time.
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21.86 m2
546.4 kW

500 K
613.6 K

H1

650 K

H1-C1

266.5 kW

591.6 K

68.74 m2

396.6 K

H2-C1

370 K

466.5 K

37.26 m2

156.51 m2
2470 kW

370 K

1950 kW

574.7 K
590 K

H1-C2

83.61 m2

583.5 kW

H2

7.61 m2

350 K

410 K

C1

1930 kW

C2

Total annual cost: 149 500 USD
Figure B4: The new method for handling removable discontinuities in MINLP
models can be applied to HENS problems, too. This figure shows an alternative
MINLP solution for the GAMS model library HENS problem synheat.gms. The
design problem is resolved using rigorously calculated LMTDs instead of Chen’s
approximation.
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APPENDIX C: PROBLEM DATA OF THE MENS
EXAMPLE PROBLEMS OF HALLALE (1998)
Equipment data in this appendix consider the advanced capital costing procedures of
Hallale and Fraser (2000). The equations can be found also in Hallale (1998).

Example 3.1
The problem was created by Hallale (1998).
Stream data
R

yS

yT

(kmol/hr)

(kmol/kmol inert)

(kmol/kmol inert)

R1

50

0.01

0.004

R2

60

0.01

0.005

R3

40

0.02

0.005

R4

30

0.02

0.015

Lean streams

Lc

xS

xT

(kmol/hr)

(kmol/kmol inert)

(kmol/kmol inert)

∞

0

-

Rich streams

S1
ε=0.000005

Equipment data (Costs from Coulson et al., 1993)
Column capital cost
Shell cost (installed)

USD 12,800 Ht 0.95 D0.6

Sieve trays

USD 608 e0.8D per tray
D=column diameter (m)
Ht=total column height (m)
E0 (stage efficiency)=0.2
Inactive height=3m
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m

b

26.1

-0.00326

Example 3.2
The problem was created by Hallale (1998).
Stream data
R

yS

yT

(kmol/hr)

(kmol/kmol inert)

(kmol/kmol inert)

R1

50

0.01

0.004

R2

60

0.01

0.005

R3

40

0.02

0.005

R4

30

0.02

0.015

Lean streams

Lc

xS

xT

(kmol/hr)

(kmol/kmol inert)

(kmol/kmol inert)

∞

0.0002

-

Rich streams

S1
ε=0.00002

Equipment data (Costs from Coulson et al., 1993)
Column capital cost
Shell cost (installed)

USD 12,800 Ht 0.95 D0.6

Packing

USD 1,130/m3= USD 887 D2H

(3.8mm Intalox saddles)
D=column diameter (m)
H=packed height (m)
Ht=total column height (m)
Kya=0.02 kmol SO2m3s-1
Inactive height= 3m
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m

b

26.1

-0.00326

Example 3.3
from El-Halwagi and Manousiouthakis (1989a).
Stream data
R

yS

yT

(kg/s)

(mass fraction)

(mass fraction)

R1

0.9

0.070

0.0003

R2

0.1

0.051

0.0001

Lean streams

Lc

xS

xT

(kg/s)

(mass fraction)

(mass fraction)

S1

2.3

0.0006

S2

∞

0.0002

Rich streams

m

b

0.031

1.45

0

0.0035

0.26

0

m

b

ε=0.0001

Example 3.4
The problem was adopted from El-Halwagi (1997).
Stream data
R

yS

yT

(kg/s)

(mass fraction)

(mass fraction)

R1

2

0.050

0.010

R2

1

0.030

0.006

Lean streams

Lc

xS

xT

(kg/s)

(mass fraction)

(mass fraction)

S1

5

0.005

0.015

2

0

S2

3

0.01

0.030

1.53

0

S3

∞

0.0013

0.015

0.71

0.001

Rich streams

∆ymin=0.001
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Example 4.1
Stream data
R

yS

yT

(kg/s)

(mass fraction)

(mass fraction)

R1

2

0.005

0.0010

R2

4

0.005

0.0025

R3

3.5

0.011

0.0025

R4

1.5

0.010

0.0050

R5

0.5

0.008

0.0025

Lean streams

Lc

xS

xT

(kg/s)

(mass fraction)

(mass fraction)

S1

1.8

0.0017

S2

1

S3

∞

Rich streams

m

b

0.0071

1.2

0

0.0025

0.0085

1

0

0

0.017

0.5

0

∆ymin=0.0005

Equipment data (Costs from Peters and Timmerhaus, 1991)
Column capital cost
Shell cost (installed)

USD 618 M0.66 (M in kg)

Packing

2.54 mm Raschig rings
Kya= 2 kg ammonia m3 s-1
ρm=7833 kg m-3

Pi=345 kPa
J=0.8
F=135 N mm-2
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Example 4.2
Adapted from el Halwagi (1997).
Stream data
R

yS

yT

Density

(kg/s)

(mass fraction)

(mass fraction)

(kg m-3)

R1

2

0.050

0.010

1000

R2

1

0.030

0.006

1000

Lean streams

Lc

xS

xT

(kg/s)

(mass fraction)

(mass fraction)

S1

5

0.005

0.015

2

0

880

S2

3

0.01

0.030

1.53

0

930

S3

∞

0.0013

0.015

0.71

0.001

830

Rich streams

∆ymin=0.001

Equipment data (Costs from Coulson et al., 1993)
Column capital cost
Shell cost (installed)

USD 9050 V0.6 (V in m3)
τ= 10 minutes per stage

100% tray efficiency

157

m

b

Density
(kg m-3)

Examples 5.1, 5.2 and 5.3
Adapted from El-Halwagi (1997)
Stream data
R

yS

yT

Density

(kg/s)

(mass fraction)

(mass fraction)

(kg m-3)

R1

2

0.050

0.010

1000

R2

1

0.030

0.006

1000

Rich streams

Lean
streams

Lc

xS

xT

m

b

Cost

Density
-3

(kg m )

(USD kg-1)

0

880

0

1.53

0

930

0

0.71

0.001

830

0.01

(kg/s)

(mass fraction)

(mass fraction)

S1

5

0.005

0.015

2

S2

3

0.01

0.030

S3

∞

0.0013

0.015

Operation: 8150 hrs/yr

Equipment data for Example 5.1, 5.2 and 5.3 (Costs from Coulson et al., 1993)
Column capital cost
Exchanger cost (installed)

USD 9050 V0.6 (V in m3)
τ= 10 minutes per stage

100% tray efficiency
annualisation factor. 0.2
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Example 5.4
Papalexandri et al. (1994).
Stream data
R

yS

yT

(kg/s)

(mass fraction)

(mass fraction)

R1

0.25

0.13

0.1

R2

0.1

0.06

0.02

Rich
streams

Lc

xS

xT

(kg/s)

(mass fraction)

(mass fraction)

S1

∞

0.03

0.07

0.734

0.001

58,680

S2

∞

0.001

0.02

0.148

0.013

704,160

Lean
streams

Equipment data (Papalexandri et al., 1994)
Column capital cost
Tray column cost (installed)

USD 4552 Nstages (USD/yr)

Packed columns:
Diameter

1m

Installed cost

4245H (USD/yr)
H=packed height (m)
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m

b

Cost
(USD/yr)/(kg/s)

Example 5.5
Adapted from El-Halwagi (1997).
Stream data
R

yS

yT

Density

(kg/s)

(mass fraction)

(mass fraction)

(kg m-3)

R1

2

0.050

0.010

1000

R2

1

0.030

0.006

1000

Rich
streams

Lean
stream
s

Lc

xS

xT

m

Density
-3

Cost

(kg m )

(USD kg-1)

0

880

0

1.53

0

930

0

0.04

0

-

0.06

(kg/s)

(mass fraction)

(mass fraction)

S1

5

0.005

0.015

2

S2

3

0.01

0.030

0

0.029

S3
∞
Operation: 8150 hrs/yr

b

Equipment data
Column capital cost
Mixer settlers (from Coulson et al., 1993)

τ=10 minutes per stage

E0=100%
Installed cost (carbon steel)

USD 9,050 V0.6 (V in m3)

Installed cost (stainless steel)

USD 18,100 V0.6 (V in m3)

Tray columns (from Peters and Timmerhaus, 1991)
0.0057 kg s-1 kg-1 exchanger for carbon steel

KWg

0.0070 kg s-1 kg-1 exchanger for stainless steel
Shell cost (carbon steel, installed)

USD 618 M0.66 (M in kg)

Shell cost (stainless steel, installed)

USD 1236 M0.66 (M in kg)

Tray costs

20% of shell
0.2 (all equipment)

Annualisation factor
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Example 6.1
Papalexandri et al. (1994).
Stream data
R

yS

yT

(kg/s)

(mass fraction)

(mass fraction)

R1

3.3

0.05

0.0015

R2

0.6

0.07

0.003

R3

1.4

0.02

0.003

R4

0.2

0.03

0.002

Rich
streams

Lc

xS

xT

(kg/s)

(mass fraction)

(mass fraction)

S1

10

0.03

0.07

0.71

0.001

58,680

S2

10

0.001

0.02

0.13

0.001

417,060

m

b

Cost

Lean
streams

Regen.

c

s

M

z

t

z

m

b

Cost
(USD/yr)/(kg/s)

(USD/yr)/(kg/s)
H1

10

0.001

0.02

1.38

0

Equipment data (Papalexandri et al., 1994)
Column capital cost
Tray column cost (installed):

USD 4,552 Nstages/yr

Packed columns:

Diameter: 1m
Installed cost: USD 4245 H /yr
H= packed height (m)
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88,020

Example 6.2
Papalexandri et al. (1994)
Stream data
R

yS

yT

(m3/s)

(kmol/m3)

(kmol/m3)

R1

0.87

1.3E-5

2.2E-7

R2

0.1

9E-6

2.2E-7

Lean
streams

Lc

xS

xT

Rich
streams

3

Cost

3

3

(m /s)

(kmol/m )

(kmol/m )

(USD/yr)/(m3/s)

S1

0.0002

0

0.1

0

S2

∞

2E-6

1E-3

8.80833E+8

S3

∞

1E-6

3E-6

9.94039E+8

R

yS

yT

KWg

(kg/s)

(mass fraction)

(mass fraction)

(kg/s)/kg exchanger

R1

10

0.03

0.005

0.008

R2

10

0.01

0.005

0.005

Lean
streams

Lc

xS

xT

(kmol/hr)

(kmol/kmol inert)

(kmol/kmol inert)

∞

0.01113

0.0747

Example 6.3
Stream data
Rich
streams

S1
ε=0.0025

Equipment data (Costs from Peters and Timmerhaus, 1991)
Column capital cost
Shell cost (installed)

USD 618 M0.66 (M in kg)

Tray cost

20% of shell
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Example 6.5
COG sweetening, a compatible multiple component example (El-Halwagi and
Manousiouthakis, 1989; Papalexandri et al., 1994; Hallale, 1998). All compositions
are given in mass fractions.
Stream data
Rich streams

R

ySH2S

YtH2S

ySCO2

ytCO2

(kg/s)

R1

0.9

0.07

0.0003

0.06

0.005

R2

0.1

0.051

0.0001

0.115

0.01

Lean
streams

Lc

xSH2S

xTH2S

xSCO2

xTCO2

(kg/s)

Cost
($/yr)/(kg/s)

S1

2.3

0.0006

0.031

0

0.171

117,360

S2

∞

0.0002

0.0035

0

0.103

176,040
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APPENDIX D: MINLP DESIGNS FOR THE
EXAMPLE PROBLEMS OF HALLALE (1998)
In this appendix MINLP designs for example problems 3.1, 3.2, 3.3, 3.4, 4.1, 5.4 and
6.2 of Hallale (1998) can be found. The solutions are summarized in Table 7. GAMS
codes of the solutions can be found in the CD-ROM supplement.

Example 3.1
[0.3]

0.004
Nth=4.52

0.005
0.005

0.01
[0.3]

0.01

Nth=5.68

[0.1938]

[0.406]

0.00984

Nth=0.59

0.02

Nth=16.59

[0.15]

0.015
Nth=6.3

0.02

R1

50

R2

60

R3

40

810.16 kmol/hr
373 kmol/hr

0.000493

1593
kmol/hr

452.2
kmol/hr

S1 0

0.000503
377.3
kmol/hr

1044
kmol/hr

6.69e-4
0.000834

30
Gi
(kmol/hr)

R4

8.6e-4
783 kmol/hr

390.3 kmol/hr

666.7
kmol/hr

0.0001856

Figure D1: MINLP design for example 3.1. The capital cost of the network, in case
the stage numbers are rounded up is USD 1,044,285. Without rounding up the stages,
the capital cost is just USD 987,354.
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Example 3.2
0.003

H=10.53 m

0.01

[0.3]
0.005

H=7.74 m
H=7.85 m

0.005

0.01

[0.3]

H=8.09 m

0.0103

[0.2116]

0.02

[0.3883]

H=2.08 m

0.015

[0.15]
4.85e-4
2783
kmol/hr

S1

Gi
(kmol/hr)

1029.8 kmol/hr

0.02

R1

50

R2

60

R3

40

R4

30

6.75e-4

6.8508e-4

4.913e-4

2e-4
703.7 kmol/hr

5e-4

7.14e-4
0.000834

Figure D2: MINLP design for example 3.2. The capital cost of the network is USD

453,302. Packed columns are used.

165

Example 3.3
[6.49e-4]
[0.062]
5.883 stages 13.85 stages
7e-2
1.02e-3

3e-4

A=0.96
1e-4

5.1e-2

S2

Lj
(kg/s)

3.3939e-2

6e-4

2e-4

R2 0.1

A=2.385

1.862 kg/s
S1

R1 0.9

A=1.42

[9.3465e-5]
[0.00499]
5.95 stages
1.3 stages
1.03e-3
A=8.65

Gi
(kg/s)

1.5043e-2

6.154e-4

3.5e-3

3.097e-2

2.208
kg/s

0.225
kg/s

Figure D3: MINLP design for example 3.3. Capital cost of the network, in case the

stage numbers are rounded up is USD 637,280.
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Example 3.4
0.549 kg/s

1 kg/s
0.01

Nth=0.271
9.045e-3

Nth=3.545

Nth=1.174

6.692-3

5.846e-3

S2

1.613e-2

2.898e-2

Nth=4.883

5e-2
0.03

R1 2

R2 1

3
kg/s

1 kg/s

1 kg/s

Nth=5.087

3.475e-2
1.375e-2

4 kg/s
S1 0.005

Nth=8.77

1.095e-2

Nth=3.709

6e-2

1.434e-2

Gi
(kg/s)

1.5e-2
7.046e-3

0.01

6.834e-3

2.998-2

5

2.22

1.624e-2

S3

1.4157e-3

4.105e-3

1.5e-2

0.704
Lj
(kg/s)

Figure D4: MINLP design for example 3.4. Capital cost of the network, in case the

stage numbers are rounded up is USD 637,000.
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Example 4.1

2 kg/s 1e-3

Gi
(kg/s)

(131)3.28 (111)

5e-3

e-3

4 kg/s

(231)

2.5e-3

3.5 kg/s

(332)

2.5e-3

1.5 kg/s

(411)

5e-3

0.5 kg/s

9.192e-3

(531)

2.5e-3

(521)

2.723
e-3

S3

0.125 kg/s

S2 1 kg/s
S1

1.038
e-2

1e-2

1.8 kg/s 1.7e-3
Lj
(kg/s)

1.1
e-2

R3
R4

8e-3

R5

2.48
kg/s

8.925e-2

0

R2

1.337 kg/s

1.929e-3

2.355
kg/s

5e-3

(331) (321)

4.869e-3

(421)

R1

1.816
e-3
5.13e-3

2.5e-3

9.07
e-3

9.215
e-3

1.7e-2

6.349e-3

8.5e-3

7.1e-3
3.606e-3

Figure D5: MINLP design for example 4.1. Capital cost of the network is USD

255,068. Packed columns are used.
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Example 5.4

0.1

(111)
Nth=0.33916

0.25 kg/s

0.13

R1

[7.5e-3]

0.02

(221)
H=0.3184m
2.389e-2

[3.8912e-4]

S1

S2

3e-2

1e-3

(211)
Nth=2.592

0.1 kg/s

0.06

R2

[3.61e-3]

0.07

4.2999e-2

0.2777 kg/s

0.02047 kg/s

2e-2

Figure D6: MINLP design for example 5.4. Capital cost of the network, in case the
stage numbers are rounded up is USD 50,279. Without rounding up the stage
numbers, the capital cost is just USD 45,415.
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Example 6.2

2.2e-7

(111)
H=0.7839m

1.3e-5

0.87 m3/s

R1

[1.11e-5]
(211)
H=0.0789

2.2e-7

0.1 m3/s

R2

[8.78e-7]

S1

1.7411e-4 m3/s

5.998e-2

6.385e-2

0
3.3921e-2

2.5883-5 m3/s

Figure D7: MINLP design for example 6.2. Capital cost of the network is USD
32,000. Packed columns are used.
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