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Introduction

This work is an outline of the Ph.D. dissertation Model Selection via Information
Criteria for Tree Models and Markov Random Fields. The dissertation consists of
three chapters. The ﬁrst one is a survey of statistical model selection problems. The
two other chapters contain the new results of the dissertation: the second chapter
is concerned with the estimation of context trees, and the third chapter addresses
the model selection problem for Markov random ﬁelds.
Each part of the dissertation is published. The three chapters correspond to three
papers. Essentially, Chapters 1, 2 and 3 are the papers (Talata, 2004), (Csiszár and
Talata, 2004b) and (Csiszár and Talata, 2004a), respectively.
This outline introduces the model selection problem in Section 2, and summarizes
the results in the literature which motivated the new results of the dissertation in
Section 3. The two new results are formulated in Sections 4 and 5, indicating the
methods of the proofs. The bibliography contains all references of the dissertation.
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The model selection problem

Let a stochastic process { Xt , t ∈ T } be given, where each Xt is a random variable
with values a ∈ A, and T is an index set. The joint distribution of the random
variables Xt , t ∈ T will be referred to as the distribution of the process and will
be denoted by Q. A model of the process determines a hypothetical distribution
of the process or a collection of hypothetical distributions. Typically, a model is
determined by a structure parameter k with values in some set K, and by a parameter
vector θk ∈ Θk ⊂ Rdk ; this model is denoted by Mθk . Given the feasible models of
the process, they can be arranged into model classes according to the structure
parameter: Mk = { Mθk , θk ∈ Θk ⊂ Rdk }. Statistical inference about the process
is drawn based on a realization { xt , t ∈ T } of the process observed in the range
Rn ⊂ T , where Rn extends with n. Thus the n’th sample is x(n) = { xt , t ∈ Rn }.
Some typical examples for processes and their models are listed below.
In the case of density function estimation, T = N and the random variables Xt ,
t ∈ N are independent and identically distributed (i.i.d.) with density function fθk .
The n’th sample is { xi , i = 1, . . . , n }.
The polynomial ﬁtting involves T ⊆ R, where T is a countable set, A = R, and
the model
Xt = θk [0] + θk [1] t + θk [2] t2 + · · · + θk [k − 1] tk−1 + Zt ,
where Zt , t ∈ T are independent random variables with normal distribution, zero
mean, unknown common variance, and θk [i] is the i’th component of the k-dimensional
parameter vector θk . Here the structure parameter k ∈ N is the degree of the polynomial θk [0] + θk [1] t + θk [2] t2 + · · · + θk [k − 1] tk−1 plus 1, and the n’th sample is
{ xt , t ∈ {t1 , . . . , tn } ⊂ T }.
The process with T = N, A = R is an autoregressive (AR) process of order k if
Xt =

k

i=1

ai Xt−i + Zt ,
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where Zt , t ∈ N are independent random variables with normal distribution, zero
mean, unknown common variance, and ai ∈ R, i = 1, . . . , k form the parameter
vector θk . Here the structure parameter k ∈ N is the number of coeﬃcients ai , and
the n’th sample is { xi , i = 1, . . . , n }.
The autoregressive moving average (ARMA) process is similar to the AR process.
In this case we have
q
p


ai Xt−i + Zt +
bj Zt−j .
Xt =
i=1

j=1

The parameter vector is θk = { a1 , . . . , ap , b1 , . . . , bq } ∈ Rp+q , and the structure
parameter k has two components: k = (p, q) ∈ N2 .
The process with T = N, |A| < ∞ is a Markov chain of order k if
Q(X1n

=

xn1 )

=

Q(X1k

=

xk1 )

n


Q(xi | xi−1
i−k ),

n ≥ k, xn1 ∈ An ,

i=k+1

with suitable transition probabilities Q( · | · ). Here xji denotes the sequence
xi , xi+1 , . . . , xj . Since for each ak1 ∈ Ak the vector { Q(a| ak1 ), a ∈ A } gives a probability distribution on A, the parameter vector θk ∈ Rdk consists of dk = (|A|−1) |A|k
transition probabilities Q(a| ak1 ), a ∈ A∗ , ak1 ∈ Ak , where |A∗ | = |A| − 1. Here the
structure parameter k ∈ N is the length of the sequence that the transitional probabilities depend on in their second argument. The n’th sample is { xi , i = 1, . . . , n }.
The AR and ARMA processes, and Markov chains are examples for the case when
the model does not determine a unique hypothetical distribution of the process. In
particular, for AR processes or Markov chains of order k the model determines only
a hypothetical conditional distribution for Xk+1 , Xk+2 , . . . given X1 , . . . , Xk .
The set K of feasible structure parameters k is an ordered or partially ordered set
with respect to the inclusion of the model classes Mk . When the model Mθk with
structure parameter k corresponds to the true distribution Q of the process, a more
complex model with (in the above sense) greater structure parameter k  may also
correspond to the distribution Q with a suitable parameter vector θk . For example,
any AR process or Markov chain of order k is also of order k  , for each k  > k. We
mean by the true model Mθ0 the minimal model among those that correspond to
the true distribution Q, that is, for which there exists no other model with the same
property that has a smaller structure parameter in the above sense. The structure
parameter of this true model will be denoted by k0 .
The model selection problem consists in estimating the true structure parameter
k0 based on the statistical observation x(n) of the process.
The term underestimation refers to the case when a smaller structure parameter
/ Θk , hence the true model
k is selected than the true one k0 . In such a case θ0 ∈
cannot be estimated accurately; the estimation of the parameter vector will involve
bias.
The term overestimation refers to the case when a greater structure parameter
k is selected than the true one k0 . In this case Mθ0 ∈ Mk0 ⊂ Mk , thus Mθ0 = Mθk
for some θk ∈ Θk , but θk has more components than θ0 , hence it is more diﬃcult
to estimate the true setting; the estimation of the parameter vector will have larger
variance.
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The dissertation treats the model selection problem using the concept of information criterion. An information criterion (IC) based on the sample x(n) assigns
a real value to each model class: IC : K × {x(n)} → R, and the estimator of k0
equals the structure parameter with the minimum value of the criterion:
k̂(x(n)) = arg min ICk (x(n)).
k∈K

3

Previous results

For various processes it has been proved that the Bayesian Information Criterion
(BIC) (Schwarz, 1978) and Minimum Description Length (MDL) criterion (Rissanen, 1978, 1983a, 1989) lead to strongly consistent estimators of the structure
parameter. This means that the minimizer of BIC or MDL over the candidate
structure parameters is equal to the true structure parameter, eventually almost
surely as the sample size n tends to inﬁnity. Here and in the sequel, “eventually
almost surely” means that with probability 1 there exists a threshold n0 (depending
on the realization { xt , t ∈ T }) such that the claim holds for all n ≥ n0 .
Consistency proofs are available for, e.g., i.i.d. processes with distributions from
exponential families (Haughton, 1988), AR processes (Hannan and Quinn, 1979),
ARMA processes (Hannan, 1980), Markov chains (Finesso, 1992) and tree models
(Willems, Shtarkov and Tjalkens, 1993, 2000).
All these proofs include the assumption that the number of candidate structure
parameters is ﬁnite, that is, there is a known prior bound on the structure parameter.
This assumption is of technical nature and it simpliﬁes the proof. However, it is
undesirable, because in practice usually there is no prior information on the structure
parameter, moreover when we have increasing amount of data, we would require to
take into account more and more complex hypothetical model classes as candidate
ones. Therefore, it is a reasonable aim to drop the assumption of prior bound on
the structure parameter.
For the Markov chain of order k, the Bayesian Information Criterion has the
following form:
BICk (xn1 ) = − log MLk (xn1 ) +

(|A| − 1)|A|k
log n,
2

where MLk denotes the maximum likelihood. Here (|A| − 1)|A|k equals the number
of parameters. For the maximum likelihood we have
MLk (xn1 ) =


ak+1
: Nn (ak+1
)≥1
1
1



Nn (ak+1
1 )
Nn (ak1 )

Nn (ak+1
)
1
,

where Nn (ak1 ) denotes the number of occurrences of ak1 ∈ Ak in the sample xn1 .
The MDL criterion can be written as
(n)

MDLk (xn1 ) = − log Pk (xn1 ) + L(k),
(n)

where Pk denotes a coding distribution tailored to the class of Markov chains
of order k, and L(k) denotes the codelength of the order k. The usual coding

3

5

PREVIOUS RESULTS

distributions are the Krichevsky – Troﬁmov (KT) (Krichevsky and Troﬁmov, 1981)
and Normalized Maximum Likelihood (NML) distributions.
The explicit form of the KT distribution of order k is

KTk (xn1 )

1
=
|A|k





Nn (ak+1
1 )−

ak+1 :Nn (ak+1
)≥1
1

Nn (ak1 ) − 1 +

ak1 :Nn (ak1 )≥1

|A|
2

1
2



Nn (ak+1
1 )−

Nn (ak1 ) − 2 +

|A|
2

3
2



···

···
|A|
2

1
2

.

The NML distribution is deﬁned as
(n)

NMLk (x(n)) = MLk (xn1 )



MLk (xn1 ) .

n
xn
1 ∈A

Shtarkov (1977) showed that the sum of maximum likelihoods MLk (xn1 ) over all
possible samples xn1 is asymptotically (as n tends to inﬁnity, with k ﬁxed) equal to
(|A| − 1)|A|k 2−1 log n. Hence, the NML version of the MDL criterion is asymptotically equivalent to the BIC, when the number of candidate orders k is ﬁnite. As the
following results indicate it, this equivalence does not hold when there is no prior
bound on the order k.
Csiszár and Shields (2000) proved that the BIC estimator of the order of Markov
chains is strongly consistent even if the assumption of the prior constant bound on
the order is dropped and based on the n’th sample xn1 all possible orders 0 ≤ k < n
are considered as candidate orders.
At the same time, Csiszár and Shields (2000) pointed out that the same result
cannot hold for the MDL estimator. Consider the i.i.d. process with uniform distribution. This process is a Markov chain of order 0. For the MDL criterion, when the
(n)
(n)
coding distribution Pk is either KTk or NMLk , and the codelength L(k) of the
order k satisﬁes L(k) = o(k), we have
k̂(xn1 ) = arg

min

0≤k≤α log n

MDLk (x(n)) → +∞

as n → ∞,

where α = 4/ log |A|. This counterexample shows that the MDL estimator fails to
be consistent when the prior bound on the order is totally dropped.
Csiszár (2002) proved strong consistency of the MDL estimator of the order of
Markov chains when the set of candidate orders is allowed to extend as the sample
size n increases, namely, the bound on the orders taken into account is o(log n) in
the KT case, and α log n with α < 1/ log |A| in the NML case. Let us observe that
these MDL estimators need no prior bound on the true order. The consistency was
proved for the MDL criterion without the term L(k), which is a stronger result.
The dissertation addresses the model selection problem for two models described
below. Strongly consistent estimators of the structure parameters will be presented.
Motivated by the above results, the number of candidate model classes will be
allowed to grow with the sample size, thus no prior bound on the structure parameter
is required.
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Context Tree Estimation for Not Necessarily
Finite Memory Processes, via BIC and MDL

For a ﬁnite set A we denote its cardinality by |A|. A string s = am am+1 . . . an (with
ai ∈ A, m ≤ i ≤ n) is denoted also by anm ; its length is l(s) = n − m + 1. The
empty string is denoted by ∅, its length is l(∅) = 0. The concatenation of the
strings u and v is denoted by uv. We say that a string v is a postﬁx of a string
s, denoted by s  v, when there exists a string u such that s = uv. For a proper
postﬁx, that is, when s = v, we write s v. A postﬁx of a semi-inﬁnite sequence
more often
a−1
−∞ = . . . a−k . . . a−1 is deﬁned similarly. Note that in the literature
denotes the preﬁx relation.
A set T of strings, and perhaps also of semi-inﬁnite sequences, is called a tree if
no s1 ∈ T is a postﬁx of any other s2 ∈ T .
Each string s = ak1 ∈ T is visualized as a path from a leaf to the root (drawn
with the root at the top), consisting of k edges labeled by the symbols a1 . . . ak . A
semi-inﬁnite sequence a−1
−∞ ∈ T is visualized as an inﬁnite path to the root. The
strings s ∈ T are identiﬁed also with the leaves of the tree T , the leaf s is the leaf
connected with the root by the path visualizing s as above. Similarly, the nodes of
the tree T are identiﬁed with the ﬁnite postﬁxes of all (ﬁnite or inﬁnite) s ∈ T , the
root being identiﬁed with the empty string ∅. The children of a node s are those
strings as, a ∈ A, that are themselves nodes, that is, postﬁxes of some s ∈ T .
The tree T is complete if each node except the leaves has exactly |A| children.
A weaker property we shall need is irreducibility, which means that no s ∈ T can
be replaced by a proper postﬁx without violating the tree property. The family of
irreducible trees will be denoted by I.
We write T2  T1 for two trees T1 and T2 , when each s2 ∈ T2 has a postﬁx
s1 ∈ T1 , and each s1 ∈ T1 is a postﬁx of some s2 ∈ T2 . When we insist on T2 = T1 ,
we write T2 T1 .
Denote d(T ) the depth of the tree T : d(T ) = max{ l(s), s ∈ T }. Let T K
denote the tree T pruned at level K:
(1)
T K = { s : s ∈ T with l(s ) ≤ K or s is a K -length postﬁx of some s ∈ T }.
Consider a stationary ergodic stochastic process { Xi , −∞ < i < +∞ } with
ﬁnite alphabet A. Write
n
Q(anm ) = Prob{ Xm
= anm },

and, if s ∈ Ak has Q(s) > 0, write
−1
= s }.
Q(a| s) = Prob{ X0 = a | X−k

A process as above will be referred to as process Q.
Deﬁnition 4.1. A string s ∈ Ak is a context for a process Q if Q(s) > 0 and
−1
= x−1
Prob{ X0 = a | X−∞
−∞ } = Q(a| s),

for all a ∈ A,
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whenever s is a postﬁx of the semi-inﬁnite sequence x−1
−∞ , and no proper postﬁx of s
has this property. An inﬁnite context is a semi-inﬁnite sequence x−1
−∞ whose postﬁxes
−1
x−k , k = 1, 2, . . . are of positive probability but none of them is a context.
Clearly, the set of all contexts is a tree. It will be called the context tree T0 of
the process Q.
Remark 4.2. The context tree T0 has to be complete if Q(s) > 0 for all strings
s. In general, for each node s of the context tree T0 , exactly those as, a ∈ A, are
the children of s for which Q(as) > 0. Moreover, Deﬁnition 4.1 implies that always

T0 ∈ I.
When the context tree has depth d(T0 ) = k0 < ∞, the process Q is a Markov
chain of order k0 . In this case the context tree leads to a parsimonious description
of the process, because a collection of (|A| − 1)|T0 | transition probabilities suﬃces
to describe the process, instead of (|A| − 1)|A|k0 ones. Note that the context tree of
an i.i.d. process consists of the root ∅ only, thus |T0 | = 1.
Example 4.3. (Renewal Process). Let A = {0, 1} and suppose that the distances
this distance
between the occurrences of 1’s are i.i.d. Denote pj the probability that
j−1
k−1
is j, that is, pj = Q(10 1). Then for k ≥ 1 we have Q(10 ) = ∞
i=k pi  qk ,
k−1
Qk = Q(1| 10 ) = pk /qk . Let Q0 = Q(1)  q0 . Denote k0 the smallest integer
such that Qk is constant for k ≥ k0 with qk > 0, or k = ∞ if no such integer exists.
Then the contexts are the strings 10i−1 , i ≤ k0 , and the string 0k0 (if k0 < ∞) or

the semi-inﬁnite sequence 0∞ (if k0 = ∞), see Fig. 1.
u
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@e
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@e
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Figure 1: Context tree of a renewal process. (a) k0 = 3. (b) k0 = ∞.
In the dissertation, we are concerned with the statistical estimation of the context
tree T0 from the sample xn1 , a realization of X1n . We demand strongly consistent
estimation. We mean by this in the case d(T0 ) < ∞ that the estimated context tree
equals T0 eventually almost surely as n → ∞, while otherwise that the estimated
context tree pruned at any ﬁxed level K equals T0 K eventually almost surely as
n → ∞, see (1). Here and in the sequel, “eventually almost surely” means that
with probability 1 there exists a threshold n0 (depending on the doubly inﬁnite
realization x∞
−∞ ) such that the claim holds for all n ≥ n0 .
Let Nn (s, a) denote the number of occurrences of the string s ∈ Al(s) followed by
the letter a ∈ A in the sample xn1 , where s is supposed to be of length at most log n,
and – for technical reason – only the letters in positions i > log n are considered:


i−1
Nn (s, a) = i : log n < i ≤ n, xi−l(s) = s, xi = a .
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Logarithms are to the base e. The number of such occurrences of s is denoted by
Nn (s):


Nn (s) = i : log n < i ≤ n, xi−1
=
s
.
i−l(s)
Given a sample xn1 , a feasible tree is any tree T of depth d(T ) ≤ log n such
that Nn (s) ≥ 1 for all s ∈ T , and each string s with Nn (s ) ≥ 1 is either a postﬁx
of some s ∈ T or has a postﬁx s ∈ T . A feasible tree T is called r-frequent if
Nn (s) ≥ r for all s ∈ T . The family of all feasible respectively r-frequent trees is
denoted by F1 (xn1 ) respectively Fr (xn1 ).
Clearly,


Nn (s, a) = Nn (s), and
Nn (s) = n − log n
a∈A

s∈T

for any feasible tree T . Regarding such a tree T as a hypothetical context tree, the
probability of the sample xn1 can be written as

log n
Q(xn1 ) = Q(x1
)
Q(a| s)Nn (s,a) .
s∈T , a∈A

With some abuse of terminology, for a hypothetical context tree T ∈ F1 (xn1 ) we
deﬁne the maximum likelihood MLT (xn1 ) as the maximum in Q(a| s) of the second
factor above. Then

Nn (s, a)
Nn (s, a) log
.
log MLT (xn1 ) =
N
n (s)
s∈T , a∈A
We investigate two information criteria to estimate T0 , both motivated by the
MDL principle. An information criterion assigns a score to each hypothetical model
(here, context tree) based on the sample, and the estimator will be that model whose
score is minimal.
Deﬁnition 4.4. Given a sample xn1 , the BIC for a feasible tree T is
(|A| − 1)|T |
log n.
2
Remark 4.5. Characteristic for BIC is the “penalty term” half the number of free
parameters times log n. Here, a process Q with context tree T is described by the
conditional probabilities Q(a| s), a ∈ A, s ∈ T , and (|A| − 1)|T | of these are free
parameters when the tree T is complete. On the other hand, for a process with
an incomplete context tree, the probabilities of certain strings must be 0, hence
the number of free parameters is typically smaller than (|A| − 1)|T | when T is not
complete. Thus, Deﬁnition 4.4 involves a slight abuse of terminology. We note that
replacing (|A| − 1)/2 in Deﬁnition 4.4 by any c > 0 would not aﬀect the results
below and their proofs.

BICT (xn1 ) = − log MLT (xn1 ) +

It is known (Csiszár and Shields, 2000) that for estimating the order of Markov
chains, the BIC estimator is consistent without any restriction on the hypothetical
orders. The Theorem below does need a bound on the depth of the hypothetical
context trees. Still, as this bound grows with the sample size n, no a priori bound
on the size of the unknown T0 is required, in fact, even d(T0 ) = ∞ is allowed. Note
also that the presence of this bound decreases computational complexity.

4
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Theorem 4.6. In the case d(T0 ) < ∞, the BIC estimator
TBIC (xn1 ) = arg

T

min

∈F1 (xn
1 )∩I, d(T

)≤D(n)

BICT (xn1 )

with D(n) = o(log n), satisﬁes
TBIC (xn1 ) = T0
eventually almost surely as n → ∞.
In general case, the BIC estimator
TBIC (xn1 ) = arg

min

T ∈Fnα (xn
1 )∩I, d(T )≤D(n)

BICT (xn1 )

with D(n) = o(log n) and arbitrary 0 < α < 1, satisﬁes for any constant K
TBIC (xn1 )

K

= T0

K

eventually almost surely as n → ∞.
Proof of Theorems 4.6 and 4.9. The proofs of this and the next Theorems are based
on the large-scale typicality results on Markov chains (Csiszár, 2000).
Remark 4.7. Here and in Theorem 4.9 below, the indicated minimum is certainly
attained, as the number of feasible trees is ﬁnite, but the minimizer is not necessarily
unique; in that case, either minimizer can be taken as arg min.

The other information criterion we consider is the Krichevsky – Troﬁmov codelength (see (Krichevsky and Troﬁmov, 1981), (Willems, Shtarkov and Tjalkens,
1995)). Note that a code with length-function equal to KTT (xn1 ) below minimizes
the worst case average redundancy, up to an additive constant, for the class of
processes with context tree T .
Deﬁnition 4.8. Given a sample xn1 , the KT criterion for a feasible tree T is
KTT (xn1 ) = − log PKT,T (xn1 ),
where
PKT,T (xn1 ) =

1
|A|log n


s∈T




a:Nn (s,a)≥1

Nn (s, a) −

Nn (s) − 1 +

|A|
2

1
2



Nn (s, a) −

Nn (s) − 2 +

|A|
2

3
2



···

···

1
2

|A|
2

is the KT-probability of xn1 corresponding to T .
For estimating the order of Markov chains, the consistency of the KT estimator
has been proved when the hypothetical orders are o(log n) (Csiszár, 2002), while
without any bound on the order, or with a bound equal to a suﬃciently large constant
times log n, a counterexample to its consistency is known (Csiszár and Shields, 2000).
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Theorem 4.9. In the case d(T0 ) < ∞, the KT estimator
TKT (xn1 ) = arg
with D(n) = o(log n), satisﬁes

min

T ∈F1 (xn
1 )∩I, d(T )≤D(n)

KTT (xn1 )

TKT (xn1 ) = T0

eventually almost surely as n → ∞.
In general case, the KT estimator
TKT (xn1 ) = arg

min

T ∈Fnα (xn
1 )∩I, d(T )≤D(n)

KTT (xn1 )

with D(n) = o(log n) and arbitrary 1/2 < α < 1, satisﬁes for any constant K
TKT (xn1 )

K

= T0

K

eventually almost surely as n → ∞.
Remark 4.10. Strictly speaking, the MDL principle would require to minimize the
“codelength” KTT (xn1 ) incremented by an additional term, the “codelength of T ”
(called the cost of T in (Willems, Shtarkov and Tjalkens, 1995)). This additional
term is omitted, since this does not aﬀect the consistency result.

In practice, it is unfeasible to calculate estimators via computing the value of an
information criterion for each model, since the number of the hypothetical context
trees is very large. However, the algorithms in the dissertation admit ﬁnding the
considered estimators with practical computational complexity.
As usual, see (Baron and Bresler, 2004), (Martı́n, Seroussi and Weinberger,
2004), we assume that the computations are done in registers of size O(log n).
We consider both oﬀ-line and on-line methods. Note that on-line calculation of
the estimator is useful when the sample size is not ﬁxed but we keep sampling until
the estimator becomes “stable”, say it remains constant when the sample size is
doubled.
Theorem 4.11. The number of computations needed to determine the BIC estimator and the KT estimator in Theorems 4.6 and 4.9 for a given sample xn1 is O(n),
and this can be achieved storing O(nε ) data, where ε > 0 is arbitrary.
Theorem 4.12. Given a sample xn1 , the number of computations needed to determine the KT estimator in Theorem 4.9 simultaneously for all subsamples xi1 , i ≤ n,
is o(n log n), and this can be achieved storing O(nε ) data at any time, where ε > 0
is arbitrary.
The same holds for the BIC estimator in Theorem 4.6 with a slightly modiﬁed
deﬁnition of BIC. Namely, let km , m ∈ N denote the smallest integer k satisfying
D(k) = m, and replace n in the penalty term in Deﬁnition 4.4 by the smallest
member of the sequence {km } larger than n.
Proof of Theorems 4.11 and 4.12. These Theorems are proved using an extension
of the Context Tree Maximizing (CTM) method of Willems, Shtarkov and Tjalkens
(1993, 2000).
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5

Consistent Estimation of the Basic Neighborhood of Markov Random Fields

We consider the d-dimensional lattice Zd . The points i ∈ Zd are called sites, and i
denotes the maximum norm of i, that is, the maximum of the absolute values of the
coordinates of i. The cardinality of a ﬁnite set ∆ is denoted by |∆|. The notations
⊆ and ⊂ of inclusion and strict inclusion are distinguished in the dissertation.
A random ﬁeld is a family of random variables indexed by the sites of the lattice,
{ X(i) : i ∈ Zd }, where each X(i) is a random variable with values in a ﬁnite set
A. For ∆ ⊆ Zd , a region of the lattice, we write X(∆) = { X(i) : i ∈ ∆ }. For the
realizations of X(∆) we use the notation a(∆) = { a(i) ∈ A : i ∈ ∆ }. When ∆ is
ﬁnite, the |∆|-tuples a(∆) ∈ A∆ will be referred to as blocks.
The joint distribution of the random variables X(i) is denoted by Q. We assume
that its ﬁnite dimensional marginals are strictly positive, that is,
Q(a(∆)) = Prob{ X(∆) = a(∆) } > 0

for ∆ ⊂ Zd ﬁnite, a(∆) ∈ A∆ .

The last standard assumption admits unambiguous deﬁnition of the conditional
probabilities
Q(a(∆)| a(Φ)) = Prob{ X(∆) = a(∆) | X(Φ) = a(Φ) }
for all disjoint ﬁnite regions ∆ and Φ.
By a neighborhood Γ (of the origin 0) we mean a ﬁnite, central-symmetric set
of sites with 0 ∈
/ Γ. Its radius is r(Γ) = maxi∈Γ i. For any ∆ ⊆ Zd , its translate
when 0 is translated to i is denoted by ∆i . The translate Γi of a neighborhood Γ
(of the origin) will be called the Γ-neighborhood of the site i, see Fig.2.
A Markov random ﬁeld is a random ﬁeld as above such that there exists a
neighborhood Γ, called a Markov neighborhood, satisfying for every i ∈ Zd
(2)

Q(a(i)| a(∆i )) = Q(a(i)| a(Γi )) if ∆ ⊃ Γ, 0 ∈
/ ∆,

where the last conditional probability is translation invariant.
This concept is equivalent to that of a Gibbs ﬁeld with a ﬁnite range interaction,
see Georgii (1988). Motivated by this fact, the matrix


QΓ = QΓ (a| a(Γ)) : a ∈ A, a(Γ) ∈ AΓ
specifying the (positive, translation invariant) conditional probabilities in (2) will
d
be called one-point speciﬁcation. All distributions on AZ that satisfy (2) with a
given conditional probability matrix QΓ are called Gibbs distributions with onepoint speciﬁcation QΓ . The distribution Q of the given Markov random ﬁeld is one
of these; Q is not necessarily translation invariant.
The following lemma summarizes some well-known facts.
Lemma 5.1. For a Markov random ﬁeld on the lattice as above, there exists a
neighborhood Γ0 such that the Markov neighborhoods are exactly those that contain
Γ0 . Moreover, the global Markov property
Q(a(∆)| a(Zd \ ∆)) = Q(a(∆)| a(∪i∈∆ Γi0 \ ∆))
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holds for each ﬁnite region ∆ ⊂ Zd . These conditional probabilities are translation
invariant and uniquely determined by the one-point speciﬁcation QΓ0 .
The smallest Markov neighborhood Γ0 of Lemma 5.1 will be called the basic
neighborhood. The minimal element of the corresponding one-point speciﬁcation
matrix QΓ0 is denoted by qmin :
qmin =

min

a∈A, a(Γ0 )∈AΓ0

QΓ0 (a| a(Γ0 )) > 0.

In the dissertation, we are concerned with the statistical estimation of the basic
neighborhood Γ0 from observing a realization of the Markov random ﬁeld on an
increasing sequence of ﬁnite regions Λn ⊂ Zd , n ∈ N; thus the n’th sample is x(Λn ).
We will draw the statistical inference about a possible basic neighborhood Γ
based on the blocks a(Γ) ∈ AΓ appearing in the sample x(Λn ). For technical reason,
we will consider only such blocks whose center is in a subregion Λ̄n of Λn , consisting
1
of those sites i ∈ Λn for which the ball with center i and radius log 2d |Λn | also
belongs to Λn :




1
Λ̄n = i ∈ Λn : j ∈ Zd : i − j ≤ log 2d |Λn | ⊆ Λn ,
see Fig.2. Logarithms are to the base e. Our only assumptions about the sample
regions Λn will be that

Λ1 ⊂ Λ2 ⊂ . . . ; |Λn | Λ̄n → 1.
q q
q q
q q
Λn X
XXX q q
z q q
X
Λ̄n X
XXX qq qq
XXX
q zq
q q
q q
q q
q q
1
log 2d |Λn | 6 q q
?

q
q
q
q
q
q
q
q
q
q
q
q
q

q
q
q
q
q
q
q
q
q
q
q
q
q

q
q
q
q
q
q
q
q
q
q
q
q
q

q
q
q
q
q
q
q
q
q
q
q
q
q

q
q
q
q
q
q
q
q
q
q
q
q
q

q
q
q
q
q
q
q
q
q
q
q
q
q

q
q
q
q
q
q
q
q
q
q
q
q
q

q q q q q q q q
q q q q q q q q
i
 Γ
q q q q q q q q


q q q q q qq q 
q qqqq q q
q 
 i
9
q q q q q q q 
q
q q q qqqq q
9

q qq q q q q
q h
q q q q q q q q
6r(Γ)
q q q q q q q q
?
q q q q q q q q
q q q q q q q q
q q q q q q q q

Figure 2: The Γ-neighborhood of the site i, and the sample region Λn .
For each block a(Γ) ∈ AΓ , let Nn (a(Γ)) denote the number of occurrences of the
block a(Γ) in the sample x(Λn ) with the center in Λ̄n :


Nn (a(Γ)) = i ∈ Λ̄n : Γi ⊆ Λn , x(Γi ) = a(Γ) .
The blocks corresponding to Γ-neighborhoods completed with their centers, will be
denoted brieﬂy by a(Γ, 0). Similarly as above, for each a(Γ, 0) ∈ AΓ∪{0} we write


Nn (a(Γ, 0)) = i ∈ Λ̄n : Γi ⊆ Λn , x(Γi ∪ {i}) = a(Γ, 0) .
The notation a(Γ, 0) ∈ x(Λn ) will mean that Nn (a(Γ, 0)) ≥ 1.
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The restriction Γi ⊆ Λn in the above deﬁnitions is automatically satisﬁed if
1
r(Γ) ≤ log 2d |Λn |. Hence, the same number of blocks is taken into account for all
neighborhoods, except for very large ones:

1
Nn (a(Γ)) = Λ̄n , if r(Γ) ≤ log 2d |Λn |.
a(Γ)∈AΓ

For Markov random ﬁelds, the likelihood function cannot be explicitly determined. We shall use instead the pseudo-likelihood deﬁned below.
Given the sample x(Λn ), the pseudo-likelihood function associated with a neighborhood Γ is the following function of a matrix QΓ regarded as the one-point speciﬁcation of a hypothetical Markov random ﬁeld for which Γ is a Markov neighborhood:


PLΓ (x(Λn ), QΓ ) =
QΓ (x(i)| x(Γi )) =
QΓ (a(0)| a(Γ))Nn (a(Γ,0)) .
a(Γ,0)∈x(Λn )

i∈Λ̄n

We note that not all matrices QΓ satisfying

QΓ (a(0)| a(Γ)) = 1,

a(Γ) ∈ AΓ

a∈A

are possible one-point speciﬁcations, the elements of a one-point speciﬁcation matrix
have to satisfy several algebraic relations not entered here. Still, we deﬁne the
pseudo-likelihood also for QΓ not satisfying those relations, even admitting some
elements of QΓ to be 0.
.
The maximum of this pseudo-likelihood is attained for QΓ (a(0)| a(Γ)) = NNnn(a(Γ,0))
(a(Γ))
Thus, given the sample x(Λn ), the logarithm of the maximum pseudo-likelihood for
the neighborhood Γ is
log MPLΓ (x(Λn )) =


a(Γ,0)∈x(Λn )

Nn (a(Γ, 0)) log

Nn (a(Γ, 0))
.
Nn (a(Γ))

Now we are able to formalize a criterion to the analogy of the Bayesian Information Criterion that can be calculated from the sample.
Deﬁnition 5.2. Given a sample x(Λn ), the Pseudo-Bayesian Information Criterion,
shortly PIC, for the neighborhood Γ is
PICΓ (x(Λn )) = − log MPLΓ (x(Λn )) + |A||Γ| log |Λn | .
Remark 5.3. In our penalty term, the number |A||Γ| of possible blocks a(Γ) ∈ AΓ
replaces “half the number of free parameters” appearing in BIC, for which number
no simple formula is available. Note that our results remain valid, with the same
proofs, if the above penalty term is multiplied by any c > 0.

The PIC estimator of the basic neighborhood Γ0 is deﬁned as that hypothetical
Γ for which the value of the criterion is minimal. An important feature of our
estimator is that the family of hypothetical Γ’s is allowed to extend as n → ∞, thus
no a priori upper bound for the size of the unknown Γ0 is needed. Our main result
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says the PIC estimator is strongly consistent if the hypothetical Γ’s are those with
r(Γ) ≤ rn , where rn grows suﬃciently slowly.
We mean by strong consistency that the estimated basic neighborhood equals
Γ0 eventually almost surely as n → ∞. Here and in the sequel, “eventually almost
surely” means that with probability 1 there exists a threshold n0 (depending on the
inﬁnite realization x(Zd )) such that the claim holds for all n ≥ n0 .
Theorem 5.4. The PIC-estimator
PIC (x(Λn )) = arg
Γ
with

min

Γ: r(Γ)≤rn

PICΓ (x(Λn )),

1

rn = o log 2d |Λn | ,
satisﬁes

PIC (x(Λn )) = Γ0 ,
Γ

eventually almost surely as n → ∞.
Proof. The no overestimation part of this Theorem is proved using Besag’s “coding
technique” (Besag, 1974) and large deviations arguments. The no underestimation
part is proved via an entropy argument.
Remark 5.5. Actually, the assertion will be proved for rn equal to a constant times
1
log 2d Λ̄n . However, as this constant depends on the unknown distribution Q, the
consistency can be guaranteed only when
1

rn = o log 2d Λ̄n

1

= o log 2d |Λn | .

It remains open whether consistency holds when the hypothetical neighborhoods are
allowed to grow faster, or even without any condition on the hypothetical neighborhoods.
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