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ABSTRACT

This paper addresses new algorithms for motion planning of walking robots if they are given by
stratified holonomic and nonholonomic kinematic models. The mathematical details for general
stratified systems are investigated in [1], [2], [3], [4]. The main motivation of our concept is
to complete motion planning algorithms that are able to avoid obstacles in the configuration
space of walking robots. The proposed methods achieve this goal by leading the robot along a
decomposed reference trajectory. Although the reference trajectory should still be restricted, it
can be used to obstacle avoidance. The algorithms are demonstrated on an illustrative example
of the hexapod robot.

1 INTRODUCTION

Motion planning (MP) of walking robots belongs to an active research area in robotics. In
general, motion planning algorithms (MPA) aim to determine open loop control that steers the
system from an initial state to a desired final state.
The main challenge for walking robots is that they are not smooth but stratified systems. It
means that intermittent constraints affect the system. The constraints are represented by legs
contacting the terrain. Different combinations of constraints (i.e. different combinations of
contacting legs) define different submanifolds (strata), each of them is equipped with different
equations of motion. The phenomena reveals generally nonsmooth equations of motion if one
regards the entire system. The system having this property is called stratified system. The
method reported in [5] offers a basic approach to solve the point to point MPP for stratified
systems. However, it is not able to avoid obstacles.
We propose two methods to overcome the obstacle avoidance problem. The first method can
be applied if the robot model is holonomic. Those stratified systems are considered here which
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have as many independent moving on vector fields as many the dimension of configuration
space of the bottom stratified system. This condition leads to holonomic stratified system i.e.
to a system having a bottom stratified system (BSS) composed by holonomic (involutive) sub-
systems [2]. First, the completely involutive representations (CIR) will be considered which
are derived from the bottom stratified system. For a CIR, we define a type of trajectories called
decomposed trajectories which can be followed by the stratified system.
The second technique solves also partly the trajectory tracking problem for nonholonomic strat-
ified systems satisfying the not too strict condition of DLARC. The new technique establishes
the notion of Decomposed Nonholonomic Representation (DNR) playing central role in the
approach. Its structure is associated also to decomposed reference trajectories.
The paper is organized as follows. The section 2 suggests some new notions and proposes the
holonomic stratified MPA that steers a walking robot along decomposed trajectory mentioned
above. The section 3 adopts the technique for nonholonomic model. The results of MP methods
are also shown on hexapod robot (Figure 2) in section 4.

2 HOLONOMIC STRATIFIED MP

The stratified MP reported in [5] provides an algorithm for reaching a desired final point based
on the results of [6]. However, it is not possible to plan precise trajectory between the initial and
final points. In fact, one can not say in design phase where the system can be found at a given
time. In this section, the method is generalized in order to lead a system to a special reference
trajectory called decomposed trajectory. The mathematical details (exact definitions and proofs)
can be found in [3] and [4]. It is assumed that the stratified system system is holonomic. Let C0

be the configuration space of the bottom stratified system.

Definition 1. A stratified controllable system is said to be holonomic if it is possible to find
n = dim(C0) independent moving on vector fields.

In the sequel, a MP algorithm is proposed for stratified holonomic system. Let us start our dis-
cussion from the bottom stratified system (BSS) [5]. The subdistribution 4J(k)

i or 4i(J(k))is
extensively used in the following which is spanned by the J(k) vector fields of ith stratum
where J(k) is a multi-index with length k. All the vector fields are considered in the bottom
stratum. Based on this, 4J(k1;:::;kl)

I(l)
defines a sequence of subdistributions such that multi-index

I(l) points out the strata related to l multi-indices J(k1; : : : ; kl) = (Jk1 ; : : : ; Jkl
). The vector

fields selected in this way will be called the generators of distributions, e.g. gen(4i(Jk)) de-
notes k vector fields which spanned the distribution. In strict sense, only vector fields define
distributions and a distribution does not define vector fields uniquely. However, in our context,
a distribution is always related to explicite vector fields which enables to define its genera-
tor uniquely. The independent core of a distribution with respect to others is represented by
the generators of the distribution which are independent from the generators of other distribu-
tions. Then, core(4i;4(k1; : : : ; kl)) denotes the set of all independent cores of 4i in respect
to 4(k1; : : : ; kl). Let ~4ij(Jkj

) denote the distributions of 4J(k1;:::;kl)

I(l)
which does not contain

4j(Jkj
). We use the notation 4

j
(Jkj

) (as for involutive interior) if 4j(Jkj
) is involutive.

Definition 2. Consider a BSS span(41; : : : ;4s) = TxC0. and let x(0) 2 C0 and x(T ) 2 C0,
T > 0 i.e. two arbitrary points in the configuration space of BSS. Let s be the number of strata in
the BSS and consider a sequence of involutive interiors4J(k1;:::;kl)

I(l)
= f4

i1
(Jk1); : : : ;4il

(Jkl
)g

ij � s; 1 � j � l such that 4
ij
(Jkj

) are nonsingular, each involutive interiors 4
ij
(Jkj

) has

independent core with respect to others, i.e. core(4
ij
(Jkj

); ~4
ij
(Jkj

)) 6= f;g, and there exists



a trajectory x(t) between x(0) and x(T ) and a sequence of time intervals t = ft1; : : : tlg such
that

Pl

z=1 tz = T , _x(t) 2 4
i1
(Jk1)(x(t)) if t < t1, and _x(t) 2 4

ij
(Jkj

)(x(t)); 1 < j � l

if
Pj�1

z=1 tz � t <
Pj

z=1 tz. Then 4J(k1;:::;kl)

I(l)
is called a completely involutive representation

(CIR) of BSS and the trajectory mentioned above is said to be decomposed trajectory.

Decomposed trajectory defined in the definition 2 goes through slices from x(0) until it reaches
x(T ) as illustrated in Figure 1. In other words, the trajectory starts from the initial state and
develops on integral submanifold defined from Si1 in the first time interval. Then, the system
switches onto a slice derived from Si2 , when t1 � t < t1 + t2 and so on. (We use the term
slice instead of stratum to emphasize that all the vector fields are considered now in the bottom
stratum and some vector fields of a stratum may be omitted.) The aim of the new approach is to
avoid obstacles in strata. For, one can use the next theorem.

Theorem 1. A completely involutive representation of BSS can be steered along arbitrary de-
composed trajectory between x(0) and x(T ) if the decomposition is defined by the involutive
interiors of the CIR.

Let us discover now the improvements provided by the theorem. If the stratified system is
holonomic and controllable then one may find n independent moving on vector fields (n is the
dimension of the bottom stratum in this case). The vector fields can be bundled in a way such
that neighboring vector fields belong to the same stratum and they define eventually a sequence
of involutive subdistributions (involutive interiors) instead of a sequence of single vector fields.
Now, if one carries out a conventional stratified MP (see Goodwine [5]) then a sequence of flows
is attained between the initial and final state. At this moment, the theorem 1 can be applied. As
a result, one may modify the subtrajectories between the basis points i.e. between the points
which are related to strata boundaries in the trajectory. It is especially worth to do if trajectory
goes through an obstacle. However, the basis points should be produced still by the conventional
stratified MPA so they can not be changed. It is easy to see that the obstacle avoidance problem
can be solved by trajectory modification unless the basis point coincides with obstacle.

3 NONHOLONOMIC STRATIFIED MP

In this section, a stratified nonholonomic MP is introduced which improves the properties of
conventional stratified approach [5]. The new algorithm aims to overcome the obstacle avoid-
ance problem as occured in section 2, however for nonholonomic stratified models. The concept
proposed here extensively applies the results of smooth nonholonomic MPA based on highly os-
cillatory sequences [7]. More details (exact definitions and proofs) about the proposed method
can be found in [8], [1]. Some notations are used from the previous section. The method in the
sequel investigates MPP to stratified controllable systems that are nonholonomic.

Definition 3. A stratified controllable system is said to be nonholonomic stratified system (NSS)
if it is not possible to find n = dim(C0) independent moving on vector fields from the BSS.

The main difficulties come from stratifaction and nonholonomity. Nonholonomity requires
extra constructions such as Lie brackets, while stratifaction forbids to use arbitrary combination
of vector fields, since some vector fields may be defined in different subsystems on different
strata and one can establish a connection between them only by switching. The involutive
closure of 4 is denoted by �4 and the function pgen( �4) provides the P. Hall basis or generators
of �4. Now, one can define the central notion of the nonholonomic stratified MP.



Definition 4. Consider a BSS and let s be the number of strata in the BSS. The sequence of
involutive closures �4I(l) = f �4i1; : : : ;

�4ilg, ij � s; 1 � j � l; l � s is said to be a Decoupled
Nonholonomic Representation (DNR) of the BSS.

The set of generators of all the 4ij are the fundamental generators of DNR while the set of P.
Hall generators of all �4ij are called extended generators of DNR. The extended generators of
a DNR can not be produced by coupled Lie brackets, i.e. Lie brackets which are generated by
vector fields of different strata. If
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j=1
�4ij = TxC0 then DNR satisfies the Decomposed Lie

Algebra Rank Condition (DLARC). This paper is concerned with NSS whose BSS has a DNR
satisfying DLARC. A strict but sufficient condition can be stated now for the DLARC.

Proposition 1. Consider the set of involutive closures ( �41; : : : ;
�4s): If it is possible to find n

independent P. Hall generators from it then there exists DNR of BSS which satisfies DLARC.

Similarly to previous section, it is possible to define decomposed trajectory which is realated
now to DNR. If a system can be steered from initial state to desired state along decomposed
trajectory then DNR is decomposed controllable. There exist a weaker definition of decom-
posed controllability. A DNR of BSS is said to be weakly decomposed controllable if there
exists a sequence of input uj,j ! 1 that implies a sequence of trajectories x

j(t) which con-
verges to a decomposed trajectory xdec(t) along �4I(l) between any xI = xdec(0), xF = xdec(T ),
xI ; xF 2 C0 such that k xF � x

1(T ) k< � if k xF � xI k< dcr where dcr is a sufficiently small
number for a given �. The x

1(t) is denoted by ~xdec(t) and said to be the approximation of the
decomposed trajectory xdec(t).

Theorem 2. If a DNR �4I(l) = f �4i1; : : : ;
�4ilg; ij � s; 1 � j � l; l � s is decomposed

controllable then it satisfies the DLARC.

Theorem 3. If �4I(l) = f �4i1; : : : ;
�4ilg; ij � s; 1 � j � l; l � s satisfies DLARC then �4I(l)

is weakly decomposed controllable.
Sketch of Proof. It can be shown that DLARC implies g1; : : : ; gn P. Hall generators which span
the tangent space of C0. It allows to carry out a smooth MP between any xI = x(0) and xF

using sequence of flows along these vector fields. The flow sections are bounded by basis points
b0 = x(0), b1 = �(gi1;k1; t1;k1)Æ� � �Æ�(gi1;1; t1;1)b0, b2 = �(gi2;k2; t2;k2)Æ� � �Æ�(gi2;1; t2;1)b1; : : :,
bl = x(T ) = �(gil;kl

; tl;kl
)Æ� � �Æ�(gil;1; tl;1)bl�1. The results of [6] guarantees that x(T ) is close

enough to xF and the trajectory defined above satisfies the conditions of weakly decomposed
controllability. }
The trajectory in theorem 3 evolves as a sequence of flows along control vector fields. Observe
now the similar situation to holonomic stratified MP. The basis points lay on boundaries of slices
where the slices are originated from strata. One may exploit the fact that some neighboring
vector fields excepting the ones separated by basis points in the sequence belong to the same
distribution. Its involutive closure defines an integral submanifold where one may design a
subtrajectory by suitable nonholonomic MP. Such an appropriate procedure will use highly
oscillatory inputs.

Theorem 4. Consider a DNR �4I(l) = f �4i1; : : : ;
�4ilg; ij � s; 1 � j � l; l � s satisfying

DLARC. Let a MPP be given between xI and xF . Moreover, let the reference trajectory be an
~xd(t) approximation of decomposed trajectory xd(t) along �4I(l) equipped with the basis points
in theorem 3. Then, there exists a sequence of inputs uj(t), j ! 1 that generates a sequence
of trajectories xj(t) which converges to ~xd(t).

As it said before, this section investigates MP for stratified systems having a DNR with DLARC
property. In fact, it brings a restriction. It is possible that a DNR does not satisfy DLARC even
though the nonlinear system is stratified controllable. The basic version of stratified MPA can
be still applied for such a system. The proposed algorithm consists of the following steps.



Figure 1: Reaching the final point via decomposed trajectory.

Algorithm 1. (Nonholonomic stratified MP with decomposed trajectory approximation)
Step 1. Create the BSS of stratified system.
Step 2. Obtain 41; : : :4s.
Step 3. Determine the involutive closures �4j and their P. Hall generators.
Step 4. Create a DNR �4I(l) that satisfies DLARC. Use proposition 1.
Step 5. Obtain the fundamental and extended generators of �4I(l).
Step 6. Obtain the basis points b0; : : : bl by using theorem 2.
Step 7. Plan the reference decomposed trajectory along �4I(l) which goes through b0; : : : ; bl.
Step 8. Produce a highly oscillatory sequence (HOS) of inputs u

j that generates a sequence
of trajectories x

j(t). Use the procedure of theorem 4 so that xj(t) converge to the prescribed
decomposed trajectory.
Step 9. Insert moving off vector fields at the basis points according to the stratified MPA [5].

4 ILLUSTRATIVE EXAMPLES

This section demonstrates both methods on the example of hexapod robot as seen in Figure 2.
In the sequel, x; y denote the position of the robot in the plane, � is the orientation, �1 and �2

are the angles of the leg groups. The height of the leg groups from the ground are denoted by
h1 and h2. The l stands for the length of the legs (for the sake of easier notations we assume
l = 1). The equations of motion in strata are given as follows. On the stratum S0, all legs are on
the ground, the state vector is xc =

�
x; y; �; �1; �2

�T
and the equations of motion are given

by _xc =
�
cos(�); sin(�); 1; 1; 0

�T
u1 +

�
cos(�); sin(�); �1; 0; 1

�T
u2 = [g0;1 g0;2]

[u1 u2]
T
: In order to test the holonomic stratified MP, the equations of motion are modi-

fied on the bottom stratum replacing g0;1 and g0;2 by the Lie brackets of the original vec-
tor fields of the robot, i.e. g0;1 = [go0;1; g

o
0;2] and g0;2 = [go0;2; [g

o
0;1; g

o
0;2]]. This allow the

robot to move in modified directions. In this case the equations of motion are holonomic and
given by _xc =

�
�2sin(�); 2cos(�); 0; 0; 0

�T
u1 +

�
2cos(�); 2sin(�); 0; 0; 0

�T
u2 =

[g0;1 g0;2][u1 u2]
T
: On the stratum S1, the first leg group is in the air, the state vector is xc =

(x; y; �; �1; �2; h2)
T and the equations of motion are given by _xc = (cos(�); sin(�); 1; 1; 0;

0 )Tu1 + (0; 0; 0; 0; 1; 0 )Tu2 + (0; 0; 0; 0; 0; 1 )Tu4 = [g1;1 g1;2 g
off
1;1 ][u1 u2 u4]

T . On the

stratum S2, the second leg group is in the air, the state vector is xc =
�
x; y; �; �1; �2; h1

�T

and the equations of motion are given by _xc = (cos(�); sin(�); �1; 0; 1; 0 )Tu1 +

(0; 0; 0; 1; 0; 0 )Tu2 + (0; 0; 0; 0; 0; 1 )Tu4 = [g2;1 g2;2 g
off
2;1 ][u1 u2 u3]

T .
MP algorithm for the case of holonomic stratified model
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Figure 2:
The scheme of hexapod robot.

Figure 3:
The path of modified hexapod robot

using the conventional stratified MPA
and the stratified MPA based on CIR.

Step 1) (Maximal redundant BSS) The distributions of the bottom stratified system (BSS)
and the strata introducing new indices are 4BSS = spanfg0;1; g0;2g1;1g1;2g2;1g2;2g, 41 =

spanfg0;1; g0;2g, 42 = spanfg1;1g1;2g, 43 = spanfg2;1g2;2g where 41 represents S0, 42

corresponds to S1 and 43 relates to S2. Every (moving on) vector field is considered in the
BSS i.e. g0;1 jS0 would precisely be the correct notation instead of g0;1, however, for the sake of
better understanding, jS0 will be omitted in the future.
Step 2) (Create a suitable CIR). One can find three involutive interiors of 4

0
: 4

0
(1) = g0;1,

4
0
(2) = g0;2, 40

(1; 2) = fg0;1g0;2g. Similarly, the involutive interiors of 4
1

and 4
2

turns into
4

1
(1) = g1;1, 41

(2) = g1;2, 41
(1; 2) = fg1;1g1;2g, 4

2
(1) = g2;1, 42

(2) = g2;2, 42
(1; 2) =

fg2;1g2;2g. Six CIRs can be taken into account. We omit the discussion how to find an opti-
mal CIR among them which happens in [4]. Instead, let us choose 4

(1;2;3)
((1; 2); (1; 2); (1)) =

spanfg0;1; g0;2; g1;1; g1;2; g2;1g and carry out a smooth MP using its vector fields in the given
order. It leads to five connected flows along g0;1, g0;2, g1;1, g1;2, g1;2. For example, if x(0) =

[0; 0; 0:5; 0; 0]T and x(T ) = [0:4; 0:5; 0:2; 0:3; 0:1]T , then the basis points are b1 =�
�0:11; 0:21; 0:5; 0; 0

�T
, b2 =

�
�0:38; 0:06; 0:5; 0; 0

�T
, b3 = (�0:15; 0:24; 0:8;

0:3; 0)T , b4 = (�0:15; 0:24; 0:8; 0:3; �0:5)T , b5 =
�
0:36; 0:53; 0:2; 0:3; 0:1

�T
. The

basis points b2 and b4 connect integral submanifolds of 4
0
, 4

1
and 4

2
(see Figure 1). The

trajectory can be replanned between b0 and b2 by means of the vector fields of 4
0

using any
simple smooth holonomic MPA on an integral submanifold (see more details in [4, 2]. The
situation similar between b2 and b4 on another integral submanifolds.
MP algorithm for the case of nonholonomic stratified model. Let the MPP consist of finding
input that steers the hexapod robot from xI = x(0) = (0; 0; 0; 0; 0)T to xF = x(2) =

(0:4; 0:4; 0; 0; 0)T in the bottom stratum. The MP is realized by algorithm 1.
Step 1. Create the BSS. The differential equation of BSS is depicted in the form _x = g

o
0;1u

0;1 +

g
o
0;2u

0;2 + g1;2 jS0 u
1;2 + g2;2 jS0 u

2;2 = (cos(�); sin(�); 1; 1; 0)Tu0;1 + (cos(�); sin(�); �1;

0; 1)Tu0;2 + (0; 0; 0; 0; 1)Tu1;2 + (0; 0; 0; 1; 0)Tu2;2. Let go0;1 and g
o
0;1 be replaced by g0;1

and g0;2, respectively. The system is stratified controllable and nonholonomic. As before, every
vector fields and x are considered in the bottom stratum and jS0 will be omitted.
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Figure 4:
The path of the hexapod robot using

the earlier stratified approach and the
new version with a straightline.

Figure 5:
The HOS inputs of straightline path.
(Illustrated in a time interval of the

whole 2 sec period.)

Step 2. Obtain 41; : : :4s. The distribution 41 is related to the bottom stratum S0, 42 corre-
sponds to S1 and 43 is composed of certain vector fields of S2. The first indices of vector fields
are also modified according to their strata indices. It induces that for example g2;1 is replaced
by g3;1, g0;1 is replaced by g1;1 and g0;2 changes to g1;2 resulting that the generator of the distri-
butions are determined as gen(41) = [g1;1; g1;2]; gen(42) = [g2;1; g2;2]; gen(43) = [g3;1; g3;2].
Step 3. Determine the involutive closures �4j, j = 1; : : : ; s, s = 3 and their P. Hall generators.
In the first place, some Lie brackets need to be evaluated such as g1;3 = [g1;1; g1;2]. It induces
the P. Hall generators pgen( �41) = (g1;1; g1;2; g1;3; g1;4), pgen( �42) = (g2;1; g2;2), pgen( �43) =

(g3;1; g3;2).
Step 4. Create a DNR �4I(l) that satisfies DLARC. Use proposition 1. Let a DNR be chosen as
�4(1;2;3) = ( �41;

�42;
�43).

Step 5. Obtain the fundamental and extended generators of �4(1;2;3). The set of fundamental
generators of �4(1;2;3) turns into fgen( �4(1;2;3)) = (g1;1; g1;2; g2;1; g2;2; g3;1; g3;2) and the extended
generators of �4(1;2;3) is expressed by egen( �4(1;2;3)) = (g1;1; g1;2; g1;3; g1;4; g2;1; g2;2; g3;1; g3;2).
Step 6. Obtain the basis points b0; : : : b3 by using theorem 2. To do this, one carries out the
smooth MP steering the system from xI = (0; 0; 0; 0; 0)T to xF = (0:4; 0:4; 0; 0; 0)T .
The only thing needed for it is to select vector fields from �4(1;2;3) generating a Lie algebra with
maximal rank which are g1;1, g1;2, g2;2, g3;2. The solution is obtained in the form of sequence
of flows x(T ) = �(�1:2485g3;2; 0:1602) Æ�(�1:2485g2;2; 0:1602) Æ�(�1:2485g1;2; 0:3398) Æ

�(�1:2485g1;1; 0:3398)Æ�(1:2485g1;2; 0:3398)Æ�(1:2485g1;1; 0:3398)Æ�(1:2485g1;2; 0:1602)Æ

�(1:2485g1;1; 0:1602)xI The generated Lie algebra is not nilpotent, hence the x(T ) does not
exactly coincide with xF . Namely, x(T ) = (0:3973; 0:3945; 0; 0; 0)T . From this the basis
points of the smooth MP are b0 = xI = (0; 0; 0; 0; 0)T ; b1 = �(�1:2485g1;2; 0:3398) Æ

�(�1:2485g1;1; 0:3398)Æ�(1:2485g1;2; 0:3398)Æ�(1:2485g1;1; 0:3398)Æ�(1:2485g1;2; 0:1602)Æ

�(1:2485g1;1; 0:1602)b0 = (0:3973; 0:3945; 0; 0:2; 0:2)T ; b2 = �(�1:2485g2;2; 0:1602)b1 =

(0:3973; 0:3945; 0; 0:2; 0)T ; b3 = �(�1:2485g3;2; 0:1602)b2 = (0:3973; 0:3945; 0; 0; 0)T .
Step 7. Plan a decomposed trajectory along �4(1;2;3) which goes through b0; : : : b3. Let a straight-
line trajectory be desired between b0 and b3. The Figure 4 compares the resulted trajectory with
basic stratified motion planning where the trajectory between b0 and b1 can not be prescribed.
Step 8. Producing a highly oscillatory sequence (HOS) of inputs uj that generates a sequence of
trajectories xj(t). Use the procedure of [7] so that the xj(t) converge to the reference straightline



trajectory between b0 and b1. One can see, that a straightline trajectory can be produced by g1;1,
g1;2 and g1;3 without using g1;4. It is important because the approximation of a simple Lie
bracket like g1;3 = [g1;1; g1;2] is much easier than a nested one like g1;4 = [g1;2; [g1;1; g1;2]]. In
fact, the algorithm in [7] showed that uj(t) =

p
(j) cos jtg1;1 +

p
(j) sin jtg1;2 converge to

g1;3=2 which can be easily performed. The straightline trajectory is depicted in Figure 4. The
feature of the input is illustrated in a smaller time interval on Figure 5 where j = 500.
Step 9. Insert moving off vector fields at the basis points according to the stratified MPA [5].
Since the system is stratified, one should insert moving off vector fields to switch between strata.
It occurs at the base point b1 and b2 in the example.

5 CONCLUSION

This paper presented two motion planning algorithms which can be applied for holonomic and
nonholonomic models of walking robots as typical stratified systems. Both of them improve
the efficency of the previous stratified approaches and assure a greater degree of freedom in
the trajectory planning. As a result, the robot is able to follow or approximate decomposed
reference trajectory. Since decomposed trajectory can be designed, the robot is able to avoid
obstacles in configuration space if the obstacle does not coincide with basis points. Although
the walking robot is able to avoid obstacles in both cases, the proposed methods still have
a restriction in prescribing reference trajectories. The algorithms were tested on (modified)
holonomic model and nonholonomic model of hexapod robot.
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