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Chapter 1
Introduction
Granular materials are apparently simple: They are nothing but large collections of
solid bodies interacting via classical contact forces, just like sand. However, these
materials constitute the subject of vast literature, their research, beside possessing a
long history, is currently active both in physics and engineering communities. Here are
several reasons why: Granular media gain fundamental role in industrial applications,
they possess surprisingly rich phenomenology, their behavior is still poorly understood
and increasing power of computers provides new possibilities in their study.
Solids can usually be processed in granular form, therefore granular matter has
been of central technological importance for a long time. If measured by tons, it
is the second-most-manipulated material by man behind water, especially coal and
ordinary construction materials [de Gennes, 1999]. Applications are enormously diverse: ﬁlling and unloading silos with seeds, maintaining railway ballasts, handling
toner powder in a color printer. The problem of unavoidable granular segregation has
to be faced in many ﬁelds where inhomogeneities are disadvantageous, involving e.g.
glass production, polymer industry, pharmaceutics, cosmetics, food industry. Handling and transporting granular matter with sometimes poorly developed methods
consume huge amount of energy. Thus it is obvious that even a small improvement
in understanding of granular behavior would be of great importance.
However, apart from their role in technology, granular materials are also interesting in their own right for a physicist. Basic properties like disorder, nonlinearity, dissipative interactions, threshold dynamics give rise to intriguing phenomena involving
diﬀerent kinds of instabilities, jamming, self-organization, arching, avalanches, pattern formation, stick-slip motion, ﬂuctuations on various length scales, glassy dynamics, segregation, stratiﬁcation . . . [Duran, 2000, de Gennes, 1999, Jaeger et al., 1996,
Wolf, 1996, Kadanoﬀ, 1999, Herrmann et al., 1998]. This astonishing complexity of
behavior provides challenge for basic research, where the aim is, in particular, to relate
the well-understood, grain-level micro-mechanics to collective macroscopic properties.
For this purpose computer simulations proved to be an excellent research tool during
the last two decades.
Despite the large research eﬀort that is devoted to granular materials, there
3
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remained many controversial problems and there are still basic laws to be found
[Edwards and Grinev, 2001]. What is the pressure distribution under a sand pile?
This question, which seems to be rather trivial, lacks a clear answer. In fact, the very
fundamental problem of stress transmission is unsettled, even the basic governing
principles are subject of debate.
In many cases the problem is that granular materials do not ﬁt into concepts that
work very well in other ﬁelds of physics. Due to their many degrees of freedom it
is a natural aim to apply the methodology of statistical physics, but the concept of
equilibrium ensembles is not applicable. Sand can ﬂow seemingly like liquids, but
its description with hydrodynamical equations is problematic [Kadanoﬀ, 1999]. If
sand is at rest it resembles solids, it is able to withstand shear stress, but whether
usual stress-strain relations of solids are applicable for it, is a controversial question
[Savage, 1998, Bouchaud et al., 1998].
The research is directed, on one hand, to establish relations to theories that are
invented for other ﬁelds and to extend their framework to make them applicable to
granular media. Another direction is to search for novel concepts, relevant parameters,
even for new pertinent questions which help structure and methodize the research ﬁeld
and in that way help gain better understanding.
This thesis deals with dense granular media, where the mean free path is zero.
We address questions concerning properties of contact structure, force transmission
in statics and also properties of slow shear-ﬂow. We use computer simulations extensively but, where possible, analytical methods are also applied. The thesis is divided
into two parts: The ﬁrst part summarizes known phenomena, concepts and methods
in order to help the understanding of the new results presented in the second part.

Chapter 2
Physics of granular materials
The literature of granular materials (even the part of it written by physicists) is
enormous. We do not undertake to give a complete overview, which would exceed the
reasonable size of a thesis and also our ability. This chapter reviews rather a small
section of the literature, which is closely related to our work.
The particles in a granular material are macroscopic objects. Their many internal
degrees of freedom and their relative large mass have important consequences. The
relevant energies in granular media are much larger than thermal energies. If we
consider one grain of sand (> 100µm) and look for its kinetic energy Ek for a typical
velocity of 1cm/s or the potential energy ∆Ep that is needed to raise one grain on
top of another, we will ﬁnd that Ek and ∆Ep are 9 orders of magnitude larger than
the thermal energy kB T at room temperature. Therefore ﬁrst, thermal agitation can
be neglected and temperature can be considered as zero, second, internal degrees of
freedom have a tendency to absorb kinetic energy of the grains. This dissipation
occurs in inelastic collisions and sliding friction between grains.
Dissipative interactions can have signiﬁcant impact on the behavior of many particle systems. Even a small inelasticity of collision introduces clustering instability of
a free gas [Goldhirsch and Zanetti, 1993]: In denser regions the dissipation of kinetic
energy is faster due to more frequent collisions, which results in smaller pressure and
further increase of local density and ﬁnally leads to bunching.
In gravity, to keep the grains in motion the conﬁning container can be vibrated.
In such experiments [Herrmann and Luding, 1998], granular systems show peculiar
behavior. In the limit of weak dissipation (or strong vibration) the density decays
exponentially recapturing thermal motion, whereas almost uniform density proﬁle is
observed if the dissipation is stronger. In this regime dynamical eﬀects become important which induce e.g. convection or size segregation. (Segregation is the phenomenon,
where grains with diﬀerent properties tend to separate into diﬀerent regions.) This
shows that simple minded thermodynamic principles like increase of entropy (which
would favor mixing) do not play an important role here [Jaeger et al., 1996].
5
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2.1

Jamming

In the absence of external agitation the material comes to rest at the bottom of the
container as expected according to kB T ≈ 0. But this state does not correspond to the
lowest potential energy. This phenomenon can be easily demonstrated with spherical
particles of the same size: Volume fraction1 Φ of such packings varies in experiments
and can be anywhere between ΦRL ≈ 0.56 (random loose packing) and ΦRC ≈ 0.64
(random close packing), depending on the ﬁlling procedure. These values are much
smaller than the theoretical upper limit given by the regular face-centered-cubic (or
the hexagonal) packing ΦF CC = 0.74. This state provides the highest density and
therefore the lowest potential energy, but cannot be achieved by pouring, compression
or tapping: The material is trapped in one of its many metastable conﬁgurations, also
known as jammed states.
The concept of jamming [Liu and Nagel, 1998, Makse et al., 2004] is quite general. It is used not only for granular materials, but also for traﬃc, emulsions, colloidal
suspensions, structural and spin glasses. Jamming occurs when a disordered system,
usually due to geometric constraints, is caught in a small region of phase space far
from (thermal) equilibrium,
The lack of the exploration of phase space and the presence of various metastable
conﬁgurations lead to the question of reproducibility. Indeed, large scale behavior,
values of macroscopic parameters can depend strongly on the eventual jammed state:
experimental results are very sensitive to creation history. This presents, of course,
large diﬃculties for theories.
However, Edwards argues that one can ﬁnd situations where the level of complexity is low, and as in statistical thermodynamics, only a small amount of information is
required about the system to make physical predictions [Edwards and Grinev, 2001].
These are “reversible” jammed states obtained by tapping (not merely equilibrium,
“as-built” conﬁgurations), where the concept of ensemble averaging can be applied.
In this thermodynamic theory volume and compactivity play the role of energy and
temperature, respectively, and the starting point is that all reversible jammed conﬁgurations that correspond to a given volume are equally probable [Makse et al., 2004,
and references therein].

2.2

Stress transmission

A property, which gives solid-like behavior to granular materials, is the ability of
withstanding shear stress. Its manifestations are e.g. the familiar phenomena that
sand can form piles or one can stand on the sand beach without diving into it. A more
surprising consequence is the Janssen eﬀect: When pouring sand into a tall container,
the weight w supported by the bottom is not proportional to the ﬁlling height H (as it
1

Volume fraction is deﬁned as the sum of the volume of the particles divided by the volume of
the packing.
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Figure 2.1: Radial pressure distribution under conical sand piles, taken from
[Vanel et al., 1999]. Pouring from point source provides pressure dip, but the dip
disappears when sand is poured through a sieve.
would be for an ordinary ﬂuid), but saturates according to w = w∞ (1 − exp(−H/λ))
[Janssen, 1895]. The cutoﬀ length λ is typically of the order of the container width.
The frequent problem of reproducibility and of large scale ﬂuctuations appears also
in the Janssen eﬀect. If sand is poured repeatedly into the container (the same
amount and as far as possible in the same way), variation of w can exceed 20%
[Vanel et al., 2000].
An observation, that generated great controversy, is the appearance of a pressure
dip below the apex of a sand pile, where the traditional description would predict
pressure maximum. The phenomena depends strongly on the construction procedure
(Fig. 2.1).
It is a fundamental aim to ﬁnd proper continuum description of stress
in static granular materials under various boundary conditions [Savage, 1998,
Bouchaud et al., 1998]. The sole equilibrium equations are not suﬃcient to determine
the components of the stress tensor σij . In 2D (3D) there are two (three) equations
for three (six) independent components of σij [Bouchaud, 2003]. For elastic materials
this indeterminate problem is solved by involving the strain of the material in the
description and applying the constraint that the stress tensor is linearly related to
the strain. For this approach the governing partial diﬀerential equations (PDE) are
of elliptic type.
A diﬀerent description is obtained based on ’stress-only’ models which prescribe
history-dependent (linear) closure relations between components of the stress tensor
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(no deformation ﬁeld is involved) and imply hyperbolic PDE’s for the stress ﬁeld.
The two approach have substantial diﬀerences in the predicted behavior. Crucial
point is the Green function probe, i.e. the stress response of the material to a point
perturbation. If a point force is applied at the top of a granular layer, it generates
changes in the stress ﬁeld in the bulk. The response function at depth z has generally2
one peak for elliptic PDE’s and the width of the peak is proportional to z, whereas
hyperbolic PDE’s provide wave-like stress propagation with two peaks in the response
function
[Otto et al., 2003]. In this latter case the width of the peaks is diﬀusive
√
(∼ z).
Due to the two-peak property, hyperbolic type stress propagation seemed to be
the proper candidate to account for the pressure dip, however, experiments on Green
function [Reydellet and Clement, 2001] support the elliptic concept if disorder and
friction are present (one-peaked response with linear broadening was found in sand
and glass beads samples).

2.3

Microscopic properties

From the point of view of thermodynamics we referred to grains as macroscopic objects, but often in the literature of granular matter the notion ’macroscopic’ indicates
length scales, where the discreteness of the material cannot be seen and stress is a
smooth function of the position. The term ’microscopic’ usually refers to the grain
level.
In fact one can separate four characteristic lengths in packings: the length scale
of the grain deformations, the grain size, the length of force lines (see Fig. 2.2) and
size of the sample.
Grains suﬀer deformations in collisions or when pressed together, which generate
viscoelastic restoring forces3 (contact forces). In usual applications the stiﬀness of
grains is high enough to conﬁne the distortions to a small vicinity of the contact
surfaces and thus to separate well the length scale of deformations and grain size.
This leads to models where the limit of high stiﬀness is considered and particles
are regarded as undeformable. The application of the concept of hard particles is
instructive on one hand, because it draws a distinction between phenomena that can
be understood without particle deformations and those, where the deformations are
important. On the other hand it can reduce considerably the complexity of problems.
Hard particle models usually incorporate point contacts between the grains where the
contact forces satisfy the Coulomb condition:
 
 
(2.1)
Ft  ≤ µFn ,
where µ, Fn , Ft , are the coeﬃcient of friction4 , the force component parallel to the
2

Two peaks may occur also in elliptic systems that are suﬃciently anisotropic.
The deformation-force relation is often described by spring-dashpot models, see Section 3.1.
4
We neglect the diﬀerence between static and dynamic friction coeﬃcients throughout the thesis.
3
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contact normal and the tangential (friction) force, respectively. This condition deﬁnes
the Coulomb cone, which conﬁnes the admissible forces at the contact.
Ordinary dry grains exert only compressive contact forces in order to inhibit interpenetration, but they show no resistance against separation. We use the convention
in this thesis that compressive normal force is denoted by positive sign, while tensile
forces are negative. Note that the Coulomb condition, besides limiting the friction
force, also prohibits negative normal force for µ > 0, thus it involves the unilateral
nature of the contact. If a frictionless case (µ = 0) is considered, then Eq. 2.1 is
replaced by the condition Fn ≥ 0, and no tangential force is allowed.
If mechanical stress is built up in a granular material, contact forces exhibit large
ﬂuctuations. A grain may transmit forces several times larger than the average,
while an adjacent grain may experience no force at all. There are many experiments,
theoretical and numerical studies on the probability density function P (F ) of the
contact forces [Radjai et al., 1996, Mueth et al., 1998]. These show a robust property
of P (F ): it has an exponential tail for forces larger than the mean force F : P (F ) ∼
exp(−βF/ F ) (the constant β varies between 1 and 2). Whereas, for small forces
the functional form of P (F ) depends on the speciﬁc situation (e.g. on the history, on
the external load, whether it is a static or dynamic case).
It is found in photo-elastic experiments [Behringer et al., 2001] and discrete element simulations that large contact forces have strong spatial correlation. They are
not dispersed randomly but are arranged in lines. These force chains build up an interesting force carrying structure (backbone of the packing), where the characteristic
length and distance of the chains is around 10 - 15 grain diameter.
The coarse grained macroscopic stress tensor can be derived from microscopic
quantities (from the contact forces and the contact texture). There exist some
slightly diﬀerent forms of σij but they lead to the same result if the average is taken
over a volume large enough compared to that of the grains. A simple expression
[Christoﬀersen et al., 1981] that we will use later for spherical grains is the following:
σij = −

1  c c
F l ,
V c i j

(2.2)

where F c and lc are the contact force and the interstice vector connecting the centers
of the particles at contact c, while i (j) denotes the ith (jth) component of the
corresponding vector. V is the volume over which the average is taken.

2.4

Contact structure and forces

Let us consider the following simple 2D problem. A horizontal rigid rod in equilibrium is supported by two point contacts against gravity (see Fig. 2.3.a). If the
contacts are frictionless one can easily calculate the supporting forces from torque
and vertical force balance. (The third, horizontal degree of freedom is an irrelevant

10
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Figure 2.2: Contact dynamics simulation of disks [Radjai et al., 1996]. Contact forces
are indicated by line segments connecting the center of the particles in contact. The
width of the segment is proportional to the magnitude of the force. It can be seen
that the strong forces are arranged in lines.

mode now for µ = 0.) If the system has another contact point (Fig. 2.3.b) then the
two equilibrium conditions are not enough to determine the three unknowns, there
remains one parameter freedom. A possible solution can be represented by one point
in a three-dimensional vector space F, which is spanned by the three contact forces.
In the space F the linear equilibrium equations determine an aﬃne subspace E where
the solutions are located. In our example E is one-dimensional, a straight line. But
not all the points in E solve the mechanical problem: Although they corresponds
to mechanical equilibrium we also have to take into account the unilaterality of the
contacts, which enforces positive contact forces, thus ﬁnally the set of solutions S
(the set of the mechanically admissible force states) will be a subset of E: a segment
of the line.
This simple example possesses many properties which are relevant in general for
systems of many contacting bodies, and provides useful analogies for further discussions on granular media, as we will see later. It shows e.g. that new contacts can
cancel the static determinacy of forces. We call a problem statically determinate
if there is only one solution of the contact forces that provides mechanical equilibrium against the prescribed load and satisﬁes the prescribed compatibility conditions
of the contacts (e.g. unilaterality or Coulomb condition). The problem is statically
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(b)





































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 2.3: A rigid rod in gravity. Whether contact forces are statically determined,
depends on the number and frictional properties of the supporting contacts.
indeterminate if more solutions exist5 .
Besides excess contacts, another way to induce static indeterminacy is to switch
on friction. If we allow frictional forces for the system in Fig. 2.3.a, the number
of unknown force components becomes four (dim(F) = 4), we have 3 equilibrium
equations (as horizontal motion is now related to the contact forces), E is again onedimensional: For this symmetric system the value of the normal contact forces must
be w/2, where w is the weight of the rod. The only ambiguity is in the tangential
forces: if we choose the value Ft for the tangential force on the left, then the right
one must be −Ft thus there is one parameter freedom. The compatibility condition
for frictional contacts is the Coulomb condition (Eq. 2.1), which ﬁnally provides the
solution set. This is again a line segment in the force space F, where the tangential
component of the forces can vary between −µw/2 and µw/2.
What is known about granular packings? Does their microscopic structure deﬁne a statically determined system? An interesting analysis of this issue is given by
Moukarzel [Moukarzel, 1998], who studied the problem of frictionless disks or spheres
based on concepts of structural rigidity. Structural rigidity deals with networks built
up of rotatable bars and studies the conditions of their stability. The bars are connecting joints and can exert only central forces. Such a construction is ﬂexible if it
contains two few bars (hypostatic network). If there is a minimal number of bars required for rigidity, the network is called isostatic. If the structure contains more bars,
the system remains rigid but becomes in general self-stressed (hyperstatic structure).
A granular system of d-dimensional spherical particles can be related to such a
bar-structure in the way indicated by Fig. 2.4: joints are placed in particle centers
and contacts are replaced by bars. The main diﬀerence between the two systems is
that bars, in contrast to contacts, can sustain positive and also negative forces, which
has important consequences. Let us focus on the bar-structure ﬁrst.
The network of four bars in the ﬁgure is isostatic, but if we remove one of them
the structure looses its rigidity: The system has 4 degrees of freedom due to the two
upper joints, and each bond represents one constraint on the positions of the joints
prescribing their distance. Therefore it is clear why at least 4 bars are needed to ensure
5

In some applications strains and elastic energy considerations can lift the static indeterminacy,
if deformations are allowed.

12
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Figure 2.4: An example of a system of disks and its contact network represented by
the corresponding bar structure. The three disks at the bottom (and the three joints
in their centers) are ﬁxed.
rigidity and to withstand a general external load. A new bar (e.g. the dashed line
in Fig. 2.4) would make the structure hyperstatic and its length would impose a new
constraint between two points, whose distance is already determined. That is why
hyperstatic networks are called overconstrained. If the constraints are independent,
such a hyperstatic structure can only be built up if the bars are deformable. As a
consequence, the system contains internal stresses even in the absence of any external
load.
What happens to a hyperstatic structure of linear-elastic bars if their stiﬀness is
increased? Due to linearity, bond forces Fibond can be separated into two parts: a
force caused by the external load and the self-stress part:
Fibond = Fiload + Fiself .

(2.3)

Moukarzel argues that Fiload ’s show linear dependence on the applied external forces,
but they are independent of the stiﬀness of the bonds. The forces Fiself in turn scale
with κi ∆li , where κi are the spring constants of the bonds and ∆li are their length
mismatches. If one rescales all stiﬀnesses κi → λκi , Fiload ’s remain constant, while
Fiself ’s change proportionally to λ. Thus we arrived to the ﬁrst important point: In
the limit of high stiﬀness, self-stresses become dominant in the system.
Another important fact is that a bounded self-stressed graph contains at least
one tensile bond. This can be seen if one considers the force balance of a vertex on
the margin of the self-stressed graph: This joint could not be in equilibrium, since if
all the bonds are compressive, they would push the joint away from the graph in the
absence of external forces.
Therefore in a hyperstatic structure under some load tensile forces appear inevitably if the stiﬀness of the bars is increased. In the corresponding granular system, of course, contacts cannot sustain the tension and the two contacting particles
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will detach instead of having negative force, altering the contact network in this way.
The relevant parameter here is the relation between the typical self-stress κ∆l and
typical bond force F load generated by the load. If κ∆l/F load is much below 1 (i.e.
for soft particles or large applied load) it is possible that the contact structure in a
granular packing is hyperstatic. The negative self-stress can be overcompensated by
the external pressure. E.g. in the situation in Fig. 2.4 if the particles deform strongly
under their own weight, the gap at the dashed line can close creating a new contact.
However, this is not the typical case in granular media, where the load-induced
deformations are usually much smaller then the interparticle gaps, which gives for
1. That means, redundant contacts are
the “isostaticity” parameter: κ∆l/F load
canceled and the contact structure is isostatic. This result holds for cases of low
pressure or high stiﬀness and hence also applies for the limit case of perfectly rigid
particles.
Important condition in the above argument is that the constraints are independent. This holds for random packings, but not for certain regular packings with
spheres of exactly the same size. E.g. the FCC lattice deﬁnes a hyperstatic structure due to the too large number of contacts, but it is not self-stressed for identical
spheres since the bond-constraints are not conﬂicting. But even in that case a slight
randomness in the radii cancels the excess contacts and results in an isostatic packing.

2.4.1

Critical coordination number

The coordination number of a particle is the number of its contacts. The total number
of contacts Nc in a packing or the average coordination number z is called critical, if
the number of equilibrium equations is equal to the number of unknowns.
Frictionless and frictional contacts provide 1 and d unknown force components
respectively in d-dimension. For n frictionless spherical particles there are nd number
of equilibrium equations (again rotational degrees of freedom are not counted, because
they are not coupled to the forces and therefore are irrelevant). The number of the
unknowns equals Nc . Clearly z = 2Nc /n. This gives the critical coordination number
z crit = 2d (it is 6 for spheres and 4 for disks).
In other cases z crit can be obtained in similar ways, only the list of equilibrium
equations should be extended by taking also the nd(d − 1)/2 rotational degrees of
freedom into account. For frictionless, nonspherical particles one obtains z crit = d2 +d
(z crit is 6 in 2D and 12 in 3D). If friction is allowed, z crit = d + 1 (3 in 2D and 4 in
3D). In this latter case it does not matter whether the particles are spherical or not.
The argument of Moukarzel suggests critical coordination number in average for frictionless spheres. There is a familiar, more compact consideration
[Alexander, 1998, Tkachenko and Witten, 1999], that seems to be applicable for undeformable, but even for nonspherical particles and entails z = z crit : Each contact
represents a one-parameter-constraint for the degrees of freedom. The perfect rigidity
of the particles excludes the possibility of conﬂicting constraints, therefore Nc cannot
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(a)

(b)
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(c)

mg
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Figure 2.5: Three simple examples: (a) is an isostatic structure, but (b) and (c) are
not, however each situation represents an isostatic problem under gravity. In the
geometries (b) and (c) rigidity would require one more contact: In these cases no
equilibrium solution would be possible if an external force even with a tiny horizontal
component was switched on.
be larger then the number of the equilibrium equations (assuming again that the constraints are independent). On the other hand, the number of contacts (unknowns)
cannot be smaller than that of equations, otherwise in general no solution exists.
Thus z crit provides an upper and a lower limit for the average coordination number
at the same time and enforces z = z crit .
The critical coordination numbers indeed provide important reference points,
however, the above argument is not valid in all cases where it is applied: z in static
packings can deviate from the critical value. This will be discussed next.

2.4.2

Isostaticity

To investigate the question of static determinacy and average coordination numbers it
is useful to give a more precise deﬁnition of isostaticity. In fact, one should distinguish
between isostatic problems and isostatic structures [Roux, 2000]. The term isostatic
problem refers to one speciﬁc load applied on a system: if there is a unique solution
to the equilibrium equations for the given geometry and load, the problem is called
isostatic6 . Isostatic structures, on the other hand, are the ones where all problems
are isostatic.
It can be shown that equilibrium conﬁgurations of perfectly rigid frictionless
grains provide isostatic problems [Roux, 2000], but their structure is not necessarily
isostatic (see Fig. 2.5). For isostatic structures z = z crit , while for isostatic problems
z can be equal to or less than z crit , but both are devoid of overconstrained subgraphs,
and the contact forces are uniquely determined, once the load and the geometry is
given. This is a remarkable property, because the forces do not depend on the speciﬁc
form of the elastic potential between the particles. In an isostatic problem one can
6

The diﬀerence compared to static determinacy is that for isostaticity only the equilibrium equations are considered, but compatibility conditions are not.
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determine forces without any information about strains or elastic contact deformations. Geometry (texture of the packing) contains all necessary information. In that
sense frictionless granular material resembles the two-contact situation in our original
example of Fig. 2.3 and not the one with tree contacts.
The conﬁgurations with z < z crit are of special interest. In principle, these coordination numbers are below the lower limit, as they represent fewer unknowns than
equations and therefore one would expect no solution. This argument (which can
be found e.g. in [Bouchaud, 2003, Tkachenko and Witten, 1999]) does not necessarily
apply to granular packings. The reason is demonstrated by Fig. 2.5.b: It has zero
probability, that a given geometry with one contact can sustain an arbitrary external
force with two components. Nonetheless, the geometry and the load are not independent in granular media, but the latter creates the former. That is why one contact
is suﬃcient in the example to resolve the load, because it has a speciﬁc orientation
chosen by the load itself.
We arrive at a similar problem if we assume that the packing corresponds to a
rigid structure (like in [Moukarzel, 1998]). This predicts also z = z crit in a frictionless
packing. But as it was pointed out in [Alexander, 1998] the relevant concept is not
rigidity, but stable mechanical equilibrium under a given load. This latter allows also
ﬂexible structures or ﬂoppy modes, like in Fig. 2.5.b and 2.5.c. Mechanical equilibrium
prescribes only that these ﬂoppy modes have to be orthogonal to the external load
[Roux, 2000].
The presence of such ﬂoppy modes reduces the average coordination number below z crit . For spherical grains this eﬀect is not very important, here the forthcoming
ﬂoppy modes are rather trivial (e.g. translation or rotation of the system as an overall
rigid body, separated particles resting on the ﬂat bottom of a container, rattles7 in
a gravity-free case) or require special external forces. And indeed, in usual circumstances (in gravity, with straight walls) numerical simulations conﬁrm z = z crit for
frictionless disks or spheres [Ouaguenouni and Roux, 1995, Silbert et al., 2002].
This is not the case for nonspherical grains (e.g. for ellipsis shaped particles),
where signiﬁcantly lower coordination numbers are expected than the corresponding
critical value z crit . Nonetheless, we are not aware of any study or measurement of z
in this case.

2.4.3

Friction

So far mainly frictionless packings were discussed. Much less is known about frictional
systems , but there are some important diﬀerences. It was discussed in the previous
section that z ≤ z crit (µ = 0), when µ = 0 due to some geometric constraints.For
frictional case these geometric constraints are the same, but the critical coordination
number is not. If we suppose that the system is in equilibrium and without ﬂoppy
7

Rattles are particles in a compressed system, that are not involved in the stress transmission
and can move freely within the “cage” of surrounding particles
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modes, then z crit (µ = 0) provides a lower bound. Thus we only obtain that the
coordination number can be any value between z crit (µ = 0) and z crit (µ = 0). E.g. for
spheres 4 < z < 6.
It is stated in [Edwards, 1998] that packings with friction possess the minimal
number of contacts in 3D: z = 4 (apart from rattles) and the problem of the contact forces is statically determinate. This statement is not well explained there, it is
rather an assumption and a starting point of a theory of stress transmission. However, it is indicated by some experiments that such marginally rigid states exist in
granular media [Blumenfeld et al., 2001]. On the other hand, numerical simulations
[Silbert et al., 2002] with soft spheres and an extrapolation to the hard particle limit
show values of the coordination number above 4, furthermore z is a smoothly varying
function of the friction coeﬃcient, increasing up to z = 6 as µ goes to zero. These
results suggest that the problem of contact forces is statically indeterminate with friction. That means that balance conditions of the grains are not suﬃcient to provide
a unique solution.

2.4.4

Mechanical response

There are many studies devoted to properties of granular materials achieved
in response to load increments or to other perturbations. These problems are
closely related to the properties of the contact network and the question of static
determinacy of forces [Tkachenko and Witten, 1999, Tkachenko and Witten, 2000,
Combe and Roux, 2000, Moukarzel, 2001, Cates et al., 1998, Bouchaud, 2003,
Roux, 2000].
There are some arguments [Tkachenko and Witten, 1999] that isostaticity leads
to wave like stress propagation, but the validity range of this statement is not clariﬁed
yet.
Another interesting property of a granular packing is its fragile nature. Fragility is
usually meant in the sense that the material is unable to sustain small perturbations
of the load without rearrangements of the grains and the internal structure. If a
statically indeterminate situation is given where the contact network allows a large
set of diﬀerent solutions of forces, then it is expected that the structure is more robust
(less fragile): If the load is changed slightly, it can be resolved just by altering the
contact forces within the same contact network. On the other hand, if the forces
are strongly restricted by the geometry (only small or no freedom of the forces is
admitted), then external perturbations are more likely to be incompatible with the
contact structure and cause plastic reorganization of the material (some contacts open
and others are created).
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Cohesive powders

Interaction between grains is usually described by compressive contact forces, but
there is an important class of granular materials where tensile forces (with an upper
bound) are also possible. E.g. in wet sand [Hornbaker et al., 1997, Tegzes et al., 1999]
surface tension of water exerts some resistance against separation of the grains: The
important force scale, the particle weight, can be exceeded by interparticle capillary
forces in two orders of magnitude, which alters signiﬁcantly the mechanical properties
(enough to think of sand castles).
Similar eﬀect is found in ﬁne dry powders. Here van der Waals forces between
adjacent grains become dominant for particle sizes less than about 10µm. Such powders are referred to as cohesive and show diﬀerent properties compared to regular
granular materials. E.g., they do not collapse into a dense packing under gravity, but
form stable porous aggregates.
The pore stabilization eﬀect of cohesion is enhanced for particle diameters in
the nanometer range (≤ 100nm) and has important consequences in nanotechnology [Skandan et al., 1994, Groza, 1999, Kadau et al., 2003]. When nanostructured
materials are produced by consolidation of nanopowders (sintering) care has to be
taken that grain size does not grow. The technique called sinter-forging overcomes
this problem by applying low temperature. In this process highly porous powder is
compacted under large pressure, as the material is diﬃcult to densify. Here usually
uniaxial compression is applied and the sample is not constrained in lateral direction.
These compaction processes receive considerable attention and call for microscopic
foundation, but little is known about contact laws on the nano-scale. Nevertheless,
the behavior must diﬀer in many aspects from that of larger grains. Besides cohesive
forces, sinter neck formation between contacting particles also has to be taken into
account, which makes it plausible that not only force but signiﬁcant mechanical torque
is also transmitted at a contact [Kadau et al., 2003].

2.6

Shear bands

If large enough shear stress (compared to normal stress) is applied on jammed granular
material, it fails to sustain the load, unjams and starts ﬂowing. One of the most
intriguing instabilities in granular media is that it does not ﬂow like ﬂuids, where the
deformation rate is distributed throughout the sample, but the deformation appears in
a localized fashion along a rather narrow interface between two essentially unstrained
parts. This phenomenon is the so-called shear-banding.
Shear bands were the subject of various experimental and theoretical
studies [Herrmann et al., 1998, Mueth et al., 2000, Hartley and Behringer, 2003,
Thompson and Grest, 1991, Török et al., 2000, Schwedes, 2003, Howell et al., 1999]
and still present signiﬁcant diﬃculties for theoretical descriptions. Most observation
show that shear bands have a ﬁnite width of about 10 measured in grain diameters
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(a) Rs

(b)
(c)
Figure 2.6: Schematic side-views of modiﬁed Couette cells [Fenistein et al., 2004]: (a)
split-bottomed Couette geometry, (b) “disk” geometry. The rotating parts are the
striped bottom ring and the outer cylinder. The inner cylinder, unless it is reached by
the shear band, plays no role and the two geometries are equivalent. In this thesis we
discuss only the “disk” geometry. (c) Top view of the ﬁlled setup, where the rectangle
indicates the area recorded by a video camera.
[Herrmann, 2001]. Herrmann proposed a mechanism where a stuck grain in a shear
band creates itself some space by moving other grains towards the center of the band.
He argues that this mechanism explains the mobilization of about ten layers.
Among the many kind of testers applied in shear experiments [Schwedes, 2003]
Couette cells are probably the most frequently used tools by physicists. In such a
Couette geometry the material is sheared between two concentric cylinders which are
rotating compared to each other. The shear band is formed next to the inner wall (as
the shear stress is the largest there) and the velocity proﬁle within the band is given
by


2 
r − Rmin
r − Rmin
−
(2.4)
v0 exp −
A
B
as the function of the distance (r−Rmin ) measured from the inner cylinder (both in 2D
and 3D) [Veje et al., 1999, Mueth, 2001]. If spherical grains are used, the exponential
decay is dominant, whereas for grains that are aspherical, polydisperse and rough, a
pure Gaussian proﬁle is observed.
Recent experiments in a modiﬁed Couette cell [Fenistein and van Hecke, 2003,
Fenistein et al., 2004] provided localized shear ﬂow in the bulk away from the conﬁning walls, where universal geometrical properties of shear bands were discovered.
The experimental setup was a cylindrical container ﬁlled with grains up to a certain
height. The bottom was split into an outer ring rotating with the container wall, and
a stationary disk of radius Rs in the center (Fig. 2.6.b). Thus the outer and inner part
of the material were rotated relative to each other, which created a shear band with
cylindrical symmetry: It started at the perimeter of the stationary bottom disk and
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extended through the bulk up to the free surface. On the surface the angular velocity
of the granular material as the function of the radius was measured. It follows to
high accuracy an error function characterized by two parameters: the width W and
the center position Rc of the shear band. Rc gets smaller as the ﬁlling height H is
increased, while the width grows continuously with increasing H. Band width up to
50 grain diameters was observed, i.e. much larger than the above mentioned size of
10 grains. Interestingly, the surface position Rc proved to be very robust: It depends
only on two length parameters H and Rs but neither on the particle properties (size,
shape, friction, hardness), nor on the shear rate. This is contrary to the width of
the band, which is aﬀected by the size and shape of the grains but is insensitive to
changes of the slip radius Rs . A theoretical analysis of these experiments is given in
Chapter 7.
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Chapter 3
Discrete element methods for
granular media
Numerical simulation has become an integral part of basic research providing a distinct but equally important research tool besides theory and experiment. It can be
used in several diﬀerent ways: i) One goal may be e.g. to test models, to conﬁrm or
reject them based on a comparison between simulation and experimental results. ii)
One can also perform numerical simulations in order to measure parameters which are
experimentally unavailable. There is no such diﬃculty as that the measurement alters
the dynamics or the detector cannot be placed inside the material. In a numerical
experiment all information concerning the dynamics is immediately accessible. iii)
Computer modeling is often used simply to predict the behavior of real systems. iv)
Again another purpose can be to separate relevant and irrelevant properties, which
is of great importance to gain better understanding of complex systems. Contrary
to real experiments, input parameters can be adjusted independently, eﬀects can be
switched on and oﬀ at will.
Of course computer simulations have their own diﬃculties and limitations. Besides the fact that the implementation (writing the program code) is a hard task, one
inevitably has to face contradicting requirements: Handling large number of particles
and achieving large simulated time scales but with reasonable computational time
and highest possible accuracy. Thus one has to make compromise according to the
computer resources when performing numerical experiments.
Many diﬀerent simulation techniques with diﬀerent range of applicability have
been developed in the area of granular materials. A particularly important class is
constituted by the so-called discrete element methods (DEM), which have the common
property that trajectory of each particle is calculated based on interaction with other
particles and with the environment. The characteristics of these algorithms originate
mainly from diﬀerent modeling of interparticle interactions. We discuss here three
discrete element techniques: After a short presentation of the basic principles of soft
particle molecular dynamics (MD) and event driven (ED) methods we will focus on
the contact dynamics (CD) method and analyze it in detail.
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Before turning to these techniques, we mention that there are also other
methods outside the DEM class which are widely used in basic research or in
engineering applications, but are not discussed here. E.g. cellular automaton
modeling [Bak et al., 1987, Baxter and Behringer, 1990, Károlyi and Kertész, 1998,
Yanagita, 1999] or ﬁnite element methods [Savage, 1998].

3.1

Soft particle molecular dynamics method

In order to give the time evolution of a system of N particles the equations of motion
mi

dvi
= Fi ,
dt

(3.1)

dωi
= Ti ,
(3.2)
dt
 i are the
are integrated numerically, where the meaning of the variables mi , Ii , vi , ω
mass, moment of inertia, velocity, angular velocity of the ith particle with total force
Fi and torque Ti acting on it (assuming spherical particles Ii is scalar). Ti arises from
contact forces between the particles while Fi may involve also additional external
forces (e.g. gravity).
In MD simulations [Cundall and Strack, 1979, Walton and Braun, 1986,
Wolf, 1996, Silbert et al., 2002] the calculation of contact forces is based on viscoelastic models: During the dynamics particles may overlap, which is interpreted as
(usually microscopic) deformation of the contact region. Then the contact force is
calculated from the extent and time derivative of the overlap. For spherical particles
the overlap is
(3.3)
ξn = R1 + R2 − |r2 − r1 | ,
Ii

i.e. the sum of the two radii minus the distance between the centers. The form of the
normal contact force Fn is given by a spring-dashpot model:
Fn = −kξnα − γ

d β
ξ
dt n

(3.4)

if ξn > 0, while Fn is zero otherwise. The ﬁrst term gives the elastic restoring force,
where usually α = 1 (Hook’s law, linear spring) or 3/2 (Hertz’s law) are applied, the
latter corresponding to elastic spheres [Landau and Lifshitz, 1986]. The second term
describes viscous dissipation. If the material of the particles obey linear viscoelasticity,
then α = β [Kuwabara and Kono, 1987, Wolf, 1996].
 t if one wants
More problematic is the calculation of the tangential contact force F
to incorporate e.g. static friction into the model. A usual way is to use tangential
spring similar to the normal one in Eq. 3.4. That imaginary spring is attached to the
point of contact as soon as the particles touch each other and it is stretched according
to the relative tangential displacement ξt at the contact. The force of the tangential
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spring provides the static friction force until its magnitude is below the Coulomb limit.
If this limit is exceeded the contact starts sliding, the magnitude of the tangential
force is set to µFn and its direction is chosen opposite to the local relative velocity
[Cundall and Strack, 1979, Walton and Braun, 1986]. However, the calculation of the
tangential displacement is not an easy task in 3D. Even if ξt is given, its direction can
diﬀer from that of the tangential velocity, which is also problematic when switching
back and forth between sticking and sliding. A further diﬃculty is how to adjust the
length and the direction of the tangential spring during sliding. There are diﬀerent
strategies how to handle these problems and one should be careful which one to use
in order to avoid “ghost” forces [Brendel and Dippel, 1998], instabilities or spurious
dissipation.

3.1.1

Limitations

In MD the velocities of particles are regarded as smooth functions of time even for
collisions, therefore the time resolution of the numerical integration should be quite
high: about 100 times smaller time step ∆t is needed than the duration τ of a collision.
On the other hand, the phenomena that one is interested in have much larger time
scales than τ (hydrodynamic processes, avalanches, segregation, etc . . . ) thus their
study provides a big computational challenge.
From Eq. 3.4 the following characteristic time can be obtained for a collision:
1
τ≈
v



mv 2
k

1/(1+α)
,

(3.5)

where v denotes the relative velocity before the collision. It shows that higher stiﬀness
of particles requires larger computational eﬀort and that the hard particle limit raises
serious diﬃculties.
One possible way to achieve larger simulated time is to enlarge τ artiﬁcially
choosing k smaller than in real materials. Of course then γ has to be changed as
well to keep the energy dissipation on a realistic level at least for binary collisions.
Nevertheless, it can be seen that this strategy causes undesirable changes in the
dynamics of the system if the density is large [Luding et al., 1994]. This is the socalled “detachment eﬀect” where a bunch of particles are colliding at the same time
instead of having many successive binary collisions, which provides artiﬁcially low
energy dissipation.
Another characteristic time is the duration τ0 which two particles would need to
pass freely through each other if there was no interaction between them:
τ0 ≈

2 (R1 + R2 ) cosθ
,
v

(3.6)

where θ denotes the collision angle (the angle between the relative velocity and the
vector |r2 − r1 | connecting the two centers just before the overlap). If τ0 becomes
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smaller than τ (for large velocities or oblique collisions) the spring-dashpot model
may result in unphysical behavior where the braking force of the collision becomes
too small (“brake failure eﬀect”). More details and a possible artifact in simulations
due to brake failure can be found in [Schäfer and Wolf, 1995].
Still MD is a very successful and probably the most frequently used simulation
technique in the ﬁeld of granular media, suitable for studies of various phenomena
and processes in sheared, compressed, vibrated and jammed systems.

3.2

Event driven method

ED technique was developed to simulate gas-like situations where particles interact
via binary collisions. The details of the collision process are beyond the scope of ED,
the only thing that matters in a collision is the total change of velocity and spin of the
particles: The method operates with perfectly rigid particles and with instantaneous
collisions. A collision (event) occurs when two particles touch each other, where the
post-collisional velocities and angular velocities are prescribed by a collision operator
[Rapaport, 1980, Walton and Braun, 1986, Wolf, 1996, Herrmann and Luding, 1998].
With the new velocities a ballistic ﬂight begins (without particle-particle interaction
till the next event), thus an analytic treatment of the time evolution is possible, which
allows the determination of the positions and velocities just before the next event 1 .
Then the collision operator readjust the velocities again and the program can look
ahead to the next collision and so on. In that way the simulation jumps between
the successive events skipping the ballistic time in order to save computational time.
It shows the eﬃciency of this concept that it made it possible to simulate 40000
particles more than a decade ago, when clustering instability of granular gases was
studied [Goldhirsch and Zanetti, 1993] (see Fig. 3.1).
In choosing the collision operator one has freedom of d parameters in dimension
d and it can be completely described by the transmitted momentum J at the contact
point. An important reference situation is when no momentum change is allowed
perpendicularly to the contact normal (zero friction), while in normal direction a
velocity independent restitution coeﬃcient 0 ≤ rn ≤ 1 is applied: The relative normal
velocity of the contact is reversed and multiplied by rn in the collision. rn = 1
corresponds to elastic particles, whereas rn < 1 describes dissipative collisions.
Friction is usually taken into account with the simpliﬁcation that exclusively sticking or sliding is allowed. For a sticking contact a coeﬃcient of tangential restitution rt
applied (for the relative tangential velocity of the contact) as long as the the tangential component
of the transfered momentum is not too large compared to the normal
 

one: Jt  ≤ µJn . If this is not the case the tangential component is set according
to sliding: Jt = −µJnvt / |vt |, where vt denotes the relative tangential velocity just
1

The problem often does not contain external forces, thus the trajectories of the particles are
simply straight lines with constant velocities.
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Figure 3.1: Cluster formation in dissipative gas started from homogeneous initial
state. Planar ED simulation [Goldhirsch and Zanetti, 1993].
before the collision.
Although the assumption that restitution coeﬃcients are independent of the relative velocity is simple and widely applied, it is not very realistic for low impact
velocities. In fact in that region the collisions become more and more elastic. For
viscoelastic spheres described by Eq. 3.4 and α = β = 3/2, rn is given by the following
function [Ramirez et al., 1999]:
3
rn (vn ) = 1 − Avn1/5 + A2 vn2/5 + . . .
5

(3.7)

This dependence on the impact velocity has essential consequences in free granular
gases: It has been known for long that collisional cooling is inhomogeneous and
clustering occurs, but it was rather recently realized that this structure formation may
only be a transient process and the clusters can dissolve after a while restoring a state
of homogeneous density [Brilliantov et al., 2003, Pöschel et al., 2003]. Formation and
disappearance of clusters is shown in Fig. 3.2 based on an ED simulation according
to Eq. 3.7.
In the previous section we discussed the detachment eﬀect in MD simulations due
to exaggerated softening of the particles, thus we should also mention here that ED
can exhibit exactly the opposite eﬀect. In real systems, where particles possess ﬁnite
stiﬀness, collisions are not instantaneous. There may be multi-contact situations
where one particle is involved in two or more collisions at the same time. Such a case
is resolved by a corresponding ED simulation with successive collisions, where e.g.
the given particle can bounce between their neighbors back and forth far too many
times. Contrary to the detachment eﬀect this scenario could result in an unphysical
fast energy dissipation in ED modeling.
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Figure 3.2: Event driven simulation of free collisional cooling in a granular gas of 105
particles [Brilliantov et al., 2003]. As a consequence of velocity dependent restitution
clusters appear as transient structures. The ﬁgures show snapshots of diﬀerent times,
taken after 0, 200, 800, 7500, 20000 and 70000 collisions per particle.

3.2.1

Inelastic collapse

In simulations where the density of the particles is low, the ED method proved to
be much faster than the timestep-driven methods (MD, CD). However, when density
becomes higher the event driven scheme can be disadvantageous, as the eﬃciency
drops with increasing frequency of collisions. It can happen that a subset of particles
have inﬁnite number of collisions in a ﬁnite period of time. In this case the simulation
slows down and considering the simulated time it practically stops: It cannot get
through a critical time. This phenomenon is called “inelastic collapse” [Haﬀ, 1983].
In Fig. 3.3 such a situation is shown, where interestingly the particles that have been
involved in the last 200 collisions are located in one line.
It is a controversial question what signiﬁcance the inelastic collapse has in real
granular systems [Kadanoﬀ, 1999]. According to one view such collapse is merely a
computational problem which restricts the scope of ED simulations to dilute granular gases. The other opinion is that the inelastic collapse has physical meaning: it
indicates the appearance of long-lasting contacts.
Of course the problem of long-lasting contacts is very important (e.g. in dense
ﬂow or in statics of granular media) but it does not ﬁt into the concept of binary
collisions. For studies of these problems the application of the event driven method
is at least problematic.
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Figure 3.3: The ﬁnal “collapsed” conﬁguration of 1024 particles found in a planar
ED simulation [McNamara and Young, 1994]. The marked disks are the particles
that were involved in the last 200 collisions.

3.3

Non-smooth contact dynamics method

CD technique [Jean and Moreau, 1992, Moreau, 1994, Wolf, 1996, Jean, 1999,
Unger and Kertész, 2003a] was designed to solve the unilateral and frictional contact problem for large number of rigid bodies. It was ﬁrst applied to granular media
by M. Jean and J. J. Moreau. The method has a clear strategy how to overcome the
diﬃculties we described in previous sections, e.g. the treatment of high stiﬀness or the
treatment of long lasting contacts. The way is to consider perfect volume exclusion
of the particles and to handle the interaction by means of constraint forces. To attain
this idea, as we will show next, an implicit ﬁxed time step algorithm is used, which
has the signiﬁcant advantage that the implementation of dry friction is rather simple;
the inﬁnitely steep graph of Coulomb friction can be adopted, thus no regularization
is needed.
Although in recent years CD has been the simulation tool of numerous studies [Radjai et al., 1996, Radjai et al., 1998, Staron et al., 2002, Kadau et al., 2003,
Bartels et al., 2004, Unger et al., 2004b], it is diﬃcult to implement this algorithm
relying merely on the literature. A practical description with hints how to adopt
CD had been lacking for long and only recently did we publish a review in this spirit
[Unger and Kertész, 2003a]. Here we follow this work and present the basic concept of
CD and the structure of our 3D algorithm in detail. The description here is conﬁned
mostly to rigid and spherical particles with perfectly inelastic collisions (i.e. with zero
restitution), but it has to be emphasized that CD contains no restriction on shape or
on the other conditions. We refer to simulations, where polygons were implemented
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[Kadau et al., 2002, Kadau et al., 2003] in planar simulations, or particles with ﬁnite
Newton restitution [Radjai et al., 1999], even deformable bodies can be adopted in
CD with minor modiﬁcations [Jean, 1999].

3.3.1

Basic principles

As CD is a discrete element method, it provides the dynamics by integrating the
equations of motion for each particle, where besides external ﬁelds (e.g. gravity)
the interaction between the particles are also taken into account. The particles are
considered as perfectly rigid and interact with each other via point-contacts. The
question is, how the force at such a contact is calculated with CD. Because of rigidity
it cannot be given as a function of the extent or rate of the contact-deformation,
like in the case of the soft particle MD. In fact, the principles of the two methods
are basically diﬀerent. In CD the contact forces are calculated by virtue of their
eﬀect, namely the generated motion has to fulﬁll certain constraints. Typically such
a constraint is the volume exclusion of the particles, or the absence of sliding due to
static friction.
Using constraint forces has a serious consequence: a contact force depends also
on other forces that press the two contacting bodies together, e.g. on adjacent contact
forces. Thus for a compressed cluster of rigid particles the problem cannot be solved
locally for each contact. In the algorithm, in order to calculate a global consistent
system of constraint forces at every time step, an iterative scheme is needed (called
the iterative solver ).
This iteration process of course demands computational eﬀort, but in exchange it
makes possible to apply an implicit stepping algorithm with relative large time steps.
The resulting dynamics is non-smooth and includes velocity jumps due to shocks
when collisions occur. This is in contrast to the soft particle MD, where collisions
have to be resolved as smooth motion leading to shrinking time steps for growing
stiﬀness.

3.3.2

Constraint conditions

The main feature of unilateral contacts we want to attain is impenetrability. Furthermore, only repulsive forces are allowed (we consider here noncohesive particles).
This is expressed by the Signorini graph (Fig. 3.4), which relates the gap g between
two particles and the normal force Rn between them (R stands for constraint forces).
Rn can be non-negative and arbitrarily large if g = 0, but becomes zero if the two
particles are not in contact (g > 0). In the algorithm the normal force is determined
according to this multi-mapping graph and the additional principle that the smallest
value of Rn is applied at a contact, which is just needed to avoid interpenetration.
Regarding the tangential force Rt , it corresponds to the Coulomb graph (Fig.
3.5), which captures the characteristics of dry frictional contacts that sliding cannot
be induced below the threshold µRn .
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Figure 3.4: The Signorini graph relating normal force and gap between two particles.















Figure 3.5: The Coulomb graph of the friction force related to the tangential velocity
Vt at the contact.
For a sticking contact the value of Rt is not determined by the graph, the static
friction force can be arbitrary below the threshold. Here a similar constraint principle
is applied as for Rn , namely that the proper friction force is chosen, that is needed
to keep the contact from sliding. If this condition cannot be satisﬁed below the
threshold, then the contact starts sliding, exerting a friction force µRn against the
motion, i.e. pointing opposite to the relative tangential velocity.
The graph shown in Figure 3.5 concerns rather the two-dimensional case. In
three-dimensions it better to consider the Coulomb cone: for a given Rn the friction
force must lie in a two-dimensional plane within a circle the radius of which is deﬁned
by the threshold above, thus the radius depends linearly on the normal force.
We would like to emphasize that both graphs are inﬁnitely steep and can be
implemented in the CD method without any change.

3.3.3

The discrete dynamical equations

According to the Signorini condition, collisions of particles give rise to shocks, therefore discontinuous velocities are expected during the time-evolution. In such a case
of non-smooth mechanics [Moreau and Panagiotopoulos, 1988] the use of second or
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Figure 3.6: Two rigid particles before a possible contact state.
higher order schemes for the numerical integration of motion is not beneﬁcial and
could even be problematic. Therefore ﬁrst order schemes are applied, e.g. an implicit
Euler integration in our CD code:
ri (t + ∆t) = ri (t) + vi (t + ∆t) ∆t
1 
Fi (t + ∆t) ∆t .
vi (t + ∆t) = vi (t) +
mi

(3.8)
(3.9)

The two equations describe the change in velocity and position of the center of
mass during one time step for the ith particle. The vector Fi denotes the sum of the
forces acting on this particle and in each step it is calculated to be consistent with
the new velocities and positions.
The time-stepping is also similar for the rotational degrees of freedom: the orientation of a particle is updated with the new angular velocity ω
 i (t + ∆t), while for
the update of ω
 i we use the torque Ti (t + ∆t) resulting from the new contact forces.

3.3.4

One contact

Let us ﬁrst consider the simple case of only one candidate for contact, i.e. two convex
particles already in contact or with a small gap between them. They are numbered
0 and 1 and may be subjected to constant external forces F0ext , F1ext acting on the
centers of mass (Fig. 3.6). The volume exclusion and the Coulomb friction law may
 at this contact-candidate (contact force for short), where
require a constraint force R
 acts on particle 1, while its reaction force −R
 acts on
we use the convention that R
 is calculated with CD.
the other one. In this section we will show how R
An important quantity of a contact-candidate is its relative velocity:


 = v1 + ω
V
 1 × l1 − v0 + ω
 0 × l0 ,

(3.10)

where the vectors l0 and l1 point from the centers of mass to possible contact points.
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It is useful to introduce a generalized velocity vector:
⎡ ⎤
v0
⎥
⎢ω

0⎥
V=⎢
⎣v1 ⎦ .
ω
1

(3.11)

 has a linear dependence on V (Eq. 3.10).
The contact velocity V
In a similar way generalized forces can be deﬁned:
⎡ ⎤
⎡
⎤
0
R
F0ext
⎢ ⎥
⎢  ⎥
⎢T ⎥
⎢ 0 ⎥
R = ⎢  0 ⎥ , Fext = ⎢  ext ⎥ ,
⎣R1 ⎦
⎣F 1 ⎦
0
T1

(3.12)


where R contains torques and central forces equivalent to the eﬀect of R:

 0 = −R,
R


 1 = R,
R


T0 = −l0 × R,


T1 = l1 × R,

(3.13)

while Fext collects the external forces (the external torques are zero).
Concerning our notation: Letters in bold denote vectors and matrices with dimension diﬀerent from the space dimension, e.g. V and R have 12 real components,
while ordinary vectors are indicated with vector notation (e.g. v , ω
 ). Calligraphic


letters (R, V) are used for contact quantities to distinguish them from similar ones
 v ).
which are related to centers of mass (e.g. R,
The relation between the corresponding contact and central quantities can be
expressed with the following linear forms:

R = HR
 = HT V ,
V

(3.14)
(3.15)

where HT is the transpose of the matrix H. These two matrices depend only on the
geometry, their structures follow from Eq. 3.10 and Eq. 3.13:
⎡
⎤
−1 
⎢ 
⎥
⎢− l0 × ⎥
⎥ ,
H=⎢
(3.16)
⎢
⎥
⎣  1  ⎦
l1 ×
 
 

H = −1 l0 × 1 − l1 × .
T



(3.17)
 
The elements here are 3 × 3 matrices: 1 is the unit matrix and li × gives simply the
crossproduct of li and the vector it is acting on. The matrix H allows us to transform
contact quantities into particle quantities and vice versa.
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For the particles Newton’s equation of motion reads:
dV
= M−1 R + M−1 Fext ,
dt

(3.18)

where M−1 is the inverse of the generalized mass matrix, which is built up from the
masses and moments of inertia matrices of the particles:
⎤
⎡
m0 1 0 0 0
⎢ 0 I0 0 0 ⎥
⎥
M=⎢
(3.19)
⎣ 0 0 m1 1 0 ⎦ .
0 0 0 I1
If one transforms the Equation (3.18) multiplying it with HT from the left, the
equation of motion can be obtained regarding this candidate for contact (note that
the term dHT /dt V describing the geometrical change is neglected here, which is
typically a good approximation) :

 free
dV
 + dV
= M−1 R
,
dt
dt

(3.20)

where M is the eﬀective mass matrix of the contact and it describes the contactacceleration due to the contact force. This is an important relation because, as we
will see, it gives the possibility to utilize our constraint conditions and therefore to

calculate the interparticle force R.
The second term of the right hand side in Eq. 3.20 has the meaning of the acceleration without any interaction between the particles, i.e. only due to the external
forces:
 free
dV
= HT M−1 Fext
(3.21)
dt

The properties of the eﬀective mass matrix M
The value of M−1 follows from the transformations (3.14) and (3.15):
M−1 = HT M−1 H .

(3.22)

It can be shown that M−1 gets a really simple form for contacting spheres, ﬁrst
because moments of inertia are spherical (i.e. I0 and I1 are numbers):

M−1 =

l 2 l 2
1
1
+
+ 0 + 1
m0 m 1
I0
I1


1−

1    1   
l0 ◦ l 0 −
l1 ◦ l 1
I0
I1

(3.23)
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(where ◦ is the dyadic product) and second because one can take into account the
fact that l0 and l1 are on the same line, which is perpendicular to the contact surface.
The result is that M−1 can be characterized by two parameters mn and mt :
−1

1
1
+
(3.24)
mn =
m0 m1
−1

l 2 l 2
1
+ 0 + 1
,
(3.25)
mt =
mn
I0
I1
which can be called normal and tangential mass respectively, as they are the inertia of
 is given
this contact-candidate in normal and tangential direction. More clearly if R
 t (n is a normal unit
by the sum of the normal and tangential component: Rnn + R
vector, while the tangential component is a vector in the two-dimensional tangent
plane), then M−1 acts in the following way:
 =
M−1 R

1 
1
Rnn +
Rt .
mn
mt

(3.26)

Thus the normal and tangential components are not coupled for spheres, which is not
true in general.
The time stepping
Turning back to the dynamics, our aim is to ﬁnd a proper interaction force in accordance with the discrete equations. Based on the implicit Euler scheme, the following
discrete form of the dynamical equations is obtained for the two-particle system:


(3.27)
Vnew − V = M−1 Rnew + M−1 Fext ∆t .
The superscript “new” indicates the yet unknown values, i.e. the values after the
time step ∆t. Because the external forces are kept constant here, their change is not
involved in the equation. This implies the following approximate change in contact
velocity during one time step:


 = M−1 R
 new + HT M−1 Fext ∆t ,
 new − V
(3.28)
V
 new and R
 new . The part of this velocity change due
where the unknown values are V
to the external forces is known and can be subtracted from Eq. 3.28):

where

 = M−1 R
 new ∆t ,
 new − U
V

(3.29)

 = HT M−1 Fext ∆t + V

U

(3.30)

has the meaning of the new velocity if there was no interaction.
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Similarly, positions are updated by means of new velocities (Eq. 3.8), which implies the following predictive formula for the gap g (the distance between the two
particles):
(3.31)
g new − g = Vnew
n ∆t ,
 new is the normal component of the contact velocity. The normal
where Vnew
= nV
n
vector n points from particle 0 towards particle 1, thus for approaching particles the
normal velocity is negative. Note, that negative g has the meaning of an overlap.
Considering the Equations (3.29) and (3.31) the constraint conditions can be
easily imposed on the “new” situation, which is done in three steps in the algorithm:
1. First we check what happens to the gap without interaction after the duration
∆t and if it remains positive:
g + Un ∆t > 0 ,

(3.32)

 new is set to zero. This means the contact state is not reached yet and
then R
no contact force is needed. If the left hand side of the inequality (3.32) is zero
or negative, the algorithm jumps to the second point.
2. As the two objects are considered perfectly rigid, a contact force is needed to
hinder the interpenetration. In this step the algorithm makes an attempt to
establish a sticking contact, i.e. we require on one hand that the gap closes:
g new = 0 ,

(3.33)

 new = 0 ,
V
t

(3.34)

on the other hand no slip occurs:

thus the unknown values can be determined. From Eq. 3.31 the new velocity is
 new = −(g/∆t)n, then Eq. 3.29 reads:
obtained V
−



 g
1
t = R
 new ,
M
+ Un n + U
∆t
∆t

(3.35)

which provides the contact force. However, this contact force can only be accepted if lies within the Coulomb cone:
 
 
(3.36)
Rt  ≤ µRn .
If this does not hold, we have to give up the assumption of a sticking contact
(friction is not strong enough). In this case the contact will be a sliding one
 new , which is done in the third point.
and a new calculation is needed for R
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3. For a sliding contact the condition (3.33) remains valid, but (3.34) does not.
Then the following equation must be solved:
−

 g


1
t = R
t −V
 new ,
M
+ Un n + U
∆t
∆t

(3.37)

together with two further conditions corresponding to sliding friction. First
 t and R
 t must be parallel and have opposite direction,
V
second

 
 
Rt  = µRn .

(3.38)

(3.39)

These three points form a shock law that in general provides the contact force
at every time step. It can be applied for colliding particles, but also for an oldestablished contact, in that sense no distinction has to be made. If the treatment is
restricted to spherical particles, the shock law can be written in a more simple form,
but before the summary of this case is given, we would like to make two remarks.
First, this shock law corresponds to a completely inelastic collision, i.e. to zero
value of the normal restitution coeﬃcient. To accomplish such a collision, two time
steps are needed by this scheme: at the ﬁrst time step the relative normal velocity is
only reduced but it is not set to zero, in order to let the gap close and then at the
following time step the relative normal velocity vanishes completely for the already
established contact.
Second, due to practical reasons a slight change is proposed in the shock law
[Jean, 1999], that is the application of
g pos = max (g, 0)

(3.40)

instead of g in Equations 3.35 and 3.37. This, in principle, makes no diﬀerence because g should be non-negative. However, due to inaccurate calculations some small
overlaps can be created between neighboring particles. These overlaps would be immediately eliminated by the ﬁrst version of the inelastic shock law by applying larger
repulsive force in order to satisfy the Equation 3.33. This self-correcting mechanism,
nonetheless, has the non-negligible drawback that it pumps kinetic energy into the
system, when thrusting the overlapping particles away from each other. With the
application of g pos one gets rid of these correcting impulses in such a way that an
already existing overlap is not eliminated, only its further growth is inhibited. In that
sense the resulting shock law is “more inelastic” than the original one.
The inelastic shock law of the second type is given by the following very simple scheme for spherical particles, which allows diﬀerent masses and sizes for the
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contacting spheres:

if Un ∆t + g pos > 0 
Rnew := 0
(no contact)
then  nnew
 pos

⎧Rt := 0
1
g
⎪
⎨ Rnew
+ Un
:= − mn
n
∆t
∆t
else
(sticking contact)
⎪
⎩R
 new := − 1 mt U
t
t

∆t

  new 
new
if Rt  > µRn
⎧
⎨
 new
 new := µRnew Rt 
(sliding contact)
then R
t
n 

⎩
 new

R
t

(3.41)

Note, that in the third sliding case the recalculation of Rn is not necessary, because
the mass matrix M is diagonal, even the direction of the non-sliding friction force
obtained before can be accepted for the sliding contact, relying on Eq. 3.29.
When situations in real experiments are numerically studied, it is a natural requirement that certain conﬁning objects are involved in the simulation (e.g. container,
ﬁxed wall, moving piston, rotating drum). Therefore the algorithm has to be able
to handle not only sphere-sphere contacts, but also sphere-plane and sphere-cylinder
contacts. One can easily verify that if planes and cylinders with inﬁnite moments of
inertia are used (I1 = ∞), the same simple contact law can be applied as the one
derived here for spheres.

3.3.5

Many contacts

As we have pointed out, unilateral frictional problems of contacts cannot be solved
 new and
independently in a dense granular system. The unknowns of one contact R
new

depend on adjacent “new” contact forces, which are also unknown. In this way
V
a contact force is coupled to every other contact if they are connected through the
contact network. This is a natural consequence of the perfect rigidity, e.g. a collision
can immediately aﬀect the forces even in a very far part of the system.
In order to solve this global multi-contact problem, i.e. to satisfy the constraint
conditions for all contacts, an iterative method is applied in CD. This iterative solver
is executed at every time step before the implicit Euler integration can proceed one
step further with the newly provided forces.
This method works as follows. At each iteration step we update every contact,
independently in the sense that for one contact-candidate a “new” contact force is
calculated based on the one-contact shock law, pretending that the current forces
of the neighboring contacts are constant. After that the resulting force is stored
immediately at the given contact and a new candidate is chosen for the next update.
In that way all the contact forces are updated one by one sequentially. Of course,
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one update per contact does not yet provide a global solution, but approaches it to
some extent. Then this iteration step is repeated many times letting the forces relax
according to their neighborhood towards a globally consistent state. After satisfactory
convergence is reached the iteration loop can be stopped. With convergence we
mean that further update of the contact forces gives only negligible changes, thus
the constraint conditions are practically fulﬁlled for the whole system. We note that
in contrast to this sequential process, a simple parallel update would be unstable.
When the inelastic shock law is applied for the one-contact update, one should
not forget that forces from adjacent particles (acting now as external forces) exert
also torques T0ext and T1ext , which have to be included in the generalized vector Fext
in Eq. 3.12, where the two torques originally were set to zero.
Regarding the order of the update sequence within the list of the contactcandidates, it is preferably random and the random pattern is generated repeatedly
for each sweep. In this way we want to avoid any bias in the information spreading,
what may be caused e.g. by geometrical sweeps. (If the update order was from top to
the bottom, information would pass faster through the contact network downwards
than upwards.) It has to be mentioned that the random sweep described here diﬀers
from the well known random sequential update because while in the latter the choice
of a contact is independent from the previous choices (the same contact could be selected even three times successively), the random sweep selects each contact exactly
once within one iteration step.
In applications the iteration process of contact dynamics has a nice behavior and
converges under reasonable assumptions. About the conditions of convergence more
can be found in [Jean, 1999] and references therein.
Convergence criteria
Convergence criteria [Bartels, 2001] are applied in the iteration loop to decide whether
the force-system has reached a satisfactory consistent state or further iterations are
needed. That is, a convergence criterion determines the total number number of
the iterations within each time step. Various criteria are used by diﬀerent research
groups, but the structure or eﬃciency of these criteria are not much discussed in the
literature.
In the following a few possible choices are presented, where the ﬁrst two examples
are conditions on the relative change of forces. The notation used here is the following:
 α is the force of the contact-candidate α in the current stage of the iteration process,
R
 α is its change during the last iteration step and the brackets  mean average over
∆R
all candidates.
The ﬁrst criterion is local:

 

 
  
(3.42)
∆Rα  ≤ ε R
α ,
which inequality is required for every α. Once it is satisﬁed everywhere, the iteration
loop stops. With the parameter ε the required accuracy can be given. With smaller ε
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the calculation is more accurate, but the loop of the iteration is forced to run longer.
However, if this criterion is applied, an additional cutoﬀ for small forces is needed
because small numerical ﬂuctuations in the simulation can be relatively large for tiny
contact forces (there are always such forces in large granular packings), and therefore
the condition (3.42) cannot be fulﬁlled. One way to solve this is to add a certain
small force δ to the right hand side.
The second example is of global type:
 
 
 
 
≤
ε
(3.43)
∆ R

Rα  .
α
Here the change in the average force is tested, thus it means only one condition
globally for the whole system. The role of ε is the same as in the local case, but
of course the same value of ε provides diﬀerent accuracies for the calculation of the
force-system.
We performed test runs [Bartels et al., 2001] in order to compare the eﬃciency
of the two criteria. Here the extent of the errors and the average iteration over
many time steps were measured, this latter representing the computational eﬀort. In
most cases the exact solution to the forces was not available, so one cannot describe
the error as diﬀerence between exact and approximate solutions. Here the level of
accuracy was simply characterized by the average overlap, which should be zero in
the ideal case. This investigation showed that both criteria are working well, but
in many cases signiﬁcant diﬀerences in the eﬃciency were found. However, which
criterion is more eﬃcient depends on the speciﬁc situation and also on the required
level of accuracy.
Finally we mention that a criterion can simply prescribe a ﬁxed number of iterations:
(3.44)
NI = const,
i.e. at every time step the iteration loop stops after NI steps. The accuracy can be
improved here by applying larger NI . This choice of the criterion behaves also nicely
in simulations and one of its advantages is simplicity, which makes the operations of
the program more transparent giving the possibility of better understanding of the
method.
Sources of errors
Numerical simulations usually involve numerous simpliﬁcations and approximations,
which may lead to deviations compared to real experiments. These can be e.g. the
assumption of point-contacts or constraint conditions when setting up a theoretical
model, or other types of approximations due to the numerical implementation of this
model, e.g. a discrete integration scheme.
Being aware of these inevitable sources of deviations one can formulate a new
reduced requirement against the algorithm, as we did for CD: We wanted to have
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a simulation technique based on the implicit Euler integration, which satisﬁes the
Signorini and Coulomb graphs in every time step.
Is this requirement met by the here presented algorithm? In fact, the computation of contact forces can lead to further errors. The ﬁrst and main reason is that
convergence of the iterative process is not perfect, the loop is necessarily stopped after
ﬁnitely many steps. More about the consequences of this non-accurate force calculation can be found in the second part of this thesis. But additional errors can emerge
even if the one-contact shock law was satisﬁed everywhere in the system. This is
because in the shock law some geometrical changes are neglected when predicting the
“new” conﬁguration. E.g. for approaching particles the contact normal can slightly
turn, or the vectors l0 , l1 can suﬀer small changes which would alter the matrix H.
However, if the relative displacement of particles during one time step is small compared to particle size and to curvature of the contacting surfaces, these geometrical
changes are kept also small and their eﬀect can typically be neglected.
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Chapter 4
Pseudo elastic behavior in contact
dynamic simulations
This chapter is devoted to the behavior of the contact dynamics method arising
from the iterative force computation and to its consequences. The study of the
algorithm is carried out in a manner commonly applied in physics: starting with
the given microscopic laws (e.g. the one-contact shock law here) properties of global
behavior are examined. For a simple test system a coarse grained description is given
based on the discrete dynamics, where physical phenomena such as diﬀusion or sound
propagation turn out to be relevant.

4.1

Relaxation of contact forces

In order to learn more about CD, we analyze and test the algorithm using the following
very simple system [Unger et al., 2002]. The system consists of an array of identical
rigid disks or spheres aligned in a straight line (Fig. 4.1) and is considered onedimensional, as only the motion along the line is taken into account (spinning or
lateral motion is not allowed). The long chain of particles is compressed by external
forces acting at the ends, the inner part of the chain is free from external forces. The
neighboring particles are permanently in contact, i.e. gipos = 0 (Eq. 3.40), where the
ith contact is between the particles i and i + 1. In this one-dimensional case the
tangential forces are zero and the normal contact forces are denoted by Ri . First we
show how the iterative solver works for this simple case.
For the update of the contact forces the shock law 3.41 is applied. Provided the
particles remain in contact and no friction is considered, the update of the ith contact
attains the following form:
Ri−1 + Ri+1
m
(vi − vi+1 ) +
.
(4.1)
2∆t
2
Based on the current values of the adjacent velocities and forces, a new value of Ri is
given by this assignment which is applied several times on the contacts in the way we
Ri :=
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Figure 4.1: A multi-contact situation in an 1D array. External forces act only on
particles far away from those shown. Each particle is subjected only to the contact
forces of the adjacent ones.
described for the multi-contact states in Section 3.3.5. Here, the eﬀective mass (the
normal inertia of the contacts) is half of the particle mass m.
As we are searching for a continuum description, the shock formula 4.1 can be
regarded as the discretized form of a partial diﬀerential equation (PDE). In order
to make this transformation, on one hand, we consider the particle index i as space
variable x and replace the diﬀerences of consecutive quantities by spatial derivatives
in the usual way:
vi+1 − vi
→ ∂x v
(4.2)
d
and
Ri+1 + Ri−1 − 2Ri
→ ∂x2 R ,
(4.3)
d2
where d is the particle diameter. On the other hand we introduce a ﬁctitious time t∗
for the iteration process, to be able to describe the force evolution. (Note that the
physical time does not elapse while the iterations develop the forces.) Then the force
change ∆R during one iteration step ∆t∗ can be replaced by a time derivative:
∆R
→ ∂t∗ R .
∆t∗

(4.4)

Thus, by applying these transformations straightforward to Eq. 4.1 one arrives to
the following PDE:
∂t∗ R = D∂x2 R − β∂x v
(4.5)
with D = q

d2
,
∆t∗

(4.6)

md
,
(4.7)
∆t∆t∗
1
(4.8)
and q = .
2
This analytic form clearly reveals the nature of the iteration loop: The contact forces
relax towards the solution in a diﬀusive way. (The term ∂x v being constant during
the iteration depends only on x but not on t∗ .)
β=q
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The introduction of the constant q reﬂects a subtlety regarding the sequential
character of the update which was not taken into account in the derivation of Eqs. 4.5,
4.6, 4.7, 4.8. In fact, q = 1/2 corresponds to a parallel update, but the right hand
side of Eq. 4.1 always employs the freshly updated values of the forces, not those from
the beginning of the iteration sweep. However, it can be shown that a calculation
based on the random sweep update instead of a parallel one results in the same form
of the PDE, only the value of q is renormalized:
√
4 e−5
≈ 0.797
(4.9)
q=
2
(for the derivation see Sec. 4.5).
The diﬀusion like relaxation of the forces has an important consequence concerning the number of iterations NI which is also crucial for the eﬃciency of the algorithm,
as the computational time is mainly expended to the iterative force calculation. Due
to the diﬀusive behavior a long iteration process can be expected e.g. when an external force changes or a collision occurs at one end of the array. One can estimate
the number of iterations required to reach an “equilibrium” state (convergence) for
the forces in the whole system, where the estimation is based on the relation of two
characteristic lengths: the diﬀusion length related to NI steps

ldiﬀ = 4 D ∆t∗ NI
(4.10)
must be much larger than the system size L. This implies the following estimation
(q is being of order 1)
(4.11)
NI > (L/d)2 ,
that is NI scales with the square of the linear system size.
One can expect similar diﬀusive relaxation in dense two and three-dimensional
systems, where the diﬀusion takes place in a complex
contact network instead of a line,
√
still the diﬀusion length is proportional to NI in typical homogeneous situations.
Let us estimate the total number of the contact updates during the force calculation,
which represents the computational eﬀort of one time step TCDstep , where the question
is the scaling with respect to the number of particles n. Within one sweep one update
is performed for each contact, which implies an update number proportional to n
(assuming the average coordination number does not change with n). Therefore the
computational time of one time step is given by nNI apart from a constant factor
which results in the following scaling with the particle number:
TCDstep ∼ n2
TCDstep ∼ n5/3

in 2D
in 3D

(4.12)
(4.13)

(as long as L2 ∼ n in 2D and L3 ∼ n in 3D). For comparison in soft particle MD the
computational time of one time step scales like n. Thus applying the CD method in
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Figure 4.2: A schematic picture of the setup of a numerical experiment in two dimensions. A dense packing of disks is prepared in a container via compressing the system
by means of the mobile upper wall.
that way, it is computationally more costly for large systems. This is the price for
simulating rigid particles without getting elasticity artifacts, which cannot be done
with MD.
It is possible to achieve linear scaling with CD reducing the accuracy of the force
computation, however, that involves ﬁnite stiﬀness of the particles. As an example
let us imagine a CD simulation of a two dimensional dense granular packing, like
the one shown in Fig. 4.2, compressed in a container with an external force acting
upon the mobile upper piston. Let us suppose that the system is in equilibrium
when the piston force is increased abruptly with ∆F . At the given time step the CD
algorithm starts the iterative solver to ﬁnd the new force system. What happens if
one stops the iteration loop before the convergence and performs the time step with
the inaccurate forces? The momentum ∆F ∆t is transmitted from the piston through
the contact forces but only into a depth given by the diﬀusion length. If NI was
chosen in a way that the corresponding diﬀusion length is smaller than the system
height, than this momentum doesn’t reach the ﬁxed base and consequently the upper
part of the system is accelerated downwards even if it violates the volume exclusion of
the particles. We will show that the resulting artiﬁcial dynamics can be interpreted
as a dynamics of soft particles.

4.2

Sound waves

Coming back to the one dimensional system, the discrete time-evolution of the velocities can also be transformed into a PDE in a similar manner as it was done for the
iteration loop. The Euler scheme 3.9 gives the following update formula:
vi (t + ∆t) := vi (t) +

Ri−1 (t + ∆t) − Ri (t + ∆t)
∆t ,
m

(4.14)
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and changing the diﬀerences into derivatives the continuum version is:
d
∂x R .
(4.15)
m
This equation describes the time-evolution of the velocities on large time and length
scales. To connect it to the force update we must relate the “iteration time” t∗ to the
physical time t. Although, depending on the convergence criterion, there can be in
principle a varying number of iterations during one physical time step ∆t, we assume
for simplicity that the simple criterion 3.44 is applied, i.e. the number NI is ﬁxed.
Hence, with ∆t = NI ∆t∗ , we can express the above quantities in terms of physical
time:
(4.16)
∂t R = D∂x2 R − β∂x v ,
∂t v = −

and D = qNI

d2
∆t

(4.17)

md
.
(4.18)
∆t2
With Equations 4.15 and 4.16 we obtained two coupled PDE’s. We can combine them
to arrive to a wave equation with an additional damping term:


(4.19)
∂t2 R = c2 ∂x2 R + ∂t D∂x2 R .
β = qNI

The sound velocity appearing is of ﬁnite value

d
.
(4.20)
c = qNI
∆t
The Equation 4.19 indicates that the CD simulation of the particle chain can
lead to sound propagation like in an elastic medium, though the one-contact force
update assumes perfectly rigid and completely inelastic contacts. This deviation
from the original hard particle model, as it was mentioned before, originates from
the incomplete relaxation of the forces. As a consequence, small NI yields systematic
errors in the force calculation and involves soft particles in the sense that the particles
can overlap, furthermore, the time evolution √
of these overlaps corresponds to elastic
waves. The sound velocity is proportional to NI , which goes to inﬁnity in the limit
of inﬁnite NI , as it should for rigid particles.
Searching for the dispersion relation one can perform a Fourier transformation
on Eq. 4.19 and obtain the properties of the diﬀerent wave modes. The oscillation
frequency ω of the wave number k is

D2 k2
.
(4.21)
ω (k) = k c2 −
4
That means, ω (k) becomes zero at a critical wave number
kc =

1
2c
∼√
,
D
NI

(4.22)
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and waves with k larger than kc (short wave lengths) are over-damped. The damping
time τ (k) for the oscillating modes is given by:
τ (k) =

2
.
Dk 2

(4.23)

We derived the dispersion relation 4.21 in the continuum limit which is a good
approximation for small wave numbers, but not close to the border of the Brillouin
zone (kBr = 2π/d), where the eﬀect of the spatial discreteness cannot be neglected.
However, increasing the number of the iterations suﬃciently, kc becomes small compared to kBr . Actually, for NI ≥ 10 the formula 4.21 works well not only for small
wave numbers but for all oscillating modes, as can be veriﬁed numerically.
Related to the sound velocity and the dispersion relation one can deﬁne the
following characteristic lengths:
lsound = c ∆t
(4.24)
is the distance the sound can travel during one time step and
λc =

2π
kc

(4.25)

is the wave length of the largest overdamped mode. If lsound and λc are chosen much
larger than the system length L (with proper choice of NI ), the elasticity artifacts
are avoided. This is the same length-scale as deﬁned by the diﬀusion length:
√
(4.26)
ldiﬀ = 4 D ∆t ,

 √
since all three lengths are of the same order of magnitude: O d qNI . If NI is too
small compared to the system size in the sense that ldiﬀ (NI ) < L the simulation
involves artiﬁcial elasticity.

4.3
4.3.1

Numerical conﬁrmation
1D simulation

In order to conﬁrm the results of the coarse grained description, we performed the
following numerical experiment: The starting conﬁguration of the simulation consists
of an array of 50 disks and an immobile wall, the geometry can be seen in Fig. 4.3.
Initially the gap between the wall and the leftmost particle is one disk diameter, the
gap between the particles is zero and the array has zero velocity. Starting from t = 0
a constant external force (F ext ) is applied on the rightmost particle which accelerates the array towards the wall (only horizontal motion is present). For simulation
parameters we chose NI = 40 and F ext = 0.05 dm∆t−2 .
The collision with the wall induces a relative motion of the grains and generates
sound waves in the array. After a transient period the grains remain permanently
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Figure 4.3: Initial conﬁguration of a numerical experiment for testing properties of
artiﬁcial sound waves.
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Figure 4.4: Damped oscillation in a contact dynamics simulation. The dots indicate
the measured data: the position of the rightmost particle versus time (for details see
the text). The line is an exponentially damped sine function, where the frequency
and the damping time is provided by the continuum model.

in contact (the whole array is pressed against the wall by F ext ). Since diﬀerent
wave modes have diﬀerent relaxation time, after a while only the largest wave length
mode survives. This wave length is four times the system size because the wall
represents a ﬁxed boundary while the right side is free. Since the wave length is
given the oscillating frequency and the damping time can be calculated from Eq. 4.21
and Eq. 4.23. For comparison with the simulation we measured the motion of the
rightmost particle. The expected motion is a damped oscillation
x(t) = x0 + A exp (−t/τ ) sin (ωt + φ) ,

(4.27)

where the parameters x0 , A and φ are the oﬀset, the amplitude and the phase shift
respectively. The Figure 4.4 shows the measured data (dots) and the ﬁtted curve
(Eq. 4.27) using the calculated values of ω and τ (i.e. the frequency and damping
time are no ﬁt parameters). It shows that the simulation agrees with the coarse
grained description very well.
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Figure 4.5: Oscillations in a 2D simulation are similar to the 1D case. Here the
sound waves are generated in a random dense packing of disks. The dots are the
measured position of the upper wall versus time (see Fig. 4.2), while the curve is a
ﬁtted exponentially damped sine function.

4.3.2

2D simulation

After the analysis of the regular 1D system the important question arises whether
its behavior is relevant for higher dimensions and for less regular systems. In CD
simulations of two-dimensional random packings of disks the same “elastic” waves
can be observed (even transversal modes were found).
The simulation presented here corresponds to the thought-experiment of the twodimensional random dense packing we discussed before on page 46. It consists of
1000 disks with radii distributed uniformly between rmin and rmax = 2rmin , the mass
of each disk being proportional to its area. The base and the two side-walls are ﬁxed
while the upper piston is mobile. Starting from a loose state, we compressed the
system and waited until the packing reached an equilibrium state (the compression
force F applied on the piston was kept constant). The simulation was carried out
without gravity and with a Coulomb friction coeﬃcient of 0.05 for all the disk-disk
and disk-wall contacts.
After the packing was relaxed completely, we generated sound waves by increasing the compression force abruptly to F + ∆F . After a transient period only one
standing wave mode survives (both the wavenumber vector and the collective motion are vertical), where the piston, representing a free boundary, oscillates with a
relatively small amplitude. We measured the vertical position of the piston versus
time and found that the data can be ﬁtted by an exponentially damped sine function
(Fig. 4.5). Here, in contrast to the 1D case, also ω and τ are ﬁt parameters, since,
due to the diﬀerent geometry, the values in Eq. 4.21 and Eq. 4.23 cannot be adopted.
As the system has random structure, a more complex treatment is required for a
quantitative description. However, we checked the most important relation, namely

4.4. GLOBAL ELASTICITY

51

that the scaling
√ properties of−1ω and τ remain valid also for the 2D random system,
that is ω ∼ NI and τ ∼ NI , which means that the artiﬁcial visco-elasticity of the
particles depends on the number of iterations in the same manner as we showed for
the 1D chain.

4.4

Global elasticity

It is instructive to compare our test-system to its simplest MD counterpart where
the contact forces depend linearly on the local kinematic variables: In the linear
spring-dashpot model (see Section 3.1)
Ri = −κ (xi+1 − xi − d) − γ (vi+1 − vi )

(4.28)

with spring stiﬀness κ and damping coeﬃcient γ. Searching again for the large scale
behavior of the particle chain one arrives to the same PDE as in Eq. 4.16 with its
coeﬃcients being inherited from Eq. 4.28:
∂t R =

γd2 2
∂ R − κd∂x v
m x

(4.29)

This allows us to relate the physical MD model parameters to the “technical” CD
parameters (NI and ∆t):
κ = qm

NI
∆t2

(4.30)

γ = qm

NI
∆t

(4.31)

and

This equivalence shows that on large scales the CD chain should behave identical to
its MD counterpart, e.g. it will indeed exhibit a global shrinkage proportional to an
external compressive load. Note that a real congruence can be expected only for the
collective behavior but not on the level of contacts. In the CD method, as explained
above, contact forces are not related to the overlaps. Overlaps are present merely due
to the incompleteness of the force-calculation and in fact are stochastic quantities
because of our random update procedure. Only on scales larger than the grain size,
where the ﬂuctuations of these local “deformations” are averaged out, the behavior
can be smooth as in an elastic medium.
Performing simulations within the scope of the spurious elasticity (i.e. ldiﬀ <
L) Equations 4.30 and 4.31 provide the eﬀective stiﬀness and viscous dissipation of
contacts. One can see that the stiﬀness depends on NI , but not on the total number
of particles n. Therefore the choice of a constant NI independently from n provides
the same stiﬀness, no matter how large the system is. Using the CD in that way,
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the superlinear scaling of the computational time in Eq. 4.12 and Eq. 4.13 can be
avoided. Thus
(4.32)
TCDstep ∼ n ,
similarly to MD. In this case, of course, elasticity artifacts (sound waves, elastic
deformations) are involved by the dynamics.
Interestingly, the reduction of NI and ∆t while NI /∆t is kept constant increases
the stiﬀness, but does not aﬀect the value of the dissipation γ or the total number of
updates corresponding to a given physical time interval. Hence, it seems to be worth
reducing NI and ∆t in that way (at least to some degree) if the goal is to simulate
harder particles in the pseudo elastic regime.
The results concerning the iteration process made it possible to characterize CD
simulations by means of the diﬀusion length. One can draw a distinction between
two diﬀerent types of behavior: spurious soft region for small values of ldiﬀ , and rigid
region for large values of ldiﬀ , where the transition can be found around the linear
system size. We would like to emphasize, however, that only dense systems were
considered so far, such states where roughly the whole system is one large cluster of
contacting particles. In loose situations, where mainly free particles or small separate
clusters are present, the system size is not relevant. Here, in order to avoid the soft
region, one has to compare ldiﬀ to the size of the largest cluster.
The description of the test system was based on the assumption of a constant
number of iterations for every time step, and due to this premise the analytical
treatment became simple and directly comparable to the corresponding simulation. It
is important, though, that applications of other convergence criteria typically involve
ﬂuctuating NI (i.e. it can vary from time step to time step), and therefore steps
with diﬀerent “stiﬀness” are mixed during the integration of motion. Consequently,
the behavior of the CD method can be more complex in detail, but qualitatively
the results of constant NI remain relevant also here. For example, the mechanism
resulting in soft particles is the same, or shock-waves with ﬁnite velocity can also
arise in the case of ﬂuctuating NI in a similar way.

4.5

Calculation of the parameter q for the random
sweep update

To ﬁnd the proper value of the constant q appearing in Sec. 4.1, two more things
have to be taken into account: First the sequential type of the force update, and
second that the order is random. The latter results in a stochastic force relaxation,
i.e. the change of Ri in one iteration sweep is a stochastic variable. In order to obtain
a similar equation as Eq. 4.5 we shall determine the average value ∆Ri , where the
average for site i is meant to be taken over all possible update sequences.
Before going further, let us introduce a few notations:
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• For Nc being the total number of contacts, the mapping u : {1, . . . , Nc } →
{1, . . . , Nc } denotes the order of the update sequence; i.e. if the contact labeled
i is updated before j, then ui < uj .
• Throughout this section 4.5, the notation Ri means the value from the beginning
of the iteration sweep, the value at the end is Ri + ∆Ri .
• We deﬁne δRi as the change according to the parallel update (cf. Eq. 4.1), i.e.
m
(vi − vi+1 )
2∆t
Ri−1 + Ri+1 − 2Ri
+
,
2

δRi =

(4.33)

as opposed to the total change ∆Ri .
Given that, it can easily be seen how ∆Ri depends on the update order. If e.g. the
site i is updated earlier than its neighbors (i.e. ui−1 > ui < ui+1 ), then ∆Ri = δRi ,
but in the case ui−1 > ui > ui+1 < ui+2 , we get ∆Ri = δRi + δRi+1 /2 (because for
contact i, Eq. 4.1 employs the already updated force at contact i + 1). Similarly (but
with less probability) even very far contacts can contribute to ∆Ri , which can be
summarized in the following way:
∆Ri  = δRi +

 1
(pr δRi−r + pr δRi+r )
2r
r

(4.34)

Here, pr is the probability that ∆Ri contains information from the update of a contact
at distance r, that is pr = P (ui > ui+1 > . . . > ui+r ). (Due to left-right symmetry
this is the same value as P (ui > ui−1 > . . . > ui−r ).)
The value of pr can be obtained from the following combinatorial consideration:
Given an index i and a distance r, we can classify the set of all update orders into
groups such that the sequences in one group diﬀer only in the permutations of the
elements uj , i ≤ j ≤ i + r. Such a group contains (r + 1)! sequences, but only one of
them satisﬁes the condition ui > ui+1 > ui+2 > . . . > ui+r . Since all update sequences
are equally probable, the value of pr is equal to 1/(r + 1)!.
The factor (2r (r + 1)!)−1 , relating the contacts i and i + r, decays faster than
exponentially; already for r = 8, it drops below 10−6 . Therefore, the sum in Eq. 4.34
reaches only a small vicinity of contact i. For our large wavelength considerations, the
approximation δRi+r ≈ δRi can be applied. This allows us to calculate the average
change of the contact force:


∞

1
∆Ri  = δRi 1 + 2
2r (r + 1)!
r=1
 √

= δRi 4 e − 5 .
(4.35)
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Thus, it is shown that the random sweep results in a larger change of Ri than the
parallel update. Eq. 4.35 provides also the sought value of the parameter q:
√
4 e−5
≈ 0.797 ,
(4.36)
q=
2
which completes the continuum description discussed in this chapter.

Chapter 5
Indeterminacy of forces in hard
disk packings
A very useful reference system for granular matter is that of hard particles, since
deformations of grains are usually much smaller than their characteristic size. A
further possible simpliﬁcation is the assumption of spherical (3D) or disk-shaped
(2D) particles. In this chapter we study the statical indeterminacy of contact forces
in packings of perfectly rigid disks.
It is known that force-carrying structure in random packings of frictionless rigid
disks or spheres represents an isostatic problem (see Sec. 2.4), hence all contact forces
are fully determined by the equilibrium conditions for each grain. It is less clear what
happens in the presence of friction (Sec. 2.4.3), but there are indications that forces
become statically undetermined. Thus one expects that there are more than one
solutions of force states that satisfy mechanical equilibrium and Coulomb conditions
at the contacts.
If there exist many mechanically admissible force-networks in the same packing
geometry and for a given external load, these solutions form an ensemble of “forceconﬁgurations”. Such ensembles have started receiving much attention recently in
the context of granular media. The idea is that some properties of jammed granular
systems (macroscopic stress, response properties, force distribution) may be derived
based on an ensemble average over admissible force-states [Bouchaud, 2003].
The force-ensemble clearly exists and was found in cases where excess contacts
are present, e.g. due to large deformations of soft particles [Snoeijer et al., 2004]
or due to high coordination number in regular lattices [Ostojic and Panja, 2004,
Elperin and Vikhansky, 1998, Clement et al., 1998].
We will show (based on
[Unger and Kertész, 2003b]) that diﬀerent force conﬁgurations are also possible in
random packings of frictional perfectly hard particles (i.e. without excess contacts).
The approach of averaging over force-states can be regarded as a restricted version
of the Edwards ensemble, where average is taken over force and packing conﬁgurations as well corresponding to one macroscopic state [Edwards and Oakeshott, 1989,
Mehta and Edwards, 1989, Makse et al., 2004]. An important question is what the
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proper measure over the force-ensemble is. Edwards’ micro-canonical assumption suggests for this restricted case that the solutions are equivalent, and the proper measure
is uniform in the space of contact forces. This uniform measure is the starting point
in the studies [Snoeijer et al., 2004, Ostojic and Panja, 2004].
Another important aspect of the force-ensemble is related to the response of the
system to external perturbations. The material is expected to be less “fragile” if
indeterminacy of contact forces is large (see Sec. 2.4.4).

5.1

Convexity of the solution set

Let us consider a two or three-dimensional system of rigid objects in equilibrium,
where the external load is resolved by inner forces of point contacts. Once the microscopic geometry (and therefore the list of contacts) is given, it deﬁnes the Nc × d
dimensional vector space of contact forces F (phase space), where a point represents
a force conﬁguration {Fi } (Nc , d and i are the number of contacts, the dimension of
the system and the contact index, respectively).
We search for the properties of the set of mechanically admissible force states S
(solution set). As it was deﬁned in Sec. 2.4 the point {Fi } ∈ F is a solution of the
problem if it provides force and torque balance for each grain and satisﬁes Coulomb
condition at each contact.
For a regular packing of disks, S is known to be a convex polyhedron
[Elperin and Vikhansky, 1998]. Following the work [Unger et al., 2004b] we will show
that convexity is satisﬁed in any case (shape of the particles, dimensionality or friction do not matter). Convexity means that if {Fi } and {Fi + ∆Fi } are solutions then
{Fi + λ∆Fi } is a solution as well for 0 ≤ λ ≤ 1.
First, let us consider the equilibrium condition. Both given force conﬁgurations

({Fi } and {Fi + ∆Fi }) provide equilibrium against the external load, thus their difference {∆Fi } corresponds to zero load and exerts no total force or torque on the
particles. Therefore {∆Fi } can be scaled freely (i.e. arbitrary λ can be chosen,
−∞ < λ < ∞) and added to an admissible state, the sum does not violate equilibrium. This property shows that the set of the equilibrium force states (let E denote
it) constitutes an aﬃne subspace in F which is closed under the above operation.
Second, the Coulomb condition 2.1 is satisﬁed because for each contact i it deﬁnes
a convex set: since this Coulomb “cone” contains the forces Fi and Fi +∆Fi the points
in between; Fi + λ∆Fi , 0 ≤ λ ≤ 1 also fulﬁll the Coulomb condition.
Thus we have proven that the solution set S is convex, and therefore it is a
connected set as well. There are no separated solutions in the phase space F.
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Construction of the packing

The solution set S reﬂects basically the properties of the contact network, therefore
when studying S it is crucial what kind of packing structure is considered. In real processes which lead to jamming, the microscopic structure is not prescribed but develops
spontaneously up to the point, where this structure is able to block further rearrangements against outer driving forces. This self-organized texture is an important feature
of granular materials [Cates et al., 1998] which is disregarded in models using, e.g.,
regular arrangements [Elperin and Vikhansky, 1998, Clement et al., 1998]. Therefore
the packings studied below were constructed with contact dynamics simulations where
the particles obeying Newton’s dynamics build up the contact network themselves in
a compression process. In these jammed conﬁgurations we will search for diﬀerent
solutions of the contact forces and study the inﬂuence of friction on the characteristics
of S.
We investigate systems of hard disks in two dimensions. In order to achieve
a disordered jammed state, CD simulation is started from a gas state and then the
system is compressed between an immobile bottom plate and an upper piston without
gravity. Horizontally periodic boundary condition is applied (Fig. 5.1.a). The diskradii are uniformly distributed between 0.5 and 1, masses are proportional to the
disk-area, for collisions Newton restitution coeﬃcient is set to zero; i.e. collisions are
perfectly inelastic. It means that the “quench rate”[Silbert et al., 2002] is high (fast
energy dissipation) leading to relatively low connectivity of the packing structure.
In the initial gas state the disks are randomly placed in a non-overlapping manner
(Fig. 5.1.a). In the ﬁrst part of the compaction process no compression-force is
applied, but initial velocities are set for all particles and for the upper piston pointing
downwards with magnitudes proportional to the their vertical coordinates (the ﬁxed
bottom plate has zero vertical position). In that way one gets a quite homogeneous
collisional cooling in space and there is no big shock due to the collision between the
cluster of particles and the ﬁxed base. When the velocity of the piston disappears
(that means it is stopped by the grains and thus the system is relatively dense) a
compression-force is switched on (acting on the piston) and the second part of the
compaction starts: the relaxation of the packing under pressure. The jammed state
(Fig. 5.1.b) is achieved when the forces and torques are balanced for every disk.
In that way an equilibrium situation is provided in the sense that for the given
conﬁguration of the grains there exists at least one consistent force-state that resolves
the given load while every particle is in equilibrium. The next step is to ask whether
other equilibrium force-states exist for the same contact network. We examine this
question as the function of the friction coeﬃcient therefore many jammed states are
produced for various values of µ. We would like to emphasize that the question of
force-indeterminacy in a given geometry is investigated for the same friction coeﬃcient
which the packing was built with: We do not vary µ for a given packing conﬁguration
unless it is stated otherwise.
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(a)

(b)

(c)

Figure 5.1: Preparation of the packing demonstrated in a system of 50 disks. (a)
Initial gas-like state. (b) Jammed state in equilibrium under load applied on the
lid. The drawn network represents one admissible force conﬁguration indicating the
strength of the normal forces with the line width. (c) Allocation of subsystem for the
random exploration procedure. Contact forces between outer and inner particles are
kept ﬁxed providing ﬁxed boundary condition.

After the packing relaxed into equilibrium we stop the simulation and ﬁx the
particle positions. For further investigation a subsystem is chosen in the bulk away
from the plates: It is deﬁned by two straight lines parallel to the plates (Fig. 5.1.b)
containing disks with centers between the lines. We ﬁx the contact forces between
inner and outer disks (the forces obtained by the compression process) and regard
them as the external load on this piece of bulk material (Fig. 5.1.c). The outer disks
do not play any role in further calculations.
We have two reasons for selecting such a subsystem: First, we are interested in
the properties of the bulk material and do not want to involve the straight conﬁning
walls in the measurement. Second, with the changing of the distance between the
two parallel lines, size eﬀects can be investigated in a favorable manner: size can be
varied within the same packing structure.
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Figure 5.2: A statically indeterminate problem of two rigid bodies on a rigid base. The
two ﬁgures represent the same geometry and the same load (arrows with solid lines),
but the weight of the upper object is distributed diﬀerently among the supporting
contacts (dashed arrows). The situation on the left is in mechanical equilibrium.
Here the disk is compressed vertically by the upper body and the bottom allowing
friction forces at the contacts of the disk (not shown) which keep the disk stuck in
the conﬁguration. On the right side these contacts carry no forces and the disk is
accelerated by the outer force acting on it. Therefore this case does not correspond
to mechanical equilibrium.

5.3

Random walk in phase space

In order to explore the set of force-solutions our idea is to apply the following procedure. We start from the original force conﬁguration obtained from the packing
construction. We perturb the contact forces randomly, i.e. we make a random jump
in the force space F. This naturally leads out of mechanical equilibrium and also
violates Coulomb condition. Then this perturbed state serves as the input for the
iterative solver of the contact dynamics method. This iterative algorithm lets the
forces relax into a (possibly new) state, which is consistent with packing geometry
and load (Sec. 3.3.5). The perturbation and relaxation steps can be repeated many
times always starting from the last force-conﬁguration (a kind of random walk in the
force space), in that way we are able to sample points from S.
Now, however, we face a problem. The force states provided by the iterative
solver, which are referred as “consistent” above, are not necessarily equilibrium states.
In a given equilibrium situation it is sometimes possible to change the inner constraint
forces in such a way that the system falls out of equilibrium (forces cause accelerations). Fig. 5.2 explains this problem and shows that equilibrium is not just a question
of geometry and load.
In the present study we are interested in force-solutions as deﬁned before and
non-equilibrium force states (e.g. on the right side of Fig. 5.2) are not in the solution
set S. If such a force conﬁguration is found during our random exploration procedure
it is skipped and only (equilibrium) solutions are recorded for further analysis.
Let us give a detailed description of the perturbation step (random jump). At the
contacts random forces are added to the actual normal and tangential components
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(newly generated for both components and for every contact):
Fnnew = Fn + Fnrand ,
Ftnew = Ft + Ftrand .

(5.1)
(5.2)

Fnrand and Ftrand are chosen uniformly from the interval:
Fnrand , Ftrand ∈ [−ϕ Fn  , ϕ Fn ] ,

(5.3)

where Fn  is the average normal force calculated over the current force-system. ϕ is
a dimensionless number with which the magnitude of the jump is tuned. (In some
respects ϕ is reminiscent of the temperature in statistical physics.) ϕ below 1 (small
noise) makes the exploration procedure less eﬀective, ϕ larger than 1 (large noise)
brings no further advantage but the computational time needed by the iterative force
relaxation is getting larger. In our simulations ϕ = 1 is applied.

5.4

Fluctuations over the force-ensemble

Assuming that the collection of force solutions that are measured by the random
exploration procedure is representative of S, intriguing questions can be answered like
what kind of diﬀerences are there between the solutions or how large force ﬂuctuations
are allowed by the solution set.
The results presented here were obtained for systems of 500 disks. First jammed
conﬁgurations were generated for various values of friction and then force conﬁgurations were sampled for several subsystems. For each value of µ and L (L stands for
the distance between the two lines that determine the size of the subsystem) we collected M = 100
points randomly in the space of the forces. One can calculate

 solution
average force Fi and force ﬂuctuation δF i for contact i over this ensemble:
M
 
1  α
Fi =
F ,
M α=1 i


M 
 2
1 

α

F − Fi
δF i =
,
M α=1 i

(5.4)

(5.5)

where index α ranges over the M realizations of the force network.
Fig. 5.3 shows the ﬂuctuation as the function of the average force for each contact,
where both parameters are divided by the average force F  calculated over the
ensemble and over the list of contacts:
  
1
F  =
(5.6)
 Fi  .
Nc
i∈{contacts}
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Figure 5.3: Measured ﬂuctuations of contact forces. Each point represents a contact.
Diﬀerent symbols denote diﬀerent values of friction coeﬃcients (µ = 10−8 , 10−4 , 0.1).
Here Nc denotes the number of contacts in the current subsystem, where the ﬂuctuations are measured.
It can be seen in the ﬁgure that the ﬂuctuations strongly depend on µ: contact
forces are getting more and more determined as the friction coeﬃcient is reduced.
The magnitude of the ﬂuctuations varies strongly from contact to contact within one
system as well (i.e. for a given µ). It is encoded somehow in the contact network which
contact can sustain larger orsmaller
 ﬂuctuations. Interestingly, these ﬂuctuations do
  
not seem to correlate with  Fi : the ﬂuctuations are similar for weak and strong
contacts.
In order to characterize the indeterminacy of forces with one parameter, we deﬁne
η as the average ﬂuctuation (in units of F ):
⎞
⎛

1
1
.
(5.7)
δF i ⎠
η=⎝
Nc
F 
i∈{contacts}

η can be regarded as a measure of ambiguity of the forces. (Note that the term
degree of indeterminacy has diﬀerent meaning, it usually refers to the dimension of
the equilibrium space d(E), i.e. to the number of degrees of freedom allowed by the
equilibrium equations.)
The dependence of η on µ and L is shown by Fig. 5.4 (L is measured in units of
radius of the largest particle). η values around 10−7 reﬂect only the accuracy limit of
our numerical method and the corresponding force networks can be regarded as fully
determined with this tolerance. It can be seen that in zero friction limit indeterminacy
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Figure 5.4: Force ﬂuctuations as the function of friction coeﬃcient and size.
vanishes conﬁrming isostaticity, and that ﬂuctuations disappear continuously. As
friction is increased ﬂuctuations grow, which can be attributed to the opening of the
Coulomb cone: Larger friction allows more freedom. But above µ ≈ 0.1 ﬂuctuations
start decreasing again, for large friction and small system size the forces become even
fully determined. This unexpected behavior is investigated in the next section in
detail.

5.5

The eﬀect of friction

In order to make simulations less time consuming we choose a system with smaller
number of particles. Here 200 disks are subjected to the method described in previous
sections. The width of systems (horizontally) and L (vertically) are chosen 21 and 14
respectively for all cases, before sampling solutions.
The measured data are shown in Fig. 5.5 (dots). In the region of small µ ﬂuctuations are growing proportionally with friction, but again, behavior of η is not
monotonic in the whole measured region. The largest ambiguity of forces is found at
µ ≈ 0.1. Despite the further opening of the Coulomb angle ﬂuctuations are getting
smaller. This occurs in an interesting way: Around µ = 1 it is a matter of chance
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Figure 5.5: Ensemble ﬂuctuations of contact forces measured for various coeﬃcients
of friction µ. The packings were constructed either with the corresponding µ (dots)
or without friction (squares connected by the solid line). The dashed line shows slope
1.
whether the contact texture exhibits force ﬂuctuations or not, with more inclination towards determined states (where only one admissible force state exists) as µ is
increased.
The behavior of η results from two competing eﬀects: increasing friction provides
larger freedom locally for the tangential forces (Eq. 2.1) but also stabilizes the system
in a less dense state causing lower connectivity of the contact network. This latter
eﬀect can suppress ﬂuctuations. One can separate the two eﬀects by ﬁxing the packing
conﬁguration and letting the Coulomb angle alone inﬂuence η in the following way:
We generated one packing without friction and switched on a non-zero µ only before
sampling force conﬁgurations. The results obtained in that way (squares in Fig. 5.5)
naturally provide monotonically increasing ﬂuctuations. Compared to the original
data (dots) a good agreement is found on the left side of the ﬁgure and large deviations
appear on the right side, which indicates that the small friction limit is governed by
the ﬁrst eﬀect, and changes in the connectivity are important only for large µ.
Accordingly one can assume that for a tiny friction the force-bearing structure
(containing n disks) is basically the same as for µ = 0, i.e. it is isostatic in the
frictionless sense: Nc ≈ 2n. This allows us to calculate the degree of indeterminacy.
In the frictional case force and torque balance provide three equations per disk, which
has to be compared to two unknown force components for every contact, so that the
degree of indeterminacy is
2Nc − 3n = Nc /2 ≈ d(E)

(5.8)
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(a)

(b)

Figure 5.6: The diﬀerence between two admissible force conﬁgurations (solutions) for
(a) µ = 0.1 (b) µ = 0.5. The diﬀerence state is obtained simply by subtraction of the
corresponding contact forces at each contact. Here only diﬀerences in normal forces
are indicated, which can be positive or negative. Diﬀerent colors denote diﬀerent
signs. The regions indicated in this way carry all ﬂuctuations of forces.
in the 2Nc dimensional force-space. We obtained in the small friction limit that
d(E) = d(F)/4 ,

(5.9)

which provides the value of d(S) as well, thus the set of solutions is rather high
dimensional in this limit. The large dimension does not contradict the linearly vanishing ﬂuctuations, which comes from the “diameter” of S conﬁned by the Coulomb
conditions.
Diﬀerent type of force-determinacy is found for large µ caused by the low connectivity of the texture. Here the Coulomb angle provides wide boundaries but the
value of d(E) is reduced strongly by the decreasing number of contacts. In our small
system the degree of indeterminacy ﬁnally reaches zero with high probability above
µ = 1, resulting in static determinacy of forces. These geometries are the zero-gravity
variant1 of the marginal rigidity state found in experiments [Blumenfeld et al., 2001].
The regression of the degrees of freedom occurs in an interesting way: the indeterminacy gets localized in space into small subgraphs of the contact network (“islands”),
which are surrounded by determined forces. This is shown in Fig. 5.6.b for a packing
produced with µ = 0.5 where the diﬀerence between two (randomly chosen) admissible force conﬁgurations can be seen. This diﬀerence reveals ﬂuctuation bearing
patterns, and indeed other contacts do not contribute to the value of η. If one chooses
another pair of solutions their diﬀerence provides the same graphs. We checked that
the solution set S in the case shown in Fig. 5.6.b is simply a rectangle meaning that
1

The absence of gravity permits particles being without contacts.
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each of the two islands has one degree of freedom. We call such geometric units of
ﬂuctuations elementary clusters. They are statically indeterminate but cannot be
reduced further (i.e. the deletion of one contact cancels the internal indeterminacy).
In 2D the smallest elementary cluster for strictly convex particles is represented
by the smaller graph in Fig. 5.6.b (consists of 4 particles and 5 contacts). This
can be seen from the fact that the diﬀerence force state corresponds to mechanical
equilibrium. Therefore, along the perimeter of an undetermined region at least every
second particle should have more than two (inner) contacts, otherwise force and torque
balance cannot be satisﬁed. Thus we ﬁnd that the smallest cluster that satisfy this
condition contains at least 4 particles and 5 contacts.
Of course, if the connectivity of the structure is high then the formation of elementary clusters is more probable, which suggests the following picture: For small
friction (hence for large number of contacts) the ﬂuctuations are provided by many
overlapping elementary clusters covering almost the whole system (see Fig. 5.6.a). As
Nc is reduced the density of the elementary clusters ρ decreases and the ﬂuctuating
area falls apart into several separated localized domains. If we consider the case where
ρ is suﬃciently small then it is a matter of chance whether we ﬁnd any elementary
cluster in a system of ﬁnite size. That is why we see fully determined forces on the
right side of Fig. 5.5 (in these cases no elementary cluster appeared in the ﬁnite area
of the system).
So far only one arrangement of boundary forces was considered for each system,
i.e. we did not change the external load for a given geometry. The same analysis can be
performed if other (but compatible) forces are chosen at the boundary. Doing so e.g.
for the system of Fig. 5.6.b the same ﬂuctuation-pattern is recovered independently
from the boundary forces, showing that the ﬂuctuation bearing subgraphs depend
indeed on the packing texture, but not on the load.
Interesting questions are the size dependence of the ﬂuctuations and the thermodynamic limit. For low connectivity, where the ﬂuctuations are carried by separated
and therefore independent regions, η must become a well deﬁned intensive quantity.
This raises the question of percolation transition. It is less clear what happens where
the elementary clusters percolate through the system. In that case the overlapping
indeterminate clusters provide ﬂuctuating boundaries for each other enhancing the
ambiguity of the forces. Simulations in the previous section particles, where size dependence was also measured, show increasing ﬂuctuations with increasing system size
but with decreasing slope. We cannot conclude from these system sizes whether η
saturates or not.
In this section we showed that the density of the ﬂuctuation-carrying contacts
is reduced by increasing friction, which leads to non-monotonic average ﬂuctuations
of forces. Due to the hypothesis that mechanical behavior and force ﬂuctuations
are related we predict non-monotonic response properties of granular materials as a
function of the friction coeﬃcient.
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(a)

(b)

Figure 5.7: 2D cross sections of the solution set of forces (µ = 0.01). Each ﬁgure is
generated by two random solutions and by the dynamically created “physical” force
state. The latter is marked by “x” and is located on the margin of the solution set.
Outside the convex cross sections the gray scale indicates the violation of the Coulomb
condition (darker means smaller violation), while if Coulomb condition is satisﬁed it
is indicated by white color (this represents the inner part of the solution set).

5.6

Dynamically created force conﬁguration

In this section we investigate the “dynamically created” force state {Fi } which evolved
together with the packing conﬁguration during the compression. Because this state
was determined by the construction history we regard it as the physical solution.
We found an indication that this state is more “central” than typical points in
the solution set. We sample 100 points randomly in S and calculate their (vector)
average which we regard as the center of S. One can measure the average Euclidean
distance h̄ of the sample points from the center. The distance between {Fi } and the
center is h .
Let us consider the quantity h /h̄. This is one number for one packing. We found
20 packings, and calculated
that h /h̄ is much below 1: For µ = 0.01 we
$
#  generated
the average over these 20 cases obtaining h /h̄ = 0.48. We think that this result
shows a special property of {Fi } within the high dimensional solution set. For a
¯ is negligibly
uniform measure in high dimension the weight of the points around d/2
¯
small compared to that around the typical distance d. This is meant by the “central”
property. Thus our measurement does not conﬁrm the micro canonical assumption
for the (restricted) force ensemble.
This property of {Fi } may originate from the fact that contacts with large mobilization of friction (Ft /µFn ≈ 1) are less stable against perturbations. Near the
end of the relaxation process small collisions “shake” the already established contacts
reducing the possibility that the contact remains on the verge of sliding.
That does not mean that the “physical” force state {Fi } is indeed in the center of
the set S. Fig. 5.7 shows two typical 2D cross sections of the solution set (µ = 0.01).
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We ﬁnd {Fi } always on the edge of the cross sections, thus providing a marginally
stable state: The system comes to rest ﬁnally by the marginal fulﬁllment of the
Coulomb criterion at some contacts.
We would like to emphasize that a “marginal position” and a “position more
central than a typical one” at the same time is not a contradiction. Let us consider
e.g. a d-dimensional cube (d
1), where all coordinates are between −1 and
 1. The
average distance of the points (for uniform measure) from the center is d/3,
√ but
marginal points can be found in any distance from the center between 1 and d.
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Chapter 6
The eﬀect of contact torques on
mechanical stress in cohesive
powders
The behavior of granular packings under external load is governed by particle properties (e.g. roughness, elasticity, cohesion) as well as by the geometrical structure of the
packing (e.g. connectivity, orientations of contacts). When compacting loose granular
material, density and connectivity increase until a static state is reached, where the
material withstands the external pressure. Such jammed states are currently widely
studied [Cates et al., 1998, Silbert et al., 2002, Makse et al., 2004].
For noncohesive materials the density in such a jammed state essentially cannot be
increased by applying larger pressure which induce only small grain deformations. It is
useful to consider the limit case of hard particles. If particles are rigid, the packing remains stable against upscaling the external load (including gravity), density cannot be
increased in this way but only by shaking [Knight et al., 1995, Caglioti et al., 1997].
However, for cohesive powders, static states with much lower density are possible. They are due to stabilization mechanisms, which involve cohesion force as an
intrinsic force scale. Therefore, these states are not stable for arbitrary upscaling of
the external load, but only up to a threshold depending on density. Exceeding this
threshold leads to further compaction of the powder.
In this chapter we consider stabilization mechanisms in cohesive powders of rigid
particles based on [Bartels et al., 2004]. The relative motion of two solid spheres
has six degrees of freedom, three translational characterized by a velocity vector v
with one normal component and two tangential components (sliding modes), and
three rotational characterized by an angular velocity vector ω
 , again with one normal
component (torsion mode) and two tangential components (rolling modes). If any of
these modes are damped or blocked they represent speciﬁc dissipation or stabilization
mechanisms, respectively. Well known examples are the static and sliding friction:
the former stabilizes a contact against small tangential forces (blocking), the latter
dissipates kinetic energy (damping) in case of sliding.
69

CHAPTER 6. THE EFFECT OF CONTACT TORQUES

70

In principle all modes of relative motion can be blocked: In addition to static
friction also resistance against separation, rolling and torsion can be taken into account, i.e. a contact can exert also cohesion force, normal and tangential torques (i.e.
torsion and rolling torques, respectively) in order to inhibit relative motion. How
these particle interactions stabilize pores is the subject of this chapter.
A previous work in two dimensions [Kadau et al., 2003] studied cohesion and
rolling friction with contact dynamics simulations. Here we extend this work to three
dimension and introduce torsion friction in addition to rolling friction and cohesion at
the contacts. We perform 3D numerical experiments of uniaxial compression based on
contact dynamics simulations of rigid spheres. Of course, two perfectly rigid spheres,
if they existed, would only have a contact point, which could neither exert a rolling
nor a torsion torque on the particles in contact. By contrast, we consider rigid spheres
here only as a geometrical idealization of real particles and do not take their contact
areas into account explicitly. Implicitly, however, the ﬁnite size of the contacts is
responsible for the various kinds of friction we consider.
It is believed that torsion and rolling resistance are of little importance in noncohesive granular assemblies of spheres, where indeed in statics the contact-torques vanish
[Brilliantov and Pöschel, 1998] or are very weak [Farkas et al., 2003]. Our work was
motivated rather by powders with grain size smaller than 100nm. Many concepts
developed for regular granular media can be applied also to nano-powders, but additional aspects have to be taken into account as well (Sec. 2.5), such as strong cohesion
and sinter-neck formation between grains which make the question of blocking torsion and rolling modes relevant. Little is known so far about the way in which a
sinter-neck resists rolling or torsion. It is plausible, however, that on a suﬃciently
short time scale (where creep can be neglected) torque thresholds have to be exceeded
to break a sinter-neck and induce relative motion between the particles. Therefore,
lacking well proved contact laws on the nano-scale, we assume the simplest kind of
threshold dynamics for sliding, rolling and torsion friction.

6.1

Model

The model that we implemented in the contact dynamics code and we will describe
here shortly is the 3D version of the model used in [Kadau et al., 2002]. We consider
rigid spherical particles of identical size, but, as mentioned above, force and also
torque transmission is allowed at contacts. The total normal force Fn between two
grains has two constituents: ﬁrst the attractive part, which is a constant cohesion
force Fcoh and second the force Fexc due to the excluded volume constraint:
Fn = Fexc − Fcoh .

(6.1)

Depending on external forces acting on the particles the constraint force Fexc can take
any positive value. As a consequence the total normal force can be repulsive Fn > 0
(arbitrarily strong) or attractive 0 > Fn > −Fcoh as well and in this latter case it is
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limited by the cohesion force. Thus Fn inhibits detachment as long as the pulling is
weaker than the cohesion force Fcoh . If Fcoh is exceeded, the contact starts opening,
but breaks up only when the work done by the pulling force exceeds the cohesion
energy (Fcoh times cohesion range). More details of this implementation can be found
in [Kadau et al., 2002].
The tangential force, as well as the normal and tangential torques are responsible
for blocking the sliding, torsion and rolling modes, respectively. Their implementation
is described next.
For the tangential contact force the Coulomb friction law has been modiﬁed to
include the inﬂuence of cohesion: If the relative velocity of the two surfaces is zero
(sticking contact) the magnitude of the friction force (|Ft |) can be any value up to
the threshold Ft,max , while in case of sliding |Ft | = Ft,max and its direction is opposite
to the relative velocity, similarly to the Coulomb graph 3.5. The only diﬀerence is in
the maximal friction force Ft,max which includes Fcoh in addition to the normal force:
Ft,max = µ(Fn + Fcoh ) ,

(6.2)

thus the threshold value vanishes when the contact opens (Fn = −Fcoh ).
The contact laws for the normal and tangential torques are chosen in analogy to
the Coulomb friction law. The threshold values for the torques Tn,max and Tt,max are
deﬁned as force times length, where the force-scale is again given by (Fn +Fcoh ) and the
radius of the sinter-neck determines the relevant length-scale (Fig. 6.1). This length
makes sense only if it is below the particle size, and in our study we choose it within
the range between zero and the eﬀective radius at the contact: reﬀ = (1/R1 + 1/R2 )−1 ,
which for two identical spheres is half the particle radius. The maximal normal and
tangential torques in the model are thus given by:
Tn,max = µn (Fn + Fcoh )reﬀ
Tt,max = µt (Fn + Fcoh )reﬀ ,

(6.3)
(6.4)

where the dimensionless parameters µn and µt make it possible to control the strength
of blocking, similar to the friction coeﬃcient µ in Eq. 6.2. The torque Tt (Tn ) is
smaller or equal to Tt,max (Tn,max ) if the corresponding component of the relative
angular velocity ωt,rel (ωn,rel ) is zero. If it is not zero then the torque is directed
against the motion and its magnitude is the corresponding threshold value (in the
same manner as for the tangential force).
This model is certainly oversimpliﬁed, and the physics of nano-particles might be
better described by more sophisticated, yet unknown microscopic models. Moreover,
in our model rolling, torsion and sliding modes are independent of each other. In
general this is not the case as demonstrated for an ordinary disk on a ﬂat surface
[Farkas et al., 2003, Voyenli and Eriksen, 1985, Goyal et al., 1991], where the coupling between torsion and sliding friction reduces both of them. In this case assuming

72

CHAPTER 6. THE EFFECT OF CONTACT TORQUES
ω n,rel

ω t,rel
r
r
R

Contact area
Neck radius

Figure 6.1: Schematic ﬁgure of a sinter neck between two particles.
independence would overestimate friction. If this is generally true, the porosities obtained in our simulations are expected to be upper bounds. With some caution we
can therefore use our simpliﬁed model to analyze the eﬀect of rolling and torsion
friction.

6.2

Computer Simulations

The system under consideration consists of spherical particles with the same radius
R. Starting from a low density state the uniaxial compression was performed for
various values of µt and µn , while coeﬃcient of friction µ = 0.3 was kept constant.
The
initial
conﬁguration
is
prepared
by
ballistic
deposition
[Jullien and Meakin, 1987, Meakin and Jullien, 1991, Kadau et al., 2003]:
Particles fall vertically towards a horizontal plane, one by one with randomly chosen
x−y-coordinates. As soon as a falling particle comes closer than a capture radius rcapt
to the deposit or substrate, the contact is established immediately, and the particle
sticks irreversibly. Then the next particle is dropped. Here we choose rcapt = 3R. As
a result one obtains deposits of very low density with tree-like structures. Using this
type of initial conﬁguration is motivated by ﬁlter processes extracting nano-particles
out of a gas ﬂow [Krafczyk et al., 2000, Filippova and Hänel, 1997].
We simulate the uniaxial compression of this ballistic deposit by a piston moving
along the z-direction towards the bottom plane, with periodic boundary conditions
in x- and y-direction. Gravity is neglected. The compression is caused by a constant
pressure F/Lx Ly on the piston (Fig. 6.2). The simulation ends when the system
reaches a jammed state, i.e. when the piston comes to rest. The system has size
Lx = Ly = 25R, contains 1015 particles and the mass of the piston is chosen as
1000ρR3 , where ρ denotes the mass density of the particles. The pressure on the
piston is Fcoh /(400R2 ) in all cases. This is a very weak compacting pressure, as the
typical distance between branches of the ballistic deposit is of the order of 5R, so
the typical load on a single branch, Fcoh 25/400 = Fcoh /16, is much smaller than the
intrinsic force scale given by the cohesion force Fcoh .
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Figure 6.2: a) Initial arrangement of 1015 ballistically deposited particles. b) Final
conﬁguration of the system compressed by the external force F .
The mesh of values (µt , µn ), for which we determined the ﬁnal porosity, is indicated in Fig. 6.3. Assuming smooth dependence of the porosity on the friction
parameters we can estimate the error bars from Fig. 6.3 without doing more than one
run for each data point.

6.3

Stabilization eﬀect of contact torques

Based on the ﬁnal position of the piston we measured the porosity E of the jammed
states:
V − Vgrains
,
(6.5)
E=
V
i.e. the relative free-volume in the system (here V denotes the volume between the
bottom and the piston). Fig. 6.3 shows that contact torques have signiﬁcant eﬀect on
the compactiﬁcation: Whereas without rolling and torsion friction the ﬁnal porosity
is E0 ≈ 54% for the weak compaction pressure we considered, porosities as high as
82% are stable for µt = µn = 1. More on the behavior of the porosity provided by
these simulations can be found in [Bartels et al., 2004].
We measured the macroscopic stress tensor (see Sec. 2.3):
σij = −

1  c c
1  c c
F i lj −
Fi lj = σij+ + σij− ,
V (+)
V (−)
c

c

(6.6)
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Final porosity: E [%]
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Figure 6.3: Final porosity of the compacted system obtained for various values of
rolling (µt ) and torsion resistance (µn ).
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1.0
0.0
0.0
0.3
1.0

µn
0.0
0.1
0.3
1.0
0.3
1.0
0.0
0.0

σzz
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

+
σzz
2.2
1.4
1.1
1.1
2.2
1.9
1.2
1.4

−
σzz
-1.2
-0.4
-0.1
-0.1
-1.2
-0.9
-0.2
-0.4

Table 6.1: The inﬂuence of the normal and tangential contact torques is shown on
−
+
the stress transmission along the direction of the uniaxial compression. σzz
and σzz
contain only contributions of the compressive and the tensile contacts, respectively.
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separately taking only the contacts under compression (σij+ ) or the ones under tension
(σij− ) into account. The zz-components of the stress tensor are shown in Table 6.1,
where the resulting stress σzz = F/Lx Ly is of course determined by the pressure on
the piston, which is the same for all cases. Here this pressure is taken as unit stress.
It can be seen that the characteristics of the stress transmission diﬀer with and
without contact torques. In the absence of contact torques strong tensile contact
forces develop and play important role in the mechanical stabilization. Porosity measured here in such a system is about 15% larger than that in non-cohesive packings.
Tensile forces, however, cancel a large part of the pressure exerted by compressive
forces and only the remaining part is utilized to resolve the external load. In order to
+
larger than twice of
provide balance the compressive contacts need to exert stress σzz
the external pressure (see Tab. 6.1).
This mechanism is changed when contact torques are allowed. In this case rolling
and torsion friction already stabilize the force lines against buckling, before signiﬁcant
tensile forces develop. This does not mean that cohesion is superﬂuous in this case
as it is also responsible for the enhanced threshold values of the contact torques
(Eq. 6.3). As large tensile forces are not needed here to stabilize pores, the internal
counter-stress found for µn = µt = 0 is diminished signiﬁcantly by contact torques
+
is “wasted” to overcompensate tensile forces. In this
and only a small part of σzz
phenomenon rolling friction plays more important role, whereas torsion friction has
+
−
and σzz
.
smaller eﬀect on the partial stresses σzz
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Chapter 7
Shear band formation in granular
media as a variational problem
In this chapter we consider shear bands found in recent experiments
[Fenistein and van Hecke, 2003, Fenistein et al., 2004], where in a modiﬁed Couette
cell nontrivial shapes of shear bands were observed (see Sec. 2.6). We propose a model
of formation of shear bands based on a variational principle [Unger et al., 2004a] and
apply it to the “disk” geometry shown in Fig. 7.1, where we calculate the shape of
the band.
It is assumed that the mechanism responsible for the position of the shear band
can be studied separately from its width or ﬂow proﬁle. Therefore we model the
shear zone as an inﬁnitely thin shear band that represents the boundary between two
blocks of material within which no ﬂow occurs.

7.1

Surface - bulk relation

In the experiments, center position of the band on the free surface Rc (Rs , H) (where
Rs is the radius of the bottom disk and H is the ﬁlling height, see Sec. 2.6) was found
[Fenistein et al., 2004] to scale as
Rc (Rs , H) = Rs (1 − (H/Rs )α )

(7.1)

with α ≈ 2.5 for the experimentally accessible values of H/Rs . It is much more
diﬃcult to measure the position of the shear band in the bulk, r(h), for ﬁxed Rs and
H. Nonetheless, the experimental data clearly show that the bulk proﬁle follows a
form diﬀerent from Rc (Rs , H), and the bulk radius at height h depends also on the
ﬁlling height H (Fig. 7.2).
We show that the bulk proﬁle is determined once the surface positions Rc (Rs , H)
are given. Let us take a system with total height H and ﬁnd the position of the shear
band r at height h < H. The subsystem above h can be regarded as a smaller system
with height (H − h) and with slip radius r at the bottom. Pressure and boundary
77
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Rs

Figure 7.1: Setup geometry. The rotating (white) and the stationary (gray) parts
induce shear ﬂow in the granular material held by the container.
conditions are the same, and the diﬀerence in the width is neglected in the narrow
band approximation. From the position Rc of the shear band on the surface one
cannot decide, whether it belongs to a small system with slip radius r and ﬁlling
height H − h or to a large system with Rs and H. We conclude that
Rc (Rs , H) = Rc (r, H − h) .

(7.2)

Knowing the function Rc (Rs , H) thus allows to calculate the shape r(h) of the
shear band throughout the whole system. Note, if the simple size scaling holds
for the surface radius that Rc /Rs depends only on H/Rs (as it was found in
[Fenistein et al., 2004]) then it follows immediately also for the bulk function due
to Eq. 7.2:


H h
r
.
(7.3)
=f
,
Rs
Rs Rs
Based on Eq. 7.2 an explicit functional form of the bulk proﬁle can be obtained using
the experimental ﬁt function of Rc :
&1/α
%
Rs
α
(1 − (H/Rs ) )
.
h=H −r 1−
r

(7.4)

The resulting curves for some ﬁlling heights are plotted in Fig. 7.2 using α = 2.5 and
the comparison with the experimental data shows very good agreement.

7.2

Variational principle

In order to describe the form of the shear band our idea is to apply the principle
of least dissipation [Onsager, 1931a, Onsager, 1931b] (which is a common treatment
of time-independent irreversible phenomena [Reichl, 1998]). Therefore we require a
steady state ﬂow that matches the outer constraints but provides the minimum rate
of energy dissipation.
Applying this to the cylindrical geometry within the narrow band approximation
the question of the shape is traced back to a variational problem among the functions
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Figure 7.2: Symbols are experimental data showing the shear zone radius r measured
in the bulk at height h, taken from [Fenistein et al., 2004]. +, × and ◦ correspond
ﬁlling heights 25, 37 and 49 mm respectively, Rs is 95 mm. The rectangle in the
middle shows the estimated errors in both directions for all data (plotted only for
one data point). The solid line is the experimentally found ﬁt curve for the surface
positions. The dashed lines are the calculated bulk-positions based on the solid curve.
r(h) (where H and Rs are kept ﬁxed) with the condition r(0) = Rs while the other
boundary at H is free. The dissipation rate is given by the sliding velocity r(h)ω
between the two sides times the shear stress σtn integrated over the whole shear
band. Up to a constant factor, the expression to be minimized is
' H (
r2 1 + (dr/dh)2 σtn dh = min.
(7.5)
0

This quantity represents not only the dissipation rate but also the mechanical torque
that the rotating and stationary part of the system exert on each other. Therefore the
least dissipation for this speciﬁc geometry is equivalent to the minimal torque which
gives further justiﬁcation of this approach: it is plausible that the yielding surface
is established where the resistance against the outer constraint is the smallest, i.e.
where the material is the weakest [Török et al., 2000].

7.3

Sliding model

For the full description of the variational problem (Eq. 7.5) one needs the expression
of the shear stress. In order to be able to proceed we will use a very simple sliding
model. The shear stress in the yielding surface is taken similar to the Coulomb
friction between two solid bodies: It acts against the sliding direction, its magnitude
is proportional to the normal pressure pressing the two sides against each other, but it
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is independent of the sliding velocity. We assume hydrostatic pressure i.e. proportional
to the depth 1 . Thus Janssen eﬀect is neglected, which is naturally justiﬁed if H is
smaller than the container width. In our dynamical situation, however, we expect
that the applicability of the hydrostatic pressure can be extended even for larger ﬁlling
heights: The shear band (due to many collisions and slip events) acts as a source of
small vibrations in the whole system and can cause slight creep at the particle-wall
contacts inhibiting the particles to keep their original anchoring position. Finally
they transmit their load to the next particle below rather than to the side wall and
therefore the whole weight will be carried by the bottom.
This sliding model leads to a well deﬁned variational problem:
'

(

H

r

2

1 + (dr/dh)2 (H − h)dh = min. ,

(7.6)

0

where the resulting behavior can be analyzed.
The solutions which minimize the integral have automatically the scaling property
given by Eq. 7.3. The reason of this data collapse is that taking a λ times larger system
(i.e. taking λRs , λH, λr(h/λ) instead of Rs , H, r(h)) changes the value of the integral
only by a constant factor (λ4 ) thus it represents the same variational problem.

7.4

Solution of the model

The function r(h) is discretized and the minimization is performed numerically based
on genetic optimization: r(h) is varied randomly but only the changes are admitted
that lower the value of the left hand side in Eq. 7.6 i.e. reduce the dissipation. During
the optimization the noise level is continuously decreased and the ﬁnal state r(h) is
regarded as one local minimum of the variational problem. The landscape where the
minimum has to be found is simple (see later).
Results shown in Fig. 7.3 reproduce nicely the qualitative behavior found in the
experiment: the concave shear bands appear in the bulk and build up a convex
conﬁning shape of the surface positions as the ﬁlling height is varied. The shear radii
at a ﬁxed bulk height h and also at the top get smaller with increasing ﬁlling height.
The realistic bulk proﬁles provided by the principle of minimum dissipation can
be interpreted easily. The beneﬁt gained by having such a curved cylindrical shape
(slimmer at the top) in place of a regular cylinder is twofold: First, the surface of the
shear band can be reduced by letting the regular cylinder deform and by pulling the
shape towards the center a bit at a ﬁxed bottom radius, similarly to a soap membrane
spanned between a ring and a plate where the plane of the ring is parallel to the plate.
Second, smaller radius results in smaller sliding velocity (or thinking of minimizing
the torque it represents smaller lever). Therefore one can roughly think of the bulk
proﬁles shown in Fig. 7.3 as equilibrium situations where the reduction of the sliding
1

Here we ignore anisotropy eﬀects.
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Figure 7.3: Results obtained from the variational principle. Symbols show bulk proﬁles, from top to bottom H/Rs = 0.15, 0.25, 0.35, 0.45, 0.55 respectively. The two
lines denote the surface positions as the function of the total height. The dashed line
comes from our model, the solid line the experimental ﬁt function.
velocity is counterbalanced by the increase in the surface due to going beyond the
minimum surface.
The quantitative agreement with the experimental ﬁt function (Eq. 7.1) is also
surprisingly good given the crude assumptions we made and the fact that our model
contains no free ﬁt parameters. The diﬀerence of the theoretical and the experimental
values of Rc is less than 20 % of Rs − Rc .
We can more easily analyze the limit H/Rs → 0 than in the experiment, where
Rs -values are limited by the container size and a power law ﬁt to the data at low
ﬁlling heights is not very precise. From our variational principle we ﬁnd an exponent
α = 2 for small H/Rs . In the region 0.4 < H/Rs < 0.7 there is no clean power law
any more and the eﬀective exponent increases. In our model this seems to be due to
a phase transition at about H/Rs ≈ 0.7 to a diﬀerent shape of the shear band, which
we discuss next.

7.5

Closed shapes

What is the predicted behavior of the shear band for ﬁlling heights larger then those
reported in [Fenistein and van Hecke, 2003, Fenistein et al., 2004]? For large enough
H/Rs the class of the “open” solutions discussed so far is replaced by a new type
of solutions: The shear band, instead of running up to the free surface and having
a circle on the top as its upper edge, closes forming a cupola-like shape (still with
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Figure 7.4: Open and closed shear bands with cylindrical symmetry. (a) upper radius,
(b) bulk proﬁles for several ﬁlling heights (0 < H/Rs < 7), (c,d) height of the shear
band htop .

bottom radius Rs ). In that case the material covered by the “closed” shear band
is at rest while the material around and above (including the whole free surface) is
rotating. Several “open” and “closed” proﬁles can be seen in Fig. 7.4.b obtained for
various values of H. Fig. 7.4.a shows the upper radius of the shear bands which is
characteristic of the “open” solutions but becomes zero for the “closed” ones. For
these cupola shapes2 a more relevant parameter is their heights htop ≤ H in the
center, plotted in Fig. 7.4.c. For “open” proﬁles htop equals simply the system height.
Interesting is the behavior of the parameter htop . It is a monotonically decreasing
function of the ﬁlling height once it is detached from H, i.e. large ﬁlling heights press
the shear band to the bottom. In order to solve the variational problem in the limit
H
htop it is useful to consider the function h(r) instead of r(h). With change of
2

The “closed” proﬁles appear in the integral of Eq. 7.6 in the way that the function r(h) becomes
zero for htop ≤ h ≤ H. Therefore this region has no contribution to the dissipation and practically
the integral is meant over the interval [0, htop ].
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variable we get from Eq. 7.6
' Rs (
r2 1 + (dh/dr)2 (H − h)dr = min. ,

(7.7)

0

where the Euler-Lagrange equation gives
*
)
h r2 (H − h) + (1 + h 2 ) r2 + (H − h)2rh = 0 .

(7.8)

(h and h stand for the ﬁrst and second derivative of the function h(r).) Retaining
only ﬁrst order terms of h (h 2 ≈ 0) and assuming H − h ≈ H we obtain:


H h r2 = −r2 .
(7.9)
This diﬀerential equation results in parabolic proﬁle of the closed shear bands:
h(r) = htop −

1 2
r ,
6H

htop =

1 2
R .
6H s

(7.10)

Fig. 7.4.d shows the numerical solution of htop : it is in excellent agreement with the
approximate analytical solution. In the limit H/Rs → ∞ the material forms one solid
block and the sliding occurs on the surface of the bottom disk.
The H dependence of htop has the following reason: Larger h corresponds to
lower pressure and thus to smaller shear-resistance therefore it is worth to raise the
shear band into a cupola-shape even if its surface becomes larger than the disk at the
bottom. Note, however, that stronger gravity would not aﬀect the shape: It gives
a larger pressure gradient but this constant factor has no impact on the variational
problem. By contrast, increasing H (or, alternatively, applying additional pressure at
the surface) makes the relative pressure change smaller near the bottom which results
in weaker uplifting “force”. This is why the cupola height htop approaches zero for
large H (respectively large pressure).
At intermediate H (around 0.7Rs ) there exists a small region of ﬁlling heights
where the variational problem (Eq. 7.6) exhibits two local minima. The behavior of
the local minima corresponds to a ﬁrst order phase transition, where the two phases
are the two types of shear band proﬁle (Fig 7.5). Following the “closed” solution
as H is decreased its height grows till the top of the cupola reaches the surface at
system height H1 . At this point the “closed” solution becomes unstable, Rc at the
top runs suddenly to a non-zero value (Fig. 7.5.a). Regarding the other direction
(increasing H) the upper edge of the “open” shape is pulled towards the center then
at height H2 it shrinks to one point which is followed by a jump into a “closed” shape
(discontinuity in htop see in Fig. 7.5.b). The interval [H1 , H2 ] deﬁnes the region where
two local minima exist, outside this region there is only one phase possible. Local
minima are physically meaningful in the presence of a kinetic barrier. The latter can
be provided by the diﬀerence between the static and dynamic friction coeﬃcients,
usually present in granular systems.
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Figure 7.5: Hysteresis emerging in the variational problem. Upper radius (a) and
height (b) of the shear band in units of Rs . The dashed line denotes the transition of
the global minimum.
In this chapter we have presented a theoretical analysis of recent experiments
on shear band formation in granular media. We used the approximation of narrow
shear bands. First we showed a geometric argument which related the position of
the surface endpoints of the band to the bulk shape. We calculated the shape of
shear bands from a variational principle and the results are in good agreement with
the experiments. The theory provides with a number of predictions. i) There is a
transition in the shape of the shear band as a function of the ﬁlling height H: For low
values of H the shear band is an open curved cylinder which ends on the surface while
for large H a cupola is formed. ii) This transition is of the ﬁrst order, accompanied by
a hysteresis. iii) The height of the cupola is proportional to Rs /H. These predictions
should be experimentally accessible.
An interesting question we did not address is the nucleation kinetics at the ﬁrst
order phase transition from open to closed shapes. It is conceivable that the ﬁnite
width of the shear bands plays a role here. Further progress in this direction requires
a continuum theory going beyond the narrow band approximation we used here.

Summary
Granular materials, besides their central technological importance, possess a surprisingly rich phenomenology. Their behavior is only partially understood, which makes
these materials a currently active research ﬁeld of physics and engineering. The natural aim of research is, in particular, to relate the well-known micro-mechanics on
grain level to collective properties on large scales.
My thesis is concerned with the study of granular materials based mainly on
computer simulations. A basic tool is the so called contact dynamics algorithm, a
discrete element method designed for simulations of hard particles. Wherever it was
possible I also applied analytical tools.
Important and unsettled questions are how mechanical properties of the material depend on the force network and the contact network, and what the governing
principles are that determine the macroscopic stress under external load. Equally
important is the problem of describing the behavior when the material is unable to
sustain an incompatible load (e.g. large shear stress) and starts ﬂowing.

New results
1. I studied the contact dynamics method of hard particle simulations. I showed
that the relaxation of forces in the iterative calculation is a diﬀusion process, which
is crucial regarding the computational time: it scales with the number of particles n
as n1+2/D in D dimensions.
When lowering the accuracy, linear scaling can be achieved, but that leads to eﬀective
softening of the particles due to systematic errors. I showed that this pseudo-elastic
situation exhibits sound propagation with ﬁnite speed and can be described by a
damped wave equation. This behavior corresponds to a linear spring-dashpot model
of contacts. I determined the dependence of the spring constant and the damping
coeﬃcient on the simulation parameters: on the number of iterations and on the size
of the time step.
2.a. The problem of contact forces in a hard disk packing can be statically indeterminate. I proposed a technique based on the contact dynamics algorithm that
allows to explore the ensemble of mechanically admissible force states. I proved that
these solutions form a convex (hence connected) set in the space of contact forces.
I showed that the “physical” force state determined by the construction history is
85

special among the solutions, it does not correspond to a uniform measure in the force
space, contrary to the usual assumption.
2.b. With the help of simulations I found that friction induce indeterminacy of
the contact forces. I demonstrated that the force ﬂuctuations over the above forceensemble (see 2.a) vanish proportionally to friction, and in the frictionless case, in
agreement with the isostatic structure, forces are statically determined.
I found that ﬂuctuations do not grow monotonically with increasing friction. The
explanation of this counterintuitive phenomenon is that during packing construction
large friction stabilizes the structure and leads to lower connectivity of the contact
network, which overcompensates the freedom caused by the opening of the Coulomb
angle. This eﬀect conﬁnes the undetermined contacts into small separated regions in
space (surrounded by fully determined contact forces) and thus suppresses considerably the average ﬂuctuations of forces.
3. Based on three dimensional contact dynamics simulations I studied the eﬀect of
contact torques on the porosity of cohesive powders. I showed that rolling and torsion
torques have signiﬁcant eﬀect on stabilizing pores and that the presence or absence of
contact torques leads to qualitatively diﬀerent stress transmission through the porous
material: Under external load without torques, strong tensile forces develop and they
cancel a large part of the pressure exerted by the compressive contacts. If contact
torques are switched on, tensile forces are reduced signiﬁcantly and only a small part
of compressive forces is “wasted” against the eﬀect of the tensile ones.
4. I presented a theoretical analysis of shear band formation in granular materials
in the narrow band limit. For a modiﬁed Couette cell I gave a geometric argument
that links the shape of the shear band with its surface position as the function of the
ﬁlling height, and obtained results in good agreement with experiments. I proposed
a simple model based on the principle of least dissipation and solved numerically the
variational problem. I showed that the model reproduces well the behavior of the
open shapes (that is, shapes of bands reaching the top surface of the material) of
shear bands found in experiments. I also predicted the existence of closed shapes for
large ﬁlling heights or large pressure. The model exhibits ﬁrst order phase transition
between open and closed shapes, accompanied by hysteresis. I solved the model
analytically in the large pressure limit.
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Összefoglalás (in Hungarian)
A szemcsés anyagok, jelentős technológiai szerepük mellett, nagyon gazdag jelenségkörrel is rendelkeznek. Ez az oka annak, hogy napjainkban a szemcsés
anyagok aktı́v kutatása folyik a ﬁzika és mérnöki tudományok területén. A kutatás
egyik legfontosabb célja, hogy összekösse a szemcséket leı́ró, ismertnek tekinthető
mikromechanikai törvényeket a nagyskálájú kollektı́v viselkedéssel.
Doktori értekezésemben a szemcsés anyagok viselkedését elsősorban számı́tógépes
szimulációkra támaszkodva vizsgáltam. A kutatások jelentős részben egy a merev
részecskék modellezésére alkalmas diszkrét elem módszerre, az úgynevezett kontaktdinamika algoritmusra épülnek. Emellett analitikus módszereket is alkalmaztam, ahol
erre lehetőség nyı́lt.
Nyomásnak vagy nyı́rásnak kitett szemcsés rendszerek több lényeges kérdést vetnek fel, melyekre nem ismerjük a pontos választ: Hogyan függnek az anyag mechanikai
tulajdonságai a kontaktus- és erőhálózattól? Milyen elvek határozzák meg az anyagban kialakuló feszültséget, ami a külső terheléssel szemben biztosı́tja a mechanikai
egyensúlyt? Hasonlóan fontos kérdés, hogy hogyan ı́rható le az anyag viselkedése, ha
nem képes ellenállni a terhelésnek (pl. erős nyı́rásnak) és megfolyik.

Új tudományos eredmények
1. Vizsgáltam a merev részecskék szimulációjára alkalmas kontaktdinamika algoritmust. Megmutattam, hogy az erők relaxációja az iteratı́v meghatározás során egy
diﬀúziós folyamat, mely meghatározó az eljárás számı́tási idejére nézve. A számı́tási
idő a részecskeszám 1 + 2/D-dik hatványával arányos D dimenzióban.
Csökkentve a számı́tási pontosságot elérhető lineáris skálázás is, de ebben a tartományban a számı́tási hibák a részecskék eﬀektı́v lágyságát eredményezik. Megmutattam hogy ez a hamis elasztikus viselkedés véges sebességű hangterjedéshez
vezet, és leı́rható egy csillapı́tott hullámegyenlettel. A részecskék közötti kölcsönhatás
megfeleltethető lineárisan csillapı́tott lineáris rugóknak. Meghatároztam az eﬀektı́v
rugóállandó és a csillapı́tási együttható függését a szimulációs eljárás paramétereitől:
az iterációk számától és az időlépés méretétől.
2.a. Merev korongok közötti kontaktus erők statikai határozatlanságát vizsgáltam
sűrű pakolású rendszerekben. Javasoltam egy a kontaktdinamika módszerén alapuló eljárást, mely lehetővé teszi a lehetséges erőállapotok feltérképezését. Bebi87

zonyı́tottam, hogy a megoldások halmaza konvex és ı́gy összefüggő a kontaktus erők
terében. Megmutattam, hogy a “ﬁzikai” erőállapot, amely a részecskék pozı́ciójával
és a kontaktus hálózattal együtt fejlődve alakul ki, kitüntetett pont a megoldások
halmazában, tehát - ellentétben az utóbbi időben gyakran használt feltevéssel - az
ilyen pontokra az erők terén értelmezett egyenletes mérték nem alkalmazható.
2.b. Szimuláció segı́tségével megállapı́tottam, hogy a súrlódás statikailag határozatlanná teszi a kontaktuserőket. Bemutattam, hogy a különböző megoldások
közötti erőﬂuktuációk arányosak a súrlódási együtthatóval kis súrlódás esetén, és a
súrlódásmentes esetben visszakaptam az izosztatikus szerkezetnek megfelelő statikai
határozottságot.
A várakozással ellentétben a szimulációs eredményeim azt mutatják, hogy a ﬂuktuáció
nem monoton növő függvénye a súrlódásnak. A jelenség magyarázata, hogy a nagyobb
súrlódás erősebb stabilizáló hatása miatt csökken a kontaktushálózat konnektivitása,
ami túlkompenzálja a növekvő Coulomb kúp okozta szabadságot. Ez az eﬀektus
kis elkülönı́tet térrészekbe szorı́tja a határozatlan erőket vivő kontaktusokat, és ı́gy
jelentősen csökkenti az erők átlagos ﬂuktuációját.
3. Háromdimenziós kontaktdinamikai szimuláció segı́tségével tanulmányoztam a kontaktusoknál fellépő forgatónyomatékok hatását kohézı́v porok esetén. Bemutattam,
hogy a gördülési és torziós nyomatékok erős stabilizáló hatásuk révén jelentősen
növelik az anyag porozitását. A nyomatékok ki és bekapcsolása minőségileg más
tı́pusú feszültség kialakulásához vezet: külső terhelés hatására nyomatékok nélkül erős
húzóerők ébrednek, melyek a nyomott kontaktusok által kifejtett nyomás számottevő
részét semlegesı́tik. Ha azonban ﬁgyelembe vesszük a forgatónyomatékokat, a húzott
kontaktuserők lecsökkennek és a nyomóerők a külső terhelésre fordı́tódnak.
4. Elméletileg vizsgáltam a nyı́rási sávok képződését keskeny sáv határesetben.
Egy módosı́tott Couette cella esetére geometriai megfontolással meghatároztam az
összefüggést a nyı́rási sáv alakja és a kı́sérletileg jól mérhető görbe között, mely a
felületi pozı́ciót a feltöltési magassággal kapcsolja össze. Javasoltam egy egyszerű, a
minimális disszipáció elvén alapuló modellt és numerikusan megoldottam a kapcsolódó variációs problémát. Megmutattam, hogy a modell jól követi a felszı́nre kifutó,
nyitott sávok kı́sérletekben megﬁgyelt viselkedését. Nagy feltöltési magasság illetve
nagy nyomás esetén megjósoltam a felszı́n alatt záródó, kupola alakú sáv megjelenését. A modell elsőrendű fázisátalakulással rendelkezik a nyitott és a zárt fázisok
között, melyhez hiszterézis társul. A modellt analitikusan megoldottam nagy nyomás
határesetben.
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(2003). Transient structures in a Granular Gas. cond-mat/0312616.
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[Schäfer and Wolf, 1995] Schäfer, J. and Wolf, D. E. Bistability in granular ﬂow along
corrugated walls. Phys. Rev. E 51, pp. 6154 (1995).
[Schwedes, 2003] Schwedes, J. Review on testers for measuring ﬂow properties of bulk
solids. Gran. Mat. 5, pp. 1 (2003).
96

[Silbert et al., 2002] Silbert, L. E., Ertas, D., Grest, G. S., Halsey, T. C., and Levine,
D. Geometry of frictionless and frictional sphere packings. Phys. Rev. E 65, pp.
031304 (2002).
[Skandan et al., 1994] Skandan, G., Hahn, H., Kear, B. H., Roddy, M., and Cannon,
W. R. The eﬀect of applied stress on densiﬁcation of nanostructured zirconia during
dinter-forging. Materials Letters 20, pp. 305 (1994).
[Snoeijer et al., 2004] Snoeijer, J. H., Vlugt, T. J. H., van Hecke, M., and van Saarloos, W. Force network ensemble: a new approach to static granular matter. Phys.
Rev. Lett. 92, pp. 054302 (2004). cond-mat/0308225.
[Staron et al., 2002] Staron, L., Vilotte, J., and Radjai, F. Preavalanche Instabilities
in a Granular Pile. Phys. Rev. Lett. 89, pp. 204302–204305 (2002).
[Tegzes et al., 1999] Tegzes, P., Albert, R., Paskvan, M., Barabasi, A.-L., Vicsek, T.,
and Schiﬀer, P. Liquid-induced transitions in granular media. Phys. Rev. E 60, pp.
5823 (1999).
[Thompson and Grest, 1991] Thompson, P. A. and Grest, G. S. Granular ﬂow: Friction and the dilatancy transition. Phys. Rev. Lett. 67, pp. 1751 (1991).
[Tkachenko and Witten, 1999] Tkachenko, A. V. and Witten, T. A. Stress propagation through frictionless granular material. Phys. Rev. E 60, pp. 687 (1999).
[Tkachenko and Witten, 2000] Tkachenko, A. V. and Witten, T. A. Stress in frictionless granular material: Adaptive network simulations. Phys. Rev. E 62, pp.
2510 (2000).
[Török et al., 2000] Török, J., Krishnamurthy, S., Kertész, J., and Roux, S. SelfOrganization, Localization of Shear Bands, and Aging in Loose Granular Materials.
Phys. Rev. Lett. 84, pp. 3851 (2000).
[Unger et al., 2002] Unger, T., Brendel, L., Wolf, D. E., and Kertész, J. Elastic
behavior in contact dynamics of rigid particles. Phys. Rev. E 65, pp. 061305 (2002).
cond-mat/0203575.
[Unger and Kertész, 2003a] Unger, T. and Kertész, J. (2003a). The Contact Dynamics Method for Granular Media. In Modeling of Complex Systems, page 116,
Melville, New York. American Institute of Physics. cond-mat/0211696.
[Unger and Kertész, 2003b] Unger, T. and Kertész, J. Frictional indeterminacy of
forces in hard-disk packings. Int. J. of Mod. Phys. B 17, No. 29, pp. 5623 (2003b).
[Unger et al., 2004a] Unger, T., Török, J., Kertész, J., and Wolf, D. E. (2004a). Shear
band formation in granular media as a variational problem. accepted for publication
in Phys. Rev. Lett., cond-mat/0401143.
97

[Unger et al., 2004b] Unger, T., Wolf, D. E., and Kertész, J. (2004b). Force indeterminacy in the jammed state of hard disks. cond-mat/0403089.
[Vanel et al., 2000] Vanel, L., Claudin, P., Bouchaud, J.-P., Cates, M. E., Clement,
E., and Wittmer, J. P. Stresses in Silos: Comparison Between Theoretical Models
and New Experiments. Phys. Rev. Lett. 84, pp. 1439 (2000).
[Vanel et al., 1999] Vanel, L., Howell, D., Clark, D., Behringer, R. P., and Clement,
E. Memories in sand: Experimental tests of construction history on stress distributions under sandpiles. Phys. Rev. E 60, pp. R5040 (1999).
[Veje et al., 1999] Veje, C. T., Howell, D. W., and Behringer, R. P. Kinematics of a
two-dimensional granular Couette experiment at the transition to shearing. Phys.
Rev. E 59, pp. 739 (1999).
[Voyenli and Eriksen, 1985] Voyenli, K. and Eriksen, E. On the motion of an ice
hockey puck. American Journal of Physics 53, pp. 1149 (1985).
[Walton and Braun, 1986] Walton, O. R. and Braun, R. L. Viscosity, granulartemperature, and stress calculations for shearing assemblies of inelastic, frictional
disks. Journal of Rheology 30, pp. 949 (1986).
[Wolf, 1996] Wolf, D. E. (1996). Modeling and Computer Simulation of Granular
Media. In Hoﬀmann, K. H. and Schreiber, M., editors, Computational Physics.
Springer, Berlin.
[Yanagita, 1999] Yanagita, T. Three-Dimensional Cellular Automaton Model of Segregation of Granular Materials in a Rotating Cylinder. Phys. Rev. Lett. 82, pp.
3488 (1999).

98

