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Abstract

The material presented in the dissertation is about approximating non-Markovian behavior by Marko-

vian models.

Introduction to various aspects of the field is provided in Part I consisting of three chapters. Chapter

1 provides the background for discrete-time Phase-type (DPH) distributions. A short introduction to

Markovian modeling for traffic engineering is given in Chapter 2. Characteristics of random quantities

and random processes of telecommunication networks with related statistical tests are introduced in

Chapter 3.

Part II investigates DPH distributions. It is shown that the use of DPH distributions, which received

much less attention than the use of continuous-time Phase-type (CPH) distributions, can be beneficial

in numerous modeling situations. We show that the minimal coefficient of variation of the acyclic DPH

(ADPH) class is lower than that of the CPH class. Also the structure of the ADPH distribution exhibiting

minimal coefficient of variation is provided. We present a fitting procedure as well and make use of it to

perform and analyze several fitting experiments.

Chapters of Part III present algorithms that result in Markovian models capturing phenomena whose

existence in telecommunication networks was reported recently and, initially, it was agreed that Markovian

models are not appropriate to model them. In Chapter 7 we concentrate on random durations with heavy

tail and give a Phase-type fitting procedure that handles separately the fitting of the body and the tail

of the distribution. In the last two chapters of the dissertation, a step further is taken by fitting point

processes instead of distributions. In Chapter 8 a heuristic fitting method is presented that, by treating

separately the short- and long-range behavior, captures important features of real traffic sources. In the

subsequent chapter of the dissertation, we introduce a set of Markovian arrival processes with special

structure that exhibit multifractal behavior (as demonstrated by multifractal analysis) and also a fitting

procedure to capture the multifractal properties of data sets.
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Kivonat

A dolgozatban nem-markovi viselkedés markovi modelekkel történő közeĺıtésével foglalkozom.

A dolgozat első része, amely három fejezetből áll bevezetést ad a témához. Az első fejezet diszkrét

idejű, aciklikus fázis t́ıpusú (ADPH) eloszlásokkal foglalkozik. A másodikban bevezetést olvashatunk

arról, hogyan modellezhetőek telekommunikációs rendszerek markovi folyamatokkal. A harmadik fe-

jezetben távközlő hálózatok forgalmának sajátos tulajdonságait és ezek vizsgálatára szolgáló módszereket

mutatok be.

A dolgozat második részében diszkrét idejű fázis t́ıpusú (DPH) eloszlásokkal foglalkozom. Megmu-

tatom, hogy a DPH eloszlások, amelyekkel kevesebb kutatás foglalkozott, mint a folytonos idejű fázis

t́ıpusú (CPH) eloszlásokkal, számos feladat megoldására jól alkalmazhatóak. Bizonýıtást adunk arra,

hogy a DPH eloszlásokkal alacsonyabb relat́ıv szórás érhető el, mint CPH eloszlásokkal és megadjuk a

minimális relat́ıv szórást létrehozó struktúrát is. A második részben a DPH eloszlások tulajdonságainak

tárgyalásán túl algoritmust adunk ezen eloszlások paramétereinek meghatározására.

A dolgozat befejező, harmadik részében olyan markovi folyamatokkal foglalkozom, amelyekkel

távközlő hálózatok forgalmának közelmúltban felismert tulajdonságait modellezhetjük. Ez a rész három

fejezetből áll. Az első fejezetben eljárást adunk nehéz farkú eloszlások fázis t́ıpusú eloszlásokkal való

hatékony és kellően pontos közeĺıtésére. A harmadik rész további két fejezete pontfolyamatok markovi

közeĺıtésével foglalkozik. Két eljárást mutatunk be, melyekkel markovi forgalommodell hozható létre.

Az első eljárás olyan modellt hoz létre, amely önhasonló jellegű forgalmat generál. A második eljárás a

multi-fraktálok elméletében használt statisztikai mutatók seǵıtségével végzi az illesztést.
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Chapter 1

Introduction to Acyclic Discrete

Phase-Type Distributions

Discrete-time Phase-type (DPH) distributions have been introduced and formalized in [50], but they have

received little attention in applied stochastic modeling since then being the main research activity and

application oriented work addressed toward continuous-time Phase-type (CPH) distributions [51].

However, in recent years a new attention has been devoted to discrete models since it has been observed

that they are closely related to discretization based solution of non-Markovian processes [38, 31, 76, 34]

and also to physical observations [59, 72]. Moreover, new emphasis has been put on discrete stochastic

Petri nets [16, 17, 74, 9]. Finally, DPH’s may have a wide range of applicability in stochastic models

in which random times must be combined with constant durations. In fact, one of the most interesting

property of the DPH distributions is that they can represent in an exact way a number of distributions

with finite support, like the deterministic and the (discrete) uniform, and hence one can mix inside the

same formalism distributions with finite and infinite support.

In particular, while it is known that the minimum coefficient of variation for the CPH family depends

only on the order n and is attained by the Erlang distribution [1], it is trivial to show, for the DPH

family, that for any order n the deterministic distribution with 0 coefficient of variation is a member of

the family. Since, the range of applicability of the PH distributions may depend on the range of variability

of the coefficient of variation given the order n, it is interesting to investigate, for the DPH family, how

the coefficient of variation depends on the model parameters.

The convenience of using the DPH family in applied stochastic modeling has motivated Part II of the

dissertation whose aim is to investigate more closely the properties of the DPH family and to provide

results that can be profitably exploited for the implementation of a fitting algorithm to estimate the

model parameters given a distribution or a set of experimental points.
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The DPH representation of a given distribution function is, in general, non-unique [56] and non-

minimal. Hence, we first explore a subclass of the DPH class for which the representation is an acyclic

graph (acyclic discrete-time Phase-type distributions, ADPH) and we show that, similarly to the contin-

uous case [21], the ADPH class admits a minimal representation, called canonical form.

Utilizing the canonical form, we first derive a theorem to evaluate the minimal coefficient of variation

as a function of the order and of the mean, and we show that below a given order (that is a function

of the mean) the minimum coefficient of variation of the ADPH family is always less than the minimum

coefficient of variation of the CPH family.

Part II of the dissertation is divided into 3 chapters.

Chapter 4 deals with properties and canonical forms of DPH distributions. Section 4.1 introduces the

basic definitions and notation, and provides a simple example to emphasize some differences between the

CPH and DPH class, differences that are not evident from a comparative analysis reported for instance

in [46]. Section 4.2 derives the canonical forms (and their main properties) for the class of ADPH

distributions. Section 4.3 investigates the question of the minimal coefficient of variation for the ADPH

class as a function of the order and of the mean and gives the structures of the ADPH that exhibits

minimal coefficient of variation.

Chapter 5 considers the problem of estimating the parameter of ADPH distributions in order to

approximate general distributions or experimental datasets. A parameter estimation procedure based on

the maximum likelihood (ML) principle is given in Section 5.1. Problem of approximating continuous

distributions by discrete PH distributions is dealt with in Section 5.2. The effect of the length of the

stepsize of the approximating ADPH in approximating continuous distributions is investigated in Section

5.3. Several examples for the estimation procedure is presented in Section 5.4.

Finally, Chapter 6 concludes Part II of the dissertation.

The results presented in Part II of the dissertation are published in [10]. Furthermore, in the tool

PhFit, which is described in [37], the estimation algorithm is available. A deeper comparison of CPH

and DPH distributions is presented in [11].
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Chapter 2

Introduction to Markovian Modeling

of Real Traffic Data

In the late 80’s, traffic measurement of high speed communication networks indicated unexpectedly high

variability and burstiness over several time scales, which indicated the need of new modeling approaches

capable of capturing the observed traffic features. The first promising approach, the fractal modeling of

high speed data traffic [44], resulted in a big boom in traffic theory. Since that time a series of traffic

models was proposed to describe real traffic behavior: fractional Gaussian noises [47, 55], traditional [14]

and fractional ARIMA processes [30], fractals and multifractals [71, 26], etc. Several works regarding

analysis and synthesis of network traffic are collected in [60].

A significant positive consequence of the new traffic engineering wave is that the importance of traf-

fic measurement and the proper statistical analysis of measured datasets became widely accepted and

measured datasets of a wide range of real network configurations became publicly available [80].

In spite of the intensive research activity, there are still open problems associated with these new

traffic models:

• None of the traffic models is evidently verified by the physical behavior of the networks. The

proposed models allow us to represent some of the features of data traffic, but some other features

are not captured. Which are the important traffic features?

• The traffic features of measured data are checked via statistical tests and the traffic features of the

models are checked using analysis and simulation methods. Are these tests correct enough? Is there

enough data available for reliable tests?

• The majority the proposed traffic models has important asymptotic properties, but all tests are

based on finite datasets. Shall we draw consequence on the asymptotic properties based on finite
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datasets? And vice-versa, shall we draw consequence from the asymptotic model behavior on the

performance of finite systems?

• Having finite datasets the asymptotic properties extracted from tests performed on different time

scales often differ. Which is the dominant time scale to consider?

The above listed questions refer to the correctness of traffic models. There is an even more important

issue which determines the utility of a traffic model, which is computability. The majority of the men-

tioned traffic models are not accompanied with effective analysis tools which would allow us to use them

in practical traffic engineering.

In this part of the dissertation we discuss the application of Markovian models for traffic engineering.

The most evident advantage of this modeling approach with respect to the above mentioned ones is that

it is supported with a set of effective analysis techniques [51, 52, 43, 45, 39, 40, 24, 25, 22]. The other

features of Markovian models with respect to the answers of the above listed questions are subjects to

discussion. On the one hand, by the nature of Markovian models, non-exponential asymptotic behavior

cannot be captured, and hence, they are not suitable for that purpose. On the other hand, when modeling

up to a given finite scale is sufficient Markovian models can often be successfully applied since, as recent

research results show, they are able to approximate arbitrary non-Markovian behavior for an arbitrary

wide range of finite scales.

Part III of the dissertation is organized as follows. Chapter 3 introduces relevant characteristics of

traffic processes and related statistical tests. Section 3.1 gives an introduction to heavy-tailed distributions

discussing related statistical tests as well. Multiscale analysis of possibly long-range dependent point

processes is introduced in Section 3.2. Further chapters of Part III of the dissertation propose procedures

to capture the behavior of real traffic data by Markovian models. Approximating heavy-tailed behavior

by means of PH distributions is discussed in Chapter 7. A method to fit a Markovian arrival process

(MAP) to a real traffic stream based on statistical scaling by separate treatment of short- and long-range

dependence is proposed in Chapter 8. Another MAP fitting method based on multifractal scaling is

presented in Chapter 9. Part III of the dissertation is concluded in Chapter 10.
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Chapter 3

Characteristics of Traffic Processes

and Related Statistical Tests

The traffic process at a given point of a telecommunication network is characterized by the data packet

arrival instances (or equivalently by the interarrival times) and the associated data packet sizes. Any

of these two processes can be composed by dependent or independent samples. In case of identically

distributed independent samples the process modeling simplifies to capturing a distribution, while in case

of dependent samples the whole stochastic process (with its intrinsic dependency structure) has to be

captured as well.

3.1 Heavy-Tailed Distributions

In this section, at first, definitions and properties of heavy-tail distributions are given. Then, we recall

methods to identify the heavy-tail index of experimental data.

3.1.1 Definitions and Properties

One of the important new observations of the intensive traffic measurement of high speed telecommu-

nication networks is the presence of heavy-tailed distributions. Marginal distributions of specific traffic

processes, file size distribution on HTTP servers, etc, were found to be “heavy-tailed”. The random

variable X , with cumulative distribution function (cdf) F (x), is said to be heavy-tailed if

1 − F (x) = x−αL(x), α > 1 (3.1)
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where L(x) is slowly varying as x → ∞, i.e., limx→∞L(ax)/L(x) = 1 for a > 0. (There are several

different naming conventions applied in this field. Heavy-tailed distributions are called regularly varying

or power tail distributions also.) Typical member of this distribution class is the Pareto family.

There is an important qualitative property of the moments of heavy-tailed distributions. If X is

heavy-tailed with parameter α then its first n < α moments E[Xn] are finite and its all higher moments

are infinite.

There are other classes of distributions whose tail decay slower than the exponential. The random

variable X , with distribution F (x), is said to be sub-exponential if

lim
x→∞

eγx(1 − F (x)) = ∞, ∀γ > 0 (3.2)

The Weibull family (F (x) = 1 − e−(x/a)c

) with c < 1 is sub-exponential, even if all moments of the

Weibull distributed random variables are finite. The heavy-tailed distributions form a subclass of the

sub-exponential class.

A characteristic property of the heavy-tailed class is the asymptotic relation of the distribution of the

sum of n samples, Sn = X1 + . . . + Xn, and the maximum of n samples, Mn = max1≤i≤n Xi:

Pr(Sn > x) ∼ Pr(Mn > x) (3.3)

where the notation g(x) ∼ f(x) denotes limx→∞
f(x)
g(x) = 1. In words, the sum of heavy-tailed random

variables is dominated by a single large sample and the rest of the samples are negligible small compare

to the dominant one for large values of x. The probability that Sn is dominated by more than one “large”

samples or it is obtained as the sum of number of small samples is negligible for “large” values of Sn.

This interpretation gives an intuitive explanation for a set of complex results about the waiting time of

queuing models with heavy-tailed service time distribution [13].

3.1.2 Estimation of the Heavy-Tail Index

In this section we discuss methods for identifying the heavy-tail index of datasets. Application of the

methods is illustrated on the dataset EPA HTTP which can be downloaded from [80] and contains a

day of HTTP logs with about 40000 entries. The experimental complementary cumulative distribution

function (ccdf) of the length of the requests is depicted in Figure 3.1.
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Hill Estimator

A possible approach to estimate the index of the tail behavior α is the Hill estimator [33]. This estimator

provides the index as a function of the k largest elements of the dataset and is defined as

αn,k =

(
1

k

k−1∑

i=0

(
log O(n−i) − log O(n−k)

)
)−1

(3.4)

where O(1) ≤ ... ≤ O(n) denotes the order statistics of the dataset. In practice, the estimator given in

(3.4) is plotted against k and if the plot stabilizes to a constant value this provides an estimate of the

index. The Hill-plot (together with the dynamic qq-plot that will be described later) for the EPA trace

is depicted in Figure 3.2.

The idea behind the procedure and theoretical properties of the estimator are discussed in [63].

Applicability of the Hill estimator is reduced by the fact that

• its properties (e.g., confidence intervals) are known to hold only under conditions that often cannot

be validated in practice [63],

• the point at which the power-law tail begins must be determined and this can be difficult because

often the datasets do not show clear border between the power-law tail and the non-power-low body

of the distributions.

By slight modifications in the way the Hill plot is displayed, the uncertainty of the estimation procedure

can be somewhat reduced, see [63, 64].

Quantile-Quantile Regression Plot

The above described Hill estimator performs well if the underlying distribution is close to Pareto. With

the quantile-quantile plot (qq-plot), which is a visual tool for assessing the presence of heavy-tails in
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distributions, one can check this. The qq-plot is commonly used in various forms, see for example

[15, 65]. Hereinafter, among the various forms, we follow the one presented in [41].

Having the order statistics O(1) ≤ ... ≤ O(n) plot

{(
− log

(
1 − j

k + 1

)
, log O(j)

)
, 1 ≤ j ≤ k

}
(3.5)

for a fixed value of k. (As one can see only the k upper order statistics is considered in the plot, the other

part of the sample is neglected.) The plot, if the data is close to Pareto, should be a straight line with

slope 1/α. By determining the slope of the straight line fitted to the points by least squares, we obtain

the so-called qq-estimator [41].

The qq-estimator can be visualized in two different ways. The dynamic qq-plot, depicted in Figure

3.2, plots the estimate of α as the function of k (this plot is similar to the Hill-plot). The static qq-plot,

given in Figure 3.3, depicts (3.5) for a fixed value of k and shows its least square fit. As for the Hill-plot,

when applying the qq-estimator, the point at which the tail begins has to be determined.

Estimation Based on the Scaling Properties

Another method is proposed in [20] which, in contrast to the Hill- and qq-estimator, does not require to

determine where the tail begins. The procedure is based on the scaling properties of sums of heavy-tailed

distribution. The estimator, which is implemented in the tool aest, determines the heavy-tail index by

exploring the complementary distribution function of the dataset at different aggregation levels. For the

EPA trace, the index estimated by aest is 0.97. In order to aid further investigation, the tool produces a

plot of the complementary distribution function of the dataset at different aggregation levels indicating

the segments where heavy-tailed behavior is present. This plot for the considered dataset is depicted in

Figure 3.4.
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3.2 Multiscale Analysis

This section gives an overview of methods which we will use in the dissertation to carry out the multiscale

analysis of a stationary sequence of numbers X = {Xi, i ≥ 1}. As far as traffic modeling is concerned, this

sequence may represent any kind of important characteristics of the traffic load arriving to the network,

i.e., X may be the series of interarrival times, the series of the number of arrivals in successive time-slots

or the number of bytes per arrivals. (See [68] for an exhaustive study of multifractal properties of time

series describing different aspects of TCP traffic.)

In the sequel X (m) denotes the corresponding aggregated process with level of aggregation m

X (m) =
{

X
(m)
i , i ≥ 1

}
=

{
X1 + . . . + Xm

m
, . . . ,

Xmi+1 + . . . + X(m+1)i

m
, . . .

}
. (3.6)

This section is organized as follows. First we look at statistical scaling in Section 3.2.1 that aims

at determining the Hurst parameter of the process. In Section 3.2.2 a method to analyze multifractal

scaling, that results in the Legendre spectrum, is described with which we will compare our approximating

MAP with the real traffic trace. The fitting procedure is based on another way of examining a finite

sequence of number, the Haar wavelet transform (Section 3.2.3), because it allows us to compute the

desired properties of our MAP structure analytically.

The introduction to statistical and multifractal scaling given hereinafter is partly based on [75] and

[68].

3.2.1 Statistical Scaling

Recently, it has been agreed [44, 54, 55] that when one studies a traffic trace the most significant parameter

to be estimated is the degree of self-similarity, usually given by the so-called Hurst-parameter. The aim

of the statistical approach, based on the theory self-similarity, is to find the Hurst-parameter.

The standard definition of self-similarity is stated for continuous-time processes: Y = {Y (t), t > 0} is

self-similar if

Y (t)
d
= a−HY (at), ∀t > 0, ∀a > 0, 0 < H < 1, (3.7)

where
d
= denotes equality in the sense of finite-dimensional distributions and H is the Hurst-parameter.

The most broadly applied signal model satisfying (3.7) is the fractional Brownian motion [73, 54, 55]

whose power lies in its simple parameterization. It is fully determined by its mean, variance and the

Hurst-parameter.

There are several, different definitions of self-similarity involving stationary sequences X = {Xi, i ≥ 1};
in the context of traffic modeling these are more appropriate than the one given by (3.7). A stationary

10



discrete-time stochastic process X = {Xi, i ≥ 1} is said to be exactly self-similar if

X d
= m1−HX (m) (3.8)

for all aggregation level m. In other words X is called to be exactly self-similar if X and X (m) are identical

within a scale factor in the sense of finite-dimensional distributions. (We note here that if X is the

incremental process of an exactly self-similar continuous-time process it satisfies (3.8) for all aggregation

level m.) A stationary sequence is said to be asymptotically self-similar if (3.8) holds as m → ∞. A

covariance-stationary sequence X is exactly second-order self-similar or asymptotically second-order self-

similar if m1−HX (m) has the same variance and auto-correlation as X for all aggregation level m, or as

m → ∞.

It is worth to point out that (3.8) and stationarity imply that either E[X ] = 0, or E[X ] = ±∞, or

H = 1. But H = 1 implies as well that Xi = Xj, ∀i, j almost surely. As a consequence, to test for

statistical self-similarity makes sense only having zero-mean data, i.e., the data has to be centered before

the analysis. On the other hand, as we show later, multifractal analysis may be carried out on data with

non-zero mean as well.

In the rest of this section, methods for estimating the Hurst-parameter of datasets are recalled. Beside

the procedures described in the following, others as well can be found in the literature. See [6] for an

exhaustive discussion on this subject.

It is important to note that the introduced statistical tests of self-similarity, based on a finite number

of samples, provide an approximate value of H only for the considered range of scales. Nothing can be

said about the higher scales and the asymptotic behavior based on these tests.

Application of the procedures will be presented by applying the estimators to the first trace of the well-

known Bellcore dataset that contains local-area network (LAN) traffic collected in 1989 on an Ethernet

at the Bellcore Morristown Research and Engineering facility. It may be downloaded from the WEB site

collecting traffic traces [80]. The trace was first analyzed in [28].

Variance-Time Plot

As it was proposed in [75] one may perform a test of self-similarity by analyzing the behavior of the

absolute moments of the aggregated process. If X is exactly self-similar

log(E[|X(m)|q]) = log(E[|mH−1X |q]) = q(H − 1)log(m) + log(E[|X |q]). (3.9)

According to (3.9), in case of a self-similar process plotting log(E[|X(m)|q]) against log(m) for a fixed q

results in a straight line. The slope of the line is q(H − 1). Based on the above observations the test is

11
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performed as follows. Having a series of length N , the moments may be estimated as

E[|X(m)|q] =
1

bN/mc

bN/mc∑

i=1

|X(m)
i |q, (3.10)

where bxc denotes the largest integer number smaller or equal to x. To test for self-similarity

log(E[|X(m)|q]) is plotted against log(m) and a straight line is fitted to the curve. If the straight line

shows good correspondence with the curve, then the process is self-similar and its Hurst-parameter may

be calculated by the slope of the straight line.

The variance-time plot, which is used widespread to gain evidence of self-similarity, is the special case

with q = 2. It depicts the behavior of the 2nd moments for the centered data, i.e., log(Var(X(m))) versus

log(m). For self-similar time series, the slope of the variance-time plot, −β, is greater than −1. The

Hurst parameter can be calculated as H = 1 − (β/2). The variance-time plot for the analyzed Bellcore

trace is depicted in Figure 3.5. The Hurst-parameter given by the variance-time plot is 0.83.

R/S Plot

The R/S method is one of the oldest tests for self-similarity, it is discussed in detail in [48]. For a time

series, X = {Xi, i ≥ 1}, with sample variance

V ar[X(n)] =
1

n

n∑

i=1

Xi
2 −

(
1

n

n∑

i=1

Xi

)2

, (3.11)

the R/S statistic, or the rescaled adjusted range, is given by:

R/S(n) =
1

V ar[X(n)]

[
max

0≤k≤n

(
k∑

i=1

Xi −
k

n

n∑

i=1

Xi

)
− min

0≤k≤n

(
k∑

i=1

Xi −
k

n

n∑

i=1

Xi

)]
. (3.12)
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R/S(n) is the scaled difference between the fastest and the slowest arrival period considering n arrivals.

For stationary LRD processes R/S(n) ≈ (n/2)H . To determine the Hurst parameter based on the R/S

statistic the dataset is divided into blocks, log[R/S(n)] is plotted versus log n and a straight line is fitted

on the points. The slope of the fitted line is the estimated Hurst parameter.

The R/S plot for the analyzed Bellcore trace is depicted in Figure 3.6. The Hurst-parameter deter-

mined based on the R/S plot is 0.78.

Whittle Estimator

The Whittle estimator is based on the maximum likelihood principle assuming that the process under

analysis is Gaussian. The estimator, unlike the previous ones, provides the estimate through a non-

graphical method. This estimation takes more time to perform but it has the advantage of providing

confidence intervals as well. For details see [29, 6]. For the Bellcore trace, the estimated value of the

Hurst parameter is 0.82 and its 95% confidence interval is [0.79, 0.84].

3.2.2 Multifractal Scaling

As it is described above, statistical tests of self-similarity try to gain evidence through examining the

behavior of the absolute moments E[|X(m)|q]. Multifractal analysis as well looks at the behavior of

the absolute moments but in a different manner which may result in more detailed information on the

sequence. While the above described statistical view looks for a single number, the Hurst parameter,

that describes completely the behavior of E[|X(m)|q] for any q, multifractal analysis result in a spectrum

to illustrate the behavior of the absolute moments.

As for self-similarity, we start the discussion with a continuous-time process Y = {Y (t), t > 0}. The

scaling of the absolute moments of the increments is observed through the partition function

T (q) = lim
n→∞

1

−n
log2 E

[
2n−1∑

k=0

|Y ((k + 1)2−n) − Y (k2−n)|q
]

. (3.13)

Then, a multifractal spectrum, the so-called Legendre spectrum is given as the Legendre transform of

(3.13)

fL(α) = T ∗(α) = inf
q

(qα − T (q)) (3.14)

Since T (q) is always concave, the Legendre spectrum fL(α) may be found by simple calculations using

that

T ∗(α) = qα − T (q), and (T ∗)′(α) = q at α = T ′(q). (3.15)

Let us mention here that there are also other kinds of fractal spectrum defined in the fractal world (see for
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example [66]). The Legendre spectrum is the most attractive one from numerical point of view, and even

though in some cases it is less informative than, for example, the large deviation spectrum, it provides

enough information in the cases considered herein.

In case of a discrete-time process X we assume that we are given the increments of a continuous-time

process. This way, assuming that the sequence we examine consists of N = 2L numbers, the sum in

(3.13) becomes

Sn(q) =

N/2n−1∑

k=0

|X(2n)
k |q, 0 ≤ n ≤ L, (3.16)

where the expectation is ignored. Ignoring the expectation is accurate for small n, i.e., for the finer

resolution levels. In order to estimate T (q), we plot log2(Sn(q)) against (L−n), n = 0, 1, ..., L, then T (q)

is found by the slope of the linear line fitted to the curve. If the linear line shows good correspondence

with the curve, i.e., if log2(Sn(q)) scales linearly with log(n), then the sequence X can be considered a

multifractal process.
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Figure 3.7, 3.9, 3.8 and 3.10 illustrate the above described procedure to obtain the Legendre spectrum

of the famous Bellcore pAug traffic trace (the trace may be found at [80]). Figure 3.7 depicts the scaling

behavior of the log moments calculated through (3.16). With q in the range [−3, 4], excluding the finest

resolution levels n = 0, 1 the moments show good linear scaling. For values of q outside the range [−3, 4]

the curves deviate more and more from linearity. As, for example, in [67] one may look at non-integer

values of q as well, but, in general, it does not provide notably more information on the process. To

better visualize the deviation from linearity Figure 3.8 depicts the increments of the log-moment curves

of Figure 3.7. Completely horizontal lines would represent linear log-moment curves.

The partition function T (q) is depicted in Figure 3.9. The three slightly different curves differ only in

the considered range of the log-moments curves, since different ranges result in different linear fitting. The

lower bound of the linear fitting is set to 3, 5 and 7, while the upper bound is 18 in each cases. (In the rest
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of this paper the fitting range is 5 - 18 and there are 200 moments evaluated in the range [−5, +5].) Since

the partition function varies only a little (its derivative is in the range [0.8, 1.15]), it is not as informative

as its Legendre transform is (Figure 3.10). According to (3.15) the Legendre spectrum is as wide as wide

the range of derivatives of the partition function is ,i.e., the more the partition function deviates from

linearity the wider the Legendre spectrum is. The Legendre transform significantly amplifies the scaling

information, but it is also sensitive to the considered range of the log-moments curves.

See [67] for basic principles of interpreting the spectrum. We mention here only that a curve like the

one depicted in Figure 3.10 reveals a rich multifractal spectrum. On the contrary, as it was shown in [77],

the fractional Brownian motion (fBm) has a trivial spectrum. The partition function of the fBm is a

straight line which indicates that its spectrum consists of one point, i.e., the behavior of its log-moments

is identical for any q.
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3.2.3 The Unnormalized Haar Wavelet Transform

The third way we mention here to carry out multiscale analysis is the Haar wavelet transform. The choice

of using the unnormalized version of the Haar wavelet transform is motivated by the fact that it suits

more the analysis of the Markovian point process introduced further on.

The multiscale behavior of the finite sequence Xi, 1 ≤ i ≤ 2L will be represented by the quantities

cj,k, dj,k, j = 0, . . . , L and k = 1, . . . , 2L/2j. The finest resolution is described by c0,k, 1 ≤ k ≤ 2L which

gives the finite sequence itself, i.e., c0,k = Xk. Then the multiscale analysis based on the unnormalized

Haar wavelet transform is carried out by iterating

cj,k = cj−1,2k−1 + cj−1,2k, (3.17)
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dj,k = cj−1,2k−1 − cj−1,2k, (3.18)

for j = 1, . . . , L and k = 1, . . . , 2L/2j. The quantities cj,k, dj,k are the so-called scaling and wavelet

coefficients of the sequence, respectively, at scale j and position k. At each scale the coefficients are

represented by the vectors cj = [cj,k] and dj = [dj,k] with k = 1, . . . , 2L/2j. For what concerns cj , the

higher j the lower the resolution level at which we have information on the sequence. The information

that we lost as a result of the step from cj−1 to cj , is conveyed by the sequence of wavelet coefficients

dj . It is easy to see that cj−1 can be perfectly reconstructed from cj and dj . As a consequence the

whole Xi, 1 ≤ i ≤ 2L sequence can be constructed (in a top to bottom manner) based on a normalizing

constant, cL = cL,1 =
∑2L

i=1 Xi, and the dj , j = 1, . . . , L vectors.

By taking the expectation of the square of (3.17) and (3.18) we get:

E[c2
j,k] = E[c2

j−1,2k−1] + 2E[cj−1,2k−1cj−1,2k] + E[c2
j−1,2k], (3.19)

E[d2
j,k] = E[c2

j−1,2k−1] − 2E[cj−1,2k−1cj−1,2k] + E[c2
j−1,2k], (3.20)

Let us assume that the series we analyze is stationary. Then, by summing (3.19) and (3.20) and rear-

ranging the equation, we have

E[c2
j−1] =

1

4

(
E[d2

j ] + E[c2
j ]
)
. (3.21)

Similarly, by consecutive application of (3.21) from one scale to another the E[d2
j ], j = 1, . . . , L series

completely characterizes the variance decay of the Xi, 1 ≤ i ≤ 2L sequence apart of a normalizing

constant (cL = cL,1 =
∑2L

i=1 Xi). This fact allows us to realize a series with a given variance decay if it is

possible to control the 2nd moment of the scaling coefficient with the chosen synthesis procedure. This
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is why the E[d2
j ], j = 1, . . . , L series plays an important role in the subsequent discussion. Basically, we

attempt to capture the multifractal scaling behavior via this series.

3.2.4 Processes Exhibiting Long-Range Dependence

Multi-Fractal Processes

An algorithm to generate a random time series exhibiting multi-fractal behavior based on the structure

of the Haar wavelet transform is presented in [67].

Fractional Gaussian Noise

By now we provided the definition of the large class of self-similar stochastic processes, but we did not

provide any specific member of this class. The two simplest self-similar processes that are often used in

validation of self-similar modeling assumptions are the fractional Gaussian noise and the ARIMA process.

Fractional Gaussian noise, Xi, i ≥ 1, is the increment process of fractional Brownian motion, B(t), t ∈
R+:

Xi = B(i + 1) − B(i), (3.22)

Fractional Brownian motion with Hurst parameter H (0.5 < H < 1) is characterized by the following

properties: i) B(t) has stationary increment, ii) E[B(t)] = 0, iii) E[B2(t)] = t2H (assuming the time

unit is such that E[B2(1)] = 1), iv) B(t) has continuous path, v) B(t) is a Gaussian process, i.e.,

all of its finite dimensional distributions are Gaussian. The covariance of fractional Brownian motion is

E[B(t) ·B(s)] = 1/2(s2H +t2H −|s−t|2H), and hence, the auto-covariance function of fractional Gaussian

noise γ(h) = E[XiXi+h] ∼ H(2H − 1)h2H−2 is positive and exhibits long-range dependence.

ARIMA Process

An other simple self-similar process is the fractional ARIMA(0,d,0) process. It is defined as:

Xi =

∞∑

j=0

cjεi−j (3.23)

where εi are i.i.d. standard normal random variables and the cj coefficients implement moving average

with parameter d according to cj = Γ(j+d)
Γ(d)Γ(j+1) . For large values of j the coefficients cj ∼ jd−1

Γ(d) . The

asymptotic behavior of the auto-covariance function is

γ(h) = E[XiXi+h] ∼ Cdh
2d−1 (3.24)

17



with coefficient Cd = π−1Γ(1 − 2d) sin(πd). For 0 < d < 1/2 the auto-covariance function has the same

polynomial decay as the auto-covariance function of fractional Gaussian noise with H = d + 1/2.

The better choice among these two processes depends on the applied analysis method. The fractional

Gaussian noise is better in exhibiting asymptotic properties based on finite number of samples, while the

generation of fractional ARIMA process samples is easier since it is based on an explicit expression.
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Part II

Acyclic Discrete Phase-Type

Distributions
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Chapter 4

Properties and Canonical Forms

4.1 Definition and Notation

A DPH distribution [50, 51] is the distribution of the time until absorption in a discrete-state discrete-

time Markov chain (DTMC) with n transient states, and one absorbing state. (The case when n = ∞
is not considered in this paper.) If the transient states are numbered 1, 2, . . . , n and the absorbing state

is numbered (n + 1), the one-step transition probability matrix of the corresponding DTMC can be

partitioned as:

B̂ =



 B b

0 1



 (4.1)

where B = [bij ], 1 ≤ i ≤ n, 1 ≤ j ≤ n is the (n × n) matrix collecting the transition probabilities among

the transient states, b = [bi,n+1]
T , 1 ≤ i ≤ n is a column vector of length n grouping the transition

probabilities from any state to the absorbing one, and 0 = [0, ..., 0] is the zero vector. Since B̂ is the

transition probability matrix of a DTMC, the following relation holds: Be = e − b where e is a vector

with all entries equal to 1.

The initial probability vector is an (n+1) dimensional vector α̂ = [α, αn+1], with
∑n

j=1 αj = 1−αn+1.

In the present paper, we only consider the class of DPH distributions for which αn+1 = 0, but the extension

to the case when αn+1 > 0 is straightforward.

Let τ be the time until absorption into state (n + 1) in the DTMC. We say that τ is a DPH r.v. of

order n and representation (α, B) [51]. Let f(k), F (k) and F(z) be the probability mass, cumulative

probability and probability generating function of τ , respectively:
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f(k) = Pr{τ = k} = α Bk−1 b, k > 0 (4.2)

F (k) = Pr{τ ≤ k} = α

k−1∑

i=1

Bi b = 1 − aBk e, k > 0 (4.3)

F(z) = E[zτ ] = z α (I − zB)
−1

b =
N(z)

D(z)
(4.4)

where e is an n-dimensional column vector with all the entries equal to 1 and I is an identity matrix. A

DPH distribution is a non-negative, discrete distribution over {1, 2, . . .}.
Since the degree of the denominator and the numerator in (4.4) is equal to the order n, the main

coefficient for both polynomials has to be 1 and the generator function has to be 1 for z = 1, the degree of

freedom of this representation is 2n−3. On the other side, its vector-matrix representation has n2 +n−1

free parameters (n2 in matrix B and n − 1 in vector α). Therefore, the matrix representation seems to

be redundant with respect to the real degree of freedom, and hence it is reasonable to look for minimal

representations.

Let φi be the sojourn time the DPH (the DTMC) spends in phase i. φi is geometrically distributed,

i.e., Pr(sojourn time in i = k) = bk−1
ii (1 − bii). The generating function of the sojourn time in i is:

Fi(z) = E[zφi] =
(1 − bii)z

1 − biiz
(4.5)

Note that E[φi] = 1/(1 − bii), E[φ2
i ] = (1 + bii)/(1 − bii)

2, E[φ2
i ] − E[φi]

2 = bii/(1 − bii)
2 and cv2

φi
= bii.

We use the terminology that phase i is faster than phase j if bii < bjj , i.e., the mean time spent in phase

i is less than the mean time spent in phase j.

4.1.1 Properties of DPH’s Different from those of CPH’s

A number of properties of the DPH family of distributions have been derived in [50]. Moreover, the DPH

family inherits many properties from the CPH family [46], for which a more extensive literature exists

[5, 57, 53, 18].

However, when DPH’s and CPH’s are used to approximate general distributions to transform a non-

Markovian process into a DTMC or a CTMC over an expanded state space, a very crucial need is to keep

the order of the DPH or CPH distributions as low as possible, since the order affects multiplicatively the

size of the expanded state space. Hence, it is very important to establish to what extent the properties

of the family are dependent upon the order.

A well-known and general result for CPH distributions [1] is that the squared coefficient of variation
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(cv2) of a CPH of order n is not less than 1/n, and this limit is reached by the continuous-time Er-

lang, CE(λ, n), (or Gamma(λ, n)) distribution of order n (independently of the parameter λ, and hence

independently of the mean of the distribution).

The simple relation, established in [46], to compare the CPH and DPH classes, preserves the mean

but not the coefficient of variation. Hence, in the case of the DPH family the consideration about the

minimal coefficient of variation requires a more extensive analysis, and it is given to Section 4.3.

However, it is trivial to prove that the mentioned property of CPH distributions does not hold for

DPH’s. In fact, it is clear that for any order n, the DPH with representation (α, J) given by

α = [1, 0, . . . , 0] J =





0 1 0 0 . . . 0

0 0 1 0 . . . 0
...

...
...

...
...

0 0 0 0 . . . 0




(4.6)

represents a deterministic time to absorption τ = n, with cv2 = 0. Hence for any order n there exists at

least one DPH with cv2 = 0. Moreover, in a DPH, the minimal cv2 depends not only on the order as in

the case of CPH distributions but on other parameters as well. In order to emphasise these differences,

we present a simple comparative example on a 2-CPH versus a 2-DPH.

Example 4.1 Let τC and τD be the CPH and DPH r.v. shown in Figure 4.1, with representations (γ,Λ)

and (α, B), respectively:

γ = [1, 0] , Λ =



 −λ1 λ1

0 −λ2



 ; α = [1, 0] , B =



 1 − β1 β1

0 1 − β2



 . (4.7)

λ1 λ2

01

β1 β2

01

1 − β21 − β1

Figure 4.1: Two-state CPH and DPH structures

The mean m, the variance σ2 and the squared coefficient of variation cv2 of τC and τD are given as
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mC =
1

λ1
+

1

λ2
mD =

1

β1
+

1

β2

σ2
C =

1

λ2
1

+
1

λ2
2

σ2
D =

1

β2
1

− 1

β1
+

1

β2
2

− 1

β2

cv2
C =

σ2
C

m2
C

=
λ2

1 + λ2
2

(λ1 + λ2)2
cv2

D =
σ2

D

m2
D

=
β2

1 − β2
1β2 + β2

2 − β1β
2
2

(β1 + β2)2

(4.8)

Both distributions are characterized by two free parameters: the CPH by (λ1, λ2), the DPH by (β1, β2).

First, we suppose to fix the value of λ1 and β1, and to find the value λmin
2 and βmin

2 that minimize the

squared coefficient of variation in (4.8). The values λmin
2 and βmin

2 are obtained by equating to 0 the

derivative of cv2 with respect to λ2 and β2, and are given by:

λmin
2 = λ1 βmin

2 =
β1(2 + β1)

2 − β1
, (4.9)

where 0 ≤ β2, β1 ≤ 1. The minimal coefficient of variation of the CPH structure is obtained when the

parameters λ1 and λ2 are equal, while the DPH structure exhibits the minimal coefficient of variation

when, in general, β1 differs from β2.

In order to investigate the dependence of the minimal coefficient of variation with respect to the

mean, let us assume that the two free parameters of the considered structures are (λ2, mC) and (β2, mD).

Rearranging (4.8), we have:

λ1 =
λ2

mCλ2 − 1
β1 =

β2

mDβ2 − 1

cv2
C =

2 − 2mCλ2 + m2
Cλ2

2

m2
Cλ2

2

cv2
D =

2 − 2mDβ2 − mDβ2
2 + m2

Dβ2
2

m2
Dβ2

2

(4.10)

For a given mean (mC and mD), the minimal coefficient of variation is obtained by equating to 0 the

derivative of cv2 with respect to λ2 and β2, respectively. It is obtained that

λmin
2 =

2

mC
βmin

2 =
2

mD
, (4.11)

where as a result of the given initial probability vector [1, 0] the mean mD ≥ 2 and βmin
2 ≤ 1. Substituting

this value into (4.10), we obtain:

λ1 =
2

mC
, cv2

C =
1

2
β1 =

2

mD
, cv2

D =
1

2
− 1

mD
. (4.12)

In the CPH case, the minimal coefficient of variation is obtained (as in the previous case) when
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λ1 = λ2 and it is independent of the mean mC . In the DPH case, differently from the previous case, the

minimum is attained when β1 = β2 (discrete Erlang distribution DE( 2
m , 2)), but the value of the minimum

depends on the mean mD.

4.2 Acyclic DPH’s

Definition 4.1 A DPH is called acyclic DPH (ADPH) if its states can be ordered in such a way that

matrix B is an upper triangular matrix.

By Definition 4.1, a generic ADPH of order n is characterized by NF = n2/2+3/2 n−1 free parameters

(n · (n + 1)/2 in the upper triangular matrix B and n − 1 in the initial probability vector α).

Definition 4.1 implies that a state i can be directly connected to a state j only if j ≥ i. In an ADPH,

each state is visited at most once before absorption. We define an absorbing path, or simply a path, the

sequence of states visited from an initial state to the absorbing one. In an ADPH of order n, the number

of paths is finite and is at most 2n − 1.

A path r of length ` ≤ n, is characterized by a set of indices, representing the states visited before

absorption:

r = (x1, x2, . . . , x`) such that






1 ≤ xj ≤ n ∀j : 1 ≤ j ≤ `

xj < xj+1 ∀j : 1 ≤ j < `

bxj,xj+1 > 0 ∀j : 1 ≤ j < `

bx`,n+1 > 0

(4.13)

where the last two conditions mean that in a path any two subsequent indices represent states that must

be connected by a direct arc (non-zero entry in the B matrix), and the last index represents a state that

must be connected by a direct arc to the absorbing state (n + 1).

Assuming that the underlying DTMC starts in state with index x1, the path r in (4.13), occurs with

probability:

P (r) =
bx`,n+1

1 − bx`,x`

`−1∏

j=1

bxj ,xj+1

1 − bxj ,xj

(4.14)

and the generating function of the time to arrive to the absorbing state through path r is

F(z, r) =
∏̀

j=1

(1 − bxj ,xj
)z

1 − bxj ,xj
z

. (4.15)

Let Li be the set of all the paths starting from state i (i.e., for which x1 = i). The generating function
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of the time to absorption assuming the DTMC starts from state i is:

Fi(z) =
∑

r∈Li

P (r) F(z, r) (4.16)

where it is clear from (4.14) that
∑

r∈Li
P (r) = 1.

Corollary 4.1 The generating function of an ADPH is the mixture of the generating functions of its

paths (see also [21]):

FADPH(z) =

n∑

i=1

αi

∑

rk∈Li

P (rk) F(z, rk) (4.17)

Example 4.2 Let us consider the ADPH in Figure 4.2, with representation:

α = [α1 α2] , B =



 0.3 0.5

0 0.6



 (4.18)

0.5 0.4

0.3 0.6

0.2

α1 α2

Figure 4.2: An example of ADPH.

Three different paths can be identified to reach the absorbing state. The paths are depicted in Figure 4.3

and have the following description:

• r1 is a path of length 1 starting from state 1. (4.14) and (4.15) applied to r1 provide:

P (r1) =
b13

1 − b11
=

2

7
; F(z, r1) =

(1 − b11)z

1 − b11z
=

0.7z

1 − 0.3z
; (4.19)

• r2 is a path of length 2 starting from state 1. (4.14) and (4.15) provide:

P (r2) =
b12

1 − b11

b23

1 − b22
=

5

7
; (4.20)

F(z, r2) =
(1 − b11)z

1 − b11z

(1 − b22)z

1 − b22z
=

0.7z

1 − 0.3z

0.4z

1 − 0.6z
; (4.21)

• r3 is a path of length 1 starting from state 2. (4.14) and (4.15) provide:
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P (r3) =
b23

1 − b22
= 1 ; F(z, r3) =

(1 − b22)z

1 − b22z
=

0.4z

1 − 0.6z
; (4.22)

���

���

��� ���

���

���

���

�� � �	 � �
 �

���

Figure 4.3: Possible paths of the ADPH of Figure 4.2.

From (4.15) and from Corollary 4.1, it follows that the generating function of the time to absorption

does not depend on the particular order of the geometrically distributed sojourn times. Hence, we can

reorder the eigenvalues (diagonal elements) of the matrix B into a decreasing sequence. The entries of

this sequence will be denoted by qi, 1 ≤ i ≤ n and the sequence itself is q1 ≥ q2 ≥ . . . ≥ qn. For the

sake of convenience, we define the symbols pi = (1 − qi) as well which represent the exit rate from state

i. Since the sequence of the qi’s is in decreasing order, the sequence of the pi’s is in increasing order:

p1 ≤ p2 ≤ . . . ≤ pn.

Any path r can be described as a binary vector u = [ui] of length n defined over the ordered sequence

of the qi’s. Each entry of the vector is equal to 1 if the corresponding eigenvalue qi is present in the path,

otherwise the entry is equal to 0. Hence, any path r of length ` has ` ones in the vector u. With this

representation any path is characterized by a unique number 1 ≤ #u ≤ 2n − 1 where #u denotes the

number represented by the binary vector u.

Definition 4.2 A path r of length ` of an ADPH is called a basic path (basic series [21]) if it contains

the ` fastest phases qn−`+1, . . . , qn−1, qn. The binary vector associated to a basic path is called a basic

vector and it contains (n − `) initial 0’s and ` terminal 1’s, so that the number represented by a basic

vector is #u = 2` − 1.

Theorem 4.2 The generating function of a path of an ADPH is a mixture of the generating functions

of its basic paths.

Proof: The following lemma gives the basic relationship to prove the theorem.
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Lemma 4.3 The generating function of a phase with parameter qi can be represented as the mixture of

the generating functions of a phase with parameter qi+1 and a sequence of two phases with parameter qi

and qi+1.

The above lemma is a consequence of the relationship:

piz

1 − qiz
= wi

pi+1z

1 − qi+1z
+ (1 − wi)

piz

1 − qiz

pi+1z

1 − qi+1z
(4.23)

where wi = pi/pi+1, hence 0 ≤ wi ≤ 1.

A path r is composed by geometric phases according to its associated binary vector u. Starting from

the rightmost component of u which is not ordered as a basic path (Definition 4.2), the application of

(4.23) splits the path into two paths which are enriched in components with higher indices. Repeated

application of (4.23) can transform any path in a mixture of basic paths. Cumani [21] has provided an

algorithm which performs the transformation of any path into a mixture of basic paths in a finite number

of steps.

Example 4.3 Let n = 5 and let r be a path of length ` = 2 characterized by the binary vector u =

[0, 1, 0, 1, 0] (corresponding to the phases with parameters q2 and q4). By applying Lemma 4.3 to the

rightmost phase of r (phase 4), the associated binary vector u can be decomposed in a mixture of two

binary vectors one containing phase 5 and the second one containing the sequence of phases (4, 5). Thus

the original path is split into the mixture of the following two paths:

u = [0, 1, 0, 1, 0] =⇒





[0, 1, 0, 0, 1]

[0, 1, 0, 1, 1]
(4.24)

Now for each obtained binary vector, we take the rightmost phase which is not already ordered in a

basic path, and we decompose the corresponding path into two paths according to equation (4.23). The

complete decomposition tree is shown next, where all the final binary vectors are basic vectors according

to Definition 4.2.

u = [0, 1, 0, 1, 0] =⇒






[0, 1, 0, 0, 1]






[0, 0, 1, 0, 1]





[0, 0, 0, 1, 1]

[0, 0, 1, 1, 1]

[0, 1, 1, 0, 1]






[0, 1, 0, 1, 1]





[0, 0, 1, 1, 1]

[0, 1, 1, 1, 1]

[0, 1, 1, 1, 1]

[0, 1, 0, 1, 1]





[0, 0, 1, 1, 1]

[0, 1, 1, 1, 1]

(4.25)
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Corollary 4.4 Canonical Form CF1.

Any ADPH has a unique representation as a mixture of basic paths called Canonical Form 1 (CF1). The

DTMC associated to the CF1 is given in Figure 4.4, and its matrix representation (a, P ) has the form:

a = [a1, a2, . . . , an] , P =





q1 p1 0 0 . . . 0

0 q2 p2 0 . . . 0

...
...

...
...

...

0 0 0 0 . . . qn




(4.26)

with:

n∑

1

ai = 1 and: p1 ≤ p2 ≤ . . . ≤ pn (4.27)

a1 a2 an

pnp2p1

q1 q2 qn

Figure 4.4: Canonical Form CF1.

Proof: The Corollary is a direct consequence of Theorem 4.2.

Due to the particular structure of the matrix in (4.26), the relevant elements can be stored into an

n-dimensional vector p containing the pi’s, so that we will use the notation (a, p) as the representation

of a CF1, where a and p are n-dimensional vectors (where 0 ≤ ai ≤ 1, 0 < pi ≤ 1).

Example 4.4 The transformation of the ADPH introduced in Example 4.2 (Figure 4.2) into the canonical

form CF1 proceeds along the following steps. We first order the eigenvalues of the matrix B into a

decreasing sequence to obtain: q1 = b22 = 0.6 and q2 = b11 = 0.3 with q1 ≤ q2. Then, any path is assigned

its characteristic binary vector. If the binary vector is not in basic form, each path is transformed into a

mixture of basic paths by repeated application of (4.23), along the line shown in Example 4.3. Since the

ADPH of Figure 4.2 is of order n = 2, we have two basic paths b1 = [0, 1] and b2 = [1, 1].

Path r1 - The associated binary vector is u1 = [0, 1] and is coincident with the basic path b1. Hence:

F(z, r1) = F(z, b1) (4.28)

Path r2 - The associated binary vector is u2 = [1, 1] and is coincident with the basic path b2. Hence:

F(z, r2) = F(z, b2) (4.29)
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Path r3 - The associated binary vector is u3 = [1, 0] and is not a basic path. Hence, r3 must be

transformed in a mixture of basic paths as shown in Figure 4.5. Application of (4.23) provides:

F(z, r3) = w1F(z, b1) + (1 − w1)F(z, b2) (4.30)

with w1 =
p1

p2
=

4

7
.

w1 :

1 − w1 :

q2

q1

p1

p2

q2q1

p1 p2

b1 = [0, 1]

b2 = [1, 1]

u3 = [1, 0]

Figure 4.5: Transformation of the path r3.

The generating function of the ADPH can be finally written as:

F(z) = α1 [P (r1)F(z, r1) + P (r2)F(z, r2)] + α2P (r3)F(z, r3)

= α1P (r1)F(z, b1) + α1P (r2)F(z, b2) + (4.31)

α2P (r3)w1F(z, b1) + α2P (r3)(1 − w1)F(z, b2)

(4.32) can be rearranged in the following CF1 form, with a1 =
(

2
7α1 + 4

7α2

)
, and a2 =

(
5
7α1 + 3

7α2

)
:

F(z) = a1F(z, b1) + a2F(z, b2) (4.32)

a2a1

0.4 0.7

0.30.6

Figure 4.6: Canonical form of the ADPH of Figure 4.2.
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The DTMC associated to the obtained CF1 is depicted in Figure 4.6, and its representation is:

a = [a1 a2] , p = [0.4 0.7] (4.33)

4.2.1 Properties of Canonical Forms

Property 4.5 The CF1 is a minimal representation of an ADPH and its degree of freedom is 2n − 1.

Given a canonical form CF1 of order n and representation (a, p) (Figure 4.4), the mean, the second

moment and the probability generating function are expressed as:

m =

n∑

i=1

ai

n∑

j=i

1

pj
(4.34)

d =

n∑

i=1

ai




n∑

j=i

(
1

p2
j

− 1

pj

)
+




n∑

j=i

1

pj




2


 (4.35)

F(z) =

n∑

i=1

ai

n∏

j=i

pjz

1 − (1 − pj)z
(4.36)

Even if the canonical form CF1 is the simplest minimal form to use in computations, sometimes it

can be more convenient to have a minimal representation in which the initial probability is concentrated

in the first state. Borrowing terminology from the continuous case [21], we define:

Definition 4.3 Canonical Form CF2.

An ADPH is in canonical form CF2 (Figure 4.7) if transitions are possible from phase 1 to all the other

phases (including the absorbing one), and, from phase i (2 ≤ i ≤ n) to phase i itself and i+1. The initial

probability is 1 for phase i = 1 and 0 for any phase i 6= 1.

The matrix representation of the canonical form CF2 is:

α = [1 0 · · · 0] , B =





qn c1 c2 c3 · · · cn−1

0 q1 p1 0 · · · 0

...
...

...
...

...

0 0 0 0 · · · qn−1




(4.37)

It is trivial to verify that CF2 is a minimal form and that the equivalence between CF1 and CF2 is
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established by the following relationship:

ck = akpn (4.38)

1

c1

qn

p1

q1

p2

q2 qn−1

pn−2

c2

cn−1

cn

pn−1

Figure 4.7: Canonical Form CF2

Definition 4.4 Canonical Form CF3.

An ADPH is in canonical form CF3 (Figure 4.8) if from any phase i (1 ≤ i ≤ n) transitions are possible

to phase i itself, i + 1 and n + 1. The initial probability is 1 for phase i = 1 and 0 for any phase i 6= 1.

The matrix representation of CF3 is:

α = [1 0 · · · 0] , B =





qn e′n 0 0 · · · 0 0

0 qn−1 e′n−1 0 · · · 0 0

...
...

...
...

...

0 0 0 0 · · · q2 e′2

0 0 0 0 · · · 0 q1





(4.39)

It is trivial to verify that CF3 is a minimal form and that the relationships between CF1 and CF3 is

established by the following relationships:

si =

i∑

j=1

aj (4.40)

e′i =
ai

si
pi (4.41)

ei =
si−1

si
pi (4.42)

4.2.2 Conditional Absorption Time

If an ADPH r.v. τ is expressed in CF1, its mean, second moment and generating function can be evaluated

according to (4.34), (4.35) and (4.36). In the following recursive expressions are discussed to compute

the same quantities. These expressions will be necessary in the sequel.
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1

qn−1 qn−2

en

e,
n e,

n−1 e,
2 e,

1e,
n−2

en−2

qn

en−1

q1

Figure 4.8: Canonical Form CF3

Definition 4.5 Given an ADPH r.v. τ of order n with CF1 representation (a, p), the conditional ab-

sorption time τi is defined as the time to reach state i + 1 (≤ n) conditioned to the fact that the DTMC

started from one of the preceding phases (from phase 1 to i).

The conditional absorption time τi is obtained by making state i + 1 absorbing and renormalizing

the initial probabilities. The conditional absorption time τi is a CF1 of order i and representation

(a(i)/si, p
(i)), where:

- a(i) is the vector grouping the first i elements of a, i.e., a(i) = {a1, ..., ai};

- p(i) is the vector grouping the first i elements of p, i.e., p(i) = {p1, ..., pi};

- si is a normalization factor and is equal to the sum of the first i elements of the initial probability

vector, i.e., si =
∑i

j=1 aj , sn = 1.

Let us denote by mi, di and Fi the mean, the second moment and the generating function of the

conditional absorbing time τi, respectively. The following recursive relations hold:

mi+1 =
si

si+1
mi +

1

pi+1
, (4.43)

di+1 =
si

si+1

(
di +

2mi

pi+1

)
+

2 − pi+1

(pi+1)2
, (4.44)

Fi+1(z) =
si

si+1
Fi(z)

pi+1z

1 − (1 − pi+1)z
+

ai+1

si+1

pi+1z

1 − (1 − pi+1)z
. (4.45)

4.3 Minimal Coefficient of Variation for ADPH’s

It has been shown in Section 4.1.1, that the deterministic distribution with cv2 = 0 is a member of

the ADPH class, and, moreover, the minimal coefficient of variation depends on the mean. Since the

flexibility in approximating a given distribution function may depend on the range of variability of the

coefficient of variation, in this section we explore the question of the minimal coefficient of variation for

the class of ADPH, given the order n and the mean m. This is done in the following theorem.
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To state the theorem, the following notation is introduced. τn(m) is an ADPH r.v. of order n with

mean m. Given a real number x, I(x) denotes the integer part of x and R(x) the fractional part of x,

respectively, i.e., x = I(x) + R(x), 0 ≤ R(x) < 1.

Theorem 4.6 The minimal coefficient of variation, cv2
min, of an ADPH r.v. τn(m) of order n ≥ 1 with

mean m ≥ 1 is:

cv2
min(τn(m)) =






R(m)(1 − R(m))

m2
if m ≤ n ,

1

n
− 1

m
if m > n ,

(4.46)

The ADPH which exhibits this minimal cv2 will be referred to as MDPH, and has the following structure

(in CF1 form):

• if m ≤ n:

pi = 1, ∀i and the nonzero initial probabilities are an−I(m) = R(m) and an−I(m)+1 = 1 − R(m)

(Figure 4.9);

00

1 1 1

0R(m)

1

1−R(m)

Figure 4.9: MDPH with m ≤ n

• if m > n:

pi = n/m, ∀i and the only nonzero initial probability is a1 = 1 (discrete Erlang distribution

DE(n/m, n)) (Figure 4.10).

1 0

n
m

n
m

1 − n
m1 − n

m 1 − n
m

0

n
m

Figure 4.10: MDPH with m > n

Before proceeding to the proof we make two comments:

• The MDPH structure is uniquely specified given the order n and the mean m. The MDPH structure

with m ≤ n is the mixture of two deterministic CF1-ADPHs with length I(m) + 1 and initial

probability R(m) and with length I(m) and initial probability 1 − R(m). This structure derives
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from the following identity: if x is real, x = R(x) (I(x) + 1) + (1 − R(x)) I(x). Hence, for m ≤ n,

the corresponding MDPH structure has an effective order I(m) + 1, being the initial probabilities

from state 1 to n − I(m) equal to 0. Hence, in contrast with the continuous case, increasing the

order beyond n > m does not have any effect on the minimal cv2.

• The case m ≥ n is more similar to the CPH case, and tends to be equal to the CPH case as m → ∞.

Proof: The first part of the proof consists of showing that the MDPH structures have the coefficients

of variation defined in (4.46). This part derives immediately by applying (4.34) and (4.35) to the MDPH

structures of Figures 4.9 and 4.10.

The second part of the proof consists of showing that the coefficients of variation defined in (4.46) are

minimal for any m and n. The line of the proof is based on transforming a generic CF1-ADPH into an

MDPH phase by phase starting from phase 1 to phase n preserving the mean, and showing that at each

step of the transformation the coefficient of variation cannot increase. In order to prove this, we need

the following intermediate results:

• If two CF1-ADPH distributions have the same mean m and are “identical” from phase k to phase n

(the last n− k phases), then the two coefficient of variations are in the same order (<, =, >) as the

second moments measured on the first k phases only (this property is formally stated and proved

in Lemma 4.7).

• Given a CF1-ADPH of order n and mean m, such that the n − 1 phases (from 1 to n − 1) are in

MDPH form, its coefficient of variation cannot be less than the coefficient of variation of the MDPH

of same order n and same mean m (this property is formally stated and proved in Lemma 4.8).

• The cv2 of any CF1-ADPH distribution of order n and mean m is not less than the cv2 of

MDPH(n, m) (Lemma 4.9).

Lemma 4.7 Let τn(m) and θn(m) be two CF1 r.v.’s of order n, with equal mean mτ = mθ = m and

representation (a, p) and (α, π), respectively. Let us further assume that there exists a number k (k < n)

for which ai = αi, pi = πi for any i > k (i = k + 1, . . . , n). Let τk and θk be the conditional absorption

time in phase k + 1 in the two ADPH’s, respectively, and let mτ
k, mθ

k, dτ
k, dθ

k and cvτ
k , cvθ

k be their mean

values, second moments, and coefficients of variation, respectively. By construction, mτ
k = mθ

k. Then the

coefficients of variation of the original r.v.’s τn(m) and θn(m) are in the same relation (<, =, >) as the

coefficients of variation of the first k phases.

Proof of Lemma 4.7: According to Definition 4.5, τk has representation (a(k)/sτ
k, p(k)) and θk has repre-

sentation (α(k)/sθ
k, p(k)) (with sτ

k = sθ
k = sk by assumption). We can assume, without loss of generality
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that:

cv2(τk) ≤ cv2(θk) (4.47)

Since the mean values are equal, (4.47) also holds for the second moments, and from (4.35) the relation

dτ
k ≤ dθ

k can be written as:

k∑

i=1

a
(k)
i

sk




k∑

j=i

(
1

(p
(k)
j )2

− 1

p
(k)
j

)
+




k∑

j=i

1

p
(k)
j




2


 ≤ (4.48)

k∑

i=1

α
(k)
i

sk




k∑

j=i

(
1

(π
(k)
j )2

− 1

π
(k)
j

)
+




k∑

j=i

1

π
(k)
j




2


 , (4.49)

Multiplying both sides by sk, and adding two equal terms (from phase k + 1 to n), we can write:

n∑

i=k+1

ai
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+ (4.50)

k∑

i=1

ai




n∑
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 ≤ (4.51)
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+ (4.52)
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 (4.53)

The l.h.s. and the r.h.s. are the expressions for the second moments of τn(m) and θn(m), respectively.

Indeed:
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ai
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 ≤
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n∑

j=i

(
1

π2
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1

πj




2


 , (4.54)

which leads to:

cv2(τn(m)) ≤ cv2(θn(m)). (4.55)

This concludes the proof of Lemma 4.7.

To formulate Lemma 4.8 we define τM
n (mn) as the MDPH of order n and mean mn (which is unique).
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Lemma 4.8 Let us construct a r.v. τn(mn) of order n and mean mn by adding to τM
n−1(mn−1) a further

phase (phase n) with initial probability an and exit probability pn, so that τM
n−1(mn−1) results to be the

conditional absorption time (Definition 4.5) of τn(mn) in state n. Then:

cv2(τn(mn)) ≥ cv2(τM
n (mn)) . (4.56)

Comment : Lemma 4.8 states that any ADPH of order n and mean mn, obtained by adding a new phase

of any value to the MDPH of order n − 1 (and renormalizing the initial probabilities), has a coefficient

of variation which is not less than the coefficient of variation of the MDPH of equal order (n) and mean

(mn).

The proof of Lemma 4.8 requires a detailed evaluation of several cases, and is deferred to the Appendix.

Lemma 4.9 Let τn(mn) be a CF1-ADPH r.v. of order n with mean mn then

cv2(τn(mn)) ≥ cv2(τM
n (mn)) . (4.57)

Proof of Lemma 4.9 - The proof is based on iterating n times the following algorithm:

Step 1 - Let us consider the conditional absorption time of τn(mn) (Definition 4.5) in state i + 1 = 2,

say τ1(m1). By the definition of τM
1 (m1)

τ1(m1) = τM
1 (m1) (4.58)

(Note that for any τn(mn), τ1(m1) is such that m1 ≥ 1).

Step 2 - Let us now consider the conditional absorption time of τn(mn) (Definition 4.5) in state i+1 = 3,

say τ2(m2). We know from Lemma 4.8 that cv2(τ2(m2)) ≥ cv2(τM
2 (m2)).

We replace τ2(m2) with τM
2 (m2) in τn(mn) and we obtain a new random variable τ

(2)
n (mn) of order

n and mean mn that, by Lemma 4.7, has a coefficient of variation:

cv2(τn(mn)) ≥ cv2(τ (2)
n (mn)) (4.59)

Step i - We proceed iteratively with the same scheme for phases i = 3, 4, . . . , n. The generic i-th step

of the transformation is depicted in Figure (4.11). Figure (4.11a) shows the transition graph of the

random variable τ
(i−1)
n (mn) that is obtained after i−1 steps of the transformation and in which the

conditional absorption time in phase i is an MDPH of order i− 1. Now we consider the i-th phase.

By Lemma 4.8 the conditional absorption time of τ
(i−1)
n (mn) in phase i + 1 has a coefficient of
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Figure 4.11: One step of the transformation

variation which is not less than the MDPH of order i with the same mean. We replace this MDPH

of order i in the original structure to obtain the random variable τ
(i)
n (mn) for which Lemma 4.7

states that:

cv2(τn(mn)) ≥ cv2(τ (i)
n (mn)) (4.60)

Step n - At step n, the original τn(mn) is transformed into the MDPH with the same mean and the

proof of Lemma 4.9 is concluded.

The proof of Theorem 4.6 is given by combining Lemma 4.9, with Theorem 4.2. Lemma 4.9 proves

the assertion for the CF1-ADPH class, while Theorem 4.2 ensures that the obtained result is valid over

the whole ADPH class.

Example 4.5 Figure 4.12 shows the steps of the transformation that, according to Lemma 4.9, leads a

generic CF1-ADPH of order n = 3 into a MDPH of equal order and equal mean.

Starting from Figure 4.12-1, that shows the original 3-CF1-ADPH, we follow step by step the procedure

presented in Lemma 4.9.

Step 1. - No action is required.

Step 2. - The first two phases are isolated and the initial probabilities re-normalized in order to compute

the conditional absorption time in phase 2: τ2(m2) (Figure 4.12-2).

- The MDPH of order 2 with the same mean m2 is evaluated: τM
2 (m2) (Figure 4.12-3). Note that

since m2 < 2, the first MDPH structure of (4.46) is used (m ≤ n).
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- The obtained MDPH is plugged into the original ADPH by substituting the first two phases, to get

the new r.v. τ
(2)
n (mn) (Figure 4.12-4).

Step 3. - The r.v. τ
(2)
n (mn) obtained at the end of Step 2 is a 3-ADPH that is then transformed into the

final 3-MDPH (Figure 4.12-5). Note that, in this case, m3 > n and the second structure in (4.46)

is used.

The mean of the structures of Figure 4.12-1., 4.12-4. and 4.12-5. is 3.17, and the cv2 of the same

structures are, respectively:

cv2
1 = 0.285, cv2

4 = 0.098, cv2
5 = 0.018. (4.61)

1.2.

5.

0.946 0.9460.946

1

11 0.7

0.7

0.10.80.1

0.4 0.60.6

0.1110.888
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0.944 1 − 0.944

1 1

0.1

0.6 0.4 0.6 0.4 0.3

0.3

0.0540.0540.054

0.9 · 0.944 0.9(1 − 0.944)

3. 4.

Figure 4.12: Transformation of a CF1-ADPH into the MDPH with the same mean

4.3.1 Comparing the Minimal cv2 for CPH and DPH

Theorem 4.6, combined with the well known result of [1] (the minimal cv2 for a CPH of order n is equal

to 1/n independent of its mean), offers the possibility of comparing the variability of the CPH and ADPH

families of the same order.
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I(m) nCmin

1 8
2 24
3 48
4 80
5 120

Table 4.1: Values of nCmin as a function of the integer part of the mean I(m)

For fixed m, as the order n increases beyond n > m the minimal cv2 of the ADPH remains unchanged,

while the minimal cv2 of the CPH decreases as 1/n. Hence, given m a value n = nC can be found, such

that the minimal cv2 of the CPH of order nC is less or equal than the minimal cv2 of the ADPH of the

same order. Recalling (4.46), the value of nC is the smallest positive integer which satisfies:

1

nC
≤ R(m)(1 − R(m))

m2
. (4.62)

It is clear from (4.62) that if m is integer, R(m) = 0 and nC → ∞. Using the relation m = I(m)+R(m),

in (4.62), we can find the value of R(m) that minimizes (4.62), for any positive integer I(m), and the

corresponding minimal value of nC .

Setting the derivative of nC with respect to R(m) to zero with I(m) = const, we get:

dnC

dR(m)
= 0 iff R(m) =

I(m)

1 + 2I(m)
(4.63)

From which the minimal value of nC , corresponding to any mean with integer part equal to I(m), is

given by:

nCmin = 4 I(m) (1 + I(m)) (4.64)

From (4.64) we can get Table 4.1 which gives us the minimal order nCmin as a function of the integer

part of the mean I(m) for which the CPH class provides a minimal cv2 less than the ADPH of the same

order.

Since for an ADPH the lowest significant value of I(m) is I(m) = 1, we obtain from Table 4.1 that

for an order n < 8 no member of the CPH family exists whose minimal cv2 is less than the one of the

ADPH.

Example 4.6 Figure 4.13 shows the minimal cv2 as a function of the number of phases for the ADPH

family versus the CPH family, when the mean is m = 4.5. (Note that in Figure 4.13, m < n when

n ≥ 5.) According to Theorem 4.6 the minimal cv2 for the DPH class remains unchanged (cv2
min = 1/81)
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for n ≥ 5, while the the minimal cv2 for the CPH class (cv2
min = 1/n) decreases to 0 as n → ∞.

Application of (4.64) tells us that if I(m) = 4 (i.e., the mean is any value 4 ≤ m < 5), the minimal

number of phases for which the CPH has a cv2 less than the ADPH is nCmin = 80, corresponding to a

mean m = 4.4̇.

Let us now consider the dual case, in which we fix the order n. We already know from Table 4.1 that

if n < nCmin no CPH can have a minimal cv2 less than the ADPH. However, if m increases with fixed n,

we arrive in a situation in which m > n, and applying the second part of (4.46) we see that cv2
min → 1/n

as m → ∞. Hence, as m increases, the behavior of the ADPH class tends to be similar to the one of the

CPH class.

Example 4.7 Figure 4.14 shows the minimal cv2 as a function of the mean for a CF1-ADPH of order

n = 5. Note that for m ≤ n(= 5), cv2
min equals zero for any m integer, and cv2

min tends to the value of

the CPH class (1/n) as m → ∞.
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Figure 4.13: Minimal squared coefficient of varia-
tion for m = 4.5
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Figure 4.14: Minimal squared coefficient of varia-
tion for n = 5
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Chapter 5

Parameter Estimation

5.1 A Fitting Algorithm for Parameter Estimation

We describe a fitting algorithm for estimating the parameters of an ADPH in CF1 form, based on the

Maximum Likelihood (ML) principle. We first derive the closed form expression for the pmf both in the

z-transform domain and in the time domain, and for its derivatives with respect to the model parameters,

then the implemented ML estimation algorithm is briefly sketched. The range of applicability of both

techniques is finally discussed.

5.1.1 The Probability Mass Function

The generating function of a CF1-ADPH with n phases and representation (a, p) is provided in (4.36)

and may be written as

F(z) =

n∑

i=1

aiF (i)(z). (5.1)

where (see Figure 4.4) F (i) is the generating function of a path of length (n − i + 1) form phase i to

(n + 1), and is given by:

F (i)(z) =

n∏

k=i

1 − qk

z−1 − qk
. (5.2)

Let σi (σi ≤ n − i + 1) denote the number of distinct eigenvalues out of the set {qi, qi+1, ..., qn} and

let us further denote by (q̂
(i)
1 , q̂

(i)
2 , ..., q̂

(i)
σi ) the σi-dimensional vector of the distinct eigenvalues and by

(m̂
(i)
1 , m̂

(i)
2 , ..., m̂

(i)
σi ) the vector of their multiplicities. With this notations, m̂

(i)
j is the multiplicity of q̂

(i)
j

and
∑σi

j=1 m̂
(i)
j = n − 1 + i. We can rewrite (5.2) as
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F (i)(z) =

σi∏

j=1

(1 − q̂
(i)
j )m̂

(i)
j

(z−1 − q̂
(i)
j )m̂

(i)
j

, (5.3)

After a partial fraction decomposition, we have:

F (i)(z) =

σi∑

j=1

m̂
(i)
j∑

l=1

c
(i)
jl

(z−1 − q̂
(i)
j )l

=

σi∑

j=1

m̂
(i)
j∑

l=1

c
(i)
jl zl

(1 − q̂
(i)
j z)l

, (5.4)

where c
(i)
jl (j ∈ {1, 2, . . . , σi} and l ∈ {1, 2, . . . , m̂

(i)
j }) are coefficients determined by the partial fraction

decomposition. In [8], a recursive algorithm is proposed for the computation of the coefficients c
(i)
jl . By

the fact that the z-transform of a series like

h(0) = 0, and h(k) = c
(k − 1)(k − 2) · · · (k − (l − 1))

(l − 1)!
qk−l, if k ≥ 1, l ≥ 2 (5.5)

is

H(z) =
c zl

(1 − qz)l
, (5.6)

the inverse of (5.4) is

f (i)(k) =

σi∑

j=1



c
(i)
j1 (q̂

(i)
j )k−1 +

m̂
(i)
j∑

l=2

c
(i)
jl

(k − 1)(k − 2) · · · (k − (l − 1))

(l − 1)!
(q̂

(i)
j )k−l



 , k ≥ 1, (5.7)

which is the conditional pmf of absorption in k steps in state (n + 1) assuming that the chain started

from phase i. Applying (5.1), the unconditional pmf of absorption in k steps becomes:

f(k) =

n∑

i=1

ai f (i)(k) (5.8)

In the time domain, the pmf of the time to absorption is given by

f(k) = a P k−1 pn , (5.9)

where a and P are given in (4.26), and pn is a n-dimensional column vector whose first n − 1 elements

are equal to 0, and the n-th element is equal to pn.

5.1.2 The Derivatives of the Probability Mass Function

In order to solve the non-linear constrained optimization problem that arises from the application of

the ML principle (see Section 5.1.3), the derivatives of the pmf with respect to the parameters (a, p)
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Figure 5.1: Structure used to determine the derivative with respect to pj

are needed. Because the pmf depends linearly on the entries of a, the derivatives with respect to these

parameters are immediate. In order to express the derivative of the pmf with respect to pj , we rearrange

(4.36):

F(z) =
pj

z−1 − 1 + pj

j∑

i=1

ai

n∏

k=i,k 6=j

pk

z−1 − qk
+

n∑

i=j+1

ai

n∏

k=i

pk

z−1 − qk
, (5.10)

where the second term of the r.h.s. does not depend on pj . The derivative of (5.10) with respect to pj is:

∂F(z)

∂pj
=

[
1

z−1 − qj
− pj

(z−1 − qj)2

] j∑

i=1

ai

n∏

k=i,k 6=j

pk

z−1 − qk
= (5.11)

1

pj

[
j∑

i=1

aiF (i)(z) − pj

z−1 − qj

j∑

i=1

aiF (i)(z)

]
, (5.12)

where F (i)(z) is given in (5.2). The second term in the r.h.s. may be interpreted as the generating

function of a CF1-like model that is obtained by adding one further phase, with exit probability pj , and

null initial probability (Figure 5.1) to the original CF1 model. Hence, any algorithm that can be used to

evaluate the CF1 structure of Figure 4.4, can be utilized to evaluate the derivatives with respect to the

p factors as in Figure 5.1.

Using the partial fraction decomposition method, the coefficients of the augmented model of Figure

5.1 may be calculated by iterating the same recursive algorithm described earlier [8], just one step more.

Using the matrix formulation (5.9), the time domain equivalent of (5.12) becomes:

∂f(k)

∂pj
=

1

pj

[
â P k−1 pn − â

∗ (P ∗
j )

k−1 p∗
n+1

]
(5.13)

where

• â is a row vector of length n with elements âi = ai if 1 ≤ i ≤ j, and âi = 0 otherwise,

• â
∗ is a row vector of length n + 1 with elements â∗

i = ai if 1 ≤ i ≤ j, and â∗
i = 0 otherwise,

• p∗
n+1 is a column vector of length n + 1 with elements p∗i = 0 if 1 ≤ i ≤ n, p∗n+1 = pj ,
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• and

P ∗
j =





1 − p1 p1 · · · 0

0 1 − p2 p2 · · · 0

· · · · · · 0

0 · · · · · · 1 − pn pn

0 · · · · · · 0 1 − pj





(5.14)

is the transition probability matrix that is obtained by adding one more transient phase to the

original CF1 structure (as in Figure 5.1).

Since P and P ∗
j (j = 1, ..., n) are upper triangular matrices whose only non-zero elements are located

in the main diagonal or in the first (upper) co-diagonal the numerical solution of (5.9) and (5.13) does

not require the complexity of a general vector-matrix multiplication algorithm.

5.1.3 ML Estimation

Let φ = φ1, ..., φν be a set of ν integer data samples. Values in φ may derive from experimental

observations or from the discretization of a continuous density function. Let us denote ā and p̄ the

maximum likelihood estimators of a and p, respectively. The likelihood function has the form

L(φ, a, p) =

ν∏

i=1

f(φi, a, p). (5.15)

The estimation problem consists of finding the parameters (ā, p̄) such that the likelihood function

L(φ, ā, p̄) is maximal, under the constraints of the CF1 form:

• 0 ≤ p1 ≤ p2 ≤ · · · ≤ pn ≤ 1,

• ai ≥ 0,

n∑

i=1

ai = 1.

The estimation problem is then formulated in terms of a non-linear constrained optimization problem,

that is solved by resorting to an iterative application of a linear programming algorithm. The logarithm

of the likelihood function is linearized around the current point by means of a first order series expansion:

logL(φ, a + ∆, p + ∆) =

logL(φ, a, p) +
∂ logL(φ, a, p)

∂a
∆ aT +

∂ logL(φ, a, p)

∂p
∆ pT

(5.16)

Given an initial guess a0, p0, L(φ, a, p) is linearized according to (5.16) and the maximum of the

linearized function is found inside a small box around a0, p0. The solution of this step is used as the

initial guess in the subsequent step of the iterative procedure, and the procedure is iterated until a

preassigned tolerance level is reached or the maximum number of iterations is exceeded.
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5.1.4 Comparison of the Algorithms

The z-transform algorithm is based on a partial fraction decomposition method applied to (5.2) and

(5.4) for the computation of the pmf, and to (5.12) for the computation of the derivatives. The most

time consuming and unstable part of the algorithm is the evaluation of the coefficients c
(i)
jl in (5.4). The

instability comes from the fact that when two eigenvalues tend to be equal, the associated coefficients grow

unboundedly, and when the eigenvalues are coincident the expression of the partial fraction expansion

changes.

During the iterative estimation procedure the p parameters may become closer, and a criterion should

be set to decide whether two close eigenvalues are ”coincident” and to modify the partial fraction ex-

pansion accordingly. Practically, a small quantity ε is assigned, and when the difference between two

eigenvalues becomes less than ε, they are considered to be coincident. However, this procedure intro-

duces numerical instabilities and inaccuracies.

Once the coefficients c
(i)
jl are determined, the evaluation of the pmf and of its derivatives even for a

large k can be done recursively at a very low computational cost.

On the other hand, using the time domain analysis, the pmf is evaluated through (5.9) while the

derivatives are evaluated through (5.13). The solution of both equations requires a vector matrix mul-

tiplication that must be replicated k times. Due, however, to the special and sparse structure of the

involved matrices and vectors a specialized algorithm can be used. Moreover, since all the entries in

the vectors and matrices are non-negative numbers less than 1, the vector matrix multiplication remains

stable for any value of k. Of course, in this case, the complexity of the algorithm increases with k. Hence,

the time domain algorithm is much simpler to be implemented, more stable and faster. Only when the

time span k over which the solution is required becomes very high, the use of the z-transform algorithm

may be justified.

We have implemented and experimented both algorithms, but the results we show in the next section

are all obtained by means of the time-domain algorithm.

5.2 Approximating Continuous Distributions

When using ADPH distributions to approximate random variables arising in practical problems, there are

cases in which a discrete sample of data points is directly derived from the application. But there are also

cases in which the distributions to be approximated are not discrete. For example, ADPH distributions

can be utilized to approximate continuous distributions.

The ADPH approximation of a continuous distribution requires two steps:

1. The distribution is discretized according to a given discretization step. Indeed, discrete samples
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and associated mass probability values are generated.

2. The ADPH estimation algorithm is run over the discrete sample provided in the previous step.

The discretization of a continuous distribution is a delicate step that introduces errors, and the

amplitude of the introduced errors is mainly related to the size of the discretization interval. Therefore,

the role of the discretization interval and its impact on the goodness of fit of DPH estimation algorithms

is investigated in the following sections.

5.3 The Role of the Discretization Interval

There are several ways to “discretize” a general distribution, i.e., to assign a probability mass to the

elements of a discrete, finite (ordered) set S = {x1, x2, x3, . . .} (where x1 < x2 < x3 < . . .). The

most common case of discretization is when the elements of the discrete set are integer multiples of a

discretization interval (δ), i.e., xi = iδ.

Given a r.v. X whose cdf is FX(x), a simple rule for discretizing FX(x) over the discrete set S =

{x1, x2, x3, . . .} is to use the following:

pi = FX

(
xi + xi+1

2

)
− FX

(
xi−1 + xi

2

)
, i > 1, and p1 = FX

(
x1 + x2

2

)
(5.17)

where pi is the probability associated with xi. This discretization does not preserve the moments of the

distribution.

Since there are various potential ways to discretize a given distribution function, here we try to provide

some general guidelines.

In general, the smaller the discretization interval, the closer the discretized distribution is to the

original one. Hence, on the one hand, the discretization error decreases by decreasing the discretization

interval: this remark suggests the use of a small δ. On the other hand, the discretization interval changes

the scale of the representation. Indeed, let X be the original (non-negative) random variable expressed

in a natural time unit (e.g., seconds); its discretized counterpart Xd is expressed in δ unit. For any

reasonable discretization procedure, we must have:

E[X i] ∼ δi E[X i
d], i ≥ 1 , (5.18)

being E[X i] and E[X i
d] the i-th moment of X and Xd, respectively.

(5.18) shows that a discretization procedure modifies the mean of the distribution (E[X ] ∼ δ E[Xd])

(since the mean of the discretized distribution is δ times lower than the mean of the original distribution),

but leaves (almost) unchanged its coefficient of variation (cv2(X) ∼ cv2(Xd)). Since the minimal cv2 of
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a DPH distribution is a function of its mean the chosen discretization interval may play a significant role

in the variability of the DPH and, hence, in the goodness of the fit.

5.3.1 Bounds of the Discretization Interval

The following considerations provide practical upper and lower bounds to guide in the choice of a suitable

discretization interval δ, and are mainly based on the dependence of the minimal coefficient of variation

of a ADPH on the order n and on the mean m.

Since we only consider DPH distributions with no mass at zero, the mean of any DPH distribution is

greater than 1, which means that, δ should be less than E[X ]. However, given the number of phases n,

in order to completely exploit the flexibility associated with the n phases, a better upper bound is:

δ ≤ E[X ]

n − 1
. (5.19)

If the squared coefficient of variation of the distribution to be approximated (cv2(Xd)) is greater than 1/n

(i.e., cv2(X) ∼ cv2(Xd) > 1/n), any small value of δ provides a suitable discretization interval. Instead,

if cv2(X) ∼ cv2(Xd) ≤ 1/n, in order to allow the ADPH to reach this low coefficient of variation (lower

than the bound of any CPH as established in [1]), δ should satisfy the following relation

δ >

(
1

n
− cv2(X)

)
E[X ] (5.20)

based on the theorem about the minimal cv2 of ADPH distributions (Section 4.3.1).

The effect of different discretization intervals (δ) on the goodness of the approximation is illustrated

utilizing a Lognormal distribution with parameters (1, 0.2), whose mean is 1 and cv2 is 0.0408. This

Lognormal distribution is the test case L3 of the benchmark considered in Section 5.4. Figure 5.2 reports

the discretized Lognormal distribution together with the best fit ADPH’s of order n = 2, 4, 8 and 12

(obtained applying the ML algorithm), for two different values of the discretization interval δ = 0.05 and

δ = 0.025. The lower and upper bounds of δ, computed from (5.20) and (5.19), are reported in Table 5.1

as a function of the order of the ADPH (the same orders n = 2, 4, 8, 12 as in Figure 5.2 are used).

In Figure 5.2, it can be seen that when δ is less than its lower bound the required low cv2 cannot be

attained; while when δ is in the proper range (e.g., n = 12, δ = 0.05 and n = 16 , δ = 0.025) a reasonably

good fit is obtained.

Figure 5.3 depicts the cdf and the pmf of three PH distributions approximating distribution L3 using

different discretization steps (0.1, 0.05, 0.025). The figure shows the cdf and the pdf of the original

distribution and the approximating CPH as well. (When plotting the pmf the probabilities of the ap-

proximating PH distributions are multiplied by 1/δ in order to have the values in the same range. This
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Figure 5.2: Probability mass function of the discretized L3 distribution and its ADPH fits for two different
values of the discretization interval
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Figure 5.3: Cumulative density function (on the left) and probability density function (on the right) of
distribution L3 and its ACPH and ADPH approximations for different values of the discretization interval
(for the ADPH distributions a scaled version of the probability mass function is plotted on the right)

is done to illustrate in a single figure how the mass functions with different discretization steps follow the

shape of the original continuous curve and where the CPH approximation is located compared to them.)

All the PH distributions have 8 phases. Having 0.1 as discretization step 8 phases are enough to capture

the low cv2 of the distribution L3 (Table 5.1), this DPH approximation follows the steep changes of the

pdf and the cdf as well. As the discretization step is decreased the discrete approximation is getting worse

and is approaching the continuous approximation.

5.3.2 The Required Number of Phases with a Given Discretization Step

In Figure 5.2, it is also visible that the lower δ we use (the higher the mean of the discretized distribution

with respect to the discretization interval) the more phases are needed in order to achieve the same
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n lower bound of δ upper bound of δ
equation (5.20) equation (5.19)

4 0.2092 0.333
8 0.0842 0.1428
12 0.0425 0.0909
16 0.0217 0.0666

Table 5.1: Upper and lower bound for δ as a function of the order

goodness of fit. In fact, according to the theorem given in Section 4.3.1 about the minimal cv2 of the

ADPH family, more phases are needed to attain a given coefficient of variation. The minimal number of

phases (n) that are needed to reach a given cv2 when mean E[Xd] is given by the next expression

n ≥ E[Xd]

cv2(Xd) E[Xd] + 1
, if cv2 >

R(E[Xd])(1 − R(E[Xd]))

E[Xd]2
. (5.21)

Table 5.2 reports, for the Lognormal distribution of Figure 5.2, the mean E[Xd] and the coefficient of

variation cv2(Xd) of the discretized distribution together with the minimal number of phases needed to

reach the coefficient of variation of the original distribution (cv2 = 0.0408), as a function of different

discretization steps.

δ E[Xd] cv2(Xd) min. phases needed
0.1 9.9649 0.04164 8
0.05 19.9136 0.04101 12
0.025 39.8079 0.04086 16

Table 5.2: Minimal number of phases as a function of δ

Table 5.2 also shows how the discretization modifies the mean and the cv2 as a function of the

discretization step.

5.4 Examples for the Estimation Process

This section reports the results of the numerical experiments that have been carried out to test the good-

ness of fit of the proposed ML fitting algorithm. The experiments are based on a benchmark (composed

of continuous distributions only) already proposed in [12] to test the goodness of fit of algorithms for

CPH distributions (the origin and the motivations behind the proposed benchmark are discussed in [12]).

Hence, the present results allows us to compare the features of the discrete and the continuous phase

type fitting.

Table 5.4 summarises the distributions that compose the benchmark. In Table 5.4, the continuous
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Density Symbol Numerical Cases

Weibull

f(t) =
β

η

(
t

η

)β − 1

e−( t
η
)β W1

W2

η = 1

η = 1

β = 1.5

β = 0.5

Lognormal

L1 φ = 1 σ = 1.8

f(t) =
1

σ t
√

2 π
exp

[
− (log( t / φ ) + σ2/2)2

2 σ2

]
L2 φ = 1 σ = 0.8

L3 φ = 1 σ = 0.2

Uniform on (a, b) U1 a = 0 b = 1

U2 a = 1 b = 2

Shifted Exponential

f(t) =
1

2
e− t +

1

2
e− (t− 1) I( t ≥ 1 ) SE

Matrix Exponential

f(t) =

(
1 +

1

(2 π)2

)
(1 − cos(2 π t) ) e− t ME

Exponential

f(t) = λe−λt EX λ = 1

Figure 5.4: Test cases of the benchmark

exponential distribution has been added, which was not present in the original benchmark in [12], since

the continuous exponential is not a DPH distribution.

Since in our experiments we have to approximate continuous distributions, we have to discretize them

before approximation. In the present experiments, we have used the following discretization method. We

conventionally assume that the largest sample in the discretized distribution corresponds to the discrete

point closest to x̂ where F (x̂) = 0.995, and we assign a probability mass to all points from 1 to x̂ based

on the rule in (5.17). As mentioned in the previous section, this discretization rule does not preserve

the moments, so that the moments of the discretized distribution (including the expected value) are not

coincident with the ones of the original continuous distribution.

For further reference let us denote F (·) f(·), Fd(·) fd(·), F̄ (·) f̄(·) the cdf and pmf of the original distri-

bution, the discretized distribution, and the one resulting from the ML estimation algorithm, respectively.
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According to [12], five different measures have been chosen to evaluate the goodness of the fit. The

five measures are defined on the left of Table 5.3, where c1(F ), c2(F ) and c3(F ) represent the first three

centered moments of F (·).

1. Relative error in the 1st moment: ê1 = |c1(F ) − c1(F̄ )|/c1(F )

2. Relative error in the 2nd moment: ê2 = |c2(F ) − c2(F̄ )|/c2(F )

3. Relative error in the 3rd moment: ê1 = |c1(F ) − c1(F̄ )|/c1(F )

4. pmf absolute area difference: D̂ =
∑∞

i=1 |fd(i) − f̄(i)|

5. Minus cross entropy: −Ĥ =
∑∞

i=1 fd(i) log(f̄(i))

Table 5.3: Measures for evaluating the goodness of fit

While in [12], measures 4 and 5 were defined over continuous functions (as integrals over the support of

the distribution), in Table 5.3 the discretized version has been reported. Hence, the first three measures in

Table 5.3 are computed between the original and the ML-estimation, the last two measures are computed

between the discretized and the ML-estimation.

5.4.1 Results

Figure 5.5-5.9 plots the results obtained for the 10 distributions of the benchmark in term of their pmf’s.

For each distribution of Table 5.4, Figure 5.5-5.9 reports the discretized distribution fd(·) (in solid line)

and the ML-estimations f̄(·), computed for CF1 with 2, 4 and 8 phases, respectively. The discretization

step is assumed δ = 0.1 in all the plots.

A detailed description of the measures obtained for all the distributions in the benchmark is reported

in Table 5.4-5.8. In each table, the measures are reported for CF1 of order 2, 4 and 8 respectively, and

for two discretization intervals, namely: δ = 0.1 (as in Figure 5.5-5.9) and δ = 0.05.

For most of the cases the results of the discrete approximation are comparable with the results

obtained from the continuous approximation [12]. However, for the cases where the distribution has a

low coefficient of variation the DPH approximation shows a better fit, which is in line with the result on

the minimal cv2 of the ADPH class, discussed in Section 4.3. As the relation between the order n and the

discretization interval δ fits the bounds established in Section 5.2, the ADPH approximation can attain

lower coefficients of variations with respect to the CPH’s of the same order. This can be seen for the test

case L3, when n = 8 and δ = 0.1.

In the benchmark, there are test cases whose discretized version is a DPH distribution. For example,
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Figure 5.6: Probability mass functions of the discretized an the approximating ADPH distributions for
cases L1 and L2

the two uniform distributions (U1 and U2), using a discretization interval δ = 0.1, can be represented as,

respectively:

a1 = [0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1], p1 = [1 1 1 1 1 1 1 1 1 1], (5.22)

and

a2 = [0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0 0 0 0 0 0 0 0 0 0], (5.23)

p2 = [1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1], (5.24)

The proposed estimation algorithm is able to find exactly these forms. For example, with δ = 0.1, n = 10

phases are needed to represent exactly the discretized version of U1; however, it is interesting to observe

by a visual inspection of Figure 5.5-5.9 how the approximating ADPH improves the fit passing from n = 2

to n = 8.
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Dist. c1(F ) Relative error ê1

2 phases 4 phases 8 phases
δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05

W1 0.9027 0.0144 0.0352 0.0018 0.0142 0.0031 0.0043
W2 2.0000 0.5148 0.6417 0.5203 0.6705 0.5297 0.6711
L1 1.0000 0.2195 0.3703 0.3215 0.4721 0.3224 0.4945
L2 1.0000 0.0918 0.0339 0.0751 0.0794 0.0744 0.0758
L3 1.0000 0.0194 0.0226 0.0107 0.0337 0.0036 0.0072
U1 0.5000 0.0904 0.0667 0.0996 0.0375 0.1000 0.0492
U2 1.5000 0.0308 0.0024 0.0215 0.0387 0.0014 0.0147
SE 1.5000 0.0148 0.0503 0.0238 0.0200 0.0355 0.0623
ME 1.0494 0.0706 0.0831 0.0709 0.1334 0.0709 0.0755
EX 1.0000 0.0181 0.0560 0.0170 0.0467 0.0176 0.0353

Table 5.4: Relative error in the 1st moment

Dist. Original Dist. Relative error ê2

c2(F ) (c.v.)2 2 phases 4 phases 8 phases
δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05

W1 0.3756 0.4610 0.1704 0.0402 0.0136 0.0497 0.0288 0.0262
W2 20.000 5.0000 0.9161 0.9600 0.9057 0.9618 0.9128 0.9629
L1 24.534 24.534 0.9282 0.9604 0.9347 0.9714 0.9350 0.9736
L2 0.8964 0.8964 0.4661 0.3977 0.4194 0.4510 0.4286 0.4392
L3 0.0408 0.0408 0.9922 10.405 0.9926 4.2794 0.9928 0.8861
U1 0.0833 0.3333 0.6109 0.7544 0.1611 0.1915 0.0070 0.0522
U2 0.0833 0.0370 11.479 10.308 4.2027 4.3402 0.5621 1.5680
SE 1.2500 0.5555 0.0890 0.1224 0.1732 0.2044 0.1873 0.2765
ME 0.9530 0.8653 0.3267 0.3765 0.1358 0.3561 0.3080 0.3190
EX 1.0000 1.0000 0.0396 0.1953 0.0773 0.2075 0.1246 0.1884

Table 5.5: Relative error in the 2nd moment

Dist. c3(F ) Relative error ê3

2 phases 4 phases 8 phases
δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05

W1 0.2468 0.7011 0.3739 0.0263 0.1875 0.0899 0.0723
W2 592.00 0.9917 0.9977 0.9889 0.9976 0.9902 0.9977
L1 16573 0.9995 0.9998 0.9995 0.9999 0.9995 0.9999
L2 3.1315 0.8061 0.7974 0.7833 0.8149 0.8053 0.8152
L3 0.0050 74.82 83.019 11.362 18.847 0.1713 2.1075
U1 0.0000 0.3949 0.4090 0.2826 0.2987 0.2482 0.2625
U2 0.0000 8.5742 7.4103 4.8749 5.3990 3.3664 3.8605
SE 2.0000 0.1740 0.4032 0.4917 0.6468 0.4752 0.1260
ME 1.9929 0.4958 0.6240 0.1261 0.5418 0.5922 0.6278
EX 2.0000 0.0490 0.4366 0.1249 0.4579 0.3114 0.4689

Table 5.6: Relative error in the 3rd moment
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Dist. H Cross Entropy Ĥ
2 phases 4 phases 8 phases

δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05
W1 0.7869 0.7740 0.7868 0.7688 0.7810 0.7686 0.7803
W2 1.1546 0.8707 0.5096 0.8478 0.5061 0.8577 0.5138
L1 0.3745 0.1620 0.0866 0.1315 0.0420 0.1314 0.0457
L2 0.8756 0.8940 0.8284 0.8910 0.8256 0.9034 0.8257
L3 -0.2104 0.5300 0.5845 0.0982 0.2141 -0.1978 -0.1252
U1 0.0000 0.1528 0.1822 0.0722 0.1016 0.0172 0.0562
U2 0.0000 1.0041 1.0071 0.5801 0.6525 0.2201 0.3280
SE 1.2950 1.3327 1.2820 1.2983 1.2382 1.2883 1.2287
ME 0.7277 0.9439 0.9049 0.9013 0.8712 0.8609 0.8201
EX 1.0000 0.9455 0.9317 0.9442 0.9312 0.9460 0.9286

Table 5.7: Cross entropy

Dist. Area Difference
2 phases 4 phases 8 phases

δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05 δ = 0.1 δ = 0.05
W1 0.0710 0.0948 0.0248 0.0208 0.0088 0.0103
W2 0.1879 0.2095 0.1445 0.1976 0.1512 0.1972
L1 0.2259 0.2782 0.0099 0.0191 0.0063 0.0054
L2 0.0613 0.0951 0.0396 0.0358 0.0371 0.0306
L3 1.0233 1.0733 0.6274 0.7574 0.0248 0.3099
U1 0.4270 0.4162 0.2773 0.2886 0.1227 0.1892
U2 1.2994 1.2107 0.7871 0.8975 0.3091 0.4832
SE 0.2788 0.2770 0.1592 0.1824 0.0913 0.1260
ME 0.4698 0.5006 0.3845 0.4184 0.2668 0.3151
EX 0.0458 0.0275 0.0284 0.0341 0.0147 0.0254

Table 5.8: pmf absolute area difference
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Chapter 6

Conclusion of Part II

In Part II of the dissertation, the properties of the DPH distributions were investigated and compared

with the known properties of the CPH distributions. Similarly to the continuous family, acyclic DPH

distributions admit a minimal representation called canonical form. Resorting to the canonical form, we

have investigated the dependence of the minimal squared coefficient of variation on the mean and on the

order, and we have established the conditions for which the minimal coefficient of variation for the ADPH

family is less than the one for the CPH family of the same order. Hence, the famous theorem of Aldous

and Shepp about the minimal coefficient of variation for the CPH class does not hold for the DPH class.

The results about the wider variability of the ADPH class can be relevant in stochastic modeling. If

PH distributions are used in modeling, then the number of states in the model depends multiplicatively

on the number of phases. Keeping the order as low as possible increases the capability of the approach.

Furthermore, since the deterministic distribution is a member of the ADPH class, the use of DPH

distributions offers a viable technique to handle random execution times and constant durations inside the

same formalism. This last feature has originated new research efforts aimed at combining the flexibility

of ADPH with the modeling power of other formalisms, like Petri nets.

The possibility of representing any ADPH in a canonical form with the minimal number of free

parameters favours the implementation of an estimation algorithms. A maximum likelihood estimation

procedure for the evaluation of the parameters of an ADPH distribution in canonical form CF1 has been

presented. While previous estimation algorithms for the CPH family were based on a transform domain

analysis, we have shown that the time domain analysis is also possible, and the estimation algorithm

based on time domain expressions is easier to implement and numerically simpler and more stable.

The goodness of fit of this new algorithm has been tested with respect to a benchmark composed of

10 different continuous distributions. Here, the same benchmark, already proposed for testing the per-

formances of CPH estimation algorithms, has been considered. However, in order to apply the proposed
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procedure to a continuous distribution, the continuous function must be discretized according to a given

discretization interval. The role of the discretization interval has been discussed, and the way to chose

a suitable discretization interval as a function of the mean and of the coefficient of variation has been

indicated.

As it could have been expected from the properties of the ADPH family discussed in Chapter 4, the

fitting algorithm performs better than the CPH one in the cases in which the coefficient of variation

is low, and in the cases of distributions with finite support (like the uniform). Moreover, due to the

trivial observation that the unit step function is a member of the ADPH family, the use of discrete

PH distributions in applied modeling allows the modeler to consider distributions with finite support,

distributions with infinite support and also constant durations.
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Part III

Markovian Modeling of Real Traffic

Data
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Chapter 7

Approximating Heavy-Tailed

Behavior with Phase-Type

Distributions

7.1 On Phase-Type Fitting Methods

The well known Phase-type fitting methods (an overview is provided in [42]) can be classified based on

their optimization criterion. Some of them intend to fit only some parameters of the distribution (usually

some moments), while others intend to minimize a distance measure (EMPHT [4], MLAPH [8]). In the

second case the optimization criterion, i.e., the distance measure to minimize, was always the same, the

cross entropy, that comes from the applied maximum likelihood principle. In [3] a section is devoted to

the argument about the general advantages of this distance measure. Though there are cases (e.g., better

fitting the tail of distributions) when the weakness of the method minimizing the cross entropy measure

becomes dominant and other methods can outperform it.

The need to compare the properties of different fitting approaches was recognized a decade ago, and

a set of tests was defined during the workshop on fitting Phase-type distributions, Aalborg, Denmark,

organized by S. Asmussen in February 1991. In [12] the proposed set of tests was evaluated using the

MLAPH method and some new measures were proposed to be considered as well. In [42] a wider set

of fitting methods was compared and their fitting measures were evaluated. Some of the consequences

are quite natural. The methods that intend to minimize the distance between the original and the

approximating distribution regarding a given aspect surpass other methods regarding that aspect (even

if it is not always the case). For example a moment matching method may be superior to the MLAPH
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method regarding the relative errors in the moments while MLAPH may top it concerning cross entropy.

Based on this observation a numerical procedure is implemented that minimizes an arbitrary distance

measure which was not possible with the available PH fitting methods.

In recent telecommunication systems the occurrence of heavy tail distributions is reported, which

directed the attention to the tail behavior of PH distributions. The tail of any Phase-type distribution

is known to be exponential, while recent research results indicate the importance of distributions with

“heavy” tails. When distance measures that are more sensitive to the tail distribution than the cross

entropy are used as the optimization criterion better “tail fitting” can be achieved.

The PH fitting methods can be classified also by their generality. The methods that minimize a

distance measure (EMPHT [4], MLAPH [8]) intend to find a global minimum of the goal function over

the valid subset of the parameter space, hence we refer to them as general fitting methods. Another set of

methods uses special PH structures and fits their parameters according to some heuristic considerations,

hence we refer to them as heuristic fitting methods. Feldmann and Whitt proposed a simple but very

effective heuristic fitting method that is especially applicable for fitting the tail behavior of heavy tail

distributions [27]. Their method uses mixtures of exponentials and hence results in distributions with

decreasing density function. The main advantage of their method is the effective heuristic way of fitting.

The application of general fitting methods is computationally expensive when the tail behavior has to

be approximated due to the numerical integration up to a high upper limit. The method proposed by

Feldmann and Whitt provides good approximation of the tail behavior with negligible computational

effort. In this chapter we provide a complex method that overcome the limitation of this method.

The goodness of the studied Phase-type fitting methods are compared, on the one hand, through

several plots and parameters of the distributions, and on the other hand by the effect of PH representation

of general service time distributions in queuing systems. We compare the queue length distribution of the

M/G/1 queue with the one of the approximating M/PH/1 queue. The queuing behavior of the M/G/1

queue with heavy tail service time distribution is evaluated by the method proposed by Roughan et al.

[70]. The analytical results given by this method were verified by simulation for queue length probabilities

greater than 10−5 and showed a perfect fit.

It should be noted that the considered general distributions are continuous and are available in an

analytical form. Fitting of empirical distributions based on their samples is not considered here.

The rest of the chapter is organized as follows. The next section introduces fitting parameters and

different distance measures. Section 7.3 describes the applied fitting method with some implementation

details. The effect of goal function on the goodness of fit is discussed in Section 7.3.1. The succeeding

section shows the effect of the fitting parameters on the M/G/1 queue length distribution. Section 7.4

presents the combined fitting method and Section 7.4.1 discusses its features. To provide the possibility

of comparing the proposed methods against others, the goodness of the fitting experiments is reported
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in numbers in Section 7.4.2.

7.2 Fitting Parameters and Distance Measures

Participants of the Aalborg workshop proposed a set of parameters to measure the goodness of Phase-type

fitting methods. The original set of parameters was extended in [12] and the weakness of some measures

proposed at the workshop was reported as well. Later on the following set of (non-negative) parameters

was commonly used (e.g., in [42]):

1. Relative error in the 1st moment: ê1 = | c1(F̂ ) − c1(F ) | / c1(F )

2. Relative error in the 2nd moment: ê2 = | c2(F̂ ) − c2(F ) | / c2(F )

3. Relative error in the 3rd moment: ê3 = | c3(F̂ ) − c3(F ) | / c3(F )

4. Density absolute area difference: D̂ =

∫ ∞

0

| f̂(t) − f(t) | dt

5. Relative entropy: Hr =

∫ ∞

0

f(t) log

(
f(t)

f̂(t)

)
dt

ci(F ) denotes the ith centered moment of F . Note that the relative entropy and the cross entropy

(Ĥ = −
∫ ∞

0

log f̂(t) dF (t)) can be interchangeably used in PH fitting, since they differ only in a constant

Hi that is the intrinsic entropy of the original distribution: Ĥ − Hr = Hi =

∫
f(t)log(f(t))dt. The

advantage of using the relative entropy measure is that it is always non-negative and its minimum is 0

(while the lower bound of the cross entropy is Hi, which can be a negative value as well). Authors of

papers dealing with Phase-type fitting algorithms usually reported the cross entropy. In order to make

the comparison easier with those papers, throughout the appendix the cross entropy and the intrinsic

entropy are given.

All of the above parameters can be used as a goal function that should be minimized for fitting, but

in the first three cases f(t) and f̂(t) can differ significantly even if the (non-negative) measures equal to

0. We refer to these parameters as parameters of goodness. In contrast, the parameters that equal to 0 if

and only if f(t) ≡ f̂(t) are referred to as distance measures. In the sequel we consider the following three

distance measures as the goal function of Phase-type fitting:
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Relative entropy: Hr = Ĥ − Hi =

∫ ∞

0

f(t) log

(
f(t)

f̂(t)

)
dt

Area difference (L1 distance): D̂ =

∫ ∞

0

|f(t) − f̂(t)| dt

Relative area difference: Dr =

∫ ∞

0

|f(t) − f̂(t)|
f(t)

dt

The first two distance measures were already considered in [12]. The third distance measure was chosen

to enlarge the effect of tail behavior (at least compared to the area difference). In some cases the formula

given for the relative area difference may be divergent, this problem will be relaxed in practice by defining

a finite upper limit for the integral. Of course, there are several further reasonable distance measures that

we do not consider, e.g., the different parts of the distribution can be considered with different weights:

n−1∑

j=0

aj

∫ tj+1

tj

|f(t) − f̂(t)| dt (7.1)

where t0 = 0 < t1 < . . . < tn−1 < tn ≤ ∞ provides a partitioning of the support set and aj > 0; j ∈
{0, 1, . . . , n− 1} are arbitrary weights. We consider only the above three distance measures because they

are able to exhibit the effects that we would like to investigate.

7.3 A Fitting Method for Arbitrary Distance Measure

The fitting problem may be formulated as an optimization problem the following way: find the parameters

(the initial vector and the transition matrix) of the PH distribution such that the distance measure is

minimal. Not having any restriction on the structure of the n stage PH distribution the number of free

parameters is n2 + n. In order to decrease the number of free parameters only acyclic Phase-type (APH)

distributions are considered. The procedure described in this section would be able to fit any Phase-type

structure by relaxing some constraints, but we believe that the flexibility of the APH class is practically

equivalent to the flexibility of the whole PH class of the same order. Cumani [21] has shown that any

acyclic APH distribution of order n may be transformed into the form represented in Figure 7.1 and

referred to as First Canonical Form (CF1). The approximating PH distribution is in this form, described

by the vectors α and λ.

The procedure starts from a random initial point of the parameter space that is the best of 200

random guesses, all of which has the proper mean
∫

tf(t)dt. The best means the random guess with the

least distance according to the applied measure. The distance measure is evaluated through numerical

integration from 0 to T , where T is defined by 1−F (T ) = K, where K is a small number that may have
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Figure 7.1: First Canonical Form (CF1)

the value of 10−3, 10−4, 10−5, ... . The smaller K the higher the upper limit of the integration and the

longer the approximation process.

Starting from the initial guess the non-linear optimization problem is solved by an iterative lineariza-

tion method. In each step the following partial derivatives are numerically computed:

∂D(fPH(α, λ, t), f(t))

∂αi
,

∂D(fPH(α, λ, t), f(t))

∂λi
, i = 1, ..., n, (7.2)

where D(fPH(), f()) stands for the distance between the pdf of the PH distribution (fPH()) and the

pdf of the original distribution (f()). Then, the simplex method is applied to determine the direction

in which the distance measure decreases optimally. The constraints of the linear programming is given

by probabilistic constraints (the initial probabilities have to sum up to one), by the restriction on the

structure of the PH distribution (the λis are ordered [21]) and by confining the change of parameters

(since the derivatives are valid only in a small area around (α, λ)). A search is performed in the direction

indicated by the linear programming. The next point of the iteration is chosen to be the border of the

linearized area (defined by the allowed maximum change in the parameters) in the optimal direction if the

goal function is decreasing in that direction all the way to the border of the area. The next point is set

to the (first) optimum if the goal function has an optimum in the optimal direction inside the linearized

area. The iteration is stopped if the relative difference of the parameters in consecutive iteration steps

are less than a predefined limit (10−5), or if the number of iterations reaches the predefined limit (800).

The allowed relative change of the parameters greater than 10−3 is less than ∆, where ∆ starts from 0.1

and is multiplied by 0.995 in each step.

The necessary number of phases depends on the distribution to be fitted, and the required interval of

fitting. After each fitting the measures of goodness may be examined and the probability density functions

may be visually inspected. If the fitting is not satisfactory the number of phases may be increased. In

general, increasing n results in better fitting but the higher n, the more time the estimation algorithm

requires. Also, because of numerical problems, as the number of parameters is larger the goodness of

fitting does not improve significantly (for instance, fitting the [0; 1] uniform distribution by 32 phases do

not show notable advances compared to the 24-phase fitting). Summing up, the necessary number of

phases may be determined by performing a series of fitting with different number of phases and choosing
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Figure 7.2: Pdf of Pareto I (α = 1.5, B = 4) and II (α = 1.5 and b = 2)

the most appropriate one taking into account the application, into which the PH distribution will be

plugged in, as well.

Our numerical procedure is similar in some sense to the one proposed by Bobbio and Cumani [8], but

our method is able to handle any goal function and it evaluates the derivatives via a simple numerical

approximation, instead of the sophisticated calculation that is applicable only with the cross entropy

measure.

7.3.1 The Effect of the Goal Function on the Goodness of PH Approximation

In this section we provide a representative set of Phase-type fitting results obtained by our numerical

method applying the mentioned goal functions. We have evaluated the complete benchmark as in [12,

42] with all distance measures, but here we provide only the results that we found meaningful. To

investigate the goodness of fitting heavy tail distributions we additionally consider the following Pareto-

like distributions [70] (Figure 7.2):

Pareto I: f(t) =





αB−1e−

α
B

t for t ≤ B

αBαe−αt−(α+1) for t > B

Pareto II: f(t) =
bαe−b/t

Γ(α)
x−(α+1)

There are significant differences between these distributions even if their tail behavior is the same.

Pareto I starts from a positive value and has monotone density while Pareto II starts from 0 (with 0

slope), hence it is not monotone. The derivative of the density of Pareto I is not continuous, while it is

continuous for Pareto II.
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Figure 7.3: Pareto I distribution and its PH approximation
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Figure 7.4: Pareto II distribution and its PH approximation

The results of the approximation of distributions with heavy tail are depicted in two parts. The

main part of the distributions is shown in a linear–linear plot in the range of {0, t̂}, where t̂ is such that

F (t̂) ∼ 0.95 and the tail of the distributions is shown in a logarithmic–logarithmic plot.

Figures 7.3 – 7.4 show the result of fitting with PH distributions of order 12 and with different distance

measures. In the figures ML refers to fitting applying the relative entropy measure (that is related to

the maximum likelihood phenomena), AD to the area difference measure and RAD to the relative area

difference measure. The Pareto I distribution is used with α = 1.5, B = 4 and Pareto II with α = 1.5

and b = 2. In both cases the upper limit of the integration to evaluate the distance measure was defined

by 1 − F (K) = 10−4, which results in K = 683.0 for Pareto I and K = 767.0 for Pareto II. As it can be

observed in the figures for Pareto I the tail behavior is fitted better by using RAD as the distance measure

while for Pareto II the approximation given by ML follows the tail further. Our general observation is

that RAD fits the tail behavior better for monotone distributions than ML does while it may fail to give

good approximation for non monotone distributions.

Figures 7.5 – 7.6 show other examples of the benchmark presented in [12] (see the appendix for the

summary of the test cases used in the benchmark). W2 is a long-tail Weibull distribution whose tail

behavior is followed better using RAD as the distance measure during the procedure. U1 is a uniform
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Figure 7.5: PH approximations of distribution W2
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distribution on [0, 1]. Visual inspection gives the feeling that using AD results in better approximations

than using ML. On the other hand the ML approximation gives significantly better results regarding

the relative errors in the moments. The numerical parameters of the goodness of fit is provided in the

Appendix.

Based on the fitting results of numerous different distributions applying different distance measures

we draw the following conclusions:

1. Each distance measure has a “sensitivity structure”, meaning that they are not equally sensitive to the

error of fitting at different “parts” of the distribution. The three considered measures can be classified

as follows. The AD measure is sensitive to the main part of the distribution, the RAD measure to its tail

(till the upper bound of the numerical integration), while the ML measure is sensitive to both, but it is

less sensitive to the main part than the AD measure and in many cases less sensitive to the tail than the

RAD measure.

2. The “shape” of the distribution also has a significant role on the goodness of fit. Indeed the relationship

between the shape of the distribution and the sensitivity structure of the applied distance measure affects

the goodness of fit. Distributions with “non-Phase-type” like behavior in the main part can be better

approximated using the AD measure. While distributions with “nice” behavior at its main part and
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with “non-Phase-type” behavior in its tail can be better approximated using the RAD measure. The ML

measure gives quite a robust method that works well in general without having a “strange” distribution

to fit.

3. Of course, the goodness of fit is a general term. Parameters of fitting can be compared (next item),

but the plots of the original and the approximating PH distributions provide an intuitive feel for the

behavior of fitting. The sensitivity structure of the applied distance measures can be recognized in the

density plots as well. The fitting by the AD measure better approximate (when low order PH is used)

the shape of the main part of the density in Figure 7.4 than the others do, while it is one whose tail

“disappears” first in the case of heavy tail distributions. This trend of the tail behavior was general in

our experience. The tail of heavy tail distributions was best approximated by using RAD measure or ML

measure and the worst tail fitting was achieved by using AD. (The relative error of the 3rd moment that

is quite sensitive to the tail behavior provides the same ranking.)

4. Usually, the best fit, according to a given fitting measure was reached by using that measure as

the distance measure for the fitting, but there are several exceptions. (These exceptions are highlighted

by boldface characters in the Appendix.) One potential reason of this phenomenon is the numerical

inaccuracy, but the “shape” of the distribution might play role as well.

5. The fitting of distributions with low order Phase-type (≤ 6) was usually terminated by reaching the

required relative precision (i.e., the fitting method was not able to improve the approximation), while the

fitting with higher order Phase-type was terminated by reaching the maximum number of iterations.

7.3.2 The Effect of PH Approximation on the M/G/1 Queue Length Distri-

bution

One of the most important fields of application for Phase-type distributions is in the area of traffic

engineering of high speed communication systems. In this field the main question is not the goodness of

fit of general service or interarrival time distributions, but the goodness of approximating the queuing

behavior of network elements with general service and/or interarrival time distributions.

In this section we compare the queuing behavior of M/G/1 queues with the behavior of their approxi-

mating M/PH/1 queue by considering the queue length distribution. The queue length distribution of the

original M/G/1 queue with heavy tail service time distribution is evaluated using the method proposed

by Roughan et al. [70].

The method of Roughan et al. [70] evaluates the queue length distribution by the following steps.

First it calculates the asymptotic behavior of the probability generating function (pgf) of the queue

length distribution (given by the Pollaczek-Khintchine formula) via Tauberian theorems. Using the

result it determines the asymptotic behavior of the queue length distribution, then applies an Inverse
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Figure 7.7: Queue length distribution of an M/G/1 queue (with Pareto I) and its approximate M/PH/1
queue
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Figure 7.8: Queue length distribution of an M/G/1 queue (with Pareto II) and its approximate M/PH/1
queue

Fast Fourier Transform (IFFT) on the pgf. It is shown by Daigle [23] that the result of the IFFT is

contaminated by alias terms, but knowing the asymptotic behavior of the queue length distribution they

may be subtracted resulting in appropriate precision.

The method is applicable when the tail of the service time distribution has a power law tail which is

the case for the two considered Pareto-like distributions.

Figures 7.7 – 7.8 show the queue length distribution of an M/G/1 queue with Pareto I (α = 1.5, B = 4)

and Pareto II (α = 1.5, b = 2) service time distribution and the approximating M/PH/1 queue, where the

service time is PH distributed with order 12 and is obtained by minimizing different distance measures

(ML, AD, RAD). The continuous curves in Figures 7.7 – 7.8 are obtained by joining the queue length

probability values evaluated at integer points. Traffic intensity equals to 0.8. Queue length distribution

of the M/PH/1 queue was calculated by a simple matrix geometric method [51].
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7.4 A Combined Fitting Method

As we have seen in the previous sections we can improve the tail fitting of general fitting methods by

applying distance measures that are sensitive to the tail behavior. But it is also mentioned that the

applicability of this approach is limited by its computational complexity, which increases at least linearly

with the considered subset of the support (the upper limit of the numerical integration)1. There is a

trade off between the general and heuristic fitting methods. Generally, the computational complexity

of the general fitting methods is much higher than the complexity of heuristic fitting methods, but the

general methods are much more flexible, i.e., they better approximate a wide range of distributions.

Heuristic fitting methods that usually use special subclasses of the class of Phase-type distributions are

less flexible. They provide much poorer fitting for a wide range of distributions, but there might be a set

of distributions that can be approximated by a heuristic fitting method as well as by using any general

fitting method. When only this special set of distributions needs to be fitted it is worth applying the

heuristic fitting method.

In practice, the main part of empirical distributions can have any general structure, while the tail

of empirical distributions is assumed to be “nice” so that heuristic fitting methods can be used for tail

fitting. Ugly tail behavior, like the tail of Matrix Exponential distribution f(t) = (1 + 1/(2 π)2 ) (1 −
cos(2 π t) ) e− t [19, 12], or similar non-monotone functions with non-exponential decays, are not com-

monly used in practice.

Based on these considerations we propose one fitting method that uses a general approach to approx-

imate the main part and a heuristic approach to approximate the tail of distributions. The heuristic

method used for fitting tail behavior is based on the method proposed by Feldmann and Whitt [27] and

the general method to fit the main part is based on the numerical procedure introduced in the previ-

ous sections. Indeed, only a slight modification is needed to combine the two methods into a combined

procedure.

The limitation of our combined method comes from the limitation of the heuristic method of Feldmann

and Whitt. Their method is applicable only for fitting distributions with monotone decreasing density

function. Hence the proposed combined method is applicable when the tail of the distribution is with

monotone decreasing density. This restriction is quite loose since the border of the main part and the

tail of the distribution is arbitrary, hence the restriction of applicability is to have a positive number C

such that the density of the distribution is monotone decreasing above C.

The result of our fitting algorithm is a Phase-type distribution of order n+m, where n is the number of

phases used for fitting the main part and m is the number of phases used for fitting the tail. The structure

1Numerical integration techniques with exponentially increasing step size is a way to avoid the linear increase of the
computational complexity, but the complexity problem remains anyway.
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Figure 7.9: Structure of approximate Phase-type distribution

of this Phase-type distribution is depicted in Figure 7.9. The parameters β1, . . . , βm, µ1, . . . , µm are

computed by considering the tail while the parameters α1, . . . , αn, λ1, . . . , λn are determined considering

the main part of the distribution. The algorithm consists of the following steps.

First, we define the border of the main part and the tail, bl, based on constant c by the equality 1 −
F (bl) = c; c can depend on the distribution and other consideration (e.g., the computational complexity2).

Its typical value is between 0.0001 and 0.01.

The upper bound of the tail approximation bu is determined by an other constant d in a similar way

by the equality 1− F (bu) = d; d can vary in a wide range, e.g., 10−20 − 10−4, but it can be smaller than

10−20 as well. It does not affect the computational complexity, d is rather limited by the applied floating

point arithmetic.

The method proposed by Feldmann and Whitt is a recursive fitting procedure that results in a

hyperexponential distribution whose cumulative distribution function (cdf) at a given set of points is

“very close” to the cdf of the original distribution. We use a slightly modified version of this algorithm

to determine the parameters β1, . . . , βm, µ1, . . . , µm.

Based on this limit we define 2m points (0 < bl = tm < btm < tm−1 < btm−1 < . . . < t1 = bu < bt1)

at which the approximate distribution is “close” to the original one.

ti = buδ−i+1, i ∈ {1, 2, . . . , m}, where δ = m−1

√
bu

bl
, and b < δ. (7.3)

We choose µ1, β1 to match the complementary cdf F c(t) at the arguments t1 and bt1. Arranging the two

equations

β1e
−µ1t1 = F c(t1), and β1e

−µ1b t1 = F c(b t1), (7.4)

2The complexity of the general method dominates the complexity of the combined method. The larger c the lower the
border bl, and the lower the computational complexity.
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we obtain

µ1 =
1

(b − 1) t1
ln(F c(t1)/F c(b t1)), and β1 = F c(t1) eµ1t1 . (7.5)

Throughout the procedure, we assume that µi, i = 2, . . . , m will be significantly larger than µ1, so that

m∑

i=1

βie
−µit ∼ β1 e−µ1t, for t ≥ t1. (7.6)

As it is noted in [27] there is no guarantee that the above property holds, but it may be checked after

the procedure is complete, and in general it is not a problem to define the set of points in such way that

we have this property.

Using the notation

F c
i (t) = F c(t) −

i−1∑

j=1

βj e−µjt, (7.7)

where F c
1 (t) = F c(t), our goal is to have

βi e−µiti = F c
i (ti), βi e−µibti = F c

i (b ti), (7.8)

rearranging we obtain

µi =
1

(b − 1) ti
ln(F c

i (ti)/F c
i (b ti)), βi = F c

i (ti) eµiti , (7.9)

for 2 ≤ i ≤ m.

We have no guarantee that the sum of the initial probabilities associated with the hyperexponential

part of the Phase-type structure (
∑

βi) is lower than 1. If the sum is greater than 1 it may help to

decrease d (which means to increase bu) or m. It is discussed in [27] how the 2m points may be chosen

efficiently.

Having β1, . . . , βm, µ1, . . . , µm we use the algorithm described in Section 7.3 to fit the main part of

the distribution with two differences:

1. Not having the hyperexponential part fitting the tail, the initial probabilities of the acyclic structure

sums up to 1. Having the hyperexponential part this constraint has to be modified as
∑n

i=1 αi =

1 −
∑n

i=1 βi.

2. The structure of the approximate Phase-type distribution differs from the one used before (Figure

7.1). The parameters associated with the additional m phases (β1, . . . , βm, µ1, . . . , µm) are fixed during

this stage of the fitting process.

The upper limit for the integral to evaluate the distance measure during fitting the main part is bl.
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Figure 7.10: Different parts of the distribution are approximated by different parts of the PH structure

Figure 7.10 pictures how different parts of the PH structure (CF1, hyperexponential) contributes to

the pdf of the (α = 1.5, B = 4). The fitting procedure was run to approximate the Pareto I distribution

with n = 8, m = 10, c = 10−2, d = 10−10, bl = 31.70, bu = 6.83 · 106.

7.4.1 Goodness of the Combined Fitting Method

The goodness of the fitting of the main part using the general method presented in Section 7.3 is not

affected by the use of the heuristic procedure. Since the heuristic approach gives a good approximation

for the tail, it is not rewarding to apply the relative area difference for fitting the main part. With a few

exceptions using the relative entropy as the distance measure is the most promising choice.

The method presented by Feldman and Whitt results in a distribution whose pdf is oscillating around

the pdf of the original distribution. The combined procedure has the same feature. The oscillation starts

at bl and ends at bu. The number of “bumps” equals to m. After bu the pdf of the PH distribution does

not follow the pdf of the original distribution. The “amplitude” of the oscillation depends on the distance

between bl and bu and on the number of phases used for fitting the tail (m). Increasing m decreases the

amplitude of the oscillation. There is an upper limit for m as a result of assumption (7.6) and probabilistic

considerations (the parameters given by (7.9) have to be proper for a PH distribution). The method of

Feldman and Whitt is worth applying when the tail is “heavy” enough, otherwise applying the general

method alone gives as good results as the combined one. As it is mentioned in [27] the method works

well for distributions with decreasing hazard rate.

The pdf of the PH distribution drops slightly compared to the original one at bl. If it is necessary

this drop may be decreased by using b∗l > bl as the upper limit for the integral to evaluate the distance

measure. This feature is illustrated in Figure 7.11 with the Pareto I distribution and the following

parameters: n = 8, m = 4, c = 10−2, d = 10−10, bl = 34.83, bu = 7.67 · 106, b∗l = 164.6, F c(b∗l ) = 10−3.

Overlapping refers to the case when b∗l > bl.

The choice for the distance measure used during fitting the main part has no effect on the procedure
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Figure 7.11: The effect of using b∗l > bl as the upper limit for the integral to evaluate the distance measure

for fitting the tail.

The improvement achieved by fitting the tail using the heuristic method is indicated not only by visual

inspection of the tail of the pdf but by the relative moment errors as well. Some examples are given in the

Appendix. Since the 2nd and 3rd moments do not exist for the two Pareto-like distributions, for these

cases the following is given to indicate the improvement instead of the original relative moment errors:

| c∗2(F̂ ) − c∗2(F ) | / c∗2(F ), | c∗3(F̂ ) − c∗3(F ) | / c∗3(F ), (7.10)

where

c∗i (F ) =

∫ C

x=0

(x − c1(F ))idF (x), i = 2, 3, (7.11)

with C defined by F c(C) = 10−8.

Figure 7.12 (7.14) compares the behavior of the Pareto I (Pareto II) distribution and its fitting Phase-

type distribution. The notation n+m XX defines the parameters of Phase-type fitting. n is the number

of phases used for fitting the main part and m is the number of phases used for fitting the tail of the

distribution. XX (= AD or ML or RAD) gives the distance measure used for fitting the main part. The

relative error of the pdf is defined as (f(t) − f̂(t))/f(t), and the hazard rate is f(t)/(1 − F (t)).

Figure 7.13 (7.15) shows the effect of Phase-type fitting on the M/G/1 queue behavior with Pareto I

(Pareto II) service time. The oscillation that appeared on the tail of the pdf of the PH distribution can

be seen on the queue length distribution as well.
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Figure 7.12: Pareto I distribution and its PH approximation with the combined method
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Figure 7.13: Queue length distribution of an M/G/1 queue (with Pareto I) and its approximate M/PH/1
queue
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Figure 7.14: Pareto II distribution and its PH approximation with the combined method
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Figure 7.15: Queue length distribution of an M/G/1 queue (with Pareto II) and its approximate M/PH/1
queue
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7.4.2 Fitting Experiments in Numbers

This section presents the results of the fitting experiments. The proposed general fitting method was

tested on the benchmark presented in [12]. Distributions of this benchmark is summarized in Table 5.4

(naturally, the exponential distribution is excluded). To demonstrate the applicability of the presented

combined method for approximating heavy tail behavior, the two heavy tail distribution that were intro-

duced in Section 7.3.1 are added to the benchmark. Table 7.1 gives the pdf and the numerical cases of

these two Pareto-like distributions.

The parameters that define the goodness of fitting are given in the following tables. The column

labeled “Appr.” describes the fitting procedure: the symbol of the fitted distribution, the order of the

PH distribution and the applied distance measure are given. In the case when there is one number in

this column the fitting method given in Section 7.3 was applied. If there are two numbers of the form

x + y, x is the number of phases to fit the main part and y is the number phases to fit the tail of the

distribution. The relative errors in the 2nd and 3rd moments for the Pareto-like distributions (P1,P2)

are given as defined in (7.10). For U1 and U2 the absolute error in the 3rd moment is given since their

3rd centered moments equal to 0.

Density Symbol Numerical Cases

Pareto I

f(t) =

{
αB−1e−

α
B

t for t ≤ B

αBαe−αt−(α+1) for t > B
P1 α = 1.5 B = 4

Pareto II

f(t) =
bαe−b/t

Γ(α)
x−(α+1) P2 α = 1.5 b = 2

Table 7.1: Heavy tail distributions
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Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

W1/4 Hi = 7.869e − 01

ML 7.8714e-01 8.9011e-03 1.3734e-04 4.8522e-03 4.0876e-02

AD 7.8728e-01 7.2039e-03 2.8943e-03 2.4579e-02 1.0107e-01

W1/8

ML 7.8702e-01 3.5172e-03 9.2808e-05 9.0348e-04 9.7635e-03

AD 7.8725e-01 3.1405e-03 2.0490e-03 1.6044e-03 1.3276e-02

W1/16

ML 7.8696e-01 1.8287e-03 1.5028e-05 7.5074e-04 4.8582e-03

AD 7.8773e-01 5.3185e-03 8.2319e-04 5.6408e-04 5.5515e-04

Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

W2/4 Hi = 1.1546e + 00

ML 1.1631e+00 8.2830e-02 1.2918e-02 2.2862e-01 5.7052e-01

AD 1.1933e+00 1.1162e-01 8.9610e-02 4.5281e-01 7.8482e-01

RAD 1.2945e+00 3.0036e-01 2.1358e-02 1.6789e-01 3.7917e-01

W2/8

ML 1.1626e+00 6.0275e-02 9.8517e-03 1.9015e-01 4.9798e-01

AD 1.1828e+00 9.4857e-02 4.8308e-02 2.0663e-01 6.0035e-01

RAD 1.2078e+00 1.4406e-01 7.5972e-04 4.4718e-02 1.6866e-01

W2/8+3

ML 1.1544e+00 5.3229e-02 1.0493e-02 1.0160e-01 2.7704e-01

W2/16

ML 1.1643e+00 5.9088e-02 1.3257e-02 1.8740e-01 4.8400e-01

AD 1.1827e+00 8.9019e-02 2.7044e-01 8.0677e-01 9.9291e-01

RAD 1.1908e+00 1.0993e-01 1.4096e-02 1.1377e-01 3.2936e-01
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Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

L1/4 Hi = 3.745e − 01

ML 4.0322e-01 4.1789e-02 1.6090e-01 7.6213e-01 9.7536e-01

AD 4.2514e-01 4.2115e-02 2.8016e-01 8.7027e-01 9.9189e-01

RAD 4.7847e-01 3.3306e-01 2.1285e-02 6.6316e-01 9.4266e-01

L1/8

ML 4.0025e-01 3.3545e-02 1.6095e-01 7.5461e-01 9.7293e-01

AD 3.9838e-01 2.3236e-02 1.6794e-01 7.4279e-01 9.6790e-01

RAD 3.9489e-01 2.3912e-02 1.2947e-01 6.8020e-01 9.4964e-01

L1/16

ML 3.9767e-01 2.2141e-02 1.5709e-01 7.4466e-01 9.7000e-01

AD 4.1918e-01 2.6217e-02 2.7960e-01 8.6512e-01 9.9089e-01

RAD 3.9570e-01 6.3266e-02 1.3474e-01 6.7170e-01 9.4684e-01

Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

L2/4 Hi = 8.575e − 01

ML 8.7843e-01 3.7793e-02 9.2433e-04 4.9473e-02 2.7973e-01

AD 8.8427e-01 2.6330e-02 4.7449e-02 2.9014e-01 6.5015e-01

L2/8

ML 8.7602e-01 7.2309e-03 3.1555e-04 1.7827e-02 1.2628e-01

AD 8.7946e-01 1.4181e-02 2.5898e-02 1.8984e-01 5.1514e-01

L2/16

ML 8.7608e-01 6.6401e-03 4.6425e-04 1.2390e-02 1.0484e-01

AD 8.8048e-01 9.9469e-03 2.6237e-02 2.0412e-01 5.4638e-01

Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

L3/4 Hi = −2.104e − 01

ML 3.0658e-01 8.4828e-01 1.4604e-04 5.1277e+00 2.3693e+01

AD 3.0661e-01 8.4824e-01 3.3590e-03 5.0848e+00 2.3434e+01

L3/8

ML 2.9635e-02 5.4836e-01 7.3630e-05 2.0634e+00 5.1719e+00

AD 7.8277e-02 6.0827e-01 1.0497e-02 2.4274e+00 6.8083e+00

L3/16

ML -1.3451e-01 2.8779e-01 3.4638e-05 7.5127e-01 1.0167e+00

AD -1.1618e-01 3.2116e-01 1.1931e-02 8.4018e-01 1.2541e+00
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Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

U1/4 Hi = 0.0

ML 1.3891e-01 3.1453e-01 6.8431e-05 2.6496e-01 2.754e-02

AD 1.6007e-01 2.7496e-01 8.3465e-02 6.9141e-01 4.946e-02

U1/8

ML 9.8786e-02 2.2803e-01 8.1970e-05 1.0497e-01 1.112e-02

AD 1.1882e-01 2.0160e-01 4.9737e-02 3.6159e-01 2.217e-02

U1/16

ML 7.1136e-02 1.6767e-01 1.8894e-04 4.1393e-02 4.863e-03

AD 9.7424e-02 1.6509e-01 3.4785e-02 2.4784e-01 1.391e-02

Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

U2/4 Hi = 0.0

ML 7.0956e-01 9.9978e-01 1.0420e-04 5.7514e+00 7.498e-01

AD 7.1263e-01 9.9720e-01 3.8192e-02 5.2442e+00 6.672e-01

U2/8

ML 4.7837e-01 7.3796e-01 1.5747e-04 2.8584e+00 1.378e-01

AD 4.8372e-01 7.3290e-01 3.8091e-02 2.5689e+00 1.226e-01

U2/16

ML 2.7843e-01 4.4080e-01 8.1234e-05 1.0769e+00 5.581e-02

AD 2.8100e-01 4.3575e-01 1.9523e-02 9.9713e-01 4.965e-02

Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

SE/4 Hi = 1.295e + 00

ML 1.3258e+00 1.8387e-01 3.5709e-04 2.7466e-02 1.9046e-01

AD 1.3278e+00 1.7478e-01 2.6355e-02 3.3976e-02 1.2472e-01

RAD 1.3449e+00 2.3464e-01 1.0494e-02 8.9644e-04 5.6800e-02

SE/8

ML 1.3162e+00 1.3527e-01 4.5258e-04 8.3997e-04 2.4375e-02

AD 1.3179e+00 1.2575e-01 9.7610e-03 4.8098e-03 3.6399e-02

RAD 1.3278e+00 1.7125e-01 2.6487e-02 3.5088e-02 5.6718e-02

SE/16

ML 1.3101e+00 1.0094e-01 5.1215e-04 2.7437e-03 2.4322e-02

AD 1.3129e+00 9.8741e-02 2.9152e-03 2.9267e-02 1.1545e-01

RAD 1.3138e+00 1.0919e-01 4.5643e-04 9.5314e-03 4.2254e-03
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Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

ME/4 Hi = 7.277e − 01

ML 8.9794e-01 4.4689e-01 1.3964e-02 6.3662e-02 1.8893e-01

AD 9.1015e-01 4.3606e-01 3.0798e-02 2.2010e-01 7.7306e-01

RAD 3.6212e+00 1.1907e+00 7.4910e-01 9.3050e-01 5.0741e-01

ME/8

ML 8.5417e-01 3.5047e-01 1.3729e-02 6.8973e-02 2.7284e-01

AD 8.6532e-01 3.2532e-01 1.3120e-02 6.5389e-02 2.4569e-01

RAD 3.7799e+00 1.1416e+00 7.1318e-01 8.5348e-01 1.0191e+00

ME/16

ML 8.2535e-01 2.8761e-01 1.4200e-02 4.8011e-02 1.7391e-01

AD 8.3318e-01 2.6575e-01 8.9693e-03 9.1900e-02 3.6612e-01

RAD 3.6503e+00 9.6673e-01 5.3353e-01 1.0375e+01 8.2788e+02

Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

P1/4 Hi = 2.1295e + 00

ML 2.2323e+00 4.4603e-02 5.6533e-02 9.7564e-01 9.9998e-01

AD 2.2635e+00 3.2399e-02 1.6432e-01 9.9199e-01 1.0000e-00

RAD 2.2338e+00 6.6204e-02 1.1868e-01 9.8327e-01 9.9999e-01

P1/4+10

ML 2.2246e+00 1.7881e-02 2.6115e-03 6.7019e-04 6.1649e-04

AD 2.2247e+00 1.8119e-02 8.5872e-03 9.7804e-04 6.1535e-04

P1/8

ML 2.2292e+00 1.3672e-02 7.1673e-02 9.7659e-01 9.9998e-01

AD 2.2470e+00 2.7601e-02 1.2395e-01 9.8867e-01 1.0000e-00

RAD 2.2378e+00 8.9478e-02 1.2673e-01 9.8322e-01 9.9999e-01

P1/8+10

ML 2.2245e+00 6.5659e-03 2.5887e-03 6.4993e-04 6.1648e-04

AD 2.2244e+00 5.6568e-03 1.2990e-03 7.3505e-04 6.1608e-04

P1/16

ML 2.2282e+00 1.3221e-02 3.8874e-02 9.5945e-01 9.9993e-01

AD 2.2562e+00 2.4655e-02 1.4066e-01 9.9123e-01 1.0000e-00

RAD 2.2644e+00 4.6493e-01 1.5008e-01 8.1545e-01 9.9891e-01
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Appr. Cr. Ent. (Ĥ) Area D. RME 1 RME 2 RME 3

P2/4 Hi = 1.9811e + 00

ML 2.0768e+00 2.2020e-01 6.3924e-02 9.7417e-01 9.9997e-01

AD 2.1098e+00 1.7385e-01 2.0160e-01 9.9262e-01 1.0000e-00

RAD 2.1435e+00 3.1506e-01 6.9994e-02 9.8428e-01 9.9999e-01

P2/8

ML 2.0414e+00 4.4020e-02 6.0110e-02 9.7176e-01 9.9997e-01

AD 2.0752e+00 9.8591e-02 2.2906e-01 9.9466e-01 1.0000e-00

RAD 2.0954e+00 3.7922e-01 6.2820e-02 9.8458e-01 9.9999e-01

P2/8+10

ML 2.0598e+00 4.4354e-02 3.0374e-02 1.3027e-01 1.3101e-01

AD 2.0778e+00 8.3044e-02 1.1807e-03 1.2998e-01 1.3101e-01

P2/16

ML 2.0363e+00 2.7991e-02 7.6029e-02 9.7586e-01 9.9997e-01

AD 2.0908e+00 5.5272e-02 2.4299e-01 9.9506e-01 1.0000e-00

RAD 2.1027e+00 2.2861e-01 8.6895e-02 9.8338e-01 9.9999e-01

P2/16+10

ML 2.0336e+00 2.5536e-02 3.0803e-02 1.3033e-01 1.3101e-01

AD 2.0573e+00 5.8133e-02 4.0151e-02 1.2967e-01 1.3102e-01
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Chapter 8

MAP Fitting by Separate Treatment

of Short- and Long-Range

Dependent Behavior

Traffic measurement on real high-speed networks carrying the data packets of various applications shows

high variability and burstiness of the traffic process over several time scales. (References to many measure-

ment studies may be found in [78].) It is commonly assumed that Markovian models are not appropriate to

capture this “burst in burst” behavior and several other models are considered in the literature: fractional

Gaussian noises [47, 55], traditional [14] and fractional ARIMA processes [30], fractals and multifractals

[71, 26]. These models are analytically hardly tractable and often computationally expensive. The an-

alytical tractability of Markovian models initiated a research effort to approximate real traffic behavior

with Markovian models.

A first step in this direction was the approximation of heavy-tail distributions by Phase-type (PH)

ones. It was shown that general PH fitting methods perform poorly in tail fitting [36], while specific

heuristic methods can provide a tight tail fitting over several orders of magnitude even for heavy-tail

distributions [27]. It was also recognized [58, 69] that Phase-type renewal processes (i.e., renewal processes

with PH distributed interarrival time) with heavy-tail behavior over some orders of magnitude exhibit

some features shown by real traffic measurements. The commonly applied tests used for evaluating the

Hurst parameter (variance-time plot, R/S plot, etc.) show long-range dependence of these PH renewal

processes. Andersen and Nielsen proposed a different approach to capture the long-range traffic behavior

[2]. They apply superposition of two-state MMPPs that capture the traffic behavior at a given time scale,

hence the cardinality of the approximating MAP increases exponentially with the number of “considered
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time scales”. In this chapter a fitting method is proposed to approximate any traffic process with a MAP

that intends to consider not only the long-range traffic behavior but also some of the short-range ones.

A general approach of MAP fitting consists of defining an appropriate distance measure over the

set of arrival processes, and minimizing the defined measure with respect to the finite number of MAP

parameters. Unfortunately, it is still an unsolved problem what could be an appropriate distance measure

that reflexes those features of a traffic process that play important role in telecommunication engineering.

Due to the lack of commonly accepted appropriate distance measure and also to contribute to the research

of characterizing the practically important features of traffic processes we followed a different approach.

We choose a given set of traffic parameters and compose a MAP that exhibits the same (or close)

traffic parameters. The set of traffic parameters are such that both long- and short-range behavior is

considered. The long-range behavior is fitted through the Hurst parameter, while the short-range behavior

is approximated by fitting the index of dispersion for counts (IDC) at some time points.

It is important to note that Markovian models cannot exhibit self-similar behavior asymptotically.

Indeed, in the sequel we will use the term pseudo self-similarity. A process will be called pseudo self-

similar if its variance-time curve is close to linear through several time scales (through those time scales

that are relevant from the point of view of modeling) and the straight line fitted to it has slope higher

than -1.

This chapter is an extended version of [35] that was presented at the 8th IFIP Workshop on Perfor-

mance Modeling and Evaluation of ATM and IP in Ilkley in 2000. The rest of the chapter is organized

as follows. Section 8.1 introduces the MAP fitting method, while Section 8.2 investigates the goodness

of fitting.

8.1 Fitting Method

In this section a procedure is given to construct a MAP such a way that some parameters of the traffic

generated by the model match predefined values. In the sequel Nt denotes the number of arrivals by time

t. The following parameters are set:

• The fundamental arrival rate E[N1] describes the expected number of arrivals in a time unit.

• In order to describe the burstiness of the arrival stream the index of dispersion for counts I(t) =

V ar[Nt]/E[Nt] is set for two different values of time: I(t1) and I(t2). The choice of these two time

points significantly affects the goodness of fitting. This issue will be discussed in Section 8.2.

• A higher order descriptor, the third centralized moment of the number of arrivals in the interval

(0, t3), M(t3) = E[(Nt3 − E[Nt3 ])
3] is set.

83



• The long-range behavior is described through the degree of pseudo self-similarity1 that is given by

the Hurst parameter H . The Hurst parameter is realized in terms of the variance-time behavior

of the resulting traffic, i.e., the straight line fitted by regression to the variance-time curve in a

predefined interval (L1, L2) has slope 2(H − 1).

The MAP resulting from our procedure is the superposition of a PH arrival process and a two-state

MMPP. In the following we show how to construct a PH arrival process with pseudo self-similar behavior,

describe the superposition of the PH arrival process with a two-state MMPP, and finally provide the

proposed fitting algorithm itself.

8.1.1 Pseudo Self-Similar PH Arrival Process

Let us consider an arrival process whose interarrival times are independent random variables with heavy-

tail probability density function (pdf) of Pareto type

f(x) =
c · ac

(x + a)c+1
, x ≥ 0. (8.1)

The process Xn (n > 0) representing the number of arrivals in the nth time-slot is asymptotically second-

order self-similar with Hurst parameter ([71]):

H =
3 − c

2
. (8.2)

Feldmann and Whitt propose a heuristic fitting algorithm in [27] to approximate heavy-tail distri-

butions by Phase-type (PH) distributions. Using their method one may build an arrival process whose

interarrival times are independent, identically distributed PH random variables with pdf approximating

(8.1). In order to show that this arrival process exhibits pseudo self-similarity, let us recall some proper-

ties of MAPs from [52]. Having a PH distribution with initial probability vector b and generator T , the

corresponding PH arrival process may be described with MAP notation as D
ph
0 = T and D

ph
1 = T 0b

with T 0 = −Te, where e denotes the column vector of 1s. The variance of the number of arrivals in the

interval (0, t) is given by

V ar[Nt] =
ν2 − ν2

1

ν3
1

t + 2b
[
I − e(Dph

0 +Dph

1 )t
] [

ν−2
1 (Dph

0 )−2 e +
1

2
ν−3
1 ν2(D

ph
0 )−1 e

]
, (8.3)

1Self-similarity and long-range dependence are not the same concepts. However, second-order self-similarity implies long-
range dependence and vice versa. For this reason, in this dissertation, the term self-similarity and long-range dependence
are used in an interchangeable fashion.
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Figure 8.1: Variance-time plot of pseudo self similar arrival processes with i.i.d. PH interarrival

where νi denotes the ith moment of the PH interarrival time distribution and is given by

νi = (−1)i i! b T−ie. (8.4)

The variance of the aggregated arrival process may be expressed as

V ar[X(m)] =
V ar[Nm∆]

(m∆)2
, (8.5)

where ∆ is the length of a time-slot.

To check pseudo self-similarity of PH renewal processes Figure 8.1 plots V ar[X(m)] of PH arrival

processes whose interarrival time is a 6 phase PH approximation of the pdf given in (8.1) for different

values of c. As it can be observed V ar[X(m)] is close through several orders of magnitude to the straight

line corresponding to the self-similar case with slope 2(H − 1). The aggregation level where V ar[X(m)]

drops compared to the straight line may be increased by changing the parameters of the PH fitting

algorithm.

8.1.2 Superposition of the PH Arrival Process with a Two-State MMPP

The parameters of the two-state MMPP are calculated in two steps:

1. At first we calculate the parameters of an Interrupted Poisson Process (IPP). The IPP is a two-state

MMPP that has one of its two arrival rates equal to 0. The calculated parameters of the IPP are

such that the superposition of the PH arrival process and the IPP results in a traffic source with

the desired first and second order parameters E[N1], I(t1) and I(t2).
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2. In the second step, based on the IPP we find a two-state MMPP that has the same first and second

order properties as the IPP has, and with which the superposition results in the desired third

centralized moment.

The superposition of a PH arrival process with an IPP results in a MAP. In order to have the desired

parameters for the MAP resulting from the superposition the following equations have to hold for the

IPP:

E[N ipp
1 ] = E[N1] − E[Nph

1 ], (8.6)

V ar[N ipp
t1 ] = I(t1)E[Nt1 ] − V ar[Nph

t1 ], (8.7)

V ar[N ipp
t2 ] = I(t2)E[Nt2 ] − V ar[Nph

t2 ] (8.8)

where the upper indices of the counting function denotes the source of the arrival. The latter two

equations are the consequence of the fact that the index of dispersion, I(t), for the superposed model

may be written as

I(t) =
V ar[Nph

t ] + V ar[N ipp
t ]

(E[Nph
1 ] + E[N ipp

1 ])t
. (8.9)

The IPP may be described by MAP notation as

D
ipp
0 =



 −r1 − λ r1

r2 −r2



 , (8.10)

D
ipp
1 =



 λ 0

0 0



 . (8.11)

The mean number of arrivals of the IPP is given as

E[Nt] =
λr2

r1 + r2
t, (8.12)

while its variance may be expressed as

V ar[Nt] =

(
λr2

r1 + r2
+

2λ2r1r2

(r1 + r2)3

)
t − 2λ2r1r2

(r1 + r2)4

(
1 − e−(r1+r2)t

)
. (8.13)

Let us denote r1+r2 by S and r1/r2 by Q. Substituting (8.12) and (8.13) into the equations describing

the requirements on the IPP ((8.6), (8.7) and (8.8)) and manipulating the resulting set of equations one

may arrive to the following implicit expression for S and Q

S =
K(1 − e−St2) − (1 − e−St1)

Kt2 − t1
, (8.14)
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Figure 8.2: Superposition of the PH arrival process with an IPP

Q =
S2(V ar[Nt1 ] − t1E[N1])

2E[N1]2(e−St1 + St2 − 1)
, (8.15)

where

K =
V ar[Nt1 ] − V ar[Nph

t1 ] − t1(E[N1] − E[Nph
1 ])

V ar[Nt2 ] − V ar[Nph
t2 ] − t2(E[N1] − E[Nph

1 ])
. (8.16)

Applying fix point iteration S may be found by (8.14) and then Q is given by (8.15). Having S and Q

the transition intensities are simply given by

r1 = S − S

Q + 1
, r2 =

S

Q + 1
, (8.17)

while the arrival intensity can be found as

λ = (1 + Q)E[N1]. (8.18)

If the sum of the transition probabilities (S) is suitably large the second term of the right hand side of

(8.13) becomes constant for relatively small values of t. As a result the degree of pseudo self-similarity of

the superposed traffic model is close to the degree of pseudo self-similarity of the PH arrival process. This

fact is depicted on Figure 8.2 with S = 0.1. It can be observed that if the Hurst parameter is estimated

based on the variance-time plot the Hurst parameter of the superposed model is only slightly smaller than

the Hurst parameter of the PH arrival process. In numbers the Hurst parameter of the PH arrival process

is 0.8 while it is 0.78 for the superposed model (based on the slope in the interval (10, 106)). This behavior

is utilized in our fitting method to approximate the short- and long-range behavior independently.

We have shown so far how to find the parameters of an IPP in order to have the superposed model

with the desired parameters E[N1], I(t1) and I(t2). In the following we describe how to set the third
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centralized moment of the number of arrivals in (0, t3). To this end we recall a result from [7] which

describes a construction to define a continuum of two-state MMPPs with identical first and second order

properties. Following [7] one may find that every r ≥ r1/r2 defines a two-state MMPP (as a function of

r) whose first and second order properties are identical to those properties of the IPP. These two-state

MMPPs may be written in MAP notation as

D
mmpp
0 =



 −q1(r) − µ1(r) q1(r)

q2(r) −q2(r) − µ2(r)



 , (8.19)

D
mmpp
1 =



 µ1(r) 0

0 µ2(r)



 , (8.20)

where

q1(r) =
(r1 + r2)r

1 + r
, (8.21)

q2(r) =
(r1 + r2)

1 + r
, (8.22)

µ1(r) =
r2λ

r1 + r2
+

√
λ2r1r2r

(r1 + r2)2
, (8.23)

µ2(r) =
r2λ

r1 + r2
−
√

λ2r1r2

(r1 + r2)2r
. (8.24)

One may observe that if r = r1/r2 we get back the IPP. The third centralized moment of the number of

arrivals of the superposed model is given by

M(t) = E[(Nt − E[Nt])
3] = M(Nmmpp

t ) + 3tE[Nmmpp
1 ]V ar[Nph

t ]2 +

3tE[Nph
1 ]V ar[Nmmpp

t ]2 + M(Nph
t ), (8.25)

where M(Nmmpp
t ) is the third centralized moment for the MMPP and may be obtained as ([32])

M(Nmmpp
t ) = g(t) − 3(tE[Nmmpp

1 ] − 1)V ar[Nmmpp
t ] −

tE[Nmmpp
1 ](tE[Nmmpp

1 ] − 1)(tE[Nmmpp
1 ] − 2), (8.26)

Expression for g(t) is given in [32]. The lower limit of M(Nmmpp
t ) is obtained with r = r1/r2; hence

transforming the IPP into an MMPP may only increase the third centralized moment. Since the first

and second order properties of the MMPP are identical to these properties of the IPP, we have

E[Nmmpp
1 ] = E[N ipp

1 ], V ar[Nmmpp
t ] = V ar[N ipp

t ]. (8.27)
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The way to obtain the third centralized moment for the PH arrival process, M(Nph
t ), is given in Appendix

B.

Using (8.25) the desired value of M(Nmmpp
t3 ) may be calculated, and then applying fix point iteration

based on (8.26) the appropriate value of r is obtained.

The MAP resulted as the superposition of a PH arrival process (with descriptors D
ph
0 , D

ph
1 ) and an

MMPP (Dmmpp
0 , D

mmpp
1 ) has descriptors

D0 = D
ph
0 ⊕ D

mmpp
0 , (8.28)

D1 = D
ph
1 ⊕ D

mmpp
1 (8.29)

where ⊕ stands for the Kronecker sum.

8.1.3 The Applied Fitting Algorithm

Before putting down the fitting algorithm we introduce how the alteration in the parameters of the PH

arrival process affects the resulting MAP:

• The Pareto type pdf in (8.1), that is approximated by a PH distribution, has mean a/(c − 1).

Even the fitting method of Feldmann and Whitt [27] does not preserve the mean, increasing a

increases the mean of the approximating PH distribution, and so decreases E[Nph
1 ]. According

to our experiences increasing a decreases V ar[Nph
t ] as well. The PH fitting may result in such

E[Nph
1 ], V ar[Nph

t1 ] and V ar[Nph
t2 ] that the requirements in (8.6), (8.7) and (8.8) are not feasible,

this situation may be resolved by changing a. Experiments suggest E[N1](c − 1) ∗ 2 as an initial

value for a, which means that approximately every 2nd arrival arises from the PH arrival process.

• Parameter c of the Pareto type pdf in (8.1) is used to set the Hurst parameter of the arrival process.

An appropriate initial value for c is given by (8.2) as c = 3−2H . Superposing the PH arrival process

with the two-state MMPP may change the degree of self-similarity of the superposed model. The

predefined Hurst parameter may be reached by adjusting appropriately c.

• Using the fitting method of Feldmann and Whitt one has to define the limit of tail fitting Lfit, i.e.,

the time point until which the pdf of the PH distribution follows the Pareto pdf. The higher the

limit for the tail fitting of the PH distribution the longer the PH arrival process exhibits self-similar

nature in terms of the variance-time plot. This can be seen in Figure 8.3 with Hurst parameter

0.9; all the three PH arrival processes have 6 phases. When the limit of PH fitting, Lfit, is set to

104, 105 and 106 the variance plot drops at 5 · 104, 5 · 105 and 5 · 106, respectively. As a rule Lfit

is calculated based on the required upper limit of MAP fitting, L2, as Lfit = 10L2, which seems
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to be a very safe choice with respect to the drop point of the variance plot in Figure 8.3. (Note

that increasing the limit of tail fitting is not expensive in number of additional states of the fitting

MAP.)

• The effect of the number of phases of the approximating PH distribution (n) is illustrated in Figure

8.4. Having a large value for the limit of tail fitting, low number of phases may lead to an irregular

behavior in terms of the variance-time plot.
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Based on the above considerations and experiments the applied MAP fitting algorithm is formalized

as

1. Set initial values as

a = E[N1](c − 1) ∗ 2,

c = 3 − 2H ,

Lfit = L2 ∗ 10,

if (L2 ≤ 104) n = 4,

if (104 < L2 ≤ 106) n = 6,

if (106 < L2) n = 8.

2. Perform PH fitting.

3. If (8.6), (8.7) and (8.8) are not feasible change a accordingly and go back to 2.

4. Compute the IPP parameters based on (8.14), (8.15), (8.17) and (8.18).

5. Check the Hurst parameter by applying regression in the interval (L1, L2) to the variance-time plot

of the superposed MAP. If the Hurst parameter is not appropriate: decrease (increase) c if the

actual Hurst parameter is lower (greater) than the desired value, go back to 2.
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6. Based on the parameters of the IPP and equations (8.25) and (8.26) calculate r in order to have

the desired value for E[(Nt3 − E[Nt3 ])
3].

Since not all combinations of the input parameters may be realized the implementation of the algo-

rithm has to be complemented by some checks to recognize these situations.

8.2 Application of the Fitting Procedure

8.2.1 Fitting Measured Data Sets

The fitting method described in the previous section was applied to approximate three real measured

traffic traces:

• The first trace contains local-area network (LAN) traffic collected in 1989 on an Ethernet at the

Bellcore Morristown Research and Engineering facility. It may be downloaded from the WEB site

collecting traffic traces [80]. The trace is the first trace of the collection called BC at [80]. The

trace is analyzed in [28].

• The second trace is the first data set of the collection called dec-pkt at [80]. It was measured at

Digital Equipment Corporation from a wide-area network (WAN) in 1995. The trace is analyzed

in [62].

• The third trace is collected in 1996 at FIX West which is an FDDI LAN medium that serves as

a network inter-exchange point among several service providers, both national and regional. The

trace is available at [79].

Variance-time plots of the traffic generated by the MAPs resulted from fitting for the first trace are

depicted in Figure 8.5. The length of the interval ∆ that is used to generate the series X = {Xi, i =

0, 1, ...} equals the expected interarrival time. The curve signed by (x1, x2) belongs to the fitting when the

first (second) time point of fitting the IDC value, t1 (t2), is x1 (x2) times the expected interarrival time.

The Hurst parameter of this trace consisting of one million arrivals (approximated by the variance-time

plot) is 0.83. The interval (L1, L2) is (10, 106) for the first two fitting, while it is (500, 5 · 106) for the

other two fittings. For the last two fittings the interval had to be changed because the time point at

which the IDC is set is so high that the IPP destroys the pseudo self-similar nature of the PH arrival

process and the algorithm can not provide the desired Hurst parameter.

Setting the IDC at a time point implies that the variance of the aggregated process is set at that time

point as well. It can be observed in Figure 8.5 that the method is not capable of setting the IDC at t1.

The variation of this traffic trace for low values of t1 is lower than the limit of this structure. The IDC

at t1 was set as close as possible to the IDC of the real source.
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Figure 8.8: R/S plots of MAPs with different time
points of IDC matching for the first trace

The second trace consisting of about 2 million arrivals has Hurst parameter 0.80 given by the variance-

time test. The interval (L1, L2) is set as for the first trace. For this data set the algorithm is able to set

the IDC at both time points t1 and t2 exactly. Figure 8.6 shows the variance-time plots for the MAPs

resulted from the fitting.

The third and longest trace with more than 11 million arrivals has Hurst parameter 0.72. The interval

(L1, L2) is set to (10, 107). The algorithm sets the IDC at both timepoints to the desired values. Figure

8.7 shows the variance-time plots for the MAPs resulted from the fitting.

R/S plots for both the real traffic trace and the traffic generated by the approximating MAPs are

given in Figure 8.8, 8.9 and 8.10. For the third trace the R/S plots of the approximating traces show

higher degree of pseudo self-similarity than the R/S plot of the original trace does. The reason for this is

that approximating the degree of self-similarity of the third trace by R/S plot gives a lower value for H

(0.59) than the value given by the variance-time plot (0.72).
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Figure 8.10: R/S plots of MAPs with different time
points of IDC matching for the third trace

Visual inspection suggests that for both the variance-time and the R/S characteristics lower values of

t1 and t2 result in a closer fitting of the traffic trace behavior.

Regarding the third centralized moment of the number of arrivals in (0, t), M(t), the algorithm is

able to set it for the first and the second traffic trace. Its value is set at the expected interarrival time.

For the third traffic trace M(t3) is too low to reach it. As it is mentioned in Section 8.1.2 we may only

increase the third centralized moment by transforming the IPP into a two-state MMPP. For the third

trace the superposition of the IPP and the PH arrival process results in a higher value than the desired

one. As an example the third centralized moment of the third trace at the expected interarrival time is

1.008 while this value for the first approximating model is 1.52.

The goodness of fitting of the traces were tested for the queuing behavior of the •/D/1 queue, as well.

The results are depicted in Figure 8.11, 8.12 and 8.13. The •/D/1 queue was analyzed by applying matrix

analytic methods (see e.g., [45] or [52]) with 80 % utilization of the server. As one may observe the lower

t1 and t2 the longer the queue length distribution follows the original one. The experiments suggest that

the pair E[Yi], 2E[Yi] is a good choice for t1 and t2. For the third trace which has the lowest but still

notable estimated Hurst parameter the results show satisfying correspondence with the real traffic trace.

The cumulative distribution functions (cdf), which are important when calculating loss probabilities,

are depicted in Figure 8.14, 8.15 and 8.16.

For what concerns the queueing behavior, the fitting is rather poor for the first two traces while it is

good for the third one. The reason can be the quite irregular long-term behavior of the first two traces.

Since a single parameter is used to characterize the long-term behavior, this irregularity is not captured

by the model.
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8.2.2 Fitting Fractional Brownian Motion

In the following we compare fractional Brownian motion (FBM) sources to their fitted MAP models. The

FBM is a self-similar continuous time continuous valued stochastic process whose increment is fractional

Gaussian noise [47]. As a traffic source model it is defined by three parameters: the mean input rate

(E[N1]), the variance parameter (V ar[N1]), and the self-similarity parameter (H). One way to use FBM

as a traffic model is to consider its increments in subsequent intervals as the amount of data arrived to the

network [55]. To compare the FBM source with a MAP the increments has to be rounded to an integer

value and negative values has to be substituted by 0. This way we are given the number of arrivals in

each time-slot. For queuing analysis the arrival instances have to be given. Given the number of arrivals

in an interval, we assume that the arrival instance of each arrival is distributed uniformly in the interval.

We used the method described by Paxson [61] to generate FBM traffic. The parameters of the traffic

were E[N1] = 5, V ar[N1] = 50 and H = 0.8. Figure 8.17 gives variance-time plots for the fitted MAP

models for different timepoints of setting IDC, while Figure 8.18 depicts the queuing experiments with

80 % utilization.

As for the first two measured datasets, the approximation of the queueing behavior is poor. In this

case too, the irregularity in the long-term behavior can be the reason. For the FBM itself the long-term

behavior is completely described by the Hurst parameter. However, since we need non-negative integer

values, an altered version of the FBM trace is used as traffic trace whose long-term behavior is more

complex.

Figure 8.19 stresses the importance of the analytic analysis of approximating traffic traces. In the

figure one may observe how the variance-time plot of the arrival trace generated using a MAP approaches

the analytically computed variance-time plot as the number of the generated arrivals increases. The

importance of analytic analysis may be seen looking at the numerical parameters of the resulting models
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as well. For the first approximation of the third measured trace the initial probability of the slowest

phase of the hyperexponential PH distribution is about 2 × 10−9, the intensity of this phase is about

2.5× 10−7. The MMPP with which this PH arrival process is superposed has mean arrival rate equal to

0.75. Based on these numbers it is clear that generating 1016 arrivals is hardly enough to see the steady

state properties of the MAP.
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Chapter 9

A Markovian Point Process

Exhibiting Multifractal Behavior and

its Application to Traffic Modeling

The statistical analysis of some experimental traffic traces suggested a self-similar behavior over a range

of time scales [78]. Since measured data sets are finite (the large ones contain 106 − 108 samples) the

statistical properties of these data sets could be studied only over a range of time scales and the asymptotic

behavior is determined from the range of known time scales.

The importance of the observed self-similar behavior lies in the fact that the queue length and the

waiting time distribution of packet queues with self-similar traffic significantly differs from the ones with

“regular traffic”.

In the early 90’s the research was focused on checking the self-similar behavior and the evaluation

of the scaling parameter of self-similarity (referred to as Hurst parameter). It has to be noted that the

majority of the practically applied statistical tests (e.g., variance-time plot, R/S plot) checks only the

second order properties of the data sets and provides information only on the second order self-similarity

of the analyzed data set. (Actually, there are self-similar processes, like the fractional Gaussian noise

[55], that are completely characterized by their first and second order behavior, but measured data sets

are usually far more complex).

The first observations of self-similarity in measured traffic processes resulted in a fertile research for

applying complex mathematical models in traffic engineering. The two main goals of these research efforts

were to find “solvable” mathematical models with identical (or similar) properties and to create random

sequence generators with predefined statistical properties. Some of the considered models are: fractional
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Gaussian noise [47, 55], traditional [14] and fractional ARIMA process [30], fractal [71] and Markovian

models (MMPP, MAP) [2, 69, 35]. A valuable advantage of Markovian models is that effective numer-

ical methods are available to analyze systems with Markovian arrival processes [52, 43]. Furthermore,

Markovian models also represent a simple and computationally effective way of generating random data

series.

Unfortunately, some of the statistical properties of measured data sets differ from the ones of self-

similar processes. The fact that the observed scaling behavior differs from the one of self-similar processes

suggested the application of multifractal models to better capture the behavior of measured data sets

[26]. A common approach to study multifractal models is wavelet analysis. Riedi et al. proposed a

wavelet model to approximate the scaling behavior of measured data sets and based on this model they

presented an algorithm to generate random sequences with similar scaling behavior [67]. The proposed

method shows a good fit according to several statistical tests, but it is computationally rather expensive

and does not allow any numerical analysis of queues.

Based on the mentioned advantages of Markovian models there is a need to approximate multifractal

behavior with Markovian models. In this paper we propose Markovian models of a special structure to

approximate the multifractal scaling behavior of measured data sets.

The flexibility of Markovian models in exhibiting complex stochastic behavior along the practically

interesting time scales is known from previous works [69, 2, 35]. This paper attempts to extend this

set of results with approximating multifractal models. The proposed MAP structure is motivated by

the unnormalized Haar wavelet transform representation of finite sequences as it is applied also in the

multifractal wavelet model of Riedi et al. [67].

The rest of the chapter is organized as follows. The proposed MAP structure, its analysis and a simple

parameter estimation procedure are introduced in Section 9.1. Section 9.2 investigates various numerical

properties of the proposed MAP structure and gives an example of fitting to a measured data set.

9.1 The Proposed MAP Structure

To exhibit multifractal behavior we propose to apply a special MAP, a Markov modulated Poisson

process (MMPP) whose background CTMC has a symmetric1 n-dimensional cube structure and the

arrival intensities are set according to the variation of the arrival process at the different time scales. We

believe that other MAP structures can also exhibit multifractal behavior. Our special choice is motivated

by the generation of the Haar wavelet transform. Basically the Haar wavelet transform evaluates the

variation of the data set at different aggregation levels (time scales), and similarly, the proposed MAP

1We also investigated the effect of applying asymmetric n-dimensional cubes. According to our experiences the asym-
metric models perform similarly as the symmetric ones but they have more parameters.
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structure provides different variation of the arrival rate at different time scales.

The composition of the proposed MAP structure follows a very similar pattern as the generation of

the Haar wavelet transform. Without loss of generality, we assume that the time unit is such that the

long-term arrival intensity is one. A MAP of one state with arrival rate 1 represents the arrival process

at the largest (considered) time scale. This MAP, which corresponds to the zero-dimensional cube, is

represented by the infinetisimal generator of its underlying Markov chain

Q(0) = [ 0 ] and by D1
(0) = [ 1 ] . (9.1)

Note that D0
(0) can be obtained simply as

D0
(0) = Q(0) − D1

(0). (9.2)

Assuming that we are given the descriptors having n − 1 dimensions, Q(n−1) and D1
(n−1), the nth

dimension is introduced as

Q(n) =



 −λγn−1 λγn−1

λγn−1 −λγn−1



⊕ Q(n−1) (9.3)

and

D1
(n) =



 1 − an 0

0 1 + an



⊗ D1
(n−1) (9.4)

where ⊕ and ⊗ stand for Kronecker sum and Kronecker product, respectively.

To picture the construction, hereinafter we give the descriptors for the one-, two-, and three-

dimensional cases. In order to keep the matrices readable, zero-entries are omitted and diagonal elements

of the generator of the underlying Markov chain are signed with •. The descriptors are

Q(1) =



 • λ

λ •



 , (9.5)

D1
(1) =



 1 − a1

1 + a1



 , (9.6)

Q(2) =





• λ γλ

λ • γλ

γλ • λ

γλ λ •




, (9.7)
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D1
(2) =





(1 − a1)(1 − a2)

(1 + a1)(1 − a2)

(1 − a1)(1 + a2)

(1 + a1)(1 + a2)




, (9.8)

Q(3) =





• λ γλ γ2λ

λ • γλ γ2λ

γλ • λ γ2λ

γλ λ • γ2λ

γ2λ • λ γλ

γ2λ λ • γλ

γ2λ γλ • λ

γ2λ γλ λ •





, (9.9)

D1
(3) =





(1 − a1)(1 − a2)(1 − a3)

(1 + a1)(1 − a2)(1 − a3)

(1 − a1)(1 + a2)(1 − a3)

(1 + a1)(1 + a2)(1 − a3)

(1 − a1)(1 − a2)(1 + a3)

(1 + a1)(1 − a2)(1 + a3)

(1 − a1)(1 + a2)(1 + a3)

(1 + a1)(1 + a2)(1 + a3)





. (9.10)

An n-level MAP of the proposed structure is composed by 2n states and it has n + 2 parameters.

Parameters γ and λ define the considered time scales, and parameters a1, a2, . . . , an determine the variance

of the arrival process at the n considered time scales. It can be seen that the ratio of the largest and the

smallest considered time scales is γn. Having a fixed n (i.e., fixed cardinality of the MAP), any ratio of

the largest and the smallest considered time scales can be captured by using a sufficiently large γ.

9.1.1 Analysis of the Proposed MAP Structure

In case of an m-phase MMPP with descriptors D0 and D1, the distribution of the sum of k consecutive

interarrival times can be viewed as PH distribution of order mk whose descriptors are the following.

In order to describe the initial probability vector of the PH distribution we need the MAPs stationary

probability vector embedded at arrival epochs which can be obtained by

τ = (πD1e)−1πD1 (9.11)
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where π is the stationary probability vector of the CTMC with infinitesimal generator D0 + D1, and e

is a vector of ones. Using (9.11) the initial probability vector of length m · k is given by

t(k) = [τ 0 · · · 0] , (9.12)

and the generator matrix T that describes the state-transitions among the transient states is of size

mk × mk and is given by

T(k) =





D0 D1 0 · · ·
0 D0 D1 0 · · ·

. . .
. . .

· · · 0 D0 D1

· · · 0 D0





. (9.13)

Let us denote by Z(k) a PH distributed random variable with descriptors t(k) and T(k). Then, applying

(3.20), the second moment of the wavelet coefficients can be calculated as

E[d2
j ] = 2E[Z2

(2j−1)] − 2

km∑

i=1

Pr(zl = i)E[Z(2j−1)|zl = i]E[Z(2j−1)|z0 = i] (9.14)

where zl denotes the last transient phase before absorption while z0 denotes the initial phase. The first

term of the right hand side can be obtained by

E[Z2
(2j−1)] = 2t(2j−1)T(2j−1)

−2e, (9.15)

while the second term can be calculated based on

Pr(zl = i)E[Z(2j−1)|zl = i] = −t(2j−1)T(2j−1)
−2T(2j−1)ei, (9.16)

where ei denotes the vector whose only nonzero entry is 1 at position i, and

E[Z(2j−1)|z0 = i] = −eiT(2j−1)
−1e. (9.17)

In order to compute the quantities in the above expressions one has to determine some entries of T(k)
−1.
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Note that this can be done easily by performing computations on matrices of size m × m since

T(k)
−1 =





D0
−1 −D0

−1D1D0 D0
−1(D1D0)2 · · · (−1)k−1D0

−1(D1D0)k−1

0 D0
−1 −D0

−1D1D0 · · · (−1)k−2D0
−1(D1D0)k−2

0 0 D0
−1 · · ·

0 · · · · · · 0 D0
−1




. (9.18)

9.1.2 A Parameter Fitting Method

We applied a simple numerical procedure to fit a MAP of the given structure to a measured data set.

Actually, our heuristic approach is composed by “engineering considerations” based on the properties of

the measured data set and a parameter fitting method.

First, we fix the value of n. According to our experience a “visible” multiscaling behavior can be

obtained from n = 3 ∼ 4. The computational complexity of the fitting procedure grows exponentially

with the dimension of the MAP. The response time with n = 6 (MAP of 64 states) is still acceptable (in

the order of minutes).

Similar to [67], we set the γ and the λ parameters based on the inspection of the data set. Practically,

we define the largest, TM , and the smallest, Tm, considered time scales and calculate γ and λ from

TM =
1

λ
; Tm =

1

γnλ
, (9.19)

where γ > 1.

The extreme values of TM and Tm can be set based on simple practical considerations. For example

when the measured data set is composed by N arrival instances, TM can be chosen to be less than the

mean time of N/4 arrivals, and Tm can be chosen to be greater than the mean time of 4 arrivals. A

similar approach was applied in [67]. These boundary values can be refined based on a detailed statistical

test of the data set. E.g., if the scaling behavior disappears beyond a given time scale TM can be set to

that value.

Having γ and λ we need to find the optimal values of the variability parameters a1, a2, . . . , an. The

goal function that we aim to minimize is the sum of the relative errors of the second moment of Haar

wavelet coefficients up to a predefined time scale S:

min
a1,...,an

S∑

j=1

|E[d2
j ] − E[d̂2

j ]|
E[d2

j ]
. (9.20)

For the minimization of the goal function we apply the downhill simplex method of Nelder and Mead

[49].
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9.2 Numerical Analysis

This section presents a collection of numerical analysis results about the proposed Markovian model.

The first subsection investigates the multifractal scaling properties of the considered MAP structure.

The second subsection presents the comparison of the Bellcore pAug trace and its approximating MAP.

9.2.1 Multifractal Scaling Properties of the Proposed MAP Structure

The Logarithmic Moments of the MAP Structure

As it is mentioned in Section 3.2 the scaling behavior of the data samples is usually checked using

log-moments diagrams. The log-moments diagram plots the logarithm of different moments of the m

aggregated process against log(m). Linear curves in the log-moments plot suggest scaling behavior.

Figures 9.1 and 9.3 shows the log-moment plots of the MAPs with the following sets of parameters:

• n = 5, λ = 1/218, γ = 8, a1 = a2 = a3 = a4 = a5 = 0.3

• n = 5, λ = 1/218, γ = 8, a1 = a2 = a3 = a4 = a5 = 0.5

In the range of 4 to 18 the curves are very close to linear, as it can be seen from the increment plots in

Figure 9.2 and 9.4. Based on Figure 9.2 and 9.4, we conclude that the considered MAP exhibits scaling

behavior over the time scales from 4 to 18.

Mono-fractal scaling is assumed when the slope of the log-moment curve is linear with q and a non-

linear relation suggests multifractal scaling. The slope of the log-moment curves of the two MAPs are

collected in Table 9.1. None of the considered MAPs shows linear relation, but they are not too far from

that. The slopes of the MAP with larger variability parameters are further from linearity.
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Figure 9.1: Scaling of log-moments for ai = 0.3
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Figure 9.2: Increments of the log-moment curves
for ai = 0.3

The other considered test of multifractal scaling is the analysis of the partition function and its

Legendre transform. The visual inspection of a partition function curve (e.g., in Figure 3.9) is very hard
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Figure 9.4: Increments of the log-moment curves
for ai = 0.5

q ai = 0.3 ai = 0.5
-5 -6.5319 -6.8912
-4 -5.3821 -5.6784
-3 -4.2457 -4.4719
-2 -3.1298 -3.2766
-1 -2.0446 -2.1076
0 -1.0000 -1.000
1 0 0
2 0.9602 0.8895
3 1.8904 1.7085
4 2.7995 2.4900
5 3.6498 3.2132

Table 9.1: The slope of the log-moments

because the slope of the curve carries the required information that is very hard to see. The Legendre

transform of the partition function somehow amplifies the important information. The differences of the

scaling behavior of two multifractal processes are much more perceptible from the Legendre transform.

It is analyzed in the following subsection.

The Effect of Variability Parameters on the Legendre Spectrum

Legendre transform presents the scaling behavior of a multifractal process in a way which is not closely

related to the “physical understanding” of the process. It is useful in visualizing the scaling behavior, but

it is not easy to interpret. We should emphasize again that according to the definition of the partition

function (3.13) and its Legendre transform only infinite data sets can be analyzed. In our experiments

we always use finite data sets because the measured traffic samples are finite and the considered MAPs

exhibit scaling behavior only through a range of time scales. Using finite data sets we approximate the

partition function according to (3.16). The n → ∞ limiting behavior is approximated via the linear fit of

the function over the available time scales. According to our experiment the range of time scales for which
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the linear line is fitted significantly affects the Legendre transform curves (as it is presented in 3.10). We

found that the Legendre transform curves are comparable only when the same range of time scales are

considered. Due to this fact in the following set of results the n = 4, λ = 1/215, γ = 8 parameters, as

well as the range of time scales of the linear fit are fixed. We only analyze the effect of the variability

parameters, ai, i = 1, . . . , 4, on the Legendre spectrum.

Figure 9.5 shows the Legendre transform of the considered MAP structure with uniform variability

parameters. It can be seen that low variability, ai = 0.1, i = 1, . . . , 4, results in a narrow Legendre

transform and large variability, ai = 0.9, i = 1, . . . , 4, results in a wide one. Theoretically, the Legendre

transform of a mono-fractal is a single point, since a mono-fractal has the same scaling parameter for each

moments. On the other end a wide Legendre transform curve represents a “rich multifractal spectrum”.

Note that our MAP structure results in a Poisson process when ai = 0, i = 1, . . . , 4, which is not a

scaling process (its log-moment curves are not linear).

Figure 9.6-9.8 investigates the effect of different variability patterns on the Legendre transform. In

Figure 9.6 the average of the variability parameters is fixed,
∑4

i=1 ai/4 = 0.5, and the variability pa-

rameters form an arithmetic sequence with different increments. In Figure 9.7 the a2, a3, a4 parameters

are fixed to 0.5 and the variability parameter associated with the slowest time scale, a1, is changed. In

Figure 9.8 a1 = a2 = a3 = 0.5 and a4 varies. From Figure 9.6 - 9.8 one can conclude that the variability

at the slowest time scale effects the width of the Legendre transform curve. The higher a1, the wider the

Legendre transform curve is. According to Figure 9.8 the variability parameter of the fastest time scale

does not affect the width of the Legendre transform too much. Instead it turns the curve a bit.
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Figure 9.5: Effect of increasing variability at each
time scale

�
�
�
�

	

0.4

0.5

0.6

0.7

0.8

0.9

1

0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

(0.5,0.5,0.5,0.5)
(0.2,0.4,0.6,0.8)
(0.4,0.466,0.533,0.6)
(0.8,0.6,0.4,0.2)
(0.6,0.533,0.466,0.4)

Figure 9.6: Effect of different variability patterns
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9.2.2 Approximating the Bellcore pAug Trace

To test the properties of the proposed MAP structure and the fitting method, we fit a MAP with the

famous Bellcore pAug trace [80]. This data set is composed by 106 ∼ 220 interarrival times. We applied
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the fitting method with n = 5 and several different predefined setting of γ, λ. We found that the goodness

of the fitting is not very sensitive to the predefined parameters around the reasonable region. The best

“looking” fit is obtained when Tm is the mean time of 16 arrivals and γ = 8. In this case TM is the mean

time of 16 ∗ 85 = 219 arrivals which corresponds to the coarsest time scale we can analyze in case of the

Bellcore pAug trace. The simplex method minimizing the relative error of the second moment of Haar

wavelet coefficients over S = 12 time scales resulted: a1 = 0.144, a2 = 0.184, a3 = 0.184, a4 = 0.306, a5 =

0.687. The result of fitting the second moment of the Haar wavelet transform at different aggregation

levels is plotted in Figure 9.9. Since our fitting method intends to minimize a sum of these differences

the obtained small differences come from the structural limits of the applied MAP with the given fixed

parameters. At small time scales the fitting seems to be perfect. There is only a small oscillation of the

curves. At larger time scales the oscillation seems to enlarge. The slope of the curves are almost equal

in the depicted range. (Note that the E[d2
k] is also increasing with the aggregation level.)

First, we compared the multiscaling behavior of the obtained MAP with the one of the original data

set via the log-moment curves. Figure 9.10 depicts the logarithm of different moments of the aggregated

process, log2(Sn(q)), as a function of the aggregation level, n. In the figure, the symbols represents the

log-moment curves of the fitting MAP and the solid lines indicate the corresponding log-moment curves

of the Bellcore pAug trace. In the range of n ∈ (3, 19) the log-moment curves of the fitting MAP are very

close to the ones of the original trace. The log-moment curves of the approximate MAP are also very

close to linear in the considered range.

The partition functions of the fitting MAP and the original trace are depicted in Figure 9.11. As it is

mentioned in the previous section, the visual appearance of the partition function is not very informative

about the multifractal scaling behavior. Figure 9.12 depicts the Legendre transform of the partition

functions of the original data set and the approximating MAP. The visual appearance of the Legendre

transform significantly amplifies the differences of the partition functions. In Figure 9.12, it can be seen
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Figure 9.10: Scaling of log-moments of the original
trace and the fitting MAP

that both processes exhibit multifractal behavior but the original data set has a bit richer multifractal

spectrum. The difference of the Legendre transforms comes from the differences of the higher moments

(< −3 and > 4), which are not provided in Figure 9.10.

Actually, Figure 9.12 shows a rather poor fitting of the multifractal spectrum. Based only on this

figure one cannot accept the proposed fitting method. We believe that the differences in the Legendre

transforms have to be handled with care. The Legendre transform might over emphasizes the differences

of the multifractal spectrum and it is very sensitive to the applied numerical procedure as it is presented

in Figure 3.10. The Legendre spectrum of the approximate multifractal wavelet models proposed in [67]

also show significant differences from the one of the original trace (Figure 9 in [67]).
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Figure 9.11: Partition function estimated through
the linear fits shown in Figure 9.10
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The above tests of the proposed MAP fitting method considered the statistical properties of the orig-

inal and the approximate processes. From applications point of view, especially from telecommunication

related applications point of view, one of the most important criteria of the goodness of fitting is the
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Figure 9.14: Queuelength distribution at ρ = 0.4
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Figure 9.15: Queuelength distribution at ρ = 0.6
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Figure 9.16: Queuelength distribution at ρ = 0.8

queuing behavior resulted by the arrival processes.

We also compared the queuing behavior of the original data set with the one of the approximate MAP

assuming deterministic service time and different queue utilization, ρ. The utilization was set by properly

choosing the value of the deterministic service time. As it is mentioned above, we apply an artificial time

unit such that the overall average arrival rate is 1 (one arrival per time unit). Using this time unit the

service time is equal to the utilization. Figures 9.13 - 9.16 depict the queue length distribution resulted

from the original and the approximate arrival processes. The queue length distribution curves show a

quite close fitting. The fitting is better with higher queue utilization which might mean that different

scaling behaviors play dominant rule at different utilizations, and the ones that are dominant at high

utilization are better approximated by the proposed MAP.
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Chapter 10

Conclusion of Part III

In Part III of the thesis, after a short introduction to some important features of real traffic data, we

have proposed procedures to capture these features by Markovian models.

In Chapter 7 we have investigated Phase-type fitting techniques that are able to improve the tail

fitting behavior of the existing methods. First a Phase-type fitting method has been presented that

is able to approximate distributions based on any general distance measure. It has been shown that

the properties of Phase-type fitting can be tuned by choosing an appropriate distance measure for the

fitting method. To further improve the tail fitting properties a combined Phase-type fitting method is

introduced. This method implements the above general method for fitting the main part of a distribution

and the effective heuristic approach of Feldman and Whitt for fitting the tail behavior. Several numerical

examples present the properties of the introduced fitting methods. The examples show that the proposed

combined fitting method provides a suitable Phase-type approximation of heavy-tailed distributions that

is also verified by the queuing behavior of the M/G/1 queues and their approximating M/PH/1 queue.

Chapter 8 has presented a heuristic MAP fitting method that fits some short- and long-range de-

pendent parameters of the considered traffic process. The goodness of the fitting procedure has been

evaluated by commonly applied statistical tests and by the queue length distribution generated by the

traffic processes. The proposed fitting method provides a MAP whose fitted parameters are the same

as the one of the original traffic process (or very close), but the applied statistical tests and the queue

length distribution does not show a perfect match which means that other traffic parameters play also

important role in the traffic behavior.

In Chapter 9 we have presented a MAP structure that is able to exhibit multifractal scaling behavior

according to the commonly applied statistical tests. The proposed MAP structure is constructed similarly

as the unnormalized Haar wavelet transform of finite sequences. A heuristic fitting method is also

proposed to approximate data sets with multifractal scaling behavior by a MAP with the considered
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structure. Our numerical experiences show a good fitting according to the majority of the performed

tests except the comparison of Legendre spectra of the original and the approximate arrival processes.

From telecommunication applications point of view it is promising that the queue length distribution of

the original arrival process fits in with the one of the approximate arrival process.
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Appendix A

Proof of Lemma 4.8

In order to prove Lemma 4.8, we have to compare two ADPHs, in CF1 form, of order n with mean

mn, namely: τn(mn) and τM
n (mn). By assumption, τn(mn) is such that its conditional absorption

time in phase n is a MDPH (τM
n−1(mn−1)); hence, τn(mn) is completely specified by the values of n −

1, mn−1, an, pn. On the other hand, τM
n (mn) is a MDPH; hence, its second moment (and cv) is uniquely

specified by the values of n and mn.

Since we compare random variables of equal mean, their coefficient of variations are in the same

relation (<, =, >) as their second moments. Hence, all the following considerations are based on second

moments, only. The proof consists of two steps; first we derive the conditions to minimize the second

moment dn of τn(mn), then we show that the obtained minimal second moment of τn(mn) is, in any case,

not less than the second moment of τM
n (mn).
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Figure A.1: Different structures for τn(mn)
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First part: conditions that minimizes the second moment of τn(mn).

Since the structure of the MDPH changes when the mean is equal to the order (4.46), we need to consider

two different possible structures for τn(mn) according to the two possible structures of the MDPH defined

over the n− 1 phases. These two structures are depicted in Figure A.1 and depend whether mn−1 is less

or greater than n − 1:

Structure I. - mn−1 ≤ n − 1: τn(mn) for this case is shown in Figure A.1-I.

Structure II. - mn−1 > n − 1: τn(mn) for this case is shown in Figure A.1-II.

Now we have to find the values of an and pn that minimizes dn for the possible two possible structures

of Figure A.1. Since sn = 1, (4.43) and (4.44) become:

mn = (1 − an)mn−1 +
1

pn
, (A.1)

dn = (1 − an)

(
dn−1 +

2mn−1

pn

)
+

2 − pn

p2
n

. (A.2)

Rearranging (A.1), we obtain:

an = 1 −
mn − 1

pn

mn−1
. (A.3)

From (A.3), we can establish the range of variability of pn given n, mn−1 and mn. Since an and pn

are probabilities (i.e., 0 ≤ an ≤ 1 and 0 ≤ pn ≤ 1), and an is a monotonic function of pn, we obtain:

1

mn
≤ pn ≤






1 if mn − mn−1 ≤ 1
1

mn − mn−1
if mn − mn−1 > 1

(A.4)

Substituting (A.3) into (A.2), we obtain, for the second moment:

dn =

mn − 1

pn

mn−1

(
dn−1 +

2mn−1

pn

)
+

2 − pn

p2
n

=
dn−1mn

mn−1
+

2mn − 1 − dn−1

mn−1

pn
. (A.5)

By examining (A.5), the following cases have to be distinguished:

• if 2mn − 1 − dn−1

mn−1
≤ 0 −→ then dn decreases as pn decreases.

The lower bound for pn is 1/mn with an = 1 at this lower limit (Equation A.4). Hence, in this case,

the structures I. and II. of Figure A.1 with minimal dn transform into the structure 1. of Figure

A.2.

• if 2mn − 1 − dn−1

mn−1
> 0 −→ then dn decreases as pn increases.

To determine the upper limit for pn two cases have to be considered:
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– if mn − mn−1 ≥ 1:

the upper limit for pn is 1/(mn − mn−1) and the associated initial probability is an = 0

(Equation A.4). So the structure I. (II.) of Figure A.1 with minimal dn transform into the

structure 2. (3.) of Figure A.2.

– if mn − mn−1 < 1:

the upper bound of pn is 1, and the associated initial probability is an = 1 − (mn − 1)/mn−1

(Equation A.4). So the structure I. (II.) of Figure A.1 with minimal dn transform into the

structure 4. (5.) of Figure A.2.

Now, we have found the various structures that minimize the second moment dn of τn(mn), as it is

summarized on Figure A.2.

Second part: comparing the minimal structures for τn(mn) with τM
n (mn).

A MDPH is uniquely defined (and hence also its second moment) by m and n; however, its shape changes

when the mean is equal to the order, and hence τM
n (mn) can have two different possible structures:

Structure A. - mn ≤ n: τM
n (mn) for this case is shown in Figure A.3-A.

Structure B. - mn > n: τM
n (mn) for this case is shown in Figure A.3-B.

In order to complete the proof, we have to compare all the five possible structures of τn(mn) (Figure

A.2), that minimizes its second moment dn, with the two possible structures of τM
n (mn) (Figure A.3), and

to show that, in any case, the second moment of τn(mn) is not less than the second moment of τM
n (mn).

Table A.1 summarizes all the combinations to be examined together with some conditions useful for the

comparison.

Case Conditions for Structures

2mn − 1 − dn−1

mn−1
mn − mn−1 mn−1 mn to compare

1-A ≤ 0 ≤ n 1. of Fig. A.2 A. of Fig A.3
1-B ≤ 0 > n 1. of Fig. A.2 B. of Fig A.3
2-A > 0 ≥ 1 ≤ n − 1 ≤ n 2. of Fig. A.2 A. of Fig A.3
2-B > 0 ≥ 1 ≤ n − 1 > n 2. of Fig. A.2 B. of Fig A.3
3-A > 0 ≥ 1 > n − 1 ≤ n Not possible
3-B > 0 ≥ 1 > n − 1 > n 3. of Fig. A.2 B. of Fig A.3
4-A > 0 < 1 ≤ n − 1 ≤ n 4. of Fig. A.2 A. of Fig A.3
4-B > 0 < 1 ≤ n − 1 > n Not possible
5-A > 0 < 1 > n − 1 ≤ n 5. of Fig. A.2 A. of Fig A.3
5-B > 0 < 1 > n − 1 > n 5. of Fig. A.2 B. of Fig A.3

Table A.1: Combination of cases for comparing the second moments of τn(mn) and τM
n (mn)
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Figure A.3: Different structures for τM
n (mn)

Note that Cases 3-A and 4-B are not possible; while for cases 1-A and 1-B the condition for mn−1 does

not play any role because an = 1 and hence the initial probabilities of all the preceeding phases are 0

(see structure 1 in Figure A.2).

Now we consider all the cases of Table A.1 one by one, and we prove that the second moment of

the structure corresponding to τn(mn) (first digit in the case number) is always not less than the second

moment of the structure corresponding to τM
n (mn) (second capital letter in the case number). In each one

of the following cases, the second moment of τn(mn) is on the l.h.s and the second moment of τM
n (mn)

is on the r.h.s.

Case 1-A:

m2
n − mn + m2

n ≥ R(mn)(1 − R(mn)) + m2
n (A.6)

(I(mn) + R(mn))2 − (I(mn) + R(mn)) ≥ R(mn)(1 − R(mn)) (A.7)

I(mn)2 − I(mn)︸ ︷︷ ︸
≥0

+ 2R(mn)2︸ ︷︷ ︸
≥0

+ 2R(mn)(I(mn) − 1)︸ ︷︷ ︸
≥0

≥ 0 (A.8)

Case 1-B:

m2
n − mn + m2

n ≥ (n)

[(mn

n

)2

− mn

n

]
+ m2

n (A.9)

m2
n ≥ m2

n

n
=⇒ 1 ≥ 1

n
(A.10)

Case 2-A:

115



-10

-5

0

5

10

15

20

1 2 3 4 5

Figure A.4: Case 2-A: f2−A(mn−1, mn) (solid line) and d f2−A(mn−1,mn)
dmn−1

(hashed line) as a function of

mn−1 when mn = 5.

R(mn−1)(1 − R(mn−1)) + (mn − mn−1)
2 − (mn − mn−1) + m2

n ≥ R(mn)(1 − R(mn)) + m2
n (A.11)

R(mn−1)(1 − R(mn−1)) + (mn − mn−1)
2 − (mn − mn−1) − R(mn)(1 − R(mn)) ≥ 0 (A.12)

Let us denote the l.h.s. by f2−A(mn−1, mn). For any value of mn, f2−A(mn−1, mn) has the following

properties:

• f2−A(mn−1, mn) is continuous, since all of its terms are continuous.

• f2−A(1, mn) ≥ 0, since the inequality

f2−A(1, mn) = (mn − 1)2 − (mn − 1) − R(mn)(1 − R(mn)) ≥ 0 , (A.13)

holds for any mn ≥ 2 (which is a condition of case 2-A).

• f2−A(mn − 1, mn) = 0.

• The derivative of f2−A(mn−1, mn) with respect to mn−1

d f2−A(mn−1, mn)

dmn−1
= 2(I(mn−1) + 1 − mn) (A.14)

is negative under the conditions of case 2-A.

Hence f2−A(mn−1, mn) can not be negative for mn−1 ∈ (1, mn − 1) (see also Figure A.4).
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Case 2-B:

R(mn−1)(1 − R(mn−1)) + (mn − mn−1)
2 − (mn − mn−1) ≥

m2
n

n
− mn + m2

n (A.15)

R(mn−1)(1 − R(mn−1)) + m2
n

n − 1

n
− 2mn−1mn + m2

n−1 + mn−1 ≥ 0 (A.16)

R(mn−1)(1 − R(mn−1))︸ ︷︷ ︸
≥0

+

(√
n − 1

n
mn −

√
n

n − 1
mn−1

)2

︸ ︷︷ ︸
≥0

+ (1 − mn−1

n − 1
)mn−1

︸ ︷︷ ︸
≥0

≥ 0 (A.17)

Case 3-B:

(n − 1)

(
m2

n−1

n − 12 − mn−1

n − 1

)
+ (mn − mn−1)

2 − (mn − mn−1) + m2
n ≥ m2

n

n
− mn + m2

n (A.18)

n − 1

n
m2

n − 2mn−1mn +
n

n − 1
m2

n−1 ≥ 0 (A.19)

(√
n − 1

n
mn −

√
n

n − 1
mn−1

)2

≥ 0 (A.20)

Case 4-A:
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Figure A.5: Case 4-A: f4−A(mn−1, mn) (solid line) and d f4−A(mn−1,mn)
dmn

(hashed line) as a function of
mn when mn−1 = 5

mn − 1

mn−1
(R(mn−1)(1 − R(mn−1)) + (mn)2) + 1 − mn − 1

mn−1
≥ R(mn)(1 − R(mn)) + m2

n (A.21)
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Moving everything to the left side, using the function I(m) instead of R(m) we have

1

mn−1

(
2mn−1mn − 2mn−1 + I(mn−1)(1 − 2mn−1 + I(mn−1) − mn + 2mn−1mn

+I(mn)(mn−1 − I(mn−1)mn) − 2mn−1mn + mn−1I(mn))
)
≥ 0

(A.22)

Following a similar approach as in case 2-A, let us denote the left hand side by f4−A(mn−1, mn). It is

easy to check that for any value of mn−1

• f4−A(mn−1, mn) is continuous,

• f4−A(mn−1, 1) ≥ 0,

• f4−A(mn−1, mn−1 + 1) ≥ 0,

• the derivative of f4−A(mn−1, mn) with respect to mn is positive at mn = 1 and is monotonically

decreasing under the conditions of case 4-A (Figure A.5).

So that the inequality (A.21) holds under the conditions of case 4-A.

Case 5-A:

-6

-4

-2

0

2

4

6

8

1 2 3 4 5 6 7

Figure A.6: Case 5-A: f5−A(mn−1, mn) (solid line) and d f5−A(mn−1,mn)
dmn

(hashed line) as a function of
mn when n = 5 and mn−1 = 5

mn − 1

mn−1

(
(n − 1)

(
mn−1

n − 1

)2

+ 1 − (mn−1 + 1) + (mn−1 + 1)2

)
+ 1 − mn − 1

mn−1
(A.23)

≥ R(mn)(1 − R(mn)) + m2
n (A.24)

mn + mn−1mn +
mn−1mn

n − 1
− mn−1 −

mn−1

n − 1
≥ R(mn)(1 − R(mn)) + m2

n (A.25)
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Using the same technique as for case 4-A, we have

m2
n + mn−1mn +

mn−1mn

n − 1
− mn−1 −

mn−1

n − 1
+ I(mn) − 2mnI(mn) ≥ 0 (A.26)

Denoting the left hand side by f5−A(mn−1, mn) it is easy to show that

• f5−A(mn−1, mn) is continuous,

• f5−A(mn−1, 1) ≥ 0,

• f5−A(mn−1, n) ≥ 0,

• the derivative of f5−A(mn−1, mn) with respect to mn is positive for mn = 1 and monotone decreas-

ing under the conditions of case 5-A (Figure A.6).

As a consequence (A.24) holds.

Case 5-B:

mn + mn−1mn +
mn−1mn

n − 1
− mn−1 −

mn−1

n − 1
≥ m2

n

n
− mn + m2

n (A.27)

−mn−1 −
mn−1

n − 1
+ 2mn + mn−1mn +

mn−1mn

n − 1
− m2

n − m2
n

n
≥ 0 (A.28)

(mn − 1)︸ ︷︷ ︸
≥0

(
1 +

1

n − 1

)
(mn−1 + 1 − mn)

︸ ︷︷ ︸
≥0

+
(mn − (n − 1) − 1)2

(n − 1)n︸ ︷︷ ︸
≥0

≥ 0 (A.29)

Which concludes the proof of Lemma 4.8.
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Appendix B

Third Moment of the Number of

Arrivals in PH Arrival Processes

To compute the third centralized moment of the number of arrivals in (0, t) of a PH arrival process one

may start from the results presented in Chapter 5.1 of [52].

The evaluation of the counting process is described by the matrices P (k, t), k ≥ 0. By Pij(k, t) we

denote the conditional probability that the underlying Markov process is in state j at time t and k arrivals

happened in (0, t), given that the process was started in state i. The factorial moment matrices of the

arrival process is defined as

V n(t) =

∞∑

k=n

k!

(k − n)!
P (k, t), n ≥ 0. (B.1)

It is easy to verify that the third centralized moment may be obtained as

MPH(Nt) = πV 3(t)e − 3(3tEPH(N1) − 1)V arPH(Nt) − (B.2)

tEPH(N1)(tEPH(N1) − 1)(tEPH(N1) − 2), (B.3)

where π denotes the steady state probability vector of the underlying Markov process, EPH(N1) may

be calculated by (8.4), V arPH(Nt) is given in (8.3), while πV 3(t)e may be obtained by evaluating the

following integral:

πV 3(t)e = 6πCPH

∫ t

0

∫ u2

0

(eπu1 + (I − eu1(CP H+DP H)) (B.4)

(eπ − (CPH + DPH))−1CPHe(u2−u1)(CP H+DPH )du1du2CPHe (B.5)
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[77] J. Lévy Véhel and R. H. Riedi. Fractional brownian motion and data traffic modeling: The other
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