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Chapter 1
Introduction
Orbital ordering phenomena in f -electron systems have been extensively
studied in the past two decades. The highly degenerate f -shells of rare
earth and actinide ions support a great variety of local degrees of freedom:
magnetic, quadrupolar and octupolar at least. This leads to variegated and
complex phase diagrams and magnetic properties. Quadrupolar ordering was
found to explain the properties of many Ce, Tm and Pr-based rare earth compounds like CeB6 , TmTe, and PrPb3 . The detailed theory of CeB6 contains
the ﬁrst full symmetry classiﬁcation of multipoles, including the eﬀect of an
external magnetic ﬁeld [5].
In earlier studies, orbital ordering was usually understood to mean just
quadrupolar ordering, but it has become clear that orderings of higher multipoles are also realized in some f -electron compounds. Recent experimental
observations on NpO2 indicate that the primary order parameter of the 25K
phase transition is purely octupole. Multipoles of still higher order, namely
hexadecapoles and triakontadipoles may play a role in the physics of Pr-ﬁlled
skutterudites and URu2 Si2 . The physics of multipolar orderings is far from
being fully explored yet.
One may think that higher order multipoles are irrelevant because their
interaction is much weaker than ordinary dipolar interaction. This seems to
be suggested by the multipole expansion in classical electrodynamics. This is,
however, misleading. The leading interaction term between the multipoles
has quantum mechanical origin, it is mediated by electrons in wide bands
like the usual indirect exchange interaction, thus the interactions between
multipoles with diﬀerent rank are equally important.
Many f -electron systems order magnetically. However, quite a few f electron systems have phase transitions which are thermodynamically as
strong as the magnetic transitions, but the low temperature phase is not
magnetically ordered. In these cases, we associate the phase transition with
3
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the ordering of a multipolar moment. Often it is called ”hidden order” because, in contrast to magnetic order which is easy to detect, multipolar order
is not easily seen. Therefore, theoretical investigations of the behavior of
multipolar models and the consequences for the magnetic properties are important.
My thesis work is organized as follows. In Chapter 2, a general overview
of the f -electron systems and the relevant theoretical concepts will be given.
Part of my motivation was to understand the properties of the compounds
NpO2 , PrFe4 P12 , and URu2 Si2 . I give a short review of the experimental
results and previous theories in Section 2.6. Motivated by the ﬁndings on
NpO2 I introduced a Γ8 lattice model of octupolar ordering (Chapter 3). I
used this example to develop a description of the ﬁeld induced coupling of
multipolar moments (Section 3.4). I describe the Γ1 –Γ4 quasi-quartet model
of the PrFe4 P12 skutterudite in Chapter 4. Finally, I present a new model
of the temperature–magnetic ﬁeld phase diagram of URu2 Si2 in Chapter 5.
In this model, the so-called hidden order is interpreted as octupolar order.
Chapter 6 is the conclusion, and the last parts include the Appendix, the
Acknowledgment and the Bibliography.

Chapter 2
Overview of the Theoretical
Background
2.1

General Considerations

The physical interest of lanthanide and actinide compounds is due to their
unusual magnetic and electronic properties. The complexity of the observed
behavior is ascribed to the 4f and 5f electrons which show various degrees
of localization, ranging from completely localized to itinerant band-like behavior. These two series of elements in the periodic table possess incomplete
f -shells. The lanthanide series of rare earths starts to ﬁll up the 4f shell with
cerium and ends with lutetium. The actinide series with 5f shell includes
also the transuran elements beyond the uranium. Of these only neptunium,
plutonium, and americium are standard subjects of solid state experiments.
In rare earth systems the strong intra-ionic interactions of the f -electrons
strongly aﬀect the physics of these compounds. This behavior is due to
the extraordinary compactness of the 4f shell lying well inside the xenon
core. Additionally, the strong intra-ionic correlations seem to be essentially
unaﬀected by the surrounding crystal.
Along the d and f series of the elements in the periodic table there is
a tendency of increasing localization resulting from the contraction of the
magnetic shell with increasing atomic number. The elements close to the
localized-to-itinerant cross-over region are especially interesting, since any
small perturbation (for example, pressure, magnetic ﬁeld, doping) may modify their properties appreciably. The interest of these compounds lies mainly
in their exotic magnetic properties, which could be either of a localized type
of magnetism or nonmagnetic heavy Fermi liquid behavior, but they can also
show a variety of reduced moment behavior or itinerant spin density wave

5
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phases. The theoretical description of these systems is a really hard challenge
for the physicist. In order to ﬁnd the minimal model which gives the essential
physics, we have to decide whether a localized or an itinerant picture is the
most useful to apply. But usually the Hamiltonian contains diﬀerent terms
having a comparable strength.
In general, 4f electrons are more localized than the 5f electrons. In the
case of 5f electrons, because of the greater spatial extension of their shell, the
5f wavefunctions may overlap with the wavefunctions coming from the other
actinide ions, resulting in narrow f -bands. These 5f bands tend to hybridize
strongly with 6d and 7s bands making the situation more complex. The
hybridization eﬀect of the actinide ions with both purely the other actinide
ions or the conduction bands may lead to itineracy. The system has to
optimize the competing one-particle band-like and the many-particle atomiclike energy terms in order to get the actual ground state. Because of the
itineracy, charge ﬂuctuations are present and consequently the valence of
rare earth and actinide ions is not necessarily a sharp integer; it can also be
nearly integer, or intermediate valence.
When the hybridization between the f states and conduction states is
not so strong, the charge ﬂuctuations are weak and the valence can be nearly
integral. In this case we speak about Kondo lattice systems, which are most
often compounds of Ce or U. The system possesses magnetic moment in
the sense of Hund’s rules, but at low temperatures the moment may be lost
because of the formation of a global non-magnetic ground state in the f conduction electrons system. This eﬀect is the Kondo eﬀect. The physical
nature of the Kondo eﬀect is well known, however, it is nonperturbative, the
Kondo temperature has form TK ∼ exp(−1/J), where J is the hybridization
strength. In the Kondo lattice model, there are two competing mechanisms.
In the Kondo eﬀect, the conduction electrons screen the magnetic moment of
the ion resulting a non-magnetic ground state. On the other hand, the interionic interactions (RKKY-like, Ruderman-Kittel-Kasuya-Yoshida) tend to
order the moments. The relation of these two energy scales decides whether
the ground state is non-magnetic or magnetically ordered. Because of the
interplay between the diﬀerent contributions to the Hamiltonian, rich variety
of behavior may be realized. Some Kondo lattice systems with non-magnetic
Fermi liquid-like ground state have huge eﬀective electron mass which is realized in enhanced speciﬁc heat coeﬃcient γ and Pauli susceptibility. We
call these systems heavy fermion systems. Other Kondo lattice systems possess unconventional superconducting or magnetic states at low temperatures.
One of the interesting properties of the superconducting systems is that the
superconductivity may coexist with magnetism.
In the itinerant limit, the compounds can be Pauli paramagnets or the
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magnetism can arise from a Stoner-like polarization mechanism. The HartreeFock approximation can be fruitfully applied in many cases to treat the
electron-electron interaction. The Stoner formula of the suitably chosen susceptibility can account for ferromagnetic band magnetism, while in quasi
one-dimensional materials it predicts a 2kF instability due to the nesting
properties of the Fermi surface which may lead to the appearance of charge
or spin density wave modulation at low temperatures. Using the well-known
non-degenerate Hubbard model we are able to account for many of the properties of itinerant systems, i.e., the spin density wave behavior, ferromagnetism within the frame of the Stoner theory, or antiferromagnetism in the
large on-site interaction limit, but to understand the behavior of some strong
itinerant ferromagnets, for example La1−x Srx MnO3 , the inclusion of the orbital degeneracy into the Hubbard model is important.
In the localized limit, the intra-ionic interaction terms are taken into
account through Hund’s rules. In f -electron systems the spin-orbit coupling
is strong, which leads to the mixing of states with diﬀerent quantum numbers
ML and MS , therefore L orbital and S spin moments are no longer good
quantum numbers. Only the total angular moment J is a good quantum
number. All three of Hund’s rules have to be used to predict the ground
state J multiplet. For most of the rare earth ions, the spin-orbit splitting
is larger than the thermal energy kB T in the interesting temperature range.
Thus it is good approximation to conﬁne ourselves to the Hund’s rule ground
state J multiplet1 .
The relevant degrees of freedom for one ion are its electric and magnetic
multipole moments. Considering only the magnetic dipoles as relevant ones,
the system can be described by a Heisenberg-like spin Hamiltonian. But in
real cases, there is no reason which would forbid the interactions between
the diﬀerent types of higher multipolar moments having roughly the same
strength as usual magnetic dipolar interaction. Band eﬀects are considered
only in the sense that they mediate the inter-ionic couplings.
The free ion picture is acceptable at suﬃciently high temperatures. At
lower temperatures, it has to be taken into account that the surrounding
ions give a crystalline electric ﬁeld, which inﬂuences the properties of the
f -electrons. In f -electron systems, the crystal ﬁeld is smaller than the spinorbit coupling. The weakness of the crystal ﬁeld allows us to apply all three
Hund’s rules. However, the eﬀect of a weak crystal ﬁeld may become apparent at low temperatures: magnetism may be largely quenched at tem1
For instance, for Pr3+ ion, the energy separation between the ground state J = 4 and
the ﬁrst excited multiplet J = 5 is about ∼ 3150K, which allows to restrict ourselves to
the ninefold degenerate J = 4 subspace up to high temperatures.

Chapter 2 Overview of the Theoretical Background

8

peratures lower than the crystal ﬁeld splittings. This eﬀect is diﬀerent from
the case of d electrons, where the quenching of the orbital momentum happens usually, which does not aﬀect the spin momentum. Here, the total
angular momentum may be quenched. Due to the interaction with the crystal ﬁeld, the highly degenerate Hund’s rule ground state multiplet splits in
accordance with the symmetry of the environment2 . This causes that the
magnetic moment considerably reduces with respect to its free ion value at
high temperatures.

2.2

Crystal Field Theory

In this Section we give a brief summary of crystal ﬁeld theory. Most of this
material is completely standard; we describe it here for ready reference. We
will use the methods described here for the symmetry classiﬁcation of multipolar operators in Section 2.3, which is usually not described in textbooks.
In the previous Section we pointed to the fact that an ion is always embedded in an arrangement of the surrounding ions which leads to crystalline
electric ﬁeld. Replacing the surrounding ions by point charges3 , at a lattice
site r they give an electrostatic potential, which can be expressed with the
crystal ﬁeld Hamiltonian
Hcf (r) =



V (r − Rj ) ,

(2.1)

j

where Ri means the positions of the surrounding ions. The Hamiltonian
(2.1) has a symmetry as its most important feature, and we do not have to
deal with the details of it. This allows us to use symmetry considerations in
order to analyze the behavior of the ions in solid.
Let us consider an ion with a partially ﬁlled f - or d-shell, surrounded by
a ﬁrst shell of other ions (typically anions), arranged according to a local
symmetry, e.g., an octahedron formed by oxygen or sulphur ions. The elec2

Noting that the cubic environment which means a high symmetry has only irreducible
representations singlet, doublet, and triplet leads to substantially reduced moments even
if the ground state is a triplet. Moments are fully quenched if the ground state happens
to be a singlet.
3
For the sake of simplicity, we assume that the crystal environment is purely electrostatic, and we neglect the overlap of the magnetic ion wavefunctions with those of the
surrounding charges. However, our symmetry arguments usually apply also when the
splittings arise from the hybridization from a central f - or d-shell with the orbitals of
surrounding anions.
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trostatic potential V can be expressed in terms of the spherical harmonics,
V (r) =

k
∞ 


aqk rk Ykq (θ, φ) .

(2.2)

k=0 q=−k

For example, for a tetragonal environment, the lowest order term is quadratic,
and this is followed by a series of higher-order terms
Vtetr (r) = C1 (3z 2 − r2 ) + C2 (x4 + y 4 + z 4 − 6r4 ) + ...

(2.3)

where r2 = x2 + y 2 + z 2 .

2.2.1

Stevens Equivalents

Vtetr (r) appearing in (2.3) should be put into the Schrödinger equation as a
one-electron potential. However, we do not wish to solve the problem in full
generality. Our main interest is in f -electron systems for which the relevant
subspace is the (2J + 1)-dimensional J-eigenspace. It can be shown that
within this Hilbert space, Vtetr acts like




Vtetr (r) → c1 [3Jz2 − J(J + 1)] + c2 [O40 + 5O44 ] + ...

(2.4)

where the second term contains a complicated fourth order polynomial of Jx ,
Jy , Jz (see Appendix A). Our point is the correspondence of the ﬁrst term
to the ﬁrst term of (2.3).
The general lesson is that for our purposes, operators expressed in terms of
the cartesian coordinates x, y, z can be replaced by equivalent expressions of
Jx , Jy , Jz . However, to account for the fact that Jx , Jy , Jz do not commute
while x, y, z do, we always have to symmetrize the J components. The
simplest example is
xy → Jx Jy = (Jx Jy + Jy Jx )

(2.5)

which happens to be the quadrupolar moment Oxy . Here, and in the following, ”overline” means symmetrization.
Oxy is the Stevens equivalent of xy. Similarly, (2.4) is the Stevens
equivalent of (2.3). It is a general consequence of the Wigner–Eckart theorem that Stevens replacements act equivalently to the original operators
within a J-eigenspace. Introducing Stevens equivalents makes using a (J, Jz )
basis very convenient. This is what we will usually do. We will use the
Stevens equivalents of multipolar moments, and their intersite interactions,
and diagonalize them in either single-site, or many-site (J, Jz ) Hilbert spaces.
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We return now to the general formulation of a crystal ﬁeld Hamiltonian
operating within the lowest (2J +1)-fold degenerate |LSJMJ  multiplet. The
Wigner-Eckart theorem tells that in this subspace the spherical harmonics
can be replaced by combinations of the components of the J operator, resulting in the equivalent operators (or Stevens operators) Okq (J). The matrix
elements of these equivalent operators are proportional to the matrix elements of the original crystal ﬁeld potential




JMJ |Ykq (θ, φ)|JMJ  ∝ JMJ |Okq (J)|JMJ  .

(2.6)

Thus the crystal ﬁeld potential can be written as
Hcf =



k


Bkq Okq (J) ,

(2.7)

k=2,4,... q=−k

where Bkq ∝ aqk rk . As we mentioned, the spherical harmonics of order k
provide a (2k + 1) dimensional representation D(k) of the SO(3) rotational
group, which is the group of all rotations in the three dimensional space. To
determine the actual form of the Hcf one has to decompose the representations D(k) according to the symmetry of the system. For instance, in the case
of cubic symmetry, second order Stevens operator expressions do not occur
in Hcf because the splitting of D(2) does not contain the identity representation4 . But it appears in the splitting of the D(4) and D(6) representations
once in each, thus two terms of the Stevens operators are necessary to specify
the potential
Hcub = c4 [O40 + 5O44 ] + c6 [O60 − 21O64 ] .

(2.8)

The expressions of the Stevens operator equivalents are listed in Appendix A.
In the following, we will consider systems with not only cubic, but tetragonal symmetry, thus we give also the form of the tetragonal crystal ﬁeld
Hamiltonian
Htetr = B20 O20 + B40 O40 + B60 O60 + B44 O44 + B64 O64 ,

(2.9)

which has ﬁve independent parameters. (This is the full expression replacing
our previous (2.4)). There is a second order term in the Hamiltonian (see
Htetr ) in contrast to the cubic case, because O22 and O20 become inequivalent
in tetragonal environment, and O20 gives a distortion along the c axis.
4

The splitting of D(2) in the cubic environment is Γ3 ⊕ Γ5 .
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Crystal Field Splitting

The symmetry operations which leave the ion at site r in place form a point
group. The point group is the symmetry group of the Schrödinger equation
of, say, f -electron embedded in a solid, which sees ﬁrst of all its immediate
environment. The Hamiltonian
H = Hat + Hcf

(2.10)

contains the atomic Hamiltonian and the crystal ﬁeld potential (2.1).
As for the ﬁrst term, the symmetry group of the atomic Hamiltonian Hat
is the continuous group SO(3). Neglecting spin–orbit coupling, the angular
dependence of the atomic wave functions is given by the spherical harmonics
Ylm (θ, φ), which are the eigenstates of the angular momentum L
L2 Ylm (θ, φ) = h̄2 l(l + 1)Ylm (θ, φ)
Lz Ylm (θ, φ) = h̄mYlm (θ, φ)

(2.11)

where l = 3 for f -electrons (l = 2 for d-electrons) and m = l, l−1, ..., −l. The
spherical harmonics form a (2l + 1) dimensional irreducible representation of
group SO(3). Thus the solution of the eigenvalue problem of Hat leads to
(2l + 1)-fold degenerate eigenstates spanned by the f (d, etc.) states.
Inserting the crystal ﬁeld potential Hcf spherical symmetry is lost and
(2.11) are not good eigenstates. The allowed degeneracies of the eigenstates
are given by the dimensions of the irreducible representations (irreps) of the
point group. The splitting scheme can be determined by the use of character
tables. There are standard methods to determine the basis functions; usually
we omit the derivations and quote only the results.
Let us examine the case of cubic environment. Taking real rotations only,
the point group of the cubic crystal ﬁeld is the 24-element octahedral group
O. The full octahedral group is Oh = O ⊗ {E, i}, the direct product of
O with the two-element group generated by taking also the space inversion
i (i2 = E). Under Oh , the parity is a good quantum number, and irreps
can be classiﬁed as even (g) and odd (u). The polynomials of the cartesian
coordinates x, y, z of order n are even (odd) if n is even (odd).
Table 2.1: Character table of the representation of O in the basis of the d- and f -states.

E 8C3 3C2 6C2 6C4
Basis
−2
Γd 5 -1
1
1
-1 Y2 , Y2−1 ,. . . ,Y22
Γf 7
1
-1
-1
-1 Y3−3 , Y3−2 ,. . . ,Y33
The d (f ) functions give reducible 5-dimensional even (7-dimensional odd)
representations of Oh (see Table 2.1). However, the irreps of Oh are at most
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Table 2.2: Character table of the irreps of Oh . In the second part of the Table, standard
basis functions (l = 1, 2, 3 order polynomials) are given.
Γ1g
Γ2g
Γ3g
Γ4g
Γ5g
Γ1u
Γ2u
Γ3u
Γ4u
Γ5u

E
1
1
2
3
3
1
1
2
3
3

8C3
1
1
-1
0
0
1
1
-1
0
0

3C2
1
1
2
-1
-1
1
1
2
-1
-1



6C2
1
-1
0
-1
1
1
-1
0
-1
1

6C4
1
-1
0
1
-1
1
-1
0
1
-1

i
1
1
2
3
3
-1
-1
-2
-3
-3

8iC3
1
1
-1
0
0
-1
-1
1
0
0

3σh
1
1
2
-1
-1
-1
-1
-2
1
1

6σd
1
-1
0
-1
1
-1
1
0
1
-1

6iC4
1
-1
0
1
-1
-1
1
0
-1
1

Γ1g : x2 + y 2 + z 2
Γ3g : {x2 − y 2 ,3z 2 − r2 }
Γ5g : {xy, yz, zx}

Γ2u : xyz
Γ4u : {x, y, z}
Γ5u : {x(y 2 − z 2 ), y(z 2 − x2 ), z(x2 − y 2 )}

3-dimensional (see Table 2.2), thus the d- and f -level must get split. Using
the character tables Table 2.1 and Table 2.2, the decomposition of the d and
f states in cubic environment are
Γd (5) = Γ3g (2) ⊕ Γ5g (3)
Γf (7) = Γ2u (1) ⊕ Γ4u (3) ⊕ Γ5u (3)

(2.12)

For the actual calculations, it is useful to recall Stevens form of Hcf given
in (2.7) (for the moment setting J=L). The advantage of this form of the
CEF Hamiltonian is that we can easily calculate its matrix elements.
It is usual (though by no means obligatory) to choose real basis functions
of form Ylm ± Yl−m (see Table 2.2). For example, for l = 3 we may choose
[Y32 (θ, φ) + Y3−2 (θ, φ)] ∼ z(x2 − y 2 )
as one of the Γ5u basis functions, or the combination
[Y32 (θ, φ) − Y3−2 (θ, φ)] ∼ xyz
as the basis for Γ2u .
We observe that the list in the lower part of Table 2.2 does not contain
basis functions for all the irreps. The reason is that Γ1u , Γ2g , Γ3u and Γ4g
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cannot be represented on p-, d- or f -like basis functions. L = 4 functions
can be used for Γ4g ; we will show some of these later. Still higher order
polynomials are needed for Γ3u (L = 5), Γ2g (L = 6) and Γ1u (L = 9).
Similar considerations apply for the symmetry classiﬁcation of the multipolar
moments (see next Section).
Up to this point, we have been talking about the symmetry properties of
the orbital state of a single electron. But we know that spin-orbit coupling is
important even for a single f -electron and we also have to consider f -shells
holding several electrons. However, we do not need a more complicated
formalism5 to deal with these cases. Let us consider an example. The Pr3+
ion has f 2 conﬁguration and Hund’s rules give L = 5 and S = 1 which leads
to J = 4. It can be shown that the results are the same as if we had a
single-electron orbital state with L = 4. Using the familiar result
χ(l) (α) = Tr(Γ(l) (α)) = e−ilα + e−i(l−1)α + ... + eilα =

sin((l + 1/2)α)
(2.13)
sin(α/2)

for the character of an α-rotation in the (L, Lz ) basis, and Table 2.2, we get
the following splitting scheme6 of the ninefold degenerate free ion levels
ΓJ=4 (9) = Γ1g (1) ⊕ Γ3g (2) ⊕ Γ4g (3) ⊕ Γ5g (3) .

(2.14)

The sequence of the levels and the size of the splittings is not given by
symmetry arguments; a detailed microscopic model has to be introduced.
Since in equation (2.14) each irrep occurs only once, the form of the basis
states is given by symmetry. For example, let us assume that the ground
state is the Γ3 doublet. The basis states can be chosen as


|Γ+
3 =
|Γ−
3

=



7
[|4 + | − 4] −
24
1
[|2 + | − 2] .
2



5
|0
12
(2.15)

Under time reversal, Jz → −Jz , thus both states are time reversal invariant, the twofold degeneracy is a consequence of cubic geometry, not of the
Kramers theorem (see Appendix A). Γ3 is a non-Kramers doublet, which
can be split by time reversal invariant ﬁeld, such as a quadrupolar eﬀective
ﬁeld, or lattice deformation.
5

Antisymmetrization of the many-fermion states is implicit in our formalism. We will
need a double group symmetry classiﬁcation for ions with an odd number of electrons.
This will be described in Chapter 3.
6
The concrete expressions of these crystal ﬁeld states in the basis of Jz are listed in
Appendix A
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The lack of Kramers degeneracy is not restricted to Γ3 : it is a property of
the 4f 2 conﬁguration and thus of all the subspaces listed in equation (2.14).
Pr3+ is a non-Kramers ion. For instance, the basis functions of Γ4 can be
chosen to carry magnetic moment but still the degeneracy can be fully lifted
by lattice deformation alone (without magnetic ﬁeld).
To summarize, symmetry arguments can be very useful, but they only
give us a list of possiblilities. Detailed model assumptions are needed to
predict what actually happens.

2.3

Local Order Parameters

In the previous Section, we described the symmetry of single-ion states spanning the local Hilbert space. Now we discuss the operators acting in this
Hilbert space. Our purpose is to get a symmetry classiﬁcation of the local
order parameters. Our classiﬁcation will be based on the subgroup of real
rotations for space symmetry, and on time reversal invariance. Eventually,
we are going to consider the inter-site interactions, and the resulting phase
diagram of certain f -electron systems.
We consider only systems for which all three Hund’s rules hold, and we
can consider J2 -eigenspaces7 . In the spirit of the Stevens method, the local
order parameters are expressed as homogeneous polynomials of degree n of
Jx , Jy and Jz . Because of time reversal invariance, an order parameter is
either even, or odd, under time reversal, and correspondingly n is even, or
odd. Even-n order parameters are electric multipoles, while odd-n order
parameters are magnetic multipoles.
The ﬁrst magnetic degrees of freedom are the usual dipoles, Jx , Jy and
Jz components.
The next order multipoles are the ﬁve quadrupolar moments. These
are nothing else than the quantum mechanical equivalents of the electric
quadrupolar moments which are produced by a local electron distribution
ρ(r). The quadrupolar moment tensor is deﬁned as


Qij =

(3ri rj − r2 δij )ρ(r)dr .

(2.16)

According to the Wigner-Eckart theorem, the operator equivalent forms of
the quadrupolar moments in the subspace of the total angular momentum
are, for example
Q(3z 2 − r2 )
7

−→

3Jz2 − J(J + 1)

(2.17)

For systems with weak or intermediate spin-orbit coupling, we would get expressions
involving L and S.
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or
Q(xy)

−→

1
1
Jx Jy = (Jx Jy + Jy Jx ) ,
2
2

(2.18)

which we mentioned in (2.5). Any time the deﬁnition of a physical quantity
(an observable) would be written as the product of non-commuting operators,
we have to symmetrize it (indicated by the ”overline”), otherwise the quantity
could not have a classical meaning8 .
The ﬁve quadrupoles would belong together in a free ion (spherical symmetry). In a crystal ﬁeld, diﬀerent quadrupoles will be in general inequivalent. In fact, the point group can be represented on the space of quadrupole
operators as well as on the Hilbert space of local f -states. In a cubic ﬁeld, we
ﬁnd a Γ3 doublet, and a Γ5 triplet of quadrupoles, formally very similar to the
irreps on d-states. Table 2.3 gives the symmetry classiﬁcation of multipoles
up to rank 3 in a cubic ﬁeld. Note, however, that g and u have a diﬀerent
meaning now as in Table 2.2. In the classiﬁcation of orbital wave functions, g
and u indicated parity under space inversion. Now g stands for time reversal
invariant, while u for changing sign under time reversal. The quadrupoles
deﬁned in (2.17) or (2.18) belong to deformations of charge density, they are
time reversal invariant electric multipoles. The magnetic dipoles are Jx , Jy
and Jz time-reversal-odd operators. We changed to this new deﬁnition of g
and u because the behavior under time reversal is an important property of
an order parameter9 .
The third order multipolar moments are the seven octupolar moments.
They have odd parity under time reversal like the magnetic dipole moments.
Their expressions are third order polynomials of the components of J (see
Table 2.3). The octupolar moments can be thought of as local current distribution without net magnetic moment.
Table 2.3 lists the ﬁrst 15 multipoles in order of increasing rank. There
would be, of course, 9 hexadecapoles (rank 4) etc. It depends on the nature
of the particular problem how many independent multipoles have to be considered. It is possible that we need only a few of them, but also that we have
to consider higher-rank multipoles. We are going to see that the number of
independent operators increases fast with the dimensionality of the Hilbert
space. Therefore, we will usually consider the lowest lying crystal ﬁeld levels
only. Typically, we are interested in low temperature phenomena, with ordering temperature ranging up to ∼ 100K and thus in levels lying not higher
8
All the multipoles will be eventually conventional order parameters with c-number
densities.
9
So Jx , Jy and Jz are now odd. Note that, in contrast to z, Jz does not change sign
under space inversion, so the same triplet should be classiﬁed as space-inversion-even.
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Table 2.3: Symmetry classiﬁcation of the local order parameters in zero magnetic ﬁeld
in cubic environment. Overline means the symmetrized combination of the operators,
subscripts g and u refer to ”even” and ”odd” parity under time reversal (g moments are
electric, while u moments magnetic).
Moments
Dipoles

Irreducible representations
Γ4u

Quadrupoles

Γ3g
Γ5g

Octupoles

Γ2u
Γ4u

Γ5u

Operators
Jx
Jy
Jz
0
2
O2 = (2Jz − Jx2 − Jy2 )/2
O22 = Jx2 − Jy2
Oxy = Jx Jy /2
Oyz = Jy Jz /2
Ozx = Jz Jx /2
Txyz = Jx Jy Jz /3
Txα = (Jx3 − Jx Jy2 − Jz2 Jx )
Tyα = (Jy3 − Jy Jz2 − Jx2 Jy )
Tzα = (Jz3 − Jz Jx2 − Jy2 Jz )
Txβ = (Jx Jy2 − Jz2 Jx )/3
Tyβ = (Jy Jz2 − Jx2 Jy )/3
Tzβ = (Jz Jx2 − Jy2 Jz )/3

than ∼ 10meV above the ground state.
Which order parameters are possible depends on the dimensionality and
the nature of the local (single-site) Hilbert space {|φ1 , |φ2 , ..., |φn }. An
operator acting on the local Hilbert space can be expressed in terms of the
n2 independent operators |φk φl | (k, l = 1 . . . n). In a sense, the diagonal

sum i |φi φi | is trivial (it is a projection of the Hilbert space as a whole).
The remaining n2 − 1 combinations are non-trivial, they are the possible
order parameters.
Let us examine again the cubic Γ3 doublet as local Hilbert space. From
the decomposition
Γ3 ⊗ Γ3 = Γ1g ⊕ Γ2u ⊕ Γ3g

(2.19)

we can see that this subspace supports the Γ2 octupolar and the Γ3 quadrupolar moments as possible order parameters10 . The three independent order
10
The Γ4 irreducible representation does not occur in the decomposition, which means
that usual magnetic ordering does not possible in this subspace. In the previous Section,
we called this doublet nonmagnetic in this sense.
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parameters acting on the doublet (2.15) are
+
−
−
|Γ+
3 Γ3 | − |Γ3 Γ3 |
−
−
+
|Γ+
3 Γ3 | + |Γ3 Γ3 |





+
+
−
i |Γ−
3 Γ3 | − |Γ3 Γ3 |

∼ O20
∼ O22

(2.20)
(2.21)

∼ Txyz .

(2.22)

By constructions, O20 and O22 are real operators, i.e., they are time reversal
invariant, while Txyz is an imaginary operator, i.e., it is time-reversal-odd.
This corresponds to the deﬁnition of the order parameters used in Table 2.3.
One may think that higher order multipoles are irrelevant because their
interaction is much weaker than ordinary dipolar interaction. This seems to
be suggested by the multipole expansion in classical electrodynamics. This
is, however, misleading. The leading interaction term between the multipoles
has quantum mechanical origin, it is mediated by the conduction electrons
like the usual exchange interaction. Based on symmetry consideration we
can tell the possible order parameters, but we may pose the question: which
multipolar moment will order? It depends on microscopic details of the
system which multipolar interaction will be relevant. In the next Section we
discuss the nature of the interactions between the multipoles.

2.4

Interactions Between the Multipoles

We saw that the single-site ionic degrees of freedom are in general highly
reduced at low temperatures, but usually not all of them are quenched, and
the static magnetic behavior depends on the ion-ion interactions. The ground
state usually an ordered state which is a consequence of the interactions.
The ﬁrst attempt to understand the magnetic behavior was the Heisenberg exchange Hamiltonian
Hexch = JS1 · S2

(2.23)

where S1 and S2 are the spins of two ions and J is the spin-spin coupling
constant. The eﬀective coupling between the spins may arise from either
direct exchange, or superexchange, or from RKKY-type indirect exchange.
However, the spin-only form (2.23) can be used for d-electron systems
only for which the orbital degrees of freedom are quenched. In f -electron
systems this Hamiltonian does not work well, because the spin exchange is
highly anisotropic, and the interactions between the higher order multipoles
are equally important.
The ﬁrst interaction type which may come to mind is the classical (direct) electric and magnetic multipole interactions. The direct dipole-dipole
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interaction between spins S1 and S2 has the form


Hdd =

g 2 µ2B

(S1 · r)(S2 · r)
S1 · S2
−3
3
r
r5



.

(2.24)

We may get the classical electric interactions by the expansion of the Coulomb
interaction term e2 /rij between two electrons at diﬀerent i and j sites as a



power series of rik rjk /Rk+k +1 allowing only even k and k values (R is the
distance between the two ions, ri and rj are the distances of the two electrons
from the ion sites i and j, respectively).
We may conclude, that the order of magnitude of the classical dipoledipole interaction is not unimportant in f -electron systems11 , however it cannot be the primary cause of magnetism. This follows also from the Bohr-van
Leeuwen theorem, which states that magnetic ordering is absent in classical
statistical mechanics.
Direct exchange derived from the Coulomb interaction is a quantum mechanical eﬀect which follows from the antisymmetrization of the wave functions and the Pauli principle, though the Coulomb interaction (HCoulomb =
e2 /|r1 − r2 |) is spin-independent. Direct exchange for orthogonal orbitals is
ferromagnetic: this gives rise to Hund’s ﬁrst rule.
There are many situations, as in the case of f -electron systems, when the
inter-ionic distance is large compared to the orbital radius and direct overlap
can be neglected. In these cases we need a diﬀerent mechanism of interaction:
the RKKY-type interaction. This can be visualized as follows: the localized
spin makes a perturbation in the distribution of the conduction electrons,
and the spin of another ion feels this perturbation, and its alignment will be
aﬀected by the spin of the former ion. For magnetic dipoles, this interaction
also has the form (2.23) with distance-dependent coupling constant J(r).
In an insulator the indirect interaction is short range, and it is mediated
by nonmagnetic atoms lying between magnetic ions. This is called superexchange which is important in systems like MnF2 , FeF2 or LaTiO3 . The interaction is usually antiferromagnetic, but when it occurs between ions with
diﬀerent orbital states, it can be also ferromagnetic.
For the sake of completeness we also mention double exchange which operates in mixed valent metals and gives a mechanism of strong ferromagnetism
in manganites.
Described in the previous Section, f -shells can possess a number of multipolar degrees of freedom in addition to the magnetic dipoles. The mechanism
11

We expect this because of the relatively large value of the total angular moment J in
f -electron systems.
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of kinetic exchange, superexchange, and RKKY interaction can be generalized to include multipolar interactions. It follows that multipolar couplings
are not necessarily weaker than dipolar couplings. A microscopic study of
Ce-Ce interactions gave the result that octupolar, quadrupolar and dipolar
couplings are of the same order of magnitude [6]. On the experimental side,
it is known that quadrupolar ordering happens before magnetic ordering in
many Ce, Tm and Pr compounds. We will discuss in detail the case of NpO2
in which octupolar ordering is the leading instability in Chapter 3.
We are going to discuss which form of inter-site interactions is allowed
by symmetry considerations. The local order parameters are the multipoles
whose single-site symmetry classiﬁcation for cubic environment was shown
in Table 2.3. The most general form of the interaction Hamiltonian between
lattice sites i and j is
Hij =

3


Jijkl (m)Jik Jjl +

k,l=1

+

5


Jijkl (Q)Qki Qlj

k,l=1

7


Jijkl (O)Oik Ojl + . . .

(2.25)

k,l=1

where Jik , Qki and Oik are the dipolar, quadrupolar and octupolar momentum components at a site i. Jijkl (m), Jijkl (Q) and Jijkl (O) are the magnetic,
quadrupolar and octupolar coupling constants, respectively12 .
The lattice Hamiltonian is
Hint =



Hij

(2.26)

ij

the sum of all pair interactions.
Hint is invariant under the symmetry operations of the lattice. Each term
of multipoles with diﬀerent orders in Hamiltonian (2.26) must be an invariant
(basis element for the identity representation of the symmetry group of the
lattice). This gives a stringent restriction for the form of (2.26).
In the absence of external magnetic ﬁeld, time reversal is an additional
symmetry. This is manifest in the form of (2.25) in which odd (even) multipoles are coupled with only odd (even) multipoles13 .
While Hint has the full symmetry of the lattice, the pair interaction Hij
has only the symmetry of a two-site cluster (atoms i and j), which is a lower
symmetry. For instance, even in a cubic system, the pair interactions have
12

We think the eﬀects of the conduction electrons included into these coupling constants.
This would, in principle, allow dipole-octupole interaction which we did not include
in Hamiltonian (2.25).
13
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only tetragonal symmetry. Let us examine this situation through the case of
the quadrupolar coupling term. We saw in the previous Section that in cubic
environment the ﬁve dimensional representation spanned by the quadrupolar
operators splits into a doublet and a triplet Γ3g (2) ⊕ Γ5g (3). This means that
we expect two independent quadrupolar coupling constants, and we may
think that the quadrupolar interaction term has the following form
quad
2
2
0
0
= Q3 [3O2,i
O2,j
+ O2,i
O2,j
] + Q5 [Oxy,i Oxy,j + Oyz,i Oyz,j + Ozx,i Ozx,j ] .
Hij

In this expression, both terms are a cubic invariant. Such a form is often
used, but strictly speaking, it is only an approximation. The correct form of
the Γ3 part of the quadrupolar interaction, for example, is the sum of pair
interaction terms each of which has only tetragonal symmetry with the axis
of the pair as the tetragonal fourfold axis
HΓ3 = Q3


i

1
0
0
2
0
0
0
O2,i
O2,i+ẑ
+ (3O2,i
+ O2,i
)(3O2,i+x̂
+ O2,i+x̂
)
4

1
2
0
0
0
− O2,i
)(3O2,i+ŷ
− O2,i+ŷ
) .
+ (3O2,i
4

(2.27)

It is the sum over all orientations of the pair which is manifestly cubic.
Leaving such complications aside, the interaction (2.25) must contain
dipolar, quadrupolar, octupolar, etc., terms:
Hij = Hdip + Hquad + Hoct =
2
2
0
0
O2,j
+ O2,i
O2,j
]+
J4 [Jx,i Jx,j + Jy,i Jy,j + Jz,i Jz,j ] + Q3 [3O2,i

Q5 [Oxy,i Oxy,j + Oyz,i Oyz,j + Ozx,i Ozx,j ] +
α α
α α
α α
Tx,j + Ty,i
Ty,j + Tz,i
Tz,j ]
O2 Txyz,i Txyz,j + O4 [Tx,i
β
β
β
β
β β
Tx,j
+ Ty,i
Ty,j
+ Tz,i
Tz,j ] + . . .
+O5 [Tx,i

(2.28)

As we have discussed in Section 2.3, the dimensionality and the nature of
the local Hilbert space decides which order parameters are supported by
the subspace, i.e., which multipolar operators have to be included in the
Hamiltonian.
Finally note that since the electric multipoles can be coupled to the lattice
distortion (or displacement), there is a further indirect interaction type between the electric multipoles mediated by the phonons. This virtual phonon
process is analogous of the indirect exchange between the multipoles mediated by the conduction electrons. This type of interaction does not exist
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between the magnetic moments, they cannot couple to the lattice displacements due to the time reversal invariance. A consequence of the coupling
of the electric multipoles to the lattice is the Jahn-Teller theorem. It states
that if the ground state is orbitally degenerate due to the relatively high symmetry of the crystal ﬁeld, then it is energetically preferable for the lattice
to distort in such a way that the orbital degeneracy is lifted. If the lattice
distortion happens in the same direction, it may lead to ferro-type orbital
ordering, while alternating distortion leads to antiferro-type ordering.

2.5

Phase Transitions

At high temperatures, the electronic system possesses the full symmetry
of the lattice. In general, decreasing the temperature, one of the Fourier
components χq of the susceptibility χ = ∂ 2 F/∂µ2i , where µi are the ﬁelds
conjugated to the diﬀerent order parameters, will diverge at Tc indicating the
ordering of the related order parameter. The symmetry breaking continuous
phase transition of an order parameter at this Tc temperature means that
the symmetry of the system is lowered with respect to the high temperature
phase. For instance, in the case of the well-known ferromagnetic ordering
of the isotropic Heisenberg model, in the high temperature phase all spin
alignments are equally likely. At the ferromagnetic ordering temperature, the
total spin chooses one of the directions, and therefore the low temperature
phase has no longer the full rotational symmetry SO(3).
For our multipolar model (2.28) all multipolar operators can play the rule
of an order parameter in the thermodynamical sense. In the symmetrical
high temperature phase all multipolar densities vanish. The system may
undergo an ordering transition at Tc below which the expectation value of
one of the multipoles is nonzero (O = 0). The simplest description of this
situation is the mean-ﬁeld theory. The essence of this theory is that it does
not consider the quantum mechanical and thermal ﬂuctuations coming from
the multipoles situated at the neighboring sites. They are replaced by their
average values and therefore, they produce a static mean multipolar ﬁeld
aﬀecting the expectation value of the multipole in question.
Landau proposed a phenomenological theory for describing continuous
phase transitions. Landau generalized previous mean-ﬁeld theories by making systematic use of the concept of the order parameter. He used the fact
that the high temperature disordered phase is fully symmetrical and the low
temperature phase is sharply distinguished by its lower symmetry. This is reﬂected in the appearance of a non-zero order parameter O at the transition.
Landau introduced a free energy functional F(O) which, in addition to the
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standard variables depends also on the order parameter O, and postulated
that the physical state of the system (the optimal value of O) belongs to the
minimum of F(O) with respect to O. Furthermore, F(O) is supposed
to be an analytic function of the order parameter14
1
F = F0 + A(T )O2 + B(T )O4 + . . .
2

(2.29)

where F0 (T, ...) is the part of the free energy unaﬀected by the phase transition, and the temperature dependence of A(T ), B(T ), etc., are assumed
to be regular15 . For A(T ) > 0, B(T ) > 0 we ﬁnd O = 0 (disordered
phase). O = 0 requires A(T ) < 0 which is reached via a change of
sign of A(T ) = a(T − Tc ). The value of the ordered moment below Tc is
O = −A(T )/B ∼ |t|1/2 , where t = (T − Tc )/Tc is the reduced temperature. We are allowed to calculate diﬀerent thermodynamical quantities
within the frame of this theory. We may get a ﬁnite jump for the speciﬁc
heat and a divergence for the susceptibility as χ ∼ |t|−1 at the transition
temperature.
At a second order phase transition point, the thermodynamical quantities
show power law behavior as
O(T ) ∼ |t|β ,
O(µ) ∼ µ1/δ ,

χ(T ) ∼ |t|−γ
C(T ) ∼ |t|−α

where µ is conjugated ﬁeld to the order parameter O. The behavior of the
correlation length and the correlation function give the exponents ν and η as
ξ(T ) ∼ t−ν ,

Γ(r) ∼

1
rd−2+η

where d is the dimensionality.
Mean-ﬁeld theory gives β = 1/2, γ = 1, α = 0, δ = 3, ν = 1/2 as
exponent values. The divergence of the susceptibility means that the correlations become long-ranged. The increase of the ﬂuctuations approaching
the critical point poses the question: whether the mean-ﬁeld theory remains
applicable. Actually, the results of the Landau theory, i.e., the mean-ﬁeld
theory, are not acceptable in a certain vicinity of the critical point.
14

Generally, of the components of the order parameter. We come to this aspect shortly.
The coeﬃcients are model-dependent, and the temperature dependence of the Landau
free energy functional derived from a microscopic model may be complicated. In the
following, studying diﬀerent kinds of models we will obtain many times the form (2.29)
but calculating the concrete expressions of the coeﬃcients. Besides, mean-ﬁeld results are
not conﬁned to the vicinity of the critical point but are valid at all T .
15
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Below the critical dimension16 the exponent values of the mean-ﬁeld theory are not correct, but measurements found that very diﬀerent systems
behave in same way in the sense that they possess the same critical exponent values. We may say that the systems with same exponents are in the
same universality class. It turns out that universality classes are deﬁned by
space dimensionality and the number of the order parameter components.
For example, planar magnetism, superconductivity and superﬂuidity are in
the same universality class.
The correct values of the critical exponents can be found by renormalization group theory. We did not carry out such calculations. The models we
investigated are suﬃciently complicated so that even their mean-ﬁeld behavior is largely unexplored. Besides, it is not clear whether the critical regime
is experimentally accessible.
Now we consider the question of multi-component order parameters. We
take the example of the ordering of Γ5 octupoles. It is clear from the form
the multipolar interaction Hamiltonian (2.28) treated in the previous Section
that ordering of Txβ  = 0 (Tyβ  = 0, Tzβ  = 0) is as likely as Tyβ  = 0
(Txβ  = 0, Tzβ  = 0) or Tzβ  = 0 (Txβ  = 0, Tyβ  = 0). Therefore,
the Landau free energy must contain Txβ , Tyβ  and Tzβ  in a symmetrical
manner. The second order term is
Txβ 2 + Tyβ 2 + Tzβ 2 ,

(2.30)

the second order invariant formed of the three octupolar components. The
fourth order term is a combination of the two fourth order invariants
Txβ 4 + Tyβ 4 + Tzβ 4 ,

(2.31)

Txβ 2 Tyβ 2 + Txβ 2 Tzβ 2 + Tyβ 2 Tzβ 2 .

(2.32)

and

Generally, the Landau functional can be expressed as a sum of the invariants. The invariants are the basis functions (basis operators) of the identity
representation Γ1g of the symmetry group. Note that restricting ourselves to
Γ1g we demanded that the free energy is time reversal invariant, as it should
be.
Starting from the above observations, we can make a systematic search for
the invariants which enter the Landau expansion. Second order polynomials
For ordinary critical phenomena the critical dimension is Dcr = 4. For tricritical
behavior Dcr = 3. We ﬁnd several examples of tricritcal point.
16
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of Txβ , Tyβ and Tzβ give the bases of the irreps appearing in Γ5u ⊗ Γ5u =
Γ1g ⊕ Γ3g ⊕ Γ4g ⊕ Γ5g . Γ1g appears only once, and its basis is (2.30).
Fourth order invariants are sought from the expansion of Γ5u ⊗Γ5u ⊗Γ5u ⊗
Γ5u which contains Γ1g twice, with bases (2.31) and (2.32). It is clear that we
need not seek third order invariants because the product of three u factors
could not be time reversal invariant.
In contrast, in a similar discussion of Γ5 quadrupolar order, we could not
exclude third order invariants arising from Γ5g ⊗ Γ5g ⊗ Γ5g . This would be
of great importance because third order invariants tend to make the phase
transition discontinuous (ﬁrst-order).
Let us return to the question of second order invariants appearing in the
Landau theory of Γ5u ordering. If we allow that the system possesses in
addition to octupolar also other degrees of freedom, we should also consider
mixed invariants like Γ5u ⊗ Γ5u ⊗ Γ5g . Note that because it contains two u’s,
it is no prohibited by time reversal invariance. What this term describes
is coupling of the Γ5u octupoles to Γ5g quadrupoles, with the result that
Γ5u octupolar ordering will be accompanied by the induced order of Γ5g
quadrupoles. We treat several eﬀects like this in the forthcoming Chapters.
We have been speaking about uniform (k = 0) ordering. However, alternating order (two-sublattice, for example) may also be realized. Second
order invariant terms may occur in the expansion with nonzero k wave vectors in form Txβ (k)Txβ (−k) beside the homogenous coupling terms. Higher
order invariants are similarly generalized. We will discuss several cases of
alternating multipolar order in the following Chapters.
Multipolar ordering is always symmetry breaking, but the manner of the
symmetry lowering is not arbitrary. Landau theory requires that the symmetry group of the low temperature phase is one of the maximal subgroups
of the symmetry group of the high temperature phase. The former can be
found by leaving out one high-T symmetry element and constructing the
largest group formed by other elements. Usually, there are several diﬀerent
ways in which the ﬁrst symmetry breaking can happen; at least one can
always choose between breaking, or not breaking, time reversal invariance.
Often, the low temperature phase is still suﬃciently symmetrical to undergo
a further symmetry breaking transition.
Though Landau theory was devised to describe continuous phase transitions, with suitable parameter choice it also describes ﬁrst-order transitions
if the discontinuity is not too big. At the boundary between the ﬁrst- and
second-order regimes one ﬁnds tricritical or other multicritical points (lines,
etc.). Our models are suﬃciently rich to give both ﬁrst- and second-order
transitions and a variety of tricritical behavior.
Another broad subject we just brieﬂy mention here is the change of the
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nature of phase transitions when an external ﬁeld is applied to the system.
Applying a magnetic ﬁeld in a speciﬁc direction, the symmetry of the system
will be lowered. The eﬀects are twofold. First, it may happen that the
original order parameter is induced by the ﬁeld; in this case, the concept of a
spontaneous symmetry breaking transition is no longer applicable. Second,
even if the order parameter is not induced by the ﬁeld, and therefore a
continuous phase transition remains possible, it will be generally true that
more order parameters are coupled than in the absence of the ﬁeld. In any
case, a magnetic ﬁeld can couple g and u order parameters. We return to a
detailed discussion of these points in Chapter 3.

2.6

Review of f -electron Systems

f -electron systems are the rare earth and actinide elements, their compounds,
and alloys. In all cases, the spectrum of the strongly correlated f -electrons
overlaps with wide s-, p-, and d-bands. The overlap (hybridization) may,
or it may not, lead to the formation of f -bands (or in other words, the
participation of f -electrons in forming a Fermi sea). Even if the f -electrons
do become itinerant, they tend to form very narrow, strongly correlated heavy
fermion bands. The formation of a heavy Fermi sea is driven by kinetic
energy, and is a low-energy phenomenon. Intermediate-energy excitations
are essentially propagating crystal ﬁeld excitations. However, in most f electron systems, the f -electrons can be thought of as having undergone a
Mott localization of their own, even if they are surrounded by a conducting
Fermi sea of wide-band electrons.
I treat f -electrons as completely localized. This is certainly right for the
0.4eV-gap semiconductor NpO2 . However, the assumption about the localized multipolar degrees of freedom has a certain justiﬁcation even for systems
where f -electrons have itinerant, as well as localized, aspects. It is known
that inter-site interactions prefer f -electron localization, and therefore a system may have two competing phases: the non-ordered heavy Fermi sea, and
the interacting array of localized f -electrons. Therefore, whenever we see a
transition to a phase with multipolar order, we may assume that it is accompanied by f -electron localization. We cite the experimental ﬁnding for
PrFe4 P12 : the disordered phase is a heavy fermion metal with broad excitations, while the crystal ﬁeld levels become sharply deﬁned when multipolar
order sets in.
Many f -electron systems order magnetically. However, quite a few f electron systems have phase transitions which are thermodynamically as
strong as the magnetic transitions, but the low temperature phase is not
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magnetically ordered. In these cases we conclude that one of the multipolar moments must be the order parameter17 . In contrast to magnetic order,
which is easy to detect, multipolar order is not easily seen. It is in this sense
that one speaks of ”hidden order”. The general features of a non-magnetic
transition are rather similar for diﬀerent choices of the order parameter and
this led to a long controversy about the nature of hidden order of NpO2 and
URu2 Si2 .
In the following Chapters I describe my study of several multipolar ordering models. The starting point in each case was the intention to understand
the behavior of a concrete material: NpO2 , PrFe4 P12 and URu2 Si2 . However,
though we tried to make contact with experimental observations as much as
possible, we certainly did not aim at a detailed description of any of these
materials. Therefore, I summarize the previous knowledge (experimental observations and earlier models) about these systems in the present Section,
while subsequent Chapters are devoted to an analysis of the corresponding
models.
We remark that as far as the speciﬁc heat anomaly and the susceptibility cusp are concerned, non-magnetic phase transitions have a general
resemblance to the antiferromagnetic phase transition. They also share the
feature that the ordering temperature is reduced in an external magnetic
ﬁeld. It is not an accident that most multipolar transitions were ﬁrst erroneously identiﬁed as antiferromagnetic ordering. Bulk measurements like
speciﬁc heat and susceptibility cannot tell the diﬀerence; microscopic probes
like magnetic resonance or magnetic neutron scattering are needed to prove
the absence of magnetic long range order. This story was repeated for all the
systems we are interested in.

2.6.1

NpO2

NpO2 is a member of the interesting family of actinide dioxides which have
the CaF2 crystal structure at room temperature [13]. The sublattice of the
metal ions is the fcc lattice. Earlier, UO2 received a lot of attention; its
ordering was explained by combining dipolar and quadrupolar phenomena.
It was attempted to explain the ordering of NpO2 along similar lines; this
was unsuccessful. As recently as 1999, NpO2 was declared to present the
greatest mystery of actinide physics [13].
NpO2 has a continuous phase transition at 25K which was ﬁrst observed
as a large λ-anomaly in the heat capacity [21]. The linear susceptibility
17

The compact f -shells are not strongly coupled to the lattice, and therefore the accompanying structural transition is often diﬃcult to observe.
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Figure 2.1: Temperature dependence of the linear susceptibility of NpO2 . The open
points are the measured result of [14].
shown in Fig. 2.1 rises to a small cusp at the transition temperature, and
stays almost constant below [22, 52]. First, the observations were ascribed
to antiferromagnetic ordering. However, neutron diﬀraction experiments did
not detect magnetic order [23], and Mössbauer measurement has given an
upper limit 0.01µB for the ordered moment.
Np4+ ions have the conﬁguration 5f 3 , the corresponding Hund’s rule
ground state set belongs to J = 9/2. Let us immediately observe that for an
odd number of electrons the symmetry classiﬁcation of the electron states has
to come from the theory of double groups. Without going into the details,
we recall the result that ΓJ=9/2 = Γ6 +2Γ8 where Γ8 is a four-dimensional (Γ6
is a two-dimensional) irrep of the cubic double group. The experimentally
(1)
established splitting scheme is schematically shown in Fig. 2.2. The |Γ8 
ground state quartet is well separated from the other states.
(1)
The relevant local Hilbert space is the four dimensional |Γ8 . Its fourfold degeneracy can be understood as combined of a twofold Kramers and a
twofold non-Kramers degeneracy.
Resonant X-ray scattering measurement [17] found long-range order of the
Γ5 electric quadrupole moments. However, quadrupolar ordering alone cannot resolve the Kramers degeneracy: there should remain magnetic moments
at low temperatures giving rise to a Curie susceptibility, and this is in contrast with the observations. Furthermore, muon spin relaxation shows that
local magnetic ﬁelds, with a pattern suggestive of magnetic octupoles, appear below the 25K transition temperature [53]. Octupolar order can resolve
the Kramers degeneracy. In NpO2 there exists only one phase transition, so
the question is whether quadrupolar and octupolar order can appear at the
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Γ6

J = 9/2

Γ28

Γ 81

Figure 2.2: The schematic representation of the splitting of the J = 9/2 ten-dimensional
multiplet in cubic environment.
same time. It turns out that this is possible because they can have the same
Γ5 symmetry18 .
The current understanding is that the primary order parameters of the
25K transition are the Γ5 octupolar moments. Γ5 quadrupolar order is induced by the primary ordering. It is a peculiarity of the fcc structure that an
”anti” alignment is preferably four-sublattice with moments aligned in the
(111), (111), (111) and (111) directions.
A realistic description of NpO2 will have to be based on the triple-q
four-sublattice order. However, for many aspects of the behavior it is only
important that the ordering involves Γ5 octupoles supported by a Γ8 subspace, whatever the relative orientation of nearest neighbor moments is. The
preference for aligning moments along (111) directions, and the coupling to
Γ5 quadrupoles follows. It is the simplest to consider a ferro-octupolar model
which is interesting in its own right. In H = 0 magnetic ﬁeld its mean-ﬁeld
solution is actually equivalent to that of the four-sublattice problem. Our
main interest, however, is the study of the eﬀects of an external magnetic
ﬁeld. Octupoles are magnetic, but they appear only in the non-linear magnetic response. Crystal ﬁeld anisotropy makes the nature of the ﬁeld induced
multipoles complicated. This question is of basic importance for all multipolar models; our most systematic study was carried out in the context of the
18
For this, see Table 2.3. Note that the irreps of order parameters are derived from the
products of the irreps of the states and so do not belong to double groups.
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Γ5 octupolar model. The details will be given in Chapter 3.

2.6.2

Pr-ﬁlled Skutterudites

Rare earth ﬁlled skutterudites were intensively studied in the past few years.
This is partly due to their promising thermoelectric properties, and partly
due to the great variety of collective behavior found in various members of
this class of materials. The chemical formula of skutterudites is RT4 X12 ,
where R= rare earth; T= Fe, Ru or Os; X= P, As or Sb. The basic feature

Figure 2.3: The crystal structure of the rare earth ﬁlled RT4 X12 skutterudites. The
rare earth R atoms (big light spheres) are at the centers of icosahedrons of X ions (small
dark spheres). The medium sized dark spheres represent the T ions. The cubic unit cell
is shown.
of the crystal structure (Fig. 2.3) is that R atoms sit at the center of icosahedral X12 cages. It is clear that R can be changed arbitrarily, and the coupling
to the surrounding wide bands is tuned by the choice of T and X. The wide
bands mediate the R-R interactions. The collective behavior of skutterudites is due to the f -shells of the R atoms. A rich variety of behavior is
found: superconductivity in La-compounds, semiconducting behavior in Cecompound or ferromagnetism in Nd- and Eu-compounds. PrRu4 P12 undergoes a metal-insulator transition which is accompanied by a structural phase
transition [30], PrOs4 Sb12 has an exotic superconducting phase [31], while
PrFe4 P12 remains a normal metal in the entire temperature range studied so
far. Our interest lies in PrFe4 P12 . PrFe4 P12 has a phase transition at about
Ttr = 6.5K, which is manifested in a susceptibility cusp and a λ anomaly of
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Figure 2.4: The measured magnetization (right panel), speciﬁc heat (lower part of the
left panel) and susceptibility (upper part of the left panel) curves of PrFe4 P12 skutterudite
[37].
the speciﬁc heat (see Fig. 2.4)19 . The ordered phase was ﬁrst thought to be
antiferromagnetic, but neutron diﬀraction measurements found no evidence
of magnetic ordering. Recent experiments indicated that the phase transition of PrFe4 P12 is due to the antiferro-quadrupolar (AFQ) ordering of the
Pr ions [36].
Magnetic ﬁeld has a strong eﬀect on the phase transition. This is evident
from the ﬁeld dependence of the speciﬁc heat anomaly, and from the magnetization curves (see Fig. 2.4). The ﬁndings are summarized in the H − T
phase diagram (see Fig. 2.5). We observe that the magnetic ﬁeld suppresses
the ordered phase. At low magnetic ﬁelds (high temperatures up to Ttr ), the
transition is second-order, while at high magnetic ﬁelds (low temperatures)
it changes to ﬁrst-order. The two regimes are separated by a tricritical point.
The question is which crystal ﬁeld states carry the ordering quadrupolar
19

We take experimental results from the literature. Therefore the ﬁgures often contain
details which we do not discuss.
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Figure 2.5: Experimentally investigated temperature-magnetic ﬁeld phase diagram of
PrFe4 P12 skutterudite [37].
moments. Pr3+ ions have the 4f 2 conﬁguration and the ninefold degenerate
J = 4 Hund’s rule ground state multiplet. The main component of the crystal
ﬁeld is cubic, but there is also a tetrahedral component [38]. While recent
investigations indicate that the inclusion of the tetrahedral component gives
rise to interesting features, it is a good approximation to take a cubic crystal
ﬁeld which splits J = 4 multiplet according to
ΓJ=4 = Γ1 ⊕ Γ3 ⊕ Γ4 ⊕ Γ5 .

(2.33)

The corresponding eigenstates are listed in Appendix A.
The order of the crystal ﬁeld levels is diﬃcult to derive from experiments. Analyzing the anisotropy of the magnetization curves above the ordered phase where single-ion results are valid, it was concluded that the
likely possibilities are: a Γ1 ground state and a low-lying exited state Γ4
(the Γ1 –Γ4 scheme); or the Γ1 –Γ5 scheme; or the Γ3 –Γ4 scheme [37]. At the
ﬁrst sight, the assumption of a Γ3 ground state looks plausible. We have
shown in (2.19) that the Γ3 doublet carries the Γ3g quadrupolar moments, so
antiferro-quadrupolar ordering can give a unique ground state. The assumption of the Γ3 ground state (see the left part of Fig.2.6) is also compatible
with the symmetry analysis of the structural distortion accompanying the
antiferro-quadrupolar ordering [39]. However, the ﬁeld dependence of the
transition and other magnetic properties remain unexplained.
As mentioned before, magnetization data also allow that the ground state
be the Γ1 singlet. Of course, a singlet carries no moment (either quadrupolar
or anything else), so it cannot be taken alone. We analyzed the two allowed
possibilities for the two lowest levels: Γ1 –Γ4 and Γ1 –Γ5 , and concluded that
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Figure 2.6: The proposed order of the J = 4 crystal ﬁeld levels, arising from the splitting
of the ninefold degenerate free ion state in cubic environment, for modelling the PrFe4 P12
skutterudite in previous works (left) and in our work (right).
only Γ1 –Γ4 gives a useful model (see the right part of Fig. 2.6). Taking
the two levels as approximately degenerate deﬁnes a four-dimensional local
Hilbert space, which supports 15 order parameters, including the required
Γ3g quadrupoles. We developed the mean-ﬁeld theory of the Γ1 –Γ4 quasiquartet model, and showed that it gives a satisfactory explanation of the
experimental ﬁndings (shown in Fig. 2.4 and Fig. 2.5). These results are
described in Chapter 4.

2.6.3

URu2 Si2

The metallic actinide system URu2 Si2 can be envisaged as an array of U4+
ions, i.e., 5f 2 shells, embedded into a conduction electron Fermi sea. We
assume that the 5f 2 shells are suﬃciently localized, and have the L = 5,
S = 1, J = 4 Hund’s rule ionic conﬁguration.
Like other systems considered by us, URu2 Si2 has a mysterious phase
transition. Its basic characteristics are shown in Fig. 2.7. The large λanomaly of the speciﬁc heat at TN = 17.5K can be shown to belong to the
full-scale ordering of a localized degree of freedom20 . It does have a signature
in magnetic properties21 as shown by the λ-anomaly of the non-linear suscep20
The entropy change associated with the large T ≤ 20K is of O(kB ln2). Though the
f -electrons of URu2 Si2 have itinerant aspects, the phase transition does not belong to
some weak-coupling density wave.
21
Careful inspection shows that the linear susceptibility has a change of slope ∆∂χ/∂T >
0 at T = 17.5K. Though this is not a weak feature, in Fig. 2.7 it is masked by large single-
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tibility χ3 . In fact, URu2 Si2 was found to develop a weak antiferromagnetic
moment ≤ 0.03µB at, or at least near TN . However, this weak magnetism certainly cannot be the order parameter of the transition: it could not account
for the scale of the phenomenon (the ∼ O(ln2) entropy change).

Figure 2.7: Left: The linear and the non-linear susceptibility of URu2 Si2 as a function
of the temperature [56], [65] Right: The speciﬁc heat as a function of the temperature.
Large anomaly at T = 17.5K indicates the phase transition [65].
The search for the non-magnetic primary order parameter began decades
ago. Though (as we have discussed) there are quite a few f -electron systems with diﬃcult-to-identify order parameters, the case of URu2 Si2 became
known as perhaps the most famous case of ”hidden” order. Though there
were many attempts to identify it, neither of the proposed solutions seemed
to satisfy all the criteria. In Chapter 5 of the present thesis, I describe the
latest attempt to explain the nature of URu2 Si2 .
As to the weak antiferromagnetism, earlier observations of its samplequality-dependence gave rise to the doubt that it may be extrinsic. Much
of recent experimental evidence points to the fact that it is only a minority
phase of the samples which is antiferromagnetic. We take this point of view.
It follows that the hidden primary order is completely non-magnetic, and at
zero ﬁeld, it does not induce any kind of magnetism. U4+ : 5f 2 shells are
isoelectronic with 4f 2 . In this sense, the problem of U systems has a lot
of parallels to that of Pr systems. However, the total number of diﬀerent
ordering schemes supported by J = 4 is huge. URu2 Si2 is completely diﬀerent from the Pr systems mentioned in the previous subsection. The crystal
ﬁeld acting on the U4+ ion is tetragonal, so the ninefold degeneracy is split
ion contributions to χ.
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according to
ΓJ=4 = 2A1 ⊕ A2 ⊕ B1 ⊕ B2 ⊕ 2E

(2.34)

into 7 levels (5 singlets and 2 doublets). Since crystal ﬁeld theory does not
say anything about the order of the levels, and their energy separations,
there are many diﬀerent possibilities. Available experimental evidence was
extensively discussed to narrow down the choices. There is general agreement
that the crystal ﬁeld ground state is a singlet. This in itself says that the order
(whatever it is) must be of the induced-moment kind: inter-site interaction
couple several low-lying levels, and mix out the order parameter. Thus the
local Hilbert space is spanned by several crystal ﬁeld states: the question is,
which. Experiments say that at least another two singlets are low-lying, and
that any successful ﬁt to the susceptibility up to T ∼ 300K must use at least
ﬁve crystal ﬁeld states. It may be the ﬁve singlets, or three singlets and a
doublet.
Earlier schemes tended to ascribe a major role to the quadrupolar degrees
of freedom which arise from 3 singlets. A typical level scheme can always
be tuned to give a number of reasonable ﬁts, ﬁrst of all the susceptibility
(Fig. 2.7). The reason for not accepting it is that the phase transition of
URu2 Si2 is deﬁnitely not quadrupolar. This was shown by a crucial recent
experiment [63]: uniaxial strain in [100] and [110] directions induces largeamplitude antiferromagnetism, while strain in [001] direction does not.
Strain is time reversal invariant, so it cannot create time-reversal-invariance
breaking order (magnetism). It can only make a preexisting time-reversalinvariance breaking order visible by a mode-coupling eﬀect.
Consequently, the hidden order of URu2 Si2 must be time-reversal-invariance
breaking. Since it is known that it cannot be ordinary magnetism, it must
be22 either octupolar, or an odd-order multipole of still higher order.
In Chapter 5, I describe a new model of URu2 Si2 , which postulates that
the hidden order is octupolar. To support the Tzβ order parameter, a new
crystal ﬁeld scheme had to be devised. We show that this model is at least
as compatible with standard experiments (Fig. 2.7) as previous ones. It is
more important that we can explain strain-induced antiferromagnetism.
We mention that recent high-ﬁeld experiments fully mapped the boundary
of the hidden-order phase, and established the existence of a separate highﬁeld phase (Fig. 2.8). Our model can reproduce the essential features of the
22
We think in terms of local on-site order parameters. There are inter-site order parameters with time-reversal-invariance breaking character which have been considered for
URu2 Si2 : inter-site triple-spin correlators [71], and non-conventional density waves carrying plaquette current [74]. Our model is diﬀerent from either of these.
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Figure 2.8: Magnetocaloric measurements on URu2 Si2 in high magnetic ﬁelds. Darker
shade indicates where transitions are sharper [57].
magnetic ﬁeld–temperature phase diagram. In our interpretation, the lowﬁeld octupolar phase is separated by a narrow range of non-ordered phase
from the high-ﬁeld quadrupolar phase [1].

Chapter 3
Octupolar Ordering of Γ8 Ions
Our choice of a model of octupolar ordering was motivated by the experimental ﬁndings about NpO2 . We refer to our brief review given in Section 2.6.1.
The well-localized 5f 3 shells of Np4+ ions have a Γ8 quartet ground state.
The large local Hilbert space supports many order parameters, including Γ5u
octupoles. NpO2 is the ﬁrst system for which the primary order parameter
of a phase transition is an octupolar moment.
Octupolar ordering is a little-studied phenomenon. Thinking of cubic
systems, the simplest problem would be the ordering of Txyz octupoles because the Γ2 irreducible representation is one-dimensional, thus Txyz is a
single-component order parameter. The corresponding mean-ﬁeld theory
was developed in [52] and [18]. Γ5u octupoles require a more complicated
treatment. The description of NpO2 poses several diﬀerent questions. The
answer to some of them will require the consideration of the realistic triple-q
four-sublattice ordering pattern observed by resonant X-ray scattering experiments [17]. However, ﬁrst one should answer simpler questions:
• What is the nature of the octupoles supported by a Γ8 quartet?
• What is the relationship to Γ5 quadrupoles?
• Develop a thermodynamic theory of octupolar-quadrupolar ordering.
What are the anomalies associated with the phase transition?
These questions are dealt with in Sections 3.1 and 3.2.
Up to this point, the mean-ﬁeld theories of uniform, and alternating, octupolar order would be completely analogous. It is for the sake of simplicity
that we postulate a ferro-octupolar model. In the presence of an external
magnetic ﬁeld the question of the relative orientation of the ﬁeld and the ordered moment arises, and the ferro-octupolar and antiferro-octupolar models
become inequivalent.
36
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Octupolar ordering is spontaneous symmetry breaking, and it is a way
to break time reversal invariance without magnetic ordering. This raises a
fundamental question. The application of an external magnetic ﬁeld destroys
time reversal invariance. Is spontaneous symmetry breaking by octupolar
ordering possible in a ﬁnite magnetic ﬁeld?
The answer to the above question is delicate. Whether spontaneous symmetry breaking remains possible depends on the direction of the applied magnetic ﬁeld. For ﬁelds pointing in high-symmetry directions, a second-order
octupolar transition remains possible, or it may even split into two consecutive transitions. For non-symmetric ﬁeld directions, the phase transition
is suppressed. We study this problem in the context of the ferro-octupolar
model in Sections 3.3 and 3.4. The methods developed here are of importance
for the latter Chapters as well. It is of general interest to understand how
the magnetic ﬁeld inﬂuences diﬀerent multipoles. It is possible to consider
the problem from two angles. First, the ﬁeld changes the symmetry of the
problem and a new symmetry classiﬁcation of the order parameters has to be
used. Second, one may emphasize that diﬀerent multipoles get coupled in the
presence of an external ﬁeld. We develop both points of view in considerable
detail.
Most of the results described in this Chapter were published in [2]. The
symmetry argument described in Section 3.4.2 was brieﬂy discussed in [1].

3.1

Octupolar Moments in the Γ8 Quartet State

The Γ8 irreducible representation occurs twice in the splitting of the tenfold
degenerate J = 9/2 manifold of Np4+ free ion (Fig. 2.2). In what follows,
we construct a lattice model in which each site carries the Γ18 quartet of
states. Since the Γ8 irrep occurs twice, symmetry alone cannot tell us the
basis functions. Their detailed form depends on the crystal ﬁeld potential.
However, for many aspects of the problem the speciﬁc form of the basis states
is not essential, what matters is that they are Γ8 basis states. For the sake of
simplicity, we choose the Γ8 eigenstates of a purely fourth-order cubic crystal
ﬁeld potential (in standard notations O40 + 5O44 ).
The four states represented in terms of the basis |Jz  of J = 9/2 are (the
numerical coeﬃcients are given in Appendix B):
Γ18 = α

1
9
7
+β −
+γ −
2
2
2

Γ28 = γ

7
1
9
+β
+α −
2
2
2

Chapter 3 Octupolar Ordering of Γ8 Ions
Γ38 = δ

38

3
5
+ −
2
2

5
3
+δ −
.
(3.1)
2
2
The Γ8 quartet is composed of two time-reversed pairs, thus it has twofold
Kramers, and also twofold non-Kramers degeneracy1 .
We determine the local order parameters supported by the Γ8 subspace
using the method developed in Section 2.3. The decomposition
Γ48 = 

Γ8 ⊗Γ8 = Γ1g ⊕Γ4u ⊕Γ3g ⊕Γ5g ⊕Γ2u ⊕Γ4u ⊕Γ5u

(3.2)

(where subscripts g and u refer to ”even” and ”odd” parity under time reversal) shows that this subspace supports 15 diﬀerent kinds of moments: 3
dipoles (Γ4 ), 5 quadrupoles (Γ3 and Γ5 ) and 7 octupoles (Γ2 , Γ4 and Γ5 ).
The form of these operators was listed in Table. 2.3.
The fourfold local degeneracy will be lifted by the eﬀective ﬁelds derived
from inter-site interactions. (3.2) shows that there can be 15 diﬀerent kinds
of eﬀective ﬁeld. The ordering scheme will decide which of these eﬀective
ﬁelds are non-vanishing. Each of the ﬁelds splits the quartet in some way,
but not all of them lift the fourfold degeneracy completely. In particular, a
quadrupolar eﬀective ﬁeld cannot resolve the Kramers degeneracy. On the
other hand, a dipolar ﬁeld would not necessarily resolve the non-Kramers
degeneracy; this is also true of Γ2 octupolar ﬁeld. However, we found that
an octupolar ﬁeld of Γ5 symmetry can resolve the degeneracy completely,
and lead to a unique ground state.
We discuss the nature of the eﬀective ﬁeld arising from the Γ5u octupoles
β
Tx , Tyβ , and Tzβ . It can be rotated in space according to
T (ϑ, φ) = sin ϑ(cos φTxβ + sin φTyβ ) + cos ϑ Tzβ ,

(3.3)

where ϑ and φ are the standard angles. For a ﬁxed (unit) strength of the
octupolar order, the eﬀective ﬁeld strength varies with orientation as shown
in Fig. 3.1 (left).
The system chooses an orientation which is energetically preferable. It
must also give a unique ground state. As we see, the special orientations Txβ ,
Tyβ and Tzβ are in fact, not suitable: the ground state of the corresponding
on-site mean-ﬁeld Hamiltonians has twofold degeneracy.
Fig. 3.1 shows that the optimal orientation can be sought in the φ = π/4
plane which contains the (001) and (111) directions. As shown in Fig. 3.1
(right), the ground state is always a singlet except for the special points2
1
The fact that Kramers degeneracy is present in the system follows from that we have
odd number of electrons. See Appendix A for the details.
2
These points correspond to the pure Tzβ case discussed above.
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Figure 3.1: Left: The direction dependence of the magnitude of the octupolar moment
T (ϑ, φ) (see equation (3.3)). Right: The spectrum of T (ϑ, φ) in the [110] plane (φ = π/4),
which would be the spectrum of the mean-ﬁeld hamiltonian T (ϑ, φ)T (ϑ, φ) if we set
T (ϑ, φ) = 1 [2].

ϑ = 0 and ϑ = π. Furthermore, the overall√width of the spectrum varies with
ϑ, reaching its maximum at ϑ = arccos (1/ 3), or equivalent positions. Thus
within the Γ8 subspace, the three-dimensional pseudovector of Γ5 octupoles
(Txβ , Tyβ , Tzβ ) is “longest” in the (111) direction, or in equivalent directions
(111), (111), and (111). For each direction, the octupole moment may be of
either sign. The number of equivalent minima (the number of the ordered
phases) is eight.
We may think of our result as a proof that the Γ8 Hilbert space gives a
single-ion anisotropy of Γ5 octupoles, with (111), (111), (111), and (111) as
the easy octupolar axes. Our candidates for order parameters are
β
= Txβ + Tyβ + Tzβ
T111
β
T111
= Txβ − Tyβ − Tzβ
β
= −Txβ + Tyβ − Tzβ
T111
β
T111
= −Txβ − Tyβ + Tzβ .

(3.4)

β
β
and ±T111
. Let us point it
The four minima seen in Fig. 3.1 belong to ±T111
out that the four equivalent states (3.4) are ideally suited for constructing a
four-sublattice ground state for nearest-neighbor antiferro-octupolar coupling
on an fcc lattice. This would correspond to the experimentally motivated
→
suggestion of triple-−
q order of NpO2 [17].
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β
is shown in Fig. 3.2 (left). In the non-degenerate
The spectrum of T111
β
 = 0, but also the corresponding Γ5g quadrupole
ground state not only T111

O111 = Oxy + Oyz + Ozx

(3.5)

has a non-vanishing expectation value. Γ5u (111)-type octupolar order induces Γ5g (111)-type quadrupolar order3 . This also in agreement with the
−
observation that the triple-→
q octupolar ordering of NpO2 induces the triple−
→
q structure of the Γ5 quadrupoles as a secondary order parameter.

<T 111> <O 111>

<O 111>

B

A

Γ8

B

Γ8
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-B
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β
Figure 3.2: Splitting of the Γ8 quartet and the values of T111
octupole and O111

quadrupole moment due to Γ5 octupolar (left) or Γ5 quadrupolar (right) interactions.
The values of parameters A and B are listed in (3.6).
β
Determining the ground state |φ0  of T111
in the Γ8 subspace deﬁned in
(3.1), the expectation values of the multipoles in this eigenstate are:



β
φ0 T111
φ0



= A = −15.683

φ0 |O111 | φ0  = B = 8.019
φ0 |Jx | φ0  = φ0 |Jy | φ0  = φ0 |Jz | φ0  = 0

(3.6)

φ0 |Oxy | φ0  = φ0 |Oyz | φ0  = φ0 |Oxz | φ0  .

(3.7)

and
We emphasize that the ground state is non-magnetic: the dipole moment is
zero and only the higher order moments are non-vanishing. Again, this is
equally true for the ferro-octupolar and the antiferro-octupolar order. The
latter corresponds to the lack of magnetic order in NpO2 .
It would not be true the other way around: the ground state of O111 is twofold
degenerate (Fig. 3.2 (right)).
3
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One may be wondering whether the Γ5 quadrupoles by themselves would
like a diﬀerent orientation than the one forced upon them by the octupoles.
This is not the case: a calculation shows that the length of the pseudovector
(Oxy , Oyz , Ozx ) is the same in all directions. There is no single-ion anisotropy
for the Γ5 quadrupoles; picking the (111) solution is exclusively the octupoles’
doing.

3.2

The Octupolar–Quadrupolar Model

In the previous Section, we merely assumed a non-zero octupolar eﬀective
ﬁeld, and derived some ground state properties. Now we wish to develop a
thermodynamic theory of octupolar ordering. For this, we have to specify
the form of the interaction. Lacking a microscopic theory of multipolar interactions, we make the simplest assumption. Cubic symmetry is compatible
with
Hoc = −Joc



β
β
β
β
β β
(Tx,i
Tx,j
+ Ty,i
Ty,j
+ Tz,i
Tz,j ) .

(3.8)

i,j

Since we know that quadrupolar moments will be induced, we allow for their
analogous interaction
Hquad = −Jquad



(Oxy,i Oxy,j + Oyz,i Oyz,j + Ozx,i Ozx,j ).

(3.9)

i,j

The full interaction Hamiltonian is
H = Hoc + Hquad .

(3.10)

This deﬁnes our octupolar–quadrupolar model. The essential model parameter is j = Jquad /Joc . Obviously, the behavior should be quite diﬀerent at
small and large j. Quadrupolar order is purely induced if j = 0, while it
should be the primary phenomenon if j
1. Octupolar order is primary
at j = 0, but it is not clear what happens to it if octupolar interactions are
comparatively small. One of our intentions is to map out the phase diagram
in the j-T plane. We will discover that the transition from small to large j
involves two tricritical points and a critical end point.
The eﬀect of an external magnetic ﬁeld on these ordering phenomena is
subtle, and the outcome depends on the ﬁeld direction. As suggested by the
form of the order parameters (3.4) and (3.5), the H(111) direction is special:
so to speak, of all directions it is the most symmetrical, and interferes the
least with ordering. It is related to this fact that we can handle (3.10) in a
ﬁnite H(111) in this Section. Less symmetrical ﬁeld directions will have to
be done at j = 0 (Section 3.3).
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The Case of Zero Magnetic Field

The free energy
In the following, we study the case of ferro-octupolar coupling (Joc > 0),
which case we may assume uniform (111) order. The mean-ﬁeld single-site
Hamiltonian has the following form:
β
β
T111
 − jO111 O111 
HMF = −T111

(3.11)

where j = Jquad /Joc . Henceforth we assume that all eﬀects arising from
lattice geometry (coordination number, etc.), and the detailed form of the
interactions are included in Joc , Jquad , and hence also in j.
β
The temperature dependence of the order parameters T = T111
 and q =
O111  is obtained by the numerical solution of the self-consistency equations
derived from diagonalizing (3.11) in the basis (3.1). The dimensionless free
energy belonging to (3.11) is
1
1
F = T 2 + jq 2 − t ln(2exp(−Bjq/t)cosh(AT /t) + 2 exp(Bjq/t)) (3.12)
2
2
where A and B were introduced in (3.6), and t = kB T /Joc is the dimensionless
temperature.
Octupolar order (T = 0) induces quadrupolar moment even in the absence of a quadrupolar coupling, as we can see from setting j = 0 in ∂F/∂q =
0, whose solution gives the quadrupolar moment
q=B

exp(AT /t) + exp(−AT /t) − 2
.
exp(AT /t) + exp(−AT /t) + 2

(3.13)

Its t → 0 limit is expressed in (3.6), namely, q(t → 0) → B. It states
that by construction, the (111)-type octupolar eigenstates carry (111)-type
quadrupolar moments. The same state of aﬀairs prevails as long as T = 0.
In the “para” phase above the transition temperature, all moments vanish.
The continuous phase transitions of the model (3.11) can be described by
the Landau expansion of the free energy (3.12)








A4 4
1 A2
j B 2 j 2 2 1 BjA2 2
−
−
T2+
q +
qT
+
T
F ≈ F0 +
2
4t
2
2t
4 t2
96t3
−

BjA4 4 B 4 j 4 4 B 3 j 3 A2 3 2
qT +
q −
q T + ...
24t4
12t3
12t4

where F0 is the non-critical part of the free energy.

(3.14)
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Figure 3.3: The mean-ﬁeld phase diagram of the zero-ﬁeld quadrupolar-octupolar model
(3.10) in the quadrupolar coupling–temperature plane (j = Jquad /Joc and t = T kB /Joc ))
[2]. The dashed and continuous lines signify ﬁrst and second order phase transitions,
respectively. Observe the regime of ﬁrst-order transitions bounded by two tricritical points
(marked by black dots).
Phase diagram
In this Landau mean-ﬁeld approximation the critical temperatures of a continuous phase transition are deﬁned as the changing of sign in the coeﬃcient
of either of the quadratic terms. Below the critical temperature, for small j
quadrupolar coupling constant values, a mixed octupolar-quadrupolar, while
for large j values pure quadrupolar order develops at ﬁrst. In the case of
intermediate j coupling values there is a regime where the transition is ﬁrst
order. Fig. 3.3 shows the mean-ﬁeld phase diagram of the model in the
quadrupolar coupling-temperature (j − t) plane, and it shows the features
mentioned above.
Let us examine the cases of small and large j values separately.
• weak-j limit
The critical temperature determined from the vanishing of the coeﬃcient of T 2 term is toc = A2 /2. At toc , octupolar moment appears as
the primary order parameter, but there is also induced quadrupolar
order. Minimizing F with respect to q, we get
q=

BA2 T 2
4t(jB 2 − t)

(3.15)

Substituting this expression of the quadrupolar moment into the energy expansion (3.14), we can see that the terms which contains the
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Figure 3.4: Octupolar (T ) and quadrupolar (q) order parameters as a function of t =
kB T /Joc for Jquad /Joc = 0 (left), Jquad /Joc = 0.75 (center), and Jquad /Joc = 3.5 (right)
[2].
quadrupolar order parameter (q 2 , qT 2 , etc.) are of O(T 4 ), since the
presence of q does not inﬂuence the coeﬃcient of the T 2 term, thus the
octupolar transition temperature, until the coeﬃcient of T 4 is positive.
Minimizing with respect to T , the critical behavior of the octupolar
and quadrupolar moment


T

≈

A2
−t
2



6(A2 − 2B 2 j)
A2 − 8B 2 j

(3.16)

A2
−t
2

(3.17)

6B
q ≈ − 2
A − 8B 2 j





is characteristic of the mean-ﬁeld solution for primary, and secondary,
order parameters.
The coeﬃcient of the combined fourth-order term O(T 4 ) of F is
A4 4B 2 j − t
96t3 B 2 J − t

(3.18)

and it changes sign at t = 4B 2 j. At the same time, the transition
changes from second-order to ﬁrst-order at this point. Equating this
condition with the expression for the transition temperature we can
identify the coordinates of the tricritical point as jtri,1 = A2 /8B 2 =
0.48, and ttri,1 ≈ 123 (see Fig. 3.3, where the dots indicate the positions of the tricritical points). The octupolar transition temperature
(toc ) is constant for j < jtri,1 as we treated above. Representative temperature dependences of T and q are shown in Fig. 3.4. Performing the
t → 0 limit in the equations ∂F/∂q = 0 and ∂F/∂T = 0 we get that
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the ground state moments do not depend on the coupling strengths:
qt→0 = B, and Tt→0 = A.
• large-j limit
The ﬁrst instability occurs now when the coeﬃcient of the q 2 term
changes sign, and pure quadrupolar order sets in at tquad = B 2 j. This
critical line meets the boundary of ﬁrst-order transitions at the critical
end point jend ≈ 2.75, tend ≈ 177 (Fig. 3.3). For j > jend there are
two phase transitions: the onset of pure quadrupolar order is followed
by the emergence of mixed octupolar–quadrupolar order at toc . The
lower phase transition is of ﬁrst order up to the second tricritical point
jtri,2 ≈ 3.75, ttri,2 ≈ 185. For j < jtri,2 , the onset of octupolar order
is reﬂected in a discontinuity of q (see the right part of Fig. 3.4). For
j > jtri,2 , both transitions are continuous.
We can notice by looking the phase diagram on Fig. 3.3 that the octupolar transition temperature inside the quadrupolar ordered phase
is less and less aﬀected as we increase the value j, and toc saturates
at a constant value. Though in this regime, we cannot use Landau
expansion to determine q because the assumption that it is small is not
valid, we may assume that it is near its ground state value B, and use
a low-order expansion in T to obtain in the large-j limit
A2 exp(Bqj/toc )
= A2 ≈ 246 (3.19)
j→∞ exp(Bqj/toc ) + exp(−Bqj/toc )

lim toc = lim

j→∞

This is an interesting feature of this octupolar–quadrupolar model because in familiar phase diagrams of dipolar–quadrupolar models, the
mixed order would be completely suppressed at Jquad /Jdipole → ∞ (we
will discuss it in detail in Section 4.5). In contrast, we ﬁnd the ﬁnite
saturation value (3.19) as Jquad /Joc → ∞. The reason, as we understood earlier, is that in the Γ8 subspace the Γ5 quadrupoles are completely isotropic. We can also see on Fig. 3.3 that while the octupolar
order induces quadrupoles immediately, it is not true backwards: the
developing of non-zero quadrupolar moments does not mean the appearance of the octupoles. We will understand this situation in detail
in Section 3.4.
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Figure 3.5: Left: The T111
 = T octupolar order parameter as a function of the

temperature for H = 0, 0.5, and 1.0 (H(111), H in units of gµB ). Right: the T − H
phase diagram of the Joc = 0.02kB , Jquad = 0 model for H pointing in the (111) direction.
The transition is continuous all along the phase boundary [2].

3.2.2

The Case of H(111) Magnetic Field

The free energy
Inclusion of the magnetic ﬁeld H(111) into our model results in the following
mean-ﬁeld-decoupled Hamiltonian
H = Hoc + Hquad + HZ = Hoc + Hquad − H·J
β
= −T · T111
− jqO111 − HJ111

(3.20)

where the notations follow (3.11), J111 = (Jx + Jy + Jz ), and in the Zeeman
term H is the reduced magnetic ﬁeld.
In a symmetry direction such as (111) the magnetic ﬁeld suppresses the
numerical value of the octupolar ordering temperature, but leaves the nature
of the transition unchanged. The existence of a line of critical temperatures
follows (see Fig. 3.5). At small H we can use the expansion
Toc (H)
≈ 1 − aH · H 2 − bH · H 4 . . .
Toc (H = 0)

(3.21)

The free energy expression corresponding to (3.20) is
F(T , q, H) =

1 2 1 2
T + jq
2
2
−t · ln [2 exp (−Bjq/t) cosh





2
gH
H2

+

A2 T 2 /t
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(3.22)

Here gH and yH are the two parameters of the Zeeman splitting scheme of
the Γ8 subspace (see Appendix B). The overall shape of the phase boundary
in the t–H plane can be obtained by expanding free energy F(T , q, H) in
powers of T , and identifying the coeﬃcient of the T 2 -term
α(H, t) =

1
A2
sinh (gH H/t)
−
·
.
2 2gH H cosh (gH H/t) + cosh (yH H/t)

(3.23)

Solving α(H, t) = 0 gives a line of continuous transitions in the t–H plane
(right part of Fig. 3.5).
The free energy expansion with respect to the order parameters and the
magnetic ﬁeld is
F(T , q, H) ≈ F(T , q, H = 0)
2
2
2
gH
gH
− yH
2
BjqH
−
H 2 A2 BjqT 2
4t2
12t4
g 2 + 3y 2
+ H 3 H A2 T 2 H 2 .
48t

+

(3.24)

The ﬁrst term in the second line describes ﬁeld-induced Γ5 quadrupoles.
The absence of T H term from the free energy expansion gives that sharp
octupolar phase transition is possible even in magnetic ﬁeld. Note that this
is a property of the model and H(111). In general, time reversal invariance
would allow the existence of T H term.
Following the same calculation as we did in the H = 0 case, for the
secondary order parameter we get
q≈−



B
2 2
2
2
2
·
A
T
+
(g
−
y
)H
.
H
H
4t(t − B 2 j)

(3.25)

Replacing this into the free energy (3.24) and minimizing it with respect to
T , we get the primary order parameter in the ﬁeld


T

≈


=






2
2
2
2
2
2 2
8t(B 2 j − t) 
 A − t + A (A − 8B j)gH + 3A yH H 2
·
B 2 A4 j
2
24
t2 (B 2 j − t)

8t(B 2 j − t)
·
B 2 A4 j

(toc (H = 0) − t) − aH H 2 .

(3.26)

The second term of the product is the reduced temperature in magnetic ﬁeld.
Replacing t = toc (H = 0) = A2 /2 into the expression of parameter aH , it
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Figure 3.6: Linear susceptibility (left), temperature derivative of linear susceptibility
(center) and nonlinear susceptibility (right) as a function of temperature for H(111)
(Joc = 0.02kB , Jquad = 0) [2].
gives the quadratic shift of the transition temperature as it was deﬁned in
equation (3.21)
aH =



1
2
2
2
2 2
(A
−
8B
j)g
+
3A
y
.
H
H
6A4 (A2 − 2B 2 j)

(3.27)

One of the contributions to aH vanishes at the H = 0 tricritical point (j →
A2 /8B 2 ), while the other remains ﬁnite.
Thermodynamic quantities
Multipolar phase transitions, even when non-magnetic, tend to have a strong
signature in the linear or non-linear magnetic response. Representative results for the linear susceptibility χ = −∂ 2 F/∂H 2 , and the third-order (or
non-linear) susceptibility χ3 = −∂ 4 F/∂H 4 , are shown in Fig. 3.6. The octupolar transition appears as a cusp in χ (Fig. 3.6, left). The cusp can
be also represented as the discontinuity of ∂χ/∂T (Fig. 3.6, middle). The
non-linear susceptibility has a discontinuity from positive to negative values
(Fig. 3.6, right). These anomalies are related to each other, and the speciﬁc
heat discontinuity ∆C, via the Ehrenfest-type equation [26]


1
1
∂χ
∆χ3 = ∆
aH ∆C +
T
12aH
∂T



.

(3.28)

The derivation of (3.28) was performed originally at a usual critical point for
quadratic T − H phase diagram [27]: when we regard only (3.21) up to order
H 3 . The relationship (3.21) is often found for the critical temperature of
transitions to non-ferromagnetic phases like antiferromagnets, spin-gapped
phases, quadrupolar order, etc. Octupolar ordering belongs to this class of
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Figure 3.7: Zeeman spectrum of the Γ8 quartet in H(111) magnetic ﬁeld as a function
of the sixth order crystal ﬁeld coeﬃcient c6 . We choose the forth order coeﬃcient as
c4 = 1.1. The Zeeman splitting consists of a doublet and two singlets at a special ratio of
the crystal ﬁeld coeﬃcients c6 /c4 = −0.2422.
transitions. It can be shown that the relation (3.28) remains valid even at a
tricritical point, in which case sometimes the quadratic term in the equation
of the phase boundary is absent. Besides, a tricritical point has a special
set of critical exponents even in Landau theory. For example, the speciﬁc
heat will diverge in accordance with its αt = 1/2 mean-ﬁeld exponent value.
Therefore, it is not straightforward to see how the relation (3.28) will be
satisﬁed. We will show this in our model not too far below.
The results shown in Fig. 3.6 were derived for Jquad = 0, but this is not an
essential restriction. The relationship (3.28) holds everywhere along the lines
of continuous phase transitions shown in Fig. 3.3. As long as we are dealing
with ordinary second order transitions, Landau theory would be consistent
with all the discontinuities appearing in (3.28) being ﬁnite.
Approaching a tricritical point ∆C → ∞, and (3.28) allows several scenarios:
• aH = 0 case
In the expression (3.27) of the parameter aH , the coeﬃcient of gH
vanishes at the tricritical point, while in general cases, parameter yH
is non-zero, therefore aH remains ﬁnite. Our expectation is that the
divergence of the ∆C causes the same divergence of ∆∂χ/∂T .
• aH = 0 case
For most of the problems dealt with in this Chapter, the special choice
(3.1) of the Γ8 basis is inconsequential. However, we may regard the
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parameters of the cubic crystal ﬁeld potential, notably the ratio c6 /c4 of
the sixth-order and fourth-order terms in Hcf = c4 (O40 + 5O44 ) + c6 (O60 −
21O64 ), as additional parameter of the total Hamiltonian, and ask if a
thermodynamically distinct behavior is expected of some c6 /c4 . This is
the case now. Essentially, the Zeeman splitting parameters yH and gH
can be tuned with c6 /c4 (Fig. 3.7). We can see that there is a special
ratio c6 /c4 = −0.2422 where the Zeeman splitting scheme consists of
a doublet and two singlet states, and at this point yH = 0 is realized.
In this case, aH → 0 as one approaches to the tricritical point, and the
phase boundary becomes quartic
toc (H) ≈ toc (H = 0) − bH · H 4 .

(3.29)

aH → 0 cancels the mean-ﬁeld divergence of ∆C, and at the same
time ∆χ3 → 0. The discontinuity of (∂χ/∂T ) now remains ﬁnite and
is balanced by that of the ﬁfth-order non-linear susceptibility derived
from the free energy expansion with respect to the magnetic ﬁeld as a
higher order contribution




∂χ
1
∆χ5 = bH ∆
.
120
∂T

3.3

(3.30)

The Eﬀect of Magnetic Field with Arbitrary Direction on the Octupolar Ordering

In this Section, I present a ground state mean-ﬁeld calculation, which may
show the diﬀerent behavior of octupolar ordering in ﬁeld depending on its
orientation: the sharp octupolar transition may remain, or be fully destroyed,
but also consecutive octupolar transitions may be developed. For the sake
of simplicity, in the calculations we consider Jquad = 0; we are interested in
the continuous (second-order) octupolar transitions, which means the weakj part of the discussed j − t phase diagram, where this assumption does
not aﬀect the behavior. We will discuss the question of the ﬁeld induced
multipoles, and we show the connection to the mean-ﬁeld ﬁndings. The
detailed description of ﬁeld eﬀects based on general symmetry arguments
will be given in the last Section.
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Figure 3.8: Expectation value of the octupole moment in the ground state as a function
of magnetic ﬁeld for H(111) (left) and H(123) (right) [2]. For ﬁelds pointing in nonsymmetric directions, there is no sharp phase transition.

3.3.1

Ground State Calculation

In order to consider the eﬀect of a ﬁnite magnetic ﬁeld with arbitrary orientation with respect to Γ5 octupoles, we take the Hamiltonian in the following
form
H = Hoc + HZ = Hoc − H·J

(3.31)

where Hoc is the same as it was in (3.8). Here, as before, we conﬁne our
attention to uniform states. The main features of the ﬁeld direction dependence of octupolar ordering can be studied by conﬁning our attention to the
ground state (T = 0).
Let E0 be the minimal eigenvalue of the mean-ﬁeld Hamiltonian (3.31)
E0 (TH ) = H = − Φ0 |TH | Φ0   TH  − H· J

(3.32)

where |Φ0  is the interacting ground state, and   denotes expectation values
within |Φ0 . We have to minimize the energy
E(TH ) =

1
TH 2 + E0 (TH )
2

(3.33)

with respect to TH  in order to obtain the magnetic ﬁeld dependent octupolar order parameter in the ground state. We have to note at this point that
in general, TH does not point in the same direction in the Γ5 space as it was
β
 with pseudovector (Txβ , Tyβ , Tzβ ) (or either
in zero magnetic ﬁeld T = T111
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of the eight equivalent directions); and moreover we do not expect that it is
collinear with H. Determination of symmetry lowering due to the magnetic
ﬁeld will tell the structure of the pseudovector TH in the Γ5 space.
Fig. 3.8 shows results obtained by minimizing E(T ) with respect to T =
β
T111 , our original choice of order parameter for ﬁelds H(111) (left panel)
and H(123) (right panel).
For H(111), the ﬁeld does not introduce any inequivalence of x, y, and z,
β
) is optimal. The nature
thus the above choice of the order parameter (T111
of the octupolar order parameter is not inﬂuenced by this ﬁeld. There is a
T = 0 phase transition at a critical ﬁeld Hcr , there must exist (in mean-ﬁeld
theory) a ﬁnite-T ordered phase at H < Hcr (as we saw in the left part of
Fig. 3.5).
Direction (123) represents general non-symmetric directions. We ﬁnd
that the phase transition is smeared out (the marked upward curvature at
H ∼ 1.5 shows where the phase transition might have been; clearly, intersite
interactions are important for H < 1.5, while their eﬀect is negligible in the
high-ﬁeld tail).
–3.2

E

–3.4

–3.6
–20

–10

0

10

T

20

Figure 3.9: The Landau-type ground state energy expression has symmetric or asymmetric minima depending on whether the ﬁeld is applied in a symmetry direction (H(111),
upper curve), or non-symmetry direction (H(123), lower curve).
The reason for the discrepancy between the H(111) and H(123) behavior becomes clear from plotting the Landau-type ground state energy density
for the two diﬀerent ﬁeld directions (Fig. 3.9). For H(111), equivalent minima remain at the positions ±T0 , thus this remaining degeneracy in ﬁnite
magnetic ﬁeld gives rise to the existence of symmetry breaking transition
(upper curve). On the other hand, for H(123), the two minima are not
equivalent, the ground state remains always on the right-hand side (because
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it is energetically favorable) and therefore, there is no symmetry breaking
transition.
For ﬁelds with other directions (which are not (111) or (123)) we will ﬁnd
diﬀerent characteristic solutions. We will discuss it in the next subsection.

3.3.2

Field Induced Multipoles

In this subsection, we start to approach the problem from the high magnetic
ﬁeld limit with a method which is diﬀerent from mean-ﬁeld approximation.
However, all the ﬁndings can be illustrated by mean-ﬁeld calculation (as we
will point it out). Our starting point is that in suﬃciently large magnetic
ﬁeld, the ground state is determined only by the ﬁeld: either because ordering
has been suppressed, or because there was no transition to begin with. The
magnetic ﬁeld reduces the symmetry, and based on this fact we can take
general statements even in the high-ﬁeld case as to which symmetry breaking
octupolar transitions are allowed. Of course, we cannot get model-sensitive
detail such as the value of a critical ﬁeld.
It is interesting to observe that the octupolar operators can be expressed
in terms of dipole and quadrupole operators [28] because they are third-order
polynomials of Jx , Jy and Jz . The expressions for octupolar operators which
are important for us are the following
1
2
1
Txβ = ( O20 + O22 )Jx + (Ozx Jz − Oxy Jy )
3
6
3
1
1
2
Tyβ = (− O20 + O22 )Jy + (Oxy Jx − Oyz Jz )
3
6
3
1
2
Tzβ = − O22 Jz + (Oyz Jy − Ozx Jx )
3
3

(3.34)

where the forms of the quadrupoles are listed in Table 2.3.
(3.34) contains exact identities respecting the non-commutative nature of
the operators. However, T β ’s were deﬁned as symmetrized expressions, so it
must be true that the order of the operators on the right-hand side cannot
really matter. In fact, there is an arbitrariness in the representation (3.34):
it would be also true that
1
(3.35)
Tzβ = − O22 Jz
3
or

2
Tzβ =
Oyz Jy − Ozx Jx .
(3.36)
3
Let us discuss the eﬀect of the ﬁeld. The external magnetic ﬁeld induces
J dipole density as J = (Jx , Jy , Jz )  H , and this gives rise to
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induced quadrupoles Oxy  = Jx Jy  as a second-order eﬀect, and induced
octupoles as a third-order eﬀect, etc. If an octupole component is induced
by the ﬁeld it can no longer play the role of the order parameter, there is
no a possibility of symmetry breaking phase transition. The question can
be approached from another direction: which octupoles are not induced by
a given ﬁeld. Expressions (3.35) and (3.36) have the same classical meaning
when Jx , etc. are treated as induced densities. In order to see this start from
equation (3.36) follows
Tzβ = Oyz Jy − Ozx Jx −→ (Jy Jz )Jy  − (Jz Jx )Jx 
= (Jy 2 − Jx 2 )Jz  ∝ (Hy2 − Hx2 )Hz

(3.37)

Same result can be obtained from equation (3.35). Similarly, the other two
induced Γ5 octupoles are
Txβ = Ozx Jz − Oxy Jy −→ (Jz Jx )Jz  − (Jx Jy )Jy 
= (Jz 2 − Jy 2 )Jx  ∝ (Hz2 − Hy2 )Hx ,

(3.38)

Tyβ = Oxy Jx − Oyz Jz ∝ (Hx2 − Hz2 )Hy .

(3.39)

and

For example, when the ﬁeld is applied in direction (111), from expressions
(3.37), (3.38) and (3.39) it follows that Txβ = Tyβ = Tzβ = 0, and therefore
β
= 0. This is why we found that this ﬁeld direction allows the sharp
T111
β
octupole.
phase transition of the T111
We can make an imagination about the ﬁeld induced octupolar densities described before and the consequences by considering the general Hdependence of the energy in terms of higher order polarizations
1
1
E(H) ∼ E(H = 0) − χH 2 − χ3 H 4 . . .
2
12

(3.40)

The energy expression must be invariant under time reversal. The lowest
order time reversal invariant expression containing T is T H. This means a
coupling of octupolar moments to ﬁelds, and it may appear in terms from
O(H 4 ) upwards. If it is present, the minimal eigenvalue of the mean-ﬁeld
energy (3.32) will not be symmetrical under the sign change of octupole
moments: E0 (T ) = E0 (−T ). Non-equivalent minima like in Fig. 3.9 (lower
curve) mean that there is no symmetry to break, a phase transition is not
possible. However, for ﬁelds in the special directions discussed above, there
is no ﬁeld-induced Γ5 octupole, the ±T minima of E0 (T ) remain equivalent
(Fig. 3.9, upper curve) and spontaneous symmetry breaking remains possible.
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Figure 3.10: The contour plot of the ground state energy functional in the Txβ + Tyβ –

Tz  plane for H = (0, 0, H) magnetic ﬁelds H = 0.2 (left), H = 0.42 (middle) and H = 0.8
(right) [2].

3.3.3

Connection with the Mean-Field Results

Now, we demonstrate diﬀerent possible ordering behavior based on meanﬁeld ground state calculation of the Γ5 octupoles for several ﬁeld directions.
• H(111)
Taking now H  (111), we ﬁnd Txβ = Tyβ = Tzβ = 0, and so also
β
= 0. The ﬁeld does not induce Γ5 octupoles, and therefore a
T111
symmetry breaking transition is possible. Furthermore, in this case,
the x, y, and z axes play equivalent roles, and therefore the choice of
β
 is correct. The situation corresponds
the order parameter T = T111
to the left part of Fig. 3.8.
• H(001)
Next consider H  (001). Here we ﬁnd also that Txβ = Tyβ = Tzβ = 0
from equations (3.37)–(3.39), and therefore the possibility of continuous
phase transitions. However, it is intuitively clear that the z-axis is
inequivalent to x and y for this ﬁeld direction, and therefore the order
parameter may be either Tz , or some linear combination of Tx and Ty .
We have to perform a two-parameter minimization using the suitably
modiﬁed form of (3.33)
E0 (Tz , T⊥ ) = −J ((Tx + Ty )T⊥  + Tz Tz )

(3.41)

with Tx  = Ty  = T⊥ . Like in Fig. 3.9, we expect that the ground
state energy functional has degenerate local minima: at low ﬁelds, we
ﬁnd a pair of these as a function of Tz , and another pair along the
Tx + Ty  direction (the latter choice is arbitrary in the sense that we
could also have taken Tx −Ty ) (left part of Fig. 3.10). These two pairs
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Figure 3.11: Left: The ﬁeld dependence of Txβ + Tyβ /2 and Tz  in a ﬁeld H  (001).

Right: Octupolar components for H  (11c), c = 0 [2].

of minima are not symmetry-related (we will return to this problem and
discuss it in the next section), as it is also shown by the fact that at
intermediate ﬁelds, only the Tx + Ty  = 0 minima survive (middle
part of Fig. 3.10). At high ﬁelds, both degeneracies disappear, the
ground state is non-degenerate with Tx + Ty  = Tz  = 0 (right part
of Fig. 3.10).
So we expect two second-order ground state transitions. Tx + Ty  = 0
>
, and Tz  = 0 is realized
is taking place ﬁrst at higher critical ﬁeld Hcr
<
at a lower critical ﬁeld Hcr . The mean-ﬁeld result is shown in the left
<
, Txβ + Tyβ  = 0 and
part of Fig. 3.11. In the low-ﬁeld phase H < Hcr
also Tzβ  = 0. Tzβ  = Txβ + Tyβ /2 as long as H > 0; but in the
β
order (Txβ  = Tyβ  = Tzβ ).
H → 0 limit we get back the T111
• H(11c), where c = 0 arbitrary number
Combining equations (3.38) and (3.39) we get that
Txβ − Tyβ ∝ Hz2 (Hx + Hy ) − Hx Hy (Hx + Hy ) = 2H 3 (1 − c2 ) = 0
Txβ + Tyβ ∝ Hz2 (Hx − Hy ) + Hx Hy (Hx − Hy ) = 0

(3.42)

Omitting
the c = ±1
values4 , this ﬁeld direction induces Txβ −Tyβ  = 0,


leaving Txβ + Tyβ = 0 and Tzβ  = 0. There is a remaining octupolar degeneracy which is lifted in a single continuous transition, where
Tzβ  = 0, and Txβ + Tyβ  = 0 appear simultaneously (right part of
4

These values give nothing else than the case of H(111) treated before.
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Fig. 3.11). The reason of why there is only one transition will be understood in the next Section. We can also see that Txβ − Tyβ  = 0 in
the full range of the magnetic ﬁeld.
For c = 0, (i.e., H  (110)) Tzβ , and Txβ + Tyβ can order independently,
like in the case of H  (001).
• Non-symmetric directions
A magnetic ﬁeld pointing in a general direction will give non-zero values
for Txβ , Tyβ , and Tzβ . Since the ﬁeld induces all of the Γ5 octupoles, there
remains no degeneracy to be lifted, no symmetry breaking transition is
possible. Since Txβ , Tyβ , and Tzβ are not equivalent for a general ﬁeld
direction, the mean-ﬁeld solution should be sought in the form
T = ax Txβ + ay Tyβ + az Tzβ

(3.43)

This case corresponds to the situation in the right-hand panel of Fig. 3.8.
We note that this situation is very similar to the well-known ferromagnetic Ising model, where in any ﬁnite external magnetic ﬁeld there is
no sharp phase transition: the ﬁeld picks a preferred spin direction,
thus there remains no symmetry to break.
The limit H → 0 may give one of the (111)-types order (see (3.4)), which
were degenerate at H = 0.
The previously discussed special directions which allowed a symmetry
−
breaking transition, were all lying in the plane with normal vector →
n =
(1, −1, 0). Because of the cubic symmetry, the behavior is the same for mag−
→
netic ﬁelds lying in planes with normal vectors →
n = (1, 1, 0), −
n = (1, 0, −1),
−
→
−
→
−
→
n = (1, 0, 1), n = (0, 1, −1), and n = (0, 1, 1), only the ordering phases
change

 correspondingly.


 These six planes intersect along the directions [111],
111 , 111 and 111 . These results are presented in Fig. 3.12. Any direction outside these planes excludes the possibility of a continuous octupolar
transition, and corresponds to the non-symmetrical direction.

3.4

Symmetry Classiﬁcation of Multipoles in
External Magnetic Field

We can say in general that the magnetic ﬁeld lowers the symmetry of the
system, and gives rise to coupling between multipoles which was independent
in the absence of the magnetic ﬁeld. The nature of these couplings depends
sensitively on the direction of the ﬁeld. To study the magnetic ﬁeld eﬀect
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Figure 3.12: Field directions lying in any of the planes shown allow a continuous octupolar ordering transition [2]. Special rules hold for the lines of intersection, and other
high-symmetry directions.
on multipolar orderings in general, it is fruitful to use group theoretical approaches, which can easily handle these questions. There are two ways to
investigate the ﬁeld eﬀect based on symmetry considerations.
One of them is when we deal with the zero-ﬁeld symmetry of the system
and preserve the meaning of the multipolar operators as they were deﬁned in
zero ﬁeld. These are basis operators of the irreducible representations of the
original point group symmetry (see Table 2.3 for example). These operators
are used to construct the invariants which enter the Landau expansion of the
relevant thermodynamical potential (an analogous expression was shown in
(2.28)). The ﬁeld induced couplings between diﬀerent multipoles are immediately recognized from the Landau expansion.
The other way is when we start from the reduced symmetry which is valid
for the system in the presence of the magnetic ﬁeld. In this case, we may
operate with redeﬁned operators labelled by the irreps of the new symmetry
group. This case is a little more diﬃcult, because in the presence of magnetic
ﬁeld not only pure geometrical operations leave the system unchanged, but
combining the time reversal with geometrical operations may be also symmetry elements. The full symmetry group contains unitary and antiunitary
elements.
In this Section, ﬁrst we follow the way related to the symmetry allowed expansion of the thermodynamical potential, and afterwards present the other
approach based on the reduced symmetry of the system due to the ﬁeld. Of
course, both methods give same results, but they illuminate the eﬀect of an
applied magnetic ﬁeld from diﬀerent points of view.
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Symmetry Related Expansion of the Helmholtz
Potential: Method I.

Octupolar ordering in ﬁeld with any direction
In the following, we prefer to use the Helmholtz free energy G which is related
to the ground state energy E0 (y, H) used in our previous discussion by the
Legendre transformation G = E0 + J·H. In the energy expression E0 (y, H),
H is the external magnetic ﬁeld, and y stands for all other variables. The
magnetic moment is obtained as J = −(∂E0 /∂H)y . Using the Helmholtz
free energy, the magnetic ﬁeld will be expressed as
H=

∂G
.
∂J

(3.44)

The generalized Helmholtz free energy can be expanded in terms of the
components of the symmetry-allowed multipoles [5]
G = G(Jx , Jy , Jz ; O22 , O20 , Oxy , Oyz , Ozx ; Txyz ; Txα , Tyα , Tzα ; Txβ , Tyβ , Tzβ )
=



I(Γi ⊗Γj ...)

(3.45)

i,j,...

This expansion is a sum of invariants (second line of expression G) corresponding to the identity representation Γ1g (or other words, the totally symmetric representation). We have to ﬁnd all possible product representations
spanned by the order parameter components which give the Γ1g , and identify the basis for Γ1g . It is clear, that Γ1g requires also the time reversal
invariance.
G contains many terms, and if our purpose were to do a systematic Landau
theory of phase transitions, we should identify all of terms up to a speciﬁc
order. However, we merely wish to understand how Γ5u octupoles are induced
by a magnetic ﬁeld. Therefore, we seek only invariants which contain Γ5u
and also Γ4u (the symmetry of J is Γ4u , and the ﬁeld H behaves as J). Their
general form is I(Γ4 ⊗Γj ...) = J·V, where the components of V give the basis
of Γ4u , because the product of two irreducible representations ΓA ⊗ ΓB can
give the Γ1 identity representation only the case when ΓA and ΓB are same.
We arrange the invariants according to the number of factors in the underlying product representation. For the present purposes, we will call this
number the order of the invariant. The second order invariants containing J
are J·J and J·T α which corresponds to Γ4u ⊗ Γ4u .
Third order invariants arise from Γ4 ⊗Γ5 ⊗Γ5 , Γ4 ⊗Γ3 ⊗Γ5 , Γ4 ⊗Γ2 ⊗Γ5 , and
Γ4 ⊗Γ4 ⊗Γ5 terms. Let us take them separately.
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• Γ4 ⊗Γ2 ⊗Γ5 invariant:
In this invariant, Γ4 gives the J, so it is Γ4u . Γ2 should be also odd parity, Γ2u , which corresponds to the Txyz , because representation Γ2g is a
sixth order multipole, which is not independent in our four dimensional
subspace. The remaining term must be Γ5g . However, this invariant
does not contain the Γ5 octupoles which we are interested in, it is worth
the eﬀort to examine this invariant
I(Γ4 ⊗Γ2 ⊗Γ5 ) = Jx Oyz Txyz + Jy Ozx Txyz + Jz Oxy Txyz ,

(3.46)

and the corresponding term of V is
V(Γ2 ⊗Γ5 ) = (Oyz Txyz , Ozx Txyz , Oxy Txyz ) .

(3.47)

Considering the z-component, we ﬁnd that in the presence of H(001)
magnetic ﬁeld, Oxy and Txyz will be coupled. The meaning of this is
that Oxy -type quadrupolar moment induces the octupole Txyz [5]. Or
alternatively, Txyz -type octupole order would induce Oxy quadrupoles.
• Γ4 ⊗Γ4 ⊗Γ5 invariant:
We may ignore this term, because if we assume Γ4u (J) and Γ5u (octupoles), the other Γ4 must be Γ4g , which is a hexadecapole, and it is
not independent in our Γ8 subspace. This third-order expression will
appear as a fourth-order invariant containing independent multipoles.
• Γ4 ⊗Γ5 ⊗Γ5 invariant:
In this case the basis expression for the identity representation is
I(Γ4u ⊗Γ5u ⊗Γ5g ) = Jx (−Oxy Tyβ + Ozx Tzβ ) + Jy (−Oyz Tzβ + Oxy Txβ )
+Jz (−Ozx Txβ + Oyz Tyβ ) ,

(3.48)

• Γ4 ⊗Γ5 ⊗Γ3 invariant:
It gives
1
1
I(Γ4u ⊗Γ5u ⊗Γ3g ) = − Jx (O20 + O22 )Txβ + Jy (O20 − O22 )Tyβ
2
2
2 β
+Jz O2 Tz
(3.49)
For our present purpose, it is enough to consider the invariants up to thirdorder. Diﬀerent invariants appear with independent coeﬃcients. The expressions for the magnetic ﬁeld components can now be obtained easily by
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derivation (see (3.44)). They are
v1
Hx = u1 Jx + u2 Txα + Jx (3O22 − O20 ) + v2 Oyz Txyz + w1 (−Oxy Tyβ + Ozx Tzβ )
2
w2 0
2
(3.50)
− (O2 + O2 )Txβ + z1 (Jy Oxy + Jz Ozx ) ,
2
v1
Hy = u1 Jy + u2 Tyα − Jy (3O22 + O20 ) + v2 Ozx Txyz + w1 (−Oyz Tzβ + Oxy Txβ )
2
w2 0
2
+ (O2 − O2 )Tyβ + z1 (Jx Oxy + Jz Oyz ) ,
(3.51)
2
Hz = u1 Jz + u2 Tzα + v1 Jz O20 + v2 Oxy Txyz + w1 (−Ozx Txβ + Oyz Tyβ )
+w2 O22 Tzβ + z1 (Jy Oyz + Jx Ozx ) .

(3.52)

We included also invariants I(Γ4u ⊗Γ4u ⊗Γ3g ) and I(Γ4u ⊗Γ4u ⊗Γ5g ) for further
purposes. The former invariant is still important to treat the eﬀect of ﬁeld
via Γ4u –Γ3g , Γ3g –Γ5u couplings.
Let us ﬁrst discuss (3.52). An H(001) ﬁeld induces Jz as linear response
and Tzα as part of the non-linear response. Because of the presence of the
v1 Jz O20 term, the quadrupole moment O20 = 3Jz2 − J(J + 1) will also be
induced. Up to this order, there are no other polarization eﬀects. What
the remaining terms describe is the following: assume that there is an Tzβ
octupole moment created in an ordering transition (i.e., not by the ﬁeld).
Then this will, in Hz = 0, induce the quadrupole moment O22 . We may say
that the ﬁeld mixed the O22 quadrupole to the Tzβ octupole. This can only
happen because the ﬁeld breaks time reversal invariance (under time reversal,
quadrupoles and octupoles have diﬀerent parity). The remaining terms can
be discussed in a similar manner.
Now we are able to reconsider the eﬀects of several ﬁeld directions discussed in the previous Section. We keep only terms in the following which
are important for the explanation of the features of Γ5u octupolar ordering.
H(111):
In this case, we have to add the expressions (3.50)–(3.52) for derive this ﬁeld
direction


H111 = w1 (Oxy − Ozx ) Txβ + (Oyz − Oxy ) Tyβ + (Ozx − Oyz ) Tzβ
+w2 −





1 0
1 0
O2 + O22 Txβ +
O2 − O22 Tyβ + O22 Tzβ . (3.53)
2
2

The terms which connect the Γ3 quadrupoles to the J components drop out
from expression (3.53) because they are irrelevant for the present purpose.
Neither of the quadrupolar coeﬃcients seen above are ﬁeld-induced. Therefore, if there is no quadrupolar interaction to introduce some of them as order
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parameters, there are no induced T β octupoles at all, and so H  (111) ﬁelds
will allow the same kind of Γ5u octupolar ordering as in the absence of a
ﬁeld (remember, though, that the amplitude of the order will be gradually
suppressed by the ﬁeld).
H(001):
This was partially explained a little earlier. From (3.52), we keep only
H001 = v1 Jz O20 + w1 (−Ozx Txβ + Oyz Tyβ ) + w2 O22 Tzβ .

(3.54)

This ﬁeld direction induces the O20 quadrupolar moment through the Jz
dipole component, but it is not connected to any of the Γ5u octupoles. Txβ
and Tyβ appear in a common term separated from the Tzβ component, and
they are not connected by any of the invariants. This is the cause of the
existence of two distinct octupolar phase transitions of Tzβ and Txβ + Tyβ (or
Txβ − Tyβ ) as we showed in Fig. 3.11.
H(110):
The ﬁeld expression is
H110 = v1 O20 (Jx + Jy ) −


w2 0  β
O2 Tx − Tyβ
2


w2 2  β
O2 Tx + Tyβ + w1 (Ozx − Oyz ) Tzβ .
(3.55)
2
This ﬁeld direction induces the density Jx +Jy , and therefore the O20 quadrupole
is also induced (see the ﬁrst term of (3.55)). Txβ −Tyβ is coupled to O20 (second
term), therefore this octupolar component is induced as well. The remaining
octupolar degeneracy arises from the fact that (Txβ + Tyβ ) and Tzβ do not
couple to the ﬁeld. Since these are associated with diﬀerent terms in the
expansion (3.45), (Txβ + Tyβ ) and Tzβ may order independently. There are
two phase transitions like in the case H(001).

−

H(11c):
Finally, we comment upon the case H  (11c)
H11c = v1 O20 (Jx + Jy ) + cv1 O20 Jz




w1 (Oxy − cOzx ) Txβ + (cOyz − Oxy ) Tyβ + (Ozx − Oyz ) Tzβ


1 
1 
+w2 − O20 Txβ − Tyβ − O22 Txβ + Tyβ + cO22 Tzβ . (3.56)
2
2
β
β
Again only (Tx − Ty ) is ﬁeld induced because of the induced O20 quadrupole.
Either of Tzβ and (Txβ + Tyβ ) can order, however, once octupole–octupole
interaction gives rise to Tzβ order for example, it induces O22 , which in turn
induces (Txβ + Tyβ ), thus there is a single phase transition. This was our
ﬁnding in the mean-ﬁeld calculation presented in the right part of Fig. 3.11.
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Table 3.1: Mixing of multipoles for several magnetic ﬁeld direction in cubic environment.
Field direction
Dipoles
Quadrupoles
Octupoles
α
H(111)
Jx + Jy + Jz
Oxy + Oyz + Ozx
Tx + Tyα + Tzα , Txyz
Jx − Jy
O22 , Ozx − Oyz
Txα − Tyα , 2Tzβ − Txβ − Tyβ
0
2Jz − Jx − Jy O2 , 2Oxy − Ozx − Oyz 2Tzα − Txα − Tyα , Txβ − Tyβ
H(110)
Jx + Jy
O20 , Oxy
Txα + Tyα Txβ − Tyβ
2
Jx − Jy
O2
Txα − Tyα , Txβ + Tyβ
Jz
Ozx + Oyz
Tzα , Txyz
–
Ozx − Oyz
Tzβ
0
H(001)
Jz
O2
Tzα
–
O22
Tzβ
–
Oxy
Txyz


α
α
[Jx , Jy ]
[Oyz , Ozx ]
Tx , Ty , Txβ , Tyβ
Mixing of Γ8 order parameters in magnetic ﬁeld
In the previous part of this subsection we considered only the couplings between certain multipoles, which are useful for understanding the behavior
of the octupolar ordering model. Now we determine all possible mixings
between the multipoles supported by the Γ8 subspace. The number of independent order parameters is 42 − 1 = 15; their classiﬁcation under cubic
symmetry is given in Table 2.3. For the present purpose it is enough to regard the invariants up to third-order. Higher-order invariants do not give us
more information (though they may be important in a mean-ﬁeld theory).
From expressions (3.50)–(3.52) the full magnetic ﬁeld expression when
the ﬁeld points in direction (111) is




H111 = u1 [Jx + Jy + Jz ] + u2 Txα + Tyα + Tzα + v2 Txyz [Oxy + Oyz + Ozx ]








+w1 (2Oxy − Ozx − Oyz ) Txβ − Tyβ + (Ozx − Oyz ) 2Tzβ − Txβ − Tyβ





1 
1 
+w2 − O20 Txβ − Tyβ + O22 2Tzβ − Txβ − Tyβ
2
2

+z1

1
2
(Jx + Jy + Jz )(Oxy + Oyz + Ozx ) − (Jx − Jy )(Ozx − Oyz )
3
2

1
− (2Jz − Jx − Jy )(2Oxy − Ozx − Oyz ) ,
6

(3.57)

where we rearranged the terms to exploit the symmetry of the ﬁeld conﬁguration. The reader may check the following statements: (Jx − Jy ) induces
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(Ozx − Oyz ); (Ozx − Oyz ) induces 2Tzβ − Txβ − Tyβ ; 2Tzβ − Txβ − Tyβ induces O22 . In other words, all these order parameters (which are distinct in
zero ﬁeld) are mixed by a magnetic ﬁeld H(111). Accordingly, they appear
in the same line of Table 3.1. The other lines are derived analogously.
We note that this classiﬁcation scheme was ﬁrst derived in the theory of
the cubic 4f 1 system CeB6 which also has a Γ8 ground state level [5].

3.4.2

Inclusion of the Time Reversal: Method II.

We treat again the mixing of Γ8 order parameters, but from a diﬀerent point
of view than it was in the previous subsection. In the presence of non-zero
magnetic ﬁeld the symmetry is reduced from Oh . The magnetic ﬁeld transforms like spins. We learn from group theory that under translations and
rotations the spin may regarded as an axial vector (or arrow). Under reﬂection in a plane, the spin remains unchanged in case when it is perpendicular
to the plane and changes sign when it is parallel to the plane. We can understand this behavior if we associate the spin with circular electric current.
But the symmetry elements in the magnetic ﬁeld are not only pure geometrical. Combining geometrical operations with the time reversal5 , we can get
further symmetry elements which leave the spins unchanged. Thus the full
symmetry group contains unitary and non-unitary symmetry operations [29].
Let us examine the example of H(110) ﬁeld in detail.
Table 3.2: Character table of C2v point group.
C2v E C2 σv (xz) σv (yz)
A1 1 1
1
1
z
x2 , y 2 , z 2
A2 1 1
-1
-1
Rz
xy
B1 1 -1
1
-1
x, Ry
xz
B2 1 -1
-1
1
y, Rx
yz
Switching on a non-zero H(110) magnetic ﬁeld, the geometrical symmetry reduces to C2h . Reﬂections in planes xz (σv (xz)) or yz (σv (yz)) are not
symmetry operations because they change the sign of the ﬁeld, but combining
them with the time reversal T̂ , the ﬁeld remains unchanged, thus T̂ σv (xz)
and T̂ σv (yz) are also symmetry operations. The full symmetry group contains four unitary and four non-unitary operations, and can be written as
C = C2h + T̂ σv (xz)C2h
5

(3.58)

In Appendix A we have given an introduction into the nature and the main properties
of the time reversal operator.
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We may rearrange the elements of C and make two subgroups in the following
way
C˜1 = {E, C2 } + T̂ σv (xz){E, C2 } = {E, C2 } + {T̂ σv (xz), T̂ σv (yz)}
C˜2 = {i, σh } + T̂ σv (xz){i, σh } = {i, σh } + {σv (xz), σv (yz)}

(3.59)

The multiplication tables of both sets {E, C2 } and {i, σh } are the same as
the multiplication table of the point group C2 , therefore, it is suﬃcient to
regard the subgroup
C˜ = C2 + T̂ σv (xz)C2 .

(3.60)

˜ It is easy to show that the multiplicaBoth C˜1 and C˜2 are isomorphic with C.
˜
tion table of C is the same as that of C2v , and therefore we can say that the
symmetry in the presence of an H(110) magnetic ﬁeld can be regarded as
C2v , and the order parameters are labelled by the irreducible representations
of this group. We note that in our case we have to understand the operation
σv (xz) as T̂ σv (xz) in the character table of C2v (Table 3.2), and therefore
regarding the components of J angular moment, they correspond to the basis
functions x, y and z in the Table 3.2, not to Rx , Ry and Rz .
In our case the direction (110) plays the role of the direction z of Table 3.2,
and of course the symmetry operation C2 means a rotation about the (110)
axis, etc., thus for obtaining the symmetry classiﬁcation of the multipolar
operators by the irreps of group C2v , we have to make a transformation of
the basis functions.
Instead of the original basis functions z, xy, x (xz) and y (yz) of Table
3.2, we choose the following set as basis: z̃, x̃ + ỹ, x̃ − ỹ, z̃(x̃ − ỹ), where
x̃, ỹ and z̃ mean the Jx , Jy and Jz components. The character table of the
symmetry operations of C˜ on these basis functions is included in Table 3.3
where we listed also higher order basis functions6 .

A1
A2
B1
B2

E
1
1
1
1

C2
1
1
-1
-1

Table 3.3: Character table of C˜ point group.
T̂ σv (xz) T̂ σv (yz)
1
1
x̃ + ỹ x̃ỹ, 2z̃ 2 − x̃2 − ỹ 2
-1
-1
–
z̃(x̃ − ỹ)
1
-1
z̃
z̃(x̃ + ỹ)
-1
1
x̃ − ỹ
x̃2 − ỹ 2

z̃ 2 (x̃ + ỹ)
x̃ỹz̃
z̃ 2 (x̃ − ỹ)

We can associate z̃(x̃ − ỹ) with the Ozx − Oyz quadrupolar component, or
6

Of course the character table is the same as that of C2v
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x̃ỹz̃ with the Txyz octupole etc. The present method treats the symmetry for
a speciﬁc ﬁeld direction explicitly and the mixing of diﬀerent multipoles is
indicated by the fact that they appear as basis operators for the same irrep
in Table 3.3.
Similar argument can be given for other ﬁeld directions. In the presence
of H(001) the geometrical symmetry reduces to C4h . Regarding again the
combinations of the time reversal and pure geometrical operations, further
symmetry elements can be obtained such as T̂ σv (x) and T̂ σv (y), or combining T̂ with the C2 rotation which is perpendicular to the z axis. The full
symmetry group in this case is
C = C4h + T̂ σv (x)C4h .

(3.61)

The relevant subgroup of C now is
C˜ = C4 + T̂ σv (x)C4 .

(3.62)

The multiplication table of C˜ is the same as that of C4v , thus we may say that
in the presence of H(001) magnetic ﬁeld the symmetry of the system is C4v .
This group has (in addition to one-dimensional irreps) a two dimensional
irreducible representation, thus we expect that some of the multipoles are
paired into order parameter doublets. The brackets in Table 3.1 correspond
to this.
For magnetic ﬁeld H(111), the symmetry in the magnetic ﬁeld is C3v .
C3v has two one-dimensional, and one two-dimensional irreps. In fact, restricting ourselves to the ﬁrst 15 multipoles allows to ﬁnd only one the order
parameter singlets7 (see the ﬁrst line under heading H(111) in Table 3.1).
The remaining two lines contain the components of operator doublets; we
did not indicate this for typesetting reasons.
A general lesson is the following: symmetry is lowered in the magnetic
ﬁeld, but it is not as low as would correspond by simply making a direction inequivalent to the others. There are extra symmetry elements arising
from the combination of time reversal with geometrical operations. Thus for
H(001) the symmetry is C4v , not C4h . C4h would not have a two dimensional irrep, while C4v has. The operator doublets in Table 3.1 reﬂect the
non-geometrical aspect of the symmetry.

3.4.3

Remarks

• It is obvious that the present argument was made for phases with uniform order (q = 0). To obtain information about all possible ordering of
7

A diﬀerent local Hilbert space would allow the appearance of the other singlet.
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any q = 0 Fourier components of the multipolar densities may require
the precise analysis of the full space group symmetry. One possible
way to include the translation group into the consideration is regarding components in the Landau expansion with non-zero wave vectors
(q = 0), and requiring that in each factor of the expansion the sum
of the wave vectors should be zero. This was obviously satisﬁed in
the homogenous case. For example, in the expression of the Helmholtz
potential a term such as
G = ... + w2 Jz (0)Tzβ (q)O22 (−q) + ...

(3.63)

is also allowed. Thinking of cubic (bipartite) lattices, this means that
in a uniform H(001) magnetic ﬁeld, alternating Tzβ octupolar order
induces alternating O22 quadrupolar order.
• We can discuss other phenomena than the eﬀect of an external magnetic
ﬁeld. In fact, the expansion of G in (3.45) was in terms of J, not H.
Considering the term
G = ... + v2 Jz Txyz Oxy + ...

(3.64)

we may take the presence of Oxy quadrupolar polarization as a starting
point. Oxy  = 0 may arise from an externally applied strain ﬁeld.
Then we predict that the octupolar order Txyz gives rise to Jz magnetic
order.
• In Section 3.2 our argument was based on the expansion of the free
energy F (3.24) in terms of the octupolar and quadrupolar order parameters and the magnetic ﬁeld, while in Section 3.4 we have used the
Helmholtz potential G (3.45). As we mentioned they are related each
other by the Legendre transformation G = F + J · H. In Appendix B,
we give the form of the Landau expansion of G obtained from the free
energy (3.24) using the Legendre transformation.

Chapter 4
PrFe4P12 Skutterudite
4.1

Crystal Field Model

We gave an introduction to the PrFe4 P12 problem in Section 2.6.2. The
4f 2 shells of the Pr3+ ions undergo an antiferro-quadrupolar ordering at
Ttr = 6.5K. The Pr sublattice is the bipartite bcc lattice, the staggered order
belongs to Q = ( 12 , 0, 0). X-ray diﬀraction measurements are consistent with
the ordering of Γ3 (rather than Γ5 ) quadrupoles. It is interesting that though
quadrupolar moments are time reversal invariant, their ordering in PrFe4 P12
is very sensitive to the magnetic ﬁeld. The ﬁeld-induced suppression of the
quadrupolar phase is shown in Fig. 2.5.
In this Chapter, we develop a microscopic description of the antiferroquadrupolar order. We need to ﬁnd which local Hilbert space carries the
Γ3 moments. We base our mean ﬁeld theory on the assumption of cubic
symmetry1 (Sections 4.1–4.3). Taking the levels of the splitting scheme (2.33)
individually, any of them, with the exception of the singlet, could support
a Γ3 order parameter2 . However, we concluded on the basis of experiments
that the ground state is in fact the Γ1 singlet. If the inter-site interactions
were suﬃciently weak (smaller than the splitting of the lowermost two levels),
there would be no phase transition at all: the system would gradually settle
into a fully symmetrical ground state.
However, there is an ordering transition which must involve at least two
crystal ﬁeld levels. The ground state is symmetry breaking: it does not derive
from the single-ion ground states, but from excited states. In our model, they
are Γ4 states. The inter-site interaction must reverse the order of Γ1 and Γ4
1
As we already mentioned, this is only an approximation. The tetrahedral component
of the crystal ﬁeld gives rise to interesting eﬀects. More about this in Section 4.4.
2
Γ3 appears in the expansion of either Γ3 ⊗ Γ3 , or Γ4 ⊗ Γ4 , or Γ5 ⊗ Γ5 .
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states, inducing the moments, and then ordering them. The induced moment
mechanism is long known in f -electron magnetism [12]. We generalized the
concept to quadrupolar order. This is important for both the present and
the next Chapter. We describe it in some detail in Section 4.1.2 and after we
introduce our crystal ﬁeld model. Our quasi-quartet model was described in
[4] and [2].

4.1.1

Γ1 –Γ4 Level Scheme, Order Parameters

As discussed in 2.6.2, we rely on experimental evidence [37] to postulate that
the ionic ground state level is the singlet Γ1 . Since the singlet ground state


|Γ1  =

5
(|4 + |−4) +
24



7
|0
12

(4.1)

does not carry any kind of moment, the ordered quadrupolar moment has to
be induced by inter-site interactions acting across a suﬃciently small crystal
ﬁeld gap ∆. We came to the conclusion that the best choice for the lowest
excited level is the Γ4 triplet (see Fig. 4.1)


|Γ14 

=

1
|3 +
8



7
| − 1
8

1
|Γ04  = √ (| − 4 − |4)
2


|Γ24  =

1
|−3 +
8



7
|1 .
8

(4.2)
(4.3)

(4.4)

Written in this way, it is apparent that the system could support magnetic
order (for example, Γ24 |Jz |Γ24  = 1/2 and Γ14 |Jz |Γ14  = −1/2). However,
magnetic order is only an option, not a necessity. Pr3+ is a non-Kramers
ion, so a unique ground state can be selected without breaking time reversal
invariance. In fact, the basis states (4.2) and (4.4) can be combined into the
(non-magnetic, real) quadrupolar eigenstates

1  1
|Γ4  + |Γ24 
|Γ+
4 = √
2

1  1
2
√
|Γ−

=
|Γ

−
|Γ

.
4
4
4
2

(4.5)

It is easy to check that
2 +
Γ+
4 |O2 |Γ4  = 14

and

2 −
Γ−
4 |O2 |Γ4  = −14 .

(4.6)
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Neglecting higher-lying levels, the local Hilbert space is the four-dimensional
Γ1 ⊕ Γ4 . The 16-dimensional reducible representation on this Hilbert space
is decomposed into irreps as
(Γ1 ⊕ Γ4 ) ⊗ (Γ1 ⊕ Γ4 ) = 2Γ1 ⊕ Γ3 ⊕ 3Γ4 ⊕ Γ5 .

(4.7)

The local order parameters form a Γ3 doublet, and four triplets (one Γ5 and
three Γ4 ).
The order parameters are 4x4 matrices acting on Γ1 ⊕ Γ4 . Let us ﬁrst
take the oﬀ-diagonal matrices. Their general structure is
⎛
⎜

⎜
m1 = ⎜
⎝

⎛
⎜
⎜
⎝

m3 = ⎜

⎞

0 0 0 0
0 0 c1 c2 ⎟
⎟
⎟
0 c1 0 c3 ⎠
0 c2 c3 0
⎞

0 c1 c2 c3
c1 0 0 0 ⎟
⎟
⎟
c2 0 0 0 ⎠
c3 0 0 0

⎛
⎜

⎜
m2 = i ⎜
⎝
⎛
⎜
⎜
⎝

m4 = i ⎜

⎞

0 0
0
0
0 0
c1 c2 ⎟
⎟
⎟
0 −c1 0 c3 ⎠
0 −c2 −c3 0

(4.8)

⎞

0 c1 c2 c3
−c1 0 0 0 ⎟
⎟
⎟ (4.9)
−c2 0 0 0 ⎠
−c3 0 0 0

c1 , c2 and c3 are independent, therefore the above equations (4.8), (4.9) deﬁne
12 order parameters (four triplets).
m1 and m2 are acting within the excited level subspace Γ4 , while m3 and
m4 are inter-level operators. It is apparent that m1 and m3 are real operators
(time reversal even), while m2 and m4 are imaginary (time reversal odd).
Recalling also that
Γ4 ⊗ Γ4 = Γ1 ⊕ Γ3 ⊕ Γ4 ⊕ Γ5 ,

(4.10)

we may identify the symmetrical m1 as the Γ5g quadrupole, m2 as one of
the Γ4u , and m4 as another Γ4u . In a sense, we found the oﬀ-diagonal order
parameters and we may choose not to say more about them. However, it is
convenient to have a connection to the familiar classiﬁcation of multipoles
introduced in Section 2.3. m2 + m4 is the total J dipole, while m2 − m4 has
octupolar character. m3 deserves our particular attention: it is a higher-order
time reversal invariant order parameter, namely the Γ4g hexadecapole.
There remain the four diagonal matrices. Γ1g appears twice (once within
Γ1 and once within Γ4 ). The remaining two matrices form the intra–Γ4 Γ3g
quadrupolar doublet.
All in all, the Γ1 ⊕Γ4 quasi-quartet supports Γ3g and Γ5g quadrupolar, Γ4u
dipolar, Γ4u octupolar, and Γ4g hexadecapolar order parameters. A systematic description of our PrFe4 P12 model should be based on admitting all possible interaction terms involving these order parameters. However, we take
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−

Γ4

Γ40

Γ4
∆
Γ1

+

Γ4

Figure 4.1: The splitting of the low-energy Γ1 –Γ4 level scheme under the action of O22
quadrupolar eﬀective ﬁeld.

our clue from experiments: it must be true that quadrupolar interactions
dominate and furthermore dipole-dipole interactions play a non-negligible
role.

4.1.2

Interaction Induced Ordering

For a single Pr3+ ion, the unique Γ1 singlet ground state does not carry any
multipolar moments. However, for an array of 4f 2 shells, inter-site interactions exceeding ∆ give rise to a low-lying set of states which are combined of
Γ1 and Γ4 ionic states. In the case we consider, the interacting ground state
is also predominantly Γ4 , and therefore, can have quadrupolar order.
In contrast to permanent moments ascribed to degenerate single-ion ground
state, we speak of induced moments when it arises solely from inter-site interactions. In these cases, interactions both make the moments, and order
them. The phenomena of induced moment magnetism is long-known but
induced quadrupolar, or octupolar, moments were rarely (if at all) discussed
in the literature. We introduced the induced quadrupolar moment scenario
for PrFe4 P12 : it met initial scepticism, but it is now widely accepted. In
Chapter 5, we describe an induced-octupole model to explain the properties
of URu2 Si2 .
We assume Γ3 -type quadrupolar order and, recalling that the pair interaction has only tetragonal symmetry, and so O22 and O20 are not equivalent,
we keep only the O22 = Jx2 − Jy2 term. We also include dipole-dipole coupling
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into the model. The mean-ﬁeld decoupled Hamiltonian of our model is3
H = HCF + HZeeman + Hquad + Hdipole
(4.11)

n
n
2
2
|Γ4 Γ4 | − gµB HJ − zQO2 B(A) O2 − zIJB(A) ·J
= ∆
n=0,+,−

where we allowed for two-sublattice (A and B) order on the bcc lattice (z =
8). g = 4/5 is the Landé factor, Q the quadrupolar and I the dipolar
coupling constant. An ordering model with quadrupolar coupling only (when
I = 0) can explain the main features of the system, but inclusion of Hdipole
is important for getting a better ﬁt to the experimental results, in particular
the susceptibility.
For the moment considering quadrupolar coupling only (I = 0), and zero
external ﬁeld (H = 0), (4.11) can be rewritten as (using also (4.6))
−
0
0
+
+
H = (∆ − B)|Γ−
4 Γ4 | + ∆|Γ4 Γ4 | + (∆ + B)|Γ4 Γ4 |

(4.12)

where B = 14zQO22  (alternating solution).
The single-site ground state is Γ1 if B < ∆, and it is Γ+
4 if B > ∆ (see
Fig. 4.1). Increasing Q, the condition B > ∆ is ﬁrst satisﬁed at T = 0.
Switching to the ordered ground state requires a threshold strength of interaction Qcr = ∆/142 z. For Q > Qcr , B > ∆ is satisﬁed up to some transition
temperature. This allows a phase transition between the low temperature
antiferro-quadrupolar and the high temperature disordered phase.

4.2

The Eﬀect of External Magnetic Field

As shown in Fig. 2.4, ﬁeld eﬀects depend sensitively on the direction. This
is not surprising if quadrupolar moments are involved, since these are also
directional.
Here, we ﬁrst give general symmetry arguments which exploit only that
2
O2 moments are involved, but do not refer to the particular model introduced
in (4.11). We use equations (3.50)–(3.52) derived in Chapter 3, but keep only
the terms relevant for the present purpose. For ﬁelds pointing in (100), (001),
(110) directions, respectively, one ﬁnds
Hx = u1 Jx (0) + c1 Jx (0)O22 (0) + c2 Jx (−q)O22 (q)

(4.13)

Hz = u1 Jz (0) + c1 Jz (0)O20 (0)

(4.14)

Hx + Hy = u1 [Jx (0) + Jy (0)] + c1 O22 (0) [Jx (0) − Jy (0)]
+c2 O22 (q) [Jx (−q) − Jy (−q)]
3

It is understood that H also acts on Γ1 , but the Γ1 level is the energy zero.

(4.15)
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We discuss the consequences for either ferro-quadrupolar, or the actually observed antiferro-quadrupolar order. From (4.13) it follows that homogenous
H(100) magnetic ﬁeld excludes the possibility of a sharp phase transitions to
uniform O22 ordering, because of the appearance of coupled term Jx (0)O22 (0)
in the expression, where Jx (0) is always induced by this ﬁeld. Alternating
order is not prohibited. We may also conclude that the expectation values
of O22 are diﬀerent in the two sublattices because of the induced homogenous
O22 (0) component. These arguments are illustrated by the results of a mean-

6
5

T=6 K
H//<100>

3<J>
<Q>

0

0.5

1

H [T]

<Q>
T=6 K

4

H//<001>

1.5

2
–5

<J>
0.5

H [T]

1

1.5

Figure 4.2: Expectation values of the quadrupolar and magnetic moments as a function
of magnetic ﬁeld for H(100) (left) and H(001) (right). On the left panel, O22  and Jx 
are diﬀerent in the two sublattices, while in the right panel we present only the results for
one of the sublattices because O22 A = −O22 B and Jz A = −Jz B .
ﬁeld calculation presented in the left part of Fig. 4.2. O22 A = O22 B = 0
holds above the transition temperature Ttr , while for T < Ttr O22 A = O22 B .
The inequivalence of the two sublattices is also reﬂected in the diﬀerent local
susceptibilities: Jx A = Jx B . This is also obvious from the last term of
(4.13), in which Jx (q) and O22 (q) are coupled.
In the expression of Hz (4.14) there is no a coupling between Jz and O22 ,
therefore either homogenous (q = 0) or alternating (q = 0) symmetry breaking phase transition of O22 quadrupolar moment may be possible. Because
this ﬁeld direction does not aﬀect the quadrupoles, the expectation values of
them in the two sublattices will diﬀer only in sign, and have the same local
susceptibility (see Fig. 4.2, right).
The case of H(110) magnetic ﬁeld is described by (4.15)). The most
interesting eﬀect is that O22 antiferro-quadrupolar order induces transverse
Jx − Jy alternating magnetic component. This is relevant if we want to
ﬁnd an experimental criterion for distinguishing Γ3g order from Γ5g order.
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Staggered order of Γ5g Oxy quadrupolar moments would be in many respects
very similar to our O22 ordering scenario, but on the case of Oxy moments,
the induced antiferromagnetism would be the Jx + Jy component, that is not
transverse.
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Figure 4.3: Temperature – magnetic ﬁeld phase diagram of the antiferro-quadrupolar
ordering model for I = 0 (curve b) and I = 0 (curve a) cases. Continuous line means
second order, dashed line ﬁrst order transitions. Open circles are the calculated [3], while
open rectangles the measured points (after [37]). The arrows indicate the position of the
tricritical point.

4.3

Mean-Field Results

The diagonalization of Hamiltonian (4.11) in the basis (4.1)–(4.4) is straightforward. We have found that the (ferromagnetic) dipolar coupling I =
106mK, the antiferro-quadrupolar coupling Q = −9.5mK, and the crystal
ﬁeld splitting ∆ = 3K give good overall agreement with the observations
(in case Q appears implausibly small compared to I, check that O22 has big
matrix elements).
Fig. 4.3 shows the obtained T − H (temperature-magnetic ﬁeld) phase
diagram for magnetic ﬁeld H(100). With our parameter values, the only
phase transition is the onset of antiferro-quadrupolar order at Ttr = 6.5K.
The transition is gradually suppressed by the external magnetic ﬁeld. When
the ﬁeld is small, the quadrupolar phase transition is second-order. Increasing the magnetic ﬁeld, at Htri ≈ 2T (Ttri ≈ 5K) the transition changes to
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Figure 4.4: Left: The temperature dependence of the linear susceptibility for (100) and
(001) magnetic ﬁeld directions [3]. Right: The inverse susceptibility 1/χ as a function of
the temperature. The intersect of the hight temperature part of 1/χ with the horizontal
axis gives the experimentally observed Weiss temperature Θ = 3.6K.
ﬁrst-order. We locate the tricritical point at (Ttri , Htri ), in agreement with
experiment.
In Fig. 4.3 we present also the calculated phase diagram in case when I = 0.
It is obvious, that even in the pure quadrupolar ordering model gives the
overall features of the phase diagram. However, choosing the appropriate
value I = 106mK is important to ﬁt the observed Curie-Weiss behavior of
the susceptibility at T > Ttr (Fig. 4.4, right). At the same time, we get much
better agreement with the experimental result for the phase boundary and
the tricritical point.
The calculated susceptibility (Fig. 4.4, left) allows us to make two points.
First, the antiferro-quadrupolar transition is associated with the susceptibility cusp. The discontinuity of ∂χ/∂T is a general feature of non-magnetic
critical transitions4 . Second, it is manifest that the system looses its cubic
symmetry due to O22 ordering: (100) and (001) susceptibilities are no longer
equal. This reﬂects the directional nature of the quadrupoles.
Since antiferro-quadrupolar order is non-magnetic, it can be suppressed
by a suﬃciently large magnetic ﬁeld (see also the experimentally derived
phase diagram in Fig. 2.5). At T < 6.5K there is ﬁeld induced phase transition which appears as an anomaly in the magnetization curve (see Fig. 2.4,
right).
Representative results of our mean-ﬁeld theory are shown in Fig. 4.5.
4
It is also true for the octupolar transition of NpO2 and for the 17.5K transition of
URu2 Si2 .
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Figure 4.5: Magnetization curves below (left) and above (middle) of the tricritical temperature, and in the disordered phase (right) [3].
The changeover among these regimes is evident in the ﬁeld dependence of
the magnetization curves: increasing the temperature from low values, the
regime of sharp metamagnetic transitions (discontinuity in the magnetization
curve) changes to continuous transitions (discontinuity in the slope of the
magnetization curve) at intermediate temperature values, and we can see
smooth behavior in the para phase for T > Ttr .
Metamagnetic transitions can have several diﬀerent mechanisms [12]. It
can be a single-ion level crossing transition. The metamagnetic transition
shown in the left part of Fig. 4.5 is a cooperative phenomenon: it is the ﬁeld
induced destruction of antiferro-quadrupolar order.
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C/T
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2
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T [K]
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Figure 4.6: Temperature dependence of the speciﬁc heat for H = 0, 2.5, and 4 Tesla (in
order of decreasing transition temperature) [4].

Fig. 4.6 shows the temperature dependence of the speciﬁc heat for three
representative values of magnetic ﬁeld. In the second-order phase transition
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regime (at low ﬁelds), it has the ﬁnite jump familiar from mean-ﬁeld theory.
The jump becomes smaller as the ﬁeld is increased, and at the same time a
low-temperature bump begins to emerge. In strong ﬁelds, there is a latent
heat associated with the ﬁrst-order transition. The representative results are
in agreement with the measured speciﬁc heat curves near, and above, the
transition temperatures (see Fig. 2.4, left).

4.4

Tetrahedral Environment

My published work [3, 4] describes conclusions drawn from assuming that the
local environment of Pr sites has cubic symmetry. Indeed this is an acceptable
approximation, and it yielded good overall agreement with the experiments.
However, it is an interesting question what may be the principal consequences
of taking into account the non-cubic component of the crystal ﬁeld. This is
work still in progress; however, I brieﬂy describe my preliminary results in
this Section.
Each Pr ion sits in an oversized cage of P ions (Fig. 2.3). Earlier, it was
thought that there is no essential diﬀerence between cubic (Oh ) symmetry
and the actual tetrahedral (Th ) symmetry the at Pr sites. But a recent
calculation has shown [38] that due to the particular symmetry of P12 cage
there is a new term in the crystal ﬁeld potential. The total crystal ﬁeld
potential up to sixth order is
Hncf = c4 (O40 + 5O44 ) + c6 (O60 − 24O64 ) + t(O62 − O66 )

(4.16)

where the ﬁrst two terms give the familiar cubic potential (2.8) and the last
term is the newly discovered tetrahedral potential.
The 24-element tetrahedral group Th does not contain the inversion, therefore, in contrast to the octahedral group Oh (Table 2.2), its irreps cannot be
classiﬁed as g and u. It is however even simpler to consider the 12-element
group of real rotations T which is a subgroup of the corresponding octahedral O. Therefore we can understand the irreps of T by relating them to
the irreps of O. T has three one-dimensional irreps (Γ˜1 , Γ˜2 , Γ˜3 ) and one
three-dimensional irrep (Γ˜4 ). The cubic splitting scheme (2.33) is changed to
ΓJ=4 (9) = Γ˜1 (1)⊕Γ˜2 (1)⊕Γ˜3 (1)⊕2Γ˜4 (3) .

(4.17)

Thinking in terms of our quasi-quartet, Γ1 → Γ˜1 , and Γ4 → Γ˜4 . The main
point is that the tetrahedral Γ˜4 is a mixture of the cubic Γ4 and Γ5 triplets.
The states of the new Γ˜4 triplet can be expressed as
|Γ˜14  = g|Γ14  + f |Γ25 
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Figure 4.7: The amplitudes f and g as a function of the parameter t. The limiting
√ cases:
˜
f (t = 0) = 0, g(t = 0) =
√ 1 when Γ4 = Γ4 , and f (t → ∞), and g(t → ∞) → 1/ 2 which
corresponds to Γ˜4 = 1/ 2 (Γ4 + Γ5 ).
|Γ˜24  = g|Γ24  + f |Γ15 
|Γ˜04  = g|Γ04  + f |Γ05 

(4.18)

where the cubic states are listed in Appendix A. The amplitudes f and g
can be calculated from solving the crystal ﬁeld eigenstate problem for (4.16).
The results are shown in Fig. 4.7. Their series expansions for small t values
are
567 √ 3
3√
7t −
7t + O(t5 )
f ≈
19
13718
63 2
t + O(t4 ) .
(4.19)
g ≈ 1−
722
In case of t = 0 we get the cubic Γ4 triplet with f =√
0 and g = 1 from
√ (4.18).
The other limit is when t → ∞. In this case f → 1/ 2 and g → 1/ 2 which
means that the Γ4 and Γ5 triplets
√ are present with equal weight in the new
tetrahedral Γ˜4 triplet as Γ˜4 = 1/ 2 (Γ4 + Γ5 ).
If we had the cubic crystal ﬁeld (2.8) only, the near-degeneracy of Γ1 and
Γ4 (recall that we estimated ∆ = 3K) would require a speciﬁc value of c6 /c4 ,
and we would have no control over the position of the other levels. With the
cubic–tetrahedral potential (4.16), we have more freedom.
In Fig. 4.8 we present the tetrahedral crystal ﬁeld levels as a function
of the parameter t (left panel) and in the t − c4 plane (right panel) in a
parameter range where the three states Γ1 , Γ4 and Γ3 would be close together
at t = 0. We see that varying the parameter t, the states Γ1 and Γ4 can
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Figure 4.8: Left: Tetrahedral crystal ﬁeld levels as a function of parameter t for c4 =
−7.2, c6 = −1. The new crystal ﬁeld term mixes the Γ4 and Γ5 states. Right: There is
a wide range in the c4 − t parameter plane where the Γ1 singlet and Γ4 triplet states are
closed together.
be brought arbitrarily close, while Γ3 remains well-separated. Thus with
the inclusion of the tetrahedral component of the crystal ﬁeld potential, the
starting assumption of the quasi-quartet model becomes more realistic.

4.5

Another Pr Compound: PrBa2Cu3O6

Pr systems present a great variety of interesting phenomena. Even if we restrict our attention to strictly localized 4f 2 models, the J = 4 9-fold degeneracy can be split in many ways by the crystal ﬁeld; for each of them there
are several ways to choose the low-energy Hilbert space; for each of them
there is a large number of coupling constants, and they deﬁne multidimensional phase diagrams. There is no reason to expect any degree of similarity
between diﬀerent Pr-based systems. Nonetheless, I include in this Chapter
a brief description of my study of another Pr compound: PrBa2 Cu3 O6 . The
corresponding publication is [3].
The basic reason for interest in PrBa2 Cu3 O6 is that it is the parent Mott
insulator of the PrBa2 Cu3 O7−y system. PrBa2 Cu3 O7−y is a unique member
of the RBa2 Cu3 O7−y (R: rare earth) family inasmuch as it is not a hightemperature superconductor [42]. Rather, it tends to be semiconducting,
though there has been debate as to what the intrinsic behavior of nominally
good samples ought to be. The non-superconducting nature is thought to be
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eventually connected5 to another unique feature of PrBa2 Cu3 O7−y : the Pr
ordering transition in the range 11-17K [49].
The existence of a rare earth ordering transition at TN = 1 − 2K is
a universal feature of the RBa2 Cu3 O7−y series. This holds for both the
superconductors and the parent Mott insulators (R)Ba2 Cu3 O6 . For most
R, TN follows de Gennes scaling [45], the peak belonging to R=Gd with
TN ≈ 2.2K [50]. This latter value is well understood on the basis of the
IGd−Gd = 156mK meaured by ESR [50]. We would expect that for R=Pr,
TN (Pr)|deGennes =

{(g − 1)2 J(J + 1)}Pr
·Ttr (Gd) ≈ 0.1K ,
{(g − 1)2 J(J + 1)}Gd

However, magnetic ordering and, at the same time, tetragonal-to-orthorombic
distortion, is observed at TN ≈ 17K for PrBa2 Cu3 O7 , and TN ≈ 11K for
PrBa2 Cu3 O6 [49]. The de Gennes estimate is exceeded by a factor of 100.
For R=Pr, there must be a mechanism for producing substantially stronger
exchange, or a diﬀerent kind of ordering, or both. The lattice symmetry
lowering suggests that orbital degrees of freedom are involved.
ESR on Gd:PrBa2 Cu3 O6 gives the intersite exchange IPr−Gd = −140mK
[41]. De Gennes scaling would lead us to expect this sign, but also an absolute value of about a factor of 4 smaller. The greater spatial extent of Pr
4f orbitals is likely to explain the enhancement of I; correspondingly, we
would expect that IPr−Pr is even more enhanced, but would probably still
fall short of accounting for the observed TN . Here we suggest that the presence of quadrupolar interactions may explain several features of the magnetic
behavior of PrBa2 Cu3 O6 , and also an additional enhancement of TN .
All previous works agree that in the level scheme of Pr3+ ions, a low-lying
quasi-triplet consisting of the tetragonal6 doublet
Γ±
t = α| ± 3 − β| ∓ 1

(4.20)

and the singlet
Γ0t =

1/2 (|2 − | − 2)

(4.21)

is well separated from the remaining six J = 4 states, and therefore suﬃces
for modelling (as far as the Pr sites are concerned) all low-T phenomena
5

We cannot oﬀer an explanation of this connection. In the literature, it is loosely argued
that the large enhancement of TN for Pr is related to the strong Pr–O hybridization which,
in turn, removes carriers from the CuO2 planes. This would suﬃce to make PrBa2 Cu3 O7−y
dissimilar to other RBa2 Cu3 O7−y systems. Our strictly localized f -electron model does
not describe f -p hybridization.
6
We treat tetragonal symmetry in detail in Chapter 5. In the notations of Table 5.1 the
doublet is t4 , and the singlet is d± . However, this Section is supposed to be self-contained,
and we kept the simpler notations of [3].
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[44, 49]. With α = 7/8 ≈ 0.9354, (4.20) and (4.21) would constitute the
cubic Γ5 triplet, but our ﬁts yield α ≈ 0.943, indicating a slight admixture
from the doublet derived from Γ4 .
z
2
Let us observe that the Γ±
t doublet (4.20) carries both J dipole, and O2
(or alternatively Oxy ) type quadrupolar moment. If the doublet is the crystal
ﬁeld ground state, the degeneracy can be resolved either by magnetic, or by
quadrupolar, ordering.
Using (4.20)–(4.21), and following the procedure of [46], we ﬁtted the
high-T magnetization curves, and found that the dipole–dipole coupling has
a strong planar anisotropy, and there is also a substantial ferroquadrupolar
coupling of the O22 moments [41]. The latter ﬁnding may lead us to ask
whether the observed transition is perhaps purely of quadrupolar nature;
however, neutron scattering shows that TN is a Néel temperature in a literal
sense, with the T < TN ordered moments strongly tilted out of the tetragonal
c-direction [47]. Within the crystal ﬁeld model, it is rather mysterious why
the system does not take advantage of the permanent c-axis moments of
the doublet (4.20), and chooses instead ab-plane moments which have to be
interaction-induced.
The mean ﬁeld hamiltonian acting on the quasi-triplet is constructed
similarly to (4.11)
H = HCF + HZeeman + Hquad + Hdipole
= ∆ Γ0t







Γ0t − gµB HJ − zQ O22 O22 − zIJx B(A) Jx

(4.22)

where we allow for two-sublattice antiferromagnetism, but assume ferroquadrupolar coupling. In view of the bilayer structure of PrBa2 Cu3 O6 , we
take z = 4. From our susceptibility ﬁts, we estimate ∆ ≈ 20K.
Fig. 4.9 shows a representative phase diagram. At Q = 0, the system
gains energy from antiferromagnetic ordering, with the moments lying in the
±x-direction. However, it is easy to convince ourselves that at the same time,
−
the system develops quadrupolar order: J x connects Γ0t to Γ+
t − Γt (which is
+
−
one of the quadrupolar eigenstates), but not to Γt + Γt (which would be the
other). Thus, for zero or weak Q, the primary order parameter is Jx , while
O22  is a secondary order parameter. At suﬃciently strong Q, both interactions are important, and the two orders appear at a ﬁrst order transition. At
a threshold value of Q/I (which depends on ∆), quadrupolar order appears
independently of magnetism, at a higher critical temperature. From this
point on, the quadrupolar splitting adds to the crystal ﬁeld splitting, which
eventually suppresses magnetism. Note, however, that for a wide range of
Q/I, magnetism is assisted by quadrupolar interactions, in the sense that
the magnetic transition temperature increases with Q/I. This holds also for
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Figure 4.9: Transition temperatures as a function of the quadrupolar coupling Q[K],
for I = 0.2K and ∆ = 2K [3]. Circles: calculated points; the dashed (ﬁrst order,1st ) and
continuous (second order, 2nd ) lines are drawn for convenience.

part of the regime where the two transitions are distinct.
Note the similarities and dissimilarities to the quadrupolar-octupolar
phase diagram shown in Fig.3.3. The topology of the phase boundaries is
the same (two tricritical points, in between a second order phase boundary
terminating at a critical end point). This suggests that the combination
of a time reversal even and a time reversal odd order parameter results in
analogous Landau expansions (see also [48]). The dissimilar behavior as a
function of the ratio of the two coupling constants (approaching a constant
in Fig. 3.3, dropping to zero in Fig. 4.9) reﬂects the diﬀerences in the local
Hilbert spaces.
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Figure 4.10: Magnetization (µB /Pr) versus temperature for the H(100) magnetic ﬁelds
0.01T (left), 0.1T (center) and 0.4T (right) [3].
A remarkable aspect of Pr ordering is its sensitivity to magnetic ﬁeld, particularly for H ⊥ (001) [43, 41]. In terms of our model, this is understood by
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observing that a ﬁeld H(100) induces the quadrupolar order parameter, and
thus makes the diﬀerence between O22 order and the ”para” phase ill-deﬁned.
There can be no sharp second order transition in a ﬁnite H ⊥ (001) ﬁeld,
and since there is no recognizable tendency to ﬁrst order transition, there
can be no phase transition at all. The smearing of the transition by ﬁeld
is evident in Fig. 4.10. Ordering is a strictly H=0 phenomenon7 . However,
susceptibilities which are H → 0 quantities, still show sharp features. We
show the linear and the third-order susceptibilities (χ1 χ3 , respectively) in
Fig. 4.11. The upward curvature of χ1 is arguably a general feature of transitions whose order parameter is induced by the ﬁeld. The strong anomaly
in χ3 strongly resembles the measured results [41].
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Figure 4.11: The T -dependence of linear (left) and nonlinear susceptibility (right) for
purely ferroquadrupolar ordering. χ3 diverges at the onset of quadrupolar order [3].

In contrast, a ﬁeld H(001) makes a second order transition at H = 0 possible (A.
Kiss and P. Fazekas: to be published).
7

Chapter 5
URu2Si2 System
We described the long-standing problem of identifying the nature of the ”hidden” order of the T < 17.5K phase of URu2 Si2 in Section 2.6.3. In this Chapter we propose a new model for the phase diagram of URu2 Si2 . In addition to
identifying the low ﬁeld order as staggered octupolar order we derive also the
existence of a disjoint high-ﬁeld phase with mixed quadrupolar-dipolar character. Our phase diagram closely resembles the experimental result shown
in Fig. 2.8.
The essential argument in favor of our model is that the assumption of
time reversal invariance breaking non-magnetic order leads to the prediction
that uniaxial strain applied in speciﬁc directions induces large-amplitude
antiferromagnetism (Section 5.4). To the best of our knowledge, this crucial
experimental ﬁnding [63] is not explained by other models.
We assume that URu2 Si2 can be described in terms of the localized degrees of freedom. We ﬁnd that using localized 5f 2 models, most of the observed phenomena can be understood. Furthermore, we consider local order
parameters only. The situation is similar to Pr-ﬁlled skutterudites: one has
good reasons to think that 4f electrons have itinerant aspects, yet many aspects of the phase diagrams of PrFe4 P12 [3] can be described by a mean-ﬁeld
theory based on 4f 2 crystal ﬁeld models. One of the reasons why localized
models can appear successful is that they rely more on the symmetry classiﬁcation of the ordered phases resulting from space group and time reversal
symmetry than on the details of the interaction mechanism. Symmetry arguments transcend crystal ﬁeld theory, and many of the results may well be
rephrased for itinerant models.
First, we specify the crystal ﬁeld scheme and the order parameters which
we think relevant. In Section 5.2 we explore the eﬀect of external magnetic
ﬁeld on the order parameters. After, in Section 5.3 we introduce the meanﬁeld model and treat the features of the low-ﬁeld and the high-ﬁeld phases
84
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separately. Finally, Section 5.4 deals with the question of induced antiferromagnetism in the presence of uniaxial pressure. A brief account of our results
is given in [1].

5.1

Order Parameters and Crystal Field Schemes

The symmetry is tetragonal in the site of the U4+ ions. 5f 2 states satisfying
all three of Hund’s rules (S = 1, L = 5, J = 4) give rise to a ninefold
degenerate ground state level which is split under the action of the tetragonal
crystal ﬁeld according to
ΓJ=4 = 2A1 ⊕ A2 ⊕ B1 ⊕ B2 ⊕ 2E
These tetragonal J = 4 crystal ﬁeld states expressed in the basis of Jz are
listed in Table. 5.1. Since one of the singlets (A1 ) and the doublet (E)
state appears two times in the decomposition, there is an arbitrariness in the
choice of the basis functions, which is embodied in free parameters in the
expressions of these states (a, b and c). However, as the tetragonal crystal
ﬁeld component gradually vanishes, the basis states must approach their
cubic counterparts which are uniquely ﬁxed by symmetry (see Appendix A).

Table 5.1: The tetragonal CEF states for J = 4. Symmetry labels correspond to D4h
notations.

State
Form
Symmetry
√
|t2 
1/√2(|4 − |−4)
A2
|t3 
1/√2(|2 + |−2)
B1
|t4 
1/ 2(|2 −√|−2)
B2
2
|t1 
A1
√
√ b(|4 +√|−4) + 1 − 2b |0
|t21 
1 − 2c2 / 2(|4√+ |−4) − c/ 2 |0
A1
|d± 
a |±3 − 1 − a2 |∓1
E
√
2
2
d±
a |±3 + 1 − a |∓1
E
Within this scheme, we would like to select a low energy Hilbert space to
deﬁne a minimal model to account for some experimental ﬁndings. In spite
of the appearance that inelastic neutron spectra, speciﬁc heat, anisotropic
susceptibility, and magnetization curves should suﬃce to identify the lowestlying levels, it is diﬃcult to choose an appropriate low lying level scheme, and
even less to predict the nature of intersite multipolar interactions. Santini
performed a detailed study of possible low energy states which are consistent
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with the measured susceptibility and magnetization [54]. His proposal was
three singlets for the low lying level scheme |t4  − |t1  − |t2  and quadrupolar
order for the low-ﬁeld phase [52, 53]. However, even in this three dimensional
local Hilbert space reversing the order of |t4  and |t1  singlets may have
drastic consequences for quadrupolar ordering.
Now, we discuss the possible order parameters related to the tetragonal
symmetry, and afterwards we return to the question of the low-energy levels.
The tetragonal point group D4h has ﬁve irreps: A1 , A2 , B1 , B2 (onedimensional), and E (two-dimensional). In classifying the zero-ﬁeld order
parameters, it is useful to take time reversal as an additional symmetry
element. Using the Stevens operator equivalents, the lowest order local order
parameters for each of these symmetries are listed in Table. 5.2. It is a
peculiarity of tetragonal symmetry that a hexadecapole and a triakontadipole
appear as the lowest order A2g and A1u operators, respectively.
Table 5.2: Symmetry classiﬁcation of the local order parameters for H = 0 using D4h
notations. Overline means symmetrization. u and g refer to even and odd under time
reversal.

Symmetry
Operators
A1g
E
A2g
Jx Jy (Jx2 − Jy2 )
B1g
O22
B2g
Oxy = Jx Jy
Eg
{Oxz , Oyz }

Symmetry
Operators
A1u
Jx Jy Jz (Jx2 − Jy2 )
A2u
Jz
B1u
Txyz = Jx Jy Jz
β
B2u
Tz = Jz (Jx2 − Jy2 )
Eu
{Jx , Jy }

In the |t1 –|t4 –|t2  three dimensional subspace the possible independent
order parameters can be determined from the decomposition
{|t1  + |t4  + |t2 }⊗{t1 | + t4 | + t2 |}
= 2A1g ⊕A1u ⊕A2g ⊕A2u ⊕B1g ⊕B1u ⊕B2g ⊕B2u

(5.1)

This subspace carries the Jz dipole (A2 ), Oxy (B2 ) and O22 (B1 ) quadrupoles,
Tzβ (B2 ) and Txyz (B1 ) octupoles and a hexadecapole (A2 ).
We keep an eye on the following experimental evidence and the consequences when we choose a plausible low lying level scheme to deﬁne the
minimal ordering model which can explain the main features of URu2 Si2
• The single-ion ground state should be a singlet, followed by another
singlet. Furthermore, there is a singlet (not necessarily the same as
mentioned before) which is connected to the ground state by Jz dipole
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excitation at ∼10meV. This latter follows from the existence of the oﬀdiagonal matrix element 1|Jz |2 probed by inelastic neutron scattering
[75] (|1 and |2 mean two singlet states).
• The low-energy part of the spectrum is strongly temperature- (and also
ﬁeld-) dependent, reﬂecting the rearrangement of the levels due to the
multipolar interactions. The high-energy spectrum remains unaﬀected.
• The B ⊥ ẑ susceptibility is essentially temperature independent up
to room temperature, suggesting that (at least at moderate magnetic
ﬁelds) the eﬀective-ﬁeld induced shifts do not inﬂuence the position of
the E doublet.
• Furthermore, the high-energy measurement gives evidence for the validity of U4+ crystal ﬁeld schemes.
It is accepted that the ground state is a singlet, and it is connected to another
singlet across a gap of ∼ 100K by a matrix element of Jz . In our scheme |t1  is
the ground state, and |t2  the ∆2 = 100K excitation realizing t1 |Jz |t2  = 0.
We need a further low-lying singlet to allow induced octupolar order. In
our scheme it is the |t4  singlet with ∆1 = 45K energy separation. Finally,
as in previous schemes [52, 53, 54], at least two more states are needed to
ﬁt magnetization data up to 300K. We found it useful to insert one of the
doublets |d±  at about ∆3 = 51K. Level positions were adjusted to get good
overall agreement with observations but we did not attempt to ﬁne-tune the
model. Nevertheless, we found good agreement with the experimental results
with parameter values a = 0.98 and b = 0.22. Our level scheme is shown in
Fig. 5.1. This crystal ﬁeld scheme diﬀers in essential details from previous
ones [52, 53, 54], but we will show that the quality of ﬁts (susceptibility, nonlinear susceptibility, metamagnetic transition) is not inferior to what was
achieved earlier.

5.2

External Magnetic Field

The experimental observations showed that interesting and relevant change
in the behavior of URu2 Si2 is taking place when the magnetic ﬁeld is applied
along the tetragonal ẑ axis. In Chapter 3 we studied the eﬀect of the ﬁeld on
the multipolar orderings in detail. We demonstrated two diﬀerent methods
to describe the ﬁeld eﬀects. One way was when we keep the H = 0 symmetry
classiﬁcation of the order parameters. In this case some of these will be mixed
by switching on a magnetic ﬁeld. The other method was when we regard the
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Figure 5.1: The H(001) magnetic ﬁeld dependence of the single-ion levels [1]. The
energy scale in the right hand side is in unit of K. The magnetic ﬁeld mixes the |t1  and
|t2  states, therefore the ground state has |t1 –|t2  character.
reduced symmetry of the system in a ﬁeld, and we use order parameters
suitable for H = 0 classiﬁcation.
The eﬀect of Hẑ magnetic ﬁeld is very similar for both tetragonal and
cubic symmetries. In both cases, the symmetry1 reduces to C4v . Therefore,
we can quote earlier results. The multipolar operators listed in Table 5.3
carry the same labels as the irreps of the C4v .
Order parameters appearing in the same line of Table 5.3 are mixed by
the ﬁeld. The zero-ﬁeld B2u -type Tzβ octupolar order evolves into the B1 -type
Tzβ −O22 mixed octupolar-quadrupolar order. Similarly, zero-ﬁeld {Oxz , Oyz }type quadrupolar order mixes with {Jx , Jy }-type transverse dipolar order in
non-zero Hẑ ﬁeld.
This much followed from symmetry alone. In order to see how the mixing of the order parameters works in mean-ﬁeld theory, let us examine the
problem of Hẑ ﬁeld within the |t1 –|t4 –|t2  three dimensional subspace.
The two lowermost singlets in our level scheme are |t1  and |t4 . Their
two dimensional Hilbert space supports the following order parameters: the
A1u triakontadipole |t1 t1 | − |t4 t4 |, the B2g -type |t1 t4 | + |t4 t1 | → Oxy
C4v does not have its standard geometrical meaning. We explained in Section 3.4 that
in the presence of a magnetic ﬁeld some of the symmetry operations are purely geometrical,
while some of them are combinations of space operations with time reversal. The symmetry
group is isomorphic to C4v known from textbooks, but the diﬀerent interpretation has to
be kept in mind.
1
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Table 5.3: Symmetry classiﬁcation of the lowest rank local order parameters for Hẑ.
The notations are related to point group C4v .
Symmetry
A1
A2
B1
B2
E

Basis operators
1, Jz
Jx Jy (Jx2 − Jy2 ), Jx Jy Jz (Jx2 − Jy2 )
O22 , Tzβ
Oxy , Txyz
{Jx , Jy }, {Oxz , Oyz }

quadrupole, and the B2u -type (1/2i)(|t1 t4 | − |t4 t1 |) → Tzβ octupole. Octupole and triakontadipole order break time reversal invariance, while quadrupolar order does not. The character of the ordered states can be obtained from
regarding the simpliﬁed case ∆1 = 0. Assuming for instance a Tzβ -type
eﬀective ﬁeld, the octupolar eigenstates are
1
β
 = √ (|t1  + |t4 )
|Tz,+
2
1
β
 = √ (|t1  − |t4 )
|Tz,−
2

(5.2)

β
β
 ↔ |Tβ,−
, thus the degenerate ground
As expected, under time reversal |Tz,+
states can be envisaged as a time-reversed pair.
The presence of magnetic ﬁeld breaks time reversal invariance, but still
there is a second order transition of the octupoles, i.e., spontaneous symmetry
breaking, and ground state degeneracy. This can be understood by noticing
β
β
 can be connected also by a geometrical transformation:
 and |Tz,−
that |Tz,+
β
β
 = |Tz,∓
, thus the ordering
a π/2 rotation C4 about the z axis eﬀects C4 |Tz,±
scheme (5.2) describes the simultaneous breaking of time reversal invariance
and point group symmetry. The geometrical interpretation remains valid at
H = 0.
Consideration also of the third low lying singlet |t2  allow us to describe
the eﬀect of the ﬁeld. Within this three dimensional Hilbert space, the
primary eﬀect of Hz is to mix levels |t1  and |t2 . In the presence of a
magnetic ﬁeld Hẑ, C2 axes perpendicular to the tetragonal ẑ axis are no
longer symmetry operations, and this makes the diﬀerence between A1 and A2
(and similarly, between B1 and B2 ) vanish, so in general, |t1  and |t2  appear
mixed. It would also be true that |t3  and |t4  are mixed, but this involves
higher-lying levels, and we usually neglect the mixing eﬀect. The lowest-lying
state will be formed under the simultaneous action of the octupolar eﬀective
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ﬁeld, and the magnetic ﬁeld, thus it will be of the form
|t1 (B) = α|t1  + β|t4  + γ|t2 

(5.3)

Since the O22 quadrupolar operator has matrix element between the states
|t4  and |t2 , both t1 (B)|Tzβ |t1 (B) = 0 and t1 (B)|O22 |t1 (B) = 0 realize
simultaneously. Thus the order parameter space changes from Tzβ to Tzβ +O22 .
Similar considerations can be applied if instead of octupolar order, we
assume time reversal invariant Oxy quadrupolar order, for which the relevant
eigenstates are
1
|Oxy,+  = √ (|t1  + i · |t4 )
2
1
|Oxy,−  = √ (|t1  − i · |t4 )
2

(5.4)

themselves time reversal invariant, nevertheless they transform under π/2
rotations like the octupolar eigenstates: C4 |Oxy,±  = |Oxy,∓ . In this case,
switching on the ﬁeld t1 (B)|Oxy |t1 (B) = 0 and t1 (B)|Txyz |t1 (B) = 0 satisfy in the quadrupolar ordered ground state, which means that the character
of the order parameter changes to the mixed Oxy + Txyz .

5.3

Model

Our mean-ﬁeld decoupled Hamiltonian with the |t1  ground state is
HMF = ∆1 |t4 t4 | + ∆2 |t2 t2 | + ∆3



|dα dα |

α=+,−

−gµB HJz + λoct Tzβ Tzβ − λquad Ozx Ozx

(5.5)

where g = 4/5, and the octupolar mean-ﬁeld coupling constant λoct is meant
to include the eﬀective coordination number; similarly for the quadrupolar
coupling constant λquad . We assume alternating Tzβ octupolar order for the
low-ﬁeld ordered phase (Q = (111)), and uniform2 Ozx quadrupolar order as
the high-ﬁeld ordered phase. We do not introduce O22 or {Jx , Jy } couplings,
nevertheless O22  = 0 in the B1 phase, and Jx  = 0 in the E phase.
Assuming3 λoct = 0.336K we get the critical temperature TO (H = 0) =
17.2K for Tzβ -type antiferro-octupolar order. Up to the vicinity of the |t1 –
|d−  level crossing shown in Fig. 5.1, ﬁeld eﬀects can be understood within
2

The results would be the same if the high-ﬁeld quadrupolar order is also alternating.
We make similar estimation for NpO2 system, and ﬁnd λNp
oc ≈ 0.2K which drives
the 25K octupolar phase transition, thus the assumed octupolar coupling strength is not
unreasonable.
3
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Figure 5.2: The high-ﬁeld part of the T = 0 phase diagram of the multipolar model
(H in units of T (Tesla)). Vertical axis: Tzβ  for the low–ﬁeld phase, and Ozx  for the
high-ﬁeld phase [1]. The ﬁeld-induced mixing of the order parameters is shown within the
shaded areas. The overall appearance of the T -H (inset, T in units of K) phase diagram
is very similar. (The critical temperature of the E phase is scaled up 3-fold).
the |t1 –|t4 –|t2  subspace. With the parameters for the octupolar coupling
constant λoct , the crystal ﬁeld parameter b and the energy splittings ∆1
and ∆2 given before, the octupolar transition is fully suppressed at Hcr,1 =
34.7T critical magnetic ﬁeld. High-ﬁeld experiments observe metamagnetic
behavior at H ∼ 35T [66].
The single-ion levels |t1  and |d−  crosses at Hcross = 37.3T. Since states
|t1  and |d−  are connected by E operators including Ozx , a range of ﬁelds
centered on Hcross is certain to favour {Ozx , Oyz } quadrupolar order, and simultaneous {Jx , Jy } dipolar order. Choosing a weak quadrupolar interaction
λquad = 0.054K in (5.5) gives quadrupolar order only between the critical
ﬁelds Hcr,2 = 35.8T and Hcr,3 = 38.8T.
In the following let us examine the features of the two distinct ordered
phases in detail.

5.3.1

Low-Field Octupolar Phase

The only non-zero matrix element of Tzβ octupole moment within our ﬁve
dimensional Hilbert space (|t1 –|t4 –|d± –|t2 ) is
 √

√ √
B = t1 |Tzβ |t4  = 3 14b + 3 5 1 − 2b2 ≈ 8.8 .
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There is no matrix elements between the singlets and the states of the doublet. B gives only an upper bound for the order parameter, since octupolar
order is an induced moment phenomena and the gap ∆1 must appear in the
expression. In fact, the zero ﬁeld value is Tzβ  = 4λ2oct B 4 − ∆1 /2λoct B ≈
4.7.
Postulating the λquad = 0.054K quadrupolar coupling value gives non-zero
Ozx  quadrupolar moment only within a narrow range of high magnetic ﬁelds
Hcr,2 < H < Hcr,3 . Therefore, the quadrupolar term in the Hamiltonian (5.5)
does not aﬀect the low-ﬁeld octupolar order.
The octupolar polarizability
 2
1
1  −βEn  |n|Tzβ |n |
χo =
e
=

Z n
En − En
2λoct

n =n

(5.6)

gives the octupolar coupling constant necessary for the second-order phase

transition at given temperature and magnetic ﬁeld values. |n and |n  are
the eigenstates.
It is easy to derive closed-form expressions in the limiting cases T = 0
and H = 0, while for intermediate T and H values I used numerical methods.
For the ground state (T = 0) we obtain a simpler form of (5.6) as
χo =

 |n|Tzβ |0|2
n

En − E0

=

1
,
2λoct

(5.7)

where we have to calculate only the octupolar matrix elements between the
magnetic ground state |0 and the excited states |n.
(5.7) cannot be satisﬁed if H exceeds a critical ﬁeld Hcr,1 (see C.1 in
Appendix C). The suppression of octupolar order by the ﬁeld proceeds continuously as shown by the ﬁeld dependence of the T = 0 octupolar order
parameter (Fig. 5.2). The ﬁeld dependence of the octupolar transition temperature is similar (Fig. 5.2, inset).
Octupolar ordering has its characteristic signature in the magnetic response. In order to calculate the linear and the third order susceptibility, we
start from the H = 0 eigenstates due to the octupolar eﬀective ﬁeld (Ek0 ),
and determine the magnetic corrections to them up to the order ∼ H 4 . The
energies Ek = Ek0 + ak H 2 + bk H 4 , where k = 1 . . . 5, are listed in Appendix C.
The temperature dependence of the susceptibilities is shown in Fig. 5.3.
The octupolar transition shows up as a break in the temperature derivative
(∂χ1 /∂T ) of the linear susceptibility (Fig. 5.3, middle), and as a λ-anomaly
of the third order susceptibility (Fig. 5.3, right). The sign of the discontinuity ∆(∂χ1 /∂T ) = (∂χ1 /∂T )(T = Tcr − 0) − (∂χ1 /∂T )(T = Tcr + 0) > 0 is
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Figure 5.3: Left: The linear susceptibility on extended temperature scale. Middle:
Linear susceptibility in the vicinity of the octupolar transition temperature TO . The
dashed line gives the single-ion result. Right: Temperature dependence of the third order
susceptibility. The quantities are in unit µB /T [1].
related to the fact that the critical temperature decreases in magnetic ﬁeld
like TO (H) ≈ TO (H = 0) − aH H 2 . The Ehrenfest relation (3.28) treated
earlier connects the discontinuity of (∂χ1 /∂T ) to that of the non-linear susceptibility χ3 and the speciﬁc heat. The anomalies predicted by our theory
are in good agreement with the experiments (see Fig. 2.7).
Before closing this discussion, we point it out that for ﬁeld applied in
the tetragonal ẑ direction4 , the overall temperature dependence of the linear
susceptibility up to 300K (Fig. 5.3, left) follows closely the experimental
curve (Fig. 2.7, upper left). This indicates that it is permitted to neglect the
four higher lying crystal ﬁeld states, and that the postulated level scheme is
reasonable.

5.3.2

High-Field Quadrupolar Phase

Let us return to the level scheme shown in Fig. 5.1. In suﬃciently weak
ﬁelds, the single-ion ground state is mixed of |t1  and |t2 
|I = u|t1  + v|t2  ,

(5.8)

where the expressions of parameters u and v are in the Appendix C.
In the vicinity of the level crossing of states |I and |II = |d−  (H ∼
Hcross ), the relevant low energy Hilbert space is two dimensional. The Eg
quadrupolar moments Ozx , Oyz connect |I and |II, therefore Eg -type quadrupolar coupling, even if weak, begins to play an essential role.
4
The H ⊥ ẑ susceptibility is much smaller, both in our model calculation (see Fig. 5.5,
left) and experimentally.
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As we mentioned, to ﬁt the high ﬁeld part of the phase diagram (Fig. 2.8)
we assume the small quadrupolar coupling λquadr = 0.054K. The energy
scale associated with the quadrupolar ordering of the Ozx moments can be
estimated as EQ ∼ λquad Ozx 2 ≈ 0.8K. This is small in comparison to all the
zero ﬁeld gaps, which justiﬁes systematically neglecting the contributions of
the higher lying levels.
The Hamiltonian (5.5) acting within the subspace |I and |II has the
form


M (Ozx  , ∆2 , ∆3 , H) =

e1
λquad K Ozx 
e2
λquad K Ozx 

where e1 and e2 are the magnetic eigenstates (the lowermost two branches
in Fig. 5.1), and K = Gu + Av. For the values of these parameters see Appendix C. I omit the details of the mean-ﬁeld calculation. The expectation
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Figure 5.4: Left: Expectation value of Ozx quadrupolar moment in the high-ﬁeld regime
at T = 0. Right: H − T phase diagram of the quadrupolar ordered high-ﬁeld phase.
value of the ordered quadrupolar moment in the ground state is
Ozx  =

1
2λquad K

4λ2quad K 4 − (e1 − e2 )2 .

(5.9)

We can see from (5.9) that Ozx  can be nonzero only within a certain magnetic ﬁeld range centered on the crossing point e1 = e2 (see left part of
Fig. 5.4). The quadrupolar phase is bounded by a lower and an upper critical magnetic ﬁeld (Fig. 5.4, left). In the same range the critical temperature
follows a similar curve (Fig. 5.4, right).
The results for the octupolar and the quadrupolar phase are combined
in Fig. 5.2. There is a strong similarity to the experimentally established
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phase diagram (Fig 2.8). We note that according to our model calculation,
the amplitude of the quadrupolar order is not small (Fig. 5.4, left), but the
ordering temperature is low (∼ 1K) because the coupling is weak.
The three critical ﬁelds Hcr,1 , Hcr,2 , Hcr,3 can be identiﬁed in the ground
state magnetization curve (Fig. 5.5). It is hard to notice the octupolar transition on the extended ﬁeld scale up to 55T, but a magniﬁcation of the region
around Hcr,1 shows a discontinuity of the diﬀerential susceptibility. In contrast, magnetization changes steeply in the regime of quadrupolar order.
Without quadrupolar interaction we would have jump-like metamagnetic
transition from ∼ 0.42µB (characteristic of |I) to ∼ 2.27µB (characteristic of |II) (dotted line in the right part of Fig. 5.5). The appearance of
quadrupolar order causes the magnetization increase to take place gradually
between Hcr,2 = 35.8 and Hcr,3 = 38.8T.
T=0
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Figure 5.5: The ground state magnetization curve (M in units of µB ). Left: Metamagnetic behavior at H ∼ 37T is apparent on extended magnetic ﬁeld scale [1]. Middle:
Magniﬁcation shows the change of slope at the octupolar critical ﬁeld Hcr,1 . Right: The
magnetization increases linearly within the quadrupolar phase. Dashed lines correspond
to the single-ion results.

5.4

Stress Induced Antiferromagnetism

Let us recall the phase diagram Fig. 5.2. In suﬃciently small, but ﬁnite
ﬁelds we identiﬁed the symmetry of the ordered phase as B1 which according
to Table 5.3 has mixed Tzβ − O22 character. Whichever of these two order
parameters is induced by inter-site interactions, the magnetic ﬁeld will mix
to it the other one. So to speak, we could get the same kind of ﬁnite-ﬁeld B1
phase in either Tzβ octupolar, or O22 quadrupolar model. However, at H = 0
the choice is not arbitrary. At H = 0, Tzβ and O22 are not mixed, because of
their diﬀerent character under time reversal. The H → 0 limiting behavior
of our model is pure Tzβ octupolar order. There is a crucial experiment which
unambiguously shows that the H = 0 order must be time reversal invariance
breaking.
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Figure 5.6: Stress-induced magnetic moment in the octupolar phase [1]. Thick line:
Mz  staggered magnetization, thin line: Tzβ  octupolar moment, as a function of the
uniaxial pressure σ  [100] (σ in arbitrary units).
A magnetic neutron diﬀraction measurement was carried out on samples
subjected to uniaxial stress [63]. It was found that stress applied perpendicular to the tetragonal main axis ẑ induces large-amplitude antiferromagnetism5
with O(0.1µB ) moments aligned along ẑ. On the other hand, ﬁeld applied
along the ẑ direction creates only moments which are an order of magnitude
smaller.
We make the basic observation that the time reversal invariant stress
ﬁeld cannot create magnetism unless the background phase is already time
reversal invariance breaking. The lowest order non-magnetic time-reversalodd order is the octupolar order. According to Table 5.2 we have the choice
between the B2u Tzβ and the B1u Txyz order parameters. The two choices
give rather similar theories: we preferred Tzβ .
Recalling the method of the Landau expansion of the Helmholtz potential G developed in Chapter 3, in tetragonal symmetry two invariants are
important for the present purpose
I(A2u ⊗B1g ⊗B2u ) = c1 Jz (0)Tzβ (Q)O22 (−Q) + c2 Jz (Q)Tzβ (−Q)O22 (0)(5.10)
c1 and c2 are non-zero even if we consider the lowest two levels only. The
existence of this invariant can be exploited in several ways. In a uniform
magnetic ﬁeld, alternating octupolar order Tzβ induces similarly alternating
5

This eﬀect is clearly diﬀerent from the O(0.01µB ) micromagnetism which was earlier
thought to be an intrinsic property of URu2 Si2 .
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quadrupolar order O22 (see the ﬁrst term of (5.10)). Alternatively, it follows
that in the presence of uniform quadrupolar polarization O22 , alternating octupolar order gives rise to a magnetic moment Jz with the same periodicity
(second term of (5.10)). Such a quadrupolar polarization is created by uniaxial stress applied in the [100] direction. This is the eﬀect we wanted to
explain.
Fig. 5.6 shows the stress-induced staggered magnetization for the same
set of parameters as in previous plots. Suﬃciently large stress suppresses the
octupolar order, like a suﬃciently strong ﬁeld does, and the antiferromagnetism vanishes at the same time there. The maximum induced moment is
∼ 0.5µB ; the measured ∼ 0.2µB [63] may belong to the rising part of the
curve. Stress applied along the z-axis induces O20 moment which transforms
according to the identity representation A1g , thus it does not appear in the
invariants, and it is not predicted to induce magnetism.
Table 5.2 contains also the A1u triakontadipole Jx Jy Jz (Jx2 − Jy2 ), so we
may ask whether it would have been a good candidate for the time-reversalodd order parameter. The answer is that it would not give rise to stressinduced magnetism and it is therefore not a suitable choice as order parameter
in the limit H → 0.

Chapter 6
Conclusion
One of the aims of my Ph.D. research was to develop a general scheme for the
symmetry classiﬁcation of the order parameters which can arise for a given set
of ionic states. From this, one should be able to derive the general form of the
Landau free energy which governs phase transitions. Of particular interest
is the eﬀect of magnetic ﬁelds which couple the multipolar moments in a
manner which depends sensitively on ﬁeld direction. I used group theoretical
arguments.
My second main objective was to understand the nature of the order
parameter, and the mechanism of ordering, for several f -electron systems
of considerable current interest. In particular, I wished to at least partly
explain the following phenomena
• the reason for the choice of the octupolar order parameter of NpO2 ,
and the mechanism of the suppression of octupolar order by magnetic
ﬁeld
• magnetic ﬁeld eﬀects on the antiferro-quadrupolar ordering transition
of PrFe4 P12
• the nature of the so-called hidden order in URu2 Si2
I summarize the main new scientiﬁc results of my Ph.D. work in the next
thesis points
1. I discussed the nature of the ﬁeld-induced coupling of multipolar degrees of freedom for a number of local symmetries and level schemes [1],
[2]. The analysis was carried out in two complementary ways. In one
of the schemes, I write down the Landau expansion of the Helmholtz
potential which gives the magnetic ﬁeld as a derived quantity. The
invariants used in this expansion are formed according to the zero-ﬁeld
98
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deﬁnition of the multipolar moments, and coupled modes are found in
terms which transform like the ﬁeld [2]. The alternative scheme starts
with the identiﬁcation of the reduced symmetry of the system in a
magnetic ﬁeld. In the resulting new symmetry classiﬁcation, certain
multipoles are found to possess the same symmetry and consequently
they will appear mixed [1].
2. I pointed it out that Γ5 octupoles deﬁned on a Γ8 local Hilbert space
possess a single-ion anisotropy which makes the (111)-type orientation
of the octupoles preferable [2]. This explains also that the order parameters of NpO2 are (111)-type Γ5 octupoles. I showed that the primary
octupolar order induces a Γ5 -type quadrupolar order. I determined
the phase diagram in the temperature-quadrupolar coupling plane and
found that the regime of ﬁrst-order transitions is bounded by two tricritical points.
3. Motivated by the observation of octupolar order in NpO2 , I introduced
a ferro-octupolar lattice model of Γ8 ions [2]. I discussed the eﬀect
of applying an external magnetic ﬁeld. I found that for certain highsymmetry directions, spontaneous symmetry breaking by octupolar ordering remains possible up to a critical magnetic ﬁeld. For general
ﬁeld directions, the phase transition becomes smeared out in arbitrarily weak ﬁelds.
4. I proposed a new model for the so-called hidden order of URu2 Si2 [1].
The model is based on a novel crystal ﬁeld scheme. I classiﬁed the
possible order parameters and found that induced-moment Tzβ octupolar order is the best choice for the zero-ﬁeld order. According to this
interpretation, hidden order is time reversal invariance breaking without magnetic moments. This explains the result of a crucial recent
experiment according to which strain applied in the (100) direction
induces large-amplitude antiferromagnetism on the background of the
non-magnetic hidden order.
Furthermore, I discussed the phase diagram up to high magnetic ﬁelds.
I found a high-ﬁeld quadrupolar phase disjoint from the low-ﬁeld octupolar phase. The overall appearance of the phase diagram corresponds to the results of recent high-ﬁeld experiments.
5. I introduced a new crystal ﬁeld scheme, the Γ1 –Γ4 quasiquartet model
to describe the magnetic properties and the phase diagram of the
PrFe4 P12 skutterudite [3], [4]. In this model, inter-site interactions induce the Γ3 quadrupolar moments which undergo antiferro-quadrupolar
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ordering. I found that, with allowing also for dipolar interactions, the
model gives a good description of the susceptibility, the ﬁeld dependence of the speciﬁc heat, and the metamagnetic transition. I derived
the phase diagram in the temperature–magnetic ﬁeld plane, and found
a tricritical point separating the regimes of low-ﬁeld second order, and
high-ﬁeld ﬁrst order transitions.
6. I suggested a possible interpretation of the strong magnetic non-linearity
observed in PrBa2 Cu3 O6 [3]. Using the standard quasi-triplet crystal
ﬁeld model, I studied the interplay of quadrupolar and dipolar interactions. I found that quadrupolar interactions can assist magnetic ordering, which is possibly related to the anomalously high Néel temperature
of PrBa2 Cu3 O6 . I discussed the mean-ﬁeld theory of the phase transitions of the model. For magnetic ﬁeld directions in the tetragonal ab
plane, I derived the following results: (i) the linear susceptibility turns
upwards at the quadrupolar ordering transition; (ii) there is a large
peak of the non-linear susceptibility χ3 ; (iii) the transition is smeared
out in strong ﬁelds.
7. I discussed the general relationship between magnetic anomalies observed at a critical temperature of a non-magnetic ordering transition,
such as the quadrupolar and octupolar transitions described in my
Ph.D. thesis. The Ehrenfest equation connecting the discontinuity of
the temperature derivative of the linear susceptibility with the discontinuity of the non-linear susceptibility can be continued to the tricritical point. The tricritical limiting behavior can be of two diﬀerent
kinds, and both can be realized by tuning one of the parameters of our
quadrupolar–octupolar model [2].
My publications related to the results enumerated above appear in the
Bibliography as [1]–[4]. However, for clarity I list them separately below:
Related Publications
[1] A. Kiss and P. Fazekas
Low-ﬁeld octupoles and high-ﬁeld quadrupoles in URu2 Si2
cond-mat/0404099, submitted for publication to Phys. Rev. (2004)
[2] A. Kiss and P. Fazekas
Octupolar ordering of Γ8 ions in magnetic ﬁeld
Phys. Rev. B 68 174425 (16 pages) (2003)
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[3] A. Kiss and P. Fazekas
Quadrupolar interactions in Pr compounds: PrFe4 P12 and PrBa2 Cu3 O6
Journal of Physics: Condensed Matter 15 S2109-S2117 (2003)
[4] P. Fazekas and A. Kiss
Competition and coexistence of magnetic and quadrupolar ordering
NATO SCIENCE SERIES: II: Mathematics, Physics and Chemistry
110 ”Concepts in Electron Correlation” edited by Alex C. Hewson
and Veljko Zlatic, 169-177 (2002)

Appendix A
Appendix
Stevens Operator Equivalents

O20 = 3Jz2 − J(J + 1)
O40 = 35Jz4 − 30J(J + 1)Jz2 + 25Jz2 − 6J(J + 1) + 3J 2 (J + 1)2
O60 = 231Jz6 − 315J(J + 1)Jz4 + 735Jz4 + 105J 2 (J + 1)2 Jz2
−525J(J + 1)Jz2 + 294Jz2 − 5J 3 (J + 1)3 + 40J 2 (J + 1)2 − 60J(J + 1)
1 4
(J+ + J−4 )
O44 =
2
1
4
(11Jz2 − J(J + 1) − 38)(J+4 + J−4 )
O6 =
4
1
+ (J+4 + J−4 )(11Jz2 − J(J + 1) − 38)
4
Crystal ﬁeld levels in cubic environment in case of J = 4.


|Γ1  =


|Γ13 
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5
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7
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2
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Time Reversal Invariance
In the classical physics, time reversal means the t → −t change. It follows
that the velocity v = dr/dt changes sign under the action of time reversal,
and so does the angular momentum L = r × p. The equation of motion
is invariant under time reversal in case when the force is independent of
the velocity. This is not true in the presence of magnetic ﬁeld, because the
Lorentz force FL ∼ v × H changes sign when t → −t.
In order to treat the problem quantum mechanically, suppose that the
Hamiltonian H is independent of time t, and the wavefunction ψ = ψ(t)
satisﬁes the Schrödinger equation
∂ψ
.
(A.1)
∂t
Let us assume that the Hamiltonian H is real operator, namely it does not
contain the magnetic ﬁeld and we do not consider the spins. The complex
conjugate of the Schrödinger equation is
Hψ = ih̄

Hψ ∗ = −ih̄

∂ψ ∗
.
∂t



Put t = −t, and we ﬁnd


Hψ(−t )∗ = ih̄



∂ψ(−t )∗
.
∂t



It can be seen that ψ(−t )∗ satisﬁes the same equation (A.1) than ψ(t). The
quantum mechanical state ψ(−t)∗ can be obtained from ψ(t) by reversing
the velocity vector (reversing the motion). For example, wavefunction
ψ(t) = ei(kr−ωt)
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becomes as
ψ(−t)∗ = ei(−kr−ωt) ,
which describes that the particle moves in the reverse direction. Thus we
call the state given by
T ψ(t) = ψ(−t)∗
the time reversed state of ψ(t).
In a stationary state, simply the complex conjugation K gives the time
reversed state
T ψ = Kψ = ψ ∗
Let us consider the time reversal of the state
ψlm (r) = R(r)Ylm (θ, φ) .
We have
Kψlm (r) = (−1)m R(r)∗ Yl,−m (θ, φ) ,
so the time reversed state has −m as the value of lz , which implies that
for lz ψlm = mψlm we get lz Kψlm = −mKψlm . Let us call T lz T −1 the time
reversal of lz , thus we have
T lT −1 = −l
Similar relation holds for the momentum operator p, and the spin operator1
s as T sT −1 = −s. Thus it follows that considering the spins, T is no longer
simply the complex conjugation, it must also reverse the spins s → −s. It
can be shown that the appropriate form of the time reversal operator acting
on one-electron states is
π
T = exp(i σy ) · K
2
where σy is Pauli matrix. Its generalization for many particles with spins
s1 , . . . , s2 is
T = exp(iπsy1 ) · exp(iπsy2 ) . . . exp(iπsyn )K
We note that real operators like the coordinate r or potential energy V (r) remain
invariant under time reversal.
1
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One may think that operating T twice on ψ gives ψ itself, but this is not
true because of the property of electron spins under 2π rotations giving a −1
factor as exp(iπsy ) = exp(iπσ y /2) = (iσy )2 = −1 · E.
The correct result is
T 2 ψ = (−1)n ψ

(A.2)

where n is the number of the electrons.
In contrast to the unitary operators, the time reversal operator T satisﬁes
the relation
(T ψ, T φ) = (Kψ, Kφ) = (ψ, φ)∗ = (φ, ψ)
which means that it is antiunitary operator.
When the total number of electrons is odd, T ψ and ψ are orthogonal,
because from
(T ψ, ψ) = (T ψ, T 2 ψ) = (−1)n (T ψ, ψ)
follows that (T ψ, ψ) = 0 for odd n. Because both T ψ and ψ are eigenstates
with the same eigenvalue, we may conclude that every energy level is at least
two-fold degenerate in a system with odd electron number, which cannot
be resolved by any time-reversal invariant Hamiltonian term. This is the
Kramers’ theorem.
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Numerical Parameters of the Cubic Γ8 Quartet
Numerical Coeﬃcients of Cubic Crystal Field Levels in the Γ8 Basis:

α = !

1 + 26
3
β = !

1 + 26
3

√ √
+ 16 206 14
√ √ 2  5 √
√ 2 = 0.9530
1
1
+ 6 206 14 + − 6 14 − 6 206
√
√
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√ √ 2  5 √
√ 2 = −0.2980
1
1
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26
3

1
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26
1
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√ √
√ √
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1
1
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1
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1
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1
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Parameters of the Zeeman Splitting of the Quartet

gH =

√ √
3
129471 + 618 206 14 = 5.736
206
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√ √
1
1078719 − 6798 206 14 = 1.3665
618

yH =

Landau Expansion of the Helmholtz Potential of the OctupolarQuadrupolar Model in H(111) Field

G ≈ a1 T 2 + b1 T 4 + a2 q 2 + c1 qT 2 + u1 J 2 + u3 J 4
+z1 qJ 2 + d1 T 2 J 2 + ...

(B.1)

β
where T = T111
, q = O111  and J = Jx + Jy + Jz . The parameters are



a1 =
b1 =
a2 =
c1 =
u1 =
u3 =
z1 =
d1 =
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(gH 2 + yH 2 )2
A2 gH 2 + 3yH 2
6t (gH 2 + yH 2 )2



=

1
(t − toc )
2

Appendix C
Appendix
Here I list some of the formulas needed for the mean-ﬁeld theory of the
ﬁve-level model used in Chapter 5.
Matrix Elements of the Multipolar Operators in the |t1 –|t4 –|d± –
|t2  Subspace

√
√
√
t1 Tzβ t4 = 3 14b + 3 1 − 2b2 5
√
t1 |Jz | t2  = 4 2b
d− |Jz | d−  = 4a2 − 1
√
√ √
√
t1 |Ozx | d−  = 7 2ab + 5 1 − 2b2 1 − a2
√
√
t4 |Ozx | d−  = 5 7a/2 − 9 1 − a2 /2
t2 |Ozx | d−  = 7a


√
t4 O22 t2 = 2 7


B =
P
L
A
C
G

=
=
=
=
=

N =

Energy Levels in Magnetic Fields
Octupolar order is fully suppressed at the critical ﬁeld Hcr,1 which satisﬁes
λoct =

2 2
2
2
2
2
2
1 ∆2 − ∆2 ∆2 + 4P 2 Hcr,1 + 4P Hcr,1 + 2∆1 ∆2 + 4P 2 Hcr,1
(C.1)
2
2B 2
(∆2 + ∆22 + 4P 2 Hcr,1
)

In what follows, I consider ﬁnite octupolar eﬀective ﬁeld, but I treat the
external magnetic ﬁeld as weak. The formulas are needed for the calculation
of the linear and non-linear susceptibility (Fig. 5.3).
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E1 =
E2 =
E3 =
E4 =
E5 =



1
∆1 + ∆21 + 4B 2 λ2 O2 + a1 H 2 + b1 H 4
2


1
2
2
2
2
∆1 − ∆1 + 4B λ O + a2 H 2 + b2 H 4
2
∆2 + a3 H 2 + b3 H 4
−LH + ∆3
LH + ∆3

where


a1 = −

P 2 ∆1 −



∆21 + 4B 2 λ2 O2

∆21 + ∆1 ∆21 + 4B 2 λ2 O2 + 4B 2 λ2 O2 − 2∆2 ∆21 + 4B 2 λ2 O2


a2 = −
a3 = −


P

2

∆1 +



∆21

+

4B 2 λ2 O2

∆21 − ∆1 ∆21 + 4B 2 λ2 O2 + 4B 2 λ2 O2 + 2∆2 ∆21 + 4B 2 λ2 O2
P 2 (∆2 − ∆1 )
B 2 λ2 O2 − ∆22 + ∆1 ∆2


where O = Tzβ .
Parameters of the Two Dimensional Hilbert Space |I–|II

u = 

∆2 +

∆2 2 + 4P 2 H 2

4P 2 H 2 + ∆2 +
v = 

∆2 2 + 4P 2 H 2

1
1
∆2 −
∆2 2 + 4P 2 H 2
2
2
= −LH + ∆3

e1 =

2

2P H

4P 2 H 2 + ∆2 +

e2

∆2 2 + 4P 2 H 2

2

Acknowledgement
I would like to express my great thanks to my supervisor, Prof. Patrik
Fazekas for all his help and the continuous encouragement. He acquainted
me with several problems of physics and aroused my interest. He also gave
me coordination during my whole Ph.D. work and guided me in writing the
thesis.
I would also like to thank Katalin Radnóczi, Karlo Penc, Ferenc Simon
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