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ABSTRACT

In this thesis, decision-making and control methods for providing overtaking
strategies of autonomous vehicles are proposed.

In the �rst part of the thesis novel decision-making methods are presented, with
which a safe trajectory for the autonomous vehicle can be achieved. As an initial
step of the method, the motion pro�les of the surrounding vehicles based on statis-
tical tools are predicted. The results of the motion prediction are combined with a
potential �eld approach, and the decision-making layer is merged with a trajectory
planning layer. In the next step, a graph-based solution is presented, in which sev-
eral vehicle dynamic and road conditions can be e�ciently incorporated. In order
to reduce the complexity of the decision-making method, a neural network-based
approximation of the solution is proposed. The neural network in a safe trajectory
design framework is involved, with which guarantees on the safety performance re-
quirements can be provided. It is achieved through the combination of the results
of the neural network and the design of robust control.

The second part of the thesis proposes control methods for guaranteeing accu-
rate tracking of the generated reference vehicle trajectory. In order to improve the
performance level of the lateral vehicle control, a new neural network-based closed-
loop model matching method is proposed. The method provides an advanced vehicle
model, which can e�ciently handle the nonlinearities and uncertainties in vehicle dy-
namics. Its advantage is that nonlinearities and uncertainties during the closed-loop
matching are handled, and thus, control methods with reduced design complexity
can be used. Moreover, a novel control structure using the error-based ultra-local
model concept is formed, which is also able to handle the nonlinear dynamics of
the vehicle motion. In the modi�ed control structure the impact of the error-based
ultra-local model during the extension of the vehicle state-space representation is
considered. The resulted control-oriented model serves as the basis of the Linear
Parameter Varying (LPV) control design. Finally, a novel observer design frame-
work is presented, with which the guarantees on the minimum performance level on
the estimation error can be provided. In the context of autonomous vehicles, the
method is developed for involving a learning-based observer, with which the lateral
velocity of the vehicle can be estimated.

These contributions have been published in international journals and conference
papers.

Keywords: overtaking maneuver, autonomous vehicle, lateral control design, ob-
server design
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ÖSSZEFOGLALÓ

Jelen disszertáció döntéshozatali és irányítási módszereket javasol el®zési man®-
verek kivitelezésére autonóm járm¶vek számára.

A disszertáció els® fele döntéshozatali módszerek kidolgozását célozza meg, ame-
lyek alkalmazásával, a biztonsági követelményeknek megfelel®, el®zési trajektória ter-
vezhet® autonóm járm¶vek számára. Els® lépésként a környez® járm¶vek mozgáspro-
�ljai prediktálásra kerülnek statisztikai módszerek alkalmazásával. A mozgásel®re-
jelzés eredményei potenciálmez® alapú megközelítéssel kerülnek kombinálásra, majd
következ® lépésként, a pályatervezésért felel®s réteg beépítésre kerül a döntéshozatali
rétegbe. Ezt követi egy gráf alapú megoldás bemutatása, amely a járm¶dinamikai
hatások mellett, az adott útviszonyokat is hatékonyan képes kezelni. A döntéshozatali
algoritmust alapul véve, annak számítási kapacitásának csökkentése érdekében, egy
neurális háló alapú megoldást javasol a dolgozat. Az így létrehozott neurális háló
beépítésre kerül egy biztonsági garanciákat biztosító irányítási struktúrába. Az
irányítási struktúra alapját egy robusztus irányítási algoritmus, illetve a neurális
háló adja. A döntéshozatali algoritmus egy trajektóriát határoz meg, amellyel több
járm¶ves forgalmi szituációban is garantálható a biztonságos el®zési man®ver.

A disszertáció második fele az autonóm járm¶vek irányítását célozza meg, ahol
a korábban meghatározott útvonal pontos követése a cél. A pontosság növelése
érdekében egy új, neurális háló alapú zárt hurkú modell-illesztési módszer kerül ki-
dolgozásra, amely a járm¶ben található nemlinearitásokat és bizonytalanságokat a
modellezési folyamat során veszi �gyelembe. Az algoritmus el®nyei között sorol-
ható fel, hogy az irányítástervezési folyamat alacsony komplexitású módszerek al-
kalmazásával is megoldható. Továbbá, egy hiba alapú ultra-lokális modell koncep-
ció is kidolgozásra kerül, amelynek alkalmazásával a járm¶ nemlineáris dinamikája
hatékonyan kezelhet®. Az irányítási struktúra �gyelembe vehet® a járm¶ állapottér
reprezentációjának felírása során, amely a Lineáris Változó Paraméter¶ (LPV) sz-
abályzótervezés alapját szolgáltatja. Végezetül, egy meg�gyel® tervezési módszer is
prezentálásra kerül, amely képes minimális performancia szintet garantálni a bec-
slési hibára nézve. A meg�gyel® m¶ködése és hatékonysága az autonóm járm¶vek
irányításához köthet® problémakörön keresztül kerül bemutatásra.

Az értekezés új tudományos eredményei nemzetközi folyóirat- és konferencia
cikkek formájában kerültek a szakmai nyilvánosság elé.

Kulcsszavak: el®zési man®ver, autonóm járm¶, laterális irányítástervezés, meg-
�gyel® tervezés
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1. INTRODUCTION AND MOTIVATION

Nowadays, one of the main challenges for the automotive industry is the devel-
opment of autonomous vehicles, which involves several problems, such as motion-
planning, control, design, and implementation of the algorithms. In everyday tra�c,
motion-planning functionality is crucial, which must guarantee several requirements,
e.g., the trajectory of vehicles must be dynamically feasible, safe, and comfortable.
There are some technological solutions on these problems, although their capabil-
ities are limited: they can only handle simple tra�c scenarios, or in some cases,
they can only provide suggestions for the driver [1, 2]. These technologies belong to
the group of Advanced Driver Assistant System (ADAS). The main functionalities
include e.g., highway driving [3] and driving in tra�c jam [4]. However, these sys-
tems cannot handle all tra�c scenarios, which means that the driver is required to
take the control of the vehicle over at any time. Moreover, the performances of the
vehicle control systems can be signi�cantly increased by using communication tech-
nologies, which are called V2X communication [5]. Since these technologies allow to
get information from any tra�c-related objects or participants, the functionalities
of autonomous vehicles can be supported, e.g., in recent years several solutions have
been introduced to solve the parking problems of the vehicles [6].

Among possible tra�c situations, overtaking maneuvers are especially dangerous,
because several e�ects must be taken into account during the decision-making and
trajectory planning process in order to ensure safety requirements. Furthermore,
there are overtaking situations when a feasible trajectory cannot be planned between
the initial and the target states of the vehicle. The stability and the trajectory
tracking of the vehicles under varying circumstances must be guaranteed, which
requires the design of robust control systems. In the future, the �rst autonomous
vehicles will probably operate in a mixed tra�c environment, which means that
besides autonomous vehicles, human-driven cars also will be present on the roads.
Therefore, an accurate assessment of the given tra�c situation will be an essential
step during autonomous vehicle control, which will help to determine the collision-
free area. In order to address these tasks, the behavior of human drivers must
be modeled and predicted. Since the prediction of a human-driven car involves
several uncertainties, it can be carried out using probability-based approaches. Due
to several uncertainties and di�erences between the tra�c situations the motion-
planning is still challenging. Using the collision-free area, and other information on
the environment, one feasible trajectory is planned, which ful�lls the comfort and
safety requirements. Brie�y, an overtaking maneuver can be executed through the
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following main steps:

1. Motion prediction of the surrounding tra�c participants
This step is crucial since predicting the possible future positions of the partic-
ipants, the performances of the decision-making process can be increased.

2. Decision making process
Based on the motion prediction, the decision-making process should be carried
out in such a way, that the safety and the comfort requirements are ful�lled.
Moreover, in several situations, the restrictions of the given road segments
must be taken into account.

3. Feasible trajectory planning
Using the results of the decision-making layer, a feasible trajectory is designed
using several restrictions, which comes from the other participants and the
road characteristics. Moreover, the designed trajectory must be shaped to the
actual longitudinal velocity of the vehicle.

4. Control of the vehicle
The goal of this layer is to ensure the accurate trajectory and the reference
velocity tracking of the vehicle. The main di�culty is that the system is
in�uenced by nonlinear e�ects and parameter uncertainties.

Motion prediction of the surrounding tra�c participants

Accurate motion prediction of the surrounding vehicles has become an important
research area for the development of autonomous vehicles. The accurate motion pre-
diction is one of the main aspects of the e�cient operation of autonomous vehicles.
Using the results of the motion prediction layer, the e�ectiveness of the controlled
vehicles can be signi�cantly increased, while other important aspects, such as the
safety and comfort requirements, can also be achieved.

In the literature, various methods can be found, by which the motion of the
other tra�c participants can be predicted during the decision-making process [7].
The prediction of vehicle motions is strongly connected to the overtaking in the �eld
of autonomous vehicles, see e.g., [8]. With the precise estimation of the environment
i.e., vehicles, pedestrians, and cyclists, the safe operation of the autonomous sys-
tems can be signi�cantly enhanced. Several methods have also been designed to
predict the motion of human-driven vehicles [9]. Physics-based methods are also
a widely used approach. Among the model-based methods both [10] dynamic and
kinematic [11] models can be used. The main advantage of the dynamic models is
that the prediction of the motion can be performed more accurately. However, the
complexity of the dynamic models is higher and also these models require additional
parameters for the vehicles. For this reason, kinematic models are commonly used,
such as the Constant Velocity (CV) and Constant Acceleration (CA) models [12].
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Generally, these models have much lower complexity and the accuracy of the esti-
mation is su�cient for decision-making purposes. On the other hand, there can be
found methods using probabilistic and machine learning-based approaches, in which
the uncertainties also can be involved during the prediction process. Probabilistic
approaches based on the dynamic Bayesian network and Markov chain models can
be found in [13, 14]. A method that uses the similarities in vehicle motion between
the current vehicle and a prede�ned number of test vehicles has been proposed by
[15]. The factor of driver aggression and the motion of vehicles in unorganized tra�c
have been considered in the motion planning of an overtaking maneuver in [16]. In
[17] a long short-term memory (LSTM) neural network is presented, which predicts
the longitudinal and lateral positions of the vehicle along a given time horizon. The
lane change maneuver can be predicted using Gaussian, Support Vector Machine
and Neural network classi�cation [18].

Decision-making process of an autonomous vehicle

The decision-making algorithm is responsible for the safe and e�cient operation
of autonomous vehicles. The decision-making layer must take into account a number
of external e�ects, such as the possible future motions of the surrounding vehicles.
Moreover, during the decision-making process, the current state and the limitations
of the vehicle are also considered. The limitations mainly come from two main
sources. The �rst is to ensure the comfort requirements of passengers, and the
second is to consider the physical limitations of the vehicle. Thus, the decision-
making algorithms can be sorted into two main groups [19].

The �rst group consists of the classical approaches, such as the rule, probabilistic
or optimization-based methods. The main advantage of the rule-based solutions is
that the decision-making process does not require high computational cost, however
handling dynamic e�ects may be challenging. In [20] the whole decision-making pro-
cess is carried out using a �nite state machine. Moreover, in the proposed method,
the behavior of human drivers is also analyzed, by which safety and e�ciency require-
ments can be guaranteed. Furthermore, the social perception has been incorporated
into a Model Predictive Control-based algorithm in order to improve the decision-
making process, see [21]. A Multiple Attribute-based method has been introduced
in [22], by which the optimal maneuver can be selected in the given, complex tra�c
scenario.

In the second group, machine-learning-based solutions can be found. Nowadays,
one of the most commonly used decision-making algorithms is based on reinforce-
ment learning (RL). The training process of the RL method is to maximize the
reward function including di�erent tra�c scenarios. In [23] an end-to-end behav-
ior control is presented for highway tra�c scenarios using the RL-based method.
Moreover, in [24] a lane-keeping algorithm is presented for a race track using RL. In
several papers, the deep learning technique is also used for decision-making. Using
the information, which comes from the onboard sensors of the autonomous vehi-
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cles, an end-to-end system can be designed [25]. These methods have high accuracy
for speci�c tra�c scenarios, although the accuracy of the resulted algorithm highly
depends on the training data.

Feasible trajectory planning

The trajectory planning is a crucial point of the control of autonomous vehicles.
Using the results of the motion prediction layer, a decision-making process can
be carried out. In the next step, a trajectory for the vehicle is designed, which
must satisfy several speci�cations. One of the most important aspects is the safety
requirement, which means that the designed trajectory must meet the limitations of
the given tra�c scenario (e.g., positions due to other tra�c participants). Another
aspect is to ensure the feasibility of the designed trajectory, which in many cases
involves the continuity of the curvature of the trajectory [26]. Finally, the physical
limitations of the vehicle must be taken into account during the determination of
the reference path (e.g., in emergency situations). Under normal driving scenarios,
the comfort requirements of the passengers must also be taken into account. In
recent years, numerous methods have been developed to address the aforementioned
problems. Many methodologies have been applied and developed by researchers
and companies in recent years. One of the widely used methods is the curve �tting
method, in which a polynomial, clothoid [27], or Bezier curve can be �tted to the
previously determined reference points. The main advantage of these methods is
that their computational cost is relatively low. In [28] two methods have been
presented for trajectory design using Bazier curves while constraints are applied
using waypoints and corridors. A method have been proposed for the design process
of the lane change trajectory including curved road segments using two arcs with the
same curvature [29]. An online trajectory design can be carried out using the spline-
based interpolation method [30]. Using this method, the generation of the reference
trajectory, collision avoidance and comfort requirements can be guaranteed.

In the literature, there are also optimization-based and machine learning-based
methods for the feasible trajectory design. A nonlinear optimization-based trajec-
tory design method can be found in [31]. In the proposed method, the feasibility and
comfort requirements can be guaranteed considering the nonholonomic dynamics of
a vehicle during the design process. Moreover, in [32] an RL-based solution has been
introduced for trajectory planning. The proposed method has been demonstrated
through a double lane change test for autonomous vehicles.

Control design methods for overtaking scenarios

The main purpose of the control algorithm is to achieve accurate trajectory
tracking of the vehicle. It is important to note that the algorithm must be able
to work properly in all possible scenarios, which makes the control design di�-
cult. In the previous decades, several approaches have been developed for the con-
trolling problems of the dynamic systems, such as robust control (H∞) [33], [34],
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optimal controls (Linear-Quadratic Regulator (LQR), H2) [35], model predictive
approaches (MPC, NMPC) [36] and polytopic system-based algorithms such as Lin-
ear Parameter-Varying Framework (LPV) [37], [38]. The main goal, in all cases,
is to guarantee the stability and performance of the controlled system. The main
advantage of the presented methods is that numerous e�ects can be taken into ac-
count during the design phase (e.g., noises, disturbances, nonlinearities). One of
the most di�cult challenges of control design is the modeling process of the system,
because it may contain several nonlinearities and uncertain parameters. During the
researches of the previous decades, several approaches have been developed, which
can be sorted into the following main groups.

The �rst group includes methods, which model the considered system as linear or
linearize it around speci�c operating points. The simplest approach is when only one
linear system is determined. In other cases, several linear systems are determined
for di�erent operating points of the nonlinear system. Based on the classical linear
control theory, control algorithms can be designed for each individual linear system.
Using the resulted set of controllers, during the operation of the system, the given
output can be determined by interpolating the appropriate controllers. However,
this switching-like control design cannot guarantee the stability of the closed-loop
system. In order to solve this issue, polytopic system-based, such as LPV, solutions
can be applied, see [37].

In the second group, methods can be found, in which the nonlinearities of the
system are taken into account during the modeling phase. The stability analysis of
a polynomial system is presented in [39]. In [40] a control problem has been solved
through a (sum-of-squares) SOS programming method. In these methods the model
contains nonlinearities, and therefore the control design can be a challenging task.
Moreover, the nonlinearities can be taken into account during the control design
using e.g the nonlinear model predictive control method (NMPC) [41].

The third one is a classical approach which takes into account the nonlinearities
is the feedback linearization approach, which has been addressed in numerous papers
in recent years [42], [43]. Using the linearized system, methods developed for linear
systems can be used during the control design. The feedback linearization process
requires an accurate description of the system. However, in many cases, it is not
available or cannot be determined since the system may contain high nonlinearities
and uncertainties. Moreover, if it is available, the inversion of the system is still a
di�cult task to achieve, see [44].

With the increase in the computation capacity of computers, new �elds have
come into a view such as data-driven and machine-learning-based approaches [45].
Several methods have been developed using the combination of the classical and ma-
chine learning-based approaches. In [37] a method is presented, in which an (LPV)
approach is combined with the results of a machine learning-based technique. The
reachability sets are computed for the controlled vehicle using data-driven analyses
and a machine learning algorithm, and the results are used in a model predictive
approach, that guarantees the trajectory tracking [46]. Furthermore, neural net-
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works can be also used during feedback linearization. In [47] a feedback lineariza-
tion method is presented for the tracking performances based on neural networks.
Moreover, a neural network-based feedback linearization is used in many �elds of
vehicle control (such as suspension control [48], longitudinal control [49]). Feedback
linearization is made for a nonlinear system with unknown dynamics using rein-
forcement learning technique [50]. Moreover, in [51] an input-output linearization
method is presented for robotic applications using reinforcement learning. One of
the main advantages of the proposed methods is the fact that an accurate system
description is not necessary during the linearization process.

The main advantage of the �rst three methods is that the stability of the system
can be guaranteed in the operation range of the system. However, the accurate con-
trol design requires the exact knowledge of the given system, which is a challenging
task in several cases. Consequently, it can be said that the performances of the
controlled system can be increased by using machine learning-based techniques, but
their stability is hard to prove.

Challenges of the optimal decision and control methods for

autonomous vehicles

It can be concluded during the review of the methods for the decision-making and
trajectory planning problems of autonomous vehicles, that several di�erent meth-
ods have been investigated during the previous decades. Nevertheless, the design
process of an algorithm, which is capable of decision-making even in changing tra�c
situations, still hides many challenges and not straightforward tasks. In most tra�c
situations, several possible, collision-free routes can be de�ned and the main ques-
tion is how can the optimal one chosen at low computational capacity. Furthermore,
in many cases, a balance must be created between the parameters, which character-
izes the possible maneuvers, in order to achieve the optimal solution. Moreover, the
result of the decision-making process is strongly connected with the performance
level of the trajectory planning process. This means, that the parameters of the
feasible trajectory should be considered during the decision-making process, how-
ever, in most cases, the two layers are arranged hierarchically. On the other hand,
the tracking accuracy of the calculated reference trajectory plays an important role
in terms of the widespread of autonomous vehicles. Accurate reference trajectory
tracking not only guarantees safety requirements but also increases the capacity of
the road segment. The di�culty of the control design arises from the fact that the
parameters of the vehicle can change in a wide range and also many environmental
e�ects must also be taken into account.
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1.1 Structure of the thesis

In Figure 1.1 the structure of the thesis can be examined. The dissertation is
divided into two main parts. In the �rst part, the decision-making process is pre-
sented for autonomous vehicles, and also the trajectory design is investigated. In
the second part of the dissertation, a control design and estimation method is in-
troduced for autonomous vehicles. The main goal of Chapter 2, is to introduce a
method, in which the decision-making layer and the trajectory planning layer can
be integrated into one layer. Chapter 3 shows a decision-making method using con-
ventional control approaches and a graph-based solution. The performance of the
results is also guaranteed using a robust control design method. In Chapter 4 a
novel model-matching method is presented, by which the nonlinearities and uncer-
tainties of the system are handled during the modeling phase. A control method
for autonomous vehicles is presented in Chapter 5 using the error-based ultra-local
model. During the determination of the ultra-local model, non-measurable states
are used. In order to solve this issue, in Chapter 6, a learning-based observer design
is presented. Moreover, in Chapter 7 the dissertation is summarized and the future
challenges are detailed. Finally, supplementary information of the theses can be
found in the Appendix.

1.
Introduction, motivation and

focus of the thesis

4.
Closed-loop model-matching-
based lateral vehicle control 

5.
Error-based ultra-local model

control design for vehicles 

2.
Optimal trajectory planning

for overtaking problems 

3.
Multi objective trajectory
desing with performance

guaranteeing 
6.

 Performance guarantees with
learning-based observers 

7.
Conclusion and future

challanges

Decision-making and
trajectory planning

Lateral control design

Part I. Part II. 

Fig. 1.1: Structure of the dissertation
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Part I

DECISION METHODS FOR AUTONOMOUS VEHICLES





2. OPTIMAL TRAJECTORY PLANNING IN OVERTAKING
STRATEGIES FOR AUTONOMOUS VEHICLES

This chapter aims to show methods for the decision-making process of autonomous
vehicles. The overtaking strategy is formed in a hierarchical structure with di�erent
layers. The algorithm contains the motion estimation of the surrounding vehicles,
the trajectory optimization with overtaking decision logic, and the vehicle control,
which generates the steering angle. Di�erent layers can require di�erent approaches,
e.g., the motion prediction is based on clustering and probability-based methods,
and the trajectory design is based on constrained optimization. The advantage of
the hierarchical design process is that each layer can be designed independently.
The �rst part of the chapter focuses on the motion prediction of the surrounding
vehicles, and also shows a method for the feasible trajectory design. Then, the
decision-making and the trajectory planning layers are merged, with which several
performances can be incorporated during the decision-making process. This means
that during the evaluation of the given tra�c situation, the possible, feasible tra-
jectories are considered and the optimal trajectory, which guarantees the safety and
comfort requirements, can be chosen. The result of this decision-making algorithm
is an integrated decision for both longitudinal and lateral directions. Using the
presented algorithm, a neural network is trained, which can e�ectively evaluate the
given tra�c situation in one step. The algorithms are implemented in IPG Car-
Maker vehicle dynamics simulation software. This chapter consists of the following
main parts:

• The motion prediction of surrounding vehicles is presented in Section 2.1.

• In Section 2.2 the formulation of the reference trajectory design is shown,
which is based on clothoid segments.

• The possible future trajectories are presented in Section 2.4.1, and the potential-
�eld-based approach is shown in Section 2.4.2.

• The training process of the neural network, which serves the decision-making
process, is presented in Section 2.4.5. Finally, the decision-making algorithms
are validated through a simulation example, which can be found in Section
2.5.
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2.1 Motion estimation of the surrounding vehicles

In this chapter, a decision-making algorithm is presented, which uses the previ-
ously recorded data of the human-driven vehicle. The vehicles, and the surrounding
objects are detected [52]. Then, data can be measured using several sensors of the
vehicle (e.g., LIDAR) [53]. These data also can be shared between the vehicles us-
ing a V2V communication or the data can be uploaded to the cloud. This solution
can be used when the autonomous vehicle does not have enough information about
the preceding vehicle. Another possible solution to the data collection process is
for the vehicle itself to save and share its data with other participants, however,
these vehicles must reach a certain level of sensing and communication for this func-
tionality to be e�ective. The dataset serves as the basis of the motion prediction,
by which the performances of the decision-making process can be signi�cantly in-
creased. In Figure 2.1 the data measuring process and communication are presented
brie�y. The controlled vehicle is represented with blue, which has the capability to
estimate the velocity and the position of the surrounding vehicles and also supports
V2X communication. Furthermore, green vehicles are human-driven, with which
the connected vehicles cannot communicate. The red vehicle can also provide in-
formation for the controlled vehicle through V2X communication. The estimation

Fig. 2.1: Communication and measurement of the states

process is carried out using the current longitudinal velocity (vx,m) and acceleration
(ax) signals. It is assumed that the motion of the preceding vehicle in the future is
similar to what it has been so far. Moreover, it is also assumed that the required
signals are available for the controlled vehicles. During the decision-making process,
the nearest surrounding vehicles are considered in each lane. Based on the saved
dataset, the future longitudinal accelerations are determined for the vehicles, with
which the possible future positions are calculated. The whole algorithm is presented
for a tra�c situation, in which the vehicles are moving in the same direction in
a parallel lane, and there can be found a lane with oncoming tra�c. During the
motion prediction process, the longitudinal velocity of the controlled vehicle is set
to a constant value.

The proposed estimation has two main steps. Firstly, the preceding vehicle
signals are processed through a clustering procedure and the probability density
function is generated. Secondly, the future position of the vehicle is predicted based
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on the determined density functions.

Processing of preceding vehicle signals

The preceding vehicle is considered to be driven by a human, whose velocity
selection is determined by a reference velocity (vx,ref ). The value of (vx,ref ) can
depend on several factors, e.g. the limitation of the velocity, the quality of the
road surface, the curvature and the number of lanes of the road, and the given
tra�c situation. In the proposed method, the velocity of the human-driven vehicle
is compared to the reference velocity, and the di�erence is computed as ev = vx,m−
vx,ref . If several measurements are available from a longer time period, the required
signals of the preceding vehicle can be estimated. As an example the relationship
between the speed di�erences ev and the longitudinal accelerations (ax) is illustrated
in Figure 2.2. In this simpli�ed illustrative scenario (vx,ref ) is considered to be the
speed limit of the given road segment. It is shown that most of the data are around
ev = 0, ax = 0, which means that the vehicle is generally cruising close to (vx,ref ).
However, the signals have a variance, e.g., if the velocity changes the vehicle is
accelerated to reach the speed limit again, which leads to ev < 0 and ax > 0. The
purpose of the analysis is to derive the probabilities of the di�erent driving motions
of the preceding vehicle.
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Fig. 2.2: Data on preceding vehicle

The generation of probability density functions requires the clustering of the
data. In this vehicle, dynamic examination clustering means that the collected data
are ordered into groups, depending on their locations in the plane ev, ax. Numerous
algorithms for this problem have been developed in recent decades, see e.g., parti-
tioning methods [54], hierarchical algorithms [55] and density-based methods [56].
In this thesis, a fast and e�cient improved K-means method is used as presented
and analyzed in [57].

The purpose of the algorithm is to minimize the Euclidean distance between the
objects and the center of the selected cluster, such as

Jcl =
K∑
i=1

N∑
j=1

∣∣∣∣xj − ci∣∣∣∣, (2.1)
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where K represents the number of clusters, xj contains [ev, ax] object data, N is the
number of the objects and ci ∈ Ci is the center of the cluster Ci. The candidate
clusters must be non-empty and non-overlapping.

In the estimation process, the number of clusters signi�cantly in�uences the re-
sults. Several methods have been developed for the determination of the cluster
number, see e.g., [58]. In this thesis the elbow method is applied, where it is nec-
essary to �nd the cluster number with which the value of the cost function (Jcl)
drops signi�cantly. In this example the elbow method proposes K = 3 clusters, see
Figure 2.3(a). The results of the clustering are shown in Figure 2.3(b), where the
clusters are marked with di�erent colors. It can be seen that ev, ax data have vari-
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Fig. 2.3: Cluster number selection and the results of the algorithm

ance inside the clusters. Thus, the following probability density functions are �tted
to the data of each cluster. The n-dimensional multivariate Gaussian distribution
can be written as:

fi(x) =
1

(2π)
n
2 |∑i |0.5

e−0.5(x−µi)T
∑
i(x−µi), (2.2)

where i is related to the cluster number, µi ∈ Rn represents the mean value within

a cluster,
∑

i ∈ Rn×n is the covariance matrix and x =
[
ev, ax

]T
contains the value

of the elements in the current cluster. In this case, the value of n is selected to 2. In
the estimation method, the µi and

∑
i values must be computed for all fi functions

of all the K clusters. The overall probability density function f(x) is derived from
each fi(x) such as

f(x) =
1

K

K∑
i=1

fi(x), (2.3)

which guarantees the criterion for probability density functions
∫
ev

∫
ax

f(x)dx = 1.

The result of the method for our case is illustrated in Figure 2.4.
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Fig. 2.4: Probability density function of preceding vehicle

Based on the proposed algorithm, the measured data signals are transformed into
a probability density function, which depends on both ev and ax. In the followings,
the function f(x) is used to predict the future position of the vehicle considering
the probability of driver actuation.

Prediction of vehicle position

The future position of the vehicle is predicted based on the longitudinal kinematic
equations

vx(ti+1) = vx(ti) +

ti+1∫
ti

ax(t)dt, s(ti+1) = s(ti) +

ti+1∫
ti

vx(t)dt, (2.4)

where vx is the longitudinal velocity and s is the displacement. In the estimation the
relations (2.4) are transformed into a discrete form with the time step T = ti+1− ti.
Thus, in the following the discrete longitudinal velocity vx,i and displacement si are
used, where i represents the step index. The purpose of the prediction is to predict
s1 . . . sn values based on the probability density function f(x). For each prediction
step i, slices of the function f(x) are generated as f(x)|ev(i), where ev(i) gives the
error value for the ith time step, see e.g., Figure 2.5.

The computations of vx,i and si require the value of ax,i, which is generated from
the gridding of f(x)|ev(i). The aim of the computation is to determine the probability
density function of the vehicle position f(si), depending on si for each time step.
The computation is based on the relations of (2.4), in which the probability density
function of the f(x)|ev(i) is used. The computation of v1 and s1 for i = 1 requires
the deterministic initial velocity v0 and position s0, which can be measured.

Due to f(x)|ev(i) the velocity and positions v1, s1 are also represented by prob-
ability density functions f(s1), f(v1). Therefore, in the computation of v2, s2 for
i = 2 the previous velocity and position of i = 1 are considered with their probabil-
ity density functions. As an illustration, Figure 2.6 shows an example for i = 1 . . . 3
predictions. Here the initial velocity vx,0 = 140 km/h, the initial position s0 = 0
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Fig. 2.5: Slices of probability density function at di�erent velocities

and the sampling time 1 sec are selected. The illustration shows that for i = 1 the
probability density function of s1 has high values in a small range, which means that
the position of the vehicle can be estimated with high probability. However, e.g., for
i = 3 the probability density function of s3 has high values in a broad range, which
means that the forthcoming position of the vehicle has higher uncertainty.
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Fig. 2.6: Illustration of the si probability density function in the predictions

In the prediction of the vehicle position, the probability density function has
fundamental importance. The probability P (si,− < si < si,+), that the vehicle in
the prediction step i is between the positions si,− . . . si,+ is computed as follows

P (si,− < si < si,+) =

si,+∫
si,−

f(si)dsi. (2.5)

A safe maneuver to avoid a collision requires a guarantee that the probability of the
vehicle in the critical position range si,− < si < si,+ is smaller than a prede�ned
pmax value. If P (si,− < si < si,+) > pmax, the position si,− < si < si,+ must
not be reached by the ego vehicle. Consequently, based on the safe maneuver, the
vehicle must perform the overtaking or decelerating to the velocity of the preceding
vehicle. Thus, the trajectory of the ego vehicle must be designed in such a way that
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both the estimation of the preceding vehicle motion and the maximum probability
level pmax are taken into consideration. Note that if pmax is reduced, the safety
of the maneuver increases, but the avoidable regions also increase. It can lead to
a conservative maneuver, which requires too long traveling in the opposite lane to
overtake the preceding vehicle.

Finally, it is necessary to mention that the proposed estimation method is also
used for the estimation of the motions of the vehicles in the opposite lane. If the
data ev, ax of the closest vehicle in the opposite lane are available, the prediction of
the motion can be performed.

2.2 Formulation of trajectory design

In the overtaking and lane-changing strategy, the result of the estimation is used
for the computation of the vehicle trajectory. In the design process, two criteria
are considered. First, the results of the estimation must be incorporated into the
trajectory design to guarantee safe cruising. Second, the generated trajectory must
guarantee a comfortable maneuver. This means that the motion of the vehicle
must be smooth, which is achieved by the application of a trajectory using clothoid
segments. The advantages of these trajectories were presented in [59, 60]. In the
following, an optimal trajectory design method, that guarantees both requirements,
is proposed.

The lateral motion of the vehicle is formulated based on the kinematic model of
the vehicle, such as

dy(t)

dt
= vx sinψ(t), (2.6a)

dψ(t)

dt
=
vx
D

tan δ(t), (2.6b)

where y is the lateral displacement, vx is the longitudinal velocity in the vehicle
coordinate system, ψ is the yaw angle, δ is the front steering angle of the front
wheels and D is the distance between the front and the rear axle. Transform the
motion equation to space domain by making vx = ds(t)/dt, and assuming that vx
is a continuous function in the rearrangement of (2.6) and using the small-angle
approximation, the following expression can be formed:

dy(s)

ds
= sinψ(s), (2.7a)

dψ(s)

ds
=
δ(s)

D
, (2.7b)

where the term δ(s)/D in (2.7) represents the curvature κ(s) of the path [60]. In
order to guarantee a smooth trajectory for the vehicle, the curvature κ(s) is con-
strained to generate a clothoid form, see Figure 2.7. It leads to the formulation:

κi+1 = κi + ciLi, (2.8)
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where Li = Tvx,i is the arc-length between two section points and ci is the sharpness
of the clothoid section. Using (2.7b) and the assumption, that the curvature is built

Fig. 2.7: Piecewise linear formulation of the curvature

up by linear segments, the yaw angle can be computed at a given Li length as:

ψi+1 = ψi + κi+1Li. (2.9)

Using (2.8) and (2.9) the yaw angle of the vehicle can be computed and also the
motion equation (2.7) is transformed into a discrete form, such as

yi+1 = yi + Li sinψi, (2.10a)

ψi+1 = ψi + κi+1Li = ψi + κiLi +
L2
i

2
ci. (2.10b)

For small yaw angle di�erences from the path the assumption sinψ ≈ ψ can be
acceptable. In Figure 2.8 an example is shown for a symmetric overtaking trajectory.

Fig. 2.8: Clothoid-based overtaking trajectory

In Figure 2.8 the lateral positions are presented (y1) and yg gives lateral position
in the global coordinate system. Moreover, the yaw-angle of the vehicle is presented
with ψ. In the example, the yaw-angle is given in the global coordinate system, but
in a real application, it is measured from the global longitudinal position (xg).
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Using (2.8) and (2.10) the system is transformed into a state-space representation
xi+1 = Axi +Bui in the following wayyi+1

ψi+1

κi+1

 =

1 Li 0
0 1 Li
0 0 1

yiψi
κi

+

 0
L2
i

2

Li

 ci, (2.11)

where the system depends on the values of ci. The purpose of the trajectory com-
putation is to select these values.

Optimization of trajectory tracking

In the trajectory design, the lateral position of the vehicle yi+1 must be controlled.
It is necessary to guarantee that yi+1 tends to the reference trajectory yi+1,ref as
accurately as possible in order to avoid the preceding vehicle and keep the required
lanes during the overtaking maneuver. In this case, the reference lateral position of
the vehicle is the center line of the given lane and the positions of other vehicles are
taken into account as constraints during the optimization process. This task leads
to a constrained tracking optimization problem, which is formed in the following
way.

The trajectory design of the overtaking maneuver is formed in a �nite horizon
length Ln ahead of the vehicle. The lateral position error yi+1−yi+1,ref in the horizon
is described as

Y (C) =


yi+1

yi+2
...

yi+n

−

yi+1,ref

yi+2,ref
...

yi+n,ref

 =


CA
CA2

...
CAn

xi −

yi+1,ref

yi+2,ref
...

yi+n,ref

+

+


CB 0 · · · 0
CAB CB · · · 0
...

...
. . .

...
CAn−1B CAn−2B · · · CB




ci
ci+1
...

ci+n−1

 = A−R+ BC (2.12)

where C = [1 0 0] is the output vector, A contains the current states of the system,
R is built by the reference values, B is built by the state matrices and C is built
by the sharpness of clothoid sections. In the tracking problem, it is necessary to
minimize the following function

J(C) =
1

2
Y T (C)QY (C) + CTRC, (2.13)

where Q and R are weighting matrices. The role of Q is to minimize the tracking
error, while the role of R is to minimize the sharpness of the clothoid sections. The
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minimization of the sharpness serves the satisfaction of the comfort requirements.
Substituting (2.12) into the function (2.13), the function is transformed as

J(C) =
1

2
(A−R+ BC)TQ(A−R+ BC) + CTRC

=
1

2
(AT −RT + CTBT )Q(A−R+ BC) + CTRC =

=
1

2
(ATQA−ATQR+ATQBC −RTQA+RTQR−RTQBC+

+ CTBTQA− CTBTQR+ CTBTQBC) + CTRC =

=
1

2
CT (BTQB + 2R)C +

1

2
(ATQB −RTQB)C + CT 1

2
(BTQA− BTQR) + ε =

=
1

2
CTφC + βTC + CTγ + ε (2.14)

where

φ = BTQB + 2R, (2.15a)

βT =
1

2
(ATQB −RTQB), (2.15b)

γ =
1

2
(BTQA− BTQR), (2.15c)

ε =
1

2
(ATQA−ATQR−RTQA+RTQR). (2.15d)

In (2.15d) ε constant components are found. Since ε is independent of the e�ect of
C on J(C), it can be canceled from the further optimization problem.

Through the minimization of the cost function J(C) the tracking of the reference
trajectory yi+1,ref can be guaranteed. In order to increase the safety of the maneuver,
both collision avoidance and lane keeping are built into the design. Therefore, con-
straints are incorporated into the trajectory optimization problem. The constraints
are related to both the minimum and the maximum values of yi+1. Practically, y

min
i+1

and ymaxi+1 are determined by the lanes, which guarantees lane keeping. However, in
the overtaking maneuver, the constraints must be modi�ed with the current position
of the preceding vehicle. The constraints of the minimum values of the positions are
formed as yi+j ≥ ymini+j , j ∈ {1, n}. The inequalities are transformed into a matrix
representation

A+ BC ≥ Y min, (2.16)

where Y min =
[
ymini+1 ymini+2 · · · ymini+n

]T
. Thus, the constraint on the clothoid sharp-

nesses C is formed as

A− Y min ≥ −BC. (2.17)
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Similarly, the constraints of the maximum values of yi+1 are derived as

Y max −A ≥ BC, (2.18)

where Y max =
[
ymaxi+1 ymaxi+2 · · · ymaxi+n

]T
. The minimum Y min and maximum Y max

values are determined by the edges of the lanes and the surrounding vehicles, espe-
cially the preceding vehicle and the vehicle in the opposite lane. If a vehicle in the
opposite lane performs a lane-change maneuver, it can modify the lateral motion of
the ego vehicle. This information is also incorporated in Y max, with which the safe
cruising of the ego vehicle is guaranteed against collisions with the vehicles from
the opposite lane. Furthermore, due to the prescribed limits, in the case of multiple
lanes, the vehicle performs the overtaking maneuver with the smallest possible lat-
eral deviation of the lane center. This meets both safety and comfort requirements.
However, the controlled vehicle can also overtake another vehicle in the right lane,
which is prohibited due to tra�c regulations. The mentioned problem can be solved
by the modi�cation of the limits, with which the lanes on the right are not taken into
account as a feasible solution of the optimization. An example of the selection of
the bounds at the time step i+ 1 is illustrated in Figure 2.9, where ysafety describes
a safety zone of the vehicles.

Fig. 2.9: Selection of ymin and ymax

Finally, from (2.14), (2.17) and (2.18) the constrained trajectory optimization
problem is formed as

min
ci...ci+n−1

1

2
CTφC + βTC + CTγ, (2.19)

such that the following constraints are also guaranteed:

A− Y min ≥ −BC (2.20a)

Y max −A ≥ BC (2.20b)

ub ≥ C ≥ lb (2.20c)

where C contains the clothoid sharpnesses and ub, lb ∈ Rn contain the achievable
maximum and the minimum values. The optimization problem can be solved using
standard quadratic programming methods, e.g. [61, 62]. The solution of (2.19) leads
to a series of clothoid sharpnesses on the horizon Ln. The current sharpness ci can
be computed online during the cruising of the vehicle.
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Decision strategy on overtaking and lane-changing

The overtaking and lane-changing strategy is based on the constrained trajectory
optimization method (2.19). Although the constraints and the achievable clothoid
sharpnesses are considered, the calculated tracking must be modi�ed for safety rea-
sons.

The ego vehicle must follow the preceding vehicle from a safe distance until the
overtaking maneuver cannot be performed. If the preceding vehicle accelerates or
decelerates the ego vehicle must strictly track the velocity within the speed limit.
Meanwhile, it calculates a safe trajectory for overtaking and lane-changing. The
optimization method (2.19) results in a clothoid curve, which guarantees the cruising
of the ego vehicle between the minimum and the maximum limits.

However, if there is a follower vehicle in the inner lane which travels at a higher
velocity, a con�ict with the ego vehicle may occur during the overtaking maneuver.
Moreover, if there is a vehicle in the opposite lane, a con�ict with the ego vehicle
during the maneuver may also occur. These maneuvers are considered unfeasible.
Infeasibility means that it is impossible to �nd an appropriate trajectory that guar-
antees both the minimization (2.19) and the constraints (2.20). In this case, the ego
vehicle must follow the preceding vehicle and modify the longitudinal dynamics.

When the tra�c situation changes, and the optimization becomes feasible, the
overtaking maneuver is performed. The maneuver is realized through the actuation
of steering and driving/braking systems, see e.g. [63].

Note that the proposed method can be used not only for overtaking but also for
simple lane-changing maneuvers, e.g., changing the route in a highway intersection.
In this scenario, the reference signal of the road yi+1,ref must be modi�ed according
to the parameters of the requested lane. Moreover, in a lane-changing maneuver,
the constraints Y min and Y max are modi�ed for the new lane. Furthermore, the
proposed optimization (2.19) and decision problem can be formed as an MPC task,
in which the steering intervention can also be incorporated. However, the entire
control system must guarantee the robustness of the system, which can lead to high
complexity in the computation of vehicle control. Using the results of the trajectory
design, an LPV-based lateral controller can be designed in order to guarantee the
tracking of the generated trajectory and the robustness of the controlled system
[NGH18].

2.3 Simulation example for the decision-making process

To illustrate the e�ciency of the proposed method, a complex simulation scenario
is presented. The tra�c scenario contains four vehicles, such as the ego vehicle, two
preceding vehicles, and another vehicle in the opposite lane. In the setting of the
optimal trajectory computation, the sample time is set to T = 0.1s with n = 20 the
prediction points. The simulation is performed using the high-complexity vehicle
dynamic software CarSim. The results are illustrated in Figure 2.10.
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(a) Start of overtaking (b) End of overtaking

(c) Approaching the preceding vehicle (d) Tracking the preceding vehicle

(e) Change of lane (f) Cruising with its own reference velocity

Fig. 2.10: Simulation scenario

At the beginning of the simulation, the ego vehicle (blue) reaches the preceding
vehicle (white) due to the signi�cant di�erence in the velocities, see Figure 2.10(a).
Since the overtaking maneuver is feasible, it is carried out as Figure 2.10(b) shows.
Then, the ego vehicle reaches the next preceding vehicle (green), which also has a
lower velocity, see Figure 2.10(c). The ego vehicle calculates the overtaking tra-
jectory based on the optimization task (2.19) and the constraints Y min and Y max

(2.20). But there is a vehicle in the opposite lane (red), which makes the overtaking
maneuver unfeasible. Thus, the ego vehicle must follow the preceding vehicle, which
results in the reduction of its velocity, see Figure 2.10(d). Finally, the ego vehicle
performs a lane-changing in order to modify its route at an exit ramp. In this case
a new reference signal yi+1,ref is set as shown in Figure 2.10(e). Then the velocity
of the vehicle increases, see Figure 2.10(f).

The numerical values of the lateral position and the velocity are illustrated in
Figure 2.11. The increase and decrease of the lateral positions at 100 m and 200
m, respectively, illustrate the overtaking of the �rst slower vehicle (white) and then
the tracking of the second preceding vehicle (green) due to the third vehicle (red)
coming from the opposite lane, see Figure 2.11(a). It can be seen, that the vehicle
moves 3m to the left, while the lateral displacement to the right direction is -5m. Its
reason is, that in the �rst overtaking scenario the reference position is given by the
original lane, while in the second case, the new lane is the reference lateral position.
This means that the vehicle does not reach the center of the lane in the �rst case. In
the proposed scenario the safe distance between the vehicles is 20m, which has been
kept by the ego vehicle. The initial velocity is 110 km/h, which must be reduced
to keep the velocity of the green preceding vehicle (90km/h), see Figure 2.11(b).
At 500 m the lane-change is carried out, which results in modi�cation of the lateral
position and the increase in the velocity compared to the original value.
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Fig. 2.11: Simulation results

2.4 Merging decision-making and trajectory planning layers

Previously, the motion of the surrounding vehicles is analyzed and using the
possible future positions, a reference trajectory is generated, which is tracked by a
lateral controller. In this part of the thesis, the goal is to augment the decision-
making layer, with some information on the possible feasible trajectories. The main
motivation behind this step is to take into account the comfort requirements e�ec-
tively during the decision-making process. However, it is important to note that the
method in this section gives acceptable results if a collision-free trajectory exists.
When the safety requirements cannot be met due to the given tra�c scenario, a risk
analysis layer can be implemented, which tries to reduce the damage. The presented
method not only provides a reference trajectory but also provides information about
it. The weight, assigned to the given trajectory, can be used to infer whether the
resulting solution satis�es the safety requirements. During the decision-making pro-
cess, weight functions are used to compare the possible trajectories to each other
and the optimal one can be chosen. The result of the algorithm is not just the
decision-making, but also the feasible trajectory. The motion of the surrounding
vehicles is taken into account using a probabilistic-based approach.

2.4.1 The possible future positions for the vehicle

In this subsection the feasible, possible overtaking trajectories are determined.
In the �rst step, the reachable area is computed by taking into consideration the
dynamical limitations of the vehicle. Within the given reachable area, the possible
trajectories are approximated using linear segments. Two main parameters are given
in the longitudinal direction. The �rst parameter is the position, where the vehicle
starts the overtaking maneuver (xs), and the second one is where the vehicle is
supposed to �nish the overtaking maneuver (xf ). In Figure 2.12 an example of the
reachable set of the vehicle, and the previously mentioned parameters, are presented.
In Figure 2.12 it can be seen, that in addition to the mentioned two parameters,
the lateral displacement is also considered. This means, that one feasible trajectory
can be described using three parameters (xs, xf , y). These parameters are arranged
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xf,1 xf,2 xf,3 xf,n

xs,1 xs,2 xs,3 xs,m
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y1

Fig. 2.12: Reachable points

into a matrix, in which each element describes one trajectory inside the reachable
set. Note that, in the following matrices the trajectories belong to one given �nal y
value, when the di�erent lateral positions are taken into account the matrix will be
3 dimensional.

χy0 =


xs,1, xf,1 xs,1, xf,2 xs,1, xf,3 ... xs,1, xf,n
xs,2, xf,1 xs,2, xf,2 xs,2, xf,3 ... xs,2, xf,n

...
...

...
. . .

...
xs,m, xf,1 xs,m, xf,2 xs,m, xf,3 ... xs,m, xf,n

 (2.21)

It is important to note that the maximum gradient (by which the vehicle can
reach the lane next to it, in the shortest time) can be calculated using the maximum
curvature of the feasible trajectory. The elements under the diagonal of the matrix
do not satisfy the comfort requirements, because the value of the lateral acceleration
can be higher than the previously de�ned maximum. Moreover, it can be examined
that, there can be found trajectories, whose �nal position is not in the center of
the lane. These trajectories should be chosen in the cases, when the geometrical
parameters, and the position of the obstacle in front of the ego vehicle, do not
make the vehicle necessary to get to the center of the lane. Furthermore, it is also
important to consider the possibility of staying in the original lane. In the followings,
the given road segment is divided into m equidistant segments in y direction. The
matrix, which has been de�ned before, is extended with the possible �nal lateral
positions from the three-dimensional matrix

χ =


xs,1, xf,1, y0 xs,1, xf,2, y0 ... xs,1, xf,n, y0

xs,1, xf,1, y1 xs,2, xf,2, y0 ... xs,2, xf,n, y0
...

...
. . .

...
xs,1, xf,1, ym−1 xs,2, xf,2, ym−2 ... xs,m, xf,n, y0

 , (2.22)

where yi represents the �nal lateral position of the vehicle. y0 gives the center of
the lane, which can be found next to the actual lane. In this case, when the vehicle
does not necessarily need to start an overtaking maneuver, ym−1 is chosen. That
means, that the maximum value of the possible lateral displacement is divided into
equidistant segments. So far, only the trajectories have been investigated, by which
the vehicle can get to the lane on the left side. There may be cases, where the given
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road segment has more than 2 lanes, or the vehicle wants to get back to the original
lane. In these cases, getting to the right lane can be a possible maneuver. The χ
matrix is augmented, in which the end positions of the overtaking trajectories are
the same but in the opposite direction:

χf =

[
χ(xs,i, xf,j,∆yk)
χ(xs,i, xf,j,−∆yk)

]
. (2.23)

In χf , the negative part (−∆yk) is mirrored to the last row of the matrix, which
is written in (2.22), in order to avoid high �uctuations between the elements. The
�nal, reference lateral position of the vehicle can be calculated using the current
position, and the result of the decision-making algorithm yfinal = yact + ∆y.

Since the determined trajectories are built up using linear segments, they do
not satisfy the feasibility requirements. The goal is to compute feasible trajectories
to the given reference linear segments, which are de�ned by the matrix. Generally
speaking, a trajectory is considered to be feasible when its curvature is continuous
and bounded. The coordinates of the �nal trajectory can be computed using the
following general form [64]. The coordinates of the clothoid segments can be calcu-
lated using (A.1). An example can be found in Figure 2.13, in which the feasible
trajectories are generated using Appendix A.1. The maximum lateral displacement
is 4m, and the size of the matrix is set to 4x4. In this example, the trajectories are
generated only in the left direction. In the followings, the calculated trajectories are

0 20 40 60 80 100 120 140

-1

0

1

2

3

4

5

Fig. 2.13: Generated trajectories

evaluated using a potential �eld-based approach.

2.4.2 Computation of the weights for the calculated trajectories

During the decision-making process, the motion of the surrounding vehicles is
also considered in order to guarantee safety requirements. Using a potential �eld-
based approach, these e�ects can be e�ectively handled. It has been described
that several feasible trajectories are generated, and these trajectories are compared
to each other in order to choose the optimal one. Because of this weights are
calculated for each matrix element, which represents a feasible trajectory. During
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the computation of the weights, the following aspects will be examined: the vehicle
dynamics and motion, the possible longitudinal motion of the ego vehicle, and also
the position is taken into account.

Comfort requirements

An important component of traveling comfort is the lateral acceleration of the ve-
hicle, which must be minimized. Although in the determination of the feasible sets
alat,max has already been considered, it is also necessary to minimize the value of
alat. It motivates that the handling of lateral acceleration must be incorporated
into the performance requirements. The lateral acceleration can be computed along

the feasible trajectories. For a given j ∈
[
1; 2 · m

n∑
i=1

i
]
trajectory the maximum

acceleration is computed as

alat,j(s) = v2
xκ(s), (2.24a)

alat,j,max = max
(
alat,j(0) . . . alat,j(L)

)
, (2.24b)

where L is the length of the trajectory and κ is the result of the clothoid curves of
trajectory j. Thus, every feasible trajectory of χ is represented by a value alat,j,max.

The performance of the traveling comfort is represented by a potential �eld,
whose discrete function Pa(j) is characterized by alat,j,max for all trajectories. The
following sigmoid function, which is commonly used in autonomous decision-making
process (see e.g. [65]), weights the trajectories according to their maximal lateral
acceleration values

Pa(j) =
2

1 + e−ξ·alat,j,max
− 1, (2.25)

where the value of ξ is a tuning-de�ned parameter. During the selection of the
parameter ξ, the aim is to emphasize comfortable trajectories, but other trajectories
must be also considered with higher acceleration values (e.g. emergency maneuvers).
The comfort level of the maximum lateral acceleration can be selected to ≤ 1.8m/s2

and the uncomfortable is higher than 5m/s2. The parameter ξ is selected as: Pa <
0.5 if ay < 1.8m/s2 and Pa > 0.9 if ay > 5m/s2. Taking into account the restrictions,
the value of ξ is set to 0.6.

Safe distance requirements

During the motion of the vehicle, it is necessary to guarantee that the vehicle has
a safe distance from the edge of the road. Moreover, under normal circumstances,
the straight motion of the vehicle is requested in the center of the lane. The role
of the potential �eld Plane is to focus on these performance requirements. In [66] a
quadratic function is recommended as a potential �eld. Furthermore, it is extended
on a way to consider at least two lanes on the road, which leads to:

Pw(y,Wr) =

(
y2 + 1

W 2
r

+ 0.1

)(
cos(

yπ

0.5Wr

) + 1

)
, (2.26)
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where Wr is the width of one lane. The presented formula guarantees that the
potential �eld function has a minimum in the center of the lanes. Pw value is
normalized using the width of the given lane segment.

Plane(y) =
Pw(y,Wr)

Pw(Wr,Wr)
+Wr/2. (2.27)

Finally, Plane(y) is shifted in order to guarantee that the center of the lane coincides
with the origin of the weighting function. Figure 2.14 shows an example on Plane
with Wr = 4m lane width. The center of the right lane is at position 0m. On
the edges of the road, the weighting function has local maximum values. Plane
has a local minimum around y = 4m, which is the center of the other lane on
the road. This value has been added to the curve after the calculation process as
Plane(ych) = max(Plane, 0.1), ych ∈ [3, 5]. Since y = 0 has a global minimum, it
motivates the ego vehicle to move back to 0 after the overtaking maneuver has been
performed.
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Fig. 2.14: Illustration on the potential �eld of the road with two parallel lanes

2.4.3 Avoidance of the collision with surrounding vehicles

Important safety performance is to ensure the avoidance of collision with sur-
rounding vehicles during the motion of the autonomous vehicle. For this purpose,
a potential function is used, which has longitudinal and lateral components. The
potential �eld describes the probability of the collision based on the predicted mo-
tions of the vehicles. It is considered that there is N number of vehicles in the
surrounding of the autonomous (ego) vehicle, which are indexed with k. All of
the vehicles are characterized by a potential �eld function Pk with longitudinal and
lateral components.

The values of the potential �eld functions are computed for discrete points around
the neighborhood of a given trajectory, where the ego vehicle can have a position.
An illustrative example is found in Figure 2.15.

First, the longitudinal component of the potential �eld function is formed. Dur-
ing the prediction, it is assumed that vehicle k has a constant velocity, while the ego
vehicle has a constant acceleration on the prediction horizon. It can be explained
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Linear approximation

Points of the grid

Feasible trajectory j

of the trajectory

for evaluation

Fig. 2.15: An example of the trajectory evaluation

by the fact that the measurement of the acceleration of vehicle k can be di�cult,
while the actual velocity can be estimated through the sensors of the autonomous
vehicle. The longitudinal velocity of vehicle k is vx,k and the inter-distance between
the vehicles is dk.

The formulation of the potential �eld function is based on the idea that the
change of the inter-distance on the predicted horizon is evaluated. The inter-distance
is transformed to an equivalent time value ∆ti for the analysis process. It expresses
that the autonomous vehicle can reach vehicle k during ∆ti, which is equivalent to
the reduction of the inter-distance to zero. The advantage of this approach is that
it contains the velocity and the inter-distance jointly on the vehicles, which makes
the formulation less complex.

The actual inter-distance (dk) between the vehicles is divided into l number
of equidistant segments, such as 0 . . . i·dk

l
. . . dk, where index i is between 0 and l.

Distance i·dk
l

is performed by vehicle k during the time i·dk
lvx,k

. During the same time

value, the inter-distance is predicted to

∆si = vx,k
i · dk
l · vx

− 1

2
ax

(i · dk
l · vx

)2

+ dk −
i · dk
l
. (2.28)

The inter-distance ∆si is transformed to time value ∆ti, in which i represents the
ith discrete segment of the prediction horizon, based on the kinematic motion equa-
tions of the vehicle. Considering the constant velocity for vehicle k and constant
acceleration for the ego vehicle, the equivalent time to reduce ∆si to zero is

∆ti =
−(vx − vx,k) +

√
(vx − vx,k)2 + 2ax∆si
ax

. (2.29)

The potential �eld function of vehicle k in longitudinal direction for ∆tj,i is de�ned
by exponential function [66], such as

Plong,k,j(∆ti) = min
(
b(1− ζ

1
∆tj,i ), 1

)
, (2.30)

where b and ζ are design parameters. The value of the potential function for a
trajectory j is represented by a discrete value, which is limited to 1 due to normal-
ization reasons. It is also necessary to calculate the function of the potential �eld in
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the lateral direction. An applicable form of the Gaussian function is used by [67],
where the expected value of the distribution function for a given surrounding vehicle
is

Plat,k,j(y) =
1

σ
√

2π
e

(y−c)2

2σ2 , (2.31)

where c is a parameter and the standard deviation can be computed using the
selected safety distance of the vehicle ysafety, such as σ =

√
ysafety

4
. The value of

Plat(y) is in a normalized form. The potential �eld function for vehicle k is resulted
by the multiplication of Plong,k,j and Plat,k,j,i (see (2.30) and (2.31)). The values of
the potential �eld function for vehicle k and trajectory j in a given point i, y is
computed as

Pk,j(∆ti, y) = Plong,k,j(∆ti)Plat,k,j(y). (2.32)

The result of the computation is the maximum value of Pk,j(∆ti, y) for all ∆ti, y
pairs on the grid of Figure 2.15, such as

Pk,j = max(Pk,j(∆t1,−yv) . . .∆tl, yv)). (2.33)

Figure 2.16 shows an example of the potential �eld function. Vehicle k is in
front of the autonomous vehicle with ζ = 0 and yv = 2m settings. In the presented
example, the time di�erence between the vehicles varies between 1s and 0s. It can
be seen, that the given potential �eld has a maximum when the time di�erence is
close to zero.

Fig. 2.16: Example on the potential �eld for the motion of a surrounding vehicle

Finally, the impact of longitudinal decision-making is incorporated into the per-
formance of the velocity tracking. The reference velocity on the given road segment
is de�ned as vref . Since the motion of the ego vehicle is considered to have constant
acceleration, the velocity of the vehicle vx,L at the end of the prediction horizon L
can be computed through the kinematic relations. The function of the potential �eld
penalizes the di�erence between the reference velocity and the predicted velocity as

Pv(along) = min

( |vref − vx,L(ax)|
ε

, 1

)
, (2.34)
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where ε is a normalizing factor, which represents a maximum di�erence between the
velocities. The function is limited to 1 for comparison with the further potential
�eld functions.

2.4.4 Multi-objective design of trajectory

The feasible trajectories are compared to each other using potential �elds, which
are related to each performances. The selection of the trajectory is based on a multi-
objective optimization problem, whose cost function contains the weighted sum of
the potential �eld functions. In this subsection, the optimization problem and its
solution are proposed. The cost function of the optimization is formed as

P (xs, xf , y, along) = q1Pa(j(xs, xf , y))+

+ q2

N∑
k=1

Pk,j(xs, xf , y, along) + q3Plane(y) + q4Pv(along), (2.35)

where q1, q2, q3 and q4 are design parameters to guarantee the priorities between the
performances. Since the potential �elds are normalized to 1, the tuning parameters
help to give more attention to safety. The optimization problem based on (2.35) is
formed as:

min
xs,xf ,y,along

P (xs, xf , y, along), (2.36a)

subject to

(xs, xf , y) ∈ χ, (2.36b)

which means that xs, xf , y triad must be selected from the set of feasible trajectories.
The calculation of P in the discrete points around the trajectories requires only
operations with low computational complexity. Nevertheless, the online solution
of the problem (2.36) may require high computational e�ort if the number of the
surrounding vehicles or the size of χ is increased.

The reduction of the computation time is achieved through the application of a
machine learning-based solution. Through the method a neural network is gener-
ated, whose role is to learn the cost function P for various tra�c scenarios.

2.4.5 Training and testing process for the neural network

Neural networks are able to handle �tting problems, in�uenced by high nonlin-
earities. Neural networks consist of several layers, which can be divided into three
main groups such as the input layer, hidden layers, and the output layer. The
layers consist of neurons, which are built up by activation functions and weights.
Before the training process, several parameters are chosen such as the number of
the layers and neurons, which can be determined using the k-fold cross-validation
technique [68]. Moreover, taking into account the chosen activation functions, the
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number of neurons can be determined [69]. In Figure 2.17 the structure of the se-
lected neural network is illustrated, in which the inputs of the network is given by
(u1(t), u2(t), ..., un(t)) and the output is x̂(t). In the �rst step of the training process,

Fig. 2.17: Structure of the neural network

the dataset is generated using the proposed weighting functions. The output of the
neural network is the weight values of the feasible trajectories, which are sorted into
the matrix (2.23). The inputs of the neural network are states, which describe the
given scenario properly:

• actual and reference velocity of ego vehicle,

• lateral position, acceleration of the ego vehicle,

• velocities and inter-distances related to the surrounding vehicles,

• lateral positions and width values of the surrounding vehicles.

In this example, the neural network consists of 4 hidden layers, which contain
20-25-30-20 neurons. In the scenario, when there is no vehicle in the given lane,
the distance value is considered to be the maximum value of the distance measuring
sensor (e.g. the range of the radar), and the velocity can be considered to be
the same value as the controlled vehicle. Moreover, Recti�ed Linear Unit (ReLU)
and the log-sigmoid functions are used as activation functions of the network. For
training purposes, the Levenberg-Marquardt algorithm is used [68]. The training
dataset is generated using the graph-based algorithm and more than 5000 di�erent
scenarios are evaluated. During the dataset generation, the initial parameters of the
tra�c scenario are varied randomly and the results are saved. In order to ensure data
diversity, the resulting scenarios are examined and the identical or nearly identical
cases are eliminated. The teaching and validation datasets are divided into a 60-20-
20 ratio. The prediction horizon is divided into n = m = 6 segments. The output
of the neural network is the value of P for a set of (xs, xf , y, along). The optimal
trajectory is selected from the previously de�ned trajectories in χ. The scaling
factors are set to the following values in this simulation case: q1 = 0.9, q2 = 1, q3 =
1, q4 = 0.2. And the parameters of the weight function described in Equation (2.30):
ζ = 0.9, b = 1.2. The parameters qi can be selected taking into account the values of
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the potential �elds. The algorithm can operate in cruise control mode, which means,
that with the choice of q4 the following distance can be varied. In this example,
the following time di�erence is selected to a 0.6s. Moreover, using q1 the safety
distance of the comfortable trajectory can be set. Furthermore, the scenarios are
also handled, when the given situation cannot be solved by a comfortable trajectory.
In this case, the safety distance is selected to a small value since the vehicle is almost
near its physical limits. In order to meet this criterion, the value of q1 is selected
to 0.9. Finally, q2 and q3 are selected to 1 since the collisions must be avoided,
and also the vehicle must not leave the given road. After the training process,
the neural network is validated in two steps. Firstly, the output of the neural
network is compared to the computed weights for the trajectories (χ). Secondly, the
whole algorithm is implemented in IPG CarMaker. The randomly generated tra�c
scenarios are presented in Table 2.1.

Parameters Case 1 Case 2

vx, vref (m/s) 30.4; 29 24.4; 29.4
yego(m) 0 4

aego(m/s
2) -1.15 1.9

dFR(m), vFR(m/s) 50; 26.6 28.4; 31.8
yFR(m), wFR -0.6; 1.7 -1.5; 0.8

dFL(m), vFL(m/s) 21.8; 15.6 22.3; 26
yFL, wFL(m) 4.4, 0.75 2.7, 2.4

Tab. 2.1: Parameters of the test scenarios

In Table 2.1 FR and FL represent the front right and front left vehicle, d is the
distance from the given vehicle and vx is the longitudinal velocity of the controlled
vehicle. The lateral position (y) and the width of the obstacles (w) are also given.
In Figures 2.18(a), 2.18(b) the results of the neural network can be compared to the
weights, which are computed by the weight functions.
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In the �rst case, the minimum value of the surface is at the �rst element of the
6th row. According to the de�nition of χ matrix, xs,1, xf,1 and ∆ym−1 belongs to
the minimum value. This means, the ego vehicle should not start to overtake, this
result is acceptable since in the given situation the vehicle in-the-front is far from
the controlled vehicle.

In Figure 2.18, high values can be seen, which represent the trajectories when
the vehicle leaves the road. In the second case, there can be found a vehicle in the
left and also in the right lane. The vehicle, which is in the right lane is further
from the controlled one and has high velocity. The result of the algorithm is the
following: xs,1, xf,n,−∆y0, which means the vehicle starts to overtake in the given
time step and it moves −4m in the lateral direction. Using this maneuver, the
vehicle gets back to the right lane. xf,n represents the smoother trajectory, which
can be performed due to the higher distance between the vehicles. Through these
examples, the importance of the longitudinal acceleration, which is also an input
of the algorithm has not been demonstrated, however, in the following section, an
example of longitudinal decision-making is also given.

2.5 Simulation example for a lane-change maneuver

The functionality of the proposed neural network-based algorithm has been pre-
sented previously for a longitudinal case when the overtaking maneuver cannot be
performed. However, in many tra�c situations, the longitudinal and lateral decision-
making process must be ful�lled at the same time. In order to validate the algorithm
for a complex tra�c scenario, the following situation is evaluated: The initial ve-

Fig. 2.19: Simulation example scenario

locity of the ego vehicle is set to 31m/s and the reference velocity is selected to
vref = 30m/s. Figure 2.20 shows the steering angle, the velocity, and the lateral
position. It can be seen that the steering angle is between −0.2rad and 0.2rad,
which is a physically reasonable range for this signal. The shape of the lateral posi-
tion illustrates that a double lane-change maneuver has been performed.The velocity
of the vehicle during the simulation is presented in Figure 2.20(c). Moreover, the
lateral acceleration of the vehicle is illustrated in Figure 2.20(d). An important
aspect is that the acceleration value is inside of the comfortable range ±1.8m/s2.
Figure 2.21(a) shows the scenario (t = 1.5) before the overtaking has been started.
The surrounding vehicles are far from the ego vehicle, which means that Plane has
the highest impact on P . Due to the shape of P straight motion is preferred. There
are high values in the upper triangle of the matrix because the �nal positions of
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Fig. 2.20: Results of the complex scenario

that trajectories are outside the road, which must be avoided. In Figure 2.21(b)
(t = 3.6s) the start of the overtaking maneuver is shown. In the function of P the
surrounding vehicles have a high impact via Pk and the lateral motion is started.
In the scenario (t = 6s) of Figure 2.21(c) the lane-change to the left is �nished.
The values of P for the further left motion of the vehicle are high, with which the
lane departure is avoided. Finally, in Figure 2.21(d) at (t = 10.6s) the end of the
overtaking maneuver can be seen, and the minimum of the function represents the
returning maneuver to the right lane.
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Fig. 2.21: Illustration of the complex maneuver

Thesis 1 I have developed two decision-making algorithms for overtaking strategy
of autonomous vehicles. In the �rst method the motions of the surrounding vehicles
using probability density functions are predicted. The proposed overtaking strategy
includes decision-making and trajectory generation methods. The trajectory gener-
ation method is formed as a constrained optimization task, considering the results
of the decision-making method. In the second method, the decision-making and
trajectory generation methods in one layer are merged. As a result of the merging
increased a number of performance criteria during the method can be guaranteed,
e.g., the level of traveling comfort can be increased. The decision-making methods
are implemented in high-�delity vehicle dynamics simulation software in order to
show the e�ectiveness of the proposed method.
Related publications: [NGH18, NHG19, HNG19, HNG21a, HNG21b]



3. MULTI-OBJECTIVE TRAJECTORY PLANNING WITH
PERFORMANCE GUARANTEES

3.1 Decision-making process using a graph-based solution

In this chapter, an advanced graph-based optimal solution is presented for over-
taking scenarios. The advantage of the method is that it is possible to consider
several human-driven vehicles around the autonomous vehicle. Moreover, several
e�ects, such as the width of the given road segment, can be taken into account
e�ectively. The graph-based route selection is made through an optimization pro-
cess, which uses the results of a probability-based layer. This layer computes the
possible motion of human-driven vehicles. The density functions, which are used
during the prediction process, are determined using the NGSIM dataset. The re-
sult of the method is the road and the velocity pro�le of the autonomous vehicle,
with which collisions can be avoided. Using the results of the graph-based frame-
work and a model predictive control algorithm, the vehicle can be steered along the
given road segment safely. In the second part of this chapter, a neural network is
used, which approximates the solution of the graph-based algorithm. In this case,
the safety requirements are hard to ensure, since no theoretical guarantees can be
given for the machine-learning-based solutions. In order to solve this problem, a
design architecture is introduced, with which performances can be guaranteed. The
proposed method is based on the robust control framework, which is independent
of the structure of the machine-learning-based agent. Simulation results are shown
for both of the solutions in order to validate the presented methods. This chapter
consists of the following main parts:

• Longitudinal and lateral motion prediction of the surrounding vehicles and
building up the collision probability map in Section 3.1.1.

• Graph-based route selection algorithm is detailed in Section 3.2. In Section
3.2.2 the lateral and the longitudinal control design can be seen.

• The machine-learning-based trajectory design is presented in Section 3.3.1 and
also the design method of the guaranteed safety trajectory is formed in Section
3.3.2.

• Section 3.3.3 proposes the LPV-based control design, which guarantees the
minimum performance level of the system. Finally, simulation results are
shown in Section 3.4.
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3.1.1 Motion prediction during the decision-making process

In the �rst method of this chapter, the motion prediction of the surrounding vehi-
cles is performed through a probabilistic-based method over a short time interval.
Although the proposed method may result in an accurate solution, there may be
some cases when the autonomous vehicle cannot log a su�cient amount of data for
the prediction process. In order to make the algorithm more general, in this chapter,
the motion prediction is performed based on the NGSIM dataset. Using the results,
the probability of collisions can be computed for the given time horizon.

Probability on lateral motion

In this part of the chapter, the motion prediction and the computation of the col-
lision probability are presented. In the �rst step, the prediction of the lateral vehicle
motion, then the longitudinal motion prediction is proposed. The determination of
the density functions, which are used for the lateral motion prediction, is presented
in Appendix A.2. The probability of the maneuver in the given acceleration range
[alat,min, alat,max] is computed as, see details in (A.9)

Plat(alat,min, alat,max) =

alat,max∫
alat,min

flat(x)dx = Plat(alat,max)− Plat(alat,min), (3.1)

where flat(x) = f(x, α, β) for �xed α, β parameters. Since there is an F relationship
between the lateral acceleration alat and the lateral displacement y of the vehicle
alat = F(y) [70], the probability can be also expressed as

Plat(ymin, ymax) =

ymax∫
ymin

flat(z)dz = Plat(ymax)− Plat(ymin), (3.2)

where ymin and ymax are the bounds of the lateral displacement range. Note that
in the bounds it is necessary to consider the half-width of the vehicle chassis, which
increases the covered area of the vehicle on the road during the maneuver.

Probability on longitudinal motion

Since the velocity of the vehicle can be modi�ed through its cruising by the driver,
it must be incorporated in the prediction of the human-driven vehicle motion. The
prediction is based on a time horizon Tp, which depends on the current velocity
of the human-driven vehicle v0. It is divided into n number of equidistant time
segments tk, which results in ti = i · tk for i = 1 . . . n. The predicted distance of the
vehicle s is formed as

s = s0 + v0ti +
1

2
axt

2
i , (3.3)
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where s0, v0 are the current position and velocity of the vehicle and the accel-
eration ax is considered to be constant. However, the driver is able to select
a ∈ [along,min, along,max], where |along,min| = |along,max|. The longitudinal motion
prediction is detailed in Appendix A.2. Using the density function, the probability
of the future position for a vehicle can be computed as it is described in (2.5)

Probability of the overtaking

Since the lateral and the longitudinal motions of the human-driven vehicle can be
performed simultaneously, the probability of the combined maneuver must be pre-
dicted. It must be characterized by probability, whether the driver selects the over-
take or approach a leading vehicle. Its probability is expressed through a sigmoid
function, see [65]

Pdec(λ) =
1

1 + e−mλ
, (3.4)

where m represents the steepness of the curve, and λ is de�ned as

λ =
v0 − vprec

d
, (3.5)

where d is the distance between the vehicles, vprec is the velocity of the leading
vehicle and v0 is the current velocity of the examined vehicle. The sigmoid function
represents that if λ = 0, then the probability of the beginning of the overtaking
maneuver is 50%. If λ < 0, the willingness for overtaking is reduced, while at
λ > 0 the overtaking is more probable. [71] provided a method for the selection of
m. It proposes that the drivers generally start the overtaking maneuver when the
distance of the following vehicle from the leading vehicle is 1.5s, which results in
d = 1.5|v0 − vprec|.

Combination of the predictions

Since the driver has the possibility to decide on the overtaking maneuver, the prob-
ability of the combined longitudinal-lateral motion has two components. Both of
them are expressed as geometric probabilities, as illustrated in Figure 3.1. Firstly,
the leading vehicle can be driven in a straightforward direction, whose probability
is 1 − Pdec(λ). In this way the vehicle covers the road in the longitudinal straight
direction with probability Plong(s(ti), s(tj)), where ti gives the i

th and tj is the j
th

time step. Moreover, the actual position of the given time step is expressed with
s(t). In the lateral direction, the probability is determined by the width of the
vehicle, which is 1. Thus, the combined probability is

(1− Pdec(λ))Plong(s(ti), s(tj)). (3.6)

Secondly, the driver can decide on the start of the overtaking maneuver, which is
represented by Pdec(λ). In this case, the probability of the lateral motion is expressed
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through Plat(ymin, ymax), which results in the combined probability

Pdec(λ)Plong(s(ti), s(tj))Plat(ymin, ymax). (3.7)

Finally, it is necessary to sum up the probability values of the two components, such
as

P (λ, s(ti), s(tj), ymin, ymax) = (1− Pdec(λ))Plong(s(ti), s(tj))+

+Pdec(λ)Plong(s(ti), s(tj))Plat(ymin, ymax). (3.8)

The probability can be computed to all-time segments between ti, tj. It ensures that
the vehicle is positioned between s(ti), s(tj), its longitudinal position has a normal
distribution, and the lateral position has a Gamma distribution, considering the
probability of the beginning of the overtaking maneuver. It results in a map for the
examined human-driven vehicle, which provides information about the probability
of the forthcoming positioning.

(1 − Pdec)Plong

PdecPlongPlat

x

y

Fig. 3.1: Illustration of the probability computation for P

3.2 Graph-based route selection algorithm

The goal of this section is to �nd the route of the autonomous vehicle, which
results in the minimum probability of a collision. During the design process, it is
necessary to consider all the human-driven vehicles, which are around the controlled
vehicle. Moreover, it is necessary to de�ne the probability of a collision, whose
minimization along the route of the vehicle is the objective.

The determination method of the collision probability from the prediction of the
vehicles is illustrated in Figure 3.2. The predicted position sh from (3.3) of the
leading human-driven vehicle is illustrated in the colored rectangle, in which red
represents the high probability of the vehicle position, while green is related to the
low probability. In the example the prediction is computed for three time segments
with tj − ti = 0.5s length, as shown the upper three blocks in Figure 3.2. The
probabilities P (λ, s(ti), s(tj), ymin, ymax) in the areas are computed through (3.8).

Moreover, the probability of the collision depends on the motion of the au-
tonomous vehicle. In the case of the controlled vehicle, it is necessary to determine



3.2. Graph-based route selection algorithm 51

the longitudinal position of the vehicle between ti and tj. In Figure 3.2 these ar-
eas are represented by the rectangles with black edges in the upper three blocks.
The longitudinal positions of the vehicle in ti, tj are computed as (3.3). Note that
the prediction of the lateral position of the autonomous vehicle is unnecessary, be-
cause it results from the graph-based route selection algorithm, together with the
acceleration command.

The map on the probability of a collision is generated through the intersection
areas of the human-driven prediction and the autonomous vehicle motion in the
di�erent ti, tj times. The set-up of the map about the probability of a collision is
illustrated in the last block of Figure 3.2.

t = 2.5 . . . 3s

t = 3 . . . 3.5s

t = 3.5 . . . 4s

t = 2.5 . . . 4s

sh(t = 2.5s) sh(t = 3s)

sa(t = 2.5s) . . . sa(t = 3s)

sh(t = 3.5s)sh(t = 3s)

sh(t = 3.5s) sh(t = 4s)

sa(t = 3s) . . . sa(t = 3.5s)

sa(t = 3.5s) . . . sa(t = 4s)

sa(t = 2.5s) . . . sa(t = 4s)

Fig. 3.2: Illustration of the computation of collision probability

In multiple vehicle scenarios it is necessary to determine the areas of P (λ, s(ti),
s(tj), ymin, ymax) for all human-driven vehicles. Since the probability of a collision
Pc increases with the number of human-driven vehicles, each probability from the
prediction must be summed up, such as

Pc(ti, tj) =
N∑
l=1

P (λl, sl(ti), sl(tj), ymin, ymax)

N
, (3.9)

where N is the number of human-driven vehicles in the region of interest. The
division with N guarantees that the value of Pc(ti, tj) is between 0 and 1.

The following examples in Figure 3.3 presents the results of the Pc(ti, tj) for a
300 m long horizon. In the �gures, the pale green color represents the low risk of
a collision, while the red color is related to the high risk of a collision. In the �rst
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scenario of the example the longitudinal velocity of the leading vehicle is 26 m/s,
while the velocity of the following autonomous vehicle is 28 m/s, see Figure 3.3(a).
The current distance between the vehicles is 15 m, and the leading human-driven
vehicle will perform an overtaking maneuver with the probability Pdec = 80%. Al-
though the autonomous vehicle is faster than the human-driven vehicle, the distance
between the vehicles is large enough to reach low collision values during the 300 m
long horizon. Since the probability of the overtaking maneuver of the leading vehicle
is high, the largest value of the collision probability is on the left-hand side of the
road, see Figure 3.3(a). In the second scenario the distance between the vehicles is
reduced to 5 m and Pdec for the leading vehicle is 60%. Due to the reduced distance
and overtaking probability the risk of a collision in the right-hand-side lane is high,
see the red areas in Figure 3.3(b). Thus, in the �rst scenario, it is recommended
for the autonomous vehicle to stay in the original right lane, while in the second
scenario the overtaking and the velocity reduction are highly recommended. In the
rest of this section, a graph-based algorithm is proposed which is able to calculate
the optimal routes in the various scenarios.

0 50 100 150 200 250 300

X (m)

-1

0

1

2

3

4

5

Y
 (

m
)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a) Example 1
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(b) Example 2

Fig. 3.3: Examples on the computation of Pc

3.2.1 Optimization algorithm on the graph

The purpose of the route selection algorithm is to guarantee the minimum prob-
ability of the collision for the controlled vehicle. The route selection is based on the
motion prediction of the surrounding vehicles. It is assumed that the autonomous
vehicle is able to move along a series of prede�ned waypoints, which are constrained
by the limits of the road. The possible routes on the predicted road section are di-
vided equidistantly. Moreover, the autonomous vehicle can select its velocity along
the selected route between lower and upper limits in the variation from its current
velocity.

In the following, a directed graph G = (V, Ē) is built on the predicted road
section, whose vertices V represent the possible route points and velocity pro�le of
the vehicle. The probability values are computed to discrete segments, and then,
vertices are added to each of the discrete segments. In Figure 3.4 an example is
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presented for the directed graph, where V gives the set of vertices, which can be
determined from the divided area segments.

Fig. 3.4: Example of the determination of the graph

Using these area segments, the positions can be determined for the graph nodes
(x(Vi), y(Vj)). Ē gives the set of edges, which connects the vertices. Ē ⊆ {(u, v)|(u, v) ∈
V 2, u 6= v}. Through the directions of the edges, the constraints of the route and
the vehicle motion are considered. Moreover, the �nal goal is to �nd a collision-free
trajectory between node Vi, Vn+1, where Vi is the actual position of the vehicle.
The graph is combined with the probabilities of a collision at di�erent velocities of
the autonomous vehicle. Since the purpose of the route selection is to guarantee
the minimum probability of a collision for the autonomous vehicle, the edges of the
graph are weighted. The weight of the edge between vertices w : Ē(Vi, Vj) → R is
formed as follows

S(i, j) = q1Pc(ti, tj) + q2Sc(i, j) + q3Sv(i, j), (3.10)

where Pc(ti, tj) is computed from (3.9). Sc is a weight that represents the di�erence
from the center of the lane, while Sv is a weight that represents the di�erence
from the velocity. Moreover, qi gives the scaling parameter of the di�erent weights.
q1 is selected for the highest value, in order to guarantee the safety requirements
during the decision-making process. The weights of the lateral position and the
velocity di�erence are taken into account when there can be found several collision-
free possible trajectories in the given tra�c situation. In this case, all weighting
values are chosen to 0.005. This means a 10% maximum collision probability for a
resolution of 10 points in the longitudinal direction.

The idea of the motion prioritization in the centerline is based on the potential
�eld method in the lateral control design, see e.g., [72]. It means that the vehicle
should be driven close to the centerline, by which the safety of the vehicle is guar-
anteed. The weight Sc(i, j) is based on the di�erence in the lateral position from
the center of the lane, such as

Sc(i, j) = Sc · |((y(Vj)− yc(Vj))2 − (y(Vi)− yc(Vi))2)|, (3.11)

where Sc is a design parameter for the scaling of the weight, which guarantees that
Sc(i, j) is between 0 and 1. The value of Sc can be computed using the lateral
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resolution of the graph and the width of the given road segment. y(Vj) gives the
lateral position of the node Vj and yc(Vj) is the lateral position of the centerline,
which is related to the lane of Vj. For example, if Vj is farther from the centerline
as Vi then Sc(i, j) > 0, thus S(i, j) is increased.

Generally, the weight Sv(i, j) in (3.10) represents the di�erence of the velocity
in Vj from the velocity in Vi. In the route selection strategy, the constant velocity
cruising has priority if it is possible without the signi�cantly increased risk of a
collision. Thus, the velocity change is penalized as follows

Sv(i, j) = Sv · |v(Vj)− v(Vi)|, (3.12)

where Sv is a design parameter for the scaling of the weight, which guarantees that
Sv(i, j) is between 0 and 1. Moreover, v(Vj), v(Vi) are the selected velocities in the
vertices Vi, Vj.

The weights S(i, j) on the edges with the directed graph G = (V, Ē, w) results in
a map for the autonomous vehicle, which incorporates the probability of a collision
with the surrounding vehicles. Thus, it is necessary to �nd the route which guar-
antees the minimum probability of a collision on the graph. It has been aided by
the Dijkstra algorithm [73], whose role is to �nd the shortest path from the initial
vertex to the target vertex. In Figure 3.4 an example is presented for the graph-
based algorithm. In this case, the initial vertex is given by V1, while the target
node is given by Vn+1. The target node is not used for the determination of the
reference trajectory, this node is used only during the greedy algorithm. At the
beginning of the algorithm, all of the vertices are called unvisited, which form the
unvisited set. Moreover, the distances of all unvisited vertices from the initial vertex
are considered to be in�nite, except the initial vertex, which is related to the current
position and velocity of the autonomous vehicle, and it has a 0 distance. During
the algorithm, each neighbor j of the current i vertex is examined. It means that
the weights on each edge between i and j vertices are added to the current route
between i and the initial vertex. If the target vertex is marked as visited, or if all
of the vertices from the unvisited set are removed, the algorithm is stopped. The
algorithm yields the shortest path with the minimum distance between the initial
and the target vertices, where the distance D is de�ned as

D =
M−1∑
d=1

S(d, d+ 1), (3.13)

where M is the number of vertices in the route. The result of the graph search
algorithm is the trajectory of the vehicle, regarding the route and the velocity on
the predicted horizon. The trajectory is given through the vertices Vi, from which
the lateral reference position and the reference velocity are generated. In Figure 3.5
an example is depicted for the computation of the lateral reference position (r(k))
at the kth time step.
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Fig. 3.5: Computation of r(k)

In Figure 3.5 the actual position of the vehicle is given by yg(k). Furthermore,
Vi and Vi+1 are two connected nodes of the graph and the lateral positions of these
nodes are given by (y(Vi), y(Vi+1)). During the calculation of the lateral reference
position (r(k)), the smallest distance between the actual position and the edge,
which connects Vi and Vi+1, is determined. Using the calculated point (Vc) the
reference value is calculated through linear interpolation, such as

r(k) = (y(Vi+1)− y(Vi))
|ViVc|
|ViVi+1|

+ y(Vi), (3.14)

where |()| gives the length of the vector between two given points.

Moreover, the reference velocity vref (k) is yielded by the velocity pro�le. It is
computed from the reference velocity pro�le, which is described by the vertices Vi.
The reference velocity pro�le requires the acceleration in all Vi, such as a(Vi). The
velocity pro�le computation is based on the assumption that the acceleration of the
vehicle a(Vi) is between the vertices Vi and Vi+1. Therefore,

vref (i+ 1) = vref (i) + a(Vi)∆T, (3.15)

where ∆T is the traveling time between Vi and Vi+1. Moreover, the distance |ViVi+1|
is computed as

|ViVi+1| =
vref (i) + vref (i+ 1)

2
∆T. (3.16)

The reformulation of (3.15) and (3.16) leads to the the relation

vref (i+ 1) =
√
vref (i)2 + 2a(Vi)|ViVi+1|. (3.17)

Using (3.17) the reference velocity pro�le along the horizon can be computed. The
vref (k) current reference velocity in k is computed through an interpolation from
the reference velocity pro�le.
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3.2.2 Predictive optimal control design for trajectory tracking

The role of this subsection is to present the control design of the autonomous
vehicle to guarantee the tracking of the selected route. During the control design of
the longitudinal and lateral dynamics, an MPC method is used. Since the route of
the vehicle and the requested velocity pro�le of the vehicle are generated through the
graph-based optimization strategy, the forthcoming reference signals of the control
systems are known. Moreover, in the actuation of the vehicle, some constraints
must be guaranteed, e.g. the overshoot in the lateral position of the vehicle must be
limited. Therefore, the MPC method provides an appropriate solution for the design
of the control interventions. First, in the section, the method of the derivation of
the optimization problem in the MPC method is brie�y introduced. Second, the
longitudinal control design is presented, using the fundamentals of the MPC design.
Third, the design of the lateral control is shown, using the MPC approach.

Longitudinal control design

The purpose of the longitudinal control is to guarantee the tracking of the velocity
pro�le, which is generated by the graph-based optimization algorithm. Moreover,
another criterion against the control system is to guarantee comfortable travel for
the passengers, which leads to the limitation of the longitudinal acceleration and
the longitudinal jerk. For example, in public transportation scenarios the maximum
of ax in non-emergency situation is up to 1.5 m/s2, while in the case of longitudinal
jerk |ȧx| < 3 m/s3 is acceptable, see [74]. Thus, the longitudinal control task is
formed as a tracking problem with constraints on the states and control input of
the vehicle. The longitudinal dynamics of the vehicle in discrete time is formed
as ax(k + 1) = ax(k) + Tsȧx(k), where Ts is the sampling time. Furthermore, the
longitudinal velocity of the vehicle is formed as vx(k + 1) = vx(k) + Tsax(k). The
relationships result in the state-space representation of the system

xlong(k + 1) = Alongxlong(k) +Blongulong(k), (3.18a)

zlong(k) = Clongxlong(k) +Dlong,1vref (k) +Dlong,2ulong(k), (3.18b)

where xlong =
[
ax(k) vx(k)

]T
and the performance is zlong = vref (k) − vx(k), in

which vref (k) is the current reference velocity. The value of vref (k) results from
the reference velocity pro�le, see (3.17). The control input of the system is the
longitudinal jerk ulong(k) = ȧx(k).

The constraints of the system are on the jerk and the acceleration signals. More-
over, it is necessary to limit the error of the velocity tracking to avoid dangerous
overshooting. Thus, the constraints are formed as

vref (k)− elong ≤ vx(k); vref (k) + elong ≥ vx(k); (3.19a)

−along,lim ≤ ax(k); along,lim ≥ ax(k); (3.19b)

−ȧlong,lim ≤ ȧx(k); ȧlong,lim ≥ ȧx(k), (3.19c)
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where along,lim and ȧlong,lim are the limits of the signals, which are determined by
traveling comfort criteria. elong is de�ned as the limit of the velocity tracking error.

In the following (3.18) and (3.19) are used to design the velocity tracking of the
system using the MPC method. This technique is advantageous since the control
problem contains constraints on the control input and the state ax(k). Note that
the control-oriented model (3.18) contains simpli�ed longitudinal dynamics, whose
input is the jerk signal. However, in practice, the generation of the jerk requires
the control of the driveline, see e.g. [75, 76].The basis of the longitudinal control
is the longitudinal model of the vehicle, which is described by (3.18). In the �rst
step, the prediction process is made, as it is described for the lateral control problem
(2.12). Using the resulted matrices and the reference vector, the cost function can
be formed (2.14). Then, the resulted terms are sorted, similarly to the lateral
case, into φlong, βlong, γlong. Finally, the model predictive optimization problem of
the longitudinal control design with the performance and the constraints (3.19) is
formed through (2.19):

min
ȧx(k)...ȧx(k+n)

(
1

2
UT
longφlongUlong + βTlongUlong + UT

longγlong

)
, (3.20)

where Ulong =
[
ȧx(k) . . . ȧx(k + n)

]T
is the series of control input and φlong, βlong, γlong

result from the reformulation of (3.18).

Lateral control design

The design of the tracking control requires the model of the vehicle. The one-
track bicycle model is used during the modeling phase of the lateral vehicle dynamics
[70]. The basic idea behind this model is that the front and rear wheels are replaced
by one wheel each placed on the longitudinal axis of symmetry of the vehicle. The
model consists of two main equations: lateral acceleration and yaw motion.

ψ̈Iz = Cf (δ − β −
ψ̇lf
vx

)lf − Cr(−β +
ψ̇lr
vx

)lr, (3.21a)

aym = Cf (δ − β −
ψ̇lf
vx

) + Cr(−β +
ψ̇lr
vx

), (3.21b)

ay = ÿ + vxψ̇, (3.21c)

β =
vy
vx
, (3.21d)

where ψ̇ denotes the yaw-rate and Iz is the yaw-inertia of the vehicle. Moreover,
Ci gives the cornering sti�nesses of the tires of the front and rear axes and β is the
side-slip angle. The distance from the axes to CoG (center of gravity) is given by li
and vx is the actual longitudinal velocity. The lateral position of the vehicle is given
by y. Finally, δ gives the steering angle.
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Since the dynamical equations of (3.21) describe the motion of the vehicle in its
own coordinate system, it must be transformed into the global coordinate system,
which is related to the road. Thus, the relation between the velocity of the vehicle
in the global and the local coordinates is

ẋg = vx cos(ψ)− vy sin(ψ), (3.22a)

ẏg = vx sin(ψ) + vy cos(ψ), (3.22b)

where vx, vy are the longitudinal and lateral velocities in the local system, while
ẋg, ẏg in the global, respectively. Through the formulation of the vehicle model, the
following further considerations have been taken.
A./ The tire force characteristics, which involve several nonlinearities [77], are lin-
earized around zero lateral slip αf , αr values, hence Fy,f = Cfαf , Fy,r = Crαr, where

αf = δ − vy+Lf ψ̇

vx
and αr = −vy+Lrψ̇

vx
are the slips on the front and right axis.

B./ The steering angle has small value, which leads to the approximations cos δ ≈ 1
and sin δ ≈ δ.
C./ It is assumed that the orientation of the vehicle is close to the orientation of the
road, which means that small tracking error is achieved: cosψ ≈ 1, sinψ ≈ ψ.

The control-oriented formulation of the lateral vehicle model is based on the dy-
namical relationships (3.21) with the previous simpli�cations, while the performance
equation is:

ẋlat,c = Alat,cxlat,c +Blat,cδ, (3.23a)

zlat,c = Clat,cxlat,c +Dlat,c,2δ, (3.23b)

where the state vector is xTlat,c =
[
vy ψ ψ̇

]
and zlat,c = yg. The system (3.23) is

transformed into a discrete form using the sampling time Ts, which can be formed
as [78]:

x(k + 1) = Alatxlat(k) +Blatulat(k),

y(k) = Clatxlat(k) +Dlat,2ulat(k),
(3.24)

where Alat = eAlat,cTs and Blat =
(k+1)Ts∫
kTs

eAlat,c((K+1)Ts−τ)Blat,cdτ . Moreover, in the

control design the variation of the steering angle can have limitations due to the
physical capacities of the steering actuator. Therefore, the following relationship is
added to the discrete form of the state-space equation

δ(k + 1) = δ(k) + Ts∆δ, (3.25)

where ∆δ is the variation of the steering command. Thus, the �nal form of the
discrete state-space representation is

xlat(k + 1) = Alatxlat(k) +Blatulat(k), (3.26a)

zlat(k) = Clatxlat(k) +Dlat,2ulat(k), (3.26b)
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where xlat(k)T =
[
vy(k) ψ(k) ψ̇(k)

]
, ulat(k) = ∆δ(k) and zlat(k)T =

[
yg(k) ∆δ(k)

]
.

The goal of the control design is to minimize the tracking error of the lateral
control, while the control input ulat(k) is also reduced and some constraints are
guaranteed. Thus, in the MPC control design problem the following performance
must be minimized

zlat(k) = Clatxlat(k) +Dlat,1r(k) +Dlat,2ulat(k), (3.27)

where r(k) is the reference lateral position of the vehicle from the route. r(k) results
from the graph-based route selection algorithm.

In the MPC control of the lateral dynamics, there are two constraints. First, the
lateral position of the vehicle is constrained. It is necessary to limit its lateral error
from the reference route to avoid the dangerous motion of the vehicle on the road.
Moreover, the lateral position of the vehicle is constrained by the width of the road:

max(yroad,min, r(k)− W

2
− elim) ≤ yg(k), (3.28a)

min(yroad,max, r(k) +
W

2
+ elim) ≥ yg(k), (3.28b)

where elim is the maximum lateral tracking error, yroad,min,max represents the limits
of the road andW is the width of the vehicle for all k, k+1, k+2 . . . on the prediction
horizon. Second, the variation of the steering angle ∆δ(k) and the steering actuation
δ(k) are constrained, such as

−∆δlim ≤ ∆δ(k); ∆δlim ≥ ∆δ(k); (3.29a)

−δlim ≤ δ(k); δlim ≥ δ(k), (3.29b)

where ∆δlim and δlim are the limits of the actuation, which are determined by the
physical properties of the actuator and comfort criteria. Furthermore, eterm,lat is
the tracking error, which is allowed in time k + n. It represents the bound of the
terminal set.

yg(k + n) ≤ r(k + n) + eterm,lat, (3.30a)

yg(k + n) ≥ r(k + n)− eterm,lat. (3.30b)

The MPC optimization problem of the lateral control design with the perfor-
mance (3.27) and the constraints (3.28), (3.29) and (3.30) is formed through (2.19):

min
∆δ(k)...∆δ(k+n)

(
1

2
UT
latφlatUlat + βTlatUlat + UT

latγlat

)
. (3.31)

In the formulation Ulat =
[
∆δ(k) . . .∆δ(k + n)

]T
is the series of control input and

φlat, βlat, γlat are yielded through the reformulation of (3.26a) and (3.27). The result
of the MPC control is ∆δ(k), which must be actuated on the system to guarantee
the tracking of the selected route.
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3.2.3 Simulation results of the graph-based solution

The e�ciency of the proposed prediction, the route, and the velocity selection
algorithm is illustrated through a multi-vehicle simulation example using the Car-
Maker vehicle dynamic simulation software. The results of the graph search are the
selected route and the velocity pro�le. The tracking problem of these reference sig-
nals is solved through longitudinal and lateral MPC controllers, see e.g. the methods
of [79, 80].

In the following, a three-vehicle scenario is presented, see its illustration in Fig-
ure 3.6. In t = 0 the autonomous vehicle, whose reference velocity is set at 20 m/s,
stops 150 m behind the leading vehicle. Moreover, there is another vehicle coming
behind with 15 m/s velocity that overtakes the autonomous vehicle. Since the ve-
locity di�erences, the autonomous vehicle accelerates and approaches the vehicles
ahead. However, it is necessary to guarantee a safe overtaking maneuver, in which
the motions of both vehicles are considered. Figure 3.7 illustrates the di�erent stages
of the overtaking maneuver of the autonomous vehicle.

150 m

vehicle I.

120 m

300 m

vehicle II.

vehicle III.

autonomous vehicle

Fig. 3.6: Simulation example

(a) Before overtaking
(t = 28s)

(b) Start of the over-
taking (t = 32.5s)

(c) Overtaking the ve-
hicle
(t = 35.6s)

(d) Final section of the
maneuver (t = 38.8s)

Fig. 3.7: Stages of the overtaking maneuver

In Figure 3.7(a) the motions of the vehicles in t = 28 s are illustrated. In this
stage, the autonomous vehicle catches up with the leading vehicle but there is the
other vehicle in the left-hand-side lane, thus the velocity of the autonomous vehicle
must be reduced, see 3.8(a). At t = 32.5 s the vehicle decides to start the overtak-
ing maneuver. Thus, the autonomous vehicle is moving to the left-hand-side lane
(Figure 3.7(b)), and the velocity is increased to perform the overtaking maneuver
(Figure 3.8(b)). The velocity pro�le of the vehicle is illustrated in Figure 3.9.
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(a) Before overtaking (t = 28s) (b) Start of the overtaking (t =
32.5s)

(c) Overtaking the vehicle (t =
35.6s)

(d) Final section of the maneu-
ver (t = 38.8s)

Fig. 3.8: The result of the graph-based optimization

Figure 3.7(c) illustrates that the autonomous vehicle is to the left of the leading
vehicle. However, due to the small distance from the other vehicle traveling in the
same lane, it is necessary to decelerate in preparation to return to the right-hand-
side lane, see the result of the decision algorithm in Figure 3.8(c). Finally, when a
safe distance from the vehicle in the right lane is reached, the autonomous vehicle
moves back to the right-hand-side lane and the reference velocity 20 m/s can also
be tracked, see Figure 3.7(d) and Figure 3.8(d).
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Fig. 3.9: Velocity of the vehicle
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3.3 Guaranteeing performances for overtaking scenarios

Using the results of the graph-based decision-making algorithm, a machine-
learning-based solution is performed. However, using a learning-based approach
some performances and requirements are hard to ensure. The motivation of this
section is to provide a design framework, which is able to provide the advantages
of a machine-learning agent (e.g. self-learning, achievement of human expectations
through samples), while its drawback of the lack of performance guarantee is elimi-
nated. As a novelty of the method, the generated trajectory of the machine-learning
method is veri�ed using a guaranteed safe trajectory, which is computed through an
optimization task. Formally, it results in a measured disturbance, which is incorpo-
rated into the robust design of the local trajectory tracking control.

3.3.1 Machine-learning-based trajectory design and decision making

In this subsection a machine-learning-based trajectory design algorithm for the
overtaking problem is presented. The design of the agent has three stages.

1./ The training set of the supervised learning method is generated. It requires
an o�-line method, in which the route and the acceleration outputs for various
scenarios are computed. In this solution a graph-based algorithm is applied, in
which several factors can be incorporated, e.g., a probability map of the surrounding
vehicle positions, the comfort in the route selection, the decision of the overtaking,
etc. Although the graph-based optimization provides an acceptable route for the
vehicle, the numerical complexity makes it di�cult in an online implementation.
Thus, the optimization can be used only as an o�ine process. The motivation of the
learning-based approach is to ignore the necessity of the online solution of the graph-
based optimization problem. Therefore, in the proposed solution the optimization
is performed for numerous scenarios and their results are used as a training set.

2./The generated training set must be processed by a supervised learning method,
which results in a neural network. The training is also an o�-line process, but the
resulting neural network can be used in an online process.

3./ During the cruising of an autonomous vehicle, several multi-vehicle scenarios
must be handled. The scenarios can be used to enlarge the training set. This
requires the logging of the input data and an o�ine solution of the graph-based
optimization. If the training set is enlarged, the initial neural network based on
the enlarged set can be retrained. Using this self-learning process the trajectory
design method for the autonomous vehicle can be improved, which is an advantage
of the method. Unfortunately, the self-learning capability has the drawback that the
future structure and the numerical values of the neural network may be unknown.

3.3.2 Formulation of safe reference trajectory

The generation of a safe trajectory for overtaking is designed through a predictive
optimization strategy (2.19), whose minimum performance level is quanti�ed. The
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following description provides a brief overview of the method. In the trajectory
design problem the lateral motion of the vehicle is formulated based on the kinematic
model of the vehicle and the trajectory of the vehicle is formed as clothoid segments
[60].

The curvature of the clothoid is a continuous function, which means that the
relation between the curve in section i and i + 1 is κi+1 = κi + ciLi, where Li is
the distance between two section points and ci is the ratio of the clothoid section.
Moreover, during the cruising of the vehicle the velocity vx,i may vary with constant
acceleration a, which leads to the relation vx,i+1 = vx,i + axTs. Using the modi�ed
longitudinal velocity and the acceleration value, the distance between two section
points modi�es as: Li = vx,iTs + 1/2axT

2
s . Using these relationships and (2.11), the

kinematic motion equations are transformed into the following state-space represen-
tation:

xi+1 = A(ax)xi +B(ax)ci, (3.32)

where xi =
[
yi ψi κi

]T
is the state vector of the system and ci is its input and

A(ax), B(ax) are acceleration-dependent matrices.
The goal of the design is to provide a trajectory that guarantees the avoidance

of objects on the road with minimum lateral displacement. The objective of the
optimization is to minimize |yi| for all i = 1 . . . n, which represents the prediction
horizon. The criterion is formed in an objective function

J(C) =
1

2
Y T (C)QY (C) + CTRC, (3.33)

where Y contains the predicted lateral errors, C involves the clothoid ratios, and Q
and R are weighting matrices.

During the optimization, the actual positions of the objects and the borders of
the lanes must be considered. The positions are incorporated in constraint relations
on yi+j, ∀j ∈ {1, n−1}. The role of the constraints is to limit the minimum and the
maximum lateral values of the designed trajectory, such as yi+j ≥ ymini+j , yi+j ≤ ymaxi+j ,
∀j ∈ {1, n− 1}, where

ymini+j = ymin,oi+j + d, (3.34a)

ymaxi+j = ymax,oi+j − d. (3.34b)

In the computation of ymini+j , y
max
i+j two components are involved. ymin,oi+j and ymax,oi+j

are determined by the positions of the objects and the borders of the lane. d is a
safe distance, which has an important role in the performance speci�cation of the
trajectory design algorithm. d represents the smallest distance between the safe
trajectory and the objects or the borders of the lane. It has an impact on the
guaranteed minimum performance level of the vehicle control system.

The trajectory design leads to a constrained optimization problem, in which
the objective function (3.33) must be minimized subject to the constraints on yi+1.
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During the optimization process, constrained optimization is solved for various �xed
a acceleration values and the minimum of J(C) is requested depending on C, a. The
variables in C and the parameter a are also bounded by constraint. The optimization
leads to a series of clothoid ratios on the horizon from which the safe trajectory
yi+1,s, vx,i+1,s in the next step i+ 1 is computed.

3.3.3 Robust control design of the autonomous overtaking strategy

In this subsection, the tracking control design method is proposed. The goal of
the control is to perform the overtaking maneuver without a collision. It contains
two main tasks:

• it is necessary to decide about the acceptability of the machine-learning-based
reference signal,

• the reference signal must be tracked with a limited error, with which a prede-
�ned safe distance ssafe from the objects is guaranteed.

The reference signals for the vehicle control are the designed trajectory yref and
the desired longitudinal velocity vref . During the generation of these signals the
machine-learning-based trajectory (yi+1,l, vx,i+1,l) and also the safe trajectory (yi+1,s,
vx,i+1,s) are considered. The calculation of yref and vref are based on the following
relationships:

yref = yi+1,s + ∆∗l,1, if ∆∗l,1 ∈ Λl,1, (3.35a)

vref = vx,i+1,s + ∆∗l,2, if ∆∗l,2 ∈ Λl,2, (3.35b)

where ∆∗l,1,∆
∗
l,2 are design parameters at the given time step and Λl,1,Λl,2 are do-

mains. The values of ∆∗l,1,∆
∗
l,2 are selected in such a way that if the conditions of

(3.35) are guaranteed, then yref = yi+1,l and vref = vx,i+1,l, such as

∆∗l,1 = yi+1,l − yi+1,s, (3.36a)

∆∗l,2 = vx,i+1,l − vx,i+1,s. (3.36b)

In the case, when the conditions of each relation are not guaranteed in (3.35), then
the design parameters are limited by the boundaries of their domains. It means that
the general rule of the reference signal formulation is

yref = yi+1,s + ∆l,1, where ∆l,1 = max
(

min(∆∗l,1; ∆l,1,max); ∆l,1,min

)
, (3.37a)

vref = vx,i+1,s + ∆l,2, where ∆l,2 = max
(

min(∆∗l,2; ∆l,2,max); ∆l,2,min

)
, (3.37b)

where ∆l,1,min,∆l,1,max, ∆l,2,min,∆l,2,max are the boundaries of Λl,1,Λl,2.
The formulation (3.37) shows that yref , vref must be inside of a limited neigh-

borhood of the safe trajectory yi+1,s, vx,i+1,s. In practice, it is suggested to select
|∆l,i,max| = |∆l,i,min| = ∆l,i,m, i = {1; 2}, which leads to symmetric domains. If
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the domains are small, then the machine-learning-based trajectory is often overrid-
den, with which the bene�ts of the learning can be degraded. But, if the domains
are broad, then an incorrect reference signal yi+1,l, vx,i+1,l is not improved in time.
Thus, it is recommended to select the initial value of Λl,1,Λl,2 boundaries through
test experiences on the trajectory generation algorithms, e.g. simulations or real ex-
periments. Moreover, there are further conditions, which must be considered during
the selection, as it is proposed below.

The selection of Λl,1 has high importance on the guaranteed minimum perfor-
mance level of the entire overtaking control system, because the distance between
the safe reference trajectory yi+1,s and the object or the lane border can decrease
through ∆l,i,m. The minimum performance level of the system is in�uenced by d
(see (3.34)), ∆l,i,m and ey, ev tracking errors of yref , vref .

To guarantee safety requirements, a safety distance (ssafety) is speci�ed around
the vehicle, which cannot be crossed by the controlled vehicle, an illustration can be
in Figure 3.10. During the operation of the vehicle, the following inequality must
be satis�ed:

d−∆l,1,m − ey − ey,v −H/2 ≥ ssafe, (3.38)

where the components are the following. The value d is selected in the design of
the safe reference trajectory. The value ∆l,1,m is selected and built into the control
design through the scaling of the reference signal. The value of ey is built into the
control design directly through the scaling of the control performances. Since vx,
in�uences the lateral motion of the vehicle, ev can cause a lateral position error ey,v.
It is computed through kinematic relations as

yi+1,l = yi + vx,iψT +
vref − vx,i

2
ψT + ey, (3.39)

where ey,v =
vref−vx,i

2
ψT . The value ev is built in the control design directly through

the scaling of the control performances, which leads to ey,v. Moreover, the value H
represents the width of the vehicle.

ssafe

d

∆l,i,m

∆l,i,m

safe trajectory

learning trajectory

bound

bound

ey + ey,v
realized trajectory

H

Fig. 3.10: Illustration of the overtaking trajectories

The inequality (3.38) shows that several parameters must be selected during the
design. In practice, it is recommended to select d and ∆l,i,m at high values.
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3.3.4 Design process of the robust controller

The basis of the lateral controller design is the lateral model of the vehicle,
which is described in (3.21). Moreover, the longitudinal dynamics is described by
vx and the longitudinal traction force Flong and the disturbances Fdist, e.g. rolling
resistance, air drag etc [81]:

mv̇x = Flong − Fdist. (3.40)

The designed controlled system must perform the following control performances

z1 = yref − y, |z1| → min, (3.41a)

z2 = vref − vx, |z2| → min, (3.41b)

z3 = δ, |z3| → min, (3.41c)

z4 = Flong, |z4| → min. (3.41d)

The performance vector is compressed as: z =
[
z1 z2 z3 z4

]T
. The performances

z1, z2 can be reformed using (3.37) as

z1 = yi+1,s + ∆l,1 − y, (3.42a)

z2 = vx,i+1,s + ∆l,2 − vx, (3.42b)

in which yi+1,s, vx,i+1,s and ∆l,1,∆l,2 are measured disturbances. There is an impor-
tant di�erence between these signals

• yi+1,s, vx,i+1,s are generated by the safe trajectory design method. Their char-
acteristics (i.e. bounds, rates) are determined by the optimization algorithm.

• ∆l,1,∆l,2 are the result of various signals, such as the machine-learning algo-
rithm, the safe trajectory design algorithm and the selected values ∆l,1,m,∆l,2,m.

Since the sources of disturbances are di�erent it is recommended to handle them
separately. The measured signals of the systems are the tracking errors

ym,1 = yref − y, (3.43a)

ym,2 = vref − vx, (3.43b)

where ym =
[
ym,1 ym,2

]T
vector contains the measured signals.

Using the equations of the vehicle model (3.21), (3.40), the performance (3.41)-
(3.42) and the measurement equations (3.43) are transformed into a LPV state-space
representation

ẋ = A(ρ)x+B1w +B2u, (3.44a)

z = C1x+D11w +D12u, (3.44b)

ym = C2x+D21w (3.44c)
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where A(ρ), B1, B2 and C1, C2, D11, D12, D21 are matrices. x =
[
ẏ ψ̇ y vx

]T
is

the state vector, the disturbance is w =
[
Fdist yi+1,s vx,i+1,s ∆l,1 ∆l,2

]T
and the

control input vector is u =
[
δ Flong

]T
. ρ = vx is selected as a scheduling variable

of the LPV system. The control design is based on a weighting strategy, which is
formulated through the closed-loop interconnection structure, see Figure 3.11.
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K(ρ)

Wz,1

Wz,2

Wz,3

Wz,4

Wn,1

Wn,2

Wl,1
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z2

z3

z4

n1

n2

Fdist

∆l,1

ρ

Flongδ

vx

y

Wy,s

yi+1,s

Wl,2

Wv,s

∆l,2

vx,i+1,s

vref

yref

Fig. 3.11: Closed-loop interconnection structure

The interconnection structure contains several weighting functions, whose roles
are to guarantee the trade-o� between the performances and to scale the signals.
The weightsWn,1,Wn,2 are related to the sensor characteristics on the lateral and the
velocity error measurements, where n1, n2 represent noises. Wdist scales the longitu-
dinal disturbance force. The role of weights Wy,s,Wv,s is to consider the dynamics
of the reference signals yi+1,s, vx,i+1,s. Similarly, Wl,1,Wl,2 scale the disturbances
∆l,1,∆l,2. The weights are selected as

Wl,1 =
∆l,1,m

T12s2 + T11s+ 1
, Wl,2 =

∆l,2,m

T22s2 + T21s+ 1
, (3.45)

where Ti,j are design parameters, which represent the dynamics of the signal. ∆l,i,m

are selected based on (3.38). The selected forms guarantee that the values of the
disturbances are ∆l,1,m,∆l,2,m in steady state.

Wz,1,Wz,2 and Wz,3,Wz,4 are the weights for the performances, which represent
the minimization of them. Weights Wz,1,Wz,2 have an important role from the
aspect of the overall performance of the overtaking control because they scale the
tracking errors ey, ev (3.38). The forms of the weights are

Wz,1 =
ey

T10s+ 1
, Wz,2 =

ev
T20s+ 1

, (3.46)

where T10, T20 are design parameters and ey, ev are the expected tracking errors. The
selected forms guarantee that the tracking errors are ey, ev in steady state.

The design of the control is based on the robust LPV method [82]. The problem
is set up by gridding the parameter space and solving the set of LMIs that hold
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on the subset of FP . The induced L2 norm of parameter-dependent stable LPV
systems with zero initial conditions are de�ned as

inf
K

sup
%∈FP

sup
‖w‖2 6=0,w∈L2

‖z‖2

‖w‖2

. (3.47)

The result of the optimization is the LPV controller K(ρ), with which steering
angle δ and the longitudinal force Flong are computed. Finally, Figure 3.12 shows
the architecture of the entire control system, which is incorporated in the robust
LPV controller and the generation blocks of the learning and safe reference signals.
The role of the measured disturbance generator is to perform the computations
(3.36)-(3.37).

Vehicle

robust LPV
controller

safe trajectory
generation

machine learning
algorithm

measured

generator

road
&

traffic
environm

entyi+1,l

vx,i+1,l

yi+1,s

vx,i+1,s

∆l,1

∆l,2

δ
Flong

measured vehicle signals

road & traffic
information

disturbance

Fig. 3.12: Architecture of the entire control system

3.4 Simulation results for the combined solution

In the test scenario, the machine-learning-based algorithm designs a trajectory of
the vehicle, which is not safe enough and the vehicle may lease the road. This results
in a scenario, which has been rare in the training set, and thus, the machine-learning-
based algorithm has a low performance. Nevertheless, the proposed robust control
algorithm is able to guarantee the safety of the vehicle owing to the modi�cation of
the trajectory.

In the example, the performance is guaranteed based on the inequality (3.38).
The required safe distance is ssafe = 0.5m. The width of the vehicle is H = 2m.
In the design of the LPV control ey = 0.005m and ev = 0.05m/s tracking errors
are selected. Since T = 0.05s sampling time is selected, the lateral error from the
velocity tracking error is ey,v = evT/2 = 0.00125m. It means that d = 2.1m and
∆l,1,m = 0.5m guarantees the required performance, such as 2.1m−0.5m−0.005m−
0.00125m− 1m = 0.59375m ≥ 0.5m. The trajectory and velocity pro�le results are
presented in Figure 3.13. They show that the motion of the vehicle is smooth and
the maximum velocity regulation is kept through the tracking of the safe velocity
pro�le generation.



3.4. Simulation results for the combined solution 69

0 50 100 150 200 250
−0.5

0

0.5

1

1.5

2

2.5

3

3.5

Longitudinal position (m)

La
te

ra
l p

os
iti

on
 (

m
)

(a) Lateral position

0 5 10 15

Time (s)

20

22

24

26

28

30

32

V
e

lo
c
it
y
 (

m
/s

)

(b) Velocity signals

Fig. 3.13: Motion of the vehicle

The control inputs of the system are illustrated in Figure 3.14, which are actu-
ated on the vehicle. Through the steering angle (Figure 3.14(a)) and Flong (Figure
3.14(b)) the tracking of the reference trajectory (Figure 3.15) and the velocity (Fig-
ure 3.13(b)) are successfully performed.
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Fig. 3.14: Control interventions

Finally, Figure 3.15 compares the results of the learning and the safe trajectories
during three periods of the overtaking maneuver. The results show that yi+1,l can
lead to the departure of the road, which is avoided through the proposed method.
Moreover, in the second segment, the safe distance between the vehicles is preserved,
seen after 8.8 s. As a result, the reference trajectory is inside of the safe trajectory
during the entire scenario. It guarantees the most important performance of the
overtaking strategy.
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Fig. 3.15: Trajectories of the vehicle in various segments of the road

Thesis 2 I have developed a graph-based decision-making algorithm, by which
the several e�ects (e.g., position of the center-line, di�erent sizes of the tra�c par-
ticipants) can be taken into account e�ectively during the evaluation of the given
tra�c scenario. In the �rst step the method predicts the motions of the surround-
ing vehicles, and second, it generates a graph on the given prediction horizon, for
the evaluation of the scenario. Finally, a machine-learning-based decision-making
method is developed to reduce the complexity of the graph-based solution. In this
method, a design architecture is proposed, by which the minimum performance level
of the machine-learning-based solution can be guaranteed through the combination
of robust control design and a learning-based agent. The e�ectiveness of the method
in high-�delity vehicle dynamics simulation software is illustrated.
Related publications: [HNG20b, HNG20c, NHG20, HNG20a]
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4. MODELING AND SYNTHESIS METHODS VIA CLOSED-LOOP
MATCHING

In this chapter, a novel model matching-based control approach is presented using
a machine learning-based algorithm. The control algorithm is bene�cial for those
systems, which are of high complexity and exposed to parameter uncertainty. A
contribution of the method is that the level of control performances through learning-
based approaches has been improved. Similarly, one of the main disadvantages of
several neural-network-based control methods can be avoided, i.e., lack of guarantees
on performances. Furthermore, in contrast to the former methods in the literature,
the improvement of the performance level through the extension of the simpli�ed
design methods based on the nominal linear system model has been carried out.
The nominal model of the system is considered to be known since the dynamics of
the original system are adjusted to the nominal model. In this way, the complexity
of the control design process is reduced and the performances of the closed-loop
system can be guaranteed without taking into account the uncertainties and the
unmodelled dynamics of the system. The model-matching process results in an
additional control input, which is computed by a neural network during the operation
of the control system. Furthermore, a robust H∞ controller is designed, which
has double purposes: to handle the �tting error of the neural network and ensure
the accurate tracking of the reference signal. The operation and e�ciency of the
proposed control algorithm are investigated through a complex test scenario, which
is performed in the high-�delity vehicle dynamics simulation software, CarMaker.
This chapter is organized as follows:

• The computation of the inverse nominal model, and the data generation are
presented in Subsection 4.1.1. The training process of the neural network is
described in Subsection 4.1.2.

• The evaluation of the neural network, in which the performances and stability
requirements are considered, is described in Section 4.2.

• A simulation example for the model-matching algorithm is presented in Section
4.3.

• The design of the robust H∞ controller is detailed in Section 4.4. Finally, a
simulation example is shown using the proposed control method in Section
4.5.
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Fig. 4.1: Methodological scheme of the control method

The structure of the proposed algorithm is shown in Figure 4.1, which can be
divided into three main parts. The �rst block contains the steps of data generation.
Firstly, a nominal model is selected, which is the basis of the matching problem.
Then, the test scenarios and the simulations are considered. The appropriately
selected scenarios are essential to ensure that the collected dataset covers the full
operating range of the system. Using the nominal model and the scenarios, the
data acquisition is performed. In the second part of the algorithm the reachability
sets are computed based on the collected data, and also the machine learning-based
method is presented for the additional steering angle computation. The reliability
estimation for the network is also determined. Finally, the main goal of the third
part is the control design. The lateral controller is designed using solely the nominal
model. Moreover, the last part is the calculation of the reference signal, which
takes into account the computed stability sets in order to ensure the stability of the
nonlinear system, which can be a challenging task [83].

4.1 Closed-loop matching using a neural network-based approach

The proposed method is demonstrated through a vehicle-oriented problem, in
which the model-matching process is carried out in terms of the yaw-rate of the
vehicle. In Figure 4.2 the scheme of the closed-loop matching is presented. The goal
is to compute an additional input signal ∆u, by which the output signals (ynom, ymat)
become identical. In this case, ∆u means, an additional steering angle, and ynom
gives the nominal yaw-rate of the nominal model and , ymat is the yaw-rate of the
nonlinear system.

+

Fig. 4.2: Structure of the closed- loop matching
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In the following subsection, the construction of the nominal model is presented,
which serves as the basis of the neural network-based closed-loop matching and the
model-based reference generation. The nominal model consists of two main parts:
the lateral vehicle, which is based on the two-wheeled bicycle model, and the steering
system, which is modeled by a �rst-order term.

4.1.1 Data generation for training purposes

Note that during the construction of the nominal model, several parameters of
the vehicle are unknown such as the cornering sti�ness and the yaw-inertia. The
longitudinal velocity can change during the simulations, but this value is �xed during
the construction of the nominal model. Moreover, in autonomous vehicles, the
steering system has a signi�cant e�ect on the lateral dynamics due to the delays
caused by the electric motor and its inertia. This dynamics can be modeled by a
simple �rst-order term [84], as:

Gst(s) =
Ast

Tsts+ 1
, (4.1)

where Tst is the time delay and Ast provides the steady-state gain of the steering
system. The nominal linear model consists of the presented two parts: lateral vehi-
cle dynamics (see: Section (3.21)) and the steering system. Based on the dynamical
equations, which describe the lateral motion of the vehicle, a state space represen-
tation can be constructed, see 3.23. The input of the system is the steering angle
(δ) and its output is the yaw-rate (ψ̇) of the vehicle. During the determination of
the transfer function, the nonlinearities of the system (e.g., tire characteristics) are
neglected, and also the velocity is set to a constant value. Based on the computed
state space representation, the transfer function of the system can be computed
as: Gdyn(s) = CT

lat,c(sI − Alat,c)−1Blat,c, where I gives the identity matrix and s is
the complex variable in Laplace domain. Using the resulted transfer function, the
inverse of the nominal model is calculated [85]:

G−1
nom(s) ≈ G−1

st (s)G−1
dyn(s). (4.2)

The computation of the inverse model can be challenging [86]. Furthermore, after
the inversion, the system may not be causal. In order to meet this issue, a pre�lter
is used:

G−1
pf,nom(s) = Gpf (s)G

−1
nom(s), (4.3)

where Gpf (s) gives the pre�lter, which is used to deal with non-causalities. The
discretization process is made using Tustin's method [87].

zi = esiT ≈ 1 + siTd/2

1− siTd/2
, (4.4)

where si denotes the i
th pole of the continuous system, while zi represents the discrete

poles of the discretized system. Furthermore, Td is discretization time. Finally,
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the calculated discretized inverse model is used during the neural network-based
matching process. Based on the calculated nominal model, which includes the prior
knowledge of the system, the additional steering angle is computed (∆δ). Since the
system is in�uenced by high nonlinearities and the parameters are not accurately
known, the computation of ∆δ is not a straightforward task. In the following, more
details are given about the data generation process.

In Figure 4.3 the data generation process is presented. The basis of the data
generation is the deviation between the output (yaw-rate) of the nominal model and
the measured yaw-rate of the nonlinear model, by which a nominal steering angle se-
quence (δ) is determined using the inverse of the nominal model. This error function
is computed at each iteration step. After an iteration step, the resulting additional
steering angle (δ̃) sequence is added to the previously determined sequence. The
training dataset consists of measurable data, which is collected directly from the
nonlinear system at the last iteration step. In the followings, more details are given
on the iterative algorithm.

-

+

+ +

Fig. 4.3: Structure of the data generation

In the �rst iteration step, the value of the additional steering angle is set to zero
and the yaw-rate is computed from the nominal model. Then the error between
the yaw-rate signal can be computed (ψ̇error). Using the error value and the inverse
of the nominal model the additional steering angle is computed and saved. In the
second iteration step, the input of the vehicle is modi�ed as: δ̂ = δ + δ̃2. Note that,
the yaw-rate of the vehicle and the calculated yaw-rate using the nominal model may
not match. This phenomenon can be explained by the fact, that (∆δ) is computed
using only the nominal model. The iterative process, with which the additional
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steering angle is computed, is formed as:

∆δ =
n∑
i

δ̃i, (4.5a)

δ̂ = δ + ∆δ, (4.5b)

where n gives the number of iterations. The iterations must be done until the max-
imum of the yaw-rate error reaches an appropriately small value (ε). In Figure 4.4
an example is presented for the results of the iteration process. In Figure 4.4 it is
shown that in the �rst iteration step, the error between the nominal and the non-
linear model is the highest, which is represented by the blue line. This error value
decreases with the increase of the iterations.
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Fig. 4.4: Results of the iteration processes

Since the nominal model does not contain information on the stability regions of
the nonlinear model, a checking process is applied in the data generation, which can
modify the nominal steering angle sequence. This means, that if the vehicle may
lose its stability, the steering angle is modi�ed, in which the longitudinal velocity
and the maximum value of the yaw-rate (ψ̇max) are taken into account. During
data generation for the training set, the maximum value of the nominal control input
sequence to preserve the stable motion of the vehicle is bounded. The bound through
a maximum steering angle is de�ned, which angle based on the lateral vehicle model
is computed. If the vehicle model during the data generation on a section of a
scenario is not able to perform the reference yaw-rate value, the maximum steering
angle by a prede�ned value, e.g., 10 %, is decreased. The main role of this part is
to ensure the stable motion of the vehicle. The following pseudo algorithm presents
the data generation for the nth step.
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Algorithm 1: Computation of the steering angle

δ̂ = δ . Initialization
while max(ψ̇error) ≥ ε do

Simulating system with δ̂
Computing ψ̇error and δ̃i
if ψ̇ > ψ̇max then

Modify δ . Recomputing the nominal sequence
else

Save δ̃
i = i+ 1

δ̂ = δ +
∑n

i δ̃i . Calculation of the updated sequence

The presented iterative algorithm is used in the simulations, which provide the
dataset for the training process of the neural network. The whole iteration process
is performed until the error between the nominal and the measured yaw-rate reaches
a prede�ned small value (ε). During the simulations, the longitudinal velocity of the
vehicle varied between vx ∈ {30−110km/h} and the vehicle is driven along di�erent
tracks. Using Algorithm 1 the additional steering angle sequence is determined and
saved. Note that the additional control input in�uences the states of the vehicle.
This means that the training dataset should contain the e�ect of the additional
steering angle, because the neural network calculates the additional steering angle
using the measurable states. In order to solve this problem, the input of the neural
network is the measurable states of the vehicle, which is saved at the last iteration
step. The following variables are measured and collected during the simulations such
as longitudinal velocity, accelerations, angular velocities and the steering angle and
the additional steering angle. In this way, more than 1 million distinct instances have
been gathered. Note that only that the signals are used, which are available from
the onboard sensors. In summary, the value of the additional steering angle cannot
be determined in only one step due to uncertain parameters and high nonlinearities.

4.1.2 Training of the neural network

The closed-loop matching is achieved through the computation of an additional
steering angle, which is generated using an iterative algorithm. Nevertheless, the
iterative algorithm cannot be used in real-time applications. In order to meet this
issue, a neural network is used to calculate the additional steering angle using the
measurable states of the vehicle. The following table shows the parameters of the
trained neural network.

In Table 4.1 the main parameters of the neural network are presented, and during
the training process, a Levenberg-Marquardt algorithm is used.

The training process of the neural network-based additional control input compu-
tation algorithm is performed using Matlab Neural Network Toolbox [88]. Figure 4.5
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Parameters of the neural network
1st hidden layer 2nd hidden layer

Number of fcn. 20 15
Activation fcn. ReLU log-sigmoid

Tab. 4.1: Parameters of the trained neural network
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Fig. 4.5: Loss function of the training process

illustrates the loss function of the training process. Figures 4.6 show a test scenario,
in which the reference steering angle is set to randomly chosen values and also the
velocity of the vehicle varies during the scenario. The goal is to reach the yaw-rate
of the nominal model, by adding the additional steering angle to the nominal control
input. The additional steering angle, computed by the presented neural network, is
evaluated at each time step during the operation of the implemented algorithm. In
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Fig. 4.6: Validation of the neural network

Figure 4.6, the output of the nominal model can be seen (blue line) and also the out-
put of the nonlinear model with the additional steering angle is presented (red line).
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The maximal error between the two yaw-rate signals is only about ≈ 0.01rad/s,
which is a reasonably small value. Moreover, the yellow line represents the output
of the nonlinear system without the additional steering angle, which signi�cantly
di�ers from the output of the nominal model. Therefore, the neural network-based
closed-loop matching algorithm is able to �t the output of the nonlinear system to
the nominal system.

4.2 Evaluation of the neural network-based closed-loop matching

It has been shown that the neural network-based matching method was able to
modify the dynamics of the nonlinear system by computing an additional steering
angle. However, the neural networks may provide outputs, which destabilize the
closed-loop system. It has two main reasons:

• The training data set contains data points, which belong to the unstable re-
gions of the vehicle.

• The training dataset may not completely cover the operating range of the
system or the �tting error of the neural network is too high.

As a �rst step, the acquired data set is divided into two subsets according to the
stability of the given operating point of the system. This categorization is carried
out by using a data-driven approach. In the second step, the performances of the
neural network are evaluated. The result of the evaluation is sorted into two subsets:
the �rst one contains those cases, where the closed-loop with the neural network
satis�es the criterion, and the second one consists of the rest of the data set. Both
categorization methods are presented in the following subsection.

4.2.1 Determination of the neural network reliability

In this subsection, the reliability of the neural network is presented. Several
methods can be found in the literature for the evaluation of the neural networks see
e.g., [89]. In this case, the reliability analysis means, that based on the measurable
states of the vehicle, it is determined whether the network provides appropriate
results or not. The analysis is based on the previously calculated dataset, which
is sorted into subsets. The goal of the reliability analysis is to examine in a given
operating range of the system, whether the neural network satis�es the requirements
for stable motion and performance or not. Using this information, it is decided
whether the additional term (output of the network) is added to the control input
or not. The main role of this process is to increase the performances in regions where
the network gives appropriate results, and to avoid the cases, where the results of
the network may decrease the performances.

The performances and the stable motion of the system must be guaranteed at
the same time. This means that the given data point is considered to be accepted if



4.2. Evaluation of the neural network-based closed-loop matching 81

it satis�es both of the conditions. The subsets are created using an analysis process,
which is described in Appendix B. Based on the created subsets, the acceptable data
can be determined using the following expression:

R =

{
Rac, Rac,s ∧Rac,p

Runac, otherwise
(4.6)

The whole reliability analysis is based on the created dataset (Rac, Runac) de-
scribed in (4.6). During the computation of the reliability, the measurable states
of the vehicle are used. Since, the states of the system can take arbitrary values
with certain restrictions, during the computation of the reliability a speci�ed envi-
ronment of the states is considered xl ≤ xact ≤ xu, where xact gives the actual states
of the system. xl, xu gives the lower and upper bounds of the actual states. This
means, that the reliability value is computed for the given region of the states, not
for only one speci�c point. In Figure 4.7 an example is shown for a subset, within
the reliability is computed (black line). In the �gure a lower bound for the �rst state
(x1,l) and an upper bound for the second state (x2,u) are presented. Each points in

Fig. 4.7: Illustration of the subset for the analysis

Figure 4.7 represent measured data points. Using (4.6) all of the data points are
evaluated and it is represented with green if the given point is acceptable. Moreover,
the unacceptable data is shown with red points. In the example, the system has two
states, and the bounds are also shown with the black line. During the reliability
analysis for the actual state, the probability of the acceptable results is determined
using the Bayesian rule [90]:

P (R|X ) = P (R)
P (X|R)

P (X )
, (4.7)

where P (R|X ) gives the probability of the acceptable results, if the states are X ∈
[xact − xl, xact + xu]. The goodness of the neural network can be given by P (R)
term, which gives the rate of the acceptable data in the saved dataset. Finally,
P (X ) speci�es a probability value that expresses how often the system is within the
given operating range. The reliability of the neural network is computed by (4.7).

Nevertheless, the determination of the optimal bounds (xl, xu), can be chal-
lenging for each state. For the determination of the optimal bounds, a clustering
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algorithm is used. The goal is to �nd the subsets, within the probability value does
not change signi�cantly. The subsets are calculated using the k-medoids clustering
algorithm [91]. During the determination of the sets the following cost function
must be minimized:

J =
N∑
i=1

Kj∑
j=1

||xj − µi||, (4.8)

where, µi gives the center of the i
th set, xj is the j

th point in the ith set. Ki denotes
the number of elements in the given set, and N is the number of sets. The number
of sets should be increased until the probabilities of any subset within a given set
are nearly equal to the probability values calculated for the given set.

ζ−
P (Xi|Ri)

P (Xi)
≤ P (Xi,l|Ri,l)

P (Xi,l)
≤ ζ+P (Xi|Ri)

P (Xi)
, (4.9)

Xi,l ⊆ Xi ∀i, l,
where (ζ−, ζ+) de�nes the lower and upper bound of the maximum deviation. The
computation of the probabilities in real-time application cannot be achieved due to
the high amount of data. In order to meet this criterion, based on the results of
(4.7), a piecewise linear function is determined:

fP (x) =

{
P (Xi|Ri)
P (Xi) , x ∈ Xi

0, otherwise,
(4.10)

where, Xi gives the ith subset, created by the clustering algorithm. Practically,
this means that between two data points, the probability value is calculated using
interpolation. Based on the proposed algorithm, the reliability of the neural network
can be investigated. The reliability values contain the following three issues at the
same time:

• The result of the network is not used in the range where its reliability is low
from the aspect of performance requirements.

• The result of the network is not used in the range where no training data is
saved during the data collection process.

• Indirectly, sensor failure or an incorrect measurements can be considered.

In summary, the goal is to determine the reliability of the neural network at the
given operating point. In the cases, when the reliability of the network is low, the
additional steering angle is considered to be zero in order to avoid the instability
and low performance of the system. Finally, the whole algorithm is summarized in
Figure 4.8. The additional steering angle (∆δ) is provided by the machine learning-
based algorithm, by which the closed-loop matching is performed. Note that the
neural network uses only those signals, which are available from the onboard systems.
Moreover, the checking of the additional control signal resulting from the machine
learning algorithm is an important step to maintain stable motion.
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+

+

Fig. 4.8: Structure of the algorithm

4.2.2 Generation of the reference signal

In the followings, the model-based reference signal generation is presented. In
this case, the output of the nonlinear model is matched to the linear one with respect
to the yaw-rate. However, in many cases, the goal is to follow the prede�ned path
during lateral control of the vehicle. In this section, the reference signal generation is
presented, in which the nominal model is taken into account. First, the calculation
of the lateral error is presented, in which the position of the vehicle is predicted
along a given time horizon (Tp) in order to decrease the lateral error during the
tracking. Using the actual, measurable states of the vehicle, the computation of the
lateral error can be formulated as:

xe(t+ Tp) = Rx(xp, yp)− (x(t) + vx(t)cos(ψ(t))Tp), (4.11a)

ye(t+ Tp) = Ry(xp, yp)− (y(t) + vx(t)sin(ψ(t))Tp), (4.11b)

where, Rx, Ry are the reference positions in lateral and longitudinal direction at the
given state of the vehicle. The value of the prediction horizon is set to Tp = 0.2s.
Using the predicted error and (4.11a) the goal is to compute a yaw-rate sequence,
with which the lateral error of the vehicle is zero at the end of the n horizon length.
Using the lateral vehicle model (3.21) and the discretized state-space representation,
the following representation of the system can be formed:

x(k + 1) = φx(k) + Γu(k),

y(k) = Cx(k),
(4.12)

where u = δ is the steering angle and the states are x = [vy y ψ̇ ψ]T . The main role
of the model-based reference generation is to compute the reference yaw-rate for the
vehicle, which is tracked by the vehicle. The vehicle motion can be predicted and
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the goal is to guarantee the tracking of the reference trajectory. Using (4.12) the
lateral position of the vehicle is predicted along the prede�ned time horizon (n):

yp(k, n) =


y(k + 1)
y(k + 2)

...
y(k + n)

 =


Cφ
Cφ2

...
Cφn


︸ ︷︷ ︸
A

x(k) +


CΓ 0 · · · 0
CφΓ CΓ · · · 0
...

...
. . .

...
Cφn−1Γ Cφn−2Γ · · · CΓ


︸ ︷︷ ︸

B


u(k)

u(k + 1)
...

u(k + n− 1)

 .
(4.13)

In this case, the input vector of the system is de�ned as

U = [u(k), u(k + 1)...u(k − 1 + n)]T = [ω1, ω2, ..., ωn]Tun, (4.14)

where ωi gives the weight for the i
th input signal and un is the computed, nominal

value. Using (4.13) and (4.14), the reference signal for the vehicle can be computed
as:

un = B−1Ω−T (yp(k, n)−Ax(k)), (4.15)

where, the reference trajectory is de�ned by the (yp(k, n)) vector, and the actual
states of the vehicle are given by x(k). Moreover, Ω ∈ Rn gives the weights for the
given time horizon. During the computation, the reachability sets can be also taken
into account, by which the states are saturated.

4.3 Simulation example for the model-matching process

In this section, a comprehensive simulation example is presented to show the
e�ciency and operation of the proposed control system. The whole simulation is
made in CarMaker. Firstly, the reliability computation for the neural network-
based closed-loop matching process is tested in cases, when the vehicle is close to
its physical limits. Secondly, a simulation example is presented for the reference
trajectory tracking and compared with the results for a nominal controller. In this
case, the nominal controller means, that the output of the neural network is set to
zero.

4.3.1 Simulation on the reliability of the neural network

During this simulation, the main goal is to show the e�ectiveness of the reliability
computation algorithm. The main idea is to de�ne a test scenario, in which the
neural network provides results with a low-performance level. This can be achieved,
when the vehicle is driven close to its physical limits and the nominal yaw-rate value
cannot be reached by the vehicle.
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During the test scenario, the steering angle and the longitudinal velocity of the
vehicle vary randomly in order to cover the whole stability region of the vehicle.
In the �rst case, the computed, additional steering angle is added to the nominal
steering angle during the whole simulation. Secondly, the additional steering angle
is set to zero, when the reliability of the neural network is low.

The results of the �rst simulation are presented in Figure 4.9(a). Yaw-rate
values, measured from the simulation software, are presented with a red line, and
the nominal yaw-rates are represented with a blue line. It can be examined that the
vehicle loses its stability in four regions during the simulation tunst = {8− 12, 20−
22.5, 34− 37.5, 45− 47.5}s. However, within the other ranges of the test scenario,
the yaw-rate of the vehicle is nearly equal to the value, which is computed using the
nominal model. This means, that in these regions the closed-loop matching process
is successful but the loss of stability must be avoided.

In Figure 4.9(b) an example is shown, in which the reliability computation is
involved. This means, that the additional steering angle is not added to the nominal
steering angle when the computed reliability value is low. It can be seen that the
model-matching is not succeeded in the range tunst. Nevertheless, the goal is to
maintain the stable motion of the vehicle in ranges where model-matching cannot
be performed. Moreover, it can be examined that in some regions (e.g., between 16s
and 18s), the system without the reliability calculating algorithm provides better
results than the control algorithm, which includes model-matching. Its reason is
that the value of the reference changes over time due to simpler comparison. In the
simulation example, when the reliability value is not used, the vehicle loses its stable
motion, and its longitudinal velocity starts to decrease. Thus, it travels at a lower
velocity in the given time interval than the vehicle with the reliability computing
algorithm. Due to the lower velocity, tracking of the yaw-rate value in Figure 4.9(a)
may be more accurate in certain sections than in Figure 4.9(b).
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Fig. 4.9: Measured and the nominal yaw-rate values

Generally, it can be said, that the performance of the neural network decreases
near the physical limits of the system, but the stability of the vehicle can be guar-
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anteed. Moreover, in the regions, where the reliability of the network is high, the
performances can be increased signi�cantly by adding the additional steering angle
to the nominal value. Figure 4.10(a), the lateral accelerations are presented.

0 5 10 15 20 25 30 35 40 45 50

Time (s)

-10

-8

-6

-4

-2

0

2

4

6

8

L
a
te

ra
l 
a
c
c
e
le

ra
ti
o
n
 (

m
/s

2
)

(a) Measured lateral acceleration

0 5 10 15 20 25 30 35 40 45 50

Time (s)

0

0.2

0.4

0.6

0.8

1

1.2

R
e
lia

b
ili

ty
 o

f 
th

e
 n

e
tw

o
rk

 (
-)

Network switch off/on

Reliability value of the network

(b) Reliability value of the neural network

Fig. 4.10: Lateral acceleration and the computed reliability during the simulation

Figure 4.10(a) depicts that the vehicle is near its physical limits due to the high
lateral acceleration values. Finally, in Figure 4.10(b) the reliability of the neural
network is presented. The red dashed line shows the actual value of the reliability.
The blue line represents a discrete value, which gives the regions when the output
of the network is considered to be zero (at the zero values).

4.3.2 Simulation for the trajectory tracking

In this subsection, a simulation is presented for trajectory tracking. During the
calculation of the nominal transfer function, the longitudinal velocity is �xed at 100
km/h. Using the approximated parameters of the vehicle, and the constant velocity
value, the transfer function of the nominal model is the following:

Gdyn(s) =
75.55s+ 362.9

s2 + 11.94s+ 27.94
. (4.16)

The closed-loop matching is performed for the yaw-rate of the vehicle. Based on
the reference yaw-rate generator, trajectory tracking is performed, which is presented
in Subsection 4.2.2. For the yaw-rate tracking, a PI controller is designed using only
the nominal model, which is described in (4.16). In the simulations, the vehicle must
perform a complex test scenario, in which it is driven along a prede�ned trajectory.

Figure 4.11 illustrates the reference trajectory of the vehicle, which is the Hock-
enheim racing circuit. Moreover, the measured lateral positions are presented. In
the �rst case, the vehicle is controlled with the model-matching method. Secondly,
a nominal control, without the matching algorithm is used for the lateral control.

Figure 4.12(a) shows the tracking accuracy of the yaw-rate signal, which is com-
puted by the model-based reference signal generator. As it can be seen, the tracking
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of the reference value is appropriate, even at the high-velocity range. Figure 4.12(b)
depicts the lateral accelerations for the vehicle. The maximum acceleration is about
8m/s2, which is close to the limitation of the vehicle. Nonetheless, the proposed
control algorithm can guarantee the stability of the vehicle at that lateral accelera-
tion.
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Fig. 4.12: Measured and calculated signals of the vehicle

In Figure 4.13(a) the results of the nominal controller is presented with blue
and the lateral error using the proposed method is shown with red line. It can
be concluded that the tracking error is also low in the nominal case but with the
proposed method, this error can be further reduced.

Figure 4.13(b) presents the reliability of the network during the simulation. At
the beginning of the simulation, the reliability value decreases due to initialization
problems. Nevertheless, in the rest of the simulation, the neural network operated
with high reliability, even at high lateral acceleration values. Moreover, at ≈ 65s
of the simulation, the reliability of the network decreases, and in Figure 4.12(a)
the highest yaw-rate tracking error can be seen. This can be explained by the
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Fig. 4.13: Tracing error and the reliability of the neural network

fact, that the vehicle is close to its physical limits at the given operating point. In
Figure 4.14(a) the error reduction rate is shown using the proposed method. The
comparison is made for the data points, in which the computed lateral errors are
higher than 0.05m and the lateral acceleration is above 0.5m/s2. It means that non-
straight segments of the trajectory are considered, where the control system has a
high impact on the tracking performance. The error reduction rate is computed as:

R = 1− εprop
εPI

, |εPI | ≥ 0.05 ∧ |εprop| ≥ 0.05 ∧ |ay| ≥ 0.5, (4.17)

where, εPI gives the computed lateral error using only the PI controller, and the
lateral error using the proposed method is given by εprop. Moreover, the percentage
of the given reduction is computed as:

P(R ∈ [0, ri]) =
Ni

N
, ri ≤ 1, (4.18)

where N is the total number of data points and Ni gives the number of data points,
where the value of the rate is smaller than ri. The results of the analysis are
presented in Figure 4.14(a).

As the �gure shows the error decreased by more than 50% in 25% of the sim-
ulation. Moreover, the error value is reduced by more than 20% during ≈ 40% of
the simulation time. It is important to note that in the case when the error value
is already low for the nominal controller, no signi�cant error reduction is expected.
Because of these segments, the error reduction between 0% and≈ 25% is nearly 0.
Finally, in Figure 4.14(b) the velocity of the vehicle is presented, which varies in a
high range.

4.4 Robust tracking control design based on the linearized model

In this section, a robust control algorithm is proposed, which exploits the advan-
tages of both the classical control and machine-learning-based methods. The whole
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Fig. 4.14: Longitudinal velocity and the error reduction rate

algorithm includes two main parts: the modeling, which has been already presented,
and the control design phases. The main challenge of using a neural network-based
control algorithm is that the stability of the closed-loop system cannot be analyti-
cally proven. Therefore, a robustH∞ controller is designed, which takes into account
the e�ect and the errors of the neural network in order to compensate the mentioned
pitfalls of the neural network.

4.4.1 Uncertainty of the linearized system and control design

In this subsection, the uncertainty of the linearized system is considered. It has
been mentioned, that the whole model-matching process is carried out in terms of
the yaw-rate of the vehicle. The goal is to compute the error between the nomi-
nal yaw-rate (ψ̇n), which is calculated using the nominal model, and the measured
yaw-rate. In order to quantify ψ̇n − ψ̇, several simulations have been performed
using the nonlinear vehicle model, which is implemented in CarMaker. During the
simulations, the linearized system is excited with di�erent steering angles (its am-
plitude Aδ ∈ {0.05− 0.2rad} and frequency ωδ ∈ {0.1− 10rad/s}) and the vehicle
runs at di�erent longitudinal velocities (vx ∈ {10 − 30m/s}). Using the results of
the simulations, each points of the transfer functions from the measured yaw-rate
(ψ̇) to the yaw-rate error (∆ψ̇ = ψ̇n − ψ̇) are calculated. The resulted transfer
functions from the numerical computations are illustrated in Figure 4.15. In Fig-
ure 4.15(a) the amplitude of the steering angle is set to 0.05rad. Moreover, the
velocity is set to a constant value in one simulation example. During the generation
of Figure 4.15, 6 simulations are performed, in which the constant velocity is set to
vx = {10, 14, 18, 22, 26, 30}m/s. The blue line represents the lowest velocity value,
and the results of the simulation with the highest value are shown with green. In
the second example, which is presented in Figure 4.15(b), the e�ect of the steering
amplitude is presented. The velocity is �xed to 10m/s and the amplitude is varied
as Aδ = {0.05, 0.1, 0.15, 0.2}rad.
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Fig. 4.15: Transfer functions of the error of the neural network

As it can be seen, the amplitude of the yaw-rate error (∆ψ̇) decreases along with
the velocity and with the amplitude of the steering angle as well. The error of the
neural network is handled as an uncertainty in the control design, which is described
by the presented transfer functions.

The uncertainty of the system is formed through the worst-case scenario of the
simulations. Thus, the uncertainty for the robust control design with the achieved
highest magnitude of all scenarios is considered. The uncertainty from the di�erence
between nominal and the measured value is modeled as a �rst-order proportional
term, i.e.,

W∆ =
A∆

T∆s+ 1
, (4.19)

where A∆, T∆ are parameters, which are selected based on the simulation scenarios.
Hence, A∆, T∆ are �tted through a least-squares method to over-approximate the
simulation results.

The main goal of the lateral control design is to guarantee the trajectory tracking
of the vehicle, which can be achieved by the following performances:

• The minimization of the lateral position:

z2 = yref − y, |z2| → min! (4.20)

• In order to guarantee smooth trajectory tracking, the tracking of the reference
yaw-rate is also prescribed:

z1 = ψ̇ref − ψ̇, |z1| → min! (4.21)

• The presented performances must be reached by using minimized intervention:

z3 = δ, |z3| → min! (4.22)
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The performances can be written into the following vector: z = [z1 z2 z3]. The
state-space representation of the nominal model is created using the dynamical equa-
tions of the vehicle (3.21), and the state vector is selected to: x = [ψ̇ ẏ y]. Fig-
ure 4.16 illustrates the augmented plant for the robust control design.

+
+

+

+

+
+

+
+

-

-

Fig. 4.16: Augmented system for control design

As it can be seen, the plant is augmented with several weighting functions. The
goal of the transfer functions Wz,1, Wz,2 and Wz,3 is to guarantee the prede�ned
performances (4.20), (4.21) and (4.22). Ww,1 andWw,2 are to attenuate the noises of
the measured signals (ψ̇, y). The weighting functionsWref,1 andWref,2 aims to scale
the reference signals of the controller. Finally, W∆ symbolizes the uncertainty of the
neural network, which is determined from the presented simulations (Figure 4.15).

The goal of the H∞ design is to minimize the H∞-norm of the co-sensitivity
functions of the closed-loop system (Tz,w), see [92], [93]. It means that aK controller
must be found, which meets the following criterion:

||Tz,w||∞ < 1 (4.23)

Moreover, the resulting controller (K) must also guarantee that the closed-loop
system is asymptotically stable. Finally, Figure 4.17 shows the whole control algo-
rithm including the neural network-based model-matching method.

4.5 Simulation example

During the simulation, the goal is to track the given reference trajectory at
varying longitudinal velocities, which contains sharp bends, where the vehicle is
close to its physical limits. The car is driven along the given section of the track
twice. In the �rst case, the vehicle is controlled by the extended robust controller
(with the neural network-based linearization), while in the second case, it is driven by
the plain nominal robust controller. Figure 4.18(a) shows the longitudinal velocity
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Fig. 4.17: Structure of the proposed control algorithm

pro�le of the vehicle. The velocity varies in a high range between vx ∈ {13−22m/s}.
Figure 4.18(b) demonstrates the trajectory tracking of the vehicle for both cases.
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Fig. 4.18: Path and the velocity of the vehicles during the simulations

In the �rst case, when the car is driven by the extended controller, it is able to
follow the prede�ned track. In the other case, the vehicle leaves the road at a sharp
bend. It means that the nominal controller is not able to guarantee the required
performances.

Figure 4.19 depicts the lateral acceleration of the vehicle using the extended con-
troller. As can be seen, the lateral acceleration varies between ay ∈ {−8, 8m/s2},
which is close to the physical limits of the car. Basically, this is the cause of the
unstable behavior of the vehicle in the second case. Note that, during the simula-
tion example the comfort requirements are not satis�ed due to high lateral accel-
eration values. The maximum lateral acceleration value, which can be considered
comfortable, is 3m/s2. However, the main idea is to test the algorithm for cases,
when the accurate tracking of the trajectory causes higher lateral accelerations (e.g.,
emergency maneuvers.) Figure 4.20(a) presents the yaw-rates of the vehicle. The
yaw-rate of the nominal model is denoted by the blue line, while the measured yaw-
rate is given by the red line. As the �gure shows, the yaw-rate signals are close
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Fig. 4.19: Lateral acceleration of the vehicle

to each other, which means the linearization algorithm provides satisfying perfor-
mances. The next �gure demonstrates the yaw-rate for the case when the neural

0 10 20 30 40 50 60

Time (s)

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

Y
a
w

 r
a
te

 (
ra

d
/s

)

Nominal model

Measured

(a) Reference and measured yaw-rate

0 5 10 15 20 25 30

Time (s)

-1.5

-1

-0.5

0

0.5

1

1.5

Y
a

w
 r

a
te

 (
ra

d
/s

)

Yaw rate without NN

Nominal model

(b) Yaw-rate

Fig. 4.20: Reference and measured values

network-based model-matching is not used. It can be seen that the two signals di�er
from each other, especially at the sharp bend, where the vehicle becomes unstable.
The reference and the measured yaw-rate signals are illustrated in Figure 4.21(a).
The error of the tracking has a maximum of ψ̇e ≈ 0.15rad/s. This value may be
considered to be high, however, a balance must be found between the tracking of
the lateral position and the yaw-rate, which is dealt with by weighting functions
illustrated in Figure 4.16.

Finally, in Figure 4.21(b) the input signals are shown. It can be seen that the
neural network intervenes signi�cantly when the vehicle is traveling at high velocity
at a sharp bend (between 26-28s). Its reason is that the vehicle suddenly moves
to another turn, and this can be handled by changing rapidly the steering angle.
However, the nominal controller cannot track the reference signal accurately in these
conditions, and the neural network tries to compensate the error value with a higher
input signal. Whilst, in other cases, when the vehicle is in the linear range, the
neural network provides a signi�cantly smaller steering angle. It can be concluded
that the extended controller can ensure stability requirements, especially in those
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Fig. 4.21: Yaw-rate tracking and the control inputs of the vehicle

cases, when the vehicle is close to its physical limits.

Thesis 3 I have developed a novel neural-network-based closed-loop matching
method, whose goal is to eliminate the e�ects of nonlinearities and uncertainties.
In the control structure, the neural network in an inner loop can be found. Using
the measurable signals of the nonlinear system, the neural network computes an
additional control input, with which the operation of the inner loop is matched
to the operation of the nominal, linear model. Furthermore, a robust H∞-based
reference tracking control is designed, which handles the error of the neural network
matching and guarantees accurate tracking performance. Finally, the e�ectiveness of
the proposed method through a trajectory tracking problem of autonomous vehicles
is illustrated.
Related publications: [HFNG21, FHNG21b, HNG21a]



5. CONTROL DESIGN USING ERROR-BASED ULTRA-LOCAL
MODEL

In this chapter, a novel control design is presented, which has been inspired by
the model-free control (MFC) structure. The MFC method is a control structure
that can handle nonlinearities and uncertainties using an ultra-local model-based
approach. The main idea of this approach is relatively close to the neural network-
based closed-loop matching algorithm. In this case, only the reference signal and
the output(s) of the system is used during the computation of the additional control
input. Nevertheless, proper tuning of the controller and its real-time application may
pose di�culties, which must be taken into consideration during the implementation
of the control algorithm. The original MFC structure is modi�ed to overcome the
drawbacks of the original structure. The goal during the modi�cation of the control
structure is to use prior knowledge of the dynamic system (e.g., nominal model), by
which the error-based ultra-local model can be computed. In the proposed method
the input signal consists of two main components: the �rst one is given by a classical
feedback controller and the second one comes from the error-based ultra-local model.
The proposed method is applied for an automotive-related control problem, more
speci�cally a lateral control design. The control structure, which is introduced in
this chapter, has been implemented and validated using a proprietary test vehicle
of ThyssenKrupp. Using the modi�ed control structure a new tuning method for
the parameter α is also shown, by which the performances of the control structure
can be increased. Finally, using an extended state-space representation and the
computed parameter α, the LPV controller is designed. This chapter is organized
as:

• The original ultra-local model-based control structure, and the proposed struc-
ture are presented in Section 5.1.

• The validation process for the error-based ultra-local model-based control
structure can be found in Section 5.3.

• A tuning method is shown for the design parameter α in Section 5.4.

• In Section 5.5 an extension of the state-space representation is presented, which
serves as the basis of an LPV control design.
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5.1 MFC concept with ultra-local model

In this section a brief introduction to the MFC method is given, see [94]. This
structure of the control approach will be called the original structure in this dis-
sertation. A general nonlinear physical system can be described by the following
di�erential equation:

ẋ = f(x, u), (5.1)

where x is a vector, which contains the states and u is the input signal of the system.
The main idea behind the MFC structure is to approximate the dynamics of a given
nonlinear system, which is valid for a short time interval. This �phenomenological�
model is given as [95] [96]:

y(ν) = F + αu, (5.2)

where F ∈ R is an unknown part of the system dynamics, which is continuously
updated during the operation of the system, u ∈ R is the input signal, and y ∈ R
is the measured output of the system and, α ∈ R, ν ≥ 1 is a design parameter.
Furthermore, ν denotes the νth derivative of the measured output y, in general it
can be set to ν = 1, 2. Using (5.2) the ultra-local model is determined as:

F = y(ν) − αu. (5.3)

Using (5.2), the tracking error can be expressed:

e(ν) = y(ν) − y(ν)
ref = F + αu− y(ν)

ref . (5.4)

The main goal of the MFC is to minimize the error value (e(ν) = 0), which, in the
steady state, can be achieved by computing the control input (u) as:

u =
−F + y

(ν)
ref

α
, (5.5)

where y
(ν)
ref is the ν

th derivative of the reference signal. Assuming that F is available

(y(ν) is well-estimated or measured), the control input u can be easily computed
using (5.5). In addition, (5.5) can be augmented with a feedback controller, denoted
by K(e), which can eliminate the steady-state tracking error. The control input of
the system can be calculated as:

u =
−F + y

(ν)
ref +K(e)

α
, (5.6)

where K(e) can be classic controller, such as PID [94], where e = y − yref denotes
the tracking error.
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Remark It is important to note that in a real model-free setting we do not have
prior knowledge of the system. Thus, the appropriate choice for the feedback con-
troller is challenging. Moreover, some thoughts on the stability of the scheme are
contained in [97]. For practical applications, even after a data-based tuning, perfor-
mance speci�cations cannot be guaranteed using this control structure, e.g., due to
the actuator saturation that is likely to occur. Since the basic concept, the use of
the ultra-local model, can be bene�cial for applications in handling uncertainties,
the goal is to keep the advantages of the method. In the followings, the original
control structure is combined with the prior knowledge of the given system.

The error-based ultra-local model

The main idea behind the improved structure is that the ultra-local model is
used to determine an error system, which is essentially the deviation between a
prede�ned nominal model and the current ultra-local model.

Using the original structure of the control algorithm, the ultra-local model is
computed for the nominal system, and for the controlled system as well. Moreover,
the goal is to reach the state that the error between the prede�ned reference signal
and the measured output becomes zero. The computation of the modi�ed error-
based ultra-local model is the following:

y(ν) = F + αu, (5.7a)

y
(ν)
ref = Fnom + αunom,ref , (5.7b)

y(ν) − y(ν)
ref︸ ︷︷ ︸

e(ν)

= F − Fnom︸ ︷︷ ︸
∆

+αu− αunom,ref︸ ︷︷ ︸
αũ

, (5.7c)

e(ν) = ∆ + αũ, (5.7d)

where F is a parameter of the real system, while Fnom is a parameter of the nominal
model. The error-based ultra-local model is computed using the deviation between
the real system and the nominal model. Moreover, u denotes the input signal of the
system. The measured output of the system is given by y and α is a suitably chosen
parameter. yref is the reference signal, unom,ref is the calculated reference input
signal, which is computed by using the nominal model. Moreover, ν denotes the νth

derivative of the measured output y. Furthermore, the �nal goal is to keep the νth

derivative of the error value zero, by which the control input ũ can be computed:

ũ ≈ −∆

α
. (5.8)

This modi�cation results in an augmented version of the original control structure
(5.6). For the computation of ∆ some signals are measured directly and other sig-
nals must be computed using the nominal model of the system. In the following
subsection, more details are given about the signals which are essential for the deter-
mination of the model error. Furthermore, the modi�ed structure is also augmented
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with a feedback controller like the original structure. Using this modi�cation, the
control input u is computed as:

u = −∆

α
−K(e, x), (5.9)

where e = yref − y denotes the tracking error of the reference signal and x gives the
states of the system.

Overall structure of the control algorithm

The computation of the error-based ultra-local model can be ful�lled in discrete
time because it uses only measured and computed signals. In order to guarantee the
tracking, a feedback control algorithm is also implemented, which, is an LQR-based
solution, which is designed in discrete time.

Consequently, the nominal model of the system is discretized before the compu-
tation of the nominal input signal. The reference signal is calculated using the actual
states of the vehicle. The ultra-local model is computed using the derivative of the
measured state and the control input. Since the synchronization of these signals
must be solved, a time delay is applied to the control input in order to eliminate the
problems caused by delays. In the followings, the main steps are detailed, which
are essential for the modi�ed structure of the control method.

• In the construction of the nominal model the dynamics of the actuator must
also be taken into consideration. The classical LQR feedback gains are deter-
mined by using the nominal model of the system.

• The nominal control input unom,ref , see (5.7) , is necessary for the computation
of error system Fnom. To compute the component unom,ref , a dead-beat like
approach is implemented based on the nominal model of the system.

• The second derivative of the reference signal uses the actual states of the sys-
tem. The derivation process of a measured signal, which is in�uenced by noises,
is challenging. Because of this, an ALIEN �lter is used for the approximation
process of the measured signals' derivatives.

5.2 Vehicle-oriented application of the proposed control strategy

The presented control strategy is implemented for a trajectory tracking problem.
Firstly, the nominal model is presented, which is essential for the computation of
the nominal control input. Secondly, the computation of the reference input signal
unom,ref is detailed. Finally, the determination of the derivatives y

(ν)
ref are presented.
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5.2.1 Design process of the LQR controller

The lateral dynamics of a vehicle is described in (3.21). Moreover, the actuator
dynamics of the system is also considered, since the input signal is used during the
ultra-local model computation:

δ̇ = − 1

Tss
δ +

1

Tss
u(t), (5.10)

where Tss time constant of the steering system and δ steering angle. Finally, u(t)
gives the control signal of the system. In this case, the actuator is modeled as
a �rst order system. Using (3.21) and (5.10) two state-space representations are
determined: the �rst one describes the lateral dynamics of the vehicle and the
second one models the actuator dynamics. Using the resulting state-spaces, the
interconnected system is also computed. The lateral dynamics are written in the
following form:

ψ̈ÿ
ẏ

 =

 −Cf l
2
f+Crl2r
Izvx

−Cf lf−Crlr
Izvx

0

−Cf lf−Crlr
mvx

− vx −Cf+Cr
mvx

0

0 1 0


︸ ︷︷ ︸

Av

ψ̇ẏ
y

+

Cf lfIz
Cf
m

0


︸ ︷︷ ︸

Bv

δ, (5.11)

where CT
v = [0 0 1]. In the second representation, the dynamics of the actuator

is found, whose state vector consists of only one variable xa = [δ][
δ̇
]

=
[− 1

Tss

]︸ ︷︷ ︸
Aa

δ +
[
1
]︸︷︷︸

Ba

u, (5.12)

while the vector CT
a = [ 1

Tss
]. Then, the representation of the interconnected system

can be derived as:

Ã =

[
Aa 01×3

BvC
T
a Av

]
, B̃ =

[
Ba

03×1

]
, C̃T =

[
0 0 0 1

]
, (5.13)

and its state-vector is x̃T = [xa xv]. The transfer functions are computed from the
control input signal to the lateral position y. Using the continuous transfer function
of the system, the whole system is discretized, because of implementation purposes
of the proposed algorithm (3.24). In the discretized state-space representation the
state vector is: xTd = [δ ψ̇ ẏ y] and the sample time Ts = 0.02s. The output
of the system is the lateral position. The main goal of the control design is to
guarantee the trajectory tracking of the vehicle. In the proposed control structure,
the lateral controller is designed using the discrete nominal model of the system.
The required performances of the control system are:
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• Accurate trajectory tracking of the vehicle must be guaranteed. This can be
guaranteed by the minimization of the error between the reference trajectory
and the lateral position of the vehicle.

z1 = yref − y |z1| → min! (5.14)

• The energy consumption is minimized by the minimization of the steering
interventions.

z2 = δ |z2| → min! (5.15)

Note that the zero steady-state error can be guaranteed with respect to the perfor-
mance since the system (5.11) has an integration property. The performance criteria
can be guaranteed by the appropriate choice of the elements of the weighting ma-
trices (Q,R) in (5.16). The feedback gains K can be computed by minimizing the
following cost function [98]:

J =
1

2

∞∑
i=1

(xTd,iQxd,i + uTi Rui) (5.16)

where x gives the state vector, u is the control input and Q and R are weighting
matrices. The optimal feedback gain can be computed by the discrete-time algebraic
Ricatti equation [99]. Using the gain K , the control input is computed as u = −Kx.
Note that the nominal model depends on the longitudinal velocity, which varies
during the operation of the vehicle. This problem can be handled by the gain
scheduling technique as presented in [100]. This means, that the LQR controller is
designed for various longitudinal velocities. In Table 5.1 the weighting matrices are
summarized with respect to the longitudinal velocity.

vx(km/h) Q matrix R const.
50 diag(10, 0.1, 10000, 200) 0.1
60 diag(10, 5000, 10000, 100) 0.1
70 diag(10, 300, 300, 10) 1
80 diag(10, 300, 300, 10) 10

Tab. 5.1: Values of the weighting matrices

5.2.2 Computation of the nominal control input unom,ref

In the following subsection, the calculation of the nominal control input is pre-
sented, using the nominal vehicle model. Considering the dynamics of the vehicle it
can be said that as the longitudinal velocity of the vehicle increases, unstable zeros
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appear in the given the system, i.e., the system is non-minimum phase. In order to
address this problem, a dead-beat like algorithm is applied to compute the required
reference signal, [101]. Using (4.13) the prediction of the states of the system can
be computed. Then, the input vector can be computed as:

U = [u(t), u(t+ 1)...u(t+ n− 1)] = [ω1, ω2...ωn]un (5.17)

where ωi weight the nominal control input in such a way that, at the �nal step,
the system reaches the required state(s), and guarantees that, at the �rst step, the
input signal is between the prede�ned bounds. Note that only the �rst value is
used during the computation of the nominal control input. In order to make the
trajectory tracking smooth, the weights are set in descending order. For the vehicle-
oriented example, the prediction horizon is �xed at n = 10 and the applied weights
are the following: ωi = {100, 80, 60, 50, 40, 30, 20, 10, 0}. The goal of the nominal
control input computation is to reach the reference position at the �nal step n.

un =
yref (t)− CΦnx(t)∑n

i=1CΦn−iΓωi
(5.18)

where yref denotes the reference position for the vehicle. Finally, the nominal input
is determined as:

unom,ref = ω1un, (5.19)

which is used as the nominal input signal in the control algorithm.

5.2.3 Computation of the second derivative of the reference signal

As presented in (5.7) the νth derivative of the reference signal is required for
the error-based ultra-local model. In this case, the reference signal is the reference
lateral position and the second derivative is used in the ultra-local model as described
in Subsection 5.1. The second derivative of the reference signal cannot be directly
computed since it depends on the current position of the vehicle. Furthermore,
in order to ensure smooth trajectory tracking, the prediction of the motion of the
vehicle is also necessary. Therefore, the position of the vehicle is predicted on a
prediction horizon Tp as it is described in (4.11a). Because of this prediction, the
second derivative of the reference signal cannot be computed in only one step. In
Figure 5.1 the predicted position of the vehicle is depicted in a global coordinate
system (xg, yg).

Using (4.11a) the tracking error can be computed for the given time step. Then,
the �rst derivative of the reference signal vy,ref can be computed by using the �rst
derivative of the lateral error ẏerror and the measured lateral velocity vy as:

vy,ref = vy + ẏerror (5.20)
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Fig. 5.1: Predicted position of the vehicle in a global coordinate system

Since the ẏerror cannot be directly computed or measured, it must be approximated
by deriving the lateral error. Finally, the second derivative of the reference signal
can be derived from (5.20). It means that, for determining the second derivative of
the reference signal, two �rst derivations must be performed. It is also important to
note, that the measured signals can be in�uenced by noises, which means that the
velocity signal cannot be derived directly in practice. In several papers, the ALIEN
�lter algorithm is proposed for the estimation process of the derivatives, see [102],
[95]. The �rst derivative is estimated using an ALIEN �lter, which is described
in (A.2). During the implementation, the sampling time of the measured signal is
T = 0.002s, which comes from the sensors on the test vehicle.

5.2.4 Selection of the parameter α

Although the use of the nominal model makes the design process simpler, similar
to the original structure tuning for the parameter α still remains challenging. It
was already observed that if α → ∞ the e�ect of the ultra-local model-based part
decreases, [102]. However, in this case, when α→ 0, the controller input comes from
mainly the ultra-local model. It turns out that in our application if α is smaller than
a certain lower bound, the controlled system starts to oscillate. In order to determine
acceptable values for α, the following problem can be formulated:

min
α

n∑
i=1

(yref,i − yi)2, (5.21)

where, yref is the prede�ned reference signal, and y is the output of the system, Then
the parameter α can be determined using an iterative algorithm, which is similar to
the one presented in [102]. The main steps of the algorithm are the following:

1. Design the controller using the nominal model.

2. Set the value of α at an appropriately high value.
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3. Using the designed controller, and the actual value of α, evaluate the algorithm
for the prede�ned reference signal.

4. Compute the value of the error between the reference value and the output of
the system en, where n denotes the nth iteration step.

5. If en ≥ en−1 or n > Nmax, �nish the iteration process.

6. Decrease the value of α then jump to Step 3.

5.3 Validation of the proposed control algorithm for trajectory

tracking problem

The validation process consists of two main parts: in the �rst part, a simulation
example is given using the high-�delity simulation software CarMaker, see Appendix
C. In the second part, the control algorithm is implemented on a test vehicle. During
the test scenarios, the onboard sensors are used for measuring the following signals:
lateral acceleration, longitudinal velocity, yaw-rate, the steering angle. The position
of the vehicle is measured using a di�erential Global Positioning System (dGPS).
During the test scenarios, the vehicle performs a double-lane change maneuver, using
a given reference trajectory. The main goal during the validation process is to show
the e�ciency of the proposed control method even in the highly nonlinear region of
the vehicle dynamics. The algorithm was implemented in the CarMaker simulation
software, whose results are presented in the following subsection.

Remark The original MFC structure uses a PID controller. In this research, the
e�ectiveness of the proposed method has also been tested using a PID controller.
However, in the lateral control problem, the LQR-based approach provided better
results, see also [103], and thus, this solution is detailed.

5.3.1 Test scenarios using a test vehicle

The results which is presented in this section have been obtained on a test vehicle.
The signals have been measured using the onboard sensors and the dGPS. The main
goal during the tests is to perform an emergency maneuver-like scenario. This means
that the test vehicle performs a double lane change maneuver at high velocity values.
First, the e�ect of the velocity on the tracking performances is presented. Second,
the e�ect of the design parameter α is investigated. Moreover, in Appendix C
comparison can be seen between simulation software and real test vehicle, and also
robustness against external disturbance is presented.
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Impact of the velocity

Figure 5.2(a) shows the velocity values during the test scenarios. The parameter
α is set to 100.
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Fig. 5.2: Measured lateral positions with di�erent velocities

In Figure 5.2(b) the measured lateral positions and also the reference trajectory
are shown. During the tests, the initial position and the yaw angle were not set
correctly, i.e., the vehicle starts with a non-zero tracking error. The tests start
with zero longitudinal velocity. In this case, the goal is to present 4 scenarios, with
di�erent velocities. It can be seen that the tracking is more accurate during the 3rd

and 4th scenarios, which can be explained by the lower velocity values.

In Figure 5.3 the control inputs of the vehicle are illustrated for the di�erent
velocities. Since the reference trajectory is the same for the test scenarios, but the
velocity pro�les are di�erent, the x-axis shows the traveled distance (station) of the
vehicle to make the comparison easier.

The control input computed using the LQR controller is presented in blue, and
the error-based ultra-local model-based part is shown in red. It can be concluded
the e�ect of the ultra-local model is signi�cant during the lane change maneuver.

Finally, the lateral acceleration and the yaw-rate signals are presented in Fig-
ure 5.4. It can be concluded that at these velocities, the vehicle travels close to its
physical limitations. The test scenarios are provided for various velocity values, and
the controlled vehicle is able to perform the prede�ned maneuver.

Impact of the parameter α

Essentially, the design parameter α scales the input signal and the measured
output of the system. The velocity and the given maneuver have a high impact on
the rate of the two signals. In Figure 5.5 the measured lateral positions can be seen
compared to the reference trajectory with various α parameters.
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Fig. 5.3: Control inputs during the scenarios at di�erent velocities
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Fig. 5.4: Results of the test cases at di�erent velocities

In Figure 5.5 it can be seen that α = 100 provides the best performances during
the double-lane change. In this case, the longitudinal velocity is set to ≈ 16m/s.
The control inputs are depicted in Figure 5.6. When the value of α increases, the
controlled system becomes slower. The lower α value implies a faster response,
which results in oscillations after the double-lane change.

In this section results of the proposed control method has been shown. The pro-
posed algorithm is implemented in vehicle dynamics simulation software and also in
a real test vehicle. It can be concluded that using the modi�ed structure the entire
control algorithm remains stable under di�erent conditions. Moreover, using the
error-based ultra-local model-based part the performances have been signi�cantly
improved in the case when a classical feedback control yields poor tracking perfor-
mances. Furthermore, the performances can be also improved for the cases when
the LQR control is tuned appropriately. Robustness for external disturbance is also
tested using an additive steering angle and the results can be seen in Appendix C.
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Fig. 5.5: Lateral position of the vehicle
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Fig. 5.6: Control inputs during the scenarios for di�erent α

5.4 Tuning algorithm for the balancing parameter

In the original structure of the ultra-local model-based control scheme, several
parameters can be found, which are tuned during the control design process such as
the gains of the PID controller (the baseline controller) and the design parameter
α. Using the modi�ed structure, the determination of the controller gains becomes
simpler since the baseline controller can be calculated using the nominal model of the
system. Nevertheless, the tuning process of parameter α can be still a challenging
task.

The main role of the α is to balance between the baseline controller and the
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ultra-local model-based part. This means that if α→∞ the e�ect of the ultra-local
model-based part decreases, and the control input is computed using mainly the
baseline controller. However, if α→ 0 the e�ect of the baseline controller decreases
[102]. Although, if the value of α is set too low, the system may begin to oscillate,
which must be avoided during the operation of the controller.

In summary, using the parameter α the reliability of the given operating point
can be determined. If the deviation of the two systems increases, the value of α
must be reduced in order to increase the control performances. In this section, the
goal is to determine the value of α at the given operating point during the operation
of the closed-loop system. The main steps of the tuning algorithm of parameter α
are detailed in Figure 5.7.

Environment

Test scenarios Measurable
states

Decision tree

Saved dataset

Creating a
model

Fig. 5.7: Structure for the determination of α

The whole process is divided into three steps. In the �rst step, a dataset is
generated. In this thesis, IPG CarMaker is used as a tool. The whole algorithm is
developed for a speci�c control problem, so numerous test scenarios are de�ned to
cover the whole dynamical range of the vehicle. In the second step, the minimum
value for the α is determined at the given operating range, in order to avoid oscilla-
tion, which can be caused by an inappropriately chosen small α. Finally, a model is
created for determining the optimal value of α during the operation of the vehicle.

5.4.1 Data acquisition

The main goal of the tuning algorithm is to determine the value of α, by which
the lowest tracking error can be achieved. It is important to note, that in several
papers α is set to a constant value. The goal is to develop a method, with which
this parameter can be adjusted to the given driving situations. Therefore, α is
determined using the states of the system. Practically, the state, by which the α
value is computed, should be directly measurable. Based on preliminary simulations,
it can be said that the lateral acceleration of the vehicle is well correlated to the
deviation of the nominal and the measured system. Therefore, α is calculated using
the following form:

αact = α0 − φay, (5.22)
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where αact is the value, which should be recomputed at each time step. Using the
measured lateral acceleration of the vehicle (ay), which is scaled by φ, the value can
be computed. Finally, α0 gives the nominal value of the design parameter (α).

The selection of the parameters (α0,φ), by which the smallest error can be
reached, is not a straightforward task. In order to solve this issue, several simu-
lations are performed and using data-driven analysis the optimal values are chosen.
The lane change maneuvers are built up by clothoid segment, which can be calcu-
lated using (2.6). The length of the lane-changing maneuvers, in the longitudinal
direction, is modi�ed between 40m and 100m, while the lateral deviation is var-
ied between 1m and 8m. In Figure 5.8 an example is presented for 20 randomly
generated overtaking trajectories.
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Fig. 5.8: Example for the reference trajectories

At the beginning of the trajectory, a straight segment can be found. The main
goal of this segment is to make enough time for the vehicle to reach zero tracking
error. Other parameters of the trajectory are changed randomly in order to cover the
whole dynamical range of the vehicle. In the following subsection, the determination
of the α is presented using the generated dataset.

5.4.2 Computation of parameter α

In this subsection, the parameters for the computation of αact are presented.
Firstly, using the randomly generated trajectories, which is presented in Subsection
5.4.1, several test scenarios are performed at various velocities vx ∈ {15, 25}m/s and
at various φ ∈ {1, 30}. During the test scenarios, several data are saved, such as
the position of the vehicle and the measurable states. Based on the saved dataset
the actual parameter of α is determined in two steps. First, using the lateral error,
the actual value is computed. Then, using the measurable states of the vehicle, the
minimum value for α is calculated.

The main goal of the �rst step is to increase the tracking performances of the
vehicle. Moreover, it has been mentioned that the inappropriately chosen parameter
can cause an oscillation. Therefore, the minimum value for the α at the given
operation point is also determined, by which the calculated α is limited.
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Computation of the actual value of α

Using the saved positions and the reference trajectory, the following optimization
problem can be formulated in order to determine the optimal parameters for (5.22):

arg min
α0,φ

(β
n

n∑
j=1

(yref,j,i − yms,j,i)2 + max(yref,i − yms,i)
)

︸ ︷︷ ︸
ε(α0,φ)

, (5.23)

where i denotes the ith test scenario. The reference trajectory is given by yref and
the measured position is yms. During the determination of α the average error value
and the maximum error value for the given test scenario are considered. The main
role of β is to scale the two factors during the optimization process. In order to
decrease the complexity of the problem, the parameters for the computation of αact
are determined in two steps:

• In this step only α0 is modi�ed between test scenarios and φ is set to zero.
Using the saved dataset α0 is selected, by which the lateral error is the lowest.

• Using the computed α0, several simulations are performed at various velocities
and for various φ values.

Nevertheless, preliminary simulations have shown that the minimum error value
can be reached using di�erent parameters (φ) for di�erent longitudinal velocities. In
order to meet this issue, in the given range of data points, the point with the small-
est lateral error is selected. The initial parameters are sorted into a set Ω ∈ R2×m,
where m gives the number of the data points. Ω = (φ1, v1, φ2, v2...φi, vi),∀i : au ≥
max(|ay,i|) ≥ al, where (au, al) are an arbitrarily chosen bounds for the lateral ac-
celeration. During this research, these values are selected to 4m/s2 and 7m/s2.
Moreover, if the stability requirements are not met, the data point is deleted. Fur-
thermore, the data points are sorted into subsets (ω). Using the computed subsets,
the minimum error value can be chosen, with which α is computed. Using the K-
medoids algorithm, the ith subset (ωi) of the set of data points (Ω) is computed
as:

arg min
Ω

k∑
i=1

∑
x∈ωi
||x− µi||2, (5.24)

where, ωi ⊂ Ω and k gives the number of the desired clusters. Moreover, µi denotes
the center of the ith cluster. Using the computed subsets, the error value for the
tracking can be computed for each of the elements, at the given subset, as it is
described in (5.23). The goal is to select the parameters with the lowest error value
in the given subset. The parameters with the lowest error value are sorted to a χe
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subset, where χe,i ∈ ωi. The following expression can be de�ned for the selecting
process of the parameters:

χe,i = (φi, vi), s.t. ε(α0, φi) ≤ ε(α0, φk), ∀k : (φk, vk) ∈ ωi. (5.25)

The aim of the calculated χe,i is to determine the α value with the lowest tracking
error. In Figure 5.9 the selected data points (χe,i) are illustrated. Moreover, a
quadratic function is �tted to the data points, which is used for the calculation of
αact.
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Fig. 5.9: Data points with low lateral error

Limitations for the parameter α

The presented algorithm can be used to compute the value of α for given driving
situations. However, sometimes, the algorithm provides a too small value, which
can destabilize the motion of the vehicle. In order to avoid it, a stability check
algorithm is developed, which can be used to guarantee the safe and stable motion
of the vehicle.

For this purpose, a data-driven stability criterion is applied, which was proposed
by [46]. The main idea behind this criterion is to compare the measured signals
to a nominal, linear vehicle model, see [104]. The deviation of them scales the
nonlinearities of the vehicle, which is related to the instability of the controlled
motion of the vehicle. Brie�y, the criterion divides the dataset into two main groups
(acceptable Rac,s and unacceptable Runac,s instances), as it is described in (B.2).

All instances in the dataset are labeled by using this criterion. However, the cri-
terion uses signals, which cannot be measured or are not available from the onboard
system. Therefore, a decision tree algorithm is produced, which is able to categorize
the instances using the onboard signals (accelerations, angular velocities, steering
angle, and the parameter α), using the C4.5 decision tree algorithm [105]. The main
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goal of the algorithm is to create a function (F) using a training set, by which the
classi�cation process can be carried out:

F(A1,A2...Ak)→ C (5.26)

where the attributes A = A1,A2, ...,Ak are the measurable states of the vehicle.
The class variable C is given by the determined two groups (accepted, unaccepted)
C = Rac,s, Runac,s. Figure 5.10(a) shows an example of the categorized instances in
the plane of vx and ψ̇ with respect to the parameter φ. The operation of the stability

(a) Categorized instances

+

(b) Stable motion checking

Fig. 5.10: Categorization and the checking of the stable motion

checking algorithm is depicted in Figure 5.10(b). Brie�y, the algorithm, which is
presented in the previous subsection, computes the value for α. Then, the decision
tree categorizes the given instance using the measured signals and the computed
α. If the decision tree puts the instance into the 'unacceptable' category then the
algorithm increases the value of α until the decision tree �nds an acceptable value.

5.5 LPV design using the extended state-space representation

The goal of the extension of the state-space representation is to include the e�ect
of the error-based ultra-local model in the LPV control design. The components of
the error-based ultra-local model are handled in the following way: ÿref = ÿp,ref ,
and unom,ref = δref are considered to be external, measurable disturbances of the
controlled system. The inclusion of the signals ÿe and u are more challenging,
because yp,ref is the predicted error, see (4.11a) and the second derivative of that
signal is taken into account, and u = δ is the control input. In order to solve this
issue a �ltered derivative term is applied, which can be built into the state-space
representation. The derivative term can be of high order, e.g., Pade Approximation,
see [106]. However, for the sake of simplicity, a second-order transfer function is
used for this purpose.

Gf,i(s) =
s

T 2
i s

2 + 2Tis+ 1
, (5.27)
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where Ti is a design parameter. This transfer function can be transformed into a
one dimensional state-space representation, whose matrices are:

Af,i =

[
−2/Ti 1
−1/T 2

i 0

]
, Bf,i =

[
1/T 2

i

0

]
, CT

f,i =
[
1 0

]
. (5.28)

Using the proposed �ltering algorithm, the computation of ÿp and u can be carried
out. Note that the robust controller uses only the input signal δ, the other interven-
tion is handled by the error-based ultra-local model, by using the mentioned signals:
[ÿp, ÿp,ref , u, unom,ref ].

ẋe = Ae(ρ)xe +Be(ρ)ue +Be,w(ρ)we, (5.29a)

Ae(ρ) =

 Av BvC
T
f,1 −BvC

T
f,2/α

02×3 Af,1 −Bf,1C
T
f,2/α

Bf,2A
1×3
v 02×2 Af,2

 , (5.29b)

Be(ρ) =

 Bv

02×1

02×1

 , Be,w(ρ) =

 Bv/α −Bv

Bf,1/α −Bf,1

02×1 02×1

 , (5.29c)

where ue = [δ], xTe = [ψ̇, ẏp, yp, xf,1, xf,2], wTe = [ÿp,ref , unom,ref ] and A
1×3
v = eTAv,

eT = [0, 1, 0]. Bv = [
Cf lf
Iz
,
Cf
m
, 0]T , ρ = [vx, α]. u = [0, 1]xf,1 ÿp = [0, 1]xf,2. The

extended state-space representation serves as the basis of the robust control design,
which is detailed in the following section.

5.5.1 LPV control design

The LPV controller has two main goals: First is to ensure the accurate tra-
jectory tracking of the vehicle. The second one is to guarantee the stability of
the closed-loop system at varying parameter α. Thus, the presented LPV system
has two scheduling parameters: longitudinal velocity (vx), which changes between
vx = {10− 20m/s}, and the parameter α, which can vary α = {5− 100}. The goals
of the control design can be formulated by the performances: minimization of the
lateral error and the minimization of the intervention, see: (5.14). In order to guar-
antee the presented performances, several weighting functions are used as shown in
Figure 5.11. These weighting functions serve di�erent purposes. For example, Wz,1

and Wz,2 are to guarantee the presented performances. Moreover, the weighting
functions Ww,1, Ww,2 and Ww,3 scale the noises on the measured signals. The goal
of Wref,1 is to weight reference signal in order to facilitate smooth trajectory track-
ing. Functions Wunom,ref and Wÿp,ref scale the external signals from the error-based
ultra-local model. The state-space representation of the augmented plant can be
written as:

ẋe = Ae(ρ)xe +Be(ρ)ue +Be,w(ρ)we, (5.30a)

ze = Ce,1(ρ)xe +De,1(ρ)ue, (5.30b)

ye = Ce,2(ρ)xe +De,2(ρ)we,2, (5.30c)
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where the measured states of the system: Ce,2xe = [ψ̇, yp, ÿp]. While, we,2 contains
the noises of the measured signals.

Fig. 5.11: Augmented plant

The LPV design problem leads to a quadratic function that must be minimized
by choosing the appropriate K(ρ) controller, which guarantees that the closed-loop
system is quadratically stable. Further requirement is to ensure that the induced
norm L2 between the performances and the disturbances is less than a given value
γ.

inf
K(ρ)

sup
ρ∈Fρ

sup
‖w‖2 6=0,w∈L2

‖z‖2

‖w‖2

, (5.31)

5.5.2 Simulation results using the augmented plant

In the following, a comprehensive simulation example is presented to demon-
strate the operation and the e�ectiveness of the proposed control strategy. During
the simulations, three di�erent controllers are tested and the results are compared
to each other. Firstly, the proposed method is implemented. Secondly, the LPV
controller is tested only at one operation point, at the nominal value of the design
parameter (α0), which is determined by the optimization process and the nominal
value of α is set to 100. Finally, a H∞ controller is designed, by which the uncertain-
ties are handled during the control design. The simulation examples are performed
in CarMaker, vehicle dynamics simulation software, and the reference track is the
Yas Marina race track, which is shown in Figure 5.12(a). Moreover, the velocity pro-
�le depicted in Figure 5.12(b), which is determined using the built-in driver model
of CarMaker.

In Figure 5.13(a), the lateral errors of the controllers are presented. It can be
seen that all of the implemented controllers remain stable during the test scenario.
However, the best tracking performance is provided by the proposed LPV-based
solution as the highlighted section shows in Figure 5.13(a). The di�erences between
the two LPV controllers are not remarkable during the rest of the test scenarios.
This phenomenon can be explained by the fact, that the vehicle mainly travels
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Fig. 5.12: The reference track and longitudinal velocity of the vehicle

close to the nominal α value. However, with the decrease in the reliability of the
nominal model (this part is highlighted in the �gure), the tracking performances are
signi�cantly better using the proposed method.
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Fig. 5.13: Lateral error and the control inputs

Figure 5.13(b) shows the control inputs of the vehicle. It can be seen that the
impact of the ultra-local model increases when the deviation between the nominal
model and the system increases. The blue line represents the results of the LPV
controller, while the ultra-local model-based part is given by red. Both control
signals are of almost the same magnitude

Finally, the lateral acceleration is presented and also the computed actual value
of α is shown in Figure 5.14.

Figure 5.14(a) that the maximum value of the lateral acceleration exceeds 9m/s2,
which means that the vehicle is close to its physical limits but the stable motion of
the vehicle is still guaranteed. Moreover, the nominal value of the design parameter
(α0) is 100, and as the lateral acceleration increases, the value of α decreases. It can
be concluded that using the proposed method, the stable motion of the vehicle can
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Fig. 5.14: The parameter α and the measured lateral acceleration of the vehicle

be guaranteed even at the highly nonlinear range of the vehicle. Moreover, using
the error-based ultra-local model, the tracking performances of the control system
can be increased.

Thesis 4 I have developed a new ultra-local model-based formulation, which is ex-
tended with a nominal model, and thus, an error-based ultra-local model is formed.
A tuning method has been proposed for setting design parameters, by which the
performances of the control system is increased. An extended state-space represen-
tation of the error-based ultra-local model is formulated, which serves as the basis
for Linear Parameter Varying (LPV) control design. The control algorithm has been
validated on a test vehicle through various maneuvers.
Related publications: [HaBNG22, HFS+22c, FHS+22b, HFS+22b, FHS+22a]
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6. GUARANTEED DESIGN OF OBSERVERS FOR
AUTONOMOUS VEHICLE CONTROL SYSTEMS

In the previous chapter a lateral control algorithm has been introduced, in which
the derivatives of the signals are required. In several cases, these signals cannot be
measured directly, or the sensors are not a�ordable. In order to solve this problem,
generally, estimator and observer algorithms are used. This chapter aims to propose
a framework for the design of observers, in which the model-based and the learning-
based approaches are integrated. In the literature several solutions can be found,
which use only a data-driven method (see e.g.[107]), however, in these solutions,
the stability and performances are hard to guarantee. The goal is to bridge the
gap between the observer design methods, i.e., provide guarantees on the minimum
performance level on the observation error, and similarly, provide the possibility for
improving the maximum performance level simultaneously. The role of the model-
based observer is to provide an observation, which guarantees the minimum per-
formance level. The learning-based observer aims to provide another observation,
which is potentially more accurate. The output of the learning-based observer is
taken part in the model-based observer to improve the �nal observation signal. The
contribution of this chapter is a design framework with the model-based observer
design, in which some information on the learning-based observer is incorporated.
The advantage of the method is that it is independent of the internal structure of
the learning-based observer, and thus, it can be used to provide guarantees for vari-
ous agents. During the model-based observer, a H∞ observer is designed, moreover,
in the second part of this chapter an LPV-based solution is shown. The proposed
framework is applied to an observation problem in the �eld of vehicle control, i.e.
lateral path following.

• The robust design method of the model-based observer is presented in Section
6.1. The simulation results for the proposed method are shown in Section
6.2.2.

• The LPV-based observer design, which is combined with a learning-based so-
lution is shown in Section 6.3. Finally, results for the LPV-based combined
observer are presented in Section 6.4
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6.1 Robust design of the model-based observer

In this section, the framework for the observer design is presented. The structure
of the observer, together with a controller is illustrated in Figure 6.1. The idea
behind the framework is to provide x̂, which is as close as possible to the real state
vector x of the system. Since in various industrial applications the observer is used
for control purposes, x̂ can be used for the generation of control input u through the
controller u = K(x̂). Nevertheless, the design of the observer is independent of the
control design, and thus, x̂ can be used for non-control purposes, e.g., monitoring
the operation of the system.

System

Model-based
observer

Learning-based
observer

Controller

ym

yLx̂L

x̂

u

Fig. 6.1: Illustration of the framework for observer design

In the design framework, it is considered that the input of the model-based
observer and the input of the learning-based observer can be di�erent, i.e., it is
not necessary that the measurements ym and yL be the same. The learning-based
observers can use a high number of measured signals, due to their complex and non-
linear structure. For example, in the case of environment sensing applications, the
estimation of the position of the autonomous vehicle on the road is based on camera
information, which can be considered unstructured data. However, the model-based
observers have a structure with limited complexity and thus, the number of measured
signals is also limited. Moreover, in the case of model-based observers, structured
data can be used in the process. Therefore, it is advantageous to di�erentiate ym
and yL, but the measured signals in ym can be the parts of yL.

The output of the learning-based observer is noted with x̂L, which is the estima-
tion of the state vector of the system. This information is used by the model-based
observer to improve the estimation ẋ, with which |x− x̂| is minimized. The idea is
close to the concept of Kalman-�ltering, in which innovation term is used to update
the model-based estimation. In the update process of the Kalman-�ltering, it is
considered that the measurement for the innovation is accurate, and thus, the esti-
mation is �tted to that. Despite this, in the proposed concept x̂L is considered to be
accurate in most cases, but not necessarily in all scenarios. For example, there can
be scenarios, when the output of the learning-based observer is highly inaccurate,
such as faults or rare inputs, which are highly di�erent from the samples in the
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training set. The goal of the proposed observer structure is to avoid the unlimited
increase of inaccuracy in the observation, i.e. the limitation of the error between
x and x̂ must be guaranteed. It is achieved through the model-based observer de-
sign, which provides the minimum performance level of the observer, i.e. bounds
on the observation error. Nevertheless, the learning-based observer is considered to
be designed in a way that it is able to provide accurate observation under normal
circumstances and thus, the consideration of x̂L has bene�ts on the minimization of
the error |x − x̂|. Using this, the maximum performance level of the observer can
be improved. The decision on the accuracy of x̂L is part of the operation of the
model-based observer, whose design is detailed in the following section.

The goal of this part of the chapter is to propose the design of the model-based
observer, in which the output x̂L of the learning-based observer is incorporated.
The model-based observer design is based on the robust H∞ method, with which
a guarantee of the error of the observation can be provided. Moreover, the design
of the observer is extended with the design of a robust controller for closed-loop
purposes, which results in an output-feedback H∞ controller with guarantees.

The designed model-based observer must perform the following features.

• The model-based observer must provide an observation x̂, with which the
observation error (x − x̂)2 is minimized. It requests an accurate model of
the process and the measurement ym. Moreover, the observation is improved
through x̂L.

• The model-based observer must decide on the acceptability of x̂L, i.e. the
operation of the learning-based agent is free of faults and unknown samples.
This feature through the robust design is achieved.

The model for the observer design is based on the state-space representation

ẋ = Ax+B2u, (6.1a)

ym = C2x; (6.1b)

where A,B2, C2 are matrices, x represents the state vector of the system with n
states and u is the control input. The goal of the observer is to minimize the
di�erence between the states of the system and the estimated states, such as

lim
t→∞

(x(t)− x̂(t))2 → min. (6.2)

Thus, it is requested to �nd an observer matrix L which is able to minimize the
objective (6.2). The structure of the observer, which contains L and the model of
the systems is formed as

˙̂x = A(x̂+ ∆) +B2u+ L(ym − C2x̂), (6.3)
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where ∆ vector is the improvement based on the learning-based estimation x̂L. The
values in ∆ is formed as follows. The values in ∆ = [∆1 . . .∆i . . .∆n]T are bounded
by prede�ned values ∆min,i,∆max,i, such as

∆i = max

(
min

(
x̂i − x̂L,i; ∆max,i

)
; ∆min,i

)
, ∀i ∈ n, (6.4)

where max,min functionals represent the selection of the higher or lower values and
index i for x̂L,i, x̂i represents the elements of the state vector. It means that ∆
can be interpreted as a state correction from x̂L, which is bounded to avoid the
degradation of x̂ is x̂L is degraded. This means, that the signal x̂L is considered
as a bounded disturbance in the system. During the design of the model-based
observer, it is requested that the observation of the learning-based observer must
be inside of a bounded range of the model-based observation. And thus, the model-
based observer must be robust against the bounded disturbance. Consequently, the
maximum observation error, i.e., the minimum performance level of the observer is
guaranteed by the H∞ design.

From the aspect of the observer design, the vector of ∆ and u can be handled
as known disturbances, which means that the model for the design of the observer
is transformed as

˙̂x = Ax̂+B1w + L(ym − C2x̂), (6.5)

where B1 = [A B2] and w = [∆ u]T . Since the goal of the observer is to minimize
the error in (6.2), the objective of the observer design is formed as the minimization
of the cost function

Jo =
1

2

∞∫
0

(zTo Qozo + lT rol)dt, (6.6)

where the minimization of z0 = C1,ox− x̂ is the performance criteria of the observer
with the identity matrix C1,o = eye(n), l = L(ym − C2x̂) is the control signal for
the correction in the observer, Qo is weighting matrix, which expresses priorities
between the performances and ro is scalar weight for the correction.

The design of the observer is based on the solution of the algebraic Riccati
inequalities [108], such as

AY + Y AT + Y (γ−2CT
1,oQ

−1
0 C1,o −

1

r0

CT
2 C2)Y +B1B

T
1 < 0, (6.7a)

Y > 0, (6.7b)

where Y is a symmetric matrix. γ > 0 scalar represents the upper bound of the H∞
norm of the transfer function from w to the observation performance z0. The goal
of the observer design is to minimize γ, i.e. γ < 1 to achieve robustness against the
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disturbances. The result of the minimization is Y , from which the observer matrix
for (6.3) is created, such as

L =
1

r0

C1,oY. (6.8)

The computation of Y , L is based on a minimization process. The goal is to �nd
the minimum of γ, where the Ricatti inequalities (6.7) has Y solution. In practice,
the minimum of γ can be found through an iterative process, e.g., line-search.

Since in several industrial problems the observers are used for control purposes,
the joint design of the robust H∞ controller and observer is presented. The goal of
the control design is to minimize the quadratic cost function

Jc =
1

2

∞∫
0

(zTc Qczc + uT rcu)dt, (6.9)

where in zc = C1,cx vector with C1,c matrix the performances of the control system
are formed, Qc is the weighting matrix for creating priorities between the control
performances and rc scales the control input (u).

The robust H∞ design process of the observer and the controller is based on joint
Riccati inequalities, which is formed as follows [108]:

ATX +XA+X(γ−2BT
1,oB1,o −

1

rc
BT

2 B2)Y + C1,cQ
−1
c CT

1,c < 0, (6.10a)

AY + Y AT + Y (γ−2CT
1,oQ

−1
0 C1,o −

1

r0

CT
2 C2)Y +B1B

T
1 < 0, (6.10b)

Y > 0, X > 0, ρ(XY ) ≤ γ2, (6.10c)

where X is a symmetric matrix. Thus, in this case, the minimization of γ is con-
strained by �ve inequalities, i.e. it is necessary to �nd γ < 1 where X, Y exists. The
control input of the system is computed as u = −Kx̂, where the controller matrix
K is derived as

K =
1

rc
BT

2 X. (6.11)

The result of the γ minimization is the L and K matrices, with which the con-
trolled system can be formulated. Figure 6.2 illustrates the implementation of the
controlled systems with the observer. In the block ∆ generation the rule (6.4) is
implemented.

6.2 Application of the observer design to a vehicle control problem

In the rest of the section, the proposed observer design framework for a vehicle
control problem is applied. The goal of the observer is to provide a precise lateral
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-

++ + +

Fig. 6.2: Scheme of the implementation of the observer and the controller

velocity value (vy) for the path tracking control, if the yaw-rate (ψ̇) and the lateral
error of the vehicle from the path ey = y − yref are measured. The model-based
representation of the system is based on the two-wheel bicycle model of a medium-
size passenger car (3.21). The state vector is xT = [ψ̇, vy, y]. In the design of the
observer and the controller v = 20m/s constant longitudinal velocity is considered.
The performance of the controller is formed as

zc = ey = y − yref = C1,cx− yref , (6.12)

where yref is the reference position of the vehicle. Since yref reference signal can be
handled as a disturbance in the system, which o�sets the value of y for the controller,
it is not considered directly in the design of K.

The computation of the control input (u) requires the observation of the state v̂y
and thus, the performance criteria of the observer design is to minimize (v̂y − vy)2.
The further states, such as ψ̇ and y are considered to be measured. In the imple-
mentation of the controller and the observer, the coordinate system of the vehicle is
handled to move together with the vehicle. It results in that the lateral position of
the vehicle in the implementation of the controller is equal to the measured lateral
error ey. Thus, for implementation purposes, the vector of the measured signal is
yTm = [ψ̇, ey].

The ∆min,i,∆max,i values for the generation of ∆ signal are selected with the same
absolute values, such as |∆min,i| = |∆max,i|, ∀i ∈ n. The value for vy is ±0.15m/s,
for ψ̇ it is ±0.1rad/s and for ey it is ±0.2m.

The result of the γ minimization is illustrated in Figure 6.3. The initial value
of the candidate γ value is 100 and the achieved minimum value is 0.4028, see step
14. During the minimization process in step 9 with the candidate γ value 0.3906
the minimization failed, i.e., X, Y matrices cannot exist. Since the value in step 14
is close to the value in step 9, it can be selected as a minimum for γ. The achieved
γ value guarantees the robustness of the system due to γ < 1.
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Fig. 6.3: Convergence of the γ minimization

6.2.1 Training of the learning-based observer

In the vehicle control example, a neural network-based observer is implemented
in order to increase the accuracy of the estimation process. The goal of the learning-
based observer is to provide an estimation on x̂L, which is carried out through the
following signals, which can be measured by the onboard sensors of the vehicle. Dur-
ing the data generation several simulations, in which the steering angle of the vehicle
was randomized within the reasonable region, are performed in IPG CarMaker. Us-
ing the measured dataset, the neural network is trained using a supervised learning
technique, see Subsection 2.4.5.

Since the accuracy of the estimation process can be increased by considering
past values, the neural network-based observer takes into account the actual and 3
past values of the measured attributes. The sampling time of the past values can be
determined using spectral analysis [109]. During the data generation, which is used
for training purposes, several requirements must be met. The whole data collection is
carried out so that the resulting dataset meets the diversity requirements. Moreover,
during the data generation process, the entire dynamical range of the vehicle is
covered. Training with an inappropriate dataset causes the loss of the generalization
ability of the given neural network. Furthermore, this property can also be lost if
the structure of the network or the number of neurons is chosen inappropriately.
Moreover, during the choice of the training process, under�tting and also over�tting
must be avoided. Generally, under�tting can be caused by a too simple model or
inappropriate dataset and input signals. Over�tting means that the neural network
provides accurate results for the training dataset, but the neural network gives poor
results for new data points. In Figure 6.4 an example can be seen for the results
of the estimation process with various numbers of neurons in the hidden layers (n1-
�rst hidden layer, n2- second hidden layer). It can be said that by increasing the
number of neurons, a better estimation accuracy can be achieved. However, using
too many neurons leads to over-�tting, which greatly decreases the usability of the
network. As a result, Table 6.1 summarizes the main parameters of the neural
network with the lowest sum of error value, i.e. the selected number of neurons
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and the types of the activation function. The training process is performed using
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Fig. 6.4: Results of neural networks with di�erent parameters

a backpropagation algorithm, and parameters of the neural network are calculated
using the Levenberg-Marquardt optimization process.

Parameters of the neural network
1st hidden layer 2nd hidden layer

Number of neurons 20 15
Activation function ReLU log-sigmoid

Tab. 6.1: Parameters of the trained neural network

6.2.2 Simulation results

Finally, the e�ectiveness of the proposed observer design framework is presented
through a comprehensive simulation example. The simulations are performed in
CarMaker, in which the vehicle is driven along a prede�ned path. Two di�erent
cases are compared during the simulations. In the �rst case, the measured signals
of the sensors on the vehicle are considered to be accurate. But, in the second case,
additional noise with a high value is added to the measured signals to simulate the
case, when the learning-based observer can provide inaccurate x̂L. The goal of the
simulations is to show that through a learning-based observer the state observa-
tion process can be improved furthermore, the proposed design framework provides
guarantees if the output of the learning-based observer is degraded.

In Figure 6.5(a) the reference trajectory of the vehicle can be seen, which is
based on the data of a section of Hockenheimring, Germany. The steering angle,
which is provided by the resulted controller K, is shown in Figure 6.5(b). During
the simulation example, the longitudinal velocity of the controlled vehicle is set to
50km/h.
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Fig. 6.5: Control input and the reference trajectory during the simulation example

In Figure 6.6 the yaw-rate of the vehicle is depicted. The �gure shows that
the measured yaw-rate signal is quite noisy. Using the proposed observer, which is
augmented with the results of the neural network, the obtained yaw-rate value can
be used during the lateral control of the vehicle. Thus, the impact of the noise on
the control performance can be reduced through the proposed method.
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Fig. 6.6: Yaw rate of the vehicle

In Figure 6.7(a) the estimated lateral velocities can be seen. The real value of
the lateral velocity is represented with the black line and the red line illustrates
the results of the model-based observer. Moreover, the lateral velocity provided by
the observer, which is extended with the neural network, is shown with the blue
line. It can be seen, that using the proposed observer structure, the results of the
estimation process are more accurate compared to the purely model-based solution.
Furthermore, it can be said that the choice of ∆min,∆max has a high impact on the
results. In the cases when the neural network provides more accurate results than
the model-based observer, the estimation accuracy can be highly increased. But,
when the neural network provides poor results, avoiding inaccuracy of the state
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observation process can be guaranteed by the robust H∞ design of the model-based
observer. In Figure 6.8(a) a statistical analysis, i.e. a histogram is presented for the
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Fig. 6.7: Comparison of the model-based and neural network-based results

illustration of the e�ectiveness of the observer. In the histogram, the probability
values of each estimation error on vy are illustrated. The blue bars represent the
results of the proposed method, in which the outputs of the neural network are taken
into account. The statistical analysis con�rms the conclusions of the simulation
results. In the second example noises with high values on the measurements are

(a) Comparison between the methods
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Fig. 6.8: Comparison between the model-based and the combined estimation

added, which leads to the inaccurate operation of the learning-based observer. The
result of the observation on vy is shown in Figure 6.8(b). It can be seen that in
this case the error between x̂L and x is signi�cantly increased and thus, x̂ 6= x̂L in
most of the simulation. Nevertheless, the degradation of the observation process is
limited, due to the limitation of ∆.

The statistical analysis through the plot of the histogram on the results of the
second simulation is found in Figure 6.9(a). It shows the main bene�t of the method,
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i.e. the guarantee on the estimation error. In the case of the proposed method, the
plot of the histogram is bounded, while without the limitation of ∆ the neural-
network-based observer leads to a �atter plot without limits on the error.

(a) Histogram on the observation error (b) Histogram on the tracking error

Fig. 6.9: Histogram on the observation and on the lateral tracking error

Since in the proposed example the observed state x̂ is used for control purposes,
the impact of the observation accuracy on the tracking performance is examined.
Figure 6.9(b) shows the histogram of the absolute value of the lateral tracking error
in the case of the second scenario. It can be seen that the proposed method results in
a reduced lateral error with increased probability, compared to the simulation with
the learning-based observer. The improvement is around ≈ 25% if |ey| < 0.05m.

6.3 LPV-based observer design combining machine learning-based

solution

In this section, a novel observer framework is presented, in which the results of
the traditional approach are combined with a machine-learning-based solution. In
the proposed solution, the traditional observer design is based on an LPV method,
which can handle the nonlinearities of the system. Using the results of the machine
learning-based observer the performances are improved and simultaneously the reli-
ability is guaranteed by the LPV-based solution. The main bene�t of the proposed
observer is that the whole structure is independent from the internal structure of
the machine learning-based part, only input and output information are taken into
account. Nevertheless, in this approach, the observer design method is based on a
linear model, which limits the usage of the method.

6.3.1 LPV-based observer design

LPV framework provides a powerful tool to observe and control high nonlinear
systems while preserving the linear-like structure of the system. Considering the
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following state-space representation:

ẋ = A(ρ)x+B(ρ)u (6.13a)

y = C(ρ)x+Dω (6.13b)

where x is the state vector, y denotes the measured output, ω is the measure-
ment noise, and A(ρ), B(ρ), C(ρ), D are the state matrices, which depend on the
scheduling-vector ρ. The main goal of the observer design is to minimize the error
function of the real states x and estimated states x̂:

e = x− x̂, |e| → min! (6.14)

The estimated state-vector x̂ can be formulated as [110]:

˙̂x = A(ρ)x̂+B(ρ)u+ L(ρ)(C(ρ)x̂− y) (6.15)

where L(ρ) is the scheduling-vector-dependent observer gain, which must be ob-
tained by the design process. Substituting (6.13) and the estimated system (6.15)
into (6.14) the following LPV system can be derived:

T (ρ)ze,ω

{
ė = (A(ρ) + L(ρ)C(ρ))e+ L(ρ)Dω,

ze = C(ρ)e,
(6.16)

where ze represents the performance equation of the observer. After reformulation,
the following system representation is yielded:

T (ρ)ze,ω :

{
ė = Ã(ρ)e+ B̃ω,

ze = C(ρ)e,
(6.17)

where Ã, B̃ can be computed as: Ã = A+ LC and B̃ = LD.
The goal of the observer design is to minimize the impact of the disturbance

ω on the observation performance ze. Thus, in the LPV design, it is requested to
minimize the L2 norm of the closed-loop system from ω to ze, such as

inf
L(ρ,ym)

sup
ρ∈%

sup
‖ω‖2 6= 0,
ω ∈ L2

‖ze‖2

‖ω‖2

, (6.18)

where ym contains the measured signals and % covers the range of the scheduling
variable. The observer design problem can be solved by using LMI or Lyapunov-
based approaches [111]. The LPVTools toolbox is used to design the LPV observer
[112]. Through the implementation of the observer design, the dual state-feedback
problem is solved, and thus, the induced L2 norm of the error in the state-estimate
is minimized.
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6.3.2 Structure of the integrated observer

In the rest of this section the structure of the combined observer, which contains
the learning-based and the LPV-based observers is proposed, see Figure 6.10. The
idea behind the formulation is that the learning-based estimator may provide an
accurate estimate. However, sometimes it may provide unexpected output due to its
unknown underlying functions and the inappropriate dataset, which is used during
the training process. Therefore, the main goal of the state update process is to
decide whether the output of the agent-based estimator is acceptable or not. The
updated estimate can be used as an input of a full state feedback controller as shown
in Figure 6.10.

Controlled 
system

Agent-based 
observer 

LPV-based 
observer 

LPV-based 
observer 

Convergence 
check 

Control 
system 

Fig. 6.10: Structure of the observer

The state estimate at t−n timestamp is denoted by the x̂m(t−n), and x̂a(t−n)
is the updated state estimate using the outcome of the agent-based observer at the
same timestamp. Furthermore, ym denotes the measured state variable, and xall is a
measurement vector, which contains those measurable variables, which are required
by the agent-based observer.

Using the estimates x̂a(t − n) and x̂m(t − n) as initial condition the estimates
ŷa and ŷm of the measurable output are computed for the time horizon n by the
LPV-based observer. This process can be found in the convergence check part of
the structure. The goal is to measure the deviation between the computed output
signals (ŷa, ŷm) and the measured output (ym) in a time horizon n. In order to
evaluate the accuracy of the agent-based observer at t − n, the convergence of ŷa
and ŷm are checked in the following way:

ea = ym − ŷa, (6.19)

em = ym − ŷm, (6.20)

where ea ∈ R1×n and em ∈ R1×n are the error vectors of the measured output ym and
the estimated ones ŷa and ŷm. The state update is based on these error functions
using a weighting function such asW = [ω1, ..., ωn], which represents the importance
of the errors during the time horizon. In the recent solution, the state vector using
the output of the agent is updated if it results in a reduced estimation error on n
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compared to the estimation error on n without the agent. Formally, the state vector
can be updated when the following condition is satis�ed:

if |ea|W T < |em|W T ,

then x̂(t) = x̂a(t).

It must be noted that the choice of the weighting function W can be a crucial point
of the algorithm because it must guarantee the convergence of the estimation. For
example, if ωi = 1, i ∈ [1;n], all of the errors have the same priorities. In practice,
it is recommended to use ascending weights (ω1 ≤ ω2 ≤ ... ≤ ωn), which results in a
more strict constraint on the convergence. If the previous condition is not ful�lled,
the output of the agent in the actual estimation step is eliminated.

It is important to note, that in the case of single-input single-output (SISO)
systems, the error calculation is carried out for only one state of the given system.
Moreover, taking into account more complex systems (e.g. multiple-input multiple-
output (MIMO)), the choice of the weights may have a greater e�ect on the result.
This phenomenon can be explained by the fact, that in that case, several estimated
and measured signals are considered simultaneously. Using the appropriate choice
of the weights for MIMO systems, several e�ects can be handled such as range
di�erences of the states. In this chapter, SISO systems are examined but a future
research challenge can be the extension of the proposed method to MIMO systems.

6.4 Simulation example for a vehicle-oriented problem

In this section, the e�ciency of the proposed observer algorithm is presented
through an automotive example. The goal of the observer is to estimate the lateral
velocity of the vehicle, which cannot be measured directly. The proposed algorithm
is validated in the high �delity simulation software, Carsim. Using the presented
model (3.21) and the longitudinal velocity (vx) a state-space representation can
be derived, in which the state vector: xv = [vy, ψ̇], and the control input of the
system is uv = [δ] the steering angle. Moreover, in the vehicle-oriented example,
the longitudinal velocity (vx) is the scheduling parameter of the LPV model. This
scheduling variable is divided 20 grid points using equidistant resolution. The LPV-
based observer is based on this gridded system and computed by the presented
technique (6.18). Moreover, the learning-based observer is also used, which has
been trained previously.

In the followings, a simulation example is given to show the e�ciency of the
proposed observer algorithm. The vehicle is the same, as used in the simulations for
training the neural network. Furthermore, the vehicle is controlled by a full state
feedback controller, which uses the estimated states from the observer. Moreover,
for controlling the lateral motion of the vehicle, a model-based optimal controller is
designed, which guarantees the tracking of a prede�ned path, see [113].

The longitudinal velocity of the vehicle varies between vx ∈ {10−17}m/s during
the simulation as shown in Figure 6.11(a). It means the simulation almost covers the
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Fig. 6.11: Longitudinal and the estimated lateral velocity

whole operation range of the LPV model. Figure 6.11(b) shows the estimates of the
lateral velocity. The red line represents the reference signal from the CarSim, the
purple dashed line shows the output of the neural network, the yellow line illustrates
the result of the LPV-based observer while the blue line shows the outcome of the
proposed observer. As it can be seen the LPV-based observer provides a relatively
good estimation however it has a signi�cant error, especially at high vy values. The
agent-based observer gives accurate results apart from the sections: t = {15− 20}s
and t = {86 − 89}s. The reason behind these errors is unknown, however, it can
be handled by the proposed algorithm. In that sections, the observer drops the
estimate from the agent-based observer and starts using the LPV-based algorithm.
In this way, the stability of the closed-loop system can be maintained while providing
accurate estimation at other segments.
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Fig. 6.12: Yaw-rate estimation and the steering angle of the vehicle

Figure 6.12(a) shows the measured and the estimated yaw-rate signals. As it
can be seen the measurement contains signi�cant noise, which can be attenuated by
the proposed observer. The estimate of the yaw-rate is less accurate at high values.
It must be noted, that the observer only estimate the lateral velocity, the yaw-rate
signal is not updated. Finally, Figure 6.12(b) illustrates the steering angle of the
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vehicle. As mentioned, the steering angle is computed by the full state feedback
controller, which uses the estimated states x̂ from the proposed observer. As the
�gure shows, the update process has no signi�cant e�ect on the computed steering
angle. Therefore, the stability of the vehicle can be guaranteed during the update
process.

Thesis 5 I have developed two novel observer design frameworks on state estima-
tion problems of dynamical systems. In the �rst method, the neural-network-based
observer is combined with a robust H∞-based observer, which guarantees a min-
imum performance level on the estimation error. The combined observer design
method is extended with a model-based controller, which leads to a joint robust
H∞ controller-observer design. Moreover, in the second solution, an observer de-
sign method is proposed, whose novelty is that the learning-based observer and an
LPV-based observer in a joint observer design structure are incorporated. Through
vehicle-oriented examples, the e�ectiveness of the proposed solutions is illustrated.
Related publications: [NHG21, FHNG21a, HN20, HFS+22a]



7. CONCLUSIONS

7.1 Conclusions and further challenges

This thesis has focused on decision-making and control design for overtaking
problems of autonomous vehicles. In the �rst part of the thesis, two approaches have
been shown for the decision-making process. In the �rst approach, the motion of the
surrounding vehicles is predicted using the previously saved dataset along a short
time interval. Using the results of the motion prediction, clothoid-based feasible
trajectories have been designed. The second solution focuses on e�ectively managing
the variable number of tra�c participants and additional e�ects. The graph-based
solution can be easily adapted to the given tra�c scenario. Moreover, using the
results of the algorithm, a machine-learning-based solution has been presented. In
order to guarantee the performances of the proposed decision-making approach,
a control framework has been introduced. Further challenges of this part of the
dissertation include the validation process of the algorithms in a real test vehicle.
Moreover, the goal is to use the proposed methods for other tra�c situations such as
roundabouts and intersections. In the second part of the dissertation, the control-
related problems have been investigated for autonomous vehicles. In the model-
matching approach, the additional control input has been calculated by a neural
network, which used the measurable states of the vehicle. During future research,
the proposed iterative algorithm will be replaced by an online solution, in order to
increase the applicability of the approach. The ultra-local model-based method is
similar to the previous approach, however, in that case, the additional control input
is calculated using the output of the system and the reference signals. The advantage
of the method is that it does not require a high amount of data, but, the derivatives
of the signals must be calculated, which can be a challenging task. The proposed
control structure has been implemented on a test vehicle, with which several test
scenarios have been performed. Although an extended state-space representation
for the modi�ed control structure has been introduced, future research will focus
on the computation of the ultra-local model, and the integration of the modi�ed
structure into the control structure. Finally, a machine-learning-based estimation
method has been proposed, in which the classical and the learning-based solutions
are combined. Using this approach, the ALIEN �lters can be replaced in the ultra-
local model-based control structure. Using the estimation method and the proposed
control structure, the �nal goal is to test the whole system on a real test vehicle.
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7.2 New scienti�c results

Thesis 1 I have developed two decision-making algorithms for overtaking strategy
of autonomous vehicles. In the �rst method the motions of the surrounding vehicles
using probability density functions are predicted. The proposed overtaking strategy
includes decision-making and trajectory generation methods. The trajectory gener-
ation method is formed as a constrained optimization task, considering the results
of the decision-making method. In the second method, the decision-making and
trajectory generation methods in one layer are merged. As a result of the merging
increased a number of performance criteria during the method can be guaranteed,
e.g., the level of traveling comfort can be increased. The decision-making methods
are implemented in high-�delity vehicle dynamics simulation software in order to
show the e�ectiveness of the proposed method.

Related publications: [NGH18, NHG19, HNG19, HNG21a, HNG21b]

Thesis 2 I have developed a graph-based decision-making algorithm, by which
the several e�ects (e.g., position of the center-line, di�erent sizes of the tra�c par-
ticipants) can be taken into account e�ectively during the evaluation of the given
tra�c scenario. In the �rst step the method predicts the motions of the surround-
ing vehicles, and second, it generates a graph on the given prediction horizon, for
the evaluation of the scenario. Finally, a machine-learning-based decision-making
method is developed to reduce the complexity of the graph-based solution. In this
method, a design architecture is proposed, by which the minimum performance level
of the machine-learning-based solution can be guaranteed through the combination
of robust control design and a learning-based agent. The e�ectiveness of the method
in high-�delity vehicle dynamics simulation software is illustrated.

Related publications: [HNG20b, HNG20c, NHG20, HNG20a]

Thesis 3 I have developed a novel neural-network-based closed-loop matching
method, whose goal is to eliminate the e�ects of nonlinearities and uncertainties.
In the control structure, the neural network in an inner loop can be found. Using
the measurable signals of the nonlinear system, the neural network computes an
additional control input, with which the operation of the inner loop is matched
to the operation of the nominal, linear model. Furthermore, a robust H∞-based
reference tracking control is designed, which handles the error of the neural network
matching and guarantees accurate tracking performance. Finally, the e�ectiveness of
the proposed method through a trajectory tracking problem of autonomous vehicles
is illustrated.

Related publications: [HFNG21, FHNG21b, HNG21a]

Thesis 4 I have developed a new ultra-local model-based formulation, which is ex-
tended with a nominal model, and thus, an error-based ultra-local model is formed.
A tuning method has been proposed for setting design parameters, by which the
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performances of the control system is increased. An extended state-space represen-
tation of the error-based ultra-local model is formulated, which serves as the basis
for Linear Parameter Varying (LPV) control design. The control algorithm has been
validated on a test vehicle through various maneuvers.

Related publications: [HaBNG22, HFS+22c, FHS+22b, HFS+22b]

Thesis 5 I have developed two novel observer design frameworks on state estima-
tion problems of dynamical systems. In the �rst method, the neural-network-based
observer is combined with a robust H∞-based observer, which guarantees a min-
imum performance level on the estimation error. The combined observer design
method is extended with a model-based controller, which leads to a joint robust
H∞ controller-observer design. Moreover, in the second solution, an observer de-
sign method is proposed, whose novelty is that the learning-based observer and an
LPV-based observer in a joint observer design structure are incorporated. Through
vehicle-oriented examples, the e�ectiveness of the proposed solutions is illustrated.

Related publications: [NHG21, FHNG21a, HN20, HFS+22a]
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APPENDIX





A. MOTION PREDICTION OF THE SURROUNDING VEHICLES

In this appendix, the computation of the density functions is detailed, which can be
used during the motion prediction of the surrounding vehicles. This work is based on the
widely used The Next Generation Simulation (NGSIM) dataset [114]. The data set consists
of videos and other information on the participating vehicles such as their longitudinal
and lateral positions, velocities, and acceleration values using the sample time Ts = 0.1s.
Furthermore, the length of the observed section is approximately 640m and consists of
5 lanes. The whole video is recorded on a freeway in Los Angeles, California. Several
researches are dealing with the evaluation of this dataset [115], [116]. In this research, only
the position data of the vehicles are used, and in the �rst step, it is �ltered using a median
�ltering process. In the following subsections, the evaluation of the possible longitudinal
and lateral motions of the vehicles is presented.

A.1 Evaluation of the NGSIM data

Firstly, from the whole dataset the cases, when one vehicle overtakes another one
is collected. Since the measured data is inaccurate, the collected trajectories are noisy.
Therefore, feasible trajectories are �tted to the measured overtaking path. It can be
said that one trajectory is feasible when the curvature of the trajectory is continuous
and bounded. The path is divided into four clothoid sections with similar parameters.
The computation of the lateral acceleration alat during the maneuver is proposed in [59].
Through the formulation of alat the trajectories of the vehicle at v0 initial velocity are
generated. The coordinates of the smooth trajectory can be formulated as [64].

x(s) = α
√
πC(

s√
π

)

y(s) = α
√
πS(

s√
π

)
(A.1)

Where S(x) and C(x) denotes the Fresnel sine and cosine and α is the scaling factor.
C(L) =

∫ L
0 cos(πt

2

2 )dt, S(L) =
∫ L

0 sin(πt
2

2 )dt Using these formulas the smooth trajec-
tory can be built by clothoid segments, which guarantees the feasibility. Every trajectory
is divided into 4 segments, where the sharpness parameter (α) characterizes the given
segment. In the followings, these trajectories are used to evaluate the overtaking trajecto-
ries. The maximum curvature of the given segment can be computed using the following
equation

κm = slα (A.2)

Where sl is the length of the given segment.
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Lateral acceleration

One of the most important steps during the evaluation is to determine the start and
the end points of the overtaking trajectories. The maximum value of the curvatures can
be calculated as it is described below. Using Equation A.1 feasible trajectories are �tted.
In the following �gures 4 overtaking trajectories and the computed smooth trajectories are
depicted.
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Fig. A.1: Comparing the raw data to the smooth trajectories

Using the determined curvature value, and the longitudinal velocity of the vehicle, the
maximum lateral acceleration can be computed. The given trajectory is characterized by
the maximum value of the lateral acceleration. The velocity value which is calculated from
the raw data can be highly noisy. Furthermore, the accelerations of the vehicles, calculated
from the raw dataset, may be unrealistic. Therefore a �ltering algorithm is applied, which
is detailed in the following subsection.

A.2 ALIEN �lter

After pre�ltering the dataset the so-called ALIEN �lter [102] is used to estimate the
velocity (1st derivative) and acceleration (2nd derivative) pro�le of each vehicle. The com-
putation of the �rst derivatives can be performed using the following equation.

vest =
6

T 3

∫ T

0
(T − 2τ)x(τ)dτ (A.3)
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The acceleration which is equivalent to the 2nd derivative, can be computed as.

aest = − 5!

2T 5

∫ T

0
(−T 2 + 6Tτ − 6τ2)x(τ)dτ (A.4)

where τ > 0 must be chosen small and x(t) denotes the longitudinal position of the vehicle
and T gives the time window of the �lter.

Since the implementation of the following equations cannot be solved in practice, the
following method [102] can be used to approximate the derivatives. The computation of
the numerical solutions of (A.3), (A.4) are based on the Simpson's rule. In this case,
the three points method is used to calculate the 1st derivative, and the 2nd derivative is
approximated using the �ve points method. can be performed using the following equation.

• Three points method∫ b

a
f(x)dx ≈ b− a

6

(
f(a) + 4f

(a+ b

2

)
+ f(b)

)
(A.5)

• Five points method∫ b

a
f(x)dx ≈ b− a

90

(
7f(a) + 32f

(a+ b

4

)
+ 12f

(2(a+ b)

4

)
+ 32f

(3(a+ b)

4

)
+ 7f(b)

)
(A.6)

Finally, the computation of the derivatives results in the following equation:

xder =

n∑
i=1

cxix(k + 1− i) (A.7)

Where x is the position values of the vehicles, n gives the number of the data points,
with which the derivative is computed and k provides the kth time step. cxi is the coe�cient
computed from Equation (A.2), (A.6). The sampling time of the raw data is T = 0.1s.

Density function for lateral motion prediction

The prediction method of the lateral motion of the surrounding vehicles is presented.
During the computation of the density functions, the previously computed feasible tra-
jectories and the longitudinal velocity of the vehicles, which are provided by the �ltering
algorithm, are used. As it is described below, the lateral acceleration characterizes the
overtaking scenarios. During the determination of the density functions nearly 300 over-
taking trajectories are selected from the whole NGSIM dataset, and at the same time, the
velocity pro�le of the vehicles are saved along the given segment. Assuming the kinematic
bicycle model, the lateral acceleration of the vehicle can be computed and its maximum
value of it can be calculated.

acp,max = κmaxv
2
long (A.8)
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Where κmax is computed using Equation (A.2).The stochastic motion of the vehicle
is determined using Gamma distribution function [117], which widely used in the �eld of
predictions [118], [119]. The advantage of this distribution is that it can be used for several
motion models and it is easy to implement.

flat(x, α, β) =
βαxα−1e−βx

Γ(α)
, (A.9)

where x > 0 and α > 0 are the shape parameters and β > 0 is the rate parameter. The
gamma function Γ(α) in the denominator is formed as

Γ(α) =

∞∫
0

xα−1e−xdx. (A.10)

For α ∈ N the gamma function is simpli�ed to the expression Γ(α) = (α − 1)! In the
following �gures, the density and distribution functions are shown.
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Fig. A.2: Density and distribution function of the lateral accelerations

The probability can be computed between two lateral acceleration values as: P (al ≤
x ≤ au) = F (au) − F (al). Where F is the distribution function. Using (A.1) the length
of the possible trajectories can be determined, since the velocity of the other vehicles are
measurable. The presented density and distribution functions, computed to the lateral
accelerations, are similar to previous ones which can be found in the following research
[120]. In [121] the authors determine the upper bound of the comfort level of the lateral
acceleration to 3.6m/s2. Considering the density functions, it can be said, that the proba-
bility of that cases when the lateral acceleration is below the comfort level is more than 90
%. These results can be used, to determine the optimal lateral acceleration value during
a lane change maneuver. The choice of this value is crucial, because if this value is chosen
to be above a certain bound, the maneuver does not meet the comfort criteria. Otherwise
it takes too long to get to the other lane, which is unsatisfactory from the safety point of
view.
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Density function for longitudinal motion

In the next step the longitudinal motion of the vehicles are predicted. The computation
of the density function is based on the results of the ALIEN �lters. Firstly, a start point is
selected randomly on the given road segment. The current longitudinal acceleration (ac)
value is saved and assumed, that the vehicle moves with it along the whole segment. The
given horizon is prede�ned and the length of it is set to T = 8s. The whole horizon is
divided into 10 equidistant segments t ∈ [t1, t2...tn], n = 10. The acceleration values at the
previously de�ned time step ti are saved and compared to the acceleration value at the
start point (ac). The di�erence between them are recorded ad,i = ac − a(ti), i = 1..10.
During determination of the density function associated with the longitudinal motions the
whole dataset is used unlikely to the lateral case.
The data, which is provided by the ALIEN �lter, is divided into disjoint sets (A) accord-
ing to the initial acceleration values. ad,i ∈ Aj , if ad,i ∈ {Al,jAu,j} and ad,i /∈ Aj+1 if
k = 1...n, Al,k > Al,k+1 and Au,k < Au,k+1. Where Al and Au denotes the lower and
upper bounds of the given set. To predict the possible longitudinal motion of the vehicles,
Gaussian density functions are calculated to the previously computed sets. The well known
density function can be formulated as:

fk,i(x) =
1

σ
√

2π
e−

1
2

(x−µ
σ

)2
k = 1...n (A.11)

Where k denotes the kth prediction time step, and i gives the ith set according to the initial
acceleration as it is described below. Using these, the possible reachability areas can be
determined, and also the probability of collisions during the decision making process. In
the following �gures the density functions are presented.
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Fig. A.3: Density functions

In Figure A.3(a) the density functions are depicted where the bounds of accelerations
are set to Al = −0.25m/s2, Au = 0.25m/s2. In the right side of the pictures the results are
shown, in which the bounds are set to Al = −1m/s2, Au = 1m/s2. Note that at increased
acceleration values, the uncertainty increases as well. The time step is set to ti = 0.8s. As
it can be seen the �rst values belonging to the �rst time steps are not presented, since the
values of the density functions are high and the other values would not be clearly visible.
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B. DETERMINATION OF STABILITY AND PERFORMANCES

The reachability sets of a dynamical system can be de�ned as: It given is a continuous-
time system ẋ = f(x(t), t) + b(u(t), t) with initial condition x(0) = 0. It is considered the
set of reachable states with inputs u whose components have unit-energy uTu ≤ 1 as [93]:

R ,

{
x(T )

(x(t), u(t)) ẋ(t) = f(x(t), t) + b(u(t), t),

x(0) = 0, uT (t)u(t) ≤ 1, T ≥ 0

}
(B.1)

The computation of the reachability sets is a challenging problem, especially for highly
nonlinear systems. The computation becomes more di�cult in cases, where a neural
network-based algorithm is involved in the closed-loop system. Therefore, a data-driven
reachability set computation is used. Brie�y, the algorithm divides the dataset into two
main groups (acceptable Rac,s and unacceptable Runac,s instances). If the given instance
satis�es the following inequality, the current measurement is labeled as acceptable:

− ε < |1 + α1|
|1 + δ − β − l1ψ̇

vx
|
− 1 ≤ ε, (B.2)

where ε is an experimentally de�ned parameter. Practically, the parameter of ε can be
set to a smaller value than 1. The main role of the ε is to de�ne the maximum allowed
deviation between a linear and a nonlinear system during the reachability set calculation.
Generally, it can be said that the increase of ε causes a smaller maximum deviation. More
details can be found in [46], [122]. Since some of the variables cannot be measured
directly (or accurately) e.g. side-slip angle, a machine-learning-based technique is used to
determine the stability of the vehicle during its operation using only the signals, which
are available from the onboard system. Using (B.2) the reachability sets are computed
by the convex hulls of the data points, which is illustrated in Figure B.1(b). The convex
hulls represent the boundaries of the stable regions in the plane of ψ̇ and β at di�erent
longitudinal velocities vx. In the lateral control design, these reachability sets will be
used to compute the constraints of the states, by which the stability of the vehicle can be
guaranteed.

In addition to stability, it is an important aspect to evaluate the network based on its
performance in order to �lter out those instances, where the neural network provides poor
results. This means that the output of the nominal system is compared to the output of the
closed-loop (which contains the neural network) for the same input signal. The additional
steering angle is computed by the neural network, which means that the goal is to evaluate
the matching performances of the closed-loop. This classi�cation is based on the following
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Fig. B.1: Illustration of the reachability sets

criterion:

Rac,p =


accepted if − γ ≤ ψ̇

ψ̇nom
≤ γ, ψ̇nom ≥ Ψ,

accepted if ψ̇nom ≤ Ψ,

unaccepted otherwise,

(B.3)

where γ is a design parameter, which speci�es the required accuracy between the nominal
and measured yaw-rates. During the determination of the parameter γ the measurement
noises can be taken into account. ψ̇nom is the expected yaw-rate, which can be computed
from the nominal model (4.2) using the steering angle (δ) and ψ̇ is the measured yaw-rate
signal, which is provided by the CarMaker. Moreover, Ψ determines the bounds for the
computation of this performance value. Practically, it can be chosen to a value of Ψ = 0.05
rad/s.

Basically, this criterion compares the expected and the measured yaw-rate signals and
categorizes the instances using the deviation between them. The result of the categorization
is two datasets: Rac,p contains those instances, in which the presented criterion (B.3) is
satis�ed, while the subset Runac,p consists of the rest of the dataset.



C. SIMULATIONS USING CARMAKER AND MATLAB
ENVIRONMENT

In the CarMaker software, a Mercedes C-class passenger vehicle has been chosen, whose
main parameters have been set to the actual values of our proprietary test car. During
the test scenarios, the vehicle must perform a double lane change maneuver at di�erent
longitudinal velocity pro�les using di�erent parameter sets.

The classical feedback controller is selected to be an LQR. Thus, in the proposed control
structure, the control input is computed using the error-based ultra-local model (5.7) and
the LQR. The main expectation is that using the results of the error-based ultra-local
model the tracking performances can be improved. In order to validate this hypothesis,
two simulation cases are presented. During the simulation-based scenarios, the velocity is
set at 50 km/h.

In the �rst case, in the LQR problem the weighting matrices are set to Q = diag(1, 0.1
, 1000, 2), R = 0.1. The resulting controller has a low tracking performance and the goal
is to show the e�ect of the error-based ultra-local part of the control structure. In the
second case, the weighting matrices are modi�ed as Q = diag(1, 0.1, 1000, 200), R = 0.1,
which is also presented in Table 5.1. Using this controller, the tracking performances can
be signi�cantly improved in the nominal case. The goal is to demonstrate that for the real
plant the use of the error based ultra-local model can improve even a controller, which
can track the given reference trajectory accurately. During the test scenarios, the e�ect
of the error-based ultra-local model on performances is shown. For comparison purposes,
however, there are also shown the results when only the LQR is used for the calculation of
the control input.

LQR controller with insu�cient tracking performances

In the �rst case, the LQR controller with poor tracking performances is tested with
various parameters α, which are the tuning parameter of the MFC structure, with and
without the proposed error-based ultra-local model by performing the double lane change
maneuver. In Figure C.1 the lateral positions are depicted for all the tested cases.

As Figure C.1 shows the tracking performances of the controlled vehicle are not satis-
factory due to the poorly-tuned LQR controller (presented in red). Observe, however, that
the performances can be signi�cantly increased by adding the additional control input,
which is computed from the error based ultra-local model. The e�ect of the parameter α
can be also seen in the �gure: at small α, the extended controller provides slightly better
tracking performances.

In Figure C.2 the control input of the vehicle and also the measured lateral accelera-
tion are shown. The value of the lateral acceleration is the highest when α is set to 70.
Furthermore, it can be said that for lower values of α the system becomes slower. It means
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Fig. C.1: Lateral position of the vehicle

that at small α, the controller system ampli�es the e�ect of the ultra-local model while at
high α the control input relies on the baseline LQR controller.
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Fig. C.2: Results of the simulation with low performances

LQR controller with good tracking performances

Figure C.3 shows the lateral position of the vehicle during the double-lane change
maneuver. As it can be seen, the tracking performances, in all cases, are better than in the
previous cases (shown in red line). Moreover, similarly to the previous tests, the extended
controller can provide better tracking performances than the nominal LQR controller,
although the improvement is not as signi�cant as in the case of the LQR controller presented
beforehand.

In Figure C.4, which reveals that the vehicle is in the nonlinear region, the control
inputs of the system and also the lateral accelerations are depicted (for the cases when α
is set at 80 and 160). The input signals, which are calculated by the LQR controller, and
also the additional steering inputs are shown.

It can be concluded that using the proposed control algorithm, the tracking perfor-
mances can be improved in these cases as well. In the following subsection, the simulation
results are compared to the measurements which are collected from the test vehicle.
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Fig. C.4: Results of the simulation with good performances

Comparison of the simulations and the real test scenarios

In this subsection, the robustness of the proposed control algorithm is also investigated:
at the beginning of the test scenarios, an additional steering angle, performed by the test
driver of the vehicle, is added to the control signal. The additional steering angle is added
to the control input after the vehicle travels ∼ 45m. The goal is to prove that the algorithm
remains stable even when a signi�cant external disturbance occurs. This additional steering
angle is considered to be an external disturbance, which triggers the control system to
compensate for the emerging tracking error. For comparison, this disturbance is also
included in the simulations. Moreover, the vehicle travels at 14m/s during this scenario.

In Figure C.5(a) the lateral position of the real vehicle is compared to the simulated
results while in Figure C.5(b) the steering angle of the vehicle is depicted for both of the
cases. It can be seen that the simulated results of the proposed control method are close
to the measured results during the test scenarios.

In Figure C.5(b) the additional disturbance is illustrated, too. It can be seen that the
steering angle of the vehicle is nearly the same during the simulations as the measured
data. However, the disturbance is not visible in the measured signal, because the driver
overwrites the computed steering angle signal and the system does not save the external
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Fig. C.5: Measured lateral positions and the steering angles

steering angle signal.
Figure C.6 shows the control input signals. Before the double-lane change manoeuvre,

the control system starts compensating for the e�ect of the disturbance. The maximum
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Fig. C.6: Control inputs of the vehicle

value of the yaw rate exceeded 0.6rad/s during this test scenario, which means that the
vehicle is close to its physical limits. Based on the results, it can be said that the measured
and simulated signals have the same characteristics and the values are nearly the same.
Moreover, it has been shown that the controller is able to compensate for the external
disturbance.



LIST OF NOTES

LPV Linear Parameter Varying
MFC Model free control
MPC Model Predictive Control
LMI Linear Matrix Inequality
CA, CV Constant Acceleration, Velocity
κ clothoid curvature
χ matrix of the possible trajectories
G directed graph
Pa, Pw, Plane weighting functions
ψ yaw angle
β side-slip angle
m mass of vehicle
Iz yaw-inertia of chassis
αf , αr lateral slip of front/rear tyre
lf , lr distance between vehicle center of gravity and front/rear axle
Cf , Cr cornering sti�ness of front/rear tyre
y lateral vehicle position
xg longitudinal vehicle position
Md generated yaw moment
vx longitudinal velocity
vy lateral velocity
ax longitudinal acceleration
ay lateral acceleration
ωf,l, ωf,r, ωr,l, ωr,r angular velocity of the front/rear, left/right wheels
δ angle of the steering wheel
Ts Sampling time
Tp prediction time
Tss time constant of steering system
F ultra-local model
Fnom nominal ultra-local model
unom,ref nominal control input
yref reference lateral position
∆ error-based ultra-local model
J Cost function
U Control input sequence
α Scaling parameter
x̂L Learning-based estimation



z performance
h height of CoG
φ scaling factor
ρ scheduling variable
K(ρ) scheduling variable dependent controller
K Number of clusters
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