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1 Introduction 

1.1 Cord-rubber composites 

The advent of composite materials has provided the aerospace and automobile industries with the 

opportunity to achieve such favourable material properties (e. g. strength, stiffness) with low dead load 

that cannot be obtained by using single isotropic material components (e.g. steel, ceramics, polymers) 

as structural materials [1]. Several examples of composites used in ancient eras include adobe (or cob) 

and the composite bow. Adobe, which is a mixture of mud and straw, was first used by the Egyptians 

around 1500 BC as a building material. Composite bow is a ranged weapon of the Middle Ages, designed 

and used primarily by nomadic tribes (Huns, Hungarians, Mongols) of the Eurasian Steppe. It comprises 

of a wooden core, bones, sinew and animal glue. Because of high aiming accuracy and high power, it 

aided its users in gaining military superiority over their opponents for centuries. [2]  

Moreover, composite properties can also be tailored for the actual application by selecting the 

fibre orientation, layup, fibre volume fraction, etc.  

Composites are heterogeneous, multi-phase materials, produced from two or more constituents, 

which have remarkably different material properties. These constituents are merged together so that the 

composite has different material properties than the single components, which are separated from each 

other by an interface. These two components are the reinforcement and the matrix. Reinforcements 

consist of fibrous materials in various forms: as short fibre-reinforcement, continuous (long) 

unidirectional fibre reinforcement, yarns (or rovings) or woven fabrics. Most frequently utilized 

reinforcement materials are glass fibre, carbon fibre, polymer fibres (e.g. polyester). Matrix materials 

are mostly thermosets (epoxy resin or unsaturated polyester resin), or in some cases thermoplastics 

(polyethylene, polypropylene) or rubbers. 

The reinforcement carries much of the load, while the matrix keeps the reinforcement in a proper 

position, protects the reinforcement from abrasion and has an important role in load distribution. 

Engineering composite materials include asphalt, concrete, reinforced plastics, ceramic matrix 

composites, metal matrix composites. [3] 

Cord-rubber composites form a subgroup of composites, which need to meet the requirements of 

relatively high load capacity, high deformability and toughness, These materials are most frequently 

used in pneumatic tires, pneumatic and hydraulic tubes such as air brake tubes (Figure 1.1) and pressure 

vessels. 

 

Figure 1.1. Railway brake tubes mounted on railway carriages 
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1.2 Research objectives  

Composites are anisotropic materials (their material properties are different in different 

directions); furthermore, mechanical behaviour of cord-rubber composites is highly nonlinear because 

of the rubber matrix. In engineering practice, composites are most frequently analyzed by the utilization 

of numerical methods, namely Finite Element (FE) methods, in which material models of composite 

reinforcement layers is orthotropic, homogeneous, linear elastic. The resulting material properties are 

weighted averages of the material properties of the components, the magnitude of the weights depend 

on the fibre volume fraction. Composites can be either modelled by shell or solid elements. These 

FE models are known as macromodels. 

Macromodels can yield acceptable stress and strain results on a structural level and can be useful for the 

overall mechanical characterization of composites with feasible computational costs. 

However, these macroscale models approximate the internal structural response inaccurately, therefore 

for gaining pointwise deformation, strain and stress results; micromodels are used, in which only a 

limited segment of the composite is represented, the yarn and the matrix are modelled separately with 

realistic geometry (however, the twisted nature of yarns is usually neglected). In micromodels, yarns are 

regarded as transversely isotropic linear elastic, while the matrix is linear elastic, isotropic. Micromodels 

are based on submodeling or the displacement-coupling technique, by which displacements of the 

macromodel are transferred to the micromodel as boundary conditions of the micromodel.  

One goal of this research is the development of micromodels for uniaxial tension of composite tube 

sample and test specimen, providing realistic results inside composite layers which can be further 

utilized to better understand load transfer and failure mechanisms of composite structures. 

Composite railway brake tubes are often subjected to significant bending during operation without 

internal pressure, which causes cross-sectional instability that is a combination of Brazier-instability and 

local bifurcation. Cross-sectional instability leads to significant flattening of the cross-section and the 

complete loss of the load-carrying capacity of the tube. Analysis of this phenomenon can yield useful 

results for the design of brake tubes regarding strains, stresses and probable failure modes to make 

manufacturing of the tube more economical by setting their technical requirements. Current numerical 

models handle this kind of buckling instability with difficulty.  

This PhD thesis also aims to provide a solution for the above-mentioned problem and describe the 

complete buckling process by the relevant numerical results.  

S-curved railway tracks consist of a curve to the left or to the right that is followed by a curve to 

the opposite direction after a brief intermediate transitional straight section, also known as reverse curve. 

On such curves, positions of railway carriages and therefore positions of the suspension points of the 

brake tubes differ much compared to operation on an ordinary railway track, leading to large 

deformations in brake tubes. At sub-zero temperatures (i.e. -40°C), cord-rubber composites behave 

much stiffer, causing high stresses in the case of operation on a reverse curved track. Another purpose 

of this research is to inspect the applicability of composite tubes under such extreme conditions from 

the practical point of view. 

My research began with the determination of material properties of the composite tube 

(reinforcement layers and the rubber liners) based on characteristic curves provided by the manufacturer 

and the estimated volume fraction for room temperature (Chapter 3.1) and at -40°C (Chapter 3.2). 

Material properties have been validated by experiments and their respective FE macromodel 

counterparts (written in italics): uniaxial tensile tests carried out on test specimens (Chapter 4.1.1 and 

Chapter 5.1.1) and tube samples (Chapter 4.1.2 and Chapter 5.1.2), a three-point bending test (Chapter 

4.2 and Chapter 5.2) and a standard bending test at room temperature (Chapter 4.3 and Chapter 5.3); 

uniaxial tensile tests at -40 °C (Chapter 4.5 and Chapter 5.5). Then, cross-section instability of the tube 

has also been examined (Chapter 5.4) validated by a compression/bending experiment (Chapter 4.4). 

The effect of extreme operating conditions (railway reverse curve, -40°C) has also been studied 

(Chapter 5.6), the displacements of the suspension points of the tube have been defined based on a draw 

and buffing gear test (Chapter 4.6). For the experimental validation of the FE analysis of extreme 
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operating conditions, a deflection test at -40°C (Chapter 4.7) has been carried out for comparison with 

a deflection simulation (Chapter 5.6.3). Finally, micromodels of test specimen (Chapter 5.7) and tube 

sample (Chapter 5.8) have been examined. Experimental and numerical results are discussed in 

Chapter 6. 

2 Literature overview 

2.1 Filament-wound cord rubber tubes 

 

Figure 2.1. Winding angles (orientation angles) of the composite tube 

One special category of composites is the group of cord-rubber composites. These composites 

contain the following components: 

 a low modulus rubber matrix with high extensibility and deformability,  

 a twisted reinforcement (‘cord’), having high modulus of elasticity, high strength and 

relatively low bending stiffness, 

 an adhesive film (also known as ‘dip’) which bonds the cords to the matrix. [1] 

These components provide the composite with high stiffness in the reinforcement direction and 

flexibility in the directions perpendicular to the cords. Therefore, cord-rubber composites (i.e. tubes) are 

highly deformable, having high load-carrying capability and toughness (or fatigue strength). [1] 

The high-modulus cords bear most of the loads applied to the tube, whereas rubber gives the material 

high flexibility, good abrasion resistance and contains the medium (e.g. air). 

Composite cord-rubber tubes are extensively utilized in a wide variety of industrial fields; transportation, 

oil industry, aerospace and aeronautical applications [4]. The most favourable properties of polymeric-

based tubes are high strength-to weight, stiffness-to-weight ratio and corrosion resistance. The most 

common operational loads are: internal pressure, axial and biaxial tension and buckling due to 

bending [5]. For balancing the internal forces, a layup containing adjacent plies with orientation angles 

of ±Θ are generally used [6]. 

Optimal winding angles depend on the expected loading cases. When purely internal pressure is 

applied, the optimal winding angle is ±75°, when loading is purely uniaxial, winding angle needs to be 

as low as possible -taking into account manufacturing considerations (since too low winding angles 

significantly increase manufacturing time). In case of combined internal pressure and axial loading, 

where ratio of circumferential to axial stress is 2:1, ± 55° is adopted [7]. Winding angles of ± 55° are 

the most commonly adopted in engineering practice because netting analysis indicates this is the best 

option for the design of cylindrical pressure vessels [8].  
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2.2 Manufacturing process of filament-wound cord-rubber tubes  

In the course of filament-winding, pretensioned rovings are wound around a rotating or stationary 

mandrel. Mandrels are cylindrical in most cases, but they can also be rectangular or spherical as well. 

During the manufacturing process, pretension force, orientation angle and matrix content can be 

varied [9].  

In the first step, rovings (yarns) are wound on the mandrel. Then, the yarns are impregnated by 

the matrix material (which are thermoset resins or elastomers). These two steps are repeated after each 

other for every layer. After creating all layers, the matrix is cured so that the resin hardens. In case of 

rubber, this phase is called vulcanization, a heat treatment with the addition of sulphur, in which cross-

links are formed between polymer chain segments. Sulphur increases hardness and durability of the 

rubber. Vulcanization starts with dissolution of sulphur, after that, sulfur is activated by heat, finally, 

sulphur reacts with the elastomer chains and the part hardens. [1] 

Lastly, the mandrel is removed. If the mandrel removal needs to be carried out through small openings 

and the production quantity is small, water-soluble mandrels are used. The sand is cast into a mold and 

cured, the two mandrel ends are bonded. During the removal, the mandrel is washed out. If a high-

tolerance mandrel surface is required, plaster mandrels are used, in which plaster sweep is used over a 

removable mandrel. ‘The plaster is cured, then overwrapped with Teflon tape or some other separator film. 

Following cure, tooling is removed, the plaster is chipped or washed out, and the release tape is removed, 

leaving the desired inside contour.’ 

Several design considerations must be met regarding manufacturing [10]: 

 utilization of low winding angles should be avoided because it would increase winding time and 

hence makes the process more expensive, 

 machining should be reduced to a minimum along with part count, 

 composite to metal joints should be made ‘in situ’, 

 Utilization of greater tow sizes (containing relatively many filaments) in order to reduce 

manufacturing time. However, it may negatively affect physical properties.  

There are several advantages of filament-winding. These include: 

 fibre placement with high precision, 

 automation capability, 

 continuous fibres can be used over the whole component area (without joints). Fibres can be 

easily oriented in load direction, 

 there is no need for an autoclave during manufacturing, so there is no limitation for overall sizes 

and wall thickness, 

 tooling costs are low relative to other manufacturing processes, 

 material costs are low because there is no need to create prepregs. 

Disadvantages of filament-winding are as follows: 

 mandrel removal can be difficult due to thermal contraction after the composite is cured around 

the mandrel. This can be solved by firstly preheating the mandrel before winding and curing the 

composite, then cooling the mandrel after the curing has ended makes it easier to remove the 

mandrel [11],  

 mandrels can be too expensive and complex in several cases, 

 external surfaces are poor in general, which may hinder aerodynamic applications, 

 fibre path cannot be changed easily in one lamina. 
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2.3 Structure of yarns  

Yarns used for filament winding consist of a large number of infinitely long filaments (fibres), 

whose diameters are between 3 and 25 μm. Fibres are mostly made of melt polyester or glass by 

extrusion spinning. Fibres are difficult to handle, so in most cases, they are twisted together (meaning 

that fibres are not parallel to the mean axis) so that they have increased load-bearing capacity. [12] 

If several fibres fail, these fibres cannot transfer load or their load transferring ability is limited, 

so the failing force will be transferred to the surrounding fibres by friction on a certain length, also 

known as the transferring length. The transferring length is relatively high if fibres are parallel to one 

another. By twisting the fibres, the transferring length decreases, bringing about higher contact forces, 

thus increasing strength and fatigue resistance of the yarn. However, strength of a single fibre decreases 

with the increase in the pressure to its normal axis due to fibre-to-fibre friction so if the number of 

twistings per unit length is too high, yarn strength diminishes. Therefore, it is necessary to find an 

optimal twist level. [12] 

Twist has an effect on the direction of yarn stress, therefore the mechanical behaviour of the yarn.  

If twist increases, the helix angle (angle between cord axis and filament axis) increases, leading to a 

reduction of strength and an increase in elongation at break.  

Lower twist increases strength (which is advantageous for filament-wound structures), while higher 

twist prevents the cord from opening up in compression without losing flexibility (which is favorable 

for pneumatic tires). The most important yarn properties are the following: number of fibres (filaments), 

fibre diameter, number of twists and the linear density of a yarn (tex (g/km)). 

Polyester yarns (which is the one discussed in this dissertation) are produced by melt spinning 

from a polymeric melt at 265°C. In polyester yarns, which are thermoplastic, both crystalline and 

amorphous phases exist. The chains have a zigzag structure and are connected to each other by van der 

Waals-connections. Crystallization and the orientation of the polymeric chains occur in the cooling 

process. 

The force-strain diagram of polyesters (shown in Figure 2.2) consists of three distinct zones:  

in the first section (part I), the angle of the zigzag chains widens, in the second part (part II), the chains 

begin to remove themselves from the amorphous areas. In the third zone, the drawn-out chains jam, 

simultaneously with the growth of the crystalline area, leading to stiffening before breakage. [12] 

 

Figure 2.2. Force-strain curve of a polyester yarn [13] (warp and weft threads in case of woven fabrics) 
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2.4 Mechanics of cord-rubber composites 

Composites are anisotropic materials and are most frequently described by linear orthotropic 

material models and studied on macromechanical scale, using smeared (homogenised) material 

properties for composite laminae, neglecting micromechanical effects inside a lamina. Moreover, their 

mechanical behaviour shows high degree of nonlinearity due to rubber. In the next subchapters, cases 

of anisotropy and modelling of nonlinearity will be discussed. 

2.4.1 Material models of anisotropy 

Composites show a certain degree of anisotropy, meaning that their material properties vary 

depending on the loading direction. Mechanical behaviour of composites are governed by the stress-

strain relationships determined by the material models of anisotropy.  

2.4.1.1 Generally anisotropic material 

In the most general case of anisotropy, there is no plane of symmetry with respect to the alignment 

of fibres, for example, when fibres are aligned in three non-orthogonal directions. For the mechanical 

description of generally anisotropic materials, 21 independent elastic constants are required. 

Stress-strain relationship (Hooke’s law) of generally anisotropic materials can be written as follows: 

 𝜎 = 𝐶 ∙ 휀, (2.1) 

where σ is the stress vector, 𝐶 is the stiffness matrix, ε is the strain vector; or inversely as: 

 휀 = 𝑆 ∙ 𝜎, (2.2) 

where 𝑆 is the compliance matrix which is the inverse of stiffness matrix 𝐶: 

 𝑆 = 𝐶−1. (2.3) 

Stiffness matrices can be obtained by inverting the respective compliance matrices. In material 

directions 1, 2 and 3, the stress-strain relationship is as follows: 

 

[
 
 
 
 
 
𝜎1

𝜎2

𝜎3

𝜏23

𝜏13

𝜏12]
 
 
 
 
 

=

[
 
 
 
 
 
𝐶11 𝐶12 𝐶13 𝐶14 𝐶15 𝐶16

𝐶21 𝐶22 𝐶23 𝐶24 𝐶25 𝐶26

𝐶31 𝐶32 𝐶33 𝐶34 𝐶35 𝐶36

𝐶41 𝐶42 𝐶43 𝐶44 𝐶45 𝐶46

𝐶51 𝐶52 𝐶53 𝐶54 𝐶55 𝐶55

𝐶61 𝐶62 𝐶63 𝐶64 𝐶65 𝐶66]
 
 
 
 
 

∙

[
 
 
 
 
 
휀1

휀2

휀3

𝛾23

𝛾13

𝛾12]
 
 
 
 
 

. (2.4) 

The number of independent variables describing a generally anisotropic material is 21, since the 

stiffness matrix is positive definite and symmetrical. [14] 

2.4.1.2 Monoclinic material 

A material is monoclinic if there is a plane of symmetry with respect to fibre alignment. In this 

case, normal stress σ1 (being in the plane of symmetry) does not cause an out-of-plane shear strain γ13 

as in the generally anisotropic case. As a consequence, S41, S42, S43, S51, S52, S53, S64, S65 elements in the 

compliance matrix are zero. Because of the symmetry of the compliance and stiffness matrices, there 

are 13 independent constants required to describe the mechanical behaviour of monoclinic materials. 
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Figure 2.3. Schematic representation of a monoclinic material [14] 

For monoclinic materials (Figure 2.3), the compliance matrix is the following: 

 𝑆 =

[
 
 
 
 
 
 
 
 
 
 

1

𝐸1

−𝜐21

𝐸2

−𝜐31

𝐸3
0 0

𝜐61

𝐺12

−𝜐12

𝐸1

1

𝐸2

−𝜐32

𝐸3
0 0

𝜐62

𝐺12

−𝜐13

𝐸1

−𝜐23

𝐸3

1

𝐸3
0 0

𝜐63

𝐺12

0 0 0
1

𝐺23

𝜐54

𝐺13
0

0 0 0
𝜐45

𝐺23

1

𝐺13
0

𝜐16

𝐸1

𝜐26

𝐸2

𝜐36

𝐸3
0 0

1

𝐺12]
 
 
 
 
 
 
 
 
 
 

. (2.5) 

In Eq. 2.5; E1, E2, and E3 are moduli of elasticity in directions 1, 2 and 3; G12, G23 and G13 are 

shear moduli in planes 12, 23 and 13 respectively. Poisson’s ratio ν12 indicates contraction in direction 2 

originated from the elongation in direction 1. [14] 

2.4.1.3 Orthotropic materials 

When a material is orthotropic, there are three mutually perpendicular planes of symmetry with 

respect to the fibre alignment. In this case, the compliance matrix can be written as follows: 

 𝑆 =

[
 
 
 
 
 
 
 
 
 
 

1

𝐸1

−𝜐21

𝐸2

−𝜐31

𝐸3
0 0 0

−𝜐12

𝐸1

1

𝐸2

−𝜐32

𝐸3
0 0 0

−𝜐13

𝐸1

−𝜐23

𝐸3

1

𝐸3
0 0 0

0 0 0
1

𝐺23
0 0

0 0 0 0
1

𝐺13
0

0 0 0 0 0
1

𝐺12]
 
 
 
 
 
 
 
 
 
 

. (2.6) 

Material behaviour of orthotropic materials can be characterized by nine material constants: E1, 

E2, E3, ν12, ν13, ν23, G12, G13, G23. [14]. 

2.4.1.4 Transversely isotropic materials 

Transverse isotropy is a special case of orthotropy in which one of the three planes of symmetry 

is also a plane of isotropy. In a composite, reinforced with unidirectional fibres aligned in direction 1, 
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the material behaves mechanically isotropic in the plane perpendicular to the fibres (plane 23), implying 

that: 

 E2=E3, ν12=ν13, G12=G13. (2.7) 

Due to the isotropy in plane 23, shear modulus G23 can be written as: 

 𝐺23 =
𝐸2

2∙(1+𝜐23)
. (2.8) 

Therefore, transversely isotropic materials have five independent material constants, namely: E1, E2, ν12, 

ν23, G12. [14]. 

2.4.1.5 Layered composites under plane stress condition 

Composites are layered structures, each layup consisting of multiple thin layers generally. 

Composites are regarded as thin plates, because their thickness is relatively small compared to their 

dimensions in the directions perpendicular to their thickness in most cases. Stresses are approximated 

by plane stress condition in thin composite plates if fibres are parallel to the xy plane, and the loading 

forces are also parallel to the midplane of the plate and stresses are distributed uniformly along the 

thickness. In this case, the normal stress normal to the plane of the plate (σz) and the out-of-plane shear 

stresses (τyz, τxz) are zero. 

 𝜎𝑧 = 0,     𝜏𝑦𝑧 = 0,       𝜏𝑥𝑧 = 0. (2.9) 

In this case, Hooke’s law can be written in the material (12) coordinate system as follows: 

 𝜎 = 𝐶 ∙ 휀 

 [

𝜎1

𝜎2

𝜏12

] =
1

1−𝜐12∙𝜐21
∙ [

𝐸1 𝜐21 ∙ 𝐸1 0
𝜐12 ∙ 𝐸2 𝐸2 0

0 0 (1 − 𝜐12 ∙ 𝜐21) ∙ 𝐺12

] ∙ [

휀1

휀2

𝛾12

],  (2.10) 

or inversely as: 

휀 = 𝑆 ∙ 𝜎 

 [

휀1

휀2

𝛾12

] =

[
 
 
 
 

1

𝐸1
−

𝜐21

𝐸2
0

−
𝜐12

𝐸1

1

𝐸2
0

0 0
1

𝐺12]
 
 
 
 

∙ [

𝜎1

𝜎2

𝜏12

]. (2.11) 

Usually, in a stacking sequence, each layer has a defined orientation angle so that the mechanical 

properties of the composite material can be tailored to the actual application. Therefore, material 

directions in a layer usually do not coincide with global directions.  

For multi-layered composites, governing equations must be written in the global (x,y, z), also known as 

problem coordinate system; so stiffness matrix, stresses and strains all must be transformed to the 

problem coordinate system. This can be achieved by the use of transformation matrices (stress 

transformation matrix Tσ –Eq.2.12 and strain transformation matrix Tε-Eq. 2.13), which depend on the 

included angle of material direction 1 and global direction x (θ) [3]: 

 𝑇𝜎 = [
𝑐2 𝑠2 2𝑐𝑠
𝑠2 𝑐2 −2𝑐𝑠

−𝑐𝑠 𝑐𝑠 𝑐2 − 𝑠2

] (2.12) 
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 𝑇𝜀 = [
𝑐2 𝑠2 𝑐𝑠
𝑠2 𝑐2 −𝑐𝑠

−2𝑐𝑠 2𝑐𝑠 𝑐2 − 𝑠2

]. (2.13) 

In Eq.s 2.12 and 2.13, c= cos θ, s= sin θ. 

Stress and strain transformations can be done by the following expressions: 

 𝜎′ = 𝑇𝜎 ∙ 𝜎, (2.14) 

where σ’ is the stress vector in the material (12) coordinate system, while σ is the stress vector in the 

problem (xy) coordinate system:  

 𝜎′ = [

𝜎1

𝜎2

𝜏12

]   𝜎 = [

𝜎𝑥

𝜎𝑦

𝜏𝑥𝑦

]   (2.15) 

 휀′ = 𝑇𝜀 ∙ 휀, (2.16) 

where ε’ is the strain vector in the material (12) coordinate system, ε is the strain vector in the problem 

(xy) coordinate system: 

   휀′ = [

휀1

휀2

𝛾12

],    휀 = [

휀𝑥

휀𝑦

𝛾𝑥𝑦

]. (2.17) 

Hooke’s law can be written in the xy coordinate system as follows:  

 𝜎 = 𝐶 ∙ 휀, (2.18) 

where 𝜎 is the stress vector, 휀 is the strain vector, 𝐶 is the stiffness matrix in the problem (xy) coordinate 

system.   

𝐶 can be calculated as follows: 

  𝐶 = 𝑇𝜎
−1 ∙ 𝐶′ ∙ 𝑇𝜀. (2.19) 

𝐶 is the stiffness matrix in the problem (xy) coordinate system, 𝐶′ is the stiffness matrix in the material 

(12) coordinate system, Tσ is the stress transformation matrix Tε is the strain transformation matrix 

 휀 = 𝑆 ∙ 𝜎, (2.20) 

where 𝑆 is the compliance matrix in the problem (xy) coordinate system. 

𝑆 can be calculated as follows: 

 𝑆 = 𝑇𝜀
−1 ∙ 𝑆′ ∙ 𝑇𝜎. (2.21) 

𝑆 is the compliance matrix in the problem (xy) coordinate system, 𝑆′ is the compliance matrix in the 

material (12) coordinate system, T is the transformation matrix [14]. 

2.4.2 Rules of mixtures 

In engineering practice, composite laminates are approximated as homogeneous, linear materials 

on macroscale with smeared material properties based on the rules of mixtures. Rules of mixtures are 

used to predict composite material properties, particularly mechanical properties, as volume-weighted 
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averages of component properties [16]. This approach has limitations; it can be used properly on a 

structural level to predict mechanical behaviour of an entire composite structure. However, it does not 

yield plausible results inside a composite layer. Fibres (or yarns) are regarded as orthotropic (or 

transversely isotropic), while matrix is modelled as isotropic in the literature [16], [17].  

2.4.2.1 Simplified rule of mixtures 

Elastic constants of composites are obtained by considering a representative volume element 

(RVE), which is practically a cube. Determination of modulus of elasticity E1 was first treated by Voigt 

(1910) modelling the composite as a spring system in which fibres and matrix are connected in parallel, 

also called as isostrain or action-in-parallel case (Figure 2.4). In this case, force Pc is applied in the fibre 

direction. If there is a perfect adhesion between the components, their Poisson’s ratios are identical, so 

both components will undergo the same elongation.). 

 휀𝑐1 = 휀𝑓 = 휀𝑚, (2.22) 

where εc1 is the strain in the composite in direction 1, εf is the strain in the fibres, εm is the strain in the 

matrix. 

 

Figure 2.4. Unidirectional fibre-reinforced composite: a: isostrain or action in parallel, b: isostress or action in 

series [16] 

Force Pc, applied on the cross-sectional area of the composite (Ac), can be split to loads on the 

fibres and the matrix: 

 𝑃𝑐 = 𝑃𝑓 + 𝑃𝑚, (2.23) 

which arise on faces Af (cross-sectional area of the fibres) and Am (cross-sectional area of the matrix) 

respectively.  

By substituting stress components to the forces, the following equation can be written as: 

 𝜎𝑐1 ∙ 𝐴𝑐 = 𝜎𝑓 ∙ 𝐴𝑓 + 𝜎𝑚 ∙ 𝐴𝑚 (2.24) 

 𝜎𝑐1 ∙ 𝐴𝑐 = (𝐸𝑓 ∙ 𝐴𝑓 + 𝐸𝑚 ∙ 𝐴𝑚) ∙ 휀𝑐1 (2.25) 

 𝐸1 =
𝜎𝑐1

𝜀𝑐1
= 𝐸𝑓 ∙

𝐴𝑓

𝐴𝑐
+ 𝐸𝑚 ∙

𝐴𝑚

𝐴𝑐
= 𝐸𝑓 ∙ 𝑉𝑓 + 𝐸𝑚 ∙ 𝑉𝑚, (2.26) 
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since the length of the composite is given,  
𝐴𝑓

𝐴𝑐
= 𝑉𝑓, 

𝐴𝑚

𝐴𝑐
= 𝑉𝑚 are the fibre and matrix volume fractions 

respectively [18]. 

For obtaining the transverse modulus of elasticity E2, the ‘isostress’ or ‘action-in-series’ situation 

is considered (firstly examined by Reuss in 1929) in which the composite is treated as a spring system 

with fibres and matrix connected in series.  

 𝜎𝑐2 = 𝜎𝑓 = 𝜎𝑚, (2.27) 

where σc2 denotes the stress in transverse direction in the composite. 

The total displacement of the composite (Δtc) can be written as the sum of the displacement of the fibres 

(Δtf) and that of the matrix (Δtm): 

 ∆𝑡𝑐 = ∆𝑡𝑓 + ∆𝑡𝑚. (2.28) 

Dividing by tc, the gage length of the composite, we get: 

 
∆𝑡𝑐

𝑡𝑐
=

∆𝑡𝑓

𝑡𝑐
+

∆𝑡𝑚

𝑡𝑐
. (2.29) 

Since displacements of the fibre and the matrix Δtf and Δtm equal the strains times their gage lengths (tf 

and tm), ∆𝑡𝑓 = 휀𝑓 ∙ 𝑡𝑓and ∆𝑡𝑚 = 휀𝑚 ∙ 𝑡𝑚,  

 
∆𝑡𝑐

𝑡𝑐
= 휀𝑐2 =

∆𝑡𝑓

𝑡𝑓
∙
𝑡𝑓

𝑡𝑐
+

∆𝑡𝑚

𝑡𝑚
∙
𝑡𝑚

𝑡𝑐
= 휀𝑓 ∙

𝑡𝑓

𝑡𝑐
+ 휀𝑚 ∙

𝑡𝑚

𝑡𝑐
. (2.30) 

Regarding that the cross-sectional area is given, volume fractions of the fibre and the matrix can be 

written as: 

 𝑉𝑓 =
𝑡𝑓

𝑡𝑐
,  𝑉𝑚 =

𝑡𝑚

𝑡𝑐
. (2.31) 

By substituting (2.30) to (2.29), we get: 

 휀𝑐2 = 휀𝑓 ∙ 𝑉𝑓 + 휀𝑚 ∙ 𝑉𝑚.  (2.32) 

Because of the isostress condition, 𝜎𝑐2 = 𝜎𝑓 = 𝜎𝑚, Eq. 2.31 can also be written as: 

 
𝜎𝑐2

𝐸𝑐2
=

𝜎𝑐2

𝐸𝑓
∙ 𝑉𝑓 +

𝜎𝑐2

𝐸𝑚
∙ 𝑉𝑚  (2.33) 

 
1

𝐸𝑐2
=

𝑉𝑓

𝐸𝑓
+

𝑉𝑚

𝐸𝑚
.  (2.34) 

Similarly, Poisson’s ratio ν12 and shear modulus G12 can also be written by the use of the simplified rule 

of mixtures: 

 𝜐12 = 𝜐𝑓12 ∙ 𝑉𝑓 + 𝜐𝑚12 ∙ 𝑉𝑚  (2.35) 

 
1

𝐺12
=

𝑉𝑓

𝐺𝑓12
+

𝑉𝑚

𝐺𝑚12
.  (2.36) 

However, transverse modulus of elasticity E2 and shear modulus G12 are not precisely calculated by the 

simplified rule of mixtures, for a better approximation, the modified rule of mixtures is utilized at times. 

2.4.2.2 Modified rule of mixtures 

The modified rule of mixtures uses a modified representative volume element in which the fibre 

bundle is taken into account in a rectangular cross-section.  



12 

 

Let us consider a three-layered rectangular box, of which the two outer layers represent the matrix, while 

the middle layer (containing both fibre and matrix segments) represents the fibre as a homogeneous 

fictitious material.  

The width of the middle layer Lb equals the width of the rectangular fibre bundle: 

 𝐿𝑏 = 𝐿 ∙ √𝑉𝑓.  (2.37) 

The volume fraction of the middle layer (shown in Figure 2.5.a as ‘b’) is as follows (with the length L 

given): 

 𝑉𝑏 =
𝐿∙𝐿𝑏

𝐿2 =
𝐿∙√𝑉𝑓

𝐿
= √𝑉𝑓.  (2.38) 

Then, we replace the homogenized fictional middle layer by a layer comprising a rectangular fibre and 

the matrix. The volume fraction of the fibre in this middle layer is: 

 𝑉𝑓𝑏 =
√𝑉𝑓∙𝐿∙𝐿𝑏

𝐿∙𝐿𝑏
= √𝑉𝑓.   (2.39) 

Material directions of the representative volume element are defined according to Figure 2.5 [14]. 

Firstly, the fictional middle layer is considered. It consists of one layer of fibre situated between two 

layers of matrix, These layers can be modelled as three springs connected in parallel if we would like to 

determine modulus of elasticity of the middle layer for this fictional middle layer Eb2. Therefore, Eb2 is 

calculated as: 

 𝐸𝑏2 = √𝑉𝑓 ∙ 𝐸𝑓2 + (1 − √𝑉𝑓) ∙ 𝐸𝑚. (2.40) 

Likewise, for calculating modulus of elasticity related the whole representative volume element 

E2, the volume element can be modelled as the fictitious middle layer and two layers of matrix connected 

in series. Then, modulus of elasticity E2 can be written as: 

 𝐸2 = (
1

𝐸𝑏2
∙ √𝑉𝑓 +

1

𝐸𝑚
∙ (1 − √𝑉𝑓))

−1

. (2.41) 

 

Figure 2.5. Model for the modified rule of mixtures: a: volume element with the homogenized fictional middle 

layer, b: rectangular fibre bundle embedded in the matrix, c: representation of middle layer [14] 

2.4.2.3 Formulae of Hopkins and Chamis [19] 

For obtaining transverse moduli of elasticity E2 and E3, formulae of Hopkins and Chamis are 

preferred because these expressions generally yield more accurate results. Accordingly, transverse 

moduli of elasticity have been determined based on these formulae, presented in detail below. 



13 

 

 

Figure 2.6. Schematic representation of micromechanical model of Hopkins and Chamis [19]  

Figure 2.6 shows the initial cross-section of the composite utilized for the development of the 

mechanical model of Hopkins and Chamis. In this schematic drawing, the composite consists of a fibre, 

an interphase layer and the matrix, Df denotes the diameter of the fiber, Df0 stands for the outer diameter 

of the yarn. Let us consider a modified version of the aforementioned geometry (Figure 2.7), in which 

the fibre and the interphase have an equivalent square cross-section with dimensions: 

 𝑎𝑓 = √
𝜋

4
∙ 𝐷𝑓, 𝑎𝑑 = √

𝜋

4
∙ 𝐷𝑓0, 𝑎𝑙 = √

𝜋

4∙𝑉𝑓
∙ 𝐷𝑓0, (2.42) 

where af stands for the linear dimension of the cross-section of the fibre 

ad is the linear dimension of the cross-section of the interphase 

al is the linear dimension of the entire composite cross-section  

 

Figure 2.7. Schematic drawing used for the deduction of transverse moduli E2 and E3  

Transverse dimensions are defined by the utilization of Eq. 2.42 as follows: 

 𝑠𝑓 = 𝑎𝑓, 𝑠𝑑 = 𝑎𝑑 − 𝑎𝑓, 𝑠𝑚 = 𝑎𝑙 − 𝑎𝑑 , 𝑠𝑙 = 𝑎𝑙, (2.43) 

where sf stands for the thickness of the fibre in transverse direction 

sd stands for the thickness of the interphase layer in transverse direction 

sm denotes thickness of the matrix in transverse direction 

sl is the thickness of the composite in transverse direction. 

Postulating uniaxial loading in transverse direction and neglecting Poisson effects, displacement 

compatibility (total deformation expressed by deformations of the fibre, the interphase and the matrix) 

yields:  
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 𝑠𝑙 ∙ 휀𝑙 = 𝑠𝑓 ∙ 휀𝑓 + 𝑠𝑑 ∙ 휀𝑑 + 𝑠𝑚 ∙ 휀𝑚, (2.44) 

in which εl, εf, εd and εm are strains of the entire composite, the fibre, the interphase and the matrix 

respectively. 

Due to force equilibrium, the composite is under isostress condition (σl= σf= σd= σm) and Eq. 2.44 can 

be differentiated by σ, which gives: 

 (
𝑑𝜀𝑙

𝑑 𝜎
) ∙ 𝑠𝑙 = (

𝑑𝜀𝑓

𝑑 𝜎
) ∙ 𝑠𝑓 + (

𝑑𝜀𝑑

𝑑 𝜎
) ∙ 𝑠𝑑 + (

𝑑𝜀𝑚

𝑑 𝜎
) ∙ 𝑠𝑚. (2.45) 

Quantities dε/dσ denote reciprocals of the corresponding stress-strain curves for the composite and the 

constituents. Therefore, by rearranging Eq. 2.45, modulus of elasticity of the composite in direction 2 

El can be written as: 

 𝐸𝑙 =
𝐸𝑚

[(
𝑠𝑚
𝑠𝑙

)+(
𝑠𝑑
𝑠𝑙

)∙(
𝐸𝑚
𝐸𝑑

)+(
𝑠𝑓

𝑠𝑙
)∙(

𝐸𝑚
𝐸𝑓

)]

. (2.46) 

By substituting Eq. 2.42 and Eq. 2.43 into Eq. 2.46, we get: 

 𝐸𝑙 =
𝐸𝑚

1−√𝑉𝑓∙[(1−
𝐷

𝐷0
)∙(

𝐸𝑚
𝐸𝑑

)+(
𝐷

𝐷0
)∙(

𝐸𝑚
𝐸𝑓

)]

. (2.47) 

In most cases, interphase is neglected when calculating elastic constants of the composite, which means 

Df/Df0=1, then modulus of elasticity in material direction 2 is  

 𝐸𝑙 = 𝐸2 = 𝐸3
𝐸𝑚

1−√𝑉𝑓∙(1−
𝐸𝑚
𝐸𝑓

)

. (2.48) 

2.4.3 Hyperelastic material models of rubber 

Mechanical behaviour of rubbers cannot be described precisely by a linear elastic material model, 

instead, rubbers are most frequently modelled as ideally nonlinearly elastic, isotropic and 

incompressible or nearly incompressible materials. Rubbers can experience large deformations and are 

considered as hyperelastic materials, also known as Green elastic materials, whose strain energy 

function is a differentiable function of the deformation gradient [20].  

Hyperelastic material models can be classified as: 

1. phenomenological models: 

a. Mooney-Rivlin model, 

b. Ogden model, 

c. Yeoh model. 

2. mechanistic models: 

a. Neo-Hookean model, 

b. Arruda-Boyce model, 

3. hybrid models: 

a. Gent model. 

Phenomenological models are mathematical models created to describe the observed behaviour, 

mechanistic models are physically based models derived from statistical mechanics, which explain the 

macroscopical mechanical behaviour from the mechanical behaviour of the micro-level by statistical 

methods and probability theory.  

Hereinafter, the most widely used material models will be presented. 
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The Neo-Hookean material model has been developed by Ronald Rivlin in 1948. It is a mechanistic 

model that can be well applied for rubbers up to a strain of 20% [21].   

The strain energy density function for an incompressible neo-Hookean material in three dimension 

is [22]:  

 𝑊 = 𝐶1 ∙ (𝐼1 − 3), (2.49) 

where C1 is a material constant and equals half of the shear modulus G, 𝐶1 =
1

2
∙ 𝐺. 

I1 is the first invariant (trace) of the right Cauchy-Green deformation tensor E [23] 

 𝐼1 = 𝜆1
2 + 𝜆2

2 + 𝜆3
2
, (2.50) 

where λi are the principal stretches. 

D1 is the incompressibility parameter, if D1=0, the material is considered fully incompressible. 

 𝑊 = 𝐶1(𝐼1 − 3 − 2 ln 𝐽) + D1 ∙ (𝐽 − 1)2, (2.51) 

where 𝐽 = det F = 𝜆1𝜆2𝜆3, F is the deformation gradient. 

Under uniaxial tension for an incompressible material: 

 𝜎1 = 2 𝐶1 (𝜆1
2 −

1

𝜆1
) = 2 𝐶1

3𝜀1+3𝜀1
2+𝜀1

3

1+𝜀1
, (2.52) 

where ε1 is the first principal strain, 휀1 = 𝜆1 − 1. 

For the description of higher strains up to 100%, the Mooney-Rivlin material model has been 

developed. In this model, the strain energy function is the linear combination of the two invariants of 

the left Cauchy-Green deformation tensor B: 

 𝑊 = 𝐶1(𝐼1 − 3) + 𝐶2(𝐼2 − 3), (2.53) 

where 𝐼1 and 𝐼2 are the first and second invariant of 𝐵, which is the deviatoric part of the left Cauchy-

Green deformation tensor B. [24] 

 𝐼1 =
1

𝐽
2
3

𝐼1, (2.54) 

where I1 has been previously defined in Eq. 2.50 

 𝐼2 =
1

𝐽
4
3

𝐼2, (2.55) 

where 𝐼2 = 𝜆1
2𝜆2

2 + 𝜆2
2𝜆3

2 + 𝜆3
2𝜆1

2
. 

In case of incompressibility, J=1. 

Under uniaxial tension, for an incompressible material, stress can be expressed as: 

 𝜎1 = (2𝐶1 +
2𝐶2

𝜆1
) (𝜆1

2 −
1

𝜆1
). (2.56) 

If 𝐶1 =
𝐺

2
 and C2=0, we get the Neo-Hookean law. 

The Yeoh model is a phenomenological model in which the strain energy density function is dependent 

of only I1. The strain energy density can be written as: 

 W=∑ 𝐶𝑖 (𝐼1 − 3)𝑖3
𝑖=1 , (2.57) 

https://en.wikipedia.org/wiki/Strain_energy_density_function
https://en.wikipedia.org/wiki/Incompressible
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where Ci are material constants. 2 C1 is the initial shear modulus of the material. 

In case of uniaxial tension, stress can be written as: 

 𝜎1 = 2 (𝜆1
2 −

1

𝜆1
)

𝜕𝑊

𝜕𝐼1
, (2.58) 

where 
𝜕𝑊

𝜕𝐼1
= ∑ 𝑖𝐶𝑖

𝑛
𝑖=1 (𝐼1 − 3)𝑖−1. 

The Arruda-Boyce model is a mechanistic hyperelastic constitutive model based on statistical 

mechanics used for the description of the mechanical behaviour of rubbers. Its representative volume 

element contains eight molecule chains along the diagonal directions [25]. 

The strain energy function for an incompressible material modelled by the Arruda-Boyce law can be 

written as: 

 𝑊𝐴−𝐵 = 𝑁𝑘𝐵𝑇√𝑛 [𝛽𝜆𝑐ℎ𝑎𝑖𝑛 − √𝑛 𝑙𝑛 (
sinh𝛽

𝛽
)], (2.59) 

where n is the number of chain segments, kB is the Boltzmann-constant, T is the temperature in Kelvins, 

N is the number of chains in the network of the rubber. 

 𝜆𝑐ℎ𝑎𝑖𝑛 = √
𝐼1

3
, 𝛽 = ℒ−1 (

𝜆𝑐ℎ𝑎𝑖𝑛

√𝑛
), (2.60) 

where I1 is the first invariant of the left Cauchy-Green deformation tensor and ℒ−1 (𝑥) is the inverse 

Langevin function which can be estimated as: 

 ℒ−1(𝑥) = {
1.31𝑡𝑔 (1.59𝑥) + 0.91𝑥 𝑓𝑜𝑟  |𝑥| < 0.841

1

𝑠𝑔𝑛(𝑥)−𝑥
 𝑓𝑜𝑟 0.841 ≤ 𝑥 ≤ 1

   (2.61) 

For the case of uniaxial tension, stress can be written as: 

 𝜎1 = 2𝐶1 (𝜆1
2 −

1

𝜆1
) [∑ 𝑖𝛼𝑖𝛽

𝑖−1𝐼1
𝑖−15

𝑖=1 ]. (2.62) 

2.5 Failure criteria  

Failure is the loss of load-carrying capacity and structural integrity of a material. ‘Failure of fibre-

reinforced composites can be caused by fibre breakage, fibre buckling, matrix cracking, delamination 

or the combination of these factors.’ [14] Failure modes can be different regarding damage initiation, 

damage propagation and final failure [26]. Local fibre buckling or microbuckling reduces the 

compressive strength of a composite not inevitably leading to immediate failure because, even in this 

case, the surrounding matrix may still support the fibres.  

The main role of fibres is to support tensile loads. In their dry forms (when no matrix is included), 

after breakage, they cannot carry any loads. However, when fibres are surrounded by matrix, if fibre 

breakage occurs, it does not result in instant failure because matrix acts as a bridge and transmits the 

load from the broken fibres to the adjacent ones. This phenomenon is called fibre bridging, making the 

tensile strength higher in composites than in dry form. 

Matrix cracking does not usually cause ultimate failure, nonetheless, it reduces matrix-dominated 

stiffnesses of the laminate and might propagate to the fibre-matrix interface of adjacent layers, thus 

initiating delamination [14]. 

Delamination is the separation of adjacent layers, which can be caused by i.e. transverse impact 

on the laminate. Bending stiffness, bending strength and load-carrying capacity all decrease due to 

delamination. Repeated loading may cause a significant increase in the size of delamination to a critical 

point, which when surpasses the critical point, makes the delamination unstable, resulting in a swift loss 
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of compressive strength [14]. In the following sections, the most commonly used failure criteria will be 

presented. 

In engineering practice, ply-stress based failure criteria are used for the failure assessment of 

composite materials. These failure criteria use failure indices, based on stress and strength parameters, 

to determine failure state of every single ply (layer) of the composite. Failure is considered to occur if 

any of the layers fail (first ply-failure). In reality, composite structures can carry load even after one ply 

fails until ultimate failure occurs, when all the plies have failed; so these failure criteria approaches yield 

conservative results. Failure criteria do not give any information on the exact failure modes and 

mechanisms and can only be used in regions far from discontinuities (holes, grooves, notches). In many 

cases, a great number of physical parameters need to be measured for the utilization of failure criteria. 

2.5.1 Maximum stress failure criterion 

Maximum stress failure criterion is one of the failure criteria utilized for the evaluation of failure 

behaviour of orthotropic or transversely isotropic composites. In the following, stresses and strengths 

are defined in a Cartesian x1x2x3 coordinate system aligned with the direction of orthotropy.  

The resulting normal and shear stresses are compared with their corresponding strength values. 

Failure occurs if any of the stresses exceeds any of the strengths. 

Considering an orthotropic material, no failure occurs if the following conditions are fulfilled.  

 −𝑠1
− < 𝜎1 < 𝑠1

+ 

−𝑠2
− < 𝜎2 < 𝑠2

+ 

−𝑠3
− < 𝜎3 < 𝑠3

+ 

|𝜏23| < 𝑠23 

|𝜏13| < 𝑠13 

 |𝜏12| < 𝑠12, (2.63) 

where s1
+, s2

+ and s3
+ are tensile strengths, s1

-, s2
- and s3

- are compressive strengths in directions 1, 2 

and 3, while s12, s13, s23 are shear strengths in planes 12, 13 and 23. 

Maximum stress criterion does not need the measurement of interaction parameters (See Chapter 

2.5.3) and yields generally conservative evaluations regarding the failure stresses [14]. 

2.5.2 Maximum strain failure criterion 

Maximum strain failure criterion can also be used for failure assessment of composite materials. 

By the utilization of the maximum strain failure criterion, strains are compared with the allowable strain 

limits. Strains are defined in a Cartesian x1x2x3 coordinate system. Failure occurs if any of the strains 

surpasses any of the strains limits. 

For an orthotropic material, no failure occurs if the following conditions are fulfilled: 

 −휂1
− < 휀1 < 휂1

+ 

−휂2
− < 휀2 < 휂2

+ 

−휂3
− < 휀3 < 휂3

+ 

|𝛾23| < 휂23 

|𝛾13| < 휂13 

 |𝛾12| < 휂12, (2.62) 
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where η1
+, η2

+ and η3
+ are tensile strain limits, while η1

-, η2
- and η3

- are compressive strain limits in 

directions 1, 2 and 3; η12, η13 and η23 are shear strain limits in planes 12, 13 and 23 [14]. 

2.5.3 Quadratic failure criterion  

The general quadratic failure criterion has been proposed by Gol'denblat and Kopnov [27]. In the 

quadratic failure criterion, stresses are up to the second power. For orthotropic materials (in this case, 

the quadratic failure criterion is called Tsai-Wu failure criterion [28]), no failure occurs if  

𝑓(𝜎1, 𝜎2, 𝜎3, 𝜏23, 𝜏12, 𝜏13, 𝐹1, 𝐹2, … ) < 1 

𝐹1𝜎1 + 𝐹2𝜎2 + 𝐹3𝜎3 + 𝐹11𝜎1
2 + 𝐹22𝜎2

2 + 𝐹33𝜎3
2 + 𝐹44𝜏23

2 + 𝐹55𝜏13
2 + 𝐹66𝜏12

2 + 2(𝐹12𝜎1𝜎2 +
𝐹13𝜎1𝜎3 + 𝐹23𝜎2𝜎3) < 1. (2.63) 

At the brink of failure, in Eq.2.63, the left side equals unity. 

In Eq. 2.63, F1, F2, F3, F11, F22, F33, F44, F55, F66 are the noninteraction strength parameters, which 

can be measured from uniaxial and shear tests. 

For the determination of F1 and F11, one has to perform uniaxial tensile and compression tests in 

direction 1. At failure, stresses equal σ1=s1
+ and σ1=-s1

-in tension and in compression respectively, where 

s is the strength of the material. By substituting the above two expressions into Eq. 2.63, we get: 

 𝐹1𝑠1
+ + 𝐹11(𝑠1

+)2 = 1  −𝐹1𝑠1
− + 𝐹11(𝑠1

−)2 = 1.  (2.64) 

The solution of Eq. 2.64 gives: 

 𝐹1 =
1

𝑠1
+ −

1

𝑠1
− 𝐹11 =

1

𝑠1
+𝑠1

−. (2.65) 

Nonintegration strength parameters F2, F22, F3, F33 are determined similarly as mentioned above. 

To get strength parameter F44, the material needs to be subjected to shear τ23 in plane 23. Because 

of material symmetry, the failure stress is independent of the direction of shear stress. At failure, τ23=s23. 

By substituting it to Eq. 2.63, we obtain: 

 𝐹44(𝑠23)
2 = 1, (2.66) 

which leads to 

 𝐹44 =
1

(𝑠23)2
. (2.67) 

Noninteraction strength parameters F55 and F66 are obtained similarly as mentioned above. 

The list of the noninteraction strength parameters is as follows: 

𝐹1 =
1

𝑠1
+ −

1

𝑠1
− 𝐹2 =

1

𝑠2
+ −

1

𝑠2
− 𝐹3 =

1

𝑠3
+ −

1

𝑠3
− 

𝐹11 =
1

𝑠1
+𝑠1

− 𝐹22 =
1

𝑠2
+𝑠2

− 𝐹33 =
1

𝑠3
+𝑠3

− 

𝐹44 =
1

(𝑠23)2
 𝐹55 =

1

(𝑠13)2
 𝐹66 =

1

(𝑠12)2
  (2.68) 

Interaction strength parameters F12, F13 and F23 are determined by off-axis tensile tests and biaxial tensile 

tests, which result in two or more nonzero stress components.  

In practice, since these tests are difficult to carry out, the interaction strength parameters are 

approximated as: 

 𝐹12 = −
1

2
√𝐹11𝐹22,  𝐹13 = −

1

2
√𝐹11𝐹33,  𝐹23 = −

1

2
√𝐹22𝐹33. (2.69) 
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2.5.3.1 Tsai-Hill failure criterion 

Tsai-Hill failure criterion, which is a phenomenological failure criterion, is a special case of the 

quadratic failure criterion. Also known as, ‘the maximum work criterion’ it is an extension of the von 

Mises criterion (based on the stored distortional energy) to orthotropic materials and is widely used in 

engineering practice for composites along with the Tsai-Wu failure criterion. It considers the distorted 

energy portion of the total strain energy [29]. It takes into account the interactions between stresses so 

it is classified as an interactive failure theory. Failure occurs (in 3D) [29], [30] when  

𝜎1
2

𝑠1
2 +

𝜎2
2

𝑠2
2 +

𝜎3
2

𝑠3
2 − 𝜎1 ∙ 𝜎2 ∙ (

1

𝑠1
2 +

1

𝑠2
2 −

1

𝑠3
2) − 𝜎1 ∙ 𝜎3 ∙ (

1

𝑠1
2 −

1

𝑠2
2 +

1

𝑠3
2) − 𝜎2 ∙ 𝜎3 ∙ (−

1

𝑠1
2 +

1

𝑠2
2 +

1

𝑠3
2) +

𝜏23
2

𝑠23
2 +

𝜏13
2

𝑠13
2 +

𝜏12
2

𝑠12
2 ≥ 1.  (2.70) 

If the lamina is in plane stress condition, Eq. 2.70 is simplified as: 

(
𝜎1

𝑠1
)
2
−

𝜎1𝜎2

𝑠1
2 + (

𝜎2

𝑠2
)
2
+ (

𝜏12

𝑠12
)
2

≥ 1.  (2.71) 

In Eq. 2.69 and 2.70 s1, s2 and s3 are strength parameters in directions 1, 2 and 3, while s12, s13 and 

s23 are shear strength parameters in planes 12, 13 and 23. These strength parameters are taken into 

account either as tensile or compressive strengths depending on the direction of the load. 

The Tsai-Hill failure criterion is not applicable for the determination of the failure modes (such 

as fibre breakage, matrix cracking or failure at the fibre-matrix interface) of a composite structure. 

2.6 Experimental, analytical and numerical methods used for the 

characterization of composite tubes 

Netting analysis is one of the simplest analytical techniques for investigating the mechanical 

behaviour of fibre-reinforced composites, also applicable to filament-wound composite tubes. In netting 

analyses, orthotropy is taken into consideration, however, there are several limitations: all loads are 

supported solely by the fibres, therefore the load-bearing capacity of the matrix is neglected as well as 

interaction of fibres. [31]  

With the evolution of finite element method and computing, novel optimization techniques have 

become available for determining optimal layup of composite tubes. Most optimization methods are 

ordinarily gradient-driven and can be categorized as strain-driven, stress-driven or energy-driven 

depending on the optimality criterion [32]. Almeida et al. [33] have developed a genetic algorithm to 

improve mechanical strength of a cylindrical shell subjected to internal pressure taking into account 

progressive damage (by a meso-scale damage model) also considering manufacturing restrictions.  

In most cases, reinforcement layers are covered by liners for protecting the reinforcement layers 

from abrasion. In offshore applications, when high stiffness is paramount, helical steel wires are 

embedded in the rubber liner to reinforce cord-rubber tubes. [34] 

For the mechanical characterization of cord-rubber tubes, determination of material properties is 

a prerequisite. The most widely used means of determining material properties of composite parts is 

usage of formulae of rules of mixture, which give estimation on elastic constants of the composite layers 

based on material properties of the reinforcing yarn and the matrix. In macromodels, layers are 

represented as laminates whose material properties are usually calculated with the use of the rules of 

mixtures. [14] One efficient method of obtaining material properties of a composite part is conducting 

uniaxial tensile test on a standard test specimen cut from a hose (in accordance with standard 

ASTM D638) or on a hose piece itself. Material properties in the operating range are to be determined 

from the initial section of the force-displacement curve characterized by a constant slope [35].  
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2.6.1 Literature review on buckling and bending 

Since composite tubes, particularly air brake tubes, are frequently subjected to bending loads 

during their lifetime, bending tests are an integral part of experiments related to composite tubes. Three-

point bending and four-point bending are among the most generally performed bending 

experiments [36].  

Bending of cord-rubber tubes, particularly buckling is a complex problem because of the anisotropy of 

the composite reinforcement layers and the hyperelastic behaviour of the rubber.  

Thin-walled circular tubes has been investigated firstly by von Kármán [37], assuming constant 

ovalization during bending. He used flexibility and stress intensity factors for the modification of 

moment of inertia. Firstly, Lehnitskii [38] has approached the bending of cylindrically anisotropic 

cantilevers and has determined stress distribution in a single-layered anisotropic tube along the radius. 

Jolicoeur and Cardou [39] have elaborated three-dimensional solution of multi-layered anisotropic 

cylinders subjected to tension, torsion and bending. Chouchaoui and Ochoa [40] have elaborated the 

governing equations for the bending of a multi-layered composite tube by extending Jolicoeur’s 

solution. Tarn and Wang [41] have utilized a state space approach to determine displacements and 

stresses, thus reducing the number of equations necessary to obtain a solution. Wu and Sun [42] have 

created a simplified theory for thin-walled beams with the use of classical laminated shell theory taking 

into account torsional warping and transverse shearing.  

Xia et al. [43] have dealt with pure bending of filament-wound fibre-reinforced sandwich beams. They 

solved this problem analytically by the utilization of classical laminated shell theory, determined the 

detailed stress-strain response and calculated deflection. They observed that the cross-section of the tube 

does not remain circular during bending. Shadmehri et al. [44] have calculated equivalent stiffness of 

composite tubes analytically, by three-dimensional shell theory and determined load-axial strain 

function as well. Bending behaviour of thick-walled composite tubes has been examined by Geuchy 

Ahmad M.I. Shadmehri, F., Derisi, B. and Hoa, S.V. (2011) On bending stiffness of composite tubes. Composite 

structures, 93(9): 2173-2179, https://doi.org/10.1016/j.compstruct.2011.03.002 

[45] and Geuchy Ahmad M.I. and Hoa S.V. [46], giving an estimation for bending stiffness of composite 

tubes. In the railway transportation industry, a standard bending test is carried out in order to inspect 

flattening of railway brake tubes [47]. 

Composite tubes are subjected to bending many times during their lifetime, which might result in 

a so-called Brazier-instability; possibly leading to failure in extreme cases. Brazier [48] has investigated 

instability of long elastic tubes, determined the point of instability and the corresponding elastic moment. 

Saint-Venant’s solution had previously given a linear relation between moment and curvature of the 

centerline. Brazier’s solution has taken into account second order terms, so it gave a more accurate 

solution throughout the entire bending process. The Brazier-effect is a form of ovalization instability, 

which - when combined with local bifurcation buckling, - causes a significant drop in stiffness and load-

bearing capacity. Karamanos [49] has examined this phenomenon by a nonlinear FE model, giving a 

detailed description of prebuckling of long elastic tubes with and without initial curvature. Material 

damage may occur during the Brazier-buckling process. ‘It is possible, however, for a cylinder to buckle 

elastically without material damage if the buckling strains remain sufficiently small’ [50]. In case of a 

certain curvature, ovalization minimizes the internal energy state of the tube. As the cross-section of a 

cylindrical tube flattens, the moment of inertia is reduced, therefore the required bending moment 

increases by a decreasing slope, until a limit point is reached, and the maximum moment is often referred 

to as Brazier moment [48]. Knaster et al. [51] have found that ovalization often coincides with local 

buckling, which is assumed to occur when the maximum compressive stress reaches the uniform 

compression critical value for a circular tube of radius equal to the local radius of the ovalized shell at 

the ‘critical’ point. [49] 

Menshikova and Guz [52] have studied bending of multi-layered filament-wound thick-walled fibre-

reinforced composite tubes made up of a multi-layered outer part and a thin homogeneous layer. They 
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have carried out a multi-parametric study of stress distribution of the inner layer material properties, its 

thickness and number of layers, lay-up and the magnitude of bending load. 

Fuchs et al. [50] have extensively dealt with the buckling of thin-walled composite tubes 

subjected to bending. It is mentioned that three classical collapse modes are related to bending of 

anisotropic tubes (Figure 2.8). For relatively short cylinders, sudden bifurcation buckling occurs on the 

compression side of the cylinder, for long cylinders; cross-sectional instability may arise due to the 

flattening or ovalization of the cross-section; whereas for cylinders of intermediate length, local 

buckles emerge due to the interaction of both collapse modes. The point of instability has been 

presented, buckled shapes, deflection patterns and strain profiles have been presented for short and 

relatively long tubes as well. 
 

 
Figure 2.8. Cylinder bending collapse modes [50] 

When tubes are subjected to high compressive axial forces, global buckling occurs. ‘Global 

buckling is a buckling mode where the member deforms with no or negligibly small deformation in its 

cross-sectional shape [53]’. Silvestre [54] has studied the non-classical effects (elastic material 

couplings, warping and shear deformation) on the structural behavior of fibre-reinforced plastic (FRP) 

composite tubes by utilizing the generalized beam theory, unveiling the roots of linear coupling between 

different mode classes. He has shown that if global buckling does not result in material failure (if a 

structure is flexible enough), the structure (e.g. a tube) is still able to bear load. 

Almeida et al. [56[55] have investigated axial compression of composite variable axial tow (VAT) 

cylinders by conducting linear and nonlinear buckling analyses. They further exploited buckling results 

for the optimization of thickness and fibre angle to sustain increased buckling loads. 

Ford et al [56] have addressed delamination failure of symmetric two-ply cord-rubber specimens 

subjected to uniaxial tension by a simplified axisymmetric FE model. They have proven that 

delamination failure is linked to interlaminar shear strain γ13. Delamination is attributed to higher 

interlaminar shear strain-to-longitudinal normal strain ratios (γ13/ε1) [56]. Lou and Walter [57] have 

conducted interlaminar shear strain measurements in two-ply cord-rubber composites subjected to 

tension. Their results have shown that interlaminar shear strain-to-longitudinal normal strain ratios are 

higher if Ef/Em ratio (modulus of elasticity of fibres and the matrix) is higher. Rao et al [58] have dealt 

with failure behaviour of cord-rubber tire belts by a micromechanical model. Their results have shown 

that delamination plays an important role in failure of cord-rubber tires.  

Hutapea and Pizhong [59] have determined in-plane shear moduli of composites with fibre-matrix 

debonding. They have demonstrated that in-plane shear and intralaminar shear strain are in connection 

with fibre-matrix debonding. 

Linear buckling analyses, in which material properties and contact conditions are regarded as 

linear, serve as a means of determination of the theoretical critical force of a structure [60]. 

Nonlinear buckling analyses predict critical force more accurately, therefore they are widely used 

in engineering practice [61]. 

2.6.2 Literature review on micromechanical models 

One can find several examples for the utilization of the micromechanical approach for the analysis 

of unidirectional fibre-reinforced materials. For example, Adams and Crane [62] investigated 

longitudinal shear loadings of unidirectional composites, also including temperature and moisture 
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loadings. Bonora et al. [63] examined the fibre-debonding phenomenon in SiC/Ti composites by FE and 

experimental means.  

Kocak and Pidaparti [64] have developed a three-dimensional micromodel for cord-rubber 

composites to obtain deformation and stress results. They have investigated the influence of cord shape 

and rubber thickness on the load-deformation characteristics. In their FE model, rubber has been 

modelled as linear elastic and large deformations have not been taken into account. 

Zhang et al. [65] have established a nonlinear constitutive model for cord-rubber composites and applied 

a novel failure criterion for the reinforcement layers, validated by biaxial test data of nylon-6 cord-

rubber composite. Rosso and Váradi [66] have developed FE micromodel of transverse fibre bundle test 

of a Vinylesther-carbon fibre composite, applying the displacement coupling technique. They have 

found that larger fraction of the total stress build up until failure is caused by the thermal residual stresses 

related to the curing process. Behroozinia et al. [67] have studied failure of cord-rubber tires by 

macromodels. They used micromechanics-based elements, examined fibre volume fraction, lay-up and 

void volume fraction as well. 

Bojtár [68] used a ‘unit cell’ micromodel for the determination of microscopic properties of a 

woven textile composite by modelling uniaxial tension and for the examination of the effect of fibre 

volume fraction, modulus of elasticity of the roving and weaving methods. The ‘unit cell’ type 

considers a square or hexagonal periodical representative volume element (RVE) modelling real ply 

structure. Unit cell is the smallest volume over which any numerical calculations yield a value 

representative for the whole. [69]. Periodical and symmetry boundary conditions ensure deformation 

compatibility within the unit cell such as in case of the carbon fibre/epoxy composite vessel subjected 

to combined internal pressure and thermomechanical loading examined by Wang et al. [70]. They 

developed a progressive failure analysis algorithm based on micromechanics of failure theory to 

predict the failure initiation at constituent level and a material property degradation method to model 

the post failure behavior of the damaged materials. Xu et al. [71] have developed a macro-meso unit 

cell model combined with the shell-core structural feature of 3D braided composites. They predicted 

the elastic constants and micromechanical response. The effects of the braiding angle and the fibre 

volume fraction of specimens on the elastic properties have been discussed extensively. Li et al. [72] 

have created a a dense but non-intersecting geometry internal unit cell model of 3D five-directional 

braided composites based on microscopic observations and predicted the effective elastic constants of 

3D five-directional braided composites. Their model was proven to be more effective to calculate the 

mechanical properties of 3D five-directional braided composites with more than 50% fibre volume 

fraction compared to existing FE models. 

The structural behavior of knitted fabrics subjected to tensile and shear loading has been 

analyzed by Dinh et al. [73]. The material properties have been predicted based on tensile tests and a 

virtual biaxial test by multiscale method at the yarn level using periodic boundary conditions, also 

considering the effect of the coefficient of friction. Devireddy SBR and Biswas S [74] determined 

elastic and thermal properties of unidirectional composites with different fibre volume fractions. 

Material properties (modulus of elasticity and thermal conductivity) of unidirectional fibre-reinforced 

composites have been calculated in two ways, by rules of mixture and by an FE micromodel. The 

results have been proved to be affected by volume fraction, geometry of fibres and RVE. Elsaid et 

al [75] have studied mechanical behaviour of 3D woven composites by a multiscale approach using 

Voronoi tessellation. They have found that there is a strong relation between the internal yarn 

architecture and the mechanical response of 3D woven composites. 

Dinh et al. [76] utilized a novel 3D modelling technique for the assessment of coated fabrics. The 

coating material has been modelled by 3D solid elements, while the yarns have been modelled by truss 

elements therefore simplifying the constitutive law.  

Submodeling often gives considerably inaccurate stress results at the cut boundary due to the 

relatively small element sizes and the proximity to the projected boundary constraints. One way to 

overcome this issue is to exclude the elements near the cut boundaries from the stress results [77]. Other 

solutions include enlarging the model based on the Saint-Venant principle so that the boundaries of the 
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original micromodel lie far enough from the boundaries of the enlarged model, so stress results are not 

influenced by the boundary effect [78]; or a cubic spline interpolation function can be used to determine 

the values of the displacements [79].  

Goda [80] has studied failure mechanisms related to wear in case of a unidirectional fibre 

reinforced PEEK (polyether-etherketone) subjected to sliding on a steel surface by FE macro- and 

micromodels (using displacement-coupling submodeling technique) and a debonding micromodel at 

various fibre orientations. In the debonding micromodel, interface elements, situated between fibres and 

the matrix, are able to identify tension and shear type debonding under tension and compression. 

2.7 Conclusions  

In the literature overview, firstly, the structure of filament-wound composite tubes, manufacturing 

of such tubes and structure of reinforcement yarns are presented. Then, the chapter includes a broad 

description of the rules of mixture, material models of cord-rubber tubes and failure criteria. The 

literature review on the mechanical characterization of cord-rubber tubes includes analytical, numerical 

and experimental methods. Bending and buckling of composite tubes have been addressed by several 

researchers. They applied mainly analytical methods based on classical laminated shell theory and 

nonlinear FE models. However, collapse of cord-rubber tubes has not been in the focus of recent studies, 

this dissertation aims to fill this void and describe the complete buckling process.  

Several micromodels have been developed for the analysis of uniaxial tension of composites. 

These micromodels are utilized for either the determination of material properties or studying failure. 

Only a few micromodels deal with cord-rubber composites and the load transfer mechanism is not 

examined in any of them during uniaxial tension. 

One purpose of this dissertation is the development of micromodels for uniaxial tension of 

composite tube sample and test specimen to study load transfer and failure mechanisms of composite 

structures and provide realistic deformation, strain and stress results inside reinforcement layers. 

3 Material characterization of the examined tube 

In this chapter, determination methods of the material properties of the numerical models of the 

composite tube will be presented. In Chapter 3.1, material properties for FE macromodels at room 

temperature are determined based on the estimated fibre volume fraction and the moduli of elasticity of 

the fibres and the matrix. In Chapter 3.2, the same method has been utilized to obtain the elastic constants 

for FE macromodels at -40°C. In Chapter 3.3, estimation of material properties for the composite 

micromodel has been made. 

3.1 Material properties at room temperature 

Determination of material properties of reinforcement layers has been accomplished by the 

method illustrated in Figure 3.1. Firstly, photographs have been taken at the cross-section of the tube, 

in which yarns are respresented by their angular sections (end section). By using KLONK image 

measurement software [81], average area of yarns has been calculated in their end sections. Average 

area of yarns in the end section has been utilized for the determination of fibre volume fraction. Then, 

average cross-sectional area of yarns has been calculated with the help of the orientation angle and 

average area of yarns in the end section. Afterwards, modulus of elasticity of fibre in material direction 1 

(Ef1) has been evaluated based on the load-strain curves of a reinforcement yarn and the average cross-

sectional area of a reinforcement yarn, then, modulus of elasticity of fibre in material direction 2 (Ef2) 

has been estimated (see Chapter 3.4 for details). Two parameter Mooney-Rivlin material model has been 

fitted to stress-strain curves of rubber liners, therefore modulus of elasticity of matrix, being made of 

rubber, has been calculated. Finally, composite elastic constants have been derived based on modulus 

of elasticity of fibre, modulus of elasticity of matrix and fibre volume fraction. Material properties of 



24 

 

reinforcement layers can be determined in view of their geometric parameters and the tensile properties 

of the fibre and the matrix. As regards the geometric parameters, average area of yarns and fibre volume 

fraction are fundamental. 

 

Figure 3.1. Flow diagram of determination of material properties of reinforcement plies. 

Computation of area has been carried out by KLONK image measurement software [81]. In 

Figure 3.2, captured perpendicular to the axis of the tube (end section of yarns), yarns are surrounded 

by measurement splines. Average area of the yarns determined with the help of the software is 0.61 mm2. 

Outlines of the yarns might be regarded as ellipses with good approximation. In Figure 3.2, yarns are 

represented by their angular cut surfaces because the included angle of the yarns and the axis of the tube 

is ω = 55˚.  

 

Figure 3.2. Cross-section of the tube with measured yarns 
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Figure 3.3. Angular section (end section) of a yarn at the cross-section of the tube. 

This angular cut is not representative when estimating elastic constants; therefore, the cross-

sectional area needs to be evaluated in this case (Figure 3.3). In the angular section of the yarn, the 

included angle of the ellipse and the normal to the cross-sectional plane is ω, hence 

 r = a sin ω     while r = b,  (3.1) 

where r stands for the radius of the circular cross-section of the yarn 

a is the semi-major axis of the elliptical end section 

b1 is the semi-minor axis of the elliptical end section 

ω is the orientation angle. 

Therefore, area of the yarn in its cross-section equals: 

 𝐴𝑐 = 𝐴𝑒 ∙ sin𝜔, (3.2) 

where Ac stands for the area of cross-section of yarn-perpendicular to its axis, Ae stands for the area of 

the angular end section of yarn-taken at the cross section of the tube. Figure 2.1 shows orientation of the 

reinforcement layers related to the axis of the tube. The orientation angle is congruent with the included 

angle of the angular section of the yarn (end section) and the normal to the cross-sectional plane of the 

yarn. 

Inner diameter of the tube is 28 mm, its outer diameter is 44 mm, and the rubber liners are 2.4  mm 

thick. There are four reinforcement layers consisting of natural yarns and rubber matrix. The material 

coordinate systems of the layers are cylindrical, the layup is [+55/-55/+55/-55] [°] with respect to the 

axis of the tube (Figure 3.4).   

Reinforcement layers are surrounded by rubber liners, made of EPDM-EVA copolymer, whose 

leading role is sealing and protecting reinforcement layers from mechanical impacts. 
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Figure 3.4. Cross-section of the examined tube  

 

3.1.1 Fibre volume fraction 

Volume fraction has been calculated as the proportion of the end sectional area of yarns on the 

cross-section of the tube (Aae) and the cross-sectional area of the tube (Atc). The average end sectional 

area of yarns is (regarding 269 yarns): 𝐴𝑎𝑒 = 163.15 𝑚𝑚2. Cross-sectional area of the tube has been 

calculated based on the outer (39.2 mm) and inner diameters (32.8 mm). Area of cross-section of the 

tube is 𝐴𝑡𝑐 = 361.91 𝑚𝑚2. Therefore, fibre volume fraction equals: 

  𝑉𝑓 =
𝐴𝑎𝑒

𝐴𝑡𝑐
= 45 %. (3.3) 

 

For obtaining material properties of the yarn, tensile test curves, provided by the manufacturer, are 

crucial (Figure 3.5). In this figure, two force-strain points were selected (estimated approximate 

inflexion points, A and B), between which a line can be fitted for gaining characteristic stresses and 

therefore modulus of elasticity of yarn. 

 

Figure 3.5. Load-strain curves of a single reinforcement yarn (provided by the manufacturer) 

In actual practice of tensile testing, stress-strain curves can be used as a basis for acquiring 

modulus of elasticity of the fibre. By fitting a line to the load-strain curves and calculating stress values 

at these points, modulus of elasticity can be obtained by a simplified approach. With the help of the 

cross-sectional area of yarn (Ac=0.496 mm2) and force and strain values of point A and B (FA=78.57 N, 
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FB=221.4 N and εA=0.0654, εB= 0.163), the calculated stress values are: σA=158.1 MPa, σB= 446 MPa; 

the modulus of elasticity of the fibre in material direction 1 is:  

 𝐸𝑓1 =
𝜎𝐵−𝜎𝐴

𝜀𝐵−𝜀𝐴
= 2961 𝑀𝑃𝑎.                     (3.4) 

 𝜎B = 446 𝑀𝑃𝑎  is considered as the tensile strength of the yarn and εB=0.16 as the elongation at break.  

3.1.2 Material characterization of rubber 

Material properties of rubber liners have been determined based on the curve fitted [82] to the 

uniaxial stress-strain curves provided by the manufacturer. The mechanical model of the rubber liners 

is two-parameter Mooney-Rivlin hyperelastic model (Figure 3.6). 

 

Figure 3.6. Two-parameter Mooney-Rivlin model fitted to uniaxial test data provided by manufacturer  

Mooney-Rivlin-parameters of rubber liners are C10= -0.4982 MPa, C01= 1.523 MPa, D=0 [1/MPa], so 

rubber liners are assumed to be incompressible in the FE models. Equivalent shear modulus, Poisson’s 

ratio and modulus of elasticity of rubber liners (which have been utilized for the determination of elastic 

constants of the reinforcement layers) are (νr=0.5): 

𝐺𝑟 = 2 ∙ (𝐶10 + 𝐶01) = 2.05 𝑀𝑃𝑎                                             (3.5) 

𝐸𝑟 = 2 ∙ (1 + 𝜐𝑟) ∙ 𝐺𝑟 = 6.15 𝑀𝑃𝑎.                                                 (3.6) 

3.1.3 Deriving composite elastic constants 

In the most general case, stress and strain states of composites can be described by an anisotropic 

material model. However, this requires 21 independent elastic constants, the measurement of which is 

often too hard to achieve. Therefore, in most cases, the highest order of symmetry possible is taken into 

consideration. Firstly, composite parts are generally considered to be described as orthotropic having 

three mutually perpendicular planes of symmetry; filament-wound composite tubes, with their fibres 

aligned uniaxially, are usually regarded as transversely isotropic because the plane perpendicular to the 

fibre direction is a plane of isotropy (E2=E3, G12=G13, υ12= υ13). Transversely isotropic materials have 

five independent elastic constants (E1, E2, G12, G23, υ12) [16]. 

Yarns (or fibres) are per se considered transversely isotropic as constituents with five independent 

elastic constants. Modulus of elasticity E1 can be simply determined based on uniaxial tensile tests 

performed on yarns, however, measurement of other parameters (e.g. Ef2) is complicated and hardly 

possible in most cases. Therefore, estimations had to be made for the value of Ef2. Considering low load-

bearing capability of yarns in transverse directions, Ef2 has to be at least one order of magnitude lower 

than Ef1. After a short parameter study, which is described in detail in Chapter 3.4, Ef2 was chosen to be 

80 MPa.  

Modulus of elasticity of the matrix is Em=Er=6.15 MPa, its Poisson’s ratio is supposed to be 

υm= υr = 0.5. Poisson’s ratio of the fibre is assumed to be υf =0.2. Fibre volume fraction is Vf=45 %.  

Matrix volume fraction is respectively as follows: 

𝑉𝑚 = 1 − 𝑉𝑓 = 1 − 0.45 = 0.55.                                                             (3.7) 
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Modulus of elasticity of one layer in direction 1 is: 

 𝐸1 = 𝐸𝑓1 ∙ 𝑉𝑓 + 𝐸𝑚 ∙ 𝑉𝑚 = 1338 𝑀𝑃𝑎. (3.8) 

Shear moduli of the fibres can be written as follows:  

𝐺𝑓12 = 𝐺𝑓13 =
𝐸𝑓2

2 ∙ (1 + 𝜈𝑓12)
= 33.33 𝑀𝑃𝑎                                                              (3.9) 

 𝐺𝑓23 =
𝐸𝑓2

2∙(1+𝜐𝑓23)
= 26.85 𝑀𝑃𝑎. (3.10) 

Applying the formulae presented in [16] and [83], the moduli of elasticity in directions 2 and 3 and shear 

moduli are: 

𝐸2 = 𝐸3 =
𝐸𝑚

1−√𝑉𝑓∙(1−𝐸𝑚 𝐸𝑓⁄ )
= 16 𝑀𝑃𝑎                                              (3.11) 

 

𝐺12 = 𝐺13 =
𝐺𝑚

1 − √𝑉𝑓 ∙ (1 − 𝐺𝑚 𝐺𝑓12⁄ )
= 5.6 𝑀𝑃𝑎                           (3.12) 

𝐺23 =
𝐺𝑚

1 − √𝑉𝑓 ∙ (1 − 𝐺𝑚 𝐺𝑓23⁄ )
= 5.4 𝑀𝑃𝑎.                                            (3.13) 

Poisson’s ratios of one ply are [14]: 

𝜐12 = 𝜐13 = 𝑉𝑓 ∙ 𝜐𝑓 + 𝑉𝑚 ∙ 𝜐𝑚 = 0.37.                                             (3.14)   

Contraction in plane 23 is principally governed by the mechanical behaviour of rubber, so 

𝜐23 =
𝐸𝑓2

2 ∙ 𝐺𝑓23
− 1 = 0.498.                                                                        (3.15) 

Finite element analysis of tensile test on standard test specimen consists of two separate sections, the 

first being the representation of fastening the specimen, while the second part simulates uniaxial tension. 

3.2 Material characterization at -40°C  

 

Figure 3.7. Lateral section of rubber test specimen  
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A preliminary tensile test has been carried out in order to determine material properties of the 

rubber at -40°C. The test specimen has been cut in thickness direction in accordance with standard 

ASTM D638, thus the thickness of the test specimen is 2.4 mm, equal to the thickness of the outer rubber 

liner. Lateral section of the rubber test specimen, along with its dimensions, can be viewed in Figure 

3.7. The traction of the test specimen has been conducted to a displacement of 51 mm, at which the 

specimen has ruptured. 

Force-displacement results of rubber test specimen can be observed in Figure 3.8. 

 

 

Figure 3.8. Force-displacement curve of rubber test specimen at -40 °C  

For the calculation of the modulus of elasticity Em, the initial section until a displacement of 16.5 mm 

has been considered. 

Engineering stresses can be calculated based on the initial cross-section A0 =4 mm ∙ 2,8 mm= 11,2 mm2 

and traction force F. 

 𝜎 =
𝐹

𝐴0
.       (3.16) 

By using distance between grips l0=55 mm and change in length Δl, engineering strains can be 

calculated:  

 휀 =
∆ 𝑙

𝑙0
.        (3.17) 

Engineering stress results can be viewed as a function of engineering strains in Figure 3.9. 
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Figure 3.9. Stress-strain curve of rubber test specimen at -40 ˘C  

Modulus of elasticity of matrix can be determined as follows:  

 𝐸𝑚 =
𝜎2−𝜎1

𝜀2−𝜀1
=

6.11 𝑀𝑃𝑎−0.44 𝑀𝑃𝑎

0.3−0
= 18.91 MPa.     (3.18) 

According to data provided by the manufacturer, Shore hardness of the rubber at -40 °C is H=95 ShA.  

Shear modulus of rubber can be estimated based on Shore hardness of the rubber [84]:  

 𝐺𝑟,𝑒𝑠𝑡 = 0.086 ∙ 1.045𝐻 = 5.63  𝑀𝑃𝑎.  (3.19) 

Modulus of elasticity of rubber can be estimated with use of the estimated shear modulus of rubber: 

 𝐸𝑟,𝑒𝑠𝑡 = 2 ∙ (1 + 𝜐𝑟) ∙ 𝐺𝑟,𝑒𝑠𝑡 = 16.89 𝑀𝑃𝑎.  (3.20) 

The modulus of elasticity of rubber estimated with the use of Eq. 3.20 [84] is approximately equal 

to that determined based on the tensile test experiment.  

Temperature effect is neglected in case of the yarns, since there is little difference between storage 

modulus (E’) of polyester at -40°C and at room temperature according to Figure 3.10. Thus, for the 

calculation of the smeared macromechanical properties of the composite layers at -40°C, the same 

material properties have been taken into account as at room temperature (e.g. Ef1=2960 MPa, …). 

 

 
Figure 3.10. Comparison of modulus of elasticity of various fibres [85], PU: polyurethane, XLA: elastolefin fibre, 

Lycra : elastane 
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Material properties of reinforcement layers at -40 °C with the use of the modulus of elasticity of 

matrix and Eq (3.10) -(3.15) are as follows: 

E1=1345 MPa, E2=E3=39 MPa, υ12= υ13=0.364, υ23=0.496; G12= G13=13.94 MPa; G23=13.02 MPa. 

Rubber liners are described by a two-parameter Mooney-Rivlin model, whose parameters have 

been determined by using the curve fitting feature of ANSYS Workbench [82] on the stress-strain results 

of rubber test specimen (Figure 3.11).  

 

Figure 3.11. Two-parameter Mooney-Rivlin model fitted to stress-strain results at -40˘C 

Mooney-Rivlin parameters of rubber liners are C10= 2.96 MPa, C01= 1.53 MPa, D=0 [1/MPa].  

3.3 FE micromodel of test specimen and tube sample 

Yarns are modeled as linear orthotropic (transversely isotropic), with the following material 

properties: Ef1= 2960 MPa, Ef2=Ef3=80 MPa, νf12=νf13=0.2, νf23=0.4; Gf12=Gf13=33.33 MPa, 

Gf23=26.85  MPa. Modulus of elasticity in material direction 1 E1 is identical to that of the reinforcement 

layer in the macromodel as yarns transmit loads mainly in the longitudinal direction. Moduli of elasticity 

Ef2 and Ef3 are estimated to be 80 MPa, much lower than E1 as the yarn has little stiffness in direction 2 

and 3 due to a having a long pitch of twist relative to the thickness of a single fibre (Figure 3.12, Figure 

3.13). Shear moduli Gf12 Gf13 and Gf23 are estimated as the shear moduli of the rubber matrix because 

interaction of single fibres is negligible in the shear mechanism of the yarn due to the low thickness of 

a single fibre and in-plane shear mechanism is affected mostly by matrix properties [67]. 

Moreover, due to possible inaccuracies regarding the estimation of moduli Ef2 and Ef3, case of 

Ef2=200 MPa has also been investigated (see Figure 6.57, Figure 6.77). 

In this case, Gf12, Gf13 and Gf23 have also been calculated by the expressions of Eq. 3.12. and Eq. 3.13. 

Material properties in the case of Ef2= 200 MPa are the following:  

Ef2=Ef3=200 MPa, νf12=νf13=0.2, νf23=0.4; Gf12=Gf13=83 MPa, Gf23=71 MPa.  
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Figure 3.12. Microscopic image of one yarn 

 

Figure 3.13. Microscopic image of yarns embedded in the rubber matrix 

The matrix is modeled by a 2 parameter Mooney-Rivlin model with parameters also mentioned 

in Chapter 3.1.2. It is postulated that yarns behave equally for tension and compression, so tension 

moduli of the yarns equal their compression moduli. 

3.4 Estimation of transverse modulus of elasticity Ef2 

In this parameter study, values of E2=20, 80 and 200 MPa have been considered for the cases of 

the macromodels of the uniaxial tension of the tube sample at room temperature (Figure 3.14) and -40°C 

(Figure 3.15) and micromodel of the uniaxial tension of the tube sample (Figure 3.16). Note bene, in 

case of moduli Ef2 over 400 MPa, this yarn behaves practically isotropically. In Figure 3.14, macromodel 

results of Ef2= 200 MPa and Ef2= 80 MPa approximate experimental results well, while results of 

Ef2= 20  MPa differ significantly from experimental results. At -40°C, results of Ef2=200 MPa are in 

good agreement with experimental results, data series of Ef2=80 MPa are also in considerably good 

agreement with experimental data (with a difference of nearly 10%), while Ef2=20 MPa results are 

unacceptably far from experimental results. As regards micromodel of uniaxial tension at room 
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temperature, results of Ef2=20 MPa and Ef2=80 MPa are in good agreement with experimental data, 

whereas Ef2=200 MPa results differ unacceptably from experimental data. Therefore, Ef2=80 MPa is 

applicable in all three cases and will be utilized for simulations as the transverse modulus of elasticity. 

 

Figure 3.14. Force-displacement curves of the uniaxial tension of the tube sample at room temperature for various 

moduli of elasticity Ef2 

 

Figure 3.15. Force-displacement curves of the macromodel of the uniaxial tension of the tube sample at -40 °C for 

various moduli of elasticity Ef2 
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Figure 3.16. Force-displacement curves of the micromodel of the uniaxial tension of the tube sample at -40 °C for 

various moduli of elasticity Ef2 

4 Experimental materials and methods 

Several experiments have been carried out in order to investigate mechanical behaviour of the 

tube in certain cases. Firstly, uniaxial tensile tests have been performed on standard test specimen and 

tube sample at room temperature and at -40°C as well, to validate the FE models of Chapter 5, which 

are based on the material models detailed in Chapter 3, thus confirming the appropriateness of the 

material constants. The three-point bending tests and standard bending test have also been utilized to 

validate material models of FE macromodels at room temperature. A compression/bending test has also 

been performed for experimental validation of the analysis of the compression/bending instability of the 

composite tube (which will be presented in detail in Chapter 5.5). The uniaxial tensile tests, the three-

point bending test and the compression/bending test have been carried out at BME Department of 

Polymer Engineering, while the standard bending test has been performed at Knorr-Bremse Rail 

Systems Ltd.. 

In Chapter 4.6, a draw and buffing gear test is presented that has been carried out on a reverse 

curve test track by MÁV Central Rail And Track Inspection Ltd. (MÁV KFV Kft.) on the Szolnok 

Railway Maintenance Site of MÁV in Szolnok. Test results serve as experimental validation of the 

kinematic simulation related to the FE macromodel of the tube under extreme operating conditions. This 

test report is also utilized for the calculation of the prescribed boundary conditions of the FE macromodel 

of the tube subjected to extreme operational loads on a reverse curve test track. 

4.1  Uniaxial tension at room temperature 

4.1.1 Tensile experiment on standard test specimen cut from the tube 

Test specimen used for uniaxial tension test has been cut from the tube in thickness direction in 

accordance with standard ASTM D638. The specimen, having a length of 75 mm, has been tested to 

complete failure. The experiment began with a pre-load of 1 N with a pre-load speed of 2 mm/min. The 

test was executed on a Zwick Z250 tensile testing machine. The measuring limit of the load cell was 

10 kN.  Firstly, fractures appeared in reinforcement layers, which led to yarn-matrix debonding. This 

may be attributed to yarns aligning themselves to the direction of load generating shear inside layers 

(Figure 4.1). As the tension progressed, gaps appeared between the two rubber liners. 
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Figure 4.1. Tensile test specimen at a displacement of 19 mm 

4.1.2 Tensile test experiment of tube sample 

Tensile test of a tube sample having a length of 110 mm was performed (Figure 4.1) to a 

displacement of 25 mm. Cross-section of the tube sample is in accordance with Figure 3.4. Uniaxial 

tension was realized with the help of two steel plugs fixed into the tube by pipe clamps and by bonding 

them to the inner liner of the tube. 

Tube sample was pulled with a speed of 5 mm/min and a preload of 1 N. Tensile tests were performed 

three times (Figure 4.2). 

 

 
Figure 4.2. Tube sample subjected to tensile load at a displacement of 25 mm. 
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4.2 Three-point bending test 

 
Figure 4.3. Three-point bending test at a deflection of 80 mm 

Three-point bending test has been performed on a Zwick Z 020 tensile test machine (Figure 4.3) 

at room temperature. The tube has been placed between cylindrical bend fixtures. Diameter of the upper 

support is 30 mm, diameter of the lower supports, whose vertical midplanes are situated 500 mm from 

each other symmetrically to the vertical midplane of the upper support, is 18 mm (Figure 4.4). In the 

course of the bending test, the upper support has descended 80 mm. The travel speed of the crosshead 

has been 30 mm/min. 

 
Figure 4.4. Arangement of the three-point bending test 
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4.3 Standard bending test of the tube onto a disc in accordance with  

EN 15807:2011 

 

Figure 4.5. Measurement of reaction forces in the course of standard bending test 

A standard bending test of the tube onto a disc [47] is utilized in practice as a means of quality 

control (Figure 4.5). The standard bending test has been carried out at room temperature manually by 

bending the tube onto a disc, being 30 mm thick, having a diameter of 180 mm. The bending can be 

either carried out with bare hands or positioning pins [47]. Reaction forces have been measured by a 

force gauge. Mean reaction force calculated based on 10 experimental values measured in the position 

depicted in Figure 4.5 is 121.0 N (with a standard deviation of 6 N). 

4.4 Instability analysis-compression/bending test 

For experimental validation, compression/bending tests have been carried out on a Zwick Z 250 

tensile testing machine with a compression speed of 100 mm/min (Figure 4.6). The applied pre-load has 

been 1 N. The upper tensile jaws have traveled 635 mm in the course of the experiment, while the lower 

tensile jaws have held their position. Compressive forces have been measured throughout the 

experiment. 

The tube is connected to the tensile testing machine by a fixing assembly (Figure 4.7). A pin (2) is 

inserted and bonded into the tube (1). An axle (3) is placed inside the hole of the pin. The pin can rotate 

around the axle; two deep-groove ball bearings (4) ensure that friction in the axle-pin connection is 

almost negligible. The axle is fixed axially into a grip fork, consisting of a lug (5) and a crosspiece (6) 

joined together by screws (7) and retaining rings (8). A square-sectioned bar (9) welded to the crosspiece 

is utilized for fixing the assembly between the tensile jaws. The testing assembly is a non-sway structure 

because the square-sectioned bar (9) is fixed between the tensile jaws.  
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Figure 4.6. Deflected composite tube at a vertical displacement of 350 mm 

 

Figure 4.7. Cross-section of the fixing assembly, all the dimensions are expressed in [mm] 

4.5 Uniaxial tension at -40°C 

4.5.1 Uniaxial tension of standard test specimen at -40°C 

Standard test specimens have been cut from the tube in thickness direction containing both the 

reinforcement layers and the rubber liners, thus their thickness is 8 mm. Their lateral section is the same 

as depicted in Figure 3.7. The tensile test experiment has been performed at -40 °C in a climate chamber 

as depicted in Figure 4.8. The experiment has begun with a pre-load of 5 N. The test has been executed 
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on a Zwick Z250 tensile testing machine with a tensile speed of 5 mm/min to complete rupture at a 

displacement of 11.7 mm.  

 

Figure 4.8. Standard test specimen at -40 °C, placed in a climate chamber  

4.5.2 Uniaxial tension of tube sample at -40° C 

A 150-mm-long tube sample has been subjected to uniaxial tension to a displacement of 35 mm. 

Cross-section of the tube sample specimen can be seen in Figure 3.4. Tension has been performed with 

the help of two steel plugs installed into the tube by pipe clamps and by bonding them to the inner liner 

of the tube. The tube sample has been put into a climate chamber, whose temperature had been set to  

-40°C (Figure 4.9).  

Tube sample has been pulled with a tensile speed of 5 mm/min and a pre-load of 5 N. 

A reference tensile test has also been performed on tube samples at room temperature for comparison 

with results of the -40°C test. 
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Figure 4.9. Tube sample specimen at -40 °C, placed in climate chamber  

4.5.3 Uniaxial tension of tube sample at room temperature (for 

comparison with tension at -40°C) 

Arrangement of uniaxial tensile test experiment matches arrangement of the tensile test carried 

out at -40°C, moreover, the tube sample is 150 mm long as well.  

4.6 Draw and buffing gear interaction test 

Railway rolling stock manufactured in the European Union needs to fulfil the requirements of 

LOC&PAS TSI [86], so draw and buffing gear interaction test [87] of a coach manufactured by MÁV-

Start Zrt (Hungarian State Railways) had to be performed. The test was carried out by MÁV Central 

Rail And Track Inspection Ltd. (MÁV KFV Kft.) on the Szolnok Railway Maintenance Site of MÁV 

in Szolnok, Hungary between 16 June 2019 and 20 June 2019 on a purpose-built reverse curve test track 

with a nominal curve radius of 150 m. Length of the vehicle body has been 26100 mm, distance of the 

bogie pivots has been 19 000 mm, bogie type has been Siemens SF 400. Tests were conducted at a speed 

of 5 km/h so that forces exerted by the traction vehicle did not influence the measurements [87].  
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Figure 4.10. Schematic test track layout [87] 

The test track is illustrated schematically in Figure 4.10. It consists of an initial tangent (straight) 

section before “1”, a 20 m long curve with a radius of 150 m (between “1” and “2”), an intermediate 

straight section of 6 m (between “2” and “3”), a 35 m long curve with a radius of 150 m (between “3” 

and “4”) and a curved section after “4” with an approximate radius of 150 m. The test (pulled run is 

considered hereinafter) commenced at point “1” and lasted until the rear coach has passed point “4”. 

Figure 4.11 shows the displacement-type measured quantities. x1 is the buffer compression on the left 

side, x2 is the buffer compression on the right side, whereas y1 is the lateral displacement at the coupled 

end (Figure 4.11). 

 

Figure 4.11. Location of the applied sensors [87] 

Lateral displacement y1 has been used for the validation of the kinematic simulation. It has been 

measured by a draw-wire displacement sensor as it can be seen in Figure 4.12. Lateral displacement 

results can be seen in Figure 4.13 as a function of measurement time. 
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Figure 4.12. Draw-wire displacement sensor utilized for the measurement of lateral displacement y1. [87] 

 

Figure 4.13. Lateral displacement y1 as a function of time [87] 

4.7 Deflection test at -40 °C 

Deflection test has been carried out according to [47] along with an FE model of the deflection 

test in order to validate the FE macromodel of bending of tubes in operational conditions (Chapter 5.6). 

In the schematic arrangement according to [47], the test assembly comprises of the tube, gripped in a 

clamp, and a weight placed inside a stopper at the free end of the tube (Figure 4.14). In the actual test 

arrangement (Figure 4.15), the weight has been fixed into the stopper placed inside the tube and hanged 

by a string to the top of the climate chamber. The test assembly had been put inside a climate chamber 

at a temperature of -40°C for 12 hours. At the beginning of the test, the string has been cut, applying the 

load, vertical deflection has been measured and recorded after 10 s. The measured deflection has been 

15 mm.  

 

Figure 4.14. Schematic diagram of test rig for deflection at low temperature [47] 

In Figure 4.14, the meaning of latin letters are:  

f: deflection of the tube 

m: stopper with location for weight (mass of 2 kg) 
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Figure 4.15. Arrangement of the test rig inside the climate chamber 

 

5 Numerical models and methods 

In this chapter, FE analyses are presented, which include the following examinations:  

 the uniaxial tension of the test specimen at room temperature (Chapter 5.1.1),  

 the uniaxial tension of the tube sample at room temperature (Chapter 5.5.2),  

 the three-point bending of the composite tube (Chapter 5.2), 

  FE simulation of the standard bending test of the composite tube (Chapter5.3),  

 the instability analysis of compression/bending (Chapter 5.4),  

 the uniaxial tension of the test specimen at -40°C (Chapter 5.5.1),  

 the uniaxial tension of the tube sample at -40°C (Chapter 5.5.2),  

 the simulation of the effect of extreme operating loads on a reverse curve test track 

(Chapter 5.6),  

 the micromodel of the uniaxial tension of the test specimen (Chapter 5.7) and the micromodel 

of the tube sample (Chapter 5.8). 

5.1 Uniaxial tension of test specimen and tube sample at room temperature 

5.1.1 Uniaxial tension of test specimen at room temperature 

5.1.1.1 Geometric model 

Geometry of the tube has been shown in detail in Figure 3.4 in Chapter 3.1. Geometry of the 

specimen can be observed in Figure 5.1 along with the dimensions and the fibre orientation of layer 1 

(its orientation angle is ω=+55°). 
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Figure 5.1. Dimensions of the test specimen, along with the fibre orientation of layer 1 (+55°) 

5.1.1.2 Connections 

There are bonded contacts between the reinforcement layers and the outer rubber liner and the 

reinforcement layers and the inner rubber liner respectively; because rubber, being the material of the 

matrix and also material of inner and outer liners, is vulcanized around yarns (Figure 5.2). The contacts 

defined between the rubber liners and the tensile jaws are frictional with a coefficient of friction µ=0.8 

based on [88], and formulation „Augmented Lagrange”. 

 

Figure 5.2. Disposition of the finite element model 

Finite element mesh (Figure 5.3) consists of approximately 14 800 nodes and 13100 elements. 

 

 

Figure 5.3. Finite element mesh  

In the first time step, the upper tensile jaw at the right end descends -2 mm in Y direction, while 

the lower tensile jaw opposite of the former stands still (Figure 5.2). In the second time step, left end of 
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the specimen is being fixed. The upper tensile jaw sinks -2 mm in Y direction, while the lower tensile 

jaw is fixed. Meanwhile, the upper right tensile jaw holds its position -2 mm from its initial horizontal 

position and the lower right tensile jaw is still fixed. In the third time step, tensile jaws situated at the 

right end are subjected to a prescribed displacement of 25 mm in positive X direction. In the meantime, 

tensile jaws situated at the left end hold their position. 

5.1.2 Uniaxial tension of tube sample 

5.1.2.1 Connections, mesh 

There are bonded contacts between the reinforcement plies and the outer rubber liner and the 

reinforcement plies and the inner rubber liner respectively. The plugs are connected to the inner lateral 

surface of the tube by bonded contacts. 

 

Figure 5.4. Longitudinal section of the meshed geometry 

Mesh of the finite element tube sample model, being a three-dimensional full model, consists of 

nearly 25100 nodes and 21 000 elements (longitudinal section illustrated in Figure 5.4). Reinforcement 

plies are represented by four adjacent layers of elements between three layers representing outer rubber 

liner and three layers representing inner rubber liner. 

5.1.2.2 Loads, boundary conditions 

In the first time step, pressure of 1.5 MPa, which represents pipe clamps, is applied to sections of 

the outer side surface of the tube shown in Figure 5.5. In the second time step, a prescribed displacement 

of 25 mm, being in line with the prescribed boundary condition of the test, is applied to the right end of 

the right plug. Meanwhile, the left end of the left plug is fixed. 

 

Figure 5.5. Loads and boundary conditions of the tube sample 
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5.2 Three-point bending 

5.2.1 Connections, mesh 

There are bonded contacts between the reinforcement layers and the outer rubber liner and the 

reinforcement layers and the inner rubber liner. The contacts between the outer rubber liner and upper 

and lower supports are frictional with a frictional coefficient µ=0.8 based on [88] and formulation 

‘Augmented Lagrange’. Upper and lower supports are modelled as rigid bodies (Figure 5.6). 

 

Figure 5.6. Disposition of FE simulation of three-point bending along with mesh 

5.2.2 Loads, boundary conditions 

This FE simulation consists of one time step and several substeps. In the course of FE simulation, 

upper support descends 80 mm in global Y direction, meanwhile lower supports are fixed.  

5.3 FE macromodel of standard bending test of the tube 

5.3.1 Material properties, geometry 

Material properties of the tube are in accordance with Chapter 3.1, the geometry of the tube is 

presented in Chapter 2.1. Standard disc is modelled as a rigid body with a diameter of 180 mm and a 

thickness of 30 mm. Positioning pins utilized for the bending process, placed inside the tube, are also 

rigid bodies, whose diameters equal the inner diameter of the tube. 70 mm long sections of the pins lay 

inside the tube. The aforementioned pins have holes, whose centers serve as a remote point for 

positioning the tube during the bending process, the centers of the holes are 50 mm from the base of the 

tube. 

5.3.2 Connections, mesh 

Connection of inner and outer rubber liners to reinforcement layers is bonded. Frictional contact 

is defined between the outer lateral surface of the tube and the disc with a coefficient of friction µ=0.8 

based on [88]. There are bonded contacts between the inner lateral surface of the tube and pins utilized 

for positioning the tube. Arrangement of the FE simulation along with mesh can be observed in Figure 

5.7. 
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Figure 5.7. Disposition of the FE simulation along with mesh 

5.3.3 Loads, boundary conditions 

The tube is in connection with the disc continuously during the bending process, therefore its 

centreline is transformed gradually into a circle, whose radius equals the sum of the radii of the tube and 

the disc. In the bending process, centreline of the tube is coincident with the tangent of the above-

mentioned circle (Figure 5.8). Therefore, the length of the tube segment not in connection with the disc 

decreases step by step. 

 

Figure 5.8. Position of the right half of the tube in each time step 

Positioning of the tube is carried out by the two remote points placed at each center of hole as 

presented in Figure 5.8. Positions of the right half of the tube in each time step are shown in Figure 5.8, 

while positions of the right remote point can be seen in Figure 5.9. These coordinates are defined in a 

relative coordinate system whose origin is located in the centre of the hole of the right positioning pin 

at the beginning of the simulation, having coordinate axes parallel to the axes of the global coordinate 

system depicted in Figure 5.7. The prescribed trajectory ensures that there is no reaction force in the 

tangential direction at the current point of tangency on the disc in each time step, therefore the finite 

element bending process is smooth enough. Positions of the left remote point are symmetric to the 

positions of the right remote point in every time step, the plane of symmetry is the global YZ plane. 

Translation of remote points in direction Z is not allowed, rotation around axes X and Y is not allowed 

either, however, rotation around axis Z is possible. In the current FE macromodel, the disc is completely 

fixed. 
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Figure 5.9. Position of the right remote point in each time step 

5.4 Numerical instability analysis of compression/bending 

The finite element model is a three-dimensional full model. The geometric model, the lateral 

section of which is shown in Figure 5.10, consists of the tube, and the pins utilized for positioning the 

tube during the bending process leading to cross-section instability. Rubber is vulcanized around yarns 

(Figure 3.4), so the connection of inner and outer rubber liners to reinforcement layers is modeled as 

bonded. There are bonded/frictional contacts between the inner lateral surface of the tube and the pins 

utilized for positioning the tube (the contact is frictional at the fillets of the pins, otherwise, bonded 

contact is defined). 70 mm long sections of the pins lay inside the tube. These pins, being rigid bodies, 

have holes, the centers of which serve as remote points for positioning the tube during the bending 

process; the distance between the center of a hole and the base of the tube is 50 mm on each side.  

 

Figure 5.10. Lateral section of the meshed geometry of the tube  

 

Figure 5.11. Displacement control of the nonlinear buckling simulation 

The FE macromodel consists of 46700 elements (8-node SOLID185 elements), with 62400 nodes, 

with large-strain formulation.  
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Compression followed by bending has been carried out by the prescribed displacements of the 

remote points of the positioning pins, therefore the simulation is displacement-controlled. The left 

remote point translates 641 mm in positive X direction during 59 time steps (approximately 11 mm in 

each one), while the right remote point maintains its X-coordinate in the course of the simulation. Both 

remote points can rotate around axis Z but cannot translate in directions Y and Z, moreover, their rotation 

around axis X and Y is not possible either (Figure 5.10, Figure 5.11) throughout the bending process. 

The FE boundary conditions completely match those of the compression test experiment. 

The FE simulation is a nonlinear buckling analysis, using nonlinear static solver with the 

utilization of the modified Riks method (also known as the arc-length method) [89]. The initial deviation 

of the shape from the straight line has been a deflection of L/200 (Figure 5.11, L designates the overall 

length of the tube), determining the initial curvature of the tube at the beginning of the nonlinear 

buckling analysis. 

Linear (Eigenvalue) buckling analysis has been carried out to study the global buckling of the 

tube due to axial compression [60]. The boundary conditions are the same as in the case of nonlinear 

buckling simulation, initial imperfection has not been taken into consideration. Lanczos Eigensolver 

has been used for obtaining linear buckling load.  

The nonlinear buckling FE macromodel presented above can represent the mechanical 

behavior of the tube both in the compression phase (global buckling) and in the bending phase 

(compression instability). 

5.5 Uniaxial tension of test specimen and tube sample at -40°C 

5.5.1 Uniaxial tension of test specimen at -40°C 

5.5.1.1 Geometry, mesh 

Geometry of the standard test specimen is the same as that of the test experiment, its lateral section 

is shown in Figure 3.7, its thickness is 8 mm. Rigid tensile jaws have been utilized for gripping the test 

specimen and for executing traction. 

The FE mesh comprises second order hexahedral elements.  

5.5.1.2 Connections 

Outer and inner rubber liners are in bonded contact with reinforcement layers. The connections 

of outer rubber liners and the rigid tensile jaws are frictional with a coefficient of friction of µ=0.8 with 

formulation “Augmented Lagrange” [88].  

5.5.1.3 Loads, boundary conditions 

FE simulation is made up of three time steps. In the first and the second one, standard test 

specimen is being fixed between the tensile jaws. In the third time step, tension is being applied to the 

specimen.  

In the first time step, the upper tensile jaw at the right end sinks -1.8 mm in Y direction, whereas the 

lower tensile jaw is still fixed (Figure 5.3). In the second time step, left end of the specimen is being 

installed. The upper left tensile jaw descends -1.8 mm in Y direction, while the lower right tensile jaw 

maintains its position. In the third time step, tensile jaws located at the right end are being displaced 11.6 mm in 

positive X direction.  

5.5.2 Uniaxial tension of tube sample at -40°C 

Geometry of the FE macromodel is identical to that of the experiment. Steel plugs utilized for 

tension are modeled as rigid bodies.  
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5.5.2.1 Connections 

Reinforcement layers are in bonded contact with outer and inner rubber liners. The rigid plugs are 

also bonded to the inner lateral surface of the tube.  

5.5.2.2 Loads, boundary conditions 

In the first time step, pressure of 1.5 MPa, representing pipe clamps, is applied to sections of the 

outer side surface of the tube depicted in Figure 5.12.  

In the second time step, a prescribed displacement of 35 mm is applied to the right end of the right plug. 

In the meantime, left end of the left plug is fixed.  

 

Figure 5.12. Pressure representing pipe clamps, 1.5 MPa  

Arrangement of uniaxial tensile test experiment matches arrangement of the tensile test carried 

out at room temperature; moreover, tube sample is 150 mm long as well.  

 

5.5.3 Uniaxial tension of tube sample at room temperature (for comparison with 

uniaxial tension at -40°C) 

The reference uniaxial tensile test at room temperature has also been modelled with material 

properties detailed in Chapter 3.1. 

Arrangement of uniaxial tensile test experiment matches arrangement of the tensile test carried out at  

-40°C. The tube piece is 150 mm long as well. FE macromodel differs from the FE macromodel of 

uniaxial tension at -40°C only in the aspect of material properties. 

5.6 FE analysis of the tube subjected to extreme operational loads on a reverse 

curve test track 

A comprehensive FE macroscale analysis has been carried out to assess the mechanical behaviour of the 

tube considering extreme operating conditions. These extreme conditions include the rolling stock 

traveling on a reverse curve track (with low curve radius of 150 m), causing large deformations in tubes; 

and sub-zero application at -40°C, which makes the mechanical behaviour of the tubes much stiffer than 

at room temperature. During this simulation, tubes undergo significant bending and torsion as well. 

Mounting conditions of the tubes can be seen in Figure 5.13, the tubes are connected to one other by 

pneumatic couplings. This setup resembles real operating conditions; in the simulations, apart from 

bending, torsion is also taken into account. 
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Figure 5.13. Mounting conditions of brake tubes 

5.6.1 Kinematic simulation 

Kinematic simulation has been performed in PTC Creo 2.0 Mechanism environment based on the 

dimensions of the draw and buffing gear interaction test. The kinematic model along with the railway 

track is shown in Figure 5.14 in 1:1 scale with true dimensions in accordance with [87]. The purpose of 

the kinematic model is to obtain the positions of the suspension points of the positioning pins of the 

tubes at critical cases (minimum and maximum suspension point distance) in order to determine the 

displacements of these suspension points required for the FE model. 

 

Figure 5.14. Representation of the railway track in the kinematic model 

The assembly can be seen with its constraints in Figure 5.15. The dimensions (Figure 5.16) are in 

accordance with railway standards [90], [91], , and the test report [87].The railway track is grounded, to 

which bogies are attached by slot constraints at the railway wheels. Bogies and carriages are connected 

by pin contacts at the bogie pivots, which permit only rotational displacement around their axes. 

Carriages are connected to one another by the draw gear, which is able to rotate around fix points on 

the carriages (represented as pin contacts). The assembly is driven by a servo motor attached to one of 

the slot constraints on the rightmost bogie (Figure 5.15). The assembly contains the control points on 

both carriages required for the validation of the kinematic simulation (Figure 5.15). 

 

Figure 5.15. Schematic representation of the kinematic model along with constraints 

 

Figure 5.16. Schematic drawing of the kinematic model with dimensions 
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Relative displacements of the control points (Figure 5.15) can be seen as a function of time in 

Figure 5.17. Comparing results of the kinematic simulation with results of the draw and buffing gear 

test (Figure 5.17 and Figure 4.13 respectively), a considerably good agreement can be observed. The 

two curves have the same tendencies and the periodicity is nearly identical. However there is a minor 

difference in terms of the extremums, (the maximum lateral displacement is 312 mm instead of 200 mm 

and the minimum lateral displacement is -576 mm instead of approximately -470 mm), this can be 

attributed to several factors that could not be taken into account in the simulation.  In the test train, there 

are clearances in the subassemblies, and there is a slight lag in the movement of the bogie pivots. 

 

Figure 5.17. Lateral displacement (y1)-time 

Results of the kinematic model is necessary to estimate the displacements of the suspension points 

of the positioning pins of the tubes that govern the movement of the tubes. Below, the left pair of tubes 

is considered. 

At the start of the simulation, distance of the suspension points is 840 mm, which firstly diminishes 

because of being on the inner side of the first curve, until a minimum of 770 mm (Figure 5.18). Then, 

the distance increases as the bogies of the first coach begin to negotiate the second curve. After reaching 

the maximum of 985 mm, the bogies of the second coach get on the second track and the distance 

between the suspension points of the tubes slightly decreases. The extremums are considered as worst 

cases regarding the positions of the tubes. 

 

Figure 5.18. Distance of the suspension points of the positioning pins as a function of simulation time 

Minimum and maximum suspension point distances are illustrated in Figure 5.19 and Figure 5.20 

respectively. 
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Figure 5.19. Railway cars at the moment of minimum suspension point distance 

 

Figure 5.20. Railway cars at the moment of maximum suspension point distance 

The displacements of the suspension points of the tubes in the FE model (see Table 1) have been 

calculated based on the positions acquired from the kinematic model (Figure 5.19, Figure 5.20). 

5.6.2 FE analysis 

The objective of the FE simulation is to gain strain, stress and Tsai-Hill failure index distributions 

for the assessment of failure at -40°C and the prescribed displacements derived from the kinematic 

simulation on the reverse curve track. The FE macromodel consists of two tubes and positioning pins 

on the two sides of the tubes used for actuating the tubes and positioning pins needed to connect the 

tubes. Each tube is 620 mm long, consisting of an inner rubber liner, reinforcement layers and an outer 

rubber liner, shown inFigure 3.4. The layup is [+55°/-55°/+55°/-55°] and the material coordinate system 

of the tube is cylindrical.  

 

Figure 5.21. Prescribed displacements in the front view and in top view  
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Actuation of the tubes is performed by prescribed displacements (Figure 5.21) of the suspension 

points of the positioning pins based on the kinematic simulation. The tubes are connected to each other 

in the middle by a fixed joint of holes of two positioning pins, whose distance is 10 mm in direction Z 

(see Figure 5.21).  

 

Figure 5.22. Meshed FE macromodel  

The Finite Element model consists of 151548 nodes, 110800 SOLID185 hexahedral elements and 

50260 SOLID 187 tetrahedral elements, a detail of the mesh can be seen in Figure 5.22. (The positioning 

pin consists of two bodies, bonded to one another, due to meshing considerations.) At the beginning of 

the FE simulation (t=0 s), the distance of the suspension points of the positioning pins is 1140 mm. 

Prescribed displacements for minimum and maximum suspension point distance load cases are listed in 

Table 1 relative to the initial configuration. 

Table 1. Prescribed displacements of FE macromodel without internal pressure 

 translation 

X [mm] 

translation 

Z [mm] 

rotation Y 

[°] 

min. s. p. d. 

left 
184.86 0 3.41 

min. s. p. d. 

right 
-184.86 0 -3.41 

max. s.p. d. 

left 
163.5 278.5 1.55 

max. s. p. 

d. right 
-163.5 -278.5 -1.55 

 

where min. s. p. d. left is the abbreviation of minimum suspension point distance load case-left remote 

point 

max. s. p. d. right is the abbreviation of maximum suspension point distance load case-right remote point 

The load case of additional internal pressure in case of the minimum and maximum suspension 

point distances has been further investigated (Figure 5.23). By utilizing the symmetry of the model, in 

these examinations, only a half model has been examined (the left tube and its pins). The pressure load 

is 5 bar, the displacement of the connecting remote point (in the middle) and the displacement of the 

suspension point of the positioning pin match those of the displacement results of the simulation without 

internal pressure. This simulation consists of two time steps. In the first one, an internal pressure of 5 bar 

is applied to the inner lateral surface of the tube, while in the second one, the prescribed displacement 

results are applied. 
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Figure 5.23. Half FE macromodel with internal pressure  

Failure behaviour has been analysed with Tsai-Hill failure criterion. Tsai-Hill criterion is widely 

utilized for describing failure behaviour of cord-rubber composites [92]. Strength properties in material 

directions are as follows:  

s1
+=s1

-= 342.5 MPa, which is the ultimate tensile strength of the yarn, derived from the uniaxial tensile 

test of the composite tube at room temperature. s2
+= s2

-=s3
+= s3

-=34.2 MPa (assuming strength is much 

lower in transverse directions, approximately one-tenth of strength in material direction 1). 

s12=s13=s23=5.5 MPa, derived from the strength of the rubber at -40°C (half of the ultimate tensile 

strength of the rubber, which is 11 MPa)  

5.6.3 Deflection simulation at -40°C 

A deflection simulation, being a nonlinear static simulation has also been performed based on the 

dimensions of the test assembly and the FE model of the tube presented beforehand. The deflection 

simulation consists of the tube, the rigid bracket and the mass. The rigid bracket is fixed and the tube is 

bonded into the inner lateral surface of it (Figure 5.24). There is a 20 N load applied to the mass at its 

center of gravity. 

 

Figure 5.24. Meshed FE model of deflection 

5.6.4 Investigation of thermal stresses  

A thermomechanical model of one tube has been created in order to inspect thermal stresses 

attributed to thermal expansion effects (contraction) because the assembly is cooled to -40 °C from room 

temperature (22°C). 

 

Figure 5.25. Thermomechanical model of the brake tube 
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A temperature boundary condition of -40°C has been applied to the outer lateral surface of the 

brake tube, and the left remote point is fixed, while the right remote point has a free degree of freedom 

in X direction (Figure 5.25). 

5.7 FE micromodel of test specimen subjected to uniaxial tension 

The FE micromodel of the standard test specimen is based on the FE macromodel of the test 

specimen of Chapter 5.1, the material properties of its constituent parts are defined in Chapter 3.3. 

FE micromodel of the standard test specimen consists of a micromodel cut from the cross-section 

(containing both the reinforcement layers and the rubber liners) having a length of 10 mm and a width 

of 4 mm-Figure 5.26- (measured at the middle of the composite layup) in the vicinity of midplane YZ -

5 <x<5 [mm] -Figure 5.27). In the micromodel, yarns and matrix are modeled as solid bodies cut from 

a geometric model of filament-wound yarn bundle having a winding angle (orientation angle) of 55°. 

Diameter of the yarns is 0.7 mm measured on yarns extracted from the tube. All the yarns and the matrix 

in the reinforcement layers are split into two segments (Figure 5.26.a, Figure 5.26.b) for better 

visualization (some results are taken from the boundary of these two half layers). 

 

 

Figure 5.26. Meshed geometry of the micromodel of the test specimen a: complete model, b: yarn orientation 

(matrix hidden)  

 

Figure 5.27. Position of the micromodel cut from the macromodel-test specimen 
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The geometric model has shared topology, which means that the whole FE micromodel consists 

of one single mesh, being equal to perfectly bonded contacts between yarns and the matrix and between 

each adjacent layers. The FE micromodel is a nonlinear model with large deflection using a nonlinear 

incremental approach. 

The displacement coupling technique (also known as submodeling) matches the coupled surfaces 

of the micromodel (all the boundaries of the layers) with those of the macromodel using linear 

interpolation. In this study, the displacement coupling technique has been solely used to obtain the 

prescribed boundary conditions of the micromodel from the FE macromodel of the uniaxial tension of 

the standard test specimen as the difference between the average displacement on the right boundary 

(15.55 mm) and the average displacement of the left boundary (9.65 mm).  

Based on this, the displacements are the following: nodes of the right boundary translate 5.9 mm 

in direction X, having free degrees of freedom in direction Y and Z, shown in Figure 5.28, while 

displacement of the nodes of the left boundary in direction X is 0 (Figure 5.29).  

 

Figure 5.28. Prescribed displacement on the right boundary of the model 

 

Figure 5.29. Prescribed nodal displacement on the left boundary of the model 

There are approximately 43200 nodes and 175400 elements in the FE micromodel of the standard test 

specimen. The FE micromodel has been created in ANSYS 2019 R1. 
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5.8 FE micromodel of tube sample subjected to uniaxial tension 

The FE micromodel of the tube sample subjected to uniaxial tension is based on the FE 

macromodel of Chapter 5.5.3 with material properties previously defined in Chapter 3.3. FE micromodel 

of the tube sample comprises a micromodel extracted from the cross-section (containing both the 

reinforcement layers and the rubber liners) having a length of 10 mm (Figure 5.30, between -5 <x<5 

[mm]), a central angle of 14.4° and a width of 4.91 mm measured at the top of layer 1 (Figure 5.31), 

representing a one twenty-fifth model in tangential direction. In the micromodel, yarns and matrix are 

modeled as solid bodies extracted from a geometric model of filament-wound yarn bundle with a 

winding angle of 55° in the first layer. Diameter of the yarns is 0.7 mm measured on yarns extracted 

from the tube. All the yarns and the matrix in the reinforcement layers are divided into two segments 

(Figure 5.31) for result visualization in the middle of the layers. 

 

Figure 5.30. Location of the micromodel cut from the macromodel-tube sample 

In the FE micromodel of the tube sample, material models of the yarn and the matrix -and their 

parameters- also completely match those of the FE micromodel of the test specimen. 

Material model of the rubber liners (along with the material properties) is a 2 parameter Mooney-Rivlin 

model with parameters C10= −0.4982MPa, C01= 1.523MPa, D=0. In fact, multiscale modelling is applied 

only for the reinforcement layers (‘core’ of the micromodel as shown in Figure 5.31).  

In the case of the tube sample, higher modulus of elasticity (Ef2=200 MPa) have also been studied. 

The geometric model has shared topology so the entire FE micromodel consists of one single mesh, 

being equal to perfectly bonded contacts between yarns and the matrix and between each adjacent layers. 

 

Figure 5.31. Meshed geometry of the micromodel of the tube sample: from front view (a), and from axonometric 

view (b) with the ‘core’ of the micromodel (reinforcement layers) marked by a red frame  
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The FE micromodel of the tube sample is also a nonlinear one with large deflection as in the case 

of the micromodel of the test specimen. Prescribed displacement boundary conditions of the tube sample 

have been determined similarly to the boundary conditions of the FE micromodel (submodeling has 

been used for gathering the difference of the average displacements of the left and right boundaries). 

The average displacement on the right boundary is 15.15 mm and the average displacement of the left 

boundary is 12.36 mm.  

Based on this, the displacements are the following: the right boundary translates 2.79 mm in direction 

X, having free degrees of freedom in direction Y and Z, shown in Figure 5.32, while displacement of 

the left boundary in direction X is 0 (Figure 5.33). Both the Y- and the Y+sides (Figure 5.32 and Figure 

5.33 respectively) are not allowed to translate normal to these surfaces representing the periodical 

symmetry of the model in tangential direction.  

 

Figure 5.32. Prescribed displacement on the right (in red) and Y- (in blue) boundaries of the model 

 

Figure 5.33. Prescribed displacement on the left (in yellow) and Y+ (in blue) boundaries of the model 

6 Experimental and numerical results 

 In this chapter, all the results of the experiments and numerical simulations carried out 

related to this thesis are presented, namely:  

 uniaxial tension of the test specimen at room temperature (Chapter 6.1.1), 

 uniaxial tension of the tube sample at room temperature (Chapter 6.1.2), 
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 the three-point bending of the tube (Chapter 6.2), 

 the standard bending test of the tube sample (Chapter 6.3), 

 the instability analysis of the compression/bending (Chapter 6.4), 

 the uniaxial tension of the test specimen at -40°C (Chapter 6.5.1), 

 the uniaxial tension of tube piece at -40°C (Chapter 6.5.2), 

 the uniaxial tension of the tube sample for comparison with uniaxial tension carried out 

at room temperature (Chapter 6.5.3), 

 the FE model of composite tubes subjected to extreme operational loads on a reverse 

curve test track (Chapter 6.6), 

 the FE micromodel of the test specimen (Chapter 6.10) and the FE micromodel of the 

tube sample (Chapter 6.10).  

6.1 Uniaxial tension of cord-rubber tube at room temperature 

6.1.1 Uniaxial tension of test specimen at room temperature 

Results of finite element analysis of uniaxial tension of tensile specimen at a displacement of 

25 mm are disclosed below. 

 

Figure 6.1. Strain at a prescribed displacement of 25 mm (εx) in the global coordinate system 

Strain in the global coordinate system at the end of the third time step is significant in the whole 

cross-section, approximately εx=0.5 (Figure 6.1). Stress and strain results, being true stress and true 

strain results, regarding layer 1 are hereinafter presented, afterwards, mean values are disclosed for each 

layer in tables. Stress and strain results in layer 1 are to be considered based on the material orientation 

of Figure 6.2. 

 

Figure 6.2. Normal strain in material direction 1 (ε1) in fibre coordinate system, ply 1  
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Figure 6.2 shows normal strain distribution in material direction 1 (fibre direction) in fibre 

coordinate system for ply 1 at a prescribed displacement of 25 mm. The strain distribution tends to be 

uniform between the necks, while near the necks, it represents the material orientation of the layer. Strain 

values are low because of the high longitudinal modulus of elasticity, E1=1338 MPa.  

As regards other components of strain in the plane of layer 1, normal strain in material direction 2 

and shear strain in plane 12 have the same distribution as presented in Figure 6.3. 

 

Figure 6.3. Shear strain in plane 12 (γ12) in fibre coordinate system, layer 1  

The predominant strain component is shear strain (Figure 6.3), whose absolute value is 

approximately the same for every ply, however sign of shear strains is opposite in adjacent layers, which 

can be attributed to the balanced layup (Table 2). The reason why the shear stress is so significant is that 

load is off-axis regarding the material orientation in each layer. The significant shear stress results in 

high shear strain considering fairly low shear moduli. Average strains with the exception of longitudinal 

strains in the fibre coordinate system are considerable; Table 2 indicates that global longitudinal strain 

is transformed primarily to transverse normal strain and shear strain in the fibre coordinate system. 

Table 2. Average strains in reinforcement layers in the vertical midplane 

layer no. εx [-] ε1 [-] ε2 [-] γ12 [-] 

1 0.6436 0.0012 0.2442 -0.6375 

2 0.6432 0.0017 0.2395 0.6541 

3 0. 6433 0.0016 0.2396 -0.6539 

4 0.6438 0.0013 0.2436 0.6486 

 

 

Figure 6.4. Longitudinal stress (σx) at a displacement of 25 mm in the global coordinate system 
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Figure 6.4 shows distribution of longitudinal stresses in the global coordinate system. Highest 

stress values can be recognized in reinforcement layers, while nearly one third of the peak value is 

present in rubber liners, so reinforcement layers are considered to be the load-bearing components. 

 

Figure 6.5. Normal stress in material direction 1 (σ1) in fibre coordinate system, ply 1 

Normal stress distribution in material direction 1 in fibre coordinate system is identical to normal 

strain distribution in the same direction; normal stress values (Figure 6.5) are considerable. Shear stress 

(Figure 6.6) tends to be the predominant stress component along with transverse normal stress (σ2) 

having the same distribution. 

 

Figure 6.6. Shear stress in plane 12 (τ12) in fibre coordinate system, layer 1  

Average stress values can be observed in Table 3. The maximum values can be found in layer 2 

and layer 3 for every stress component; however the stress variance in the direction normal to each ply 

tends to be slight. Sign of shear strains is opposite in adjacent layers, because the layup is balanced, 

similarly as in case of strains. 

Table 3. Average stresses in reinforcement layers in the vertical midplane 

layer no. σx [MPa] σ1 [MPa] σ2 [MPa] τ12 [MPa] 

1 7.39 2.78 4.35 -3.41 

2 7.56 3.55 4.26 3.52 

3 7.57 3.57 4.26 -3.5 

4 7.38 2.73 4.36 3.43 
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Figure 6.7. Longitudinal stress (σx) in the cross-section in the global coordinate system at a displacement of 25 mm  

At the end of tension, longitudinal stress in the reinforcement layers at a displacement of 25 mm 

is approximately 7.5 MPa (Figure 6.7) in the global coordinate system. Overall cross-sectional area of 

the reinforcement layers is 9 mm2 (width: 3.1 mm, height: 2.9 mm). The respective average longitudinal 

stress value for the rubber liners is 1.8 MPa. Total cross-sectional area of rubber liners equals 11.8 mm2 

(width: 3.1 mm, height: 1.9 mm). Hence, the force exerted to the cross section is 88.74 N. Reaction force 

queried at this load step is 89.84 N.  

Figure 6.8 illustrates experimental data and simulation results of tensile test as force-displacement 

curves. There is good agreement between finite element results and experimental data in the initial 

section of the force-displacement curves regarding the operating range. However, after a displacement 

of 10 mm, in the course of the failure procedure, substantial difference can be noticed between 

experimental and simulation results because failure mechanisms are not taken into account in the FE 

macromodel. 

 

Figure 6.8. Force-displacement curves of standard test specimen 

 

6.1.2 Uniaxial tension of tube sample at room temperature 

Figure 6.9 shows experimental data of uniaxial tension of tube sample with the mean values along with 

simulation results. Simulation results and experimental data are in good agreement, difference between 

simulation results and mean experimental data is less than 10% of mean experimental data, moreover, 

simulation results are located between minimum and maximum of experimental data at all data points 

(Figure 6.9). 
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Figure 6.9. Force-displacement curves of tube sample  

Deformation, strain and stress results at a displacement of 25 mm are displayed below. 

 

Figure 6.10. Strain (εx) at a prescribed displacement of 25 mm in the global coordinate system  

Tube sample elongates as much as 0.33 (Figure 6.10) at a displacement of 25 mm, which is 

considered significant. The deformed shape of Figure 6.10 is noticeably similar to the deformed shape 

after tensile testing, shown in Figure 4.2. 
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Figure 6.11. Normal strain in material direction 1 (ε1) in fibre coordinate system, ply 1 

Normal strain in material direction 1 in fibre coordinate system can be observed in Figure 6.11. 

These strain values tend to be of low order of magnitude due to high stiffness in material direction 1. 

 

Figure 6.12. Shear strain in plane 12 (γ12) in fibre coordinate system, layer 1 

Shear strain in plane 12 shown in Figure 6.12 has a predominant role in the structural behaviour 

of tube sample under tension because of the load being off-axis to the fibre direction and shear moduli 

being relatively low. Normal strain in material direction 2, having the same distribution as shear strain 

in plane 12, is also considerably significant (Table 4) being the other strain component into which global 

longitudinal strain is transformed. Strains are almost equally distributed along reinforcement layers. 

Table 4. Average strains in reinforcement layers in the vertical midplane 

ply no. εx [-] ε1 [-] ε2 [-] γ12 [-] 

1 0.3308 0.0032 0.1694 -0.4491 

2 0.3311 0.0024 0.1675 0.4471 

3 0.3310 0.0008 0.1679 -0.4497 

4 0.3305 0.0019 0.1658 0.4471 
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Figure 6.13. Longitudinal stress (σx) in the global coordinate system 

Figure 6.13 also proves that reinforcement layers are mainly responsible for the load bearing 

capability of the tube due to high stress values present in them. Local maximum stresses in the tube 

sample can be found near the contact to the plugs. Stress distribution is similar to the strain distribution 

in reinforcement layers, stresses are presented as average values in Table 5. According to Table 5 and 

Figure 6.13, distribution of σx and σ1 is not even among the reinforcement layers. Lower stresses arise 

in layer3 and layer 4 due to the higher contractibility of the inner layers in the middle of the model, 

while the tensile load is mostly carried by layer 1 and layer 2 (Figure 6.13).  

Table 5. Average stresses in reinforcement layers in the vertical midplane (shown in Figure 6.13) 

ply no. σx [MPa] σ1 [MPa] σ2 [MPa] τ12 [MPa] 

1 5.97 5.37 2.74 -2.46 

2 5.72 4.86 2.65 2.49 

3 4.01 0.34 2.63 -2.5 

4 3.38 2.39 2.64 2.53 

 

Figure 6.14 illustrates experimental data and simulation results for the tube sample along with 

experimental data and simulation results for the standard test specimen proportioned to the tube sample. 

The scaling factor utilized for this is as follows (Eq. 6.1): 

𝑓𝑠𝑐 =
𝑃𝑚𝑑

𝑤𝑡𝑠
= 28.27,                                                                         (6.1) 

where fsc is the scaling factor 

Pmd stands for the perimeter of the mid-diameter of tube sample 

wts stands for the width of standard test specimen 

Experimental data and simulation results for tube sample and standard test specimen are all in 

good agreement with one another to a displacement of 10 mm. Afterwards, the difference between 

experimental data for the standard test specimen and experimental data for tube sample along with 

simulation results rises gradually. This increase of difference in reaction forces may be attributed to the 

difference in mechanical behaviour regarding standard test specimen and tube sample.  
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Figure 6.14. Force-displacement curves of tube sample and standard test specimen 

Simulation results and experimental data of standard test specimen are in good agreement in the 

displacement interval of 0-10 mm. Relatively high shear strain, γ12=0.26 and significant normal strain 

ε2=0.11 belongs to the end of this displacement interval. 

Tension exerted on the standard test specimen causes shear and transverse tension in reinforcement 

layers because load is aligned off-axis to the yarns. Load is distributed among yarns by the rubber matrix, 

having low modulus of elasticity, being susceptive to shear. In the course of uniaxial tensile loading, 

yarns and matrix debond gradually within the layers (Figure 4.1). This procedure, taking place between 

displacements of 15 and 25 mm is nonlinear (Figure 6.9, Figure 6.14). Yarns in the standard test specimen 

are regarded as short yarns because the thickness of the specimen is small, which makes failure 

procedure initiate at low strain values. However, in the case of the tube sample, reinforcement layers 

being intact and continuous, in which yarns are much longer than in standard test specimen, are less 

susceptible to intra-ply yarn-matrix debonding. Continuous layers make the tube sample stiffer in radial 

direction (Figure 4.2, Figure 6.9), which raises resistance against tension, thus generating higher forces at 

the same displacement values (Figure 6.14). Tension causes less transverse normal stress and shear stress 

in tube sample compared to the case of standard test specimen (Table 5 and Table 3 respectively). 

With respect to the tube sample, the difference between simulation results and experimental data 

regarding force-displacement values is less than 10 % of the experimental data (Figure 6.14). Finite 

element results of standard test specimen and finite element results of tube sample are in good agreement 

in the initial phase of uniaxial tension. Experimental results and FE simulation results, regarding 

standard test specimen and tube sample, also show good agreement in this section of uniaxial tension. 
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6.2 Three-point bending 

 

Figure 6.15. Force-displacement curves of three-point bending 

Force-displacement curves of FE simulation and experiment of three-point bending show fairly 

good agreement (Figure 6.15) the biggest difference in forces being 10% of experimental results. 

6.3 Standard bending test of the tube 

Mean reaction force disclosed in Chapter 4.3 is 115.8 N in the position depicted in Figure 4.5, in 

this position in the FE simulation, the reaction force at the connection of the inner rubber liner and the 

positioning pin is 122.5 N. Hence, experimental and simulation results show good agreement. Position 

of the tube while measuring reaction force in simulation and during the experiment is apparently the 

same (Figure 6.16 and Figure 4.5 respectively) 

 

Figure 6.16. Position of the tube for obtaining reaction force 
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Figure 6.17, Figure A.1 (in the Appendices) and Figure A.2 (in the Appendices) show the strain 

state in the outermost reinforcement layer (layer 1) at the end of the standard bending test. The strains 

in material direction 1 are not significant due to the high modulus of elasticity in that direction (Figure 

6.17). Modulus of elasticity is lower in material direction 2, so Figure A.1 shows higher strain values in 

material direction 2. The strain component having the highest values is shear strain, shown in Figure A.2, 

which is a result of shear-extension coupling, being a typical feature of composite layers. 

 

Figure 6.17. Normal strain in material direction 1 (ε1) in fibre coordinate system, ply 1 at the end of the 

standard bending test, longitudinal section in midplane XY 

Table 6 shows maximal strains for each reinforcement ply. It can be seen that approximately equal 

strains are present in layers. Shear strains have opposite signs in adjacent layers, this can be attributed 

to the balanced layup of the tube (orientation angle of adjacent layers are ±ω). 

Table 6. Maximal strains in reinforcement layers in fibre coordinate system, layer 1 

layer no. ε1 [-] ε2 [-] γ12 [-] 

1 0.0039 0.082 -0.2423 

2 0.0037 0.072 0.2258 

3 0.0031 0.073 -0.2182 

4 0.0029 0.071 0.2175 

 

 

Figure 6.18. Normal stress in material direction1 (σ1), in fibre coordinate system, at the end of the 

standard bending test, longitudinal section in midplane XY 
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Figure 6.18, Figure A.3 (in the Appendices) and Figure A.4 (in the Appendices) show stress state 

in layer 1 at the end of the standard bending test. Maximal stresses are present in material direction 1 

according to Figure 6.18, because mostly yarns bear the load exerted from bending. Normal stress in 

material direction 2 and shear stress in plane 12 are shown in Figure A.3 and Figure A.4 respectively. 

Although these components are not negligible either, they have a magnitude considerably lower 

compared to normal stress in fibre direction. 

Load is distributed nearly equally among reinforcement layers (Table 7), predominant role of 

normal stress in material direction 1 is confirmed. Shear stresses, like shear strains, are approximately 

equal in adjacent layers although having opposite signs. This is realized due to adjacent layers having 

opposite orientation angles (±ω). 

Table 7. Maximum stresses in reinforcement layers in fibre coordinate system, layer 1  

layer no. σ1 [MPa] σ2 [MPa] τ12 [MPa] 

1 5.38 1.56 -1.53 

2 5.32 1.57 1.44 

3 4.75 1.53 -1.36 

4 4.82 1.52 1.27 

 

Experimental data series and FE simulation results of three-point bending show good agreement 

regarding force-displacement curves. 

In case of standard bending test, reaction forces acquired from the simulation are in good 

agreement with experimental reaction forces. Mechanical behaviour of composite tube subjected to 

standard bending test has been demonstrated based on stress and strain states of the FE macromodel. 

6.4 Numerical instability analysis of compression/bending  

The upper tensile jaws have traveled 635 mm in the course of the experiment until cross-section 

instability. Figure 6.19 shows the compressive force results of the compression experiment as a function 

of the displacement of the crosshead along with the forces in direction X (Figure 5.10) arising at the left 

remote point in the FE simulation. In Figure 6.19, the linear buckling force, shown by orange, is also 

illustrated (9.05 N), being much higher than the measured data and nonlinear results. Contrary to the 

linear buckling results, nonlinear buckling results are close to experimental results apart from being 

slightly different at the vicinity of global buckling (approximately 10 mm displacement) followed by a 

long phase, in which experimental and nonlinear buckling simulations have the same tendencies. The 

determined critical force is 6.5 N (see Figure 6.19), which is in good agreement with the change in the 

tendency of the force-displacement curve of the experiment.  
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Figure 6.19. Compressive force-displacement curves during the compression experiment and the corresponding 

simulation results  

Cord-rubber tubes are flexible, therefore maintaining the axial force initiates the bending of the 

tube, and the force increases as compressive displacement increases. Afterwards, a plateau can be 

observed in the curve when the flattening of the tube is dominant. With the acceleration of flattening 

(and the decrease of the moment of inertia with respect to axis Z (IZ)) at the end of the experiment; the 

tube loses its resistance against cross-section instability. Cross-section instability occurs at 641 mm 

displacement, and the compressive force sharply decreases.  

Experimental and simulation results are in good agreement (the difference between FE and test results 

is less than 5% of the test results). At the beginning of the experiment, relatively high compressive forces 

are needed to change the shape of the tube from straight to curvilinear and to cause global buckling, 

marking the end of the axial compression phase. 

 

Figure 6.20. Mesh convergence analysis for the linear buckling model 

Figure 6.20 shows mesh convergence analysis results for the linear buckling analysis. The model 

converges properly for models containing at least 46000 elements with a discrepancy of less than 1% in 

linear buckling force. Stress and strain results, hereinafter presented, are true stress and true strain 

results.  

The equivalent von Mises strains are plotted in Figure 6.21- in section in plane XY- and in Figure 

6.22 in top view. In these figures, noticeably large deformations can be observed. Flattening has occurred 
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in the course of bending as detailed in [50]; and the inner circle of the cross-section (taken in plane YZ), 

having an initial diameter of 28 mm, has turned into an ellipse, having a major axis of 36 mm and a 

minor axis of 10 mm. High strain values are confined to a limited zone affected by cross-section 

instability. In Figure 6.21 and Figure 6.22, equivalent strain decreases sharply from plane YZ to the 

pins. As regards the equivalent von Mises stress (Figure 6.23), it can be noted likewise that peak stress 

values are present in the zone affected by cross-section instability, being of reasonably higher magnitude 

than the stress values listed far from the aforementioned zone. According to Figure 6.23, there is an 

observable difference in stresses between reinforcement layers and rubber liners, thus indicating that 

reinforcement layers are the load-bearing components of this tubular structure.  

 

 
Figure 6.21. Equivalent von Mises strain at the last substep of cross-section instability, in lateral section, plane XY 

 
Figure 6.22 . Equivalent von Mises strain at the last substep of cross-section instability, in top view 
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Figure 6.23. Equivalent von Mises stress at the last substep of cross-section instability, lateral section (XY plane) 

The cross-section instability procedure can be observed in view of the variation of the maximal 

equivalent von Mises strain (Figure 6.24) and the maximal equivalent von Mises stress (Figure 6.25) 

during bending. 

 

Figure 6.24. Maximal equivalent von Mises strain during the bending process; the starting point and the end of 

cross-section instability marked in red 

Both the maximal equivalent von Mises strain and the maximal equivalent von Mises stress 

increase steadily until a displacement of approximately 560 mm. Afterwards, the rate of increase in 

strain and in stress is slightly elevated until time step 58. In time step 58 (just before the displacement 

of 641 mm), both the equivalent strain and stress increase sharply. This marks the collapse of the tube 

and the complete loss of the load-carrying capability. Monitoring the increase in the slope of the strain-

displacement and stress-displacement curve can also be useful for forecasting cross-section instability. 
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Figure 6.25. Maximal equivalent von Mises stress during the bending process 

 

Figure 6.26 Deformed shape on the verge of cross-section instability, with bending radius rb 

Figure 6.27 displays oblateness ζ as a function of displacement. Oblateness is the change in the inner 

diameter of the cross-section relative to the initial inner diameter (Eq. 6.2) [93]: 

휁 =
𝑑1−𝑏

𝑑1
,                                                                                (6.2) 

where d1 denotes the initial inner diameter of the tube 

b denotes the inner minor axis of the cross-section (axis Y, Figure 6.29). 
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Figure 6.27 Oblateness parameter during bending 

Ovalization begins at a displacement of 110 mm; the growth of the oblateness parameter can be 

characterized by two slopes. Firstly, the cross-section is being flattened by a slightly lower growth rate 

until nearly 450 mm, then the growth rate of the oblateness parameter is noticeably elevated. This is 

accompanied by the increase in maximum equivalent strain (Figure 6.24) and maximum equivalent 

stress (Figure 6.23). At a displacement of nearly 641 mm, collapse of the cross-section occurs at the 

compressed side, which leads to a sudden contraction in the cross-section as it can be observed in Figure 

6.28 and Figure 6.26. These figures show deflected cross-sections both before, and after the starting 

point of the collapse of the cross section, at 630 mm and 641 mm displacements respectively. After a 

curvature of 0.02 is reached (Figure 6.26, where curvature is the reciprocal of rb bending radius shown 

in Figure 6.26), collapse of the cross-section begins. As a consequence, the vicinity of the critical cross-

section is bent by an even increasing curvature, the process accelerates and finally, the cross-section 

collapses. The asymmetry of the cross-section (Figure 6.30) at the end of the process is attributed to the 

presence of cross-section instability emerging on the compressed side (as described in [50]). 

 

Figure 6.28 Curvature-displacement curve 
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Figure 6.29. Equivalent strain and ovalized cross-section just before cross-section instability 

 

Figure 6.30. Equivalent strain at cross-section instability in nonlinear buckling simulation, in plane YZ 

As it can be observed in Figure 6.30, maximal strains arise at the upper part of the outer rubber 

liner on the compressed side, being much higher than elsewhere. These high strain values indicate that 

cross-section instability has a significant impact on the behavior of the structure in the zone affected by 

cross-section instability (the increase in equivalent elastic strains is approximately 51 %-Figure 6.21) 

and the zone is also expanded. It is noteworthy that due to cross-section instability, the tube undergoes 

significant deformation with little longitudinal displacement. By comparing Figure 6.29 and Figure 6.30, 

it can be noted that cross-section instability results in significantly elevated maximum equivalent elastic 

strains (the increase is approximately 51%; Figure 6.24) and the zone affected by cross-sectional 

instability is also expanded.  

 

 

Figure 6.31. Intralaminar shear strain γ12 in reinforcement layer 1 
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Figure 6.32. Interlaminar shear strain γ13 in reinforcement, layer 1 

In Figure 6.31, intralaminar shear strain γ12 has been plotted for the outermost layer (layer 1), 

while in Figure 6.32, interlaminar shear strain γ13 can be observed for layer 1. Interlaminar shear strain 

γ13 is associated with delamination failure mode [56], while intralaminar shear strain γ12 is in connection 

with debonding [59]. Both γ12 (Figure 6.31) and γ13 (Figure 6.32) are relatively high compared to ε1 and 

ε2 both at the start (Table 1) and at (Table 2) cross-section instability, which implies that probable failure 

mode of the composite tube is both delamination and yarn-matrix debonding.  

The critical zones exposed to probable failure are on the two sides of the tube where both 

interlaminar and intralaminar shear strains are significant (Figure 6.31, Figure 6.32). According to 

Table 1 and Table 2, cross-section instability causes a significant increase in both interlaminar (γ13) and 

intralaminar (γ12) shear strains (approximately +100% and +50% respectively). 

Table 8. Strains before cross-section instability 

layer ε1max ε1min ε2max ε2min γ12max γ12min γ13max γ13min 

1 0.0042 -0.00042 0.0092 -0.011 0.059 -0.065 0.048 -0.048 

2 0.0006 -0.00044 0.0352 -0.012 0.065 -0.095 0.067 -0.076 

3 0.0008 -0.00031 0.0328 -0.0092 0.051 -0.061 0.072 -0.064 

4 0.0005 -0.00033 0.0344 -0.0211 0.052 -0.074 0.065 -0.063 

 
Table 9. Strains at cross-section instability 

layer ε1max ε1min ε2max ε2min γ12max γ12min γ13max γ13min 

1 0.00061 -0.0064 0.0334 -0.022 0.073 -0.094 0.061 -0.061 

2 0.00091 -0.0053 0.0358 -0.028 0.0872 -0.1035 0.097 -0.101 

3 0.0011 -0.0052 0.0343 -0.032 0.0618 -0.081 0.104 -0.109 

4 0.00082 -0.0053 0.0332 -0.027 0.074 -0.081 0.095 -0.093 

 

Strain in material direction 1 (ε1) is negligible compared to the intralaminar (γ12) and interlaminar (γ13) 

shear strain components (Figure 6.33, Table 8, Table 9).  
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Figure 6.33 Normal strain in material direction 1, at the point of cross-section instability, outermost layer 

In the vicinity of plane XZ (Figure 5.10), tensile strains occur in material direction 1 (yarn 

direction), while farther, at minimal and maximal Y coordinates, compressive strains are present. 

Normal strain distribution in material direction 2 (transverse direction) can be observed in Figure 6.34. 

Compressive strains occur in plane XZ (Figure 5.10), while at minimal and maximal Y coordinates, 

tensile strains are present. Comparing Figure 6.33 (Normal strain distribution in material direction 1) to 

Figure 6.34 (Normal strain distribution in material direction 2), it can be stated that in these figures, 

strains having opposite signs occur in the respective zones. Normal strain in material direction 1 is 

primarily characteristic to the yarns (possessing high modulus of elasticity), while normal strain in 

material direction 2 (transverse direction) reflects the mechanical response of the matrix. This contrast 

in strain values also serves as an explanation why shear is so significant regarding strain state of the 

reinforcing layers.  

 

Figure 6.34. Normal strain in material direction 2, at the point of cross-section instability, outermost layer 



79 

 

 

Figure 6.35. Brazier force-slenderness ratio, the original case, λ=47.55 (L=620 mm) is illustrated by a red dot 

Brazier force (force arising at the remote point of the positioning pins at the point of Brazier-

instability) has been plotted as a function of member slenderness ratio λ [94] in Figure 6.35. Member 

slenderness ratio is the proportion of tube length L and radius of gyration i (Eq. 6.3) 

𝜆 =
𝐿

𝑖
,                                                                                          (6.3) 

where  

𝑖 = √
𝐼𝑧
𝐴

,                                                                                              (6.4) 

where A is the cross-sectional area, 

Iz is the second moment of inertia with respect to axis Z. 

For this parametric analysis, the initial cross-section has been the same for each case; tubes 

with different overall lengths L have been considered. As it can be observed in Figure 6.35, Brazier 

force is inversely proportional to the slenderness ratio; Brazier force decreases as the slenderness 

ratio increases.  

 

 

Figure 6.36. Oblateness parameter-dimensionless displacement 
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Oblateness parameter can be observed in Figure 6.36 for different slenderness ratios as a function 

of dimensionless displacement δ, which is the ratio of longitudinal displacement d and distance of the 

remote points D0 (the tube is bent between these remote points, equals 720 mm in the original case)-

Eq. 6.5: 

 𝛿 =
𝑑

𝐷0
, (6.5) 

where 𝐷0 = 𝐿 + 2 ∙ 50 𝑚𝑚. 

It can be seen in Figure 6.36 that higher oblateness parameters occur in case of a lower slenderness 

ratio than the reference slenderness (47.55), therefore oblateness parameter ζ is inversely proportional 

to slenderness ratio λ. Furthermore, it can be noted based on Figure 6.36 that cross-section instability 

takes place at a lower dimensionless displacement δ in case of a lower slenderness ratio λ. Ovalization 

begins at a dimensionless displacement of approximately 0.15 regardless of member slenderness. 

Table 10. Maximum equivalent strains for different slenderness ratios at cross-section instability 

λ 45 47.55 53.7 

max. 

eq.strain 
0.1739 0.1779 0.1721 

 
According to Table 10, higher maximum equivalent strains arise at lower slenderness ratios. 

This FE macromodel is a means of nonlinear analysis of large deformation and cross-section 

instability of composite tubes. At first, global buckling occurs due to compression. The critical force has 

been determined for global buckling due to axial compression, which is in good agreement with the 

compressive force-displacement curve apart from the initial period. 

Cross-section instability happens suddenly after reaching the relatively long plateau of the force 

approximately at 9 N (Figure 6.19), accompanied by steeply increasing equivalent stress and equivalent 

strain in the zone affected by cross-section instability. 

The characteristic curves of the bending process may be utilized to help forecast the occurrence of cross-

section instability and therefore to help prevent material failure. 

Shear dominates strain state of the reinforcement layers; interlaminar and intralaminar shear 

strains are the highest strain components, being much higher than normal strains; which implies that the 

probable failure modes of the reinforcement layers are both delamination and debonding. There is a 

significant increase in strains (+100% in case of interlaminar and +50% in case of intralaminar shear 

strains) due to cross-section instability, which proves that effect of cross-section instability on material 

behavior of the tube is crucial. 

A parametric analysis shows that Brazier force is inversely proportional to the member 

slenderness ratio λ. It further shows that higher oblateness parameters occur in case of a lower 

slenderness ratio and that cross-section instability takes place at a lower dimensionless displacement 

in case of a lower slenderness ratio. 

FE results have been validated by a compression/bending test conducted on a tensile test machine 

(driven by compression).  

6.5 Uniaxial tension of test specimen and tube piece at -40 °C 

6.5.1 Uniaxial tension of test specimen at -40°C  

Force-displacement results of experiment (conducted at -40 ˘C) and FE simulation of standard 

test specimen are shown in Figure 6.37.  
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Figure 6.37. Force displacement curves of standard test specimen, -40 ˘C 

Force displacement curves of standard test specimen are in acceptable agreement in the entire 

displacement range investigated.  

 

Figure 6.38. Strain in global X direction at the end of uniaxial tension at -40°C 

At the end of third time step, strain in global X direction is significant, nearly εx=0,23. Strain and stress 

results are hereinafter shown for ply 1 (outermost reinforcement ply) at the end of tension in Figure 6.38, 

Figure 6.39, Figure 6.40 and Figure 6.41 respectively, mean results are listed for each ply in Table 1 and 

Table 2. Stress components are to be viewed based on material orientation of Figure 3.7. 

Strains in material direction 1 (yarn direction) are noticeably low (Figure 6.39) due to the high 

modulus of elasticity in material direction 1: E1= 1345 MPa.  

 



82 

 

 

Figure 6.39. Strain in material direction 1 at -40°C, layer 1  

 

Figure 6.40. Strain in plane 12 at -40°C, layer 1,  

Figure 6.40 shows strains in plane 12 in layer 1. This component is the most significant in 

magnitude (Table 11) because the load is off-axis to the yarns, which induces significant shear stresses 

(Table 12). Because of relatively low shear moduli, high shear strains arise. The absolute value of shear 

strains is identical for every reinforcement ply, shear strains in adjacent layers have opposite signs due 

to the symmetric layup. Strains in material direction 2 have the same distribution as shear strains in 

plane 12. According to Table 12, strain components are distributed equally among layers.  

 

Figure 6.41. Stress in global X direction at a displacement of 11.7 mm at -40°C  
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Highest longitudinal stress values arise in reinforcement layers (Figure 6.41), whereas approximately 

half the maximum values arise in rubber liners. This justifies that principally; reinforcement layers bear 

the load exerted on specimen.  

Stress components of standard test specimen in material direction 1, material direction 2 and in 

plane 12 have the same distribution as their strain counterparts. 

Table 11. Maximum strains in reinforcement layers in the middle range in the vertical midplane YZ  

layer no. ε1 max [-] ε2 max [-] γ12 max [-] 

1 0.0053 0.1098 -0.289 

2 0.0041 0.1032 0.2879 

3 0.0031 0.1037 -0.2903 

4 0.0021 0.1133 0.2893 
 

Table 12. Maximum stresses in reinforcement layers in the middle range in the vertical midplane YZ  

layer no. σx max [MPa] σ1 max [MPa] σ2 max [MPa] τ12 max [MPa] 

1 8.31 3.86 6.38 -5.24 

2 8.69 4.83 5.97 5.33 

3 8.79 4.79 6.02 -5.38 

4 8.71 3.81 6.73 5.35 

 

6.5.2 Uniaxial tension of tube sample at -40 °C 

 

Figure 6.42. Strain in global X direction at -40°C 

Maximal strain arising in tube sample in the middle range between the steel plugs is 0.23 at a 

displacement of 30 mm (Figure 6.42), which is considered significant. 

 

Figure 6.43. Strain in material direction 1 at -40°C, layer 1 
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Strain in material direction 1 in yarn coordinate system can be observed in Figure 6.43. These 

strain values tend to be much lower than strains in material direction 1 due to high modulus of elasticity 

E1. 

Shear strain in plane 12, having the same distribution as strain in material direction 1 has a 

predominant role in the structural behavior of tube sample under tension because of the load being off-

axis to the yarn direction and shear moduli being relatively low. Normal strain in material direction 2, 

having the same distribution as shear strain in plane 12, is also considerably significant (Table 13) being 

the other strain component into which global longitudinal strain is transformed. Strains are almost 

equally distributed along reinforcement layers. Stress components of tube sample in material direction 

1, material direction 2 and in plane 12 have the same distribution as their strain counterparts. Maximum 

strain and stress results for each reinforcement ply in the middle range of the specimen between grips 

are presented in Table 13 and Table 14 respectively. Results are listed at a displacement of 30 mm, 

therefore results can be compared to results at room temperature. Table 13 and Table 14 also contain 

results of FE simulation of tube sample at room temperature. 

Table 13. Maximum strains in each reinforcement ply in the middle range at -40°C in vertical midplane YZ 

layer no. εx, max[-] ε1, max [-] ε2, max [-] γ12, max [-] 

1 0.3758 (0.3423) 0.0144 (0.0011) 0.1151 (0.1148) -0.3126 (-0.3151) 

2 0.372 (0.3437) 0.0121 (0.0067) 0.1145 (0.1143) 0.3087 (0.3076) 

3 0.3747 (0.3464) 0.0012 (0.0009) 0.1152 (0.1147) -0.3132 (-0.3121) 

4 0.3769 (0.3484) 0.0015 (0.0011) 0.1179 (0.1144) 0.3176 (0.3134) 
 

Table 14. Maximum stresses in each reinforcement ply at -40°C in vertical midplane YZ 

layer no. σx max [MPa] σ1 max [MPa] σ2 max [MPa] τ12 max [MPa] 

1 13.41 (4.54) 7.88 (4.38) 6.68 (2.13) -5.87 (-1.93) 

2 12.97 (4.16) 7.72 (3.25) 6.6 (2.11) 5.92 (1.95) 

3 13.61 (3.3) 3.93 (0.46) 7.75 (2.13) -6 (-1.97) 

4 14.62 (2.83) 1.98 (1.19) 6.79 (2.17) 6.09 (2.02) 

 

6.5.3 Uniaxial tension of tube sample at room temperature (comparison with results 

at -40 °C) 

FE simulation and test experiment results at room temperature and at -40°C both show good agreement 

in the entire range of uniaxial tension (Figure 6.44).  

 

Figure 6.44. Force displacement curves of tube sample at -40°C and at room temperature  
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Proportion of the slope of force-displacement curve of tube sample at -40 °C and the slope of force 

displacement curve of tube sample at room temperature is 3.25.  

Maximum strain and stress results can be seen in Table 13 and Table 14 in brackets. Strain results 

at -40°C and at room temperature are nearly identical in the case of strain in global X direction (εx), 

strain in material direction 2 (ε2) and strain in plane 12 (γ12). Strain in material direction 1 (ε1), strain at 

-40°C is twice as much as at room temperature. Stresses at -40°C, in material direction 1 are 3.6 times, 

in material direction 2 is 3.2 times, in plane 12 are 3 times as much as at room temperature. The higher 

stresses at -40°C are attributed to the increased modulus of elasticity of rubber, stress components are 

nearly directly proportional to the modulus of elasticity of rubber.  

Experimental and FE simulation results of standard test specimen and tube sample at -40°C and 

at room temperature in the entire displacement range are in good agreement with each other.  

Strain values of standard test specimen at the point of rupture (displacement of 11.7 mm) at -40°C are 

nearly 0.9 times the strain values arising at the tension of tube sample at -40°C at a displacement of 

30 mm. Stress values at -40˘C and at room temperature have the same proportion. 

Strains arising in material direction 2 and in plane 12 in tube sample at a displacement of 30 mm, at -

40°C have the same magnitude as at room temperature. Strain values in material direction 1, at -40°C 

are twice as much as values at room temperature. Strain values in material direction 2 and in plane 12 

are two orders of magnitude higher than strains in material direction 1. 

Modulus of elasticity of rubber at -40°C is approximately three times the modulus of elasticity of rubber 

at room temperature. Stress components in reinforcement layers are approximately 3 times as much as 

those of room temperature on average. Slope of force-displacement curves of tube sample at -40°C is 

3.4 times as much as the slope of that at room temperature. It can be stated that a change in moduli of 

elasticity (E2, E3) and shear moduli (G12, G23, G13) is directly proportional to a change in the modulus of 

elasticity of matrix (being rubber), thus a change in stress components is directly proportional to a 

change in modulus of elasticity of matrix.  

6.6 Results of the FE analysis of tube subjected to extreme operational loads 

on a reverse curve test track 

6.6.1 Results without internal pressure 

 

Figure 6.45. Equivalent strain at minimum suspension point distance (deformation scale 1:1) 
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Figure 6.46. Equivalent strain at maximum suspension point distance (deformation scale 1:1) 

Figure 6.45 shows equivalent strain results at minimum suspension point distance, while Figure 

6.46 shows equivalent strains at maximum suspension point distance. In both cases, maximum 

equivalent strains are below 0.2 and are considered as insignificant compared to the elongation at break 

of the rubber at -40°C, which is 90%. 

 

Figure 6.47. Tsai-Hill failure index distribution at minimum suspension point distance, layer 1 
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Figure 6.48. Tsai-Hill failure index distribution at maximum suspension point distance, layer 1 

Maximum failure indices are far below the criteria value of 1 in both minimum (0.2- shown in 

Figure 6.47 for layer 1) and maximum suspension point distance (0.4- shown in Figure 6.48 for layer 1), 

so material failure is not probable in composite layers. 

 

Figure 6.49. Equivalent stress in the inner rubber liner at minimum suspension point distance 

 

Figure 6.50. Equivalent stress in the inner rubber liner at maximum suspension point distance 
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As regards with rubber liners, maximum values arise in the inner rubber liner, at its contact surface 

with the positioning pin. Maximum values are nearly 3.5 MPa in both cases (Figure 6.49 in the case of 

minimum suspension point distance and Figure 6.50 in the case of maximum suspension point distance) 

being much below the ultimate strength of the rubber at -40 °C (11 MPa).  

6.6.2 Results with internal pressure 

Tsai-Hill failure indices at minimum suspension point distance can be seen in Figure 6.51, while 

failure index values at maximum suspension point distance are shown in Figure 6.52. Maximum failure 

index at minimum suspension point distance is not influenced by internal pressure, while at maximum 

suspension point distance, maximum failure index is higher, although still much lower than the criterial 

value of 1. 

 

Figure 6.51. Tsai-Hill failure index distribution at minimum suspension point distance with internal pressure 

 

Figure 6.52. Tsai-Hill failure index distribution at maximum suspension point distance with internal pressure  
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Figure 6.53. Equivalent stress in the inner rubber liner at minimum suspension point distance 

Maximum equivalent stresses at minimum suspension point distance are shown in Figure 6.53, 

whereas maximum equivalent stresses at maximum suspension point distance are shown in Figure 6.54. 

Maximum stresses are slightly higher with internal pressure although the increase in stresses is not 

significant. 

 

Figure 6.54. Equivalent stress in the inner rubber liner at maximum suspension point distance 

Extreme operational loads have been considered in the FE model presented, firstly, because of 

the large deformations of the tubes as a result of operation on reverse curves and secondly because of 

stiffer material constants attributed to cold temperatures. The material properties of the composite layers 

and the rubber liners have been calculated at -40°C. 

In rubber liners, equivalent strains are much below elongation at break (90%), equivalent stress 

values are also much lower than ultimate tensile strength (11 MPa) and high values are confined to a 

relatively small zone, so failure is not probable in liners. In composite layers, Tsai-Hill failure indices 

are also below the criterial value of 1, so failure is not likely in composite layers either. 

6.6.3 Results of the deflection test 

The maximum vertical deformation of the deflected tube is -13.28 mm (Figure 6.55) which is 

nearly 12% lower than experimental results showing fairly good agreement, justifying the 

appropriateness of FE results of operational conditions. 
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Figure 6.55. Vertical deformation of the deflected tube 

6.6.4 Thermal stress analysis results 

 

Figure 6.56. Thermal stresses in radial direction (X) 

Thermal stresses in radial direction (X) (Figure 6.56) are not significant, therefore the effect of 

thermal contraction can be neglected in the FE models detailed above. 
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6.7 FE micromodel of the test specimen 

 

Figure 6.57. Force-displacement curves of the standard test specimen; FE macromodel, experiment, FE 

micromodel at different moduli Ef2 (10 MPa, 80 MPa, 200 MPa) 

Figure 6.57 shows experimental force results, force results of the FE macromodel and force results 

of the FE micromodel at different moduli Ef2 (10 MPa, 80 MPa, 200 MPa) at Gf12=5 MPa, and 

Ef2=10 MPa at Gf12=3 MPa.  

In case of modulus of elasticity Ef2=200 MPa, the simulation has been convergent only until 11.28 mm 

(Ef2=200 MPa) expressed as displacement of the FE macromodel. Force results of Ef2=80 MPa are in 

good agreement with experimental results and they show similar tendencies, however, in case of 

Ef2=200 MPa, the micromodel behaves much stiffer and force results are very far from the experimental 

results and have a different tendency.  

Force results of Ef2=10 MPa and Gf12=5 MPa are closer to experimental results than forces of 

Ef2=80 MPa, forces measured at Ef2=10 MPa and Gf12=3 MPa are lower than experimental results 

although these are still in an acceptable region. These results justify that despite the possible uncertainty 

associated with the estimation of elastic constants, experimental force results can be accurately 

approximated in the range of Ef2=10…80 MPa and Gf12=3…33 MPa. By consequence, the applied 

parameters Ef2=80 MPa and Gf12=33 MPa are acceptable for the modelling of tension of the composite 

test specimen. 

Deformation, stress and strain results for the first reinforcement layer (and afterwards for other 

layers) in the images hereinafter presented are shown in the middle of the layer from top view (so the 

lower half of the layer is shown in these figures) at end time (at a displacement of 5.9 mm of the 

micromodel). All the deformation, strain and stress results are shown in the following images in 

deformation scale 1:1. 

In these figures, the material coordinate system is displayed in the lower left corner, X, Y and Z 

indicating directions 1, 2 and 3 in red, green and blue respectively (see e.g. Figure 6.59). 

Stress and strain results for the first reinforcement layer (and afterwards for other layers) in the images 

hereinafter presented are shown in the middle of the layer from top view (so the lower half of the layer 

is shown in these figures). 
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Figure 6.58. Deformation in global X direction, layer 1 [mm] 

Figure 6.58 shows deformation in global X direction in the first layer. Deformation distribution 

is almost uniform, this confirms that load distribution is even in terms of global longitudinal strains 

within the first layer. 

 

Figure 6.59. Normal strain in material direction 1 in layer 1, (coordinates x=-4 mm and x=4 mm shown with red 

lines) 

In Figure 6.59, Figure 6.60, Figure 6.61 and Figure 6.62 strain components can be seen in material 

coordinate systems, firstly to the whole length (in Figure 6.59), and then between x=-4 mm and x=4 mm 

for the other components (Figure 6.60, Figure 6.61, Figure 6.62). Right at the boundaries, high strain 

concentration can be seen due to the boundary effect (Figure 6.59, Table 15) in very small areas. To 

overcome this issue, only the piece between x=-4 mm and x=4 mm has been considered. All strain 

components are higher in the matrix than in yarns. Strains in material direction 1 (Figure 6.59) are all 

positive, matrix undergoes significant tension in this direction, while strains are not so significant in 

yarns due to high Ef1. 

 

Figure 6.60. Normal strain in material direction 1 in layer 1 between x=-4 mm and x=4 mm 
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Figure 6.61. Normal strain in material direction 2 in layer 1 between x=-4 mm and x=4 mm 

Yarns sustain tension to a minor extent, while matrix is compressed to a slightly greater extent. 

The combination of tension in direction 1 and compression in direction 2 leads to the elongation of the 

matrix in material direction 1 with contraction as it can be seen in Figure 6.60 and Figure 6.61. 

 

Figure 6.62. Shear strain in plane 12 in layer 1 between x=-4 mm and x=4 mm 

A significant difference can be seen between strains in plane 12 in yarns and matrix in Figure 

6.62. There are increased strains near free yarn ends, this may lead to the conclusion that debonding is 

dominant in the failure mechanism of the cord-rubber reinforcement layers and that free yarn ends are 

probable initiation points of failure. 

There is a considerable difference in shear strains γ12 between yarns and the matrix, which is numerically 

0.58:0.97. High γ12 values imply that the dominant mode of load transfer is shear in the matrix in the 

reinforcement layers. 
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Figure 6.63. Location of the path utilized for the visualization of stresses and strains in global direction X in the 

middle of layer 1 

Figure 6.64 shows strain components in material coordinate system in the path of Figure 6.63. 

Strain ε2 is the smoothest component being the smallest one. Strain component ε1 is higher than ε2. Shear 

strain γ12 values are higher even than ε1 in the whole path. 

 

Figure 6.64. Strains in material coordinate system along the path of Figure 6.63 (in global direction X), the sections 

x<-4 mm and x>4 mm are shown as dashed 

 

Figure 6.65. Path in the middle of a yarn 
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Figure 6.66. Strain components in material coordinate system along yarn length (Figure 6.65) 

Figure 6.66 shows strain components in material coordinate system along yarn length. These 

strain components are much lower than strains in the matrix. Strain component ε1 is constant, strain ε2 

is small and strain γ12 is the most significant being much higher in absolute value than ε1, confirming 

that yarns undergo significant shear while tension in material direction 1 is limited. 

 

Figure 6.67. Normal stress in material direction 1 in layer 1 between x=-4 mm and x=4 mm 

Figure 6.67 shows stresses in material direction 1 in layer 1. Tensile stresses are equally 

distributed among yarns and matrix. Higher stresses arise firstly in the matrix and then the zone with 

higher stresses spreads in diagonal bands in yarns, resulting in a non-uniform stress distribution inside 

yarns, this can be attributed to the short-yarn reinforced nature of the test specimen.  

 

Figure 6.68. Normal stress in material direction 2 in layer 1 between x=-4 mm and x=4 mm 
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Figure 6.68 shows stresses in material direction 2 in layer 1 between x=-4 mm and x=4 mm. 

Stress distribution in matrix and in the yarns is uniform, although stress in material direction 2 in yarns 

is not significant.  

 

Figure 6.69. Shear stress in plane 12 in layer 1 between x=-4 mm and x=4 mm 

In Figure 6.69, shear stresses in plane 12 in layer 1 are shown between x=-4 mm and x=4 mm. It 

shows higher negative shear stresses for the matrix and lower negative shear stresses for the yarns. τ12 

is significant and relatively evenly distributed in yarns. 

 

Figure 6.70. Stress components in material coordinate system along the path of Figure 6.63 (in global direction X), 

the sections x<-4 mm and x>4 mm are shown as dashed 

Figure 6.70 shows stress components in material coordinate system along the path situated in the 

middle of layer 1 (in terms of both vertical and horizontal dimensions), shown in Figure 6.63, the zone 

affected by boundary effect is represented by dashed lines. Shear stress τ12 is the smoothest of all 

between x=-4 mm and x=4 mm marking its principal significance in load transfer. Slightly higher 

stresses arise in the matrix than in yarns. On the other hand, σ1 has the highest differences between 

values of the yarn and the matrix, having a slightly lower maximum than σ2.  

For examination of stresses along yarns, stress results have been plotted in Figure 6.71 along a path in 

the middle of the yarn, shown in Figure 6.65. The entire path is situated outside the regions affected by 

the boundary effect. Inside one yarn, tensile stresses in material direction 1 oscillate between 3 MPa and 

4 MPa, having larger range than σ2 and τ12, further confirming that stress distribution in material 

direction 1 is not uniform in yarns. Minimum tensile stresses coincide with minimum compressive 

stresses in the matrix, which ensure contact between reinforcement layers in the FE micromodel. As it 

can be seen in Figure 6.71, only tensile stresses occur in yarns in material direction 1 and 2, so it is 
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enough to focus only on tensile moduli in the material model of the yarns. This statement is also 

confirmed by Figure 6.60 and Figure 6.61; and Table 15 (for strains) and Figure 6.67 and Figure 6.68; 

and Table 16 (for stresses). 

Shear stress τ12 is also the smoothest component in the yarn verifying that it plays an important 

role in load transfer. 

Among the stresses (Table 16), tensile stresses in material direction 1 are the most significant, while 

stresses in material direction 2 and shear stresses τ12 are also substantial confirming that tension-shear 

coupling is prominent in the mechanical behaviour of the composite test specimen. 

 

Figure 6.71. Stress components in the path of Figure 6.65 in material coordinate system along yarn length 

 

Figure 6.72. Yarn orientation angles at the end of the simulation, the undeformed shape, yarn numbering and initial 

yarn orientation are shown in black 

 

Figure 6.73. Yarn orientation angles during FE simulation 
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Figure 6.73 displays yarn orientation angles (of yarns 3, 4, 5, 6, 7 designated in Figure 6.72) 

during FE simulation as a variance of displacement. As displacement increases and the test specimen 

elongates, yarn orientation angles decrease as a linear function of displacement because of the 

contraction of the cross-section. In reinforcement layers in the matrix, shear dominates the mechanical 

behaviour in the midplane of reinforcement layers both in terms of strains and stresses (Figure 6.74), 

representing similar behaviour as in layer 1 (Figure 6.62, Figure 6.69). 

 

Figure 6.74. Shear strain in plane 12 in layer 2 

 

Figure 6.75 Shear strain between layer 1 and layer 2, at the top of layer 2  

 

Figure 6.76 Shear stress between layer 1 and layer 2, at the top of layer 2 [MPa] 

In Figure 6.75, positive shear strain values arise in the zones where there are no overlapping yarns 

in adjacent layers. In these zones, in-plane shear transmits load between the adjacent reinforcement 

layers. The lowest shear strains occur in zones where there are overlapping yarns in adjacent layers. 

Figure 6.76 shows shear stresses between layer 1 and layer 2, having the same tendency as Figure 6.75.  

 

 



99 

 

Table 15. Maximum and minimum strains in each layer 

 ε 1, max [-] ε 1,min [-] ε 2, max [-] ε 2,min [-] γ12max [-] γ12min [-] 

layer 1 0.3899 0.1296 0.161 -0.2726 -0.445 -1.08 

layer 2 0.3736 0.1431 0.152 -0.2868 1.087 0.4602 

layer 3 0.3954 0.1304 0.1822 -0.2758 -0.4605 -1.0994 

layer 4 0.4658 0.1312 0.1577 -0.265 1.17 0.516 

 

Table 16. Maximum and minimum stresses in each layer [MPa] 

 σ1, max  σ1, min σ2, max σ2, min τ12max  τ12min  

layer 1 16.93 -20.61 6.67 -4.75 -0.38 -4.81 

layer 2 36.65 -16.81 6.48 -2.65 4.83 -0.34 

layer 3 18.61 -20.21 6.96 -3.19 0.02 -4.92 

layer 4 20.42 -23.77 8.57 -4.31 4.33 0.56 

 

Force-displacement curves of the micromodel and experimental results show a considerably good 

agreement. In both cases, Ef2=Ef3=80 MPa approximate experimental results accurately, however, 

significantly higher moduli (Ef2=Ef3=200 MPa), overestimate tensile reaction forces significantly. 

Stress distribution in material direction 1 is non-uniform in yarns, forming bands with higher 

stresses going through the yarns, while stress-distribution in the matrix is nearly uniform. 

Load transfer to the yarns is quite poor, because of the short-yarn reinforced nature of the 

specimen (due to the low width of the specimen) and because orientation angle of the composite tube is 

55°, which is optimal for biaxial tension (uniaxial tension and pressure), so the tensile load is not entirely 

carried by yarns. 

The shear plays an important role in load transfer and also in failure mechanism of the specimen. Shear 

strains are high at free yarn ends marking the possible locations of failure initiation in debonding in the 

shear mechanism of the reinforcement layers (see γ12max, γ12min in Table 15). 

There is a considerable difference in strains between yarns and the matrix. This is the most 

perceptible in the case of strain γ12, which is numerically 0.58:0.97 (Figure 6.64). High γ12 values imply 

that the dominant mode of load transfer is shear in the reinforcement layers. 

Regarding stresses, there is a large difference between values in the matrix and the yarns.  

6.8 FE micromodel of the tube sample 

 

Figure 6.77. Force-displacement curves of the tube sample; FE macromodel, experiment, FE micromodel  

Figure 6.77 shows experimental force results, force results of the FE macromodel and forces of 

the FE micromodel with Ef2=80 MPa and Ef2=200 MPa. Results of the micromodel show similar 

tendency as the experimental results and there is a fairly good agreement between micromechanical FE 
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(Ef2=80 MPa) results and experimental results. However, in case of increased modulus (200 MPa), FE 

micromodel force results are much higher than experimental results, in unacceptable ranges. Stress and 

strain results for the first reinforcement layer (and afterwards for other layers) in the images hereinafter 

presented are shown in the middle of the layer from top view (so the lower half of the layer is shown in 

these figures) at a displacement of 2.79 mm. All the deformation, strain and stress results are shown in 

the following images in deformation scale 1:1. The material coordinate system is displayed in these 

figures (e. g. Figure 6.79) in the lower left corner, X, Y and Z indicating directions 1, 2 and 3, marked 

in red, green and blue respectively. 

 

 

Figure 6.78. Deformation in global X direction, layer 1 

Figure 6.78 shows deformation in global X direction in the first layer. Deformation distribution 

is almost uniform, suggesting that load distribution is even in terms of global longitudinal strains within 

the first layer. 

 

Figure 6.79. Normal strain in material direction 1 in layer 1  

In Figure 6.79, Figure 6.80, Figure 6.81 and Figure 6.82 strain components can be seen in material 

coordinate systems, firstly to the whole length (in Figure 6.79), and then between x=-4 mm and x=4 mm 

for the other components. Right at the boundaries, high strain concentration can be seen due to the 

boundary effect (Figure 6.79, Table 17) in very small areas. To overcome this issue, only the piece 

between x=-4  mm and x=4 mm has been considered. All strain components are higher in the matrix 

than in yarns because stiffness of the matrix in material direction 1 is much lower than the modulus of 

elasticity Ef1 of the yarn. Strains in material direction 1 (Figure 6.79) are all positive, matrix undergoes 

significant tension in this direction, while strains are not so significant in yarns due to high Ef1. 
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Figure 6.80. Normal strain in material direction 1 in layer 1 between x=-4 mm and x=4 mm 

 

Figure 6.81. Normal strain in material direction 2 in layer 1 between x=-4 mm and x=4 mm  

There are relatively higher strains material direction 2 in yarns than in the matrix (Figure 6.81). 

Contrary to the case of test specimen, matrix of the tube sample does not undergo compression. 

 

Figure 6.82. Shear strain in plane 12 in layer 1 between x=-4 mm and x=4 mm 

A significant difference can be seen between strains in plane 12 in yarns and matrix in Figure 

6.82 due to different shear moduli.  

There is a significant difference in strains γ12 between yarns and the matrix, which is numerically 

0.29:0.58. The dominant mode of load transfer is also shear in the matrix in the reinforcement layers in 

the case of the tube sample. 

Table 17 Maximum and minimum strains in each layer between x=-4 mm and x=4 mm 

 ε 1, max ε 1,min ε 2, max ε 2,min γ12max γ12min 

layer 1 0.1301 0.0147 0.1937 -0.049 -0.1997 -0.6508 

layer 2 0.1332 -0.017 0.1741 -0.051 0.6732 0.215 

layer 3 0.1348 0.0193 0.1802 -0.002 -0.2228 -0.6802 

layer 4 0.1302 -0.0182 0.1785 -0.053 0.6715 0.2194 
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Figure 6.83. Location of the path utilized for the visualization of stresses and strains in global direction X in the 

middle of layer 1 

Figure 6.84 shows strain components in material coordinate system in the path of Figure 6.83. 

Strain components ε1 and ε2 are quite low and smoother throughout the whole path compared to shear 

strains γ12. Strains in material direction 1 is lower, compared to the case of the test specimen throughout 

the longitudinal path. 

 

Figure 6.84. Strains in material coordinate system along the path of Figure 6.83 (in global direction X) 

 

Figure 6.85. Path in the middle of a yarn 
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Figure 6.86. Strain components in material coordinate system along yarn length (Figure 6.85) 

Figure 6.86 shows strain components in material coordinate system along yarn length. These 

strain components are much lower than strains in the matrix. Strain component ε1 is constant, strain ε2 

is slightly higher in most parts of the path in the yarn. Strain γ12 is the most significant being much 

higher in absolute value than ε1, confirming that yarns undergo significant shear while tension in material 

direction 1 is limited. 

 

Figure 6.87. Normal stress in material direction 1 in layer 1 between x=-4 mm and x=4 mm 

Figure 6.87 shows stresses in material direction 1 in layer 1. Tensile stresses are equally 

distributed among yarns and matrix. There is nearly no difference regarding values in the yarn and the 

matrix, so load transfer to the yarns is much more evenly distributed than in case of the standard test 

specimen. The reason of this phenomenon is that the tube is continuous in tangential direction and 

boundary conditions on Y+ and Y- faces support the micromodel. 

 

Figure 6.88. Normal stress in material direction 2 in layer 1 between x=-4 mm and x=4 mm 

Figure 6.88 shows stresses in material direction 2 in layer 1 between x=-4 mm and x=4 mm. 

Stress distribution in matrix and in the yarns is uniform with only little difference also because of the 

tube being continuous in the tangential direction.  
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Figure 6.89. Shear stress in plane 12 in layer 1 between x=-4 mm and x=4 mm 

In Figure 6.89, shear stresses in plane 12 in layer 1 are shown between x=-4 mm and x=4 mm. It 

shows little difference between shear stresses for the matrix and yarns contrary to the case of the test 

specimen, where a significant difference can be observed between yarns and matrix. 

Table 18. Maximum and minimum stresses in each layer between x=-4 mm and x=4 mm [MPa] 

 σ1, max σ1, min σ2, max σ2, min τ12max τ12min 

layer 1 20.33 -6.02 8.28 -2.46 2.29 -2.28 

layer 2 20.41 -22.65 7.71 -3.51 8.2 -1.95 

layer 3 19.57 -6.48 7.96 -2.78 1.42 -2.72 

layer 4 17.82 -23.21 8.15 -1.92 7.14 -1.23 

 

 

Figure 6.90. Stress components in material coordinate system along the path of Figure 6.83 (in global direction X), 

the sections x<-4 mm and x>4 mm are shown as dashed 

Figure 6.90 shows stress components in material coordinate system along the path situated in the 

middle of layer 1 (in terms of both vertical and horizontal dimensions), shown in Figure 6.83. There is 

little fluctuation in all the stress components along the path. Stress distribution τ12 is the most uniform. 

On the other hand, σ1 has the highest differences between values of the yarn and the matrix, being 

slightly higher than σ2 along the whole path.  

For examination of stresses along yarns, stress results have been plotted in Figure 6.91 along a 

path in the middle of the yarn, shown in Figure 6.85. The entire path is situated outside the regions 

affected by the boundary effect. Inside one yarn, tensile stresses in material direction 1 oscillate between 

1 MPa and 3 MPa, having larger range than σ2 and τ12. Stress distribution in material direction 1 is more 

homogeneous than in case of the test specimen. Minimum tensile stresses coincide with minimum 

compressive stresses in the matrix, which ensure contact between reinforcement layers in the FE 

micromodel. Shear stress τ12 is also the smoothest component in the yarn verifying that it plays an 

important role in load transfer. 
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Figure 6.91. Stress components in the path of Figure 6.85 in material coordinate system along yarn length 

 

Figure 6.92. Yarn orientation angles at the end of the simulation, the undeformed shape and initial yarn orientation 

is shown in black 

 

Figure 6.93. Yarn orientation angles during FE simulation 

Figure 6.93 displays average values of orientation angles of yarns 2, 3, 4, 5, 6, 7, 8 and 9 shown 

in Figure 6.92 along with their minimum and maximum values at sampling points as error bars for better 

visualization. As displacement increases and the tube sample elongates, yarn orientation angles decrease 

as a linear function of displacement because of the contraction of the cross-section. 
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Figure 6.94. Shear strain between layer 1 and layer 2, at the top of layer 2 (with non-uniformly divided legend for 

visualization) 

 

Figure 6.95. Shear strain between layer 1 and layer 2, at the top of layer 2 with yarns of layer 1 shown 

 

Figure 6.96. Normal strain in material direction 1 between layer 1 and layer 2, at the top of layer 2 

 

Figure 6.97. Normal strain in material direction 1 between layer 1 and layer 2, at the top of layer 2 with yarns of 

layer 1 shown  

In reinforcement layers in the matrix, shear dominates the mechanical behavior in the midplane 

of reinforcement layers in terms of strains (Figure 6.82). At the same time, yarns are subjected to 

significant tension in material direction 1 (Figure 6.87). 
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Figure 6.98. Normal stress in material direction 1 between layer 1 and layer 2, at the top of layer 2 (with non-

uniformly divided legend for visualization) [MPa] 

 

Figure 6.99. Normal stress in material direction 2 between layer 1 and layer 2, at the top of layer 2 [MPa] 

 

Figure 6.100. Normal stress in material direction 3 between layer 1 and layer 2, at the top of layer 2 [MPa] 

At the contact areas of adjacent yarns, the locations where parts of the yarns of adjacent layers 

are above one another, high compressive normal (σ1, σ2, σ3) stresses (Figure 6.98, Figure 6.99 and Figure 

6.100) arise. These compressive stresses facilitate connection between the matrix of adjacent layers 

(Figure 6.96, Figure 6.97). 

High shear strains occur between yarns (matrix regions in both adjacent layers), implying that in-

plane shear plays an important role in the load transfer mechanism of reinforcement layers (Figure 6.94, 

Figure 6.95). According to Figure 6.82, Figure 6.84 and Figure 6.94, there is a remarkable difference in 

shear strains in plane 12 between yarns and the matrix around the circumference of the yarns. 

Normal strain in material direction 1 between layer 1 and layer 2 is shown in Figure 6.96 and 

Figure 6.97 with yarns of layer 1 hidden and shown respectively. Patterns of locally high normal strains 

arise in regions where yarns of layer 1 overlap matrix regions of layer2, this is the way load is transferred 

from yarns of layer 1 to the matrix of layer 2. 

Then matrix of layer 2 transfers the load in material direction 1 to the yarns of layer 2, it is proven 

by Figure 6.98 and Figure 6.99, in which relatively high tensile normal stresses (σ1, σ2) arise. 
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Strain results (Figure 6.84, Figure 6.86) seem to be more reliable and accurate than stress results 

(Figure 6.90, Figure 6.91), because strain results show a well-arranged periodical pattern both 

throughout the longitudinal path and the yarn length, while stresses fluctuate more unevenly in both 

directions. This can be originated from the highly different elastic constants of the components of 

reinforcement layers. 

7 Summary 

In this PhD dissertation, I have examined mechanical behaviour of cord-rubber tubes utilized as 

brake tubes in railway air braking by FE modeling and carried out various experiments for validation of 

the numerical models. I have analyzed the tube from a macromechanical point of view in case of 

buckling caused by compression/bending and in case of extreme operating conditions (-40°C, railway 

reverse curve); and I have also studied uniaxial tension of test specimen and tube sample by a 

micromechanical approach. 

Firstly, macroscale material properties of the examined cord-rubber tube have been determined 

by means of rules of mixture, validated by the juxtaposition of uniaxial tensile tests and three-point 

bending test at room temperature and at sub-zero temperature (-40˘C) and their respective FE model 

counterparts. Afterwards, macroscale FE models have been created for the simulation of mechanical 

behaviour of the composite tube at various load cases: namely, instability in case of 

compression/bending and extreme operational loads on a reverse curve test track at -40°C. In order to 

gain insight to internal structural response of composite layers in case of uniaxial tension, FE 

micromodels have been developed. 

Characteristic curves of the instability of the composite tube have been calculated by the developed FE 

model, which describe the whole compression/bending process of the tube: i.e force-displacement curve, 

oblateness parameter, curvature. The characteristic curves of the bending process may be utilized to help 

forecast the occurrence of cross-section instability and therefore to help prevent material failure. A 

parameter study has also been carried out to examine the effect of tube length to Brazier force and the 

oblateness parameter function. Expected failure modes have been identified (combination of 

delamination and debonding). 

FE simulation of cord-rubber tubes at extreme operational conditions (S-curve, -40°C), validated 

by a draw and buffing gear interaction test, proves the applicability of the tubes under such 

circumstances. Similar case studies have not been performed for composite tubes so far. This simulation 

also takes into account torsion besides bending. 

Micromodels of composite test specimen and tube piece help gain insight to internal mechanical 

behaviour of reinforcement layers, furthermore, these models yield realistic results in these layers. In 

case of both the test specimen and the tube piece, the dominant mode of load transfer is shear in the 

matrix in the reinforcement layers. In FE micromodel of the test specimen, yarn ends have been 

identified as probable locations of initiation of failure, and the model reflects the short-yarn reinforced 

nature of the test specimen. In FE micromodel of the tube piece, load transfer mechanism has been 

demonstrated in detail. 

8 Összefoglalás 

A doktori értekezésemben vasúti féktömlőkként használt száltekercselt gumitömlők mechanikai 

viselkedését vizsgáltam végeselemes eszközökkel, a számítási modellek validációjához méréseket 

végeztem el. Az összenyomás/hajlítás hatására végbemenő horpadási instabilitást makroszkopikus 

végeselem modellekkel vizsgáltam, továbbá makromodelleket hoztam létre az extrém üzemi 

körülmények melletti működés vizsgálatára (-40°C, elleníves vasúti pálya), illetve mikromodellekkel 

elemeztem a piskóta próbatest és a tömlődarabok viselkedését egytengelyű húzás esetén. 
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Munkám során először a keverési szabályoknak megfelelően meghatároztam a tömlő 

makroszkopikus anyagjellemzőit, melyeket szobahőmérsékleten végzett egytengelyű 

húzóvizsgálatokkal, három pontos hajlítással, illetve -40°C-on végzett húzóvizsgálatok és az ezekhez 

tartozó végeselem modellek segítségével validáltam. Ezután végeselemes makromodelleket hoztam 

létre a nyomó/hajlítóvizsgálat, illetve a -40°C-os környezetben, ellenívű vasúti pályán fellépő extrém 

terhelések vizsgálatára. A kompozit erősítőrétegek egytengelyű húzás esetén bekövetkező belső 

szerkezeti viselkedésének feltárásához végeselemes mikromodelleket hoztam létre. 

A nemlineáris stabilitásvizsgálat segítségével meghatároztam a horpadási folyamat jelleggörbéit, 

melyek a következők voltak: erő-elmozdulás, lapultsági tényező-elmozdulás és görbület-elmozdulás. 

A jelleggörbék felhasználhatók a keresztmetszeti instabilitás előrejelzésére és így a tönkremenetel 

elkerülésére. Paramétervizsgálatot végeztem továbbá a tömlő hosszának az instabilitási erőre és a 

lapultsági tényezőre gyakorolt hatásának meghatározására. Megállapítottam a várható tönkremeneteli 

módot, mely a szál-mátrix elválás és a delamináció együttes jelenléte mellett játszódik le.  

A vonó-és ütközőkészülékek együttműködési vizsgálata segítségével, melyet a MÁV KFÜ Kft. 

végzett, validált végeselemes modell bizonyítja a tömlő alkalmazhatóságát elleníves pályán, -40°C-on, 

hasonló vizsgálatok eddig nem készültek száltekercselt gumitömlőkre. Ez a végeselem modell az üzem 

során kialakuló deformációs állapotnak megfelelően a csavarást is figyelembe veszi.  

A kompozit próbatest és tömlődarab mikromodelljei segítségével részletes képet kaphatunk az 

erősítőrétegek mechanikai viselkedéséről, illetve ezekben a rétegekben valószerű eredményekhez 

juthatunk. Mind a próbatest, mind a tömlő mintadarab esetében a terhelésátadás domináns módja a 

mátrixban bekövetkező nyírás. A próbatest mikromodelljében várhatóan a szálvégeknél indul el a 

tönkremeneteli folyamat, a modell a próbatest rövidszál-erősítés jellegét igazolja. A tömlő mintadarab 

végeselemes mikromodelljében a terhelésátadás módja részletesen ismertetésre került. 

 

9 New scientific results 

Thesis statement 1: Based on the nonlinear buckling FE analysis of cord-rubber tube validated by 

compression/bending experiment, I have drawn the following conclusions: 

a) expected failure of the cord-rubber tube is caused by the combination of delamination and 

yarn-matrix debonding. In the regions affected by cross-section instability, there are 

significant γ13 strains (characteristic to delamination) and γ12 strains (characteristic to 

debonding), which are the dominant postbuckling strain components. 

 

Based on a parametric study on the slenderness ratio carried out on the aforementioned FE model, I have 

shown that:  

b) Brazier-force (F) is inversely proportionate to the slenderness ratio (λ)- Figure 6.35, 

Brazier force decreases with the increase in the slenderness ratio.  

In case of lower slenderness ratios, higher oblateness parameters belong to the same 

dimensional displacements. In addition, it can be concluded that cross-section instability 

occurs at lower dimensionless displacements in case of lower slenderness ratios. 

Ovalization of the cross-section begins at a dimensionless displacement of 0.15 regardless of 

slenderness ratios. Dimensionless displacement δ shown in Figure 6.36 is the proportion of 

displacement e and the initial distance of the centres of the holes of the pins inserted into the 

tube (D0).  

 𝛿 =
𝑒

𝐷0
,  

where 𝐷0 = 𝐿 + 2 ∙ 50 𝑚𝑚, 
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L is the overall length of the tube. 

Oblateness parameter is the proportion of the change in the inner diameter and the initial 

diameter: 

 휁 =
𝑑1−𝑏

𝑑1
  

where b is the minor axis of the cross-section  

d1 is the initial inner diameter 

 

Ovalized cross-sections can be seen in Figure 6.30. As it can be observed in Figure 6.36, in the 

first stage of the process, the ovalization of the cross-section takes place, followed by the cross section 

instability at the end of the simulation, when a local bifurcation appeared on the compressed side. Cross-

section instability causes significant flattening and high Huber-Mises-Hencky strains in the outer rubber 

liner (Figure 6.30).  

 

In the nonlinear buckling simulation, reinforcement layers are modelled as linear elastic 

transversely orthotropic, while rubber liners are modelled by a two-parameter Mooney-Rivlin model, 

which all have been validated by uniaxial tensile tests and three-point bending tests. 

 

Related publications: [SG1], [SG2], [SG3], [SG4] 

 

 

 

Thesis statement 2: Based on the nonlinear (with respect to geometrical and material aspects) FE 

micromodel of the cord-rubber test specimen subjected to uniaxial tension, I have drawn the following 

conclusions:  

a) Stress in material direction 1 (σ1) is transferred from the matrix to the yarns partially, in 

diagonal bands, so the stiffness-increasing effect of the yarns is limited. This can be 

originated from the short yarn-reinforced nature of the test specimen, so uniaxial tension 

of the test specimen does not characterize structural behaviour of the composite tube 

appropriately. Figure 6.67 shows normal stress in material direction 1 in layer 1 between 

x= -4 mm and x= 4 mm. Material direction 1 is shown in red in the coordinate triad situated in 

the lower left corner of the model, while material direction 2 is shown in green in the same triad. 

Regions outside this area are affected by the boundary effect (with high stress concentration).  

 

b) There is a significant difference in shear strains (γ12) between yarns and the matrix. This 

implies that in-plane shear is predominant in the mechanical behaviour of the composite 

test specimen and that probable failure mode is debonding.  

 

Shear strains (γ12) are higher than strain components ε1 and ε2 along the whole length of the path 

of Figure 6.64.  

Results of the FE micromodel (in case of E2=80 MPa) show good agreement with uniaxial tensile test 

results (Figure 6.57) as a result of the right choice of the estimated elastic constants. Elastic constants 

of the micromodel are E2=80 MPa, G12=33 MPa and G23= 26.84 MPa. For the characterization of the 

estimation of material parameters, cases of E2=200 MPa; E2=10 MPa and G12= 5 MPa; and E2=10 MPa 

and G12= 3 MPa have been considered. It can be clearly seen that in the case of E2= 200 MPa, force-

displacement results are far from experimental results, while results of the latter two cases (elastic 
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constants in the ranges of E2= 10…80 MPa, G12=3…33 MPa) approximate experimental results well 

enough. Based on this, it can be concluded that E2=80 MPa, G12=33 MPa and G23= 26.84 MPa are 

acceptable for the modelling of uniaxial tension of the test specimen.  

Displacement coupling has been realised in a simplified form; displacement boundary conditions of the 

micromodel have been determined based on average displacements of the boundaries of the 

macromodel. 

Related publications: [SG3], [SG4], [SG5] 

 

Thesis statement 3: Based on the nonlinear (with respect to geometrical and material aspects) FE 

micromodel of the cord-rubber tube sample subjected to uniaxial tension, I have drawn the following 

conclusions:  

a) The mechanical behaviour of the reinforcement layers is dominated by shear. Apart 

from tension of the yarns, there are significant intralaminar shear strains and stresses in 

plane 12 in the matrix (Figure 6.69). Material direction 1 is shown in red in the coordinate 

triad situated in the lower left corner of the model, while material direction 2 is shown in green 

in the same triad.  

b) There is a significant difference in strains in plane 12 between yarns and the matrix, which 

implies that the dominant mode of load transfer is shear in the reinforcement layers and 

that probable failure mode of reinforcement layers is yarn-matrix debonding  

According to Figure 6.64, shear strain values (γ12) are higher along the whole length of the 

longitudinal path of Figure 6.63 than strain components ε1 and ε2.  

c) Yarns are substantially compressed at locations where parts of the yarns of adjacent layers 

overlap one another. (Figure 6.100). Load is transferred from layer 1 to the matrix of layer 

2 with the occurrence of high strains in material direction 1 (Figure 6.98, Figure 6.99). In 

Figure 6.98, yarns of layer 1 are hidden, while in Figure 6.99, they are shown. Normal strains 

in material direction 1 occur at locations where yarns of layer 1 are above matrix of layer 2. 

Material direction 1 is shown in red in the coordinate triad situated in the lower left corner of 

the model, while material direction 2 is shown in green in the same triad. 

FE micromodel results and experimental results are in good agreement as a result of the right 

choice of the estimated elastic constants (Figure 6.77). Apart from results related to E2= 80 MPa, Figure 

6.77 contains results related to E2=200 MPa as well. It can be observed that results of the latter model 

differ considerably from experimental results, to an unacceptable extent.  

Displacement coupling has been realised in a simplified form; displacement boundary conditions 

of the micromodel have been determined based on average displacements of the boundaries of the 

macromodel. 

 

Related publications: [SG3], [SG6], [SG7], [SG8] 

10 Application of the results 

Results of FE models created in the course of the research have been useful for Knorr-Bremse 

Rail Systems Ltd. with special regard to the instability analysis validated by the compression/bending 

experiment, the uniaxial tensile tests at sub-zero temperature and the simulation of operation under 

extreme conditions (railroad reverse curve, -40°C). These results could provide useful information 

regarding strains and stresses occurring during operation and applicability of tubes under such 

conditions. In addition, technical requirements could be revised according to these simulations. 

FE micromodels of uniaxial tension of test specimen and tube sample, which take into account 

geometrical and material nonlinearity, give realistic strain and stress results inside reinforcement layers. 
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Furthermore, by the utilization of these models, designers of cord-rubber tubes gain insight to the load 

transfer mechanism inside the reinforcement layers. Results of the micromodel of the tube sample can 

be used even more effectively to describe realistic mechanic behaviour on a structural level than results 

of the micromodel of the test specimen.  
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Appendices 

Appendix A Additional results of the standard bending test of the composite tube 

 

Figure A.1. Normal strain in material direction 2 (ε2) in fibre coordinate system, layer 1 at the end of the 

standard bending test, longitudinal section in midplane XY 

 

Figure A.2. Shear strain in plane 12 (γ12), in fibre coordinate system, layer 1 at the end of the standard 

bending test, longitudinal section in midplane XY 
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Figure A.3. Normal stress in material direction2 (σ2), in fibre coordinate system, at the end of the standard 

bending test, longitudinal section in midplane XY 

  

Figure A.4 Shear stress in plane 12 (τ12), in fibre coordinate system, at the end of the standard bending 

test, longitudinal section in midplane XY 


