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1 Introduction

Interior point algorithms (IPAs) have been studied extensively by several authors in the last decades,
and their different variants are implemented in most commercial solvers. Despite this interest, there
are still numerous open questions related to both the theory and implementation of IPAs.

Based on their step length, IPAs can be divided into two main groups, short-step and long-step
methods. Even though, in general, better theoretical complexity can be achieved for short-step vari-
ants, long-step algorithms perform better in practice. One of the first exceptions was the large-update
algorithm introduced by Ai and Zhang in 2005 [1].

To determine new search directions for interior point algorithms, Darvay proposed the alge-
braically equivalent transformation (AET) technique in 2002 [3]. His main idea was to apply an
invertible and continuously differentiable function to the centering equation of the central path sys-
tem.

In our work, we combined these two approaches and proposed Ai-Zhang type long-step interior
point methods using Darvay’s technique for two problem classes, linear programming (LP) prob-
lems and linear complementarity problems (LCPs). The main question we address is what type of
functions Darvay’s technique can be applied with so that the desired convergence and complexity
properties of an Ai-Zhang type general algorithmic framework can be proved.

1.1 Outline of the thesis, main results

The main results of the thesis and the related publications are the following:
In Chapter 2, we propose a new Ai-Zhang type long-step IPA by applying the AET technique

with the function φ(t) = t −
√

t. We prove that the method is convergent and has the same iteration
complexity as short-step IPAs. These results are an improved version of [11].

In Chapter 3, we introduce the first Ai-Zhang type IPA for P∗(κ)-LCPs that uses the AET tech-
nique. The applied transformation function is φ(t) = t −

√
t, i.e., this result can be considered as the

generalization of the IPA in Chapter 2 for LCPs. We prove that the algorithm converges and has the
same iteration complexity as short-step IPAs. The results presented in this chapter can be found in
[9].

In Chapter 4, we propose a general Ai-Zhang type long-step algorithmic framework for LP prob-
lems, where the transformation function applied in the AET technique (more precisely, the function
p(t) obtained from the right-hand side of the scaled system) is part of the input. We give a set of
necessary conditions on p(t) and prove that if these conditions are satisfied, the IPA is convergent
and has the best known iteration complexity. This way, we define a new function class related to the
AET technique. We propose new transformation functions belonging to this class that have not been
applied in context with the AET technique before.

Even though the transformation function φ(t) does not play any role in the analysis, to complete
our discussion, we formulate a set of necessary conditions on φ(t) as well. We also give some con-
struction rules that can be used to construct new transformation functions that belong to our class.

Furthermore, we generalize the AET technique to the case of piecewise continuously differen-
tiable transformation functions.

These results can be found in [10].
In Chapter 5, we present our numerical results. We implemented all proposed algorithms in

Matlab and solved LP, sufficient and non-sufficient LCP instances. We investigated the practical
role of different feasible parameter settings for the neighborhood and update parameters in the case
of φ(t) = t −

√
t, both for LPs and LCPs. We experimented with different starting points and

right-hand-side vectors in the case of LCPs generated from Csizmadia-matrices. Furthermore, we
compared the performance of the general IPA for ten different functions from the class proposed in
Chapter 4. The previously mentioned tests were carried out using a greedy step length for the IPAs.
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To understand our analyses better, we also implemented the theoretical variants and made some im-
portant observations on the coordinates of the vector v. In the last section, we proposed a nonlinear
programming approach to test the sufficiency of matrices and performed numerical tests using the
BARON solver. The results presented in this chapter are improved versions of the numerical results
in [7–11].

1.2 Linear programming problems

The LP problem is the most frequently investigated optimization problem in the literature. The stan-
dard linear programming problem pair can be formulated as follows:

min cTx,
Ax = b,

x ≥ 0,


max bTy,

ATy + s = c,
s ≥ 0,

 (1)

where A ∈ Rm×n with full row rank, b ∈ Rm and c ∈ Rn are given.

1.2.1 The central path problem for linear programming

The optimality criteria for the primal-dual pair (1) can be formulated as:

Ax = b,

ATy + s = c,
xs = 0.

x ≥ 0,
s ≥ 0,


Let F LP = {(x, y, s) : Ax = b, ATy + s = c, x ≥ 0, s ≥ 0} denote the set of primal-dual feasible

solutions and F LP
+ = {(x, y, s) ∈ F LP : x > 0, s > 0} the set of strictly feasible solutions.

In the case of IPAs, instead of the third equation of the optimality criteria (the complementarity
condition), we consider a relaxed version

Ax = b,

ATy + s = c,
xs = νe,

x ≥ 0,
s ≥ 0,

 (2)

where ν is a given positive parameter. System (2) is called the central path problem. The last equation
of (2) is called the centering equation.

It was shown by Sonnevend [23] that if F LP
+ ̸= ∅, namely, the LP problem has a strictly feasible

solution, then for each ν > 0 system (2) has a unique solution which is called the ν-center. Further-
more, as ν tends to 0, the ν-centers converge to a solution of the LP problem (1). The set of ν-centers
form a smooth, analytic curve that is called the central path:

C =
{
(x, y, s) ∈ F LP : ∃ ν > 0 such that xs = νe

}
.

1.3 The linear complementarity problem

Let us consider the linear complementarity problem in the following form:

−Mx + s = q,
xs = 0,

x, s ≥ 0,

 (3)
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where M ∈ Rn×n and q ∈ Rn are given, and our goal is to find a vector pair (x, s) ∈ Rn × Rn that
satisfies the system.

LCPs have a wide range of applications in numerous different fields, for example, solving the
Arrow-Debreu market exchange model with Leontief utilities [25], finding equilibrium points in bi-
matrix games [21], and several engineering applications can be found in the survey [12].

Similarly to the LP case, let F LCP = {(x, s) : −Mx + s = q, x ≥ 0, s ≥ 0} denote the set
of feasible solutions, F LCP

+ = {(x, s) ∈ F LCP : x > 0, s > 0} the set of strictly positive feasible
solutions and F LCP

∗ = {(x, s) ∈ F LCP : xs = 0} the set of solutions to the LCP.
In most papers related to LCPs, the authors assume that the coefficient matrix has some special

property that makes it possible to introduce efficient methods. The class of sufficient matrices has
been introduced by Cottle et al. [2]. A matrix M ∈ Rn×n is column sufficient if the following implica-
tion holds for all x ∈ Rn:

if xi(Mx)i ≤ 0 for all i ∈ I then xi(Mx)i = 0 for all i ∈ I . (4)

M is row sufficient if MT is column sufficient, and a matrix M is sufficient if it is both row and column
sufficient.

In 1991, Kojima et al. [17] introduced the class of P∗(κ)-matrices. Let κ be a given nonnegative
number. A matrix M ∈ Rn×n is a P∗(κ)-matrix, if

x⊤Mx + 4κ ∑
i∈I

(xi(Mx)i)
+ ≥ 0

holds for all x ∈ Rn, where the plus sign in the superscript denotes the positive part of the vector.
This class can be considered as the generalization of positive semidefinite (PSD) matrices1 since P∗(0)
is the set of PSD matrices.

The smallest κ value for which M is a P∗(κ)-matrix is called the handicap of M. The matrix class
P∗ can be defined in the following way:

P∗ :=
⋃
κ≥0

P∗(κ).

Kojima et al. [17] proved that if a matrix belongs to the set P∗, then it is column sufficient. Later,
Guu and Cottle [14] showed that a P∗-matrix is also row sufficient, meaning that all P∗-matrices are
sufficient. In 1996, Väliaho [24] proved the other inclusion. Therefore, the class of sufficient matrices
is equivalent to the class of P∗-matrices.

1.3.1 The central path problem for linear complementarity problems

The central path problem for LCPs can be formulated as follows:

−Mx + s = q,
xs = νe,

x, s > 0,

 (5)

where ν > 0 is a given parameter.
In general, the solution of (5) does not necessarily exist, and even when the system is solvable,

the solution is not always unique. Illés, Roos, and Terlaky [15] gave an elementary proof of some
important statements regarding P∗(κ)-LCPs in an unpublished manuscript in 1997. The proof can be
found in [22].

1We would like to note that, as usual in the theory of LCPs, we do not assume that a PSD matrix is symmetric. I.e.,
M ∈ Rn×n is PSD if xT Mx ≥ 0 is satisfied for all x ∈ Rn.
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Theorem 1.1 ([15], Corollary 4.1) Let us consider an LCP with a P∗(κ) coefficient matrix M. Then the
following three statements are equivalent:

1. F LCP
+ ̸= ∅.

2. ∀ w ∈ Rn
+ ∃! (x, s) ∈ F LCP

+ : xs = w.

3. ∀ ν > 0 ∃! (x, s) ∈ F LCP
+ : xs = νe.

According to the last statement, for P∗(κ)-LCPs, when F LCP
+ ̸= ∅, the central path exists and

it is unique. Moreover, as ν tends to 0, the solutions of the central path problem (5) converge to a
solution of the LCP. Another proof of these statements and important results related to the central
path problem of sufficient LCPs can be found in the book [17] of Kojima et al.

1.4 The algebraically equivalent transformation technique

The algebraically equivalent transformation (AET) technique has been introduced by Darvay [3, 4] in
2002. First, we describe the method for LP problems, and then discuss its generalization to LCPs.

1.4.1 Applying the AET technique for LP problems

To be able to define new search directions, Darvay reformulated the central path problem in the
following way:

Ax = b, x ≥ 0,

ATy + s = c, s ≥ 0,

φ
(xs

ν

)
= φ (e) ,

 (6)

where φ : (ξ, ∞) → R is a continuously differentiable and invertible function, and ξ ∈ [0, 1) is a
given parameter.

From now on, we fix the value of ν as τµ, where µ = (xTs)/n is the duality gap of the current
point and 0 < τ < 1 is a given parameter2. More precisely, if we are at the point (x, y, s) ∈ F LP

+ and
take a step toward the ν = τµ-center, then if we apply Newton’s method to (6), the search direction
(∆x, ∆y, ∆s) is the solution of the following system:

A∆x = 0,

AT∆y + ∆s = 0,

s∆x + x∆s = τµ
φ(e)− φ

(
xs
τµ

)
φ′
(

xs
τµ

) =: aφ.


(7)

Since we assumed that A has full row rank and x and s are strictly positive vectors, the Newton-
directions are uniquely determined by the system (7).

To facilitate the analysis of IPAs, we usually consider a scaled version of (7). Let

v =

√
xs
τµ

, dx =
v∆x

x
, ds =

v∆s
s

, and Ā = A diag
(v

s

)
.

2Traditionally, in the analysis of Ai-Zhang type methods, the value of the update parameter τ is included in the formu-
lation of the Newton-system. In this thesis, we aim to combine these two approaches, i.e., propose Ai-Zhang type IPAs
using the AET technique; this is why we use this formulation when describing the AET technique.
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With these notations, the scaled Newton-system can be written as:

Ādx = 0,

ĀT∆y + ds = 0,
dx + ds = pφ,

 (8)

where

pφ =
φ(e)− φ(v2)

vφ′(v2)
.

Let p be the function for which p(vi) = (pφ)i holds for all vi ∈ (ξ, ∞), i.e.,

p(t) =
φ(1)− φ(t2)

tφ′(t2)
. (9)

Most IPAs from the literature can be considered as a special case of the AET technique with
the identity function. In his papers [3, 4], after the general description of the method for linear
optimization, Darvay analyzed the case of the function φ(t) =

√
t. The function φ(t) = t −

√
t

has been applied first by Darvay et al. [5, 6], and the function φ(t) =
√

t
2(1+

√
t)

has been investigated
by Kheirfam and Haghighi [16]. In the thesis, we gave an overview of the functions applied in the
literature on the AET technique and the related IPAs.

1.4.2 Applying the AET technique for LCPs

The AET technique has been generalized to several problem classes, including the LCP class. Similar
to the LP case, we apply a continuously differentiable and invertible function φ : (ξ, ∞) → R (with
ξ ∈ [0, 1) given) to the centering equation of the central path problem (5):

−Mx + s = q,

φ

(
xs
τµ

)
= φ (e) ,

x, s > 0.

 (10)

If we apply Newton’s method to the system (10), we obtain

−M∆x + ∆s = 0,

s∆x + x∆s = τµ
φ(e)− φ

(
xs
τµ

)
φ′
(

xs
τµ

) =: aφ.

 (11)

If we assume that x and s are strictly positive vectors, and M is a P∗(κ)-matrix, this system has a
unique solution for all aφ ∈ Rn [18, Lemma 4.1].

Using the same notations as in the previous subsection, the scaled system can be formulated as

−Mdx + ds = 0,
dx + ds = pφ,

}
(12)

where M = DMD. If M is a P∗(κ)-matrix then M also has this property according to [18, Theorem
3.5]. Therefore, in this case, the scaled system (12) also has a unique solution for all pφ ∈ Rn.

As it can be seen from the previous formulations, the vectors aφ and pφ are the same as in the LP
case.
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1.5 The method of Ai and Zhang

Even though long-step IPAs perform better in practice, the worst-case theoretical complexity of short-
step methods was better for many years, i.e., there was a contradiction between theory and practice.
The first long-step IPA with the same iteration complexity as short-step algorithms was introduced
by Ai and Zhang [1] in 2005. In the thesis, we propose Ai-Zhang type IPAs; this is why it is important
to recall the main ideas and advantages of the algorithm by Ai and Zhang.

The main idea of Ai and Zhang [1] was to decompose the Newton-directions (∆x, ∆y, ∆s) into
two parts (∆x+ and ∆x−, ∆y+ and ∆y−, ∆s+ and ∆s−, respectively), and use different step lengths
with the two components. If we apply this approach to the system (7), we get the following two
systems:

A∆x− = 0,

AT∆y− + ∆s− = 0,
s∆x− + x∆s− = τµvp−

φ = a−φ ,


A∆x+ = 0,

AT∆y+ + ∆s+ = 0,
s∆x+ + x∆s+ = τµvp+

φ = a+φ ,

 (13)

where p−
φ , a−φ and p+

φ , a+φ are the negative and positive parts of pφ and aφ, respectively. The new
point with step length α = (α1, α2) will be x(α) = x + α1∆x− + α2∆x+, y(α) = y + α1∆y− + α2∆y+

and s(α) = s + α1∆s− + α2∆s+. It is important to notice that ∆x+ is not the positive part of ∆x (in
this case, the sign + is a subscript instead of a superscript), but it is the solution of the system with
p+

φ on its right-hand side. Similarly, ∆x− is the solution of the system with p−
φ on its right-hand side.

The notation is similar for the vectors ∆y+, ∆y− and ∆s+, ∆s−.
To be able to formulate the scaled version of the two systems, we introduce the following nota-

tions:
dx− =

v∆x−
x

, ds− =
v∆s−

s
, dx+ =

v∆x+
x

, ds+ =
v∆s+

s
.

Using these notations, the scaled systems can be formulated as

Ādx− = 0,

ĀT∆y− + ds− = 0,
dx− + ds− = p−

φ ,


Ādx+ = 0,

ĀT∆y+ + ds+ = 0,
dx+ + ds+ = p+

φ ,

 (14)

where Ā = A diag
( v

s

)
.

1.6 The decomposition of Ai and Zhang for LCPs

Similarly to the LP-case, we consider the following two systems:

−M∆x− + ∆s− = 0,
s∆x− + x∆s− = τµvp−

φ = a−φ ,

}
−M∆x+ + ∆s+ = 0,

s∆x+ + x∆s+ = τµvp+
φ = a+φ .

}
(15)

To determine the scaled systems from (15), we use the notations from the previous subsection:

−Mdx− + ds− = 0,
dx− + ds− = p−

φ ,

}
−Mdx+ + ds+ = 0,

dx+ + ds+ = p+
φ ,

}

where D = diag(d) and M = DMD.
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1.6.1 Wide neighborhood definition

Apart from the decomposition of the Newton-directions, the other key element of the results of Ai
and Zhang was a new wide neighborhood definition:

W̃(τ, β) =

{
(x, y, s) ∈ F LP

+ : ∥vp+
φ ∥ =

∥∥∥∥ 1
τµ

a+φ

∥∥∥∥ ≤ β

}
,

where β, τ ∈ (0, 1) are given parameter values. They did not apply the AET method in their paper;
therefore, in their article pφ = v−1 − v.

Let I+ = {i ∈ I : τµ − xisi > 0} = {i ∈ I : vi < 1}, and I− = I \ I+. For all previously
investigated functions in the literature on the AET technique and all elements of the function class
proposed in Chapter 4, the following equivalence holds:

(pφ)i > 0 if and only if i ∈ I+. (16)

In the thesis, we use a new neighborhood that is a slightly modified version of the generalized
Ai-Zhang type neighborhood W̃(τ, β):

W(τ, β) =
{
(x, y, s) ∈ F LP

+ : ∥p+
φ ∥ ≤ β and v > ξe

}
,

with β, τ ∈ (0, 1) given. We included the technical condition v > ξe in the definition to ensure that
pφ is defined, and used the norm of p+

φ instead of vp+
φ to make some of the estimations easier.

2 A new long-step interior point algorithm for linear programming prob-
lems

Chapter 2 introduces an Ai-Zhang type long-step IPA for solving LP problems. We apply the AET
technique with the function φ(t) = t −

√
t. We prove that the method is convergent and has the

best known iteration complexity of short-step variants. Although we could obtain an IPA from the
general algorithm described in Chapter 4, here we use some special properties of the function t −

√
t

that are not necessarily satisfied by the elements of the function class discussed in the general case,
and for this special function, better estimations and, for this reason, better parameter settings can be
applied.

2.1 The applied wide neighborhood and the long-step IPA

In the case of φ(t) = t −
√

t, the vector pφ = 2(v−v2)
2v−e and ξ = 1/2. Therefore, the neighborhood

W(τ, β) introduced in Subsection 1.6.1 can be written as

W(τ, β) =

{
(x, y, s) ∈ F LP

+ :

∥∥∥∥∥
(

2(v − v2)

2v − e

)+
∥∥∥∥∥ ≤ β and v >

1
2

e

}
. (17)

We assume that 0 < β < 1 is a given parameter value.
Using (9), the function p(t) in the case of φ(t) = t −

√
t can be defined as follows:

p :
(

1
2

, ∞
)
→ R, p(t) =

2(t − t2)

2t − 1
.
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In the analysis, we use some estimations of the function p, namely, for all t ∈ (1/2, ∞)

p(t) ≥ 2(1 − t), (18)
p(t) ≥ −t, (19)

p(t) ≥ (1 − t2)/t. (20)

(18) and (20) are not satisfied in general for the elements of the proposed function class. Therefore,
the analysis differs from the general case in several points.

The role of the technical condition v > e/2 is to ensure the invertibility of the transformation
function φ. From this assumption, it follows that

i ∈ I+ ⇐⇒ vi < 1 ⇐⇒
(

pφ

)
i > 0.

For all algorithm variants, we follow the idea of [1]. To verify that W(τ, β) is indeed a wide
neighborhood, we compare it with the wide neighborhood N−

∞ (1 − τ) proposed by Kojima et al.
[19]:

N−
∞ (1 − τ) = {(x, y, s) ∈ F LP

+ : xs ≥ τµe}. (21)

Lemma 2.1 Let 0 < β < 1 and 0 < τ < 1 be given parameters, and let γ =
(

1 − β
2

)2
τ. Then

N−
∞ (1 − τ) ⊆ W(τ, β) ⊆ N−

∞ (1 − γ).

The following lower and upper bounds on the coordinates of the vector v will be useful for dif-
ferent estimations during the analysis.

Corollary 2.1 Let (x, y, s) ∈ W(τ, β), then

1 − β

2
≤ vi < 1 ∀i ∈ I+,

1 ≤ vi ≤
√

n/τ ∀i ∈ I−.

The upper bound
√ n

τ has an essential role in Ai-Zhang type methods since the neighborhood
itself does not control the value of vi for the indices in I−. Therefore this bound is applied in all three
examined cases.

Before presenting the main steps of the analysis, we give the pseudocode of the interior point
algorithm.

Input: A ∈ Rm×n, b ∈ Rm, c ∈ Rn

the update parameter 0 < τ < 1,
the neighborhood parameter 0 < β < 1,
the accuracy parameter ε > 0,
an initial point (x0, y0, s0) ∈ W(τ, β).

x := x0, y := y0, s := s0 and µ := µ0 = xT
0 s0/n.

while xTs > ϵ do
Determine ∆x+, ∆s+, ∆y+ and ∆x−, ∆s−, ∆y− according to (13);
Set α2 = 1 and α1 = max{α1 ∈ (0, 1] : (x(α), y(α), s(α)) ∈ W(τ, β)},
where x(α) = x + α1∆x− + α2∆x+, y(α) = y + α1∆y− + α2∆y+ and

s(α) = s + α1∆s− + α2∆s+;
(x, y, s) := (x(α), y(α), s(α));
µ := xTs/n;

end
ALGORITHM 1: Outline of the IPA for LP based on φ(t) = t −

√
t
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2.2 Analysis of the algorithm

From now on, we assume that a point (x, y, s) ∈ W(τ, β) is given. In this subsection, we give the
main steps of the analysis of the IPA.

Let us introduce the following notations:

dx(α) = α1dx− + α2dx+, ds(α) = α1ds− + α2ds+,

where α = (α1, α2) is the chosen step length with α1, α2 ∈ (0, 1] given. These notations are generally
applied in papers related to Ai-Zhang type methods, and therefore, they will also be used in the
subsequent sections.

It is important to notice that the search directions are orthogonal, as usually is the case for LP
problems, since

dx(α)Tds(α) = α2
1dxT

−ds− + α1α2(dxT
−ds+ + dxT

+ds−) + α2
2dxT

+ds+,

furthermore dx+ and dx− are in the kernel of the matrix Ā, while ds+ and ds− are in the rowspace
of Ā (see system (14)), therefore all four scalar products are 0 in the previous expression.

In the analysis, we use the step lengths α1 =
√

βτ
n and α2 = 1. The following lemma gives a

positive lower bound on the vector x(α)s(α), which is the first step in proving the strict feasibility of
the new point.

Lemma 2.2 Let (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then

x(α)s(α) ≥
(

1 − β

2

)
τµe.

The obtained lower bound on the vector x(α)s(α) is strictly positive for all β ∈ (0, 1).
The following statement is the LP analogue of Proposition 3.2 from [1] (it was proposed for mono-

tone LCPs). The proof remains the same.

Lemma 2.3 Let (x, y, s) ∈ F LP
+ and (∆x, ∆y, ∆s) be the solution of the system

A∆x = 0,

AT∆y + ∆s = 0,
s∆x + x∆s = z.


If z + xs > 0 and (x + t0∆x)(s + t0∆s) > 0 holds for some t0 ∈ (0, 1], then x + t∆x > 0 and s + t∆s > 0
for all t ∈ (0, t0].

To prove the positivity of the new vectors x(α) and s(α), we apply Lemma 2.3 with z =
τµ(α1vp− + α2vp+).

The following two statements propose bounds on the duality gap of the new point, that is, µ(α) =
x(α)Ts(α)/n.

Lemma 2.4 Let α1 =
√

βτ
n and α2 = 1, then µ(α) ≥ (1 − α1) µ.

The following lemma guarantees the proper reduction of the duality gap after an iteration:

Lemma 2.5 Assume that (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then

µ(α) ≤
(

1 −
√

βτ

n

[
8
9
(1 − τ)−

√
βτ

])
µ. (22)
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With a suitable parameter setting, we can ensure that the duality gap decreases strictly monoton-
ically, i.e., µ(α) < µ.

Corollary 2.2 Let τ ≤ 1/2 and β ≤ 1/4. If (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1, then µ(α) < µ

holds.

In addition to strict feasibility, we also need to prove the fulfillment of the technical condition

v(α) =
√

x(α)s(α)
τµ(α)

> 1
2 e.

Lemma 2.6 Let (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then v(α) > 1

2 e holds.

After an iteration, if the right-hand side of the third equation in the Newton system (14) is denoted
by pφ(α), then we need to verify that ∥pφ(α)+∥ ≤ β holds. Together with Lemma 2.6, this means
that the new iterates after a Newton-step remain in the neighborhood W(τ, β) .

Lemma 2.7 Let τ ≤ 1/2 and β ≤ 1/4. If (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1, then the new point

stays in the neighborhood, namely (x(α), y(α), s(α)) ∈ W(τ, β).

2.3 Complexity of the algorithm

Theorem 2.1 Let τ ≤ 1/2 and β ≤ 1/4, α1 =
√

βτ
n , α2 = 1, and suppose that a starting point (x0, y0, s0) ∈

W(τ, β) is given. Then the algorithm provides an ε-optimal solution in

O
(√

n log
xT

0 s0

ε

)
iterations.

In the analysis, we applied the fixed step lengths α1 =
√

βτ
n , α2 = 1. When describing the IPA

in Algorithm 1, we chose α1 as the largest value so that the new iterate remains in the neighborhood

W(τ, β). Since the duality gap is strictly decreasing in α1 and
√

βτ
n is a lower bound on the value of

α1 in Algorithm 1, the two variants have the same theoretical complexity, i.e., the derived complexity
result holds for Algorithm 1 as well.

3 A new long-step interior point algorithm for solving sufficient linear
complementarity problems

In Chapter 3 of the thesis, we generalized the long-step IPA introduced in Chapter 2 for sufficient
LCPs. These results were published in [9].

From now on, we assume that the coefficient matrix M of the LCP is sufficient, more precisely
P∗(κ), furthermore, F LCP

+ ̸= ∅ and an initial point (x0, s0) ∈ F LCP
+ is given.

As in Chapter 2, we consider the case when the transformation function in the AET method is
φ(t) = t −

√
t, and therefore p(t) = 2(t−t2)

2t−1 for all t ∈ (1/2, ∞).
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3.1 The IPA and the applied wide neighborhood

We apply an Ai-Zhang type wide neighborhood, but our definition differs from (17) examined in the
LP case. Namely, we consider the following neighborhood:

WLCP(τ, β, κ) =

{
(x, s) ∈ F LCP

+ :
∥∥∥p+

φ

∥∥∥ ≤ β

1 + 4κ
and v >

1
2

e
}

,

where β, τ ∈ (0, 1) are given numbers. This definition depends not just on these parameter values
but also on the handicap of the matrix.

First, we need to show that WLCP(τ, β, κ) is a wide neighborhood for all nonnegative κ. Again,
we compare our wide neighborhood with N−

∞ (1 − τ).

Lemma 3.1 Let 0 < τ < 1 and 0 < β < 1 be given parameters, and let γ = τ
(

1 − β
2(1+4κ)

)2
. Then

N−
∞ (1 − τ) ⊆ WLCP(τ, β, κ) ⊆ N−

∞ (1 − γ).

In the following corollary, we give lower and upper bounds on the coordinates of v.

Corollary 3.1 If (x, s) ∈ WLCP(τ, β, κ) then

1 − β

2(1 + 4κ)
≤ vi < 1 ∀i ∈ I+,

1 ≤ vi ≤
√

n/τ ∀i ∈ I−.

Now we can define the long-step IPA for sufficient LCPs.

Input: a matrix M ∈ Rn×n, M ∈ P∗(κ) for a given κ ≥ 0 and q ∈ Rn

an update parameter 0 < τ < 1, a neighborhood parameter 0 < β < 1,
an accuracy parameter ε > 0,

an initial point (x0, s0) ∈ WLCP(τ, β, κ) with µ0 =
xT

0 s0
n .

x := x0, s := s0 and µ := µ0
while xTs > ε do

Determine ∆x+, ∆s+ and ∆x−, ∆s− by solving the Newton-systems (15);
α2 := 1 and
α1 := argmin

α1∈(0,1]

{
µ(α) = (x(α)Ts(α))/n : (x(α), s(α)) ∈ WLCP(τ, β, κ)

}
,

where x(α) = x + α1∆x− + α2∆x+ and s(α) = s + α1∆s− + α2∆s+;
x := x(α);
s := s(α);
µ := xTs

n ;
end

ALGORITHM 2: Outline of the IPA for P∗(κ)-LCPs using φ(t) = t −
√

t

3.2 Analysis of the algorithm

In the analysis, we use the step-lengths α1 = 1
1+4κ

√
βτ
n and α2 = 1.

We have to prove that the new iterates are strictly positive, i.e. x(α) > 0 and s(α) > 0 holds. First,
we give a lower bound on the product of these two vectors.
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Lemma 3.2 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n and α2 = 1. Then

x(α)s(α) ≥
(

1 − β + β2

4(1 + 4κ)

)
τµe.

To prove that the new iterates (x(α) and s(α)) are strictly positive, we can apply Proposition 3.2
by Ai and Zhang [1]. They analyze the case of monotone LCPs, but the properties of the coefficient
matrix do not have any role in their proof; therefore, it can be used in this more general setting as
well.

Proposition 3.1 ([1, Proposition 3.2]) Let (x, s) ∈ F LCP
+ and (∆x, ∆s) be the solution of the system

−M∆x + ∆s = 0,
s∆x + x∆s = z.

}

If z + xs > 0 and (x + t0∆x)(s + t0∆s) > 0 holds for some t0 ∈ (0, 1], then x + t∆x > 0 and s + t∆s > 0
for all t ∈ (0, t0].

To prove the positivity of the vectors x(α) and s(α), we apply Proposition 3.1 with z = τµ(α1vp−
φ +

α2vp+
φ ).

The next two lemmas examine the change in the duality gap µ(α) = x(α)Ts(α)
n after the Newton-

step.

Lemma 3.3 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n and α2 = 1. Then

µ(α) ≤
(

1 − α1

[
8
9
(1 − τ)−

√
βτ − 1 + β

4

])
µ.

For the correctness of our algorithm, we need to ensure that the duality gap decreases after every
iteration.

Corollary 3.2 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n , α2 = 1 and β = τ = 1

4 . Then

µ(α) < µ.

To make sure that the iterates stay in the neighborhood WLCP(τ, β, κ), we need a lower bound on
the duality gap after a Newton-step.

Lemma 3.4 Let (x, s) ∈ WLCP(τ, β, κ) and α1, α2 ∈ (0, 1], then

µ(α) ≥
(

1 − α1 − κτ

[
α2

1
τ

+
α2

2β2

n(1 + 4κ)2

])
µ.

To guarantee that the new points after taking the Newton-step stay in the neighborhood WLCP(τ, β, κ),
we need to choose the values of the parameters τ and β properly.

First, we need to ensure that all coordinates of the vector v(α) =
√

x(α)s(α)
τµ(α)

are greater than 1/2.

Lemma 3.5 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n and α2 = 1. Then

v(α) >
1
2

e.
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Finally, we need to show that
∥∥pφ(α)+

∥∥ ≤ β
1+4κ holds.

Lemma 3.6 Let β = τ = 1
4 . If α1 = 1

1+4κ

√
βτ
n , α2 = 1 and (x, s) ∈ WLCP(τ, β, κ), then the new point

(x(α), s(α)) ∈ WLCP(τ, β, κ).

3.3 Complexity of the algorithm

Theorem 3.1 Let β = τ = 1
4 , α1 = 1

1+4κ

√
βτ
n , α2 = 1, and suppose that a starting point (x0, s0) ∈

WLCP(τ, β, κ) is given. Then the algorithm provides an ε-optimal solution in

O
(
(1 + 4κ)

√
n log

xT
0 s0

ε

)
iterations.

From Theorem 3.1, it follows that with the step-lengths applied in Algorithm 2, the same theoret-
ical complexity can be achieved.

4 A new class of large-update interior point algorithms for linear opti-
mization

Chapter 4 proposes a general Ai-Zhang type long-step algorithmic framework and a related function
class. The transformation function applied in the AET technique (more precisely, the function p(t)
obtained from the right-hand side of the scaled system) is part of the input. We introduce a class
of functions (i.e., a set of necessary conditions on p(t)) for which the convergence and best known
iteration complexity of the general algorithm can be proved.

In Subsection 4.3, we transform the conditions on p(t) into conditions on the transformation func-
tion φ(t), and in Subsection 4.4, we generalize Darvay’s technique to piecewise continuously differ-
entiable transformation functions.

This chapter is based on the manuscript [10].

4.1 The general algorithmic framework and its analysis

When we analyzed the IPA in Chapter 2, in Corollary 2.1, we saw that an upper bound could be
given on the coordinates of the vector v, namely

vi ≤ t∗ :=
√

n
τ

∀ i ∈ I .

This upper bound does not depend on the algorithm or the applied transformation function and,
therefore, can be generally applied. In (9), we defined p(t) over the interval (ξ, ∞). Since the argu-
ments of p are the coordinates of v, according to the previous observation, it is enough to define p(t)
and give the necessary lower and upper bounds over the interval (ξ, t∗] instead of (ξ, ∞).

Before we start discussing the analysis, we give the pseudocode of the general algorithmic frame-
work. The function p(t) is part of the input; therefore, for each different function p we get a different
long-step IPA.
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Input: A ∈ Rm×n, b ∈ Rm, c ∈ Rn, a function p(t) : (ξ, t∗] → R,
an update parameter 0 < τ < 1, a neighborhood parameter 0 < β < 1,
an accuracy parameter ε > 0,

a starting point (x0, y0, s0) ∈ W(τ, β) with µ0 =
xT

0 s0
n .

x := x0, y := y0, s := s0 and µ := µ0

while xTs > ϵ do
Determine ∆x+, ∆y+, ∆s+ and ∆x−, ∆y−, ∆s− according to (13) ;
(α1, α2) := argmin{µ(α) : (x(α), y(α), s(α)) ∈ W(τ, β)},
where x(α) = x + α1∆x− + α2∆x+, y(α) = y + α1∆y− + α2∆y+ and

s(α) = s + α1∆s− + α2∆s+;
x := x(α);
y := y(α);
s := s(α);
µ := xTs

n ;
end

ALGORITHM 3: Outline of the general algorithm for LP problems

Throughout this section, we assume that p(t) : (ξ, t∗] → R satisfies the following properties:

(P1) The inequality p(t) ≥ 1 − t2 holds over (ξ, 1).

(P2) There exists a positive constant c for which p(t) ≥ −c(t − 1/t) holds for all t ∈ [1, t∗].

(P3) There exists a positive constant r for which p(t) ≤ −r(t − 1/t) holds for all t ∈ [1, t∗].

(P4) There exist two constants ϱ ∈ [1, 2) and η ∈ (ξ, 1) such that p(t) ≤ ϱ(1 − t2) for all t ∈ (η, 1).

From (P2) and (P3) it follows that p(1) = 0. These two properties give lower and upper bounds
for the function p(t) over the interval [1, t∗]. The properties (P1) and (P4) refer to the behavior of
the function p(t) over the interval (ξ, 1). The constraint (P4) is not directly necessary for our proof
to work; however, it is assumed so that we can guarantee that suitable update and neighborhood
parameters exist that satisfy our assumptions on these parameters.

An important equivalence comes from (P1) and (P3), that is,

p(t) > 0 if and only if t ∈ (ξ, 1). (23)

In the analysis, we do not use the connection between φ and p. Therefore from now on, we omit
the subscript from the notation of the vector pφ and use p instead.

As it has already been mentioned in the introduction, we use the neighborhood

W(τ, β) =
{
(x, y, s) ∈ F+ : ∥p+∥ ≤ β and v > ξe

}
,

where β and τ are given parameters. We include the technical condition v > ξe in the definition to
ensure that p is well defined.

We compare the neighborhood W(τ, β) to N−
∞ (1 − τ) to prove that the neighborhood W(τ, β) is

wide.

Lemma 4.1 1. Assume that (P3) holds, then N−
∞ (1 − τ) ⊆ W(τ, β).

2. Suppose that (P1) holds and let γ = (1 − β)τ. Then W(τ, β) ⊆ N−
∞ (1 − γ) is true.

Using the neighborhood definition, we can give a lower bound on the coordinates of v.
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Corollary 4.1 Assume that (P1) is satisfied and let (x, y, s) ∈ W(τ, β). Then

xisi

τµ
= v2

i ≥ γ

τ
= 1 − β ∀ i ∈ I .

As it can be seen from the pseudocode (and the definition of W(τ, β)), the parameters β and τ
play an important role in our analysis. Therefore, in addition to the properties (P1)-(P4) given for the
function p(t), we also introduced a set of conditions for β and τ:

(C1) 0 < β < 2(1 − ξ2)/3 and 0 < τ < 1,

(C2)
√

βτ ≤ r
c
(1 − τ),

(C3) 1 −
√

1 − β +
1

2(1 −
√

βτ)
≤ 1 − t2

p(t)
for all t ∈

[√
1 − 3

2 β, 1
)

,

where c and r are the positive numbers defined in conditions (P2) and (P3).
Although (C3) depends on the function p(t), this constraint gives bounds on the value of the

parameters β and τ. We included (P4) in the list of assumptions on p(t) to ensure that there exist β
and τ that satisfy (C3).

4.1.1 Convergence analysis

From now on, we assume that a point (x, y, s) ∈ W(β, τ) is given.
Let µ(α) = x(α)Ts(α)

n be the duality gap after taking the Newton-step. The following lemmas
examine the effect of an iteration on the duality gap. First, we give a lower bound on µ(α).

Lemma 4.2 If (P2) holds, then
µ(α) ≥ (1 − α1c)µ.

As usual for Ai-Zhang type methods, from now on, we fix the value α2 = 1 in the analysis.

Furthermore, we fix the step-length α1 = 1
c

√
βτ
n .

Now, we examine the decrease in the duality gap after an iteration.

Lemma 4.3 Let α1 = 1
c

√
βτ
n and α2 = 1. Suppose that (P2) and (P3) hold. Then

µ(α) ≤
(

1 −
[
(1 − τ)r − c

√
βτ
]

α1

)
µ.

Furthermore, if (C2) is also satisfied, then the duality gap decreases, i.e., µ(α) ≤ µ holds.

The following lemma gives a lower bound on the expression x(α)s(α).

Lemma 4.4 Assume that (P1)-(P3) hold, and let α1 = 1
c

√
βτ
n and α2 = 1. Then

x(α)s(α) ≥
(

1 − 3
2

βτ

)
µe.

Corollary 4.2 Assume that (P1)-(P3) hold, and let α1 = 1
c

√
βτ
n and α2 = 1. If β < 2

3 , then x(α)s(α) > 0
holds.

Using Lemma 2.3 (the analogue of Proposition 3.2 of Ai and Zhang [1] for LP problems), we can
show that the new iterates x(α) and s(α) are strictly positive, i.e., feasible.
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Lemma 4.5 Suppose that (P1)-(P3) hold, and let α1 = 1
c

√
βτ
n and α2 = 1, furthermore β < 2

3 . Then x(α) > 0
and s(α) > 0 holds.

Using Lemma 4.4, we can examine what are the necessary conditions for maintaining the techni-
cal condition v > ξe after an iteration.

Lemma 4.6 Suppose that (P1)-(P3), (C1) and (C2) hold, let α1 = 1
c

√
βτ
n and α2 = 1, then v(α) > ξe.

Using the previous results, it can be shown that ∥p(α)+∥ ≤ β holds, where p(α) is the new right-
hand side of the Newton system after taking an α = [α1; α2]-long step. Together with Lemma 4.6, this
means that the new iterates after the Newton-step remain in the neighborhood W(τ, β).

Lemma 4.7 Suppose that (P1)-(P3) and (C1)-(C3) hold. Let α1 = 1
c

√
βτ
n , and α2 = 1. Then

∥p(α)+∥ ≤ β

holds.

4.1.2 Complexity of the general algorithm

Theorem 4.1 Suppose that the parameters β, τ ∈ (0, 1) and a function p(t) are given and they satisfy all
conditions (P1)-(P4) and (C1)-(C3) with constants c > 0 and r > 0. Assume that a starting point (x0, y0, s0) ∈
W(τ, β) is given. Let α1 = 1

c

√
βτ
n , and α2 = 1. Then the algorithm provides an ε-optimal solution in

O
(√

n log
xT

0 s0

ε

)
iterations.

From Theorem 4.1, it follows that the complexity of Algorithm 3 is the same as in the case of the
fixed step-lengths applied in the analysis.

4.2 Constants and properties for special functions

In this subsection, we give examples of functions belonging to the proposed class.
The first five rows of Table 1 show functions from the literature on the AET method. The other

rows show new functions that have been introduced in this context in our paper [10] for the first time,
up to our best knowledge. The rows 7-9 and 12 describe classes of functions based on the values of
the parameters k and m. In the last four columns, we propose suitable values for the parameters c, r,
β, and τ that satisfy the conditions (C1)-(C3).

All previous papers related to the AET technique consider continuous functions p(t). However,
the properties required for our analysis do not include the continuity of the function p(t). Therefore,
we can define noncontinuous functions with finitely many jump discontinuities, provided that the
other conditions are satisfied. One such example can be seen in the tenth row of Table 1. In the
eleventh and twelfth rows, we defined functions p(t), which are not strictly decreasing over [1, t∗].
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φ(t) p(t) Conditions ξ c r β τ

1. t 1
t − t - 0 1 1 1

8
1
8

2.
√

t 2(1 − t) - 0 2 1 1
4

1
4

3. t −
√

t 2(t−t2)
2t−1 - 1

2 1 8
9

1
8

1
8

4.
√

t
2(1+

√
t)

1 − t2 - 0 ∄ 1 1
8

1
8

5. t2 − t +
√

t 2(1−t4+t2−t)
4t3−2t+1 - 0 1 1

2
1
8

1
8

6. t arctan t (π/4−t2 arctan t2)
t
(

arctan t2+ t2
1+t4

) - 0 1 1
2

1
8

1
8

7. tk ln t −2t ln t
2k ln t+1 k ≥ 1 e−

1
2k 1 1

2k
1
8k

1
8k

8. tk 1−t2k

kt2k−1 k ≥ 1 0 1 1
k

1
8k

1
8k

9. No closed formula mtk

mtk−1 (1 − t) m ≥ 2, k ≥ 1 m− 1
k 1 1

2
1
8

(
1 − 1

k√m

)
1
8

(
1 − 1

k√m

)
10.

{
t if t ≤ 1√

τ
,

√
t +

√
8 − 4

√
8 if t > 1√

τ

{
1
t − t if t ≤ 1√

τ
,

2
(
1 − 1

t

)
if t > 1√

τ

- 0 2 1 1
8

1
8

11. No closed formula − cos t ln
( 1

2 t
)
− t + cos 1 ln

( 1
2

)
+ 1 - 0 2 1

2
1
8

1
8

12. No closed formula k(cos t − cos 1)− t + 1 k ∈ [1, 2] 0 2 1
2

1
8

1
8

TABLE 1: Constants and properties for special functions

4.3 Properties of the function φ

As it has already been mentioned in Subsection 4.1.1, our analysis only uses the properties of the
function p(t), and this function does not need to be written in the form (9) for some function φ. If
we would like to decide for a function φ whether our analysis gives a convergent algorithm with
complexity O(

√
nL), it is enough to calculate the corresponding function p using (9), and then check

whether the properties (P1)-(P4) are satisfied.
However, in this subsection, we would still like to show some important observations regarding

the transformation function φ.
If we multiply a function φ with a nonzero number or add a constant to it (i.e., shift the function

vertically), then the corresponding function p remains the same. This is a simple consequence of
the definition of p. This observation means that the same function p(t) belongs to infinitely many
functions φ.

It can be assumed without loss of generality that φ(u) is strictly increasing and φ(1) = 0. These
assumptions make it easier to formulate the necessary conditions for φ(u). If we keep the original
assumption of Darvay that φ(u) should be continuously differentiable, then the properties (P1)-(P4)
can be reformulated for the transformation function φ(u) as follows:

(P’1) The inequality φ(u)
φ′(u) ≤ −

√
u(1 − u) for all u ∈ (ξ2, 1).

(P’2) There exists a positive constant c for which φ(u)
φ′(u) ≤ c(u − 1) for all u ∈ [1, (t∗)2].

(P’3) There exists a positive constant r for which φ(u)
φ′(u) ≥ r(u − 1) for all u ∈ [1, (t∗)2].

(P’4) There exist two constants ϱ and η such that ϱ ∈ [1, 2) and η ∈ (ξ, 1) and φ(u)
φ′(u) ≥ −ϱ

√
u(1− u)

for all u ∈ (η2, 1).
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4.4 A modified AET technique with piecewise continuously differentiable
transformation functions

For p(t), we have already discussed that when all conditions are met, the function can have finitely
many jump discontinuities or can change its monotonicity, and the analysis still gives the desired
results.

Using the definition of p(t), we showed that without loss of generality, it can be assumed φ is con-
tinuous, strictly increasing, and φ(1) = 0. However, in this section, we discard the differentiability
assumption on φ and assume that there are finitely many points t1, t2, . . . , tk where φ is not differen-
tiable. If φ is calculated from a function p that satisfies our conditions (P1)-(P4), and has finitely many
jump discontinuities in t1, t2, . . . , tk, then φ is continuously differentiable over the intervals (ξ2, t1)
and (ti, ti+1), i ∈ {1, . . . , k − 1} and the one-sided derivatives exist in t1, t2, . . . , tk. Thus, we suppose
that φ is a piecewise continuously differentiable (PC1) function.

We need the further assumption that the one-sided derivatives at the breaking points are not zero.
Let us define the function

dφ(u) =

{
φ′(u), if ∃ i ∈ {1, . . . , k − 1} s.t. u ∈ (ti, ti+1),
limt→t+i

φ′(u) if u ∈ {t1, t2, . . . , tk}.

In the definition of dφ(u), when φ(u) is not differentiable, we replace φ′(u) with the right-hand
side derivative. However, we could use any of the one-sided derivatives in the definition instead,
and the subsequent results would remain the same.

Then the properties on φ(u) in the piecewise differentiable case can be formulated by replacing
φ′(u) with dφ(u) in (P’1)-(P’4).

In the original AET technique of Darvay, the continuous differentiability of the transformation
function is assumed so that Newton’s method can be applied to determine the search directions. If
we discard this assumption, we need to generalize the AET technique to the PC1 case.

Instead of Newton’s method, we can apply the extended Newton-method proposed by Kojima
and Shindo in 1986 [20]. To be able to do so, we proved that the nonlinear mapping corresponding
to the system (6) in the case when φ is a PC1 function is a piecewise continuously differentiable
mapping from Rn+m+n to Rn+m+n.

Therefore, using the one-sided derivatives, the AET technique can be applied even when the
transformation function is not continuously differentiable but piecewise continuously differentiable.

4.5 Construction rules

In Subsection 4.3.2 of the thesis, we gave some lemmas on how new transformation functions φ can
be constructed using those for which the desired properties have already been proved. As can be
seen from these results, the set of suitable transformation functions is significantly larger than what
has been considered in the literature before. The construction rules allow us to extend the proposed
function class further.

5 Numerical tests

In this section, we summarize our observations on the numerical tests. These are presented in Chap-
ter 5 of the thesis.
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5.1 Linear programming problems

In the case of LP problems, we tested our algorithms on selected instances from the Netlib library
[13]. After applying preprocessing techniques, we used the self-dual embedding technique to be able
to start the IPAs from a strictly feasible solution.

We implemented the general algorithmic framework proposed in Chapter 4 and performed differ-
ent numerical tests with the step-lengths applied in the analysis and also with the largest step-lengths
for which the iterates remain in the neighborhood W(τ, β) (greedy variant). For this second variant,
the proved complexity result (Theorem 4.1) still holds.

In Chapter 2, we proposed an IPA for LP using the AET technique with the function φ(t) = t−
√

t.
For this specific function, we compared six different parameter settings for β and τ and found that the
best results can be achieved when the neighborhood parameter β is relatively large and the update
parameter τ is small, but not too small.

We compared the performance of the general algorithmic framework for ten different transforma-
tion functions. Some of these were well-known from the literature of the AET technique, and we also
used some of the new functions proposed in the thesis. We introduced the first AET function with
infinitely many monotonicity changes. We generalized the AET technique to piecewise continuously
differentiable transformation functions and included one such function in the numerical tests. The
results were promising; the iteration numbers obtained with this function were among the best.

When we analyzed the results obtained with the theoretical step-length, we found that the coor-
dinates of the vector v remain in a really narrow interval if the starting point is close to the central
path. With the greedy variant, the upper bound obtained in practice is also far from the one used in
the analysis and seems independent of the problem size. It is an important observation, and under-
standing the theoretical background of this phenomenon can lead to new results on several aspects
of the analysis of long-step IPAs.

5.2 Linear complementarity problems

Since for sufficient LCPs, we proved the correctness of the Ai-Zhang type IPA only for the transfor-
mation function φ(t) = t −

√
t, all tests were carried out using this variant. Similarly to the LP case,

we implemented both a theoretical and a greedy variant of the IPA. However, to get a practically
efficient algorithm, as general for sufficient LCPs, we had to make more significant modifications.
Instead of the κ-dependent neighborhood applied in the analysis, we considered a κ-independent
definition in our implementation.

Similarly to the LP case, we compared different parameter settings for β and τ. Here, the best
results were achieved with the largest value for β and with the smallest value for τ. The reason
behind this difference can be the special structure of the LP problems obtained after applying the
self-dual embedding technique; however, this question requires further research.

Another interesting question that we addressed in this section is the role of choosing a suitable
starting point. We examined how changing the starting point (and, in some cases, the right-hand
side vector) affects the performance of the IPA for a test problem known to be numerically difficult
for IPAs to handle (the Csizmadia-problem). Even with small modifications, the performance of the
algorithm could be improved significantly. These results show that in the case of sufficient LCPs, be-
sides choosing suitable parameter values and transformation functions, finding good starting points
also has a crucial role; moreover, this choice can determine whether we can handle a problem numer-
ically or not.

Regarding the upper bounds obtained for the vector v, the results were similar in the case of LCPs
as in the LP case.

We also introduced different nonlinear programming models for deciding whether a matrix is
sufficient or not and used the BARON global solver to test this approach numerically. We found that
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in practice, we can only solve these NLP instances up to the size 10× 10. However, the running times
were better when the goal was to determine a certificate for non-sufficiency.

6 Summary and further research

The dissertation proposed Ai-Zhang type long-step interior point algorithms for linear optimization
and sufficient LCPs. To find new search directions, we applied the AET technique of Darvay.

First, we used the AET technique with the function φ(t) = t −
√

t, and with the obtained search
directions, we proposed a long-step IPA for LP problems. We proved that the method is convergent
and has the best known iteration complexity.

Then we generalized the algorithm for solving sufficient LCPs. For this IPA, we also proved that
it is convergent and has the best known iteration complexity.

The main question of our research was what type of functions the AET technique can be applied
with so that a convergent Ai-Zhang type IPA can be constructed with the desired complexity results.
For this purpose, we introduced a general Ai-Zhang type long-step algorithmic framework for which
the transforming function (more precisely, the function p(t) describing the right-hand side of the
scaled Newton-system) is part of the input. We proposed a set of properties for the function p(t). If
these are satisfied, we proved the general algorithm’s convergence and the same complexity as the
best known.

We generalized Darvay’s AET technique to the case of piecewise continuously differentiable
transformation functions, using the generalized Newton-method introduced by Kojima and Shindo
[20]. Furthermore, we proposed construction rules that can be applied to determine new transforma-
tion functions that belong to our class.

An essential part of our work was not just to theoretically analyze but also to test the proposed
new algorithms numerically. For this purpose, we implemented a general long-step IPA for both LP
problems and LCPs in Matlab. Since the theoretical variants are usually not efficient in practice, we
also implemented a greedy variant for both problem classes.

Our research raised several interesting new questions regarding both theoretical and practical
aspects of interior point algorithms. Our next plan is to generalize the introduced AET function
class from LP to sufficient LCPs. We would like to propose an Ai-Zhang type long-step algorithmic
framework for LCPs, and introduce a new function class for p(t) for which the desired convergence
and complexity properties can be proved.

Furthermore, we would like to compare our function class to other, not AET-related function
classes, e.g., kernel function-based approaches.

The phenomenon observed regarding the coordinates of the vector v suggests that if we have
well-centered starting points, the neighborhood applied in the analysis is much wider than what
we actually need to be able to carry out the analysis. We would like to examine whether giving a
constant upper bound on the coordinates of v is possible.

Regarding the implementation, we would like to experiment with more functions from the pro-
posed class. We saw that the choice of the starting point could also have a crucial role in efficiently
solving an LCP problem, and even minimal modifications can help us avoid certain numerical issues.
We would like to perform further numerical experiments to understand this question better.
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