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1 introduction

The everyday life of humankind is increasingly dependent on advanced
technologies, from mobile phones to autonomous cars, from Internet-based
services to computer-controlled surgery. As a result of this increased depen-
dency, mass service systems’ performance must be designed and controlled
with special care. This thesis aims to introduce new analytical methods for
a more accurate performance assessment of service systems.

The analytical description of complex service systems also called queue-
ing systems, is an actively investigated research field. Many analysis tech-
niques have been developed for accurately computable models. One of the
most frequently used analysis approaches for the transient performance
measures of queueing systems is the Laplace transform domain description
of the measures of interest. The use of this efficient analysis approach has
been limited by the fact that the Laplace transform description has to be in-
verse transformed, which is a numerically sensitive procedure whose result
is not always trustable. A recently introduced Numerical Inverse Laplace
Transform (NILT) method [1], offers significant improvements in this respect.
The main motivation behind the thesis is to utilize the availability of this
new NILT methodology and extend the set of available analysis methods to
new directions, which become possible with the new NILT methodology.

2 research objective

The NILT method introduced in [1], referred to as CME method, is based on
Concentrated Matrix-Exponential (CME) distributions [2], which were avail-
able up to order 1000 in [2]. A closely related, important research challenge
is to make the use of the CME method possible for higher orders.

• High-order CME distributions

Highly CME functions are Matrix-Exponential (ME) distributions
whose Squared Coefficient of Variation (SCV) is very low. They are
useful in many research areas, for example, in NILT methods [1]. Cur-
rently, no symbolic construction is available to obtain the most concen-
trated ME distributions. The available numerical optimization-based
approaches are limited in order, and their concentration could be en-
hanced. It is also an interesting research challenge to extend the avail-
ability of CME distributions beyond the order limit until the numerical
optimization is feasible, e.g., by applying extrapolation methods.

Additionally, the introduction of new efficient NILT methods reinforced
the research efforts to extend the set of models whose performance parame-
ters can be described in the Laplace transform domain. The thesis considers
three discrete and continuous queueing system models whose Laplace trans-
form domain description was not available:

• Piecewise Homogeneous Quasi-Birth-Death (QBD) process

There are many queueing models whose underlying stochastic be-
haviour exhibit a kind of birth-death behaviour between ordered sets
of states. Commonly, set-n represents the system states, for example;
the number of customers in the system is n, and the birth-death be-
haviour means that the number of customers in the system can change
at most by one at a time [3]. Such models are used, e.g., to describe
the behaviour of hysteresis queues [4].
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Formally, Piecewise Homogeneous Quasi-Birth-Death (PHQBD) pro-
cess is a two-dimensional continuous time Markov process, where the
process over the sets is referred to as a level process, and the system
changes inside the sets are referred to as phase process [5]. In PHQBD
process, there are a finite number of regimes inside which the pro-
cess evolves under the same stochastic rules (the state transitions are
level independent). Between the regimes, there are boundaries (also
referred to as thresholds) where the behavior of the transitions inside
a set can differ from those in the lower and upper regimes.

• Piecewise Homogeneous Markov Fluid Model (MFM)

Piecewise Homogeneous Markov Fluid Model (PHMFM) is the con-
tinuous counterpart of PHQBD, which can be obtained by assuming
that the number of states (customers) in the queueing system is not an
integer, but a real number. Based on apparent physical analogy, this
real number is often referred to as fluid level in the modelling commu-
nity [6]. Consequently, PHMFM is characterized by a finite number of
regimes, where the process evolution is level independent. However,
there are boundaries where many different boundary behaviours can
occur, for example, reflecting, absorbing, and transitive boundary be-
haviours [7] [8].

• Markov Modulated Fluid Arrival Process (MMFAP)

The proper mathematical description of the arrival of customers in the
queueing systems has a dominant impact on the accuracy of the ob-
tained performance measures. In discrete queueing systems (where
the number of customers is assumed to be an integer), the most
widespread model of customer arrivals is the Markov Arrival Process
(MAP) model [9]. MAPs can be interpreted as an arrival process gov-
erned by a background Markov chain, where, at any point in time, the
next arrival depends on the state of the background Markov chain. Fit-
ting methods have been developed to approximate real measured data
sets with MAPs [10] [11].

The continuous queue (where the number of customers is assumed to
be real) counterpart of MAPs are MMFAPs. In MMFAPs, the flow of
customers is governed by the background Markov chain [12]. In order
to use MMFAPs in practical modelling, fitting methods are needed
for parameter estimation of MMFAPs based on actual measured data.
In contrast to fitting methods available for MAPs, there is no fitting
method available for general class MMFAPs. One reason for the lack
of such a fitting method is that the continuous fluid arrival requires the
Laplace transform domain description of the MMFAPs, which cannot
be applied in practice without efficient NILT procedures.

3 research methodology

In line with the research objectives, mathematical analysis is the primary re-
search methodology applied for reaching the research objectives. Addition-
ally, in the case of MMFAP fitting, I also applied discrete event simulation
to validate the proposed fitting procedure.
The different research objectives required the use of different mathematical
analysis methods. In the case of finding high-order CME distributions, I
applied efficient heuristics and optimization methods, especially evolution
strategy methods [13]. Furthermore, to extend the order of available CME
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distributions beyond the orders for which the computation time of the op-
timization procedure is feasible, I applied extrapolation techniques using
function approximations.
For the transient analysis of PHQBD and PHMFM processes, I heavily used
matrix analytic methods and introduced conveniently selected return mea-
sures that were not considered before.
For fitting MMFAPs, I used one of the most common statistical fitting ap-
proaches, likelihood maximization. However, the complexity of the pro-
posed solution comes from the fact that likelihood maximization is far
from trivial for MMFAPs. To overcome these computational difficulties, I in-
vestigated the applicability of the Expectation-Maximization (EM) method,
which is efficiently used for fitting similar models of discrete queues [14].
During the search for efficient MMFAPs fitting methods, I coped with vari-
ous computational challenges. The analysis of likelihood function is always
a numerically sensitive problem, since the numerical value of the likelihood
function can easily underflow or overflow. Apart of that, in case of MM-
FAPs fitting the numerical computation of the likelihood function involves
a NILT step, which is computationally expensive. In order to reduce the
computation cost of the evaluation of the likelihood function, I introduced a
functional approximation method, where only some points of the unknown
function are evaluated via NILT, and the rest of the points are obtained via a
polynomial approximation of the function which is based on the evaluated
points.

4 new scientific results

4.1 Thesis 1: Enhanced optimization of high-order CME distributions [J2]

1. In order to improve the peakedness of high-order CME distributions, I have
introduced a heuristic approach to approximate the roots of high-order CME
distributions accurately.

The proposed heuristic optimization procedure, referred to as 6-
parameter optimization method, optimizes 6 parameters of the objective
function (independent of CME distribution order) instead of the exist-
ing 3 parameters procedure in [15].

The idea behind this new method is to better approximate the full
optimization scenario (where the number of parameters to optimize
increases with the distribution order n). The 3-parameter optimiza-
tion of [15] assumes that the roots of the CME distribution function
are equidistant. The proposed new method refines this assumption by
introducing a power function for the location of the roots, which in-
creases the number of parameters from 3 to 6 (independent of CME
distribution order). It turns out that the computational complexity of
the 6-parameter optimization is similar to the one of the 3-parameter op-
timization, but the obtained optimum is significantly better, and it is
close to the full optimization (as it is demonstrated in Figure 1), which
can be computed only for low (n < 184) order CME. The improve-
ment in the positioning of the roots with the help of the power func-
tion, leads to a significant SCV reduction compared to the 3-parameter
method. In the depicted range the gain (the ratio of the SCV obtained
by the two heuristic methods) is approximately 1.66 and it is almost
independent of the order.

2. Adopting the proposed heuristic approach I have shown that the decay rate
of the SCV of high-order CME distributions is less than n−2 for the 100 <

n < 5000 interval of order n.
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The goal of heuristic optimization approaches is to overcome the com-
putational limitations of the full optimization method in finding the
roots, which is reported in [15]. The introduced method resulted in
almost the same SCV values for the CME distributions as the ones
obtained in the range where full optimization is feasible (n < 184). Be-
yond that order, the 6-parameter optimization results seem to follow
the same decay trend as shown in Figure 1. As a result, the decay rate
of the minimal SCV as a function of the order is less than n−2 for the
100 < n < 5000 interval, which is readable also from Figure 1.
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Figure 1: The minimal SCV values obtained by full optimization, 3-
parameter optimization and the proposed 6-parameter optimization as a
function of order n in log-log scale

3. I have introduced an extrapolation scheme for the high orders where the 6-
parameter optimization is not feasible to compute anymore (n > 5000). Based
on the extrapolation scheme, I have obtained high-order CME distributions
up to order n= 20000.

Even the computational cost of the 6-parameter optimization is much
less than the one of the full optimization, the computation time of the
6-parameter optimization gets to be prohibitive at n = 5000. To extend
the availability of CME distributions beyong that order, I computed
the the parameters of both (3 and 6 parameters) heuristic optimiza-
tion procedures based on the trends of those parameters computed
for n⩽ 5000. This extrapolation expanded the availability of CME dis-
tributions for orders 5000 < n⩽ 20000.

The behaviour of the extrapolation approach can be seen in Figure
2. I applied a simple, practical verification technique for the approxi-
mation results by checking if the extrapolated SCV follows the decay
trend obtained in Figure 1. Based on this goodness measure technique,
I have found that the element-wise power function extrapolation pro-
vides the best results among all tested ones for the optimization pa-
rameters.
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Figure 2: The approximated and the heuristics SCV as a function of order n
in log-log scale

4.2 Thesis 2: Laplace transform based transient analysis of QBD processes and
fluid queues [J3], [J4]

4.2.1 Piecewise Homogeneous Quasi-Birth-Death process [J3]

Motivated by the lack of transient description of PHQBD processes

• I have introduced and derived various previously not considered performance
measures of QBD processes associated with the process evolution between
boundary levels.

PHQBD processes are Markov chains with a regular block tri-diagonal
generator matrix structure

Q=

T0 T1 T2 . . . TK



L′
1 F1 T0

B1 L1 F1
. . . . . . . . .

B1 L1 F1
B1 L′

2 F2 T1
B2 L2 F2

. . . . . . . . .
B2 L2 F2

B2 L′
3 F3 T2

B3 L3 F3
. . . . . . . . .

...
BK LK FK

BK L′
K+1 TK

,

where Ti denotes the ith boundary, where the behaviour of the process
changes. To investigate the behaviour of PHQBD processes between
two consecutive boundaries, I considered a basic level-homogeneous
(level independent) scenario with two boundaries, 0 and b (b > 0). In
Theorem 1 of Chapter 3, I have derived the Laplace transform of the
probability of visiting level m (m ∈ (0,b)) at time t, starting from level
0 or b with a state transition, given that the level process of the QBD
remains in (1,b− 1) in the (0,t) time interval, referred to as Z(b)(s,m)

(in case of starting from level 0), and it’s reversed quantity Ẑ(b)(s,m)

(in case of starting from level b).
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Ĥ(b)(s,n)

H(b)(s,n)

Figure 3: Principal quantities with two boundaries 0 and b (arrow refers to
jump, circle refers to sojourn)

Additionally, in Theorem 2 of Chapter 3, I derived the Laplace trans-
form of the phase transition probability matrices for hitting either of
the boundaries 0 or b up to time t, called H(b)(s,m), Ĥ(b)(s,n) conse-
quently.

Figure 3 presents a visual representation of these principal quantities.
I built the Laplace transform domain transient analysis of PHQBD
processes on these four new performance measures.

• Based on the previous four new performance measures, I have derived a
Laplace transform domain-transient analysis approach for a general class of
PHQBD Processes. The result is a linear combination of matrix geometric se-
ries in each region, which are connected via boundary equations at the region
boundaries.

The significant outcome of this Laplace transform domain approach
is the ability to calculate the transition probabilities of the PHQBD
process V(t,n,m) via NILT, starting from arbitrary initial level n to
arbitrary final level m at any time t. This flexibility in the parameters
for this kind of measures was not addressed in the literature before.

• I have provided the analysis for both finite and infinite multi-regime homoge-
neous QBD processes.

The primary analysis approach in Chapter 3 considers a finite top-level
boundary scenario of the PHQBD where the buffer size TK < ∞. For
the infinite PHQBD case (where TK =∞), I mentioned all the required
modifications of the primary analysis method in Section 3.7.

4.3 Piecewise Homogeneous Markov Fluid Models [J4]

Based on the successful analysis of PHMFMs on Chapter 4

• I have introduced a previously not considered analysis approach of perfor-
mance measures of PHMFMs based on matrix inversion instead of the previ-
ously applied approach based on the solution of a set of equations.

MFMs are hybrid stochastic models composed of a continuous stochas-
tic process X(t), commonly referred to as fluid level, and a dis-
crete stochastic process J(t), commonly referred to as the modulat-
ing Markov chain. Here I consider the PHMFM {X(t),J(t),t ⩾ 0} with
buffer size B and it is composed of K regions with region boundaries
T0 = 0 < T1 < .. . < TK = B. That is, for k ∈ {1, . . . ,K}, region k is
(Tk−1,Tk), where the generator and the fluid rate matrices of the MFM
are Q(k) and R(k). At region borders, I assume that the generators

and the fluid rate matrices are Q̃
(k) and R̃

(k), for k ∈ {0, . . . ,K}, which
might be different from both Q(k), R(k) and Q(k+1) and R(k+1).
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The analysis approaches available in the literature for homogeneous,
single buffer MFMs (with finite/infinite B) describe the transient be-
haviour on the level of matrix blocks in Laplace transform domain us-
ing explicit expressions. The extension of this approach for PHMFMs
gets prohibitively clunky because the proper description of the bound-
ary behaviour at internal boundaries (i.e., Tk where k ∈ {1, . . . ,K− 1})
requires the consideration of all possible cases of fluid rate-sign
changes separately. To overcome the limitations of the explicit ap-
proach, I have introduced implicit equation systems based description
for the transition measure which describes the process while moving

one boundary down or up, called B(k)(s) and B̂
(k)

(s). This allows to
calculate the upward/downward return measures to boundary Tk ab-

breviated as Y(k)(s), Ŷ
(k)

(s) consequently (see Theorems 9 and 10 in
Chapter 4).

• Based on the previous results I have derived a Laplace domain-transient anal-
ysis approach for PHMFMs. The result is a linear combination of ME func-
tions in each regions, which are connected via boundary equations at the
region boundaries.

Having the advantage of the unique performance measures mentioned
above, I have introduced equations for the transient density and tran-
sient boundary probability denoted by V(s,x,y) and P(s,x,y) respec-
tively, in Chapter 4. Here x and y could be any combination of starting
and ending fluid levels including boundaries and the regions between
boundaries. I also have extended this analysis approach to the case of
infinite buffer (B=∞) PHMFMs.

4.4 Thesis 3: Parameter estimation for Markov Modulated Fluid Arrival Processes
[C4], [J5]

Fitting methods for the general class of MMFAPs based on likelihood maxi-
mization has not been investigated yet.

• I have introduced a computational method to approximate the likelihood of
the sample series of an MMFAP with known parameters. The approximate
steps of the procedure are the numerical inverse Laplace transformation at
some points and a functional approximation of the function in between those
points

The fluid arrival process Z(t) = {J(t),X(t),t > 0} consists of an irre-
ducible background Markov chain {J(t),t > 0}, which modulates the
arrival process of the fluid {X(t),t > 0}. The generator matrix and the
initial probability vector of the background Continuous Time Markov
Chain (CTMC) are Q and α, and the diagonal matrix of the fluid rates
and the fluid variances are given by matrix R and matrix S.
I have assumed that the data to fit is given by a series of pairs
D = {(tk,xk);k = 1, . . . ,K}, where tk is length of the kth measurement
interval and xk is the amount of fluid arrived during the kth measure-
ment interval.
The likelihood of the data is defined as

LQ,R,S(D) = α

K∏
k=1

N(tk,xk)1,

where N(t,x) is the density matrix for the amount of fluid arriving in
time t. Unfortunately, N(t,x) can be computed only by NILT. The goal
of the parameter estimaiton of MMFAPs is to find matrices Q,R,S,
such that the likelihood of the data set, LQ,R,S(D), is maximal.
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• I have proposed an Expectation-Maximization (EM) method based parameter
estimation of MMFAP. The method aims to maximize the log-likelihood of the
sample series. The proposed method efficiently optimizes the parameters of the
modulating Markov chain (matrix Q). I have proved that the EM method is
unable to improve the fluid rate and fluid variance parameters of the MMFAP
(matrix R and S).

The EM algorithm is based on the observation that the likelihood
would be easier to maximize when certain unobserved, hidden vari-
ables were known. These hidden variables are related to the trajectory
of the modulating Markov chain. Section 5.3 explains the details of the
EM based parameter estimation method. The Maximization (M) step
of the EM method aims to find the optimal value of the model param-
eters based on the hidden variables. The optimal values are obtained
from the partial derivatives of the log-likelihood function as detailed
in Appendix B.1. In the Expectation (E) step of the EM method, the ex-
pected values of the hidden variables has to be evaluated based on the
samples. Finally, the transition rate from state i to state j is updated by
the EM method according to

qi,j =

∑K
k=1 E

(
M

(k)
i,j

)
∑K

k=1 E
(
Θ
(k)
i

) ,

where M
(k)
i,j is the number of state transitions from state i to state

j and Θ
(k)
i is the total time spent in state i in the kth interval. The

computation of E
(
M

(k)
i,j

)
and E

(
Θ
(k)
i

)
are detailed in Appendix B.3.

Applying the same approach as for the EM based optimization of the
transition rates of the background Markov chain for the optimization
of the fluid rate and fluid variance parameters, I have proved that in
each iteration of the EM method the new estimate of the fluid rate and
fluid variance parameters are identical with the initial parameters.

• I have introduced a gradient search based optimization approach for the op-
timization of the fluid rate and fluid variance parameters, because the EM
based optimization of these parameters are not possible.

Numerical experimentation indicates that the likelihood is a uni-
modal function of the fluid rate and fluid variance parameters. Uti-
lizing this property for reducing the computation complexity of the
likelihood optimization, I have introduced a gradient search based
optimization approach for those parameters and I combined the ap-
proach with the EM based approximation of the background Markov
chain according to Algorithm 1.

Algorithm 1 MMFAP-fit(D,Qinit,Rinit,Sinit)

Q←Qinit; R← Rinit; S← Sinit;L←−∞; ϵ← 10−2;
while |L−LQ,R,S(D)|/|L|> ϵ do

L← LQ,R,S(D)

Q← EM-fit(D,Q,R,S)
{R,S}←Grad-fit(D,Q,R,S)

end while
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5 application of the results and future work

5.1 Numerical inverse Laplace transformation

The most widespread application of the results of this thesis is associ-
ated with the unique features of higher order CME NILT method than
the previously available ones. The CME NILT method got some attention
in the research community since its publication (see ”Top cited” tab at
(https://www.sciencedirect.com/journal/performance-evaluation). The https:

//www.inverselaplace.org homepage disseminates the related news timely.
The access statistics of this page in Table 1 suggests that the CME method
getting more and more known in the research community.

Year 2019 2020 2021 2022

Unique visitors 1467 24745 4281 2911

Table 1: Number of unique visitors of inverselaplace.org per year

The beneficial features of the CME method helps to overcome what was
considered to be barriers of NILT in several fields. In [16], CME NILT was
applied to solve the velocity distribution of electroosmotic flow for a multi-
layer immiscible Maxwell fluids in a slit micro channel . Moreover, the posi-
tion density function of free symmetric Lévy flight was analytically plotted
with the help of CME NILT for the first time in [17].

Another recent application of the CME NILT method was in the transient
analysis of message propagation for Vehicular Ad-hoc Networks (VANETs)
with disconnected RoadSide Units (RSUs) [18]. Based on specific Laplace
transform domain description, the authors found the farthest RSU having
the propagated message received after a set of time points. Furthermore,
the CME method was applied in stream depletion for pumping in a homo-
geneous aquifer [19], as well as in molecular dynamics simulations [20].

The availability of efficient NILT methods like the CME method is valu-
able in many diverse research areas including complex queuing systems
[21], [22], [23], [24], [25], control applications [26], water science [27], [28],
[29], physical chemistry [30], neural Laplace [31], geotechnical engineering
[32], and point process [33].

Recently, the high-order CME distribution is considering as a successor
to the widely used Erlang distribution, more specifically in the areas where
approximating deterministic time is a crucial part of the study. For example,
in [34], a CME distribution is used for the time horizon of Lévy processes
in order to solve problems in the field of financial mathematics. Also in [35],
the authors mentioned that the CME distributions are more effective than
Erlang distribution for approximating the deterministic time horizons for a
given order.

Moreover, according to [36], the availability of higher CME distributions
representation will lead to a more accurate approximation of the time hori-
zon, which is now available in our recent work [J2]. The authors of [36]
considered the time horizon approximation based on CME distribution as
a critical feature of a predictive control model used for preemptive path de-
cisions to maintain the desired Quality of Service (QoS) in 5th Generation
(5G) new radio.

Another practical application of the high-order CME distributions was in
[37]. They used a technique called ”ME-fication”, in which a CME distribu-
tion is used for approximating deterministic time horizons. This technique
calculates some transient measures via the stationary analysis of auxiliary
PHMFMs.
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In general, the high-order CME distributions introduced in [J2] can carry
the accuracy of approximate calculation of deterministic time horizons to a
new level.

5.2 Transient analysis of discrete and continuous queues

The following paragraphs list some research areas where the Laplace trans-
form domain transient description of discrete and continuous queues ([J3],
[J4]) could be applied.

In [38], the authors provided a steady state solution and performance
measures for a particular QBD model of a multi-server heterogeneous
queuing-inventory system with class-dependent inventory access. In their
future work, they suggest our Laplace domain description as a numerically
effective unique solution for their QBD model expansion in the transient
regime.

The Laplace transform domain description of PHMFMs, provides a solid
theoretical ground to build on in order to derive Laplace transform related
transient descriptions, for example; Stochastic Fluid-Fluid Models (SFFMs)
[39] and their applications, like in hydro-power generators. In [40], the au-
thors encourage for further investigations of the transient analysis of the
SFFMs. In general, systems with dynamics that can be modeled by MFMs
considered to be suitable candidates for which SFFMs further extend the
modeling potential of MFMs [39]. As a further example, one can refer to
risk processes in insurance of such approach [41]. In [42], the distribution
for frozen, low quality, and high quality video playout of a video content in
a dynamic channel is analyzed via the transient behaviour of Markov fluid
queues.

A recent application of the transient analysis of PHMFMs aroused in re-
liability of Millimeter-Wave (mmWave) radio which is a key building block
in 5G cellular networks [36]. In [36], the authors introduced a Markov mod-
ulated fluid queue model, based on the description of [37], for predictive
multi-path proxy control in 5G network. This transient model allows to deal
with potential problems before they happen, thus maintaining reliable con-
sistent communication.

Rechargeable batteries are one of the most important resources in many
areas of current life, e.g., in Electric Vehicles (EVs). In [43], a MFM was intro-
duced for describing the battery level in a system with single rechargeable
battery.

Our PHMFM description can can be applied in further research prob-
lems in this field. For example, it is possible to model an array of batteries
(or battery cells) with PHMFMs, where each single cell could be of different
capacity. This way the analysis of the PHMFM model can provide key per-
formance measures such as the battery level in any regime (battery cell). Fur-
thermore, the effect of involving zero charging/discharging rate can also be
considered, which is a natural technical requirement in such systems.

The transient analysis of PHMFMs also allows for a better modelling
of battery dynamics by measuring the recovery effect across a multi-cell
battery system. For example, the phenomena of recharging a battery during
periods of light use is considered in [44] based on transient MFMs.

Another typical application of the queuing systems is the modeling of
call centers. According to [35], performance metrics of continuous/hybrid
patience times in MAP/M/s+ G queueing model (represented by Continu-
ous Feedback Fluid Queue (CFFQ)) can be approximated by a PHMFMs.
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5.3 Parameter estimation of MMFAP

The literature of discrete arrival processes (where the number of entities
in the system is a natural number) is quite wide and they are often used
for modeling internal traffic components in telecommunication networks.
The availability of a parameter estimation method for fluid arrival processes
opens the field for modeling telecommunication traffic with fluid processes,
which might be more accurate than with discrete models when the number
of entities in the system is very high.

Additionally, in [45], the author proposed MMFAPs (which they referred
to as Markov reward model) to estimate the efficiency of Photovoltaic En-
ergy Conversion Systems (PVECS) and Wind Energy Conversion Systems
(WECS). A significant obstacle in formulating these models was the lack
of precise information on model parameters, e.g., component failure and
repair rates. Our parameter estimation procedure allows to estimate those
parameters if measured data is available.
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