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A B S T R A C T

The thesis addresses a Laplace Transform (LT) based analysis of Markov
process driven queues. The provided analysis can model various service
demand systems, for example, call centers. We initiate this work by en-
hancing its core, the Numerical Inverse Laplace Transform (NILT), which
in this work is based on Concentrated Matrix-Exponential (CME) distri-
butions (i. e., whose Squared Coefficient of Variation (SCV) is low). NILT
efficiency is critical for obtaining the time domain measures for such
complex systems and this efficiency can be enhanced by using more con-
centrated (i. e., higher order) Matrix-Exponential (ME) distributions. For
that, we present enhanced numerical methods for finding high-order CME
distributions with low SCV. Due to the absence of symbolic construction
to these distributions, non-linear optimization problems were defined to
obtain high-order CME distributions (up to order n = 1000). We propose a
heuristic optimization procedure in this work, optimizing 6 parameters up
to order n = 5000. We also propose a parameter extrapolation approach,
which extends the order up to n = 20000.

Motivated by the unique features of high-order CME NILT, we derive
the LT domain transient analysis of piecewise homogeneous classes of
discrete and continuous queueing models; the Piecewise Homogeneous
Quasi-Birth-Death (PHQBD) and the Piecewise Homogeneous Markov
Fluid Model (PHMFM). The analysis of PHQBDs offers new performance
measures based on the linear combination of Matrix-Geometric (MG)
series in each buffer region, which are connected via boundary equations.
The transient analysis of PHMFMs requires special consideration of all
possible cases of fluid rate sign changes at region boundaries. For that, we
introduce a set of performance measures based on a linear combination of
ME functions in each region. These regions are connected via boundary
equations. For both piecewise homogeneous classes, and with the help of
the CME NILT, the proposed approach computes the transient probabilities
without restrictions on initial and final buffer levels in both finite and
infinite buffer scenarios at the desired time point.

The last part of this thesis introduces a computational method to approx-
imate parameters of Markov Modulated Fluid Arrival Processes (MMFAP).
We use the typical likelihood-based parameter estimation procedure based
on hidden variables for a given data set, the Expectation-Maximization
(EM) method, which turned out to be inappropriate to optimize the fluid
rate and variance parameters of MMFAPs. To overcome this limitation,
we introduce a combined optimization method, where the EM method
optimizes the background Markov chain generator matrix, and a gra-
dient search-based optimization optimizes the fluid rate and variance
parameters.
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1
I N T R O D U C T I O N

The everyday life of mankind is more and more dependent on advanced
technologies from mobile phones to autonomous cars, from Internet based
services to computer controlled surgery. As a result of this increased de-
pendency, the performance of mass service systems have to be designed
and controlled with special care. This thesis aims to introduce new an-
alytical methods for more accurate performance assessment of service
systems.

The analytical description of complex service systems, also referred to
as queueing systems, is a rather actively investigated research field. Many
analysis techniques have been developed for accurately computable mod-
els. One of the most frequently used analysis approach for the transient
performance measures of queueing systems is the Laplace Transform (LT)
domain description of the measures of interest. The use of this efficient
analysis approach have been limited by the fact that the LT description has
to be inverse transformed which is numerically sensitive procedure, whose
result is not always trustable. A recently introduced Numerical Inverse
Laplace Transform (NILT) method [1], offers significant improvements in
this respect. All of the discussed methods of this thesis are closely related
with the LT related analysis of queueing systems, and they build on the
latest NILT technology.

Chapter 2 presents numerical methods for finding high-order Con-
centrated Matrix-Exponential (ME) distributions, whose Squared Coef-
ficient of Variation (SCV) is very low. Due to the absence of symbolic
construction to obtain the most concentrated ME distributions, non-linear
optimization problems are defined to obtain high-order Concentrated
Matrix-Exponential (CME) distributions. The number of parameters to
optimize increases with the order in the “full” version of the optimization
problem. For high orders, where “full” optimization is infeasible (n > 184),
a “heuristic” optimization procedure, optimizing only 3 parameters in-
dependent of the order, was proposed in [2]. To improve this heuristic
procedure, Chapter 2 presents an enhanced optimization procedure, op-
timizing only 6 parameters independent of the order, which results in
CME distributions with lower SCV than the existing 3-parameter method.
The SCV gain of the new procedure compared to the old one is approx-
imately 1.66 and it is almost independent of the order. The range of the
applicability of the heuristic optimization methods extends until order
n = 5000.

To further extend the range of available CME distributions, Chapter 2

also proposes a parameter extrapolation approach, which provides CME
distributions until order n = 20000. The SCV of the obtained order 20000

2
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introduction 3

CME distribution is ≈ 10−9. The end of this chapter briefly introduces the
CME-based NILT method used in this thesis.

Motivated by the availability of efficient CME-based NILT procedure
Chapter 3 and 4 presents new analysis results in LT domain for specific
discrete and continuous queueing systems, commonly referred to as Quasi-
Birth-Death (QBD) process for the discrete, where the continuous known
as fluid model or fluid queue.

Chapter 3 presents a numerical analysis approach for the transient
solution of a Piecewise Homogeneous Quasi-Birth-Death (PHQBD) pro-
cess, which is a queueing model with a regular evolution rule, which de-
pends on the number of customers in the system. The proposed approach
computes the transient probabilities based on the linear combination of
Matrix-Geometric (MG) series in LT domain.

Chapter 4 focuses on the transient analysis of Piecewise Homogeneous
Markov Fluid Models (MFMs). Piecewise Homogeneous Markov Fluid
Models (PHMFMs) are composed by homogeneous fluid intervals where
the model is governed by the same generators. The model behaviour
changes at the boundaries. The main difficulty of the transient analysis of
PHMFMs is the appropriate description of the various boundary cases. The
chapter proposes an analysis approach to handle the wide variety of the
possible boundary cases in a relatively simple to describe and implement
manner.

The last tangible chapter, Chapter 5, considers the parameters fitting of
Markov Modulated Fluid Arrival Process (MMFAP) based on observed
data sets. Markov modulated discrete arrival processes have a wide litera-
ture, including also parameter estimation methods based on Expectation-
Maximization (EM) procedure. This chapter shows that the adaptation of
these EM based methods to MMFAP is not feasible for all model parame-
ters and proposes a combined fitting approach including EM based and
direct likelihood optimization based parameter setting.

Finally, Chapter 6 concludes the results of the thesis and provides a
summary of applications and future work.
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2
H I G H - O R D E R C O N C E N T R AT E D M AT R I X
E X P O N E N T I A L D I S T R I B U T I O N S

2.1 introduction

Highly CME functions are useful in many research areas, for example,
in NILT methods [1], as well in Numerical Inverse Z-Transform (NIZT)
methods [3]. Recently, Akar et al. [4], proposed the ME-fication technique,
in which a concentrated matrix exponentiation distribution replaces the
Erlang distribution for approximating deterministic time horizons.

CME distributions of order N, with N = 2n + 11, are abbreviated as
CME(N). CME distributions successfully constructed in [2] in the range of
N = 369, . . . ,2001 based on a heuristic numerical optimization procedure
optimizing 3 parameters independent of the order. This preliminary result
indicated that the minimal SCV of CME(N) is less than 1/N2. The reasons
for applying a heuristic approach are that there is no symbolic construc-
tion available to obtain the most concentrated ME distribution, and the
full numerical optimization-based approaches (i.e., where the number
of parameters to optimize is increasing with N) gets to be prohibitively
complex for N > 369 according to [2]. In this work, we aim to improve the
heuristic optimization procedure presented in [2], which we refer to as
3-parameter optimization. The proposed enhanced optimization procedure
optimizes 6 parameters (independent of the order) and we will refer to it
as 6-parameter optimization method.

The rest of the chapter is organized as follows. In Section 2.2, we pro-
vide a brief introduction of ME distributions and discuss the definition
of SCV and the optimization problem to obtain its minimum. In Section
2.3, we review the optimization methods proposed for SCV minimization
in the literature and discuss their applicability. Section 2.4 introduces the
proposed enhanced SCV optimization procedure with 6 parameters and
Section 2.5 discusses its numerical properties. Section 2.6 presents the
parameter extrapolation approach to extend the availability of CME distri-
butions up to order n = 20000, after that, Section 2.7 briefly introduces the
CME-based NILT method used in this thesis. Finally, Section 2.8 concludes
the chapter.

1 Both of these two order definitions are present in the related literature. N, “the cardinality
of the describing matrix”, is more commonly used in phase type and matrix exponential
distribution related literature, while n, “the number of complex conjugate eigenvalue
pairs” is more commonly used in NILT related literature.

5
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2.2 matrix exponential distributions

Definition 1. Order N ME functions (referred to as ME(N)) are given by

f (t) = αeAt(−A)1, (2.1)

where α is a real row vector of size N, A is a real matrix of size N × N and 1 is
the column vector of ones of size N.

Definition 2. If f (t) ≥ 0,∀t ≥ 0, and α is such that α1 = 1 then f (t) is the
probability density function of a ME distribution of order N.

According to (2.1), vector α and matrix A define a ME function.
An ME distribution is said to be concentrated when its SCV

SCV( f (t)) =
µ0µ2

µ2
1
− 1, (2.2)

is low. In (2.2), µi denotes the ith moment, defined by µi =
∫ ∞

t=0 ti f (t)dt.
We note that the SCV according to (2.2) is insensitive to multiplication and
scaling, i.e., SCV( f (t)) = SCV(c f (λt)).

The optimization problem to obtain the minimal SCV of ME(N) can be
formulated as

minα,A SCV( f (t))
subject to f (t) ≥ 0, ∀t > 0.

Although ME functions have been used for many decades, there are
still many questions open regarding their properties. Such an important
question is how to decide efficiently if a matrix-exponential function is
non-negative for ∀t > 0. In general, f (t) ≥ 0,∀t > 0 does not necessarily
hold for given (α, A) representation, and it is rather difficult to check. A
potential numerical solution for checking this property is proposed in [5].

Due to the difficulty of checking the constraints of the above constrained
optimization problem, its solution is an open problem currently.

2.3 concentrated me distributions

A possible way to simplify the constrained optimization problem is to
search for the minimum in a special subset of ME(N), which is non-
negative by construction. Horváth et al. in [2] suggest such a subset which
is characterized by

f (t) = c f+(λt), (2.3)

where f+(t) is an exponential cosine-square function with order n defined
as

f+(t) = e−t
n

∏
j=1

cos2
(

ωt− ϕj

2

)
, (2.4)
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where ω ≥ 0 and 0≤ ϕj < 2π for j ∈ {1, . . . ,n}.
In [2] the authors conjectured that the density function of the most

concentrated ME distribution of order N belongs to this special class
of ME(N), but the validity of this conjecture is not proved even for the
smallest non-obvious case, N = 3.

An exponential cosine-square function is a non-negative (due to its
construction) ME function and [6, Appendix A] presents how to obtain
the matrix representation of size N = 2n + 1 associated with f+(t) in (2.4).
Consequently, the set of exponential cosine-square functions of order n is
a special subset of ME(N) (where N = 2n + 1).

In this chapter, we make use the fact that exponential cosine-square
functions can also be represented in the following hyper-exponential form
[2]

f+(t) = e−t
n

∏
j=1

cos2
(

ωt− ϕj

2

)
=

2n

∑
k=0

ηke−βkt, t ≥ 0, (2.5)

where the ηk, βk (k = 0, . . . ,2n) coefficients contain complex conjugate pairs.
Generally, calculating the µ0,µ1,µ2 moments based on (2.4), is not an easy
task due to computational complexity caused by the product of the cosine
square terms. Instead calculating the µ0,µ1,µ2 moments based on (2.5) is
much easier since

µi =
∫ ∞

t=0
ti

2n

∑
k=0

ηke−βktdt =
2n

∑
k=0

i!ηk

βi+1
k

, (2.6)

2.3.1 Full optimization of the f+(t) parameters

In the sequel, we utilize the fact that multiplication and scaling (with c and
λ in (2.3)) does not effect the SCV and optimize the SCV of f+(t) instead
of f (t). f+(t) in (2.4) is defined by n + 1 parameters: the frequency ω and
the zeros ϕj for j = 1, . . . ,n. Unfortunately, SCV( f+(t)) is not a simple
function of the parameters. For a given n to find f+(t) with minimal SCV,
i.e.,

min
ω,ϕ1,...,ϕn

SCV( f+(t))

is still a hard non-linear optimization problem, where the number of
parameters to optimize is n + 1.

Numerical methods for the solution of this problem are discussed in
[2]. The main findings reported there are that evolution strategy based
optimization provided the best numerical results. The solution of the
problem with the CMA-ES method [7] is fast, but does not find the best
optimum compared to the BIPOP-CMA-ES method [8], which is much
slower. The applicability of the two methods are n ≤ 74 (N ≤ 149) in case
of the BIPOP-CMA-ES method and n ≤ 184 (N ≤ 369) in case of the CMA-
ES method. For these orders the respective the optimization procedures
take several days to terminate on an average PC. The computational
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complexity of these procedures increases super linearly with the order n,
which inhibits the application of these procedure for higher orders.

2.3.2 Heuristic optimization of the f+(t) parameters

To go beyond order n = 184, [2] proposed a sub-optimal, 3-parameter
heuristic optimization procedure, that reduce the complexity of the opti-
mization problem by reducing the number of parameters to optimize to
three, independent of the order.

Figure 2.2 displays the location of the the ϕj parameters obtained by the
full optimization method for n = 74. As it is visible in the figure, there
is a gap between the ϕj parameters at around p ≈ 5.2 and the size of
that gap, which is the maximum value in Figure 2.1 is around w ≈ 0.28.
The heuristic optimization procedure proposed in [2] assumes that the ϕj
parameters are equidistant below and above that gap. Figure 2.1 and 2.2
display how good this assumption is compared to the fully optimized ϕj
parameters.

Since the ϕj parameters are located between 0 and 2π and the number of
parameters are n, this assumption allows to determine the ϕj parameters
based on p and w according to the following expression

ϕj =

{
(j− 1/2)d if j ≤ i,
(j− 1/2)d + w if j > i.

(2.7)

where

d =
2π − w

n
, i =

⌊
p− w/2

d
+

1
2

⌋
. (2.8)

With the use of (2.7), f+(t) is defined by the parameters ω, p and w and
the related optimization problem is

minω,p,w SCV( f+(t)),
subject to: 0 < p− w/2 < p + w/2 < 2π,ω > 0.

The solution of this optimization problem is computed by the CMA-ES
method up to n = 1000 in [2]. Moreover, in this work we expand this
solution up to n = 5000.

2.4 enhanced heuristic optimization of SCV( f+(t)) with 6

parameters

Figures 2.1 and 2.2 suggest that the equidistant location of the ϕj parame-
ters according to (2.7) is not flexible enough to obtain similar low SCV as
obtained with the full optimization method. Starting from this assumption,
we try to locate the ϕj parameters in a more flexible way. To this end, we
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introduce two different power functions below and above the gap of the
ϕj parameters as follows

ϕj(a1,b1, a2,b2, i,γ,δ) =

{
a1 + b1 jγ for 1≤ j ≤ i,
a2 + b2 jδ for i + 1≤ j ≤ n.

(2.9)

The auxiliary parameters, a1, b1, a2, b2, can be transformed to a set of more
expressive parameters based on the following relations

ϕ1 = 0, ϕi = p− w/2, ϕi+1 = p + w/2, ϕn+1 = 2π. (2.10)

Substituting these relations into (2.9) results in the following function for
the ϕj parameters

ϕj(p,w, i,γ,δ) =


(p−w/2)jγ

(iγ−1) −
p−w/2
(iγ−1) for 1≤ j ≤ i,

2π − (jδ−(n+1)δ)(2π−p−w/2)

((i+1)δ−(n+1)δ)
for i + 1≤ j ≤ n.

(2.11)

In (2.11) the parameters are constrained by

0 < p− w/2 < p + w/2 < 2π, γ > 0, δ > 0.

The intuitive meaning of the parameters in (2.11) are as follows: the
meaning of p, w, ω, and i are the same as in the 3-parameter optimization
method, i.e.,

• i: is the number of ϕj parameters left to the gap,

• p, w: are the midpoint of the gap and its width,

while γ and δ are shape parameters defining the power series of the ϕj
parameters below and above the gap.

Based on (2.11), which defines the ϕj parameters based on 5 parameters,
the optimization of SCV( f+(t)) for a given order n is the following 6-
parameter optimization problem

minω,p,w,i,γ,δ SCV( f+(t))
subject to: 0 < p− w/2 < p + w/2 < 2π,γ > 0,δ > 0,ω > 0,

where p,w, i,γ,δ define the ϕj parameters according to (2.11) and the ϕj
parameters and ω define f+(t) according to (2.4).

To solve this optimization problem we propose to compute the SCV
according to Algorithm 1 and obtain the optimum by the CMA-ES method
using Algorithm 1 as the objective function. The procedure to obtain ηi,
βi and the required high precision arithmetic are detailed in [2]. Here we
only recall that all computations can be performed with standard double
precision arithmetic except the ones indicated to be “high precision”. In
those cases, to obtain results in 16 digits precision, the required numerical
precision is 0.647n + 17.478 digits for ME(2n + 1).
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Algorithm 1 The objective function of the heuristic method
1: procedure ComputeSCV(ω, p,w, i,γ,δ)
2: Obtain ϕj for j ∈ {1, . . . ,n} by (2.11)
3: Compute ηi, βi (high precision) by (2.5)
4: Compute µi (high precision) by (2.6)
5: Compute SCV by (2.2)
6: return SCV
7: end procedure

2.5 numerical properties

The behavior of the ϕj parameters obtained by the proposed 6-parameter
heuristic method is also depicted in Figure 2.1 and 2.2. The figures suggest,
that the ϕj parameters obtained by the 6-parameter optimization method
better approximate the behavior of the ϕj parameters obtained by full
optimization than the ones of the 3-parameter method.

Moreover, Figure 2.2 displays how the distribution of ϕj locations are
influenced by the shaping parameters γ, δ, and getting closer (compared
to the 3-parameter case) to the fully optimized ones. This improvement in
the positioning of the ϕj parameters leads to a significant SCV reduction
compared to the 3-parameter method as illustrated in Figure 2.3. In the
depicted range the gain (the ratio of the SCV obtained by the two methods)
is approximately 1.66 and it is almost independent of the order. The
proposed heuristic optimization resulted in almost the same SCV values as
the ones obtained by the full optimization method in the range where full
optimization is feasible and beyond that order (n > 184) the 6-parameter
optimization results seem to follow the same decay trend.

We believe with some confidence in the possibility of expanding the
heuristic optimization for orders larger than n = 5000, using a more
powerful computing device.
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Figure 2.1: Difference of consecutive ϕj values obtained by full optimization, 3-
parameter optimization and the proposed 6-parameter optimization
for order n = 74
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Figure 2.2: The location of the ϕj parameters obtained by full optimization, 3-
parameter optimization and the proposed 6-parameter optimization
for order n = 74
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Figure 2.4: Running time of the heuristic parameter optimization procedures for
different orders in log-log scale

Figure 2.4 depicts the running time of the heuristic optimization proce-
dure on an average desktop computer as a function of the order n.

2.6 extrapolation of the parameters of heuristic optimiza-
tion

The high computational costs of the heuristic optimization methods, plot-
ted in Figure 2.4, inhibits their application for orders higher than n = 5000.
In this section, we intend to obtain CME distributions for orders n > 5000
by extrapolating parameters of the heuristic optimization procedures.
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Let v(n) denote the parameter values obtained from the heuristic
optimization method for order n, that is, for the 3-parameter method
v(n) = {ω(n), p(n),w(n)} and for the 6-parameter method v(n) =
{ω(n), p(n),w(n), i(n),γ(n),δ(n)}. Further more, let N = {n1,n2, . . . ,nK}
be the set of K orders for which the parameter is available (the heuristic
optimization is performed) nK = 5000 in our case and the other evaluated
orders are visible in Figure 2.4.

2.6.1 Extrapolation methods

To extrapolate the v(n) vector for n > 5000 we considered the following
extrapolation approaches.

• Element-wise extrapolation of v(n)
In this set of methods the elements of v(n) are extrapolated indepen-
dent of each others.

– Polynomial extrapolation (k + 1 parameters):

v̂i(n) = ai + bin + cin2 + . . . + zink, (2.12)

where vi(n) is the ith element of v(n) and i ∈ {1,2,3} in case
of the 3-parameter method and i ∈ {1,2, . . . ,6} in case of the
6-parameter method.

– Power function extrapolation (3 parameters):

v̂i(n) = ainbi + ci. (2.13)

– Exponential extrapolation (3 parameters):

v̂i(n) = aiebin + ci. (2.14)

In the element-wise extrapolation, we apply the following distance
measure for v̂i(n)

Di =
1
K ∑

n∈N
|vi(n)− v̂i(n)|. (2.15)

That is, in power function and exponential extrapolation, the optimal
extrapolation parameters are obtained as

{a∗i ,b∗i , c∗i } = argmin{ai,bi,ci}Di, (2.16)

and in polynomial extrapolation, the {ai,bi, . . . ,zi} parameters are
obtained similarly.

• Vector-wise extrapolation of v(n)
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– Vector polynomial extrapolation ((m + k)m parameters):

v̂(n) =
(

a + bn + cn2 + . . . + znk
)

G, (2.17)

where each row sum of G is one (and this way G contains
(m− 1)m free parameters), m is the number of elements of v.
m = 3 or 6 depending on the applied heuristic optimization.

– Matrix power function extrapolation ((m + 2)m parameters):

v̂(n) = aDiag⟨nb1 , . . . ,nbm⟩G + c. (2.18)

– ME extrapolation ((m + 2)m parameters):

v̂(n) = aDiag⟨eb1n, . . . , ebmn⟩G + c. (2.19)

In case of vector-wise extrapolation we apply the L2 vector norm as
the distance measure

D =
1
K ∑

n∈N
||v(n)− v̂(n)||2 =

1
K ∑

n∈N

√
m

∑
i=1

(vi(n)− v̂i(n))
2. (2.20)

That is, in Matrix power and ME extrapolation, the optimal parame-
ters are obtained as

{a∗,b∗,c∗, G∗} = argmin{a,b,c,G}D (2.21)

and the Matrix polynomial case is optimized similarly according to
its parameters.

We noted that the results obtained by any of these methods are sensitive
for N (i. e., the set of orders which are considered in the parameter
estimations). That is, different extrapolation parameters are obtained by the
same extrapolation procedure for different N sets. Generally, we used the
optimization results between orders 400 and 5000, that is, 400≤ n ≤ 5000
for ∀n ∈ N .

The goodness of an extrapolation approach can be judged by computing
the SCV obtained from the extrapolated parameters and checking if the
trend of decay for the given order n > 5000 follows the trend obtained
by the heuristic method for order n ≤ 5000 and plotted in Figure 2.3.
Based on this goodness measure, we found all extrapolation approaches
inappropriate except the element-wise power function extrapolation for
all parameters, whose results are presented in the following subsection.

2.6.2 Element-wise power function extrapolation

Below, we present the results of the element-wise power function extrapo-
lation method which we obtained by the CF tool of Matlab Curve Fitting
Toolbox [9].
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Figure 2.5: Curve fitting for ω(n) using a power function according to (2.13)

2.6.2.1 Extrapolation for the 3-parameter heuristic method

As discussed in [2] and in subsection 2.3.2, the 3-parameter heuristic
optimization procedure minimizes the SCV as a function of ω, p, w. The
procedure can be applied with reasonable computation time (c.f. Figure
2.4) up to order n = 5000. Beyond this limit we apply the element-wise
power function extrapolation according to (2.13), (2.15), and (2.16).

Table 2.1 summarizes the results for all the three parameters and Figure
2.5 demonstrates the quality of the obtained result for the ω parameter.

a∗i b∗i c∗i Di

ŵ(n) 25.03 -1.017 0 2.045E-06

p̂(n) -2.691 -0.2467 6.029 3.876E-03

ω̂(n) 0.8919 -0.2399 0.1737 1.377E-05

Table 2.1: The optimal extrapolation parameters for ω, p and w

Based on the extrapolation parameters in Table 2.1 and the associated
extrapolation model in (2.13) we can extrapolate the ω(n), p(n), w(n)
for orders larger than 5000. Using those extrapolated ω̂(n), p̂(n), ŵ(n)
values, Figure 2.6 and Table 2.2 present the associated SCV as a function
of the order up to n = 20000. Figure 2.6 and Table 2.2 indicate that the
SCV values obtained by the extrapolation method follow the same decay
trend of the heuristic optimization. For orders less than 5000, Table 2.2
also compares the ω(n), p(n), w(n) values obtained from the 3-parameter
heuristic method, and the ω̂(n), p̂(n), ŵ(n) values provided by the power
function extrapolation method. For those orders the SCV value computed
by the ω(n), p(n), w(n) and the ω̂(n), p̂(n), ŵ(n) parameters are identical
in their first 3 digits.

Based on Figure 2.6 and Table 2.2 we conclude that the extrapolation of
the ω̂(n), p̂(n), ŵ(n) parameters with the element-wise power function
extrapolation provide fairly CME distributions up to order 20000, whose
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Figure 2.6: The approximated and the heuristics SCV as a function of order n in
log-log scale

SCV follows the same decay trend for as the one of the 3-parameter
heuristic method up to order 5000.

Heuristic Optimization Extrapolation

n w(n) p(n) ω(n) SCV ŵ(n) p̂(n) ω̂(n) SCV

400 0.0563612 5.4162 0.385725 3.5945E-06 0.0565153 5.41526 0.3855761 3.5947992E-06

800 0.0278559 5.51193 0.353088 8.53737E-07 0.0279266 5.51173 0.3531175 8.538201E-07

1200 .0184659 5.56361 0.336537 3.69091E-07 0.0184899 5.56096 0.3364873 3.691452E-07

1500 0.014703 5.58534 0.328039 2.32831E-07 0.014735 5.58603 0.328002 2.32849E-07

2000 0.0109708 5.61548 0.317745 1.28656E-07 0.010997 5.61638 0.317712 1.28668E-07

2500 0.00874565 5.63895 0.310221 8.12596E-08 0.008765 5.63848 0.310205 8.12665E-08

3000 0.0072661 5.65621 0.304338 5.58463E-08 0.007281 5.65565 0.304363 5.58511E-08

3500 0.00621258 5.66986 0.299541 4.06814E-08 0.006225 5.66958 0.299619 4.06848E-08

4000 0.00542217 5.68131 0.295500 3.09232E-08 0.005434 5.68123 0.295650 3.09269E-08

4500 0.0048099 5.69091 0.292034 2.42819E-08 0.004821 5.69119 0.292252 2.42852E-08

5000 0.00432189 5.69975 0.289008 1.95615E-08 0.004331 5.69986 0.289293 1.9564E-08

10000 - - - - 0.002140 5.75159 0.271585 4.73132E-09

15000 - - - - 0.001417 5.77800 0.262512 2.06641E-09

20000 - - - - 0.001057 5.79519 0.256589 1.14904E-09

Table 2.2: Original and extrapolated parameters and the associated SCV for the
3-parameter heuristic optimization
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2.6.2.2 Extrapolation for the 6-parameter heuristic method

We applied the same extrapolation approach for the parameters of the
6-parameter heuristic method using the element-wise power function ap-
proximation according to (2.13), (2.15), and (2.16). The obtained optimal
extrapolation parameter values are summarized in Table 2.3. Using the
associated ŵ(n), p̂(n), ω̂(n), î(n), γ̂(n), δ̂(n) functions, we also computed
the SCV up to order 15000. The results are plotted in Figure 2.6. Un-
fortunately, the SCV values obtained by this 6-parameter extrapolation
methods do not follow the same decay as the one of the 6-parameter
heuristic method up to n = 5000. At around, n = 15000 the SCV obtained
from the 6-parameter extrapolation gets to be as high as the one obtained
from the 3-parameter extrapolation. Most likely, the reason for this be-
haviour is the instability caused by the higher number of extrapolated
parameters.

a∗i b∗i c∗i Di

ŵ(n) 21.59 -1.017 0 1.958E-03

p̂(n) -26.35 -0.9762 5.653 1.963E-02

ω̂(n) 0.8952 -0.2458 0.1318 4.484E-03

î(n) 0.9001 1 -0.7137 1.569

γ̂(n) 3.631 -0.76579 0.9988 3.98E-03

δ̂(n) 10.48 -0.4475 0.8504 1.393E-01

Table 2.3: Optimal extrapolation parameters based on the 6-parameter heuristic
optimization method according to Equation (2.13)

Figure 2.7 plots the time to compute the SCV as a function of the
order on a regular PC. The computation time is practically identical for
both methods because the most expensive step of the computation is
to transform the cosine-square form into the hyper-exponential form
according to (2.5), which is needed in both cases.
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Figure 2.7: Running time of the parameter approximation procedures for different
orders in log-log scale

Our full C++ implementation for the 3 and 6-parameter heuristic op-
timization methods is reachable at webspn.hit.bme.hu/~almousa/tools/
CME_heur_approx.zip. The procedure uses extended floating point arith-
metic when needed and it also contains the CMA-ES method, which
is the optimization engine applied in the 3 and 6-parameter heuristic
optimization methods

2.7 a cme-based numerical inverse laplace transformation

method

Laplace transforms are widely used in various scientific fields [10]. There
are plenty of ILT methods published in the literature; for relatively recent
surveys, we refer to [11], [12] and [13].

Among these methods one of the most widely applied and well charac-
terized subset is the Abate–Whitt framework defined in [14]. This frame-
work implicitly defines function families in which various optimizations
can be performed in order to obtain efficient inverse Laplace transform
methods.

In [1], we recognized that CME distributions could be fitted to the most
general function family of the Abate–Whitt framework (referred to as Class
III in [14]), with many beneficial features. For example, unlike most of the
other methods of the framework, the CME method is non-overshooting,
i.e., does not create oscillating waves at discontinuities.

The improvements in the computation of CME distributions which
discussed earlier in this chapter allow us to extend the CME NILT method
up to n = 20000.

For a real or complex valued function h(t) the Laplace transform is
defined as

h∗(s) =
∫ ∞

t=0
e−sth(t)dt. (2.22)
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In some cases, symbolic inverse Laplace transform of h∗(s) is feasible, but
in a wide range of practically important cases NILT is required to find an
approximate value of h at point T (i.e., h(T)) based on h∗(s). Abate–Whitt
framework performs this approximation via

h(T) ≈
N

∑
k=1

ηk
T

h∗
(

βk
T

)
, T > 0, (2.23)

where the nodes βk (1 ≤ k ≤ N) and weights ηk (1 ≤ k ≤ N) are real or
complex numbers that depend on CME distribution order, but not on the
transform h∗ or the time argument T.

In order to have a real approximation in (2.23) (to approximate a real
h), the list of nodes βk and weights ηk must contain only real values and
complex conjugate pairs. Using that h∗(s̄) = h̄∗(s) (where s̄ denotes the
complex conjugate of s), for a complex conjugate pair we have

ηk
T

h∗
(

βk
T

)
+

η̄k
T

h∗
(

β̄k
T

)
= 2Re

(
ηk
T

h∗
(

βk
T

))
. (2.24)

Denoting the set of real nodes, complex nodes with positive imaginary
part and complex nodes with negative imaginary part by R = {k : βk ∈R},
C+ = {k : Im(βk) > 0}, and C− = {k : Im(βk) < 0}, we have

h(T) ≈ hn(T) := ∑
k∈R

ηk
T

h∗
(

βk
T

)
+ ∑

k∈C+

2Re
(

ηk
T

h∗
(

βk
T

))
, (2.25)

which means that h∗ needs to be evaluated only n = |R| + |C+| times
instead of N = |R|+ |C+|+ |C−| times as it is in (2.23). That is, in hn, the
subscript n denotes the number of transform function evaluations, which
is referred to as the order of the approximation.

Originally, the main idea behind the Abate–Whitt framework was a
Fourier-series approximation [14]. Below we present a different, integral-
based interpretation based on the fact that (2.25) can be rewritten as

hn(T) = ∑
k∈R

ηk
T

h∗
(

βk
T

)
+ ∑

k∈C+

2Re
(

ηk
T

h∗
(

βk
T

))
=

1
T ∑

k∈R
ηk

∫ ∞

0
e−

βk
T th(t)dt + ∑

k∈C+

2
T

Re
(

ηk

∫ ∞

0
e−

βk
T th(t)dt

)
=
∫ ∞

0
h(t) · 1

T
f+n (t/T)dt =

∫ ∞

0
h(tT) · f+n (t)dt, (2.26)

where

f+n (t) = ∑
k∈R

ηke−βkt + ∑
k∈C+

2Re
(

ηke−βkt
)

. (2.27)

It’s also important to point to the fact that f+n (t) in Equation (2.27) is
simply the hyper-exponential form of Equation (2.5). If f+n (t) was the
Dirac impulse function at point 1, then the integral in (2.26) would result
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Figure 2.8: f+n (t) approximating the Dirac impulse function for order 10 and 20

in a perfect Laplace inversion. This is one of our main motivations behind
obtaining the most "possible" concentrated ME distribution as we can.
Figure 2.8 displays f+n (t) for the most popular members of the Abate–
Whitt framework; the Euler, the Gaver–Stehfest methods [14] and the CME
method [1], for different orders. As expected, the functions get visually
“narrower” (more concentrated) for higher orders for all methods.
In the up coming chapters, wherever NILT calculation is needed we
approximate h() at point T based on h∗(s) for which we use the no-
tation: NILTs→Th∗(s). For more detailed information about the evolu-
tion timeline of the CME NILT method and exploring its unique fea-
tures by an interactive online demonstration along with a desktop ver-
sion for IPython, Matlab, and Wolfram Mathematica, one can refer to
https://inverselaplace.org/

2.8 chapter summary

In this chapter we propose an efficient 6-parameter heuristic SCV opti-
mization procedure for CME distributions. The SCV values resulted by
this 6-parameter optimization procedure are rather close to the ones ob-
tained by the full optimization methods when both methods are feasible to
compute, and seem to follow the same SCV decay trend for larger orders.
Due to the exponential increase of the computation time as a function of
the order, the applicability of the proposed heuristic optimization method
extends until order n = 5000.

For larger orders, we also propose a parameter extrapolation approach,
which allowed us to obtain CME distributions up to order 20000, such that
the decay of the SCV follows the same trend as the one of the optimization
procedures up to order 5000. Finally, we point to the importance of the
role played by CME distributions in having an accurate NILT.
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T R A N S I E N T A N A LY S I S O F L E V E L D E P E N D E N T Q B D
P R O C E S S E S

3.1 introduction

A continuous time QBD process is a Continuous Time Markov Chain
(CTMC) with a regular block structure in the generator matrix [15, 16].
QBD processes are efficiently used in modelling and analysis of various
telecommunication systems

and queueing models [17]. Most of the analysis results and application
examples of QBD processes focus on the stationary behaviour. The tran-
sient analysis of QBD processes has also been considered for a long time
[15], but received much less attention. One of the reasons for this moderate
attention is the relative complexity of the transient analysis methods com-
pared to the stationary ones. A natural methodology for transient analysis
is to express the transient measures in Laplace domain and to inverse
transform the result. However, this methodology has not gained significant
popularity due to the shortcomings of numerical inverse transformation
methods available. Motivated by the availability of a recently introduced
enhanced NILT method [1], we reconsider the LT-based transient analysis
of the QBD process and provide an efficient analysis method for a fairly
general set of QBD models.

As an essential ingredient of the proposed numerical procedure, we
provide the transient description of QBD processes between two bound-
aries and the two boundaries extension of the R(s) and G(s) matrices. To
the best of the authors’ knowledge, Theorem 1 and 2 and Appendix A.1
present the most comprehensive discussion of such measures.

Most of this chapter is devoted to the transform domain description of
the performance measures of interest. Based on that, we can simply apply
the CME based NILT method [1] to obtain time domain results. The core
of the NILT method is to evaluate the LT function calculated in this work
at some points.

In order to improve the readability of the chapter, we first present the
analysis for a simple set of PHQBD processes and later we generalize the
considered set of models. Our Mathematica implementation solves the
general set of models.

The rest of the chapter is organized as follows. Section 3.2 discusses the
preliminaries and the related results in the literature. Section 3.3 presents
the considered PHQBD process and the performance measures of interest.
The principal matrices of homogeneous QBD processes required for the
subsequent analysis are provided in Section 3.4. The main part of the
analysis is presented in Section 3.5 and the summary of the proposed

22
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numerical methods in Section 3.6. Section 3.7 explains how to apply the
procedure for more general QBD models, Section 3.8 demonstrates the
numerical properties of the proposed method and finally, Section 3.9
concludes the chapter.

3.2 related works

Some of the transient measures have been considered in early works on
QBD processes. E.g., the analysis of the busy period of a level homoge-
neous infinite QBD is discussed in [15]. In that work, the transform-domain
description of the busy period is used to compute the mean busy period,
by the derivative of the LT domain description at s = 0. In spite of the avail-
ability of transform-domain descriptions, to compute transient measures
at some time points, time-domain analysis methods (numerical solution of
matrix equations with convolution integral, or differential equations) are
used.

Some of the few works where transient measures are computed by
inverse Laplace transformation of the transform-domain description are
[18, 19]. In these works a special variant of the MG solution is computed
for homogeneous infinite QBD processes, where the behavior at level zero
differs from the one at higher levels. In [18], it is assumed that the process
starts from level zero. In [19], the QBD process can start from arbitrary
initial level, but the provided solution is tailored to a specific model of a
voice/data integration network. With respect to the numerical accuracy
of their method the authors claim that “the inverse LT operation is an
inherently unstable operation” [18, p. 485].

This general belief turned the attention towards time-domain methods
for computing transient measures, which resulted in quite sophisticated
time-domain analysis methods over the decades. For example, the station-
ary solution of some appropriately defined stochastic system was used to
compute the transient of a QBD process in [20–22]. A different approach
of this trend was to apply a variant of the folding method [23].

In this chapter we proposed a general transient analysis method, which
allows finite and infinite, piecewise level homogeneous QBD processes
with potentially different number of phases in each homogeneous regime
without any restriction on the initial and final level.

Throughout the chapter, matrices are always denoted by bold letters,
the “hat” on the top refers to a reversed quantity with respect to the
same quantity without “hat”, and underlined letters indicate time-domain
expressions.

3.3 model definition

This chapter aims to calculate the transient distribution of PHQBD pro-
cesses in an efficient way. PHQBDs are two dimensional continuous time
Markov processes {X (t),J (t), t > 0}, where X (t) ∈ {0,1, . . . , M}, (i. e., M
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could be infinite) is the so-called level process and J (t) ∈ {1,2, . . . , N}
is the phase process (i. e., N is finite). There are K finite regimes, and
the regime boundaries (also referred to as thresholds in the sequel) are
denoted by 0 = T0 < T1 < · · · < TK = M. The transition rates are spatially
homogeneous in every regime of the system. In regime k, matrix Bk holds
the rates of the level backward transitions, Fk the rates of the level forward
transitions, and Lk the ones of the local transitions that are not accom-
panied by the change of the level. At the thresholds the behavior of the
local transitions can differ from the regular ones. At Tk the local transition
matrix is L′

k+1.
The generator matrix Q of the Markov chain has the following block

tri-diagonal structure

Q =

T0 T1 T2 . . . TK



L′
1 F1 T0

B1 L1 F1
. . . . . . . . .

B1 L1 F1
B1 L′

2 F2 T1
B2 L2 F2

. . . . . . . . .
B2 L2 F2

B2 L′
3 F3 T2

B3 L3 F3
. . . . . . . . . ...

BK LK FK
BK L′

K+1 TK

.

Our target is to calculate the transition probabilities of the PHQBD from
arbitrary initial to arbitrary final level in time t. That is, we would like
to compute V(t,n,m), whose elements, for 0≤ n,m ≤ TK and 1≤ i, j ≤ N,
are defined by

[V(t,n,m)]i,j = Pr(X (t) = m,J (t) = j|X (0) = n,J (0) = i). (3.1)

The LT of V(t,n,m) is given by V(s,n,m) =
∫ ∞

0 V(t,n,m) e−st dt. Addition-
ally, we intend to compute the mean of the level process at time t. That is,
for 0≤ n ≤ M and 1≤ i, j ≤ N, we look for

[S(t,n)]i,j =
M

∑
m=0

m[V(t,n,m)]i,j, (3.2)

whose LT is S(s,n) =
∫ ∞

0 S(t,n) e−st dt.

3.4 principal quantities with homogeneous transition

structure

In this section, we assume the special case when K = 1 and we omit the
index referring to the regime. That is, we write B, L, F instead of B1, L1, F1.

[ October 17, 2022 at 2:54 – classicthesis v4.6 ]



3.4 principal quantities 25

3.4.1 Level visit and first hitting probabilities with one boundary

In the matrix-analytic methods, the stationary solution of QBDs relies on
specific matrices, including matrix R, whose elements provide the mean
time spent at level n, starting with a jump at level n− 1, before the first
return to level n − 1, and matrix G, consisting of the phase transition
probabilities at the first return to level n − 1 starting from level n [15,
16]. In the definition of these matrices, level n− 1 can be considered as a
boundary, when the QBD reaches this level, the observation stops.

For the transient analysis we use the time-dependent counterparts of
these matrices [16, 17]

[U(t)]i,j ≜ Pr(X (t) = n,J (t) = j,γn−1 > t |X (0) = n,J (0) = i), (3.3)

[R(t)]i,j ≜ [FU(t)]i,j (3.4)

= lim
∆→0

1
∆

Pr
(
X (t) = n,J (t) = j,γn−1 > t, transition in (−∆,0)∣∣∣∣ X (−∆) = n− 1,J (−∆) = i

)
[G(t)]i,j ≜ [

∫ t

τ=0
U(τ)dτB]i,j (3.5)

= Pr(J (γn−1) = j,γn−1 < t |X (0) = n,J (0) = i),

where γn = min(t|t > 0,X (t) = n) is the time of the first visit to level
n. In (3.4), γn−1 > t has an important implicit meaning, namely that
X (0) = n. The Laplace-Stieltjes Transform (LST) of matrix G(t) is G(s) =∫ ∞

0 e−st dG(t), while the LT of R(t) is given by R(s) =
∫ ∞

0 R(t) e−st dt. Note
that G(0) = G and R(0) = R hold.

For a homogeneous QBD (with level forward and level backward tran-
sitions being independent of the level) and s with positive real part, i.e.,
ℜ(s) > 0, the solution of the matrix quadratic equation

sG(s) = B + LG(s) + FG2(s) (3.6)

with eigenvalues inside the unit disk provides G(s) [16] (see also Appendix
A.2). The powers of matrix G(s) have the following important probabilistic
interpretations

[Gn(s)]i,j =
∫ ∞

t=0
e−st dPr(J (γ0) = j,γ0 < t |X (0) = n,J (0) = i). (3.7)

Similarly, for a homogeneous QBD and ℜ(s) > 0, the solution of the matrix
quadratic equation

sR(s) = F + R(s)L + R2(s)B (3.8)
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m
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0

level

Gn(s)

Figure 3.1: Principal quantities with a lower boundary at 0 (arrow refers to jump,
circle refers to sojourn)

with eigenvalues inside the unit disk provides R(s) [24]. The powers of
the matrix R(s) have a similar important probabilistic interpretations

[Rm(s)]i,j =
∫ ∞

0
lim
∆→0

1
∆

Pr
(
X (t) = m,J (t) = j,γ0 > t,

transition in (−∆,0)
∣∣∣∣ X (−∆) = 0,J (−∆) = i

)
· e−st dt.

(3.9)

That is, Gn(s) is the LST with respect to time of the distribution of
γ0, J(γ0), given that the process is in level n at time 0. Rm(s) is the LT
with respect to t of the probability that the process is in level m at time t
and that γ0 > t, given that it jumps from level 0 to level 1 at time 0. Gn(s)
is concluded by a downward state transition while Rm(s) starts with an
upward state transition. See Figure 3.1 for a visual representation of these
principal quantities.

In the sequel we are going to make use of the G(s) and R(s) matrices
of the level-reversed QBD, too (where the roles of the level forward and
level backward transitions are swapped), which are denoted by Ĝ(s) and
R̂(s) and satisfy the quadratic equations

sĜ(s) = F + LĜ(s) + BĜ2
(s), (3.10)

sR̂(s) = B + R̂(s)L + R̂2
(s)F. (3.11)

Having G(s) and Ĝ(s) from (3.6) and (3.10), R(s) and R̂(s) can also be
computed [17] from

R(s) = F(sI − L− FG(s))−1 (3.12)

R̂(s) = B(sI − L− BĜ(s))−1. (3.13)

3.4.2 Level visit probabilities with two boundaries

In this section we are still investigating the level-homogeneous (level
independent) case, but with two boundaries, 0 and b (b > 0), instead of
just one boundary. We are going to introduce counterpart measures of
R(s) and G(s) with two boundaries. The probability of visiting level m
(m ∈ (0,b)) at time t, starting from level 0 or b with a state transition, given
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Figure 3.2: Principal quantities with two boundaries 0 and b (arrow refers to
jump, circle refers to sojourn)

that the level process of the QBD remains in (0,b) in the (0, t) time interval
is

[Z(b)(t,m)]i,j = lim
∆→0

1
∆

Pr
(
X (t) = m,J (t) = j,ξ0,b > t,

transition in (−∆,0)
∣∣∣∣ X (−∆) = 0,J (−∆) = i

)
,

(3.14)

[Ẑ(b)(t,m)]i,j = lim
∆→0

1
∆

Pr
(
X (t) = m,J (t) = j,ξ0,b > t,

transition in (−∆,0)
∣∣∣∣ X (−∆) = b,J (−∆) = i

)
,

(3.15)

where (0,b) = [0,b] \ {0,b} and ξ0,b = min(t|X (t) < (0,b)) is the first time
when the level process leaves the (0,b) interval. See Figure 3.2 for a visual
representation of these principal quantities.

The LT of Z(b)(t,m) and Ẑ(b)(t,m) are Z(b)(s,m) =
∫ ∞

0 e−stZ(b)(t,m)dt

and Ẑ(b)
(s,m) =

∫ ∞
0 e−stẐ(b)(t,m)dt.

Theorem 1. Z(b)(s,m) and Ẑ(b)
(s,m) can be computed from

Z(b)(s,m) = M(s,b)Rm(s)− M̂(s,b)Rb(s)R̂b−m
(s), (3.16)

Ẑ(b)
(s,m) = M̂(s,b)R̂b−m

(s)−M(s,b)R̂b
(s)Rm(s), (3.17)

where M(s,b) =
(

I − Rb(s)R̂b
(s)
)−1

and M̂(s,b) =
(

I − R̂b
(s)Rb(s)

)−1
.

With respect to the combination of two ME/geometric terms, a similar
relation is used in the analysis of MFMs [25, Equation (4)], but we were
not aware of this relation used for QBD processes previously.

Proof. According to (3.9), [Rm(t)]ij is the probability that starting with a
jump from level 0 phase i the QBD process stays in level m phase j at time

[ October 17, 2022 at 2:54 – classicthesis v4.6 ]



3.4 principal quantities 28
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Figure 3.3: Two trajectories to reach level m at time t

t such that level 0 is not reached before t. This can happen in two different
ways. Either the level process remains in levels [1,b− 1] during the whole
(0, t) interval or it reaches level b before time t. In the second case, there
is an epoch τ in (0, t) when the process leaves level b and remains in
(0,b) during the interval of time (τ, t). Based on these two different cases
[Rm(t)]ij can be written as

[Rm(t)]ij = [Z(b)(t,m)]ij + ∑
k

∫ t

τ=0
[Rb(τ)]ik[Ẑ

(b)
(t− τ,m)]kjdτ, (3.18)

where the second term of the right hand side means that the process stays
at level b phase k right before time τ. It has a jump to level b−1 at τ and
in the whole (τ, t) interval it remains in levels [1,b− 1], such that at time
t it stays at level m phase j. Figure 3.3 depicts the possible trajectories
represented by (3.18). The matrix form of the LT of (3.18) is

Rm(s) = Z(b)(s,m) + Rb(s)Ẑ(b)
(s,m). (3.19)

Along similar arguments we can derive the same relation for the level-
reversed QBD, leading to

R̂b−m
(s) = Ẑ(b)

(s,m) + R̂b
(s)Z(b)(s,m). (3.20)

Merging (3.19) and (3.20) into a single matrix equation gives[
Rm(s)

R̂b−m
(s)

]
=

[
I Rb(s)

R̂b
(s) I

]
·
[

Z(b)(s,m)

Ẑ(b)
(s,m)

]
. (3.21)

Multiplying both sides of (3.21) by

[
I Rb(s)

R̂b
(s) I

]−1

=


(

I − Rb(s)R̂b
(s)
)−1

−
(

I − Rb(s)R̂b
(s)
)−1

Rb(s)

−
(

I − R̂b
(s)Rb(s)

)−1
R̂b

(s)
(

I − R̂b
(s)Rb(s)

)−1


from the left we obtain (3.16) and (3.17).
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The MG form in (3.16) and (3.17) allows to compute various sums of

Z(b)(s,m) and Ẑ(b)
(s,m) in closed form:

Z(s,b) ≜
b−1

∑
m=1

Z(b)(s,m) = M(s,b)R(s,b)− M̂(s,b)Rb(s)R̂(s,b),

−→
Z (s,b) ≜

b−1

∑
m=1

mZ(b)(s,m) = M(s,b)
−→
R (s,b)− M̂(s,b)Rb(s)

←−̂
R (s,b),

Ẑ(s,b) ≜
b−1

∑
m=1

Ẑ(b)
(s,b−m) = M̂(s,b)R̂(s,b)−M(s,b)R̂b

(s)R(s,b),

←−̂
Z (s,b) ≜

b−1

∑
m=1

mẐ(b)
(s,b−m) = M̂(s,b)

−→̂
R (s,b)−M(s,b)R̂b

(s)
←−
R (s,b),

where

R(s,b) ≜
b−1

∑
m=1

Rm(s) =
b−1

∑
m=1

Rb−m(s) =
(

R(s)− Rb(s)
)
(I − R(s))−1 ,

−→
R (s,b) ≜

b−1

∑
m=1

mRm(s) =
b−1

∑
m=1

(b−m)Rb−m(s)

=
(

I − Rb(s)
)
(I − R(s))−2 −

(
I + (b− 1)Rb(s)

)
(I − R(s))−1 ,

←−
R (s,b) ≜

b−1

∑
m=1

mRb−m(s) =
b−1

∑
m=1

(b−m)Rm(s) = bR(s,b)− −→R (s,b),

and R̂(s,b),
−→̂
R (s,b) and

←−̂
R (s,b) are defined similarly based on R̂(s). We

note that for ℜ(s) > 0, the spectral radius of both, R(s) and R̂(s), is less
than one.

3.4.3 Level hitting probabilities with two boundaries

Having two boundaries 0 and b > 1, the phase transition probability
matrices for hitting either of the boundaries 0 or b are defined by

[H(b)(t,n)]i,j = Pr(J (γ0) = j,γ0 < t,γ0 < γb|X (0) = n,J (0) = i), (3.22)

[Ĥ(b)(t,n)]i,j = Pr(J (γb) = j,γb < t,γb < γ0|X (0) = n,J (0) = i), (3.23)

for n ∈ (0,b), with LST defined by H(b)(s,n) =
∫ ∞

t=0 e−stdH(b)(t,n) and

Ĥ(b)
(s,n) =

∫ ∞
t=0 e−stdĤ(b)(t,n).

Theorem 2. H(b)(s,n) and Ĥ(b)
(s,n) satisfy

H(b)(s,n) = Gn(s)N(s,b)− Ĝ
b−n

(s)N̂(s,b)Ĝb
(s), (3.24)

Ĥ(b)
(s,n) = Ĝ

b−n
(s)N̂(s,b)−Gn(s)N(s,b)Gb(s), (3.25)

where N(s,b) =
(

I −Gb(s)Ĝb
(s)
)−1

and N̂(s,b) =
(

I − Ĝb
(s)Gb(s)

)−1
.
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Proof. The proof follows a similar reasoning as the proof of Theorem 1.
According to (3.7), [Gn(t)]ij is the probability that starting from level n
phase i the QBD process reaches level 0 in phase j before time t. This can
happen in two different ways. Either the process reaches level 0 before
level b or it reaches level b before reaching level 0. In the second case, let
θ denotes the first instance when the process visits level b. According to
these two different cases [Gn(t)]ij can be written as

[Gn(t)]ij = [H(b)(t,n)]ij + ∑
k

∫ t

θ=0
[Ĥ(b)

(θ,n)]ik[Gb(t− θ)]kjdθ, (3.26)

where the second term of the right hand side means that the process
reaches level b phase k at time θ and starting from level b phase k it
reaches level 0 phase j within the remaining t− θ interval.

The matrix form of the LST of (3.26) is

Gn(s) = H(b)(s,n) + Ĥ(b)
(s,n)Gb(s). (3.27)

Similarly, for the level-reversed QBD we get

Ĝb−n
(s) = Ĥ(b)

(s,n) + H(b)(s,n)Ĝb
(s). (3.28)

Equations (3.27) and (3.28) can be merged to

[
Gn(s) Ĝb−n

(s)
]
=
[

H(b)(s,n) Ĥ(b)
(s,n)

]
·
[

I Ĝb
(s)

Gb(s) I

]
. (3.29)

Multiplying both sides of (3.29) from the right by[
I Gb(s)

Ĝb
(s) I

]−1

=

[
N(s,b) −N(s,b)Gb(s)

−N̂(s,b)Ĝb
(s) N̂(s,b)

]
,

we obtain the explicit solution (3.24) and (3.25).

With respect to the combination of two MG terms, a result similar
to Theorem 2 appeared recently in [20, Proposition 3.5 (with l = 0 and
l = C)]. Appendix A.1 discusses the relation of the R(b)(s,m) and H(b)(s,n)
type of measures. For n ∈ {0,b} we define H(b)(s,0) = Ĥ(b)

(s,b) = I and

Ĥ(b)
(s,0) = H(b)(s,b) = 0.

The quantities defined in this section assume a completely homogeneous
transition structure of the QBD process with backward, forward, and local
transitions defined by matrix B, F, and L. For the case of PHQBD processes
these quantities can be computed for each regime based on Bk, Fk, and
Lk for k = 1, . . . , K. The quantities specific to regime k are indicated by
subscript k in the sequel.
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3.5 the transient analysis of phqbds

To express the LT of the transient distribution, we start with computing
the first return probability matrices Y(s,n) and Ŷ(s,n), then the transient
distribution at some specific levels (including the thresholds), and finally,
from these auxiliary quantities we obtain the target quantity V(s,n,m).

The i, jth elements of the first return probability matrices are defined by

[Y(s,n)]i,j =
∫ ∞

t=0
e−st dPr(J (γn) = j,γn < t |X (0) = n + 1,J (0) = i),

(3.30)

[Ŷ(s,n)]i,j =
∫ ∞

t=0
e−st dPr(J (γn) = j,γn < t |X (0) = n− 1,J (0) = i).

(3.31)

The definition of Y(s,n) and Ŷ(s,n) would be identical to those of G(s)
and Ĝ(s), if the QBD was infinite and completely homogeneous. However,
in finite and PHQBD processes the time till the first return to level n (and
the corresponding phase transitions) depends on n due to the presence of
multiple boundaries.

Theorem 3. For level Tk−1 ≤ n < Tk,1 ≤ k ≤ K, matrices Y(s,n) can be
obtained recursively as

Y(s,n) = H(Tk−n)
k (s,1) + Ĥ(Tk−n)

k (s,1)
(

sI − L′
k+1 − I{k<K}Fk+1Y(s, Tk)

− BkĤ(Tk−n)
k (s, Tk−n−1)

)−1
BkH(Tk−n)

k (s, Tk−n−1), (3.32)

where I{•} denotes the indicator of •. Similarly, for level Tk < n ≤ Tk+1,k ≥ 0,
matrices Ŷ(s,n) can be obtained recursively as

Ŷ(s,n) = Ĥ(n−Tk)
k+1 (s,n−Tk−1) + H(n−Tk)

k+1 (s,n−Tk−1)
(

sI − L′
k+1

− Fk+1H(n−Tk)
k+1 (s,1)− I{k>0}BkŶ(s, Tk)

)−1
Fk+1Ĥ(n−Tk)

k+1 (s,1). (3.33)

Proof. To prove the theorem, for n,m > u, we introduce the so called taboo
extension [16] of the transient probability defined in (3.1)

[uV(t,n,m)]i,j = Pr(X (t) = m,J (t) = j,γu > t|X (0) = n,J (0) = i),
(3.34)

and its LT uV(s,n,m) =
∫ ∞

0 uV(t,n,m) e−st dt. In this taboo extension, it is
required that level u is not visited before time t.

To show (3.32) we study the time and the phase transitions till the first
return to level n starting from level n + 1. Two cases need to be considered.
With probability H(Tk−n)

k (s,1) the level process returns to level n before

hitting boundary Tk, or, with probability Ĥ(Tk−n)
k (s,1) the Tk boundary is
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reached before the first return to n. In the later case, conditioning on the
last visit to level Tk we have

Y(s,n) = H(Tk−n)
k (s,1) + Ĥ(Tk−n)

k (s,1) nV(s, Tk, Tk)Bk H(Tk−n)
k (s, Tk−n−1),

where the second term represents that after reaching level Tk (with proba-

bility Ĥ(Tk−n)
k (s,1)), the process re-visits level Tk without reaching level n

(nV(s, Tk, Tk)), and finally Tk is left backwards (Bk), and level n is reached
before returning to Tk again (H(Tk−n)

k (s, Tk−n−1)). For the missing taboo
matrix we write

nV(s, Tk, Tk) =
(

sI − L′
k+1

)−1
+(

sI − L′
k+1

)−1(
I{k<K}Fk+1Y(s, Tk) + BkĤ(Tk−n)

k (s, Tk−n−1)
)

nV(s, Tk, Tk).

The first term of the left hand side describes the case that the process
stays at level Tk for the whole time period. The second term describes
the case that the process spends some time at level Tk, after that it either
moves forward (Fk+1 if k < K) and returns to level Tk (Y(s, Tk)) or it
moves backward (Bk) and returns to level Tk without reaching level n
(Ĥ(Tk−n)

k (s, Tk−n−1)). In both of these cases, a new taboo matrix needs
to be considered after returning to level Tk. Multiplying both sides by
(sI − L′

k+1) gives

nV(s, Tk, Tk) =(
sI − L′

k+1 − I{k<K}Fk+1Y(s, Tk)− BkĤ(Tk−n)
k (s, Tk−n−1)

)−1

(3.35)

from which (3.32) comes.
The recursive relations for matrix Ŷ(s,n), (3.33), giving the time and the

phase transitions till the first return to level n starting from level n− 1,
can be proved similarly.

The next theorem provides the LT of the transient distribution given
that the initial and the target levels are both thresholds.

Theorem 4. The transient probability matrix, given that both, the initial and the
target level are the same threshold Tk, k = 0, . . . , K, can be expressed by

V(s, Tk, Tk) =
(
sI − L′

k+1 − I{k<K}Fk+1Y(s, Tk)− I{k>0}BkŶ(s, Tk)
)−1,
(3.36)

in LT domain. When the initial level, Tk, and the target level, Tℓ, are different and
k < ℓ, the transient probability matrix is given by

V(s, Tk, Tℓ) =
(
sI − L′

k+1 − Fk+1H(Tk+1−Tk)
k+1 (s,1)− I{k>0}BkŶ(s, Tk)

)−1

· Fk+1Ĥ(Tk+1−Tk)
k+1 (s,1)V(s, Tk+1, Tℓ). (3.37)
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If k > ℓ holds, the transient probability matrix satisfies

V(s, Tk, Tℓ)

=
(
sI − L′

k+1 − I{k<K}Fk+1Y(s, Tk)− BkĤ(Tk−Tk−1)
k (s, Tk−Tk−1−1)

)−1

· BkH(Tk−Tk−1)
k (s, Tk−Tk−1−1)V(s, Tk−1, Tℓ). (3.38)

Proof. (3.36) can be obtained in the same way as nV(s, Tk, Tk) in (3.35).
When k < ℓ, conditioning on the first time reaching level Tk+1 leads to

(3.37). The indicator in Equation (3.37) ensures that there is no backward
transition at level 0. Similarly, for k > ℓ, to obtain (3.38), we have to
condition on the first time when the level process reaches level Tk−1 for
the first time. Again, level TK needs different treatment since there are no
forward transitions at that level.

Next, we go one step further with the derivation of the transient distri-
bution by allowing any initial level between the boundaries, but the target
level still has to be a threshold.

Theorem 5. The transient probability matrix with initial level Tk−1 < n < Tk
and final level Tℓ, with k ≤ ℓ, can be computed by

V(s,n, Tℓ) =
(
sI − Lk − BkŶ(s,n)− FkH(Tk−n)

k (s,1)
)−1

· FkĤ(Tk−n)
k (s,1)V(s, Tk, Tℓ), (3.39)

and for k > ℓ it can be computed by

V(s,n, Tℓ) =
(
sI − Lk − BkĤ(n−Tk−1)

k (s,n− Tk−1 − 1)− FkY(s,n)
)−1

· BkH(n−Tk−1)
k (s,n− Tk−1 − 1)V(s, Tk−1, Tℓ). (3.40)

Proof. Conditioning on the first hitting time of level Tk in the first case and
of level Tk−1 in the second case yields the theorem.

Theorem 6. For any n ∈ (Tk−1, Tk),k = 1, . . . , K, matrix V(s,n,n) is given by

V(s,n,n) =
(
sI − Lk − BkŶ(s,n)− FkY(s,n)

)−1. (3.41)

Proof. Equation (3.41) can be obtained in the same way as nV(s, Tk, Tk) in
(3.35).

Finally, from the above defined and calculated matrices, we can obtain
the missing ingredients of the transient distribution as follows

Theorem 7. Assume that n , m, n ∈ (Tk−1, Tk) and m ∈ (Tℓ−1, Tℓ). If k , ℓ,
the transient probability matrix satisfies (c.f. Figure 3.4a)

V(s,n,m) = V(s,n, Tℓ−1)Z(Tℓ−Tℓ−1)(s,m− Tℓ−1)

+ V(s,n, Tℓ)Ẑ(Tℓ−Tℓ−1)(s, Tℓ −m).
(3.42)
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Tℓ

Tℓ−1

level

MG1 seriesMG2 series

(a) Starting at level n < (Tℓ−1, Tℓ)

n

Tℓ

Tℓ−1

level

MG3 series

MG1 series

MG4 series

MG2 series

(b) Starting at level n ∈ (Tℓ−1, Tℓ)

Figure 3.4: MG quantities concept with two boundaries

Furthermore, if k = ℓ, it is given by (c.f. Figure 3.4b)

V(s,n,m) =


V(s,n,n)Z(Tk−n)(s,m− n)

+ V(s,n, Tk)Ẑ(Tk−n)
(s, Tk −m),

for n < m,

V(s,n, Tk−1)Z(n−Tk−1)(s,m− Tk−1)

+ V(s,n,n)Ẑ(n−Tk−1)(s,n−m),
for n > m.

(3.43)

Proof. To obtain (3.42), we condition on the last instant when the process
leaves a boundary before visiting level m at time t. The first term on the
right hand side of (3.42) describes the case when the last visited boundary
was Tℓ−1 and the second term describes when it was Tℓ.

Equation (3.43) follows a similar pattern as (3.42), but with different
boundaries. In case of n < m the two considered boundaries are n and Tk,
while for n > m the boundaries are Tk−1 and n.

It can be noticed that, due to the structure of the Z(b)(s,m) and Ẑ(b)
(s,m)

matrices in (3.16) and (3.17), the solution is a combination of two MG
terms as illustrated in Figure 3.4. This fact is widely known in case of
the stationary solution, see e.g., [16], but it has not been discussed for the
transient solution yet.

The following theorem presents the mean of the level process in Laplace
domain.

Theorem 8. The matrix S(s,n) can be computed as

S(s,n) =
K

∑
ℓ=1

TℓV(s,n, Tℓ) +
K

∑
ℓ=1

−→
V ℓ (s,n),

where, for n < (Tℓ−1, Tℓ)

−→
V ℓ (s,n) =V(s,n, Tℓ−1)

(
Tℓ−1Zℓ(s, Tℓ−Tℓ−1) +

−→
Zℓ (s, Tℓ−Tℓ−1)

)
+ V(s,n, Tℓ)

(
Tℓ−1Ẑℓ(s, Tℓ−Tℓ−1) +

←−̂
Zℓ (s, Tℓ−Tℓ−1)

)
(3.44)
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and for n ∈ (Tℓ−1, Tℓ)

−→
V ℓ (s,n) =V(s,n, Tℓ−1)

(
Tℓ−1Zℓ(s,n− Tℓ−1) +

−→
Zℓ (s,n− Tℓ−1)

)
+ V(s,n,n)

(
Tℓ−1Ẑℓ(s,n− Tℓ−1) +

←−̂
Zℓ (s,n− Tℓ−1)

+ n + nZℓ(s, Tℓ − n) +
−→
Zℓ (s, Tℓ − n)

)
+ V(s,n, Tℓ)

(
nẐℓ(s, Tℓ − n) +

←−̂
Zℓ (s, Tℓ − n)

)
(3.45)

Proof. We have

S(s,n) =
TK

∑
m=1

mV(s,n,m) =
K

∑
ℓ=1

TℓV(s,n, Tℓ) +
K

∑
ℓ=1

Tℓ−1

∑
m=Tℓ−1+1

mV(s,n,m)

=
K

∑
ℓ=1

TℓV(s,n, Tℓ) +
K

∑
ℓ=1

−→
V ℓ (s,n),

where
−→
V ℓ (s,n) = ∑Tℓ−1

m=Tℓ−1+1 mV(s,n,m). For n < (Tℓ−1, Tℓ),
−→
V ℓ (s,n) is

computed based on (3.42), which gives (3.44), while for n ∈ (Tℓ−1, Tℓ) it is
computed based on (3.43), which gives (3.45).

3.6 summary of the algorithm

The computation of V(s,n,m) can be broken down to the following steps

For each regime k = 1, . . . , K where Tk − Tk−1 > 1, calculate

1. Gk(s) and Ĝk(s) from (3.6) and (3.10),

2. Rk(s), and R̂k(s) from (3.12) and (3.13),

3. HTk−Tk−1
k (s,1), ĤTk−Tk−1

k (s,1) and HTk−Tk−1
k (s, Tk − Tk−1 − 1),

ĤTk−Tk−1
k (s, Tk − Tk−1 − 1) based on Section 3.4.3,

For each regime k = 1, . . . , K, calculate

4. Y(s, Tk−1) and Ŷ(s, Tk) based on Theorem 3,

5. V(s, Tk, Tℓ) for ℓ = 0, . . . , K based on Theorem 4.

Finally,

6. If n ∈ (Tk−1, Tk) and n ≤ m calculate H(Tk−n)
k (s,1) and Ĥ(Tk−n)

k (s,1)
based on Section 3.4.3.

7. If n ∈ (Tk−1, Tk) and n ≥ m calculate H(n−Tk−1)
k (s,n− Tk−1 − 1) and

Ĥ(n−Tk−1)
k (s,n− Tk−1 − 1).
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8. If n ∈ (Tk−1, Tk) and n = m calculate Y(s,n) and Ŷ(s,n) based on
Theorem 3.

9. If n ∈ (Tk−1, Tk), m ∈ (Tℓ−1, Tℓ) and k , ℓ calculate the sojourn proba-

bility matrices Z(Tℓ−Tℓ−1)(s,m− Tℓ−1) and Ẑ(Tℓ−Tℓ−1)(s, Tℓ−m) based
on Section 3.4.2.

10. If n,m ∈ (Tk−1, Tk) and n < m calculate the sojourn probability matri-

ces Z(Tk−n)(s,m− n) and Ẑ(Tk−n)
(s, Tk −m).

11. If n,m ∈ (Tk−1, Tk) and n > m calculate the sojourn probability matri-

ces Z(n−Tk−1)(s,m− Tk−1) and Ẑ(n−Tk−1)(s,n−m).

12. Calculate the transition probability matrix V(s,n,m) based on Theo-
rem 5, Theorem 6 or Theorem 7.

13. If S(s,n) is also needed, compute
−→
V k (s,n) for k = 1, . . . , K and S(s,n)

based on Theorem 8.

Steps 1-5 are independent of the initial and final levels, n and m, hence
they have to be performed only once when transient distribution is needed
at several n and m points.

Computational complexity

Each of the matrices to be computed is of size N × N, and the compu-
tational complexity of obtaining one of such matrices is O(N3). In each
of Step 1 - Step 4, O(K) matrices are computed, while in Step 5 O(K2)
matrices are computed. The rest of the steps have lower order complexity,
hence the overall computational complexity of the procedure is O(K2N3).
The related memory complexity is O(K2N2).

The provided computational complexity still hide the computational cost
to compute the fundamental matrices at the required points. If the CME
based NILT [1] is used with order V and fundamental matrices are com-
puted in Z iterations, then the computational complexity is O(K2N3VZ).

3.7 model extensions

3.7.1 PHQBD with regime dependent number of phases

In the model defined in Section 3.3, the number of phases is N in each level
of each regime. This restriction strongly limits the practical applicability
of the model, since many practically interesting queueing models violate
this assumption. Fortunately, the presented analytical treatment remains
applicable also when the number of phases changes in different regimes.

When Tk−1 < Tk − 1 the Bk, Lk, Fk, and L′
k, matrices should be square

in order to obtain dimensionally correct matrix operations in the above de-
tailed numerical procedure. But for Tk−1 = Tk− 1, the number of phases on
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level Tk−1 and Tk (denoted by Nk−1 and Nk) can differ. In this case, matrices
Bk, Lk, Fk, and L′

k of size Nk×Nk−1, Nk×Nk, Nk−1×Nk and Nk−1×Nk−1,
respectively, still result in dimensionally correct matrix operations.

This way a PHQBD with regime dependent number of phases can be
transformed to a PHQBD where the number of phases changes only in
regimes of size one. For example, if NT0 , NT1 then the following PHQBD
description can be applied:

T0 T1 . . . TK



L′
1 F1 T0

B1 L1 F1
. . . . . . . . .

B1 L1 F′
1

B′
1 L′

2 F2 T1
B2 L2 F2

. . . . . . . . . ...
BK LK FK

BK L′
K+1 TK

=⇒

T0 T1′ T2′ . . . TK′



L′
1 F1 T0

B1 L1 F1
. . . . . . . . .

B1 L′
2 F2 T1′

B2 L′
3 F3 T2′

B3 L3 F3
. . . . . . . . . ...

BK′ LK′ FK′

BK′ L′
K′+1 TK′

A completely level dependent finite QBD with arbitrary finite number
of phases on each level can be described by a PHQBD with Tk = k.

3.7.2 Infinite PHQBD

The case when the PHQBD is infinite with a finite number of regimes (i.e.,
K is finite) is characterized by the following generator

Qin f inite =

T0 T1 T2 . . . TK



L′
1 F1 T0

B1 L1 F1
. . . . . . . . .

B1 L1 F1
B1 L′

2 F2 T1
B2 L2 F2

. . . . . . . . .
B2 L2 F2

B2 L′
3 F3 T2

B3 L3 F3
. . . . . . . . . ...

BK LK FK
BK L′

K+1 FK+1 TK

BK+1 LK+1
. . .

. . . . . .

.

The analysis of this case requires the following slight modifications of
the above detailed procedure as follows

• Compute GK+1(s) and RK+1(s) and based on them, the required

H(•)
K+1(s,•), Ĥ(•)

K+1(s,•), Z(•)
K+1(s,•) and Ẑ(•)

K+1(s,•) matrices.
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• For n ≥ TK, Y(s,n) = GK+1(s) and (3.33) remains valid for k = K + 1.

• Remove I{k<K} from all expressions, e.g., (3.32), (3.35), (3.36) and
(3.38).

• For n > TK, (3.40) and (3.41) remain valid with k = K + 1.

• Theorem 7 remains valid for max(n,m) ≤ TK. The cases when
max(n,m) > TK can be computed based on

V(s,n,m) =

{
V(s,n,zn)Rm−zn

K+1 (s) if n < m,

Gn−zm
K+1 (s)V(s,zm,m) if n > m,

(3.46)

where zn = max(n, TK) and zm = max(m, TK).

• For S(s,n) compute

S(s,n) =
−−−→
V K+1 (s,n) +

K

∑
ℓ=1

TℓV(s,n, Tℓ) +
K

∑
ℓ=1

−→
V ℓ (s,n),

where, for ℓ ≤ K,
−→
V ℓ (s,n) can be computed according to Theorem 8

and

−−−→
V K+1 (s,n) =

V(s,n, TK)
(

TKRK+1(s,∞) +
−−−→
RK+1 (s,∞)

)
, if n ≤ TK,

V(s,n, TK)
(

TKZK+1(s,n− TK) +
−−−→
ZK+1 (s,n− TK)

)
+V(s,n,n)

(
TKẐK+1(s,n− TK) +

←−−−
ẐK+1 (s,n− TK)

+n + nRK+1(s,∞) +
−−−→
RK+1 (s,∞)

)
, if n > TK,

with R(s,∞) = R(s) (I − R(s))−1 and
−→
R (s,∞) = R(s) (I − R(s))−2.

3.8 numerical examples

To demonstrate the applicability of the proposed approach, we evaluate
examples using our Mathematica implementation [26], which also con-
tains the code of the examples and the figures presented in this section.
Our implementation was validated in two steps. In case of finite QBD
processes we compared the results of our tool with the results of general
Markov chain solvers. In case of infinite QBD processes we compared the
results with the ones computed for equivalent finite QBD processes with a
sufficiently large buffer size.

In the following subsections, the first two examples are from the litera-
ture and, as a fairly general example, we also studied the behaviour of the
Markovian Arrival Process (MAP) in MAP/MAP/1 queue with N policy.
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3.8.1 QBD model of a CSMA/CD communication protocol

In [18], a QBD process with irregular level zero is considered which models
a simple, infinite population CSMA/CD (Carrier Sense Multiple Access
with Collision Detection) communication protocol. Level n of this model
represents that the number of busy or blocked users is n. Each level of this
structure (except level zero) has three channel state; the safe state (a), the
collision state (b), and the contention state (c). That is, this QBD has one
phase on level zero and 3 phases on each higher level and the QBD has
homogeneous (level independent) transition structure from level one.

The numerical examples in [18] considered two cases for the transitions
rates, such that one of the cases is positive recurrent and one is transient.
Figure 3.5 depicts the transient probability of level zero (i.e., empty buffer)
for both cases. The depicted time interval suggests that the transient
probabilities converge to a positive stationary in the recurrent case and to
zero in the transient case. The limiting value of the recurrent case shows a
perfect match with the stationary solution of the model. Figure 3.6 plots
two transient probability curves which are presented also in [18]. In each
case the system starts from an empty buffer.

Comparing these figures with the original ones, Figure 4, 5, 7 and 8 in
[18], one can recognize some differences. These differences might come
from the inaccuracy of NILT applied in [18], or by other source of error.
Indeed, the comparison with the results in [18] is rather difficult due to
the improper axes labels used in [18].

V(t,0,0)-Recurrent

V(t,0,0)-Transient

5 10 15 20 25 30
t

0.2

0.4

0.6

0.8

1.0
Prob

Figure 3.5: Transient probability of
level zero

Vb(t,0,1)-Recurrent

Va(t,0,1)-Transient

5 10 15 20 25 30
t

0.02

0.04

0.06

0.08

Prob

Figure 3.6: Transient probability of
level 1 state (a) and (b)

3.8.2 QBD model of a TDM voice/data packets integration strategy

In a subsequent work of the same authors, [19], the transient analysis of
a QBD process modelling a TDM (Time Division Multiplexing) voice/-
data packet integration strategy was considered in order to evaluate the
time-dependent performance measures such as the expected number of
voice packets in service and the voice packet blocking probability. In the
considered model, the number of voice packets is restricted to be not
greater than 5 and the number of data packets is unbounded. This way
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the number of voice packets stands for the phase and the number of data
packets stands for the level of the QBD process. Various restrictions of
data packet arrivals make the zero and the first level different from the
higher levels which are level independent. The number of phases is 6 on
all levels.

The following performance measures are evaluated in [19]. Starting from
level n phase i, the expected number of voice packets in service can be
computed as

NV(t,n) ≜ ei

[
∞

∑
j=0

V(t,n, j)

]
6

∑
k=1

(k− 1)ek
T,

where ei is the ith unit row vector, whose only non-zero entry is the ith
entry which equals to one. This expression computes the mean number
of voice packets utilizing the fact that on each level the number of voice
packets in phase k is k− 1. The probability of voice packet blocking can be
computed as

PB(t,n) ≜ ei

[
∞

∑
j=2

V(t,n, j)

]
(e2

T + e4
T + e6

T)

+ eiV(t,n,1)(e2
T + e4

T) + eiV(t,n,0)e2
T.

This expression sums the probabilities of the states where arriving voice
packets are blocked. That is, on level 0 phase 2, on level 1 phase 2 and 4,
and on the higher levels phase 2, 4 and 6 are voice packet blocking states.

10 20 30 40
t

0.05

0.10

0.15

0.20

PB(t,31)

NV(t,31)

PB(t,19)

NV(t,19)

PB(t,3)

NV(t,3)

Figure 3.7: The mean number of voice packets and the data blocking probabilities
as a function of time

Figure 3.7 plots the performance measures as a function of time with
various initial levels. The initial phase is i = 1 in all cases and the initial
level is n = 3,19,31. Also in this example, the figure shows some differ-
ences compared to Figure 2 of [19]. All PB(t,n) measures of the figure
converge to a different limit than the one in [19]. Our stationary analysis
validated the limit depicted in Figure 3.7.

3.8.3 MAP/MAP/1 queue with N policy

To demonstrate applicability of the proposed algorithm in a hysteresis-like
queueing model we consider a MAP/MAP/1 queue with N policy, where
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N policy means that the server is switched off, when the queue gets idle
and switched on again, when N customers are accumulated in the queue.
The arrival MAP is characterized by matrices D0 and D1, while the service
MAP by S0 and S1. The structure of the Markov chain characterizing the
system behaviour is depicted in Figure 3.8.

To describe the example as a PHQBD we define the regime boundaries as
T0 = 0, T1 = 1, T2 = N − 1, T3 = N and it is an infinite PHQBD (discussed
in Section 3.7.2). The associated matrices are

L′
1 = L′, F1 =

[
F 0

]
, B1 =

[
0
B

]
,

L′
2 =

[
L′ 0
0 L

]
, L2 = L′

2, F2 =

[
F 0
0 F

]
, B2 =

[
0 0
0 B

]
,

L′
3 = L′

2, F3 =

[
F
F

]
, B3 =

[
0 B

]
,

L′
4 = L, L4 = L, F4 = F, B4 = B,

where L′ = D0⊗ I, L = D0⊕ S0, F = D1⊗ I, B = I ⊗ S1. Since T0 + 1 = T1
and T2 + 1 = T3, we do not define L1 and L3. Furthermore, due to the fact
that the sizes of level T0 and T1 are different, F1 and B1 are non-square
and the same property applies for level T2 and T3 and matrices F3 and B3.
In the numerical computations we used N = 40 and

D0 =

−8 1 3
0 −6 4
2 0 −3

, D1 =

3 1 0
0 2 0
0 0 1

, S0 =

[
−3 1
6 −7

]
, S1 =

[
0 2
1 0

]
.

The queueing system is overloaded and the PHQBD is transient, because
the stationary arrival rate of MAP(D0, D1) is 1.875 and the service rate of
MAP(S0,S1) is 1.7.

T0 T1 T2 T3

L’ L’L’ L’ L’

20 1level N−2 N−1 N

L
B

B B B

F

F

F

F

F

F

...

... ...

... N+1 ...

LLLL L

regime

F

B

F

B

F F

Figure 3.8: The PHQBD structure of the MAP/MAP/1 queue with N policy,
where L′ = D0 ⊗ I, L = D0 ⊕ S0, F = D1 ⊗ I, B = I ⊗ S1

Figure 3.9 plots the transient probabilities of level 40 starting from level
5 and 35 with busy/idle server (lower/upper line of blocks in Figure
3.8). The initial phase distribution inside the given block is the stationary
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distribution of the arrival and service MAPs. The figure indicates that
the transient probability of staying at level 40 has a dominant peak when
starting from a state with idle server. It is because, when the server is
idle only arrivals take place and the random fluctuation of the stochastic
behavior is not altered by departing customers. The location of the peak is
approximately at the sum of 40− 5 (40− 35) arrivals when starting from
level 5 (35). After the peak the curves start converging toward the station-
ary distribution of level 40. When the server is busy at the initial state,
the arrivals and departures affect the random fluctuation of the stochastic
behavior together. It results in much smoother transient probability curves.
Also these smooth curves take low values until the probability of reaching
level 40 from the initial level is negligible.

Busy, n=35

Busy, n=5

Idle, n=35

Idle, n=5

10 20 30 40
t

0.05

0.10

0.15

Prob

Figure 3.9: Transient probability of level 40 starting from 4 initial cases

3.9 chapter summary

This chapter presents an analysis approach for LT description of the
transient behaviour of PHQBD processes. The proposed approach builds
on some previously not considered performance measures which describe
the behaviour of the process between consecutive boundaries. E.g., matrix
Z(b)(s,m) (Ẑ(b)(s,m)), which is the Laplace transform of the probability of
visiting level m (m ∈ (0,b)) at time t, starting from level 0 (level b) with a
state transition, given that the level process of the QBD remains in (1,b− 1)
in the (0, t) time interval and matrix H(b)(s,m) (Ĥ(b)(s,n)), which is the
Laplace transform of the phase transition probability for the first hitting
of level 0 (level b) up to time t.

Using the introduced boundary related performance measures, the time
interval of interest is decomposed into an initial interval for reaching the
first boundary, the interval from reaching the first boundary until the last
time when the process visits a boundary in the time interval of interest
and the interval from the last boundary visit to the end of the time interval
of interest.
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The obtained transient results are a linear combination of two MG series
in LT domain in case of finite buffer models. In the case when the buffer is
infinite, the last homogeneous region (TK−1,∞) is described by a single
MG series.

The Mathematica implementation of the solution method is available in
[26].
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4
T R A N S I E N T A N A LY S I S O F P I E C E W I S E
H O M O G E N E O U S M A R K O V F L U I D M O D E L S

4.1 introduction

MFMs gained significant popularity in modeling telecommunication sys-
tems in the 1980’s [27]. The first methodology to analyze the behaviour
of such systems was based on spectral decomposition [28]. In 1999, Ra-
maswami initiated a research line to analyze stochastic fluid models via
matrix analytic methods [29], while Akar and Sohraby recommended
the use of purely numerical matrix iterative methods [30]. Both methods
provide numerically stable analysis, e.g., for the stationary distribution of
the fluid level, but the approach based on matrix analytic methods gained
more popularity due to the fact that it provides a stochastic interpretation
of the considered performance measures.

In a series of consecutive papers the stationary [31, 32] and the transient
[33–35] analysis of homogeneous (finite and infinite) MFMs has been
investigated. At the same time, the ingredients of the computational
methods for various performance measures of fluid models has also
been enhanced [36, 37]. Especially, the combination of two ME terms
for describing the behaviour of finite buffer homogeneous fluid models
was established.

Motivated by several practical examples, e.g., [38], the analysis of homo-
geneous MFMs has been extended to the analysis of piecewise homoge-
neous models, where the characterizing matrices of the model are constant
in a region of the fluid level, but they might differ region by region. The
terminology used to describe this set of models is rather diverse; “level
dependent evolution” [39], “multi-layer” [40], “multi-regime” [41], etc. We
refer to such models as PHMFMs and their homogeneous intervals as
regions.

The main difficulty in the evaluation of PHMFMs comes from the
potential sign change of the fluid rate at the region boundaries. As a
result probability mass can develop at region boundaries (the fluid rate
is positive below the boundary and negative above) and there might be
cases when the evolution of the fluid process is not uniquely defined by
the fluid rate (the fluid rate is positive above the boundary and negative
below). These cases are also covered with a wide range of terminologies.
Just to mention some, those subsets of states are referred to as “absorbing”
and “insulating” in [42], “absorbing” and “repulsive” in [41], “sticky” and
“repellent” in [39], “isolating” and “emitting” in [43].

There are several approaches to specify the boundary behaviour at inter-
nal boundaries. [39] Assumed that the continuous region above a boundary

45
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determines the behaviour of the boundary in repulsive states, additional
to the generator and fluid rate matrices describing the behaviour inside a
region, [41] introduces generator and fluid rate matrices associated with
the boundaries. More general boundary behaviours are introduced and
analyzed in [40] with the introduction of appropriately defined additional
probability matrices characterizing the evolution of the fluid process at the
environments of the boundaries. To keep the complexity of the analysis
reasonably simple, we adopt the terminology and the boundary behaviour
used in [41].

The stationary analysis of PHMFMs is based on performance analysis of
individual regions and the solution of a linear system of equations, which
can be described by a large coefficient matrix, e.g., [39, page 1048] and [42,
Figure 4], and can be solved at once or by an iterative approach region by
region.

Our LT domain transient analysis of PHMFMs follows a similar struc-
ture. The performance measures of the analysis of individual regions
are available, e.g. from [37, 44]. Based on that, an initial and final fluid
level dependent counterpart of the stationary analysis is needed, since the
stationary distribution is an initial condition independent measure, while
the transient distribution depends also on the initial condition. The anal-
ysis approaches available for homogeneous (with infinite [34] and finite
[31] buffer) MFMs describe the transient behaviour on the level of matrix
blocks in LT domain using explicit expressions. The extension of this
approach for PHMFMs gets prohibitively cumbersome because the proper
description of the boundary behaviour at internal boundaries requires
the consideration of all possible cases of sign changes separately. As an
important contribution of this chapter, to overcome the limitations of the
explicit approach, we apply an equation system based implicit description
of the required performance measures, whose analytical description and
implementation remain feasible with descriptive matrix block operations
(see Theorem 9-11).

This chapter focuses on the LT domain transient analysis of PHMFMs.
Based on the LT domain transient description we calculate the time domain
results using the CME based NILT method [1]. We note that different
transient analysis approaches are also considered in the literature. Chen
et al. proposes a time domain numerical differential equation solution
approach based on the finite difference method in [43], which discretizes
the continuous fluid axis and its accuracy depends on discretization step.
In [45], Akar et al. adopts the approximate analysis approach of [46] for
computing the transient behaviour of PHMFMs based on the stationary
analysis of an appropriately extended fluid model. While [45] builds on a
stochastic interpretation based approximation approach, the current work
is based on a exact LT domain analytical description.

The rest of the chapter is organized as follows. Section 4.2 summarizes
the basics of MFMs and provides the performance measures which are
used later on. Section 4.3 introduces the considered class of PHMFMs with
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finite buffer and presents its transient analysis in LT domain. Section 4.4
discusses the model variant of PHMFMs with infinite buffer. Implementa-
tion details are provided in Section 4.5 and numerical examples in Section
4.6. The chapter is concluded in Section 4.7.

4.2 markov fluid models

MFMs are hybrid stochastic models composed of a continuous stochastic
process X(t) ∈ R+, commonly referred to as fluid level, and a discrete
stochastic process J(t) ∈ S◦, commonly referred to as the state of the mod-
ulating Markov chain. Let us consider the MFM {{Z(t) = X(t), J(t), t ≥ 0}
defined by the generator of its background CTMC Q and the diagonal
matrix of the fluid rates R. The subset of states with positive, negative
and zero fluid rates are denoted by S+, S− and S0, while the set of states
and the subset of states with non-zero fluid rates is denoted by S◦ and S•,
respectively. That is S• = S+ ∪S− and S◦ = S• ∪S0. The cardinality of the
set Sa, a ∈ {◦,•,+,−,0}, is denoted by |Sa|. To order the states according
to the sign of the fluid rates we introduce the permutation matrix Z with
the following properties

ZT Q Z = Q, Q = Z Q ZT, (4.1)

ZT Q Z = R, R = Z R ZT, (4.2)

where subset specific matrix blocks of Q and R are

Q =

Q++ Q+− Q+0

Q−+ Q−− Q−0

Q0+ Q0− Q00

 =

Q•+ Q•− Q•0

Q0+ Q0− Q00

 =

 Q+• Q+0

Q−• Q−0

Q0• Q00

 ,

(4.3)

R =

R+ 0 0
0 −R− 0
0 0 0

 , (4.4)

with both R+ and R− containing only positive diagonal elements. Matrix
Z contains a single non-zero element in each row and each column which
equals to one. That is, throughout the chapter the underlined matrices refer
to the original state ordering and the matrices which are not underlined
refer to the fluid rate specific ordering of the states.

We are interested in the transient density measure from arbitrary initial
to arbitrary final level Ṽij(t, x,y) and the transient boundary probability
mass from arbitrary initial to boundary final level P̃ij(t, x,y) at the desired
time point. These two measures defined by the following

Ṽij(t, x,y) =
d

dy
Pr(X(t) < y, J(t) = j|X(0) = x, J(0) = i), (4.5)

P̃ij(t, x,y) = Pr(X(t) = y, J(t) = j|X(0) = x, J(0) = i) (4.6)
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The corresponding matrices and LTs are Ṽ(t, x,y) = [Ṽij(t, x,y)],
P̃(t, x,y) = [P̃ij(t, x,y)] and V(s, x,y) =

∫ ∞
t=0 e−stṼ(t, x,y)dt, P(s, x,y) =∫ ∞

t=0 e−stP̃(t, x,y)dt.

4.2.1 Characterizing matrices of infinite buffer MFMs

For i ∈ S+ and j ∈ S−, the state dependent measure of returning to level
zero is defined as

Ψ̃(t)i,j =
d
dt

Pr(γ(0) < t, J(γ(0)) = j|J(0) = i, X(0) = 0), (4.7)

where γ(x) is the first time when fluid process reaches level x, i.e., γ(x) =
min{t : X(t) = x, t > 0}. The LT of Ψ̃(t)i,j is defined as

Ψ(s)i,j =
∫ ∞

t=0
e−st Ψ̃i,j(t)dt

= E(e−sγ(0) I{J(γ(0))=j}|J(0) = i, X(0) = 0), (4.8)

where I{event} is the indicator of event that equals to one when the event is
true and otherwise it equals to zero. The matrix of size S+×S−, composed
by the Ψ(s)i,j elements is Ψ(s). In the sequel we define the measures of
interest directly in transform domain, as in (4.8), and avoid the time
domain definition as in (4.7).

The return measure Ψ(s) satisfies the Non-symmetric Algebraic Riccati
Equation (NARE) [47]

0 = Q++(s)Ψ(s) + Ψ(s)Q−−(s) + Ψ(s)Q−+(s)Ψ(s) + Q+−(s), (4.9)

with

Q++(s) = R−1
+ (Q++ − sI + Q+0(sI −Q00)

−1Q0+), (4.10)

Q+−(s) = R−1
+ (Q+− + Q+0(sI −Q00)

−1Q0−), (4.11)

Q−+(s) = R−1
− (Q−+ + Q−0(sI −Q00)

−1Q0+), (4.12)

Q−−(s) = R−1
− (Q−− − sI + Q−0(sI −Q00)

−1Q0−). (4.13)

There are efficient numerical solution methods to compute Ψ(s) [48].
The matrices characterizing the fluid increase and fluid decrease process

can be obtained from Ψ(s) as follows [35]

K(s) = Q++(s) + Ψ(s)Q−+(s), (4.14)
H(s) = Q−−(s) + Q−+(s)Ψ(s). (4.15)

The spatial inverse of the fluid process is obtained by reverting the sign
of the fluid rate in all states. The associated characterizing matrices are Q
and −R. The characterizing matrices of the spatial inverse process, that is
the matrices computed from the Q and −R matrices are denoted by Ψ̂(s),
K̂(s), Ĥ(s).
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4.2.2 Characterizing matrices of the fluid process between boundaries

To characterize the evolution of the fluid process between two boundary
fluid levels, 0 and b, we define the following state dependent hitting
measures

U(b)
•−(s, x)i,j = E(e−sγ(0) I{J(γ(0))=j} I{γ(0)<γ(b)}|J(0) = i, X(0) = x),

U(b)
•+(s, x)i,j = E(e−sγ(b) I{J(γ(0))=j} I{γ(b)<γ(0)}|J(0) = i, X(0) = x).

The special cases when the initial fluid level is one of the boundaries are
(see Figure 4.1)

U(b)
+−(s)i,j = E(e−sγ(0) I{J(γ(0))=j} I{γ(0)<γ(b)}|J(0) = i, X(0) = 0),

U(b)
++(s)i,j = E(e−sγ(b) I{J(γ(b))=j} I{γ(b)<γ(0)}|J(0) = i, X(0) = 0),

U(b)
−+(s)i,j = E(e−sγ(b) I{J(γ(b))=j} I{γ(b)<γ(0)}|J(0) = i, X(0) = b),

U(b)
−−(s)i,j = E(e−sγ(0) I{J(γ(0))=j} I{γ(0)<γ(b)}|J(0) = i, X(0) = b).

According to [32, 37], the matrix composed by these hitting measures can
be computed as[

U(b)
++(s) U(b)

+−(s)
U(b)
−+(s) U(b)

−−(s)

]
=

[
eĤ(s)b Ψ(s)
Ψ̂(s) eH(s)b

]
·
[

I Ψ(s)eH(s)b

Ψ̂(s)eĤ(s)b I

]−1

,

(4.16)

andU(b)
•+(s, x) U(b)

•−(s, x)

 =

[
I Ψ(s)

Ψ̂(s) I

]
·
[

eĤ(s)(b−x)

eH(s)x

]
·
[

I Ψ(s)eH(s)b

Ψ̂(s)eĤ(s)b I

]−1

.

(4.17)

Similarly, the fluid density between two boundary levels, 0 and b, before
reaching any of the boundaries are defined as

F̃(b)
+• (t,y)ij =

d
dy

Pr(X(t) < y, J(t) = j,γ(0) > t,γ(b) > t|X(0) = 0, J(0) = i),

˜̂F(b)
−• (t,y)ij =

d
dy

Pr(X(t) < y, J(t) = j,γ(0) > t,γ(b) > t|X(0) = b, J(0) = i),

and their matrix LTs are F(b)
+•(s,y) =

∫ ∞
t=0 e−st F̃(b)

+•(t,y)dt and F̂(b)
−•(s,y) =∫ ∞

t=0 e−st ˜̂F
(b)
−•(t,y)dt. F(b)

+•(s,y) and F̂(b)
−•(s,y) satisfy [32][

F(b)
+•(s,y)

F̂(b)
−•(s,y)

]
(4.18)

=

[
I eK(s)bΨ(s)

eK̂(s)bΨ̂(s) I

]−1[
eK(s)y

eK̂(s)(b−y)

][
I Ψ(s)

Ψ̂(s) I

][
R+

R−

]−1

.
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Tk+1

Tk

U(k+1)
++ (s)

U(k+1)
+− (s)

U(k+1)
−+ (s)

U(k+1)
−− (s)

Figure 4.1: Illustration of the stochastic interpretation behind the state dependent
boundary hitting measures (arrow refers to jump, circle refers to
sojourn)

The main advantage of (4.17) and (4.18) is that they make the ME depen-
dence on the fluid level explicit. As one of the consequences, the integral

of F(b)
+•(s,y) and F̂(b)

−•(s,y), which we denote by C(b)
+•(s,y) and Ĉ(b)

−•(s,y),
can also be computed explicitly as follow[

C(b)
+•(s,y)

Ĉ
(b)
−•(s,y)

]
=
∫ y

τ=0

[
F(b)
+•(s,τ)

F̂(b)
−•(s,τ)

]
dτ =

[
I eK(s)bΨ(s)

eK̂(s)bΨ̂(s) I

]−1

(4.19)

·
[

K(s)−1(eK(s)y− I)
K̂(s)−1(eK̂(s)b−eK̂(s)(b−y))

][
I Ψ(s)

Ψ̂(s) I

][
R+

R−

]−1

.

4.3 finite buffer phmfms

There are many variants of PHMFM considered in the literature differing
mainly in the behaviour of the stochastic process at the boundaries. Here
we consider the PHMFM variant from [41], whose infinite buffer version
is discussed in Section 4.4. The size of the buffer of the MFM is B and it is
composed of K regions with region boundaries T0 = 0 < T1 < . . . < TK = B.
That is, for k ∈ {1, . . . , K}, region k is (Tk−1, Tk), where the generator and
the fluid rate matrices of the MFM are Q(k) and R(k). At region borders,

we assume that the generators and the fluid rate matrices are Q̃(k) and

R̃(k), for k ∈ {0, . . . , K}.
For k ∈ {1, . . . , K}, S (k)+ , S (k)− and S (k)0 denote the set of states where

the fluid level increases, decreases and remains constant inside region
k, that is, state i ∈ S (k)+ iff R(k)

ii > 0. To separate the states where the
fluid level is changing from the ones where it is constant, we introduce
S (k)• = S (k)+ ∪ S

(k)
− . Similarly, for k ∈ {0, . . . , K}, S (k)↗ , S (k)↘ and S (k)→ denote
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the set of states where the fluid level increases, decreases and remains
constant at boundary Tk, that is, state i ∈ S (k)↗ iff R̃(k)

ii > 0.

Condition 1. To avoid undefined stochastic behaviour we impose the following
natural requirements on these sets

• S (0)↘ = ∅,

• S (k)↘ ⊆ S
(k)
− for k ∈ {1, . . . , K},

• S (k)↗ ⊆ S
(k+1)
+ for k ∈ {0, . . . , K− 1},

• S (K)↗ = ∅.

These requirements mean that the fluid level cannot decrease below
0 and cannot increase above B and the fluid level can increase above
(decrease below) boundary Tk only if the fluid rate is positive above
(negative below) the boundary.

We introduce the region and boundary specific permutation matrices
with the following properties

Z(k)T
Q(k)Z(k)=

Q(k)
++ Q(k)

+− Q(k)
+0

Q(k)
−+ Q(k)

−− Q(k)
−0

Q(k)
0+ Q(k)

0− Q(k)
00

 , Z(k)T
R(k)Z(k)=

R(k)
+ 0 0
0 −R(k)

− 0
0 0 0

 ,

(4.20)

Z̃(k)T
Q̃(k)Z̃(k)

=


Q̃(k)
↗↗ Q̃(k)

↗↘ Q̃(k)
↗→

Q̃(k)
↘↗ Q̃(k)

↘↘ Q̃(k)
↘→

Q̃(k)
→↗ Q̃(k)

→↘ Q̃(k)
→→

 , Z̃(k)T
R̃(k)Z̃(k)

=


R̃(k)
↗ 0 0

0 R̃(k)
↘ 0

0 0 0

 ,

(4.21)

where underlined quantities refer to the original state ordering and quan-
tities that are not underlined refer to the region or boundary specific
ordering of the states. Based on (4.20)-(4.21), we assume the availability of
the required matrices in any convenient state ordering.

The {X(t), J(t)} process can have probability mass only at X(t) = Tk

and J(t) ∈ S (k)→ for k ∈ {0, . . . , K}, that is, Pij(s, x,y) = 0 and is neglected in
the sequel in any other cases. Due to potential rate change at boundary,
Vij(s, x,y) might be discontinuous at Tk for k ∈ {1, . . . , K − 1}. We apply
the following density definition at the region borders

Vij(s, x, Tk) =

{
Vij(s, x, T−k ), if j ∈ S (k)↘ ,

Vij(s, x, T+
k ), if j ∈ S (k)↗ .

Whenever the fluid level reaches boundary Tk from below it migh be in
a state of S (k)↗ or in S (k)→ . In the former case the fluid level keeps increasing
at Tk, while in the latter case it remains Tk for a positive amount of time.
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Similar behaviours apply when the fluid level reaches boundary Tk from
above. To separate these two behaviours we refine the subset classification
as follows

S (k)↗
+

= S (k)+ ∩ S
(k)
↗ , S (k)→+ = S (k)+ ∩ S (k)→ ,

S (k)−↘ = S (k+1)
− ∩ S (k)↘ , S (k)−→ = S (k+1)

− ∩ S (k)→ .

We also introduce the subset specific filtering and reordering matrices

Q(k)
ab = Z(k)

a
T

Q(k)
ab Z(k)

b = Z(k)
a

T
Q(k)Z(k)

b , Q(k)
ab = Z(k)

a Q(k)
ab Z(k)

b

T
, (4.22)

where a,b ∈ {+,−,0,•,◦,↗,↘,→,↗+ ,→+ ,−↘,−→}, Q(k), Q(k)
ab , Q(k)

ab and Z(k)
a are

of size |S◦| × |S◦|, |S (k)a | × |S
(k)
b |, |S

(k)
a | × |S

(k)
b | and |S◦| × |S (k)a |, respec-

tively. E.g., Q(k)
+− = Z(k)

+

T
Q(k)Z(k)

− , Q(k)
+− = Z(k)

+ Q(k)
+−Z(k)

−
T

. Any matrix Z(k)
a

contains at most a single non-zero element in each row and column which
equals to one. To keep the description simple we are going to present
subset indexes for matrix blocks in the sequel. Behind these notations we
assume the appropriate use of the related filtering and reordering matrices.
We exemplify the use of the filtering and reordering matrices and their
implementation in Section 4.5.

The following subsections describe the main steps of the proposed tran-
sient analysis approach in the order of their execution in the implemented
algorithm.

4.3.1 Characteristic matrices of region k

For k ∈ {1, . . . , K}, we compute Ψ(k)(s), K(k)(s), H(k)(s) from Q(k) and
R(k) according to (4.9), (4.14), (4.15), as well as their spatial inverses

Ψ̂
(k)

(s), K̂(k)
(s), Ĥ(k)

(s) from Q(k) and −R(k). Furthermore, we compute

U(k)(s) from (4.16) assuming b = Tk−Tk−1, Ψ(s) = Ψ(k)(s), Ψ̂(s) = Ψ̂
(k)

(s),
H(s) = H(k)(s) and so on.

The necessity of computing F(k)(s,y), F̂(k)
(s,y), C(k)(s,y), Ĉ(k)

(s,y) and
U(k)(s, x) depends on the initial and final fluid levels of the transient anal-
ysis. If needed, they are computed from (4.18), (4.19) and (4.17) assuming
b = Tk − Tk−1, Ψ(s) = Ψ(k)(s) and so on. In some special cases (c.f. Section
4.3.6), we need to compute U(s, x), F(s, x) and F̂(s, x) for region k such
that b is different from Tk − Tk−1. In these cases, we explicitly indicate the
interval size, i.e., U(k,z)(s, x) is obtained from (4.17) by assuming b = z,
Ψ(s) = Ψ(k)(s) and so on.
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4.3.2 Return measures of boundary k

For k ∈ {0, . . . , K− 1}, i ∈ S (k+1)
+ , j ∈ S (k+1)

− we define the upward return
measure of boundary Tk as

Y (k)(s)i,j = E(e−sγ(Tk) I{J(γ(Tk))=j}|J(0) = i, X(0) = Tk), (4.23)

similarly, for k ∈ {1, . . . , K}, i ∈ S (k)− , j ∈ S (k)+ we define the downward
return measure of boundary Tk as

Ŷ (k)
(s)i,j = E(e−sγ(Tk) I{J(γ(Tk))=j}|J(0) = i, X(0) = Tk). (4.24)

External boundaries

For the following boundaries, the return measures are computed based on
[40]

Ŷ
(1)

(s) = U(1)
−+(s) (4.25)

+ U(1)
−−(s)

(
sI − Q̃(0)

→→ − Q̃(0)
→↗U(1)

↗−(s)
)−1

Q̃(0)
→↗(s)U

(1)
↗+(s).

(4.26)

Y (K−1)(s) = U(K)
+−(s) (4.27)

+ U(K)
++(s)

(
sI − Q̃(K)

→→ − Q̃(K)
→↘U(K)

↘+(s)
)−1

Q̃(K)
→↘U(K)

↘−(s).

(4.28)

TK

TK−1

U(K)
+−(s) U(K)

++(s)

M(K)
→↘(s)

U(K)
↘+(s)

M(K)
→↘(s)

U(K)
↘−(s)

Figure 4.2: Visual representation of the stochastic interpretation of Equation (4.28)

Figure 4.2 describes the potential paths of the return measure to the
K − 1 boundary (i. e., Equation (4.28)). The horizontal blue arrow (i. e.,
M(K)
→↘(s)) on the top boundary refers to the possibility that the fluid

process may spend a period(s) of time after possible level K visit(s) before
the first return to level K− 1.
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The expression to compute Ŷ (1)
(s) contains matrices associated with

the boundary T0 (e.g. Q̃(0)
→→) and also matrices associated with the (T0, T1)

region (e.g. U(1)
−−(s)). Since the sign of the fluid rate might be different

at T0 and in the (T0, T1) region, the dimensional validity of the expres-
sion raises notational problems. The notations we used in the expressions
are sloppy. We applied a notation to emphasize the fact that the expres-
sions are dimensionally valid while also emphasizing that the matrices are
associated with different boundary/region. On the one hand, we found
this notational method to be reasonably compact and expressive, and on
the other, reasonably accurate. The feasibility of the matrix operations are
always ensured by Condition 1, that is S (0)↗ ⊂ S

(1)
+ in this case. The same

notational solution appears also in the sequel.

The expression to compute Ŷ (1)
(s) applies subset definition according to

S (0)↗ and also according to S (1)+ . In case of U(1)(s), S (1)+ and S (1)− would be

the appropriate set definition, while in case of Q̃(0)
→↗, S (0)↗ and S (0)→ would

be the appropriate. To emphasize the dimensional validity of these matrix
multiplications we occasionally modify the natural set definition. Anyhow,
the feasibility of the matrix operations are always ensured by Condition 1,
that is S (0)↗ ⊂ S

(1)
+ in this case.

Internal boundaries

The return measures of the remaining boundaries are also discussed in
[40] using an explicit approach which results in analytically complex
expressions to evaluate. Here we adopt an implicit description which
results in easier description and implementation analysis approach. This
approach is based on the definition of appropriate auxiliary matrices.
Using this approach the analytical complexity of the required measures is
hidden by the matrix inverse operation. This implicit approach is applied
also in the consecutive steps of the analysis.

For computing the return measures at the remaining boundaries we
define the transition measure to move one boundary down and up. For
i, j ∈ S◦,

B(k+1)(s)i,j = E(e−sγ(Tk) I{J(γ(Tk))=j}|J(0) = i, X(0) = Tk+1),

B̂(k−1)
(s)i,j = E(e−sγ(Tk) I{J(γ(Tk))=j}|J(0) = i, X(0) = Tk−1).

By definition, B(k+1)(s)i,j = 0 for j ∈ S (k)+ ∪ S
(k)
0 and B̂(k−1)

(s)i,j = 0 for

j ∈ S (k−1)
− ∪ S (k−1)

0 . The potentially non-zero matrices, B(k+1)(s) of size

|S◦| × |S (k)− | and B̂(k−1)
(s) of size |S◦| × |S (k−1)

+ |, are provided by the
following theorems.

Theorem 9. For k ∈ {0, . . . , K− 2}, B(k+1)
◦− (s) satisfies

B(k+1)
◦− (s) =

(
I −B(k+1)(s)

)−1
U(k+1)(s), (4.29)
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where

U(k+1)(s) =

 0
U(k+1)
↘− (s)

0

 , B(k+1)(s) =


0 Y (k+1)

↗−↘
(s) Y (k+1)

↗−→ (s)

U(k+1)
↘↗+

(s) 0 U(k+1)
↘→+ (s)

M(k+1)
→↗ (s) M(k+1)

→↘ (s) 0

 ,

and, for a ∈ {↗,↘,→} and k ∈ {0, . . . , K}

M(k)
→a(s) =


(

sI − Q̃(k)
→→

)−1
, if a =→,(

sI − Q̃(k)
→→

)−1
Q̃(k)
→a, otherwise.

Proof. Based on the intuitive stochastic meaning of introduced matrices
we have

B(k+1)
↗− (s) =Y (k+1)

↗−↘
(s)B(k+1)

−↘−
(s) + Y (k+1)

↗−→ (s)B(k+1)
−→− (s), (4.30)

B(k+1)
↘− (s) =U(k+1)

↘− (s) + U(k+1)
↘↗+

(s)B(k+1)
↗
+−

(s) + U(k+1)
↘→+ (s)B(k+1)

→+− (s), (4.31)

B(k+1)
→− (s) =M(k+1)

→↗ (s)B(k+1)
↗− (s) + M(k+1)

→↘ (s)B(k+1)
↘− (s). (4.32)

The matrix form of (4.30)-(4.32) is,

B(k+1)(s) =U(k+1)(s) +B(k+1)(s)B(k+1)(s), (4.33)

whose solution is (4.29). □

Figures 4.3-4.5, visualize all the possible paths of the transition measure
to move one boundary down according to Equations (4.30)-(4.32). In each
figure, the measures with the same color represent a possible path(s) to
move one boundary down.

Tk+1

Tk

Y (k+1)

↗−↘
(s)

B(k+1)
−↘−

(s)

Y (k+1)

↗−→
(s)

B(k+1)
−→−

(s)

Figure 4.3: The stochastic interpretation of Equation (4.30), where the dashed-
dotted lines refer to measures from Equations (4.31), (4.32)
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Tk+1

Tk

U(k+1)
↘− (s)

U(k+1)

↘↗+
(s)

B(k+1)
↗
+ −

(s)

U(k+1)
↘→+ (s)

B(k+1)
→+ − (s)

Figure 4.4: The stochastic interpretation of Equation (4.31), where the dashed-
dotted lines refer to measures from Equations (4.30), (4.32)

Tk+1

Tk

M(k+1)
→↗ (s)

B(k+1)
↗− (s)

M(k+1)
→↘ (s)

B(k+1)
↘− (s)

Figure 4.5: The stochastic interpretation of Equation (4.32), where the dashed-
dotted lines refer to measures from Equations (4.30), (4.31)
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Theorem 10. Similarly, for k ∈ {2, . . . , K},

B̂(k−1)
(s) =

(
I − B̂(k)(s)

)−1
Û(k)(s), (4.34)

with

Û(k)(s) =

U(k)
↗+(s)

0
0

 , B̂(k)(s) =


0 U(k)

↗−↘
(s) U(k)

↗−→(s)

Ŷ (k−1)
↘↗+

(s) 0 Ŷ (k−1)
↘→+ (s)

M(k−1)
→↗ (s) M(k−1)

→↘ (s) 0

 .

Proof. Using the state partitioning at Tk−1, we have

B̂(k−1)
↗ (s) =U(k)

↗+(s) + U(k)
↗−↘

(s)B̂(k−1)
−↘

(s) + U(k)
↗−→(s)B̂(k−1)

−→ (s), (4.35)

B̂(k−1)
↘ (s) =Ŷ (k−1)

↘↗+
(s)B̂(k−1)

↗
+

(s) + Ŷ (k−1)
↘→+ (s)B̂(k−1)

→+ (s), (4.36)

B̂(k−1)
→ (s) =M(k−1)

→↗ (s)B̂(k−1)
↗ (s) + M(k−1)

→↘ (s)B̂(k−1)
↘ (s). (4.37)

That is,

B̂(k−1)
(s) = Û(k)(s) + B̂(k)(s)B̂(k−1)

(s), (4.38)

whose solution is (4.34). □

If S (k)→ = ∅ for an internal boundary, then the third block row and
column vanishes in the expressions above. Since S (0)↘ = ∅ and S (K)↗ = ∅
the second block row and column vanish for k = 0, and the third block
row and column vanish for k = K.

Based on the boundary transition measures, B(k)(s) and B̂(k)
(s), the

return measures of the internal boundaries can be computed as follows

Corollary 1. For k ∈ {0, . . . , K − 2}, using the state partitioning at Tk+1, we
have

Y (k)(s) =U(k+1)
+− (s) + U(k+1)

+,↗+
(s)B(k+1)

↗
+−

(s) + U(k+1)
+,→+ (s)B(k+1)

→+− (s) (4.39)

and for k ∈ {2, . . . , K}, using the state partitioning at Tk−1, we have

Ŷ (k)
(s) =U(k)

−+(s) + U(k)
−−↘

(s)B̂(k−1)
−↘+ (s) + U(k)

−−→(s)B̂(k−1)
−→+ (s). (4.40)

4.3.3 Starting and ending at boundaries

We start the LT domain description of the transient behaviour with the
case when the initial and the final fluid levels are boundary values.
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Starting and ending at the same boundary

First we consider the case when the initial and final levels are the same
boundary level.

Theorem 11. Using the S (k)↗ ,S (k)↘ ,S (k)→ division of the states, for boundary Tk,
k ∈ {0, . . . , K}, we have

P◦→(s, Tk, Tk) =
(

I −Y(k)(s)
)−1

 0
0

M(k)
→→(s)

, (4.41)

and

V(s, Tk, Tk) =
(

I −Y(k)(s)
)−1

R(k)(s), (4.42)

with

Y(k)(s) =
0 Y (k)

↗−↘
(s) Y (k)

↗−→(s)

Ŷ
(k)
↘↗+

(s) 0 Ŷ
(k)
↘→+ (s)

M(k)
→↗(s) M(k)

→↘(s) 0

 ,

R(k)(s) =
R(k+1)
↗

−1
0 Y (k)

↗−→(s)R(k+1)
−→

−1

0 R(k)
↘
−1

Ŷ (k)
↘→+ (s)R(k)

→+
−1

0 0 0

 .

Proof. Using the return measures of boundary Tk and the Markov gen-
erator characterizing the evolution at boundary Tk, for the blocks of
P◦→(s, Tk, Tk) we have

P↗→(s, Tk, Tk) = Y (k)
↗−↘

(s)P↘→(s, Tk, Tk) + Y (k)
↗−→(s)P→→(s, Tk, Tk), (4.43)

P↘→(s, Tk, Tk) = Ŷ (k)
↘↗+

(s)P↗→(s, Tk, Tk) + Ŷ (k)
↘→+ (s)P→→(s, Tk, Tk), (4.44)

P→→(s, Tk, Tk) (4.45)

= M(k)
→↗(s)P↗→(s, Tk, Tk) + M(k)

→↘(s)P↘→(s, Tk, Tk) + M(k)
→→(s),

(4.46)

whose matrix form is

P◦→(s, Tk, Tk) =

 0
0

M(k)
→→(s)

+Y(k)(s)P◦→(s, Tk, Tk). (4.47)

The solution of (4.47) is (4.41).
Similar block-wise equations apply for V(s, Tk, Tk).

V↗↗(s, Tk, Tk) = R(k+1)
↗

−1
+Y (k)

↗−↘
(s)V↘↗(s, Tk, Tk)+Y (k)

↗−→(s)V→↗(s, Tk, Tk),

V↘↗(s, Tk, Tk) = Ŷ (k)
↘↗+

(s)V↗↗(s, Tk, Tk) + Ŷ (k)
↘→+ (s)V→↗(s, Tk, Tk),

V→↗(s, Tk, Tk) = M(k)
→↗(s)V↗↗(s, Tk, Tk) + M(k)

→↘(s)V↘↗(s, Tk, Tk),
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V↗↘(s, Tk, Tk) = Y (k)
↗−↘

(s)V↘↘(s, Tk, Tk) + Y (k)
↗−→(s)V→↘(s, Tk, Tk),

V↘↘(s, Tk, Tk) = R(k)
↘
−1
+Ŷ

(k)
↘↗+

(s)V↗↘(s, Tk, Tk)+Ŷ (k)
↘→+ (s)V→↘(s, Tk, Tk),

V→↘(s, Tk, Tk) = M(k)
→↗(s)V↗↘(s, Tk, Tk) + M(k)

→↘(s)V↘↘(s, Tk, Tk),

V↗→(s, Tk, Tk) =

Y (k)
↗−→(s)R(k+1)

−→

−1
+ Y (k)

↗−↘
(s)V↘→(s, Tk, Tk) + Y (k)

↗−→(s)V→→(s, Tk, Tk),

V↘→(s, Tk, Tk) =

Ŷ
(k)
↘→+ (s)R(k)

→+
−1
+ Ŷ

(k)
↘↗+

(s)V↗→(s, Tk, Tk) + Ŷ
(k)
↘→+ (s)V→→(s, Tk, Tk),

V→→(s, Tk, Tk) = M(k)
→↗(s)V↗→(s, Tk, Tk) + M(k)

→↘(s)V↘→(s, Tk, Tk),

whose matrix form is

V(s, Tk, Tk) = R
(k)(s) +Y(k)(s)V(s, Tk, Tk). (4.48)

The first term in V↗↗(s, Tk, Tk) represents the fact that starting from level
Tk results in a unit impulse in the fluid density at level Tk at t = 0. A
similar term appears in V↘↘(s, Tk, Tk). The solution of (4.48) is (4.42).

Starting and ending at different boundaries

For k ∈ {1, . . . , K}, and k ≤ ℓ we have

P(s, Tk−1, Tℓ) = B̂(k−1)
◦+ (s)P+◦(s, Tk, Tℓ) (4.49)

V(s, Tk−1, Tℓ) = B̂(k−1)
◦+ (s)V+◦(s, Tk, Tℓ) (4.50)

and for k ∈ {1, . . . , K}, and k > ℓ we have

P(s, Tk, Tℓ) = B(k)
◦−(s)P−◦(s, Tk−1, Tℓ) (4.51)

V(s, Tk, Tℓ) = B(k)
◦−(s)V−◦(s, Tk−1, Tℓ) (4.52)

4.3.4 Starting from boundary and ending between boundaries

For Tℓ−1 < y < Tℓ, we have

V◦•(s, Tk,y) = (4.53)

V◦+(s, Tk, Tℓ−1)R(ℓ)
+ F(ℓ)

+•(s,y− Tℓ−1) + V◦−(s, Tk, Tℓ)R(ℓ)
− F̂(ℓ)

−•(s,y− Tℓ−1).

The first term of (4.53) represents the cases when the last boundary visited
before reaching y is Tℓ−1 and the second term represents the cases when it
is Tℓ. For the Cumulative Distribution Function (CDF) computation of the
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fluid level, the integral of V◦•(s, Tk,y) is needed. It can be obtained using

C(ℓ)(s,y) and Ĉ(ℓ)
(s,y) as follows∫ y

τ=Tℓ−1

V◦•(s, Tk,τ)dτ = (4.54)

V◦+(s, Tk, Tℓ−1)R(ℓ)
+ C(ℓ)

+•(s,y− Tℓ−1) + V◦−(s, Tk, Tℓ)R(ℓ)
− Ĉ(ℓ)

−•(s,y− Tℓ−1).

4.3.5 Starting between boundaries and ending at boundary

For Tk−1 < x < Tk, we have

V•◦(s, x, Tℓ) = U(k)
•−(s, x− Tk−1)V−◦(s, Tk−1, Tℓ)

+ U(k)
•+(s, x− Tk−1)V+◦(s, Tk, Tℓ)

and

P•◦(s, x, Tℓ) = U(k)
•−(s, x− Tk−1)P−◦(s, Tk−1, Tℓ)

+ U(k)
•+(s, x− Tk−1)P+◦(s, Tk, Tℓ)

4.3.6 Starting and ending between boundaries

For Tk−1 < x < Tk and Tℓ−1 < y < Tℓ and k , ℓ we condition on the first
visited boundary and write

V••(s, x,y) = U(k)
•−(s, x− Tk−1)V−•(s, Tk−1,y)

+ U(k)
•+(s, x− Tk−1)V+•(s, Tk,y).

The integral of V••(s, x,y) can be computed from∫ y

τ=Tℓ−1

V••(s, x,τ)dτ = U(k)
•−(s, x− Tk−1)

∫ y

τ=Tℓ−1

V−•(s, Tk−1,τ)dτ

+ U(k)
•+(s, x− Tk−1)

∫ y

τ=Tℓ−1

V+•(s, Tk,τ)dτ,

where the integrals of the right hand side are provided in (4.54).

For Tk−1 < x,y < Tk we have three cases: x = y, x < y and x > y. For x = y,
we write

V+•(s, x, x) =[
R(k)
+

−1
0
]
+ U(k,Tk−x)

+− (s)V−•(s, x, x) + U(k,Tk−x)
++ (s)V+•(s, Tk, x)

V−•(s, x, x) =[
0 R(k)

−
−1
]
+ U(k,x−Tk−1)

−+ (s)V+•(s, x, x) + U(k,x−Tk−1)
−− (s)V−•(s, Tk−1, x),
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for x < y, we condition on the last occasion when the process visits the
border of the (x, Tk) interval before reaching level y

V••(s, x,y) = V•+(s, x, x)R(k)
+ F(k,Tk−x)

+• (s,y− x) (4.55)

+ V•−(s, x, Tk)R(k)
− F̂(k,Tk−x)

−• (s,y− x),

and for x > y, we condition on the last occasion when the process visits
the border of the (Tk−1, x) interval before reaching level y

V••(s, x,y) = V•+(s, x, Tk−1)R(k)
+ F(k,x−Tk−1)

+• (s,y− Tk−1) (4.56)

+ V•−(s, x, x)R(k)
− F̂(k,x−Tk−1)

−• (s,y− Tk−1).

The integral of (4.55) form x to Tk and the integral of (4.56) form Tk−1 to x
can also be computed as in (4.54).

4.3.7 Starting from and going to zero level

For Tk−1 < x < Tk

P0◦(s, x, Tℓ) =
(

sI −Q(k)
00

)−1
Q(k)

0• P•◦(s, x, Tℓ), (4.57)

V0◦(s, x, Tℓ) =
(

sI −Q(k)
00

)−1
Q(k)

0• V•◦(s, x, Tℓ). (4.58)

For Tk−1 < x < Tk and Tℓ−1 < y < Tℓ

V•0(s, x,y) = V••(s, x,y)Q(ℓ)
•0

(
sI −Q(ℓ)

00

)−1
, (4.59)

V0•(s, x,y) =
(

sI −Q(k)
00

)−1
Q(k)

0• V••(s, x,y), (4.60)

and for Tk−1 < x < Tk, Tℓ−1 < y < Tℓ and x , y

V00(s, x,y) =
(

sI −Q(k)
00

)−1
Q(k)

0• V•0(s, x,y). (4.61)

The case of Tk−1 < x = y < Tk and J(0) ∈ S (k)0 , results in a probability mass
between boundaries which we avoid considering directly. Our analysis
approach can handle this case by introducing an additional boundary at x
and using Theorem 11.

4.4 infinite buffer case

The case when the buffer is infinite can be defined and analysed as
follows. The buffer is composed of K regions with region boundaries
T0 = 0 < T1 < . . . < TK−1 < TK = ∞. That is, for k ∈ {1, . . . , K}, region k is
(Tk−1, Tk), where the generator and the fluid rate matrices of the MFM are
Q(k) and R(k). Since we are interested in transient analysis, the last region,
characterized by Q(K) and R(K), might have positive drift as well. At region
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borders, we assume that the generators and the fluid rate matrices are Q̃(k)

and R̃(k), for k ∈ {0, . . . , K− 1}. Q̃(K) and R̃(K) are irrelevant since TK = ∞
is never reached in finite time starting from a finite initial fluid level.

With this model definition we only need to modify the analysis of the
last region compared to the finite buffer case. The rest of the section
collects the elements of the analysis, which needs to be modified when the
buffer is infinite.

Condition 2. For having a consistent model the following requirements need to
be satisfied.

• S (0)↘ = ∅,

• S (k)↘ ⊂ S
(k)
− for k ∈ {1, . . . , K},

• S (k)↗ ⊂ S
(k+1)
+ for k ∈ {0, . . . , K− 1}.

For region k ∈ {1, . . . , K− 1} we compute the characteristic matrices as in

Section 4.3.1. For region K, we compute Ψ(K)(s), K(K)(s), H(K)(s), Ψ̂
(K)

(s),
K̂(K)

(s) and Ĥ(K)
(s) from Q(K) and R(K) according to (4.9), (4.14), (4.15).

With respect to Section 4.3.2 the return measures (Y (k)(s) and Ŷ
(k)

(s))
are computed only for boundaries k ∈ {0, . . . , K− 1} and

Y (K−1)(s) = Ψ(K)(s).

Similarly, B̂(K−1)
(s) is irrelevant, when the buffer is infinite.

Since we assume finite initial and final fluid levels, in the infinite buffer
case, we neglect all quantities of Section 4.3.3 which start or end at the
upper bound of the buffer, TK.

The analysis of region K, in Sections 4.3.4, 4.3.5 and 4.3.6 simplified as
follows. For k ∈ {0, . . . , K− 1} and TK−1 < y,

V◦•(s, Tk,y) =

V◦+(s, Tk, TK−1)R(K)
+ eK(K)(s)(y−TK−1)

[
R(K)
+

−1
Ψ(K)(s)R(K)

−
−1
]

,

for TK−1 < x and ℓ ∈ {0, . . . , K− 1},

V•◦(s, x, Tℓ) =

[
Ψ(K)(s)

I

]
eH(K)(s)(x−TK−1)V−◦(s, TK−1, Tℓ),

P•◦(s, x, Tℓ) =

[
Ψ(K)(s)

I

]
eH(K)(s)(x−TK−1)P−◦(s, TK−1, Tℓ),

for TK−1 < x and Tℓ−1 < y < Tℓ with ℓ ∈ {1, . . . , K− 1} ,

V••(s, x,y) =

[
Ψ(K)(s)

I

]
eH(K)(s)(x−TK−1)V−•(s, TK−1,y),
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for Tℓ−1 < x < Tℓ with ℓ ∈ {1, . . . , K− 1} and TK−1 < y,

V••(s, x,y) =

V•+(s, x, TK−1)R(K)
+ eK(K)(s)(y−TK−1)

[
R(K)
+

−1
Ψ(K)(s)R(K)

−
−1
]

,

and its integral is∫ y

τ=TK−1

V••(s, x,τ)dτ = V•+(s, x, TK−1)R(K)
+

· K(K)(s)
−1

(eK(K)(s)(y−TK−1)− I)
[

R(K)
+

−1
Ψ(K)(s)R(K)

−
−1
]

.

Finally, the cases when both, the initial and the final levels are above
TK−1 can be handled as follows. For TK−1 < x = y,

V+•(s, x, x) =
[

R(K)
+

−1
0
]
+ Ψ(K)(s)V−•(s, x, x),

V−•(s, x, x) =
[
0 R(K)

−
−1
]
+ U(K,x−TK−1)

−+ (s)V+•(s, x, x)

+ U(K,x−TK−1)
−− (s)V−•(s, TK−1, x),

for TK−1 < x < y,

V••(s, x,y) = V•+(s, x, x)R(K)
+ eK(K)(s)(y−x)

[
R(K)
+

−1
Ψ(K)(s)R(K)

−
−1
]

,

∫ y

τ=x
V••(s, x,τ)dτ = V•+(s, x, x)R(K)

+

· K(K)(s)
−1

(eK(K)(s)(y−x)− I)
[

R(K)
+

−1
Ψ(K)(s)R(K)

−
−1
]

.

and for TK−1 < y < x,

V••(s, x,y) = V•+(s, x, TK−1)R(K)
+ F(K,x−TK−1)

+• (s,y− TK−1)

+ V•−(s, x, x)R(K)
− F̂(K,x−TK−1)

−• (s,y− TK−1),

∫ y

τ=TK−1

V••(s, x, TK−1)dτV••(s, x,y)

= V•+(s, x, TK−1)R(K)
+ C(K,x−TK−1)

+• (s,y− TK−1)

+ V•−(s, x, x)R(K)
− Ĉ(K,x−TK−1)

−• (s,y− TK−1).

4.5 implementation notes

The above explained numerical procedure for the transient analysis of
PHMFMs is implemented in Mathematica and available at webspn.hit.
bme.hu/~telek/tools.htm. In this section, we summarize some interesting
features of the implementation.
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4.5.1 Model description

To simply the model definition it is also possible to generate a model
description based only on the region descriptions, Q(k) and R(k) for k ∈
{1, . . . , K}, and defining if the upper or the lower regions dominate at
boundaries. If the upper regions dominate at boundaries (as in [39]) then

Q̃(k−1)
= Q(k), for k ∈ {1, . . . , K} and Q̃(K)

= Q(K),

R̃(k)
ii =


1 if i ∈ S (k)↗ ,

−1 if i ∈ S (k)↘ ,

0 if i ∈ S (k)→ ,

for k ∈ {0, . . . , K},

where

S (0)↗ = S (1)+ , S (0)↘ = ∅, S (0)→ = S (1)− ∪ S
(1)
0 ,

S (K)↗ = ∅, S (K)↘ = S (K)− , S (K)→ = S (K)0 ∪ S (K)+ ,

and for the internal boundaries, k ∈ {1, . . . , K− 1},

S (k)↗ = S (k+1)
+ , S (k)↘ = S (k)− ∩ S

(k+1)
− ,

S (k)→ = S (k+1)
0 ∪

(
S (k+1)
− ∩ (S (k)+ ∪ S

(k)
0 )
)

.
(4.62)

The case when the lower regions dominate at boundaries can be defined as
its spatial inverse. Our code checks the input data according to Conditions
1 in case of finite buffer or Condition 2 in case of finite buffer. The region
based boundary definition characterized by (4.62) satisfies Condition 1

and 2.

4.5.2 Index list based matrix operations

Our implementation makes use of the index list based matrix definition
available in many programming environments (including Matlab and
Mathematica). During the model description phase the program calculates
the S (k)a sets for k ∈ {1, . . . , K} and a ∈ {+,−,0,•,◦,↗,↘,→,↗+ ,→+ ,−↘,−→}.
These sets contain the associated state numbers according to the original
state numbering. With the help of these lists, the required matrix blocks can
be easily obtained. E.g., Q(k)

+− = Q(k)[S (k)+ ,S (k)− ], where "[" and "]" denote
the indexing operator.

4.5.3 Computational complexity

Each of the matrices introduced in Section 4.3.1 are at most of size
|S◦| × |S◦|, and the computational complexity of obtaining one of such
matrices is O(|S◦|3). In Sections 4.3.1 - 4.3.2, O(K) of such matrices are
computed, while in Section 4.3.3, O(K2) matrices are computed. The
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remaining computations, in Sections 4.3.4 - 4.3.6, have lower order com-
putational complexity, hence the overall computational complexity of the
procedure is O(K2|S◦|3).

The memory complexity of the procedure is dominated by storing the
O(K2) P(s, Tk, Tℓ) matrices, which results in a memory complexity of
O(K2|S◦|2).

4.6 numerical experiment

As the homogeneous finite and infinite MFMs are special cases of
PHMFMs, we can verify our numerical procedure against some of the tran-
sient results available in the literature. Additionally, in case of finite and
stable infinite PHMFMs we can compare the t→∞ limiting behaviour of
the transient analysis with the stationary results available in the literature.

The set of transient results we evaluated with our implementation
includes Example 1 of [44], which was also considered in [30]. The results
reported in [44, Table 3] (based on an unspecified order NILT method) are
identical to our results (which are based on the CME NILT method of [1]
with N = 21) up to 4 digits.

A multi regime PHMFM example was introduced in [38], which models
the behaviour of a network access protocol with finite buffer and conges-
tion control. The same example was considered in [40]. The stationary
measures of this example (e.g., the probability of full buffer) are evaluated
in [38] and some transient measures (e.g., the return time distribution of
the internal boundary) are provided in [40]. This example is investigated
through the rest of the section.

The state space of the model is defined as S◦ = {0,1, . . . ,10}, and the
buffer is of size 5 with fluid boundaries T0 = 0, T1 = 2, T2 = 5. The
characterising matrices of region 1 and 2 are

Q(1)
ij =


−(30 + 5i), j = i,
30− 3i, j = i + 1,
8i, j = i− 1,
0, otherwise;

R(1)
ij =

{
−11 + 4i, j = i,
0, otherwise;

Q(2)
ij =


−(30 + i), j = i,
30− 3i, j = i + 1,
4i, j = i− 1,
0, otherwise;

R(2)
ij =

{
−11 + 2i, j = i,
0, otherwise.

The boundary behaviour at T0, T1, T2 is characterized by

Q̃(0)
ij = Q(1)

ij ; R̃(0)
ij = max(R(1)

ij ,0);
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Figure 4.6: The CDF of the fluid level at time t = 0.1,1,10 starting from empty
buffer

Q̃(1)
ij = R̃(1)

ij =
−(52− 3i), j = i, i ∈ {3,4,5},
30− 3i, j = i + 1, i ∈ {3,4,5},
22, j = i− 1, i ∈ {3,4,5},
0, otherwise;


1, j = i, i ∈ {6,7,8,9,10},
−1, j = i, i ∈ {0,1,2},
0, otherwise;

Q̃(2)
ij = Q(2)

ij ; R̃(2)
ij = min(R(2)

ij ,0).

These characterizing matrices result in the following set definitions for
region 1 and 2, and for boundaries T0, T1, T2:

S (1)+ = {3,4, . . . ,10},S (1)− = {0,1,2},S (1)0 = ∅,

S (2)+ = {6,7, . . . ,10},S (2)− = {0,1, . . . ,5},S (2)0 = ∅,

S (0)↗ = {6,7, . . . ,10},S (0)↘ = ∅,S (0)→ = {0,1, . . . ,5},

S (1)↗ = {6,7, . . . ,10},S (1)↘ = {0,1,2},S (1)→ = {3,4,5},

S (2)↗ = ∅,S (2)↘ = {0,1, . . . ,5},S (2)→ = {6,7, . . . ,10}.

These set definitions satisfy Conditions 1.
Figure 4.6 and 4.7 depict the CDF of the fluid level distribution at time

t = 0.1,1,10 starting from state 0 (with negative fluid rate) and state 10
(with positive fluid rate) and from level 0 (empty buffer) and level 5 (full
buffer). The figures indicate that at time t = 10 the fluid model reaches
its steady state and the fluid level distribution starting from the different
initial conditions converge to the same stationary distribution.

The results for t = 10 also indicate that the t→∞ limit of the probability
of full buffer computed by our tool, converges to the limit reported in [38]
(2.01 · 10−4) in all evaluated cases of the initial states and fluid levels.
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Figure 4.7: The CDF of the fluid level at time t = 0.1,1,10 starting from full buffer
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Figure 4.8: Initial state dependent return time distribution of boundary T1

While the primary performance measure of the current chapter is the
transient behaviour according to (4.5) and (4.6), the performance mea-
sures introduced in course of the computations include the distribution
of the return times of the boundaries, according to (4.23) and (4.24). The
initial state dependent mean return time of the internal barrier (T1 = 2),
computed from −dY (1)(s)/ds|s=0, are 0.2172,0.4006,0.5119,0.6881,0.8161
starting from state 6,7,8,9,10 and the associated probability density func-
tions are depicted in Figure 4.8.

4.7 chapter summary

The chapter presents an analysis approach for LT description of the tran-
sient behaviour of PHMFMs with arbitrary fluid rate changes at the
barriers. Due to the large number of possible boundary behaviours the
proposed approach replaces the previously applied direct descriptions
with an equation system based indirect one. The obtained relatively simple
analytical description keeps also the implementation of the method at a
feasible level of complexity.

The explicit ME description of the transient fluid density based on (4.18)
allows a closed form computation of the CDF as well as the moments of
the fluid distribution.
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The related Mathematica implementation of PHMFMs, containing also
the model descriptions of all presented examples, is available at webspn.
hit.bme.hu/~telek/tools.htm.
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5
PA R A M E T E R E S T I M AT I O N O F M A R K O V M O D U L AT E D
F L U I D A R R I VA L P R O C E S S E S

5.1 introduction

Markovian queueing systems with discrete customers are widely used in
stochastic modeling. MAPs [49], that are able to characterize a wide class
of point processes, play important role in these systems. The properties of
MAPs have been studied exhaustively, using queueing models involving
MAPs nowadays has become common, queueing networks with MAP
traffic have also been investigated. Several methods exist to create a MAP
approximating real, empirical data. Some of them aim to match statistical
quantities like marginal moments, joint moments, auto-correlation, etc. [50,
51]. An other approach to create MAPs from measurement data is based
on likelihood maximization, which is often performed by EM method [52].
Several EM-based fitting methods have been published for MAPs, based
on randomization [53], based on special structures [54, 55], methods that
support batch arrivals [56] and those that are able to work with grouped
data [57].

In many systems, the workload can be represented easier with contin-
uous, fluid-like models rather than discrete demands [58]. Basic MFMs
have been introduced and analyzed in [59, 60], later on several model
variants appeared and were investigated. Despite their practical relevance,
the "ecosystem" around fluid models is far less complete than their discrete
counterparts. In particular, fitting methods for MMFAP are available only
to some very restricted cases like on-off models, motivated by telecommu-
nication applications. To the best of our knowledge, fitting methods for the
general class of MMFAPs based on likelihood maximization has not been
investigated in the past. At first glance adapting the methods available for
MAPs might seem feasible, since fluid models can be treated as a limit
of a discrete model generating infinitesimally small fluid drops. In fact,
adapting the algorithms for MAPs to MMFAPs is not straightforward at
all, fitting MMFAPs is a qualitatively different problem.

In this chapter we consider the likelihood maximization based fitting of
MMFAPs. The input data is assumed to be given as a list of pairs, where
each pair represents the duration of the measurement interval and the
amount of fluid arrived during the measurement interval. The equivalent
problem among discrete models is discussed e.g., in [57], where an EM
algorithm is presented to fit MAPs based on grouped data. We show
that this algorithm is not appropriate for MMFAPs, as it can not change
the fluid rate and variance parameters. To overcome the difficulties, we
introduce a hybrid algorithm, where the generator matrix of the modulat-

70
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ing Markov chain of MMFAPs is approximated by an EM based method,
and the fluid rates and the fluid variances are determined by numerical
optimization of the likelihood function.

We also consider the numerical issues associated with introduced proce-
dure and propose flexible numerical approximations which can be tuned
to obtain the required accuracy – computational complexity trade-off ap-
plying a function fitting approach whose accuracy depends on the number
of computed points.

The rest of the chapter is organized as follows. Section 5.2 introduces
the mathematical model and the parameter estimation problem. The next
section discusses the applicability of the EM method for MMFAPs and
shows that the rate and variance parameters cannot be optimized. A
direct optimization approach for the rate and variance parameters is
introduced and a combined fitting method is proposed in Section 5.4. Some
implementation details associated with the proposed fitting method are
provided in Section 5.5. Finally, Section 5.6 presents numerical experiments
about the properties of the proposed method, and Section 5.7 concludes
the chapter.

5.2 problem definition

5.2.1 Fluid arrival process

The fluid arrival process {J (t),X (t)}, t > 0} consists of an irreducible
background Markov chain {J (t), t > 0}, with state space S = {1,2, . . . ,S},
which modulates the arrival process of the fluid {X (t), t > 0}. When the
Markov chain stays in state i for a ∆ long interval a normal distributed
amount of fluid arrives with mean ri∆ and variance σ2

i ∆, that is, when
J (τ) = i,∀τ ∈ (t, t + ∆)

d
dx

Pr(X (t + ∆)−X (t) < x) =N (ri∆,σ2
i ∆, x), (5.1)

where N (µ,σ2, x) = 1√
2πσ2 e−

(x−µ)2

2σ2 is the Gaussian density function. We
note that our proposed analysis approach allows negative fluid rates as
well. Since the normal distribution has infinite support also in case of
strictly positive fluid rates, Section 5.5.3 discusses a numerical approach
to handle negative fluid samples.

The generator matrix and the initial probability vector of the S-state
background CTMC are Q and α, and the diagonal matrix of the fluid rates
and the fluid variances are given by matrix R with Ri,j = δi,jri, and matrix
Σ with Σi,j = δi,jσ

2
i , where δi,j denotes the Kronecker delta.

Assuming X (0) = 0, the amount of fluid arriving in the (0, t) interval is
X (t), with density matrix defined by

[N(t, x)]i,j =
∂

∂x
Pr (X (t) < x,J (t) = j|J (0) = i) (5.2)
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The double sided LT of this quantity regarding the amount of fluid
arrived can be expressed as [61]

N∗(t,v) =
∫ ∞

x=−∞
e−xvN(t, x)dx = e(Q−vR+v2Σ/2)t. (5.3)

The stationary distribution of the CTMC is denoted by vector π, which
is the solution of the linear system of equations πQ = 0,π1 = 1, where
1 is the column vector of ones. In this work, we are interested in the
stationary fluid arrival process and assume that the initial probability
vector of the background CTMC is α = π. For notational convenience, we
write S instead of Σ/2 in the sequel.

5.2.2 Measurement data to fit

We assume that the data to fit is given by a series of pairs D = {(tk, xk);k =
1, . . . , K}, where tk is the time since the last measurement instant and xk is
the amount of fluid arrived since the last measurement instant (which can
be negative as well). That is, the measurement instances are Tk = ∑k

ℓ=1 tℓ
for k ∈ {1, . . . , K}.

The likelihood of the data is defined as

LQ,R,S(D) = α
K

∏
k=1

N(tk, xk)1. (5.4)

Our goal is to find Q, R and S which maximize the likelihood of the data
set D.

5.3 the em algorithm

The EM algorithm is based on the observation that the likelihood would
be easier to maximize when certain unobserved, hidden variables were
known. In our case the hidden variables are related to the trajectory of the
hidden Markov chain, specifically

• J(k)n is the nth state visited by the Markov chain in the kth measure-
ment interval,

• θ
(k)
n is the sojourn time of the nth sojourn of the Markov chain (which

is in state J(k)n ) in the kth measurement interval,

• f (k)n is the fluid accumulated during the nth sojourn in the kth mea-
surement interval,

• n(k) is the number of sojourns in the kth measurement interval.

Based on these hidden variables the logarithm of the likelihood is
computed in the next section.
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5.3.1 Log-likelihood as a function of the hidden variables

With the hidden variables defined above, the likelihood L can be expressed
as

L =
K

∏
k=1

e
−θ

(k)
1 q

J(k)1 N
(

θ
(k)
1 r

J(k)1
,θ(k)1 σ2

J(k)1
, f (k)1

)
q

J(k)1 J(k)2

· e
−θ

(k)
2 q

J(k)2 N
(

θ
(k)
2 r

J(k)2
,θ(k)2 σ2

J(k)2
, f (k)2

)
q

J(k)2 J(k)3
· . . .

· e
−θ

(k)

n(k)
q

J(k)

n(k)N
(

θ
(k)
n(k)rJ(k)

n(k)
,θ(k)

n(k)σ
2
J(k)
n(k)

, f (k)
n(k)

)

=
K

∏
k=1

n(k)−1

∏
n=1

e
−θ

(k)
n q

J(k)n N
(

θ
(k)
n r

J(k)n
,θ(k)n σ2

J(k)n
, f (k)n

)
q

J(k)n J(k)n+1

· e
−θ

(k)

n(k)
q

J(k)

n(k)N
(

θ
(k)
n(k)rJ(k)

n(k)
,θ(k)

n(k)σ
2
J(k)
n(k)

, f (k)
n(k)

)
,

where N (µ,σ2, x) is the Gaussian density function and qi = ∑j,j,i qij is
the departure rate of state i of the CTMC. Using logN (µ,σ2, x) = − c

2 −
logσ2

2 − (x−µ)2

2σ2 with c = log2π we have

log
(
N
(

θ
(k)
n r

J(k)n
,θ(k)n σ2

J(k)n
, f (k)n

))

= − c
2
−

log(θ(k)n σ2
J(k)n

)

2
−

( f (k)n − θ
(k)
n r

J(k)n
)2

2θ
(k)
n σ2

J(k)n

= − c
2
−

log(θ(k)n ) + log(σ2
J(k)n

)

2
−

f (k)n
2
− 2 f (k)n θ

(k)
n r

J(k)n
+ θ

(k)
n

2
r2

J(k)n

2θ
(k)
n σ2

J(k)n

= − c
2
− logθ

(k)
n

2
−

log(σ2
J(k)n

)

2
− f (k)n

2

2θ
(k)
n σ2

J(k)n

+
f (k)n r

J(k)n

σ2
J(k)n

−
θ
(k)
n r2

J(k)n

2σ2
J(k)n

,
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and the log-likelihood is

logL =
K

∑
k=1

n(k)−1

∑
n=1
−θ

(k)
n q

J(k)n
+ log

(
N
(

θ
(k)
n r

J(k)n
,θ(k)n σ2

J(k)n
, f (k)n

))
+ logq

J(k)n J(k)n+1

− θ
(k)
n(k)qJ(k)

n(k)
+ log

(
N
(

θ
(k)
n(k)rJ(k)

n(k)
,θ(k)

n(k)σ
2
J(k)
n(k)

, f (k)
n(k)

))

=
K

∑
k=1

n(k)−1

∑
n=1
−θ

(k)
n q

J(k)n
− c

2
− logθ

(k)
n

2
−

log(σ2
J(k)n

)

2
− f (k)n

2

2θ
(k)
n σ2

J(k)n

+
f (k)n r

J(k)n

σ2
J(k)n

−
θ
(k)
n r2

J(k)n

2σ2
J(k)n

+ logq
J(k)n J(k)n+1

− θ
(k)
n(k)qJ(k)

n(k)
− c

2
−

logθ
(k)
n(k)

2
−

log(σ2
J(k)
n(k)

)

2

−
f (k)
n(k)

2

2θ
(k)
n(k)σ

2
J(k)
n(k)

+

f (k)
n(k)rJ(k)

n(k)

σ2
J(k)
n(k)

−
θ
(k)
n(k)r

2
J(k)
n(k)

2σ2
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.

Observe that knowing each individual hidden variable is not necessary
to express the log-likelihood. It is enough to introduce the following
aggregated measures to fully characterize interval k:

• Θ(k)
i = ∑n(k)

n=1 θ
(k)
n I{

J(k)n =i
} is the total time spent in state i,

• F(k)
i = ∑n(k)

n=1 f (k)n I{
J(k)n =i

} is the total amount of fluid arriving during

a visit in state i,

• M(k)
i = ∑n(k)

n=1 I{J(k)n =i
} the number of visits to state i,

• M(k)
i,j = ∑n(k)−1

n=1 I{
J(k)n =i,J(k)n+1=j

} the number of state transitions from

state i to state j, additionally

• LΘ(k)
i = ∑n(k)

n=1 logθ
(k)
n I{

J(k)n =i
} is the sum of logarithms of the time

spent in state i,

• FΘ(k)
i = ∑n(k)

n=1
f (k)n

2

θ
(k)
n
I{

J(k)n =i
} is the sum of square of arriving fluid

over the elapsed time in state i.
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With these aggregate measures the log-likelihood simplifies to

logL =
K

∑
k=1

n(k)−1

∑
n=1
−θ
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n q

J(k)n
− c

2
− logθ
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−
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f (k)n r
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logθ
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−
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+
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−
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2
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2σ2
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=
K

∑
k=1
− cn(k)

2
+ ∑

i

(
−Θ(k)

i

(
qi +

r2
i

2σ2
i

)
+ F(k)

i
ri

σ2
i
−

LΘ(k)
i

2
−

FΘ(k)
i

2σ2
i

−M(k)
i

logσ2
i

2
+ ∑

j,j,i
M(k)

i,j logqi,j

)
.

5.3.2 The maximization step of the EM method

The maximization step of the EM method aims to find the optimal value
of the model parameters based on the hidden variables. They are obtained
from the partial derivatives of the log-likelihood as detailed in Appendix
B.1.

Summarizing the results, the model parameter value which maximizes
the log-likelihood based on the hidden variables are

qi,j =
∑K

k=1 M(k)
i,j

∑K
k=1 Θ(k)

i

,ri =
∑K

k=1 F(k)
i

∑K
k=1 Θ(k)

i

, and σ2
i =

∑K
k=1 Θ(k)

i r2
i − 2F(k)

i ri + FΘ(k)
i

∑K
k=1 M(k)

i

.

That is, ∑K
k=1 Θ(k)

i , and ∑K
k=1 M(k)

i,j are needed for computing the optimal

qi,j parameters and additionally, ∑K
k=1 F(k)

i , ∑K
k=1 Mi and ∑K

k=1 FΘ(k)
i are

needed for the optimal ri and σ2
i parameters.

5.3.3 The expectation step of the EM method

In the expectation step of the EM method the expected values of the
hidden variables have to be evaluated based on the samples. Appendix B.2
provides the analysis of those expectations, resulting E(F(k)

i ) = riE(Θ
(k)
i )

and E
(

FΘ(k)
i

)
= E

(
M(k)

i

)
σ2

i + E
(

Θ(k)
i

)
r2

i , from which the zth iteration
of the EM method updates the fluid rate and variance parameters as

ri(z + 1) =
∑K

k=1 E
(

F(k)
i

)
∑K

k=1 E
(

Θ(k)
i

) = ri(z) (5.5)
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and

σ2
i (z + 1) =

∑K
k=1 E

(
Θ(k)

i r2
i (z)− 2F(k)

i ri(z) + FΘ(k)
i

)
∑K

k=1 E
(

M(k)
i

)
=

∑K
k=1 E

(
Θ(k)

i r2
i (z)

)
− 2E

(
F(k)

i

)
ri(z) + E

(
FΘ(k)

i

)
∑K

k=1 E
(

M(k)
i

)
=

∑K
k=1 E

(
M(k)

i

)
σ2

i (z)

∑K
k=1 E

(
M(k)

i

) = σ2
i (z). (5.6)

Consequently, the fluid rate and variance parameters remain untouched
by the EM method.

Remark 1. This result is in line with the results obtained for discrete arrival
processes in [57] considering the special features of the fluid model. That is, we
consider the MMPP (Markov Modulated Poisson Process) arrival process, since
there is no state transition at the fluid drop arrival, and fluid drops are assumed to
be infinitesimal, hence for a finite amount of time there is an unbounded number
of fluid drop arrivals. Using these features, equations (21) and (23) of [57] take
the form

E
(

Z[k]
i

)
=

xk

∑
l=0

∫ tk

0
[ fk(l,τ)]i[bk(xk − l, tk − τ)]idτ

E
(

Y[k]
ii

)
= λii

xk−1

∑
l=0

∫ tk

0
[ fk(l,τ)]i[bk(xk − l, tk − τ)]idτ.

Assuming xk is large, the update of λii in the zth step of the iteration is ((12) of
[57])

λii(z + 1) =
∑K

k=1 E
(

Y[k]
ii

)
∑K

k=1 E
(

Z[k]
i

)
= λii(z)

∑K
k=1 ∑xk−1

l=0

∫ tk
0 [ fk(l,τ)]i[bk(xk − l, tk − τ)]idτ

∑K
k=1 ∑xk

l=0

∫ tk
0 [ fk(l,τ)]i[bk(xk − l, tk − τ)]idτ

≈ λii(z).

The transition rate parameters are updated by the EM method as

qi,j =
∑K

k=1 E
(

M(k)
i,j

)
∑K

k=1 E
(

Θ(k)
i

) . (5.7)

The computation of E
(

M(k)
i,j

)
and E

(
Θ(k)

i

)
are detailed in Appendix B.3

and the results are summarized in (B.9) and (B.10).
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5.4 combined fitting method

As a result of the inability of the EM method to optimize the fluid rate and
variance parameters of MMFAPs, we propose a combined fitting method,
which is composed of consecutive optimization of the background Markov
chain using the EM method and the fluid rate and variance parameters
using a direct likelihood optimization as it is summarized in Algorithm 2.

Algorithm 2 MMFAP-fit(D, Qinit, Rinit,Sinit)

Q← Qinit; R← Rinit;S← Sinit;L←−∞; ϵ← 10−2;
while |L−LQ,R,S(D)|/|L| > ϵ do

L←LQ,R,S(D)
Q← EM-fit(D, Q, R,S)
{R,S} ← Grad-fit(D, Q, R,S)

end while

5.4.1 Direct optimization of the rate and variance parameters

For a direct optimization of the rate and variance parameters, we in-
vestigated the behaviour of the likelihood as a function of the system
parameters for a given MMFAP, based on 200 samples generated from the
MMFAP with parameters

Q =

−0.5 0.4 0.1
0.6 −0.7 0.1
0.2 0.3 −0.5

 , R =

 4 0 0
0 6 0
0 0 8

 , S =

0.1 0 0
0 0.2 0
0 0 0.4

 . (5.8)

Figure 5.1 and 5.2 plot the dependence of the likelihood when a single
model parameter is adjusted, and all other model parameters were kept
at the original MMFAP parameter values from which the samples are
generated. The figures indicate that some parameters strongly effect the
likelihood while others have less dominant effect. Typically the effect of
the lowest fluid rate (r1) has the most prominent effect.

It is also interesting to notice that the maximum of the likelihood ac-
cording to s1 is significantly different from the original s1 value, and the
likelihood at the optimal s1 value is significantly better than the likelihood
computed with the original model parameters.
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-137
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-135

-134
Likelihood
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Figure 5.1: Likelihood as a function of the fluid rate parameters
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Figure 5.2: Likelihood as a function of the fluid variance parameters

Motivated by this experiment, we apply a gradient ascent method for
finding the parameters which optimize likelihood.

5.5 implementation details

The implementation of the EM based parameter estimation method con-
tains some intricate elements which influence the computational complex-
ity and the accuracy of the computations. This section summarizes our
proposals for those elements.

5.5.1 Structural restrictions of MMFAP models

In the case of many discrete Markov modulated arrival processes (e.g.,
MAP, BMAP (Batch Markovian Arrival Process)), the representation is
not unique, and starting from a given representation of an arrival process
infinitely many different, but stochastically equivalent representations of
the same process can be generated with similarity transformation. From
the related literature, it is known that optimizing non-unique represen-
tations should be avoided, because the optimization procedure might go
back and forth between almost equivalent models having significantly
different parameters. The usual solution to address this issue is to apply
some structural restrictions (e.g., the Jordan representation of some of the
matrices), which can make the representation unique [51].

In this work, we also apply a structural restriction to make the opti-
mization of MMFAPs more efficient (by making the path to the optimum
more straight): We restrict matrix R to be diagonal such that the diagonal
elements of R are non-decreasing, which makes the representation of
an MMFAP unique except for the ordering of states with identical fluid
arrival rates.

5.5.2 Initial guesses for the fluid rates

If the variance parameters of the MMFAP were zero, then the amounts
of the fluid arrival in a unit of time would be between the r1 and rS (the
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minimal and the maximal) fluid rates. When the variance parameters are
positive, the samples might be smaller than r1 and larger than rS, but we
assume that the smallest and the largest samples, denoted as xmin and
xmax, carry information on the fluid rates, which we utilize to obtain an
initial guess for the fluid rates as

ri = xmin +
i− 1
S− 1

(xmax − xmin). (5.9)

For the initial guesses of the rest of the parameters we have much less
support from the measured data set. The main problem is that the random
effects of the background Markov chain and the variance of the fluid rates
can not be easily distinguished.

In our experiments, we assume “small” variances; intuitively it means
that the randomness of the samples are dominated by the state transitions
of the background Markov chain. Under this assumption, one can gain
information on the “speed” of the background Markov chain as it is
exemplified in Figure 5.3 in Section 5.6.1. Still, more precise information
on the transition rates is hard to obtain.

5.5.3 Computation of the double sided inverse Laplace transform

A crucial step of the algorithm, both in terms of execution speed and
numerical accuracy, is to compute the NILT of the expression in (5.3).
There are many efficient NILT for single sided functions [1]. However, in
our case, the function is defined in double sided LT domain (as Gauss
distributions can be negative, too), and NILT of double sided LT are rather
limited.

If f (t) is the density of a positive random variable, then
∫ ∞
−∞ e−st f (t)dt =∫ ∞

0 e−st f (t)dt and the single and double sided LTs of f (t) are identical.
If f (t) is the density of a random variable which is positive with a high
probability, then

∫ ∞
−∞ e−st f (t)dt ≈

∫ ∞
0 e−st f (t)dt. Based on this approxima-

tion, one can apply single sided NILT for density functions of dominantly
positive random variables.

For a general MMFAP the non-negativity of the fluid increase samples
in T = {(tk, xk);k = 1, . . . , K} can not be assumed. To make the single sided
NILT appropriately accurate also in this case, we apply the following
model transformation

LQ,R,S({(tk, xk);k = 1, . . . , K}) = LQ,R+cI,S({(tk, xk + ctk);k = 1, . . . , K}),
(5.10)

where LQ,R,S({(t1, x1); (t2, x2); . . . ; (tK, xK)}) = α ∏K
k=1 N(tk, xk)1 is the like-

lihood of the samples when N(tk, xk) is computed with Q, R,S according
to (5.3) and c is an appropriate constant. If c is too large, the relative dif-
ference of the fluid increase samples reduces, and the likelihood function
gets less sensitive to the changes of the model parameters. If c is small,
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fluid increase samples might become negative, and the single sided NILT
might cause numerical issues.

According to (5.2),

[H(t,y)]i,j =
∫ y

x=−∞
[N(t, x)]i,jdx = Pr (X (t) < y,J (t) = j|J (0) = i)

(5.11)

is a probability, which is lower bounded by 0 and upper bounded by 1. Its
double sided LT is

H∗(t,v) =
∫ ∞

y=−∞
e−yvH(t,y)dy =

∫ ∞

y=−∞
e−yv

∫ y

x=−∞
N(t, x)dxdy =

1
v

N∗(t,v).

We set parameter c to the smallest value for which the (single-sided) NILT
of N∗(t,v)/v at point rmaxtmax is between 0 and 1 element wise, where
rmax = max(r1, . . . ,rS) and tmax = max(t1, . . . , tK).

5.5.4 Reducing computational cost for equidistant measurement intervals

For computing the likelihood function, the NILT of matrix N∗(t,v) needs
to be performed once for each data point, i.e., K times, which might be
computationally expensive.

In the special case when the samples are from identical time intervals,
that is t1 = . . . = tK = t̄, we apply the following approximate approach
to reduce the computational complexity to M (M << K) NILT of matrix
N∗(t,v).

• Let xmin = min(x1, . . . , xK), xmax = max(x1, . . . , xK) and ∆ = (xmax −
xmin)/(M− 1).

• Compute N(t̄, xmin + (m− 1)∆) for m = 1, . . . , M by NILT of N∗(t,v).

• For the i, j element of the matrix, approximate the set of points
(xmin + (m− 1)∆), log (N(t̄, xmin + (m− 1)∆)) for m = 1, . . . , M with
a polynomial of order ≈ M/2 such that the square error of the
approximation in points xmin + (m− 1)∆ (with m = 1, . . . , M) is min-
imal.

• Use the exponent of the obtained polynomial function to approximate
the NILT.

The higher the parameter M, the higher the accuracy and also the com-
putational complexity of the procedure. In practice we used M = 20. An
example of N(t, x) approximation is provided in Section 5.6.3.
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5.5.5 Computation of E(Θ(k)
i ) and E(M(k)

i,j )

Let us introduce the forward and backward likelihood vectors for the
beginning and the end of the kth observation period

f̂ k = α

(
k−1

∏
ℓ=1

N(tℓ, xℓ)

)
= α

k−1

∏
ℓ=1

NILTv→xℓN∗(tℓ,v), (5.12)

b̂k =

(
K

∏
ℓ=k+1

N(tℓ, xℓ)

)
1 =

K

∏
ℓ=k+1

NILTv→xℓN∗(tℓ,v)1. (5.13)

Where NILTv→xℓN∗(tℓ,v) term follows the calculation concept by the CME
NILT method (see Chapter 2, Section 2.7). The forward and backward
likelihood vectors for an internal point in the kth observation period as

f k(t, x) = α

(
k−1

∏
ℓ=1

N(tℓ, xℓ)

)
N(t, x), (5.14)

bk(t, x) = N(t, x)

(
K

∏
ℓ=k+1

N(tℓ, xℓ)

)
1. (5.15)

We note that, using f̂ k and b̂k, the likelihood can be expressed as

L = α · b1(t1, x1) = f k−1(tk−1, xk−1) · bk(tk, xk) = f K(tK, xK)1
= α · b̂0 = f̂ ℓ · b̂ℓ−1 = f̂ K+11,

for any k = 2, . . . , K− 1 and ℓ = 1, . . . , K.
To compute the expected value of Θ(k)

i , the integrals of the forward and
backward likelihood vectors have to be evaluated. The special form of the
integrals allows for simplifications as

E(Θ(k)
i ) =

∫ xk

x=0

∫ tk

t=0
[ f k(t, x)]i · [bk(tk − t, xk − x)]i dt dx

= f̂ k

(∫ xk

x=0

∫ tk

t=0
N(t, x)ei · ei

T N(tk − t, xk − x)dt dx
)

b̂k

= f̂ k NILTv→xk

(∫ tk

t=0
N∗(t,v)ei · ei

T N∗(tk − t,v)dt
)

b̂k

= f̂ k NILTv→xk

(∫ tk

t=0
e(Q−vR+v2S)tei · ei

Te(Q−vR+v2S)(tk−t) dt
)

b̂k

= f̂ k NILTv→xk


[
0 I

]
e

Q− vR + v2S ei · ei
T

0 Q− vR + v2S

tk
[

I
0

] b̂k.
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That is, the convolution integral is replaced by the evaluation of a ME of
double size [62]. In a similar manner, the expected value of M(k)

i,j is

E(M(k)
i,j ) =

∫ xk

x=0

∫ tk

t=0
[ f k(t, x)]i · qij · [bk(tk − t, xk − x)]j dt dx

= qij f̂ k NILTv→xk


[
0 I

]
e

Q− vR + v2S ei · ej
T

0 Q− vR + v2S

tk
[

I
0

] b̂k.

We note that these expressions give an interpretation for the zth iteration
of the EM method for qi,j

qi,j(z + 1) =
∑K

k=1 E
(

M(k)
i,j

)
∑K

k=1 E
(

Θ(k)
i

) =

qi,j(z)

f̂ k NILTv→xk


[
0 I

]
e

Q− vR + v2S ei · ej
T

0 Q− vR + v2S

tk
[

I
0

] b̂k

f̂ k NILTv→xk


[
0 I

]
e

Q− vR + v2S ei · ei
T

0 Q− vR + v2S

tk
[

I
0

] b̂k

,

that is, qi,j(z + 1) is the product of qi,j(z) and an actual guess dependent
value.

5.5.6 Computation of the forward and backward vector measures

The computation of f̂ k and b̂k follows a similar pattern and contains the
same difficulties, except that f̂ k is computed from k = 0 onward and b̂k is
computed from k = K downward. The main implementation issue with
the computation of f̂ k and b̂k, is to avoid under-/overflow during the
computation. We adopted the under-/overflow avoiding method proposed
in [63].

5.6 numerical examples

5.6.1 MMFAP simulator

For the numerical evaluation of the proposed method, we developed a
simulator which generates the required number (K) of traffic samples
based on matrices Q, R and S. In each simulation step, the program
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samples the next state transition of the Markov chain and checks if it
occurs before or after the next measurement instance. In the first case, it
samples the accumulated fluid until the next state transition and performs
the state transition. In the second case, it samples the accumulated fluid
until the next measurement instance and maintains the state of the Markov
chain.

Our simulator assumes equidistant time intervals, such that t1 = . . . =
tK = 1, which allows to utilize the computationally efficient approximate
approach introduced in Section 5.5.4.

For the MMFAP with

Qslow =

−0.8 0.5 0.3
0.6 −0.7 0.1
0.2 0.3 −0.5

, R =

 2 0 0
0 4 0
0 0 8

,S =

0.01 0 0
0 0.02 0
0 0 0.04

,

(5.16)

the histogram of the samples is presented in Figure 5.3a. The histogram
indicates that the Markov chain is “slow” in this case, i.e., it stays in a
single state (e.g., state i) during the measurement interval of length 1 with
high probability and accumulates N (ri,σ2

i ) distributed amount of fluid
during this interval. That is the explanation of the peaks at around r1 = 2,
r2 = 4 and r3 = 8. It is also visible that the transitions between state 1 and
2 are faster than the transitions to and from state 3, and consequently, the
histogram indicates fluid samples in the x ∈ (2,4) interval. These samples
might come from measurement intervals starting from state 1 with r1 = 2
and moving to the state with r2 = 4, or vice versa.

To indicate the effect of the “speed” of the Markov chain on the his-
togram of the generated samples, Figure 5.3b depicts the histogram when
the Markov chain is “fast”, namely 10 times faster, Q f ast = 10Qslow. The
“fast” Markov chain experiences state transitions during the measurement
interval with very high probability, and the amount of fluid accumulated
during the interval gets to be less dependent on the state of the Markov
chain at the beginning of the measurement interval.

When the variance is low, as it is in this example, one can easily predict
the values of the R matrix with the “slow” Markov chain, while for the
“fast” Markov chain, the values of the R matrix is not possible to guess
based on the histogram. Still, the minimal and the maximal sample values
allow estimating the minimal and the maximal fluid rates of matrix R.
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Figure 5.3: Histograms of 5000 generated samples with Qslow, R and S and Q f ast,
R and S defined in (5.16).

5.6.2 Approximating Q with the EM method

Based on 300 samples of the MMFAP with

Q̄ =

[
−2 2

4 −4

]
, R̄ =

[
4 0
0 8

]
, S̄ =

[
0.01 0

0 0.02

]
, (5.17)
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we approximate the MMFAP starting from Q̄0 =

[
−1 1
2.5 −2.5

]
, R̄0 = R̄,

S̄0 = S̄ with the EM method. The log-likelihood value and the transition
rates of the Markov chain are depicted in Figure 5.4a and 5.4b, respectively,
where the dotted horizontal lines refer to the MMFAP according to (5.17),
which was used to generate the samples. The figure indicates that the
obtained transition rates provide a bit higher log-likelihood than the ones
in (5.17). Additionally, the figures report convergence after ∼ 25 iterations
of the EM method.

LikelihoodOriginal

LikelihoodEM

20 40 60 80 100
Iteration

-180

-175

-170

Likelihood

20 40 60 80 100
Iteration

1

2

3

4

Qij

Q12EM

Q12Original

Q21EM

Q21Original

Figure 5.4: Behaviour of the EM method based on 300 samples generated from Q̄,
R̄ and S̄ in (5.17) with initial guess Q̄0, R̄0 and S̄0. According to (5.5)
and (5.6), R̄0 and S̄0 remained unchanged during the EM iterations.
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Similarly, we evaluated the EM based approximation of the
MMFAP defined in (5.16) based on 1000 samples starting from

Q0 =

−0.8 0.5 0.3
0.6 −0.7 0.1
0.2 0.3 −0.5

, R0 = R, S0 = S.

LikelihoodOriginal

LikelihoodEM

20 40 60 80 100
Iteration

-560

-540

-520

-500

Likelihood

20 40 60 80 100
Iteration

0.1

0.2

0.3

0.4

0.5

0.6

qij

q12_EM

q12_Org

q13_EM

q13_Org

q21_EM

q21_Org

q23_EM

q23_Org

q31_EM

q31_Org

q32_EM

q32_Org

Figure 5.5: Behaviour of the EM method based on 1000 samples generated from
Q, R and S in (5.16) with initial guess Q0, R0 and S0.

The evolution of the log-likelihood value and the transition rates of the
Markov chain along the EM iterations are depicted in Figure 5.5a and
5.5b, respectively. Figure 5.5a indicates, that similar to the 2× 2 example
in Figure 5.4a, the likelihood value increased above the one obtained from
the original MMFAP. At the same time, the transition rate values in Figure
5.5b differ more significantly from ones of the original MMFAP than in
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Figure 5.6: Quality of fitting log[N(t, x)]1,1.
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Figure 5.7: Quality of fitting [N(t, x)]1,1.

Figure 5.4b, which might be a consequence of a looser relation between
the transition rates and the likelihood value in higher dimensions.

5.6.3 Functional approximation of N(t, x)

To accelerate NILT based computation of N(t, x), a functional approxima-
tion procedure is introduced in Section 5.5.4. Figure 5.6 and 5.7 report the
accuracy of the proposed approach via a numerical example to approxi-
mate [N(t, x)]1,1 with parameters Qslow, R, S defined in (5.16). The NILT
of [N∗(t,v)]1,1 is computed in M = 20 points, and based on those points
an order 10 polynomial approximates [N(t, x)]1,1.
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5.6.4 Approximating R and S with direct optimization

5.6.4.1 Direct optimization example 1

Using the MMFAP simulator we generated 500 samples from the MMFAP
with Qslow,

R =

 4 0 0
0 6 0
0 0 8

 , S =

0.1 0 0
0 0.5 0
0 0 0.8

 (5.18)

and we performed the gradient based rate and variance optimization
starting from Qslow,

Rinit =

 2.5 0 0
0 7 0
0 0 11.5

 , Sinit =

0.125 0 0
0 0.35 0
0 0 0.575

 (5.19)

The evolution of the likelihood value during the optimization is depicted
in Figure 5.8 and the final likelihood is obtained by

R f inal =

 2.49159 0 0
0 6.96413 0
0 0 11.456

 , (5.20)

S f inal =

0.1777 0 0
0 0.391667 0
0 0 0.619367

 (5.21)

0 5 10 15 20 25 30
Iteration

-500

-450

-400

-350

-300

Likelihood

Likelihoodorginal

LikelihoodGrad

Figure 5.8: Likelihood value during the optimization of Example 1

In this example the obtained optimum is rather close to the initial guess,
which might suggest that there are many local optima in the surface. The
next example reports a longer journey in the parameter space.
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5.6.4.2 Direct optimization example 2

We generated 300 samples from the MMFAP provided in (5.8) and we
performed the gradient-based rate optimization starting from Q, S, and
{r1,r2,r3} = {1,3,6}. This initial guess differs from the one proposed in
(5.9), still it allows us to check the properties of the optimization process
starting from a further-off initial point.

The likelihood and the fluid rate values during the optimization are
depicted in Figure 5.9. In this particular example, the optimization pro-
cedure finds almost the same fluid rates as we used for generating the
samples. The final fluid rates differ only a bit, but this slight difference
from the original parameters provides a higher likelihood value than the
one obtained from the original parameters in (5.8).

LikelihoodOriginal

Likelihood

10 20 30 40 50 60
Iteration

-300
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-260

-240

-220

-200

-180
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r1 Orginal

r1

r2 Orginal

r2

r3 Orginal

r3

10 20 30 40 50 60
Iteration

2

4

6

8

ri

Figure 5.9: Likelihood and fluid rate values during the optimization of Example 2
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5.6.5 Summary of numerical examples

Based on much broader numerical experiments than the ones reported
above, we conclude that the proposed combined MMFAP fitting method
resembles many properties of the EM method for the discrete arrival
process fitting:

• The procedure is somewhat sensitive to the initial guess. In many
unreported cases, the obtained maximum likelihood remained below
the one computed from the original parameters.

• Its stability (ability to obtain a reasonable high optimum) decreases
with the number of model parameters. For example, when we opti-
mized 6 parameters in Example 1, the procedure stopped at a local
maximum close to the initial point. Instead, when we optimized
only 3 model parameters in Example 2, the procedure significantly
modified their values during the optimization process.

We guess, that these similarities of the EM based discrete arrival process
fitting and the combined MMFAP fitting methods have common roots in
the properties of their respective likelihood functions, and the applied
optimization procedure slightly affect the optimization quality.

Anyhow, starting from a proper initial guess, the proposed combined
optimization procedure can obtain a higher likelihood than the one com-
puted from the original parameters, which means that the original model
parameters are not necessarily the optimal ones for a given data set, and
the quality of the fitting method cannot be judged based on the identity
of the model parameters, but it has to be judged based on the likelihood
values.

5.6.6 Running time

The set of evaluated experiments, is limited by the computational complex-
ity of our Mathematica implementation. There are many elements of the
implementation which affects the computational complexity. Mathematica
is not the most efficient programming environment for such numerical
computations, but we used it because the applied NILT method, the CME
method, is conveniently available in Mathematica. During the computa-
tions, we used the CME method with order 30. The parameter tuning the
trade off between accuracy and the number of points where the NILT is
computed for functional approximation was set to M = 20 (c.f. Section
5.5.4 and 5.6.3). All in all, the computation time of the combined fitting
in Algorithm 2 with 3-state background Markov chain, 300 samples and
≈ 100 iterations was 4-8 hours on our regular desktop computers.
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5.7 chapter summary

The EM method is commonly applied for parameter estimation of Markov
modulated models. In this chapter, we considered the fitting of MMFAP
and showed that the EM method is not applicable for optimizing the fluid
rate and variance parameters. As a result, we propose a combined fitting
approach where the modulating Markov chain is optimized via the EM
method, and the fluid rate and variance parameters are optimized via
direct likelihood optimization.

Numerical examples investigate the properties of the proposed com-
bined MMFAP fitting method. The results of the numerical experiments
suggest that the properties of the combined method for MMFAP fitting are
similar to the ones of the EM based fitting of discrete arrival processes.
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6.1 summary

This dissertation outlines my research work on the LT-based analysis of
Markov process-driven queues. The outcomes of this work consist of three
groups.

The first group comprises two numerical approaches for obtaining
high-order CME distributions; heuristic and extrapolation based. On the
one hand, the heuristic method extends the order of CME distributions
for which the optimization of the roots is computationally feasible and
enhances the accuracy of the existing approach. On the other hand, the
extrapolation method provides CME distributions for such high orders
where the computational complexity of the heuristic method is prohibitive.
The availability of high-order CME distributions makes the CME-based
NILT method available for such high orders..

The second group provides the LT domain transient analysis of general
(piecewise homogeneous) classes of discrete and continuous queueing
models: PHQBDs and PHMFMs. The analysis of the PHQBDs addresses
new performance measures based on the linear combination of MG series
in each buffer region, which are connected via boundary equations. The
proposed approach computes the transient probabilities without restric-
tions on initial and final buffer levels in both finite and infinite buffer
scenarios.

Unlike in the case of homogeneous (level independent) MFMs, the tran-
sient analysis of PHMFMs requires the consideration of all possible cases
of fluid rate-sign changes at region boundaries. For that, I introduced a set
of performance measures based on matrix inversion instead of the direct
analysis approach used for homogeneous MFMs. With these measures in
hand, I have derived the transient behaviour of PHMFMs in LT domain.
The result is a linear combination of ME functions in each region, which
are connected via boundary equations at the region boundaries. Likewise,
the proposed approach computes the transient probabilities without re-
strictions on initial and final fluid levels in both finite and infinite buffer
scenarios.

The third group contains a computational method to approximate pa-
rameters of MMFAP models based on a set of MMFAP samples. The
estimated parameters are the ones which maximize the log-likelihood of
the sample series. The typical parameter estimation procedure of discrete
Markov modulated arrival process models, the EM method, turned out
to be inappropriate to optimize the fluid rate and variance parameters
of MMFAPs. To overcome this limitation, I have introduced a combined

93

[ October 17, 2022 at 2:54 – classicthesis v4.6 ]



6.2 application of the results and future works 94

optimization method, where the EM method optimizes the background
Markov chain, and a gradient search-based optimization optimizes the
fluid rate and variance parameters.

6.2 application of the results and future works

6.2.1 Numerical inverse Laplace transformation

The most widespread application of the results of this thesis is associ-
ated with the unique features of higher order CME NILT method than
the previously available ones. The CME NILT method got some atten-
tion in the research community since its publication (see "Top cited" tab
at (https://www.sciencedirect.com/journal/performance-evaluation).
The https://www.inverselaplace.org homepage disseminates the re-
lated news timely. The access statistics of this page in Table 6.1 suggests
that the CME method getting more and more known in the research
community.

Year 2019 2020 2021 2022

Unique visitors 1467 24745 4281 2911

Table 6.1: Number of unique visitors of inverselaplace.org per year

The beneficial features of the CME method helps to overcome what was
considered to be barriers of NILT in several fields. In [64], CME NILT
was applied to solve the velocity distribution of electroosmotic flow for a
multi-layer immiscible Maxwell fluids in a slit micro channel . Moreover,
the position density function of free symmetric Lévy flight was analytically
plotted with the help of CME NILT for the first time in [65].

Another recent application of the CME NILT method was in the tran-
sient analysis of message propagation for Vehicular Ad-hoc Networks
(VANETs) with disconnected RoadSide Units (RSUs) [66]. Based on spe-
cific LT domain description, the authors found the farthest RSU having
the propagated message received after a set of time points. Furthermore,
the CME method was applied in stream depletion for pumping in a ho-
mogeneous aquifer [67], as well as in molecular dynamics simulations
[68].

The availability of efficient NILT methods like the CME method is valu-
able in many diverse research areas including complex queuing systems
[69], [70], [71], [72], [73], control applications [74], water science [75], [76],
[77], physical chemistry [78], neural Laplace [79], geotechnical engineering
[80], and point process [81].

Recently, the high-order CME distribution is considering as a successor
to the widely used Erlang distribution, more specifically in the areas
where approximating deterministic time is a crucial part of the study. For
example, in [82], a CME distribution is used for the time horizon of Lévy
processes in order to solve problems in the field of financial mathematics.
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Also in [83], the authors mentioned that the CME distributions are more
effective than Erlang distribution for approximating the deterministic time
horizons for a given order.

Moreover, according to [84], the availability of higher CME distributions
representation will lead to a more accurate approximation of the time
horizon, which is now available in our recent work [J2]. The authors of [84]
considered the time horizon approximation based on CME distribution
as a critical feature of a predictive control model used for preemptive
path decisions to maintain the desired Quality of Service (QoS) in 5th
Generation (5G) new radio.

Another practical application of the high-order CME distributions was
in [45]. They used a technique called "ME-fication", in which a CME
distribution is used for approximating deterministic time horizons. This
technique calculates some transient measures via the stationary analysis
of auxiliary PHMFMs.

In general, the high-order CME distributions introduced in [J2] can carry
the accuracy of approximate calculation of deterministic time horizons to
a new level.

6.2.2 Transient analysis of discrete and continuous queues

The following paragraphs list some research areas where the LT domain
transient description of discrete and continuous queues ([J3], [J4]) could
be applied.

In [85], the authors provided a steady state solution and performance
measures for a particular QBD model of a multi-server heterogeneous
queuing-inventory system with class-dependent inventory access. In their
future work, they suggest our Laplace domain description as a numerically
effective unique solution for their QBD model expansion in the transient
regime.

The LT domain description of PHMFMs, provides a solid theoretical
ground to build on in order to derive LT related transient descriptions, for
example; Stochastic Fluid-Fluid Models (SFFMs) [86] and their applica-
tions, like in hydro-power generators. In [87], the authors encourage for
further investigations of the transient analysis of the SFFMs. In general,
systems with dynamics that can be modeled by MFMs considered to be
suitable candidates for which SFFMs further extend the modeling potential
of MFMs [86]. As a further example, one can refer to risk processes in
insurance of such approach [88]. In [89], the distribution for frozen, low
quality, and high quality video playout of a video content in a dynamic
channel is analyzed via the transient behaviour of Markov fluid queues.

A recent application of the transient analysis of PHMFMs aroused in re-
liability of Millimeter-Wave (mmWave) radio which is a key building block
in 5G cellular networks [84]. In [84], the authors introduced a Markov
modulated fluid queue model, based on the description of [45], for predic-
tive multi-path proxy control in 5G network. This transient model allows
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to deal with potential problems before they happen, thus maintaining
reliable consistent communication.

Rechargeable batteries are one of the most important resources in many
areas of current life, e.g., in Electric Vehicles (EVs). In [90], a MFM was
introduced for describing the battery level in a system with single recharge-
able battery.

Our PHMFM description can can be applied in further research prob-
lems in this field. For example, it is possible to model an array of batteries
(or battery cells) with PHMFMs, where each single cell could be of dif-
ferent capacity. This way the analysis of the PHMFM model can provide
key performance measures such as the battery level in any regime (battery
cell). Furthermore, the effect of involving zero charging/discharging rate
can also be considered, which is a natural technical requirement in such
systems.

The transient analysis of PHMFMs also allows for a better modelling
of battery dynamics by measuring the recovery effect across a multi-cell
battery system. For example, the phenomena of recharging a battery
during periods of light use is considered in [91] based on transient MFMs.

Another typical application of the queuing systems is the modeling of
call centers. According to [83], performance metrics of continuous/hy-
brid patience times in MAP/M/s+ G queueing model (represented by
Continuous Feedback Fluid Queue (CFFQ)) can be approximated by a
PHMFMs.

6.2.3 Parameter estimation of MMFAP

The literature of discrete arrival processes (where the number of entities in
the system is a natural number) is quite wide and they are often used for
modeling internal traffic components in telecommunication networks. The
availability of a parameter estimation method for fluid arrival processes
opens the field for modeling telecommunication traffic with fluid processes,
which might be more accurate than with discrete models when the number
of entities in the system is very high.

Additionally, in [92], the author proposed MMFAPs (which they referred
to as Markov reward model) to estimate the efficiency of Photovoltaic En-
ergy Conversion Systems (PVECS) and Wind Energy Conversion Systems
(WECS). A significant obstacle in formulating these models was the lack
of precise information on model parameters, e.g., component failure and
repair rates. Our parameter estimation procedure allows to estimate those
parameters if measured data is available.
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A
A P P E N D I X A

a.1 relation of Z (b) (s , m)and H (b) (s , n)type of measure

Equations (3.3) - (3.5) present the relation of the transient measures (U(s),
R(s) and G(s)) with a single (lower) boundary, which allows one to
compute any of the three matrix functions from any other one of the
three [17]. Similar relations exist between the transient measures with
two boundaries. To introduce this relation we define [W (b)(t,n,m)]i,j, the
probability of visiting level m at time t, starting from level n, given that the
level process of the QBD remains in level (0,b) in the (0, t) time interval
(n,m ∈ (0,b)), that is

[W (b)(t,n,m)]i,j = Pr
(
X (t) = m,J (t) = j,ξ0,b > t

∣∣ X (0) = n,J (0) = i
)

and its LT is W (b)(s,n,m) =
∫ ∞

0 e−stW (b)(t,n,m)dt.
In (3.3) - (3.5), the process starts at the lower boundary. For the related

measures with two boundaries we have

Z(b)(s,m) = FW (b)(s,1,m), H(b)(s,n) = W (b)(s,n, a + 1)B, (A.1)

and similar relations hold for starting from the upper boundary

Ẑ(b)
(s,m) = BW (b)(s,b− 1,m), Ĥ(b)

(s,n) = W (b)(s,n,b− 1)F. (A.2)

For W (b)(s,n,m), we have

W (b)(s,n,m)

=


(

sI − L− Z(b−n)(s,1)F − Ẑ(n)
(s,n− 1)B

)−1
if n = m,

W (b)(s,n,n)Z(b−n)(s,m−n) if n < m,

W (b)(s,n,n)Ẑ(n)
(s,n−m) if n > m,

=


(

sI − L− BH(b−n)(s,1)− FĤ(n)
(s,n− 1)

)−1
if n = m,

Ĥ(m)
(s,n)W (b)(s,m,m) if n < m,

H(b−m)(s,n−m)W (b)(s,m,m) if n > m,

where for n , m, the relations are obtained by conditioning on the last
visit to n and the first visit to m. The first equation provides W (b)(s,n,m)
based on Theorem 1, while the second equation based on Theorem 2.

Having W (b)(s,n,m), any of Z(b)(s,m), Ẑ(b)
(s,m), H(b)(s,n), Ĥ(b)

(s,n) can
be computed using (A.1) or (A.2).
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a.2 spectral radius of G(s)and R(s)

Theorem 12. If ℜ(s) > 0 then sp(G(s)) < 1, sp(Ĝ(s)) < 1, sp(R(s)) < 1
and sp(R̂(s)) < 1, where sp() denotes the spectral radius.

Proof. The proof is based on the following properties, G(t) and R(t) are
non-negative and finite, G(t) is monotone increasing, G =

∫ ∞
t=0 dG(t), and

for any matrix A and matrix norm ∥·∥ induced by a monotonic vector
norm, sp(A) ≤ ∥A∥. Using these, we can write

sp(G(s)) ≤ ∥G(s)∥ =
∥∥∥∥∫ ∞

t=0
e−stdG(t)

∥∥∥∥ ≤ ∥∥∥∥∫ ∞

t=0
|e−st|dG(t)

∥∥∥∥ < ∥∥∥∥∫ ∞

t=0
dG(t)

∥∥∥∥
= ∥G∥ ≤ 1.

For R(s), we show that the infinite sum ∑∞
m=1 Rm(s) is finite. From (3.4)

and (3.9), we have∣∣∣∣∣ ∞

∑
m=1

[Rm(s)]i,j

∣∣∣∣∣
=

∣∣∣∣∣ ∞

∑
m=1

∫ ∞

0
∑
k

e−stFikPr
(
X (t) = m,J (t) = j,γ0 > t

∣∣ X (0) = 1,J (0) = k
)

dt

∣∣∣∣∣
≤∑

k
Fik

∫ ∞

0
Pr
(
J (t) = j,γ0 > t

∣∣X (0) = 1,J (0) = k
)
· |e−st|dt

≤∑
k

Fik

∫ ∞

0
|e−st|dt = ∑

k
Fik

1
ℜ(s) < ∞.

The same reasoning applies for the level reversed matrices, Ĝ(s) and
R̂(s).

Based on Theorem 12, Theorem 9.3.1 of [16] is applicable and ensures
that the solution of (3.6) and (3.8) with eigenvalues inside the unit disk is
unique.
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b.1 maximizing the model parameters

Assuming qi = ∑j,j,i qi,j, the derivatives of logL are as follows:

∂

∂qi,j
logL =

∂

∂qi,j

K

∑
k=1

(
−Θ(k)

i qi,j + M(k)
i,j logqi,j

)
=

K

∑
k=1

(
−Θ(k)

i + M(k)
i,j

1
qi,j

)
,

∂

∂ri
logL =

∂

∂ri

K

∑
k=1

(
−Θ(k)

i
r2

i
2σ2

i
+ F(k)

i
ri

σ2
i

)

=
K

∑
k=1

(
−Θ(k)

i
ri

σ2
i
+ F(k)

i
1
σ2

i

)
,

∂

∂σ2
i

logL =
∂

∂σ2
i

K

∑
k=1

(
−Θ(k)

i
r2

i
2σ2

i
+ F(k)

i
ri

σ2
i
− 1

2σ2
i

FΘ(k)
i −M(k)

i
logσ2

i
2

)

=
∂

∂σ2
i

K

∑
k=1

((
−Θ(k)

i r2
i + 2F(k)

i ri − FΘ(k)
i

) 1
2σ2

i
−M(k)

i
logσ2

i
2

)

=
K

∑
k=1

((
−Θ(k)

i r2
i + 2F(k)

i ri − FΘ(k)
i

) −1
2(σ2

i )
2
−M(k)

i
1

2σ2
i

)
.

The optimal parameter values are obtained where the derivative is zero:

0 =
K

∑
k=1

Θ(k)
i −M(k)

i,j /qi,j −→ qi,j =
∑K

k=1 M(k)
i,j

∑K
k=1 Θ(k)

i

. (B.1)

0 =
K

∑
k=1

Θ(k)
i ri − F(k)

i
σ2

i
−→ ri =

∑K
k=1 F(k)

i

∑K
k=1 Θ(k)

i

. (B.2)

0 =
K

∑
k=1

(
Θ(k)

i r2
i − 2F(k)

i ri + FΘ(k)
i

) 1
σ2

i
−M(k)

i

−→ σ2
i =

∑K
k=1 Θ(k)

i r2
i − 2F(k)

i ri + FΘ(k)
i

∑K
k=1 M(k)

i

. (B.3)
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b.2 expected values of the hidden parameters

For E(F(k)
i ) we have

E
(

F(k)
i

)
= E

Θ(k)
i

E
F(k)

i |Θ
(k)
i
(F(k)

i ) = E
Θ(k)

i
riΘ

(k)
i = riE(Θ

(k)
i ). (B.4)

For FΘ(k)
i = ∑n(k)

n=1
f (k)n

2

θ
(k)
n
I{

J(k)n =i
}, we have

E
(

FΘ(k)
i

)
= E

n(k)

∑
n=1

f (k)n
2

θ
(k)
n

I{
J(k)n =i

}


= E{n(k),θ(k)1 ,...,θ(k)
n(k)
}

n(k)

∑
n=1

E{ f (k)n |θ
(k)
n }

 f (k)n
2

θ
(k)
n

I{
J(k)n =i

}
 . (B.5)

Let X (µ,σ2) denote a normal distributed random variable with mean
µ and variance σ2. Its second moment is E

(
X 2(µ,σ2)

)
= σ2 + µ2.

When θ
(k)
n = x then f (k)n is X (xri, xσ2

i ) distributed and E
(

f (k)n
2
)

=

E
(
X 2(xri, xσ2

i )
)
= xσ2

i + x2r2
i , that is

E{ f (k)n |θ
(k)
n }

 f (k)n
2

θ
(k)
n

I{
J(k)n =i

}
 =

E{ f (k)n |θ
(k)
n }

(
f (k)n

2
)

θ
(k)
n

I{
J(k)n =i

}

=
θ
(k)
n σ2

i + θ
(k)
n

2
r2

i

θ
(k)
n

I{
J(k)n =i

} = (σ2
i + θ

(k)
n r2

i

)
I{

J(k)n =i
}. (B.6)

Substituting (B.6) into (B.5) results

E
(

FΘ(k)
i

)
= E

n(k)

∑
n=1

f (k)n
2

θ
(k)
n

I{
J(k)n =i

}


= E{n(k),θ(k)1 ,...,θ(k)
n(k)
}

n(k)

∑
n=1

E{ f (k)n |θ
(k)
n }

 f (k)n
2

θ
(k)
n

I{
J(k)n =i

}


= E{n(k),θ(k)1 ,...,θ(k)
n(k)
}

(
n(k)

∑
n=1

(
σ2

i + θ
(k)
n r2

i

)
I{

J(k)n =i
}
)

= E
(

M(k)
i

)
σ2

i + E
(

Θ(k)
i

)
r2

i .
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b.3 numerical computation of the expected value of the

hidden parameters

In the E-step we compute the expected value of the hidden parameters
for given α, Q, R, S and observed data (tk, xk) for k = 1, . . . , K. For the
expected values of Θ(k)

i we have

E
(

Θ(k)
i |tk, xk

)
= E

(
n(k)

∑
n=1

θ
(k)
n I{

J(k)n =i
}|tk, xk

)
= E

(∫ tk

t=0
I{J (t)=i|xk}dt

)
(B.7)

=
∫ tk

t=0
E
(
I{J (t)=i|xk}

)
dt =

∫ tk

t=0
Pr (J (t) = i|xk)dt

= ∑
k

∑
ℓ

∫ tk

t=0
Pr (J (0) = k,J (t) = i,J (tk) = ℓ|xk)dt

= ∑
k

∑
ℓ

∫ tk

t=0
Pr (J (0) = k)∫ xk

x=0
lim
∆→0

1
∆

Pr (x ≤ X (t) < x + ∆,J (t) = i|J (0) = k,X (0) = 0)

lim
∆→0

1
∆

Pr (xk ≤ X (tk) < xk + ∆,J (t) = ℓ|J (t) = i,X (t) = x)dxdt

= αk

∫ tk

t=0

∫ xk

x=0
N(t, x)eiei

T N(tk − t, xk − x)1dxdt (B.8)

where the jth element of vector αk is Pr (J (0) = j) and ei is the ith unit
column vector. According to (B.8), (5.14) and (5.15), the expected value of
Θ(k)

i is

E(Θ(k)
i ) =

∫ xk

x=0

∫ tk

t=0
[ f k(t, x)]i · [bk(tk − t, xk − x)]i dt dx. (B.9)

In a similar manner, the expected value of M(k)
i,j is

E(M(k)
i,j ) =

∫ xk

x=0

∫ tk

t=0
[ f k(t, x)]i · qi,j · [bk(tk − t, xk − x)]j dt dx. (B.10)
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