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Abstract
The objective of this dissertation is to develop methods which provide a solution of fault
tolerant control systems. The design and analysis of fault tolerant control systems require
robust multivariable control and fault detection methods. The objective of model-based control design is to guarantee the robust stability and performance specifications of controlled
systems against model uncertainties. Moreover, such failures which lead to undesirable
operation may appear in the system, i.e the controlled system loses either its stability or
performance. It is desirable to detect and identify the different types of failure occurred in
the system so that the controller guarantee the stability and performance of the system. It is
important to note that fault detection is usually applied to closed-loop operation, hence the
fault detection methods have to also be augmented to closed-loop systems. A fault tolerant
control system is a complex control system based on the combination of a robust controller
and a fault diagnosis module providing a specified performance level for the technical process by utilizing fault detection and control reconfiguration. In the traditional design of
fault tolerant control systems, the design of controllers and fault detection filters is proceeded separately. However, the controller and detection filter methods have to be coupled
in case of fault diagnosis applied in closed-loop. The system to be controlled may contain
nonlinearities, hence, it is an important question how they are handled. An important result
in the past few years is that the nonlinear systems can be treated as a linear parametervarying (LPV) model class. My research results achieved in the past few years will be
illustrated through vehicle dynamical examples. These vehicle dynamical examples can be
considered as safety critical systems mentioned above, hence, it is an excessively developing area. My research activity has been focused on solving of above problems, and the
structure of the thesis reflects this idea.

xii

Chapter 1
Introduction and Motivation
Modern technology has required highly complex dynamical systems. Considering the increased structural and operational complexity of safety critical systems, some consequences
of fault can be extremely serious in terms of human mortality and environmental impact.
Applications such as aircraft, cars, rapid transit trains in course of which reliability, availability and operating safety are primary design requirements, the application of ultra-high
dependable control systems is needed. For safety critical systems an important means of
increase in dependability is to detect and identify the different types of failure, furthermore,
to accommodate or minimize the impact of failures. A control system with this kind of
fault-tolerance capability is defined as a fault-tolerant control system (FTCS).
The objective of this dissertation is to develop methods which provide a solution of
fault tolerant control systems. The design and analysis of fault tolerant control systems
require robust multivariable control and fault detection methods. A fault tolerant control
system is a complex control system based on the combination of a robust controller and a
fault detection and isolation (FDI) module providing a specified performance level for the
technical process by utilizing fault detection and control reconfiguration.
The objective of model-based control design is to guarantee the robust stability and
performance specifications of controlled systems against model uncertainties. Since system
parameters and operating regimes usually change during real operation, the performance
level of the systems could be degraded. Hence, the controller has to be robust against
uncertainties in order to guarantee the performance requirements of the controlled system
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in a real environment. The system to be controlled may contain nonlinearities, hence, it
is an important question how they are handled. An important result in the past few years
is that the nonlinear systems can be treated as a linear parameter-varying (LPV) model
class. The advantage of the LPV model class is that using so-called scheduling parameters
characterized by the nonlinear behavior of the system, the well-known linear control and
fault detection methods can be applied to nonlinear systems.
Moreover, such failures which lead to undesirable operation may appear in the system,
i.e the controlled system loses either its stability or performance. It is desirable to detect and
identify the different types of failure occurred in the system so that the controller guarantee
the stability and performance of the system. The primary objective of fault detection is to
detect and identify the actuator, sensor and component failures, preventing the system from
getting into undesirable state which may lead to catastrophe. It is important to note that fault
detection is usually applied to closed-loop operation, hence the fault detection methods have
to also be augmented to closed-loop systems.
The design of fault tolerant control systems is based on robust control and fault detection
methods. In the traditional design of fault tolerant control systems, the design of controllers
and fault detection filters is proceeded separately. However, the controller and detection
filter methods have to be coupled in case of fault diagnosis applied in closed-loop. One
possible way to design control systems like this is to overestimate the controller in order to
compensate the impact of failures and satisfy the performance requirements of the system.
This sort of control design leads to conservative control configuration and the operation of
controlled systems is not optimal because of the unexploited control resources. Another way
to design fault tolerant control systems is to use a reconfigurable control algorithm which is
able to eliminate the faulty component after the fault has been detected. The design of the
reconfigurable control method is based on the results of robust control and fault detection
methods elaborated in the past few years, which is recently an intensive research field.
My research activity has been focused on solving of above problems, and the structure
of the thesis reflects this idea. The objective of this thesis is to develop a design method
for reconfigurable control systems, moreover, to solve the basic elements, namely, the robust control and fault detection problem needed for high dependable control systems. My
research results achieved in the past few years will be illustrated through vehicle dynamical
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examples. These vehicle dynamical examples can be considered as safety critical systems
mentioned above, hence, it is an excessively developing area. My research activity in road
vehicles is motivated by problems posed by Knorr-Bremse Ltd. and for aircraft control
systems posed by the University of Minnesota, respectively. These are the research fields
where the recent results of modern control methods are be applied.
The first part of the thesis addresses solving the robust control problem including structured and unstructured uncertainties. The structured and unstructured uncertainties are frequently encountered in the field of vehicle dynamics stated above. There, various types of
uncertainty are described briefly that may arise in physical systems, and the parametric uncertainties are emphasized as one natural type of uncertainties. The parametric uncertainty
is a structured uncertainty in a process on which no information is available, except that an
upper-bound on its magnitude can be estimated. It is often very natural to model uncertainty
with real structured perturbations when, e.g. the real coefficients of a physical parameter
are uncertain. Models with real parametric uncertainty allow some more accurate representation of some systems. Introducing more structure uncertainty may improve model fidelity
but typically complicates the analysis. A single norm bounded perturbation makes analysis
simple but may be too conservative. Hence, a tradeoff arises in uncertainty modelling between the fidelity of the plant model and its simplicity, respectively. The development of H∞
theory, and structured singular value µ computation have greatly simplified the robust stability of systems with structured uncertainties, performance analysis and controller design, see
(Doyle 1985, Doyle et al. 1989, Packard & Doyle 1993). The traditional way to verify the
closed-loop performance over a continuous range of uncertain parameter values has been
setting of the each parameter to its minimum, maximum and possibly a few intermediate
values. An analysis and simulation is then performed for each permutation of these values.
This approach is wasteful and is unlikely to find the true "worst case" set of simultaneous
parameter changes, since it examines only a few scattered points in a continuous region
of parameter spaces. The structured singular value µ was introduced to verify whether the
system remains stable or meets certain performance requirements when all the parameters
vary independently over given intervals. The µ gives a precise characterization of robust
stability and performance in an H∞ sense, for systems with structured uncertainties, (Young
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et al. 1991, Fan et al. 1991, Zhou & Doyle 1996). In Chapter 2 it is shown how the conservatism of controllers can be reduced by taking structured uncertainty into consideration. It
is demonstrated in the analysis of high dependable control systems, that the application of
mixed µ synthesis improves the performance level of the closed-loop system significantly.
Next, the thesis focuses on the problem of model-based fault diagnosis for multivariable
dynamic systems. One of the main goals of fault diagnosis is to produce an early diagnosis (detection, isolation and identification) of faults, whilst they are incipient and hard
to detect and isolate. The idea of fault detection and isolation (FDI) is based on the fact
that, though a detected change does not necessarily correspond to a failure, the faulty operation of the system is always preceded by certain changes in the dynamics. The fault
detection and isolation imply the continuous monitoring of the whole process, including
the sensors, actuators and control equipment both in open and closed-loop operation. A
traditional approach to fault diagnosis in the wider application context is based on hardware
redundancy methods which use multiple sensors, actuators, computers and software to measure and control a particular variable. Analytical redundancy makes use of a mathematical
model and the goal is to determine faults by comparing the available system measurements
with a priori information represented by the mathematical model, through the generation of
residual quantities and their analysis. There are various approaches to residual generation,
see e.g. the parity space approach, (Gertler 1998), the multiple model method, (Boskovic
& Mehra 1999), unknown input observer concept, (Chen & Patton 1999), detection filter
design using geometric approach, (Massoumnia 1986b), or on frequency domain concepts,
(Frank & Ding 1994). The geometric approach to design detection filters was initiated by
Massoumnia for linear time invariant (LTI) systems, (Massoumnia 1986b). The geometric
approach relies on the use of (C, A) invariant subspaces and provides conditions on separability and mutual detectability of the failures. These concepts have been used for building
an LPV FDI design procedure, see (Balas & Bokor 2000, Balas et al. 2002). Related results
for FDI filter design have been published recently for linear time varying (LTV) systems,
(Edelmayer, Bokor, Szigeti & Keviczky 1997, Edelmayer, Bokor & Keviczky 1997), for
bilinear systems, (Hammouri et al. 1999) and for input affine nonlinear systems, (Persis
& Isidori 2000b, Persis & Isidori 2000a). The inversion-based approach for LTI systems

5
that can be used for detector design represented as a minimum order stable linear system (Szigeti et al. 2001, Edelmayer et al. 2003). This approach is based on the concept
of system inversion for LTI systems and is considered by Fliess for nonlinear systems,
(Silverman 1969, Fliess 1986). The outputs of these detectors are failure signals, while the
inputs are the measured outputs and possibly their derivatives. This makes not only the
detection and isolation possible but also the estimation of the fault signals. In Chapter 3
we concentrate on the design of fault detection and isolation filters based on the geometric approach. The geometric concept will also be discussed for the class of LPV systems.
There, the solution of LPV fault detection filter design is presented by the extension of
(C, A)-invariant subspace algorithm. The stability of LPV filters is guaranteed in the sense
of quadratic stability by the solution of linear matrix inequalities for all the vertices of the
parameter space. The contribution of this section is the first application of LPV FDI filtering
to a high fidelity, nonlinear aircraft model.
Model based FDI makes use of the mathematical models of the supervised system, however, a perfectly accurate and complete mathematical model of a physical system is not
available. Hence, one of the major concerns in designing failure detection systems is detection performance i.e., the ability to detect and identify faults promptly with minimal delays
and false alarms even in the presence of uncertainty. It is practically impossible to detect
the failures with unlimited sensitivity. Obviously, finding a trade-off between the sensitivity and disturbance attenuation of the methods is an important design issue. Typically, the
FDI filter design approach is elaborated for open-loop models and it is applied in closedloop. A complete analysis of the combined feedback controller and fault detection filter
both for nominal systems as well for uncertain system given in the reference (Niemann &
Stoustrup 1997a, Stoustrup & Grimble 1997, Niemann & Stoustrup 1998). In Chapter 4
the robustness aspect of FDI will be considered for generalized control structures and the
effect of closing the loop is shown in nominal case as well as in uncertain case. The FDI design problem will be analyzed both in the case where the control input signal is considered
as a known external input signal and when the input signal is generated by a feedback controller. It has been shown that there is a complete separation between the design of feedback
controller and that of the FDI filter in the nominal case which is not the case in uncertain
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systems. There a combined strategy in designing controllers and detection filters is developed which takes the closed-loop performance and filter sensitivity into consideration by
using the robust stability margin as a design parameter. This combined design strategy is
demonstrated for aircraft model Boeing 747-100/200.
Fault-tolerant control needs to achieve high levels of reliability, maintainability and performance in situations in which the controlled system can potentially have damaging effects on the environment if faults in its components occur. Increased reliability can be
achieved either by ensuring the faults cannot occur, or by accepting the inevitable risk
of faults and design, the system to be fault tolerant. There may be some accepted performance degradation for a fault-tolerant system operating under a faulty condition. A
fault-tolerant control system is designed to retain some portion of its control integrity when
there is a specified set of possible component faults or there are large changes in the system operation conditions caused by these faults. Fault-tolerant control schemes can be
classified into reconfigurable and restructurable approaches. Numerous results have been
proposed related to both approaches in the past few years. One approach to design reconfigurable control systems is based on the priori knowledge of possible failures, (Boskovic &
Mehra 1998a, Boskovic & Mehra 1998b, Ganguli et al. 2002). An alternative approach is
taken for restructurable schemes where the controllers are calculated on-line by using adaptation techniques, (Boskovic et al. 1998, Boskovic & Mehra 1999, Napolitano et al. 2001).
Chapter 5 presents a fault-tolerant control scheme trough control reconfiguration based on
the a priori synthesis of an LPV method. The fault signal generated by an FDI algorithm
is formulated as a parameter on which the LPV controller is scheduled. The fault-tolerant
control structure is presented for the drive stability system of heavy vehicles. The actuators
used in the control reconfiguration algorithm are active antiroll bars and the active brake
system. In non-faulty case the brake system is active only when the vehicle is close to roll
over situation. If a hydraulic actuator fault occurs in the system, the operation regime of the
brake system is extended.
My research activity has been focused on solving of above problems, and the summary
of new scientific results achieved during my research is given in Chapter 6.

Chapter 2
Robust Control for MIMO Systems
Under Uncertainty
The aim of this section is to address how the conservatism of robust controller in the fault
tolerant control scheme can be reduced by taking the structured and unstructured uncertainty into consideration. In this chapter various types of uncertainty are described briefly
that may arise in physical systems, and the parametric uncertainties are emphasized as one
natural type of uncertainties. The robust stability test is obtained for linear time-invariant
systems through the use of small gain theorem. The sufficient conditions for robust performance are also obtained under unstructured uncertainty. In many problems, uncertainty
can be represented in a block diagonal form, hence, the structured singular value µ will be
introduced which takes both the structured and unstructured uncertainty into consideration.
A nonconservative bound for the robustness of stability and the performance of uncertain
linear system will be given by using the structured singular value µ. It is shown that using
both types of uncertainty in the fault tolerant control design the performance of closed-loop
system can be improved significantly.

2.1

Uncertainty Modelling for Robust Control Design

Most of the control designs are based on the use of the mathematical model. The mathematical model provides a map from inputs to outputs. The quality of a model depends on how
closely its responses match those of the true plant. Since no single fixed model can respond
exactly like the true plant, a set of maps are needed. A good model should be simple enough
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to facilitate design, yet complex enough to give the engineer confidence that designs based
on the model will work on the true plant. In practice, one of the most effective ways to build
a set of models, relies on bounded sets. This consists of a nominal center surrounded by a
collection of possible variations that are bounded in magnitude by a radius. The center will
be referred to as the nominal model. It might be the highest fidelity model available, or it
might be a reduced order model used in design iterations. The radius then describe how far
an actual system can deviate from this nominal.
The term uncertainty refers to the differences or errors between models and reality. Representations of uncertainty vary primarily in terms of the amount of structure they contain.
This reflects both our knowledge of the physical mechanism that cause differences between
the model and the plant and our ability to present these mechanism in a way that facilitates
convenient manipulation.
The notion of uncertain dynamical system is central to robust control theory. For control design purposes, the possibly complex behavior of dynamical systems must be approximated by models of relatively low complexity. The gap between such models and the true
physical systems is called the model uncertainty. Another case of uncertainty is the imperfect knowledge of some components of the system, or the alteration of their behavior due
to changes in operating conditions. Uncertainty also stems from physical parameters whose
value is only approximately known or varies in time. Note that the model uncertainty should
be distinguished from exogenous actions such as disturbances or measurement noise.
Uncertainty should be small where high performance is desired. What follows, there
is a tradeoff between performance and robustness. In other words, the model should be
sufficiently accurate in the control bandwidth. The more information you have about the
uncertainty e.g. phase, structure, time invariance, the higher the achievable performance
will be.
Basically, there are two classes of uncertainties. One of them is the dynamical uncertainties, which consists of dynamical components neglected in the model as well as of
variations in the dynamical behavior during operations. For instance, high-frequency flexible modes, nonlinearities for large inputs, slow time variations. This kind of uncertainties
are unstructured information since it would not be practical or possible to describe all these
in detail. The other class of uncertainties is the parameter uncertainty, which arises from
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imperfect knowledge of the physical parameter values, or from variations of these parameters during operation. The physical parameters include stiffness and damping coefficients in
mechanical systems, aerodynamical coefficients in flying devices, capacitors and inductors
in electric circuits. However, the parameters are often uncertain in a physical system and
they are not known exactly, the range their variations may be known. Hence, the parametric
uncertainties provide highly structured information to describe the model uncertainties.

2.1.1

Unstructured Uncertainty in Physical Systems

The nominal models typically exhibit good fidelity at lower frequencies but they degrade
rapidly at higher frequencies due to poorly modelled or neglected effects, actuator modelling error and plant as well as actuator nonlinearities. In this situation, even the dynamic
order of the actual plant is not known, and something richer than parametric uncertainty is
needed to represent the unmodelled dynamics.
One common approach for this type of uncertainty is to use a complex-valued, unstructured, multiplicative uncertainty model. The complex-valued unstructured representation
is appropriate here because magnitude and phase errors and cross channel coupling errors
are all prominent at higher frequencies. The multiplicative form is chosen for convenience
because it permits the intuitive interpretation of uncertainty magnitudes in terms of percent errors relative to the nominal model. Roughly, this type of uncertainty allows you
to specify a frequency-dependent percentage uncertainty in the actual plant behavior. For
further discussion, it is convenient to define the input multiplicative uncertainty and the output multiplicative uncertainty for multi-input multi-output (MIMO) systems. We need both
models because the multiplication of transfer function matrices is non-commutative. The
neglected actuator dynamics and the computational/digital effects are usually represented as
input multiplicative uncertainty structure, while the high frequency uncertainties associated
to sensor hardware are modelled as output multiplicative uncertainty.
The uncertainties between the nominal model and the real plant is represented by a
weighting function Wu and a transfer function ∆. Wu is assumed to be known, and it presents
all a priori information about the neglected dynamics. The transfer function ∆ is assumed
to be stable and unknown with bounded size.
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For single-input single-output (SISO) systems the size of the transfer function ∆, is naturally measured by the absolute value of the complex valued frequency responses |∆( jω)|.
However, for MIMO systems the frequency response of ∆( jω) will be complex valued matrices. Thus some scalar measure of the size of a complex valued matrix is needed. It is
standard practice is to use singular values as gain measure.
The singular values of a complex matrix A ∈ Cn×m , denoted σi (A), are the k largest
nonnegative square roots of the eigenvalues of AH A where k = min (n, m) and AH denotes
the complex conjugate transpose of A. Thus

σi (A) = λi (AH A),

i = 1, 2, . . . , k.

It is usually assumed that the singular values are ordered such that σi ≥ σi+1 . It is then
a well known fact that the maximum σ and minimum σ singular values are also given by
Au2
u∈C u2
Au2
σ(A) = minm
.
u∈C u2
σ(A) = maxm

L∞ is a Banach space of complex-valued matrix functions that are essentially bounded
on jR, with norm
∆∞ := ess sup σ(∆( jω)).
ω∈R

The rational subspace of L∞ , denoted by R L∞ , consists of all proper and real transfer matrices with no poles on the imaginary axis.

H∞ is a closed subspace of L∞ with functions that are analytic and bounded in the open
right-half plane (RHP). The H∞ norm is defined as
∆∞ := sup σ(∆(s)) = sup σ(∆( jω)).
Re(s)>0

ω∈R

The real rational subspace of H∞ is denoted by R H∞ , and consists of all proper and real
rational stable transfer matrices.
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The precise definition of the multiplicative uncertainty at the plant input and output are
as follows:

Mi (G0 ,Wu ) := G : G = G0 (I + ∆Wu ),

Mo (G0 ,Wu ) := G : G = (I + ∆Wu )G0 ,

∆ ∈ R H ∞ , ∆∞ ≤ 1




∆ ∈ R H ∞ , ∆∞ ≤ 1 .

(2.1.1)
(2.1.2)

At each frequency, Wu represents the maximum potential percentage difference between all
of the plants represented by M j (G0 ,Wu ), ( j ∈ {i, o}) and the nominal plant model G0 . In
that sense, M j (G0 ,Wu ) represents a ball of possible plants, centered at G0 . In particular, for
SISO systems equation (2.1.1) can be written in the following form:




 G( jω) − G0 ( jω) 
 ≤ |Wu ( jω)|, |∆( jω)| ≤ 1 .
M (G0 ,Wu ) := G(iω) : 

G0 ( jω)

(2.1.3)

On a Nyquist plot, a disk of radius |Wu ( jω)G0 ( jω)|, centered at G0 ( jω) is the set of possible
values that G( jω) can take on, due to the uncertainty description. It should be noted that in
SISO case the input and output multiplicative uncertainty is exactly same.
Another possible uncertainty structure is the additive uncertainty. The additive uncertainty is also represented by weighting function Wu and transfer function ∆. Given a nominal
model G0 and an additive uncertainty weighting function Wu , the definition of additive uncertainty set is given by:

A (G0 ,Wu ) := G : G = G0 + ∆Wu ,


∆ ∈ R H ∞ , ∆∞ ≤ 1 .

(2.1.4)

The additive uncertainty model is less realistic from engineering point of view than the multiplicative uncertainty since the Wu represents the maximum absolute modelling error rather
than the relative one. The additive model may be used to pose some robust stabilization
problems which have nice solution, see (Glover 1986).
As usual, we represent the uncertain plant set M j (G0 ,Wu ) as a linear fractional transformation (LFT) model by separating the known elements (G0 and Wu ) from the unknown
element ∆. The block diagrams of lower and upper LFTs can be seen in Figure 2.1. The
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Figure 2.1: Linear fractional uncertainty structures
diagram on the left and right represents the following set of equations:
 
  
 
  
y
P11 P12 u
e
P11 P12 d
=
=
e
P21 P22 u
P21 P22 d
y
d = ∆u e

d = ∆ e

The physical meaning of an LFT in control science is obvious if we take P as a proper
transfer matrix. In that case, the LFTs defined previously are simply the closed-loop transfer
matrices from u → y. In most cases, we shall use the general term LFT in referring to both
upper and lower LFTs and assume that the context will distinguish the situations.
Next, the multiplicative uncertainty are reformulated as an upper LFT structure. In case
of multiplicative uncertainty the generalized plant model P is given by:
 
  
e
0 Wu G0 d
.
=
I
G0
u
y
Applying the formal definition of LFT transformation the closed-loop transfer function Myu
in case of input multiplicative uncertainty is given by:
Myu = Fu (P, ∆) = G0 + ∆Wu G0 = (I + ∆Wu )G0 .

2.1.2

Structured Uncertainty Modelling for Real Parameters

Another important type of uncertainty is characterized by errors in real-valued parameters.
Real parameter uncertainty includes uncertainty associated with things as mass, damping,
spring and inertia coefficient. Cause of uncertainty is the imperfect knowledge of some
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components of the system, or the alteration of their behavior due to changes in operating
conditions. Uncertainty also comes from physical parameters whose value are only approximately known or varies in time. The parametric uncertainty gives a structural information
about the uncertainty.
Suppose that in a mechanical system 2 physical parameters mass m and damping b, are
not known exactly, but are believed to lie in known intervals. In particular, the actual mass
m is within 10% of a nominal mass m̄ and the actual damping value b is within 20% of
a nominal value of b̄. Now introducing perturbations δm and δb which are assumed to be


unknown but lie in the interval −1 , 1 .
If there are such uncertain parameters in a physical system, a correct description of the
uncertainty is given as

∆=

δm

0

0

δb


,

|δi | ≤ 1,

i ∈ {m, b}.

But when we write ∆∞ ≤ 1 instead, we lose all the structural information, since this
description also allows perturbation such as


0.1 0.2
∆=
0.2 0.1
which do not correspond to any real perturbations. The use of the unstructured description
generally leads to compensator designs which are unnecessarily conservative, because they
perform satisfactorily in some sense even in the face of perturbations which can never occur.
In other words the controller has to be tuned just to guard against non-existent events.
All uncertainty parameters can be written in the lower LFT form. The parameters are
assumed to be uncertain, with a nominal value and a range of possible variations:
m = m̄(1 + σm δm );

b = b̄(1 + σb δb )

with σm and σb scalars, and |δi | ≤ 1, i ∈ {m, b}. The σi scalar indicates the percentage of
variation that is allowed for a given parameter around its nominal value. The change of the


δi parameters in the interval −1 , 1 determines the actual parameter deviation.
Basically, the physical parameters appear neither in the numerator of the coefficients in
the differential equations or in the denominator, respectively. Typically, the mass parameter
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m occurs in the denominator of the coefficients so the LFT representation of parameter

1
m

is as follows (see Figure 2.2):


1
1 σm
1
=
= −
δm (1 + σm δm )−1 = F
m m̄(1 + σm δm ) m̄ m̄

1
m̄

− σm̄m


, δm .

1 −σm

Similarly, the damping parameter b, which usually occurs in the numerator, can be written
in LFT representation in the following form (see Figure 2.2):


b̄ 1
, δb .
b = b̄(1 + σb δb ) = F
σb b̄ 0

um   1 σm 
m̄ − m̄
 1 −σm
dm
δm 

y
m
em

ub






b̄ 1
b̄σb 0



yb

eb

db
δb



Figure 2.2: Parametric uncertainty in LFT form

2.2

Robust Control Under Structured Uncertainties

The aim of this section is to motivate the use of µ control under structured uncertainty as a
control system design procedure. Generally if a model of unstructured complex perturbation
is conservative, that is if some of the plants included by the perturbation structure can never
occur in practice, the optimal H∞ controller may be very conservative in the sense of robust
performance. Specifically, it is useful to obtain nonconservative bounds for the robustness
of stability and the performance of uncertain linear system. In developing a model for linear
systems, it is natural to define a description of uncertainty associated with the model. One
possibility is to lump all forms of uncertainty in a single norm bounded uncertainty. While
this may simplify subsequent analysis and design, it may be too conservative, especially
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when performance requirements are stringent. The structures singular value was introduced
to take advantage of the fact that in many problems, uncertainty can be represented in a
structured form, e.g., a block diagonal form. Initially, the block diagonal form of uncertainty
was assumed to be made up of complex blocks, (Packard & Doyle 1993, Doyle 1985).
This complex µ approach was reasonable and adequate for many applications. However,
in many cases, it is natural to model uncertainty with real perturbations, e.g., when the real
coefficients of a linear differential equations are uncertain. While it is still possible to simply
assume that these perturbations are complex and proceed with the analysis, the results can
be expected to be conservative. In such cases it is possible to reduce the conservatism of
the controller by using the mixed µ approach which can take the real parametric uncertainty
into consideration, (Fan et al. 1991, Young et al. 1991, Packard & Pandey 1993).

2.2.1

Robust Control Using Singular Values

Consider the general multivariable feedback scheme shown in Figure 2.3. The nominal

w
rcmd



K

u

G0



y



n


Figure 2.3: General feedback control configuration
plant and the controller transfer function matrix are denoted G0 and K, respectively. In that
case the feedback controller K is designed to fulfill mainly the following goals:
• nominal performance (NP)
• robust stability (RS)
• robust performance (RP)
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The nominal performance includes good disturbance rejection and sensor noise reduction. Robust stability means that the closed-loop system is stable under all possible perturbations to the plant G0 . Robust performance will be used to indicate that the nominal
performance requirements are met under all possible perturbations.
Nominal Performance
If the closed-loop system in Figure 2.3 is internally stable, satisfies the following equations:
y = To (rcmd + n) + So w

(2.2.1)

rcmd − y = So (rcmd + w) + To n

(2.2.2)

u = KSo (rcmd + n + w)

(2.2.3)

where So = (I + Lo )−1 is the output sensitivity transfer matrix and To = I − So is the output
complementary sensitivity transfer matrix and Lo = G0 K is the output loop transfer matrix,
Li = KG0 is the input loop transfer matrix. The input sensitivity transfer matrix Si and the
input complementary sensitivity transfer matrix Ti are defined in a similar way. It is simple
to show that So G = G0 Si 1 and Si K = KSo .
The equation (2.2.1) shows that the effects of disturbance w on the plant output can be
made small by making the output sensitivity transfer function matrix So small. Similarly,
the equation (2.2.2) shows that good sensor noise reduction can be achieved if the complementary sensitivity transfer function matrix To is small. For disturbance w and noise n to
affect the control input u to the least extent, equation (2.2.3) shows that the KSo should be
small.
Assume that we are given a stable linear time invariant (LTI) systems G with m inputs
and p outputs, i.e. G( jω) ∈ C p×m . All inputs u(t) into the system are assumed to have
finite energy, i.e. u(t) ∈ L2 . The L2 (∞, ∞) denotes a Hilbert space which consists of all
square integrable and Lebesgue measurable vector-valued signals defined on R with 2-norm
defined as
u2 :=
1S G
o 0

∞
−∞

∗

u(t) u(t)dt

1
2

< ∞.

= (I + G0 K)−1 G(I + KG0 )(I + KG0 )−1 = (I + GK0 )−1 (I + G0 K)G0 (I + KG0 )−1 = G0 Si
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If u2 ≤ 1, the energy of the output y(t) will be bounded by
sup{y2 : u2 ≤ 1} = G∞ .
G∞ denotes the maximum gain of G over all frequencies and all input directions.
Consequently, if for example we wanted good disturbance rejection at the output of a
plant, we would try to make the ∞-norm of output sensitivity sufficiently small
So ( jω)∞  1.
Similarly, for good sensor noise rejection one would require
To ( jω)∞  1,
and for low sensitivity of the input
K( jω)So ( jω)∞  1.
However, because To ( jω) + So ( jω) = I, the sensitivity So ( jω) and the complementary
sensitivity To ( jω) cannot be small in the same frequency range. Fortunately the spectra
of disturbance w are usually concentrated at low frequencies, whereas the spectra of measurement noise n is concentrated at higher frequencies. Thus one may shape the complementary sensitivity To ( jω) and the sensitivity So ( jω) such that So ( jω)∞ is small at low
frequencies and To ( jω)∞ is small at high frequencies. However, as we shall see in the
next section, robustness to unstructured uncertainty places bounds on the complementary
sensitivity function.
Often a performance specification for robust control is given as a weighted sensitivity
specification


Wp ( jω)So ( jω) < 1.
∞

(2.2.4)



If a controller can achieve Wp ( jω)So ( jω)∞ < 1, we say that the closed-loop system
has nominal performance (NP). The Wp represents the frequency content of the disturbance.
One obtains an optimal disturbance attenuation, if chooses a controller that while stabilizing
the closed-loop system, minimizes the maximum amplification from the disturbance input
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w to the performance output z. A convenient way of formulating the nominal performance
problem is to use LFT formulation. The generalized plant model P for weighted sensitivity
is given by:
 
z
y

=


 
W p W p G0 w
−I

−G0

u

.

Applying the formal definition of LFT transformation the closed-loop transfer function

F (P, K) is given by:
F (P, K) = Wp +Wp G0 K(I + G0 K)−1 (−I) = Wp (I − G0 K(I + G0 K)−1 ) = Wp So .
The optimal nominal performance problem is to minimize the ∞-norm of a closed-loop
transfer matrix F (P, K) over all stabilizing controllers, i.e.


γopt = inf Wp So ∞
K∈KS

(2.2.5)

where KS denotes the set of all nominally stabilizing controllers.
The problem equation (2.2.5) is a standard H∞ optimization problem which is usually
solved using a bisection algorithm, i.e. γopt is usually approximated by solving equation (2.2.5) for successively smaller values of γ (so called γ-iteration), see (Doyle et al.
1989, Zhou & Doyle 1996).
Robust Stability
At this point we will consider only unstructured complex perturbation. The motivation for
using H∞ techniques to design robust controllers is provided by the small gain theorem.
The notions of well-posedness and internal stability are defined in (Zhou & Doyle 1996, pp.
119–125).
Theorem 2.2.1 (Small Gain Theorem). (Zhou & Doyle 1996, pp. 218) Suppose M ∈ R H ∞
and let γ > 0. Then the interconnected system in Figure 2.4 is well-posed and internally
stable for all ∆ ∈ R H ∞ with ∆∞ ≤ 1/γ if and only if M∞ < γ.
The Small Gain Theorem implies that the smaller the ∞-norm of the stable transfer
matrix M, the larger the ∞-norm of the smallest stable perturbation ∆ that destabilizes the
interconnected system (M, ∆).
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Figure 2.4: The interconnected system
The Small Gain Theorem will now be used to access the closed-loop stability under
unstructured norm-bounded perturbations. Let us assume e.g. an output multiplicative perturbation:
G = (I + ∆Wu )G0 ,

∆ ∈ R H ∞ , ∆∞ ≤ 1.

The Wu represents the maximum potential percentage difference between all of the
plants represented by Mo (G0 ,Wu ), and the nominal plant model G0 . The generalized plant
model P is as follows:
 
e
y


=

0

−Wu G0

−I

−G0

 
d
u

.

Applying the formal definition of LFT transformation the closed-loop transfer function M =

F (P, K) is given by:
M = −Wu G0 K(I + G0 K)−1 (−I) = Wu To .
Thus, the closed-loop system M is stable for all perturbations ∆ with ∆∞ ≤ 1 if and
only if the following condition is satisfied:
Wu ( jω)To ( jω)∞ < 1.
It should be noted that the structure of robust stability equals the structure of nominal
performance. Consequently, the robust stability problem is also a standard H∞ problem with
known solution.
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Robust Performance
Consider the perturbed system shown in Figure 2.5 with the set of perturbed models described by Mo (G0 ,Wu ). Suppose the performance criterion is to keep the effect of disturbance as small as possible for all possible models belonging to the set Mo (G0 ,Wu ).

e-

∆

d
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-

K

6

u-
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w
-

? ?y
- Wp

z
-

Figure 2.5: Closed-loop structure with output multiplicative uncertainty
The closed-loop system has robust performance (RP), if one chooses a controller that
while stabilizing the closed-loop systems robustly against uncertainties, minimizes the maximum amplification from the disturbance input w to the performance output z.
In order to derive the robust performance of a closed-loop system the uncertain structure
depicted in Figure 2.5 has to be reformulated in LFT form (see Figure 2.6). The generalized
plant model P is as follows:
 
  
d
0
0 −Wu G0
e
 
  
z = Wp Wp Wp G0  w .
 
  
u
y
−I −I −G0
Applying the formal definition of LFT transformation the closed-loop transfer function M
is given by:

M = F (P, K) =

0

0


+



−Wu G0

W p G0
Wp Wp


Wu To Wu To
=
.
−Wp So Wp So



K(I + G0 K)−1 −I −I
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Figure 2.6: Robust performance problem in LFT form
Thus, the closed-loop system M with output multiplicative uncertainty is stable for all
perturbations ∆ with ∆∞ ≤ 1 and Fu (M, ∆)∞ < 1 if and only if the following condition
is satisfied:



 WT
Wu To 
u o



 < 1.
 −Wp So Wp So 

(2.2.6)

∞

Clearly robust performance implies both nominal performance and robust stability. The
partition M11 = Wu To corresponds to the robust stability of the closed-loop system M, while
M22 = Wp So to the nominal performance, respectively.
It should be noted that the robust performance condition is equivalent to the robust
stability condition by augmenting the perturbation structure with full complex performance
block ∆ p .
Generally it can be concluded that if an unstructured complex perturbation model is
conservative, that is if some of the plants included by the perturbation structure can never
occur in practice, the optimal H∞ controller may be very conservative in the sense of robust
performance. In such cases it is possible to reduce the conservatism of the controller by
using a µ approach. In the next section robust control design with structured singular values
will be considered.
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2.2.2

Robust Control Design Using Structured Singular Values

The structures singular value is the generalization of the singular values for constant matrices. More specifically, it is an instructive at this point to consider again the robust stability
problem of the standard interconnection with stable M and ∆, (see Figure 2.4).
One important question one might ask is how large ∆ can be without destabilizing the
feedback system. Since the closed-loop poles are given by det (I + M∆) = 0, the feedback
system becomes unstable if det (I + M(s)∆(s)) = 0 for some s ∈ C. Now let α > 0 be
sufficiently small number such that the closed-loop system is stable for all stable ∆∞ < α.
Next increase α until αmax so that the closed-loop system becomes unstable. So αmax is the
robust stability margin. By Small Gain Theorem,
1
αmax

= M∞ := sup σ(M(s)) = sup σ(M( jω))
s∈C

ω

if ∆ is unstructured.
Note that for any fixed s ∈ C, σ(M(s)) can be written as
σ(M(s)) =

1
.
min {σ(∆) : det(I + M(s)∆) = 0, ∆ is unstructured}

(2.2.7)

In other words, the reciprocal of the largest singular value of M is a measure of the
smallest unstructured ∆ that causes instability of the feedback system. If the perturbation ∆
has a known structure, then the singular value of M can be conservative in terms of robust
stability margin αmax in the equation (2.2.7). Rather than a singular value constraint we
need some measure which takes the structure of the perturbation into account.
Next we consider a similar problem but with ∆ structurally restricted. In particular, we
consider the block diagonal matrix ∆. Assume that ∆ is a member of a norm-bounded subset
B∆ = {∆ ∈ ∆ : σ(∆) ≤ 1}
where ∆ is defined by


m j ×m j
.
∆ = diag(δ1 Ir1 , . . . , δs IrS , ∆1 , . . . , ∆F ) : δi ∈ C, ∆ j ∈ C

(2.2.8)

(2.2.9)

At this point, the ∆ covers all of the dynamic and parametric uncertainties by complex
norm-bounded δ blocks. Later on, we will discuss ∆ structure which allows to handle the
parametric uncertainty as real structured perturbation.
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Now, the question is what the smallest perturbation matrix ∆ ∈ ∆ is in the sense of σ(∆)
which destabilizes the closed-loop matrix M.
Definition 2.2.1. (Zhou & Doyle 1996, pp. 278) For M ∈ Cn×n ,
µ∆ (M) :=

1
min{σ(∆) : ∆ ∈ ∆, det(I + M∆) = 0}

(2.2.10)

unless no ∆ ∈ ∆ makes I + M∆ singular, in which case µ∆ (M) := 0.
Thus 1/µ∆ (M) is the size of the smallest perturbation ∆ ∈ ∆, measured by its maximum
singular value, which destabilizes the closed-loop.
In the following, the robust stability and robust performance are described by using
the structured singular value µ. Gathering the analysis tools presented in Section 2.2.1, a
general framework for robustness analysis of linear systems can be illustrated as in Figure
2.7.

∆
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Figure 2.7: General uncertain system in LFT form
The uncertain system components are contained in a block diagonal matrix ∆, which is
connected to the nominal system P, such that the closed-loop uncertain system is described
by a LFT. The signal w contains all external disturbances to the system (e.g., disturbance,
sensor noise, reference signal, etc.), z is the performance output which has to be controlled,
u is the control inputs, y is the measured outputs, and d and e connect to uncertainty represented by ∆ to the nominal system P.
Theorem 2.2.2 (Robust Stability with µ). (Zhou & Doyle 1996, pp. 287) Let β > 0. The
closed-loop system M = F (P, K) is well-posed and internally stable for all ∆ ∈ M (∆) with
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∆∞ ≤

1
β

if and only if
sup µ∆ (M11 ( jω)) < β

ω∈R

where M (∆) := {∆(·) ∈ R H ∞ : ∆(s) ∈ ∆ ∀ s ∈ C}.
As we have shown in Section 2.2.1, by augmenting the perturbation structure with a full
complex performance block ∆ p the robust performance condition can be equivalent with the
robust stability condition.
Theorem 2.2.3 (Robust Performance with µ). (Zhou & Doyle 1996, pp. 289) Let β >
0. The closed-loop system M is well-posed and internally stable for all ∆ ∈ M (∆) with
∆∞ ≤ β1 and Fu (M, ∆)∞ < β if and only if
sup µ∆P (M( jω)) < β

ω∈R

where the perturbation set is augmented with a full complex performance block


dim(w)×dim(z)
∆P = diag(∆, ∆P ) : ∆ ∈ ∆, ∆P ∈ C
.
Using µ it is then possible to test for both robust stability and robust performance in a
non-conservative manner, since much tighter uncertainty description may be given due to
the diagonal structure on ∆. Indeed, if the uncertainty is modelled exactly by ∆, i.e. if all
plants in the norm-bounded set can really occur in practice, then the µ condition for robust
performance provides much tighter condition compared with the H∞ results in Section 2.2.1.
So far we have dealt with uncertainty structure ∆ which consists of only complex scalar
δi and full ∆ j blocks. However, in practice many systems involve parametric uncertainties
that are real. In this case it is possible to cover this real parameter variation with a complex
disk in order to use the complex µ (when only complex blocks are used) analysis tool, but
the result will be conservative. In order to reduce the conservatism of robust analysis, the
following uncertainty structure should be used


diag(φ1 Ik1 , . . . , φSr IkSr , δ1 Ir1 , . . . , δs IrS , ∆1 , . . . , ∆F ) :
∆=
.
φi ∈ R, δ j ∈ C, ∆ ∈ Cm ×m
Note that the µ analysis when both real and complex perturbation blocks are used is the
so-called mixed µ analysis.
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Computational of µ
Unfortunately equation (2.2.10) is not suitable for computing µ since the implied optimization problem may have multiple local maxima, see (Doyle & Packard 1987, Fan et al. 1991).
However, tight upper and lower bounds for µ may be effectively computed for both complex
and mixed perturbation sets. Algorithms for computing these bounds have been documented
in several papers, see e.g. (Doyle & Packard 1987, Young et al. 1991).
Define


D=




Q = ∆ ∈ ∆ : φi ∈ [−1, 1], |δi | = 1,


∆i ∆H
i

= Imi

diag(D̃1 , . . . , D̃Sr , D1 , . . . , DSc , d1 Imr , . . . , dF−1 ImF−1 , ImF ) :




D̃i ∈ Cki ×ki , D̃i = D̃H > 0, D j ∈ Cr j ×r j , D j = DH > 0, d ∈ R, d > 0
i
j


H
ki ×ki
G = diag (G1 , . . . , GSr , 0, . . . , 0) : G = Gi ∈ C

It was shown in (Young 1993) that the lower bound for mixed µ is given by:
max ρR (QM) ≤ µ∆ (M)
Q∈Q

(2.2.11)

where ρR (QM) is the real spectral radius of QM.
In equation (2.2.11) the lower bound is actually an equality but unfortunately the function ρR (QM) is non-convex so it cannot be guaranteed the global maximum, hence, only
the lower bound for µ can be obtained. The upper bound can be formulated as a convex
optimization problem, so the global minimum can be found. For a constant matrix M and
both complex and mixed uncertainty structure ∆, an upper bound for µ∆ (M) that take the
phase information of the real parameters into account can be formulated into an optimization problem:
inf

D∈D , G∈G



∗
∗
2
min β : M DM + j(GM − M G) − β D ≤ 0 .
β

For purely complex perturbation sets (G = 0) the above bounds are reduced to
max ρR (QM) ≤ µ∆ (M) ≤ inf σ(DMD−1 ).
Q∈Q

D∈D

(2.2.12)

26
µ Synthesis
The goal of the mixed µ synthesis is to minimize overall stabilizing controllers K, the peak
value µ∆ (·) of the closed-loop transfer function M = F (P, K). The formula is as follows:
inf sup µ∆ [F (P, K)( jω)].
K

ω

(2.2.13)

Using the upper bound, the optimization is reformulated as
inf sup
K

inf

inf {β : σ(Γ(ω)) ≤ 1)}

ω D∈D , G∈G β

(2.2.14)

where
Γ(ω) =

1
Dω F (P, K)( jω)D−1
ω
− jGω (I + G2ω )− 2
β

(2.2.15)

where Dω , Gω are selected from the set of scaling D , G independently of every ω.
The scaling G allows one to exploit the phase information about the real parameters
so that a better upper bound can be obtained. The optimization problem can be solved in
an iterative way by using D, G and K, similarly to D − K iteration. For fixed K(s) the
problem of finding Dω , Gω and β is just the mixed upper bound problem. Having found
these scalings we may fix β∗ = max β and fit transfer function matrices D(s) and G(s) to
Dω and jGω . Then, it can be shown see (Young 1993), that using spectral factorization, a
stable interconnection PDG (s) can be formed, which approximates Γ(ω) across frequency ω.
For given β∗ , D(s) and G(s) the problem of finding the controller K(s) will be reduced to a
standard H∞ problem. The procedure is called D, G − K iteration, see (Zhou & Doyle 1998).

2.3

Numerical Example

The aim of this section is to show how the conservatism of controllers can be reduced by
taking the structured uncertainty into consideration. Here, the mixed µ synthesis is applied
to an inverted pendulum device. In the mixed µ synthesis, both the real parametric and
the complex uncertainties are handled together, which usually yields a less conservative
compensator than the traditional robust control design methods. The inverted pendulum
is considered as a good demonstration tool for the illustration of control design. Different
control strategies can be shown on this device using traditional or modern methods.
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2.3.1

Structured Uncertainty Modelling for Inverted Pendulum

In this section the state space model of inverted pendulum including structured uncertainty
is described. The cart of inverted pendulum is propelled by a DC servomotor supported by
a power amplifier, the cart position and the rod angle is measured by potentiometers. Direct
digital control can be realized by means of a computer complemented with analog to digital
and digital to analog converters. The objective of the experiment is to design a controller
which stabilizes the rod and keeps the cart in a desired position.
Let mr be the mass of the rod,  the length of the rod, mc the mass of the cart, Rm the
armature resistance, Km the motor torque constant, Kg the gear-ratio of gearbox, and r the
radius of the gear, see (Soumelidis et al. 1997).
The differential equations of the nominal model are as follows:
   
  
Kg2 Km2
Kg2 Km2 1
mr
1
ẋ1
1
g( mc + 1)  g R m r2  0 x1
−
m c
   
   Rm mc r2


ẋ   1


0
0
0 x2  0
 2 

 + u
 =
   
ẋ3   0
1
0
0
 x3  0
  
0
ẋ4
0
0
1
0 x4
where xi ’s are the state variables in the controllability state space representation form, u is
the input voltage. The measured outputs are the displacement of the car yz and the rod angle
yθ . Hence, the output equations are given by:
 
yz
yθ


=

0
0

Kg Km Am
Rm mc r
Kg Km Am 1
− R m mc r 

 
x1
 
Kg Km Am 1  
0 −g Rm mc r  x2 
 .
x3 
0
0
 
x4

The difficulties of the control design is that the model contains uncertainties, which are
caused by actuator error, inaccurate parameters, neglected non-linear effects, and uncertain components of the plant. Some of the model uncertainties are usually caused by the
parametric uncertainties, which should be taken into consideration in order to reduce the
conservatism of the compensator to be designed. In our case the parametric uncertainties
are generated in a laboratory environment by varying the length of the rod  and its mass mr .
The parameters are assumed to be uncertain, with a nominal value and a range of possible
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variations:
¯ + σ δ );
 = (1

mr = m̄r (1 + σm δm )

with σ , σm scalars, in which −1 ≤ δ , δm ≤ 1. The σ scalar indicates the percentage of
variation that is allowed for a given parameter around its nominal value. The change of


parameters δ in the interval −1 , 1 determines the actual parameter deviation.
The detailed derivation of differential equations for inverted pendulum including parametric uncertainty is found in Appendix A.

2.3.2

Robust Control Design by Using µ Synthesis

The control design based on the µ synthesis is performed in two ways. The first approach
is based on the complex µ synthesis, in which the model uncertainties are represented by
complex frequency dependent ∆ blocks and a-priory information about the real parametric
uncertainties is not used in the design process. The second approach is based on the mixed
µ synthesis, in which the real parametric uncertainties are taken into consideration, i.e. both
the complex and the real frequency independent uncertainties are handled in ∆ blocks.
The controller must be designed in such a way that the following criteria are met.
Specification 1: The closed-loop system must be robustly stable.
Specification 2: The controller must provide the tracking of a predefined reference command associated with the displacement of the cart yz , moreover the disturbance attenuation performance for rod angle yθ . The performance requirements can be formulated
in the following specifications:
• The settling time must be less than 10 sec.
• The overshoot must not exceed 10%.
• The steady-state error must be below 1%.
• The interaction must be minimal: yθ (t)L∞ → min.
• The effect of disturbance w on rod angle yθ must be minimal, i.e.


Gy w  → min .
θ
∞
Specification 3: The control voltage must not exceed 10 V.

29
Design Setup for Inverted Pendulum
Consider the closed-loop system which includes the feedback structure of the nominal
model G0 and controller K, and elements associated with the uncertainty models and performance objectives (see Figure 2.8). The structure of the controller K may be partitioned


into two parts: K = K1 K2 , where K1 is the feedback part of the controller and K2 is the
pre-filter part.
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Figure 2.8: Closed-loop interconnection structure
In the diagram, rcmd is the reference command for the displacement of the cart. The
control input u is the input voltage of the DC servo motor. The measured outputs are the
displacement of the cart yz and the rod angle yθ . The n represents the measurement noise
associated with the cart displacement and rod angle, respectively. In the figure, z is the
performance output which consists of the tracking error with respect to displacement of the
cart ze , the rod angle zθ , and the control input zu .
In the robust control design both the unmodelled dynamics and the parametric uncertainty are taken into consideration. The uncertainties of the rod length  and the rod mass
mr are represented by the ∆r block, whose input and output is denoted by eδ and dδ , respectively. The transfer function ∆r contains the δ I3×3 < 1 and δm < 1 components in diagonal
form. The unmodelled dynamics is represented by Wu and ∆c . It is assumed that the transfer
function Wu is known, and it reflects the uncertainty in the model. The transfer function ∆c
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is assumed to be stable and unknown with the norm condition, ∆c ∞ ≤ 1. In the diagram,
e∆ is the input of the perturbation, d∆ is its output.
The weighting function Wp represents the performance weight and it contains the Wpi
(i = {e, θ, u}) components in diagonal form. The purpose of weighting function Wpi is to
keep the tracking error, the rod angle and the control input small over the desired frequency
range. The weighting functions Wpi chosen for performance outputs can be considered as
penalty functions. That is, weights should be large in a frequency range where small signals are desired and small where larger performance outputs can be tolerated. The size and
the shape of the frequency response of tracking error weight depend upon several considerations. First, we should recognize that the errors at frequencies beyond feedback loop
bandwidth will necessarily be open-loop size. Second, in order to achieve integral action
(i.e. zero steady state errors), weights should be large at very low frequencies.
s/7 + 1
The weighting function Wpe is selected as Wpe = 100
. The weighting function
s/0.02 + 1
Wpe applied for the tracking error, reduces the steady state error below 1%. It follows from
the condition that the transfer function from the reference signal to the cart position must
1
in steady state. The weighting
be less than 1/Wpe in the H∞ norm sense i.e. less than
100
s/2 + 1
function Wpθ is selected as Wpθ = 5
. Here, it is assumed that in the low frequency
s/0.1 + 1
domain the disturbance acting on rod angle should be rejected by the factor of 5. The control
input is limited using the performance criteria Wpu . Using this weight the designer can
penalize larger control voltage and thereby minimize control activity. The simplest weight
on control voltage is constant across frequency and its magnitude equals to the inverse of
1
the maximum potential voltage. The weight Wpu for the control voltage is . The reason of
10
keeping the control signal small is to prevent actuator saturation. Tid is the model matching
function which generally is an ideal transfer function of the plant. The required transfer
function Tid from rcmd to yz is defined by the designer. In our application, Tid is used to
introduce time domain specification into the design process. The model matching function
2.5
is given by Tid =
.
s + 2.5
The role of weights for sensor noise is basically the opposite of the role of weights for
performance outputs discussed so far. The inputs of the weights are signals whose frequency
responses are flat and unit size. The weights themselves contain scale factors and frequency
shaping that match the size, units and frequency content of the true inputs. Typically the

31
weights for sensor noise are simple constant that are used to model wide band signals. In
our case, sensor noises are small and do not impact performance significantly. The weights
Wn are derived from laboratory experiments. Noise weights are given by Wnθ = 0.1 and
Wnz = 0.01. The sensor noise for θ is 0.1 deg and there is a 0.01 m measurement noise for
displacement sensor.
µ Synthesis for Inverted Pendulum
In the first approach, uncertainty is modelled with multiplicative uncertainty at the plant
input as a complex scalar block. Let the frequency weighting function of the unmodelled
s/10 + 1
dynamics be as follows: Wr11 = 0.5
. It means that in the low frequency domain, the
s/40 + 1
uncertainties are about 50% and, in the upper frequency domain they are up to 100%. This
estimation is analyzed in both simulation and real examinations. If a smaller upper bound is
s/10 + 1
in the control design then the robust performance cannot
applied e.g. Wr12 = 0.25
s/40 + 1
be guaranteed. It means that the weighting function Wr12 does not cover the entire model
uncertainties, which come from the parametric uncertainty and the neglected dynamics. In
the second approach, in which mixed uncertainty is applied, information about the model
uncertainties between the model and the plant must be used in the control design, and the
magnitude of the unmodelled dynamics is reduced. Thus the uncertainties are selected
s/8 + 1
. It means that in the low
significantly smaller than in the previous case: Wr2 = 0.1
s/110 + 1
frequency domain the modelling error is about 10% and, in the upper frequency domain it
is up to 100%.
The complex µ synthesis is performed by using the D − K iteration. The result of the
iteration steps is shown in Table 2.1. As a result of Step #4, the compensator order is

Iteration
#1
#2
#3
#4
Controller order
8
10
16
18
D-scale order
0
2
8
10
Gamma achieved 2.393 1.241 1.019 1.001
Peak µ value
2.171 1.241 1.012 0.998
Table 2.1: Summary of the D-K iteration
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selected 18, and all the nominal performance, robust stability, and robust performance are
achieved. Using a simulation procedure, the step responses of the cart position and the rod
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angle with the control input are shown in Figure 2.9.
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Figure 2.9: Simulation results of the closed-loop designed by complex µ synthesis
The tracking of the square reference signal meets the requirements both in the transient
time domain and in steady state. The interaction between signals is also eliminated according to the specifications. In the case of weighting function Wr12 , the robust stability
requirement is not met and the oscillation of the angle is relatively high.
The mixed µ synthesis is performed by using the D, G − K iteration. The values of the
iteration steps are shown in Table 2.2.

Iteration
#1
#2
#3
Controller order
8
22
44
D-scale order
0
14
24
G-scale order
0
0
12
Gamma achieved 33.755 1.183 1.011
Peak µ value
2.193 1.166 0.977
Table 2.2: Summary of the D,G-K iteration
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As a result of Step #3, the compensator order is selected 44, and all the nominal performance, the robust stability, and the robust performance are achieved. The price of the mixed
µ synthesis is usually a controller with rather large order, which can be usually reduced. The
controller reduction method is based on the balanced realization and optimal Hankel norm
approximation, see (Glover 1984). The reduced order of the controller is selected 12. The
result of the robustness and that of performance analysis is shown in Figure 2.10.
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Figure 2.10: Performance and robustness analysis of the mixed µ controller
Using a simulation procedure, the step responses are shown in Figure 2.11. As it is
shown, the designed compensator guarantees the tracking of the reference signal, small
interaction between the signals, and minimal input voltage.
Finally, the compensators are used for the real inverted pendulum, and they are analyzed
for square reference signals. In the mixed µ case, both the step responses and the impulse
responses show good properties, similarly to the simulation results, see Figure 2.11. The
designed compensator guarantees the tracking of the reference signal, small interaction between the signals, and minimal input voltage. The properties of the disturbance attenuation
are also analyzed by using 0.1 rad impulse to the angle channel. As the impulse response
is shown, the effect of the disturbance is attenuated during the specified interval. In the
complex µ case, the step responses show good properties, however, the impulse responses
of the displacement and the rod angle have oscillation, see Figure 2.13.
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Figure 2.11: Simulation results of the closed-loop designed by mixed µ synthesis

2.4

Summary

Generally it can be concluded that if an unstructured complex perturbation model is conservative, that is if some of the plants included by the perturbation structure can never occur in
practice, the optimal H∞ controller may be very conservative in the sense of robust performance. In such cases it is possible to reduce the conservatism of the controllers by using a
µ approach. In the case when real parametric uncertainties can be taken into consideration
in the control design the magnitude of the unmodelled dynamics between the model and
the plant should be reduced. It means that information about the parametric uncertainties
must be used in the control design. In the case of complex µ synthesis, in which the model
uncertainties are handled by full or scalar complex blocks, the magnitude of the uncertainty
must be assumed larger than in the mixed µ synthesis because of the worst case principle,
or the designed compensator might not be robust against uncertainties. The reduction of
unmodelled dynamics in case of mixed µ synthesis results that the performance of closedloop system can be improved significantly. The price of the mixed µ synthesis is usually
a controller with a large order, however, it can be effectively reduced by using a controller
reduction method.

35

4

0.2

2
y , deg

0

0

θ

z

y ,m

0.1

−0.1
−0.2
0

−2
25

−4
0

50

25

50

25

50

0.6

u, V

0.3
0
−0.3
−0.6
0

25
time, sec

50

0.2

5

0.1

2.5
yθ, deg

z

y ,m

(a) Square reference signal

0

−0.1
−0.2
0

0

−2.5
25

50

−5
0

1

u, V

0.5
0
−0.5
−1
0

25
time, sec

50

(b) Impulse disturbance signal

Figure 2.12: Measured signals using the mixed µ compensator
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Figure 2.13: Measured signals using the complex µ compensator

Chapter 3
Fault Detection and Isolation for
Open-Loop Systems
This chapter focuses on the problem of the model-based fault diagnosis for multivariable
dynamic systems. This chapter shows how to model the effect of failure of different components e.g. sensor and actuator. In this chapter we concentrate to the design of fault detection
and isolation filters based on the geometric approach. The geometric approach relies on
the use of (C, A)-invariant subspaces and provides conditions on separability and mutual
detectability of the failures. The assignment of the effect of a particular fault to a (C, A)invariant subspace of an observer can be solved by using (C, A)-invariant subspace algorithm or eigenstructure assignment. In this chapter the geometric concept needed to elaborate the FDI design procedure will also be discussed for the class of LPV systems. Here, the
solution of LPV fault detection filter design is presented by the extension of (C, A)-invariant
subspace algorithm. The stability of LPV filter is guaranteed in the sense of quadratic stability by the solution of linear matrix inequalities for all the vertices of the parameter space.
The contribution of this chapter is the first application of LPV FDI filtering to a high fidelity,
nonlinear aircraft model.

3.1

Model-Based Fault Diagnosis

Model-based fault diagnosis can be defined as the detection, isolation and characterization
of faults in components of a system by comparing the available system measurements with
a priori information represented by the mathematical model of the system.

37

38
Faults are detected by setting a fixed threshold on a residual quantity generated by difference between real measurements and estimates of these measurements using the mathematical model. A number of residuals can be designed with each having special sensitivity
to individual fault occurring in different locations in the system. The subsequent analysis of
each residuals, once threshold is exceeded, then leads to fault isolation.
Figure 3.1 illustrates the general and conceptual structure of a model-based fault diagnosis system comprising two main stages of residual generation and decision making.

input


output


System

 Residual Generation 


residuals

Decision Making
fault information

Figure 3.1: Model-based fault diagnosis
The purpose of the residual generation is to generate a fault indicating signal (residual),
using available input and output information from the monitored system. This auxiliary
signal is designed to reflect the possible fault in the analyzed system. The residual should
be normally zero or close to zero when no fault is present, but is distinguishably different
from zero when a fault occurs. This means that the residual is characteristically independent
of system inputs and outputs, in ideal conditions. The algorithm (or processor) used to
generate residuals is called a residual generator. Residual generation is thus a procedure
for extracting fault symptoms from the system, with the fault symptoms represented by the
residual signal. The residual should ideally carry only fault information. To ensure reliable
FDI, the loss of fault information in residual generation should be as small as possible.
The decision making process is that the residuals are examined for the likelihood of
faults, and a decision rule is then applied to determine if any faults have occurred.
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Most of the work in the field of model-based fault diagnosis is focused on the residual generation problem because the decision making based on well designed residuals is
relatively easy. Thus this chapter will concentrate on the residual generation stage of fault
diagnosis by introducing the FDI filter design based on geometric approach.

3.2

Failure Modelling for Fault Detection

An important issue of the fault diagnosis is to build up a mathematical model of the system
to be monitored. For the purposes of modelling, an open-loop system can be separated into
three parts: actuators, system dynamics and sensors.
Assume our nominal plant model with additive actuator and sensor failure model is
described by the state space model:
ẋ(t) = Ax(t) + Bu(t) + Lν(t)

(3.2.1a)

y(t) = Cx(t) + Fµ(t).

(3.2.1b)

Here, x(t) ∈ X is the state vector, u(t) ∈ U is the known control input, y(t) ∈ Y is the
known measurement output, the arbitrary time-varying functions ν(t) ∈ V and µ(t) ∈ M
are the unknown failure modes. The failure modes are zero when there is no failure. The
maps L : V → X and F : M → Y are the failure signatures. Failure mode ν(t) and µ(t)
model the time varying amplitude of the failures while the failure signature L and F model
the directional characteristic of the failures. Since, we do not constrain ν(t) and µ(t) to any
special function classes, wide variety of failures fit this representation.
The ν(t) can represent the actuator failure. For example, the effect of the failure in the
ith actuator can be represented by L = Bi where Bi is the ith column of matrix B. The µ(t)
can model the sensor failure. The F = ei represents the effect of failure in the ith sensor
by ei where the ith element of vector ei is the unit element and the other elements of ei are
equal to zero. If the sensor fails completely, i.e., gives a zero output, then µ = ci x(t), where
ci is the ith row of the output matrix C. Note, that we can also model component fault in
the system. The component fault is presented as the case when some conditions change in
the system, e.g. a leak in the water tank. In some cases, the fault could be expressed as a
change in the system parameter, that is a change in the ith row and jth column element of
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the matrix A. In this case the failure signature L = Ii ∆ai j and ν(t) = x j (t). The x j (t) is the
jth element of the vector x(t) and Ii is an n-dimensional vector with all zero elements except
a 1 in the ith element.
The fault diagnostic involving sensor failure is inherently difficult to handle. The difficulty arises from the fact that in this case some columns of the observer gain matrix are the
failure signatures, hence, the sensor failure require special treatment. Consider designing a
full order observer for the system given in equation (3.2.1) with the following form:
˙ = Ax̂(t) + Bu(t) + D(ŷ(t) − y(t))
x̂(t)
ŷ(t) = Cx̂(t).
We refer to D : Y → X as the output injection map or the observer gain matrix. Let the state
estimation error be ε(t) = x(t) − x̂(t) and the output error r(t) = Cx̂(t) − y(t), respectively.
Then the error system is as follows:
ε̇(t) = (A + DC) ε(t) + Lν(t) − DFµ(t)

(3.2.3a)

r(t) = Cε(t) − Fµ(t).

(3.2.3b)

What follows in case of ith sensor failure is that the F failure signature is equal to ei vector.
Hence, the equation (3.2.3) is as follows:
ε̇(t) = (A + DC) ε(t) + Lν(t) − di µ(t)

(3.2.4a)

r(t) = Cε(t) − ei µ(t)

(3.2.4b)

where di is the ith column of the detection filter gain matrix D. The presence of di in
equation (3.2.4a) is a potential difficulty, since, the detection gain is not known a priori. The
objective of the design procedure for a sensor failure is to determine two a priori directions
associated with a failure in the ith sensor such that the output errors lie somewhere in the
plane defined by Cdi and ei . The closed-loop error system can be replaced by a system of
the form:
ε̇(t) = (A + DC) ε(t) + Lν(t) + li∗ µ(t) + li µ(t)
r(t) = Cε(t)
where li is any direction such that ei = Cli and li∗ = Ali . It is shown in Appendix B that Cdi
lies in the plane generated by CAli and Cli .
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3.3

Fundamental Problem of Residual Generation

In this section, the fault detection problem based on the geometric approach will be introduced and solved. First, we assume that only two failure events are present, and it is desired
to design a residual generator which is sensitive to the first failure but is insensitive to the
second failure. Later on, the detection filter problem will be extended to more general case
when multiple failures are present and it is required to design residual generators that detect
and correctly identify failure events in the presence of multiple simultaneous failures.
Let us consider the following LTI system with two failure events:
ẋ(t) = Ax(t) + Bu(t) + L1 ν1 (t) + L2 ν2 (t)
y(t) = Cx(t).
The arbitrary time-varying functions νi (t) are the unknown failure modes. The term
L1 ν1 (t) represents the faulty behavior of the actuator that we are trying to monitor, i.e.,
a nonzero ν1 (t) should show up in the output of the residual generator r(t). Similarly,
L2 ν2 (t) represents the faulty behavior of the other actuator which should not affect the
residual signal r(t). The task of designing a residual generator that is sensitive to L1 and
insensitive to L2 is called the fundamental problem of residual generation (FPRG), see
(Massoumnia 1986a).
In order to derive the synthesis procedure of residual generator for LTI systems it is necessary to generalize the notions of invariant subspaces, (C, A)-Invariant Subspace (C AIS)
and UnObservability Subspaces (U OS). Introduce the definition of (C, A)-invariant subspaces, as follows:
Definition 3.3.1. A subspace W is called (C, A)-invariant subspace if and only if
A(W ∩ KerC) ⊆ W .
There is an equivalent characterization of the (C, A)-invariant subspaces:
Proposition 3.3.1. W is a (C, A)-invariant subspace if and only if there exists a state feedback matrix D : Y → X such that
(A + DC)W ⊆ W .
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The set of all (C, A)-invariant subspaces containing a given subspace L admits a minimum
denoted by

W ∗ (L ) := min W (C, A, L ).
Consider the system given in equation (3.2.1) with L1 = 0 and L2 = 0. We can state the
concept of (C, A)-invariance in term of designing an observer that estimates a certain linear
transformation of the states.
Proposition 3.3.2. A subspace W is (C, A)-invariant subspaces if and only if there exist
matrices N, G and F such that w(0) = Px(0) yields w(t) = Px(t) where
ẇ(t) = Nw(t) − Gy(t) + Fu(t)
and P : X → X /W is the canonical projection of W .
What follows from Proposition 3.3.2 is that
ẇ(t) = Pẋ(t) = PAx(t) + PBu(t)
= PAx(t) + PBu(t) + PDCx(t) − PDy(t)
= P(A + DC)PP−r x(t) − PDy(t) + PBu(t)
= Nw(t) − Gy(t) + Fu(t)
where N := (A + DC) |X /W , G := PD and F := PB. The notation (A + DC) |X /W means
the restriction of (A + DC) to factor space X /W . The philosophy behind the interpretation of Proposition 3.3.2 is to give special attention to states w(t) = Px(t) which can be
reconstructed exactly from the measurement y(t).
The notion of UnObservability Subspace (U OS) as the largest subspace in Ker HC if
there exist a gain matrix D : Y → X and constant output mixing map H : Y → Y such that
(A + DC)S ⊆ S ,

S ⊆ Ker HC.

The class of U OS contains an infimal element denoted by S ∗ , which can be computed
by using the UnObservability Subspace Algorithm (U OSA), see (Wonham 1985):

 S0 = W ∗ + KerC
U OSA :
∗
−1
S
k+1 = W + (A Sk ) ∩ KerC,
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where W ∗ is the minimal (C, A)-invariant subspace containing L computed by (C, A)Invariant Subspace Algorithm (C AISA)

 W0 = 0
C AISA :
W
k+1 = L + A(KerC ∩ Wk ).
Let us recall the fact, see in reference (Massoumnia 1986a), that there exist matrices
H, D such that S ∗ is a (HC, A + DC)-invariant subspace. Moreover, if one starts with a
minimal subspace W ∗ , given by C AISA presented above, then Ker HC = W ∗ + KerC and
D is determined by W ∗ .
Consider the following LTI system, with two failure events:
ẋ(t) = Ax(t) + Bu(t) + L1 ν1 (t) + L2 ν2 (t)
y(t) = Cx(t).
Let us denote by S ∗ the smallest unobservability subspace containing L2 , where L2 = Im L2 .

S ∗ is the largest U OS in Ker HC containing L2 . The solvability condition of fundamental
problem of residual generation (FPRG) is the following.
Proposition 3.3.3. FPRG has a solution if and only if S ∗ ∩ L1 = 0, moreover, if the problem
has a solution, the dynamics of the residual generator can be assigned arbitrary.
The equation S ∗ ∩ L1 = 0 indicates that ν2 (t) should not affect the output of the residual
generator r(t). The most general form of realizable residual generator which takes the
observable y(t) and u(t) as inputs and generates a residual r(t) is as follows:
ẇ(t) = Nw(t) − Gy(t) + Fu(t)
r(t) = Mw(t) − Hy(t).
Temporarily, we define FPRG as the problem of finding N, G, F, M and H such that the
following transfer matrix relationships hold:


T
u(t) ν2 (t) → r(t) = 0
ν1 (t) → r(t) input observable

(3.3.4)
(3.3.5)
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The relation (3.3.4) indicates that ν2 (t) and u(t) should not affect the output of the residual
generator r(t). The condition (3.3.5) states that if r(t) = 0, then ν1 (t) must be zero. In
other words, if the first actuator fails, then its effect should show up in the residual vector
r(t). Note, that the important step in the filter design is to assign the image of the second
failure signature L2 to the unobservable subspace of the residual r(t). Also the necessary
condition simply states that the image of the first failure signature L1 should not intersect
with the unobservable subspace of the residual generator to ensure that the failure of the
first actuator shows up in the residual r(t).
In the following the solution of FPRG is considered. Let P : X → X /S ∗ is the canonical
projection, and consider D0 such that (A + D0C)S ∗ ⊆ S ∗ ( i.e. D0 makes S ∗ a (C, A)invariant subspace) and denote by A0 = (A + D0C) |X /S ∗ . Let H is a solution of Ker HC =
KerC + S ∗ , and M is a unique solution of MP = HC. By construction, the pair (M, A0 ) is
observable, hence, there exists a D1 such that the poles of N = A0 + D1 M can be assigned
arbitrary. Let D = D0 + P−r D1 H, G = PD and F = PB, and define e(t) = w(t) − Px(t).
Then
ė(t) = ẇ(t) − Pẋ(t)
= Nw(t) − Gy(t) + Fu(t) − PAx(t) − PBu(t) − PL1 ν1 (t) − PL2 ν2 (t)
= Nw(t) − PDCx(t) − PAx(t) − PL1 ν1 (t)
= Ne(t) − PL1 ν1 (t)
r(t) = Mw(t) − Hy(t) = Mw(t) − HCx(t) = Mw(t) − MPx(t) = Me(t).
Thus, the system relating ν1 (t) to r(t) is (M, N, −PL1 ). Obviously, the equation (3.3.4)
is satisfied. Also, (N, M) is observable, hence, it follows that the system is relating ν1 (t) to
r(t) is input observable and the condition (3.3.5) is satisfied.
The FPRG results can be extended to the case of multiple failure events. Let us assume
that k failure events are present and we want to design as many residual generators as there
are failure events, such that the failure of ith component, i.e. nonzero νi (t), can only affect
the ith residual ri (t) and no other residuals r j (t) where ( j = i). This problem is called the
extended fundamental problem of residual generation (EFPRG). Obviously, if EFPRG has
a solution, then it is possible to detect and identify even simultaneous failures.
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Proposition 3.3.4. The EFPRG has a solution if and only if Si∗ ∩ Li = 0, where Si∗ is the
smallest unobservability subspace containing L̄i = ∑ j=i L j , moreover, if the problem has a
solution, the dynamics of the residual generators can be assigned arbitrary.
The block diagram of the extended FPRG can be seen in Figure 3.2 showing that a bank
of filters has been designed each one of them is sensitive to a particular fault and completely
unsensitive to the others. This provides a complete isolation of the fault effects from each
other.
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Figure 3.2: Block diagram of EFPRG

3.4

Extension of FPRG for LPV Systems

In this section the FPRG for a class of LPV systems where the state matrix depends affinely
on the parameter vector will be considered.
The class of finite dimensional linear systems, whose state space entries depend continuously on a time varying parameter vector, ρ(t), is called linear parameter-varying (LPV).
The trajectory of the vector-valued signal, ρ(t) is assumed not to be known in advance, although its value can be accessible (measured) in real time and is constrained a priori to lie
in a specified bounded set. The idea behind using LPV systems is to take advantage of the
casual knowledge of the dynamics of the system. The formal definition of an LPV system
is given below:
Definition 3.4.1. For a compact subset P ⊂ R S , the parameter variation set FP denotes the
set of all piecewise continuous functions mapping R (time) into P with a finite number of
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discontinuities in any interval. The compact set P ⊂ R S , along with continuous functions
A : R S → R n×n , B : R S → R n×nu ,C : R S → R ny ×n , D : R S → R ny ×nu represent an nth order
LPV system GFP whose dynamics evolve as
ẋ(t) = A(ρ)x(t) + B(ρ)u(t)

(3.4.1a)

y(t) = C(ρ)x(t) + D(ρ)u(t)

(3.4.1b)

where ρ ∈ FP .
One characteristic of the LPV system is that it must be linear in the pair formed by the
state vector, x(t), and the control input vector, u(t). The matrices A and B are generally
nonlinear functions of the scheduling vector ρ(t). Quasi-LPV systems arise whenever any
of the scheduling variables, ρ(t), are also a state of the system.
Definition 3.4.2. Given an LPV system defined in Definition 3.4.1 a quasi-LPV system is
obtained if the state vector x(t) can be decomposed into scheduling states xz (t) ∈ FP and
non-scheduling states xw (t).

T
x(t) = xz (t) xw (t)
Now, the FPRG problem will be considered for affine LPV systems. The class of LPV
systems where the state matrix depends affinely on the parameter vector can be described
as:
k

ẋ(t) = A(ρ)x(t) + B(ρ)u(t) + ∑ L j (ρ)ν j (t)

(3.4.2a)

y(t) = Cx(t)

(3.4.2b)

j=1

where ν j are the failures to be detected, C is right invertible, A(ρ), B(ρ) and L j (ρ) are affine
A(ρ) = A0 + ρ1 A1 + · · · + ρN AN
B(ρ) = B0 + ρ1 B1 + · · · + ρN BN
L j (ρ) = L j,0 + ρ1 L j,1 + · · · + ρN L j,N
with ρi time varying parameters. It is assumed that each parameter ρi and its derivatives ρ̇i
range between known extremal values ρi (t) ∈ [ ρi , ρi ] and ρ̇i (t) ∈ [ −ρ̇i , ρ̇i ], respectively.
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In order to extend the FPRG to the parameter-varying case, it is necessary to generalize the notions of (C, A)-invariant and unobservability subspaces to the parameter-varying
situation. The definition of Parameter Varying (C, A)-Invariant Subspaces (P VCAIS), is as
follows:
Definition 3.4.3. Let C (ρ) denote KerC(ρ). Then a subspace W is called a parametervarying (C, A)-invariant subspace if for all the parameters ρ ∈ P
A(ρ)(W ∩ C (ρ)) ⊆ W .
As in the classical LTI case one has the following characterization of the parametervarying (C, A)-invariant subspaces, see (Balas & Bokor 2000, Balas et al. 2002).
Proposition 3.4.1. W is a parameter-varying (C, A)-invariant subspace if and only if for
any ρ ∈ P there exists a state feedback matrix D(ρ) such that
(A(ρ) + D(ρ)C(ρ))W ⊆ W .
The set of all parameter-varying (C, A)-invariant subspaces containing a given subspace

L consists of an infimal element denoted by
W ∗ (L ) := min W (C(ρ), A(ρ), L ).
The unobservability subspace for the LPV systems as the largest subspace such that
there exist a parameter dependent gain matrix D(ρ) and constant output mixing map H
such that
(A(ρ) + D(ρ)C)S ⊆ S , for all ρ ∈ P ,

S ⊆ Ker HC.
For the LPV systems (3.4.2), one can obtain the following algorithms (Balas et al. 2002).
Proposition 3.4.2. The minimal parameter-varying (C, A)-invariant subspace containing a
given subspace L can be computed as follows:



 W0 = L
N
P VCAISA :

=
L
+
Ai (KerC ∩ Wk ).
W

k+1
∑

i=0
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The minimal parameter-varying unobservability subspace containing a given subspace W ∗
can be computed as

∗


 S0 = W + KerC

P VUOSA :

∗


 Sk+1 = W +

N

A−1
i Sk ∩ KerC.

i=0

Using the above concepts, it is possible to extend the synthesis of residual generators
to LPV systems. For simplicity, assume that the number of faults is equal to 2 in Proposition 3.4.3.
Proposition 3.4.3. For LPV systems (3.4.2) one can design a residual generator
ẇ(t) = N(ρ)w(t) − G(ρ)y(t) + F(ρ)u(t)

(3.4.3a)

r(t) = Mw(t) − Hy(t)

(3.4.3b)

if and only if the smallest parameter-varying unobservability subspace S ∗ containing L2
has S ∗ ∩ L1 = 0, where L1 = ∑N
i=0 Im L1,i .
An outline of computation for matrices of a LPV filter is as follows. Let H be the solution of Ker HC = KerC + S ∗ and M the unique solution of MP = HC, where P is the projection P : X → X /S ∗ . By the definition of the unobservability subspaces there exist a matrix
D0 (ρ) such that (A(ρ) + D0 (ρ)C)S ∗ ⊆ S ∗ holds. Then set A0 (ρ) = (A(ρ) + D0 (ρ)C) |X /S ∗
and F = PB(ρ).
The stability of the LPV residual generator can be guaranteed by using the quadratic
stability concept for LPV systems.
Definition 3.4.4. Given a compact set P ⊂ R S , and a function A : R S → R n×n , the function
A is quadratic stable over P if there exist a matrix X ∈ R n×n , X = X T > 0 such that for all
ρ∈P
AT (ρ)X + XA(ρ) < 0.

(3.4.4)

The quadratic stability (3.4.4) can be extended to the parameter dependent stability,
which is the generalization of quadratic stability concept.
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Definition 3.4.5. Given a compact set P ⊂ R S , and a function A : R S → R n×n , the function A is parametrically dependent stable over P if there exist a continuously differentiable
function X : R S → R n×n , X(ρ) = X T (ρ) > 0 such that
s

AT (ρ)X(ρ) + X(ρ)A(ρ) + ∑ βi
i=1

∂X
∂ρi

<0

(3.4.5)

for all ρ ∈ P and |ρ̇i | ≤ βi , i = 1, 2 . . . , s.
Applying the parameter dependent stability concept, it is assumed that the derivative of
parameters can also be measured in real time. This concept is less conservative than the
quadratic stability because the equation (3.4.5) is solved by finding a parameter dependent
X(ρ) instead of a single X, see (Wu 1995, Lawton 1997).
A necessary and sufficient condition for a system to be quadratic stable or parametrically
dependent stable is that the condition (3.4.4) or (3.4.5) holds for all the corner points of the
parameter space, i.e., one can obtain a finite system of LMI’s that has to be fulfilled for A(ρ)
with a suitable positive definite matrix X, see (Gahinet et al. 1996, Packard & Becker 1992).
In order to obtain a parametrically dependent stable residual generator one can set
N(ρ) = A0 (ρ) + D1 (ρ)M in (3.4.3), where D1 (ρ) = D10 + ρ1 D11 + · · · + ρN D1N is determined such that the Linear Matrix Inequality (LMI) defined as
(A0 (ρ) + D1 (ρ)M)T X(ρ) + X(ρ)(A0 (ρ) + D1 (ρ)M) < 0
holds for all the vertices of the parameter space with a suitable D1 (ρ) and X(ρ) = X(ρ)T >
0, see (Balas et al. 2002).
The steps of the above design procedure will be discussed in detail using a simple academic example in Appendix C.

3.5

Numerical Example

The aim of this section is to show the application of LPV FDI filtering to a high fidelity,
nonlinear aircraft model. Here, the LPV FDI filter is applied to the LPV and nonlinear longitudinal model of the Boeing 747. First, the results of fault detection using LPV detection
filters applied to LPV systems operated by LPV controller in closed-loop is presented and
it is followed by investigating the operation of LPV FDI when it is applied to the original
nonlinear models representing the "true" system.
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3.5.1

Longitudinal LPV Model of Boeing 747-100/200

The FDI filter design is focused on the longitudinal axis of the Boeing 747 series 100/200
aircraft and it requires an LPV model of the aircraft. The longitudinal LPV model is obtained from a high-fidelity nonlinear model of the Boeing 747 series 100/200 aircraft. The
Boeing 747-100/200 aircraft is an intercontinental wide-body transport with four fan jet
engines designed to operate from international airports. Some of its performance characteristics are a range of 6, 000 nautical miles, a cruising speed greater than 965 kilometers
per hour and a design ceiling of 13, 716 meters. The nonlinear model for the Boeing 747100/200 aircraft was obtained from references (Marcos & Balas 2001, Marcos 2001).
The body-axes longitudinal motion of the Boeing 747, not including flexible effects, can
be described by the differential equations (assuming no wind components):
α̇ =

[−Fx · sα + Fz · cα ]
+q
m ·VT

q̇ = c7 · My
θ̇ = q
1
V̇T = [Fx · cα + Fz · sα ]
m
ḣe = VT · cα · sθ −VT · sα · cθ = VT · sγ
The states of the system are angle of attack, α (rad), pitch rate, q (rad/s), pitch angle,
θ (rad), true airspeed, VT (m/s), and altitude, he (m). Longitudinal control is performed
through a movable horizontal stabilizer, δst (rad), with four embedded elevator segments,
δe (deg) and by thrust from the four engines, Tni (N). Pitch trim is provided mainly by
the horizontal stabilizer. Under normal operation the inboard and outboard elevators move
together, δe = δEI = δEO (deg) and for the purposes of this research it is assumed that the
four elevator segments move and fail together.
The body-axes aerodynamic forces and moments are given by
4

Fx = −q̄S · [CD · cα −CL · sα ] + ∑ Tni − mg · sθ
i=1

4

Fz = −q̄S · [CD · sα +CL · cα ] − 0.0436 · ∑ Tni + mg · cθ
i=1
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!
"
1
My = q̄Sc̄ · Cm − (CD · sα +CL · cα )x̄cg − (CD · cα −CL · sα )z̄cg
c̄
!
" 4
x̄cg
c̄α̇
·CLα̇ · cα + ∑ Tni · zengi
Cmα̇ −
+
VT
c̄
i=1
where c̄ (meters) is the wing chord, c7 = 1/Iyy (kg−1 m−2 ) is an inertial coefficient, q̄ (N/m2 )
is dynamic pressure, S (m2 ) is reference surface area, zeng (m) is z-axis engine position, x̄cg
and z̄cg (m) are center of gravity position, m · g (Newtons) is the aircraft weight, and sα , cα
(radians) are the sine and cosine of the angle of attack respectively.
In reference (Marcos & Balas 2001), the longitudinal nonlinear model of the Boeing
747-100/200 is simplified by reducing the complexity of the aerodynamic coefficients. The
simplified model maintains a high degree of accuracy and all the important nonlinear characteristics of the full set of aerodynamic coefficients. This simplification of the nonlinear
model was performed to facilitate the LPV modelling task.
The LPV model developed for FDI filter design is non-standard in the sense that for
control design the number of scheduling variables are usually kept small (since the computational requirement for controller synthesis increases with the number of scheduling
variables). In the present case, i.e. LPV FDI design based on the FPRG concepts, it was
important for the LPV model to be affine in the scheduling variables (and of course linear in
the states and control input vectors) and also to be an accurate representation of the nonlinear model to avoid model uncertainty. The engineering solution found to address the linear
condition was to introduce a fictitious input set always to 1 radian which multiplies those
terms from the equations of motion that could not be rewritten as linear combinations of any
of the states or existing control inputs. In order to provide an LPV model which is a good
approximation to the nonlinear model, the number of scheduling variables was significantly
increased, up to 9 parameters, to avoid model uncertainty. See Appendix D for an example
of a nonlinear state transformation into the affine LPV model format.
The states of the LPV model are the same as the nonlinear longitudinal model. The
output measurements are angle of attack α, pitch rate q, true velocity VT , pitch angle, θ, and
altitude, he . The inputs are elevon deflection δe , stabilizer deflection δst , throttle Tn and an
ideal fictitious input, δ f ic , assumed to be always equal to 1 radian. The LPV model used for
LPV filter design depends affinely on nine scheduling parameters, ρ.
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The scheduling variables to be used in the LPV model are the following:
 q̄ 1
T
q̄ ∂CL q̄
∂Cm
ρ = q̄, , , γ,CLbasic · ,
· ,CDMach · q̄,
· q̄,Cmbasic · q̄
Vt VT
VT ∂δel VT
∂δel
This set of scheduling variables is formed by combining aircraft stability derivatives
and physical variables (i.e dynamic pressure, q̄, true airspeed, VT , and flight path angle,
γ). The term CLbasic (αw , M) is the basic lift coefficient for the rigid airplane at the zero
∂CL
stabilizer angle in free air with the landing gear retracted,
(he , M) is the change in
∂δel
basic lift coefficient due to change in elevator, CDMach (M,CL∗ ) is the Mach effect on drag
∂Cm
coefficient,
(he , M) is the change in basic pitching moment coefficient due to change in
∂δel
elevator, Cmbasic (αw , M) is the basic pitching moment coefficient for the rigid airplane at the
zero stabilizer angle in free air with the landing gear retracted. All the scheduling variables
depend nonlinearly, through Look-Up Tables (LUT’s), on altitude, he , wing angle of attack,
180
+ 2 deg and true airspeed, VT . The flight envelope described by
αw , defined as αw = α ·
π
the LPV model can be given in terms of these three parameters: he ∈ [ 3000 , 12000 ] meters,
π
radians, and VT ∈ [ 80 , 300 ] m/sec which covers the Up-and-Away
α ∈ [ −2 , 10 ] ·
180
flight envelope used in references (Marcos & Balas 2001, Marcos 2001) (see Table D.1
in Appendix D for the scheduling variables limits). The scheduling variables should be
measurable parameters and although it could be argued that for a real implementation some
of the proposed parameters are not physically accessible it is always possible to use the LUT
descriptions and the available measurements of the altitude, angle of attack and velocity to
calculate these scheduling variables.
In order to validate the LPV model, open-loop time responses are obtained and compared to the transient responses of the nonlinear model. Specifically, tests are performed to
analyze and compare the short-period and phugoid characteristics of the models. Figure 3.3
shows open-loop time responses of the nonlinear system and the LPV model to an elevator
pulse of 6 degrees for 4 seconds. The simulation time is 100 seconds. In order to provide
the correct thrust to excite the phugoid mode an engine model is included in the open-loop
simulation. The engine model transforms engine pressure ratio (EPR) command inputs into
thrust, Tn , based on the true airspeed measurement. The trim flight condition used in this
simulation is straight-level flight with: angle of attack α = 0.0209 radians, true airspeed
VT = 241 m/s, altitude of he = 9000 m, q = 0 rad/s and θ = α (i.e. flight path angle γ = 0
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rad). This flight condition results in trim command inputs for the nonlinear model of EPR =
0.021 radians, Tn = 39439 N, δe = 0.0348 rad, and δst = −0.0094 rad. The engine pressure
ratio and stabilizer deflection commands are held constant at the previous trim values during
the open-loop simulation.
The phugoid or long-period mode is characterized by gradual changes in pitch angle,
altitude and velocity over long periods of time, these are clearly shown in the corresponding
graphs in Figure 3.3. The short-period dynamics are more important and are characterized
for a short period oscillation heavily damped affecting mainly angle of attack and pitch rate
(Nelson 1998). The LPV model is an almost perfect approximation to the nonlinear model
short period as there are no discernible differences in the corresponding graphs in Figure 3.3.
Additional flight conditions and manoeuvres were tested yielding similar results.
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3.5.2

FDI Filter Design Using LPV Model

This section presents the design, simulation and analysis of the fault detection LPV filter
used to detect elevator and thrust failures for the longitudinal motion of the Boeing 747100/200. The filter approach relies on open-loop design with an LPV model of the aircraft,
see previous section. Realistically, it will be implemented in closed-loop, hence, simulations
are performed with an LPV H∞ controller and the nonlinear model to ensure its validity.
The closed-loop simulation set-up is shown in Figure 3.4. It consists of a LPV H∞
controller, the nonlinear plant (or the LPV model) and the FDI filters (one for elevator
actuator fault detection and the second for thrust fault detection). The LPV H∞ controller
is based on the controller structure and weights given in references (Ganguli & Balas 2001,
Ganguli et al. 2002).
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Figure 3.4: Closed-loop implementation
The controller objectives are to achieve de-coupled tracking of flight-path angle command, γc , and velocity command, Vc , with settling times of 15 sec and 45 sec respectively
with the elevator surface fully functional, and the rejection of gust disturbances for the Upand-Away flight envelope. The controller has five measurements available: flight path angle
γ (rad), normal acceleration V̇ /g (m/s2 /g), pitch angle θ (rad), pitch rate q (rad/s), and true
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velocity VT (m/s). There are two control outputs: elevator deflection, δe (rad), and thrust,
Tn (N). The plant inputs include the two controller outputs and a stabilizer input, δst . The
stabilizer δst is used for trim purposes and is held constant at the corresponding trim value
for the entire simulation. These controller outputs and stabilizer input are passed through
first order actuators before going to the plant: the elevator actuator dynamics are given by
27
1
and the engine dynamics and stabilizer actuator by GactTn = Gactst =
.
Gacte =
s + 27
2s + 1
The sensors are considered ideal, i.e., y equals the outputs of the plant.
The LPV FDI filters designed for the longitudinal motion of the Boeing 747/100-200
aircraft are sensitive to elevator and throttle failure. The inputs of the LPV FDI filters are
the outputs of the aircraft (α, q,VT , θ, he ) and that of actuator (δe , δst , Tn ). The output of each
detection filter is a diagnostic signal known as residual: one for the elevator fault, re , and
the other for the thrust fault, rT , respectively.
The LPV model including elevator and throttle failure can be described as:
ẋ(t) = A(ρ)x(t) + B(ρ)u(t) + Le (ρ)νe (t) + LT νT (t)

(3.5.1a)

y(t) = Cx(t)

(3.5.1b)

where
A(ρ) = A0 + ρ1 A1 + · · · + ρ9 A9 ,
Le (ρ) = ρ1 be,1 + ρ6 be,6 + ρ8 be,8 ,

B(ρ) = B0 + ρ1 B1 + · · · + ρ9 B9 ,
LT = bT,0 .

The elevator failure signature is parameter dependent, since, the direction of the elevator
depends on parameters. The direction of the throttle failure does not depend on scheduling
parameters. The be is that column of matrix B, which represents the elevator direction and
bT is the column of matrix B associated to throttle direction. The failures are modelled as
additive terms in equation (3.5.1) corresponding to loss in effectiveness of the control input
channels. This means that the actuator effectiveness has been reduced to constant value. In
case of failures, the actuators are assumed to be able to work when faults have occurred.
Although, the actuator losses its effectiveness, the aircraft motion can be controlled with
increased control action.
The FDI filter is tested during an aircraft maneuver. The γ command used in the simulations is a square wave, starting at 25 sec and ending at 100 sec and the velocity command is
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a step signal starting at time = 30 sec. The fault scenarios applied in elevator and in throttle
channel and the commands can be seen in Figure 3.5.
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Figure 3.5: Faults and commands time histories
The simulation results of the LPV FDI filter in the closed-loop with the LPV model can
be seen in Figure 3.6(a). It is observed that the controller guarantees the tracking performance despite of the faults. Even though the command decoupling objective is achieved,
the impact of the faults show up on the controller. Figure 3.6(b) shows the control inputs
and the outputs of the FDI filters. The first residual detects the elevator fault and the second
one is the throttle fault residual. The effect of the failures is decoupled and the residuals
give an exact estimation of elevator fault and throttle fault, respectively. The impact of the
flight path angle command is negligible on the residuals.
Next, the situation is studied when the FDI filter is applied to the nonlinear longitudinal
model which represents the "true" system. Figure 3.7(a) shows the simulation results of the
LPV FDI filter for the case of closed-loop nonlinear system. The residual outputs for the
nonlinear simulation are shown in Figure 3.7(b). The fault scenarios are the same as before. The effect of the failures is decoupled and the FDI filters tell us the magnitude of the
failures and also at what time the failures have occurred in the system. In the case of nonlinear closed-loop the fault estimation error is larger than in case of LPV model. Moreover,
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there are transients at 25 sec and at 100 sec in the elevator fault residual. The reason behind these transients is that the LPV FDI filter is simulated using square wave γ command:
during climbing mode the trim conditions are changing, hence, causing transient signal at
the residual outputs. This result is a function of the difference between the LPV and nonlinear model which is illustrated best in the θ variable at 20 seconds into the simulation in
Figures 3.6(a) and 3.7(a). However, when the γ command goes back to zero indicating that
the aircraft has reached its commanded altitude and the trim conditions do not change any
longer, the fault residuals of FDI filter show only the effective value of faults. Unfortunately,
if the trim conditions change in a long time duration, e.g. when we use a long γ command
for take off, then the transient fault signal may appear for an extended period of time.

3.6

Summary

LPV FDI filter design based on the extension of the fundamental problem of residual generation concepts elaborated for LTI systems has been presented through the application of
LPV longitudinal model of Boeing 747-100/200. The contribution of this chapter is the
solution of LPV FDI filtering and the first application of LPV FDI filter to a high fidelity,
nonlinear aircraft model. The LPV FDI filter is designed for an open-loop LPV model and
then applied to the nonlinear closed-loop system. In the nonlinear closed-loop, the impact
of FPA command appears at residuals in a transient way, but this does not degrade the reliable operation of the LPV detection filters. For steady state trim conditions the LPV FDI
filter works reliably. The stability of the LPV filter is guaranteed in the sense of quadratic
stability by the solution of linear matrix inequalities for all the vertices of the parameter
space.
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Figure 3.6: Time responses of LPV closed-loop with faults
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Figure 3.7: Time responses of nonlinear closed-loop with faults

Chapter 4
Fault Detection and Isolation in
Open-loop vs. Closed-Loop
Model-based FDI makes use of mathematical models of the supervised system, however, a
perfectly accurate and complete mathematical model of a physical system is not available.
Hence, one of the major concerns in designing failure detection systems is the detection
performance i.e., the ability to detect and identify faults promptly with minimal delays and
false alarms. The robustness of the fault diagnosis systems means that it must be only
sensitive to faults, even in the presence of uncertainty. Usually it may be difficult to design
a fault diagnosis system which is highly sensitive to faults, whilst insensitive to uncertainty
and unmodelled disturbances. Model-based FDI is concerned mainly with on-line fault
diagnosis where the diagnosis is carried out during the system operation. The relationship
of the fault diagnosis with the control loop is shown in Figure 4.1.

- Fault Diagnosis 

rcmd-

Controller
6

u

- Actuators - Plant Dynamics - Sensors
y
open-loop system

Figure 4.1: Fault diagnosis in closed-loop
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The information used for FDI is the measured outputs y(t) from sensors and the inputs
u(t) to the actuators. The measured outputs are normally needed in the feedback control,
whereas the inputs to the actuators are the required control action generated by the controller. From Figure 4.1, it can be seen that the system model required in model-based FDI
is the open-loop system model, although we consider that the system is in the control loop.
This is because the input and output information required in model-based FDI is related to
the open-loop system. Hence, it is not necessary to consider the controller in the design of
a fault diagnosis scheme.
As in case when the input to the actuator is not available, we have to use the reference
command rcmd (t) in FDI. Hence, the model involved is the relationship between the reference command and the measured output, i.e., the closed-loop model. For those case the
controller plays an important role in the design of the faut diagnostic scheme.
In this chapter the robustness aspect of FDI will be considered for generalized control
structures and the effect of closing the loop will be shown in nominal case as well as in
uncertain case. The FDI design problem will be analyzed both in the case where the control input signal is considered as a known external input signal (open-loop) and when the
input signal is generated by the feedback controller. In this chapter a combined strategy
in designing controllers and detection filters is developed which takes the closed-loop performance and filter sensitivity into consideration by using the robust stability margin as a
design parameter.

4.1

Fault Detection and Isolation in Frequency Domain

The most widespread method for robust fault diagnosis is the frequency domain approach
including H∞ optimization. The H∞ optimization is a robust control design method with
the original motivation rooted in consideration of various uncertainties, especially the modelling errors. H∞ optimization has been developed that no design goal of a system can
be perfectly achieved without being compromised by an optimization in the presence of
uncertainty. Hence, this technique is very suitable for tackling uncertainty issues.
The reason for using H∞ technique in connection with the FDI problem is due to the
robustness aspect with respect to modelling uncertainties. One of the main advantages of
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this method is that it can be easily formulated into a standard H∞ problem. Moreover,
the modelling errors can be incorporated directly into the standard problem formulation and
solved using robust control techniques such as µ synthesis, see (Niemann & Stoustrup 1998,
Niemann & Stoustrup 1997a, Stoustrup & Grimble 1997).
Now, our goal is to derive the robust analysis of the FDI filters in the presence of uncertainties both in open-loop and closed-loop operations. The H∞ method uses frequency
domain terminology, thus the effect of uncertainty on FDI outcomes will be analyzed in
frequency domain terms.
The system with fault and disturbance can be described by the sate space model as:
ẋ(t) = Ax(t) + B2 u(t) + Lν(t) + B1 w(t)
y(t) = Cx(t) + Du(t)
where x(t) ∈ X is the state vector, u(t) ∈ U is the known control input, y(t) ∈ Y is the
known measurement output, w(t) ∈ D is the unknown disturbance and ν(t) ∈ V represents
the arbitrary time-varying function as the unknown failure mode. Note, that only the disturbance uncertainty is considered in this system model. Other kind of uncertainties such as
modelling error can be treated as introduced in Chapter 2.
The input-output model is thus given by
y = Gu u + Gν ν + G w w
where the transfer function matrices are:
Gu = C(sI − A)−1 B2 + D;

Gν = C(sI − A)−1 L;

Gw = C(sI − A)−1 B1 .

The standard robust control notation R H ∞ is used throughout this chapter. This notation
stands for the set of all real rational transfer function matrices that are stable and proper.
Definition 4.1.1. (Zhou & Doyle 1996, pp. 126) Two transfer matrices M and N in R H ∞
are right coprime over R H ∞ if they have the same number of columns and if there exist
transfer matrices Xr and Yr in R H ∞ such that
 
 M

= Xr M +Yr N = I.
Xr Yr
N
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Similarly, two transfer matrices M̃ and Ñ in R H ∞ are left coprime over R H ∞ if they have
the same number of rows and if there exist transfer matrices Xl and Yl in R H ∞ such that
 

 X
l
= M̃Xl + ÑYl = I.
M̃ Ñ
Yl
Now let Gu be a proper real-rational matrix. A right-coprime factorization of Gu is
a factorization Gu = NM −1 where N and M are right coprime over R H ∞ . Similarly, a
left-coprime factorization has the form Gu = M̃ −1 Ñ where M̃ and Ñ are left coprime over

R H ∞.
Lemma 4.1.1. For any proper real rational matrix Gu , there always exists a double (left
and right) coprime factorization given by
Gu = NM −1 = M̃ −1 Ñ
where N, M, M̃ and Ñ are right and left coprime R H ∞ matrices of Gu , respectively. For this
double coprime factorization there exist R H ∞ transfer matrices Xr , Yr , Xl and Yl satisfying
Bezout identity, (see (Vidyasagar 1985))



Xr Yr M −Yl
= I.
−Ñ M̃ N Xl
Lemma 4.1.2. (Zhou & Doyle 1996) Suppose Gu is a proper real rational matrix and


A B
Gu =
C D
is a stabilizing and detectable realization. Let K f be such that A + K f C is stable and define




A + K f C −K f
A + K f C −(B + K f D)
M̃ =
; Ñ =
.
C
−I
−C
D
Then Gu = M̃ −1 Ñ is left-coprime factorization.
The goal is to design a detection filter that is capable to generate a signal, say ν̂(t) that
is an estimate of ν(t) while ensuring that the occurrence of the particular νi (t) components
can be detected and isolated from the others. With the coprime factorization, the residual
generator can be designed accordingly to the following Theorem.
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Theorem 4.1.3 (Residual Generator Design via Factorization). Let the left-coprime factorization of the transfer matrix Gu be
Gu = M̃ −1 Ñ
then the diagnostic signal residual r can be generated using the following frequency domain
residual generator


r = Q M̃y − Ñu
where Q is a R H ∞ transfer function matrix, defined as a weighting matrix which can be
static as well as dynamic.
What follows is that the residual vector is
r = Q(M̃Gu u + M̃Gν ν + M̃Gw w − Ñu).
Due to the factorization, we have M̃Gu = Ñ. Finally,
r = QM̃Gν ν + QM̃Gw w.
That is to say the signal r(t) is affected by the fault ν(t) and the disturbance w(t),
respectively. The problem of FDI filter design in this terminology can be formulated:
1. QM̃Gν = T = diag{t1 , · · · ,tk } ∈ R H∞ ,


2. QM̃Gw = 0 or QM̃Gw ∞ < γ.
The first case is the block diagonal decoupling of the filter with stability. The second
case means the perfect disturbance decoupling or the disturbance attenuation.
The residual generator described by the frequency domain formula for w(t) = 0 is illustrated by Figure 4.2.
In order to implement this residual generator, the transfer matrices M̃ and Ñ have to
be expressed in terms of the system state space model as shown in Lemma 4.1.2. Let
us examine the primary residual r̃ which is the residual generated without the weighting
transfer matrix (or post-filter) Q,

 

 y
r̃ = M̃ −Ñ
.
u
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Figure 4.2: Frequency domain residual generator
Using the transfer matrices M̃ and Ñ in Lemma 4.1.2, the transfer matrix of primary residual
generator is given by






Gr̃,uy = M̃ −Ñ = 

A + KfC
C



 
−K f B + K f D
.


−I − D

The state space realization of this transfer matrix is thus



˙
x̂(t)
r̃(t)


=

A + K f C −K f
C

−I



 x̂(t)

B + Kf D 
y(t) .


−D
u(t)

This can be implemented conventional through a full-order observer with K f being the
gain matrix as:
˙ = Ax̂(t) + Bu(t) + K f (Cx̂(t) + Du(t) − y(t))
x̂(t)

(4.1.2a)

r̃(t) = Cx̂(t) + Du(t) − y(t).

(4.1.2b)

This demonstrates that the residual generator designed in the frequency domain is totally
equivalent to the observer-based residual generator. The two design methods are just two
different tools, but they achieve the same goal.
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The state space implementation in equation (4.1.2) only gives us the primary residual.
It can be seen that the primary residual is the difference between the actual and estimated
outputs. In order to improve the residual quality, this primary residual is post-processed
through the weighting transfer matrix Q. Now, we show the effect of controller and uncertainty on the FDI.

4.2

Open-Loop FDI Analysis for Nominal System

Let us consider the simplest factorization when M̃ = I, Ñ = Gu . For this case denote F
the post-filter transfer matrix and by ν̂(t) the fault signal estimation generated by residual
signal r(t). The FDI structure in open-loop can be seen in Figure 4.3.
ν
w
u

-

y-

G

- −Gu -



I

-

Fol


ν̂-

Figure 4.3: FDI for nominal open-loop
The output y is given by
 
 
ν
 ν
  

 
y = G
w = Gν Gw Gu w .
u
u
For this case the fault estimation ν̂ is as follows:
ν̂ = F(y − Gu u)
= FGν ν + FGw w.
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The fault estimation error is defines as:
eol = ν − ν̂.
Thus, the fault estimation error becomes in open-loop:
eol = (I − Fol Gν )ν − Fol Gw w.

(4.2.1)

It turns directly out, that is not possible to estimate ν(t) if the disturbance w(t) is in the same
frequency range as the fault signal ν is and has the same direction at the system. There is a
trade-off between fault detection and disturbance attenuation.

4.3

Closed-Loop FDI Analysis for Nominal System

In closed-loop case the control input is given by u = Ky. The output of the system y becomes:
y = Gu Ky + Gν ν + Gw w
 

 ν
= So Gν So Gw
w
where So = (I − Gu K)−1 is the nominal output sensitivity function.
As in case when the input to the actuator is available, the information used for FDI is
the measured output y(t) and the input u(t), as shown in Figure 4.4. For this case the ν̂ is
given by
ν̂ = Fol (y − Gu u)
= Fol So−1 (So Gν ν + So Gw w)
= Fol Gν ν + Fol Gw w.
The fault estimation error will be given as:
ecl = (I − Fol Gν )ν − Fol Gw w.

(4.3.1)

It can be seen from equation (4.2.1) and (4.3.1), that the fault estimation errors both in
open-loop and closed-loop operations are exactly same.
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Figure 4.4: FDI for nominal closed-loop
As in case when the input to the actuator is not available, we have to use the reference
command rcmd in FDI. Hence, the model involved is the relationship between the reference
command and the measured output, i.e., the closed-loop model, as shown in Figure 4.5.
Now, the control input is given by


u = K1 K2





y
rcmd


= K1 y + K2 rcmd .

The K1 is the feedback part of the controller while the K2 is the pre-filter which is used
to guarantee the tracking performance of the reference command. Thus, the output of the
system becomes:
y = Gu K1 y + Gu K2 rcmd + Gν ν + Gw w


ν




= So Gν So Gw So Gu K2 
w


rcmd
where So = (I − Gu K1 )−1 is the nominal output sensitivity function.
In this case the y and rcmd can be used to get ν̂, i.e.
ν̂ = Fcl (y − To rcmd )
= Fcl So Gν ν + Fcl So Gw w
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Figure 4.5: FDI for nominal closed-loop
where To = (I − Gu K1 )−1 Gu K2 is the nominal output complementary sensitivity function.
The fault estimation error is as follows:
ecl = (I − Fcl So Gν )ν − Fcl So Gw w.
It can be seen, that choosing Fcl = Fol So−1 we have identical result to that in the openloop case. In other words, this means that one can design Fol first for the open-loop and
then weight with So−1 . What follows, the FDI filter can be designed for open-loop and it can
be applied to closed-loop if there is no uncertainty. In other words, the controller and the
FDI filter can be independently designed. Note, that when So is small at low frequencies (as
it is general), the gain of Fcl will be increased equivalently at low frequencies. This is one
of the drawbacks of fault detection in closed-loop when the reference command rcmd (t) is
used instead of control input u(t). It can also be seen that if one designs Fol for open-loop
and then it will be used to closed-loop then the sensitivity function does not influence the
fault estimation error due to the sensitivity function cancellation. In case of closed-loop
design when the inputs of Fcl are the measured outputs and the reference signals, the good
disturbance attenuation, i.e. So ∞ is small, implies that one can hardly expect sensitive
FDI for the faults.
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4.4

Open-Loop FDI Analysis for Uncertain System

Consider the setup with general uncertainty structure ∆ given in Figure 4.6, which is the
extension of the setup shown in Figure 4.3.
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Figure 4.6: FDI for uncertain open-loop
It will be assumed that the perturbation block ∆ is scaled such that ∆( jω)∞ ≤ 1,
and the scaling function is included in G. There is no assumption about the structure of
uncertainty ∆.
The system G has the following form:







e
y

d



=

Ged Geν Gew Geu
Gyd Gyν Gyd Gyu

 
 ν 


 
 w 
 
u

(4.4.1)

d = ∆e.
When the loop from e to d is closed by the uncertain block ∆, applying the formal
definition of LFT transformation, then the system in equation (4.4.1) takes the following
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form:

y = G∆yν G∆yw

 
 ν

G∆yu 
w
u

(4.4.2)

where
G∆yν = Gyν + Gyd ∆S∆ Geν ; G∆yw = Gyw + Gyd ∆S∆ Gew ; G∆yu = Gyu + Gyd ∆S∆ Geu
and S∆ = (I − Ged ∆)−1 .
Using equation (4.4.2), the fault estimation becomes:
ν̂ = Fol (y − Gyu u)
= Fol G∆yν ν + Fol G∆yw w + Fol Gyw ∆S∆ Gzu u.
We have the estimation error e∆ol in open-loop case for uncertain system:
e∆ol = (I − Fol G∆yν )ν + Fol G∆yw w + Fol Gyd ∆S∆ Geu u.
The estimation error can be written in the following way:
e∆ol = eol + e∆
eol = (I − Fol Gyν )ν
e∆ = Fol Gyd ∆S∆ Geν ν + Fol G∆yw w + Fol Gyd ∆S∆ Geu u.

(4.4.3)

With the perturbation block present in the system, three additional terms appear for the
fault estimation error e∆ol (see equation (4.4.3)) compared to the nominal case. In the openloop case the size of fault estimation error increases with the size of ∆. Further, the control
input signal u will also reduce the estimation precision in the open-loop uncertain case due
to the term Fol Gyd ∆S∆ Geu u.

4.5

Closed-Loop FDI Analysis for Uncertain System

As in Section 4.3, the control input signal u is based on the feedback controller K. Closing
the loop with feedback controller K, we get the following FDI structure for uncertain closedloop as shown in Figure 4.7.
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Figure 4.7: FDI for uncertain closed-loop
The generalized plant G can be written as:








e
y

d



=

Ged Geν Gew Geu
Gyd Gyν Gyw Gyu



 ν 


.

 w 


u

(4.5.1)

The control input u and the signal d can be given by
u = Ky

(4.5.2)

d = ∆e.
The closed-loop system M can be expressed by lower LFT transformation M = F (G, K),
and it is assumed that the closed-loop transfer function matrix M is partitioned as:


d



.
e = Med Meν Mew 
ν


w
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Then closing the loop from e to d by the uncertain block ∆, the signal e is given by
e = Mew ∆e + Meν ν + Mew w
= (I − Med ∆)−1 Meν ν + (I − Med ∆)−1 Mew w.
Using equation (4.5.1) and (4.5.2), the output y is as follows:
y = Gyd d + Gyν ν + Gyw w + Gyu Ky
 

 d 

= So Gyd So Gyν So Gyw 
ν .
w

(4.5.3)

Without loss of generality only the fault signal ν will be considered in the following. What
follows is that for w = 0, the output y in closed-loop for uncertain system is as:
y = So Gyd d + So Gyν ν
= So (Gyd ∆(I − Med ∆)−1 Meν + Gyν )ν.
The fault estimation ν̂ becomes:
ν̂ = Fol So−1 y
= Fol So−1 So (Gyd ∆(I − Med ∆)−1 Meν + Gyν )ν
= Fol (Gyd ∆(I − Med ∆)−1 Meν + Gyν )ν.
The fault estimation error will be given as:
!
"
∆
−1
ecl = I − Fol (Gyd ∆(I − Med ∆) Meν + Gyν ) ν.
The estimation error can be partitioned in the following way:
e∆cl = ecl + e∆
ecl = (I − Fol Gyν )ν
e∆ = −Fol Gyd ∆(I − Med ∆)−1 Meν ν.

(4.5.4)

In equation (4.5.4) the term Meν is the closed-loop transfer function from failure ν to
uncertainty output e, which can be expressed by lower LFT transformation as:
Meν = Geν + Geu K(I − Gyu K)−1 Gyν
= Geν + Geu KSo Gyν

(4.5.5)
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where So is the output sensitivity function.
Using equation (4.5.5), the fault estimation error will be given as:
e∆cl = (I − Fol Gyν )ν − Fol Gyd ∆(I − Med ∆)−1 (Geν + Geu KSo Gyν )ν.

(4.5.6)

The fault estimation error gets much more complex when we are looking at uncertain
systems. In the open-loop, an additional term from the control input signal appears in the
estimation error due to the model uncertainty. This term has been removed in equation
(4.5.6) when a feedback controller has been applied. As a consequence of closing the loop
by a feedback controller K, the effect from the control input signal has been removed, but
the robustness of the closed-loop has a major influence on the estimation error. The new
term e∆ includes (I − Med ∆)−1 which is related to the robust stability margin of the closedloop. Hence, there is a connection between the performance of the feedback loop and the
performance of the fault detection filter. In order to see this connection, assume that the
performance of the feedback loop is maximized. This means that (I − Med ∆)−1 is close to
robust stability bound, i.e. Med ∆∞ ≈ 1. The inverse of (I −Med ∆)−1 appears in estimation
error which can be very large and the estimation error will be increased. It means that we
will get a very poor estimation of fault signal ν(t). Term So Gyν appears in equation (4.5.6),
which is the closed-loop transfer function from failure to output. Hence, the fault estimation error can be decreased in the uncertain closed-loop, if the term So Gyν is small i.e., the
feedback controller attenuates the effect of the failure at the plant output.
The effect of robust stability margin on fault estimation error will be shown in a special
case in the following. Let us consider the system with multiplicative perturbation at the
plant input and actuator fault, respectively. Then the plant can be written as:
 
  
 d
e
0 I I  
 =
 ν .
 
y
G G G
u

(4.5.7)

Note that both the fault signal ν and the control input u enter the system at the same
place. Using equation (4.5.7), in the special case the fault estimation error will be given as:
e∆cl = (I − Fol G)ν − Fol G∆(I − Ti ∆)−1 (I + Ti )ν
= (I − Fol G)ν − Fol G∆Ti (I − ∆Ti )−1 ν − Fol G∆(I − Ti ∆)−1 ν.
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Let the robust stability margin be 50%, i.e. ∆Ti ∞ ≈ 0.5 =⇒ ∆Ti (I − ∆Ti )−1 ∞ ≈ 1, then
e∆cl  (I − Fol G)ν − Fol Gν − 2Fol G∆ν
= ecl − Fol G(I + 2∆)ν.

(4.5.8)

As a consequence of equation (4.5.8), we can see that even if the uncertainty is small, a
quite large estimation error is obtained due to the term Fol Gν. If the nominal estimation
error ecl is small, i.e. ecl ≈ 0 then we will have Fol G∞ ≈ 1 in the frequency range where
we want to make fault detection. Using this approximation, equation (4.5.8) is then given
by
e∆cl  −(I + 2∆)ν.

(4.5.9)

One can see from equation (4.5.9), that we get more than 100% estimation error in the
case where the feedback controller is designed with 50% robustness margin.


Let the robust stability margin be 10%, i.e. ∆Ti ∞ ≈ 0.9 =⇒ ∆Ti (I − ∆Ti )−1 ∞ ≈ 9,
then
e∆cl  (I − Fol G)ν − 9Fol Gν − 10Fol G∆ν
= ecl − Fol G(9I + 10∆)ν.

(4.5.10)

The equation (4.5.10) shows that even if the uncertainty is small the fault estimation error
e∆cl  9ν in the case where the feedback controller is designed with 10% robustness margin.

4.6

Numerical Example

The robustness aspect of FDI filter applied to linearized longitudinal motion of the Boeing 747-100/200 will be considered. Here, a H∞ controller based on total energy control
system (TECS) concept is used in order to analyze the effect of controller on FDI in closedloop. First, it is assumed that the performance of the feedback loop is maximized and the
results of fault detection applied to closed-loop system is presented. Then it is followed by
investigating the operation of FDI filter when the robust stability margin of the controller is
increased consequently the performance of the closed-loop system is not maximized. The
robust stability margin of H∞ controller is increased by using complex µ synthesis method.
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4.6.1

Longitudinal LTI Model of Boeing 747-100/200

The aircraft model used for FDI filter design is the Boeing 747 series 100/200. The nonlinear model for the Boeing 747-100/200 was obtained from references (Marcos & Balas
2001, Marcos 2001), see Chapter 3. The linear model is obtained by Jacobian linearisation.
The Jacobian linearisation approach is the most widespread methodology to linearize nonlinear systems. It can be used to create linear model with respect to an equilibrium point
that is included in the flight envelope of interest. The resulting model is an approximation
to the dynamics of the nonlinear plant around that equilibrium point. A detailed derivation
of a Jacobian model for the Boeing 747-100/200 is given in reference (Marcos 2001).
The aircraft dynamics of Boeing 747-100/200 are linearized for a straight level flight
condition at 7000 m altitude and 200 m/s velocity (FPA = 0 deg). The states of the linearized aircraft model including only the longitudinal dynamics are pitch rate q (rad/s),
true airspeed VT (m/s), angle of attack α (rad) and pitch angle θ (rad). The measurements
are fight path angle γ, normal acceleration V̇ /g, pitch angle θ, pitch rate q, true airspeed
VT . Longitudinal control is performed through a movable horizontal stabilizer, δst (rad),
with four embedded elevator segments, δe (deg) and by thrust from the four engines, Tni
(N). Pitch trim is provided mainly by the horizontal stabilizer. The linear model used for
the FDI filter design is formed by augmenting the linearized plant with first order actuator
27
and engine dynamics. The elevator actuator dynamics are given by Gacte =
and the
s + 27
1
, respectively.
engine dynamics and stabilizer actuator by GactTn = Gactst =
2s + 1

4.6.2

Closed-Loop FDI Analysis for Boeing 747-100/200

In this section the FDI analysis for uncertain closed-loop is considered. The filter approach
relies on the open-loop design with an LTI model of the aircraft. Realistically, it will be
implemented in closed-loop, hence, simulations are performed with an LTI H∞ controller
and uncertain LTI model. In the simulations the LTI plant perturbed by worst case uncertainty calculated by using µ tools. The H∞ controller is based on the total energy control
system (TECS) concept given in reference (Ganguli & Balas 2001). The TECS integrates
all longitudinal altitude and speed control functions. The TECS achieves consistent decoupled maneuver control for all command modes and flight conditions. The H∞ control design
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objectives are to achieve decoupled γ and VT response of the aircraft, increase γ bandwidth
independent of engine dynamics and reject disturbances (wind gust, sensor noise).
The closed-loop simulation set-up is shown in Figure 4.8. It consists of a LTI H∞ controller, the plant perturbed by uncertainty and the FDI filters (one for elevator fault detection
and the second for pitch rate sensor fault detection).
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Figure 4.8: Closed loop implementation
The FDI filters designed for the longitudinal motion of the Boeing 747/100-200 aircraft
are sensitive to elevator and pitch rate sensor fault. The inputs of FDI filters are the outputs
of aircraft (γ, V̇ /g, θ,VT , q) and the actuators (δe , Tn ). The output of each detection filter is
a diagnostic signals known as residual: one for the elevator fault, re , and the other for the
pitch rate sensor fault, rq , respectively.
The LTI model including elevator and pitch rate sensor fault can be described as:
ẋ = Ax + Bu + Le νe

(4.6.1a)

y = Cx + eq νq .

(4.6.1b)

The actuator fault can be modelled as an additive term in the state equation where the
failure signature be is same as the first column of matrix B, which represents the elevator
actuator direction. The actuator failure modelled as an additive term in equation (4.6.1)
corresponds to a loss in effectiveness of the control input channel. This means that the
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actuator effectiveness has been reduced to a constant value. In case of failure, the actuator
is assumed to be able to work when fault has occurred. Although, the actuator losses its
effectiveness, the aircraft motion can be controlled with increased control action. The sensor
failure can be modelled similarly to actuator failure as an additive term in measurement
equation. The sensor failure signature eq is a unit vector. The eq means that the arbitrary
time-varying real scalar νq has only effect on the pitch rate sensor. The (4.6.1) can be
reformulated such form where all faults are modelled only in state equation. Therefore the
sensor failure has to be modelled as a pseudo-actuator failure. As explained in Appendix B,
the eq failure signature is equivalent to a two dimensional fault Lq . The modified state
equation is as follows:



where Le = be , Lq = lq

lq∗



ẋ = Ax + Bu + Le νe + Lq νq

(4.6.2a)

y = Cx

(4.6.2b)

and lq is any direction such that eq = Clq and lq∗ = Alq .

The FDI analysis for closed-loop is performed in two ways. First, it is assumed that
the performance of the feedback loop is maximized and then a H∞ controller is applied
in the closed-loop simulation and the results of fault detection are presented. Next, the
complex µ synthesis is performed by using D−K iteration so that the robust stability margin
of closed-loop to be increased. Consequently the performance of the closed-loop system
is not maximized. From FDI analysis point of view the robustness of closed-loop has a
major influence on fault estimation error, hence, we only concentrate on the robust stability
margin. The structured singular value of controllers with respect to robust stability is plotted
in Figure 4.9(a).
It can be observed that both controllers achieve the robust stability. The peak of structured singular value achieved in case of H∞ controller is 0.86 and in case of µ controller
is 0.42, respectively. The singular value plots from faults ν to fault estimation error e∆cl are
shown in Figure 4.9(b). It can be seen in Figure 4.9(b), that in the uncertain closed-loop
operation if the robust stability margin is decreased, the fault estimation error is increased.
Next, the FDI filter is tested during an aircraft maneuver. The γ command used in
the simulations is a square wave, starting at 15 sec and ending at 90 sec and the velocity
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Figure 4.9: Robustness and performance analysis of the closed-loop
command is a step signal starting at time = 20 sec. The fault scenarios applied in the elevator
channel and in the pitch rate sensor channel and the commands can be seen in Figure 4.10.
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Figure 4.10: Faults and commands time histories
The simulation results for the case of the uncertain closed-loop with H∞ controller can
be seen in Figure 4.11(a). It is observed that the controller guarantees the tracking performance despite of the fault. Even though the command decoupling objectives are achieved,
the impact of the faults show up on the controller. Figure 4.11(b) shows the control inputs
and the outputs of the FDI filters. The first residual detects the elevator fault and the second
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one the pitch rate sensor fault, respectively. In the case of uncertain closed-loop compensated by H∞ controller, there is a significant fault estimation error while the γ command
signal is applied in the simulation. The reason behind this increased estimation error is that
during climbing mode, the impact of uncertainty appears more significantly at the output
signals which increase the fault estimation error of FDI filter. However, when the γ command goes back to zero indicating that the aircraft has reached its commanded altitude, the
fault estimation error is decreased. Even the command signal is zero a small fault estimation
error remains due to the model uncertainty. The size of fault estimation error is negligible
on sensor failure residual νq .
Next, the situation is studied when the µ controller is applied to the closed-loop. Figure 4.12(a) shows the simulation results for the case of the uncertain closed-loop with µ
controller. The residual outputs are shown in Figure 4.12(b). The fault scenarios are the
same as before. The effect of the failures is decoupled and the FDI filters tell us the exact
magnitude of the failures and also at what time the failures have occurred in the system.
The impact of the flight path angle command on the residuals is negligible. However, the
controller guarantees the tracking performance the feedback performance is degraded compare to the case of H∞ controller. The performance degradation is illustrated best in the γ
and θ variable at the time when actuator fault appears, see in Figure 4.12(a). The reason of
the performance degradation is the unnecessarily increased robustness margin. The larger
the robust stability margin of closed-loop, the worse performance of the closed-loop that
the controller is able to provide, see (Doyle et al. 1994, Balas & Doyle 1994, Gáspár &
Bokor 1998).
In case of H∞ controller we will get very poor estimation of fault signal ν(t) due to the
small robustness margin of closed-loop. Applying µ controller where the robust stability
margin is increased the FDI filter has nice performance in the sense of fault estimation
error, however the control performance is degraded.
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4.7

Summary

As a result of the FDI filter analysis the following conclusions can be drawn. In nominal
case it can be seen, that choosing Fcl = Fol So−1 we have identical result to that in the openloop case. In other words, this means that one can design Fol first for the open-loop and
then weight with So−1 . What follows, the controller and the FDI filter can be independently
designed. Note, that when So is small at low frequencies (as it is general), the gain of Fcl
will be increased equivalently at low frequencies. This is one of the drawbacks of fault
detection in closed-loop when the reference command rcmd (t) is used instead of control
input u(t). It can also be seen that if one designs Fol for open-loop and then it will be used
to closed-loop then the sensitivity function does not influence the fault estimation error due
to the sensitivity function cancellation. In case of closed-loop design when the inputs of Fcl
are the measured outputs and the reference signals, the good disturbance attenuation, i.e.
So ∞ is small, implies that one can hardly expect sensitive FDI for the faults.
The fault estimation error gets much more complex when we are looking at uncertain
systems. As a consequence of closing the loop by a feedback controller K, the effect from
the control input signal has been removed, but the robustness of the closed-loop has a major
influence on the estimation error. The new term e∆ includes (I − Med ∆)−1 which is related
to the robust stability margin of the closed-loop. Hence, there is a connection between the
performance of the feedback loop and the performance of the fault detection filter. If the
robust stability margin of closed-loop is decreased, i.e. Med ∆∞ ≈ 1, the estimation error
will be increased. Term So Gyν appears in e∆cl , which is the closed-loop transfer function
from failure to output. Hence, the fault estimation error can be decreased in the uncertain
closed-loop, if the term So Gyν is small i.e., the feedback controller attenuates the effect of
the failure at the plant output.
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Figure 4.11: Time responses of closed-loop with H∞ controller
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Figure 4.12: Time responses of closed-loop with µ controller

Chapter 5
Fault-Tolerant Control System
There is an increasing need for controlled systems to operate acceptably after a fault has
appeared in the plant being controlled or in the controller. A control system with this kind
of fault-tolerance capability is defined as a fault-tolerant control system (FTCS). The faulttolerant control needs to achieve high levels of reliability, maintainability and performance
in situations in which the controlled system can have potentially damaging effects on the
environment if faults in its components occur. A system is reliable if it is able to perform
its required function within stated conditions. Increased reliability can be achieved either
by ensuring the faults cannot occur, or by accepting the inevitable risk of faults and design
the system to be fault tolerant. There may be some accepted performance degradation for a
fault-tolerant system to operate under a faulty condition. The main objective is to maintain
plant operation and give the human operator or automatic monitoring system reasonable
time to repair the faulty element or to use alternative measures to avoid catastrophes. A
fault-tolerant control system is designed to retain some portion of its control integrity when
there is a specified set of possible component faults or there are large changes in the system
operating conditions caused by these faults.
Fault-tolerant control can be achieved through fault accommodation or through control reconfiguration. Fault accommodation is the problem of controlling the faulty system,
which rests of fault detection and isolation schemes. Control reconfiguration is the problem of replacing the faulty part of the system by a non-faulty one, so as to still achieve the
control objectives.
This chapter presents a fault-tolerant control scheme trough control reconfiguration
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based on the a priori synthesis of an LPV method. The fault signal generated by an FDI
algorithm is formulated as a parameter on which the LPV controller is scheduled. The
fault-tolerant control structure is presented for drive stability system of heavy vehicles.

5.1

Fault-Tolerant Control through Reconfiguration

The control reconfiguration is an effective way to achieve fault-tolerant control systems.
The architecture of fault-tolerant control system is presented in Figure 5.1.

Supervisor
6
- Fault Diagnosis 

^
r cmd- Reconfigurable
Control
6

u

- Actuators - Plant Dynamics - Sensors
y
open-loop system

Figure 5.1: Architecture of fault-tolerant control system
The fault-tolerant control system is made up of three layers. A bottom layer with the
control loop. This level comprises a traditional control loop with sensors and actuator interfaces and controller. The controller includes an appropriate reconfiguration algorithm that
changes control of the plant to prevent the detected fault from developing into a failure. The
second level comprises the fault diagnosis module. The fault detection and diagnosis plays
an important role in fault-tolerant control. The third level is the supervisory level which
schedules the control reconfiguration. Before any control law reconfiguration is possible,
the fault must be reliably detected and isolated, and the information must be sent to a supervisor mechanism for a decision to be taken. The reconfiguration can be simple switching
between hardware components, but also more complicated methods like on-line controller
redesign. In some cases, an alternative pre-calculated controller will be changed according
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to real time diagnostic information provided by the fault diagnostic unit.
Reconfiguration strategies set the control problem of a system in which the faulty part
has been switched off. In many cases, reconfiguration is understood as the replacement of
the faulty part by some non-faulty one. This means that e.g some actuators were not in
service before the fault occurrence and that they can be switched on after the fault.
The basic concept of control reconfiguration is based on the idea of describing the dynamics of the system using different models for various types of actuator, sensor and component failure, (Boskovic & Mehra 1998a, Boskovic & Mehra 1999). Different models
represent in some sense the faulty behavior of plant in case of failures. In this context the
plant dynamics are characterized by state spaces (Ai , Bi ,Ci , Di ) including the case of no failure and the cases of different types of actuator, sensor and component failure resulting any
number of plants (Ai , Bi ,Ci , Di ). The overall control system consists of multiple controllers
Ki associated to different failures. Based on the suitably chosen switching mechanism, the
fault diagnosis module detects and identifies the faults, and switches to the corresponding
controller achieving excellent overall performance. In addition, the boundedness of the
signals in the system are guaranteed if the switching interval is chosen to be sufficiently
small. The key element is the design of individual controllers Ki for each of the plants
(Ai , Bi ,Ci , Di ) resulted by different failures. Since, the fault-tolerant control system is naturally represented by a set of models, the classical control reconfiguration technique can be
considered as a control of systems subject to failures.
Thus, the problem of control reconfiguration can be described by the following set of
state space models:
ẋ(t) = Ai x(t) + Bi u(t),

i ∈ 1, 2, . . . , N

y(t) = Ci x(t) + Di u(t)
where, x(t) ∈ X is the state vector, u(t) ∈ U is the known control input, y(t) ∈ Y is the
known measurement output. It is assumed that the plant dynamics in exactly N operating
regimes are known caused by different failures.
The problem of control reconfiguration is to design controllers Ki that guarantee the robust performance over sufficiently large sets around each of these models. If the controllers
are chosen such that these sets overlap, this assures that the solution of the reconfigurable
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control problem exists. Loosely speaking, our objective is to design a control strategy that
includes on-line reconfiguration in the case when the plant dynamics are switched within
the set S0 defined by N discrete models. The objective of the controllers is to maintain the
desired performance of the system despite of the faults.
Now, let us consider the control reconfiguration in case of actuator failure. A simple
structure of fault-tolerant control system in case of actuator failure is shown in Figure 5.2.
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Figure 5.2: Structure of fault-tolerant control system with respect to actuator failure
It is supposed that we have two redundant actuators. Thus, the set of models in this
simple case is as follows:

ẋ(t) = Ax(t) + B1 u1 (t)


ẋ(t) = Ax(t) + B2 u2 (t)
y(t) = Cx(t)

y(t) = Cx(t)



(A, B1 ,C)

(A, B2 ,C)

Here, the reconfiguration is understood as the replacement of the faulty actuator by the
non-faulty one. This means that the second actuator is not in used before the fault occurrence and that it can be switched on after the fault. The fault diagnosis module monitors and
evaluates the system behavior at every time through the fault detection and isolation mechanism. During the normal operation that corresponds to the non-failure situation, the first
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controller and actuator will be passed to the system to control its behavior. Once an abnormal actuator behavior is detected by the fault detection mechanism, the second controller
and actuator is switched on by the supervisory module.
The stability of overall switching system in the case of all fixed models and controllers
is based on the assumption that the controllers Ki stabilize the plants (Ai , Bi ,Ci , Di ). However, this does not imply, if we switch among this controllers, that the resulting closed-loop
system will be stable as well. This is due to the well-known fact that improper switching
may destabilize the system (Boskovic & Mehra 1998a). Hence, the key issue in the stability
of switching system with all fixed models and controllers is the length of the switching interval. For this reason the switching interval Tmin needs to be sufficiently small to avoid the
deterioration of the response of system or the instability of closed-loop system, respectively.
However, variation of plant dynamics due to failures may be sudden and large so that the reconfiguration strategy may not be sufficiently fast to compensate effectively for such abrupt
variation, which may lead to substantial performance deterioration of the overall system.

5.2

Reconfigurable Control Design based on LPV Method

This section presents the design of fault-tolerant control system through control reconfiguration based on the LPV method. The idea is here to combine the different controllers
associated to failures into a single controller.
There is a natural way to describe the set of models presented above by using LPV
technique. Since, usually most of the failures are developed in a continuous way, the class
of finite dimensional linear systems depend continuously on a time varying fault signal ν(t).
The trajectory of the vector-valued fault signal ν(t) is assumed not to be known in advance,
although its value can be accessible in real time provided by fault diagnosis module. The
idea behind using LPV systems is to take advantage of the knowledge of failures. The set
of plants with respect to different failures can be described as:
ẋ(t) = A(ρ)x(t) + B(ρ)u(t)
y(t) = C(ρ)x(t) + D(ρ)u(t)
where ρ = ν and ρ is in a piecewise continuous set FP .
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The fault-tolerant control system is designed based on the information provided by separate FDI modules, that are assumed to have identified faults, while faults are modelled as
functions of model parameters. In particular, when faults are modelled as a set of varying
parameters in a linear parameter-varying system, a known LPV control synthesis method
(Wu 1995, Lawton 1997) can be attempted. The synthesis is formulated into an LMI optimization problem based on the LPV system whose state space matrices are functions of
a scheduling parameter vector. A scheduling parameter vector must be measurable in real
time and its rate of change is required to be bounded. Since, the fault parameters cannot
be measured via sensors in real-time, they are estimated on-line by FDI filters. It is possible that an LPV reconfigurable controller can robustly stabilize the closed-loop system
and achieve the desired performance level over the entire fault parameter space. In case of
reconfigurable controller the fault parameters are considered as scheduling parameters in
LPV control synthesis, whose rate of change is defined as a sufficiently large number but
not infinite. In practice, the bounded large value of rate of change with respect to scheduling
parameters can allow abrupt fault occurrence in a reconfigurable LPV controller.

5.2.1

LPV Control Synthesis Methodology

In this section the LPV reconfigurable control design is presented for fault-tolerant control
system. The control synthesis problem is defined, based on an estimated fault signal ν. The
fault estimation is discussed in Chapter 3.
The LPV system can be represented as a function of an estimated fault scheduling parameter vector ρν . The control performance outputs and exogenous disturbances can be
included into the augmented plant. An LPV augmented plant can be written as:

 


A(ρ) B1 (ρ) B2 (ρ)
x(t)
ẋ(t)

 


z(t) = C1 (ρ) D11 (ρ) D12 (ρ) w(t)

 


u(t)
y(t)
C2 (ρ) D21 (ρ) D22 (ρ)

(5.2.2)

where ρ = ρν and ρ ∈ FP is the fault scheduling vector, y ∈ R ny is the measured output,
u ∈ R nu is the control input, w ∈ R nw is the exogenous disturbance, and z ∈ R nz is the
performance output.
The control goal is to minimize the induced L2 norm of a LPV system GFP , with zero
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initial conditions, which is given by


GF  = sup
P ∞

z2
.
ρ∈FP w2 =0,w∈L2 w2
sup

If GFP is quadratic stable then this quantify is finite. The quadratic stability can be
extended to the parameter dependent stability, which is the generalization of quadratic stability concept, see in Chapter 3. Applying the parameter dependent stability concept, it is
assumed that the derivative of parameters can also be measured in real time. This concept
is less conservative than the quadratic stability. (Wu 1995, Lawton 1997, Wu 2001)
The quadratic LPV γ-performance problem is to choose the parameter-varying controller
matrices AK (ρ), BK (ρ), CK (ρ), DK (ρ) such that the resultant closed-loop system is quadratically stable and the induced L2 norm from w to z is less or equal to γ. The form of LPV
controller K(ρ) is as follows:



ẋK (t)
u(t)

=




AK (ρ) BK (ρ) xK (t)
CK (ρ) DK (ρ)

y(t)

where (AK (ρ), BK (ρ),CK (ρ), DK (ρ)) : R S → (R m×m , R m×ny , R nu ×m , R ny ×ny ) continuous
bounded matrix functions.
The quadratic LPV γ-performance problem is solvable if there exist an integer m ≥ 0,
a matrix W : R S → R (n+m)×(m+n) , W (ρ) = W T (ρ) > 0 and continuous bounded matrix
functions (AK (ρ), BK (ρ),CK (ρ), DK (ρ)), such that


ATcl p (ρ)W (ρ) +W (ρ)ATcl p (ρ) W (ρ)Bcl p (ρ) γ−1CclT p (ρ)


−1 DT (ρ) < 0

(ρ)W
(ρ)
−I
γ
B
n
cl
p
d


cl p
−1
T
−1
T
γ Dcl p (ρ)
−Ine
γ Ccl p (ρ)
for all ρ ∈ P , where the matrices Acl p , Bcl p , Ccl p , Dcl p are the closed-loop state space data.
The existence of a controller that solves the quadratic LPV γ-performance problem can be
expressed as the feasibility of a set of affine matrix inequality (AMI), which can be solved
numerically.
Theorem 5.2.1. (Wu 1995, pp. 75) Given a compact set P ⊂ R S , the performance level
γ and the LPV system (5.2.2), with restriction D11 (ρ) = 0, the Parameter-Dependent γperformance Problem is solvable if and only if there exist a continuously differentiable
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function X : R S → R n×n , and Y : R S → R n×n , such that for all ρ ∈ P and |ρ̇i | ≤ βi , i =
1, 2 . . . , s, X(ρ) = X T (ρ) > 0, Y (ρ) = Y T (ρ) > 0 and


∂X
s
T
T
T
−1
Â(ρ)X(ρ) + X(ρ)Â (ρ) − ∑i=1 βi ∂ρi − B2 (ρ)B2 (ρ) X(ρ)C1 (ρ) γ B1 (ρ)


<0

(ρ)X(ρ)
−I
0
C
ne
1


−1
T
γ B1 (ρ)
0
−Ind


∂Y
s
T
T
−1
T
Ã (ρ)Y (ρ) +Y (ρ)Ã(ρ) + ∑i=1 βi ∂ρi −C2 (ρ)C2 (ρ) Y (ρ)B1 (ρ) γ C1 (ρ)



<0
T (ρ)Y (ρ)
−I
0
B
nd


1
−1
γ C1 (ρ)
0
−Ine


x(ρ) γ−1 In
≥0
γ−1 In Y (ρ)
where Â(ρ) = A(ρ) − B2 (ρ)C1 (ρ), Ã(ρ) = A(ρ) − B1 (ρ)C2 (ρ).
The state space representation of the LPV controller K(ρ) is constructed from the solutions X(ρ) and Y (ρ) of the LMI optimization problem.
The constraints given by the LMIs in Theorem 5.2.1 are infinite dimensional, as is the
solution space. Therefore some approximations are needed in order to compute solutions.
First, the infinite-dimensionality of the constraints is relieved by approximating the parameter set P by a finite, sufficiently fine grid Pgrid ⊂ P . Second, the variables X,Y : R S → R n×n
by restricting the search to the span of a collection of known scalar basis functions. Pick
N

y
S
x
scalar continuously differentiable basis functions {gi : R S → R }N
i=1 , { f j : R → R } j=1

then the variables in Theorem 5.2.1 can be parameterized as
Nx

X(ρ) = ∑ gi (ρ)Xi ,
i=1
Ny

Y (ρ) =

∑ f j (ρ)Y j .

j=1

Currently, there is no analytical method to choose the basis functions, namely gi and
fi . An intuitive rule for basis function selection is to use those present in the open loop
state space data. In many cases, the best choice is to be several power series {1, ρ2 } of the
scheduling parameters based on the lowest closed loop L2 norm achieved.
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5.2.2

LPV Reconfigurable Control for Actuator Failure

In this section, the reconfigurable control synthesis problem is defined, based on an estimated actuator failure. We consider a system with two actuators which can be failed one at
a time. Thus, the reconfigurability of the system never goes to zero the entire failure cases.
It is supposed that only the first actuator is used to control the system. If the first actuator
fails, then the faulty actuator is switched off and the second one is used for control purposes.
The system variation due to actuator failures can be modelled as an LPV system, which is a
function of the estimated fault parameter of the first actuator.
Let us consider an LTI open-loop model:
ẋ(t) = Ax(t) + Bu(t)
y = Cx(t).
A failure scheduling parameter ρν is determined by estimated failure of the first actuator
provided by FDI module. Assume that the failure parameter linearly enter in the model. The
LPV state space model including the fault scheduling parameter is written as:
ẋ(t) = Ax(t) + B(ρν )u(t)
y = Cx(t)
where A and C are constant matrices, since only the actuator failures are considered, and


B(ρν ) = b1 (1 − ρν ) b2 ρν . The vectors b1 and b2 are the columns of matrix B. The
actuator failure parameter ρν can be estimated by fault detection and isolation methods.


The scheduling parameter ρν can be taken from interval ρν = 0 1 . The zero value of
ρν means the non-faulty operation and the value 1 corresponds to full actuator failure. In
non-faulty case the second actuator is only a redundant effector and does not operate. If
the ρν is grater than zero, which means the first actuator fails then the second actuator is
switched on. Such parametrization of matrix B provides a continuous reconfigurability of
actuators depending the rate of failure associated to first actuator.
It should be noted that the LPV control reconfiguration method is not restricted to LTI
plants presented above, it may also be used for LPV models. In LPV case beside the fault
scheduling parameters additional scheduling parameters appear in the LPV model which
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represent the different operating regime of nonlinear plant dynamics. The fault scheduling
parameters are free parameters for designer to set up the reconfiguration algorithm of the
controller. More general control reconfiguration algorithm can be constructed e.g. in case of
large number of actuators. The above example is just an illustrative example how to handle
the actuator reconfiguration for fault-tolerant control systems.

5.3

Numerical Example

In this section the fault-tolerant control structure is developed to decrease the rollover risk
of heavy vehicles. The actuators used in control reconfiguration algorithm are the active
antiroll bars and the active brake system. In non-faulty case the brake system is only active
when the vehicle is close to roll over situation. If a hydraulic actuator fault occurs in the
system the operation regime of brake system is extended. The control design is based on the
linear parameter-varying model of the vehicle in which the forward velocity the normalized
lateral load transfer at the rear side Rr and the actuator fault information ρν associated to
antiroll bars are selected as scheduling parameters.

5.3.1

LPV Model of the Combined Yaw-Roll Dynamics

The Figure 5.3 illustrates a combined yaw-roll dynamics of the vehicle is modelled by a
three-body system, in which ms is the sprung mass, mu, f is the unsprung mass at the front
including the front wheels and axle, and mu,r is the unsprung mass at the rear with the rear
wheels and axle.
The preliminary conditions of yaw-roll model used in control design are considered. It
is assumed that the roll axis is parallel to the road plane in the longitudinal direction of the
vehicle at a height r above the road. The location of the roll axis depends on the kinematic
properties of the front and rear suspensions. The axles of the vehicle are considered to be a
single rigid body with flexible tyres that can roll around the center of the roll. The tyre characteristics in the model are assumed to be linear. The effect caused by pitching dynamics
in the longitudinal plane can be ignored in the handling behavior of the vehicle. The effects
of aerodynamic inputs (wind disturbance) and road disturbances are also ignored. The roll
motion of the sprung mass is damped by suspensions and stabilizers with the effective roll
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Figure 5.3: Rollover vehicle model
damping coefficients bs,i and roll stiffness ks,i i ∈ { f , r}. The driving thrust is assumed to
remain constant and it is distributed between the driving wheels, so it does not generate yaw
moment around the center of mass.
In the vehicle modelling the longitudinal translation dynamics, the lateral dynamics,
and the yaw movement are taken into consideration. The detailed differential equations are
found in Appendix E.
These equations can be expressed in a state space representation. Let the state vector be
the following:
T

x = β ψ̇ φ φ̇ φt, f φt,r .
The system states are the side slip angle of the sprung mass β, the yaw rate ψ̇, the roll angle
φ, the roll rate φ̇, the roll angle of the unsprung mass at the front axle φt, f and at the rear
axle φt,r , respectively.
Then the state equation arises in the following form:


ẋ = A(v)x + B1 δ f + B21 B22





u

∆Fb


.

(5.3.1)

The δ f is the front wheel steering angle. The control inputs are roll moments between
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the sprung and unsprung mass generated by active anti-roll bars and the difference of braking forces between the left and right side of the vehicle. The u vector consists of both the
front and rear control torques:




u = u f ur .
The control input provided by the brake system generates a yaw moment which affects
the lateral tire forces directly. In our case it is assumed that the braking force difference ∆Fb
provided by the controller is applied on the rear axle. This means that only one wheel is
decelerated at the rear axle. This deceleration generates an appropriate yaw moment. This
assumption does not restrict the implementation of the controller because it is possible that
the control action to be distributed on the front and the rear wheels at one of the two sides.
The reason of sharing the control force to front and rear wheels is to minimize the wearing
of the tires. In this case a sharing logic is required which calculates the braking forces for
wheels. Thus, the difference between the left and right braking forces is as follows
∆Fb = (Fb,rl + d2 Fb, f l ) − (Fb,rr + d1 Fb, f r )
where


d1 =

l 2f + lw2
lw

sin(γ + δ f ),

d2 =


l 2f + lw2
lw

sin(γ − δ f ),

(5.3.2)

γ = arctan

lw
.
lf

The firs term in equation (5.3.2) is the sum of braking forces at left side and the second
one is the braking forces at right side, respectively. It can be assumed that the steering angle
is small at stable driving conditions, so the d1 and d2 are approximately equal to 1. Thus,
the braking force difference provided by the controller can be shared equivalently between
the rear and front wheels at the suitable side. That is
Fb,rl =

∆Fb
2

and

d2 Fb, f l =

∆Fb
2

Fb,rr =

∆Fb
2

and

d2 Fb, f r =

∆Fb
.
2

or

In the equation (5.3.1) the A(v) matrix depends on the forward velocity of the vehicle
nonlinearly. In the linear yaw-roll model the velocity is considered as constant parameter.
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However, forward velocity is an important stability parameter so that it is considered to be
a variable of the motion. The forward velocity is approximately equivalent to the velocity
in longitudinal direction while the slide slip angle β is small. It can be assumed that the
side slip angle is small at stable driving conditions. Hence, the driving throttle is constant
during the lateral manoeuver and the forward velocity depends on only the braking forces.
The differential equation for forward velocity is
mv̇ = −Fb, f l − Fb, f r − Fb,rl − Fb,rr .

(5.3.3)

One characteristic of the LPV system is that it must be linear in the pair formed by the
state vector, x, and the control input vector, u. The matrices A and B are generally nonlinear
functions of the scheduling vector ρ. In our case the state space representation dependence
on the velocity is nonlinear. Choosing the forward velocity v as a scheduling parameter, the
differential equations of the yaw-roll motion are linear in the state variables.

5.3.2

LPV Control for the Yaw-Roll Dynamics

The objective of the combined roll stability control system is to use both roll moment from
active anti roll bars moreover controlled brake system to maximize the roll stability of the
vehicle. The rollover of the vehicle starts when in a bend tire contact force on the inner
wheels becomes zero. The rollover is caused by the high lateral inertial force generated
by lateral acceleration. If the position of center of gravity (CG) is high or the forward
velocity of the vehicle is larger than allowed at a given steering angle then the resulting
lateral acceleration is also large and might initiate the roll-over.
The roll stability of the vehicle can be improved by two means. One of them is to generate a stabilizing moment to balance the overturning moment caused by lateral acceleration.
The other one is the braking force that is able to reduce the lateral tire force which is responsible for rollover. The roll-over situation can be detected if the lateral load transfers for
both axles are calculated. The lateral load transfer can be given:
∆Fz,i =

kt,i φt,i
lw

where kt,i the stiffness of tires with respect to front and rear axle, φt,i is the roll angle
of unsprung mass and lw is the half of vehicle’s width. The lateral load transfer can be
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normalized in such a way that the load transfer is divided by the total axle load
Ri =

∆Fz,i
Fz,i

where the Fz,i is the total axle load. The normalized load transfer Ri value corresponds to
the largest possible load transfer. If the Ri takes on the value ±1 then the inner wheels in
the bend lift-off. By varying the control torques between the sprung and unsprung masses
the active roll control system can manipulate the axle load transfers and the body roll angles. Moreover using the brake system of the vehicle a yaw moment can be generated by
unilateral braking forces which can reduce the lateral acceleration directly.
The roll stability achieved by limiting the lateral load transfers to below the levels required for wheel lift off. Specifically, the load transfers can be minimized to increase the
inward lean of the vehicle. The center of mass shifts laterally from the nominal center line
of the vehicle to provide a stabilizing effect. While attempting to minimize the load transfer
it is also necessary to constrain the roll angles between the sprung and unsprung masses
(φ − φt ) so that they are within the limits of the travel of suspension. It can be possible that
the suspension reaches its physical limit and the lateral displacement moment is not enough
to balance the primary overturning moment caused by acceleration. In this case the lateral
tire forces has to be reduced directly by brake system to prevent the rollover of the vehicle.
The goal is to design such controller that uses the antiroll bars all the time to prevent the
rollover and the controlled brake system is only activated when the vehicle becomes near
the rollover situation. In normal driving situation the brake part of the controller should
not be activated. However, the normalized load transfer reaches a critical value the brake
system has to minimize the lateral acceleration to prevent the rollover. The critical value
of normalized load transfer is determined when the load transfer of one of the curve-inner
wheels tend to zero.

5.3.3

Reconfigurable Control to Improve Fault-Tolerant Behavior

One possible extension of the combined control strategy proposed here is to design of a
fault-tolerant rollover control system. In non-faulty case both the antiroll bars and the brake
system work well. The brake system is only active when the normalized load transfer is
reached its critical value Rcrt . In non-faulty case, it would be preferable to choose Rcrt
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large. This corresponds to an active brake system that is not used for the most of the time and
activated very rapidly as the normalized load transfer exceeds the critical value determined
by Rcrt . In this case it is assumed that the controlled brake system is used in emergency most
of the time. Although, this would result in a large lateral acceleration up to the critical Rcrt
is being reached. This would be a small price to pay for stability of yaw motion. Because
up to critical Rcrt is not reached the antiroll bars are only used which do not affect the yaw
dynamics of the vehicle.
On the other hand if a hydraulic actuator fault occurs in the system it would be preferable
to choose the critical value of normalized load transfer Rcrt small. In other words it means
that the range of operation of brake system is extended and the wheels are decelerated
gradually instead of rapidly if the normalized load transfer reaches its critical value. It is
assumed that the actuator fault can occur in such way e.g. where it losses its effectiveness
that is its power is reduced some percentage. It means that both control inputs (antiroll bars
and brake system) are able to work simultaneously but the hydraulic actuator do not have
maximum performance. It is a reasonable assumption in many cases because the failure
appearance means an effectiveness failure in an early stage. Thus, the Rcrt can be regarded
as a design parameter in the control design, hence, it should be chosen to be scheduled on
fault information. The fault information is provided by the fault detection and isolation
filter. This fault-tolerant feature would lead to more enhance the roll stability using fault
information when fault occurs in the hydraulic actuators.
Reconfigurable Control Structure
In this section the setup of reconfigurable control structure is presented for fault-tolerant
roll stability system. Consider the closed-loop system in Figure 5.4, which includes the
feedback structure of the model G(ρ) and controller K(ρ), and elements associated with the
uncertainty models and performance objectives.
The control inputs are the roll moments generated by antiroll bars u and the braking force
difference ∆Fb . The measured outputs are the lateral acceleration, ay and the derivative of
roll angle, φ̇. The n represents the measurement noise associated with lateral acceleration,
na and the derivative of roll angle, nφ , respectively. In the figure, δ f is the steering angle as
a disturbance signal, which is set by the driver and the z is the performance output. The z
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Figure 5.4: The closed-loop interconnection structure for reconfigurable strategy
consists of the lateral acceleration za , the lateral load transfers associated to front and rear
axle zFz and the control inputs u and ∆Fb .
The uncertainty of the model is represented by Wr and ∆m . Design models used for
roll stability control typically exhibit high fidelity at lower frequencies (ω < 10 Hz), but
they degrade rapidly at higher frequencies due to such poorly modelled or neglected effects.
s + 20
Thus, Wr is selected as Wr = 2.25
.
s + 450
The input scaling weight Wδ normalizes the steering angle to the maximum expected
command. It is selected as 5π/180 which corresponds to 5 deg steering angle command.
Wna and Wnφ are selected to take the sensor noise models into account in the control design.
The noise weights Wna for the lateral acceleration is chosen 0.01 m/s2 and Wnφ for the
derivative of roll angle φ̇ is 0.01 deg/sec.
The weighting function Wp represents the performance outputs, and it contains the Wpi
(i = {a, Fz , u, Fb }) components. The purpose of the weighting functions Wpi is to keep the
lateral acceleration, the lateral load transfers and the control inputs small over the desired
frequency range. The weighting function Wpa is selected as:
Wpa = φa

(s/2000 + 1)
(s/12 + 1)

(5.3.4)

Here, it is assumed that in the low frequency domain steering angle at the lateral accelerations of the body should be rejected by a factor of φa . The WpFz is selected as
diag(1/102 , 1/103 ) for control design which means that the maximal gain of the lateral
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load transfers can be 102 in frequency domain for front axle and 103 for rear axle, respectively. The Wpu is a diagonal matrix with diagonal entries 1/20 corresponds to front and
rear control torque generated by antiroll bars. The weight WpFb for braking force is 1/10.
The reason of keeping the control signals small is to avoid the actuator saturation.
The φa is gain, which reflects the relative importance of the lateral acceleration in the
LPV controller design. A large gain φa corresponds to a design that avoids the roll over situation. Choosing φa small corresponds that the vehicle is in normal driving situation where
the minimization of lateral acceleration is not needed. Consequently, when the acceleration
is not critical the weighting function should be small and when the acceleration reaches the
critical value then the weight should be large to avoid the rollover.
In order to take into consideration nonlinear function of controller a parameter dependent weighting function has to be used. The weight should be scheduled by the normalized
load transfer at rear side Rr , from which can be deduced the rollover situation. Basically, the
roll-over of a vehicle is affected by the suspension stiffness to load ratio, which is greater at
the rear axle than at the front one. Thus, in the case of an obstacle avoidance in emergency,
firstly the rear wheels are lifted off. Using the normalized lateral load transfer the rollover
of the vehicle can be predicted high probability.
The φa is chosen to be parameter-dependent, i.e., the function of Rr . The parameter
dependent gain φa captures the relative importance of the acceleration response. When
Rr is small, i.e., when the vehicle is not in emergency, φa (Rr ) is small, indicating that
the LPV controller should not focus on minimizing acceleration it should only generate
lateral displacement moment by antiroll bars. On the other hand, when Rr approaches its
the critical value that is Rr = Rcrt or the suspension reached its physical limit, φa (Rr ) is
large, indicating that the controller should focus on preventing the rollover. The parameter
dependence of the gain is characterized by the constants R1 = Rcrt and R2 . The parameter
dependent gain φa (Rr ) in equation (5.3.4), is as follows:


0
if |Rr | < R1


φa (Rr ) =





2
R2 −R1 (|Rr | − R1 )

2

if

R1 ≤ |Rr | ≤ R2

otherweise

R1 defines the critical status when the vehicle is close to the rollover situation i.e. all wheels
are in the ground but the lateral tire force of inner wheels tends to zeros or the suspension
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reached its physical limit and the antiroll bars are not capable to generate more stabilizing
moment. More close the R1 is 1 more later the controller will be activated. R2 parameter is
how fast the controller should focus on minimizing the lateral acceleration. More smaller
the difference between R1 and R2 is more quickly the performance weight punishes the
lateral acceleration.
In faulty case the range of operation of brake system has to be extended and the wheels
are decelerated gradually instead of rapidly if the normalized load transfer reaches its critical
value. Small values of R1 correspond to brake system is activated early and gradually,
whereas large value of R1 correspond to brake system is activated rapidly. Thus, the design
parameter R1 can be chosen to be scheduled on fault information ρν
R1 = R1 −

ρν
.
10

The fault information ρν is a normalized signal which means that the value of possible fault


is normalized into the interval 0 1 . The 0 corresponds to the non-faulty operation and
the value 1 means that the antiroll bars are not able to work. In case of 1 the only control
input is the brake system. This reconfigurable feature leads to more enhance the roll stability
using fault information when fault occurs in the hydraulic actuators.
In the LPV model of the yaw-roll motion three parameters are selected, i.e. the forward
velocity v, the normalized lateral load transfer at the rear side Rr and the actuator fault
information ρν associated to antiroll bars. The v is measured directly, the ρν is provided by
the FDI filter, while the parameter Rr can be calculated by using the measured roll angle of
unsprung mass φt,r .

5.3.4

Reconfiguration Simulation

In this section, illustrative examples are shown for the roll control mechanism based on the
reconfigurable LPV control. In the first simulation example, a double lane change manoeuver is performed. This manoeuver is often used to avoid an obstacle in an emergency. The
manoeuver has 2.5 m path deviation over 100 m. The size of the path deviation is chosen
to test a real obstacle avoidance in emergency on road. The vehicle velocity is 70 kph. The
steering angle input is generated in such a way that the vehicle with no roll control would
become rollover situation during the manoeuver and its normalized load transfers would be
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over ±1. Recall that the yaw-roll model is only valid if the normalized load transfers are
below value ±1 for both axles. In order to avoid the unrealistic change in the steering angle,
a ramp signal is applied where the signal reaches the maximum value (3.5 degree) in 0.5 s
and filtered at 4 rad/s to represent the finite bandwidth of the driver.
During this maneuver actuator failure is applied in the simulation so that the reconfiguration properties of the controller can be analyzed. In practice, three fault scenarios can
be taken into consideration for an hydraulic actuator. One of them is the lock failure where
the piston of hydraulic actuator remains locked at a particular position. In this case, the hydraulic actuator does not work after the fault and the actuator resists the motion of vehicle
in the roll plane. The physical meaning of this phenomena is that the piston of hydraulic
actuator is clutched and it is not moving any longer. In case of a floating failure the piston
of hydraulic actuator floats at zero moment position and the actuator becomes ineffective.
This means that the anti roll bars cannot generate lateral displacement moment to balance
the overturning moment and the piston of hydraulic actuator is moving freely in the cylinder. This situation may arise when the power supply broke down and it cannot provide
sufficient oil pressure. The third type of failure is the loss in effectiveness. This means that
the actuator effectiveness is reduced by a percentage. In case of this failure the actuator is
still working with a reduced power after the fault has occurred. This is the case e.g. when
the leakage coefficient of the piston is too high, hence, the actuator cannot generate torque
required by the control valve.
In our case the fault scheduling parameter ρν is used to adjust the controller in case of
different types of actuator failure. The ρν parameter is provided by the FDI filter. Note, that


the ρν is a normalized fault information which value can be taken from interval 0 1 . The
zero value of normalized fault information means the fault free actuator and the value 1 is
the total fault of anti roll bars, respectively. In other words in case of value 1 the hydraulic
actuator is not able to generate control torque. When the ρν is equal to 1, this situation can
be classified as a float failure because the antiroll bars are broken down but the hydraulic
actuators do not resist the displacement of suspension. In this case the only control input is
the brake system to prevent the rollover of vehicle. If the ρν takes the value between 0 and
1 then this case is a loss in effectiveness failure. The antiroll bars can be used with reduced
power to generate stabilizing moment.
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In the first simulation the ρν is set constant value 0.7. In this case the actuator effectiveness is reduced by 70%. The second fault scenario is where the ρν is a ramp signal
with unity slope starting from 1.5 seconds to 2.5 seconds. Here, the fault can be considered
that the actuator effectiveness is decreased continuously to 100%. Using different fault scenarios the responses of yaw roll dynamics are compared. Figure 5.5 shows the responses
applying float type failure (dash-dot), loss in effectiveness failure (solid) and the non-faulty
situation (dash), respectively. Figure 5.5 shows the lateral acceleration and the roll angle of
the sprung mass. The lateral acceleration in all cases are slightly different. The reason of
this fact is that where the normalized load transfers do not reach the critical value R1 only
the antiroll bars are activated and the brake system is not used. However, the antiroll bars
are not able to decrease the lateral acceleration because it do not has direct effect to change
the acceleration. So the effect of fault of actuator does not appear in the lateral acceleration.
It can be observed that in faulty cases the roll angle is increased due to the reduced power
of hydraulic actuators. In non-faulty case the actuator can generate higher control torque to
balance the primary overturning moment than in case of faulty situations. It can be seen that
the control torque is smaller in case of loss failure than in non-faulty situation. In case of
float type failure its effectiveness is decreasing continuously and it is equal to zero when the
normalized fault information reaches the value 1. The required braking force is the largest
in case of float failure. This is because the antiroll bars is not able to generate control torque
from 2.5 seconds, so the reconfigured controller structure is identical that controller where
only the brake system is used to prevent the rollover of the vehicle. In non-faulty case the
antiroll system is working and generates stabilizing lateral displacement moment. Hence,
the braking force required to prevent the rollover of the vehicle is less than in faulty cases.
It can be observed that in case of loss failure the brake system is activated earlier than in
non-faulty case due to the control reconfiguration, which extends the operation regime of
brake system. The path of vehicle can be seen in Figure 5.5 corresponding all cases. In case
of lock failure the real path is much different from desired path due to the increased braking
moment which affects the yaw motion. In case of fault free situation the deviation of real
and desired path is smaller than the faulty cases.
In the next example, the cornering responses of a single unit vehicle model can be seen
travelling at 80 kph. In the case of loss failure the ρnu is set to constant value 0.7, and in
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case of float type of failure the ramp signal starts from 0.5 seconds and reaches to value
1 at 1.5 seconds. Figure 5.6 shows the responses applying float type failure (dash-dot),
loss in effectiveness failure (solid) and the non-faulty situation (dash), respectively. The
steering angle applied in the simulation is a step signal. It can be observed that in faulty
cases the roll angle is increased due to the reduced power of hydraulic actuators. As the
lateral acceleration increases,the normalized load transfer lifts up more quickly at the rear
axle than at the front axle, since the ratio of the effective roll stiffness to the axle load is
greater at the drive axle. The normalized load transfers do not exceed the value ±1 in all
cases, which means that the lateral force on one of the curve inner side wheels will not
become zero. In the cornering maneuver the antiroll control is not enough to prevent the
rollover of the vehicle. Consequently, the normalized load transfers reach the critical value
R1 during the cornering maneuver so the brake control is activated and the brake system
reduces the lateral acceleration. The time when the brake control starts activating can be
seen in the braking force plot, which shows that the rear right hand side wheel is braked to
avoid the rollover of the vehicle. The largest braking force is required in case of float type
of failure because the actuator is failed totally from 1.5 sec. The control torque is larger in
faulty cases than in non faulty situation.

5.4

Summary

As a result of the fault tolerant control design the following conclusions can be drawn.
In this chapter a fault-tolerant control scheme trough control reconfiguration based on the
a priori synthesis of a LPV method is developed. The fault signal generated by an FDI
algorithm is formulated as a parameter on which the LPV controller is scheduled. The
fault-tolerant control structure is presented for drive stability system of heavy vehicles. The
control design is based on the LPV modelling, in which the forward velocity and the normalized lateral load transfer at the rear are chosen as scheduling parameters. The actuators
used in control reconfiguration algorithm are the active antiroll bars and the active brake
system. In non-faulty case the brake system is only active when the vehicle is close to roll
over situation. If a hydraulic actuator fault occurs in the system the operation regime of
brake system is extended.
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Figure 5.5: Time responses to double lane change steering input
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Chapter 6
New Scientific Results
The new scientific results achieved during research are summarized in the theses given as
follows.
Thesis 1 (Sections 2.3, 4.6). Choice from modelling paradigms, control system analysis
and design approaches have been investigated in the reconfigurable control system design.
It has been shown that the application of the mixed µ synthesis, i.e., taking both the structured and unstructured uncertainties into consideration in the design process, improves the
performance of closed-loop systems significantly. [J3, J4, J8, C15, C16, C21]
• It has been established that the weighting function Wu (s) represented by the unstructured uncertainty of a linear time invariant system can be reduced in the H∞ sense by
taking the structured uncertainty into consideration in the control design.
• It has been shown that the reduction of the H∞ norm of weighting function Wu (s)
represented by unstructured uncertainty influences the performance of closed-loop
systems with respect to reference tracking, disturbance and fault attenuation properties.
Thesis 2 (Sections 3.4, 3.5). The LPV FDI problem has been solved by the extension of the
(C, A)-invariant subspace algorithm elaborated for LTI systems where the global stability
of the filter can be guaranteed in the sense of quadratic stability by solving linear matrix
inequalities. [J2, C13, C14]
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• The decoupling of failures of different types is solved by using the following parametervarying unobservability subspace algorithm

S0 = W ∗ + KerC
∗

Sk+1 = W +

N

A−1
i Sk ∩ KerC,

i=0

where W ∗ is the minimal (C, A)-invariant subspace containing L computed by the
parameter-varying (C, A)-invariant subspace algorithm.
• By using an aircraft model it has been shown, that globally stable LPV FDI filters can
be designed in the sense of quadratic stability through solving the following linear
matrix inequalities for all the vertices of the parameter space
(A0 (ρ) + D1 (ρ)M)T X(ρ) + X(ρ)(A0 (ρ) + D1 (ρ)M) < 0,
where A0 (ρ) is the restriction of (A(ρ) + D0 (ρ)C) to factor space X /S ∗ , D1 (ρ) is the
filter gain, M is the filter measurement matrix and ρ ∈ FP is the scheduling parameter.
Thesis 3 (Sections 4.3, 4.5, 4.6). A strategy for combined control/filter design has been
developed which takes both closed-loop performance and filter sensitivity into consideration
where the robust stability margin of the closed-loop is regarded as a design parameter in
order to solve the trade-off between the closed-loop performance and filter sensitivity. [J5,
J7, C10, C13]
• It has been proved that the norm of fault estimation error ecl  of the FDI filter Fcl
based on the closed-loop synthesis is degraded by the improvement of the disturbance
attenuation of the closed-loop where
ecl = (I − Fcl So Gν )ν − Fcl So Gw w
and So is the output complementary sensitivity function, ν means the fault signal and
the disturbance is indicated by w.
• Based on the generalized P-K structure, it has been proved that the increase in the
robust stability margin Med ∆∞ in the closed-loop reduces the norm of fault estima 
tion error e∆  of the FDI filter Fol that is designed for the open-loop and applied to
cl
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the uncertain closed-loop,
e∆cl = (I − Fol Gyν )ν − Fol Gyd ∆(I − Med ∆)−1 Meν ν,
where ∆ means the uncertainty structure of the system and Med , Meν are the transfer
functions from uncertainty output d to uncertainty input e and from fault ν to uncertainty input e, respectively.
 
• It has been proved that the norm of fault estimation error e∆cl  of the FDI filter Fol
designed for the open-loop and applied to the closed-loop can be decreased by mini

mizing transfer function Myν  where
∞

Meν = Geν + Geu K(I − Gyu K)−1 Gyν = Geν + Geu KMyν
and Myν is the transfer function from fault ν to output y.
Thesis 4 (Sections 5.2, 5.3). A reconfigurable control scheme has been developed based on
the synthesis of an LPV controller where the residual signal generated by the FDI filter is
considered as a parameter on which the controller is scheduled, ensuring the reconfiguration feature of the control system in case of actuator failure. [J1, C4, C6, C7, C8, C20]
• The set of state space models (A, Bi ,C) associated to actuator failures is parameterized
by the residual output ρν of the FDI filter.
• A fault tolerant control scheme is developed based on the LPV H∞ control design
for the drive stability system of heavy vehicles, which guarantees the detection of
actuator failures and prevents the rollover of the vehicle by control reconfiguration.
The fault tolerant control system has been validated on simulation results.

Appendix A
Parametric Uncertainty Modelling for
Inverted Pendulum
In the following the derivation of differential equations including parametric uncertainty is
shown in detail. In our case the parametric uncertainties are generated by varying the length
of the rod  and its mass mr . Both uncertainty parameters can be written in the lower LFT
form. The parameter  occurs in the denominator of the differential equation so its LFT
representation is as follows:
1
1
1 σ
= ¯
= ¯ − ¯ δ (1 + σ δ )−1
 (1 + σ δ ) 



1
− σ¯
¯
, δ = F (M , δ ) .
= F
1 −σ
The uncertainty parameter mr , occurs in the numerator and its LFT representation is as
follows:
mr = m̄r (1 + σm δm )


m̄r 1
= F
, δm
σm m̄r 0

= F (Mm , δm ) .

The δ uncertainty blocks must be pulled out from the motion equations. The length of
the rod  occurs in several places in the differential equations of the plant and in these cases
the uncertain parameter can be represented by repeated scalar blocks. It means that the
uncertain parameter  must be handled as three different uncertain parameters by the same
uncertain coefficients (σ, δ). Thus,  can be modelled as a three times repeated parameter.
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In order to pull out the uncertainty blocks δ’s from the motion equations, let us assume
that the uncertainty model M and Mm have the following forms:
 
 
u,i
y,i
= M
, i = (1, 2, 3)
e,i
d,i
 
 
um
ym
= Mm
.
em
dm
Then, the outputs of M and Mm are expressed as:
1
y,i = ¯ (u,i − σ d,i )

ym = m̄r um + dm .

(A.0.1a)
(A.0.1b)

From equations (A.0.1) it follows that some expressions in equation ẋ1 can be given as
1
1
xi+1 = ¯ (xi+1 − σ d,i ),


1
1
mr x2 = m̄r x2 + dm .



i = (1, 2, 3)

(A.0.2a)
(A.0.2b)

Applying the equations (A.0.2), the differential equation ẋ1 is given by:
Kg2 Km2
Kg2 Km2 1
m̄r
1
ẋ1 = −
x1 + g( + 1) ¯ x2 + g
x3 + u
Rm mc r2
mc
Rm mc r2 ¯

Kg2 Km2 1
m̄r
1
g
− g( + 1) ¯ σ d,1 − g
d
+
dm .
σ

,2
2
mc
Rm mc r ¯
mc

The output equations yz and yθ are as follows
Kg Km Am
Kg Km Am 1
Kg Km Am 1
x
σ d,3
+
g
x2 − g
4
Rm mc r
Rm mc r ¯
Rm mc r ¯
Kg Km Am 1
Kg Km Am 1
yθ = −
x2 +
σ d,1 .
¯
Rm mc r 
Rm mc r ¯
Next, the inputs of the δ blocks e,i and em are expressed:
yz =

e,i = u,i − σ d,i ,

i = (1, 2, 3)

em = σm m̄r um .
Using equations (A.0.3) the outputs of delta blocks are as follows
e,i = xi+1 − σ d,i , (i = 1, 2, 3)
1
1
em = σm m̄r ¯ x2 − σm m̄r ¯ σ d,1 .



(A.0.3a)
(A.0.3b)
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The state space form containing uncertain parameters can be formulated as:

 


x
ẋ
A B1 B2

 


 e  =  C1 D11 D12   d 
 δ  
 δ 
y
C2 D21 D22
u
where


eδ = e,1 e,2 e,3 em

T


T
dδ = d,1 d,2 d,3 dm ,

,



y = yz yθ

T

and matrix partitions are as follows


K2 K2

g m
 − Rm mc r2


1


0



0


0



0


0


0



0

0

2
Kg2 Km
1
Rm mc r2 

0

m̄r
−g( m
+ 1) 1¯ σ
c

0
1
0

0
0
1

0
0
0

0
0
0

1
0
0
σm m̄r 1¯

0
1
0
0

0
0
1
0

mr
g( m
+ 1) 1
c

g


Kg Km Am
Rm mc r
K K Am 1
− Rgm m
mc r ¯

0

g
mc

0
0
0

0
0
0

0
0
0

−σ
0
0
−σm m̄r 1¯ σ

0
−σ
0
0

0
0
−σ
0

0
0
0
0

0

0

Kg Km Am 1
Rm mc r ¯ σ

0

−g



K K Am 1
−g Rgm m
mc r ¯
0

0

2
Kg2 Km
1σ
Rm mc r2 ¯ 

0



K K Am 1
g Rgm m
mc r ¯ σ
0

0
0


1 

0 

0 


0 


0 
.
0 

0 

0 


0 

0

The uncertain state space model is shown in Figure A.1.
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mc



Mm
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 δm
e
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dm

ẋ2

1
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Figure A.1: Block structure of the uncertain model

Appendix B
Detection Subspace for Sensor Failure
Consider designing a full order observer with the following form:
˙ = Ax̂(t) + Bu(t) + D(y(t) − ŷ(t))
x̂(t)
ŷ(t) = Cx̂(t).
We refer to D : Y → X as the output injection map or the observer gain matrix. Let the state
estimation error be ε(t) = x(t) − x̂(t) and the output error r(t) = Cx̂(t) − y(t), respectively.
Then, the error system is as follows:
ε̇(t) = (A + DC) ε(t) + Lν(t) − di µ(t)

(B.0.2a)

r(t) = Cε(t) − ei µ(t)

(B.0.2b)

where di is the ith column of the detection filter gain matrix. The presence of di in equation
(B.0.2a) is a potential difficulty since the detection gain is not known a priori. The objective
of the design procedure for a sensor failure is to determine two a priori directions associated
with a failure in the ith sensor such that the output errors lie somewhere in the plane defined
by Cdi and ei .
The detection subspace of the sensor failure µi will be

Ri = CWi∗ + ei
where Wi∗ is the smallest (C, A)-invariant subspace containing Im di (i.e. the reachable
subspace of di , that can be computed by C AISA). The problem is that di is unknown in
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advance. Assume that Wi∗ is one dimensional (i.e. di ∈
/ KerC). Then one can replace
span{CWi∗ , ei } by any vectors that spans Ri .
Proposition B.0.1. Ri is spanned by the vectors {CAli ,Cli }, where Cli = ei .
Proof. The smallest (C,A)-invariant subspace Wi∗ containing Im li can be calculated as:

W0 = 0
Wk+1 = Im li + A(KerC ∩ Wk ).
Since Im li ∈ Wi∗ , and assuming in general that dim Wi∗ = ni , one can assign ni eigenvectors of the filter to span this subspace:
#

$

Wi = span vi1 , . . . , vini =⇒ li =

ni

∑ αij vij .

j=1

All the eigenvectors has to be collinear to ensure output separability:
Cli = Cvij ,

j = 1, . . . , ni .

The eigenstructure equations are the following:
&
% i
λ j I − A − DC vij = 0,
ni

(A + DC) ∑ αij vij =
j=1

j = 1, . . . , ni

ni

∑ αij λij vij

j=1

ni

DCli = −Ali + ∑ αij λij vij
j=1
ni

CDCli = −CAli + ∑ αij λijCvij
j=1

If Cli = ei and Cvij

= Cli = ei for j = 1, . . . , ni then
ni

Cdi = −CAli + ∑ αij λij ei .
j=1

What follows is that Cdi lies in span {CAli ,Cli } = span {CAli , ei }.
Applying the Proposition B.0.1, the closed-loop error system can be replaced by a system of the form
ε̇(t) = (A + DC) ε(t) + Lν(t) + li∗ µ(t) + li µ(t)
r(t) = Cε(t)
where li is any direction such that ei = Cli and li∗ = Ali .

Appendix C
FPRG problem for LPV system
We will consider a simple example in which matrices are the following




λ 0
0
0 0 0




 + ρ 0 1 0
A(ρ) = A0 + ρ(t)A1 = 
0
−ν
ω




0 ω −ν
0 1 0


B = L = L1



1
0
 

,
0
1
L2 = 


0 0


C=

1 0 0
0 1 0


.

Given A, B, C, L1 , and L2 (in the present example we use λ = −2, ν = 1 and ω = 0.5)
the design process goes as follows. The subspaces Wi∗ and Si∗ , containing Li (with i = 1, 2)
are determined first using P VCAISA and P VUOSA, respectively.

T
Since KerC = span 0 0 1 and L1 , L2 are not in KerC, using P VCAISA one immediately obtains that Wi∗ = Li , i = 1, 2. Computation of the unobservability subspace S2∗ is as
follows (the details for computing S1∗ are identical). Using P VUOSA we get:
−1
∗
∗
S2 = W2∗ + (A−1
0 (W2 + KerC)) ∩ (A1 (W2 + KerC)) ∩ KerC.

It can be seen that one has to compute subspace additions, intersections and inverse
images. The latter can be computed using the following result:
Proposition C.0.1. Let A : Rn → Rn , X ⊂ Rn and Im X = X , then
A−1 X = Ker X ⊥ A
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where X ⊥ is a maximal solution (a solution with maximum rank) of X ⊥ X = 0.
T

0
1
0
∗
∗
and (A−1
Then we get (A−1
0 (W2 + KerC)) = span
0 (W2 + KerC)) ∩ KerC =
001
KerC.
∗
Using similar arguments one can conclude that (A−1
1 (W2 + KerC)) ∩ KerC = KerC

hence S2∗ = W2∗ + KerC , i.e.



0 0



S2∗ = span
1 0.
0 1


T
Simple calculation shows that S1∗ = W1∗ = span 1 0 0 .
Having the minimal parameter-varying unobservability subspaces containing L2 we factorize the state space with this S2∗ subspace and only look at the factor space to prevent any
effect of L2 on the observation of L1 . This is done by a Pi projection matrix, whose kernel
is the Si∗ subspace. Choosing a basis in Si∗ ⊥ and considering the basis vectors as rows we
can get suitable Pi matrices:

P1 =

0 1 0
0 0 1


,



P2 = 1 0 0 .

The next step is to compute the gains D10 (ρ), D20 (ρ) that make S1∗ , S2∗ , respectively
(C, A)-invariant:
(A(ρ) + Di0 (ρ)C)Si∗ ⊂ Si∗

i = 1, 2

where
Di0 (ρ) = Di00 + ρDi01 .
Denote by Si the matrix with columns forming a basis of Si∗ . Then using the above formulae
we get Si⊥ (A j + Di0 jC) = 0, i = 1, 2, j = 0, 1.
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In the example we find that for i = 1 the element D100 (1, 2) = 0, D100 (1, 2) = 0 and
all the others are arbitrary. One possible choice for the remaining elements is to specify
A j + D10 jC = 0, j = 0, 1. This choice results in the gain matrices:

2

D10 (ρ) = 
0
0

0

2
D0 (ρ) = 
0
0


0


0

0



0 0



0 −ρ .
+
ρ
1 



0 −ρ
−0.5


0

Having the parameter-varying D0 (ρ) calculated we need the output mixing H for which
Ker HiC = KerC + Si∗ , i = 1, 2. Let Vi be a matrix for which ImVi = KerC + Si∗ and let the
columns of V i be basis in KerViT . Then for Hi we have
CT HiT = V i .
It was supposed that C had full row rank, thus a possible choice for H is Hi = ((CCT )−1CVi )T .
In our case

T
V1 = 0 1 0 ,


T
V2 = 1 0 0

and


H1 = 0 1 ,



H2 = 1 0 .

In the example we find that




M1 = 1 0 ,

M2 = 1.

The next step is to compute the restriction of the map A0 (ρ) = (A(ρ) + D0 (ρ)C) |X /S ∗
using the formulae Pi (A j + Di0 jC)PiT , i = 1, 2, j = 0, 1.
Computation of the stabilizing gain Di1 (ρ) = D10 + ρDi11 , i = 1, 2 will be performed
using linear matrix inequality (LMI). For simplicity the index i will be omitted, but the
subsequent LMI has to be solved for both detection filters.
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We are looking for a positive definite X matrix and D10 , D11 for which
(A0 (ρ) + D1 (ρ)M)T X + X(A0 (ρ) + D1 (ρ)M) < 0

∀ρ ∈ P

X > 0.
Here D1 (ρ) = D10 + ρD11 . It can be proved that for affine LPV systems the LMIs have
to be solved only for the vertices of P . Introducing the new variables:
K(ρ) := XD1 (ρ) = XD10 + ρXD11 =: K0 + ρK1 ,





the LMI variables are X which is symmetric positive definite and K = K0 K1 which is
rectangular. Denote


M(ρ) =

M
ρM


.

Now the LMI to be solved is
AT (ρ)X + XA(ρ) + M T (ρ)K T + KM(ρ) < 0
for all ρ ∈ P0 which is a feasibility problem.
From the solution we obtain
D11 (ρ) =





0.5593
−1.0932


+ρ


−1
−1

D21 (ρ) = − 1.5.
Having the gains Di0 (ρ), Di1 (ρ) and the matrices Hi , Pi one can compute the FDI matrices
Ni , Gi , Fi , i = 1, 2.
The complete filters in the example are:




0.5593
0.5000
−1 0
ẇ1 (t) =
+ρ
· w1 (t)
−1.0932 −1.0000
−1 0






0.5593 0
−1 0
0 1
−
+ρ
· y(t) +
· u(t)
−1.0932 0
−1 0
0 0




r1 (t) = 1 0 · w1 (t) − 0 1 · y(t)




ẇ2 (t) = −3.5w2 (t) − 1.5 0 · y(t) + 1 0 · u(t)


r2 (t) = w2 (t) − 1 0 · y(t).

Appendix D
Nonlinear State Transformation into
Affine LPV Format
In this appendix an example of the transformation from a nonlinear state equation to the
affine LPV model required is shown in detail. The selected state is the angle of attack and
the full nonlinear equation given in equation (D.0.1) is obtained from (Marcos 2001):
q̄S
dCL
dCL
q̄Sc̄
]·q+[ −
· (1.45 − 1.8 · xcg ) ·
· Kα ·
] · δe
2
dq
mVT
dδe
2mVT
4
1
+[ −
· (sα + 0.0436 · cα ) ] · Tn +
· (sα · sθ + cα · cθ ) · g
mVTAS
VTAS
q̄S
−
·CLbasic
mVTAS

α̇ = [ 1 −

(D.0.1)

We are interested in an affine LPV representation of the state equation with respect to
the scheduling variables, ρi , and linear on the states, x(t) = [α, q, VT , θ, he ], and control
inputs, u(t) = [δe , δst , Tn ]:
α̇ = A(ρ) · x(t) + B(ρ) · u(t).

(D.0.2)

The requirement of linear dependency on the states and the control inputs is easily
checked since equation (D.0.1) is already written grouping terms together based on their
linear dependency. It is observed that all equation terms except for the last two fulfill this
linear dependency requirement. The easiest approach to solve this problem is to introduce
a fictitious input, e.g. δ f ic , which multiplies the last two terms and enables equation (D.0.1)
to be rewritten in the format of equation (D.0.2). The control input vector is given by
û(t) = [δe , δst , Tn , δ f ic ]T . The fictitious input is held constant at 1 radian.
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Table D.1 provides the minimum and maximum values for the nine scheduling parameters for the longitudinal LPV model of the Boeing 747-100/200 aircraft.
Number Parameter
ρ1
q̄
q̄
ρ2
VT
1
ρ3
VT
ρ4
γ
q̄
CLbasic ·
ρ5
VT
∂CL q̄
·
ρ6
∂δel VT
CDMach · q̄
ρ7
∂Cm
ρ8
· q̄
∂δel
ρ9
Cmbasic · q̄

Units
N/m2

Minimum val. Maximum val.
4.1039e+03
4.3577e+04

N · s/m3

2.7360e+01

1.5563e+02

s/m

3.5714e-03

6.6667e-03

radians

-3.4907e-01

3.4907e-01

N · s/m3

5.3889e-01

1.7981e+02

N · s/m3

1.9611e-01

4.0034e-01

N/m2

7.3702e+01

1.3503e+03

N/m2

-4.4844e+02

-1.1638e+02

N/m2

-7.0123e+03

4.3577e+03

Table D.1: Scheduling parameters table
Several assumptions were made after analyzing average values of the equation terms in
the face of scheduling parameters, states and control inputs variations:
q̄Sc̄
dCL
· (1.45 − 1.8 · xcg ) ·
;
2
dq
2mVT
4
a3 ≈ − · (sα + 0.0436 · cα );
m
S
a5 ≈ − ;
m

2a1 ≈ 1 −

a2 ≈ −

S
· Kα ;
m

a4 ≈ (sα · sθ + cα · cθ ) · g;

where ai represent constants values. Hence, equation (D.0.1) is rewritten as an affine LPV
model
α̇ = a1 · q + a2 · ρ6 · δe + a3 · ρ3 · Tn + a4 · ρ3 · δ f ic + a5 · ρ5 · δ f ic




= 0 a1 0 0 0 x(t) + a2 · ρ6 0 a3 · ρ3 (a4 · ρ3 + a5 · ρ5 ) û(t).

Appendix E
LPV Model of Yaw-Roll Dynamics
In the following the motion differential equations of the yaw-roll dynamics of single unit
vehicle are formalized.
Lateral force balance:
mv(β̇ + ψ̇) − ms hφ̈ = Fy, f + Fy,r .
Yaw moment balance:
−Ixz φ̈ + Izz ψ̈ = Fy, f l f − Fy,r lr + lw ∆Fb .
Roll moment on the sprung mass:
Ixx + ms h2 φ̈ − Ixz ψ̈ = ms ghφ + ms vh(β̇ + ψ̇)
− k f (φ − φt, f ) − b f (φ̇ − φ̇t, f ) + u f
− kr (φ − φt,r ) − br (φ̇ − φ̇t,r ) + ur .
Roll moment on the front unsprung mass:
−rFy, f = mu, f v(r − hu, f )(β̇ + ψ̇) + mu, f ghu, f φt, f − kt, f φt, f
+ k f (φ − φt, f ) + b f (φ̇ − φ̇t, f ) + u f .
Roll moment on the rear unsprung mass:
−rFy,r = mu,r v(r − hu,r )(β̇ + ψ̇) − mu,r ghu,r φt,r − kt,r φt,r
+ kr (φ − φt,r ) + br (φ̇ − φ̇t,r ) + ur .
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The lateral tire forces in the direction of the wheel ground contact velocity are approximated to be proportional to the tire slide slip angle α
Fy, f = µC f α f
Fy,r = µCr αr .
The Ci is the tire side slip constant and αi is the tire slide slip angle associated to front and
rear axle, respectively. The chassis and the wheels have identical velocities at the wheel
ground contact points. The velocity equation for the front wheel in the lateral direction is
as follows
vw, f sin(δ f − α f ) = l f · ψ̇ + v sin β,
and in the longitudinal direction
vw, f cos(δ f − α f ) = v cos β.
Dividing the two equations gives the equation for the calculation of the tire side slip
angle for the front axle:
tan(δ f − α f ) =

l f · ψ̇ + v sin β
.
v cos β

Similarly, for the rear axle:
tan αr =

lr · ψ̇ − v sin β
.
v cos β

At stable driving conditions, the tire side slip angle αi is normally no larger than 5◦ and
the above equation can be simplified by substituting sin β ≈ β and cos β ≈ 1. The classic
equations for the tire side slip angles are then given as
α f = −β + δ f −
αr = −β +

l f · ψ̇
v

lr · ψ̇
.
v

Thus, the lateral tire forces in the direction of the wheel ground contact velocity is given
by
Fy, f = µC f −β + δ f −
Fy,r = µCr −β +

l f · ψ̇
v

lr · ψ̇
.
v
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The sum of lateral tire forces can be written in the following form
Fy, f + Fy,r = µ Yβ β +Yψ̇ ψ̇ +Yδ f δ f ,

(E.0.1)

and similarly the sum of the moments generated by lateral tire forces is as follows
Fy, f l f − Fy,r lr = µ Nβ β + Nψ̇ ψ̇ + Nδ f δ f .

(E.0.2)

The tyre coefficients in the equations (E.0.1) and (E.0.2) are given by:
Yβ = −(C f +Cr )µ,
µ
Yψ̇ = (Cr lr −C f l f ) ,
v

Nβ = (Cr lr −C f l f )µ
Nψ̇ = −(C f l 2f +Cr lr2 )

Yδ f = C f µ,

Nδ f = C f l f µ.

µ
v
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