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Our main task as philosophers is, I think, to enrich our picture of the
world by helping to produce imaginative and at the same time argumentative and critical theories, preferably of methodological interest.
K. R. P OPPER

P REFACE

WHETHER A PHOTON IS A PARTICLE OR A WAVE? – this question has been raised for decades. For
a long time it seemed that such questions have only historic interest and would be forgotten,
since
− both qualities can be shown with a proper experimental arrangement
− quantum optics is capable of describing both properties of the photon.
But in the last two decades the development of laser metrology (and certain measurements
in particle physics, see Aspect et al., 1982; Ou and Mandel, 1988; Pittman et al., 1996;
Jennewein et al., 2000) made it possible to detect low intensity light and particle beams.
Problems such as the Einstein–Podolsky–Rosen paradox, which-way, quantum-eraser etc. were
raised again, because it could not longer been stated that “The measurement is applied to a
statistical sample.”
Our attention was turned to observing and modelling an optical process which is capable
of producing measurable interference, because interference is probably the simplest complex
problem in quantum optics where the aforementioned aspects are simultaneously present. It
is also an important point that the arrangement of the experiment is technically easy, and the
measuring device can be clearly described theoretically – even classically.
The world-famous mathematician and theologian René D ESCARTES (1596–1650) in his
book Discourse on the Method formulated four simple rules that should be followed by anyone
who is seeking for (scientific) truth:
The first was never to accept anything for true which I did not clearly know to be such; that
is to say, carefully to avoid precipitancy and prejudice, and to comprise nothing more in
my judgement than what was presented to my mind so clearly and distinctly as to exclude
all ground of doubt.
The second, to divide each of the difficulties under examination into as many parts as
possible, and as might be necessary for its adequate solution.
The third, to conduct my thoughts in such order that, by commencing with objects
the simplest and easiest to know, I might ascend by little and little, and, as it were, step
by step, to the knowledge of the more complex; assigning in thought a certain order even
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to those objects which in their own nature do not stand in a relation of antecedence and
sequence.
And the last, in every case to make enumerations so complete, and reviews so general,
that I might be assured that nothing was omitted.
Accepting these advises this Dissertation is divided into four main parts. In the first part we
survey the literature for paradoxical phenomena in weak intensity beam interference, outline
the attempts that have been made to account for these phenomena, and propose a “new”
paradigm in order to resolve the apparent contradictions.
In the second part the experimental apparatus is under investigation. It is divided into
parts according to the logic of input/output modelling: we characterize the statistics of the
incoming photonic signal process, try to describe theoretically the arrangement that produce
interference, and examine the parts of the output measurement unit.
For up to this point only (first- or higher-order) correlations, coincidences and momentums had been measured, the model for the photonic signal process (based on the results of
stochastic control theory) was not involved. In the third part of the dissertation we base our
investigation theoretically on stochastic dependencies between absorption processes in the
elements of the detector array. As the interference picture (that is the average intensity distribution) can not be interpreted after the impact of a few photons, this paradox can be lift by
applying double stochastic vector processes, which are well-known from modern probability
theory. Moreover, we can give a statistical characterization for the dynamics of absorption
time (events of photon detection) vector processes by assuming the existence of stochastic
connection with “hidden” generating information processes.
Finally, in the fourth part we summarize the results obtained from the above thread of
thought. Despite the author’s goodwill and every attempts that were made to complete this
dissertation, there is a limited relevance of the results and, of course, there are topics that
are treated only cursorily or not at all. We try to point out these deficiencies, and to mark
directions for further research.
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PART 1

FOUNDATIONS

The first was never to accept anything for true which I did not clearly
know to be such; that is to say, carefully to avoid precipitancy and
prejudice, and to comprise nothing more in my judgement than what
was presented to my mind so clearly and distinctly as to exclude all
ground of doubt.
D ESCARTES: Discourse on the Method

CHAPTER 1

PARADOXICAL P HENOMENA IN W EAK
I NTENSITY B EAM I NTERFERENCE

IT WAS FIRST POINTED OUT BY EINSTEIN, PODOLSKY AND ROSEN in a classic paper (1935) that –
according to the usual interpretation of quantum mechanics – there exist certain two-particle
states with the property that a measurement of one chosen variable of particle 1 completely
determines the outcome of a measurement of the corresponding variable of particle 2. At the
time of measurement, the two particles may be so far apart that no influence resulting from
one measurement can possibly propagete to the other particle in the available time.
Such a situation may arise when both particles are emitted from a common source in some
entangled (non-factorizable) quantum-state
1
|ψi = √ [|φi1 |χi2 − |χi1 |φi2 ] .
2
According to Einstein, Podolsky and Rosen (1935) when the outcome of a measurement
of some particle variable can be predicted with certainty, without disturbing the particle, then
“. . . there exists an element of physical reality corresponding to this physical quantity . . . ”. In
other words, then particle 2 really has this value of the variable, irrespective of whether it is
actually measured or not. This must be contrasted with the quantum point of view, according
to which the measurement creates the reality, in a sense. On the other hand, suppose that a
different variable, say one that is canonically conjugate to the previous one, is measured for
particle 1. Then this predeterminates the value of the conjugate variable for particle 2, and
by the foregoing arguments particle 2 really has this value of the conjugate variable. But, if
the two variables are canonical conjugates, then according to quantum mechanics they do not
commutate and they can not both have definitive values at the same time. Now the decision
whether to measure one or the other conjugate variable of particle 1 can be made when the
two particles are far apart and can not communicate in the available time, yet it influences the
state of particle 2. We appear to have a contradiction which led Einstein et al. to conclude
that quantum mechanics is ‘incomplete’.
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Such counter-intuitive non-local correlations have, however, been observed experimentally. The phenomenon is sometimes referred to as a violation of Einstein locality, and its implications have been widely discussed (Bohr, 1935; Bohm, 1952b, 1952a; Bell, 1964, 1966;
Clauser et al., 1969; Wigner, 1970; Clauser and Horne, 1974; Clauser and Shimony, 1978;
d’Espagnat, 1979; Mermin, 1981, 1985).
To illustrate the paradox more explicitly, let us consider a source that emits two spin
1/2 particles in opposite directions with total spin angular momentum zero. If we were to
(1)
measure the spin S^x of particle 1 in the x-direction, for example, and obtain the value h̄/2,
(2)
we would know that particle 2 is in an eigenstate of its spin S^x with eigenvalue −h̄/2.
(1)
On the other hand, had we chosen instead to measure the spin S^y of particle 1 in the y(2)
direction and obtained h̄/2, this would have determined the eigenvalue of S^y for particle 2
to be −h̄/2. In both cases, a measurement of particle 1 determines the outcome of a certain
measurement of particle 2 with probability unity, and according to Einstein, Podolsky and
(2)
(2)
(2)
Rosen the values S^x and S^y should therefore have ‘an element of physical reality’. But S^x
(2)
and S^y do not commutate and according to quantum mechanics they can not both have
definite values. The paradox arises because we tend intuitively to think in classical terms,
i.e. to associate an objective physical reality with each particle and its variables, whereas in
quantum mechanics a dynamical variable does not actually have a value until it is measured.
In a sense, the measurement creates the physical reality.
Attempts have been made to account for the predicted (and later observed) correlations
between two particles in terms of hidden variables, or unmeasurable parameters that are supposed to determine the outcome of an experiment (Bohm, 1952b, 1952a). But it was later
shown by Bell (1964, 1966) and others (Bohm and Aharanov, 1957; Clauser et al., 1969;
Clauser and Horne, 1974; Clauser and Shimony, 1978) that such non-local effects are fundamentally quantum mechanical, and that no realistic local theory can account for the correlation quantitatively.

1.1. T HE E INSTEIN –P ODOLSKY–R OSEN PARADOX
FOR AN E NTANGLED T WO -P HOTON S TATE
To illustrate the paradox within the optical domain, let us consider a two-photon state of
zero angular momentum, such as might be created in the cascade decay of an atom making a
two-stage transition of type ∆J = 0. Let us suppose that photons 1 and 2 leave the atom in
opposite directions along the z-axis in the singlet-state (see Fig. 1.1)
1
|ψi = √ (|11x , 01y , 02x , 12y i − |01x , 11y , 12x , 02y i) ,
2
12
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Figure 1.1. Outline of an experiment for exhibiting polarization correlations between two photons

in which the two photons are polarized orthogonally. We have denoted the state in which
photon j (j = 1, 2) is linearly polarized in the x-direction by |1jx i, etc. Then it is easy to see
that each of the two photons considered separately is unpolarized. For from Eq. (1.1) we
obtain for the polarization matrix Jj (j = 1, 2) (cf. Heitler, 1984) of photon j, after taking the
trace over the other variables
"
"
#
#
+
h^
a+
a
^
i
h^
a
a
^
i
1
0
1
jx jx
jx jy
Jj =
(j = 1, 2),
(1.2)
=
+
2 0 1
h^
a+
a
^
i
h^
a
^jy i
jy jx
jy a
and this represents unpolarized light. However, the polarizations of the two photons are
strongly coupled.
Let us now suppose that linear polarizers inclined at angles θ1 and θ2 to the x-direction,
respectively, are inserted in the paths of the two photons, which then fall on two photodetectors D1 , D2 , as shown in Fig. 1.1. Let Pj (θj ) be the probability that the photon in arm j is
detected, and let P12 (θ1 , θ2 ) be the joint probability that both photons are detected by their
respective detectors when both polarizers are in position. Let α1 , α2 be the quantum efficiencies of the two detectors. In order to relate the dynamical variables a
^1, a
^2 of the field behind
the polarizers to those a
^ 1x , a
^1y , a
^2x , a
^2y before the polarizers we shall use the relation
a
^j = a
^jx cos θj + a
^jy sin θj ,

(j = 1, 2),

(1.3)

which takes account of the projective property of each polarizer and also preserves the commutation relations (see eg. Mandel and Wolf, 1995; Section 12.13). The from Eqs. (1.1) and
(1.3) we obtain

1
α
P1 (θ1 ) = α1 hψ|^
a+
a
^
|ψi
=
1 1
2 1
(1.4)
1
P2 (θ2 ) = α2 hψ|^
a+
a
^
|ψi
=
2 2
2 α2
while the joint probability P12 (θ1 , θ2 ) is given by
P12 (θ1 , θ2 )

=
=
=

α1 α2 hψ|^
a+
^+
^2 a
^1 |ψi
1a
2a
i
h
1
α1 α2 sin2 θ1 cos2 θ2 + cos2 θ1 sin2 θ2 − 2 sin θ1 cos θ2 cos θ1 sin θ2
2
1 2
sin (θ1 − θ2 ).
(1.5)
2
13

1. PARADOXICAL P HENOMENA

IN

W EAK I NTENSITY B EAM I NTERFERENCE

This last probability depends on the settings of both polarizers. The conditional probability
Pc (θ2 |θ1 ) of detecting photon 2, given the detection of photon 1, is therefore
Pc (θ2 |θ1 ) =

P12 (θ1 , θ2 )
= α2 sin2 (θ1 − θ2 ).
P1 (θ1 )

(1.6)

This probability can be unity for a perfect detector when θ1 − θ2 = ±π/2, and zero when
θ1 = θ2 , showing that photon 2 is definitely polarized at right angles to photon 1; yet the
polarization of the latter was chosen at will by the orientation of polarizer 1. The outcome
of the measurement of photon 2 therefore appears to be influenced by the orientation of
polarizer in arm 1, even though the two photons may be well separated at the time of the
measurement. This is the non-locality paradox.
In order to show that these quantum mechanical predictions are not compatible with a
local probabilistic theory of the measurement – involving hidden variables –, we shal now
derive one of the so-called Bell inequalities (Bell, 1964, 1966; Bohm and Aharanov, 1957;
Clauser et al., 1969; Clauser and Horne, 1974; Clauser and Shimony, 1978) that such a
theory must satisfy.

1.2. B ELL’ S I NEQUALITY
Let A(a) and B(b) be two so-called dichotomic observables, characterized by parameters a, b,
whose measurement can have only two possible outcomes, labelled +1 and −1. For example,
A(a) = +1 might represent the emergence of a photon from the output port of polarizer θ1 in
arm 1 of the apparatus in Fig. 1.1, and A(a) = −1 might represent the failure of the photon
to emerge from there. Let
C(a, b) ≡ hA(a)B(b)i
(1.7)
be the correlation between the two observables averaged over the ensemble of all possible
outcomes. According to the reality criterion of Einstein, Podolsky and Rosen, there are elements of reality that determine the outcome of the measurement. Let these be characterized
R
by some hidden variable λ, having a probability density ρ(λ), such that ρ(λ)dλ = 1. Then
the correlation between the observables A(a, λ) and B(b, λ) can be expressed in the form
Z
C(a, b) = A(a, λ)B(b, λ)ρ(λ)dλ.
(1.8)
This incorporates the assumption of locality, in that A depends only on a and B only on b.
Then since |A(a, λ)| = 1,
Z
|C(a, b) − C(a, b 0 )| ≤
|A(a, λ)[B(b, λ) − B(b 0 , λ)]|ρ(λ)dλ
Z
|C(a, b) − C(a, b 0 )| ≤
|B(b, λ) − B(b 0 , λ)|ρ(λ)dλ
(1.9)
14
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|C(a 0 , b) + C(a 0 , b 0 )|

≤

Z

|A(a 0 , λ)[B(b, λ) + B(b 0 , λ)]|ρ(λ)dλ

|C(a 0 , b) + C(a 0 , b 0 )|

≤

and

We now add Eqs. (1.9) and (1.10). Then

Z

|B(b, λ) + B(b 0 , λ)|ρ(λ)dλ.

(1.10)

|C(a, b) − C(a, b 0 )| + |C(a 0 , b) + C(a 0 , b 0 )| ≤
Z


≤
|B(b, λ) − B(b 0 , λ)| + |B(b, λ) + B(b 0 , λ)| ρ(λ)dλ.

(1.11)

|B(b, λ) − B(b 0 , λ)| + |B(b, λ) + B(b 0 , λ)| = 2,

(1.12)

But because each B takes on only the values ±1, it follows that

and when this result is used in Eq. (1.11) and we make use of the normalization of ρ(λ),
Z
ρ(λ)dλ = 1,
we arrive at the Bell inequality (Bell, 1964, 1966)

|C(a, b) − C(a, b 0 )| + |C(a 0 , b) + C(a 0 , b 0 )| ≤ 2.

(1.13)

1.3. C LAUSER –H ORNE F ORM OF B ELL’ S I NEQUALITY
We again consider the experimental situation illustrated in Figure 1.1. A source S emits two
photons in two different directions labelled 1, 2, which fall on polarizers in the form of Wollaston prisms that divide the incident light into two orthogonally polarized beams. We assume
that the sum of the probabilities for an incident photon to emerge from one or the other
exit port of each polarizer is unity, so that there is no absorption. The component is linearly
polarized in some direction θ1 is transmitted by the Wollaston prism and allowed to fall on
detector D1 , and similarly for the other arm.
Let us suppose that each photon pair is characterized by some hidden variable λ, whose
value is unknown, and that λ has some probability density ρ(λ). Let pj (θj , λ) be the probability
that the photon in arm j reaches the detector Dj when the linear polarizer in arm j is set to
transmit at the polarization angle θj and when the hidden variable is λ. The locality assumption
is contained in the statement that pj (θj , λ) depends only on θj and not on the polarizer setting
in the other arm.
Let pj (−, λ) be the corresponding probability when there is no polarizer in the arm j. Then
since pj (−, λ) can not depend on θj , we have
pj (θj , λ) ≤ pj (−, λ).
15
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The joint probability P12 (θ1 , θ2 ) for detections by both D1 and D2 when the linear polarizers are set at angles θ1 , θ2 , and when the detectors are not polarization sensitive, is then
obtained by multiplying p1 (θ1 , λ) and p2 (θ2 , λ) and summing over all values λ of the hidden
variable in the form
Z
(1.15)
P12 (θ1 , θ2 ) = α1 α2 p1 (θ1 , λ)p2 (θ2 , λ)ρ(λ)dλ.
The α1 , α2 are the quantum efficiencies of the two detectors, which are assumed to be polarization independent, and fair sampling is again assumed.
Similarly, if P12 (θ1 , −), P12 (−, θ2 ) denote the joint probability of detection of the two
photons by both D1 and D2 when one or the other linear polarizer is removed, we have
Z
P12 (θ1 , −) = α1 α2 p1 (θ1 , λ)p2 (−, λ)ρ(λ)dλ,
Z
(1.16)
P12 (−, θ2 ) = α1 α2 p1 (−, λ)p2 (θ2 , λ)ρ(λ)dλ.
LEMMA 1.1. (Clauser and Horne, 1974, Appendix A). For all 0 ≤ x, y, x 0 , y 0 ≤ 1 the following algebraic inequality holds
−1 ≤ xy − xy 0 + x 0 y + x 0 y 0 − x 0 − y ≤ 0.

(1.17)

With the help of relation (1.14) we identify
x

=

p1 (θ1 , λ)/p1 (−, λ),

y

=

p2 (θ2 , λ)/p2 (−, λ),

x0

=

p1 (θ10 , λ)/p1 (−, λ),

=

p2 (θ20 , λ)/p2 (−, λ).

y

0

(1.18)

After multiplying each term in (1.17) by α1 α2 p1 (−, λ)p2 (−, λ)ρ(λ), integrating over all λ, and
making use of definitions (1.15), (1.16), we arrive at the following Bell-type inequality in the
Clauser–Horne form (1974):
S ≡ P12 (θ1 , θ2 ) − P12 (θ1 , θ20 ) + P12 (θ10 , θ2 ) + P12 (θ10 , θ20 ) − P12 (θ10 , −) − P12 (−, θ2 ) ≤ 0. (1.19)
Any local realistic theory is expected to obey this relation which involves only readily measured quantities.
REMARK 1.2. As every term is proportional to α1 , α2 , we can divide by α1 α2 and obtain a
relation that is independent of the quantum efficiencies of the detectors.
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1.4. E XPERIMENTAL C ONFIRMATION
Several experiments confirming such locality violations have been carried out (Freedman and
Clauser, 1972; Clauser, 1976; Fry and Thompson, 1976; Aspect et al., 1981; Aspect et al.,
1982; Ou and Mandel, 1988; Shih and Alley, 1988). Figure 1.2 shows an outline of the experiment of Aspect et al. (1982). The photon pair is derived from the two-photon cascade decay
J = 0 → J = 1 → J = 0 of calcium atoms. CI and CII are acousto-optical switches that direct
each photon to one of the two different polarizers followed by a detector, depending on the
setting of the switch. Switching occurs several times while the photons are travelling between
the source and the detectors, so that the polarization direction is effectively chosen at random
while the photon is on the way. Strong quantum correlations between the polarizations of the
two photons were nevertheless observed, as predicted by Eq. (1.5), and the Bell inequality was
found to be violated by five standard deviations.
Similar polarization correlations also occur in the process of two-photon down-conversion
in a nonlinear crystal (see eg. Section 22.4 of Mandel and Wolf, 1995), when the polarizations
of the two photons are arranged to be orthogonal and when the photons are mixed at a
beam splitter. Figure 1.3 shows the outline of such an experiment. Down-converted pairs of
photons, polarized orthogonally, are fed to the two input ports of a 50% : 50% beam splitter,
while linear polarizers oriented at angles θ1 and θ2 followed by detectors are placed near to the
two output ports. When the path lengths are equal, the joint detection probability P12 (θ1 , θ2 )
for each emitted photon pair is given by the formula
α1 α2
sin2 (θ1 + θ2 ),
(1.20)
P12 (θ1 , θ2 ) =
4
which may be compared with Eq. (1.5). It is found that an inequality similar to Eq. (1.19),
which must be satisfied by any local hidden variable theory, is violated by six standard deviations, and that classical wave optics is violated also. It follows that in this experiment the light

Figure 1.2. Outline of an experiment showing violations of Bell’s inequality in polarization correlation measurements (reproduced from Aspect et. al., 1982)
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Figure 1.3. Experimental setup for demonstrating the violation of locality in the measurement of polarization
correlations between mixed, down-converted signal and idler photons (reproduced from Ou and Mandel, 1988)

can not be described either by classical particles or by classical waves. Still larger violations
have been observed in more recent experiments (Kiess et al., 1993).
Because of the technical limitations at that time, however, Aspect and coworkers could not
fully enforce the locality condition, mainly because they used periodic, predictable switching.
Jennewein et al. (2000) presented an experiment that was designed to exclude any possibility
of classical (slower than the speed of light) communication between the observers. The criterion is that the measurement processes on each side (choosing an analyzer direction, setting
the analyzer and detecting a photon) on both sides of the experiment should be space-like
separated.
Jennewein et al. have achieved this condition by a new experiment that uses type-II parametric down-conversion as a source and fast random switching of the analyzers, which are
separated by about 400 meters across the natural sciences campus in Innsbruck.
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CHAPTER 2

A C ONTINUUM L OCAL H IDDEN
VARIABLE M ODEL FOR THE EPR
E XPERIMENT

ARTHUR FINE’S LOCAL HIDDEN VARIABLE INTERPRETATION of quantum mechanics is introduced in
this Chapter and we show how it can resolve the non-locality problem articulated in the EPR–
Bell theorem.

2.1. T HE P ROBLEM OF N ON - LOCALITY IN Q UANTUM M ECHANICS
A typical example for the violation of locality is the EPR experiment, that was thoroughly
analyzed in Chapter 1. Now, the original EPR-Bell problem, in the view of Szabó (2000),
consists in the following simple question: “Can the EPR experiment be accommodated in a
relativistic and deterministic universe?”
Figure 2.1 shows the space-time diagram of a single run of the EPR experiment. In a relativistic and deterministic universe, the Cauchy data along a hyper-surface S predetermine
everything going on in the future domain of dependence D+ (S). In particular, all future
EPR events in the domain of dependence D+ (S) are predetermined by the (partly “hidden”)
Cauchy data {µ, λ, ν} defined on the three spatially separated regions of hyper-surface S. To
express this determination we assign a function to each event X in D+ (S):

1 if X is the case
uX (µ, λ, ν) =
0 otherwise.

REMARK 2.1. Because of the spatial separation, the occurrence of event A is independent of
the value of parameter ν.
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Figure 2.1. The space-time diagram of the EPR experiment

Quantum mechanics provides a probabilistic description of the EPR experiment. The statistical ensemble consists of similar space-time patterns corresponding to subsequent repetitions of the experiment. All probabilities are understood as relative frequencies measured on
this ensemble. We also assume that
p(µ ∧ λ ∧ ν) = p(µ)p(λ)p(ν)

(2.1)

This is typically the case if µ and ν are nothing but the independent measurement choices in
the two wings, or, equivalently, some data on the hyper-surface S predetermining the selections
between a, a 0 and b, b 0 , respectively.
Events A and B are said to be positively correlated if
corr(A, B) ≡ p(A ∧ B) − p(A)p(B) > 0.

(2.2)

According to Reichenbach (1956), a probabilistic common-cause type explanation of a correlation like (2.2) means finding an event C that satisfies the conditions below.
DEFINITION 2.2. (Screening-off). C is a common-cause of the correlation (2.2) if the following (independent) conditions hold:
p(A ∧ B | C) = p(A | C)p(B | C)

(2.3)

p(A ∧ B | C) = p(A | C)p(B | C)

(2.4)

p(A | C) > p(A | C)

(2.5)

p(B | C) > p(B | C)

(2.6)

where p(X | Y) = p(X ∧ Y)/p(Y) denotes the conditional probability of X on Y, C denotes the
complement of C and it is assumed that none of the probabilities is equal to zero.
LEMMA 2.3. λ is a stochastic hidden parameter satisfying the (2.3)–(2.6) screening-off conditions.
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Proof. For details see (Szabó, 2000).
From Lemma 2.3 the well-known Clauser–Horne inequalities follow immediately:


p(A ∧ B | a ∧ b) + p(A ∧ B 0 | a ∧ b 0 ) − p(A 0 ∧ B | a 0 ∧ b)
−1 ≤
≤0
+p(A 0 ∧ B 0 | a 0 ∧ b 0 ) − p(A 0 | a 0 ) − p(B | b)

(2.7)

However, as it is discussed in Chapter 1, the Clauser–Horne inequalities are violated in real
experiments. Consequently, as the standard conclusion says, the EPR experiment can not be
accommodated in a relativistic and deterministic universe.

2.2. L OOPHOLE IN THE R EAL EPR E XPERIMENTS
There is, however, a serious loophole in the real experiments: compare the original apparatus
configuration used for Bell’s (1971) proof with the one used in the real Aspect experiment
(Figures 2.2 and 2.3). The original configuration contains two “event-ready” detectors, which
signal both arms that a pair of particles has been emitted. So, the statistics is assumed to be
taken on the ensemble of particle pairs emitted by the source. It is obviously impossible, however, to realize an “event-ready” detection and to perform the measurement on the unselected
ensemble. In the real experiments instead of the “event-ready” detectors, a four-coincidence
circuit detects the “emitted particle-pairs”. This method yields a selected statistical ensemble:
only those pairs are taken into account, which coincidentally fire one of the left and one of
the right detectors.
Spin ‘up’
detector

@
@@
@

‘Event-ready’ detectors

@
i
f
b

@
R

Source
Analyzer

Spin ‘down’
detector

Analyzer



-

Coincidence circuit

@
@@
@

Detector gate signals
Figure 2.2. Apparatus configuration used for Bell’s 1971 proof. “Event-ready” detectors signal both arms that a
pair of particles has been emitted
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(↓ ∨ ↑) ∧ (↓ ∨ ↑)

Figure 2.3. In the real experiments, instead of the “event-ready” detectors, a four-coincidence circuit detects the
“emitted particle-pairs”

Denote [A] the event that there is a detection in the left wing with analyzer set-up a,
that is, either the “up” detector or the “down” detector fires. Similarly, [A] ∧ [B] denotes the
corresponding double detection. So, what we actually observe is the violation of the following
inequality:




p(A
∧
B
|
a
∧
b
∧
[A]
∧
[B])+








0
0
0


p(A
∧
B
|
a
∧
b
∧
[A]
∧
[B
])−






 p(A 0 ∧ B | a 0 ∧ b ∧ [A 0 ] ∧ [B])+ 
≤ 0.
(2.8)
−1 ≤
0 ∧ B 0 | a 0 ∧ b 0 ∧ [A 0 ] ∧ [B 0 ])− 

p(A








0 | a 0 ∧ [A 0 ])−


p(A








p(B | b ∧ [B])

If the selection procedure were completely random then the observed relative frequencies
on the selected ensemble would be equal to the ones taken on the original ensemble, that is,
p(A ∧ B | a ∧ b ∧ [A] ∧ [B]) = p(A ∧ B | a ∧ b),
p(A ∧ B 0 | a ∧ b 0 ∧ [A] ∧ [B 0 ] = p(A ∧ B 0 | a ∧ b 0 ),
etc.

(enhancement hypothesis) and the violation of inequality (2.8) would imply the violation of
(2.7). However, this is not necessarily the case. The Cauchy data {µ, λ, ν} pre-determine the
whole future behavior of the particle pair (in D+ (S)), in particular, they predetermine whether
the particles can or cannot go through the analyzers. And it is quite plausible to assume that
the shared part of these data λ influences both particles’ behavior in the analyzers. If this is the
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case, then the actually observed ensemble is not randomly selected. Thus, the widespread conclusion that the observed violation of Bell-type inequalities implies incompatibility between
the EPR experiments and relativistic determinism is mistaken.
It is to be emphasized that this claim is based on the logical schema of the experiment,
independently of the detectors’ inefficiency problem; in the above consideration the detector
efficiency was taken 100%. Distinction must be made between the low detection/emission
efficiency caused by the random errors in the analyzer + detector equipment and the low efficiency that is a systematic manifestation of certain (hidden) properties of the emitted particles.
So, those who agree with Bell (1987) that
[. . . ] it is hard for me to believe that quantum mechanics works so nicely for inefficient
practical set-ups and is yet going to fail badly when sufficient refinements are made [. . . ]
are missing the point. We do not expect that quantum mechanics will fail badly when sufficient
refinements are made, but rather that there are principal limits in achieving such refinements.
It is worthy of note another possible objection to the above explanation of the EPR experiment. One could argue that the we can ignore the concepts related with the original statistical
ensemble of the emitted particles. We can restrict our considerations only to the ensemble
of the detected particle pairs. On this ensemble we do observe correlations among spatially
separated events and the probabilities defined on this ensemble do violate the Clauser–Horne
inequalities. Therefore, one might argue, what we actually observe is incompatible with a
deterministic and relativistic world.
This objection is, however, flawed. The reason is that the assumption (2.1) plays a key
role in the derivation of the Clauser–Horne inequality. Again, if the selection went on completely randomly then for all X, pselected (X) = p(X), and the derivation of the Clauser–Horne
inequalities would still be valid, and the EPR experiment would still contradict to relativistic
determinism. The actually observed ensemble is not, however, randomly selected: it depends
on the properties of an element of the ensemble whether it is selected or not. Therefore, in
general, not all combinations of µ, ν and λ are selected with equal probability, that is, contrary
to (2.1), the selective local physical process itself generates the following “contextuality”:
pselected (µ ∧ ν ∧ λ) 6= pselected (µ ∧ ν)pselected (λ).

2.3. F INE ’ S I NTERPRETATION OF Q UANTUM M ECHANICS
A natural question is whether it is possible to realize an “event-ready” detection and to perform the measurement on the unselected ensemble. It seems, however, no way to solve this
problem: in practice all conceivable “event-ready” detectors depolarize or destroy the particles. Moreover, this seems to be a uniform feature of all quantum measurements.
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Figure 2.4. We have no information about the content of the original unselected ensemble of objects. It is always
assumed that each object on which the measurement is performed produces one of the possible measurement
outcomes

Consider a typical configuration of a quantum measurement depicted in Figure 2.4. We
have no information about the content of the original unselected ensemble of objects. It is
P
always assumed that the total number of objects is N = i Ni , where Ni denotes the number
how many times the i-th outcome occurred. The theoretical “probabilities” predicted by quantum mechanics are compared with the experimental results in the sense of tr(WPi ) = Ni /N,
where Pi denotes the projector belonging to the i-th outcome. That is, quantum mechanical
“probabilities” are equal to the relative frequencies taken on a selected ensemble, namely, on
the ensemble of objects producing an outcome (passing the analyzer).
In order to understand why the measured conditional probabilities are systematically equal
to quantum probabilities, consider a simple case of a measurement a testing the value of a twovalued {A+ , A− } observable A (Figure 2.5). Let nA denote the number of elements, which are
predetermined (by the hidden properties) to produce an outcome at all. nA
+ is the number
of those elements which are predetermined to produce outcome A+ . Subset a contains the
randomly chosen N elements on which the measurement is performed. Among the measured
objects, NA
+ is the number of those which produce outcome A+ . Now, because of the random

a

'$

'$

nA
+


A
&%
N

−

&%


nA
−
NA
+

Sub-ensemble
predetermined
for passing
the A selection



Randomly selected
sub-ensemble on which
the A measurement
is performed

The unselected
ensemble with
quantum state Ψ

Figure 2.5. Subset a consists of elements of the ensemble on which the value of a two-valued observable A has
been measured
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choice of the measured elements, the conditional probability, for instance, of the outcome A+ ,
given that the measurement a has been performed, p(A+ | a) must be equal to the relative
frequency of elements having property A+ among those which are capable to produce an
A
outcome of such a measurement, nA
+ /n . According to the interpretation we are developing
here, this relative frequency is equal to the quantum probability:
p(A+ | a) =

nA
NA
+
= +A = tr(WPA ).
N
N

The above developed interpretation of quantum mechanics is nothing else but Arthur
Fine’s “Prisms Model” (1982), and, in some respects, the key idea goes back to Einstein’s
understanding of the statistical interpretation of quantum states, cf. (Fine, 1986).
To sum up, Fine’s approach resolve the contradiction between the violation of Bell-type
inequalities and the assumption that the EPR experiment can be accommodated in a relativistic
and deterministic universe. It is free from the difficulties and contradictions, which the other
rival interpretations suffer from:
− As a statistical interpretation, it is devoid of the measurement paradox and the likes.
− It is obviously out of the scope of the Kochen–Specker theorem (the Fine interpretation
escapes such preliminary assumptions of the Kochen–Specker theorem as “The Spectrum
Rule” and the likes (Redhead, 1989), although it is a realistic interpretation admitting
that the individual quantum systems have pre-settled intrinsic properties, prior to, independent of and revealed by the measurements.
− All probabilities can be interpreted as relative frequencies in a well-defined ordinary statistical ensemble. The “quantum probabilities”, too, obtain a meaningful explanation inside
of the classical Kolmogorovian theory of probability.
− Fine’s interpretation admits, without contradiction, a local deterministic hidden variable
theory.
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PART 2

EXPERIMENTS

The second, to divide each of the difficulties under examination into
as many parts as possible, and as might be necessary for its adequate
solution.
D ESCARTES: Discourse on the Method

CHAPTER 3

E XPERIMENTAL S ETUP

IN CONTRAST TO THE CLASSICAL INTERFERENCE EXPERIMENTS, we consider now a different kind
of interference experiment carried out first by Hanbury Brown and Twiss (1956), in which
the intensity fluctuations of chaotic light are directly responsible for the measured result. The
experiment is important, not only because of the results obtained, but also because it initiated
a whole new field of experimentation known as quantum optics and discussed in detail in
Chapter 7.
The experimental apparatus is shown schematically on Figure 3.1. Light from a highly
coherent semiconductor laser (cf. Chapter 4) can be considered as a source that is filtered to
eliminate all but the 980nm emission line of the spectrum. The beam is split into two equal
portions by a half-silvered mirror (BS). After, the two beams reflected on mirrors (M1 , M2 )
are combined on the surface of a photodiode array (D1 , . . . , DM ), the principles of which are
outlined in Chapter 5, and the fluctuations in the outputs of the detectors are evaluated by
the methods discussed in Chapter 6.
In the following we present a clear description of the behavior of Mach–Zehnder type
interferometers (that is the one in the above experiment) using the so-called wave-packet
model, cf. Papp et al., 1997; Papp et al., 1998. After, two applications are proposed of single
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Figure 3.1. Mach–Zehnder type interferometer (BS: Beam Splitter; M1 , M2 : Mirrors; D1 , . . . , DM : Detector Array)
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photon counting and photon correlation techniques to describe laser pulses measuring their
coherence, spectral and temporal characteristics. Higher order correlation – measured by the
photon coincidence technique – is dealt to recover the temporal profile of pulses. The relation
of this method to the classical treatment is also demonstrated.

3.1. T HE WAVE -PACKET M ODEL
Recently, several monographs can be found that present an introduction to wave-packet models. Here we refer to an earlier article by Campos et al. (1990), and their system of notations
is used.
The wave packet operator is defined as usual:
Z∞
+
^
ε(ω)^
a+ (ω)dω,
A (ε) =

(3.1)

0

where ε(ω) is the complex amplitude, a
^ + (ω) is the continuum raising operator at the angular
frequency ω, obeying the proper commutator relation, and ε(ω) is normalized such that
Z∞
|ε(ω)|2 dω = 1
(3.2)
0

and so |ε(ω)|2 can be taken as probability distribution function.
A single photon wave-packet state is created by acting on the vacuum by the wave-packet
raising operator:
Z
^ + (ω)|0i =
|1, εi ≡ A

∞

ε(ω)dω.

(3.3)

0

The probability of observing a photon with angular frequency ω in the region dω can be
derived from (3.2) and (3.3), see Campos et al. (1990):
P(ω)dω = |h1ω |1, εi|2 = |ε(ω)|2 dω.
The electric field operator (in normalized form) at moment t can be written as
Z∞
1
+
^
^ (t) ≡ √
a
^(ω)e−iωt dω ⇐⇒ V(t)A(ω),
E
2π 0

(3.4)

(3.5)

and V(t) is the temporal profile

1
V(t) ≡ √
2π

Z∞

ε(ω)e−iωt dω.

(3.6)

0

Further characterization of the single photon wave-packet can be found in the cited paper by
Campos et al. (1990).
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The two-photon state can also be described on the basis of the wave-packet model. The
two-photon excitation can be obtained by connecting two single photon excitations
Z∞ Z∞
+
+
+
0
0
^
^
^
K (ξ) ≡ A1 (ε1 )A2 (ε2 ) ≡
ε1 (ω)ε2 (ω 0 )^
a+
a+
(3.7)
1 (ω)^
2 (ω )dωdω .
0

0

Obviously, the two-photon creation operator can be written in a more general form using the
joint complex amplitude
Z∞ Z∞
0
0
^ + (ξ) ≡
ξ(ω, ω 0 )^
a+
K
a+
(3.8)
1 (ω)^
2 (ω )dωdω ,
0

0

and the created two-photon state is

^ + (ξ)|0, 0i =
|11 , 12 , ξi ≡ K

Z∞ Z∞
0

0

ξ(ω, ω 0 )|11ω i|12ω 0 idωdω 0 .

(3.9)

The probability of existence of two photons with angular frequencies ω and ω 0 in the region
dωdω 0 is
2
(3.10)
P(ω, ω 0 )dωdω 0 ≡ h11ω |h12ω 0 ||11 , 12 , ξi dωdω 0 .
The simultaneous field operator is
Z∞ Z∞
1
(+)
(+) 0
^
^
^
a
^1 (ω)^
a2 (ω 0 )dωdω 0 ⇐⇒ V(t, t 0 )K(ξ),
E1 (t)E2 (t ) = √
2π 0 0

where V(t, t 0 ) is the temporal profile of the two-photon wave-packet,
Z∞ Z∞
1
0 0
0
V(t, t ) ≡ √
ξ(ω, ω 0 )e−i(ωt+ω t ) dωdω 0 .
2π 0 0

The Glauber-type second-order correlation function is
h
i
^ (−) (t + τ)E
^ (−) (t 0 + τ 0 )E
^ (+) (t 0 )E
^ (+) (t) ,
G(t, t 0 , τ, τ 0 ) ≡ Tr ρ^E
1
2
2
1

(3.11)

(3.12)

(3.13)

where ρ^ is the density matrix and Tr denotes a trace over the density operator.
A general two-input two-output lossless interferometer causes the linear mixture of the
states
a
^3 (ω)

=

α1 (ω)^
a1 (ω) + α2 (ω)^
a2 (ω)

a
^4 (ω)

=

α3 (ω)^
a1 (ω) + α4 (ω)^
a2 (ω),

(3.14)

where a
^1 , a
^2 and a
^3 , a
^4 are the creation operators at the input and output ports of the
interferometer, respectively.
In practical interferometers α4 = α∗1 and α3 = −α∗2 , these are the so-called phase relations.
In the following let us denote α1 simply by α and α2 by β. Now the field operators at the
output can be written as
Z∞
Z∞
1
(+)
−iωt
^
E3
= √
ε∗1 (ω 0 )^
a1 (ω 0 )dω 0 +
α(ω)ε1 (ω)e
dω
2π 0Z
0
Z∞
∞
1
ε∗2 (ω 0 )^
a2 (ω 0 )dω 0
(3.15)
+√
α(ω)ε2 (ω)e−iωt dω
2π 0
0
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and
^ (+)
E
4

Z∞
Z∞
1
−iωt
√
ε∗1 (ω 0 )^
a1 (ω 0 )dω 0 +
−β(ω)ε1 (ω)e
dω
2π 0Z
0
Z∞
∞
1
−iωt
−β(ω)ε2 (ω)e
dω
ε∗2 (ω 0 )^
a2 (ω 0 )dω 0 .
+√
2π 0
0

=

^ 3 and E
^ 4 is
Furthermore, the second-order correlation function of E
h
i
(2)
^ (−) (t + τ)E
^ (−) (t 0 + τ 0 )E
^ (+) (t 0 )E
^ (+) (t) .
G34 ≡ Tr ρ^E
3
4
4
3

(3.16)

(3.17)

Usually, the coincidence counting time is much longer than the duration of the pulse, therefore we can suppose that the coincidence probability at the output ports can be calculated as
follows
Z
Z
1 ∞ ∞ (2)
Pout (1, 1) =
G (t, t 0 )dtdt 0 ,
(3.18)
2 −∞ −∞ 34
where the notation Pout (1, 1) means the detection of one photon at both output ports.

3.2. M ACH –Z EHNDER T YPE I NTERFEROMETERS
The simplest method to measure the optical pulse shape is the application of a Mach–Zehnder
type interferometer (see Fig. 3.2), which splits the light beam, delays in one of the separated
beams, and mixes the states, and finally the photons are counted by a detector pair.
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Figure 3.2. Schematic drawing of a one-input two-output Mach–Zehnder type interferometer. Time difference
between arms is τ = τ1 − τ2
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REMARK 3.1. Generally, it is quite difficult to take control over both incident waves at the
input ports (because of technical reasons), that is why we examine the “one-input two-output”
case.
The two-photon state at the input side can be written as
Z∞
Z∞
1
(+)
−iωt
^
ε1 (ω)e
dω
ε∗1 (ω 0 )^
a1 (ω 0 )dω 0 +
Ein (t) = √
2π 0Z
0
Z∞
∞
1
−iωt
ε∗2 (ω 0 )^
a2 (ω 0 )dω 0 .
ε2 (ω)e
dω
+√
2π 0
0

(3.19)

The transformation in a Mach–Zehnder type interferometer is defined by the relations in
Fig. 3.3. The coefficients α and β are
p p
p p
α(ω) =
R2 T1 eiωτ/2 + R1 T2 eiωτ/2
p p
p p
β(ω) =
R1 R2 eiωτ/2 − T1 T2 eiωτ/2 ,
(3.20)

where T1 , T2 and R1 , R2 are the transmittance and reflectance at the first and second beam
splitters, respectively, which are in practical cases usually non-dispersive, and can be set as fiftyfifty type ones. Combining equations (3.15)–(3.18) with the last remarks gives the following
result for the probability of coincidence at the output ports:

2 
Z ∞
1
cos(ωτ)ε2 (ω)dω
+
1−
Pout (1, 1) =
2
0

Z ∞ Z ∞
1
2
−iω∆t
(1 + cos(ωτ)ε (ω)e
dω ·
(3.21)
+2<
∞
0 2
Z ∞

1
2
−iω∆t
·
(1 − cos(ωτ)ε (ω)e
dω f(∆t)d(∆t) ,
0 2
where f(∆t) is the distribution probability function for the arrival time difference of the two
incident photons at the input port, we set ε1 and ε2 equal, denoted the common value by
ε(ω), and τ is the time delay between the optical paths.
M–Z interferometer

-

a
^1 a
^2

Q
- αQ



- a^3 = α(^
a1 + a
^2 )

Q
∗
-−βQ



- a^4 = −β∗ (^
a1 + a
^2 )

Figure 3.3. Transformation in a Mach–Zehnder type interferometer
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It is possible to use equation (3.21) to measure ε(ω) in order to recover V(t) that is the
temporal profile for any statistics (it should be taken into account by f(∆t)), if we detect each
photons separately. There is a chance for this measurement in the short wavelength region,
where the detection rate (quantum efficiency) is much higher than in the visible regime, see
e.g. Lumb (1990). On the other hand this method gives an opportunity to measure the pulse
shape and spectral characteristics of the X-ray beams.

3.3. I NTERFERENCE OF T WO B EAMS
The interference of two coherent beams (see Fig. 3.4) on a screen can also be calculated by the
wave packet model of two photons. The probability of absorbing a photon-pair on the screen
is


Z
P(1, 1) = C 1 −

∞

ε2 (ω) cos(ωτ)dω ,

(3.22)

0

where C is a constant, τ is the time delay of the beams (and is usually a function of the
coordinate), and P(1, 1) denotes the probability of the detection of a photon-pair on a small
area of the screen. It can be seen that the result equals to the classical formula of the intensity
distribution on the screen.
REMARK 3.2. Let us realize that if we replace the screen in the above arrangement with a line
or an array of detector pixels, then we arrive at the layout of experiment that is in our focus,
cf. Fig. 3.1.
The output signal (charge) of pixels can be read out by ∆τ time intervals, according to the
clock signal of the measurement card. (Obviously, we have to take into account the wake-up
time and dark noise of detector pixels in determining ∆τ.)
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(i)

Let us denote the output signal of the ith pixel by Xn (i = 1, . . . , M, n = 1, 2, . . .) which –
choosing an appropriate average of the signals of detectors be the unit – gives integer numbers
during the reading time, thus the signal of the detector array (negligating the reading and
detector noises) at nth reading is


(1)
(2)
(M)
Xn = Xn , Xn , . . . , Xn
,
n = 1, 2 . . . ,
(3.23)
where M is the number of pixels. Denote the arrival time of the jth photon on ith pixel by
(i)
τj , j = 1, 2, . . .. Now define Z(t) counter vector process as


Z(t) = Z(1) (t), Z(2) (t), . . . , Z(M) (t) ,

where

(3.24)

∞ 

X
(i)
I τj ≤ t .
Z (t) =
(i)

j=1

(i)

(I is the indicator function.) {τj , j = 1, 2, . . .} absorption time series can also be expressed
(i)

using the measurement series {Xn , n = 1, 2, . . .}, 1 ≤ i ≤ N:
(i)
Xn

∞ 

X
(i)
=
I (n − 1)∆τ < τj ≤ n∆τ = Z(i) (n∆τ) − Z(i) ((n − 1)∆τ).

(3.25)

j=1

Now Z(i) (t) can be modelled by a doubly stochastic Poisson process, see Part 3 for a detailed discussion.
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CHAPTER 4

I NPUT S IGNAL : H IGHLY C OHERENT
S EMICONDUCTOR L ASERS

HIGHLY ACCURATE OPTICAL MEASUREMENT TECHNOLOGY can not be developed without an equipment that is emitting laser light with calibrated frequency distribution. There is a special kind
of lasers: the semiconductor lasers or the co-called laser diodes that elect among the others
because of their microelectronic sizes and moderate prices. They emit high powers compared
to their dimensions, and have lifetimes much longer than other kinds of laser have.
Naturally, semiconductor lasers are far from perfect, maybe the most up-to-date problem
is the frequency stabilization. This means that
− the central frequency of the emitted laser spectrum should be stable,
− the stabilized frequency should easily be calibrated (i.e. value set and value reproduction),
− the emitted laser light should have a narrow spectrum.
There were several methods drawn up and reported in the literature for controlling the
frequency of laser diodes, a detailed discussion can be found e.g. in the monograph of Ohtsu,
1992. However, the usual treatment considers the laser as a (quasi-)static operation device
and does not deal with the examination of system dynamics. Control loops are often designed
but without respect to the dynamic behavior of the laser diode. The primary motivation of
this chapter is to perform structural and parametric identification for the dynamic model of
the integrated laser system in order to establish optimal control (minimize output frequency
fluctuations).

PROPOSITION 4.1. The frequency stabilized semiconductor laser system can be applied as a
coherent source in the interferometric experiment.
Proof. The identification and control design algorithms, as well as the performance of the
stabilized laser diode, are outlined in the subsequent sections. For more information on this
topic see publications Nádai, 1994a, 1994b, 1995b; Nádai et al., 1995a, 1995b.
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4.1. T HE TASK : O PTIMAL F REQUENCY S TABILIZATION
OF S EMICONDUCTOR L ASERS
Frequency fluctuations of semiconductor lasers can be controlled – meanwhile operation –
by two different factors, these are the ambient temperature and the current injected into the
p-n junction. The frequency of fluctuations due to changes in temperature is much less than
that of changes in current, therefore it is customary to accomplish a “slower” and a “faster”
feedback loop by controlling the temperature and the current, respectively. Here we consider
the current feedback, see Fig. 4.1.

Laser
Frequency
Reference

6

Current
Source

- Photodetector

Frequency

- Discriminator
Frequency
Demodulator



Amplifier



Figure 4.1. Negative electronic feedback

The (simplified) operation of this system is the following:
− The output of the laser diode is the frequency of light, which is different from the desired
one, that is ν = νl + ∆ν.
− The frequency reference supplies the constant νl frequency.
− The frequency discriminator compares its input signals and provides the difference ∆ν.
− The photodetector (proportionately) transforms the incident light into current.
− The amplifier and the current source in our case can be considered as static operation
devices.
Controller
Freq.
Refer.

-N

6
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Freq.
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Figure 4.2. Effect-diagram of negative electronic feedback
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Consequently we have a simple proportional feedback loop (Fig. 4.2) and it would be
standard task to design optimal control, if we knew the transfer function (or an equivalent) of
the laser diode, see e.g. Kailath, 1980.
However, at this point we confront with the impossibility of performing measurements in
time domain – the frequency of light is so high (approximately 3 · 1014 Hz), that we can only
measure values averaged in time – and in the absence of output time series the usual (time
domain identification) methodology does not work.
Nota bene, in frequency domain we can measure: set the input signal of the laser diode
as a constant frequency sinusoid signal and measure the frequency fluctuations of the outcoming light. These frequencies are much less, but it is still not a trivial problem to measure
them. In practice the so-called Allan-variance processing algorithm is applied, for details see
Kuboki and Ohtsu, 1990; Shin and Ohtsu, 1990. In this manner we get points (in the Fourierfrequency domain) of the transfer function between input current and output light-frequency
fluctuations, see Fig. 4.3.

4.2. F REQUENCY D OMAIN S TRUCTURE AND PARAMETER I DENTIFICATION
Let us given a linear, continuous time, dynamic system with transfer function
H(s) =

B(s)
,
A(s)

(4.1)
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Figure 4.3. Data from measuring the transfer function of a Sharp-080-MD GaAs laser diode
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where
B(s)

=

b0 + b1 s + . . . + bn−1 sn−1 ,

A(s)

=

1 + a 1 s + . . . + a n sn .

Stimulating the system with sinusoid waves of ω1 , ω2 , . . . , ωN frequencies, one can measure H(jωi ), i = 1, 2, . . . , N. Certainly, there are unavoidable errors in these measurements,
^
therefore the results should be noted as H(jω
i ), i = 1, 2, . . . , N.
Rewrite H(jω) = B(jω)/A(jω) as
A(jω) · H(jω) = B(jω).

(4.2)

Then the coefficients of A and B are estimated via minimizing the following sum of squares
J=

N
X

e∗i ei ,

(4.3)

i=1

where
^
ei = A(jωi ) · H(jω
i ) − B(jωi ),
and ∗ denotes the transposed of the complex conjugate. J can be expressed in the following
form
J = (Y − XΘ)∗ (Y − XΘ),
(4.4)
where
Θ

X

Y

=

=

=

( a1 a2 . . . aN b0 , b1 , . . . , bN−1 )T ,

^
^
−jω1 H(jω
. . . (−jω1 )n H(jω
1
1)
1)

..

.

^
^
−jωN H(jωN ) . . . (−jωN )n H(jω
N) 1


^
H(jω
1)


.
.

..


^
H(jωN )

jω1
jωN

...
...

(jω1 )n−1
(jωN )n−1






The value of Θ minimizing J can be expressed as

^ = [<{X∗ X}]−1 <{X∗ Y},
Θ

(4.5)

where <{.} denotes the real part of a complex number. This algorithm is often referred in the
literature as Levy’s method, see Goodwin and Payne, 1977.
According to the above the structure identification is simplified to estimate the order of the
numerator and denumerator of the transfer function. We based our estimation on the physical
model of the system that is discussed thoroughly in Ohtsu, 1992; see Fig. 4.4.
37

4. I NPUT S IGNAL : H IGHLY C OHERENT S EMICONDUCTOR L ASERS
HL (f)

@

@

1.0e+09

@

@

@

@

1.0e+08

@

C%
1.0e+07

1.0e+06

1.0e+05
1.0e+02

B&

@

@

E
@
@
@

@

@

@
D%@
@
@
@
@
@
@

E&

@

@
@

E

E

E

E

E

E

E

E

E
E

A&
1.0e+03

1.0e+04

1.0e+05

1.0e+06

1.0e+07

1.0e+08

1.0e+09

f

Figure 4.4. Spectral density of the quantum FM noise of a single longitudinal mode laser. (A is the fluctuation
of spontaneous emission, B is the fluctuation of carrier density, C is the fluctuation of temperature, D is the 1/f
fluctuation, E is the estimation for the total magnitude of the FM noise)

Thus the transfer function of the model forms



f
f
1+j
1+j
K
f1
f3

,
HL = · 
f
f
jf
1+j
1+j
f2
f4

(4.6)

where K, f1 , f2 and f3 are parameters. We chose f4 to 109 Hz and constrained the optimization
by the f < 109 Hz condition, which satisfies the practical requirements.
We performed the frequency domain parameter identification according to Levy’s method
using the PC-Matlab program.

4.3. A SSURING F REQUENCY S TABILITY OF S EMICONDUCTOR L ASERS
BY C ONTROL M ETHODS
There are several different strategies to design compensator circuit establishing optimal control (to the effect of minimal output fluctuations). Because of physical considerations and of its
simplicity we chose the LQR strategy, see e.g. Kailath, 1980. The details of the compensator
design can be found in Nádai, 1994a.
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Figure 4.5. Output frequency fluctuations of the original (’—’) and the compensated (’· · · ’) systems

At the end of this chapter we present some results comparing the outputs of the original
and the compensated semiconductor laser systems. As it can be seen in Fig. 4.5, the frequency
fluctuations in the domain of practical interest became significantly smaller and even, therefore
the compensated semiconductor laser system can be applied in the experiment.
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CHAPTER 5

O UTPUT S IGNAL : C HARGE C OUPLED
P HOTODIODES

NOWADAYS, MOST SCIENTIFIC AND ENGINEERING LABORATORY RESEARCH, industrial control, and test
and measurement is based on personal computers with expansion buses. Obtaining proper
results from a PC-based data acquisition system (DAQ, in the following) depends on each of
the following system elements (see Fig. 5.1):
− Personal computer,
− Transducers,
− Signal conditioning,
− DAQ hardware,
− Software.
Personal computer. For data acquisition we used a personal computer running an AMD K7
1 GHz processor on 512 Mbytes of memory.

-

Data Acquisition
and Analysis
Hardware



Signal
Conditioning

Personal
Computer

?
p p p p p p p p

p p p p p p p p
6
?

-

Transducers

X
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bbb

Figure 5.1. A typical DAQ system
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Transducers. Transducers change physical phenomena into electrical signals. In our case it is
an EG&G Reticon’s D Series photodiode array which is a high-speed, self scanned, chargecoupled photodiode device. The operation and characteristics are discussed in Section 5.1.
Signal conditioning. Transducer outputs must often be conditioned to provide signals suitable for the DAQ board. Signal conditioning accessories amplify low-level signals, isolate, filter, excite, and bridge complete transducers to produce high-level signals for the DAQ board.
The RC0730 is an evaluation circuit board for Reticon’s D Series Linear Charge Coupled photodiode arrays. The board contains the necessary clock generation circuits and analog signal
processing circuits for operating the device, for more details see Section 5.2.
DAQ hardware. At the heart of any data acquisition system lies the data acquisition hardware. The main function of this hardware is to convert analog signals to digital signals and vice
versa. At the simplest level, data acquisition hardware is characterized by the subsystems it possesses. A subsystem is a component of the data acquisition hardware that performs a specialized task. Common subsystems include analog input, analog output, digital input/output and
counter/timer. Hardware devices that consist of multiple subsystems are called multifunction
boards. National Instruments’ E Series provides a standard architecture for instrumentationclass, multichannel data acquisition (technical data is overviewed in Section 5.3).
Software. Regardless of the hardware in use, one must send information to the hardware and
receive information from the hardware. Configuration information is sent to the hardware
such as the sampling rate, and receive information from the hardware such as data, status
and error messages. The hardware also need to be supplied with information in order to
integrate it with other hardware and with computer resources. This information exchange is
accomplished with software.
There are two kinds of software: driver software and application software.
Driver software is the layer of software that directly programs the registers of the DAQ
hardware, managing its operation and its integration with the computer resources, such as
processor interrupts, DMA, and memory. Driver software hides the low-level, complicated
details of hardware programming while preserving high performance, providing the user with
an easy-to-understand interface. NI-DAQ is the National Instruments full-featured, high performance DAQ software driver.
Application software provides a convenient “front-end” to the driver software. Basic application software allows to report relevant information such as the number of samples acquired,
generate events, manage the data stored in computer memory, condition a signal and plot acquired data. With some application software data analysis also can be performed. MATLAB
and the Data Acquisition Toolbox features all of these capabilities and more.
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5.1. EG&G R ETICON D S ERIES C HARGE -C OUPLED P HOTODIODE A RRAYS
EG&G Reticon’s D Series photodiode arrays are high-speed self scanned, charge-coupled
photodiode devices (CCPD). Applications for these arrays include optical character recognition, high-speed document scanning, pattern recognition, non-constant measurement, or any
process requiring a high speed linear array.
Key features of EG&G Reticon’s D Series photodiode arrays:
− 256, 512, 1024 and 2048 elements
− 13µm × 13µm picture elements

− Low power requirements
− +12 and −5V supplies
− Wide dynamic range

− Video combined sample rates up to 20MHz
− Wide spectral response (near UV to near IR)
− High resistance to blooming
− Standard 22-pin side brazed ceramic dual-inline package
− Line reset feature
5.1.1. Charge-Coupled Photodiodes
When a photon strikes a semiconductor, it can promote an electron from the valence band
(filled orbitals) to the conduction band (unfilled orbitals) creating an electron(−)–hole(+) pair.
The concentration of these electron–hole pairs is dependent on the amount of light striking
the semiconductor, making the semiconductor suitable as an optical detector.
There are two ways to monitor the concentration of electron–hole pairs. In photodiodes,
a voltage bias is present and the concentration of light-induced electron–hole pairs determines
the current through semiconductor. Photovoltaic detectors contain a p–n junction, that causes
the electron–hole pairs to separate to produce a voltage that can be measured.
Charge-coupled devices (CCDs), physically, might be viewed as a MOSFET with a segmented gate. As pictured in Fig. 5.2, the proper application of biases to the CCD gated includes the systematic movement or transfer of the stored charge along the surface channel and
into the device output.
The image sensing element in a camcorder, a combination home TV camera and video
recorder, is a CCD containing a two-dimensional array of gates. Stored charge is produced
in proportion to the optical image incident on the two dimensional gate array. The electrical
analog of the optical image is subsequently transferred to the output and converted into an
electrical signal.
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Figure 5.2. Charge-coupled device comprising three-phase elements and input-output gates and diodes, shown
schematically in its cross-sectional view

5.1.2. Functional Description
The sensing elements for the D Series Linear CCPDs are a row of diffused p–n junction photodiodes spaced on 13µm centers and interdigitated into a sensing aperture 13µm wide. Incorporating CCD readout registers and output buffer amplifiers for low-noise signal extraction.
Figure 5.3 shows the pin-out configuration and Fig. 5.4 is a simplified schematic diagram.
Figure 5.5 gives the aperture response function and sensor geometry. The dimensions a, b,
and c indicated in Fig. 5.5 are as follows: the photodiode width a is 7µm, the center-to-center
spacing b is 13µm and the aperture width c is 13µm.
In addition, D Series Linear devices contain an anti-blooming gate which can be used to
set the integration period independently of the line rate and also suppress blooming.
Light incident on the sensing aperture generates a photocurrent which is integrated and
stored as a charge on the capacitance of each of the photodiodes. If the charge accumulated on
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Figure 5.3. Pin-out configuration
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any diode exceeds a saturation value, the excess is shunted to VAB through the anti-blooming
gates, VLR , thus avoiding blooming effects. Refer to Fig. 5.4.
The anti-blooming gate is biased at a dc potential which is below that of the junction
barrier and transfer gate ØT “low” barrier. When the signal charge reaches the level set by the
anti-blooming gate, the excess will be sunk into VDD , thus preventing blooming.
At the end of each integration period, the charges on all the diodes are simultaneously
switched through transfer gates, ØT , into one of two CCD analog shift registers for readout.
The odd diodes are switched into one register and the even diodes into the other. Immediately
after this parallel transfer, a new integration period begins.
Readout is accomplished by clocking the CCD shift registers so that the charge packets
are delivered sequentially into two on-chip charge detection circuits. The registers deliver the
charge packets alternately, allowing the inactive charge detector to be reset to a fixed level
by VRD while the opposite detector is active. The outputs of the two detectors may then be
multiplexed off-chip to obtain a stepwise-continuous video signal. A resistive load, RL (2–
5KΩ), is connected to VID for video signal readout.

5.1.3. Operation
The D Series Linear CCPD requires two complimentary clocks, Ø1 and Ø2 , transfer gate pulse,
ØT for video, and another transfer gate pulse, ØSB , for scan output. The clocks and their timing
relationships are shown in Fig. 5.6. The video output and scan output, SBP , are also shown
in Fig. 5.6. Scan buffer output has two pulses between any two successive ØT ; the first pulse
coincides with the first video element and the second with the last video element. The scan
output is obtained by differentiating SBP , and SBN through a differential amplifier. The circuit
integrated onto the evaluation board RC0730 will provide the required interface between the
device’s scan buffer output and its peripheral TTL circuit.
The transfer pulse should swing between −3 and +5V and have a width greater than
0.5µsec. In order to transfer the charge from the photodiodes into the CCD register, the Ø1
clock should remain high during the blanking and transfer interval, as shown in Fig. 5.6. This
same figure also shows ØRE , the even reset clock and its relationship to Ø1 and Ø2 clocks as
well as the odd and even video outputs. The odd and even output reset clocks, ØRO and ØRE ,
are derived from the same sources as Ø1 and Ø2 and are nominally synchronous with them.
(The necessary voltage drive circuit for the D Series is integrated onto the evaluation board.)
Video Output waveforms shown in Fig. 5.9 typify video output performance as measured
across a 3K load resistor. Relative timing is indicated in relationship with Ø1 and Ø2 clocks.
The rise and fall times indicated are relative since they are affected by capacitive loading,
including oscilloscope probe capacitance.
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The high speed amplifier output circuit is recommended (the buffer output circuit is also
integrated onto the evaluation board.). This will result in video rise and tail times of 50ns or
less.
5.1.4. Performance
Spectral response of the D Series similar to that of other high quality silicon photodetectors,
covering the range from the near UV to the near IR. A glass window is standard. Relative
spectral response shown as a function of wavelength in Fig. 5.7.
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Figure 5.7. Relative spectral response as a function of wavelength
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Figure 5.8. Typical transfer characteristics

As most applications for these devices (OCR, machine vision etc.) use visible light, the
responsivity and uniformity of response are specified using a source with the spectral distribution shown by the thin line in Fig. 5.7. This spectral distribution is produced by filtering a
2870◦ K tungsten source with a Fish–Schurman HA-11 heat absorbing 1mm thick filter. Transfer characteristics showing the noise level and saturation output voltage can be seen in Fig.
5.8. Since Reticon line scanners operate in the charge-storage mode, the charge output of
each diode (below saturation) is proportional to exposure; i.e., the irradiance or light intensity multiplied by the integration time or the time interval between successive transfer pulses.
Thus, there is a trade-off between scanning speed and required light intensity. Light intensity
in watts needed to saturate a pixel at a particular integration time can be obtained by dividing
saturation exposure by integration time. Thus, that longer integration times may be used to
detect lower light levels. However, this approach is ultimately limited by dark leakage current which is integrated along with the photocurrent. At room temperature, dark current will
contribute typically 0.1% of a saturated signal for integration times of 5msec.
5.1.5. Drive Circuit
The circuit integrated onto the evaluation board will interface the TTL control circuit to
Reticon’s CCPD. It will insure that the Ø1 and Ø2 cross above the midpoint; i.e., 50% clock
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crossing or higher The supply voltages to the Ø1 and Ø2 clock translators, devices 3 and 4,
are as follows: VSS = 0V or ground and VDD = +12V.
The translators, devices 1A and 1B, will provide voltage swings consistent with those given
in the specification table. The supply voltages to device 1A are VDD = +5V, pin 6, and VSS =
−4V. The supply voltages to device 2A are VDD = +12V, pin 6, and VSS = +5V. (Note: Both
supply pins are positive to keep the minimum swing to +5V.)

Table 5.1. Array Electrical Characteristics

1

Symbol

Parameter

Typical

Units

VRD

Reset drain bias

+12

V

VDD

Output drain bias

+12

V

VIN

Input bias

1

+12

V

VAB

Anti-blooming drain

+12

V

VLR

Anti-blooming gate

0

V

VSUB

Substrate bias

−5

V

Ø1 , Ø2

CCD transport clock (high / low)

+12 / 0

V

ØT

Transfer clock (high / low)

+5 / −3

V

ØSB

Transfer clock scan buffer (high / low)

+12 / +5

V

VREC

Receiving gate

0

V

VSB

DC input scanning

+12

V

Defined as VSAT /NPP , RMS noise is approximately NPP /5
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Table 5.2. Array Performance Characteristics
Symbol

Parameter

Min

Typ

Max

Units

DRPP

Dynamic range1

–

2600 : 1

–

–

1

–

13000 : 1

–

–

–

0.185

–

nj/cm2

DRrms

Dynamic range

ENE

Peak-to-peak noise equivalent exposure

Esat

Saturation exposure

0.30

0.47

0.63

µj/cm2

R

Responsivity

2.0

2.7

3.3

V/j/cm2

PRNUxxxx

Photoresponse non-uniformity2,4,6

3/3/3/5

8/8/10/12

±%

–

0.03

0.25

%

–

0.06

0.5

%

0.9

1.3

1.6

V

–

126

–

mW

Vda

Average dark signal

3,8
4,8

Vdm

Maximum dark signal

VSAT

Saturation output voltage

P

Power dissipation DC

NPP

Peak-to-peak noise

Rdc
Ddc

5

–

0.5

–

mV

5

–

7.0

–

V

5

–

6.7

–

V

–

2

–

kΩ

Output DC reset level
Output DC dark level
6

Zout

Output impedance

Vbal

Video output balance9

–

30

80

mV

Output DC drift10

–

10

–

mV/◦ C

Output data rate7

–

–

20

MHz

fdata

Conditions (unless otherwise specified): Ta = 25◦ C, fdata = 400KHz, tint = 10ms, VID,load = 3KΩ, VAB = 2V.
Light Source: 2870◦ K Fish–Schurman HA-11, 1mm filter. All other operating voltages are nominal, as specified in
Array Electrical Characteristics. First and last pixels of each video output are ignored.
1

Defined as VSAT /NPP , RMS noise is approximately NPP /5

2

Measured at an exposure level of approximately VSAT /2. PRNU is defined as 100[(Vmax − Vmin )/Vavg ] where

Vmax is output of highest pixel (toward Vsat ), Vmin is output of lowest pixel (towards dark), and Vavg is the numerical
average of all the pixels in the video line. xxxx can either be 0256, 0512, 1024 or 2048
3

Measured at ambient temperatures Ta = 25◦ C, tint = 2.5ms. Defined as 100(Va /Vsat ) where Va is the

numerical average of the output of all pixels in dark and Vsat is the numerical average of all pixels in saturation
4

Measured at ambient temperatures Ta = 25◦ C, tint = 2.5ms. Defined as 100(Vm /Vsat ) where Vm is the pixel

with the maximum output of all pixels in dark and Vsat is the numerical average of all ot pixels in saturation
5

Measured with device in the dark

6

Measured with output current of 2mA

7

Minimum frequency limited by increases in dark signal. Fdata is defined as 2(fclock ) where fclock is the frequency

of the Ø1 or Ø2 clock
8

Dark signal approximately doubles for each 7–10◦ C increase in temperature

9

Defined as the difference in dc dark level output (Ddc ) between the two video outputs

10

Defined as the thermal drift in the reset level (Rdc )
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5.2. E VALUATION B OARD
5.2.1. General Description
The RC0730 is an evaluation circuit board for Reticon’s D Series Linear Charge Coupled
photodiode arrays. The board contains the necessary clock generation circuits and analog
signal processing circuits for operating the device; however, it has not been optimized for any
specific application.

5.2.2. Power Requirements
The board is designed to operate from a triple output linear source supplying +5, +12, and
−12 volts D.C. Power is applied to the board through edge connector pins or test points: +5V
on H or TP8, +12V on E or TP9 and −12V on A or TP11. Ground connections to the board are
on edge connector pins 1 through 22. See Section 5.2.3 for current and voltage requirements
for each of the power inputs.

5.2.3. Specifications
Power Inputs

+12 (±0.1) V.D.C. @ 275mA
−12 (±0.1) V.D.C. @ 150mA
+5 (±0.1) V.D.C. @ 450mA

Clock Frequency (TP4)

100KHz–20MHz

Video Outputs (Video Load Resistor: 3KΩ)
Discrete Video Outputs (TP14 and TP16)
Reset Level

6.5 V.D.C.

Dark Level

5.8 V.D.C.

Saturated Output

−1V ± 20%

Combined Video Output (TP18)
Data Rate

10MHz Maximum

D.C. Level

Adjustable +1 to −1 volts D.C.

Saturated Output

+2.4V ± 20%

P–P Pixel Noise

3mV (typical)

External Input/Output

TTL Compatible
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5.2.4. Operational Description
There are two basic circuits interfacing the image device. Figure 5.10 shows the two circuits
separated by a dotted line. The analog signal processing circuit is located on the right side of
the dotted line and the digital circuit is located on the left.

Digital Section. The master oscillator U5 provides the master clock (MCLK) signal used to
generate all the board liming. Frequency of the MCLK can be adjusted with R1 and C8. The
MCLK signal is divided by two with U6 for two phase 50% duty cycle output signals from
pins 5 and 6. The crossover points of these signals are controlled with U10 and U11 and than
level translated with U12 and U14 to provide the image array main clocks Ø1 and Ø2 . The
transfer clock ØT is derived from the output of the D flip-flop U7 pin 6. The transfer clock
(U7 pin 6) is clocked low with the output of the integration counter U3 pin 15. The output of
the integration counter also enables the transfer counter U4 to start counting while disabling
itself. At the completion of the transfer count sequence, the output of the transfer counter
will reset the transfer clock high and enable the integration counters, thus completing the
sequence. The transfer pulse is then buffered and level translated to provide the image array
ØT clock. The video sampling and multiplex timing is derived from the same source which
provides the image array main clocks (U6 pin 5 and 6), gated by NOR circuit U9 and level
translated by U20.

Oscillator
Sampling
Freq. Clock

Clock
Contr.

SBP

@
I

SBN

-

R4

?
-

Integration
Counter

6
-

Transfer
Counter

Two-phase
Clock Gen.

@

6

?
-

-

Transfer
Pulse Gen.

-

W6
Image
Array
Linear
D-Series

W7

W10
W11

dd
d
dd
d
-

-

Sample
Timing

-

dTP1

Scan
Buffer
Comparator

-

dTP14
dTP16

Odd
Video
Buffer

-

Even
Video
Buffer

Odd
Video
Pre-amp.

Even
Video
Pre-amp.

-

-

Odd/Even
Video
Sample

6
Figure 5.10. Block diagram of RC0730
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Analog Section. The array, driven by the clocks derived in the digital circuit, produces video
outputs with amplitudes proportional to exposure (light intensity multiplied by integration
time). These signals appear as voltage levels on the video output load resistors R54 and 55 for
the combined video or R51 and 52 for the discrete video outputs.
The RC0730 board can be configured to process the video signals in two ways. Selecting
jumper settings W6 and W10 will configure the board to output the “odd” and “even” video
signals as two discrete outputs. High speed emitter follower transistors Q5 and Q6 provide
the buffering necessary for 20MHz operation. The odd video output is on test point 16 and
the even video output is on test point 15.
The odd and even video outputs can be combined into a single output signal by selecting
jumper settings W7 and W11. The odd video output is then routed to the high speed video opamp U17 that provides gain control with R4. The even video output is routed to a second high
speed video op-amp U18 with fixed gain. Gain of the odd video channel can then be adjusted
using R4 to match the signal level of the even video channel and therefore eliminating gain
imbalances in the system. The amplified video signal from U17 and U18 is AC coupled by C74
and C76 and then DC restored once per line by FET transistors in U19. The DC restoration
level is adjustable for the odd and even video channels with R5 and R6, respectively. The odd
and even video channels are combined by alternately sampling, holding and multiplexing the
two signals with the FET switches in U21. While the odd video channel is being sampled onto
hold capacitor C86, even video is multiplexed to the high impedance output buffer U22 from
hold capacitor C91. During the next cycle of the clock, even video is sampled while odd video
is multiplexed to the output stage. The combined, sampled and held video signal is buffered
with emitter follower transistor Q8 and can be monitored on test point 18.
5.2.5. Input Signals
In the usual mode of operation the RC0730 evaluation board generates all the necessary
signals to operate the image array; however, the board does have provisions for accepting
external master clock and/or start signals. These external inputs can be used to synchronize
the image array output to the user’s system. The input signals of the board are:
− Clock Input (pin W/TP2)
− Start Input (pin P/TP5)
− Line Reset Input (TP12)
5.2.6. Output Signals

Sync (pin K/TP7). This is a TTL output for the purpose of synchronizing an oscilloscope or
user circuitry to the array line scan time.
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Clock Output (pin T/TP4). This is a TTL output for the purpose of monitoring the master
clock frequency of the board. It may be used for re-sampling purposes such as A/D conversions. The combined video data rate (TP18) is equal to the frequency of this clock while the
discrete video output rate (TP14, TP16) is one-half this rate.
Scan Buffer Output (pin Z/TP1). The Scan Buffer output is a signal produced from the image
array which provides a pulse that is coincident with the timing of the first and the last pixel
of the image array. The scan buffer output signal can be used to synchronize external circuitry
with the time in which the array is outputting active video information.
Discrete Video Outputs (TP14 and TP16). The separate odd and even buffered video outputs
can be monitored on these test points. The odd video is on TP14 and the even is on TP16.
Combined Video Output (TP18). The combined processed video signal can be monitored at
this test point.

5.3. DATA A CQUISITION
National Instruments’ E Series multifunction input/output technology is a complete data acquisition hardware architecture that leverages off the latest in electronic and computer technological innovations and advances the capabilities of PC-based DAQ solutions. The E Series is
a standard architecture for instrumentation-class, multichannel data acquisition. The architecture includes the DAQ-STC counter/timer; the NI-PGIA gain-independent, fast-settling-time
instrumentation amplifier; the RTSI multiboard/multifunction synchronization bus; the MITE
PCI bus master interface; DAQ-PnP ISA Plug and Play configuration; and shielded, latching
metal connectors.
5.3.1. Analog Input
E Series products use CMOS analog multiplexers connected to multiple analog input channels.
The input multiplexers have input over-voltage protection of ±25V powered on and ±15V
powered off.
The number of available analog input channels includes 16 referenced single-ended (RSE)
inputs, 16 non-referenced single-ended (NRSE) inputs with a shared common, or 8 fully differential (DIFF) inputs. Software programmable input signal ranges and gains are shown in
Table 5.3.
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Table 5.3. Input and gain ranges for E Series
Gain

Input Range

(Software Selectable)

(Software Selectable)
Bipolar

Unipolar

0.5

±10V

–

1

±5V

0 to 10V

2

±2.5V

0 to 5V

5

±1V

0 to 2V

10

±500mV

0 to 1V

20

±250mV

0 to 500mV

50

±100mV

0 to 200mV

100

±50mV

0 to 100mV

5.3.2. Analog Output
E Series devices have two double-buffered, multiplying, digital-to-analog converters (DACs)
connected to two analog output channels. Individual channel configuration of unipolar (0 to
Vref ) and bipolar (−Vref to Vref ) or ±10V operation through software. The reference voltage
(Vref ) is also selected through software as a 10V internal voltage reference or an external
reference. With the internal reference, output voltages are ±10V in bipolar and 0 to 10V in
unipolar mode.
5.3.3. Digital I/O
The E Series devices have eight digital I/O lines. The direction of each digital I/O line is
software programmable on a per line basis. The digital input circuitry has an 8-bit register
that can read back the outgoing digital signals and also read incoming signals. The digital
input and the digital output are both TTL and CMOS compatible.
5.3.4. Counters/Timers
As implemented on E Series devices, DAQ-STC is a counter/timer that is capable of DMA
and interrupt data transfers between the counter/timer save registers and host memory. E
Series products can quickly process counter/timer information without losing counts which
is particularly important for synchronization of counter/timers with analog conversions. The
maximum source frequency is 20MHz.
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PART 3

MODELS

The third, to conduct my thoughts in such order that, by commencing
with objects the simplest and easiest to know, I might ascend by little
and little, and, as it were, step by step, to the knowledge of the more
complex; assigning in thought a certain order even to those objects
which in their own nature do not stand in a relation of antecedence
and sequence.
D ESCARTES: Discourse on the Method

CHAPTER 6

I DENTIFICATION OF T EMPORAL
S CALING L AW

THE CONCEPT OF POINT FRACTALS is introduced in this chapter in order to analyze the time-scale
variability of the photon arrival process. It will be pointed out that scale invariance exists in
time and clustering will decrease in accord with the increase of threshold (inverse sensitivity
of detector array). Under the variation of threshold, it can be verified that the maximum
values of the homogenous scale invariant interval are just the same. In addition, taking the
probability scale law on different levels of threshold, the relation can be established between
the saturation scale (return period) and the threshold (design experiment variable).

6.1. T IME S ERIES U NDER I NVESTIGATION
Recall Chapter 3, in which the experimental setup was under investigation. The output sig(i)
nal of the ith pixel was denoted by Xn (i = 1, . . . , M, n = 1, 2, . . .) which – choosing an
appropriate average of the signals of detectors be the unit – gives integer numbers during the
reading time ∆τ, thus the signal of the detector array (negligating the reading and detector
noises) at nth reading is


(1)
(2)
(M)
Xn = Xn , Xn , . . . , Xn
,
n = 1, 2 . . . ,
(6.1)
where M is the number of pixels. The arrival time of the jth photon on ith pixel was denoted
(i)
by τj , j = 1, 2, . . .. Counter vector process Z(t) was defined as

where



Z(t) = Z(1) (t), Z(2) (t), . . . , Z(M) (t) ,
∞ 

X
(i)
Z (t) =
I τj ≤ t
(i)

j=1
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Figure 6.1. Unconditioned measurement data. The sampling time of the detector was 100µs

(i)

(I is the indicator function.) {τj , j = 1, 2, . . .} absorption time series can also be expressed
(i)

using the measurement series {Xn , n = 1, 2, . . .}, 1 ≤ i ≤ N:
(i)

Xn =

∞ 

X
(i)
I (n − 1)∆τ < τj ≤ n∆τ = Z(i) (n∆τ) − Z(i) ((n − 1)∆τ).

(6.3)

j=1

REMARK 6.1. All of the above defined time series strongly depend on the setting of ∆τ time
intervals.
Obviously, there are technical limitations in choosing ∆τ, on one hand the clock signal of
the measurement card, and on the other hand the wake-up time and dark noise of detector
pixels. Furthermore, the internal efficiency of the detector array and the reading efficiency
constrain the performance of measurements. However, in the light of the following proposition we can construct an appropriate time unit with optimal performance.
PROPOSITION 6.2. The photon arrival process is self-similar (scale invariant) in a statistical
sense.
Proof. The proposition is thoroughly discussed and proven in the subsequent sections.
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6.2. F RACTAL T HEORETICAL D ESCRIPTION
Our present knowledge of fractals is a result of an increasing interest in their behavior. Some of
the basic properties of objects with anomalous dimension were noticed and investigated at the
beginning of this century mainly by Hausdorff (1919) and Besicovitch (1935). The relevance
of fractals to physics (and many other fields) was pointed out by Mandelbrot (1977), who
demonstrated the richness of fractal geometry and presented important results on the subject.
The purpose of this section is to give an introduction to the basic concepts and properties of
fractals.
One of the most common features of fractal objects is that they are self-similar (scale
invariant). This means that if we first cut out a part of them, and then we blow this piece up,
the resulting object – in a statistical sense – will look the same as the original one.
Another typical property of fractals is related to their volume with respect to their linear
size. To demonstrate this we first need to introduce a few notions.
DEFINITION 6.3. We call embedding dimension the Euclidean dimension d of the space the
fractal can be embedded in. In addition, d has to be the smallest such dimension.
Obviously, the volume of a fractal (or any object), V(r), can be measured by covering it
with d dimensional balls of radius r.
DEFINITION 6.4. The expression
V(r) = N(r)rd

(6.4)

gives an estimate of the volume, where N(r) is the number of balls needed to cover the object
completely and r is much smaller than the linear size R of the whole structure.
REMARK 6.5. For “ordinary” objects V(r) quickly attains a constant value, while for fractals
typically V(r) → 0 as r → 0. On the other hand, the surface of fractals may be anomalously
large with respect to R.
There is an alternative way to determine N(r) which is equivalent to the definition given
above.
DEFINITION 6.6. Consider a d-dimensional hyper-cubic lattice of lattice spacing r which
occupies the same region of space where the object is located. Then the number of boxes (mesh
units) of volume rd which overlap with the structure can be used as a definition for N(r) as
well. This approach is called box counting.
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DEFINITION 6.7. We call a physical object fractal, if measuring its volume, surface or length
with d, d − 1, . . . dimensional hyper-balls, it is not possible to obtain a well converging finite
measure for these quantities when changing r over several orders of magnitude.
REMARK 6.8. In contrast to mathematical fractals, for fractals observed in physical phenomena the anomalous scaling of the volume can be observed only between two well defined length
scales.
Since measuring the volume of fractals embedded into a d dimensional Euclidean space
leads to the conclusion that they are objects having no integer dimension, we assume that
the dimensionality of fractals is usually given by a non-integer number D that will be called
fractal dimension. The fractal dimension can be calculated in two different ways, according to
definitions 6.4 and 6.6, respectively.
If a Ds dimensional object consists of N equally small parts and can be divided into mth
equal length, than the relation mDs = N exists. The side length of each part for shrinking
√
ratio or characteristic scale will be r = 1/m = 1/ Ds N, it follows that
  Ds
1
N=
,
r

(6.5)

where Ds is called the self-similarity dimension, see Mandelbrot (1977).
In practical applications the box-counting method is usually adopted to calculate Ds . Its
main advantage is the efficiency, we refer to the works of Falconer (1990) and Peitgen et al.
(1992). The box dimension can be expressed as
Dbox = lim

ε→0

ln N(ε)
,
ln(1/ε)

(6.6)

where N(ε) is the number representing a set of d-dimensional objects each with length ε.
Whether (6.5) stands for the similarity dimension or (6.6) stands for the box dimension,
the dimension that is not an integer is called the fractal dimension and the symbol D is used
in the following.
We next relate the fractal distribution (6.5) to probability, see e.g. Turcotte (1997) and
Boxian and Lye (1994). If the characteristic length r in d-dimensional Euclidean object is
used to measure a system and N is the number of objects, then the probability of including
d-dimensional object can be expressed as
p(r) = N · rd .

(6.7)

Substituting (6.5) into (6.7) we arrive at the general form
p(r) = rd−D .
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6.3. A NALYSIS OF P OINT E VENT A LONG T IME AXIS
We take the horizontal direction of point set as the time axis and the line segments (or points
under infinite iterations) as the time point that the event occurred. The set can now be viewed
as a photonic arrival process.
(i)
The observed time series of photon arrival process is denoted by Xn (i = 1, . . . , M,
n = 1, 2, . . .,N), where M is the number of detector pixels and N is the time length or data
(J )
number in total. If we take the threshold as Jj (j = 1, 2, . . . , J), only the time points tn j
(n = 1, 2, . . . , N(Jj ) ) where observation exceeds the threshold (xn > Jj ) are presented as event
process. The diagram of this concept for one detector pixel is shown in Fig. 6.2.
REMARK 6.9. For the measured photonic arrival process the threshold Jj (j = 1, 2, . . . , J) is
related to the overall (internal + reading) efficiency of detection.
The detectors’ finite efficiency raises a serious interpretation problem: can one consider the
measured photonic arrival process as a reliable time series that characterize the phenomenon?
Is there no important data that is lost due to the poor equipment? Generally, can the underlying process be known? This dilemma can be resolved in the view of fractal theory: if
up-scaling does not change the properties of the point fractal, then it is obvious to assume
that down-scaling does not either. The above natural concept is formalized as follows.
PROPOSITION 6.10. If fractality exists for different threshold levels Jj (j = 1, 2, . . . , J) then
the efficiency of detection does not effect substantially on the statistical properties of the photonic arrival process.
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Figure 6.2. The point set analogy applied to a series of photonic arrival process exceeding the threshold
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Figure 6.3. Schematic diagram of the probability versus scale law for finite photon arrival processes

For practical photon arrival processes, line segments of the point set can not be cut off
infinitely. The number of arrival events is not infinite during a limited time interval. Figure
6.3 expresses the functional relationship in (6.8).
We employ the different time scales of characteristic length εk (k = 1, 2, . . . , K) by the
(J )
one-dimensional box-counting method. This method measures or counts the existence of tn j
among every interval εk of total time length N, i.e. the occurrence of events. But we count the
number only once, even if it occurs many times in the interval.
The number N(Jj )(εk ) can be accumulatively counted in the total time length N. The
occurrence of probability would then be
p(Jj ) (εk ) =

N(Jj )(εk )
.
N/εk

(6.9)

The hollow circles in Fig. 6.3 are the relationships between p(Jj ) (εk ) and εk in the log–log
plot.
If the fractality exists, they have to obey the relationship of (6.8), or a straight line passing
data pairs (ln εk , ln p(Jj ) (εk )). There is a scale invariant interval and the slope of such a straight
line equals one minus the fractal dimension.
In this study, the box dimension depends on the threshold. This so-called box-counting
algorithm is equivalent to the work of Lovejoy et al. (1987). Takayasu (1993) used the concept
of combining fractal distribution and threshold in order to investigate the characterization of
violent fluctuation. The method is the Interval Distribution of Level sets (IDL).
Furthermore, when the time scale εk is greater than or equal to the critical scale or saturation scale ε∗ , the occurrence of probability would be 1. That is to say, when time scale is
greater than or equal to ε∗ , the photonic event exceeding the threshold must occur. In the
scope of our experiment, we can consider the time scale ε∗ as the actual recurrence interval
or return period.
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6.4. A NALYSIS OF M EASUREMENT DATA
To verify the time scale variation of the photonic arrival process a 100µs time interval of
measurement is used to establish the relationship of the probability scale law under different
thresholds. The results are illustrated in Figure 6.4.
100%

Max. threshold: 50

Probability (%)

Min. threshold: 1

1e+0

1e+1
Time (100µs)

Figure 6.4. A 100µs probability scale relationship

Moreover, several different pixels of the detector array were investigated and different
time scales (100µs, 500µs, 1ms, 5ms, 10ms) were applied. All measurements show that selfsimilarity of the photonic arrival process exists in different detector pixels and time intervals
of measurement.
However, it can be realized that there are certain limited regions of a straight line, i.e.
scale invariant regions. Another finding is that the slopes of the straight lines are steeper with
increasing thresholds, i.e. the fractal dimensions are smaller.
With a view to the slope of the straight lines from Figure 6.4 the fractal dimensions can
be calculated. Figure 6.5 illustrates the fractal dimensions to reflect the change of threshold.
Regardless of how the observed time scales are increasing with the threshold the fractal dimensions will decrease, but the decreasing rates are gradually smoother at a large observed
time scale. (Although few points of curves oscillate due to the automatic calculation carried
out by the computer the native exponent tendencies are still obvious.)
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Figure 6.5. Relationship between the fractal dimension and the threshold

DEFINITION 6.11. If an exceedance probability is 100% at a certain threshold the corresponding time scale may be regarded as return period and the threshold value as the design
sensitivity.
This definition formulates the natural concept that if time scale is greater than or equal
to the return period, then the photonic event exceeding the threshold must occur. As the
threshold is related to the detector sensitivity, in this case the photonic event is detected with
probability 100%.
PROPOSITION 6.12. For the photonic arrival process under investigation the return period
is approximately 1ms.

63

CHAPTER 7

M ODEL C LASS S ELECTION
P HOTON O PTICS

DUE TO

THE THEORY OF VARIOUS OPTICAL EXPERIMENTS which can be envisaged within the framework of
the quantum theory of light is considered in this chapter. The quantization of the radiation
field requires a reconsideration of the definition of coherence properties. The classical theory
in the famous book of Born and Wolf (1970) rests on the assumption that the electric field E
can, in principle, be measured at an arbitrary point in a beam of light. The quantum theory of
coherence must begin with an investigation of the extent to which the electric field associated
with a light beam can in fact be determined according to quantum theory. It is necessary to
examine the quantum theory of the apparatus used to make measurements on light beams,
in order to obtain an understanding of the properties of a light beam which is susceptible to
measurement.
The quantum mechanical treatment of optical experiments has two main consequences.
1. It provides a deeper understanding of the classical interference experiments, but shows
how, in general, the electromagnetic field quantization has little impact on the observable
phenomena in such experiments.
2. The existence of the quantization leads to the possibility of a new type of experiment in
which the distributions of photons in beams of light are measured.
Such experiments form the observational basis of quantum optics, the involve the direct
detection of photons and therefore lie outside the scope of classical optics.

7.1. P HOTON COUNTING
The quantization of the radiation field and the existence of photons not only preserve the
general interpretation of the classical interference experiments, but also provide a new type
of experiment which measures the same parameters of a light beam as do conventional inter64
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ference and spectroscopy. The experimental technique is called photon counting, and a simple
photon counting experiment is conducted as follows.
A beam of light under investigation is arranged to fall on a phototube, connected by suitable electronics to a count meter which registers the number of photons producing photoelectric emission in the phototube. A shutter in front of the phototube controls the length of time
for which light falls on the detector. With the count meter set at zero, the shutter is opened
for a length of time T . The shutter is then closed and the number m of counted photons is
recorded. After a time delay long compared to the coherence time of the light, the shutter is
again opened, the original experiment is repeated, and a second number of counted photons is
recorded. The experiment is repeated a third time, and so on until a large number of readings
have been accumulated, all referring to the number of photons counted during equal time durations T . The total number of readings in a complete experimental run might for example be
of order 104 . The results can be expressed as a probability distribution Pm (t) for the counting
of m photons during an observation time T .
It is assumed throughout that all the measured light beams are stationary. The measured
statistical distribution Pm (T ) contains information about the statistical properties of the light
source. We consider what this information is, and how it can be extracted from the results of
a photon counting experiment.
The photoelectric emission rate is proportional to the beam intensity Ī. The quantummechanical observable intensity is analogous to the cycle-averaged classical intensity Ī(t) defined as
1
Ī(t) = ε0 c|E(t)|2 .
2
It is simplest to present a detailed calculation of the photon-count distribution using the classical Ī(t) as the beam intensity. The corresponding quantum-mechanical result will be quoted
subsequently without any detailed derivation.
Let p(t)dt be the probability that the light beam causes an atom in the phototube to emit
an electron and register a single count on the meter during the time interval between t and
t + dt. Then, according to the so-called Fermi golden rule (Loudon, 1973), we may write
p(t)dt = ζĪ(t)dt,

(7.1)

where dt is assumed sufficiently large for transition probability theory to be valid (see for
example Dicke and Wittke, 1960), but sufficiently small for the probability of emission of
electrons by more than one atom during the period to be negligible. The constant of proportionality ζ represents the efficiency of the phototube. It includes the matrix elements for the
photoelectric process (Bethe and Salpeter, 1957), and factors which depend on the density
and positions of the ionizable atoms in the phototube.
Consider a particular period of counting which extends from t to t + T , and let Pm (t, T )
be the probability that m photons are counted in this time interval. The required distribution
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m−1
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t+T

Figure 7.1. Time intervals used in the calculation of Pm (t, T ) showing the two ways in which m photons can be
counted in the period between t and t + t 0 + dt 0

Pm (T ) is determined by a subsequent average over a large number of different starting times
t.
Let t + t 0 be a time which lies within the interval between t and t + T as shown in Figure
7.1, and let dt 0 be a short period of time similar to that used in equation 7.1. The probability
that m photons are counted between t and t + t 0 + dt 0 is by definition
Pm (t, t 0 + dt 0 ).

(7.2)

There are, however, two distinct ways in which m photons can be counted during the given
time interval:
1. m photons are counted between t and t + t 0 and none in the interval dt 0 , with total
probability
Pm (t, t 0 )(1 − p(t 0 )dt 0 ),
(7.3)
2. m − 1 photons are counted between t and t + t 0 and one photon is counted in the interval
dt 0 , with total probability
Pm−1 (t, t 0 )p(t 0 )dt 0 .
(7.4)
The probability of more than one photon being counted during the time interval dt 0 is
negligible by hypothesis.
The two ways of computing the probability that m photons are counted between t and
t + t 0 + dt 0 must be equivalent, so from equations 7.2, 7.3 and 7.4,
Pm (t, t 0 + dt 0 ) = Pm (t, t 0 )(1 − p(t 0 )dt 0 ) + Pm−1 (t, t 0 )p(t 0 )dt 0 .

(7.5)

With the use of equation 7.1 and the definition of differentiation this can be rearranged to
give
dPm (t, t 0 )
= ζĪ(t 0 )(Pm−1 (t, t 0 ) − Pm (t, t 0 )).
(7.6)
dt 0
The probabilities Pm (t, t 0 ) for the different values of m are thus related by a chain of differential equations. The first equation in the chain (for m = 0) differs from the general in that
the term in Pm−1 is, of course, absent and
dP0 (t, t 0 )
= −ζĪ(t 0 )P0 (t, t 0 ).
dt 0
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The chain of equations for Pm (t, t 0 ) can be solved by recursion, beginning with m = 0.
The probability P0 (t, t 0 ) is subjected to the initial condition that certainly no photons are
counted in a time interval of zero
P0 (t, 0) = 1.
(7.8)
With this initial condition, equation 7.7 can be integrated to give
 Z t+T

0
0
Ī(t )dt .
P0 (t, T ) = exp −ζ

(7.9)

t

It is convenient to define Ī(t, T ) as the mean intensity at the phototube during the counting
period
Z
1 t+T
Ī(t 0 )dt 0 ,
(7.10)
Ī(t, T ) =
T t
in terms of which equation 7.9 becomes
P0 (t, T ) = exp(−ζĪ(t, T )T ).

(7.11)

The remaining Pm (t, T ) can be determined from equation 7.6, beginning with m = 1 and
proceeding to the higher values of m. The initial condition complementary to equation 7.8 is
Pm (t, 0) = 0 for m 6= 0.

(7.12)

LEMMA 7.1. The general solution of equation 7.6 subject to equation 7.12 is
Pm (t, T ) =

{ζĪ(t, T )T }m
exp(−ζĪ(t, T )T ).
m!

(7.13)

Proof. The result was first derived by Mandel (1958).
The probability Pm (t, T ) represents the distribution of readings of the photon count obtained in a series of experiments all of which begin at the same time t. It is normally possible
in practice to conduct only one counting measurement at a time, and successive counting periods run consecutively rather then simultaneously. The intensity Ī(t, T ) in general fluctuates
between one period and the next, and the measured photon count distribution Pm (T ) is an
average of Pm (t, T ) over a large number of different starting times t. We can write (Mandel,
1958)


{ζĪ(t, T )T }m
Pm (T ) = hPm (t, T )i =
exp(−ζĪ(t, T )T ) ,
(7.14)
m!
where the angle brackets denote an average over t.

7.2. P HOTON DISTRIBUTIONS FOR COHERENT AND CHAOTIC LIGHT
The distribution shown in equation 7.14 for Pm (T ), which applies generally to any variety
of stationary light source, contains a time average which can be explicitly evaluated for some
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Figure 7.2. The Poisson form of the photon-count distribution for light beams of constant intensity. The values
of m̄ are the mean numbers of photons counted during the period T . Note that Pm̄ = Pm̄−1 for the Poisson
distribution

special cases. Consider first the simplest case in which Ī(t) is independent of t. It follows from
equation 7.10 that Ī(t, T ) is then independent of both t and T and we can put
Ī(t, T ) = Ī.

(7.15)

The quantity to be averaged in equation 7.14 is thus independent of the averaging parameter
t, and the angle brackets can be ignored, to give
Pm (T ) =

m̄m
exp(−m̄),
m!

(7.16)

where we have introduced the quantity
m̄ = ζĪT.

(7.17)

The photon distribution Pm (T ) for the constant intensity case is thus a Poisson distribution
with a mean number m̄ of counted photons given by equation 7.17. The counting statistics
are the same as those found for the arrival of raindrops in a ‘steady’ downpour, or for the
arrival of particles emitted during radioactive decay of a long-lived isotope.
The form of the Poisson distribution is illustrated in Fig. 7.2 for three values of the mean
number of counts m̄. (The relative frequencies evaluated from experimental data can be seen
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Figure 7.3. Relative frequencies computed from experimental data

in Fig. 7.3.) The size of the fluctuations in the photon count about the mean is determined by
the root-mean-square deviation ∆m of the distribution. The calculation of ∆m is algebraically
the same as that given in equations (7.58) to (7.60) in Loudon (1973) but with |α|2 replaced
by m̄, and the result is
(∆m)2 = m̄
(7.18)
The fluctuations which occur for a beam of constant intensity are called particle fluctuations. They are due to the discrete nature of the photoelectric process, in which energy can
be removed from the light beam only in whole photons. It is seen from equations 7.17 and
7.17 that the particle fluctuation ∆m is proportional to the square root of the beam intensity.
The particle fluctuations are an intrinsic, irreducible feature of the photon-counting experiment. Light beams differ in the extent to which they produce counting fluctuations in excess
of equation 7.18, but the particle fluctuation is always present.
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CHAPTER 8

S TOCHASTIC M ODEL FOR
I NTERFERENCE PATTERNS

RANDOM POINT PROCESSES ARE MATHEMATICAL MODELS FOR PHYSICAL PHENOMENA characterized by
highly located events distributed randomly in a continuum. Each localized event is represented
in the model by an idealized point to be conceived of as identifying the position of the event in
the continuum. If X denotes the continuum space, the a realization of a random point process
on X is a set of points having coordinates in X.

8.1. P OISSON C OUNTING P ROCESSES
A counting process is introduced for the purpose to count numbers of points in subsets of the
space X on which a point process is defined. We assume that a realization ω of a stochastic
point process on X is a denumerable point set of X, i.e. ω = {X1 , X2 , . . .}, where each Xi
denotes the coordinate of a point in X. Now, let A be a subset of X, and denote by N(A; ω)
the number of points in ω that lie in A. Formally,
X
N(A; ω) =
χA (Xi ),
(8.1)
i

where χA (X) denotes the characteristic function for the set A, that is

1, X ∈ A
χA (X) =
0, X 6∈ A.

(8.2)

N(A; ω) defines a nonnegative, integer-valued random process on X as a function of A and
ω. A process constructed this way is called a counting process. It is customary to suppress the
dependency of N(A; ω) on ω and write the number of points in A simply as N(A).
Suppose X = {t; t ≥ t0 } corresponding to a point process in time for times after an initial
time t0 . If A is an interval of time, N(A) is the number of events having epochs in the interval.
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For the set A = {t : s ≤ t < u}, where t0 ≤ s, we introduce the notation
∆

N ({t : s ≤ t < u}) = Ns,u .

(8.3)

We further introduce a stochastic process {Nt ; t ≥ t0 } according to the definition
∆

(8.4)

Nt = Nt0 + Nt0 ,t ,

where Nt0 is a nonnegative integer that most often will simply be set to zero. Viewed as a
function of t, {Nt ; t ≥ t0 } has a unit jump at the epoch of each point and it is continuous from
the left.
Suppose A1 , A2 , . . . are disjoint sets in X. Then
X
χAk (X),
χ∪k Ak (X) =
k

and we have from 8.1 that
N (∪k Ak ) =

XX
i

χAk (Xi ) =

k

X

N(Ak ).

(8.5)

k

Thus, N(A) is an additive set function on X. For space X = {t; t ≥ t0 }, if s ∈ [t0 , t), then
[t0 , t) = [t0 , s) ∪ [s, t) and [t0 , s) ∩ [s, t) = ∅. Consequently, by the additivity property of N we
have
Ns,t = Nt − Ns .
(8.6)
Thus, Ns,t is the random variable denoting the increment of the counting process N on the
interval [s, t).
DEFINITION 8.1. (Poisson counting process). Counting process {Nt ; t ≥ t0 } is called Poisson
counting process if the following three properties are fulfilled:
1.Pr[Nt0 = 0] = 1;
2.for t0 ≤ s < t, the increment Ns,t = Nt − Ns is Poisson distributed with parameter Λt − Λs ,
Pr[Ns,t = n] =

(Λt − Λs )n −(Λt −Λs )
e
n!

(8.7)

for n = 0, 1, 2, . . ., where Λt is a nonnegative, non-decreasing function of t;
3.{Nt ; t ≥ t0 } has independent increments.
Property (3) is the distinguishing property. It means that if [ti , ui ) for i = 1, 2, . . ., k are
disjoint intervals on [t0 , ∞), then
Pr[Nt1 ,u1 = n1 , Nt2 ,u2 = n2 , . . . , Ntk ,uk = nk ] =

k
Y
i=1

for k = 1, 2, . . ..
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Function Λ in property (2) is termed the parameter function of the Poisson counting process. According to property (2), the only analytic restrictions required on this function are
that it be nonnegative and nondecreasing. In particular, there is no requirement that Λ be
continuous; even if continuous, Λ need not be differentiable. But if the derivative of the parameter function is exists, then it is the instantaneous average rate that points occur. This
follows because the expected number of points on the interval [s, t) has the evaluation
E(Ns,t ) =

∞
X

n Pr[Ns,t = n] = Λt − Λs

(8.9)

n=0

for a Poisson counting process. Consequently, the existence of the limit
lim δ−1 (Λt+δ − Λt )

(8.10)

δ↓0

implies that the point process has an instantaneous average rate at time t. Thus, if Λt is an
absolutely continuous function of t, so that it can be expressed as
Λt =

Zt

λσ dσ

t0

for all t ≥ t0 , where λt is a nonnegative function of t for t ≥ t0 , then the limit in 8.10 exists
and equals to λt . We term this function the intensity function of the process.

8.2. T IME S TATISTICS FOR THE P OISSON C OUNTING P ROCESS
Throughout this section, we assume that {Nt ; t ≥ t0 } is a Poisson counting process possessing
Rt
an intesity function λt for all t ≥ t0 . The parameter function of the process is Λt = t0 λσ dσ
for t ≥ t0 .
(n)

THEOREM 8.2. (Joint occurrence density). Denote by pw (W) the joint probability density
for the first n occurence times w = (w1 , w2 , . . . , wn ). For an inhomogenous Poisson counting
process with intensity λt on [t0 , t), we have that
 n
!
 Z Wn

Y



λWi exp −
λσ dσ , t0 ≤ W1 ≤ W2 ≤ · · · ≤ Wn
(n)
t0
pw (W) =
(8.11)
i=1


0,
otherwise

Proof. To establish expression 8.11 for the joint occurence density, consider the partitioning of time into the disjoint intervals shown in Figure 8.1. Introduce the counting statistics of
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...
t0

w1 w1 + ∆w1

w2 w2 + ∆w2

wn wn + ∆wn

t

Figure 8.1. Partitioning time into disjoint intervals

the Poisson process by noting the identity of the event {wi ∈ [Wi , Wi + ∆Wi ); i = 1, 2, . . . , n}
with the event
{Nt0 ,W1 = 0, NW1 ,W1 +∆W1 = 1, NW1 +∆W1 ,W2 = 0, NW2 ,W2 +∆W2 = 1, . . . ,
NWn ,Wn +∆Wn = 1}.
By using the independence of the increments of N and the counting statistics of these increments, we then have
Pr{wi ∈ [Wi , Wi + ∆Wi ); i = 1, 2, . . . , n} =
!
 Z Wn +∆Wn

n Z Wi +∆Wi
Y
=
λσ dσ exp −
λσ dσ .
i=1 Wi

t0

Consequently, the joint occurence density,
!−1
n
Y
∆
(n)
lim
pw (W) =
∆Wi
Pr{wi ∈ [Wi , Wi + ∆Wi ); i = 1, 2, . . . , n},
max ∆Wi →0

i=1

has the form asserted in 8.11.

DEFINITION 8.3. (Sample function density). For the counting process N on interval [t0 , t)
the quantity p[{Nσ ; t0 ≤ σ < t}] defined below is called sample function density:

Pr[N = 0],
Nt = 0
t
∆
p [{Nσ ; t0 ≤ σ < t}] =
(8.12)
pw (W, Nt = n), Nt = n ≥ 1,

where

∆

(n)

pw (W, Nt = n) = Pr[Nt = n|w1 = W1 , w2 = W2 , . . . , wn = Wn ]pw (W).
Roughly speaking, the sample function density determines the probability of obtaining a
particular realization of the point process on [t0 , t) with Nt = n points located, for n ≥ 1, at
times w1 = W1 , w2 = W2 , . . . , wn = Wn . This interpretation follows from the approximation
!
n
Y
∆Wi ' Pr [Nt = n, wi ∈ [Wi , Wi + ∆Wi ); i = 1, 2, . . . , n] .
p [{Nσ ; t0 ≤ σ < t}]
i=1
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THEOREM 8.4. (Sample function density for a Poisson process). Let {Nt ; t ≥ t0 } be an inhomogenous Poisson counting process with intensity function λt for t ≥ t0 . Then the sample
function density for N defined in 8.12 has the evaluation

 Zt



λσ dσ ,
Nt = 0
exp −

t!
0

 Zt
n
p [{Nσ ; t0 ≤ σ < t}] =
(8.13)
Y


λσ dσ , Nt = n ≥ 1.
λWi exp −


t0

i=1

Proof. Equation 8.13 follows immediately from the definition of the sample function density in 8.12, the joint occurence density in 8.11, and the relation
Pr[Nt = n|w1 = W1 , w2 = W2 , . . . , wn = Wn ] = Pr[Nt − NWn+ = 0]

 Zt
λσ dσ .
= exp −
Wn



If the sample function for which Nt = n, and for which the n waiting times occur at the
instants W1 , W2 , . . . , Wn is incorporated into 8.13, then we can alternatively write

 Zt
Zt
(8.14)
ln λσ dNσ ,
λσ dσ +
p[{Nσ ; t0 ≤ σ < t}] = exp −
t0

t0

where the second integral can be interpreted as a Riemann–Stieltjes integral with the evaluation


Nt = 0

Zt
0,
N
t
ln λσ dNσ = X

t0
ln λWi , Nt ≥ 1


i=1

We term integrals of this type counting integrals.

8.3. D OUBLY S TOCHASTIC P OISSON P ROCESSES
Let {xt ; t ≥ t0 } be a left-continuous, vector valued stochastic process that is the “outside”
process infuencing the evolution of a point process whose associated counting process is
{Nt ; t ≥ t0 }.
DEFINITION 8.5. (Doubly stochastic Poisson process). The process {Nt ; t ≥ t0 } is a doubly
stochastic Poisson process with intensity process {λt (xt ); t ≥ t0 } if for almost every given path
of the process {xt ; t ≥ t0 }, N is a Poisson process with intensity function λt (xt ). In other words,
{Nt ; t ≥ t0 } is conditionally a Poisson process with intensity function λt (xt ) given {xt ; t ≥ t0 }.
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The process {xt ; t ≥ t0 } we shall encounter as the quantity that conveys desired information, and for this reason we call it the information process.
Our model for a multichannel doubly stochastic Poisson process is comprised of K singlechannel doubly stochastic Poisson processes that are conditionally mutually independent Poisson processes given the information process.
(k)

DEFINITION 8.6. (Multichannel doubly stochastic Poisson process). Let {Nt ; t ≥ t0 } for
k = 1, 2, . . . , K be doubly stochastic Poisson processes with corresponding intensity processes
(k)
{λt (xt ); t ≥ t0 } for k = 1, 2, . . . , K, where {xt ; t ≥ t0 } is an information process. We assume
N(1) , N(2) , . . . and N(K) are mutually independent given {xt ; t ≥ t0 }. We term the vector Nt ,
where
h
i
∆
(1) (2)
(K) 0
Nt = N t N t . . . N t
,

a multichannel doubly stochastic Poisson process with intensity process λt (xt ), where
h
i0
∆
(1)
(2)
(K)
λt (xt ) = λt (xt )λt (xt ) . . . λt (xt ) .

LEMMA 8.7. (Method of conditioning). Time statistics for a doubly stochastic Poisson process {Nt ; t ≥ t0 } can be determined in principle by conditioning on the information process
{xt ; t ≥ t0 }, using the fact that thus conditioned {Nt ; t ≥ t0 } is a Poisson counting process, and
then removing the conditioning by evaluating an expectation with respect to the statistics of
the information process.
LEMMA 8.8. (Multichannel differential rule). Let {ξt ; t ≥ t0 , ξt ∈ Rn } satisfy
dξt = αt (ξt )dt + βt (ξt )dNt

(8.15)

where {Nt ; t ≥ t0 } is a multichannel doubly stochastic Poisson process. Here, β is an (n × K)dimensional matrix. Suppose ϕt (X) is a real valued function of X ∈ Rn with continuous partial
derivatives in t and X1 , X2 , . . . , Xn . Then



∂ϕt (ξt )
∂ϕt (ξt )
, αt (ξt ) dt+
+
dϕt (ξt ) =
∂t
∂ξt
X
(k)
+
K [ϕt (ξt + βt (ξt )ek ) − ϕt (ξt )] dNt ,
(8.16)
k=1

where ek is a K-dimensional unit vector with a one as its k-th component and zero for all
others.
Proof. For the proof see Gihman and Skorohod, 1972.

THEOREM 8.9. (Multichannel sample function density). Let {Nt ; t ≥ t0 } be a multichannel
doubly stochastic Poisson process with intensity process {λ(xt ); t ≥ t0 }, where {xt ; t ≥ t0 } is an
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information process. Denote the joint sample-function density of the components N(1) , N(2) , . . .
and N(K) of N by p[{Nσ ; t0 ≤ σ < t}]. By using the method of conditioning, the conditional
independence of the components of N, and the sample-function density for a Poisson process
8.14, we have that


Zt
Zt
(k)
, (8.17)
diag[ln λσ (xσ )dNσ
λσ (xσ )dσ +
p[{Nσ ; t0 ≤ σ < t}] = E exp 1, −
t0

t0

where 1 is a K-dimensional vector having unity as each component. From 8.17 and the multichannel differential rule 8.16, we can show that


Zt
Zt


(k)
^
^
p [{Nσ ; t0 ≤ σ < t}] = exp 1, −
λσ dσ +
diag ln λσ dNσ ,
(8.18)
t0

t0

^ t = E[λt (xt )|Nσ ; t0 ≤ σ < t] is the minimum mean square-error estimate of λt in terms
where λ
of {Nσ ; t0 ≤ σ < t}.
Proof. Equation 8.18 is derived as follows. For fixed {Nσ ; t0 ≤ σ < t}, define
Zt
Zt
h
i
(k)
diag ln λσ (xσ ) dNσ .
λσ (xσ )dσ +
Ht (xσ ; t0 ≤ σ < t) = −

(8.19)

t0

t0

Clearly,

If

i
h
(k)
dHt (xσ ; t0 ≤ σ < t) = −λt (xt )dt + diag ln λt (xt ) dNt .

(8.20)

∆

ϕt (xσ ; t0 ≤ σ < t) = exp [h1, Ht (xσ ; t0 ≤ σ < t)i] ,
then 8.20 and the multichannel differential rule imply that
dϕt (xσ ; t0 ≤ σ < t) = − h1, λt (xt )ϕt (xσ ; t0 ≤ σ < t)idt
+ h[λt (xt ) − 1]ϕt (xσ ; t0 ≤ σ < t), dNt i .

(8.21)

By taking the expectation of both sides of this expression, recognizing from 8.17 that
E [ϕt (xσ ; t0 ≤ σ < t)] = p [{Nσ ; t0 ≤ σ < t}] ,

(8.22)

and using the following relation to be established
^ t E [ϕt (xσ ; t0 ≤ σ < t)] ,
E [λt (xt ϕt (xσ ; t0 ≤ σ < t)] = λ

(8.23)

D
E
^ t dt
dp [{Nσ ; t0 ≤ σ < t}] = − p [{Nσ ; t0 ≤ σ < t}] 1, λ
D
E
^ t − 1, dNt .
+ p [{Nσ ; t0 ≤ σ < t}] λ

(8.24)

we obtain
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By applying the differential rule again, we have
E
E
D
h
i
D
^ t dt + 1, diag ln ^λ(k) dNt .
d ln p [{Nσ ; t0 ≤ σ < t}] = − 1, λ
t

(8.25)

Integration of this equation establishes 8.18. Equation 8.23 may be established using Bayes’
rule, the sample-function density for a Poisson process, and 8.22 as follows. According to
Bayes’ rule, there holds
pt (X|Nσ ; t0 ≤ σ < t) =

p ({Nσ ; t0 ≤ σ < t}|xt = X) pt (X)
,
E [p ({Nσ ; t0 ≤ σ < t}|xt = X)]

(8.26)

where pt (X) and pt (X|Nσ ; t0 ≤ σ < t) are the prior and posterior probability densities for
xt ; p ({Nσ ; t0 ≤ σ < t}|xt = X) is the conditional sample-function density for N given that
xt = X; and the denominator is the required normalization factor. For the first term in the
numerator, we use iterated expectations to obtain
p ({Nσ ; t0 ≤ σ < t}|xt = X) = E [p ({Nσ ; t0 ≤ σ < t}|xσ ; t0 ≤ σ < t) |xt = X]
= E [ϕt (xσ ; t0 ≤ σ < t)|xt = X] .

(8.27)

For the denominator of 8.26, we have from 8.22 that
E [p ({Nσ ; t0 ≤ σ < t}|xt = X)] = p ({Nσ ; t0 ≤ σ < t})
= E [ϕt (xσ ; t0 ≤ σ < t)] .

(8.28)

Hence, 8.26 may be rewritten using 8.27 and 8.28 as
pt (X|Nσ ; t0 ≤ σ < t)E [ϕt (xσ ; t0 ≤ σ < t)] = pt (X)E [ϕt (xσ ; t0 ≤ σ < t)|xt = X] .

(8.29)

Multiplication of both sides of 8.29 by λt (X) and integration with respect to X then establishes
8.23 and, thus, the sample-function density 8.18.


8.4. H YPOTHESIS T ESTING FOR D OUBLY S TOCHASTIC P OISSON P ROCESSES
Let {Nt ; t ≥ t0 } be a doubly stochastic Poisson process with an intensity process that is either
(0)
(1)
{λt (xt ); t ≥ t0 } or {λt (xt ); t ≥ t0 }. The problem is to decide which which given an observed
counting record {Nσ ; t0 ≤ σ < T } on the interval [t0 , T ). The rule for making this decision can
be stated in terms of the likelihood ratio Λ defined by
Λ=

p1 [{Nσ ; t ≤ σ < T }]
,
p0 [{Nσ ; t ≤ σ < T }]
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where p0 [{Nσ ; t ≤ σ < T }] and p1 [{Nσ ; t ≤ σ < T }] denote the sample function densities as(0)
(1)
sociated with the intensities λt and λt . The rule is:

λ(1) , if Λ ≥ η
t
Accept
λ(0) , if Λ < η,
t

where Λ is evaluated for the particular observed counting record, and η is a nonnegative
constant, the so-called threshold, that does not depend on the observed data but only on the
(0)
(1)
prior probabilities of λt and λt and the decision performance criterion.
The likelihood ratio Λ and, therefore, the decision rule can be specified explicitly when(0)
(1)
ever the sample function densities associated with both λt and λt can be specified explicitly.
Fundamental insight into the structure of the likelihood ratio in more general situations provided by the representation of the sample function density in 8.18.
THEOREM 8.10. (Multichannel hypothesis testing). By incorporating 8.18 into Λ, we see
that the likelihood ratio test becomes
!#
+
* Z
"
Zt

t 
^λσ1(k)
λ(1)
1
0
^
^
(8.31)
dNσ ≷ ln η,
ln Λ = 1,
λσ − λσ dσ +
diag ln
^λσ0(k)
t0
t0
λ(0)
^ σ(i) for i = 0 and i = 1 is the function of the observed counting record defined by
where λ
 h
i

E λσ(i) (xσ )|Hi , Nσ ,
Nσ = 0
^ σ(i) =
λ
(8.32)
h
i

E λσ(i) (xσ )|Hi , Nσ = k , Nσ = k > 0.
Here Hi denotes the hypothesis that λ(i) is the intensity governing the evolution of N.
(i)

(i)

^ is that it is the minimum mean square error estimate of λσ in
The interpretation of λ
terms of the observed counting record if λ(i) is, in fact, the underlying intensity; otherwise,
^ (i) is a well-defined function of the counting record but has no interpretation as an estimate.
λ
^ σ(i) is designed according to 8.32 as if Hi is the true hypothesis. But, of course,
In other words, λ
^ σ(i) has an interpretation as an estimate if it is, but not otherwise.
Hi may or may not be true; λ
(1)
(0)
^ (1)
^ (0)
For this reason we term λ
σ and λσ in 8.31 pseudo estimates of λσ and λσ , respectively.

8.5. F ILTERING FOR D OUBLY S TOCHASTIC P OISSON P ROCESSES
The filtering problem is described as follows. Let {Nt ; t ≥ t0 } be a doubly stochastic Poisson
process with intensity process {λt (xt ); t ≥ t0 }, where {xt ; t ≥ t0 } is the underlying information
process. We suppose that N is observed on the interval [t0 , t) and that the entire counting
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path {Nσ ; t0 ≤ σ < t} is available for processing to form estimates. The endpoint time t is
allowed to increase from t0 corresponding to a real-time parameter as additional data are
accumulated. We desire to estimate the value at time t of some specified function of the
information process; for example, this function could be the intensity process λt (xt ) or the
information process xt itself. An estimate is sought that evolves in time as new data become
available; all the data accumulated up to any time can be used to form the estimate at that
time. This causal dependence of the estimate on the observed counting record implies that
there is a potentiality for generating the estimate in real-time as data arrive.
In the following we consider the linear filtering problem, that is, the estimate is constrained
to be a linear function of the counting record. The motivation for this constraint is that it leads
to estimators that are relatively easy to realize in practice, however, for many applications of
interest linearly constrained estimates are not sufficiently accurate.
DEFINITION 8.11. (Linear estimator). Let {Nt ; t ≥ t0 } be a doubly stochastic Poisson process
with intensity process {λt (xt ); t ≥ 0}. We seek an estimate of the intensity at time t in terms
of an observed counting path on the interval [t0 , t). The estimator is constrained to be linear;
that is, the estimate λ∗l
t of λt must have the form
λ∗l
t

= at +

Zt

H(t, u)dNu

(8.33)

t0

for some deterministic function at and impulse response function H(t, u).
l

^ t denote the linear estimate λ∗l
Let λ
t that results in 8.33 when both at and H(t, u) are
∗l 0
selected to minimize the mean-square error E[(λt − λ∗l
t )(λt − λt ) ]. This linear, minimum
mean-square error estimate is given in Theorem 8.13. For the proof we need the following
lemma.
LEMMA 8.12. (Second moment properties of filtering). Let {Nt ; t ≥ t0 } be a doubly stochastic Poisson process with intensity process {λt (xt ); t ≥ 0}. Let {yt ; t ≥ t0 be a filtered doubly
stochastic Poisson process
Zt
y0 =
H(t, u)dNu .
t0

Then using the method of conditioning the following second moment properties for y can be
established:
1.
E(yt ) =

Zt

H(t, u)E(λu )du.

t0
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2.
var(yt ) =

Zt

t0

+

h 
i
(k)
H(t, u) diag−1 E λu
H 0 (t, u)

Zt Zt

H(t, u)Kλ (u, v)H 0 (t, v)dudv,

t0 t0

where Kλ is the covariance function of λ.
3.Let
cov(λs , yt ) = E(λs , yt ) − E(λs )E(yt ),
then
cov(λs , yt ) =

Zt

H(t, u)Kλ (s, u)du.

t0

Proof. For the proof see Snyder, 1975.

THEOREM 8.13. (Multichannel linear filtering). Denote the linear estimate minimizing the
∗l 0
^l
error covariance E[(λt − λ∗l
t )(λt − λt ) ] by λt ; here, the minimization means that
h
i
h
i
∗l 0
^l
^l 0
E (λt − λ∗l
t )(λt − λt ) − E (λt − λt )(λt − λt )
is nonnegative definite for all choices of λ∗l
t . Then
^ lt = E(λt ) +
λ

Zt

(8.34)

H0 (t, u)[dNu − E(λu )du],

t0

where the optimum impulse response matrix satisfies the integral equation
h 
i Z t
(k)
H0 (t, σ)Kλ (σ, u)dσ = Kλ (t, u),
H0 (t, u) diag E λu
+
t0

t0 ≤ σ < t.

(8.35)

Here Kλ is the covariance matrix function of the intensity process. Furthermore, the resulting
minimum mean-square error is given by
h
i
h 
i
^ lt ) 0 = H0 (t, t) diag E λ(k) .
^ lt )(λt − λ
E (λt − λ
(8.36)
t
Proof. Let λ∗l
t be an arbitrary linear estimate of λt in terms of the counting record {Nσ ; t0 ≤
σ < t}, and suppose H0 (t, u) satisfies 8.35. Write λ∗l
t as
λ∗l
t

= αt +

Zt

[H0 (t, u) + G(t, u)] [dNu − E(λu )du] .

t0
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By using the assertions in Lemma 8.12, we can deduce that

 0

∗l
∗l
λt − λt
E λ t − λt

Zt
= E (λt − E(λt )) − (αt − E(λt )) −
[H0 (t, u) + G(t, u)] [dNu − E(λu )du]
t0

(λt − E(λt )) − (αt − E(λt )) −

Zt

[H0 (t, u) + G(t, u)] [dNu − E(λu )du]

t0

0

#

= Kλ (t, t) + (αt − E(λt ))(αt − E(λt )) 0
Zt
h 
i
(k)
[H0 (t, u) + G(t, u)] 0 du
[H0 (t, u) + G(t, u)] diag−1 E λu
+
t0

+

Zt Zt

[H0 (t, u) + G(t, u)] Kλ (u, v) [H0 (t, v) + G(t, v)] 0 dudv

t0 t0
Zt

−2

[H0 (t, u) + G(t, u)] Kλ (t, u)du.

t0

Manipulation and use of 8.35 then shows that


 0
∗l
∗l
E λt − λ t
= Kλ (t, t) + (αt − E(λt ))(αt − E(λt )) 0
λ t − λt
Zt
−
H0 (t, u)Kλ (t, u)H0 (t, u) 0 du
t0

+
+

Zt Zt

G(t, u)Kλ (u, v)G(t, v) 0 dudv

t0 t0
Zt
t0

i
h 
(k)
G(t, u) 0 du.
G(t, u) diag−1 E λu

(8.38)

Because E(λt ) ≥ 0 and Kλ is nonnegative definite, we have
Zt
i
h 
(k)
G(t, u) diag−1 E λu
G(t, u) 0 du ≥ 0
t0

and

Zt Zt

t0 t0

G(t, u)Kλ (u, v)G(t, v) 0 dudv ≥ 0.

∗l 0
Consequently, E[(λt − λ∗l
t )(λt − λt ) ] is minimized by setting αt = E(λt ) and G(t, u) = 0. It
l
^ t is given by 8.34. We have also that
follows from 8.37 that λ
Zt
i
h
l
l 0
^
^
H0 (t, u)Kλ (t, u)du.
(8.39)
E (λt − λt )(λt − λt ) = Kλ (t, t) −
t0

Equation 8.36 follows from this and 8.35, and the theorem is proven.
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Figure 8.2. Optimum linear intensity estimator

The linear estimator that minimizes the mean-square error is shown schematically in Figure
8.2. The impulse response of the optimum linear filter H0 (t, u) satisfies the integral equation
8.35. The mean-square performance of this estimator is given in terms of the optimum impulse
response in 8.36. In order to implement this estimator and evaluate its performance, we need
to know the mean value function and covariance function of the intensity process.
The integral equation 8.35 has been studied extensively in connection with the linear
filtering problem for observations that contain additive noise. The additive model that leads
to the same integral equation is the following. Let {λt ; t ≥ t0 } be the intensity process defined
above, and suppose observations of the additive form
rt = λt + [E(λt )]1/2 wt ,

t ≥ t0

(8.40)

are available, where {wt ; t ≥ t0 } is a zero mean white noise process with unit intensity and
independent of λ. Then the linear estimator that minimizes the mean-square error in estimating λt in terms of an observed path {rσ ; t0 ≤ σ < t} is that shown in Figure 8.2 with H0 (t, u)
specified by 8.35.
This last remark is very important. It implies that all the highly developed linear filtering
theory for the additive observation model can be applied directly to the doubly stochastic
Poisson process observation model. Perharps the most notable aspect of this theory because
of its computational advantage is the Kalman–Bucy formulation. Now, we want to indicate
how the Kalman–Bucy filtering algorithm can be used with doubly stochastic Poisson process
observations. First we need to postulate a linear dynamical model for the intensity process.
Let us suppose {λt ; t ≥ t0 } has a state-variable realization as
dxt = At xt dt + Bt dut ,
λt = E(λt ) + Ct xt ,

t ≥ t0
(8.41)

where x is an n-dimensional state vector, At is a known n × n matrix, Bt is a known n × m
matrix, Ct is a known K×n matrix, x0 is an initial random variable with zero mean and known
covariance Σ0 , and {ut ; t ≥ t0 } is a vector of independent, zero-mean random processes with
stationary, orthogonal increments and normalized so that E(ut uτ0 ) = I min(t, τ) where I is an
m × m identity matrix. It now follows from 8.40 and 8.41, and the Kalman–Bucy algorithm
82

8. S TOCHASTIC M ODEL

FOR I NTERFERENCE

PATTERNS

^ lt is given by the following equations:
that λ
i
h 
i h
(k)
^lt dt + Σt Ct0 diag−1 E λt
^lt dt ,
d^
xlt = At x
× dNt − E(λt )dt − Ct x

(8.42)

^lt0 = 0,
x

h 
i
dΣt
(k)
Ct0 Σt ,
= At Σt + Σt At0 + Bt Bt0 − Σt Ct diag−1 E λt
dt
Σ t0 = Σ 0 ,

(8.43)

^ lt = E(λt ) + Ct x
^lt .
λ

(8.44)

Further, the error covariance matrix in estimating λt using this linear estimator is given by



l
l 0
^
^
E λt − λt λt − λt
= Ct Σt Ct0 .
(8.45)

Amplitude

The above described filtering algorithm was implemented by the use of the System Identification and Control System Toolboxes of MATLAB. As a conclusion of this Chapter we
show the cross spectra data between two detector pixels (Fig. 8.3). It can be seen that the
(i)
(j)
original counting processes Nt and Nt – although spatially separated – can not be distin(i)
(j)
guished in a statistical sense, while the intensity processes λt and λt have definitely different
characteristics. An interpretation attempt for this result can be read in the next Chapter.
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INTERPRETATION
AND
OUTLOOK

And the last, in every case to make enumerations so complete, and
reviews so general, that I might be assured that nothing was omitted.
D ESCARTES: Discourse on the Method

CHAPTER 9

A P OPPERIAN I NTERPRETATION OF
I NTERFERENCE E XPERIMENT

THE

THE CONTENT OF THIS CHAPTER MAY BE WEIRD at first look for the reader being an engineer
or physicist as we are – following Karl Popper, the world-respected philosopher of science
– arguing here about the existence of some other “realities” beyond our perceptible (the socalled physical) world. But this is not “only” philosophy. The everyday practice of system
identification widely applies the distinction between measurement data, models and systems,
moreover, scientific method is often referred as “modelling the reality”. Models constitute
a separate “world” that is undoubtedly not coincide either with the world of experimental
results, nor with the world of actual systems being modelled. Modelling is about finding satisfactory correspondence with data and every modeller is anxious for the confidence of the
model. Notice, that even system identification procedure contains the verification and validation steps that judge on the model – this is a strict analog with the relationships between the
three worlds of Popper.
In the following we shortly outline the Popperian view of scientific knowledge, after we
try to draw a parallel between our model for the interference experiment and the paradigm
of the third world.

9.1. O N THE T HEORY OF THE O BJECTIVE KNOWLEDGE
Western philosophy consists very largely of world pictures which are variations of the theme
of body-mind dualism. The main departures from this dualistic theme were attempts to replace
it by some kind of monism. It seems that these attempts were unsuccessful, and behind the
veil of monistic protestations there still lurks the dualism of body and mind (Jung, 1971).
However, some philosophers have made a serious beginning towards a philosophical pluralism, by pointing out the existence of a third world, think of Plato, the Stoics, and some
moderns such as Leibniz, Bolzano and Frege.
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Plato was the discoverer of the third world1 . His world of Forms and Ideas was an objective, autonomous third world, which was different not only from bodies and from minds,
but also from ‘Ideas in the mind’, that is to say, from conscious or unconscious experiences:
Plato’s Forms or Ideas constitute a third world sui generis, see for example (Plato, 1984).
Thus Platonism goes beyond the duality of body and mind. It introduces a tripartite world,
or, as K. R. Popper prefers to say, a ‘third world’. To explain this expression, without taking
the words ‘world’ or ‘universe’ too strictly, one may distinguish the following three worlds or
universes:
1. the world of physical objects or of physical states;
2. the world of states of consciousness, or of mental states, or perhaps behavioral dispositions
to act;
3. the world of objective contents of thought, especially the content of scientific and poetic
thoughts, and works of art.
Let us remark, that one may enumerate its worlds in different ways, especially, distinguish
more than three worlds, see e.g. Lakatos (3 4).
One of the fundamental problems of this pluralistic philosophy concerns the relationship
between these three worlds. The three worlds are so related that the first two can interact
and that the last two can interact. Thus the second world, the world of subjective or personal
experiences, interacts with each of the other two worlds.
Following Popper (1972) about this third world we have two statements:
1. The third world is objective, see Section 9.1.1.
2. There is a sense in which the third world is autonomous: in this world we can make
theoretical discoveries similar way to that in which we can make geographical discoveries
in the first world, see Section 9.1.2.
Almost all our subjective knowledge depends upon the third world, that is to say on
linguistically formulated theories. The self-correcting method by which science proceeds is
the method of bold conjectures and ingenious and severe attempts to refute them, see Popper
(1963).
9.1.1. The Objectivity of the Third World
Among the inmates of third world are, especially, theoretical systems; but inmates just as
important are problems and problem situations. The most important inmates of this world are
critical arguments, and the state of a discussion; and of course, the contents of journals, books
and libraries.
1

As Whitehead remarked, all Western philosophy consists of footnotes to Plato.
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The opponents of the thesis of an objective third world, of course, admit that there are
problems, conjectures, theories, arguments, journals and books. But they usually say that all
these entities are, essentially, symbolic or linguistic expressions of subjective mental states, or
of behavioral dispositions; further, that these entities are means of communication, that is
to say, symbolic or linguistic means to evoke in others similar mental states or behavioral
dispositions to act.
This was first seen by the Stoics who developed a subtle philosophy of language. Human
language, as they realized, belongs to all three worlds (Pinker, 1994). In so far as it consists
of physical actions or physical symbols, it belongs to the first world. In so far it expresses a
subjective or psychological state, or in so far as grasping or understanding language involves a
change in our subjective state, it belongs to the second world. And in so far as language contains information, in so far as it says or states or describes anything, or conveys any meaning
or any significant message which may entail another, or agree or clash with another, it belongs
to the third world. Theories, propositions or statements are the most important third world
linguistic entities.
It was also the Stoics who first made the important distinction between the (third world)
objective logical content of what we are saying, and the objects about which we are speaking.
These objects, in their turn, can belong to any of the three worlds: We can speak first about
the physical world (either about physical things or physical states), or secondly about our
subjective mental states (including our grasp of a theory), or thirdly about the contents of
some theories, such as some arithmetical propositions, and their truth or falsity.
Let us cite Popper’s (1945) argument for the independent existence of the third world:
I [Popper] consider two thought experiments:
Experiment (1). All our machines and tools are destroyed, and all our subjective learning, including our subjective knowledge of machines and tools, and how to use them. But
libraries and our capacity to learn from them survive. Clearly, after much suffering, our
world may get going again.
Experiment (2). As before, machines and tools are destroyed, and our subjective learning, including including our subjective knowledge of machines and tools, and how to use
them. But this time, all libraries are destroyed also, so that our capacity to learn from
books becomes useless.
If you think about these two experiments, the reality, significance, and degree of autonomy of the third world (as well as its effects on the second and first worlds) may perhaps become a little clearer to you. For in the second case there will be no re-emergence
of our civilization for many millennia.
We can thus say that there is a kind of Platonic (or Bolzanoesque) third world of books in
themselves, theories in themselves, problems in themselves, problem situations in themselves,
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arguments in themselves, and so on. Moreover, even though this world is a human product,
there are many theories in themselves, arguments in themselves and problem situations in
themselves which have never been produced or understood, and may never be produced and
understood by men.
In this way, a whole new universe of possibilities or potentialities may arise: a world which
is to a large extent autonomous.
9.1.2. The Autonomy of the Third World
The idea of autonomy is central to Popper’s theory of the third world: although the third
world is a human product, a human creation, it creates in its turn – as do other animal products
– its own domain of autonomy.
There are several examples. Perhaps the most striking ones, and at any rate those which
should be kept in mind as our standard examples, may be found in the theory of the natural
numbers. The sequence of natural numbers is certainly a human construction (Brouwer, 1951).
But although we create this sequence, it creates its own autonomous problems in its turn.
The distinction between odd and even numbers is not created by us: it is an unintended and
unavoidable consequence of our creation. Prime numbers, of course, are similarly unintended
autonomous and objective facts; and in their case it is obvious that there are many facts here
for us to discover: there are conjectures like Goldbach’s. And these conjectures, though they
refer indirectly to objects of our creation, refer directly to problems and facts which have
somehow emerged from our creation and which we can not control or influence: they are
hard facts, and the truth about them is often hard to discover.
But the autonomy is only partial: the new problems lead to new creations or constructions
– such as recursive functions – and may thus add new objects to the third world. And every
such step will create new unintended facts, new unexpected problems, and often also new
refutations (Lakatos, 3 4).
There is also a most important feed-back effect from our creations upon ourselves, from
the third world upon the second world. For the new emergent problems stimulate us to new
creations.
The process can be described by the following scheme (Popper, 1965):
P1 → TT → EE → P2 .

That is, we start from some problem P1 , proceed to a tentative solution or tentative theory TT ,
which may be (partly or wholly) mistaken; in any case it will be subject to error elimination,
EE, which may consist of critical discussion or experimental tests; at any rate, new problems P 2
arise from our own creative activity; and these new problems are not in general intentionally
created by us, they emerge autonomously from the field of new relationships which we can
not help bringing into existence with every action, however little we intend to do so.
88

9. A P OPPERIAN I NTERPRETATION

OF THE I NTERFERENCE

E XPERIMENT

The autonomy of the third world, and the feed-back of the third world upon the second
and even the first, are among the most important facts of the growth of knowledge.

9.2. I NTERPRETATION OF THE I NTERFERENCE E XPERIMENT
As it is discussed in Chapter 1, any local realistic theory which involves only readily measured
quantities is expected to obey the Bell (page 15) or the Clauser–Horne (page 16) inequalities. However, these inequalities are violated in real experiments. It follows, says the standard
conclusion, that the Einstein–Podolsky–Rosen experiment can not be accommodated in a relativistic and deterministic universe.
It was pointed out in Chapter 2 that there is a serious loophole in the real experiments:
the original configuration contains two “event-ready” detectors, which signal both arms that a
pair of particles has been emitted (Fig. 2.2 on page 21). So, the statistics is assumed to be taken
on the ensemble of particle pairs emitted by the source. It is obviously impossible to realize
an “event-ready” detection (in practice all conceivable “event-ready” detectors depolarize or
destroy the particles) and to perform the measurement on the unselected ensemble. In the
real experiments instead of the “event-ready” detectors, a four-coincidence circuit detects the
“emitted particle-pairs”. This method yields a selected statistical ensemble: only those pairs
are taken into account, which coincidentally fire one of the left and one of the right detectors.
(It is to be emphasized that this claim is based on the logical schema of the experiment,
independently of the detectors’ inefficiency problem.)
Arthur Fine’s “Prisms Model” resolves this contradiction. He argues that because of the
random choice of the measured elements, the conditional probability of the outcome A+ ,
given that the measurement a has been performed, p(A+ | a) must be equal to the relative
frequency of elements having property A+ among those which are capable to produce an outA
come of such a measurement, nA
+ /n (see Fig. 2.5 on 24). Let us realize that Fine’s approach
is closely related to system identification: given the noisy and incomplete measurement results,
he formulates (or describe statistically) a model that can produce an outcome similar to that
of the system. He knows that the system itself is “unrecognizable” and does not attempt to
describe it, his only aim is to provide some verified statistical description.
In the dissertation I presented an approach based on the paradigm of mathematical system
theory: in addition to the spatial information used in the quantum-optical formulation let us
investigate the temporal evolution of the interference pattern in order to identify the underlying third world phenomenon. This is surely not a local hidden variable interpretation, instead
it propose that there is some kind of global hidden information pattern that is only partially
knowable. It is obviously impossible to formalize this hidden pattern, but it is possible to prove
its existence. This is the main contribution of the dissertation and summarized as follows.
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THESIS 1. (Sections 3.3 and 7.2). I proposed the application of vector-valued doubly stochastic Poisson process models for the formulation (time evolution) of interference patterns.
Although this seems to be a straightforward goal, nonetheless we have to face with both
theoretical and practical difficulties. First of all, some measurement results should be collected.
This is certainly not a trivial problem, Chapters 3 to 5 summarize the proposed experimental
layout and describe the necessary equipment in technical terms. The experimental layout itself
is a proposition as it became available only in the last few years to combine a high speed
photodetector array with a high speed data acquisition card and record time statistics for the
photonic arrival process.
THESIS 2. (Sections 5.1–3). I set up an experimental layout for registering the time formulation of interference patterns.
In Chapter 4 we proposed a candidate for the light source. Semiconductor lasers are wellknown, can easily be configured in experimental environments and reasonably priced but
the area of use is limited, mostly because of the instability of their frequency outcome. In
Proposition 4.1 we suggested frequency stabilization for the semiconductor laser system in
order to apply as a coherent source in the interferometric experiment. As it is depicted in
Fig. 4.5 (see page 39), the frequency fluctuations in the domain of practical interest became
significantly smaller and even due to LQ regulation.
THESIS 3. (Section 4.3). I developed a new method for minimizing the output frequency fluctuations of semiconductor laser diodes.
Once data is collected we can perform system identification. . . Unfortunately not. Before
anything is done we have to consider the detectors’ inefficiency problem and the sampling time
selection problem. These two are hopefully resolved by our new approach based on fractal
theory. In Chapter 6 we introduced the concept of point fractals and Proposition 6.2 states
that “the photon arrival process is self-similar in a statistical sense.” After investigating the
existence of scale invariance we could draw up two statements
− the efficiency of detection does not effect substantially on the statistical properties of the
photonic arrival process (Proposition 6.10), and
− for the photonic arrival process under investigation the return period is approximately
1ms (Proposition 6.12).
THESIS 4. (Section 6.4). I concluded in the optimal sampling time for statistical modelling of
the photonic arrival process.
Now we are prepared for system identification. The first step is model class selection, this is
summarized in Chapter 7 by Lemma 7.1 that postulates a Poisson distributed photonic arrival
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process. After, in Chapter 8 we introduced a doubly stochastic Poisson model for the process and concluded in the Multichannel Linear Filtration Theorem (8.13) for the underlying
intensity process λt .
THESIS 5. (Section 8.5). I derived the optimal linear filtering algorithm for vector-valued doubly stochastic Poisson processes.
Having implemented the algorithms, the result is visualized in Fig. 8.3 (page 83) in which it
(i)
(j)
is noticeable that although the original counting processes Nt and Nt are spatially separated,
(i)
(j)
they can not be distinguished in a statistical sense, while the intensity processes λt and λt
have definitely different frequency characteristics. In our interpretation this is an evidence for
the existence of some kind of global hidden information pattern that should correspond to
Karl Popper’s third world.
We do not want to fell in the mistake of vanity and not take an attempt at explaining (or
resolving) the Einstein–Podolsky–Rosen paradox that is in focus of interest of the scientific
community for more than 65 years. Instead, in the last Chapter we point out some of the
known absences of our model and outline the directions for further research.
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THE DEVELOPMENT OF THE MODEL FOR TIME EVOLUTION of interference patterns is certainly not in
home straight. The proposed model has a limited validity and several objections can be made.
Maybe the most obvious one is that the measurement data is precise enough. Year by year there
are more efficient (and at the same time noise tolerant) hardware elements with higher spatial
and temporal resolution introduced to market that can be used for carrying out much more
precise experiments. However, this objection can be refused in the light of Proposition 6.10,
since the fractality of photonic arrival process results in the retaining of substantial statistical
characteristics (almost) independently of detector efficiency. We can derive more sophisticated
models from more exact data but the essence will be the same.
A more appropriate objection is that we have not provided any formal model at all. Indeed,
we have only verified the existence of certain relationships between the underlying intensity
processes corresponding to detector pixels, or – according to the Popperian interpretation –
the existence of some hidden information pattern in the so-called third world (information
cosmos). Therefore, in the following paragraphs we try to formulate the tasks to be completed
during the ongoing research.
Our research at present is focused on deriving an optimal (minimum mean square error)
recursive filter for random parameter auto-regressive (AR) models in discrete time. The AR
parameter varies as an exponential or polynomial function of a linear Gaussian dynamical
system – the driving or information process. The observations form a doubly stochastic discrete time Poisson process with rate proportional to the square of the driving process. The key
motivation for studying this process model stems from the physical understanding of the photonic arrival process: the intensity of the electromagnetic field is proportional to the square of
the amplitude.
There are a quite few estimation problems for which finite dimensional optimal filters exist, i.e. filters given in terms of finite dimensional sufficient statistics. Indeed, the only two cases
that are widely used are the Kalman filter and the Wonham filter. The Kalman filter applies to
linear Gaussian models and is finite dimensional because the linearity implies a filtered density
92

10. O UTLOOK

AND

F URTHER R ESEARCH

which remains Gaussian. This Gaussian filtered density is specified by the conditional mean
and variance which are given recursively by the Kalman filter equations. Kalman filtering algorithm for doubly stochastic Poisson processes was given earlier by Equations (8.42)–(8.44).
The Wonham filter is a filter for the state of a finite state Markov chain observed in a white
noise.
PROBLEM 10.1. (Optimal Filtering for Doubly Stochastic AR Models). All of the following
random processes are defined initially on the probability space (Ω, F, P). We begin with the
scalar linear stochastic difference equation
xk+1 = Ak+1 xk + wk+1 ,
where xk ∈ R with x0 is a Gaussian random variable with zero mean and nonzero variance
Q0 and Ak ∈ R is deterministic. The process {wk } is a sequence of independent, zero mean
Gaussian random variables and wk has a nonzero variance Qk . The sequence {wk } is assumed
to be independent of x0 .
The observation process is the doubly stochastic, discrete time Poisson process {nk }, k ≥ 0
with rate (Ck xk )2 , where Ck ∈ R is deterministic. We thus have
(Ck xk )2n −(Ck xk )2
e
,
n!
where E denotes expectation under P and I is an indicator function.
The process xk drives the scalar doubly stochastic AR process
E{I(nk = n) | xk } =

sk+1 = fk+1 (xk )sk + uk+1 ,

s0 = 1,

where sk ∈ R, fk : R 7→ R is a real valued function in x and k, and {uk } is a sequence of zero
mean random variable independent of x0 and the processes wk and nk .
Define the sigma fields
Gk = σ{x0 , x1 , . . . , xk , n0 , n1 , . . . , nk }
Yk = σ{n0 , n1 , . . . , nk }
with corresponding complete filtrations {Gk } and {Yk }.
Aim. Derive a filter for sk , i.e. compute the filtered estimate s^k = E{sk | Y}. We assume s0
is known.
PROBLEM 10.2. The seemingly distant final goal of our research is to find some correspondence between the resulting doubly stochastic auto-regressive model and the Maxwellian
description of the electromagnetic field. Having such a model – and knowing the experimental setup – we could predict both the spatial pattern (using the Maxwell equations) and
the temporal evolution of interference (naturally, this is a statistical and not a deterministic
description).
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Nádai, L.: 2002, ‘Modelling photon counting experiments using fuzzy logic controller’. Journal of
Advanced Computational Intelligence, Fuji Technology Press. (accepted for publication)
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Várlaki, P., Z. Papp, L. Nádai, and I. Joó: 1998a, ‘Stochastic control model for H-atoms (Non-radiating
solution of the classical Bohr model)’. In: 3rd APCCM. Tunhuang, China.
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Várlaki, P., L. Szeidl, and L. Nádai: 1997c, ‘New stochastic approach for measuring and controlling
photon statistics’. In: P. Gabko (ed.): Proc. Workshop AUTOMATION 2001. Vienna, Austria, pp.
253–256.
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