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Abstract— The paper is concerned with the stability analysis and 

the control of chaos in a permanent magnet dc drive system with 

the auxiliary state vector. The stability analysis is based on the 

eigenvalues of the Jacobian matrix of the Poincare Map Function 

(PMF). Using the auxiliary state vector, the Jacobian matrix can 

be determined without the derivation of the PMF. A 

compensating ramp signal is used to avoid bifurcation. The slope 

of the ramp signal is also determined by the auxiliary state 

vector. The results are verified by computer simulations in the 

time domain. 
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I.  INTRODUCTION 

Large number of power electronic circuits belongs to the 
variable structure piecewise-linear systems. They change their 
structure after each switching and the sequence of structures 
succeeds each other periodically in periodic steady-state. 
Assuming ideal components these structures can be modeled 
by time-invariant linear models therefore the systems are 
piecewise-linear. The overall systems are nonlinear due to the 
dependence of the switching instants on state and input 
variables, or in some other cases due to saturations or other 
nonlinearities. 

The paper is concerned with the stability analysis and the 
control of chaos in a commonly used DC drive system, the 
buck-chopper-fed permanent-magnet DC motor drive (Fig.1). 
Chan et. al. showed in [1] that, this drive system using a 
proportional speed controller generally exhibit chaotic 
behavior. In this paper a PI controller is applied to eliminate the 
steady-state error. In [4] the Filippov’s-method is used to 
analyze the instabilities of a DC motor drive with full-bride 
converter. Similar to [1] also proportional speed controller is 
used in [4]. 

The stability study used in the paper is based on the 
eigenvalues of the Jacobian matrix of the Poincare Map 
Function (PMF) determined at a fixed point of the system [2]. 
From the physical viewpoint, it is equivalent to study the 
behavior of the periodic steady-state trajectory of the system in 
state space when it is forced to leave the trajectory to a new 
orbit by a small deviation from the original trajectory. 

In the present paper the Jacobian matrix determined without 
the derivation of the PMF itself by applying the auxiliary state 
vector proposed in [3]. The method uses the small differences 
of state vectors compared to their steady-state values at the start 
and end of periods and at the switching instant. The Jacobian 
matrix is obtained directly from the relations among the small 

differences of state vectors. The auxiliary state vector preserves 
the constant switching instants depending on state variables 
even after the small excursion of the state variables from the 
steady state.  

It is important to note that in linear systems theory the loss 
of stability implies that the state diverges without limit [5]. 
However in nonlinear systems the outcome of a stability loss, 
or in other words bifurcation, does not lead to an unlimited 
explosion of the variables. 

To compensate the instabilities and expand the stable 

operation ranges in nonlinear system are a hotspot in power 

electronics [4]-[10]. In [4] a sinusoidal signal is added to the 

speed reference signal to extend the parameter range for stable 

period-1 operation. In the paper, similar to [8] a periodic ramp 

signal is used. The slope of the ramp signal is determined by 

using the auxiliary state vector.  

II. CURRENT CONTROLLED DC DRIVE SYSTEM 

The schematic block diagram of the buck-chopper-fed 
permanent magnet DC motor drive is shown in Fig. 1. The 
speed and current control signals can be expressed as (the ramp 
signal with dotted line now is omitted) 

   dt)(
T

K
)(K)t(y ref

i

p

refp  

 )t(iA)t(u i  

where i(t) is the armature current of the motor, Ω(t) is the speed 
of the rotor, Ωref  is the reference speed, Ai is the current gain, 
Kp is the proportional gain and Ti is the integral time constant 
of the PI controller. 

 
Figure 1.  Current controlled DC drive 

Both u(t) and y(t) are fed into a comparator which outputs 
the pulse to the reset of an RS latch. The power switch S 
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controlled by this RS latch set by clock pulses of period Tr. 
Once the latch is set by the clock pulse, S is turned on until the 
u(t) signal exceeds y(t), when the R-S latch is reset. The switch 
S remains open until the arrival of the next clock pulse.  

The DC drive is a variable-structure piecewise-linear 
system. After each switch, another linear circuit arrangement 
emerges and the sequence of linear circuits is repeated in the 
next Tr period. Fig.2 shows the time sequence of structure 
changes. The duration of structure 1 and 2 is τ1 and τ2=Tr-τ1, 
respectively.  

 
Figure 2.  Sequence of structures in steady-state 

The switching condition according to Fig.1 

 )(u)(y 11   

As the switching condition depends on the external speed 
reference and the internal state vector the DC drive exhibits 
nonlinear dynamics. 

III. MATHEMATICAL BACKGROUND 

The behaviour of the DC drive between two switching 
instants can be modelled with the general state-space 
representation: 

 )()()()( tgBtxAtxtv
jj

   

where j=1,2 is the structure number,  ix
T

  is the state 

vector with state variables, v(t) is the velocity vector, 
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Here Vin is the input voltage, Tload is the loading torque, B is 
the viscous damping, J is the inertia, KE is the back-EMF 
constant, KT is the torque constant, Ra and La is the armature 
resistance and inductance, respectively. 

Let time τ elapsed from the last switching instant. The 
behaviour of the system in time domain between two switching 
instants can be described by the solution of (4). Starting the 
system from xs=x(0) and assuming constant input vector the 
time function of the state-vector is 

)t(gB)(Mx)(W)(gBdexe)(x
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0
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where 
j

W is the weighting or base matrix. When 
j

A  is a 

regular matrix 

  I)(WA)(M
j

1

jj



 

where I  is the identity matrix with the same size of 
j

A . For 

singular 
j

A matrix the Taylor series of the matrix exponential 

function can be used to calculate the integral [2]. 

In steady state, the values of the state vector at the start of 
(k+1)

th
 period and at the end of k

th
 period denoted by suffix s 

and e, respectively are equal 

 e,2ks,1)1k( xx   

Suffix 1 and 2 stand for structure 1 and 2, respectively. 

A. Open-Loop operation 

When the S switch is turned on and off directly by open 
loop control independently on the state variables and therefore 
the values τ1 and τ2=Tr-τ1 are preset, the periodic state of the 
converter can be calculated as follows: 

The value of the state vector at the end of structure 1 in the 
k

th
 period from (5) 


s,2k111s,1k11e,1k

x)t(gB)(Mx)(Wx   

The value of the state vector at the end of structure 2 
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The ee,1)1k(e,1ks XxxX 


steady state solution for 

know τ1 and τ2=Tr-τ1 
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B. Closed-Loop operation 

In closed-loop operation τ1 is not known, however in 
steady-state both (3) and (10) holds true. Furthermore the start 
and the end value of the output of the PI controller must be the 

same es yy  .  

For determining τ1, first sX is calculated from (10) by an 

initially selected τ1. Then from (1): 
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and it can be omitted. Likely )(D 1  will not be zero at the 

first estimation of τ1. The value of τ1 can be determined by an 
iterative calculation using suitable mathematical software. 

IV. STABILITY ANALYSIS 

The relation among the small deviations of the state vector 

around the fixed point 
sX at the start of consecutive periods 


s,11

k

Ks,1kKs,1)1k(
xJxJx 


 

where 
s,11

x  is the initial deviation of the perturbed state 

vector from 
sX  and 

K
J  is the Jacobian matrix. The stability 

criteria is that the absolute value of the largest eigenvalues of 

K
J  has to be less than one. 

A. Extended System Matrixes 

The integration property of the controller involves a new 
state variable. The output of the controller as a new state 

variable has to be included in the state vector  yxx
TT*

 . 

According to (1) 
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The extended system matrix are 
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Later on the marking 
*
 denotes vectors and matrices in the 

extended space. 

B. Auxiliarly State Vector 

The calculation of the Jacobian matrix is carried out by 
following the effects of a small initial perturbation. The 
deviation from the periodic trajectory during a Tr period is 
calculated by taking into consideration the change of the 
switching instance and its effect as well. As a result of an initial 
perturbation the state vector deviates from the steady-state 

space vector with )(x 1

*

e,1k
  at the end of structure 1 in 

period k (Fig.3). Simultaneously the switching instant τ1 will 
change by Δτk as well. The actual state vector at the switching 

instant is )(x k1

*

e,1k
 . Δτk is changing from period to 

period.  

The calculation of the Jacobian matrix is greatly facilitated 

by the introduction of an auxiliary state vector )(x 1

*

s,2k
  and 

its change )(x 1

*

s,2k
  instead of using )(x k1

*

e,1k
 and 

)(x k1

*

e,1k
 (see Fig.3) [3]. The auxiliary state vector 

points to a virtual initial state D3(τ1) where starting the system 
at τ1 from, the dynamics of structure 2 would drive the 
trajectory along the same orbit as the perturbed one after τ1 + 
Δτk.  

 
Figure 3.  Auxiliary state vector change 

The state vector change at τ1 (between point D1 and D) 


*

s,1k1

*

11

*

e,1k
x)(W)(x   

The commutation between the two structures takes place at 

τ1+Δτk at point D2. The distance between D1 and D2 is k

*

e,1
v  , 

where 
*

e,1
v  is the velocity of the state vector at τ1 in structure 1. 

After the switching the velocity at the start of structure 2 is 
*

s,2
v . Due to the linearity of the structures the new trajectory 

can be projected backward in time from time τ1+Δτk to τ1. In 
other words the trajectory will start from point D3 rather than 
point D2 by extending the new trajectory at the start of the 
structure 2 toward the negative time in the direction of velocity 

vector 
*

s,2
v . Point D3 is reached this way at distance 

k

*

s,2
v   from D2. The auxiliary state vector change is 

obtained between D3 and D. Now the applying )(x 1

*

s,2k
  

instead of )(x k1

*

e,1k
  the trajectory will start in 

structure 2 at the same τ1 instant as in the case of the periodic 
trajectory prior perturbation.  

From Fig.3 the auxiliary state vector change: 

 k

*

s,2

*

e,11

*

e,1k1

*

s,2k
)vv()(x)(x   

where the velocities of the state vectors can be calculated from 
(4). By using the auxiliary state vector, Δτk are taken into 
consideration and we are permitted to use τ1 and τ2=Tr-τ1 as 

well as )(W 1

*

1
  and )(W 2

*

2
 .  

C. Calculation of  Δτk 

According to (3) the switching condition for periodic 
trajectory 
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and for perturbed trajectory 
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3  . From triangle 

DD1D2  (Fig.3) 
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Subtracting (16) from (17) and substituting 

)(x k1

*

e,1k
  into the result, Δτk can be expressed 
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Substituting  Δτk from here into (15) 
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D. Jacobian matrix  

Applying the previous equations  




)(xM)(Wx)(Wxx 1

*

e,1k2

*

2

*

s,2k2

*

2

*

e,2k

*

s,1)1k(



s,1kK

*

s,1k1

*

12

*

2
xJx)(WM)(W   

For a given τ1 and τ2=Tr-τ1 value the Jacobian matrix can be 
calculated from 

)()( 1
*

12
*

2
 WMWJ

K
   

V. CONTROL OF CHAOS 

The DC drive has a very colorful response depending on its 
parameters (see next section). Its behavior can be chaotic from 
stable period-1 operation through bifurcation cascade. By using 
the stability analysis method derived in previous section the 
controller parameters (Kp, Ti, Ai) can be calculated to maintain 
a stable operation near given parameter set. However, the 
sudden changes in the input signals (like loading torque, 
reference signal and input voltage) can result that the largest 

eigenvalue of 
K

J  leaves the unit circle resulting an unstable 

operation.    

To widen the stable domain a periodic ramp signal with 
period Tr synchronized to clock pulse is added to the current 
loop (see Fig.1 dotted line). By properly select the slope of the 
signal the DC drive can be stable in the whole operating range. 

The equation of the current loop during one Tr period is 
changed to 


r

ci
T

m)(iA)(u


  

This change has to be taken into consideration in (16) and 

(17)  to calculate Δτk, which results that M will be 
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It is obvious that by increasing mc the eigenvalues of the 

Jacobian matrix decrease provided that )( 1

*

1
W and )( 2

*

2
W  

are the same matrices (see (22)). For a given operation range of 
the DC drive the required value of mc to keep the largest 
eigenvalue of the Jacobian matrix in the unit circle can be 
calculated.  

VI. SIMULATION RESULTS 

To illustrate the stability calculation and the method of 
control of chaos computer simulation were carried out in 
MATLAB/Simulink environment. The rated simulation 
parameters were B=0.000275 Nm/rad/s, J=0.000557 Nms

2
, 

KE=0.1324 V/rad/s, KT=0.1324 Nm/A, Ra=2.9 Ω, La=0.0537 
H, Vin=60 V, Tload=0.39 Nm, Ai=1.1, Kp=0.54, Ti=0.1 s, 
Ωref=105 rad/s and the period of clock signal is Tr=0.01 s.  

Figure 4 shows the response of the drive system near 
different load torque. Figure 4a shows the stable period-1 orbit. 
The absolute value of the largest eigenvalues of the Jacobian 
matrix now is λ=0.89. By increasing the load torque the largest 
eigenvalue of the Jacobian matrix leaves the unit circle. Figure 
4b and c show an unstable period-2 and period-4 orbit, when 
λ=1.14 and 1.4, respectively. For Tload=1 Nm the system is in 
chaos (Fig.4d., λ=1.96) and the speed time function never 
repeats itself. 

An overall picture of the behavior of a nonlinear system is 
offered by the bifurcation diagram showing the various states 
and the sudden changes or bifurcations of the system due to the 
variation of bifurcation parameter. For this case the bifurcation 
diagram is obtained by sampling the speed Ω (t) and the current 
i(t) signal at the start of every switching period in ―steady 
state‖ and plotting these sampled values Ωk=Ω (kTr) or 
ik=i(kTr) as a function of the bifurcation parameter. Figure 5a 
and b shows the bifurcation diagram of the drive when the 
bifurcation parameter is Tload and Kp, respectively. The sampled  
Ωk of the time functions shown in Fig.4 are denoted by a circle 
in Fig.5a.  
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a, Tload=0.39 Nm, λ=0.89         b, Tload=0.6 Nm, λ=1.14                      c, Tload=0.75 Nm, λ=1.4   d, Tload=1 Nm, λ=1.96 

Figure 4.  ω(t) and i(t) near different load 

     
a, Bifurcation parameter Tload      b, Bifurcation parameter Kp 

Figure 5.  Bifurcation diagram for Tload (a) and Kp (b) 

   
a, mc  as a function of Vin and Tload   b, mc  as a function of ωref and Tload   c, mc  as a function of Vin and ωref  

Figure 6.  Required slope value of the ramp signal

As it can be seen on the simulation results - unlike linear 
systems - changes in the variables (like loading torque) can 
result different responses. To maintain stable period-1 state in 
the whole operation a ramp signal is added to the current 
control loop as it was mentioned in the previous section. The 
operating range of the drive system is selected as Tload=0-1.2 
Nm, Vin=50-80 V, Ωref=60-140 rad/s. The other parameters of 
the drive assumed being constant during the operation.  

Based on section V the required mc slope of the ramp signal 
was determined in the whole operation range of the drive (Fig. 
6). From the figures it can be concluded by selecting mc/Tr=5, 
the drive system is stable for changes in the whole operation 
range.  

To illustrate the effect of the ramp signal chaos control (SS) 
Fig.7 shows the speed and the current of the drive, when a 
sudden change occurs simultaneously in the reference speed 
(Ωref from 105 to 120 rad/s) and in the load torque (Tload from 
0.39 to 1 Nm) at t=1.5 s. As it can be seen near the rated values 
the response of the drive system with and without SS are the 
same. The sudden changes in the input signals result in chaotic 
behavior without SS. Furthermore the current ripple is 
considerable higher without SS. 

 

 
Figure 7.  Effect of chaos control loop 
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VII. CONCLUSIONS 

The paper presents the utilization of the auxiliary state 
vector to determine the stability border of a DC drive system. 
The derivation of the Jacobian matrix without the Poincaré 
Map Function is explained. 

The unstable and chaotic response of the drive can be 
avoided by a ramp signal applied in the current loop. The 
required slope of the ramp signal was determined also with the 
auxiliary state vector. The numerical results of the calculations 
were verified by computer simulations. 
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