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1 Research topic, main objectives

Rubbers and polymer foams are well-known representatives of largely deformable
viscoelastic materials and play an important role in the industry. Rubbers have a cross-
linked structure composed of long and flexible molecular chains. Their mechanical and
tribological properties, as well as their good thermal and vibration insulation capacity
contribute to the wide applicability of rubbers. Tires, static and dynamic seals, noise
and vibration insulating components are just a few examples of their application. Poly-
mer foams, unlike rubbers, are cellular materials where gas bubbles of different sizes
are located in the polymer matrix. Due to their structure, they have a low density and
excellent energy absorption capacity. They are mainly used in the automotive and sport-
ing industries, but we can also meet them in the field of impact protection. Although
rubbers and polymer foams differ significantly in their microstructure, their macroscale
modelling approach may show similarities. Both materials exhibit nonlinear stress-strain
relation and significant time- and temperature-dependent (viscoelastic) behaviour char-
acterised by large strains (up to hundreds of per cent). From a modelling point of view,
one of the main differences is that while rubbers are typically assumed to be incom-
pressible, foams – especially the open-cell ones – are highly compressible in a volumetric
sense. Furthermore, it is important to highlight that in most cases, rubbers are filled
with different particles (e.g. carbon black, silica, nano-tubes) to improve their mechan-
ical and other properties. Consequently, the mechanical behaviour of particle-reinforced
rubbers becomes even more complex, as additional irreversible effects may occur during
cyclic loading, depending on the amount of fillers.

One of the most widely used numerical techniques for predicting the mechanical
behaviour of polymers is the finite element method, which can be used to compute the
deformation and stress states of parts with complex geometries, loading and bound-
ary conditions. To do this, an appropriate material model has to be applied, which
can consider the characteristic material behaviour. For most cases, the phenomeno-
logical approach is followed, which means that the constitutive model cannot relate
the mechanism of deformation with the microstructure of the material. Consequently,
the phenomenological-based material models have to be calibrated (and validated) by
fitting the model response to different experimental test results. The use of complex con-
stitutive models, which can describe the mechanical behaviour of rubbers and polymer
foams accurately, is limited in the engineering practice, mainly due to the difficulties in
identifying the model parameters. Thus, on the one hand, inaccurate model paramet-
ers may be determined, and, on the other hand, in some cases, the mechanical effects
(e.g. residual strains) are neglected, which can significantly reduce the reliability and
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accuracy of the numerical predictions. Corresponding to this, the main objectives of
this research have been designated as follows:

• To develop effective and accurate parameter identification methods of the most com-
monly used material models available in the literature for describing the mechanical
behaviour of rubbers and polymer foams (compressible and incompressible hyper-
viscoelastic and hyper-visco-pseudo elastic models). This requires deriving numerical
and/or analytical stress solutions of the nonlinear convolution integrals appearing in
the constitutive equations for the main homogeneous loading modes. The further goal
was to select from the analytical and numerical stress solution-based methods the one
which is more suitable for material model calibration purposes in engineering practice.

• To propose a new constitutive model for particle-reinforced rubbers, which is able to
handle the nonlinear elastic and the time- and temperature-dependent behaviour, as
well as the Mullins effect and the residual strains. It was expected to be the model
complex enough to represent the real mechanical behaviour of rubbers appropriately
and to have a fast and straightforward model parameter identification method, which
is an essential requirement for the direct use of the material model in engineering
practice.

• To perform extensive material testing measurements on rubbers and polymer foams
under different homogeneous loading modes (e.g. uniaxial tension/compression and
simple shear) in the time and frequency domain. The measurement results can con-
tribute to the understanding of the mechanical behaviour of the largely deformable
viscoelastic materials, the investigation of the applicability and performance of the
proposed parameter identification methods, and the calibration and validation of the
developed hyper-visco-pseudo-elastic material model.

• Furthermore, numerical modelling using the finite element method and experimental
testing of dynamic seals, which belong to the main application field of rubbers. Mater-
ial testing and structural-level measurement of unaged and high temperature synthetic
oil-aged fluoroelastomer-based radial shaft seals over a wide frequency and temperat-
ure range, constitutive modelling and numerical simulation, and investigation of the
effects of the aging on the mechanical behaviour and sealing performance were also
part of the research work.
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2 Literature overview

One of the main characteristics of viscoelastic materials is that the material response
depends on the time elapsed and the loading rate, among others. Therefore, strain rate-
dependent behaviour, stress relaxation and creep can be observed in such materials.
Both rubbers and polymer foams are characterised by viscoelasticity, which has to be
taken into account during their constitutive modelling. To do this, rheological material
models can be used. They are defined by simple mechanical elements (e.g. springs and
dashpots) connected in parallel and series. Fig. 1 illustrates the generalised Standard
Linear Solid model, which is widely used for the constitutive modelling of viscoelastic
materials.

Figure 1: One-dimensional rheological representation of the generalised Standard Linear Solid model.

In this model, the separate spring defined by the elastic modulus E∞ gives the time-
independent response of the material to infinitely slow loading, while the spring-dashpot
elements (Prony terms) connected in parallel describe the time-dependent material re-
sponse, where En and ηn are the elastic modulus and dynamic viscosity of the spring
and dashpot located in the nth term, respectively.

The mechanical behaviour of highly compressible polymer foams can be described us-
ing the hyper-viscoelastic material model, consisting of the modified Ogden hyperelastic
(hyperfoam) model [2] and the Prony series-based linear viscoelastic model. The former
can take into account the nonlinear elastic behaviour when the volumetric deformation is
significant. The structure of the material model is the same as the generalised Standard
Linear Solid model (see Fig. 1). The compressible hyper-viscoelastic model is available
in most commercial finite element software packages (e.g. Abaqus [3]) and is widely used
in engineering practice [4]. Nevertheless, there is no generally accepted method available
in the literature for properly identifying the model parameters. A possible method is
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the direct model calibration, where the analytical or numerical stress solutions of the
material model can be used to identify the parameters in one step, which may provide
more accurate results than other methods available in the literature (e.g. the two-step
method). An example of it can be found in [5], where closed-form stress solutions of
the compressible hyper-viscoelastic material model are developed for several loading
modes relevant to polymer foams. The authors obtained more accurate results than the
two-step parameter fitting method available in the literature. However, their method
proposed may have some limitations. On the one hand, in the case of simple shear, the
closed-form stress solution may not be derived due to the complex convolution integral
of the constitutive equation. Thus, in this case, it is not possible to identify the model
parameters by the method. On the other hand, the closed-form stress solutions are
valid only for the loading modes under consideration, i.e., for an arbitrary strain history
(e.g. loading-unloading cycles), the proposed equations cannot be applied. Furthermore,
it is important to note that the above-mentioned one- and two-step parameter fitting
methods do not consider the temperature effects directly. The short literature review
shows that none of the available methods has the capability to take all the important ho-
mogeneous loading modes (even simultaneously) into consideration, use arbitrary strain
history and consider the temperature effects in identifying model parameters of polymer
foams.

The structure of the incompressible hyper-viscoelastic material model is similar to
the generalised Standard Linear Solid material model (see Fig. 1), however, in this case,
the separate spring represents an arbitrary incompressible hyperelastic model. Thus,
this constitutive model may describe the mechanical behaviour of rubbers and biological
soft tissues, among others. Determining the model parameters is not a trivial task as
the number of closed-form and numerical stress solutions available in the literature for
incompressible hyper-viscoelastic solids is limited. The reason for that is the nonlinear
convolution integrals occurring in the constitutive equation. Assuming uniaxial tensile
loading mode and constant engineering and/or logarithmic strain rate, for some common
hyperelastic models, Goh et al. [6], Kossa [7] and Miller and Chinzei [8] have proposed
closed-form stress solutions. Furthermore, Goh and his co-workers [6] introduced a
numerical scheme for uniaxial loading mode to determine the incompressible hyper-
viscoelastic model parameters. Based on the short literature review, it can be stated that
closed-form or numerical stress solutions related to the incompressible hyper-viscoelastic
material model is available primarily for uniaxial loading mode. It is a limitation as one
of the characteristics of rubbers is that different loading modes may yield significantly
different material responses. Therefore, it is important to derive numerical and analytical
stress solutions for the most important loading modes of rubbers to contribute to the
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direct parameter fitting strategy.
In addition to nonlinear elastic and viscoelastic behaviour, particle-reinforced rub-

bers are characterised by, among others, the Mullins effect and residual strain. The
former has been studied in detail by Mullins and his co-workers [9], and they found that
stress softening occurs under cyclic loading in the first (few) cycle(s) due to the damage in
the microstructure of the rubber. One of the most widely used phenomenological-based
approaches for modelling the stress softening, i.e. Mullins effect, is the Ogden–Roxburgh
pseudo-elastic model [10]. Made improvements on it, Dorfmann and Ogden [11] proposed
a new pseudo-elastic model that can handle both the residual strain and the Mullins
effect. Another approach is to use the plasticity theory for modelling the permanent
set [12]. Note that these models are able to describe the time-independent behaviour
only. In order to include the time and temperature dependence as well, coupled con-
stitutive models are necessary to use. Accordingly, we can speak of hyper-viscoelastic,
hyper-visco-pseudo-elastic or viscoelastic-elastoplastic models, among others. A possible
approach for describing the mechanical behaviour of particle-reinforced rubbers is to use
the ’Parallel rheological framework’ constitutive model [13], where nonlinear dashpots
provide the nonlinear viscoelastic behaviour. However, since the analytical/numerical
stress solutions of nonlinear viscoelastic models may not generally be available, identi-
fying the model parameters is challenging, in addition, extensive experimental tests are
required. In such cases, the finite element (FE) model-based inverse parameter fitting
strategy can be applied. Namely, the numerical stress solution is provided by a finite
element model usually containing one element. However, the main drawbacks of the FE
model-based calibration are the complexity and the high computational cost caused by
the repeated re-run of the FE model necessary to minimise the error. The currently avail-
able (conventional) hyper-visco-pseudo-elastic model, thanks to the Ogden–Roxburgh
pseudo-elastic extension, is able to model the Mullins effect but neglects the residual
strain. It is worth mentioning that various material models other than those discussed
above may also be used to describe the mechanical behaviour of filled rubbers, see,
for instance, [16] and [17]. However, state of the art shows that an advanced material
model that considers the essential mechanical behaviours of filled rubbers supplemented
with a simple and effective parameter identification method may not be available in the
literature.

One of the most important application fields of rubbers is the sealing technology,
where frictional contact occurs between rubber seals and typically steel or aluminium
components. The role of the seals is essential for the reliable operation of machines, as
significant damage may occur during failure (see, for example, the Challenger disaster).
Radial shaft seals belong to the dynamic rotatory contact seals class and are one of
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the most commonly used seals in various machines. The reason for that is their simple
and compact design, sophisticated manufacturing technology and favourable friction
conditions during operation. Their primary function is to prevent the direct flow and
leakage of the lubricant (e.g. oil) between the parts in contact with each other of the
machine and to protect them from external influences. Fig. 3 illustrates the schematic
structure of a typical radial shaft seal.

Figure 2: Schematic representation of the cross-section of a radial shaft seal, indicating the main
structural parts.

Measuring and predicting the radial force during operation is crucial for the development
of dynamic seals, as this force component is directly related to the typical failure modes
(e.g. leakage, crack, wear). If its value is too small, the seal will not be able to compensate
for vibrations of the shaft due to rotation and eccentricity or macro-deviations from the
circular shape, which may lead to leakage. On the other hand, if the value of the radial
force is too high, the service life of the seal may be shortened since significant wear
occurs in the structure of the rubber due to the frictional torque [18]. In addition,
macroscopic wear grooves can be observed on the shaft surface as well. The service
life of radial shaft seals is also affected by environmental influences. They are subject
to significant thermal cycles as the operating temperature may occur between −40 and
160 °C. In addition, sealing materials are often exposed to various kinds of lubricants
in their application (see Fig. 2). Seal failure and wear can be attributed to chemical
ageing as the elastic properties of the rubber have a strong influence on the sealing
performance [19]. Numerical prediction of the mechanical behaviour of radial shaft seals
is an intensively researched topic. It is based on more and more accurate finite element
models extended with wear simulation algorithms. In order to perform reliable numerical
predictions, it is necessary to consider not only the nonlinear stress-strain relation of the
rubbers but also the time- and temperature-dependent behaviour due to the dynamic
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loadings that occur during the operation of the seal [20]. Knowing the deformation
and stress state in the contact zone, as well as the temperature and contact pressure
distribution, it is possible to predict the lifetime behaviour of seals. Several such models
are available in the literature (see, for example, [21, 22]), but in many cases, a limited
material model is applied to describe the mechanical behaviour of the rubber (e.g. simple
hyperelastic model without considering any viscoelastic behaviour), which may lead to
significant inaccuracies. Therefore, for reliable numerical predictions of dynamic seals,
it is essential to model the material behaviour of the rubber as accurately as possible.

2.1 Research methods

The research work is based on the numerical and experimental mechanics meth-
ods. The nonlinear convolution integrals included in the constitutive equations of the
hyper-viscoelastic material models were derived numerically and, in some special cases,
analytically in closed-form. The error function introduced between the measured and
computed stress responses was minimised during the parameter fitting using different
optimisation algorithms, while the numerical simulations of the viscoelastic materials
were performed in the commercial finite element software package Abaqus [3].

In order to calibrate the material models and understand the behaviour of the rub-
bers and polymer foams, I performed extensive quasi-static material test measurements
under uniaxial tensile/compressive and simple shear loading modes. In the latter case,
I designed the configuration and the fixtures of the shear test. In addition, dynamic
mechanical thermal analyses have been performed under uniaxial tensile and compress-
ive loading modes using frequency, temperature and deformation amplitude sweep. The
measurements were performed on EPDM and FKM rubbers and open-cell polyurethane
foams. Fig. 3(a) illustrates a typical measurement set-up of the tensile test of a rubber,
where the displacement/deformation was detected using a video extensometer.

In order to validate the material models and the finite element models applied to the
dynamic seals, I performed structural measurements in addition to material test meas-
urements. An example of this is the experimental investigation of radial shaft seals,
where unaged and aged seals were mounted on a standardised split-shaft testing device,
and the radial force was measured as a function of time. The desired temperature was
ensured by tempered oil circulating in the holes of the testing device and by a cool-
ing/heating chamber. The corresponding measurement set-up is shown in Fig. 3(b).
The material testing and structural measurements were performed at the Department
of Polymer Engineering at Budapest University of Technology and Economics and the
Institute of Machine Elements, Gears and Transmissions (MEGT) at Technische Uni-
versität Kaiserslautern.
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Figure 3: (a) Measurement environment for uniaxial tensile test of rubbers, where the deformation
was measured using a video extensometer by tracking the markers on the test specimen. (b) Laboratory
set-up for radial force measurement of seals, where the force was measured indirectly using an inductive
displacement sensor.

3 New scientific results

I have summarised the main contributions of the research work in five thesis state-
ments. In accordance with the Literature overview section, I developed analytical and/or
numerical stress solutions for compressible/incompressible hyper-viscoelastic and hyper-
visco-pseudo-elastic material models available in the commercial finite element software
packages (primarily in Abaqus [3]) suitable for the mechanical modelling of rubbers and
polymer foams. The proposed stress solutions allow model calibration (parameter fit-
ting) to be performed accurately and effectively (see Thesis statements 1–3). In addition,
I have developed an improved hyper-visco-pseudo-elastic constitutive model that con-
tributes to a more accurate description of the mechanical behaviour of particle-reinforced
rubbers (see Thesis statement 4). Furthermore, unaged and aged fluoroelastomer-based
radial shaft seals were investigated numerically and experimentally in detail, with the
help of the mechanical modelling strategies obtained during my research work relating
to rubbers (see Thesis statement 5).
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Thesis statement 1

I have derived analytical (i.e. closed-form) stress solutions for the hyper-viscoelastic
material model defined by combining the incompressible Neo-Hookean, Mooney–Rivlin
and Ogden hyperelastic models and the Prony series-based linear viscoelastic model.
The stress solutions were worked out for the most common loading modes, using the
(input) amount of shear function γ(t) = γ̇t in the case of simple shear, and the stretch
function λ(t) = 1 + ε̇t for the other loading modes, where ε̇ and γ̇ are the constant en-
gineering strain rates. In addition, I worked out numerical stress solutions by evaluating
the nonlinear convolution integral of the hyper-viscoelastic material model numerically.
Then, I proposed a parameter fitting method for the incompressible hyper-viscoelastic
material model using the closed-form and the numerical stress solutions. In order to
investigate the efficiency and accuracy of the proposed method, I determined the para-
meters of the hyper-viscoelastic material model defined by the second-order Ogden model
and two Prony terms, based on uniaxial tensile tests of an isoprene rubber measured at
three different engineering strain rates (ε̇ = 0.277; 0.0277; 0.00277 1/s). Furthermore,
based on the numerical stress solutions, I fitted the hyper-viscoelastic material model
consisting of the 3-parameter Mooney–Rivlin model and three Prony terms to uniaxial
stress relaxation curves of an isoprene rubber measured at engineering strain levels of 5,
60 and 110%. As a result of the research work, the following statement has been made:

With the parameter fitting method based on the analytical and numerical
stress solutions of the incompressible hyper-viscoelastic material model, the
model parameters can be identified directly with high accuracy from an ar-
bitrary combination of the uniaxial and equibiaxial tensile/compressive, pure
shear, and simple shear test results, with the flexible choice of the number
of the Prony terms (spring-dashpot elements). However, the derived analyt-
ical stress solutions can be used directly only with the examined hyperelastic
models and stretch functions, furthermore, their derivation is not possible in
all cases. There are no such limitations of the numerical stress solutions, and
thus they can be applied more widely to parameter identification purposes.
The parameter identification process is shown in the figure below:
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Figure T1. Conceptual flowchart of the parameter identification method using the analytical and
numerical stress solutions of the incompressible hyper-viscoelastic material model.

� Closely related publications: [BF1], [BF2]
Further related publications: [BF3], [BF4], [BF5]

Thesis statement 2

I have derived the numerical stress solutions of the compressible hyper-viscoelastic
material model for the most important loading modes. The model is defined by the
modified Ogden hyperelastic (hyperfoam) model and the Prony series-based linear vis-
coelastic model extended to finite strains, and can describe the mechanical behaviour of
polymer foams. The effect of the temperature was modelled by the time-temperature su-
perposition principle, assuming that the material is thermo-rheologically simple. Using
the proposed numerical stress solutions, I calibrated the compressible hyper-viscoelastic
material model based on stress relaxation measurements of an open-cell polyurethane
foam subjected to uniaxial tension and simple shear. I applied the second-order hyper-
foam model and four Prony terms for the constitutive modelling. Based on the results,
I have made the following statement:

Applying the numerical stress solutions of the compressible hyper-
viscoelastic constitutive model coupled with the modified Ogden hyperelastic
model, the temperature-dependent hyper-viscoelastic model parameters
of the polymer foams can be determined directly, i.e. in one step, with
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high accuracy within the applicability range of the material model. During
the model calibration, uniaxial, equibiaxial and triaxial (volumetric) com-
pression, confined uniaxial and equibiaxial compression, and simple shear
loading modes can be taken into consideration separately or simultaneously.
The numerical stress solution related to the simple shear loading mode can
be given as:

τ
ss
xy(t+ ∆t) = τ

ss
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Furthermore, the variables of ai, bi and ci can be defined as:
ci = e−∆t/τi(T ),

ai = 1 −
τi(T )

∆t
(1 − ci) ,

bi =
τi(T )

∆t
(1 − ci) − ci.

(3)

In the above equations, τ ss
xy(t+∆t) is the hyper-viscoelastic shear stress, while

τ ss
xy0(t), τ ss

xy0(t + ∆t) as well as σss
x0(t), σss

x0(t + ∆t) and σss
y0(t), σss

y0(t + ∆t) are the
time-independent (instantaneous) shear and normal stresses at time instants
t and t + ∆t, respectively. The latter ones are derived from the modified
Ogden compressible hyperelastic model. Furthermore, ∆t is the time step,
while γ(t) and γ(t + ∆t) are the amount of shear at the given time instants.
Furthermore, gi and τi(T ) (i = 1...n) are the ith relative shear modulus and
temperature-dependent relaxation time, where n is the number of Prony
terms.
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It is worth noting that the compressible hyper-viscoelastic stress solution cannot
be derived in closed-form for the simple shear loading mode due to the complexity of
the nonlinear convolution integral included in the constitutive equation. Therefore, in
this case, the model calibration cannot be performed accurately and efficiently without
Eqs. (1)–(3).

� Closely related publications: [BF1], [BF6]

Thesis statement 3

A) The incompressible hyper-visco-pseudo-elastic material model, which
can consider the Mullins effect, can be derived by combining the Ogden–
Roxburgh pseudo-elastic model and the linear viscoelastic model extended
to finite strains. Its numerical stress solution at time instant t + ∆t in a
general form can be given as:

σ(t+ ∆t) = σ0,pe(t+ ∆t) −
n∑
i=1

σDi (t+ ∆t) −
n∑
i=1

σHi (t+ ∆t), (4)

where σ(t+∆t) and σ0,pe(t+∆t) are the Cauchy stress responses of the hyper-
visco-pseudo-elastic and the pseudo-elastic model, where the subscript 0 de-
notes the instantaneous stress response, while the superscripts D and H

denote the deviatoric and hydrostatic stress tensors, respectively. Further-
more, n is the number of the spring-dashpot elements, while the deviatoric
Cauchy stress related to the ith Prony term can be calculated as:

σDi (t+ ∆t) = aigiσ
D
0,pe(t+ ∆t) + bigiσ̂

D
0,pe(t) + ciσ̂

D
i,pe(t), (5)

where
σ̂D0,pe(t) = Ft(t+ ∆t)σD0,pe(t)FTt (t+ ∆t),

σ̂Di,pe(t) = Ft(t+ ∆t)σDi (t)FTt (t+ ∆t),
(6)

while gi is the ith relative shear modulus. The relative deformation gradient
at time instant t+ ∆t can be calculated as:

Ft(t+ ∆t) = F(t+ ∆t)F−1(t). (7)

Note that the variables of ai, bi and ci are defined by Eq. (3), and the ith
hydrostatic stress (σHi (t+ ∆t)) can be determined from the boundary condi-
tions and/or the equilibrium equations.
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Based on Eqs. (4)–(7), I derived the numerical stress solutions for the following load-
ing modes: uniaxial and equibiaxial tension/compression, pure shear and simple shear.
Then, cyclic uniaxial tensile tests were performed on an EPDM rubber filled with 40 phr
carbon black at engineering strain levels of 25, 75 and 150% with an engineering strain
rate of 0.01 1/s. Based on the measurement results, I determined the parameters of
the hyper-visco-pseudo-elastic material model (pseudo-elastic model extended with the
second-order Ogden hyperelastic model and five Prony terms) using the proposed numer-
ical stress solution and the inverse parameter fitting method available in the literature.
Based on the research results, the following statement has been made:

B) With the proposed numerical stress solution, the hyper-visco-pseudo-
elastic material model can be calibrated accurately in a fraction of the
computation time required by the finite element model-based inverse
method. In addition, further fitting conditions can be easily implemented,
with which physically not possible model responses (e.g. negative stress
values after unloading) can be eliminated.

� Closely related publication: [BF7]
Further related publications: [BF8], [BF9]

Thesis statement 4

The nonlinear elastic, the time- and temperature-dependent (viscous)
behaviour, as well as the Mullins effect and the residual strain of the
particle-reinforced rubbers, assuming volume-preservation, i.e. incompress-
ibility, can be considered using the following constitutive equation:

σ(t, η∗1 , η2) = σD0,pe(t, η∗1 , η2)−

−dev

 n∑
i=1

gi

τi(T )

t∫
0

F−1
t (t− s)σD0,pe(t− s, η∗1 , η2)F−Tt (t− s)e−s/τi(T )ds

+

+σH(t),

(8)

where σ(t, η∗1 , η2) is the hyper-visco-pseudo-elastic Cauchy stress response,
σH(t) is the hydrostatic part of the Cauchy stress tensor, and σD0,pe(t, η∗1 , η2) is
the deviatoric part of the instantaneous pseudo-elastic Cauchy stress, which
is defined by the modified Dorfmann–Ogden model. The dev denotes the
deviator operator, n is the number of the Prony terms, furthermore, gi and
τi(T ) = aT (T )τi are the ith relative shear modulus and temperature-dependent
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relaxation time, respectively. The latter can be derived from the shift factor
(aT (T )) introduced by applying the time-temperature superposition prin-
ciple. Furthermore, Ft(t − s) is the relative deformation gradient between
time instants t− s and t, while η∗1 and η2 are the modified damage and resid-
ual strain variables, respectively. They can be defined as:

η∗1 = 1 − g∞
1
r

erf
[
Wmax −W0(λ1, λ2)

m+ βWmax

]
,

η2 =
tanh

[(
W0(λ1,λ2)
Wmax

)α]
tanh (1)

,

(9)

where erf [•] is the Gauss error function, g∞ is the long-term relative shear
modulus, while r, m, β, and α are the pseudo-elastic model parameters. Fur-
thermore, W0 is the strain energy density function in terms of the principal
strains of λ1 and λ2, and Wmax is the strain energy density at the point on
the primary loading path where the unloading is started.

The performance of the improved hyper-visco-pseudo-elastic material model,
developed as a combination of sub-models available in the literature, was investigated
by performing extensive material test measurements (stress relaxation, creep and cyclic
tests) on an EPDM rubber filled with 50 phr of carbon black under uniaxial tensile
and simple shear loading modes in the strain rate range between 0.008 and 0.04 1/s.
After the model calibration, the comparison of the measured and computed stress
responses showed a good agreement (R2 = 0.981...0.997) in all cases investigated.
Furthermore, the numerical predictions were also accurate (R2 > 0.979) in cases where
the measurement results were not used during the calibration.

� Closely related publication: [BF9]
Further related publication: [BF10]

Thesis statement 5

I carried out the mechanical modelling of an FKM-based radial shaft seal, where
unaged (new) and aged seals and rubber specimens were analysed experimentally and
numerically. The aging was performed in a 130 °C synthetic polyalphaolefin lubricant
for four weeks. The mechanical behaviour of the FKM rubber was investigated using
dynamic mechanical thermal analysis (DMTA) under uniaxial tensile and compressive
loading modes in the temperature range of T = −40 to 160 °C and in the frequency range
of 0.5 to 50 Hz. In addition, I performed quasi-static material test measurements over
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an engineering strain range of −30 and 40% with an engineering strain rate of 0.0025 1/s
in uniaxial tensile and compressive loading modes. Using the storage and loss modulus
isotherms obtained from the dynamic mechanical thermal analyses, I created the master
curves belonging to the reference temperature of Tr = 0 °C for both the unaged and
aged rubbers, applying the time-temperature superposition principle. Using the available
material test results and the numerical stress solution-based parameter fitting method
introduced in Thesis statement 1, I calibrated the hyper-viscoelastic material model for
the unaged and the aged rubbers, consisting of the incompressible Yeoh hyperelastic
model and 18 Prony terms, where the temperature-dependent behaviour was taken into
consideration by the WLF equation. Then, in order to validate the finite element model
of the seal, I performed structural measurements at T = 6, 25 and 70 °C on both unaged
and aged radial shaft seals, measuring the radial force-time values acting during and after
the mounting. As a result of this research work, the following statement has been made:

The nonlinear elastic and time- and temperature-dependent material be-
haviour of the investigated FKM rubber can be described with sufficient ac-
curacy using the incompressible hyper-viscoelastic constitutive model if the
storage and loss modulus master curves provided by the dynamic mechan-
ical thermal analysis under compressive loading mode, corrected by a shape
factor of the used cylindrical specimen, and the measurement results of the
quasi-static uniaxial tensile and compressive tests are considered simultan-
eously during the model calibration. As a result of the aging, the rubber lost
11% of its initial stiffness in the glassy state, which can also be taken into
account during the constitutive modelling. Then, the finite element model
of the FKM-based radial shaft seal predicts the radial force as a function of
time during and after the mounting with high accuracy in the temperature
range at least between 6 °C and 70 °C for both the unaged and aged seals.

Based on these results, it can be concluded that instead of aging the seals them-
selves, it may be sufficient to age only the specimens required to perform the material
test measurements. Then, using the proposed parameter identification method and
the validated finite element model, the mechanical behaviour of the unaged and aged
seals (e.g. contact pressure and length) can be predicted accurately under quasi-static
load cases, which is essential for performing reliable wear simulations. Note that if
a significant dynamic load occurs during the operation condition of the FKM-based
seal (e.g. periodic excitation due to the eccentricity of the shaft), the applied linear
viscoelastic model has only a limited ability to describe the material behaviour of
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the rubber due to the Payne effect (dependence on the deformation amplitude of the
dynamic modulus).

� Closely related publications: [BF11]

4 Applications of the results

The results achieved have great practical importance as they can be applied
directly to engineering practice. The proposed parameter identification methods
of the compressible/incompressible hyper-viscoelastic and hyper-visco-pseudo-elastic
material models contribute to the reliable and accurate numerical prediction of the
mechanical behaviour of rubbers and polymer foams. The developed improved hyper-
visco-pseudo-elastic material model also serves this purpose, as the model is able to
take into account the complex mechanical behaviour of the particle-reinforced rubbers
more straightforward and even more accurately than the material models available in
the literature so far. The analysis of rubber seals also proves the applicability of the
research work as the hyper-viscoelastic material model used in the finite element model
is calibrated based on the research results obtained. Furthermore, it is important to
mention that the research work identifies several other new directions worth addressing
in the future. Without wishing to be exhaustive, the mechanical description of the
damage-induced anisotropy caused by the Mullins effect, the further development
of the proposed hyper-visco-pseudo-elastic material model to describe the nonlinear
viscoelastic behaviour (i.e. the Payne effect), or the implementation of the proposed
material model in a finite element environment are in the list of objectives.
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