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“If I have seen further than others it is by standing upon the
shoulders of giants.”

Isaac NEWTON

“The future belongs to those who believe in the beauty of their
dreams.”

Eleanor ROOSEVELT 1
Introduction

1.1 Motivation and goals

The constitutive modelling of largely deformable viscoelastic solids is an important part of
recent research intending to predict the mechanical responses more and more accurately. Further-
more, the industry has great demand for reliable numerical computations for components made
of such materials. To contribute to this research field, this PhD dissertation focuses primarily
on the mechanical modelling and simulation of rubbers, but it deals with a brief overview of the
modelling approaches of polymer foams as well. These materials are well-known representatives
of largely deformable viscoelastic solids and play an important role in the industry. Rubbers have
a cross-linked structure composed of long and flexible molecular chains. Their mechanical and
tribological properties, as well as their good thermal and vibration insulation capacity, contribute
to the wide applicability of rubbers. Tires, static and dynamic seals, noise and vibration insulat-
ing components are just a few examples of their application. Polymer foams, unlike rubbers, are
cellular materials where gas bubbles of different sizes are located in the polymer matrix. Due to
their structure, they have a low density and excellent energy absorption capacity. They are mainly
used in the automotive and sporting industries, but we also meet them in the field of impact pro-
tection. Although rubbers and polymer foams differ significantly in their microstructure, their
modelling approach may show similarities. Both materials exhibit nonlinear stress-strain relation
and significant time- and temperature-dependent (viscoelastic) behaviour characterised by large
strains (up to hundreds of per cent). From a modelling point of view, one of the main differences
is that while rubbers are typically assumed to be incompressible, foams – especially the open-cell
ones – are highly compressible in a volumetric sense. Furthermore, it is important to highlight
that in most cases, rubbers are filled with different particles (e.g. carbon black, silica, nano-tubes)
to improve their mechanical and other properties. Consequently, the mechanical behaviour of
particle-reinforced rubbers becomes even more complex, as additional irreversible effects occur
during cyclic loading.
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1.1. MOTIVATION AND GOALS

For analysing and optimising the mechanical behaviour of new products made of rubbers and
polymer foams in the early phase of the development process, the finite element (FE) method is
the most frequently used and accepted numerical technique. In this framework, a crucial aspect is
to use accurate constitutive models with a simple and effective parameter identification method
in order to obtain reliable numerical predictions, even at the product level. This is particularly
true for largely deformable viscoelastic materials. The flow chart seen in Fig. 1.1 illustrates the
most important steps in order to get a validated phenomenological-based material model for finite
element simulations of such materials.

Figure 1.1: The major steps of the material model validation procedure in the case of largely deform-
able viscoelastic solids: constitutive model selection, material testing, material model calibration and
validation. The dissertation, although in varying depths, focuses on each step.

The first step is to perform material test measurements. These are usually simplified, often
standardised experiments where homogeneous stress and strain states can be assumed. The most
frequently used tests for viscoelastic materials are the uniaxial tensile test in the time domain and
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Section 1. Introduction

the dynamic mechanical thermal analysis in the frequency domain. In parallel, an appropriate
constitutive model has to be chosen or developed, which can describe the measured material
response qualitatively and quantitatively. In the constitutive modelling section shown in Fig 1.1,
the characteristic material properties are summarised that are considered during this research.
Material models already available in the major finite element software packages were applied for
modelling purposes. However, a new constitutive model for particle-reinforced rubbers has been
developed.

The next step is the material model calibration which involves finding the material model
parameters with which the model can predict the material response(s) as accurate as possible
compared to the measured one(s). If numerical and/or analytical (i.e. closed-form) stress solutions
are available for the characteristic homogeneous loading modes, an error function can be introduced
between the measured and computed responses. In this case, the calibration is straightforward and
effective as an optimisation algorithm based on the least-squares method can find the constitutive
constants. In the literature, this process is also termed material model fitting or parameter
identification/determination. During the research, I extensively focused on developing parameter
identification methods for advanced material models of rubbers and polymer foams that contribute
to the routine application in engineering practice.

The material model validation follows the calibration. It means that the results of the numerical
predictions using the optimised model parameters are compared to experimental test results that
were not used for the parameter identification process. These measurements are usually more
complex and result in an inhomogeneous, multiaxial stress state in the material. It should be
noted that, in some cases, the material model calibration and validation may be performed in one
step. A validated material model can be obtained at the end of the process, that is an essential
condition for reliable finite element simulations.

Fig. 1.1 confirms that the material modelling for largely deformable viscoelastic solids may be a
great challenge as several overlapping steps have to be performed from both the measurement and
computation side before finite element simulations. Corresponding to this, the main objectives of
this research have been designated as follows:

• To develop effective and accurate parameter identification methods of the most commonly used
material models available in the literature for describing the mechanical behaviour of rub-
bers and polymer foams (compressible and incompressible hyper-visco-elastic and hyper-visco-
pseudo elastic models). This requires deriving numerical and/or analytical stress solutions of
the nonlinear convolution integrals appearing in the constitutive equations for the main homo-
geneous loading modes. The further goal is to select from the analytical and numerical stress
solution-based methods the one which is more suitable for material model calibration purposes
in engineering practice.

• To propose a new constitutive model for particle-reinforced rubbers, which is able to handle the
nonlinear elastic and the time- and temperature-dependent behaviour, as well as the Mullins
effect and the residual strain. It was expected to be the model complex enough to represent

3



1.2. STRUCTURE OF THE DISSERTATION

the real mechanical behaviour of rubbers appropriately and to have a fast and straightforward
model parameter identification method, which is an essential requirement for the direct use of
the material model in engineering practice.

• To perform extensive material testing measurements on rubbers and polymer foams under dif-
ferent homogeneous loading modes (e.g. uniaxial tension/compression and simple shear), in the
time and frequency domain. The measurement results can contribute to the understanding
of the mechanical behaviour of largely deformable viscoelastic materials, the investigation of
the applicability and performance of the proposed parameter identification methods, and the
calibration and validation of the developed hyper-visco-pseudo-elastic material model.

• Furthermore, investigating numerically and experimentally the mechanical behaviour of unaged
and aged dynamic seals, which has a great practical significance as sealing technology is one of
the main application fields of rubbers. Material testing and structural-level measurements of
fluoroelastomer-based radial shaft seal over a wide frequency and temperature range, numerical
modelling, and the analysis of the effects of aging on sealing performance were also part of the
research work.

1.2 Structure of the dissertation

The most important equations corresponding to the nonlinear elastic and the time- and
temperature-dependent linear viscoelastic theory are briefly summarised in the Theoretical back-
ground chapter. Furthermore, the extension of the small strain viscoelasticity to the finite strain
regime is also presented. The chapter is concluded with the time-temperature superposition prin-
ciple, which is suitable for considering the long-term behaviour of viscoelastic solids. Subsequently,
Chapters 3–6 deal with different research works. These chapters have a common structure; each
starts with an abstract, then the literature overview (state of the art) is given, followed by the
research methodology, material testing measurements and computations. Then, the results are
discussed, and finally, in the Conclusions section, the most important findings are summarised.

Chapter 3 focuses on the mechanical modelling of polymer foams. They can be modelled
using a hyper-viscoelastic material model, where the nonlinear elastic response is given by a
compressible hyperelastic (hyperfoam) model. Although the constitutive model is available in
most finite element software packages, there is no generally accepted method for determining the
model parameters effectively. To fill this gap, in this chapter, numerical stress solutions are derived
and presented for the typical loading modes of polymer foams, which can be used to determine
the model parameters simple and fast, even at different temperatures. For illustration, the hyper-
viscoelastic material model using the proposed stress solutions is calibrated and validated based
on experimental results of different open-cell polymer foams.

In Chapter 4, new analytical (i.e. closed-form) and numerical stress solutions of incompress-
ible hyper-viscoelastic material models for the most important homogeneous loading modes are
introduced. These solutions are crucial because the hyper-viscoelastic material model can give an
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Section 1. Introduction

appropriate numerical prediction for the stress response of rubbers and biological soft tissues, but
in many cases, the proper parameter identification is not a trivial task. This chapter also discusses
the advantages and disadvantages of using both the closed-form and numerical stress solutions for
parameter identification purposes.

In Chapter 5, an improved hyper-visco-pseudo-elastic material model is developed and intro-
duced for particle-reinforced rubbers. The model can consider the nonlinear elastic and the time-
and temperature-dependent behaviour as well as the Mullins effect and the residual strains. One
of the advantages of the proposed model is the effective model calibration as the numerical stress
solutions are derived for the most common homogeneous loading modes. The performance of the
model calibration method and the improved material model is investigated based on extensive
measurement results of carbon black filled EPDM rubbers.

Chapter 6 contains the numerical and experimental investigation of new and aged fluoroelastomer-
based radial shaft seals. The FKM rubber is modelled by the Yeoh hyperelastic and Prony-series
based linear viscoelastic model. The model parameters are determined based on laboratory exper-
iments, such as dynamic mechanical thermal analysis and uniaxial tensile and compressive tests.
The finite element model of the seal is presented and validated based on structural measurements.
The FE model can predict the long-term mechanical behaviour of the seals accurately and gives
the basis of the wear simulations.

Finally, Chapter 7 summarises the new scientific results. The dissertation includes three Ap-
pendices as well. Appendix A contains the numerical stress solutions of the compressible hyper-
viscoelastic material model for the loading modes of uniaxial/equibiaxial compression as well as
confined uniaxial, equibiaxial and volumetric compression. Appendix B gives the derivation of the
numerical stress solution of the incompressible hyper-viscoelastic material model under uniaxial
tension/compression. Furthermore, Appendix C contains the numerical and analytical stress solu-
tions of the incompressible hyper-viscoelastic material model for three commonly used hyperelastic
models in the case of uniaxial/equibiaxial tension, pure shear and simple shear loading modes.

5



2
Theoretical background

This chapter gives an insight into the basics of the nonlinear elastic, and the linear viscoelastic the-
ories applied in the dissertation to make the results easier to understand. During the constitutive
modelling, the phenomenological approach is followed, which means that the macroscopic nature
of the material is assumed to be a continuum. It is also termed a ’black box’ modelling strategy
as it cannot relate the mechanism of deformation to the underlying microstructure of the ma-
terial. The phenomenological approach makes it necessary to fit the constitutive equations to
experimental results in order to determine the model parameters (material model calibration).
In the field of computational mechanics and finite element simulations, this approach is widely
used. Furthermore, it is assumed that the investigated materials (rubbers and polymer foams) are
homogeneous, i.e. the properties are the same at each point and isotropic, which means that the
physical properties are the same in all directions.

2.1 Hyperelasticity

In this section, the most important equations of the nonlinear elasticity used in the dissertation
are summarised based on the work of Holzapfel [1]. The time-independent nonlinear stress-strain
relation at finite strains can be described by using hyperelastic constitutive laws. They are inde-
pendent of the deformation history, i.e. the same deformation is expected if the final load is the
same. Furthermore, they are non-dissipative, which means that no energy dissipates during the
deformation. The hyperelastic constitutive relation in the case of compressible materials can be
defined as

P0 = ∂W0(F)
∂F

, (2.1)

where P0 is the first Piola–Kirchhoff stress tensor, W0(F) is the strain energy density function,
which defines completely a hyperelastic model, and F is the deformation gradient. Note that the
components of P0 may be identified as the engineering stress components (applied force per initial
cross-section). The second Piola–Kirchhoff (S0), the Cauchy (σ0) and the Kirchhoff (τ0) stress

6



Section 2. Theoretical background

tensors can be obtained as

S0 = F−1P0 = F−1τ0F−T , σ0 = 1
J
P0FT , τ0 = Jσ0 = P0FT = FS0FT , (2.2)

where J = detF is the volume ratio. For isotropic hyperelastic models, W0 can be expressed as a
function of the principal (scalar) invariants (I1, I2, I3) or the principal stretches (λ1, λ2, λ3). Thus,
the constitutive equation in terms of principal invariants can be given as

σ0 = 2
J

[(
I2
∂W0

∂I2
+ I3

∂W0

∂I3

)
I + ∂W0

∂I1
b− I3

∂W0

∂I2
b−1

]
, (2.3)

where b = FFT is the left Cauchy–Green deformation tensor and I denotes the second-order
identity tensor. Furthermore, I1, I2 and I3 are the principal invariants of b which can be obtained
as

I1 = trb = λ2
1 + λ2

2 + λ2
3,

I2 = 1
2
[
(trb)2 − tr

(
b2
)]

= λ2
1λ

2
2 + λ2

1λ
2
3 + λ2

2λ
2
3,

I3 = detb = J2 = (λ1λ2λ3)2.

(2.4)

If the strain energy density function is defined in terms of principal stretches, the constitutive
equation can be expressed as

σ0 =
3∑
i=1

σ0ini ⊗ ni =
3∑
i=1

λi
J

∂W0

∂λi
ni ⊗ ni, (2.5)

where σ0i is the ith principal Cauchy stress (i = 1..3), and the unit eigenvector ni defines the
principal direction in the current configuration.

Solids whose volume change is negligible during the deformation (e.g. rubbers or biological soft
tissues) can be characterised by incompressible hyperelastic models. In this case, the incompress-
ibility condition has to be satisfied

J = detF = 1. (2.6)

It follows from Eqs. (2.4) and (2.6) that I3 = 1 and λ1λ2λ3 = 1. Thus, the deformation can be
characterised by only two principal invariants or stretches (e.g. the third principal stretch can be
expressed as λ3 = λ−1

1 λ−1
2 ). Consequently, for incompressible solids, the Cauchy stress tensor has

the form
σ0 = dev

[
2
(
∂W0

∂I1
b− ∂W0

∂I2
b−1

)]
+ pI, (2.7)

where the dev denotes the deviator operator, i.e. the deviatoric part of the stress tensor, and p is
the Lagrange multiplier, which equals the hydrostatic pressure in this representation. Note that
p may only be determined from the equilibrium equations and/or from the boundary conditions.
Similarly to Eq. (2.5), if the strain energy density function is given by the principal stretches, the
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2.2. LINEAR VISCOELASTICITY

Cauchy stress tensor has the form

σ0 = dev
[ 2∑
i=1

λi
∂W0

∂λi
ni ⊗ ni

]
+ pI. (2.8)

In this case, the initial shear modulus µ0(> 0) of a hyperelastic model can be calculated as

µ0 = 1
2

∂W0

∂λ1∂λ2

∣∣∣∣∣
λ1=λ2=1

. (2.9)

The most commonly used traditional hyperelastic models are the Neo-Hookean, the Mooney–
Rivlin or the Ogden model. However, it is worth noting that the development of new hyperelastic
models is still an important part of recent research intending to predict the elastic response
more and more accurately. In [2] and [3], more than thirty hyperelastic material models are
presented and compared in detail. Without aiming to give an exhaustive list of the hyperelastic
models available in the literature, some widely used incompressible/nearly-incompressible and
highly compressible models for rubbers and polymer foams are listed in Fig. 2.1, respectively.

Figure 2.1: Some widely used phenomenological- and micromechanical-based hyperelastic models. The
models indicating a grey background are developed for compressible solids, such as polymer foams.

2.2 Linear viscoelasticity

In the following sections, the basics of linear viscoelastic theory with the assumption of small
strain level under uniaxial tensile loading are discussed, not only in the time domain but also in
the frequency domain. In addition, in a brief outlook, the extension of the linear viscoelasticity
to the finite strain regime is explained. Furthermore, the time-temperature superposition prin-
ciple is also presented, which can be used to describe temperature-dependent properties of the
viscoelastic materials. These topics are based on the works of [4–6]. A key assumption of the
linear viscoelastic approach is that the time-dependent material properties are independent of the
applied load, which yields that the effects of the deformation and time can be separated during
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Section 2. Theoretical background

the constitutive modelling. Fig. 2.2 represents the applicability range of a typical viscoelastic
material (e.g. rubber) as a function of the strain rate. As viscoelastic materials have significant
time-dependent properties, even at room temperature, and the applied deformation rate influences
their mechanical response, the modelling of the time- and temperature dependence is essential for
reliable numerical predictions of such materials.

Figure 2.2: Application range of typical viscoelastic material and some standard material testing meth-
ods as a function of the strain rate.

2.2.1 Time domain representation

The time-dependent behaviour of the materials can be described by using rheological and
continuum material models, among others. As computational engineering prefers the constitutive
equations inspired by rheological models I focused on this approach. In this case, the basic idea is
to use simple rheological elements connected in parallel or serial. Such elements could be a Hooke
element, a Newton element or a St. Venant plastic element. These elements and their stress-strain
characteristics are illustrated in Fig. 2.3.

Figure 2.3: Idealised mechanical elements and their properties: (a) Hooke element (linear elastic spring),
(b) Newton element (linear viscous dashpot) and (c) St. Venant plastic element.

In order to model the viscoelastic behaviour, two idealised model elements can be used. The first
is the Hooke element (see Fig. 2.3(a)), which is a linear elastic model element where the stress-
strain relation follows Hooke’s law. The other is the Newton element (see Fig. 2.3(b)), which
is a linear viscous damping element based on Newton’s law. These elements are linear because
the relationship between stress and strain is described by zero-order and first-order differential
equations. In addition, the St. Venant plastic element (see Fig. 2.3(c)) can be used to describe the
plastic deformation, which occurs after the yield stress is reached. Although this type of element
is mainly used for metallic materials, it may also be applied to consider the residual deformation
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2.2. LINEAR VISCOELASTICITY

during mechanical modelling. Note that the St. Venant element is a nonlinear model element, as
shown by its stress-strain characteristic.

The two most widely used models for describing the stress relaxation (and creep) behaviours
of viscoelastic solids qualitatively are the Maxwell and the Standard Linear Solid models. The
former can be derived by coupling a Hooke element and a Newton element in series, while the
latter can be defined by coupling a Maxwell model and a Hooke element in parallel (see Fig. 2.4).

Figure 2.4: Rheological representation of the (a) Maxwell model and (b) Standard Linear Solid model.

In the Maxwell model (see Fig. 2.4(a)), the stresses on the spring and the dashpot are the
same, while the deformations are additive. Thus,

σ = σe = σv, ε = εe + εv, (2.10)

where σ is the total stress response, while σe and σv are the stresses in the spring and dashpot,
respectively. Furthermore, ε is the total applied strain in the Maxwell model, while εe and εv are
the strains in the spring and dashpot, respectively. The constitutive equations of the Hooke and
the Newton element are

σe = E1εe = σ, σv = η1ε̇
v = σ, (2.11)

where E1 is the elastic modulus of the spring and η1 is the dynamic viscosity of the dashpot.
Based on Eqs. (2.10) and (2.11) the equilibrium equation of the Maxwell model can be written as

ε̇ = 1
E1
σ̇ + 1

η1
σ. (2.12)

In a stress relaxation test, the deformation is constant, i.e. ε = ε0 = const. Furthermore,
assuming a unit (or Heaviside) step function as an input, the following initial condition can be
given: σ(0) = E1ε0. Thus, the solution of the differential equation given by Eq. (2.12) for an ideal
stress relaxation test can be expressed as

σ(t) = E1ε0e−t/τ1 , (2.13)
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where τ1 = η1/E1 is the relaxation time. Furthermore, the relaxation function of the Maxwell-
model is

E(t) = E1e−t/τ1 . (2.14)

For the Standard Linear Solid model (see Fig. 2.4(b)), the resulting stress response can be
expressed as

σ = σM + σe. (2.15)

where σM is the stress arising in the Maxwell model and σe is the stress in the Hooke element.
The stress response of the Maxwell model to a unit step function input is given by Eq. (2.13),
while the stress response of the separate spring is defined by Hooke’s law. Thus,

σe = E∞ε0, (2.16)

where E∞ is the relaxed (long-term) elastic modulus of the solid. Based on Eqs. (2.13), (2.15)
and (2.16) the resulting stress response is

σ(t) = E∞ε0 + E1ε0e−t/τ1 . (2.17)

Furthermore, the relaxation function of the Standard Linear Solid model may be written as

E(t) = E∞ + E1e−t/τ1 . (2.18)

For the quantitative mechanical description of realistic viscoelastic solids, the Maxwell model
(with two parameters) or the Standard Linear Solid model (with three parameters) is not suffi-
cient because the relaxation times are different for each particle, segment and molecular chain.
Consequently, it is not possible to model their behaviour using a single relaxation time properly.
This manifests itself in the fact that, while the intersections of the tangent lines at different points
in the exponential relaxation curve of the Standard Linear Solid model with the time axis can be
described by a single relaxation time (see Fig. 2.5(a)), in contrast, for real viscoelastic materials,
different relaxation times appear, which are increasing with time as Fig. 2.5(b) illustrates [4].

Figure 2.5: Stress relaxation curve of the (a) Standard Linear Solid model and (b) real rubber.
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2.2. LINEAR VISCOELASTICITY

In order to take into consideration the real behaviour of the viscoelastic solids, a possible solution,
which is also followed in computation mechanics, is to generalise simple model elements with
different relaxation times, e.g. by connecting them in parallel. Based on this idea, the generalised
Standard Linear Solid model can be obtained, whose structure is illustrated in Fig. 2.6.

Figure 2.6: Rheological representation of the generalised Standard Linear Solid model.

The generalised Standard Linear Solid model is one of the most commonly used models that
can give qualitative and quantitative descriptions of the viscoelastic behaviour, such as stress
relaxation and creep. The model consists of n Maxwell model and a separate spring (Hooke
element) that gives the time-independent long-term behaviour. It is worth mentioning that this
model may also be referred to as the generalised Maxwell model in the literature. The stress
response of the model to a unit step function input can be derived based on the Standard Linear
Solid model (see Eq. (2.17)). Thus,

σ(t) = E∞ε+
n∑
i=1

Eiεe−t/τi . (2.19)

Based on Eq. (2.19), the relaxation function of the generalised Standard Linear Solid model can
be derived easily; it has the form

E(t) = E∞ +
n∑
i=1

Eie−t/τi , (2.20)

where n is the number of the Maxwell model (Prony terms), i.e. the number of spring-dashpot
terms, E∞ is the long-term elastic modulus of the separate spring, and Ei and τi are the ith elastic
modulus and relaxation time of the Maxwell model. Note that the time-dependent relaxation
modulus function defined by Eq. (2.20) is also referred to as the Prony series in the literature.

The response of a linear viscoelastic solid to an arbitrary loading can be obtained using the
Boltzmann superposition principle. A detailed derivation of the one-dimensional constitutive
equation of the small strain viscoelastic constitutive equation can be found, among others, in [6].
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Here, only the final equation is given, which may be written as

σ(t) =
t∫

0

E(t− s)dε(s)
ds ds, (2.21)

where E(t) is the stress relaxation function defined by the Prony series (see Eq. (2.20)). This
representation assumes that the solid is stress and strain-free at time t = 0. One may observe
that the one-dimensional constitutive equation defined by Eq. (2.21) is a convolution (hereditary)
integral.

Finite strain viscoelasticity

The extension of the small-strain viscoelastic theory to finite strains is easily accomplished
because the structure of the rheological model is the same (see Fig. 2.6); furthermore, the rhe-
ological elements connected in parallel preserve the linear structure of the formulation even at
finite strains. Consequently, the Boltzmann superposition principle and the characteristics of the
constitutive equations used at small strains are not compromised. In order to use the constitutive
equation of the linear viscoelastic theory (see Eq. (2.21)) in large strain predictions, we have to use
hyperelasticity instead of linear elasticity (Hooke’s law) to describe the long-term elastic material
response. For more details of the transition to finite strain in the case of incompressible solids,
see Section 5.2.2 in Chapter 5. Note that the finite strain viscoelastic model is available in the
major finite element software packages. In Chapters 3 and 4, two specific finite strain viscoelastic
models of the commercial finite element software Abaqus [7] are applied to describe the mechanical
behaviour of highly compressible polymer foams and incompressible rubbers, respectively.

2.2.2 Frequency domain representation

The dynamic behaviour of viscoelastic solids can be handled using the methods and models
presented above. It is important because one of the most widely used tests is the dynamic
mechanical thermal analysis, which is based on the frequency domain viscoelasticity. During the
measurement, the specimen is usually exciting with a periodic (most commonly sinusoidal) signal,
which can be either strain or stress excitation, then the resulting stress or strain is measured as
a function of the frequency and/or temperature. Furthermore, the phase lag between the stress
and strain signals can also be detected. This phase difference, together with the amplitudes of the
stress and strain signals, is used to determine various fundamental material parameters, such as
storage and loss modulus, loss factor (damping ratio), dynamic viscosity, and thermal properties
(e.g. the glass transition temperature range).

To calculate the stress response of a viscoelastic solid subjected to uniaxial sinusoidal load,
consider the following applied strain

ε(t) = εm + ε0 sin(ωt), (2.22)
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2.2. LINEAR VISCOELASTICITY

where εm is the mean strain, ε0 is the strain amplitude, while ω = 2πf is the exciting angular
frequency. In the case of linear viscoelastic solids, it can be assumed that the stationary stress
response σ(t) is also sinusoidal with the same angular frequency as the input but shifted with a
phase angle. Thus,

σ(t) = σm(t) + σ0 sin(ωt+ δ), (2.23)

where σm(t) is the time-dependent mean stress response corresponding to the mean strain εm,
while σ0 is the amplitude of the stress response, respectively. Furthermore, δ is the phase angle
between the strain input and the stress response. It causes hysteresis in the stress-strain diagram
of a harmonic vibration, where the area described by the hysteresis is a measure for the energy
dissipated in one cycle of vibration. As Eq. (2.23) shows, the strain lags the stress, which is
consistent with the behaviour of viscoelastic materials. It is important to note that phase angle
is always measured relative to the excitation, and its absolute value is a material property that is
independent of the type of the excitation (in the case of stress excitation, the strain response lags
with respect to the stress). Fig. 2.7 shows the stress response to a sinusoidal strain input when
the mean strain is zero.

Figure 2.7: The stress response of a viscoelastic solid to sinusoidal strain input when εm = 0, indicating
the phase lag, the time period, and the strain/stress amplitude.

The sinusoidal part of the stress response given by Eq. (2.23) can be split into an in-phase (σ′(t))
and an out-of-phase (σ′′(t)) component with the applied strain. Thus,

σ0 sin(ωt+ δ) = σ0 cos(δ) sin(ωt) + σ0 sin(δ) cos(ωt) = σ′(t) + iσ′′(t). (2.24)

The storage elastic modulus E ′ is the in-phase stiffness and is related to the stored energy of
the solid, while the loss elastic modulus E ′′ is out-of-phase with the applied load and quantifies
the energy dissipated as heat (hysteresis). After introducing these quantities, Eq. (2.24) can be
rewritten as

σ0 sin(ωt+ δ) = ε0E
′(ω) sin(ωt) + ε0E

′′(ω) cos(ωt), (2.25)
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where the storage and the loss modulus are defined as

E ′(ω) = σ0

ε0
cos δ = |E∗(ω)| cos δ,

E ′′(ω) = σ0

ε0
sin δ = |E∗(ω)| sin δ.

(2.26)

In Eq. (2.26), E∗(ω) is the complex elastic modulus. It and its absolute value can be given as

E∗(ω) = E ′(ω) + iE ′′(ω) = |E∗(ω)| eiδ,

|E∗(ω)| =
√
E ′2(ω) + iE ′′2(ω) = E ′(ω)

√
1 + tan2δ,

(2.27)

where i =
√
−1 is the imaginary unit, while tan δ(ω) is the loss factor (or damping ratio), which

is an important quantity for the characterisation of the dissipative properties, which is a measure
of the energy dissipated in the material, expressed in terms of recoverable energy. It has the form

tan δ(ω) = E ′′(ω)
E ′(ω) . (2.28)

Fig. 2.8 shows the definition of the storage and the loss modulus with the phase angle δ on the
complex plane.

Figure 2.8: Graphical representation of the relationship between the complex modulus E∗, the storage
modulus E′ and the loss modulus E′′ on the complex plane. The elastic part is represented on the real
axis while the viscous part is on the imagine axis.

For purely elastic solids, the phase angle between the stress and strain waves is 0◦ (they are
in-phase), which yields that the loss modulus and the loss factor equal zero. In contrast, if the
phase angle is 90◦ (out-of-phase waves), the solid is ideally viscous; therefore, the storage modulus
equals zero, and the loss factor goes to infinity. Between these two limiting states, the solid
exhibits viscoelastic behaviour. Note that the loss factor of the solid is increasing as the phase
angle increases.

To derive the dynamic response of the Maxwell model to an ideal harmonic load, let introduce
the complex stationary strain excitation as

ε̃ = ε0eiωt, (2.29)
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where the transition from the polar coordinates to Eulerian representation can be performed as

eiωt = cos(ωt) + i sin(ωt). (2.30)

Substituting the complex strain excitation defined by Eq. (2.29) into the differential equation of
the Maxwell model (see Eq. (2.12)) it gives the following equation

˙̃ε = iωε̃ = 1
E1

˙̃σ + 1
η1
σ̃ =

(
1
E1
iω + 1

η1

)
σ̃, (2.31)

where σ̃ = σ0ei(ωt+δ) is the complex stress response. Based on Eq. (2.31), the complex relaxation
modulus of the Maxwell model for complex strain excitation can be expressed as

E∗ = σ̃

ε̃
= σ0

ε0
eiδ = E1

iωτ1

1 + iωτ1
. (2.32)

Splitting E∗ into a real and an imaginary part, we get

E∗ = E ′ + iE ′′ = E1
ω2τ 2

1
1 + ω2τ 2

1
+ iE

ωτ1

1 + ω2τ 2
1
. (2.33)

Furthermore, based on Eq. (2.28), the loss factor has the form

tan δ = 1
ωτ

. (2.34)

Similarly, the complex modulus for the generalised Standard Linear Solid (generalised Maxwell)
model can be given as

E∗ = E∞ +
n∑
i=1

Ei
iωτi

1 + iωτi
, (2.35)

where
E ′ = E∞ +

n∑
i=1

Ei
ω2τ 2

i

1 + ω2τ 2
i

,

E ′′ =
n∑
i=1

Ei
ωτi

1 + ω2τ 2
i

.
(2.36)

Note that the complex relaxation modulus can be derived directly by Fourier-transform of the time-
dependent relaxation modulus function of the generalised Standard Linear Solid model defined
by Eq. (2.20).

2.2.3 Time-temperature superposition principle

In order to model the temperature effects and the long-term behaviour of viscoelastic solids, the
time-temperature superposition (TTS) principle can be applied, which emphasises the equivalence
of time and temperature. If the solid behaves thermo-rheologically simple, then its deformation is
governed by a spectrum of relaxation times, where every relaxation time has the same temperature
dependence. The relaxation process can be accelerated by increasing the test temperature, i.e. the
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time scale (or frequency scale in the case of dynamic loading) can be extended. Thus, the long-
term behaviour of the material can be analysed. In contrast, by reducing the test temperature, the
short-term material response can be examined. The practical importance of the time-temperature
superposition principle and the thermo-rheologically simple approach is significant. For example,
the relaxation modulus isotherms (relaxation modulus curves measured at different temperatures)
obtained from the short-term relaxation test can be shifted along the time (or frequency) scale to
form an extended relaxation curve (master curve) at the reference temperature. Mathematically,
the TTS principle can be expressed as [4]

E(T1, t) = E

(
T2,

t

aT (T )

)
, (2.37)

where aT (T ) is the temperature-dependent shift factor. According to Eq. (2.37), the modulus
measured at temperature T1 and test time t can be transformed by a variable transformation
to another temperature T2 using the test time t/aT (T ). Applying the TTS principle to the test
results of dynamical mechanical thermal analysis, it is possible to generate a master curve at a
given reference temperature, describing the time-dependent material behaviour in a wide frequency
(or equivalently time) range. Furthermore, if a relation between the shift factors and temperature
is defined, the master curve can be extended to an arbitrary temperature. Such a relation can be
the WLF equation (see it later). Fig. 2.9 illustrates the concept of the master curve creation based
on DMTA test results, i.e. angular frequency vs. storage modulus curves measured at different
temperatures in a narrow frequency range (see the experimental window in the figure).

Figure 2.9: Concept of the master curve creation based on DMTA test results: angular frequency
vs. storage modulus curves belong to different temperatures.

The relaxation modulus isotherm indicated by the solid (black) curve belongs to the reference
temperature (Tr = T3), and the coloured curves are shifted horizontally using shift factors to get
a continuous master curve at T3. This concept enables us to extend the experimental window
without carrying out long-term measurements.

The time-temperature superposition principle can easily be incorporated into the linear vis-
coelastic theory as the temperature-dependent shift factor aT (T ) defines the relation between the
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relaxation times belong to different temperatures as follows

τi(T ) = aT (T )τi, i = 1..n, (2.38)

where τi and τi(T ) are the ith relaxation time at the temperature Tr and T , respectively. As
Fig. 2.10 shows, the relative relaxation moduli taken at different temperatures are directly related
to one another through the temperature-dependent horizontal shift factor.

Figure 2.10: The relationship between the relative modulus isotherm obtained at the reference temper-
ature (solid curve) and the one determined by using the shift factor aT (T ) (dashed curve) in the case of
thermo-rheologically simple material.

Note that in some cases, a vertical shifting of the modulus may also be necessary. Various formulas
exist in the literature to describe the temperature dependence of the shift factor. One of the most
frequently used formulas is proposed by Williams, Landel and Ferry [8]. In this case, the shift
factor is defined as

log aT (T ) = −C1(T − Tr)
C2 + T − Tr

, (2.39)

where C1 and C2 are model parameters whose values depend on the reference temperature chosen.
Note that this empirical formula, called the WLF equation, may be valid in the temperature range
Tg to Tg + 100 ◦C, where Tg is the glass transition temperature.
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3
Hyper-viscoelastic modelling of compressible

polymer foams

Proper calibration of material models is one of the essentials of a reliable numerical prediction.
It is particularly critical in the numerical simulation of highly compressible hyper-viscoelastic
solids such as polymer foams. In this chapter, finite time increment-based stress solutions are
presented for the case when the time-independent behaviour is defined by the generally accepted
modified Ogden model (also known as hyperfoam model) while the time dependence is described
by the Prony series-based linear viscoelastic model. The stress solutions give the basis of the
parameter identification method proposed, with which even the temperature-dependent beha-
viour may be taken into consideration through the time-temperature superposition principle. The
following simple loading modes are considered: uniaxial/equibiaxial compression, confined uni-
axial/equibiaxial/volumetric compression and simple shear. The stress solutions are then used to
identify the model parameters of open-cell polyurethane foams. The results demonstrate the cap-
ability of the numerical stress solutions in calibrating the compressible hyper-viscoelastic material
model with high accuracy based on any loading mode presented or simultaneous consideration of
various loading modes.

3.1 Literature overview and goals

The industrial application of lightweight materials due to their advantageous properties grows
continually. Important representatives of such materials are the different polymer foams. They
are largely deformable, especially under compression, and show nonlinear stress-strain relation
accompanied by significant volumetric deformation and time/temperature dependence [6, 9–11].
The application field of polymer foams is very wide. They may be utilised, among others, as
packaging material, crash helmet, shoe sole, cushion, padding, or isolation [12, 13].

The mechanical behaviour of polymer foams can be described by using micro- or macro-
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models [9, 14–17]. Here, the macroscopic approach is followed; thus, it is assumed that the
material is homogeneous and isotropic. For solids, where the volumetric deformation is negligible,
several incompressible/nearly incompressible hyperelastic models are available in the literature.
However, when the volume change is significant, these models are valid no longer. Under such
circumstances, highly compressible hyperelastic models are required. One such model is the Blatz–
Ko model [18] which is able to describe the behaviour of compressible solids with a reasonable
degree of accuracy. In the case of polymer foams, however, the most widely accepted model is
the modified Ogden model [19–21], which is capable of predicting even the large strain elastic
behaviour of highly compressible solids. The popularity of the modified Ogden model is proved,
among others, by the fact that it or its slightly modified versions are available in most commercial
finite element software packages.

While polymer foams exhibit a high degree of deformability, their mechanical behaviour is
still time- and temperature-dependent. This makes it necessary to apply rheological material
models [22–24]. As the so-called hyper-viscoelastic material model consisting of a hyperelastic
(time-independent) and a viscoelastic (time- and temperature-dependent) part meets both of
these conditions, it can be used for modelling purposes. However, it must be mentioned that the
essential criterion for its successful application is the proper identification of the model paramet-
ers. One of the most frequently used parameter identification methods is the two-step method,
where the hyperelastic and the viscoelastic parameters are determined independently in two steps.
This method is implemented, among others, into the built-in curve fitting tool of the major finite
element software packages Abaqus [7] and Ansys [25], and is used frequently in the literature;
see for example the works of [26–29]. The method has the advantage of easy feasibility and the
disadvantage of inaccuracy. The latter is caused by the fact that it is possible to separate the
time-independent and the time-dependent behaviour of the solid experimentally with certain errors
only [30, 31], [BF1]. Another method of parameter identification is that when the constitutive
constants are determined directly from a fit to measurement results in one step. To do this,
Berezvai and Kossa [32], assuming ramp-and-hold loading and various loading modes, derived the
stress solutions of the modified Ogden model-based hyper-viscoelastic constitutive model in closed
form. Then, they applied these analytical solutions for parameter identification of an open-cell
polyurethane foam subjected to compressive stress relaxation. However, the method they pro-
posed may have weak points. On the one hand, in the case of simple shear, the closed-form stress
solution may not be derived due to the complex convolution integral. Thus, in this case, it is not
possible to identify the model parameters by the method. On the other hand, the closed-form
stress solutions presented are valid for ramp-and-hold loading (with a constant engineering strain
rate) only. In other words, these solutions cannot be used for arbitrary strain history. Further-
more, it is important to note that the mentioned one- and two-step parameter fitting methods do
not consider the temperature effects directly.

The literature review shows that none of the available methods has the capability to take all
relevant homogeneous loading modes (even simultaneously) into consideration, handle directly the
temperature dependence and use arbitrary strain history in identifying accurate model paramet-

20



Section 3. Hyper-viscoelastic modelling of compressible polymer foams

ers of compressible polymer foams. To address these shortcomings, numerical stress solutions are
worked out here for uniaxial/equibiaxial compression, confined uniaxial/equibiaxial/volumetric
compression as well as simple shear. The proposed numerical stress solutions make it possible to
consider any strain history and take into account different homogeneous loading modes (e.g. uni-
axial compression and simple shear) simultaneously. Furthermore, the temperature-dependent
behaviour can be easily considered in these solutions through the time-temperature superposition
principle. The applicability of the numerical stress solutions for parameter identification purposes
is demonstrated through two case studies. First, the hyper-viscoelastic model is fitted using the
proposed numerical stress solutions based on an already published uniaxial compressive stress
relaxation test of open-cell polyurethane foam [31]. Then, the accuracy of the predicted material
behaviour based on the optimised model parameters is investigated by comparing our results with
that of [31]. In the second case study, the material model is calibrated based on own experimental
test results of an other open-cell polyurethane foam subjected to stress relaxation under uniaxial
compression and simple shear. The reliability and accuracy of the hyper-viscoelastic model para-
meters obtained are proved by comparing the measured and the numerically predicted behaviours.
Then, the indentation of a rigid indenter into the PU foam plate is simulated and investigated
experimentally to give an insight into the applicability of the material model calibration method
proposed to more complex structural problems.

3.2 Constitutive model

3.2.1 Hyperfoam model

The modified Ogden hyperelastic material model (also referred to as the hyperfoam model)
plays a key role in the realistic modelling of highly compressible solids. It is based on the Ogden
hyperelastic model [19], where an additional energy term is added for describing the purely elastic
volumetric response of the material. This model has been further developed by Hill [20] and
Storåkers [21]. Based on these works, the following strain energy density function is implemented
in the commercial finite element software Abaqus [7]

W0 =
M∑
i=1

2µi
α2
i

[
λαi1 + λαi2 + λαi3 − 3 + 1

βi

(
J−αiβi − 1

)]
, (3.1)

where M denotes the order of the hyperfoam model, while µi, αi and βi (i = 1..M) are model
parameters. The model parameter βi describes the compressibility and is given through the
parameter νi as

βi = νi
1− 2νi

. (3.2)

Furthermore, the initial shear (µ0) and bulk (K0) modulus are given as

µ0 =
M∑
i=1

µi, K0 =
M∑
i=1

2µi
(1

3 + βi

)
. (3.3)
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Based on Eqs. (2.2), (2.5) and (3.1), the principal first Piola–Kirchhoff (engineering) and Kirchhoff
stresses (k = 1, 2, 3) can be written as

Pk0 =
M∑
i=1

1
λk

2µi
αi

(
λαik − J−αiβi

)
,

τk0 =
M∑
i=1

2µi
αi

(
λαik − J−αiβi

)
,

(3.4)

where the subscript 0 denotes the instantaneous stress response of the material.

3.2.2 Finite strain viscoelastic model

As polymer foams have significant viscous properties as well, their stress-strain relation is
basically time- and temperature-dependent. At load removal, the initial shape of the body recov-
ers but only after an ’infinite’ period of time. This behaviour may be described by the hyper-
viscoelastic constitutive law. The rheological approach makes it possible to accurately model the
time/temperature-dependent nonlinear elastic behaviour even in the presence of large strains. In
the FE software Abaqus [7], the following constitutive equation is implemented for highly com-
pressible foams

τD (t) = τD0 (t)− sym
 ng∑
i=1

gi
τGi (T )

t∫
0

F−1
t (t− s) τD0 (t− s)Ft (t− s) e−s/τGi (T )ds

 ,
τH (t) = τH0 (t)−

nk∑
i=1

ki
τKi (T )

t∫
0

τH0 (t− s) e−s/τKi (T )ds,
(3.5)

where τD(t) and τH(t), and τD0 (t) and τH0 (t) are the deviatoric and the hydrostatic part of
the hyper-viscoelastic (time-dependent) and the instantaneous hyperelastic (time-independent)
Kirchhoff stress tensor, respectively. The sym operator ensures the stress tensor to be symmetric,
Ft(t− s) = F(t− s)F−1(t) is the relative deformation gradient between time instant t− s and t.
Furthermore, gi and ki are the ith relative shear and bulk modulus while τGi (T ) and τKi (T ) are the
ith temperature-dependent shear and bulk relaxation time, respectively. They are defined through
the time-temperature superposition principle assuming thermo-rheologically simple behaviour (see
Section 2.2.3). Furthermore, ng and nk denote the number of the Prony terms. Like in the small
strain viscoelasticity, the relaxation moduli are represented using the Prony series, i.e.

G (t) = G0

(
g∞ +

ng∑
i=1

gie−t/τ
G
i (T )

)
,

K (t) = K0

(
k∞ +

nk∑
i=1

kie−t/τ
K
i (T )

)
,

(3.6)

where G(t), K(t) and G0, K0 are the time-dependent and the instantaneous shear and bulk moduli,
respectively, while g∞ and k∞ denote the relaxed relative shear and bulk modulus, respectively.
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Section 3. Hyper-viscoelastic modelling of compressible polymer foams

At the same time,

g∞ +
ng∑
i=1

gi =k∞ +
nk∑
i=1

ki =1, (3.7)

where
gi = Gi

G0
, g∞ = G∞

G0
and ki = Ki

K0
, k∞ = K∞

K0
. (3.8)

In the coordinate system of the principal directions, both τD0 (t− s) and Ft(t− s) tensors are
diagonal; therefore, the order of the tensor products in Eq. (3.5) can be commuted, which yields
that F−1

t (t − s)Ft(t − s) = I. In addition, in this case, the sym operator is not needed, which
results in further simplification. The number of the unknown model parameters can be decreased
by assuming that the shear and the bulk relaxation times are the same, i.e. τGi (T ) = τKi (T ) = τi(T )
and ng = nk = n. Furthermore, the hydrostatic and the deviatoric part of the stress may relax
equally, i.e. ki = gi. These assumptions may result in a good numerical prediction for polymer
foams [7]. Summing the deviatoric and the hydrostatic part of the Kirchhoff stress tensor and
taking into consideration the above-mentioned simplifications, the total stress response may be
written as

τk (t) = τk0 (t)−
n∑
i=1

gi
τi(T )

t∫
0

τk0 (t− s) e−s/τi(T )ds, k = 1, 2, 3, (3.9)

where τk(t) is the total principal Kirchhoff stress, while τk0(t) is the time-independent (instant-
aneous) principal Kirchhoff stress response of the hyperfoam model. Fig. 3.1 shows the graphical
representation of the hyper-viscoelastic model used. Note that in the representation, only the
shear terms are taken into consideration.

Figure 3.1: One-dimensional rheological representation of the hyper-viscoelastic constitutive model.
The separate spring in the hyperfoam network describes the long-term material response, while the
spring-dashpot terms in the linear viscoelastic network consider the time-dependent behaviour.

3.3 Hyper-viscoelastic stress solutions

The parameter identification strategy proposed here is based on numerical stress solutions
of solids subjected to various uniform stress distribution inducing loading modes: uniaxial and
equibiaxial compression, confined uniaxial, equibiaxial and volumetric compression, and simple
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shear. Note that considering various loading modes simultaneously, the constitutive constants
determined become more reliable. Since, in the case of polymer foams, the incompressibility
constraint (J = 1) cannot be applied to describe the deformation in terms of the longitudinal
stretch (stretch in the loading direction) only, the closed-form stress solutions of the hyperfoam
model (τk0(t)) as a function of the longitudinal stretch are possible to derive only for

• Uniaxial and equibiaxial compression, if the first-order (M = 1) hyperfoam model is used.

• Confined compressions where the transverse deformations are constrained.

• The case when βi = 0, i.e. the deformation in the transverse direction may be neglected. It
physically means that the Poisson’s ratio of the material is zero. This assumption is widely
used for modelling purposes of open-cell polymer foams [10, 26, 27, 33].

Unlike the instantaneous stress solutions of the hyperfoam model (τk0), the (total) stress solutions
of the hyper-viscoelastic solid (τk) are written in numerical form here. The main advantage
of the finite time increment-based formulation is that the stress solutions can be derived for
arbitrary loading history and any homogeneous loading mode. The closed-form stress solutions
of the hyperfoam model with βi = 0 and the numerical stress solutions of the hyper-viscoelastic
model for uniaxial, equibiaxial and volumetric compression, and simple shear are presented in
Sections 3.3.1 and 3.3.2. The further numerical stress solutions can be found in Appendix A.

3.3.1 Uniaxial, equibiaxial and volumetric compression with βi = 0

For open-cell polymer foams, it is a widely used assumption that the material is fully compress-
ible, i.e. βi = 0 for every i. This constraint physically means that there will be no deformation in
transverse directions when the solid is subjected to compression. Consequently, the corresponding
deformation gradients and the first Piola–Kirchhof stress tensors can be expressed as

Fuao = diag
[
λ1 1 1

]
,Puao = diag

[
P o

1 (t) 0 0
]
,

Fbao = diag
[
λ1 λ1 1

]
,Pbao = diag

[
P o

1 (t) P o
1 (t) 0

]
,

Fvolo = diag
[
λ1 λ1 λ1

]
,Pvolo = diag

[
P o

1 (t) P o
1 (t) P o

1 (t)
]
,

(3.10)

where the superscript ua, ba and vol denote the uniaxial, equibiaxial and volumetric compression,
while the superscript o identifies the case when βi = 0. Furthermore, diag indicates the diagonal
matrix, and λ1 is the principal stretch in the loading direction (i.e. the longitudinal stretch).
According to Eq. (3.4), the time-independent longitudinal engineering stress(es), in this case, can
be determined as

P o
10 =

M∑
i=1

1
λ1

2µi
αi

(λαi1 − 1). (3.11)

Eq. (3.10) shows clearly that these three loading modes can be characterised by a single stress
response. Based on this finding, the hyper-viscoelastic engineering stress response P o

1 (t) can be
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derived based on Eqs. (2.2) and (3.9) as

P o
1 (t) = P o

10(t)−
n∑
i=1

gi
τi(T )

t∫
0

λ1(t− s)
λ1(t) P o

10(t− s)e−s/τi(T )ds. (3.12)

It may be observed that the structure of the convolution integral that appears in Eq. (3.12) is very
similar to the ones in Eq. (4.25) (see later in Section 4.4.1). Thus, the total engineering stress
response of a highly compressible viscoelastic solid at time instant t+ ∆t can be derived based on
Appendix B. The final formula may be written as

P o
1 (t+ ∆t) = P o

10 (t+ ∆t)−
n∑
i=1

Ho
i (t+ ∆t) , (3.13)

where

Ho
i (t+ ∆t) = gi

[
λ1(t)

λ1(t+ ∆t)P
o
10(t) · bi + P o

10(t+ ∆t) · ai
]

+ λ1(t)
λ1(t+ ∆t)H

o
i (t) · ci. (3.14)

Furthermore, the variables of ai, bi and ci in Eq. (3.14) can be given as

ci = e−∆t/τi(T ),

ai = 1− τi(T )
∆t (1− ci) ,

bi = τi(T )
∆t (1− ci)− ci.

(3.15)

Note that if the time increment ∆t varies as a function of time, then the corresponding values of
ai, bi and ci should be used. It can be observed that the recursive formula defined by Eqs. (3.13)–
(3.15) gives the stress value at time instant t+∆t as a function of the stretch and the instantaneous
stress values at time instants t and t + ∆t, as well as the time increment ∆t, respectively. Con-
sidering that the initial stress-strain state of the solid to be known, the hyper-viscoelastic stress
at any time instant can be computed.

3.3.2 Simple shear

In the case of simple shear, plane stress state can be assumed. Namely, there is no stress in
the direction normal to the plane x−y (the plane of shear). Thus, the corresponding deformation
gradient and the instantaneous Cauchy stress tensor can be formulated as

Fss =


1 γ 0
0 1 0
0 0 1

 , σss0 =


σss
x0 τ ss

xy0 0
τ ss
xy0 σss

y0 0
0 0 0

 , (3.16)

where superscript ss indicates the loading mode and γ is the amount of shear. Furthermore, J ss =
detFss = 1, which means that the volume is constant during the deformation. The hyperelastic

25



3.3. HYPER-VISCOELASTIC STRESS SOLUTIONS

Cauchy stresses can be determined as [34]

σss
x0 = λ3

1
1 + λ2

1

∂W0

∂λ1
+ λ3

2
1 + λ2

2

∂W0

∂λ2
− ∂W0

∂λ3
,

σss
y0 = λ1

1 + λ2
1

∂W0

∂λ1
+ λ2

1 + λ2
2

∂W0

∂λ2
− ∂W0

∂λ3
,

τ ss
xy0 = λ2

1
1 + λ2

1

∂W0

∂λ1
− λ2

2
1 + λ2

2

∂W0

∂λ2
,

(3.17)

where the principal stretches can be defined by using the amount of shear as

λ1 = 1
2

(
γ +

√
γ2 + 4

)
,

λ2 = 1
2

(
−γ +

√
γ2 + 4

)
,

λ3 = 1.

(3.18)

Note that the relation between the engineering shear strain and the amount of shear can be derived
based on the polar decomposition of the deformation gradient. Thus,

U = RTFss, (3.19)

where U and R are the right stretch tensor and the rotation tensor, respectively. Based on
Eq. (3.19), the engineering shear strain (εxy) can be expressed in term of the amount of shear as

εxy = γ√
1 + γ2/4

. (3.20)

Based on Eq. (3.17), the instantaneous Cauchy stress responses of the hyperfoam model can be
calculated as

σss
x0 =

M∑
i=1

2µi
αi

(
λ2+αi

1
1 + λ2

1
+ λ2+αi

2
1 + λ2

2
− 1

)
,

σss
y0 =

M∑
i=1

2µi
αi

(
λαi1

1 + λ2
1

+ λαi2
1 + λ2

2
− 1

)
,

τ ss
xy0 =

M∑
i=1

2µi
αi

(
λ1+αi

1
1 + λ2

1
− λ1+αi

2
1 + λ2

2

)
.

(3.21)

As seen in this case, the deformation gradient is not a diagonal tensor (see Eq. (3.16)). It means
that the three-dimensional constitutive equation defined by Eq. (3.5) has to be used to obtain
the hyper-viscoelastic shear stress. Note that the hydrostatic part of the Kirchhoff stress tensor
for simple shear is zero, which means that τD(t) = τ (t). Thus, the constitutive equation has the
form

τ (t) = τ0 (t)− sym
 n∑
i=1

gi
τi(T )

t∫
0

F−1
t (t− s) τ0 (t− s) Ft (t− s) e−s/τi(T )ds

 , (3.22)
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where the relative deformation gradient can be calculated as

Ft(t− s) = F(t− s)F−1(t) =


1 γ(t− s)− γ(t) 0
0 1 0
0 0 1

 . (3.23)

Note that the Cauchy, the Kirchhoff and the first Piola–Kirchhoff (engineering) shear stresses are
identical. Let τ ss

xy(t) denote the hyper-viscoelastic engineering shear stress response. Based on
Eqs. (3.22) and (3.23), it can be written as

τ ss
xy(t) = τ ss

xy0(t)− 1
2

n∑
i=1

gi
τi(T )

t∫
0

{
(γ(t− s)− γ(t))σss

x0(t− s) + (γ(t)− γ(t− s))σss
y0(t− s)+

+
(
2− γ2(t) + 2γ(t)γ(t− s)− γ2(t− s)

)
τ ss
xy0(t− s)

}
e−s/τi(T )ds.

(3.24)
It can be observed that besides the instantaneous shear stress (τ ss

xy0), the instantaneous normal
stress components (σss

x0 and σss
y0) are also required to calculate the total shear stress response τ ss

xy(t).
Applying the finite time increment-based approach, the shear stress at time instant t+ ∆t can be
written as

τ ss
xy(t+ ∆t) = τ ss

xy0(t+ ∆t)−
8∑

k=1

n∑
i=1

Hss
ki, (3.25)

where

Hss
1i(t+ ∆t) = −1

2giγ(t+ ∆t) [σss
x0(t) · bi + σss

x0(t+ ∆t) · ai] + γ(t+ ∆t)
γ(t) Hss

1i(t) · ci,

Hss
2i(t+ ∆t) = 1

2gi [γ(t)σss
x0(t) · bi + γ(t+ ∆t)σss

x0(t+ ∆t) · ai] +Hss
2i(t) · ci,

Hss
3i(t+ ∆t) = 1

2giγ(t+ ∆t)
[
σss
y0(t) · bi + σss

y0(t+ ∆t) · ai
]

+ γ(t+ ∆t)
γ(t) Hss

3i(t) · ci,

Hss
4i(t+ ∆t) = −1

2gi
[
γ(t)σss

y0(t) · bi + γ(t+ ∆t)σss
y0(t+ ∆t) · ai

]
+Hss

4i(t) · ci,

Hss
5i(t+ ∆t) = gi

[
τ ss
xy0(t) · bi + τ ss

xy0(t+ ∆t) · ai
]

+Hss
5i(t) · ci,

Hss
6i(t+ ∆t) = giγ

2(t+ ∆t)
[

γ(t)
γ(t+ ∆t)τ

ss
xy0(t) · bi + τ ss

xy0(t+ ∆t) · ai
]

+ γ(t+ ∆t)
γ(t) Hss

6i(t) · ci,

Hss
7i(t+ ∆t) = −1

2gi
[
γ2(t)τ ss

xy0(t) · bi + γ2(t+ ∆t)τ ss
xy0(t+ ∆t) · ai

]
+Hss

7i(t) · ci,

Hss
8i(t+ ∆t) = −1

2giγ
2(t+ ∆t)

[
τ ss
xy0(t) · bi + τ ss

xy0(t+ ∆t) · ai
]

+ γ2(t+ ∆t)
γ2(t) Hss

8i(t) · ci.

(3.26)

3.4 Application of the method

Following the numerical stress solutions worked out in Section 3.3 and Appendix A, it is possible
to determine the constitutive constants of the compressible hyper-viscoelastic material model. To
do this, the computed stress response has to be fitted to the measured one while quantifying and
minimising the difference (error) between the measured and the fitted values.
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In general, 3M + 2n hyper-viscoelastic model parameters are required to be determined at a
given temperature. However, in the case of open-cell polymer foams, βi = 0 can be assumed, which
means that only 2(M + n) constitutive constants have to be optimised. If measurement results
are available at various temperatures, the hyper-viscoelastic parameters have to be determined at
the reference temperature Tr with aT (Tr) = 1. Then, the material model has to be fitted to the
stress responses measured at all the other temperatures by fixing the relative modulus parameters
and applying the time-temperature superposition principle to the relaxation times. Thus, the
temperature-dependent shift factors and the hyperfoam model parameters may also be obtained.

Alternatively, the numerical stress solutions presented may also be used to determine the
hyperelastic and the viscoelastic parameters from a fit to the master curve constructed at a
reference temperature. To do this, as a first step, one needs the stress responses measured at
different temperatures (isotherms). If the lowest temperature is considered to be the reference
temperature, then the isotherms obtained experimentally at higher temperatures can be shifted
horizontally along the time axis by using proper shift factors (aT (T )) in order to construct a
continuous master curve at Tr. As a second step, the numerical stress response has to be fitted to
the master curve to identify the hyperelastic and the Prony parameters.

In the case studies presented in Sections 3.4.1 and 3.4.2, the hyper-viscoelastic model paramet-
ers are fitted to uniaxial compressive and simple shear stress relaxation tests of highly compressible
open-cell polyurethane foams. Accordingly, the error functions to be minimised are defined as

MSEUA = 1
X

X∑
j=1

[
PM,UA
j (tMj )− PC,UA

j (tMj )
]2
,

MSESS = 1
Y

Y∑
k=1

[
PM,SS
k (tMk )− PC,SS

k (tMk )
]2
,

(3.27)

where MSEUA and MSESS are the mean squared error for uniaxial and simple shear loading mode,
respectively. Furthermore, X and Y denote the number of the measurement points, while, PM,UA

J ,
PM,SS
k and PC,UA

J , PC,SS
k are the measured and computed engineering stress values at time instants

tMj and tMk , respectively. In the case of uniaxial loading, the computed engineering stress PC,UA
j

can be obtained from Eqs. (3.11), (3.13), (3.14), and (3.15). For simple shear, the computed stress
PC,SS
k may be determined by using Eqs. (3.15), (3.21), (3.25), and (3.26). Note that the experiments

carried out at room temperature are available only. Thus, the shift factor is unity, i.e. aT = 1
in every case. Furthermore, it is assumed that there are no initial pre-stress and pre-strain in
the foam specimens. In order to minimise the error, the generalised reduced gradient algorithm
integrated as a built-in macro Solver in Microsoft Excel is used here, which is a reliable tool to
solve constrained nonlinear optimisation problems. The algorithm extended with the multi-start
sub-option randomly generates different starting points between the bounds of the optimisation
variables, which may contribute to finding the global optimum. It should be noted that this
multi-start sub-option does not guarantee a globally optimal solution. However, increasing the
running time, the accuracy and the probability of finding the global optimum also increases. In
addition to the error minimisation, two other points have to be also taken into consideration when
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identifying the model parameters. First, the hyperelastic (hyperfoam) model parameters must
satisfy the Drucker stability criterion [35], second, the hyperfoam and the Prony parameters must
meet the following conditions

M∑
i=1

µi > 0; αi 6= 0, i = 1..M,

n∑
i=1

gi < 1; gi > 0, τi > 0, i = 1..n.
(3.28)

Note that the parameter βi of the hyperfoam model is assumed to be zero for every i.

3.4.1 Model calibration based on compressive test

Here, the reliability of the proposed numerical stress solutions is proved on the basis of the
experiments and constitutive constants of Kossa and Berezvai [31]. In [31], cyclic and stress re-
laxation tests under uniaxial compression are presented for an open-cell polyurethane foam. The
material behaviour is described by combining the second-order hyperfoam model (M = 2) presen-
ted in Section 3.2.1 with the third-order viscoelastic model (n = 3) presented in Section 3.2.2.
After the application of the two-step method, the authors of [31] derived the stress solution of the
compressible hyper-viscoelastic constitutive model in analytical form. Using the closed-form stress
solution, they have obtained the model parameters from a fit to the measured relaxation curve in
one step. Then, I performed the calibration of the compressible hyper-viscoelastic material model
based on the numerical stress solution (see Section 3.4) using the experimental test results of [31].
The optimised model parameters obtained using, among others, the proposed numerical stress
solution-based (direct) parameter identification method are listed in Table 3.1.

Table 3.1: Constitutive constants of the polyurethane foam provided by the two-step, the direct (closed-
form) [31] and the proposed direct (numerical) parameter identification method.

Parameters
Parameter identification method

Two-step [31] Direct (closed-
form) [31]

Direct
(numerical)

µ1 [MPa] 1.417E−7 0.000239 0.000252
α1 [-] −7.2397 −2.1990 −1.908

µ2 [MPa] 0.00669 0.02235 0.01838
α2 [-] 18.3649 3.4435 4.675
g1 [-] 0.01586 0.84226 0.8245
τ1 [s] 242.424 0.16031 0.28
g2 [-] 0.61213 0.03547 0.0166
τ2 [s] 2.3221 1.92388 10
g3 [-] 0.03739 0.05311 0.0514
τ3 [s] 20.6702 0.84929 1.87

In respect of Table 3.1, it should be noted that the two-step and the direct (closed-form and numer-
ical) methods provide the long-term and the instantaneous hyperelastic parameters, respectively.
The reliability of the material model parameters listed in Table 3.1 was checked through finite
element simulations of the uniaxial stress relaxation test in Abaqus [7]. One eight-node hybrid
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brick element with reduced integration (C3D8RH) is used for this purpose with the load and
boundary conditions shown in Fig 3.2. Note that the stress distribution is assumed to be uniform
in the foam specimen during the compressive tests. From this, it follows that one linear element
is enough to provide the exact stress response.

Figure 3.2: The one-element FE model (1 × 1 × 1 mm) of the stress relaxation test with the load
(prescribed displacement U1 in direction x) and the boundary conditions.

As Fig. 3.2 shows, the load is prescribed displacement U1 in direction x at nodes 1, 2, 3 and 4
(see the shaded plane). Furthermore, the displacement is constrained in direction x at nodes 5,
6, 7, 8, in direction y at nodes 2, 4, 6, 8 and in direction z at nodes 3, 4, 7, 8. The prescribed
displacement is U1 = −0.7598 mm, and the ramp loading time is t1 = 4.792 s. The comparison of
the measured and the computed engineering stress vs. time curves are shown in Fig. 3.3.

Figure 3.3: Measured and simulated engineering stress responses of the polyurethane foam in the case
of compressive stress relaxation test: (a) 0 ≤ t ≤ 50 s, (b) 0 ≤ t ≤ 25 s.

Fig. 3.3(a) shows that the application of the two-step method yields a less satisfactory agreement
between the measurement and the simulation. In [31], the time-independent, hyperfoam model
parameters are fitted to the available long-term response of the polymer foam studied. However,
the measured long-term response does not equal the real long-term (relaxed) response of the
solid because the finite available time period is not long enough for the foam to reach the real
relaxed state. Moreover, during the identification of the viscoelastic parameters, the loading is
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assumed to be stepped rather than ramped, where the load increases continuously with time as
in real tests. Furthermore, Fig. 3.3(a) shows that the simulated behaviour agrees well with the
measured one if the constitutive constants are obtained from the direct (closed-form) solution
of [31] or the direct (numerical stress solution-based) method proposed here. In the latter case,
the simulated and the measured behaviour are practically identical (see Fig. 3.3(b)). On the basis
of these, it can be concluded that the proposed numerical stress solutions combined with the
generalised reduced gradient algorithm can provide very accurate constitutive model parameters
for compressible hyper-viscoelastic foams.

3.4.2 Model calibration based on compressive and simple shear tests

In this case study, I performed uniaxial compressive and simple shear stress relaxation tests
of an open-cell polyurethane foam and calibrated the hyper-viscoelastic material model based
on the numerical stress solutions derived in Sections 3.3 and 3.4. Furthermore, the optimised
model parameters are applied to simulate a contact problem, which results in an inhomogeneous
stress state in the material. Then, the finite element results were compared with the structural
measurement ones.

Material testing

Stress relaxation tests have been performed on open-cell polyurethane (PU) foam specimens
subjected to uniaxial compression and simple shear at room temperature and using a Zwick Z020
tensile testing machine. Both tests have been carried out in accordance with the relevant ISO
standard [36, 37].

The uniaxial compressive stress relaxation test (left configuration in Fig. 3.4(b)) was performed
on foam specimens with a density of 60 kg/m3 and dimensions of 130x130x50 mm. The specimen
was compressed (up to an engineering strain of 0.66) at a constant strain rate of ε̇ = −0.175 1/s,
and the strain was kept constant for 100 s. Three test specimens were tested, and the mean of
the measured force-displacement curves was considered to be the measurement result.

In the case of simple shear, a dual-lap test configuration (right configuration in Fig. 3.4(b))
was designed and constructed. The specimens with dimensions of 20x25x9 mm were bounded to
the steel counterparts using cyanoacrylate adhesive. The specimens were loaded (up to an amount
of shear of 0.56) at a constant strain rate of γ̇ = 0.09 1/s, and then the strain was kept constant
for 100 s. In this case, as well, three specimens were used. Figs. 3.4(a) and (b) show the applied
loading histories and the test configurations, respectively.
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3.4. APPLICATION OF THE METHOD

Figure 3.4: (a) The applied strain histories and (b) schematic representation of the test configurations
used in uniaxial compression and simple shear test. The foam specimens are indicated by hatching.

The parameters of the stress relaxation measurements can be seen in Table 3.2.

Table 3.2: Parameters of the stress relaxation tests.

Loading mode Engineering strain Strain rate Ramping time
εmax/γmax [-] ε̇/γ̇ [1/s] t1[s]

Uniaxial compression −0.66 −0.175 3.77
Simple shear 0.56 0.0907 6.12

Parameter identification

The applicability of numerical stress solutions worked out here to the identification of hyper-
viscoelastic model parameters of polymer foams is demonstrated with two examples. The com-
mon characteristic of these examples is that the instantaneous behaviour is described with the
second-order (M = 2) modified Ogden hyperelastic model with βi = 0, while the time-dependent
behaviour is taken into account using four Prony terms (n = 4).

In the first case, the constitutive constants have been determined based on the uniaxial com-
pression test results only. The main reason for this is that the uniaxial compression is the most
frequently used test configuration for open-cell polymer foams, and the most available parameter
identification methods were worked out for this loading mode. The constitutive constants obtained
from the uniaxial stress relaxation test are listed in Table 3.3.

Table 3.3: Optimised hyper-viscoelastic model parameters of the open-cell PU foam obtained from
uniaxial stress relaxation test.

Instantaneous hyperfoam parameters (M = 2)
µ1 [MPa] α1 [-] µ2 [MPa] α2 [-]
0.01789 6.88 0.00234 0.306
Prony parameters (n = 4)
g1 [-] τ1 [s] g2 [-] τ2[s] g3 [-] τ3[s] g4 [-] τ4 [s]
0.816 0.303 0.0179 10.99 0.0773 1.61 0.0139 229

To test the reliability of the model parameters obtained, the stress response was numerically
predicted for both uniaxial compression and simple shear in Abaqus [7]. In the case of the uniaxial
compression the one-element FE model presented in Section 3.4.1 was applied (see Fig. 3.2). The
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Section 3. Hyper-viscoelastic modelling of compressible polymer foams

values of the prescribed displacement U1 and the ramp loading time t1 are listed in Table 3.2. In
the case of simple shear, to provide the stress response, one four-node plane stress element with
reduced integration (CPS4R) was used. The load is prescribed displacement U1 in direction x at
nodes 1 and 2 (see the red arrows in Fig 3.5). Furthermore, the displacement is constrained in
direction x at nodes 3 and 4, and in direction y at nodes 1, 2, 3, and 4 (see the blue arrows in
Fig 3.5). The displacement U1 and the ramping time t1 are listed in Table 3.2. Note that the
engineering strain ε0 and the amount of shear γ0 in Table 3.2 correspond to the displacement
values of U1 in mm, respectively.

Figure 3.5: The one-element FE model (1 × 1 mm) of the simple shear test with the load (prescribed
displacement U1 in direction x) and the boundary conditions.

Using the model parameters listed in Table 3.3, the uniaxial compressive and the simple shear tests
are simulated based on the one-element FE models. Fig. 3.6 shows the measured and predicted
stress responses.

Figure 3.6: Comparison of the measured and predicted engineering stress responses for the case where
the constitutive constants of Table 3.3 are used: (a) uniaxial compression, (b) simple shear.

In Fig. 3.6(a), a very good agreement can be found between the measured and the predicted
compressive stress response. By contrast, a significant discrepancy can be seen between the
measured and the predicted behaviour in the case of simple shear (see Fig. 3.6(b)). These findings
show clearly that the model parameters obtained from the uniaxial stress relaxation test do not
make it possible to predict the shear behaviour accurately.
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As an alternative to the foregoing, in the second case, the compression and shear test results
have been taken into consideration simultaneously when calibrating the material model. The
extracted model parameters are summarised in Table 3.4.

Table 3.4: Optimised hyper-viscoelastic model parameters of the open-cell PU foam obtained while
taking account of both the uniaxial compression and the simple shear stress relaxation test results.

Instantaneous hyperfoam parameters (M = 2)
µ1 [MPa] α1 [-] µ2 [MPa] α2 [-]
0.01048 10.01 0.00010 11.17
Prony parameters (n = 4)
g1 [-] τ1 [s] g2 [-] τ2[s] g3 [-] τ3[s] g4 [-] τ4 [s]
0.0632 9.98 0.00089 15.54 0.509 1.47 0.0322 301

Note that the optimised hyperfoam model parameters listed in Tables 3.3 and 3.4 are stable for
all homogeneous loading modes and strains based on the Drucker stability criterion. As in the
former case, the reliability of the extracted model parameters is tested through the comparison of
the measured and predicted stress response (see Fig. 3.7).

Figure 3.7: Comparison of the measured and predicted engineering stress responses for the case where
the constitutive constants of Table 3.4 are used: (a) uniaxial compression, (b) simple shear.

Fig. 3.7 shows that the constitutive constants of Table 3.4 result in acceptable accuracy between
the measured and predicted stress response in both cases (uniaxial compression and simple shear).
The R-squared value (R2) is 0.62 for uniaxial compression and 0.94 for simple shear stress relax-
ation. Looking at the results, it can be observed in Fig. 3.7(a) that although the predicted peak
stress at time instant t1 is lower than the measured one, the agreement between the two curves,
from the engineering point of view, may be considered to be good. In particular, in light of
the fact that even the predicted shear stress response (Fig. 3.7(b)) is close to the measurement.
The reason for the increase in accuracy of the model responses is that the measured compressive
and shear stress responses were taken into account simultaneously when calibrating the material
model. Consequently, in applications where the component made of polymer foam is subjected to
complex load (e.g. helmet liners, aircraft cushions), all available measurement results belonging to
different simple loading modes have to be taken into account in order to get reliable model para-
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Section 3. Hyper-viscoelastic modelling of compressible polymer foams

meters. The attraction of the proposed method is that the hyper-viscoelastic constants of highly
compressible solids can be determined using any loading mode presented or even several loading
modes simultaneously with high accuracy. Fig. 3.8 shows the relative errors of the predicted stress
values compared to the measured ones. It can be seen that the relative error decreases from about
80 % to 10 % when the measured uniaxial compressive and shear stress responses are taken into
account simultaneously during the model calibration. This result demonstrates that the material
behaviour of polymer foams can only be predicted accurately if the different loading modes are
taken into consideration simultaneously.

Figure 3.8: Relative errors of the predicted stress values when the model parameters are determined
from a fit to (a) uniaxial compression test only, (b) uniaxial compression and simple shear test.

In order to prove that the material model calibrated with the proposed method can also be
used to simulate more complex structural problems, a contact problem is defined and analysed
numerically and experimentally. The contact problem is solved with a 2D finite element model
assuming plane stress/plane strain state (see Fig. 3.9). The plate of the investigated polyurethane
foam has a height of 40 mm, a width of 85 mm and a thickness of 36 mm. It is discretised by linear
four-node quadrilateral elements (see element CPS4R implemented in Abaqus) with an average
element size of 1 mm. The load is prescribed displacement. The counterpart, which is a solid
cylinder with a diameter of 140 mm and a thickness of 40 mm, is modelled as a rigid surface and
displaces 10 mm in the negative y-direction in under five seconds. Then its position remains the
same until the end of the simulation, i.e. t = 65 s. The coefficient of friction between the foam and
the rigid surface is µ = 2 [13]. Two different cases have been considered. In case A, the material
model parameters obtained from the uniaxial stress relaxation test only (see Table 3.3) while, in
case B, those obtained from simultaneous consideration of both the uniaxial compression and the
simple shear stress relaxation tests (see Table 3.4) are used. The FE model with the load and the
boundary conditions can be seen in Fig. 3.9.
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3.4. APPLICATION OF THE METHOD

Figure 3.9: FE model of the contact problem.

Fig. 3.10 shows the deformed shape of the foam plate (the deformation scale factor is 1) and the
predicted von Mises and Cauchy shear stress distributions at t = 65 s.

P P

P
P

Figure 3.10: The von Mises and the Cauchy shear stress distributions obtained at the end of the FE
simulations. The constitutive constants are taken from Table 3.3 in case A and Table 3.4 in case B.

The numerical results show clearly that the contact results in a multiaxial state of stress in the
polymer foam. Finally, Fig. 3.11 shows the measured and predicted reaction force values.
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Figure 3.11: Measured and predicted reaction force values in direction y.

As it can be seen, a good agreement is obtained between the measured and predicted reaction force
values if the material model parameters listed in Table 3.4 are used. However, the application of the
parameters seen in Table 3.3 yields significant disagreement between the measured and simulated
values. The results confirm clearly that, in the case of a complex stress state, the simultaneous
consideration of the different homogeneous loading modes during the material model calibration
is essential.

3.5 Conclusions

In this chapter, new numerical stress solutions have been worked out for highly compressible
hyper-viscoelastic solids subjected to uniaxial/equibiaxial compression, confined uniaxial/equibiax-
ial/volumetric compression and simple shear using the finite time increment-based approach. The
common characteristic of the loading modes studied is that the induced deformation is homo-
geneous in every case. From a practical point of view, the numerical stress solutions presented
are very attractive because no restriction is on the input strain history and the number of Prony
terms, and even the temperature-dependent behaviour may be considered. Furthermore, the stress
solution-based parameter identification allows the different loading modes to be taken into account
either consecutively or simultaneously during the calibration of the material model.

The results demonstrated that the hyper-viscoelastic material model calibrated based on the
introduced numerical stress solutions gives a very good agreement compared to the measured
stress responses of open-cell polyurethane foams. In the first case study, the material model
predicted the measured uniaxial stress relaxation curve most accurately (R2 = 0.988) when the
proposed numerical stress solution was used for parameter identification. Furthermore, the second
case study proved that the uniaxial and the simple shear loading modes have to be considered
simultaneously for accurate numerical predictions when a multiaxial stress state occurs. For this
purpose, the presented numerical stress solution-based parameter identification method is suitable.
Consequently, the use of the numerical stress solutions enables engineers to predict the behaviour
of components made of polymer foams accurately during the design process.
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4
Hyper-viscoelastic modelling of incompressible

solids

This chapter presents closed-form and numerical stress solutions for incompressible hyper-
viscoelastic solids considering the following loading modes: uniaxial and equibiaxial ten-
sion/compression, pure shear and simple shear. The analytical stress solutions are based on three
widely used hyperelastic material models (Neo-Hookean, Mooney–Rivlin and Ogden model) and
assume constant engineering strain rate. On the contrary, the numerical scheme is independent
of both the hyperelastic law and the loading history, thus the numerical stress solutions can be
easily adapted to a given parameter identification task. It has been confirmed that these stress
solutions can be utilised to identify the hyper-viscoelastic material model parameters. In addition,
the closed-form stress solutions may allow verifying different numerical time integration schemes.
The accuracy of the constitutive constants extracted for an isoprene rubber has been investigated
by comparing the predicted and the measured behaviours. The very good agreement between
them shows clearly the benefit of the stress solutions presented.

4.1 Literature overview and goals

The time-independent, nonlinear elastic behaviour of incompressible, nearly incompressible as
well as highly compressible solids can be taken into account by using hyperelastic material mod-
els [38]. In the majority of cases, such hyperelastic models are applied to isotropic solids, but, as
reported in [39–43], there also exist anisotropic hyperelastic material models. For solids exhibiting
negligible volumetric deformation, such as rubbers and biological soft tissues, the isotropic, incom-
pressible hyperelastic material models can be used [44–47]. In such cases, the determination of
the constitutive constants is routine work because of the existence of closed-form stress solutions.
However, in order to calibrate the models properly, different loading modes often have to be taken
into consideration simultaneously during the fitting process [48, 49].
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The time- and rate-dependent behaviour of solids can be modelled by using viscoelastic ma-
terial laws, which may be described mathematically, for example, by the Prony series. Thus, a
hyper-viscoelastic model, as the combination of a hyperelastic and a viscoelastic model, takes into
account both the time-independent nonlinear elastic and the time- and rate-dependent behaviour.
Despite the fact that such material laws are commonly used in numerical predictions [50–60],
the accurate extraction of the constitutive constants is still a great challenge. The reason for
this is that the number of closed-form and numerical stress solutions available for incompressible
hyper-viscoelastic solids in the literature is limited because of the nonlinear convolution integrals
occurring in the constitutive equation. One of the possible fitting strategies is the two-step para-
meter identification method, where the hyperelastic and the viscoelastic parameters are determined
separately. Although the two-step method is very popular (it is implemented in most commer-
cial finite element software packages), its application may cause significant inaccuracy during
parameter identification. The closed-form stress solution for an incompressible hyper-viscoelastic
material model where the Mooney–Rivlin hyperelastic law is used to describe the time-independent
behaviour has been worked out by Goh et al. [51], assuming constant true strain rate and uni-
axial loading. Assuming incompressibility, uniaxial loading and constant true/engineering strain
rate, Kossa [61] derived closed-form stress solutions for finite-strain viscoelastic material models.
In [62], a closed-form stress solution has been reported for an incompressible hyper-viscoelastic
material model where the time-independent behaviour is described with the Ogden model and the
load is assumed to be uniaxial extension at a constant engineering strain rate. Goh and his co-
workers [51] introduced a numerical scheme for uniaxial loading to determine the incompressible
hyper-viscoelastic model parameters. Furthermore, in [BF1], a numerical stress solution-based
parameter identification method was developed by Fazekas and Goda. Its main advantage is that
not only the incompressible but also the highly compressible hyper-viscoelastic model parameters
can be determined with high accuracy. However, the method was derived only for uniaxial loading.

Here, closed-form stress solutions of the hyper-viscoelastic material model are worked out for
the most frequent loading modes where the stress and strain fields are homogeneous (uniaxial and
equibiaxial extension, pure shear, and simple shear). These solutions are based on the assumption
of constant engineering strain rate loading and three widely used incompressible hyperelastic
models: the Neo-Hookean [63], the Mooney–Rivlin [63, 64] and the Ogden [19] model. Additionally,
finite time increment-based numerical stress solutions are presented, which are independent of the
hyperelastic material model chosen and can be applied to arbitrary loading history. Since with
the closed-form and the numerical stress solutions presented, the different loading modes can be
taken into consideration simultaneously; thus, they may contribute significantly to the accurate
numerical predictions. To show the ability of the proposed closed-form and numerical stress
solutions for material model calibration purposes, the constitutive constants of an isoprene rubber
subjected to uniaxial tension at different strain rates were determined. In addition, the numerical
stress solution-based and the two-step parameter identification strategies were compared based on
uniaxial stress relaxation test results of an isoprene rubber.
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4.2 Incompressible hyperelastic material models

In the following sections, the constitutive relations of incompressible hyperelastic laws are
derived in the case of uniaxial and equibiaxial tension/compression, pure shear and simple shear.
The derivations are based on Section 2.1.

4.2.1 Uniaxial extension

Let λ denotes the principal stretch in the direction of load. In the case of uniaxial loading,
the transverse principal stretches are equal, furthermore, due to the incompressibility detFua = 1,
from which λ2 = λ3 = λ−1/2, i.e. the deformation gradient may be written as

Fua = diag
[
λ λ−1/2 λ−1/2

]
. (4.1)

Using Eqs. (2.7) and (4.1), the principal Cauchy stress components can be calculated as

σ1 = − 2
λ2
∂W0

∂I2
+ 2λ2∂W0

∂I1
+ p,

σ2 = σ3 = 2
λ

∂W0

∂I1
− 2λ∂W0

∂I2
+ p = 0.

(4.2)

Taking into consideration the zero transversal stress condition (σ2 = σ3 = 0), p can be obtained.
Back substituting p into Eq. (4.2), it gives the Cauchy stress tensor (σua

0 ) in the following form

σua
0 = diag

[
σua

0 0 0
]
, σua

0 = 2
(
λ− 1

λ2

)(
λ
∂W0

∂I1
+ ∂W0

∂I2

)
, (4.3)

From Eqs. (2.2) and (4.3) the first Piola–Kirchhoff (engineering) stress may be expressed as

P ua
0 = σua

0
λ

= 2
(

1− 1
λ3

)(
λ
∂W0

∂I1
+ ∂W0

∂I2

)
. (4.4)

If the strain energy density function is defined in terms of the principal stretches, Eq. (2.8) can be
used to derive the stress response. In such a case, the incompressible constraint yields thatW0 to be
dependent on two independent principal stretches only, i.e. W0(λ1, λ2, λ3) = W0(λ1, λ2, (λ1λ2)−1).
Taking this into account, p can also be eliminated, and the Cauchy and the engineering stress can
be written as

σua
0 = λ

∂W0

∂λ
and P ua

0 = ∂W0

∂λ
. (4.5)

According to Eqs. (4.3)–(4.5), it is possible to determine the Cauchy and the engineering stresses
for any incompressible hyperelastic material model in the case of uniaxial loading.

4.2.2 Equibiaxial extension

In the case of equibiaxial extension, the principal stretches in the loading directions are the
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same, i.e. λ1 = λ2 = λ. The third principal stretch has to satisfy the incompressibility constraint
(detFba = 1), thus λ3 = λ−2. The deformation gradient is then written as

Fba = diag
[
λ λ λ−2

]
. (4.6)

Using Eqs. (2.7) and (4.6), the principal Cauchy stresses are

σ1 = σ2 = − 2
λ2
∂W0

∂I2
+ 2λ2∂W0

∂I1
+ p,

σ3 = 2
λ4
∂W0

∂I1
− 2λ4∂W0

∂I2
+ p = 0.

(4.7)

From the zero transversal stress condition (σ3 = 0), the unknown scalar p can be expressed. After
back substitution of p, the Cauchy stress tensor, in the case of equibiaxial extension, may be
written as

σba
0 =

[
σba

0 σba
0 0

]
, σba

0 = 2
(
λ2 − 1

λ4

)(
∂W0

∂I1
+ λ2∂W0

∂I2

)
= 1

2λ
∂W0

∂λ
. (4.8)

Based on Eqs. (2.8) and (4.8), the equibiaxial engineering stress becomes

P ba
0 = σba

0
λ

= 2
(
λ− 1

λ5

)(
∂W0

∂I1
+ λ2∂W0

∂I2

)
= 1

2
∂W0

∂λ
. (4.9)

4.2.3 Pure shear

In this case, the state of strain-induced is similar to that produced by a special uniaxial tension
where one of the loading directions being at right angles, no deformation is possible, i.e. λ2 = 1.
Thus, the deformation gradient has the form

Fps = diag
[
λ 1 λ−1

]
, (4.10)

where detFps = 1. Eqs. (2.7) and (4.10) gives the principal Cauchy stresses in the form

σ1 = 2
(
λ2∂W0

∂I1
− 1
λ2
∂W0

∂I2

)
+p, σ2 = 2

(
∂W0

∂I1
− ∂W0

∂I2

)
+p, σ3 = 2

(
1
λ2
∂W0

∂I1
− λ2∂W0

∂I2

)
+p = 0.

(4.11)
From the zero-stress condition (σ3 = 0), p can be obtained, and after the back substitution, the
Cauchy stress tensor with the two nonzero principal stresses may be written as

σps = diag
[
σps

10 σps
20 0

]
,

σps
10 = 2

(
λ2 − 1

λ2

)(
∂W0

∂I1
+ ∂W0

∂I2

)
= λ

∂W0

∂λ
,

σps
20 = 2

(
1− 1

λ2

)(
∂W0

∂I1
+ λ2∂W0

∂I2

)
.

(4.12)
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Using Eqs. (2.8) and (4.12), the engineering stresses can be calculated as

P ps
10 = σps

10
λ

= 2
(
λ− 1

λ3

)(
∂W0

∂I1
+ ∂W0

∂I2

)
= ∂W0

∂λ
,

P ps
20 = σps

20.

(4.13)

4.2.4 Simple shear

In the case of simple shear, the volume of the solid remains constant during the deformation
regardless of whether compressible or incompressible behaviour is assumed. It means that the
deformation gradient (Fss) and the Cauchy stress tensor (σss

0 ) introduced in Section 3.3.2 can
be used here to characterise the incompressible hyperelastic material behaviour (see Eq. (3.16)).
If the strain energy density function is defined by the principal invariants, the normal Cauchy
stresses can be calculated as

σx = 2
(
1 + γ2

) ∂W0

∂I1
−2∂W0

∂I2
+p, σy = 2∂W0

∂I1
−2

(
1 + γ2

) ∂W0

∂I2
+p, σz = 2

(
∂W0

∂I1
− ∂W0

∂I2

)
+p = 0.

(4.14)
Due to the plane stress assumption, p can be expressed easily from the σz = 0 equation. Con-
sequently, the nonzero Cauchy stress components can be expressed as

σss
0 =


σss
x0 τ ss

xy0 0
τ ss
xy0 σss

y0 0
0 0 0

 , σss
x0 = 2γ2∂W0

∂I1
, σss

y0 = −2γ2∂W0

∂I2
, τ ss

xy0 = 2γ
(
∂W0

∂I1
+ ∂W0

∂I2

)
. (4.15)

Note that in this loading mode, the Cauchy and the engineering shear stresses (τ ss
xy0) are identical.

When the strain energy function is given in terms of the principal stretches the Cauchy stresses
can be determined based on Eq. (3.17).

4.2.5 Hyperelastic stress solutions

In this section, the application of the former constitutive relations to three commonly used
incompressible hyperelastic material models (the Neo-Hookean, the Mooney–Rivlin and the Ogden
model) are considered. The corresponding strain energy density functions and initial shear moduli
are

WNH
0 = C10 (I1 − 3) , µ0 = 2C10,

WMR
0 = C10 (I1 − 3) + C01 (I2 − 3) , µ0 = 2 (C10 + C01) ,

WO
0 =

M∑
k=1

2µk
α2
k

(λαk1 + λαk2 + λαk3 − 3), µ0 =
M∑
k=1

µk,

(4.16)

where the superscripts NH, MR and O denote the Neo-Hookean, the Mooney–Rivlin and the
Ogden model, respectively. Furthermore, C10, C01 and µk, αk (k = 1..M) are model parameters,
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where M is the order of the Ogden model1. Using Eqs. (4.4), (4.5); (4.8), (4.9); (4.12), (4.13);
and (3.17), (4.15), the engineering stress solutions for the different loading modes can be obtained
(see Appendix C.1).

4.3 Finite strain viscoelastic model

Here a hyper-viscoelastic constitutive model similar to the one used for highly compressible
polymer foams (see Chapter 3) is applied. The model is available, among others, in the commercial
finite element software Abaqus [7] and is defined as

σD (t) = σD0 (t)− dev
 ng∑
i=1

gi
τGi

t∫
0

F−1
t (t− s)σD0 (t− s)F−Tt (t− s) e−s/τGi ds

 ,
σH (t) = σH0 (t)−

nk∑
i=1

ki
τKi

t∫
0

σH0 (t− s) e−s/τKi ds,

(4.17)

where σD(t) and σH(t), and σD0 (t) and σH0 (t) are the deviatoric and the hydrostatic part of
the hyper-viscoelastic (time-dependent) and the instantaneous hyperelastic (time-independent)
Cauchy stress tensor, respectively. One may observe that the structure of Eq. (4.17) is very sim-
ilar to the constitutive equation of the compressible hyper-viscoelastic model defined by Eq. (3.5).
Thus, for the explanation of the model parameters, refer to Section 3.2.2. Assuming incompress-
ibility, Eq. (4.17) can be simplified. In this case, the Cauchy stress response can be expressed
as

σ (t) = σD0 (t)− dev
 n∑
i=1

gi
τi

t∫
0

F−1
t (t− s)σD0 (t− s)F−Tt (t− s) e−s/τids

+ σH (t) , (4.18)

where the hydrostatic part of the Cauchy stress tensor (σH(t)) can be obtained from the zero
transverse stress constraint. In the rest of this section, the incompressible hyper-viscoelastic
stress responses are derived for the loading modes studied in Sections 4.2.1–4.2.4.

Uniaxial extension:
Based on Eq. (4.18), the uniaxial constitutive relation can be expressed as

σua (t) = σua
0 (t)


2
3 0 0
0 −1

3 0
0 0 −1

3

−
n∑
i=1

gi
τi

t∫
0

2λ3(t) + λ3(t− s)
λ (t)λ2 (t− s) σua

0 (t− s) e−s/τids


2
9 0 0
0 −1

9 0
0 0 −1

9

+

+σH (t) I,
(4.19)

where the hydrostatic stress component (σH(t)) is obtainable by taking into account the zero

1It should be noted that the µk parameters of the Ogden model used in the dissertation are slightly different
from the µOgden

k parameters published by Ogden. The relation between them is: µk = αkµ
Ogden
k /2.
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transverse stress constraint. Thus,

σH (t) = 1
3σ

ua
0 (t)− 1

9

n∑
i=1

gi
τi

t∫
0

2λ3(t) + λ3(t− s)
λ (t)λ2 (t− s) σua

0 (t− s) e−s/τids. (4.20)

Consequently, by substituting Eq. (4.20) into Eq. (4.19), the hyper-viscoelastic stress response for
uniaxial loading can be expressed as

σua (t) = σua
0 (t)− 1

3

n∑
i=1

gi
τi

t∫
0

2λ3(t) + λ3(t− s)
λ (t)λ2 (t− s) σua

0 (t− s) e−s/τids, (4.21)

where σua(t) and σua
0 (t) denote the total and the instantaneous Cauchy stress, respectively. As

the Cauchy stresses may not be quantified from measurement directly, it is worth determining the
engineering stress response. Thus, taking use of Eq. (2.2), the corresponding engineering stress
becomes

P ua (t) = P ua
0 (t)− 1

3

n∑
i=1

gi
τi

t∫
0

(
2λ(t)
λ(t− s) + λ2(t− s)

λ2(t)

)
P ua

0 (t− s) e−s/τids, (4.22)

where P ua
0 (t) is the instantaneous engineering stress of uniaxial loading case (see Section 4.2.1).

Note that in the case of equibiaxial extension, pure shear and simple shear, the engineering
stress responses are obtainable in a similar way. The final formulas can be found in Appen-
dices C.3–C.5.

4.4 Numerical and closed-form hyper-viscoelastic stress
solutions

In this section, numerical and the closed-form stress solutions of the incompressible hyper-
viscoelastic constitutive model presented formerly are worked out assuming constant engineer-
ing strain rate loading. In order to evaluate the convolution integrals appearing in the hyper-
viscoelastic stress responses numerically, a finite time increment-based formulation is used, which
results in a recursive formula for the stress updating. Note that this approach works with any hy-
perelastic material model. Alternatively, the convolution integrals may be evaluated analytically,
which has the advantage of providing the exact stress solutions. To carry out the calculations,
three widely used incompressible hyperelastic material models, the Neo-Hookean, the Mooney–
Rivlin and the Ogden model were chosen. As the closed-form stress solutions are based on special
mathematical functions, the manipulations of the nonlinear convolution integrals are performed
in the commercial mathematical software Wolfram Mathematica [65]. The applied stretch (strain)
histories are given as

λ(t) = 1 + ε̇t,

γ(t) = γ̇t,
(4.23)
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where ε̇ and γ̇ denote the constant engineering strain rate and the amount of shear rate, respect-
ively. Note that in this section, the closed-form and numerical stress solutions related to uniaxial
extension is presented only; however, the stress solutions of equibiaxial extension, pure shear and
simple shear can be found in Appendices C.3–C.5.

4.4.1 Uniaxial extension

Based on Eq. (4.22), the hyper-viscoelastic constitutive relation for uniaxial loading mode can
be written as

P ua(t) = P ua
0 (t)−Hua

1 (t)−Hua
2 (t), (4.24)

where

Hua
1 (t) =

n∑
i=1

Hua
1i (t) = 2

3

n∑
i=1

gi
τi

t∫
0

P ua
0 (t− s) λ(t)

λ(t− s)e−s/τids,

Hua
2 (t) =

n∑
i=1

Hua
2i (t) = 1

3

n∑
i=1

gi
τi

t∫
0

P ua
0 (t− s)λ

2(t− s)
λ2(t) e−s/τids.

(4.25)

The nonlinear convolutions integrals in Eq. (4.25) can be solved numerically based on the finite
time increment approach. The details of the derivation can be found in Appendix B. The final
forms of Hua

1i and Hua
2i are as follows

H1i
ua (t+ ∆t) = 2

3gi
[
λ(t+ ∆t)
λ(t) P ua

0 (t) · bi + P ua
0 (t+ ∆t) · ai

]
+ λ(t+ ∆t)

λ(t) Hua
1i (t) · ci,

Hua
2i (t+ ∆t) = 1

3gi
[

λ2(t)
λ2(t+ ∆t)P

ua
0 (t) · bi + P ua

0 (t+ ∆t) · ai
]

+ λ2(t)
λ2(t+ ∆t)H

ua
2i (t) · ci,

(4.26)

where the parameters ai, bi and ci can be obtained from Eq. (3.15). Finally, the hyper-viscoelastic
engineering stress solution at time instant t+ ∆t may be written as

P ua (t+ ∆t) = P ua
0 (t+ ∆t)−Hua

1 (t+ ∆t)−Hua
2 (t+ ∆t) . (4.27)

Since the initial stress-strain state is normally known (P ua
0 (0) = Hua

1 (0) = Hua
2 (0) = 0 and

λ(0) = 1), the engineering stress at time t > 0 can be computed by utilising a given stretch
history λ(t).

Closed-form solution:
After inserting one of the uniaxial hyperelastic stress solutions (Eqs. (C.1)–(C3)) and the ap-

plied stretch history given by Eq. (4.23) into Eq. (4.25), the convolution integrals can be evaluated
analytically in closed form. As Eq. (4.16) shows, the Neo-Hookean hyperelastic model is a special
case of the Mooney–Rivlin model wherein C01 = 0. Consequently, it is worth introducing the
following notations

Hua
1i (t) =

[
A1i(t) A2i(t)

]  C10

C01

 and Hua
2i (t) =

[
B1i(t) B2i(t)

]  C10

C01

 , i = 1..n, (4.28)
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where the functions A1i(t), A2i(t), B1i(t) and B2i(t) for the Mooney–Rivlin hyper-viscoelastic
model, and the functions Hua

1i (t) and Hua
2i (t) for the Ogden model are given in Appendix C.2.

4.5 Parameter identification methods

With the help of the numerical and the closed-form stress solutions worked out in Section 4.4, it
is possible to determine accurate constitutive constants of incompressible hyper-viscoelastic solids.
The most commonly used tests for material characterisation are the uniaxial tensile and stress
relaxation tests (ramp-and-hold tests), however, for rubbers, the investigated loading modes are
also important for reliably modelling. Fig. 4.1 represents the strain history and the stress response
of a typical stress relaxation test.

Figure 4.1: (a) Strain vs. time and (b) stress vs. time curves in the case of uniaxial stress relaxation
(ramp-and-hold) test.

It is worth mentioning that because of the complexity of the closed-form stress solutions, they
were derived only for the ramp-loading phase (0 ≤ t ≤ t1) (see Fig. 4.1(a)). However, the proposed
numerical stress solutions can be used for arbitrary strain history.

In order to exhibit the importance of the proposed numerical and closed-form stress solutions
in engineering practice, the hyper-viscoelastic model parameters of an isoprene rubber were de-
termined by fitting the model responses to (i) uniaxial tensile test results and (ii) uniaxial tensile
stress relaxation test results. The measurements were performed by Bódai and Goda [66]. During
the calibration processes, the mean squared error was minimised (see Eq. 3.27). Here, the com-
puted stress values (PC

j ) were obtained from the closed-form and the numerical stress solutions
presented in Section 4.4. As in this case, uniaxial tensile test results are available, the closed-
form stress response is defined by Eq. (4.24), where P ua

0 (t) denotes the uniaxial hyperelastic stress
solution of the second-order Ogden model (see Eq. (C.1)), while Hua

1 (t) and Hua
2 (t) can be de-

termined using Eq. (45), where i = 1..2. However, if the numerical stress solution is applied to the
parameter identification, the uniaxial stress response is defined by Eq. (4.27), where Hua

1i (t+ ∆t)
and Hua

2i (t+ ∆t) are given by Eq. (4.26). The parameter identification was performed in Wolfram
Mathematica [65], where several numerical algorithms are available to find constrained global
optima. Here, the differential evolution algorithm (NMinimize function of Wolfram Mathemat-
ica) was applied, which is a stochastic, population-based optimiser. Although this direct search
method has a relatively high computational cost, it can be used for problems where the objective
function is non-differentiable, nonlinear or has many local minima. For the hyperelastic and the
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Prony parameters, the constraints defined by Eq. (3.28) in Section 3.4.1 have to be taken into
consideration. Furthermore, in order to obtain stable behaviour for all the loading modes, the
hyperelastic model parameters should satisfy the Drucker stability criterion [35].

4.5.1 Closed-form vs. numerical stress solution-based method

In this section, the closed-form and the numerical stress solutions are applied to calibrate the
Ogden model-based incompressible hyper-viscoelastic material model based on uniaxial tensile
test results of [66] performed at different strain rates. Table 4.1 contains the test parameters used
in [66], furthermore, the applied strain history corresponds to the ramp-loading phase (0 ≤ t ≤ t1)
seen in Fig. 4.1.

Table 4.1: Test parameters of [66].

Engineering strain Strain rate Ramping time
εmax [-] ε̇ [1/s] t1 [s]
0.75 0.277 2.707
0.75 0.0277 27.07
0.75 0.00277 270.7

The time-independent, instantaneous behaviour of the isoprene rubber was taken into consid-
eration through the second-order Ogden model (M = 2) presented in Section 4.2.5, while its
time-dependent (viscous) behaviour was described using two Prony terms (n = 2). The incom-
pressible hyper-viscoelastic parameters are identified based on the closed-form and numerical stress
solutions based on Section 4.5. The optimised model parameters are listed in Table 4.2.

Table 4.2: Constitutive constants obtained for the isoprene rubber.

Parameters Stress solution
Closed-form Numerical

µ1 [MPa] 2.2761 2.4907
α1 [-] −5.8209 −5.2984

µ2 [MPa] −0.8346 −1.0528
α2 [-] 2.04333 1.3209
g1 [-] 0.1295 0.1384
τ1 [s] 5.78 6.28
g2 [-] 0.0642 0.0916
τ2 [s] 72.8 216

The reliability and the accuracy of the closed-form and numerical stress solution-based parameter
identification were investigated by comparing the fitted model responses to the measurements.
The results are illustrated in Fig. 4.2.
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Figure 4.2: Measured and computed engineering stress responses at various engineering strain rates:
(a) ε̇ = 0.277 1/s, (b) ε̇ = 0.0277 1/s, (c) ε̇ = 0.00277 1/s, (d) with logarithmic time scale.

Fig. 4.2 shows that the proposed stress solutions are suitable for the identification of the in-
compressible hyper-viscoelastic material model parameters with high accuracy. The mean of the
R-squared values (R̄2) for the model responses is 0.9992 and 0.9991 in the case of numerical and
closed-form stress solutions, respectively. However, the closed-form solutions have some limita-
tions. First of all, they were developed for constant engineering strain rate loading (ramp-loading
phase of Fig. 4.1(a)) and thus cannot be applied, in their current form, to determine the mater-
ial model parameters from stress relaxation test. However, this limitation may be removed by
modifying the input stretch (strain) history function. Secondly, the closed-form stress solutions
depend on the chosen incompressible hyperelastic model and, therefore, each hyperelastic model
results in different hyper-viscoelastic stress solution. Finally, because of the complex convolution
integral appearing in the constitutive equation, it is not always possible to provide the incom-
pressible hyper-viscoelastic stress solution in closed-form. This happens, for example, when using
the Ogden model-based hyper-viscoelastic model for simple shear. On the contrary, the numerical
stress solutions can be used for any strain history, thus, the model parameters may be determined,
among others, even from the whole stress relaxation test (see later in Section 4.5.2). Furthermore,
the numerical stress solutions are independent of the chosen hyperelastic potential. Therefore,
the numerical stress solutions presented here may be combined with any hyperelastic material
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laws. At the same time, it is worth noting that the closed-form stress solutions, in some cases,
contain special functions (e.g. generalised exponential function, see Appendices C.2–C.4), which
may significantly slow down the optimisation procedure of the model parameters.

Comparing the capabilities and limitations of the closed-form and the numerical stress solution-
based parameter identification strategies, the latter one seems more attractive. However, the
closed-form stress solutions are also of great importance because they may be used, among others,
for verification of different numerical time-integration schemes. Additionally, the model para-
meters determined through the numerical stress solutions can be verified with the help of the
closed-form stress ones since they provide the exact stress solutions for the loading modes studied.

4.5.2 Numerical stress solution-based vs. two-step method

In this section, the constitutive model parameters of an isoprene rubber are extracted from
uniaxial stress relaxation tests of [66]. In the first case, the two-step parameter identification
method is applied. Namely, the hyperelastic and the viscoelastic (Prony) parameters are determ-
ined in two separate steps. Then, the numerical stress solution of uniaxial loading mode is used
to identify the material model parameters based on Section 4.5. The tests have been carried out
at engineering strain levels of εmax = 5, 60 and 100 %. The time-independent (instantaneous) be-
haviour of the isoprene rubber is modelled using the 3-parameter Mooney–Rivlin incompressible
hyperelastic model [67]. Its strain energy density function is defined as

W0 = C10(I1 − 3) + C11(I1 − 3)(I2 − 3) + C01(I2 − 3), (4.29)

where C10, C11 and C01 are the hyperelastic parameters. Based on Eq. 4.3 the uniaxial engineering
stress response can be expressed as

P ua
0 (t) = 2

(
λ3 − 1

) [
λ (C01 + C10λ) + 3C11 (λ+ 1) (λ− 1)2

]
/λ4. (4.30)

The time-dependent behaviour is modelled with the third-order (n = 3) viscoelastic model. In
the widely used two-step method, it is assumed that the time-independent stress response of the
material agrees with that part of the stress response where the stretch is increased gradually up
to λ0 (see Fig. 4.1(a)). Consequently, the time-independent response of the solid is considered to
be known, thus, the parameters of the hyperelastic model can be determined using Eq. (4.30).
Here, the relaxation curve belonging to the highest strain level (εmax = 100 %) is used. As a next
step, the viscoelastic model parameters may be extracted from the second part of the uniaxial
relaxation curve where t ≥ t1 (see Fig. 4.1(b)). In order to do this, the stress vs. time curve has
to be converted into normalised modulus vs. time curve from which the Prony parameters can be
obtained by fitting the function g(t) to these converted measurement points where

g (t) = 1−
n∑
i=1

gi
(
1− e−t/τi

)
. (4.31)

49



4.5. PARAMETER IDENTIFICATION METHODS

The viscoelastic material model parameters have been extracted from the relaxation curve be-
longing to the strain level of εmax = 5 % because the ramp loading time (t1) is the shortest in this
case. It is worth mentioning that due to the linear viscoelastic theory used here, it is assumed
that the normalised modulus depends on time only. Figs. 4.3(a) and (b) show the comparison of
the modelled and the measured time-independent and time-dependent behaviour, respectively.

Figure 4.3: Measured and modelled (a) instantaneous engineering stress vs. stretch curve and (b)
normalised modulus vs. time curve.

The comparison of the measured and modelled responses proves clearly that both the 3-parameter
Mooney-Rivlin hyperelastic model and the 3-term generalised Maxwell model can describe the
measured behaviour separately with high accuracy.

As a next step, the constitutive constants of the isoprene rubber studied are determined using
the proposed numerical stress solution-based method (see Sections 4.4 and 4.5). The advantage of
this method is not only that the hyperelastic and the viscoelastic parameters may be determined
simultaneously but also that the relaxation curves for all the stretch levels can be considered
during the parameter fitting. According to this, here, the material model parameters have been
determined by considering all the stress relaxation tests simultaneously. The model parameters
obtained are given in Table 4.3.

Table 4.3: Constitutive constants of the isoprene rubber provided by the two-step and the proposed
direct (numerical) method.

Parameters
Parameter identification method

Two-step Direct
(Numerical)

C10 [MPa] −0.970 −1.436
C01 [MPa] 1.649 2.334
C11 [MPa] 0.263 0.369
g1 [-] 0.1075 0.110
τ1 [s] 98.1 9.99
g2 [-] 0.128 0.0911
τ2 [s] 10.99 82.52
g3 [-] 0.0624 0.1907
τ3 [s] 0.101 0.0297

The reliability of the material model parameters listed in Table 4.3 is checked through finite
element simulations of the uniaxial stress relaxation tests in Abaqus [7]. The same one-element
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FE model is applied here as used in Section 3.4.1 (see Fig. 3.2) to model the stress relaxation
tests. The values of the prescribed displacement U1 and the ramp loading time t1 are listed in
Table 4.4.

Table 4.4: Prescribed displacement values and ramp-loading times used in the FE simulations of the
uniaxial stress relaxation tests.

Engineering strain Prescribed displacement Ramping time
εmax [%] U1 [mm] t1 [s]

5 0.05 0.198
60 0.6 2.1924
100 1 3.7728

The comparison of the measured and the computed engineering stress vs. time curves can be seen
in Figs. 4.4 and 4.5.

Figure 4.4: Measured and simulated engineering stress responses of the isoprene rubber in case of tensile
stress relaxation test performed at εmax = 5%: (a) time in linear scale, (b) time in logarithmic scale.

Contrary to the good agreement seen in Fig. 4.4, there is a significant discrepancy between the
measured and the simulated stress response of the isoprene rubber if the constitutive model para-
meters provided by the two-step method are used in the FE simulation. In many cases, this error
is ignored and remains hidden, which leads to inaccuracy in the predicted behaviour.

Figure 4.5: Measured and simulated engineering stress responses of the isoprene rubber in case of
tensile stress relaxation test performed at εmax = 5, 60 and 100%: (a) time in linear scale, (b) time in
logarithmic scale.
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As Fig. 4.5 shows, when the model parameters provided by the two-step method are used, the error
between the measured and the simulated stress responses increases as the engineering strain (εmax),
at which the stress relaxation is studied, increases. However, there is a significant agreement
between the measured and the simulated stress-time curves at all strain levels if the constitutive
constants of the hyper-viscoelastic solid are determined using the proposed, direct (numerical)
parameter identification method. In this case, the mean of the R-squared values (R̄2) for the
three relaxation curves is 0.998, while it is 0.908 when the two-step method is used.

4.6 Conclusions

In this chapter, closed-form and numerical stress solutions have been presented for incom-
pressible hyper-viscoelastic solids subjected to various loading modes: uniaxial and equibiaxial
tension/compression, pure shear and simple shear. As the closed-form solutions depend on both
the hyperelastic law and the strain history, three widely used models (the Neo-Hookean, the
Mooney–Rivlin and the Ogden model) have been selected for inclusion in the analytical stress
functions, and constant engineering strain rate loading has been applied. Both approaches may
allow two or more loading modes to be considered simultaneously during the parameter identific-
ation process. Comparing the measured and the predicted stress responses of an isoprene rubber
under uniaxial tensile loading, it was observed that the constitutive constants can be determined
with high accuracy through both the closed-form (R̄2 = 0.9991) and the numerical (R̄2 = 0.9992)
stress solutions-based parameter identification method proposed. However, the numerical ap-
proach seems more attractive as in this case, there are no limitations on the hyperelastic model
and the loading history. The applicability of the numerical stress solutions for parameter identi-
fication purposes was proved by further investigation, where the hyper-viscoelastic model based
on uniaxial stress relaxation test results of an isoprene rubbers was calibrated using the uniaxial
numerical stress solution and the conventional two-step parameter identification method. The
mean of the R-squared value was 0.998 in the case of the proposed method, while its value was
only 0.908 when the two-step method was applied. Based on the results, it can be stated that the
proposed closed-form and the numerical stress solutions of the incompressible hyper-viscoelastic
material model contribute significantly to the accurate model calibration.
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5
Hyper-visco-pseudo-elastic modelling of filled

rubbers

Filled rubbers are an important part of engineering materials due to their unique properties.
The complexity of the material model parameter identification and the consideration of essential
behaviours simultaneously may be a great challenge during the constitutive modelling. To con-
tribute to this field, in this chapter, the conventional hyper-visco-pseudo-elastic material model
has been improved by incorporating the temperature and the residual strain effect into the con-
stitutive law. The time-independent behaviour is modelled using the modified Dorfmann–Ogden
pseudo-elastic model, while the time- and temperature-dependent material response is considered
by the Prony series-based finite strain viscoelastic theory and the time-temperature superposition
principle. The improved hyper-visco-pseudo-elastic material model can be adapted to handle any
hyperelastic model, arbitrary damage and residual strain variables, user-defined time-temperature
superposition function, and any number of spring-dashpot terms. The numerical stress solutions
for homogeneous loading modes are introduced to make the material model calibration simple
and fast even when considering different loading modes simultaneously. In addition, as the con-
ventional hyper-visco-pseudo-elastic model is a particular case of the improved one, the proposed
stress solutions can be used for parameter identification for both constitutive models. To demon-
strate the applicability of the numerical stress solution-based parameter identification method
and the performance of the proposed material model, as a first step, uniaxial stress relaxation
and recovery tests, as well as uniaxial cyclic tensile and simple shear tests have been performed
on EPDM rubbers. Then, the model parameters of the conventional hyper-visco-pseudo-elastic
material model were identified based on the measurement results of the EPDM rubber filled with
40 phr (mass of any non-rubbery material per hundred parts of raw elastomer) carbon black, and
the effectiveness of the proposed and the frequently used FE model-based (inverse) parameter
identification methods were compared. In addition, the improved material model was calibrated
and validated, and the numerical predictions were compared with experimental data sets of the
EPDM rubber filled with 50 phr carbon black.

53



5.1. LITERATURE OVERVIEW AND GOALS

5.1 Literature overview and goals

Nowadays, rubbers play a significant role in the industry due, among others, to their large
deformability and high-energy absorption capacity. Tires, static and dynamic seals, noise and
vibration insulating components are just a few examples of their application [68–70]. The large
strains, the nonlinear stress-strain relation, and the time- and temperature-dependent behaviour
are important characteristics of these materials. Due to their viscous behaviour, the rate de-
pendence (the higher the rate of deformation, the stiffer the material), the creep and the stress
relaxation also appear in the material response [5, 71, 72]. To improve the mechanical properties
of rubbers, various fillers, such as carbon black, carbon nanofibers or silica, are added to the rub-
ber. This results in a hybrid system that is composed of three main components: rubber matrix,
filler particles and rubber-filler interface. The new bonds forming between the polymer chains
and the filler particles change the mechanical behaviour significantly, which is accompanied by
the appearance of various inelastic effects.

When designing rubbers subjected to loading-unloading cycles, it is important to consider the
Mullins effect, which was studied first in detail by Mullins and his co-workers [73, 74]. The Mullins
effect related softening of the solid yields that the stress arisen during reloading is less than that
needed to maintain the same strain during the initial (primary) loading as long as the strain does
not exceed the maximum one on the initial loading path. The softening is the most significant
in the first (few) cycle(s) [75, 76], then, after a few additional cycles (2-10 cycles in most cases),
it disappears completely from the material response if the maximum strain is kept constant. It
is worth mentioning that there is no consensus in the literature on the micromechanical cause
of this phenomenon. In the comprehensive paper by Diani et al. [77], three possible causes are
mentioned. These are (i) changes in the relation between the filler particle and the rubber matrix,
such as molecular slip, desorption-adsorption, and particle-polymer bonds rupture, (ii) change
in filler network, such as rupture of agglomerates, and (iii) damage in the rubber matrix, such
as the formation of cavities, and rupture of chains and crosslinks. Note that as the length of
each molecule chain is different, these damages occur at different load levels; therefore, the stress
softening appears, to varying degrees, at all deformation levels. As a consequence of the Mullins
effect, the damage-induced anisotropy caused by uneven softening in different directions may also
appear. A detailed review of the direction-dependent energy dissipation can be found in [78–80].
The residual strain (also referred to as permanent strain or permanent set) is also an essential
inelastic effect, which yields that the solid does not return to its original shape and size when
the load is removed, and the material is unloaded. As the deformation and the amount of fillers
increase, the residual strain effect becomes more and more significant [81, 82]. The break of the
filler network and the crosslinks or chains explain why it appears. It is worth mentioning that
the residual strain can only be determined if the delayed (visco)elastic strain component, which
decreases continuously as time elapses, is also taken into consideration [83]. As a consequence of
the viscoelastic behaviour, rubbers also exhibit rate-dependent hysteresis (energy dissipation) [84],
while there may even exist a weak equilibrium (rate-independent) hysteresis [85, 86].
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Several modelling approaches are available in the literature for use in modelling the complex
mechanical behaviour of filled rubbers. Without aiming to give an exhaustive list, only some
common approaches are presented below. The nonlinear elastic behaviour of rubbers can be mod-
elled by using different incompressible/nearly incompressible hyperelastic models. Two commonly
used phenomenological approaches for modelling the Mullins effect are the pseudo-elastic and the
continuum damage approach. Although these approaches are different, both ones are based on the
theory of nonlinear elasticity. An example of the pseudo-elastic approach is the Ogden–Roxburgh
model [87]. Due to its simplicity, it is frequently used in finite element simulations. Furthermore, it
allows the treating of both uniaxial and multiaxial stress and deformation states. As an example
of the other modelling approach, the damage model proposed by Simo [88] can be mentioned.
Both models use the concept of internal variables to describe materials exhibiting irreversible pro-
cesses. For a detailed discussion of these approaches, including the thermomechanical consistency
of the pseudo-elastic models, see [89] and [90]. In addition to phenomenological models, several
micromechanical models can be found in the literature (see, for example, [80, 91, 92]). However, in
most cases, phenomenological models are preferred in engineering practice. The extended pseudo
elastic model of Dorfmann and Ogden [93] provides a simple way to model the permanent set.
They introduce an internal variable to take the residual strain into account while using another
internal variable to model the Mullins effect. The model has been successfully applied in sev-
eral cases to describe the quasi-static behaviour of filled/unfilled rubbers; see, for example, [94]
and [95]. Another approach is to use the plasticity theory for modelling the permanent set. For
instance, in [96], the authors present a model that is based on the multiplicative decomposition
of the deformation gradient into a (hyper)elastic and plastic component where the plasticity is
modelled by using the theory of finite strains, a yield condition and an associated flow rule.

The mechanical behaviour of particle-reinforced rubbers, including time and temperature
dependence, can be described with coupled constitutive models, where the time-independent
material response may be provided by a hyperelastic, pseudo-elastic or elastic-plastic model
while the time dependence is obtained by using viscous models. Accordingly, we can speak of
hyper-viscoelastic (HV), hyper-visco-pseudo-elastic (HVPE), and viscoelastic-elastoplastic models,
among others. One of the most commonly used models is the Prony series-based hyper-viscoelastic
model, consisting of linear damping elements and elastic springs. It has been successfully applied
in a number of engineering problems (see, for example [59, 97, 98]) as closed-form and numerical
stress solutions for homogeneous loading modes are available, which contribute to the effective
and accurate model calibration [BF1–BF6]. However, it is worth noting that the model is not
able to consider the Mullins effect and residual strains. In [99], the authors made developments
in the constitutive model by making the relaxation modulus strain-dependent. The nonlinear
viscoelastic model obtained was then applied to describe the viscous behaviour of rubbers over
a wide range of strain rates. Another possibility for a description of the complex mechanical
behaviour of rubbers is to use the Parallel rheological framework model [100], where nonlinear
dashpots provide the nonlinear viscoelastic behaviour. In addition, the model can be combined
with the Mullins effect and/or a plastic network, thus providing a very general constitutive model
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of filled rubbers. However, since the analytical/numerical stress solutions of nonlinear viscoelastic
models cannot be derived in most cases, identifying the model parameters is a very challenging
task. Therefore, the nonlinear viscoelastic models have limited application in engineering practice.
The conventional hyper-visco-pseudo-elastic material model (the combination of a hyperelastic,
the Ogden–Roxburgh pseudo-elastic and the Prony series-based viscoelastic model) takes into
consideration both the damage aspect, i.e. the stress softening (Mullins effect), and the time-
dependent viscoelastic material response at finite strains, but neglects the effect of the residual
strain. This constitutive model is available in the major commercial finite element software pack-
ages and may be applied to model the mechanical behaviour of particle-reinforced rubbers (see,
for example, [101, 102]). However, it is rarely used in engineering practice primarily because of
the complexity of parameter identification: numerical and/or closed-form stress solutions have
not been reported in the literature yet. Consequently, in most cases, the Mullins effect is ig-
nored [29, 99, 103], resulting in significant inaccuracies in the numerical predictions. For example,
the Mullins effect may influence the deformation field of tyres significantly [104]. For a given
set of model parameters, the stress responses of an arbitrary material model can be determined
numerically, for instance, by a one-element finite element model. The combination of such FE
stress predictions with an external optimisation algorithm yields an inverse algorithm for the ex-
traction of model parameters [105–108]. The main drawbacks of the FE model-based calibration
are the complexity and the high computational cost caused by the repeated re-run of the FE
model necessary to minimise the error. Another method of parameter identification can be found
in the work of Sasso et al. [101], where the hyperelastic, the pseudo-elastic (Mullins) and the vis-
coelastic (Prony) parameters are fitted separately to different experimental results. This approach
allows specimens with homogeneous or inhomogeneous deformation field to be used. The full-field
deformation is captured with the digital image correlation, while the parameter identification is
based on the virtual fields method. However, [101] uses quasi-static tests for the identification
of the hyperelastic and the pseudo-elastic parameters, which may lead to inaccuracies. Vanden-
broucke et al. [86] introduced a so-called Hyperelasto-Visco-Hysteresis model and applied it to
describe the mechanical behaviour of a fluoroelastomer. The proposed rheological model con-
sists of a nonlinear elastic spring (hyperelastic contribution), two spring-dashpot terms (linear
viscoelastic contribution) and an arbitrary number of spring-slip elements (hysteresis contribu-
tion), which are connected in parallel. The numerical results showed negligible rate-independent
hysteresis; furthermore, the performance of the linear viscoelastic network was less satisfactory as
the model contains only two Prony terms. In addition, it should be noted that this model is not
capable of treating the Mullins effect directly, which may cause further inaccuracy in the predicted
rubber behaviour. Finally, it must be mentioned that various material models other than those
discussed above may also be used to describe the mechanical behaviour of filled rubbers, see, for
instance, [109–112]. State of the art, however, clearly shows that an advanced material model
that considers the essential mechanical behaviours of filled rubbers supplemented with a simple
and effective parameter identification method may not be available in the literature.

In this chapter, an improved hyper-visco-pseudo-elastic model incorporating the finite strain
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viscoelasticity, the Mullins effect, the residual strain, and the temperature effect is presented
in detail. The model combines the modified Dorfmann–Ogden pseudo-elastic model with an
arbitrary hyperelastic model and the Prony series-based finite strain linear viscoelastic model,
which treats the temperature effect through the time-temperature superposition principle. In
order to make the single-step calibration possible, new numerical stress solutions are derived for the
characteristic homogeneous loading modes. They are based on the discretisation of the nonlinear
convolution integral appearing in the constitutive equation and allow model parameters to be
identified easily, with reduced computational cost and with increased accuracy. The numerical
stress solutions presented here enables engineers to use any incompressible hyperelastic material
model, study arbitrary strain history, consider different loading modes even simultaneously during
the model calibration and take the effect of a user-defined damage and residual strain variables
into consideration. In addition, as the conventional hyper-visco-pseudo-elastic material model is a
particular case of the improved one, the proposed numerical stress solutions can be used to identify
not only the improved but also the conventional hyper-visco-pseudo-elastic model parameters.

In order to show the performance of the improved material model and the proposed numerical
stress solutions, the constitutive constants of the conventional hyper-visco-pseudo-elastic material
model were determined based on measurement results of a carbon black-filled (40 phr) EPDM rub-
ber subjected to repeated tensile loading-unloading cycles. In addition, the constitutive constants
were also identified by the commonly used FE model-based (inverse) method, and the error and
the computational cost of the fitting were compared to those of the proposed stress solution-based
method. Furthermore, using laboratory tests on a carbon black-filled (50 phr) EPDM rubber, such
as uniaxial stress relaxation-recovery tests, cyclic tensile and simple shear tests, the calibration
of the improved hyper-visco-pseudo-elastic material model was performed, and the predicted and
measured stress responses were compared.

The outline of Chapter 5 is as follows. In Section 5.2, the pseudo-elastic and the finite strain
viscoelastic theory are discussed, and the improved hyper-visco-pseudo-elastic constitutive model
is presented. Furthermore, the numerical stress solutions are also introduced. Subsequently,
Section 5.3 deals with the material testing of an EPDM rubber filled with 40 phr of carbon black
and the calibration of the conventional hyper-visco-pseudo-elastic material model. In this context,
the numerical stress solution-based and the FE model-based (inverse) parameter fitting methods
were compared in terms of accuracy and computational cost. In Section 5.4, the improved hyper-
visco-pseudo-elastic material model was calibrated and validated, and the numerical predictions
were compared to the measurement results of an EPDM rubber filled with 50 phr of carbon black.
Finally, Section 5.5 summarises the most important findings.

5.2 Constitutive model

The phenomenological constitutive model proposed is based on a combination of already ex-
isting models. It is sufficiently complex to model the mechanical behaviour of rubbers accurately
but at the same time not too complicated to apply in engineering practice, as the model paramet-
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ers can be determined by performing experimental tests and using the numerical stress solutions
presented here. The material model is obtained by connecting the pseudo-elastic model of Dorf-
mann and Ogden with the finite strain linear viscoelastic model, where the relaxation modulus is
defined as a Prony series. Furthermore, assuming thermo-rheologically simple material behaviour,
the model can consider the temperature dependence through the time-temperature superposition
principle. The pseudo-elastic model takes into account the nonlinear elastic response of the ma-
terial, the Mullins effect, and the residual strains (permanent set), while the viscoelastic model
(Maxwell elements connected in parallel) provides the time- and temperature-dependent material
behaviour. The different effects incorporated into the proposed model are represented schematic-
ally in Fig. 5.1.

Figure 5.1: Uniaxial stress-strain curve of the improved hyper-visco-pseudo-elastic material model
subjected to uniaxial cyclic load showing the viscous, the Mullins and the residual strain effect.

5.2.1 Pseudo-elastic model

Fig. 5.2 illustrates the idealised stress response of a filled rubber specimen under uniaxial
tensile load and increasing deformation considering the Mullins effect and neglecting the residual
strain and the viscoelastic behaviour.

Figure 5.2: Stress-stretch diagram of the Ogden–Roxburgh pseudo-elastic material model [87] in the
case of tensile loading-unloading cycles.

The first part of the primary loading path (see I in Fig. 5.2) shows the stress response of the

58



Section 5. Hyper-visco-pseudo-elastic modelling of filled rubbers

material up to the stretch λI. At λI, the straining is stopped, and the unloading phase is initiated.
The unloading follows the path I’. Reloading the specimen up to the stretch λII > λI the stress
response first follows the path I’ up to the stretch λI then, as Fig. 5.2 shows, follows the second
part of the primary loading path (path II). The second unloading starts at stretch λII and follows
the path II’. Similar to the first reloading, at stretches larger than the maximum stretch of the
former loading phase (λII), the stress response corresponds to the third part of the primary loading
path (see III in Fig. 5.2). However, if the strain is kept below λII, then the solid behaves elastically,
and the subsequent unloading-reloading cycles follow the path II’.

The extended pseudo-elastic model developed by Dorfmann and Ogden [93] is an improvement
of the Ogden–Roxburgh pseudo-elastic model [87], which makes it possible to describe two im-
portant characteristics of filled rubbers, namely, the Mullins effect (see Fig 5.2) and the residual
strains. The model is based on the theory of incompressible, isotropic, nonlinear elasticity and
the pseudo-elastic strain energy density function (W ), where two additional variables (η1, η2) are
incorporated into W . Thus,

W = W (λ1, λ2, η1, η2) , (5.1)

where η1 is the damage or softening variable for the description of the Mullins effect, while η2 is
the residual strain variable. Both variables are continuous and depend on the previous maximum
value of the deformation. The objective of these variables is to change the material behaviour
through the modification of the elastic strain energy density function. As a consequence, the
loading path may differ from the unloading/reloading path. That is why W is called a pseudo-
strain energy density function. While deforming the solid, η1 and η2 may be either active or
inactive. The unloading and the subsequent loading up to the maximum deformation achieved
on the previous loading are processes that cause the status to become active. It is important to
emphasise that, on the primary or initial loading path, η1 and η2 are inactive, i.e. unity. Thus,
W (λ1, λ2, 1, 1) = W0(λ1, λ2). In the case of equilibrium, it may be written that

∂W (λ1, λ2, η1, η2)
∂η1

= 0, ∂W (λ1, λ2, η1, η2)
∂η2

= 0. (5.2)

Then, the Cauchy stress (force in the current configuration per current cross-sectional area) may
be obtained as

σ0,pe = dev
[ 2∑
i=1

λi
∂W (λ1, λ2, η1, η2)

∂λi
ni ⊗ ni

]
+ pI, (5.3)

where the subscript pe indicates the pseudo-elasticity.
The pseudo-strain energy density function for the Mullins effect with residual strain proposed

by Dorfmann and Ogden may be written as

W (λ1, λ2, η1, η2) = η1W0(λ1, λ2) + (1− η2)N (λ1, λ2) + φ1(η1) + φ2(η2), (5.4)

where W0 is the strain energy density function of an arbitrary incompressible hyperelastic model,
N (λ1, λ2) characterises the residual strain, furthermore φ1 (η1) and φ2 (η2) are the dissipation
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functions. The former measures the energy dissipated in the solid due to the Mullins effect, while
the latter gives the energy dissipated due to the residual strain. Note that φ1 (1) = φ2 (1) = 0.
Substituting the expression for W (see Eq. (5.4)) into Eq. (5.2), we get

φ′1(η1) = −W0(λ1, λ2),

φ′2(η2) = N(λ1, λ2).
(5.5)

Thus, Eq. (5.5) defines the damage and the residual strain variables implicitly in terms of the
principal stretches. The derivative of φ1(η1) with respect to η1 is given, based on the works of
Ogden–Roxburgh [87] and Bose [113] as

φ′1(η1) = −(m+ βWmax)erf−1(r(η1 − 1))−Wmax, (5.6)

where erf [•] is the Gauss error function, while r, m and β are non-negative model parameters
(r > 1, m ≥ 0, β ≥ 0). Furthermore,Wmax is the strain energy at the point on the primary loading
path where the loading is stopped, i.e. the unloading is started. From Eqs. (5.5) and (5.6), the
non-dimensional damage variable can be expressed as

η1 = 1− 1
r

erf
[
Wmax −W0 (λ1, λ2)

m+ βWmax

]
. (5.7)

As seen from Eq. (5.7), at least one of the parameters m and β has to be nonzero. The non-
dimensional residual strain variable proposed by Dorfmann and Ogden is as follows

η2 =
tanh

[(
W0(λ1,λ2)
Wmax

)α]
tanh (1) . (5.8)

The relationship between the exponent α and Wmax is, as a good approximation, assumed to be
linear. Thus,

α = J +K
Wmax

µ0
, (5.9)

where J and K are non-dimensional model parameters, while µ0(> 0) is the initial shear modulus
which can be calculated based on Eq. (2.9). Note that the dissipation function φ1(η1) can be given
explicitly in terms of η1 by integrating Eq. (5.6). However, the dissipation function φ2(η2) cannot
be given explicitly in terms of η2.

The damage and the residual strain parameters (r, m, β, and α) have the following interpret-
ations. The parameter r represents the extent of damage; the extent of damage decreases and η1

approaches to unity as r increases. As already mentioned, if η1 is unity, then there is no Mullins
effect. The parameter m is to govern how the damage depends on the amount of deformation.
A low value of m yields significant damage at small strains, while its high value indicates minor
damage only (see Fig. 5.3(a)). The effect of β on the value of η1 is shown in Fig. 5.3(b). As
β increases, the damage decreases, and the variation in η1 between its maximum and minimum
value becomes continuous and less abrupt. Furthermore, it is important to mention that if β = 0
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and the parameter m is small compared to Wmax, the unloading, especially at large strains, starts
with a large slope, which may lead to a convergence problem (see Fig. 5.3(b)). When the value
of α decreases the residual strain variable (η2) at a given value of W0/Wmax approaches to unity.
Note that when η2 = 1, there is no residual strain.

Figure 5.3: Effects of the parameters r, m, β on the damage variable η1: (a) β is constant while the
parameters r and m/Wmax are changing, (b) m/Wmax is constant, while r and β is changing.

As in [93], a modified neo-Hookean model is used here to characterise the residual strains.
Thus, the strain energy density function is given as

N(λ1, λ2) = 1
2
[
ν1
(
λ2

1 − 1
)

+ ν2
(
λ2

2 − 1
)

+ ν3
(
λ−2

1 λ−2
2 − 1

)]
, (5.10)

where
νi = µ

[
U − V tanh

(
λi,max − 1

Z

)]
, i = 1, 2, 3, (5.11)

where U , V , and Z(6= 0) are non-dimensional model parameters, and λi,max denotes the ith
maximum principal stretch applied along direction i. According to Eqs. (2.8) and (5.4), the
Cauchy (σ0,pe) as well as the engineering (P0,pe) stress response of the pseudo-elastic model can
be written as

σ0,pe = dev
[ 2∑
i=1

(
η1λi

∂W0

∂λi
+ (1− η2)λi

∂N

∂λi

)
ni ⊗ ni

]
+ pI = σD0,pe + σH0,pe, (5.12)

P0,pe = σ0,peF−T . (5.13)

One can observe that Eq. (5.12) provides the model of Ogden and Roxburgh if η2 = 1. In this
case, there is no residual strain, and the stress response is given as shown in Fig. 5.2. Furthermore,
if η1 = η2 = 1, the conventional hyperelastic model is obtained (see Section 2.1).
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5.2.2 Hyper-visco-pseudo-elastic model

The basis for the proposed constitutive model is the linear viscoelastic theory, where the stress
response can be given with the aid of a convolution integral. Using the small strain theory and
treating the solid as incompressible, the stress response (σs(t)) can be obtained based on Eq. (2.21).
The constitutive equation, in this case, can be written as

σs(t) = 2G0e(t) +
t∫

0

2Ġ(s)e(t− s)ds+ σHs (t), (5.14)

where the subscript s denotes the small-strain approach, e = dev[ε] is the deviatoric strain tensor
and σHs (t) is the hydrostatic part of the stress tensor. Note that the solid is stress and strain-free
at time t = 0. Furthermore, the time-dependent shear relaxation modulus G(t) is defined by the
Prony series (see Eq. (3.6)). On the basis of the linear elasticity and Eqs. (3.6) and (5.14), it is
possible to rewrite the constitutive equation as follows

σs(t) = σD0,s(t)−
n∑
i=1

gi
τi

t∫
0

σD0,s(t− s)e−s/τids+ σHs (t), (5.15)

where σD0,s(t) is the deviatoric part of the instantaneous stress defined by the Hooke’s law.
During the formulation of the proposed hyper-visco-pseudo-elastic constitutive equation, it is

necessary to extend Eq. (5.15) to include the finite strains, the pseudo-elasticity and the temper-
ature dependence. In order to model the temperature effects, the time-temperature superposition
principle is applied, which emphasises the equivalence of time and temperature (see Section 2.2.3).
The finite strain viscoelastic stress response can be obtained from the small strain viscoelastic one
by replacing the small strain stress tensor σs with the second Piola–Kirchhoff stress tensor S (force
in the initial configuration per initial cross-sectional area) in Eq. (5.15). Thus, the constitutive
equation becomes

S(t) = SD0 (t)−
n∑
i=1

gi
τi

t∫
0

SD0 (t− s)e−s/τids+ SH(t). (5.16)

Finally, the second Piola–Kirchhoff stress tensor is converted to the Cauchy one using the equa-
tion σ = FSFT . By applying the pseudo-elastic theory introduced in Section 5.2.1 and the
TTS principle to describe the temperature dependence, the proposed hyper-visco-pseudo-elastic
constitutive equation can be written as

σ(t, η∗1, η2) = σD0,pe(t, η∗1, η2)− dev
 n∑
i=1

gi
τi(T )

t∫
0

F−1
t (t− s)σD0,pe(t− s, η∗1, η2)F−Tt (t− s)e−s/τi(T )ds


+σH(t),

(5.17)
where σ(t, η∗1, η2) is the total hyper-visco-pseudo-elastic Cauchy stress response, σD0,pe(t, η∗1, η2) is
the deviatoric part of the instantaneous pseudo-elastic Cauchy stress (see Eq. (5.3)), σH(t) is the
hydrostatic part of the Cauchy stress tensor. Furthermore, η∗1 is the modified damage parameter.
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As the Mullins effect is related to the relaxed state of the solid, the modified damage parameter
is given by the equation

η∗1 = 1− g∞
1
r

erf
[
Wmax −W0(λ1, λ2)

m+ βWmax

]
. (5.18)

It can be observed that when g∞ = 1 (no viscous effects), the original form of the damage
parameter η1 (see Eq. (5.7)) is obtained. Furthermore, it is worth noting that the hyper-visco-
pseudo-elastic constitutive equation being obtained if η2 = 1 (no residual strain effect) is a special
case of the improved model, and it is available in the major finite element software packages
(e.g. in Abaqus). Based on the terminology of the dissertation used, this model is termed as the
conventional hyper-visco-pseudo-elastic material model, and Section 5.3 deals with its calibration.

The one-dimensional representation of the proposed constitutive model is shown in Fig. 5.4.
The separate spring represents the pseudo-elastic model, while the generalised Maxwell model
provides the time-dependent behaviour.

Figure 5.4: One-dimensional rheological representation of the hyper-visco-pseudo-elastic constitutive
model.

When ε̇→∞ (instantaneous behaviour), the viscous elements become rigid and, in the Maxwell
elements, only the springs can deform. The stress response, in this case, is

σ(t) ≡ σ0,pe(t) = η∗1λ
∂W0

∂λ
+ (1− η2)∂N

∂λ
. (5.19)

In the case of infinitely slow loading (ε̇→ 0), no stress arises in the Maxwell elements. Thus, the
stress response may be written in the following form

σ(t) ≡ σ∞,pe(t) = g∞

[
η∗1λ

∂W0

∂λ
+ (1− η2)∂N

∂λ

]
. (5.20)

Between these extremes, the stress response is hyper-visco-pseudo-elastic and is given by
Eq. (5.17).

5.2.3 Derivation of the numerical stress solution

In this section, a formula for the numerical stress solution of the extended hyper-visco-pseudo-
elastic constitutive model is derived. To do so, let us introduce the internal deviatoric stress σDi
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where i indicates the ith term of the Prony series. To simplify the equations, the dependence on
the damage and the residual strain variable is not indicated. Thus, the internal deviatoric Cauchy
stress of the ith Prony term may be written as

σDi (t) = dev
 gi
τi(T )

t∫
0

F−1
t (t− s)σD0,pe(t− s)F−Tt (t− s)e−s/τi(T )ds

 . (5.21)

In order to write the stress solution at time instant t+∆t, let us assume that the stress solution at
time instant t is known. Thus, the internal deviatoric stress at time instant t+ ∆t can be written
as

σDi (t+ ∆t) = dev
 gi
τi(T )

t+∆t∫
0

F−1
t (t+ ∆t− s)σD0,pe(t+ ∆t− s)F−Tt (t+ ∆t− s)e−s/τi(T)ds

 .
(5.22)

To evaluate the convolution integral numerically, as in the finite element implementation of vis-
coelastic constitutive models, a finite time increment approach is applied. After some mathemat-
ical manipulations (they are described in more detail in [BF7]), the stress solution at t + ∆t can
be written in the following form

σDi (t+ ∆t) = aigiσ
D
0,pe(t+ ∆t) + bigiσ̂

D
0,pe(t) + ciσ̂

D
i,pe(t), (5.23)

where the variables of ai, bi and ci are defined by Eq. (3.15). Furthermore,

σ̂D0,pe(t) = Ft(t+ ∆t)σD0,pe(t)FTt (t+ ∆t),

σ̂Di,pe(t) = Ft(t+ ∆t)σDi (t)FTt (t+ ∆t).
(5.24)

Consequently, the total Cauchy stress of the hyper-visco-pseudo elastic model at time instant
t+ ∆t is

σ(t+ ∆t) = σ0,pe(t+ ∆t)−
n∑
i=1
σDi (t+ ∆t)−

n∑
i=1
σHi (t+ ∆t), (5.25)

where the ith internal hydrostatic stress σHi (t+∆t) can be obtained from the boundary conditions
and/or the equilibrium conditions. Although Eq. (5.25) was derived for stress response prediction,
it is equally applicable to material model calibration. In order to obtain the model parameters,
the error between measured and computed stresses has to be minimised. It requires that the
stress solutions pertaining to various homogeneous loading modes to be derived from the general
equation.

One can observe that the structure of the proposed material model is very similar to the struc-
ture of the incompressible hyper-viscoelastic material model applied in Chapter 4. Consequently,
the numerical stress solutions of the improved hyper-visco-pseudo-elastic material model for ho-
mogeneous loading modes can be directly linked to the stress solutions presented in Section 4.4.
To do this, the hyperelastic stress responses have to be replaced by the pseudo-elastic ones in-
troduced in Section 5.2.1. This modification can be performed in all the incompressible hyper
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viscoelastic stress solutions, namely in Eqs. (4.26), (4.27) for uniaxial extension, in Eqs. (50), (51)
for equibiaxial extension, in Eqs. (58), (59) for pure shear, and in Eqs. (65), (66) for simple shear.
In the following, the engineering stress solutions are summarised in the case of uniaxial extension
and simple shear, as these two loading modes are analysed experimentally and numerically in the
next sections.

Uniaxial extension

Based on Eqs. (4.26) and (4.27), the numerical stress solution of the incompressible hyper-visco-
pseudo-elastic material model in the case of uniaxial tension/compression can be given as

P (t+ ∆t) = P0,pe(t+ ∆t)−
n∑
i=1

Hua
1i,pe(t+ ∆t)−

n∑
i=1

Hua
2i,pe(t+ ∆t), (5.26)

where

Hua
1i,pe(t+ ∆t) = 2

3gi
[
bi
λ(t+ ∆t)
λ(t) P0,pe(t) + aiP0,pe(t+ ∆t)

]
+ ci

λ(t+ ∆t)
λ(t) Hua

1i,pe(t),

Hua
2i,pe(t+ ∆t) = 1

3gi
[
bi

λ2(t)
λ2(t+ ∆t)P0,pe(t) + aiP0,pe(t+ ∆t)

]
+ ci

λ2(t)
λ2(t+ ∆t)H

ua
2i,pe(t),

(5.27)

where P (t+∆t) is the total engineering stress response of the improved hyper-visco-pseudo-elastic
material model, P0,pe(t) as well as P0,pe(t+ ∆t) are the pseudo-elastic engineering stresses at time
instants t and t+ ∆t, respectively. The latter, based on Eqs. (5.11), (5.12), can be obtained as

P0,pe(t) = η∗1
∂W

∂λ
+ (1− η2) ∂N

∂λ
. (5.28)

Simple shear

The corresponding equations for simple shear can be found in Sections 3.3.2 and C.5 in detail. On
the basis of Eqs. (65) and (66), the numerical stress solution of the improved hyper-visco-pseudo-
elastic material model for simple shear can be expressed as

τ (t+ ∆t) = τ0,pe(t+ ∆t)−
5∑

k=1

n∑
i=1

Hss
ki,pe(t+ ∆t), (5.29)

where

Hss
1i,pe(t+ ∆t) = 1

3gi
[
biγ(t)σss

x0,pe(t) + aiγ(t+ ∆t)σss
x0,pe(t+ ∆t)

]
+ ciH

ss
1i,pe,

Hss
2i,pe(t+ ∆t) = −1

3giγ(t+ ∆t)
[
biσ

ss
x0,pe(t) + aiσ

ss
x0,pe(t+ ∆t)

]
+ ci

γ(t+ ∆t)
γ(t) Hss

2i,pe,

Hss
3i,pe(t+ ∆t) = −2

3gi
[
biγ(t)σss

y0,pe(t) + aiγ(t+ ∆t)σss
y0,pe(t+ ∆t)

]
+ ciH

ss
3i,pe(t),

Hss
4i,pe(t+ ∆t) = 2

3giγ(t+ ∆t)
[
biσ

ss
y0,pe(t) + aiσ

ss
y0,pe(t+ ∆t)

]
+ ci

γ(t+ ∆t)
γ(t) Hss

4i,pe(t),

Hss
5i,pe(t+ ∆t) = gi

[
biτ

ss
0,pe(t) + aiτ

ss
0,pe(t+ ∆t)

]
+ ciH

ss
5i,pe(t).

(5.30)
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In Eq. (5.30), τ(t+ ∆t) denotes the total engineering shear stress at time instant t+ ∆t. Further-
more, σx0,pe, σy0,pe and τ0,pe are the instantaneous pseudo-elastic normal and shear stresses. They
can be obtained using the following equations

σss
x0,pe(t) = η∗1

[
λ3

1
1 + λ2

1

∂W

∂λ1
+ λ3

2
1 + λ2

2

∂W

∂λ2
− ∂W

∂λ3

]
+ (1− η2)

[
λ3

1
1 + λ2

1

∂N

∂λ1
+ λ3

2
1 + λ2

2

∂N

∂λ2
− ∂N

∂λ3

]
,

σss
y0,pe(t) = η∗1

[
λ1

1 + λ2
1

∂W

∂λ1
+ λ2

1 + λ2
2

∂W

∂λ2
− ∂W

∂λ3

]
+ (1− η2)

[
λ1

1 + λ2
1

∂N

∂λ1
+ λ2
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(5.31)

5.3 Calibration of the conventional HVPE model

This section deals with the calibration of the conventional hyper-visco-pseudo-elastic material
model available in the literature, which ignores the residual strains, i.e. η2 = 1 in the constitutive
equation. The model is fitted to experiment test results of an EPDM rubber using the proposed
numerical stress solutions and the FE model-based inverse parameter fitting strategy.

5.3.1 Material testing

Uniaxial cyclic tension tests were performed on an EPDM rubber filled with 40 phr of carbon
black and with a hardness of 68 Shore A at room temperature. Standardised specimens (see Type
1 in ISO 37 [114]) and a Zwick/Roell Z020 universal testing machine with a load cell of 5 kN were
used during the tests. The geometry of the tensile test specimen can be seen in Fig. 5.5.

Figure 5.5: Geometry of the tensile test specimen and the gage length between the gage marks. The
dimensions are in [mm].

In order to measure the axial strain, two gage marks were made on the prismatic portion of each
specimen where the stress distribution is uniform and the change in distance between them was
measured continuously using a video extensometer. During the test, the strain was controlled in
both loading and unloading using the measured distance. The unloading process was considered
to be finished when the tensile load was entirely removed, i.e. became zero. The strain rate was
the same in both loading and unloading. After an initial preload of 0.1 N, the virgin specimen was
loaded and unloaded with four cycles up to 25 % engineering strain. This was followed by four
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cycles of loading-unloading up to a strain of 75 % and finally, four cycles up to a strain of 150 %
(see Fig. 5.6). This measurement program was carried out at four different engineering strain rates
(ε̇ = 0.005 1/s, 0.01 1/s, 0.05 1/s, and 0.1 1/s) using five specimens per strain rate. In order to
determine the engineering stresses and strains the measured force and displacement values were
normalised by the initial (undeformed) cross-sectional area and the initial gauge length of the
specimen, respectively. The deviation of stress values measured at the same strain rate but on
two different specimens was within ±5 % at all strain rates tested. Here, single stress-strain curve
per strain rate (one curve at each strain rate) was selected for parameter identification purposes.
The strain histories belonging to the different strain rate can be seen in Figs. 5.6(a) and 5.6(b).

Figure 5.6: The strain histories with constant engineering strain rates and various strain amplitudes:
(a) 0.005 1/s and 0.01 1/s, (b) 0.05 1/s and 0.1 1/s.

As it can be seen in Fig. 5.6, the strain at the end of each unloading, i.e. at zero force is nonzero.
This is mainly caused by the fact that the viscous material has no time to recover.

5.3.2 Parameter identification

Numerical stress solution-based parameter identification

This section describes how the conventional hyper-visco-pseudo-elastic material model can be
calibrated based on the presented stress solutions in Section 5.2.3 with the assumption of η2 = 1.
As a first step, only the stress response measured at a strain rate of 0.01 1/s is taken into account.
The calibration process begins with the selection of a proper hyperelastic material model. To do
this, one has to study the primary loading path of the measured stress response (see Fig. 5.8(a)).
In our case, the incompressible second-order (M = 2) Ogden hyperelastic model (see Eq. 4.16)
ensured the best match between the predicted and measured stress response. In the light of the
closed-form stress solution given by Eq. (B3), the hyperelastic model can easily be fitted to the
measured primary loading path. When calibrating the conventional hyper-visco-pseudo-elastic
model, these hyperelastic model parameters may be used as an initial guess.

As a next step, the number of Prony terms is fixed. Although there is no restriction in the
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number of Prony terms, here, n = 4 is chosen. Then the fitting of the stress solution presented
in Section 5.2.3 to the measured stress response follows. To identify the model parameters, an
optimisation algorithm is needed that minimises the error function. As before, the mean squared
error is used for this purpose (see Eq. (3.27)). The computed engineering stress value PC

j at
time instant tMj in the error function can be determined from Eqs. (3.15), (5.18), (5.26), (5.27),
and (5.28). Note that the rubber specimens were stress and strain-free at the beginning of the
measurement (i.e. at t = 0). The built-in generalised reduced gradient algorithm with multi-start
method of MS Excel was used to minimise the error function. During the error minimisation,
the hyperelastic and the Prony parameters must satisfy the conditions defined by Eq. (3.28);
furthermore, the Mullins parameters must meet the following conditions

r > 1; m ≥ 0; β ≥ 0 and m = β 6= 0. (5.32)

Furthermore, it has to be verified that the hyperelastic model parameters fulfil the Drucker stability
criterion [35]. At the end of the parameter identification process, the constitutive constants can
be obtained, and they are listed in Table 5.1.

Table 5.1: Constitutive constants of the conventional hyper-visco-pseudo-elastic material model
provided by the numerical stress solution-based parameter identification.

Instantaneous hyperelastic parameters
µ1 [MPa] α1 [-] µ2 [MPa] α2 [-]
3.843 −3.50 0.00213 −18.28
Ogden–Roxburgh (Mullins) parameters
r [-] m [MPa] β [-]
2.183 0.38 0.50
Prony parameters (n = 4)
g1 [-] g2 [-] g3 [-] g4 [-]
0.479 0.104 0.0601 0.0671
τ1 [s] τ2 [s] τ3 [s] τ4 [s]
1.867 19.87 111.4 1011

FE model-based (inverse) parameter identification

In order to highlight the capability of the parameter identification method incorporating the
proposed numerical stress solutions, the constitutive constants were also determined by the FE
model-based (inverse) parameter identification method frequently used in the engineering prac-
tice. Here, the stress response is provided by the commercial finite element software Abaqus [7]
using the one eight-node hybrid brick element with reduced integration with the same loading
and boundary conditions introduced in Section 3.4.1 (see Fig. 3.2). In this case, the prescribed
displacement U1 was obtained from the strain history of constant strain rate of 0.01 1/s presented
in Section 5.3.1. The FE model-based or inverse parameter identification was realised with the aid
of the commercial software MCalibration [115], where the FE model is combined with an external
optimisation algorithm. The material model was the same, i.e. the second-order Ogden hypere-
lastic model extended with the Ogden–Roxburgh pseudo-elastic model and four Prony-terms. The
error between the measured and the computed stress values is also defined by the mean squared
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error. However, in this case, the computed stress values (PC
j (tMj )) are provided by the FE simula-

tion. Here, the ’Automatic Extensive Optimization’ method of MCalibration was applied to find
the optimal set of model parameters. The model parameters provided by MCalibration are listed
in Table 5.2.

Table 5.2: Constitutive constants of the conventional hyper-visco-pseudo-elastic material model
provided by the FE model-based or inverse parameter identification.

Instantaneous hyperelastic parameters
µ1 [MPa] α1 [-] µ2 [MPa] α2 [-]
1.838 −2.406 0.527 −5.590
Ogden–Roxburgh (Mullins) parameters
r [-] m [MPa] β [-]
1.832 0.240 0.959
Prony parameters (n = 4)
g1 [-] g2 [-] g3 [-] g4 [-]
0.143 0.144 0.0908 0.0868
τ1 [s] τ2 [s] τ3 [s] τ4 [s]
1.461 17.20 39.67 333.9

Comparison of the two parameter identification methods

Fig. 5.7 shows the magnitude of the mean squared error at the proposed and the inverse method
after a computational time of 1, 2, 10, 100 and 1000 min. In order that computational times will
be comparable, the lower and upper bounds and the initial set of parameters were the same. As
can be seen, the initial parameters chosen resulted in an MSE of 0.092 MPa2 (it corresponds to a
coefficient of determination of R2 = 0.459).

Figure 5.7: The mean squared error in log scale as a function of the computational time:
(a) 0 ≤ t ≤ 10 min, (b) 0 ≤ t ≤ 1000 min.

Fig. 5.7 shows clearly that the mean squared error becomes more than two orders of magnitude
smaller after a computational time of 2 min (the MSE is smaller than 0.0005 MPa2 at 2 min) if
the proposed method is used. In contrast, the FE model-based (inverse) parameter identification
method provides a much slower decrease in MSE. It is because the computational cost of the
FE-based method is much higher. The inverse method gives a new set of parameters after a
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computational time of 25-30 s, while the proposed method needs less than 0.5 s to the same.
Note that the difference in computational time between the two methods is even more significant
if various measurements (for example, different loading modes, temperatures, strain rates) are
considered simultaneously. The results presented prove that the derived stress solutions make it
possible to identify the accurate model parameters with a low computational cost.

The reliability of the model parameters provided by the two different methods (see Tables 5.1
and 5.2) was tested by comparing the numerically predicted stress responses to the measured
ones. The comparison of the predicted and measured engineering stress responses can be seen in
Fig. 5.8. In the case of Figs. 5.8(a) and 5.8(b), the parameters of Table 5.1, while, in the case of
Figs. 5.8(c) and 5.8(d), those of Table 5.2 were used.

Figure 5.8: Comparison of the measured and the simulated engineering stress responses: (a) and (b)
model parameters provided by the stress solution-based method, (c) and (d) model parameters provided
by the FE model-based (inverse) method.

Fig. 5.8 shows clearly the most important characteristics of filled rubbers such as the nonlinear
stress-strain relation, the stress softening (Mullins effect) in the first cycle of each strain level,
the hysteresis and the apparent residual strain (nonzero stretch at zero stress). The conventional

70



Section 5. Hyper-visco-pseudo-elastic modelling of filled rubbers

hyper-visco-pseudo-elastic model calibrated with the aid of numerical stress solutions gives very
good agreement with the measurement result (R2 = 0.998), as it can be seen in Figs. 5.8(a)
and 5.8(b). In the case of the FE model-based method, the prediction also agrees well with the
measurement (R2 = 0.992), but the model response at the maximum strain level of the first and
second loading cycles is not realistic. As seen in Fig. 5.8(c) (see the stresses indicated by the small
rectangle), at a strain of ε = 150 % (λ = 2.5) the stress at the end of the first loading is lower than
at the end of the second one. Fig. 5.8(d) shows exactly the same (see the positive slope of the green
arrow). Figs. 5.8(a) and 5.8(b) show a similar problem with respect to the predicted behaviour (see
the negative stress values indicated by the small rectangle). At the end of almost every unloading,
small negative stress values appear whose magnitude increases as the strain increases. From an
application point of view, it is important to know how these negative stresses may be eliminated.
An important characteristic of the stress solution-based parameter identification is that it is easy
to add other conditions to the existing ones of the parameter identification algorithm. In order to
eliminate the negative stresses from the predicted material response, the following condition was
incorporated in the parameter identification algorithm.

PC
i

(
εMi,min

)
≥ 0, i = 1..m, (5.33)

where PC
i

(
εMi,min

)
is the ith computed engineering stress value at the strain of εMi,min. The latter

denotes the ith measured engineering strain at the end of the unloading. Here, m = 12, because
the strain histories used contain twelve unloading processes.

Simultaneous consideration of stress-strain curves measured at different strain rate

As a next step, the parameters of the conventional hyper-visco-pseudo-elastic model by consid-
ering the stress responses measured at different strain rate were determined simultaneously using
the stress solutions presented. However, the number of Prony terms was increased to n = 5 due to
the relative wide strain rate range (the strain rate ranges from 0.005 to 0.1 1/s). The parameter
identification was performed as described above, and the condition to eliminate negative stresses
(see Eq. (5.33)) was also considered. In this case, the error of the fitting is defined as

MSE = MSE1 + MSE2 + MSE3 + MSE4, (5.34)

where MSE1, MSE2, MSE3, and MSE4 are the mean squared error at strain rate of 0.005 1/s, 0.01
1/s, 0.05 1/s and 0.1 1/s, respectively. The model parameters identified can be seen in Table 5.3.
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Table 5.3: Constitutive constants of the conventional hyper-visco-pseudo-elastic model obtained by
considering the measured behaviour at strain rates of ε̇ = 0.005 1/s, 0.01 1/s, 0.05 1/s and 0.1 1/s, and
avoiding negative stress values.

Instantaneous hyperelastic parameters
µ1 [MPa] α1 [-] µ2 [MPa] α2 [-]
6.029 −3.820 0.0913 −3.746
Ogden–Roxburgh (Mullins) parameters
r [-] m [MPa] β [-]
1.01 0.412 0.459
Prony parameters (n = 5)
g1 [-] g2 [-] g3 [-] g4 [-] g5 [-]
0.621 0.0888 0.0209 0.0488 0.0685
τ1 [s] τ2 [s] τ3 [s] τ4 [s] τ5 [s]
0.110 3.892 24.44 160.8 3724

Fig. 5.9 shows the stress responses obtained at different strain rate when using the model para-
meters seen in Table 5.3. Furthermore, the stress responses computed at a strain rate of 0.05 1/s
and 0.1 1/s by using the model parameters of Table 5.1, i.e. those of determined from a fit of
stress response measured at a strain rate of 0.01 1/s, can also be seen in Figs. 5.9(c) and 5.9(d).

Figure 5.9: Comparison of measured and simulated (by using the parameters of Tables 5.3 and 5.1)
stress response at different strain rates: (a) 0.005 1/s, (b) 0.01 1/s, (c) 0.05 1/s, (d) 0.1 1/s.
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Fig. 5.9 shows that the filled rubber becomes stiffer by increasing the strain rate and the conven-
tional hyper-visco-pseudo-elastic model, with the parameters seen in Table 5.3, is able to model
this behaviour with reasonable accuracy. Furthermore, it can also be concluded that, at strain
rates of 0.05 1/s and 0.1 1/s, the model predicts the real behaviour accurately (R2 = 0.996 and
0997), especially up to an engineering strain of 75 %. At higher strains, the difference between the
measured and numerically predicted behaviour starts to increase gradually. At lower strain rates,
i.e. strain rates of 0.005 1/s and 0.01 1/s, the numerical predictions are less accurate but still
acceptable (R2 = 0.985 and 0989). In these cases, the model is unable to simulate the viscoelastic
behaviour induced hysteresis loops and the unloading with high accuracy. Furthermore, based
on Figs. 5.9(c) and 5.9(d) it can be stated that the material model by using the parameters of
Table 5.1 predicts inaccurately the measured stress-stretch curve at strain rates of 0.05 1/s and
0.1 1/s. Consequently, if the conventional hyper-visco-pseudo-elastic material model is planned to
use at different strain rate, it is necessary to take into account the curves measured at different
strain rate simultaneously during parameter identification.

Although the conventional hyper-visco-pseudo-elastic model used here is a phenomenological
model, which is not able to take the real microstructure of filled rubbers into consideration, a
reasonable good agreement was found between the simulations and the measurements. However,
the accuracy of numerical predictions may be further increased by a using more sophisticated vis-
coelastic/hyperelastic model and damage parameter as well as incorporating the effect of residual
strains into the material model.

5.4 Calibration of the improved HVPE model

In this section, the improved hyper-visco-pseudo-elastic material model is calibrated and val-
idated based on experimental data sets of a filled EPDM rubber. Unlike the previous section, the
residual strain is modelled using the extended pseudo-elastic approach, contributing to a more
accurate constitutive modelling.

5.4.1 Material testing

The experiments needed have been carried out at room temperature on an EPDM rubber con-
taining 50 phr carbon black using the Zwick/Roell tensile test machine presented in Section 5.3.1.
For the tensile tests, the same specimens and video extensometer were used as in Section 5.3.1
(see Fig. 5.5). The geometry of the shear test specimens can be seen in Fig. 5.10. The specimen
and the steel plates were connected by glued joints. Cyanoacrylate adhesive was used for this
purpose. The bonding surfaces were cleaned with grease-free acetone and dried. Furthermore, the
bonding surfaces of the steel parts were abraded with a wire brush. In order to reach the highest
bonding strength, the glued joints, according to the instruction of the use of the adhesive, were
subjected to a slight compressive load for 24 hours. For the evaluation of the simple shear test,
the relationship γ = u/v has been applied, where u is the crosshead displacement and v is the
thickness of the rubber specimen. Note that the distance between the steel plates (see in Fig. 5.10)
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was kept constant, which implies that v also to be constant. In other words, it was not allowed the
specimen to deform in the lateral direction (that is, normal to the direction of the applied load)
during the measurement. Consequently, the shear stresses were accompanied by normal stresses.

Figure 5.10: The configuration used in the simple shear test. The dimension is in [mm].

Uniaxial stress relaxation-recovery tests

In order to investigate the viscous behaviour of the EPDM rubber, uniaxial stress relaxation-
recovery tests have been carried out. Fig. 5.11 shows the prescribed strain history and the one
measured during recovery.

Figure 5.11: The prescribed strain history during loading, relaxation and unloading (t = 0..t3) as well
as the measured one during recovery (t ≥ t3).

The loading (t = 0..t1) was realised at a strain rate of 0.08 1/s and lasted until the strain reached
its maximum value (εmax = 20, 60 and 110%). Then, in the relaxation phase (t = t1..t2 ), the strain
was kept constant. In the third phase (t = t2..t3), the specimen was unloaded with a strain rate of
0.08 1/s. Finally, in the recovery phase (t ≥ t3), the force acting on the specimen was kept at zero,
and the strain (creep) was recorded. The recovery phase, like the stress relaxation, lasted 3600 s.
With this test, it is possible to investigate the instantaneous elastic, the viscous (delayed elastic)
as well as the permanent deformation of the specimen. Although the test was carried out at all
three levels of the strain on three different specimens, only one curve per strain level was selected
for calibration purposes. In order to investigate the effect of time on the residual strain and the
stress relaxation measured, two additional tests were carried out. In one of these tests (long-term
stress relaxation-recovery test), the residual strain was measured after a much longer recovery
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phase (almost 15 hours), while, in the other (long-term stress relaxation test), the relaxation
phase lasted 4 hours. In the latter case, the specimen was elongated with an engineering strain
rate of 0.16 1/s up to an engineering strain of 110%. This strain rate corresponds to a crosshead
speed of 500 mm/min.

The small figure in Fig. 5.12 shows schematically the normalised relaxation modulus
(g(t) = P (t)/Pmax, where Pmax denotes the engineering stress at time instant t1) vs. time curves
at all three levels of strain. As seen, the peak values appear at different times (t20

1 6= t60
1 6= t110

1 ).
However, by shifting the curves horizontally, the relaxation behaviours can be compared directly
(see Fig. 5.12).

Figure 5.12: Normalised relaxation modulus vs. time curves at three levels of strain (ε = 20, 60 and
110%).

As can be seen from Fig. 5.12, the relaxation is very fast in the first 200 s, and then gradually
slows down as the time elapses. It is also visible that the relative relaxation modulus curves
obtained at strain levels of 60 and 110% are practically identical, i.e. the relaxation processes, at
a strain rate of ε̇ = 0.08 1/s, are unaffected by the strain level. In addition, at a strain level of
110%, the relative relaxation modulus curve of the long-term stress relaxation test performed at a
strain rate of 0.16 1/s (see the black dashed curve in Fig. 5.12) is very similar to the one measured
with a strain rate of 0.08 1/s, i.e. the strain rates applied (ε̇ = 0.08 and 0.16 1/s) do not affect
significantly the relaxation behaviour. The fact that the relaxation curve pertaining to the strain
level of 20% differs from the others may lead to the conclusion that the rubber exhibits nonlinear
viscoelastic behaviour [116]. However, in this case, the difference between the relaxation curves
can be explained by the different loading times. For instance, the shorter loading time at the
strain level of 20% means that the rubber has less time to relax during loading. Consequently,
significant relaxation may be observed in the relaxation phase after loading. For more details, see
Fig. 5.14(b).

Fig. 5.13 shows the result of the long-term stress relaxation-recovery test, where the recovery
phase lasted 53600 s.
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Figure 5.13: Engineering strain vs. time curve of the long-term uniaxial stress relaxation-recovery test.
The dot represents the time instant when the load becomes zero at the end of unloading, while the dashed
line indicates that the load remains zero during the entire recovery phase.

As can be seen in Fig. 5.13, when εmax = 110%, the residual strain (at the end of the long-term
measurement) is 8.1%. This shows clearly that it is important to take the residual strain into
consideration. In addition, it can also be checked how much error occurs when the time available
to recover is limited to 3600 s. Based upon the test results, the error is less than 5%. Therefore,
the residual strain measured after a recovery time of 3600 s gives a good approximation.

Cyclic tests

To get a deeper insight into the mechanical behaviour of the EPDM rubber, cyclic (the load is
applied in a cyclic manner) tensile and simple shear tests have been carried out. The strain rate
in the tensile and the simple shear test was ε̇ = 0.008 and 0.04 1/s, and γ̇ = 0.01 1/s, respectively.

5.4.2 Parameter identification and validation

In this section, the ability of the constitutive law to predict the mechanical behaviour is studied
using the tests described above. One of the inherent advantages of the constitutive model proposed
here is that the model can be fitted directly to the test results with the aid of the derived stress
solutions (see Section 5.2.3). Thus, the model calibration remains relatively simple in spite of the
complexity of the material model.

The material model proposed is a combination of three models. It consists of an arbitrarily
selected hyperelastic, a Prony series-based linear viscoelastic, and a pseudo-elastic model. When
calibrating the material model, h hyperelastic parameters, 2n Prony parameters (gi and τi, i =
1..n) and eight pseudo-elastic parameters (r, m, β for Mullins effect and U, V, Z, J,K for residual
strain effect) must be determined. As a first step, a hyperelastic material model capable of
modelling the measured (time-independent) elastic behaviour has to be selected. In our case, the
incompressible Ogden model has been selected. Its strain energy density function is formulated
in terms of the principal stretches (see Eq. (4.16)).
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Knowing the strain energy density function, the pseudo-elastic stress response for ten-
sion/compression can be obtained from Eq. (5.28). It is

P0,pe(t) = η∗1

m∑
k=1

2µk
αk
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(5.36)

In Eq. (5.36), λmax is the maximum value of the stretch in the direction of loading. Furthermore,
µ0 is the initial shear modulus, which can be calculated based on Eq. (4.16).

In the case of simple shear, the pseudo-elastic stress response may be obtained from Eq. (5.31)
as
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where
ν1 = µ0

[
U − V Tanh

(
λ1,max − 1

Z

)]
,

ν2 = µ0

[
U − V Tanh

(
λ2,max − 1

Z

)]
,

ν3 = µ0U.

(5.38)

Note that the relationship between the principal stretches and the amount of shear is defined by
Eq. (3.18).

The next step is to determine the number of Prony parameters. Considering the time range
studied, in our case, it is sufficient to use five Prony terms. As mentioned previously, in general
case, the number of Prony terms may be arbitrarily high. Next, the mean square error was
introduced to quantify the error between the measured and computed values (see Eq. (3.27)). In
the case of uniaxial loading, the computed engineering stress value PC,UA

j at time instant tMj in
the error function can be obtained from Eqs. (3.15), (5.26) and (5.27), where the pseudo-elastic
stress response is given by Eqs. (5.35) and (5.36). For simple shear, the computed stress value
PC,SS
k at time instant tMk may be determined by using Eqs. (3.15), (5.29), (5.30), (5.37), and (5.38).

Finally, note that η∗1 and η2 are defined by Eqs. (5.18) and (5.8). An important property of the
proposed material model is the possibility to consider measurement results obtained at various
temperatures. However, here, experiments carried out at room temperature are available only.
Thus, the shift factor is unity, i.e. aT = 1 in every case. Furthermore, it is assumed that there
are no initial pre-stress and pre-strain in the rubber specimens. For the purpose of finding the
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material model parameters, the software MS Excel and its built-in generalised reduced gradient
algorithm have been used here. When working with optimisation algorithms, it is customary to
accelerate the optimisation by properly chosen initial values and boundaries. The values of the
model parameters have to satisfy the conditions defined by Eqs. (3.28) and (5.32), Furthermore,
in the pseudo-elastic model, Z 6= 0. Note that the model calibration may be accelerated if the ith
relative modulus is given as

g1 = x1 and gi = xi

1−
i−1∑
j=1

gj

 , i = 2..n, (5.39)

where xi (0 ≤ xi < 1) denotes the parameter to be optimised instead of gi. It is usually preferable
to use Eq. (5.39) because it ensures that the sum of the relative relaxation moduli to be smaller
than 1. The performance of the material model proposed is presented for two different cases in
the next sections.

First case: model calibration based on uniaxial stress relaxation-recovery tests

In this case, the material model proposed has been calibrated based upon uniaxial stress
relaxation-recovery tests. The calibration process used is described above. The number of model
parameters to be optimised is 22 because the second-order Ogden model (M = 2) is used to
describe the time-independent elastic behaviour of the rubber. The model parameters are listed
in Table 5.4.

Table 5.4: The improved hyper-visco-pseudo-elastic model parameters obtained from a fit to the uniaxial
stress relaxation-recovery test.

Instantaneous hyperelastic parameters (M = 2)
µ1 [MPa] α1 [-] µ2 [MPa] α2[-]
4.581 −4.380 −0.928 2.022
Mullins parameters
r [-] m [MPa] β [-]
1.01 0.908 0
Residual strain parameters
U [-] V [-] Z [-] J [-] K [-]
−0.405 −0.311 0.196 −2.314 3.245
Prony parameters (n = 5)
g1 [-] g2 [-] g3 [-] g4[-] g5 [-]
0.396 0.100 0.033 0.027 0.302
τ1 [s] τ2 [s] τ3 [s] τ4[s] τ5 [s]
0.882 20.4 309 4820 59729

Figs. 5.14(a) and (b) show the strain histories pertaining to the uniaxial stress relaxation-recovery
tests, as well as the measured and computed normalised relaxation modulus curves, respectively.
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Figure 5.14: (a) The strain histories of the uniaxial stress relaxation-recovery tests, and (b) the com-
parison of the measured and predicted normalised relaxation modulus curves of the filled EPDM rubber.
The constitutive constants used are listed in Table 5.4.

As Fig. 5.14(a) shows, residual strain appears in all three cases. As expected, the higher the strain
level, the greater the permanent set. Fig. 5.14(b) shows clearly that the model can predict the
relaxation behaviour with good accuracy. As seen, the model response pertaining to an ideal step
loading (t1 → 0) is also shown in the figure. In the case of ideal step loading, a single normalised
relaxation curve is presented only because, according to the theory of linear viscoelasticity, the
behaviour in the relaxation phase is independent of the strain level applied.

The measured and computed engineering stress responses as a function of time and stretch are
shown in Figs. 5.15(a) and (b).

Figure 5.15: Comparison of the measured and computed engineering stress responses using the con-
stitutive constants of Table 5.4 for the case of uniaxial stress relaxation-recovery test of the EPDM
rubber: (a) stress vs. time, and (b) stress vs. stretch curves.

In Figs. 5.15(a) and (b), it can be observed that the proposed hyper-visco-pseudo-elastic model
is capable of predicting the real stress response of the rubber with high accuracy. The mean
coefficient of determination of the curves pertaining to the three strain levels is R̄2=0.997. How-
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ever, detailed investigations show that at a strain level of 110%, negative stresses appear in the
predicted stress responses.

Next, the result of the uniaxial long-term stress relaxation-recovery test was compared with
that of the numerical prediction. In addition to this comparison, the result of the proposed hyper-
visco-pseudo-elastic model was also compared with that of the hyper-visco-pseudo-elastic model
currently available in the literature. The main objective is to prove the importance of the residual
strain parameter incorporated into the proposed model. By setting η2 = 1 (i.e. U = V = J =
K = 0 and Z = 1), the conventional hyper-visco-pseudo-elastic model with no residual strain
effect may be obtained whose parameters are shown in Table 5.5. For better comparability, the
relaxation times are the same as in Table 5.4.

Table 5.5: The conventional hyper-visco-pseudo-elastic model parameters obtained from a fit to the
uniaxial stress relaxation-recovery tests (no residual strain effect, i.e. η2 = 1).

Instantaneous hyperelastic parameters (M = 2)
µ1 [MPa] α1 [-] µ2 [MPa] α2[-]
4.183 −3.400 −1.501 0.010
Mullins parameters
r [-] m [MPa] β [-]
1.01 0.1 0.680
Prony parameters (n = 5)
g1 [-] g2 [-] g3 [-] g4[-] g5 [-]
0.186 0.161 0.010 0.121 0.005
τ1 [s] τ2 [s] τ3 [s] τ4[s] τ5 [s]
0.882 20.4 309 4820 59729

The stress responses computed by using the parameters of Tables 5.4 and 5.5 are shown in Fig. 5.16.

Figure 5.16: Comparison of the measured and computed engineering stress vs. time curves of the filled
EPDM rubber subjected to cyclic uniaxial tension: (a) in linear scale, (b) in logarithmic scale. The solid
(red) line represents the response of the improved hyper-visco-pseudo-elastic model using the constitutive
constants of Table 5.4, while the dashed (blue) line shows the model response when the model parameters
seen in Table 5.5 (no residual strain effect) are used.

It is clearly visible that the proposed model (hyper-visco-pseudo-elastic model with residual strain
effect) describes the measured behaviour accurately (R2 = 0.994). When the residual strain effect
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is not incorporated into the hyper-visco-pseudo-elastic model (i.e. η2 = 1), the agreement between
the measurement and prediction becomes less good (R2 = 0.897). Note that for the proper
interpretation of the results, the terms ”Fitted model response” and ”Model response” (see the
legends of Figs. 5.14–5.19) have been introduced. The term ”Fitted model response” indicates
the response of the model for an experimentally investigated case considered when calibrating the
model. In contrast, the term ”Model response” indicates the numerical prediction of the model
for an experimentally investigated case, which was not considered during the calibration process.

Second case: model calibration based on uniaxial stress relaxation-recovery and cyclic
tensile tests

In order to gain further insight into the capability of the proposed material model, the uniaxial
stress relaxation-recovery tests, as well as the cyclic tensile and simple shear tests were taken into
consideration during the model calibration. As it is well known from the literature, the rubbers
show loading mode dependent behaviour, which has to be considered in cases when a complex
state of stress is arisen due to the load(s). To do this, the third-order Ogden hyperelastic model
(M = 3) is applied here. The model parameters obtained from the minimisation of the mean
squared error (MSE) function are listed in Table 5.6.

Table 5.6: Model parameters obtained from a fit to the stress relaxation-recovery tests, the cyclic tensile
(ε̇ = 0.008 1/s) and simple shear (γ̇ = 0.01 1/s) tests, and the long-term stress-relaxation test.

Instantaneous hyperelastic parameters (M = 3)
µ1 [MPa] α1 [-] µ2 [MPa] α2[-] µ3 [MPa] α3 [-]
0.0104 9.100 −3.910 −3.937 6.882 −2.589
Mullins parameters
r [-] m [MPa] β [-]
3.39 0.059 0.384
Residual strain parameters
U [-] V [-] Z [-] J [-] K [-]
0.0874 1.362 6.728 0.727 −0.583
Prony parameters (n = 5)
g1 [-] g2 [-] g3 [-] g4[-] g5 [-]
0.379 0.100 0.041 0.044 0.0032
τ1 [s] τ2 [s] τ3 [s] τ4[s] τ5 [s]
0.755 22.64 330.5 6059 10012

Figs. 5.17(a), (b), (c) and (d) show the measured and predicted engineering stress responses
for uniaxial stress relaxation-recovery tests, long-term stress relaxation test (the relaxation phase
lasted 4 hours and the strain rate of the loading was 0.16 1/s), as well as for cyclic uniaxial tensile
and cyclic simple shear tests. The model parameters used in the predictions are listed in Table 5.6.
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Figure 5.17: Comparison of the measured and computed engineering stress responses using the con-
stitutive constants of Table 5.6: (a) stress vs. time curves for uniaxial stress relaxation recovery tests, (b)
stress vs. time curve for long-term stress relaxation test, (c) cyclic uniaxial tensile test (ε̇ = 0.008 1/s),
and (d) cyclic simple shear test (γ̇ = 0.01 1/s) of the EPDM rubber.

On the basis of Fig. 5.17, it can be concluded that the material model using the parameters of
Table 5.6 is capable of predicting the measured behaviour accurately and captures every important
characteristic of the mechanical behaviour: the hysteresis, the Mullins effect and the residual
strains. For uniaxial stress relaxation-recovery tests, the mean R-squared value of the three
curves is R̄2 = 0.995. In the case of the long-term stress relaxation test, the R-squared value is
0.985. Note that in this test (long-term stress relaxation test), the strain rate in the loading phase
was 0.16 1/s and not 0.08 1/s as in the case of the stress relaxation-recovery tests. However, the
material model predicts the relaxation behaviour accurately in both cases. Furthermore, in the
case of cyclic loading, the R2 is 0.981 and 0.977 for tension and simple shear, respectively. As
seen from Fig. 5.17(d), the agreement between the measured and predicted curves is less good if
the amount of shear is 20%. However, at larger deformations where the amount of shear equals
to 40 and 80%, the agreement between the prediction and the measurement is very good.

Fig. 5.18 illustrates the model response with the model parameters listed in Table 5.4, i.e. ob-
tained when the experimental data set of the simple shear loading mode was not considered in
the parameter identification process.
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Figure 5.18: Comparison of the measured and computed engineering stress responses for cyclic simple
shear test (γ̇ = 0.01 1/s) of the EPDM rubber using the constitutive constants of Table 5.4.

As seen in Fig. 5.18, the model can predict the measured shear stress response accurately only
at small deformation. At larger deformations, the numerical predictions have a significant error,
especially at an amount of shear of 80%. This is also proved by the negative R-squared value,
which means that the model does not follow the trend of the measured data.

The validation of the material model with the parameters seen in Table 5.6 is made based on
the cyclic tensile test with an engineering strain rate of 0.04 1/s and the uniaxial long-term stress
relaxation-recovery test where the recovery phase lasted almost 15 hours (for the strain history of
this measurement, see Fig. 5.13). The results are presented in Fig. 5.19.

Figure 5.19: Comparison of the measured and computed engineering stress responses using the con-
stitutive constants of Table 5.6 (a) stress vs. time curves for uniaxial stress relaxation recovery tests, (b)
stress vs. time curve for long-term stress relaxation test, (c) cyclic uniaxial tensile test (ε̇ = 0.008 1/s),
and (d) cyclic simple shear test (γ̇ = 0.01 1/s) of the EPDM rubber.

As seen in Fig. 5.19, the numerical predictions are in very good agreement with both the cyclic
tensile and the long-term uniaxial stress relaxation-recovery test results. The R-squared value
of the fit is 0.983 in both cases. Based on the calibration/validation results, it can be stated
that, in the case of simple shear, the proposed hyper-visco-pseudo-elastic material model cannot
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predict the material response properly when only the uniaxial tensile test results are considered
in the calibration process (see Fig. 5.18). To overcome this problem, the experimental data
obtained at different loading modes have to be taken into account simultaneously during the
parameter identification process (see Fig. 5.17(d)). However, when only the uniaxial loading mode
is investigated, the model predicts the material behaviour accurately, even for strain histories not
considered in the calibration process (see, among others, Figs. 5.19(a) and (b)).

In summary, the material model was calibrated in two ways by using different sets of experi-
mental data. In the most complex case, the measurement results for uniaxial tension and simple
shear were considered simultaneously in the calibration process. Finally, the measurement res-
ults not involved in the parameter identification process were used for validation purposes. It is
worth mentioning that, before using the material model in a complex boundary value problem,
its stability must be checked. In the case of hyperelastic material models, the Drucker stability
criterion can be used for this purpose. The stability of the Ogden hyperelastic model (see the
parameters in Table 5.6) was checked in the software MCalibration [115]. It is found that, in the
case of uniaxial loading, the model is stable in the engineering strain range from -0.35 to 2 while,
in the case of simple shear, it is stable up to the amount of shear of 0.9.

5.5 Conclusions

This chapter deals with the constitutive modelling of filled rubbers and the identification of the
material model parameters. The conventional hyper-visco-pseudo-elastic material model has been
improved by incorporating the temperature and the residual strain effect into the constitutive
law. Thus, the time-independent behaviour is modelled using the modified Dorfmann–Ogden
pseudo-elastic model, while the time- and temperature-dependent material response is taken into
consideration by the Prony series-based finite strain viscoelastic theory and the time-temperature
superposition principle. The three-dimensional constitutive equation, the numerical implementa-
tion of the model and the numerical stress solutions of characteristic homogeneous loading modes
have also been introduced. The major findings of the research are as follows:

• The comparison of numerical predictions with uniaxial cyclic tensile tests made on 40 phr
carbon black filled EPDM rubber and at strain rates of 0.005, 0.01, 0.05, and 0.1 1/s proves
that the conventional hyper-visco-pseudo-elastic material model calibrated with the aid of
the proposed stress solution is able to describe the complex mechanical behaviour with
reasonable accuracy. If the stress response measured at a strain rate of 0.01 1/s was taken into
consideration only during the model calibration, then the agreement between the measured
and simulated behaviour was very good at the same strain rate. At the same time, by
considering the stress responses measured at different strain rate simultaneously during the
parameter identification process, the agreement became less good at a strain rate of 0.01
1/s, but the model predicted the behaviour at each strain rate with reasonable accuracy.

• The comparison between the stress solution-based and the FE model-based parameter identi-
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fication method of the conventional hyper-visco-pseudo-elastic material model showed clearly
that the former is more effective, i.e. able to provide the accurate model parameters with a
significantly lower computational cost.

• The improved hyper-visco-pseudo-elastic material model predicts the measured stress re-
sponse of a carbon black filled (50 phr) EPDM rubber with high accuracy. When calibrating
the improved material model based on uniaxial stress relaxation-recovery tests, the mean
R-squared value was 0.997. At the same time, the simultaneous consideration of uniaxial
tensile and simple shear loading (uniaxial stress relaxation-recovery and long-term stress
relaxation tests, as well as cyclic tensile and simple shear tests) in the calibration process
also resulted in a very good agreement (R2 = 0.977–0.995).

• In the case of uniaxial tensile loading mode, the material model provided accurate stress
responses even for cases not considered in the model calibration process. However, in a
complex stress state, the measurement results of various loading modes (for example, the
tensile and the simple shear loading mode as here) have to be considered simultaneously
when calibrating the material model.

• A comparison of the numerical predictions provided by the improved and the conventional
hyper-visco-pseudo-elastic material model showed that the improved model predicts the
measured behaviour more accurately (R2 = 0.994 instead of R2 = 0.897), especially in the
recovery phase.

• The improved hyper-visco-pseudo-elastic material model is not limited to a given hyperelastic
model and damage/residual strain variable. Furthermore, both the number of Prony terms
and the form of the equation describing the temperature dependence of the shift factor can
be chosen arbitrarily.

• The numerical stress solutions presented simplify and accelerate the calibration process and
make it possible to consider different homogeneous loading modes even simultaneously while
every model parameter is obtained in a single step.

The results obtained prove that the improved hyper-visco-pseudo-elastic material model is capable
of predicting the behaviour of filled rubbers with high accuracy. In addition, the proposed numer-
ical stress solutions allow identifying the conventional and the improved hyper-visco-pseudo-elastic
model parameters effectively and accurately; thus, they have great potential.
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6
Numerical and experimental investigation of

dynamic seals

This chapter focuses on the numerical modelling and the experimental testing of unaged and
aged fluoroelastomer-based radial shaft seals. As dynamic seals are often exposed to various
kinds of lubricants in their application, the effect of the aging on the material behaviour and
the performance of the sealing properties were investigated as well. The aging was performed in
a synthetic polyalphaolefin lubricant at a temperature of 130 °C for four weeks. The material
properties of the fluoroelastomer were characterised by dynamic mechanical thermal analyses
and quasi-static material test measurements. The material behaviour of the unaged and aged
rubbers was modelled using a hyper-viscoelastic material model, where the constitutive constants
were determined by fitting the model responses to the measurement results. Furthermore, a 2D
axisymmetric finite element model of the radial shaft seals is presented. In order to validate the
numerical model, structural measurements at T = 6, 25 and 70 °C on both the unaged and aged
radial shaft seals were performed, where the radial (clamping) force was measured during and
after the mounting process. The accuracy of the FE model is proved by comparing the measured
and predicted behaviours of the unaged/aged seals.

6.1 Literature overview and goals

The application field of the radial shaft seals (RSSs) in the industry is very wide. They are
used for sealing rotary shafts, among others, in gearboxes, electric machines, industrial pumps, or
power plants. RSS belongs to the dynamic rotatory contact seals class [117]. Its popularity is due
to the simple and compact design, sophisticated manufacturing technology and favourable friction
conditions during operation. The primary function of the radial shaft seals is to prevent the direct
flow and leakage of the lubricant between the parts in contact with each other of the machine and
protect them from external influences (e.g. dust and moisture) [117, 118]. The design of a typical
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radial shaft seal is illustrated in Fig. 6.1.

Figure 6.1: Schematic representation of the cross-section of a radial shaft seal, indicating the main
structural parts.

It can be seen in Fig. 6.1 that the sealing lip has an asymmetric geometry. Namely, a typical design
angle of the lip is 40-45° for the oil side and 25-30° for the air side. According to Salant [119],
the basis of the dynamic sealing mechanism depends on two important characteristics: (i) the
asymmetric geometry of the seal (see Fig. 6.1) and (ii) the surface texture of the rubber in the
contact zone after the initial wear. One of the most commonly used sealing materials for dynamic
seals is the fluoroelastomer (FKM). It has excellent oil, heat and chemical resistance, and good
compression set properties.

Measuring and predicting the radial force of RSSs during operation is crucial for developing
dynamic seals, as this force component is directly related to the typical failure modes of the seals
(e.g. leakage, crack, wear). If its value is too small, the seal will not be able to compensate
for vibrations of the shaft due to rotation and eccentricity or macro-deviations from the circular
shape, which may lead to leakage. On the other hand, if the value of the radial force is too high,
the service life of the seal may be shortened since significant wear occurs in the rubber due to the
frictional torque [120]. In addition, in this case, macroscopic wear grooves can be observed on the
shaft surface as well [121]. The radial force is influenced by the stiffness of the spring and the
interference between the shaft and the sealing lip. The spring can compensate for the reduction
in contact pressure due to stress relaxation and ensure that the pressure remains nearly constant
during the lifetime of the seal. In addition, modifying the length and the stiffness of the spring
provides the possibility to control the behaviour of the radial shaft seals [122]. It is worth noting
that dynamic seals are often exposed to various kinds of lubricants during their application, which
contributes significantly to chemical aging. This influences the mechanical properties of the rubber
(e.g. its hardness and stiffness), which may lead to a decrease in the sealing performance. One of
the main manifestations of it is the leakage when the sealing lip force is decreased over time due
to stress relaxation, permanent set or wear [123, 124].

Numerical prediction of the behaviour of RSSs has been an intensively researched topic in the
last decades. Suppose a reliable numerical model that can predict the most important mechanical

87



6.1. LITERATURE OVERVIEW AND GOALS

properties in the contact zone, such as the contact pressure distribution, the contact length or
the radial forces. In that case, the sealing properties can be optimised, which contributes to the
improvement of the lifetime of the seal and the minimisation of the wear. In the work of [125],
the authors summarise the possible micro-and macroscale modelling approaches for the numerical
wear computation. In addition, a finite element model-based approach is introduced, which can
predict the wear of the radial shaft seal during the operation. To do this, a reliable FE model
provides the contact pressure distribution as an input parameter is needed. However, in [125],
the sealing material was modelled using the Mooney–Rivlin hyperelastic model without taking
into consideration any viscoelastic effects. Similarly, the numerical approaches for the modelling
of radial shaft seals are presented in [126], [127] and [128], among others, use simple hyperelastic
models to capture the complex material behaviour of the sealing material. Thatte and Salant [129]
investigated the viscoelastic effects on the performance of hydraulic rod seals, and they found that
viscoelasticity can affect the performance of the seal significantly. In [129], the time-dependent be-
haviour of the sealing material was modelled using the linear viscoelastic approach, however, only
five Prony terms were applied, which can describe the material behaviour in a narrow frequency
range only. Reviewing the literature, it can be concluded that the sealing materials are usually
modelled as simple as possible. However, to perform reliable and accurate numerical simulations
for dynamic seals, it is necessary to consider the nonlinear elastic and the time- and temperature-
dependent behaviour of the rubbers using advanced material models and parameter identification
strategies.

The main goal of this research work is to develop a reliable finite element model of unaged and
aged radial shaft seals capable of accurately predicting the mechanical behaviour, especially in the
contact zone. The mechanical modelling process is presented from the material characterisation to
the validation of the FE model. Based on material test results of the dynamic mechanical thermal
analyses and the quasi-static tensile and compressive tests, the hyper-viscoelastic material model
parameters for the unaged and aged FKM rubber can be identified reliably. In the material
model, the nonlinear elastic behaviour was considered by the incompressible Yeoh hyperelastic
model, while the time- and temperature-dependent behaviour was described by 18 Prony terms
and the WLF equation. The aging was performed in a synthetic polyalphaolefin lubricant at a
temperature of 130 °C for four weeks, where both rubber specimens and seals were aged. To
model the seal numerically, a 2D axisymmetric finite element model was developed and used. For
the validation of the FE model, structural measurements were carried out where the radial forces
were measured during the mounting process using a standardised split-shaft testing device. The
measurements were performed at T = 6, 25 and 70 °C on the seals with and without spring.
Therefore, the effect of the spring on the radial forces can be investigated as well. To show the
accuracy of the finite element model, the experimental and predicted results were compared. It
is worth noting that the presented finite element model is a part of a framework that is capable
of considering the wear of the seal in the same manner as presented in [125]. However, wear
simulation is out of the scope of this work.
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6.2 Experimental testing

The following sections present the radial force measurements of the fluoroelastomer-based ra-
dial shaft seals, and dynamic and quasi-static measurements aimed at the material characterisation
of the FKM rubber. For the experimental tests, unaged and aged rubber specimens and seals were
used. For the aging process, rubber specimens cut out from raw FKM plates as well as seals were
placed in a pot filled with lubricant. Then, the pot was placed in a thermal chamber at a con-
stant temperature of 130 °C for four weeks. The lubricant was a synthetic polyalpaolefin which is
typical engine oil. The goal of artificial aging was to investigate how the lubricant influences the
mechanical properties of the rubber and the performance of the RSSs. The mean outer diameter
of the investigated seal is 98 mm. The mean inner diameter, which is a major parameter, was
changed as a result of the aging because of the swelling phenomenon caused by the lubricant.
Therefore, to trace the geometric change after the aging process, the inner diameter of the seals
was measured using a laser triangulation-based device that can detect the diameter of the sealing
lip along the circumference with high accuracy. Based on the measurement results, the mean inner
diameter of the unaged and aged seals were 78.53 and 78.28 mm, respectively.

6.2.1 Radial force measurement

In order to validate the finite element model, structural measurements were performed on the
unaged and aged FKM-based radial shaft seals at temperatures of 6, 25 and 70 °C. The radial
forces were detected as a function of time while the RSS was mounted on the split-shaft of the
testing device (see Fig. 6.2). It should be noted that before every mounting process, the shaft was
lubricated to decrease the coefficient of friction between the shaft and the sealing lip.

Figure 6.2: Schematic illustration of the split-shaft testing device for the measurement of the radial
forces.

According to the standard DIN 3761 [130], the testing device is divided into two halves, a mov-
able and a fixed one. The diameter of the shaft in the contact zone is 80 mm. When the radial
shaft seal is mounted on the shaft, the seal reduces the gap between the two parts by deflecting
the moveable part. The displacement is then measured as a function of time using an inductive
displacement sensor, and then the measured values can be converted to force values. The testing
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device was placed in a cooling/heating chamber to ensure the desired temperature for the exper-
iments. However, the measurements at T = 70 °C were ensured by circulating tempered silicone
oil through the holes in the device because the displacement sensor can only be applied up to
T = 50 °C. During the tests, the temperature of the shaft was checked with a thermometer. 3-3
new and aged seals were measured at a given temperature with and without spring (see Fig. 6.1).
The mean of the measured force-time values was used for validation purposes of the FE model
(see Section 6.4.1).

6.2.2 Material testing

This section is concerned with characterising unaged and aged FKM rubbers. Dynamic and
quasi-static tests are used for this purpose. The measurement results served as input data for
calibrating the hyper-viscoelastic material model (see Section 6.3.3) of rubber seals.

Dynamic mechanical thermal analysis

Dynamic mechanical thermal analyses were performed on unaged and aged FKM rubbers using
a Netzsch-Gabo Eplexor 500 N machine in compressive loading mode. The test specimens were
cylinders with a diameter of 10 mm and a height of 1.95 mm (see Fig. 6.3(a)). The static strain was
0.5%, while the dynamic strain amplitude was 0.05%. The frequency was swept from 0.5 to 50 Hz
while the temperature was kept constant at given values between −100 and +160 °C. The discrete
frequency values were obtained by dividing the frequency range represented in the logarithmic
scale into twelve parts. The heating rate was 3 °C/min and the temperature varied by 10 °C
between two consecutive frequency sweeps. In compressive loading mode, the contact between the
specimen and the end-plates of the testing machine was dry, thus, the friction prevented the lateral
expansion. Consequently, the cylindrical specimens became barrel-shaped during the compression
tests.

In order to investigate the effect of friction on the dynamic properties, tensile dynamic mech-
anical thermal analysis was carried out by using a TA Instruments DMA Q800 testing machine.
In tensile mode, the friction can be eliminated. The specimen of the rectangular cross-section
used can be seen in Fig. 6.3(b). While the test parameters were the same as in the case of the
compressive DMTA, the temperature was varied in a narrower range (from +30 to +160 °C).
Furthermore, only unaged rubber specimens were available for these tests.

Using the same testing machine and the specimen of rectangular cross-section (see Fig. 6.3(b)),
additional tensile dynamic mechanical analysis was performed on unaged specimens. This meas-
urement aimed to investigate the linearity of the FKM rubber in a viscoelastic sense, i.e. the Payne
effect. To do this, the dynamic response of the rubber specimen was measured, by applying a
strain sweep from a dynamic strain amplitude of 0.01 to 10%, at a constant temperature of 30 °C
and at two frequencies (f = 0.5 and 5 Hz).

90



Section 6. Numerical and experimental investigation of dynamic seals

Quasi-static tension and compression tests

In addition to dynamic tests, quasi-static tests were performed on unaged specimens in uniaxial
tensile and compressive loading mode using a Zwick Z005 testing machine with a load cell of
5 kN. For the compression tests, the same cylindrical specimen geometry was used as in the case
of dynamic compression tests (see Fig. 6.3(a)). However, in the quasi-static case, the contacting
surfaces between the specimen and the end-plates of the testing machine were lubricated by
silicone oil. The lubricant decreases the coefficient of friction significantly and helps to allow the
free lateral expansion of the rubber specimen. In the uniaxial tension tests, a dog-bone-shaped
specimen (see Fig. 6.3(c)) was used, and the elongation was measured by a video extensometer.
An engineering strain rate of 0.0025 1/s was applied in both cases (compression and tension),
while the engineering strain ranged between −30 and +40%. Note that the Mullins effect was
eliminated by preconditioning the specimens. Three specimens were tested in the case of each
loading mode, and the mean force-displacement curves were considered the measurement result.
Fig. 6.3 summarises the geometry of the specimens used in the material tests.

Figure 6.3: Geometry of the specimen used in (a) dynamic and quasi-static compression tests, (b)
dynamic tension tests and (c) quasi-static tension tests. The dimensions are in [mm].

6.3 Material modelling

6.3.1 Hyperelastic model

The nonlinear elastic (time-independent) behaviour of the FKM rubber is described using
the incompressible Yeoh hyperelastic material model. Its strain energy density function (W0) is
defined as

W0 = C10 (I1 − 3) + C20(I1 − 3)2 + C30(I1 − 3)3, (6.1)

where C10, C20 and C30 are the hyperelastic parameters. Furthermore, I1 is the first principal
invariant. Based on the strain energy density function, the engineering stress can be written using
Eq. (4.4) as

P0 = 2λ∂W0

∂I1

(
1− 1

λ3

)
, (6.2)

Based on Eqs. (6.1) and (6.2), the uniaxial engineering stress response of the Yeoh model can be
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written as

P0 = 2
λ

(
λ− 1√

λ

)(
λ+ 1√

λ

) [
C10 +

(
λ2 + 2

λ
− 3

)(
2C20 + 3C30

(
λ2 + 2

λ
− 3

))]
, (6.3)

where the subscript 0 indicates the instantaneous response (response in the glassy state). Fur-
thermore, the instantaneous initial shear modulus of the Yeoh model based on Eq. 2.9 is obtained
as

µ0 = 2C10. (6.4)

6.3.2 Hyper-viscoelastic model

The FKM rubber, in addition to nonlinear elasticity, exhibits time- and temperature depend-
ence. This mechanical behaviour can be modelled using, for example, the hyper-viscoelastic
material model, which is based on the combination of an arbitrary (incompressible) hyperelastic
model and the Prony-series based linear viscoelastic model. Chapter 4 focuses on this constitutive
model and its application, therefore, for more information, refer to that chapter. The incompress-
ible hyper-viscoelastic constitutive equation for uniaxial loading mode is defined by Eq. (4.22),
where the instantaneous nonlinear elastic behaviour of the rubber is modelled by the Yeoh hy-
perelastic model here (see Eq. (6.3)). The temperature dependence is taken into consideration by
applying the time-temperature superposition principle. Thus, the relationship between the relax-
ation time and the temperature can be given with the aid of the WLF equation. It is defined by
Eq. (2.39). Using the temperature-dependent shift factor, the relaxation time at temperature T
can be determined from the relaxation time at the reference temperature Tr (see Eq. (2.22)).

In the case of uniaxial loading mode, the numerical stress solution of the hyper-viscoelastic
constitutive equation at time t+∆t can be calculated using the proposed numerical stress solution
presented in Section 4.4.1. Thus, the hyper-viscoelastic stress response, in the case of uniaxial
loading mode, can be computed at arbitrary time instant using Eqs. (4.26) and (4.27).

Using Fourier-transform, the time-dependent relaxation modulus function (G(t)) can be writ-
ten in the frequency domain as

G′ (ω) = µ0

(
g∞ +

n∑
i=1

giτ
2
i (T )ω2

1 + τ 2
i (T )ω2

)
,

G′′ (ω) = µ0

n∑
i=1

giτi(T )ω
1 + τ 2

i (T )ω2 ,

(6.5)

where G′ and G′′ are the storage and the loss shear modulus, respectively. Furthermore, ω is the
angular frequency. The ratio of the loss and the storage modulus is the loss factor. It is defined
as

tan δ(ω) = G′′(ω)
G′(ω) , (6.6)

where δ(ω) is the phase angle. As the rubber is assumed to be incompressible, the relationship
between the tensile and the shear modulus is E0 = 3µ0.
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6.3.3 Parameter identification

The mechanical behaviour of the FKM rubber is modelled by the hyper-viscoelastic material
model presented in Section 6.3.2. The model parameters are determined using the least-squares
method and the mean squared error function. The results of the dynamic mechanical thermal
analyses and the quasi-static tension and compression tests presented in Section 6.2.2 and the
equations introduced in Sections 4.3 and 6.3.2 are the basis for the model calibration. For more
details, see Section 4.5. Note that the results of the dynamic mechanical analysis applying a
strain sweep was used to highlight the limitation of the linear viscoelastic approach only. In other
words, these measurement results were not taken into consideration during the material model
calibration.

The storage modulus vs. frequency curves of the unaged and aged specimens measured by the
compressive DMTA are shown in Figs. 6.4(a) and (b).

Figure 6.4: Measured storage modulus isotherms of the FKM rubber as a function of frequency in the
temperature range of −100 and +160 °C: (a) unaged and (b) aged rubber.

Fig. 6.4 shows that the unaged (new) specimen exhibits slightly stiffer behaviour, especially at
lower temperatures. A detailed review of the aging mechanism of fluoroelastomers in lubricating
oil can be found in [131]. The storage modulus-frequency isotherms shown in Fig. 6.4 were used
to construct the storage modulus master curves of the unaged and aged specimens at a reference
temperature of 0 °C and to determine the temperature-dependent shift factors. Finally, the loss
modulus master curves were constructed by applying the shift factors obtained. Fig. 6.5 shows the
storage modulus master curves of the unaged rubber for tension and compression. It can be seen
that, due to the geometric effects, the curves for tension and compression deviate significantly. In
the case of compression, not only the material properties but also the geometry of the specimen
have an effect upon the measured curve. Based on the work of [132], the effective or apparent
shear modulus for an incompressible cylindrical disk subjected to small compressive deformation
can be given as

µ0,A = µ0(1 + 2S2), (6.7)

where µ0,A and µ0 are the effective or apparent and the initial shear modulus, respectively. The
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shape factor (S) is defined as one loaded area divided by the total load-free area (S = d/4t, where
d is the diameter and t is the thickness of the specimen). Here, the diameter of the specimen
subjected to compression was 10 mm, and the thickness was 1.95 mm. Thus, the measured
(apparent) initial shear modulus is approximately 4.3 times higher than the initial shear modulus
of the rubber (see Eq. (6.7)).

Figure 6.5: The storage modulus master curves at Tr = 0 °C obtained from the compressive and tensile
dynamic mechanical thermal analysis of the unaged FKM rubber.

Although the temperature range used in the tensile DMTA was only between T = 30 and 160 °C,
it can be seen in Fig. 6.5 that if the modulus values measured in compressive mode (see the filled
black circles in Fig. 6.5) are divided by 4.3, we get the values measured in tensile mode (see the
unfilled blue circles in Fig. 6.5). Consequently, by dividing the compressive DMTA results with
a shift factor of 1 + 2S2 = 4.3, the shear modulus of the rubber can be obtained. Note that the
same vertical shift factor was applied to the storage and loss modulus master curves of the aged
rubber.

One of the key features of the parameter identification process applied here is that the dynamic
and the quasi-static measurement results have been considered simultaneously during the error
minimisation. Namely, after constructing the storage and loss modulus master curves, the initial
shear modulus (µ0 = 2C10) and the parameters of 18 Prony terms (τi and gi, i = 1...18) were
determined by minimising the error between the measured and computed modulus master curves,
where the computed storage and loss modulus master curves are defined by Eq. (6.5). It should
be noted that the initial shear modulus µ0 in Eq. (6.5) was replaced by the apparent initial shear
modulus µ0,A = 4.3µ0. Furthermore, the WLF constants (C1 and C2) with Tr = 0 °C were
determined by Eq. (2.39). At the same time, using Eqs. (4.26) and (4.27), the hyper-viscoelastic
model was fitted to the measured quasi-static tensile and compressive curves.

The optimised incompressible hyper-viscoelastic material model parameters of the unaged and
aged FKM rubbers are listed in Tables 6.1(a) and (b).
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Table 6.1: The optimised hyper-viscoelastic material model parameters of the (a) unaged and (b) aged
FKM rubber.

a) Unaged FKM rubber
Yeoh hyperelastic parameters (instant.)
C10 [MPa] C20 [MPa] C30 [MPa]

50 −66.43 102.26
WLF parameters
Tr [°C] C1 [-] C2 [°C]

0 12.08 88.96
Prony parameters (n = 18)

i
Relative modulus

gi [-]
Relaxation time

τi [s]
1 0.0492 1.0E-09
2 0.0406 1.0E-08
3 0.0396 1.0E-07
4 0.0673 1.0E-06
5 0.1013 1.0E-05
6 0.1057 1.0E-04
7 0.1253 1.0E-03
8 0.2788 1.0E-02
9 0.1156 1.0E-01
10 0.0240 1.0E+00
11 0.0079 1.0E+01
12 0.0037 1.0E+02
13 0.0051 1.0E+03
14 0.0053 1.0E+04
15 0.0040 1.0E+05
16 0.0031 1.0E+06
17 0.0028 1.0E+07
18 0.0028 1.0E+08

b) Aged FKM rubber
Yeoh hyperelastic parameters (instant.)
C10 [MPa] C20 [MPa] C30 [MPa]

43.16 −58.46 89.98
WLF parameters
Tr [°C] C1 [-] C2 [°C]

0 16.16 141.19
Prony parameters (n = 18)

i
Relative modulus

gi [-]
Relaxation time

τi [s]
1 0.0577 1.0E-09
2 0.0422 1.0E-08
3 0.0462 1.0E-07
4 0.1047 1.0E-06
5 0.0554 1.0E-05
6 0.1675 1.0E-04
7 0.1860 1.0E-03
8 0.1871 1.0E-02
9 0.0810 1.0E-01
10 0.0195 1.0E+00
11 0.0054 1.0E+01
12 0.0055 1.0E+02
13 0.0056 1.0E+03
14 0.0009 1.0E+04
15 0.0053 1.0E+05
16 0.0032 1.0E+06
17 0.0042 1.0E+07
18 0.0012 1.0E+08

Figs. 6.6 and 6.7 show the storage modulus and the loss factor master curves of the unaged and
aged rubbers obtained from the compressive DMTAs, as well as the hyper-viscoelastic model
responses using the parameters listed in Table 6.1.

Figure 6.6: Comparison of the constructed (from the compressive DMTA results) and computed storage
modulus vs. frequency master curves of the (a) unaged and (b) aged FKM rubber at Tr = 0 °C. The
model responses were computed by Eq. (6.5) and the model parameters listed in Table 6.1.

Fig. 6.6 shows that the hyper-viscoelastic material model describes the experimental storage modu-
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lus master curves of the unaged and aged FKM rubber accurately. The coefficient of determination
(R2) is, in both cases, 0.99. Furthermore, it can be seen that the aging-induced softening can be
observed as well, where the FKM rubber lost 11% of its initial stiffness in the glassy state.

Figure 6.7: Comparison of the constructed (from the compressive DMTA results) and computed loss
factor vs. frequency master curves of the (a) unaged and (b) aged FKM rubber at Tr = 0 °C. The model
responses were computed by Eq. (6.6) and the model parameters listed in Table 6.1.

Fig. 6.7 shows that the peak of the tanδ curve decreased from 0.73 to 0.60 in the aged case. In
both cases, the hyper-viscoelastic material model can describe the energy loss associated with
the viscoelastic behaviour with reasonable accuracy. The R2 is 0.94 and 0.92 for the unaged and
aged rubber, respectively. Fig. 6.8(a) shows the comparison of the computed storage modulus
master curves of the unaged and aged rubber, while Fig. 6.8(b) shows the quasi-static tensile and
compressive measurement results and the hyper-viscoelastic model responses given by Eqs. (4.26)–
(4.27).

Figure 6.8: (a) Comparison of the predicted storage modulus master curves of the unaged and aged FKM
rubber at Tr = 0 °C. (b) Comparison of the measured and predicted engineering stress vs. engineering
strain curves of the unaged and aged FKM rubber at an engineering strain rate of 0.0025 1/s at room
temperature. The model parameters can be seen in Table 6.1.

As can be seen in Fig. 6.8(a), a stiffer behaviour is predicted for the unaged rubber in agreement
with the measurements. It can also be concluded that the difference in stiffness decreases with
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decreasing frequency. It should be noted that the quasi-static measurement results illustrated
in Fig. 6.8(b) are available only for the unaged rubber. However, based on the compressive
DMTA results, it can be assumed that at lower frequencies (i.e. at low strain rates), the effect
of aging may have less importance (see Fig. 6.8(a)). The two material model responses consider
this expectation (see the solid and dashed curves in Fig. 6.8(b)). Furthermore, as can be seen,
the Yeoh model-based hyper-viscoelastic model is capable of predicting the measured tensile and
compressive behaviour of the FKM rubber accurately (R2 = 0.97).

Fig. 6.9 represents the storage modulus curves of the tensile dynamic mechanical analysis and
the hyper-viscoelastic model responses of the unaged FKM rubber specimen. It is important to
note that this strain sweep DMA result was not taken into consideration during the parameter
identification process, however, the results can highlight the limitation of the linear viscoelastic
approach.

Figure 6.9: Comparison of the measured and computed storage modulus vs. strain amplitude curves of
the unaged FKM rubber at 5 and 50 Hz at T = 30 °C in the case of tension.

As can be seen in Fig. 6.9, the FKM rubber exhibits the Payne effect, which means that the storage
modulus depends on the strain amplitude of the dynamic loading. It can also be stated that the
Prony series-based linear viscoelastic model cannot capture this phenomenon as this approach
is independent of the dynamic strain amplitude (see Eq. (6.5), for instance). At a frequency of
0.5 Hz, the model describes the material behaviour appropriately at a strain amplitude up to 0.5%.
However, at 5 Hz, the deviation is more significant, especially at higher strain amplitudes. In order
to capture the Payne effect in the constitutive modelling, a nonlinear viscoelastic material model is
required, however, it makes the model calibration significantly more complicated. It is important
to emphasize that the dynamic loading during the radial force measurement (see Section 6.2.1) is
not significant, which means that neglecting the Payne effect may yield no significant error during
the mechanical modelling of the seal. However, the measurement results provide insight into the
potential for further development of the material model, which may be justified when the strain
amplitude of dynamic loading is significant.
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6.4 Finite element model of the radial shaft seal

In order to investigate the mechanical behaviour of the radial shaft seals, a parametric,
2D axisymmetric finite element model was applied and solved in the commercial FE software
Abaqus [7]. Using the Abaqus-Python scripting interface, it is possible to develop a parametric
FE model that helps us easily modify the geometry (e.g. the inner diameter of the seal), the
loading/ boundary conditions and the material model, among others. In addition, the FE model
using the python scripting interface can be capable of computing the wear on the sealing lip.

The diameter of the hollow shaft in the contact zone is 80 mm. The inner diameter of the
unaged seal is 78.53 mm, while the outer diameter is 98 mm. In the case of the aged seal, the
inner diameter was decreased to 78.28 mm due to swelling. Fig. 6.10 illustrates the structure of
the FE model, which consist of 4 main parts: hollow shaft, rubber seal, spring, and metal case.

Figure 6.10: 2D axisymmetric FE model of the radial shaft seal at the initial state (t = 0 s) and the
end of the mounting step (t = 0.5 s) indicating the boundary conditions on the shaft/seal, and the mesh,
which is refined in the contact zone.

The average element size of the metal case and the other components are 0.1 and 0.2 mm, re-
spectively. It can be seen in Fig. 6.10 that there is a significant mesh refinement in the contact
zone of the shaft and the sealing lip, where the approximate global element size is 0.025 mm. It
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is necessary in order to compute the contact pressure and contact length with sufficient accuracy.
These quantities are important because they are the input parameters for wear simulation. In the
analysis, two load steps were applied. The first load step represents the mounting process which
lasts 0.5 s. In the second load step, the seal is in the operating position, and the mechanical
quantities (e.g. contact force/pressure) are predicted as a function of time. The load is prescribed
displacement (see the red arrows in Fig. 6.10), where the inner surface of the shaft displaces
10.31 mm in the negative y-direction in the first load step. Then, its position remains the same
until the end of the second load step. Furthermore, the outer surface of the metal case is fixed
during the load steps (see Fig. 6.10). The material model parameters used in the FE simulations
are listed in Table 6.2.

Table 6.2: Material model parameters of the components in the FE model of the sealing system.

Component Material model parameters
Young’s modulus, E [MPa] Poisson’s ratio, ν [-]

shaft, metal case 210000 0.3
spring 70 (for unaged seal) / 62 (for aged seal) 0.3
rubber (FKM) seal see Table 6.1(a) and 6.1(b) for the unaged and aged seal

The cylindrical coil spring of the seal is modelled using a circular solid cross-sectional area. Al-
though the stiffness of the spring can be approximated from the geometric and material prop-
erties, the finite element model is very sensitive to the initial position of the spring. Therefore,
the stiffness was treated as a parameter in the model, and its value was fitted to the radial force
measurement results performed at room temperature. This was found to be 70 MPa for the new
seal and 62 MPa for the aged seal (see Table 6.2). Between the shaft and the sealing lip, surface
to surface contact with finite sliding and coefficient of friction of 0.2 was defined. This value is a
good approximation for the lubricated steel-rubber material pair.

6.4.1 Validation of the FE model

Comparison of the measured and predicted force values

In order to validate the FE model of the radial shaft seals presented in Section 6.4, the measured
and the simulated radial force values of the unaged and aged seals with and without spring were
compared at three different temperatures (T = 6, 25 and 70 °C). The results are shown in Fig. 6.11.
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Figure 6.11: Comparison of the measured and simulated radial force values at T = 6, 25 and 70 °C
w/ and w/o spring using the constitutive constants of Table 6.1(a) for the unaged seals ((a)–(c)) and
Table 6.1(b) for the aged seals ((d)–(f)). The grey error bars indicate the standard deviation of the
measured data.

As shown in Fig. 6.11, the finite element model using the optimised hyper-viscoelastic model
parameters of Table 6.1(a) and (b) can predict the measured radial force values accurately for
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all the cases in the measured time frame. The decreasing of the radial force values as a function
of time (stress relaxation) and the significant temperature dependence confirm the need for the
viscoelastic approach. It can also be observed that the spring of the seal increases the radial
force values. This effect becomes more and more significant as the temperature increases. At
T = 6 °C (see Fig 6.11(a) and (d)), the radial force values for the seal with spring, at the end
of the measurement, are twice as much as for the one without spring. However, the difference
in radial force is even bigger at T = 70 °C (see Fig 6.11(c) and (f)). This means that, although
the FKM rubber exhibits a significant time- and temperature-dependent behaviour, the spring
helps reduce the change in radial force, resulting in a good sealing capacity at low and high
temperatures. It can also be found that slightly higher radial force values were obtained for the
aged seals than the unaged ones. The reason for this is that, although the rubber has lost some
of its stiffness during the aging, the inner diameter of the aged seals are slightly reduced due to
swelling. This effect was taken into consideration by modifying the geometry of the FE model.
Furthermore, the radial force decreases with increasing temperature for both the unaged and aged
seals, in agreement with the numerical predictions. Based on these results, it can be concluded
that the finite element model can predict the radial force values accurately for both the unaged
and aged seals qualitatively and quantitatively.

Fig. 6.12 shows the long-term radial force predictions for the unaged and aged radial shaft
seals.

Figure 6.12: Long-term numerical predictions for the radial force of the unaged and aged seals with
spring at T = 6, 25 and 70 °C. The time axis is in logarithmic scale.

It can be clearly seen in Fig. 6.12 that the numerical model gives slightly stiffer behaviour for
the aged seals at all three temperatures due to the previously mentioned increase in volume
(i.e. swelling), which was taken into account through the geometry of the FE model. Furthermore,
the validity range of the hyper-viscoelastic material model can be observed as well. The finite
element simulations at T = 6 °C cover the predicted one-year time period, however, as the
temperature increases, a horizontal plateau appears in the radial force curves (see the curves
belonging to T = 25 and 70 °C). This is because the master curves for Tr = 0 °C have to be shifted
horizontally according to the time-temperature superposition principle to predict the behaviour at

101



6.4. FINITE ELEMENT MODEL OF THE RADIAL SHAFT SEAL

higher temperatures. Thus, the model relaxes and reaches a constant force value in less and less
time as the temperature increases. At T = 70 °C, the model gives an acceptable approximation for
the radial force values for only 103 s. This limitation may be eliminated by performing dynamic
mechanical thermal analysis over a wider frequency and/or temperature range.

Stress/strain distribution and contact pressure/length

In the following, the contact pressure-contact length curves predicted by the FE model (see
Section 6.4) is presented in the contact zone between the hollow shaft and the sealing lip for both
the unaged and aged radial shaft seals at T = 6, 25 and 70 °C. The contact pressure distributions
are plotted at time instants t = 0.5 s and 50000 s, i.e. at the end of the mounting process and
after 14.8 hours. The results can be seen in Fig. 6.13.

Figure 6.13: Predicted contact pressure vs. contact length curves of the unaged and aged radial shaft
seals with spring at time t0 = 0.5 s and tend = 50000 s at a temperature of: (a) T = 6 °C, (b) T = 25 °C
and (c) T = 70 °C.

Fig. 6.13 shows that at T = 6 and 25 °C, the maximum contact pressure at the end of the mounting
process (i.e. at t = 0.5 s) is slightly higher in the case of the unaged seals compared to the aged
ones. At T = 6 °C, the maximum contact pressure is 3.73 vs. 3.39 MPa, while at T = 25 °C, it is
2.83 vs. 2.69 MPa in the case of the unaged vs. aged seals. At T = 70 °C, the maximum contact
pressure at time t = 0.5 s is practically independent of the aging. The figures also show that at
50000 s, the aging has a negligible effect on the maximum contact pressure (see the orange and
blue curves). At the same time, the contact length of the aged seals increases by about 10% in all

102



Section 6. Numerical and experimental investigation of dynamic seals

cases compared to the unaged seals. Furthermore, it can be seen that the FKM rubber exhibits
a significant time- and temperature-dependent behaviour, which can be predicted by the finite
element model appropriately. As time progresses and the temperature increases, the maximum
contact pressure decreases, and at the same time, the contact length increases continuously.

Fig. 6.14 shows the comparison of the initial contact width of the unaged radial shaft seal
(w/spring) measured at room temperature and the predicted contact width (at time t=0.5 s)
computed by the FE model.

Figure 6.14: Initial contact width of the unaged radial shaft seal at room temperature based on (a)
microscopical measurement result and (b) finite element prediction.

It can be seen in Fig. 6.14 that the error between the measured and simulated initial contact
width is within 5%. Thus, the applied finite element model can predict the contact width with
high accuracy.

In order to give further insight into the mechanical behaviour of the radial shaft seals, the
stress and strain distribution of the unaged seal with spring at room temperature up to 50000 s
is presented. Figs. 6.15 and 6.16 show the predicted equivalent von Mises stress distribution in
the seal and the contact zone at time t = 0.5 (i.e. at the end of the mounting process) and at
t = 50000 s.

Figure 6.15: The equivalent von Mises true stress distribution of the RSS and shaft at the end of: (a)
the mounting process (i.e. at t = 0.5 s) and (b) the simulation (i.e. at t = 50000 s).

Fig. 6.15 shows that the FKM-based radial shaft seal exhibits significant time-dependent (vis-
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coelastic) behaviour. After the mounting process, there is a significant stress relaxation in the
seal, which also affects the metal case. In this part, the stress decreased from 3.2 to 1.7 MPa.

Figure 6.16: The equivalent von Mises true stress distribution in the contact zone of the RSS and shaft
at the end of: (a) the mounting process (i.e. at t = 0.5 s) and (b) the simulation (i.e. at t = 50000 s).

It can be seen in Fig. 6.16 that the maximum equivalent von Mises stress in the contact zone of
the shaft after the mounting process is 1.9 MPa. At the same time, the stress in the sealing lip
is also significant (1.6 MPa). After 50000 s, the maximum stress in the shaft and the sealing lip
decreases significantly to 1.1 MPa and 0.94 MPa, respectively. Fig. 6.17 shows the minimum (3rd)
logarithmic principal strain distribution in the contact zone.

Figure 6.17: The minimum (3rd) principal logarithmic strain distribution in the contact zone of the
RSS and shaft at the end of: (a) the mounting process (i.e. at t = 0.5 s) and (b) the simulation (i.e. at
t = 50000 s).

Fig. 6.17 shows that the compressive principal strain is increasing as time elapses and, at the same
time, the contact length is increasing as well. This observation is consistent with Fig 6.13.

The results proved that the FKM-based radial shaft seal exhibits significant time- and
temperature-dependent behaviour, one of the main consequences is that the contact pressure
decreases. In contrast, the contact length of the seal increases as time elapses. Using the Yeoh
model-based hyper-viscoelastic material model, the finite element model can predict the mechan-
ical behaviour of both the unaged and aged radial shaft seals accurately. As the contact pressure
distribution is one of the most important mechanical inputs for lifetime predictions of the radial
shaft seals, using the FE model, further wear simulations can be performed reliable.
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6.5 Conclusions

This chapter presents the mechanical modelling of unaged and aged FKM-based radial shaft seals
from the material characterisation to the validation of the finite element model. The aging of
the rubber specimens and seals was performed with a synthetic polyalphaolefin lubricant at a
temperature of 130 °C for four weeks. The material behaviour of the unaged and aged FKM
rubber was investigated with dynamic mechanical thermal analyses and quasi-static tensile and
compressive tests. The experimental results were applied to calibrate the Yeoh model-based hyper-
viscoelastic material models, where 18 Prony terms were used. Furthermore, the time-temperature
superposition principle was considered through the WLF equation. The calibrated material models
can describe the material responses of the unaged and aged FKM rubber accurately (R2 > 0.92)
over a wide temperature and frequency range. In order to validate the developed finite element
model of the radial shaft seal, structural measurements were performed on the unaged and aged
seals at T = 6, 25 and 70 °C, where the seals were mounted on a split-shaft testing device,
and the radial force was measured. Comparing the measured and simulated radial force values
showed a good agreement at all the temperatures studied (R2 > 0.95). Furthermore, the initial
contact width of the unaged RSS provided by the FE model was also proved by microscopically
measurement results, where the difference between the measured and predicted contact width was
within 5%. Finally, the obtained results substantiated that the spring greatly influences the radial
forces provided by the radial shaft seals.
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7
New scientific results

I have summarised the main contributions of the research work in five thesis statements.
In accordance with the Literature overview section, I developed analytical and/or numerical
stress solutions for compressible/incompressible hyper-viscoelastic and hyper-visco-pseudo-elastic
material models available in the commercial finite element software packages (primarily in
Abaqus [7]) suitable for the mechanical modelling of rubbers and polymer foams. The proposed
stress solutions allow model calibration (parameter fitting) to be performed accurately and
effectively (see Thesis statements 1–3). In addition, I have developed an improved hyper-
visco-pseudo-elastic constitutive model that contributes to a more accurate description of the
mechanical behaviour of particle-reinforced rubbers (see Thesis statement 4). Furthermore,
unaged and aged fluoroelastomer-based radial shaft seals were investigated numerically and
experimentally in detail, with the help of the mechanical modelling strategies obtained during
my research work relating to rubbers (see Thesis statement 5).

Thesis statement 1

I have derived analytical (i.e. closed-form) stress solutions for the hyper-viscoelastic material model defined by
combining the incompressible Neo-Hookean, Mooney–Rivlin and Ogden hyperelastic models and the Prony series-
based linear viscoelastic model. The stress solutions were worked out for the most common loading modes, using
the (input) amount of shear function γ(t) = γ̇t in the case of simple shear, and the stretch function λ(t) = 1 + ε̇t

for the other loading modes, where ε̇ and γ̇ are the constant engineering strain rates. In addition, I worked out
numerical stress solutions by evaluating the nonlinear convolution integral of the hyper-viscoelastic material model
numerically. Then, I proposed a parameter fitting method for the incompressible hyper-viscoelastic material model
using the closed-form and the numerical stress solutions. In order to investigate the efficiency and accuracy of the
proposed method, I determined the parameters of the hyper-viscoelastic material model defined by the second-order
Ogden model and two Prony terms, based on uniaxial tensile tests of an isoprene rubber measured at three different
engineering strain rates (ε̇ = 0.277; 0.0277; 0.00277 1/s). Furthermore, based on the numerical stress solutions, I
fitted the hyper-viscoelastic material model consisting of the 3-parameter Mooney–Rivlin model and three Prony
terms to uniaxial stress relaxation curves of an isoprene rubber measured at engineering strain levels of 5, 60 and
110%. As a result of the research work, the following statement has been made:
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With the parameter fitting method based on the analytical and numerical stress solutions
of the incompressible hyper-viscoelastic material model, the model parameters can be identi-
fied directly with high accuracy from an arbitrary combination of the uniaxial and equibiaxial
tensile/compressive, pure shear, and simple shear test results, with the flexible choice of the num-
ber of the Prony terms (spring-dashpot elements). However, the derived analytical stress solutions
can be used directly only with the examined hyperelastic models and stretch functions, furthermore,
their derivation is not possible in all cases. There are no such limitations of the numerical stress
solutions, and thus they can be applied more widely to parameter identification purposes. The
parameter identification process is shown in the figure below:

Figure T1. Conceptual flowchart of the parameter identification method using the analytical and numerical stress
solutions of the incompressible hyper-viscoelastic material model.

� Closely related publications: [BF1], [BF2]
Further related publications: [BF3], [BF4], [BF5]
Related chapter: 4

Thesis statement 2
I have derived the numerical stress solutions of the compressible hyper-viscoelastic material model for the

most important loading modes. The model is defined by the modified Ogden hyperelastic (hyperfoam) model
and the Prony series-based linear viscoelastic model extended to finite strains, and can describe the mechanical
behaviour of polymer foams. The effect of the temperature was modelled by the time-temperature superposition
principle, assuming that the material is thermo-rheologically simple. Using the proposed numerical stress solutions,
I calibrated the compressible hyper-viscoelastic material model based on stress relaxation measurements of an open-
cell polyurethane foam subjected to uniaxial tension and simple shear. I applied the second-order hyperfoam model
and four Prony terms for the constitutive modelling. Based on the results, I have made the following statement:

Applying the numerical stress solutions of the compressible hyper-viscoelastic constitutive
model coupled with the modified Ogden hyperelastic model, the temperature-dependent hyper-
viscoelastic model parameters of the polymer foams can be determined directly, i.e. in one step,
with high accuracy within the applicability range of the material model. During the model
calibration, uniaxial, equibiaxial and triaxial (volumetric) compression, confined uniaxial and
equibiaxial compression, and simple shear loading modes can be taken into consideration separately
or simultaneously. The numerical stress solution related to the simple shear loading mode can be
given as:

107



τ ss
xy(t+ ∆t) = τ ss

xy0(t+ ∆t)−
8∑
k=1

n∑
i=1

Hss
ki, (1)

where

Hss
1i(t+ ∆t) = −1

2giγ(t+ ∆t) [σss
x0(t) · bi + σss

x0(t+ ∆t) · ai] + γ(t+ ∆t)
γ(t) Hss

1i(t) · ci,

Hss
2i(t+ ∆t) = 1

2gi [γ(t)σss
x0(t) · bi + γ(t+ ∆t)σss

x0(t+ ∆t) · ai] +Hss
2i(t) · ci,

Hss
3i(t+ ∆t) = 1

2giγ(t+ ∆t)
[
σss
y0(t) · bi + σss

y0(t+ ∆t) · ai
]

+ γ(t+ ∆t)
γ(t) Hss

3i(t) · ci,

Hss
4i(t+ ∆t) = −1

2gi
[
γ(t)σss

y0(t) · bi + γ(t+ ∆t)σss
y0(t+ ∆t) · ai

]
+Hss

4i(t) · ci,

Hss
5i(t+ ∆t) = gi

[
τ ss
xy0(t) · bi + τ ss

xy0(t+ ∆t) · ai
]

+Hss
5i(t) · ci,

Hss
6i(t+ ∆t) = giγ

2(t+ ∆t)
[

γ(t)
γ(t+ ∆t)τ

ss
xy0(t) · bi + τ ss

xy0(t+ ∆t) · ai
]

+ γ(t+ ∆t)
γ(t) Hss

6i(t) · ci,

Hss
7i(t+ ∆t) = −1

2gi
[
γ2(t)τ ss

xy0(t) · bi + γ2(t+ ∆t)τ ss
xy0(t+ ∆t) · ai

]
+Hss

7i(t) · ci,

Hss
8i(t+ ∆t) = −1

2giγ
2(t+ ∆t)

[
τ ss
xy0(t) · bi + τ ss

xy0(t+ ∆t) · ai
]

+ γ2(t+ ∆t)
γ2(t) Hss

8i(t) · ci.

(2)

Furthermore, the variables of ai, bi and ci can be defined as:

ci = e−∆t/τi(T ),

ai = 1− τi(T )
∆t (1− ci) ,

bi = τi(T )
∆t (1− ci)− ci.

(3)

In the above equations, τ ss
xy(t+ ∆t) is the hyper-viscoelastic shear stress, while τ ss

xy0(t), τ ss
xy0(t+ ∆t) as

well as σss
x0(t), σss

x0(t + ∆t) and σss
y0(t), σss

y0(t + ∆t) are the time-independent (instantaneous) shear and
normal stresses at time instants t and t + ∆t, respectively. The latter ones are derived from the
modified Ogden compressible hyperelastic model. Furthermore, ∆t is the time step, while γ(t) and
γ(t+ ∆t) are the amount of shear at the given time instants. Furthermore, gi and τi(T ) (i = 1...n) are
the ith relative shear modulus and temperature-dependent relaxation time, where n is the number
of Prony terms.

It is worth noting that the compressible hyper-viscoelastic stress solution cannot be derived in closed-form
for the simple shear loading mode due to the complexity of the nonlinear convolution integral included in the
constitutive equation. Therefore, in this case, the model calibration cannot be performed accurately and efficiently
without Eqs. (1)–(3).

� Closely related publications: [BF1], [BF6]
Related chapter: 3

Thesis statement 3
A) The incompressible hyper-visco-pseudo-elastic material model, which can consider the Mullins

effect, can be derived by combining the Ogden–Roxburgh pseudo-elastic model and the linear vis-
coelastic model extended to finite strains. Its numerical stress solution at time instant t + ∆t in a
general form can be given as:

σ(t+ ∆t) = σ0,pe(t+ ∆t)−
n∑
i=1
σDi (t+ ∆t)−

n∑
i=1
σHi (t+ ∆t), (4)
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Section 7. New scientific results

where σ(t + ∆t) and σ0,pe(t + ∆t) are the Cauchy stress responses of the hyper-visco-pseudo-elastic
and the pseudo-elastic model, where the subscript 0 denotes the instantaneous stress response,
while the superscripts D and H denote the deviatoric and hydrostatic stress tensors, respectively.
Furthermore, n is the number of the spring-dashpot elements, while the deviatoric Cauchy stress
related to the ith Prony term can be calculated as:

σDi (t+ ∆t) = aigiσ
D
0,pe(t+ ∆t) + bigiσ̂

D
0,pe(t) + ciσ̂

D
i,pe(t), (5)

where
σ̂D0,pe(t) = Ft(t+ ∆t)σD0,pe(t)FTt (t+ ∆t),

σ̂Di,pe(t) = Ft(t+ ∆t)σDi (t)FTt (t+ ∆t),
(6)

while gi is the ith relative shear modulus. The relative deformation gradient at time instant t+ ∆t
can be calculated as:

Ft(t+ ∆t) = F(t+ ∆t)F−1(t). (7)
Note that the variables of ai, bi and ci are defined by Eq. (3), and the ith hydrostatic stress
(σHi (t+ ∆t)) can be determined from the boundary conditions and/or the equilibrium equations.

Based on Eqs. (4)–(7), I derived the numerical stress solutions for the following loading modes: uniaxial and
equibiaxial tension/compression, pure shear and simple shear. Then, cyclic uniaxial tensile tests were performed on
an EPDM rubber filled with 40 phr carbon black at engineering strain levels of 25, 75 and 150% with an engineering
strain rate of 0.01 1/s. Based on the measurement results, I determined the parameters of the hyper-visco-pseudo-
elastic material model (pseudo-elastic model extended with the second-order Ogden hyperelastic model and five
Prony terms) using the proposed numerical stress solution and the inverse parameter fitting method available in
the literature. Based on the research results, the following statement has been made:

B) With the proposed numerical stress solution, the hyper-visco-pseudo-elastic material model
can be calibrated accurately in a fraction of the computation time required by the finite element
model-based inverse method. In addition, further fitting conditions can be easily implemented,
with which physically not possible model responses (e.g. negative stress values after unloading) can
be eliminated.

� Closely related publication: [BF7]
Further related publications: [BF8], [BF9]
Related chapter: 5

Thesis statement 4
The nonlinear elastic, the time- and temperature-dependent (viscous) behaviour, as well as

the Mullins effect and the residual strain of the particle-reinforced rubbers, assuming volume-
preservation, i.e. incompressibility, can be considered using the following constitutive equation:

σ(t, η∗1, η2) = σD0,pe(t, η∗1, η2)− dev

 n∑
i=1

gi
τi(T )

t∫
0

F−1
t (t− s)σD0,pe(t− s, η∗1, η2)F−Tt (t− s)e−s/τi(T )ds

+

+σH(t),
(8)

where σ(t, η∗1 , η2) is the hyper-visco-pseudo-elastic Cauchy stress response, σH(t) is the hydrostatic
part of the Cauchy stress tensor, and σD0,pe(t, η∗1 , η2) is the deviatoric part of the instantaneous pseudo-
elastic Cauchy stress, which is defined by the modified Dorfmann–Ogden model. The dev denotes the
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deviator operator, n is the number of the Prony terms, furthermore, gi and τi(T ) = aT (T )τi are the
ith relative shear modulus and temperature-dependent relaxation time, respectively. The latter can
be derived from the shift factor (aT (T )) introduced by applying the time-temperature superposition
principle. Furthermore, Ft(t− s) is the relative deformation gradient between time instants t− s and
t, while η∗1 and η2 are the modified damage and residual strain variables, respectively. They can be
defined as:

η∗1 = 1− g∞
1
r

erf
[
Wmax −W0(λ1, λ2)

m+ βWmax

]
,

η2 =
tanh

[(
W0(λ1,λ2)
Wmax

)α]
tanh (1) ,

(9)

where erf [•] is the Gauss error function, g∞ is the long-term relative shear modulus, while r, m,
β, and α are the pseudo-elastic model parameters. Furthermore, W0 is the strain energy density
function in terms of the principal strains of λ1 and λ2, and Wmax is the strain energy density at the
point on the primary loading path where the unloading is started.

The performance of the improved hyper-visco-pseudo-elastic material model, developed as a combination of
sub-models available in the literature, was investigated by performing extensive material test measurements (stress
relaxation, creep and cyclic tests) on an EPDM rubber filled with 50 phr of carbon black under uniaxial tensile
and simple shear loading modes in the strain rate range between 0.008 and 0.04 1/s. After the model calibration,
the comparison of the measured and computed stress responses showed a good agreement (R2 = 0.981...0.997) in
all cases investigated. Furthermore, the numerical predictions were also accurate (R2 > 0.979) in cases where the
measurement results were not used during the calibration.

� Closely related publication: [BF9]
Further related publication: [BF10]
Related chapter: 5

Thesis statement 5
I carried out the mechanical modelling of an FKM-based radial shaft seal, where unaged (new) and aged

seals and rubber specimens were analysed experimentally and numerically. The aging was performed in a 130 °C
synthetic polyalphaolefin lubricant for four weeks. The mechanical behaviour of the FKM rubber was investigated
using dynamic mechanical thermal analysis (DMTA) under uniaxial tensile and compressive loading modes in the
temperature range of T = −40 to 160 °C and in the frequency range of 0.5 to 50 Hz. In addition, I performed
quasi-static material test measurements over an engineering strain range of −30 and 40% with an engineering
strain rate of 0.0025 1/s in uniaxial tensile and compressive loading modes. Using the storage and loss modulus
isotherms obtained from the dynamic mechanical thermal analyses, I created the master curves belonging to
the reference temperature of Tr = 0 °C for both the unaged and aged rubbers, applying the time-temperature
superposition principle. Using the available material test results and the numerical stress solution-based parameter
fitting method introduced in Thesis statement 1, I calibrated the hyper-viscoelastic material model for the unaged
and the aged rubbers, consisting of the incompressible Yeoh hyperelastic model and 18 Prony terms, where the
temperature-dependent behaviour was taken into consideration by the WLF equation. Then, in order to validate
the finite element model of the seal, I performed structural measurements at T = 6, 25 and 70 °C on both unaged
and aged radial shaft seals, measuring the radial force-time values acting during and after the mounting. As a
result of this research work, the following statement has been made:

The nonlinear elastic and time- and temperature-dependent material behaviour of the invest-
igated FKM rubber can be described with sufficient accuracy using the incompressible hyper-
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viscoelastic constitutive model if the storage and loss modulus master curves provided by the dy-
namic mechanical thermal analysis under compressive loading mode, corrected by a shape factor of
the used cylindrical specimen, and the measurement results of the quasi-static uniaxial tensile and
compressive tests are considered simultaneously during the model calibration. As a result of the
aging, the rubber lost 11% of its initial stiffness in the glassy state, which can also be taken into
account during the constitutive modelling. Then, the finite element model of the FKM-based radial
shaft seal predicts the radial force as a function of time during and after the mounting with high
accuracy in the temperature range at least between 6 °C and 70 °C for both the unaged and aged
seals.

Based on these results, it can be concluded that instead of aging the seals themselves, it may be sufficient to
age only the specimens required to perform the material test measurements. Then, using the proposed parameter
identification method and the validated finite element model, the mechanical behaviour of the unaged and aged
seals (e.g. contact pressure and length) can be predicted accurately under quasi-static load cases, which is essential
for performing reliable wear simulations. Note that if a significant dynamic load occurs during the operation
condition of the FKM-based seal (e.g. periodic excitation due to the eccentricity of the shaft), the applied linear
viscoelastic model has only a limited ability to describe the material behaviour of the rubber due to the Payne
effect (dependence on the deformation amplitude of the dynamic modulus).

� Closely related publications: [BF11]
Related chapter: 6

Application of the results

The results achieved have great practical importance as they can be applied directly
to engineering practice. The proposed parameter identification methods of the compress-
ible/incompressible hyper-viscoelastic and hyper-visco-pseudo-elastic material models contribute
to the reliable and accurate numerical prediction of the mechanical behaviour of rubbers and
polymer foams. The developed improved hyper-visco-pseudo-elastic material model also serves
this purpose, as the model is able to take into account the complex mechanical behaviour of the
particle-reinforced rubbers more straightforward and even more accurately than the material mod-
els available in the literature so far. The analysis of rubber seals also proves the applicability of
the research work as the hyper-viscoelastic material model used in the finite element model is cal-
ibrated based on the research results obtained. Furthermore, it is important to mention that the
research work identifies several other new directions worth addressing in the future. Without wish-
ing to be exhaustive, the mechanical description of the damage-induced anisotropy caused by the
Mullins effect, the further development of the proposed hyper-visco-pseudo-elastic material model
to describe the nonlinear viscoelastic behaviour (i.e. the Payne effect), or the implementation of
the proposed material model in a finite element environment are in the list of objectives.
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A
Numerical stress solutions of the compressible HV

model

This appendix summarises the numerical stress solutions of the compressible hyper-viscoelastic
material model in the case of uniaxial and equibiaxial compression as well as confined uniaxial,
equibiaxial and volumetric compression.

A.1 Uniaxial compression

In the coordinate system of the principal directions, let λ1 denote the stretch in the loading
direction (longitudinal stretch), while λ2 and λ3 in the transverse direction (transversal stretches).
For isotropic solids, the latter ones are identical, i.e. λ2 = λ3. Consequently, the deformation
gradient Fua and the first Piola–Kirchhoff stress tensor Pua may be written as

Fua = diag
[
λ1 λ2 λ2

]
,

Pua = diag
[
P ua

1 (t) 0 0
]
,

(10)

where the superscript ua denotes the uniaxial loading and P ua
1 (t) is the only nonzero total engin-

eering stress component. Furthermore, the volume ratio can be expressed as

Jua = detFua = λ1λ
2
2. (11)

According to Eqs. (3.4) and (11), the instantaneous principal engineering stresses are

P ua
10 = 1

λ1

M∑
i=1

2µi
αi

(
λαi1 −

(
λ1λ

2
2

)−αiβi)
, (12)
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P ua
20 = P ua

30 = 1
λ2

M∑
i=1

2µi
αi

(
λαi2 −

(
λ1λ

2
2

)−αiβi) = 0. (13)

Using Eq. (13), it can be pointed out that, in the case of the first-order (M = 1) hyperfoam model,
the transverse stretch (λ2) is related to the longitudinal stretch through the following equation

λ2 = λ1
− β1

1+2β1 . (14)

Eliminating the transverse stretch from Eq. (12), the time-independent (instantaneous) principal
engineering stress becomes

P ua
10 (t) = 1

λ1

2µ
α

(
λα1 − λ

− αβ1
1+2β1

1

)
. (15)

In the case of the higher-order hyperfoam model (M ≥ 2), the transverse stretch cannot be
eliminated from the stress solution; thus, not only the longitudinal but also the transverse stretch
are necessary to give as input data.

The hyper-viscoelastic engineering stress response P ua
1 (t) can be derived based on Eqs. (2.2)

and (3.9) as

P ua
1 (t) = P ua

10 (t)−
n∑
i=1

gi
τi(T )

t∫
0

λ1(t− s)
λ1(t) P ua

10 (t− s)e−s/τi(T )ds. (16)

Applying the finite time increment-based approach the numerical stress solution at time instant
t+ ∆t can be given as

P ua
1 (t+ ∆t) = P ua

10 (t+ ∆t)−
n∑
i=1

Hua
i (t+ ∆t), (17)

where

Hua
i (t+ ∆t) = gi

[
λ1(t)

λ1(t+ ∆t)P
ua
10 (t) · bi + P ua

10 (t+ ∆t) · ai
]

+ λ1(t)
λ1(t+ ∆t)H

ua
i (t) · ci. (18)

A.2 Equibiaxial compression

In the case of equibiaxial compression, the deformation gradient and the first Piola–Kirchhoff
stress tensor may be written as

Fba = diag
[
λ1 λ1 λ2

]
,

Pba = diag
[
P ba

1 (t) P ba
1 (t) 0

]
,

(19)

where the superscript ba indicates the equibiaxial loading mode, while λ1 and λ2 denote the
longitudinal and the transverse stretch, respectively. Furthermore, P ba

1 (t) is the total engineering
stress. The volume ratio, in this case, is

Jba = detFba = λ2
1λ2. (20)
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A.3. CONFINED UNIAXIAL, EQUIBIAXIAL AND VOLUMETRIC COMPRESSION

The time-independent (instantaneous) principal engineering stresses on the basis of Eqs. (3.4)
and (20) can be expressed as

P ba
10 = 1

λ1

M∑
i=1

2µi
αi

(
λαi1 −

(
λ2

1λ2
)−αiβi)

, (21)

P ba
20 = 1

λ2

M∑
i=1

2µi
αi

(
λαi2 −

(
λ2

1λ2
)−αiβi) = 0. (22)

Like in uniaxial loading mode, the transverse stretch may be expressed from Eq. (22) if M = 1.

λ2 = λ
− 2β1

1+β1
1 . (23)

Back substituting Eq. (23) into Eq. (21), the nonzero instantaneous principal stress becomes

P ba
10 (t) = 1

λ1

2µ1

α1

(
λα1

1 − λ
− 2α1β1

1+β1
1

)
. (24)

According to Eqs. (2.2) and (3.9) the hyper-viscoelastic engineering stress response can be
expressed as

P ba
1 (t) = P ba

10 (t)−
n∑
i=1

gi
τi(T )

t∫
0

λ1(t− s)
λ1(t) P ba

10 (t− s)e−s/τids. (25)

As Eqs. (16) and (25) show strong similarity the stress solution at t+ ∆t has the form

P ba
1 (t+ ∆t) = P ba

10 (t+ ∆t)−
n∑
i=1

Hba
i (t+ ∆t), (26)

in which

Hba
i (t+ ∆t) = gi

[
λ1(t)

λ1(t+ ∆t)P
ba
10 (t) · bi + P ba

10 (t+ ∆t) · ai
]

+ λ1(t)
λ1(t+ ∆t)H

ba
i (t) · ci. (27)

A.3 Confined uniaxial, equibiaxial and volumetric com-
pression

In the case of confined compression, it is assumed that the deformation of the solid in transverse
or lateral direction(s) (direction(s) normal to the loading direction(s)) is constrained, i.e. λ2 = 1.
Consequently, the transverse stresses will be nonzero. For additional details on the confined
uniaxial loading mode and the possible measurement set-up, see [133, 134]. The deformation
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gradients and the first Piola–Kirchhoff stress tensors are given as

Fcua = diag
[
λ1 1 1

]
,

Fcba = diag
[
λ1 λ1 1

]
,

Fvol = diag
[
λ1 λ1 λ1

]
,

Pcua = diag
[
P1(t) P2(t) P2(t)

]
,

Pcba = diag
[
P1(t) P1(t) P2(t)

]
,

Pvol = diag
[
P1(t) P1(t) P1(t)

]
.

(28)

where the notation cua, cba and vol identify the confined uniaxial, equibiaxial and volumetric
compression, respectively. The volume ratio is then J = (λ1)B, where the power B equals to 1
(confined uniaxial compression), 2 (confined equibiaxial compression) or 3 (volumetric compres-
sion). The instantaneous principal stresses, in longitudinal and transverse directions, are

P10(t) = 1
λ1

M∑
i=1

2µi
αi

[
λ1

αi − λ1
−Bαiβi

]
,

P20(t) =
M∑
i=1

2µi
αi

[
1− λ1

−Bαiβi
]
.

(29)

According to Eqs. (2.2) and (3.9) the hyper-viscoelastic engineering stress response can be
expressed as

P1(t) = P10(t)−
n∑
i=1

gi
τi(T )

t∫
0

λ1(t− s)
λ1(t) P10(t− s)e−s/τi(T )ds,

P2(t) = P20(t)−
n∑
i=1

gi
τi(T )

t∫
0

P20(t− s)e−s/τi(T )ds.
(30)

Finally, the numerical stress solutions at time instant t+ ∆t can be written as

P1 (t+ ∆t) = P10 (t+ ∆t)−
n∑
i=1

H1i (t+ ∆t),

P2 (t+ ∆t) = P20 (t+ ∆t)−
n∑
i=1

H2i (t+ ∆t),
(31)

where

H1i(t+ ∆t) = gi

[
λ(t)

λ(t+ ∆t)P10(t) · bi + P10(t+ ∆t) · ai
]

+ λ(t)
λ(t+ ∆t)H1i(t) · ci,

H2i(t+ ∆t) = gi [P20(t) · bi + P20(t+ ∆t) · ai] +H2i(t) · ci.
(32)
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B
Derivation of the numerical stress solution of the

iHV model

This appendix deals with the derivation of the numerical stress solution of the incompressible
hyper-viscoelastic material model in the case of uniaxial loading mode. The constitutive relation
is given by Eqs. (4.24) and (4.25) in accordance with Section 4.4.1. To evaluate the nonlinear
convolution integrals in Eq. (4.24) numerically, it is assumed that the stress solution is known at
time instant t and it is required to calculate it after a time increment ∆t. Thus, Eq. (4.24) may
be formulated as

Hua
1i (t+ ∆t) = 2

3
gi
τi

t+∆t∫
0

P ua
0 (t+ ∆t− s) λ(t+ ∆t)

λ(t+ ∆t− s)e−s/τids,

Hua
2i (t+ ∆t) = 1

3
gi
τi

t+∆t∫
0

P ua
0 (t+ ∆t− s)λ

2(t+ ∆t− s)
λ2(t+ ∆t) e−s/τids.

(33)

Introducing the new variable t̄ = s−∆t, Eq. (33) may be written as

Hua
1i (t+ ∆t) = 2

3
gi
τi

t∫
−∆t

P ua
0 (t− t̄)λ(t+ ∆t)

λ(t− t̄) e−(t̄+∆t)/τidt̄,

Hua
2i (t+ ∆t) = 1

3
gi
τi

t∫
−∆t

P ua
0 (t− t̄) λ2(t− t̄)

λ2(t+ ∆t)e−(t̄−∆t)/τidt̄.
(34)
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model
When splitting the integrals in Eq. (34) into two separate defininte integrals with limits of −∆t..0
and 0..t, then Eq. (34) may be written as

Hua
1i (t+ ∆t) = 2

3
gi
τi

e−∆t/τi

 0∫
−∆t

P ua
0 (t− t̄)λ(t+ ∆t)

λ(t− t̄) e−t̄/τidt̄+
t∫

0

P ua
0 (t− t̄)λ(t+ ∆t)

λ(t− t̄) e−t̄/τidt̄

 ,
Hua

2i (t+ ∆t) = 1
3
gi
τi

e−∆t/τi

 0∫
−∆t

P ua
0 (t− t̄) λ2(t− t̄)

λ2(t+ ∆t)e−t̄/τidt̄+
t∫

0

P ua
0 (t− t̄) λ2(t− t̄)

λ2(t+ ∆t)e−t̄/τidt̄

 .
(35)

A comparison of the second integrals on the right-hand side (the ones with limits of 0..t) and
Eq. (34) shows that Eq. (35) can be written in a simpler form as

Hua
1i (t+ ∆t) = λ(t+ ∆t)

λ(t) e−∆t/τi

2
3
gi
τi

0∫
−∆t

P0(t− t̄) λ(t)
λ(t− t̄)e−t̄/τidt̄+Hua

1i (t)

 ,
Hua

2i (t+ ∆t) = λ2(t)
λ2(t+ ∆t)e−∆t/τi

1
3
gi
τi

0∫
−∆t

P0(t− t̄)λ
2(t− t̄)
λ2(t) e−t̄/τidt̄+Hua

2i (t)

 .
(36)

The terms of the convolution integrals in Eq. (36) are assumed to be linear over the time step,
thus

P0(t− t̄) λ(t)
λ(t− t̄) = P0(t) + t̄

∆t

(
η∗P0(t)− P0(t+ ∆t) λ(t)

λ(t+ ∆t)

)
, −∆t ≤ t̄ ≤ 0,

P0(t− t̄)λ
2(t− t̄)
λ2(t) = P0(t) + t̄

∆t

(
η∗P0(t)− P0(t+ ∆t)λ

2(t+ ∆t)
λ2(t)

)
, −∆t ≤ t̄ ≤ 0.

(37)

Substituting Eq. (37) into Eq. (36), one can rewrite Eq. (37) in the form

Hua
1i (t+ ∆t) = λ(t+ ∆t)

λ(t) e−∆t/τi

2
3
gi
τi

0∫
−∆t

[
P0(t) + t̄

∆t

(
P0(t)− P0(t+ ∆t) λ(t)

λ(t+ ∆t)

)]
e−t̄/τidt̄+Hua

1i (t)

 ,
Hua

2i (t+ ∆t) = λ2(t)
λ2(t+ ∆t)e−∆t/τi

1
3
gi
τi

0∫
−∆t

[
P0(t) + t̄

∆t

(
P0(t)− P0(t+ ∆t)λ

2(t+ ∆t)
λ2(t)

)]
e−t̄/τidt̄+Hua

2i (t)

 .
(38)

The mathematical manipulations performed make it possible to evaluate the integrals in Eq. (38)
analytically. Consequently, the uniaxial stress solution at t + ∆t can be given by Eqs. (4.26)
and (4.27).
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C
Numerical and closed-form stress solutions of the

iHV model

C.1 Hyperelastic stress solutions

This appendix summarises the hyperelastic stress solutions of the Neo-Hookean, the Mooney–
Rivlin and the Ogden model in accordance with Section 4.2.5.

Neo-Hookean model:

P ua
0 (t) = 2C10 λ(t)− 1

λ2(t)

)
,

P ba
0 (t) = 2C10 λ(t)− 1

λ5(t)

)
,

P ps
10 (t) = 2C10 λ(t)− 1

λ3(t)

)
and P ps

20 (t) = 2C10

(
1− 1

λ2(t)

)
,

σss
x0(t) = 2C10γ

2(t), σss
y0(t) = 0, τ ss

xy0(t) = 2C10γ(t).

(39)

Mooney–Rivlin model:

P ua
0 (t) = 2 (λ(t)C10 + C01) 1− 1

λ3(t)

)
,

P ba
0 (t) = 2

(
C10 + λ2(t)C01

)(
λ(t)− 1

λ5(t)

)
,

P ps
10 (t) = 2 (C10 + C01)

(
λ(t)− 1

λ3(t)

)
and P ps

20 (t) = 2
(
C10 + C01λ

2(t)
)(

1− 1
λ2(t)

)
,

σss
x0(t) = 2C10γ

2(t), σss
y0(t) = −2C01γ

2(t), τ ss
xy0 = 2(C10 + C01)γ(t).

(40)
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Ogden model:

P ua
0 (t) =

M∑
k=1

2µk
αk

λ
−1− 1

2αk (t)
(
λ

3
2αk(t)− 1

)
,

P ba
0 (t) =

M∑
k=1

2µk
αk

1
λ(t) λαk(t)− 1

λ2αk(t)

)
,

P ps
10 (t) = 1

λ(t)

M∑
k=1

2µk
αk

(
−λ−αk(t) + λαk(t)

)
and P ps

20 (t) =
M∑
k=1

2µk
αk

(
1− λ−αk(t)

)
,

τ ssxy0(t) =
M∑
k=1

21−αkµk

αk
√

4 + γ2(t)

((
γ(t) +

√
γ2(t) + 4

)αk
+
(
γ(t)−

√
γ2(t) + 4

)αk)
.

(41)

C.2 Uniaxial extension

In this appendix, the functions of the closed-form stress solutions of the incompressible hyper-
viscoelastic material model for uniaxial extension are collected (see Section 4.4.1). For the sim-
plified forms, let introduce the following notation

ε̇τi = εi, i = 1..n, (42)

where n is the number of the Prony terms (Maxwell elements). Note that the time dependence of
the stretch function λ(t) is not indicated in the stress solutions. In accordance with Section 4.4.1
the functions in Eq. (4.28) for the Neo-Hookean and the Mooney–Rivlin model, and for the
Ogden model can be obtained as follows

Neo-Hookean and Mooney–Rivlin model:

A1i(t) = e−t/τi

3ε2
iλ

{
−2giλ2 (1 + εi (1 + 2εi)) + 2giet/τi

[
1 + ε̇

(
t+ τi + 2ε̇(τi + tεi)2

)]}
+

+2gie−λ/εi

3ε3
i

λ

(
Ei
[

1
εi

]
− Ei

[
λ

εi

])
,

A2i(t) = 2gie−λ/εi

9ε̇4τi
λ

{(
−6ε̇3 + τ−3

i

)
Ei
[

1
εi

]
+

+ εie1/εi

(τi + tεi)3

[
−λ3 (1 + εi (1 + 2εi)) + et/τi (1 + ε̇ (t (2 + tε̇) + τi + tεi + 2τiεi))

]
+
λ3 (−1 + 6ε3

i

)
(τi + tεi)3 Ei

[
λ

εi

]}
,

B1i(t) = 2giε̇e−t/τi

3λ2

{
et/τi

[
t (3 + tε̇ (3 + tε̇))− 3λ2τi + 6εiτiλ− 6ε2

i τi
]

+ 3τi (1 + 2εi (εi − 1))
}
,

B2i(t) = 2gie−λ/εi

3εiλ2

{
εie1/εi

[
−1− 2εi (εi − 1) + et/τi

(
λ2 − 2εiλ+ 2ε2

i

)]
+ Ei

[
1
εi

]
− Ei

[
λ

εi

]}
,

(43)
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where Ei denotes the exponential integral function, which is defined as [65]

Ei (z) =
∞∫
−z

1
t

exp [−t]dt. (44)

Ogden model:

Hua
1i (t) = Re 4gie−λ/εi

3εi

M∑
k=1

µk
αk

{
−λαk Ei∗

[
2− αk,−

λ

εi

]
+ λ

(
Ei∗

[
2− αk,−

1
εi

]
− Ei∗

[
2 + αk

2 ,− 1
εi

])
+

+λ−αk/2Ei∗
[
2 + αk

2 ,− λ
εi

]})
,

Hua
2i (t) = Re 2gie−λ/εi

3εi

M∑
k=1

µk
αk

{
−λαk Ei∗

[
−1− αk,−

λ

εi

]
+ λ−2

(
Ei∗

[
−1− αk,−

1
εi

]
− Ei∗

[
−1 + αk

2 ,− 1
εi

])
+

+λ−αk/2Ei∗
[
−1 + αk

2 ,− λ
εi

]})
,

(45)

where Ei∗ is the generalised exponential integral function, which is defined as [65]

Ei∗ (m, z) =
∞∫
1

1
tm

exp [−zt]dt, (46)

where m is the order of the integral. Furthermore, Re (•) in Eq. (45) denotes the real part of the
functions.

C.3 Equibiaxial extension

This appendix contains the constitutive relation and the numerical/closed-from stress solutions
of the incompressible hyper-viscoelastic material model subjected to equibiaxial extension. The
constitutive equation in this case has the form

P ba (t) = P ba
0 (t)− 1

3

n∑
i=1

gi
τi

t∫
0

λ(t)
λ(t− s) + 2λ5(t− s)

λ5(t)

)
P ba

0 (t− s) e−s/τids, (47)

where P ba
0 (t) is the instantaneous engineering stress of equibiaxial loading case (see Section 4.2.2).

According to Eq. (47), the hyper-viscoelastic constitutive equation can be rewritten as

P ba(t) = P ba
0 (t)−Hba

1 (t)−Hba
2 (t), (48)
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where

Hba
1 (t) =

n∑
i=1

Hba
1i (t) = 1

3

n∑
i=1

gi
τi

t∫
0

P ba
0 (t− s) λ(t)

λ(t− s)e−s/τids,

Hba
2 (t) =

n∑
i=1

Hba
2i (t) = 2

3

n∑
i=1

gi
τi

t∫
0

P ba
0 (t− s)λ

5(t− s)
λ5(t) e−s/τids.

(49)

It can be seen that the convolution integrals occurring in Eq. (49) are analogous to those of
Eq. (4.25). Consequently, the total engineering stress solution at time instant t + ∆t can be
expressed as

P ba(t+ ∆t) = P ba
0 (t+ ∆t)−Hba

1 (t+ ∆t)−Hba
2 (t+ ∆t), (50)

where

Hba
1i (t+ ∆t) = 1

3gi
[
λ(t+ ∆t)
λ(t) P ba

0 (t) · bi + P ba
0 (t+ ∆t) · ai

]
+ λ(t+ ∆t)

λ(t) Hba
1i (t) · ci,

Hba
2i (t+ ∆t) = 2

3gi
[

λ5(t)
λ5(t+ ∆t)P

ba
0 (t) · bi + P ba

0 (t+ ∆t) · ai
]

+ λ5(t)
λ5(t+ ∆t)H

ba
2i (t) · ci.

(51)

Closed-form solution:
For the closed-form solutions, the time-independent equibiaxial stress solutions (Eqs. (C.1)–

C.3) and the stretch history defined by Eq. (4.23) have to be substituted into Eq. (49), therefore
the convolution integrals can be calculated analytically. Let introduce the following equations for
the unknown functions Hba

1i (t) and Hba
2i (t)

Hba
1i =

[
K1i(t) K2i(t)

]  C10

C01

 and Hba
2i =

[
L1i(t) L2i(t)

]  C10

C01

 , i = 1..n, (52)

where K1i(t), K2i(t), L1i(t), and L2i(t) are related to the Mooney–Rivlin, while Hba
1i (t) and Hba

2i (t)
are related to the Ogden model-based hyper-viscoelastic model. These functions are
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Neo-Hookean and Mooney–Rivlin model:

K1i(t) = giλ

180ε6
i

{
εi
λ

+ ε2
i

λ2 + 2ε3
i

λ3 + 6ε4
i

λ4 + 24ε5
i

λ5 + 120ε6
i − e−t/τi

(
εi + ε2

i + 2ε3
i + 6ε4

i + 24ε5
i + 120ε6

i

)
+

+e−λ/εi

(
Ei
[

1
εi

]
− Ei

[
λ

εi

])}
,

K2i(t) = giλ

9

{
2

εiλ3 + 1
ε3
iλ

+ 1
ε2
iλ

2 + 6λ2 − 12εiλ+ 12ε2
i + e−t/τi

(
−6− 1

ε3
i

− 1
ε2
i

− 2
εi

+ 12εi − 12ε2
i

)
+

+e−λ/εi

ε4
i

(
Ei
[

1
εi

]
− Ei

[
λ

εi

])}
,

L1i(t) = 4gi
3λ5

{
tε̇ (1 + λ) (1 + tε̇λ) (3 + tε̇ (2 + λ))− 6εiλ5 + 30ε2

iλ
4 + 360ε4

iλ
2 − 720ε5

iλ+720ε6
i−

−120ε̇3(τi + tεi)3 + e−t/τi
(
6εi − 30ε2

i + 120ε3
i − 360ε4

i + 720ε5
i − 720ε6

i

)}
,

L2i(t) = 4gi
3λ5

{
ε̇λ [−6τi + t (1 + λ) [3 + tε̇ (2 + λ)] (1 + tε̇λ) (1 + tε̇− 8εi)] + 2ε2

i

[
27 + 28

[
ε̇t (1 + λ) (1 + tε̇λ) (3+

+tε̇ (2 + λ))− 6εiλ5 + 30ε2
iλ

4 + 360ε4
iλ

2 − 720ε5
iλ+ 720ε6

i − 120ε̇3(τi + tεi)3
]]
−

−e−t/τi
(
−6εi + 54ε2

i − 336ε3
i + 1680ε4

i − 6720ε5
i + 20160ε6

i − 40320ε7
i + 40320ε8

i

)}
.

(53)

Ogden model:

Hba
1i (t) = Re 2gi

3εi
e−λ/εi

M∑
k=1

µk
αk

{
λEi∗

[
2− αk,−

1
εi

]
− λαk Ei∗

[
2− αk,−

λ

εi

]
− λEi∗

[
2 + 2αk,−

1
εi

]
+

+ λ−2αk Ei∗
[
2 + 2αk,−

λ

εi

]})
,

Hba
2i (t) = Re 4gie−λ/εi

3εiλ5

M∑
k=1

µk
αk

{
Ei∗

[
−4− αk,−

1
εi

]
− λ5+αk Ei∗

[
−4− αk,−

λ

εi

]
− Ei∗

[
−4 + 2αk,−

1
εi

]
+

+λ5−2αk Ei∗
[
−4 + 2αk,−

λ

εi

]})
.

(54)

C.4 Pure shear

This appendix contains the constitutive relation and the numerical/closed-from stress solutions
of the incompressible hyper-viscoelastic material model subjected to pure shear. The constitutive
equation in this case has the form

P ps
1 (t) = P ps

10 (t)−

−1
3

n∑
i=1

gi
τi

t∫
0

[(
2λ(t)
λ(t− s) + λ3(t− s)

λ3(t)

)
P ps

10 (t− s) + λ3(t− s)
λ3(t) − λ(t)

λ(t− s)

)
P ps

20 (t− s)
]

e−s/τids,

(55)
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where P ps
10 (t) and P ps

20 (t) denote the longitudinal and the transversal instantaneous engineering
stresses, respectively (see Section 4.2.3). It can be observed that two nonzero instantaneous stress
components (P ps

10 and P ps
20 ) should be considered to obtain the total longitudinal stress response

(P ps
1 (t)). Based on Eq. (55) the longitudinal engineering stress response of a hyper viscoelastic

solid can be formulated as

P ps
1 (t) = P ps

10 (t)−Hps
1 (t)−Hps

2 (t)−Hps
3 (t)−Hps

4 (t), (56)

where

Hps
1 (t) =

n∑
i=1

Hps
1i (t) = 2

3

n∑
i=1

gi
τi

t∫
0

P ps
10 (t− s) λ(t)

λ(t− s)e−s/τids,

Hps
2 (t) =

n∑
i=1

Hps
2i (t) = 1

3

n∑
i=1

gi
τi

t∫
0

P ps
10 (t− s)λ

3(t− s)
λ3(t) e−s/τids,

Hps
3 (t) =

n∑
i=1

Hps
3i (t) = −1

3

n∑
i=1

gi
τi

t∫
0

P ps
20 (t− s) λ(t)

λ(t− s)e−s/τids,

Hps
4 (t) =

n∑
i=1

Hps
4i (t) = 1

3

n∑
i=1

gi
τi

t∫
0

P ps
20 (t− s)λ

3(t− s)
λ3(t) e−s/τids.

(57)

Applying the finite time increment-based method the total engineering stress solution at time
instant t+ ∆t can be written as

P ps
1 (t+ ∆t) = P ps

10 (t+ ∆t)−Hps
1 (t+ ∆t)−Hps

2 (t+ ∆t)−Hps
3 (t+ ∆t)−Hps

4 (t+ ∆t), (58)

where

Hps
1i (t+ ∆t) = 2

3gi
[
λ(t+ ∆t)
λ(t) P ps

10 (t) · bi + P ps
10 (t+ ∆t) · ai

]
+ λ(t+ ∆t)

λ(t) Hps
1i (t) · ci,

Hps
2i (t+ ∆t) = 1

3gi
[

λ3(t)
λ3(t+ ∆t)P

ps
10 (t) · bi + P ps

10 (t+ ∆t) · ai
]

+ λ3(t)
λ3(t+ ∆t)H

ps
2i (t) · ci,

Hps
3i (t+ ∆t) = −1

3gi
[
λ(t+ ∆t)
λ(t) P ps

20 (t) · bi + P ps
20 (t+ ∆t) · ai

]
+ λ(t+ ∆t)

λ(t) Hps
3i (t) · ci,

Hps
4i (t+ ∆t) = 1

3gi
[

λ3(t)
λ3(t+ ∆t)P

ps
20 (t) · bi + P ps

20 (t+ ∆t) · ai
]

+ λ3(t)
λ3(t+ ∆t)H

ps
4i (t) · ci.

(59)

Closed-form solution:
By substituting the hyperelastic stress solutions of pure shear (Eqs. (C.1)–C.3) and the stretch

history defined by Eq. (4.23) to the hyper-viscoelastic stress response given by Eq. (57), the
convolution integrals can be derived analytically. The unknown convolution integrals are defined
with the help of the functions M1i, M2i and N1i, N2i as

Hps
1i (t) +Hps

3i (t) =
[
M1i(t) M2i(t)

]  C10

C01

 and Hps
2i (t) +Hps

4i (t) =
[
N1i(t) N2i(t)

]  C10

C01

 ,
(60)
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where M1i(t), M2i(t), N1i(t), and N2i(t) belong to the Mooney–Rivlin, and Hps
1i (t), H

ps
2i (t), H

ps
3i (t),

and Hps
4i (t) belong to the Ogden model-based hyper-viscoelastic model. These functions are

defined as
Neo-Hookean and Mooney–Rivlin model:

M1i(t) = 2gie−λ/εi

9ε4
iλ

2

{
−εiλ3e1/εi (1 + εi (1 + εi (3εi − 1))) +

εieλ/εi

(
1 + ε̇

(
t (λ+ 1) + τi + tεi − εiτi (1 + 3tε̇ (λ+ 1)) + 3ε̇2(τi + tεi)3

))
− λ3 (3ε2

i − 1
)(

Ei
[

1
εi

]
− Ei

[
λ

εi

])}
,

M2i(t) = gie−λ/εi

9ε4
iλ

2

{
εie1/εi

(
−λ3 (1 + εi (1 + 2εi) (1 + 6εi)) +

et/τi

(
1 + ε̇

(
t (2 + tε̇) + τi + tεi + 2ε̇τ2

i (4 + 3tε̇ (1 + λ)) + 12ε̇2(τ + tεi)3
)))

+ λ3 (1 + 6ε2
i

)(
Ei
[

1
εi

]
− Ei

[
λ

εi

])}
,

N1i(t) = 2giε̇
3λ3

{
2t4ε̇3 − 8t3ε̇2 (εi − 1) + t2ε̇ (11 + 24εi (εi − 1)) + t (6− 2εi (11 + 24εi (εi − 1))) +

+2
(

1− e−t/τi

)
τi (−3 + εi (11 + 24εi (εi − 1)))

}
,

N2i(t) = 2giε̇
3λ3

{
t4ε̇3 − 4t3ε̇2 (εi − 1) + t2ε̇ (7 + 12εi (εi − 1)) + t (6− 2εi (7 + 12εi (εi − 1))) +

+2τi
(

1− e−t/τi

)
(−3 + εi (7 + 12εi (εi − 1)))

}
.

(61)

Ogden model:

Hps
1 (t) = Re 4gie−λ/εi

3εi

M∑
k=1

µk
αk

{
λEi∗

[
2− αk,−

1
εi

]
− λαk Ei∗

[
2− αk,−

λ

εi

]
− λEi∗

[
2 + αk,−

1
εi

]
+

+λ−αk Ei∗
[
2 + αk,−

λ

εi

]})
,

Hps
2 (t) = Re 2gie−λ/εi

3εiλ3

M∑
k=1

µk
αk

{
Ei∗

[
−2− αk,−

1
εi

]
− λ3+αk Ei∗

[
−2− αk,−

λ

εi

]
− Ei∗

[
−2 + αk,−

1
εi

]
+

+λ3−αk Ei∗
[
−2 + αk,−

λ

εi

]})
,

Hps
3 (t) = Re 2giλe−λ/εi

3εi

M∑
k=1

µk
αk

{
Ei∗

[
1 + αk,−

1
εi

]
− λ−αk Ei∗

[
1 + αk,−

λ

εi

]
+ Ei

[
1
εi

]
− Ei

[
λ

εi

]})
,

Hps
4 (t) = Re 2giε̇e−t/τi

3εiλ3

M∑
k=1

µk
αk

{
τi

(
−1 + et/τi

(
λ3 − 3εiλ2 + 6ε2

iλ− 6ε3
i

)
+ 3εi (1 + 2εi (εi − 1))

)
+

+1
ε̇
λ−αk e−1/εi

(
−λαk Ei∗

[
αk − 3,− 1

εi

]
+ λ4Ei∗

[
αk − 3,− λ

εi

])})
.

(62)

C.5 Simple shear

This appendix summarises the constitutive relation and the numerical/closed-from stress solutions
of the incompressible hyper-viscoelastic material model subjected to simple shear. The constitutive
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equation in this case has the form

τ ssxy(t) = τ ssxy0(t)−

−1
3

n∑
i=1

gi
τi

t∫
0

{
σss
x0(t− s) [γ(t− s)− γ(t)] + 2σss

y0(t− s) [γ(t)− γ(t− s)] +3τ ss
xy0(t− s)

}
e−s/τids,

(63)
where τ ss

xy0(t) is the instantaneous engineering shear stress, while σss
x0(t) and σss

y0(t) denote the
instantaneous normal Cauchy stresses as it is introduced in Section 4.2.4. In this case, three
instantaneous stress components have to be used in order to produce the total hyper-viscoelastic
shear stress response (τ ss

xy(t)). Based on Eq. (63) the hyper-viscoelastic constitutive equation for
simple shear can be rewritten as

τ ss(t) = τ ss
0 (t)−Hss

1 (t)−Hss
2 (t)−Hss

3 (t)−Hss
4 (t)−Hss

5 (t) = τ ss
xy0(t)−Hss(t), (64)

where

Hss
1 (t) =

n∑
i=1

Hss
1i(t) = 1

3

n∑
i=1

gi
τi

t∫
0

σss
x0(t− s)γ(t− s)e−s/τids,

Hss
2 (t) =

n∑
i=1

Hss
2i(t) = −1

3

n∑
i=1

gi
τi

t∫
0

σss
x0(t− s)γ(t)e−s/τids,

Hss
3 (t) =

n∑
i=1

Hss
3i(t) = −2

3

n∑
i=1

gi
τi

t∫
0

σss
y0(t− s)γ(t− s)e−s/τids,

Hss
4 (t) =

n∑
i=1

Hss
4i(t) = 2

3

n∑
i=1

gi
τi

t∫
0

σss
y0(t− s)γ(t)e−s/τids,

Hss
5 (t) =

n∑
i=1

Hss
5i(t) =

n∑
i=1

gi
τi

t∫
0

τ ss
xy0(t− s)e−s/τids.

(65)

According to the finite time increment-based approach, the total engineering shear stress solution
at time instant t+ ∆t can be written as

τ ss(t+∆t) = τ ss
0 (t+∆t)−Hss

1 (t+∆t)−Hss
2 (t+∆t)−Hss

3 (t+∆t)−Hss
4 (t+∆t)−Hss

5 (t+∆t), (66)

where

Hss
1i(t+ ∆t) = 1

3gi [γ(t)σss
x0(t) · bi + γ(t+ ∆t)σss

x0(t+ ∆t) · ai] +Hss
1i(t) · ci,

Hss
2i(t+ ∆t) = −1

3giγ(t+ ∆t) [σss
x0(t) · bi + σss

x0(t+ ∆t) · ai] + γ(t+ ∆t)
γ(t) Hss

2i(t) · ci,

Hss
3i(t+ ∆t) = −2

3gi
[
γ(t)σss

y0(t) · bi + γ(t+ ∆t)σss
y0(t+ ∆t) · ai

]
+Hss

3i(t) · ci,

Hss
4i(t+ ∆t) = 2

3giγ(t+ ∆t)
[
σss
y0(t) · bi + σss

y0(t+ ∆t) · ai
]

+ γ(t+ ∆t)
γ(t) Hss

4i(t) · ci,

Hss
5i(t+ ∆t) = gi [τ ss

0 (t) · bi + τ ss
0 (t+ ∆t) · ai] +Hss

5i(t) · ci.

(67)
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C.5. SIMPLE SHEAR

Closed-form solution:
In the case of simple shear deformation mode, the closed-form hyper-viscoelastic stress solution

incorporated with the Ogden hyperelastic model cannot be derived analytically because of the
nonlinear convolution integral appearing in the constitutive equation. However, with the Neo-
Hookean and the Mooney–Rivlin incompressible hyperelastic models, the stress solution can be
obtained in closed form by substituting the hyperelastic stress solutions of simple shear defined
by Eq. (C.1) and the strain history γ(t) given by Eq. (4.23) into Eq. (67). For simplification, the
function Hss(t) in Eq. (64) is defined as

Hss(t) =
n∑
i=1

Hss
i (t),

Hss
i (t) =

[
Hss
i1(t) Hss

i2(t)
]  C10

C01

 , (68)

where

Hss
i1(t) = 2

3giγ̇
{

3t− 3τi − t2γ̇2τi + 4tγ̇2τ 2
i − 6γ̇2τ 3

i + τie−t/τi
(
3 + 2γ̇2τi (t+ 3τi)

)}
,

Hss
i2(t) = 2

3giγ̇
{
τie−t/τi

(
3 + 4γ̇2τi (t+ 3τi)

)
− 2t2γ̇2τi + t

(
3 + 8γ̇2τ 2

i

)
− 3

(
τi + 4γ̇2τ 3

i

)}
.

(69)
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